
ABSTRACT

YICHI, ZHANG. Statistical Inference with Randomized SVD for Signal-plus-noise Matrix Models
and Causal Inference with Continuous Interventions. (Under the direction of Minh Tang and
Shu Yang).

In modern data science, the analysis of big, complex, and noisy data presents significant

challenges. Various fields, such as neuroscience, geographical sciences, and stock data analysis,

often require valid statistical inference for large-scale matrix data, which can be computation-

ally demanding. In dose-response studies and economics, the traditional causal inference

framework, which assumes binary treatment variables, is insufficient. Instead, the treatment

variable may be continuous, leading to an infinite number of potential outcomes and making

causal evaluation more challenging. This thesis delves into the realm of modern data science,

tackling two specific research areas. Firstly, we focus on a statistical inference problem under

the general signal-plus-noise matrix model, when the randomized computation algorithm is

implemented to enable efficient computation. Secondly, we study two distinct causal inference

problems that emerge when working with continuous treatments and intermediate variables.

In Chapter 2, we focus on the randomized singular value decomposition (RSVD) as a

class of computationally efficient algorithms for computing the truncated SVD of large data

matrices. We first derive upper bounds for the ℓ2 and ℓ2→∞ distances between the RSVD-

based approximate singular vectors of the observation matrix and the true singular vectors.

These upper bounds depend on the signal-to-noise ratio (SNR) and the number of power

iterations g . We also show that the thresholds for g are sharp whenever the noise matrices

satisfy a certain trace growth condition. Finally, we derive normal approximations for these

approximate singular vectors and the entrywise fluctuations, and derive the nearly-optimal

performance guarantees of RSVD when applied to three statistical inference problems, namely,

community detection, matrix completion, and PCA with missing data.

In Chapter 3, we propose a fundamental tool for semiparametric principal stratification to

unveil the underlying causal mechanism involving continuous post-treatment intermediate

variables. How to estimate the principal causal effect with a continuous intermediate variable

(Cont.PCE), both efficiently and robustly, is an essential problem in causal inference. This

problem is typically challenging due to the nonidentifiability and nonregularity of Cont.PCE.

Inspired by recent research, we resolve these challenges by using a flexible copula-based

principal score model to identify Cont.PCE under principal ignorability, and then targeting at

estimating Cont.PCE’s local functional substitute (Loc.PCE), which accurately approximates

Cont.PCE and is statistically regular. We develop a novel strategy to reduce the complexity of



the full efficient influence function of Loc.PCE by considering its oracle-scenario alternative,

and thereby propose a simple-in-form and computationally efficient estimator for Loc.PCE.

We prove that our proposed estimator is doubly robust and semiparametrically efficient under

a general semiparametric scenario. The theoretical properties and numerical performance of

our proposed estimator are illustrated, and we apply it to two real-world datasets.

In Chapter 4, we generalize the R-learner, which has been popular in causal inference as

a flexible and efficient meta-learning approach for heterogeneous treatment effect estima-

tion, under the continuous-treatment scenario. To resolve the non-identification issue with

continuous treatment, we propose a novel two-step identification and estimation strategy,

acknowledging the use of Tikhonov regularization rooted in the nonlinear functional analysis.

Following the new identification strategy, we introduce an ℓ2-penalized R-learner framework

to estimate the conditional average treatment effect with continuous treatment. The new

R-learner framework accommodates modern, flexible machine learning algorithms for both

nuisance function and target estimand estimation. Asymptotic properties are studied when

the target estimand is approximated by sieve approximation, including general error bounds

and asymptotic normality. Simulations illustrate the superior performance of our proposed

estimator. An application of our new method to the medical information mart reveals the

heterogeneous treatment effect of oxygen saturation on survival in sepsis patients.
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2.3.4 Normal approximation for Ûg . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.4 Additional applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.4.1 Matrix completion with noises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.4.2 PCA with missing data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Chapter 3 Semiparametric Localized Principal Strati�cation Analysis with Continu-
ous Strata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.1 Background and basic setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.1.1 Principal strati�cation with continuous strata . . . . . . . . . . . . . . . . . . . 44
3.1.2 Interpretation of Cont.PCE in surrogate analysis . . . . . . . . . . . . . . . . . . 45
3.1.3 Nonparametric identi�cation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.1.4 Target estimand: from Cont.PCE to Loc.PCE . . . . . . . . . . . . . . . . . . . . . 49

3.2 EIFs and an oracle EIF-invoked estimator . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.3 Theoretical properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.3.1 Limit double robustness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.3.2 Rate-double robustness and semiparametric ef�ciency . . . . . . . . . . . . . 54

3.4 Simulation study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

v



3.4.1 Simulation: the consistency and double robustness . . . . . . . . . . . . . . . 56
3.4.2 Simulation: the limiting distribution . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.5 Real data applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.5.1 Surrogate analysis of short-term CD4 count in ACTG 175 . . . . . . . . . . . 58
3.5.2 Causal effect of �ooding on health . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

Chapter 4 Towards R-learner of conditional average treatment effects with a contin-
uous treatment: T-identi�cation, estimation, and inference . . . . . . . . . . 63

4.1 Background and basic setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.2 Continuous-treatment R-learner . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.2.1 The generalized R-loss . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.2.2 An identi�ability transition of the generalized R-learner . . . . . . . . . . . . 66
4.2.3 T-identi�cation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.2.4 ` 2-penalized R-learner . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.3 Sieve approximation and theoretical properties . . . . . . . . . . . . . . . . . . . . . . . . 71
4.3.1 Asymptotic properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.4 Numerical experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4.5 Real data application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

Chapter 5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .82

APPENDICES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
Appendix A Supplementary materials to Chapter 2 . . . . . . . . . . . . . . . . . . . . . 98

A.1 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
A.1.1 RSVD-based spectral clustering for SBM . . . . . . . . . . . . . . . . . . . . 98
A.1.2 PCA with missing data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
A.1.3 Distance matrix completion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

A.2 Extension to asymmetric matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
A.3 General theoretical results for any G . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
A.4 Technical lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
A.5 Proofs for Section 4.3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

A.5.1 Proof of Theorem 18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
A.5.2 Proof of Theorem 19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
A.5.3 Proof of Theorem 20 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
A.5.4 Proof of Theorem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
A.5.5 Proof of Theorem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
A.5.6 Proof of Corollary 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
A.5.7 Proof of Theorem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
A.5.8 Proof of Corollary 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
A.5.9 Proof of Theorem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

A.6 Proofs for Section 2.3, Section 2.4, and Section A.2 . . . . . . . . . . . . . . . . . . 137
A.6.1 Proof of Theorem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
A.6.2 Proof of Theorem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

vi



A.6.3 Proof of Theorem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
A.6.4 Proof of Theorem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
A.6.5 Proof of Theorem 21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
A.6.6 Proof of Theorem 17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

A.7 Additional Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
A.7.1 Proof of Proposition 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
A.7.2 Proof of Proposition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
A.7.3 Proof of Claim 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
A.7.4 Proof of Claim 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
A.7.5 Proof of Claim 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174
A.7.6 Proof of Claim 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174
A.7.7 Proof of Claim 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

Appendix B Supplementary materials to Chapter 3 . . . . . . . . . . . . . . . . . . . . . 178
B.1 Summary of notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
B.2 Comparison with identi�cation assumptions in mediation analysis . . . . . 180
B.3 Veri�cation of CATE as a perfectly localized functional . . . . . . . . . . . . . . . 181
B.4 Proof of Proposition 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

B.4.1 Regularity conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
B.4.2 Main proof of Proposition 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

B.5 Proofs of main theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185
B.5.1 Proof of Theorem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
B.5.2 Proof of Theorem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
B.5.3 Proof of Theorem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
B.5.4 Proof of Theorem 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204
B.5.5 Regularity assumptions for Theorem 13 . . . . . . . . . . . . . . . . . . . . 206
B.5.6 Proof of Theorem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207
B.5.7 Proof of Theorem 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

B.6 Proof of Lemma 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227
B.6.1 Preliminary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227
B.6.2 Bounding n � 1=2Gn f h1(V j �̂ , �̂ ) � h1(V j �̄ , �̄ )g . . . . . . . . . . . . . . . . . 229
B.6.3 Bounding n � 1=2Gn f h j (V j �̂ ) � h j (V j �̄ )gfor j = 2,3 . . . . . . . . . . . . 232

B.7 Additional Figures and results for the real-data applications in Section 3.5 235
Appendix C Supplementary materials to Chapter 4 . . . . . . . . . . . . . . . . . . . . . 242

C.1 Generalized cross validation-based tuning parameter selection . . . . . . . . 242
C.2 Generalized S- and X-learners . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243
C.3 Simulation details for Fig.4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244
C.4 Additional simulation results for Section A.1 . . . . . . . . . . . . . . . . . . . . . . 245
C.5 Proofs of propositions and theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

C.5.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247
C.5.2 Brief review of the B-spline functions . . . . . . . . . . . . . . . . . . . . . . 251
C.5.3 Technical lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254
C.5.4 Proof of Proposition 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281
C.5.5 Proof of Theorem 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 288
C.5.6 Proof of Proposition 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 292
C.5.7 Proof of Theorem 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293

vii



LIST OF TABLES

Table 3.1 Empirical coverage rates (rounded to three decimal places) of �̂ u 's 95%
CIs over 300 Monte Carlo rounds, when all nuisance functions are trained
via linear models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

Table A.1 Proportion of times that RSVD-based spectral clustering (g = 1,2,3) or
the original spectral clustering (OSC) exactly recover the memberships
of all nodes; here an = dlog n eand k̃ = 12. Standard errors are reported in
parentheses. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

Table A.2 Proportion of times that RSVD-based spectral clustering (g = 1,2,3) or
the original spectral clustering (OSC) exactly recover the memberships of
all nodes, among 500 MC rounds; here an = 1 and k̃ = 5dlog n e. Standard
errors are reported in parentheses. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

Table A.3 � th–quantiles for the relative entrywise errors of the RSVD-based esti-
mates D̂(g )

p and exact SVD estimate D̂p ; standard errors for these quantiles
are given in the parenthesis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

viii



LIST OF FIGURES

Figure 2.1 Phase transition diagram for the error rate d2(Ûg ,U) and d2!1 (Ûg ,U)
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Ûg when g � 3; (From bottom left to bottom right) scatter plots of the
rows of Ûg when g 2 f 4,5g, and the rows of Û. The points are colored
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the block membership of the corresponding row vectors. The red dashed
curves are the 95%empirical con�dence ellipses, while the solid black
curves are the 95% theoretical con�dence ellipses. . . . . . . . . . . . . . . . . 103

x



Figure A.4 Second-order simulation for two-block SBM with n = 1000and � n � 1.
(From top left to top right) the scatter plots of row-wise vectors in Ûg with
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CHAPTER

1

INTRODUCTION

In this thesis, we focus on two demanding research domains within the realm of contemporary

data science, speci�cally aiming to address the considerable large scale and complexity of

modern datasets. In Chapter 2, we derive an array of statistical inferential results, based on

the general signal-plus-noise model, leveraging the randomized singular value decomposition

(RSVD)—a substitute to the traditional singular value decomposition (SVD) method—for

implementing spectral methods to expedite computations (Halko et al. 2011b). Chapters 3 and

4 delve into two essential problems of causal inference dealing with continuous variables. In

Chapter 3, we present a doubly robust and semiparametrically ef�cient estimator devised for

principal strati�cation involving a continuous intermediate variable. Proceeding to Chapter 4,

we investigate the estimation of conditional average treatment effects (CATE) in situations with

a continuous treatment variable. To augment the �exibility and ef�ciency of CATE estimation,

we propose an innovative identi�cation strategy and expand the widely-recognized R-learner

framework (Nie and Wager 2021) to cater to continuous-treatment scenarios.

In the subsequent sections, we outline the contexts and motivations of our research en-

deavours detailed in Chapters 2 through 4, respectively.
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1.1 Introduction for Chapter 2

Spectral methods are popular in statistics and machine learning as they provide simple algo-

rithms with strong theoretical guarantees for a diverse number of inference problems including

network analysis Newman (2006); Rohe et al. (2011); Sussman et al. (2012), matrix completion

and denoising Achlioptas and McSherry (2007); Chatterjee (2015), covariance estimation / PCA

Johnstone (2001); Fan et al. (2013), non-linear dimension reduction and manifold learning

Tenenbaum et al. (2000); Belkin and Niyogi (2003); Coifman and Lafon (2006), ranking Chen

and Suh (2015); Chen et al. (2019), etc. A common unifying theme for many spectral algorithms

is, given a data matrix M̂, �rst compute a factorization of M̂ using the ubiquitous singular

value decomposition (SVD), then truncate this SVD to keep only the k < min f m ,n gleading

singular values and singular vectors, and �nally perform inference using the truncated SVD

representation. The value k is usually chosen to be as small as possible while still preserving

most of the information in M̂.

Classical algorithms for SVD, such as those based on pivotal QR decompositions and / or

Householder transformations, require O(m 2n ) �oating-point operations (�ops) assuming

m � n and return the full set of m singular values and vectors, even when only the leading

k < m of them are desired; see Sections 5.4 and 8.3 of Golub and Van Loan (2013). The O(m 2n )

�ops is a severe computational burden when m is large. These algorithms also require random

access to the entries of M̂ and are thus inef�cient when M̂ is too large to store in RAM. These

computation and memory issues limit the use of classical SVD in modern data applications.

Recently in the numerical linear algebra community, randomized SVD (RSVD) Rokhlin

et al. (2010); Halko et al. (2011b); Tropp et al. (2017); Musco and Musco (2015); Tropp et al.

(2019) had been widely studied with the aim of providing fast, memory ef�cient, and accurate

approximations for the truncated SVD of large data matrices. In particular, suppose M̂ is an m �

n matrix and we are interested in �nding the k leading (left) singular vectors of M̂ for some k �

n . The prototypical RSVD algorithm Halko et al. (2011b) �rst sketches M̂ into a smaller matrix

Y = (M̂M̂> )g M̂G 2 Rm � k̃ where g � 1 and k̃ � k are user-speci�ed parameters and G 2 Rn � k̃ is

a random matrix, and then uses the k leading left singular vectors of Y as an approximation

to the k leading left singular vectors of M̂. The parameter g is usually chosen to be a small

integer and k̃ is chosen to be equal to or slightly larger than k . There are numerous choices

for G including Gaussian matrices, random orthogonal matrices, Rademacher matrices, and

column-subsampling matrices; see Mahoney (2011); Woodruff (2014); Kannan and Vempala

(2017) and the references therein.

The sketch-and-solve strategy of RSVD has several important practical advantages. Firstly, it

has a computational complexity of O(mnk ) �ops and this can be further reduced to O(mn log k )
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�ops when the sketching matrix G is structured. These O(mnk ) or O(mn log k ) �ops are also

very fast as the main operations are the matrix-matrix products M̂X and M̂> X where X is either a

m � k̃ or n � k̃ matrix; matrix products are highly-optimized on almost all computing platforms.

Secondly, it is “pass ef�cient" Drineas et al. (2006); Halko et al. (2011b) and only requires (2g + 1)

passes through the data; this dramatically reduces memory storage Golub and Van Loan

(2013); Lopes et al. (2020). Thirdly, RSVD also allows for data compression Cormode et al.

(2011) and can be adapted to a streaming setting Tropp et al. (2017). Many recent works have

discussed replacing the classical SVD with RSVD, see Tsiligkaridis and Hero (2013); Davenport

and Romberg (2016); Qiu et al. (2019); Hie et al. (2019); Li et al. (2020a); Erichson and Donovan

(2016); Askham and Kutz (2018); Orús (2019) for examples in covariance matrix estimation,

matrix completion, network embeddings, and dynamic mode decompositions.

Existing theoretical results for RSVD, such as those in Rokhlin et al. (2010); Halko et al.

(2011b,a); Saibaba (2019); Lopes et al. (2020), had mainly focused on the setting where M̂ is

assumed to be noise-free; these results either bound the approximation error between Ûg and

Û or bound the difference between the low-rank approximation error of jjj (I � Ûg Û>
g )M̂jjj and

that of jjj (I � ÛÛ> )M̂jjj . Here Û denote the true leading singular vectors of M̂ and jjj � jjj denote some

unitarily invariant norm. In particular these approximation error decreases if g (the number of

power iterations) and / or k̃ (the sketching dimensions) increases. However, for many inference

problem, the observed matrix M̂ is also noisy due to sampling and / or perturbation errors. More

speci�cally it is often the case that M̂ is generated from a “signal-plus-noise” model M̂ = M + E

where M is assumed to be the underlying true signal matrix of M̂ with certain structure e.g.,

(approximately) low rank and / or sparse, and E is the unobservable perturbation noise. As M̂ is

a noisy realization of M, Û is a noisy estimate of U, the leading singular vectors of M. Under

this perspective, the main aim is now to understand the relationship between Ûg and U, and

we thus need to balance between the approximation error of Ûg and the estimation error of Û,

i.e., it is neither necessary nor bene�cial to make the approximation error between Ûg and Û

much smaller than the estimation error between Û and U.

Estimation errors between Û and U is a fundamental topic in matrix perturbation theory.

Classic results in matrix perturbation include Weyl's and Lidskii's inequalities Weyl (1912);

Lidskii (1950) for eigenvalues and singular values, and the Davis–Kahan Theorem and Wedin's

Theorem Davis and Kahan (1970); Yu et al. (2015); Wedin (1972) for subspaces; these results

make minimal assumptions on the perturbation matrices E. The last decade has witnessed fur-

ther study of matrix perturbations from more statistical perspectives through the introduction

of additional minor assumptions on E and M such as the entries of E are independent random

variables and / or the leading singular vectors of M has bounded coherence. Examples include

more re�ned matrix concentration inequalities Tropp (2012); Rudelson (1999a); Oliveira (2010);
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Ahlswede and Winter (2002), rate-optimal unilateral singular subspace perturbation bound

Cai and Zhang (2018), and ` 2!1 singular subspace perturbation bounds Abbe et al. (2020);

Fan et al. (2018); Eldridge et al. (2018); Mao et al. (2021); Cape et al. (2019a,b); Lei (2019). These

developments in turns lead to stronger statistical guarantees for many spectral methods; see

Chen et al. (2021b) for a recent and comprehensive survey.

In Chapter 2, we will study the perturbation error between Ûg and U under the "signal-plus-

noise” model described above. In particular we analyze a repeated sampling version of RSVD

(namely, rs-RSVD) with O(an g mn ) complexity where an is the number of random sketches

and g is the number of power iterations of M̂; see Section 2.1. The choice an = 1 corresponds

to the PowerRangeFinderand SubspacePowerMethoddescribed in Halko et al. (2011b);

Woodruff (2014); Musco and Musco (2015). Theoretical results for rs-RSVD, under a set of mild

and typically seen assumptions for E, are presented in Section 4.3.1. These results include

perturbation bounds for the difference in either ` 2 or ` 2!1 norm between the approximate

singular vectors Ûg of M̂ and the true singular vectors U of M, normal approximations for

the row-wise �uctuations of Ûg , and entrywise concentration and normal approximations

for Ûg Û>
g M̂ � M. The ` 2 and ` 2!1 bounds exhibit a phase-transition phenomenon in that as

the signal-to-noise ratio (SNR) decreases, the number of power iterations g need to increase

to guarantee fast convergence rates; the phase transition thresholds are also sharp provided

that the noise matrices E satisfy a certain trace growth conditions. We then apply our theo-

retical results to three different statistical inference problems: community detection, matrix

completion, and PCA with missing data. For all three problems we show that the approximate

singular vectors Ûg achieve the same or nearly the same theoretical guarantees as that for

the true singular vectors Û; see Section 2.3 and Section 2.4. Our results thus provide a bridge

between the numerical linear algebra and statistics communities. For conciseness and ease of

exposition we only present results for symmetric M̂ and M in the main thesis. Extension of these

results to the case of asymmetric M̂ and M are provided in Section A.2 of the supplementary

document. Numerical experiments and detailed proofs for the main thesis are also included in

the supplementary document.

1.2 Introduction for Chapter 3

When an intermediate variable exists between treatment and outcome, identifying and inferring

treatment effects becomes more challenging compared to the classical “covariate-treatment-

outcome" mechanism. Principal strata, de�ned by the joint potential values of the intermediate

variable under both treatment and control, offer a principled way to understand such underly-

ing causal mechanisms (Frangakis and Rubin 2002). Principal strati�cation involves comparing
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causal effects between key strata or groupings of the data, often referred to as principal causal

effects (PCEs). PCEs have been useful in various applications, such as noncompliance and

truncation-by-death problems in clinical trials (Frangakis and Rubin 2002; Rubin 2006), surro-

gate evaluation in vaccinology (Rubin 2004; Gilbert and Hudgens 2008), and causal medication

analysis (Kim et al. 2019).

Like potential outcomes, potential intermediate variable values suffer from inherent missing

data because at most one potential value is observable. Therefore, additional assumptions are

necessary to identify PCEs. In this thesis, we consider principal ignorability (Jo and Stuart 2009),

an ignorability-type assumption for the intermediate variable analogous to the celebrated

treatment ignorability assumption (Rosenbaum and Rubin 1983). Principal ignorability has

been widely adopted in various applications (Follmann 2000; Hill et al. 2002; Jo and Stuart

2009; Stuart et al. 2015; Jiang et al. 2022). For a binary intermediate variable, Jiang et al. (2022)

establish various identi�cation formulas for PCEs under principal ignorability and an additional

monotonicity assumption and derive the semiparametric ef�cient in�uence function (EIF). The

resulting PCE estimator exhibits desirable properties, e.g., triple robustness and semiparametric

ef�ciency.

1.2.1 From a binary to continuous intermediate variable

In contrast to the noncompliance and truncation-by-death problems, one often encounters a

continuous intermediate variable in surrogate evaluation and mediation analysis. For exam-

ple, Follmann (2006) considers the immune response measured after randomization as the

continuous surrogate outcome for infection in vaccine trials. Schwartz et al. (2011) assess the

mediation effect of the continuous body mass index on cardiovascular disease. Zigler and Belin

(2012) evaluate the surrogacy of the continuous short-term CD4 count for a long-term clinical

endpoint in AIDS clinical trials. The identi�cation and estimation of PCE with a continuous

intermediate variable (Cont.PCE) are challenging due to in�nitely many principal strata gener-

ated by a continuous intermediate variable. Previous attempts identify and estimate Cont.PCE

through parametric models (Gilbert and Hudgens 2008; Schwartz et al. 2011; Jin and Rubin

2008; Zigler and Belin 2012), which may suffer from model misspeci�cation.

This thesis aims to develop an ef�cient and �exible semiparametric framework for the

identi�cation and estimation of Cont.PCEs based on principal ignorability. This work can be

seen as an extension of Jiang et al. (2022), which, however, is non-trivial due to challenges in

estimand, identi�cation, and estimation:

(i) The Cont.PCE is a non-pathwise differentiable estimand, making classical semiparamet-

ric ef�ciency theory inapplicable for deriving an ef�cient estimator.
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(ii) The monotonicity assumption used to identify PCE in Jiang and Ding (2021) fails to

identify PCE when the intermediate variable is continuous and may be implausible in

various applications, such as surrogate analysis.

(iii) The resulting full EIF (cf. Section 3.2) is too complex to construct a computationally

feasible estimator, even after addressing (i) and (ii).

1.2.2 From perfectly localized estimand to local estimand

The non-pathwise differentiability of Cont.PCE, as mentioned in (i) above, presents a signi�cant

obstacle in developing an ef�cient estimator. To resolve this challenge, Chernozhukov et al.

(2022) focus on a speci�c non-pathwise differentiable estimand, namely, the perfectly localized

functional #0
1,

#0 = lim
h ! 0

#h , #h = E
�
m (W,Y,
 � ,kh ,d0

)
	
, (1.1)

where #h is pathwise differentiable for h > 0. Here Y is the response, W includes other variables,


 � (�) = E(Y j W = �), m (w , y, 
 � ,kh ,d0
) is a linear functional of 
 � (�), and kh ,d0

(�) is a pre-speci�ed

smoothing function centered at a speci�c value D = d0 in W with bandwidth h > 0. Examples of

#0 include the conditional average treatment effect and continuous treatment effect. This thesis

generalizes the original de�nition of #0 by allowing W to contain unobserved variables and

proves that Cont.PCE is perfectly localized functional under proper identi�cation assumptions

(cf. Proposition 3).

Instead of directly estimating the perfectly localized functional, Chernozhukov et al. (2022)

alternatively estimate its substitute, the local funcitonal #h in (1.1) with a �xed and suf�ciently

small h > 0. They further propose a doubly robust estimator using Riesz representation. Switch-

ing from #0 to #h as the target estimand has multiple advantages, as discussed in Chernozhukov

et al. (2022, 2023): (i) #h is pathwise differentiable and can be estimated semiparametrically

ef�ciently; (ii) #h serves as a good approximation of #0 when h is small, thus ef�cient estimation

of #h translates to ef�cient estimation of #0 up to a small localization bias; (iii) Inference on #h

is more robust and does not rely on the localization bias. Following Chernozhukov et al. (2022,

2023), this thesis aims to construct a computationally and statistically ef�cient estimator for

the local functional substitute of Cont.PCE (Loc.PCE). However, the paper deals with a more

complex setting than Chernozhukov et al. (2022, 2023) due to the unobserved variable in W

and an additional nuisance function. To address these challenges, a new oracle EIF-invoked

strategy is proposed for Loc.PCE estimation.

1Chernozhukov et al. (2023) terms #0 as the “local functional”. This thesis adopts the de�nition in Chernozhukov
et al. (2022, De�nition 2.2) to ensure consistent terminology.
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Chapter 3 will be organized as follows. Section 3.1.1 provides the background for PCE

estimation. Section 3.1.2 motivates Cont.PCE estimation using a synthetic example in surrogate

analysis, while Section 3.1.3 presents the identi�cation assumptions and formula for Cont.PCE.

Section 3.1.4 introduces Loc.PCE, the local functional substitute of Cont.PCE, as our target

estimand. The identi�cation and estimation of Loc.PCE involve three nuisance models:

M tp : treatment probability , the distribution of treatment given covariates;

M ps: principal score , the distribution of intermediate variable given covariates & treatment;

M om : outcome mean, the conditional expectation of outcome given all other variables.

In Section 3.2, we derive the EIF of Loc.PCE under nonparametric nuisance functions. However,

the resulting EIF is too complex for a computationally viable estimator. Thus, we derive sim-

pli�ed EIFs in two special scenarios: (i) the parametric scenario where M ps is parametrically

modeled, and (ii) the oracle scenario where M ps is known. We construct our proposed estima-

tor using the oracle-scenario EIF, which is computationally feasible. In Sections 3.3.1 and 3.3.2,

we show that the proposed estimator is doubly robust and asymptotically normal. Interestingly,

our estimator attains the semiparametric ef�ciency bound under the more general condition

when M ps is parametric, despite being derived using the EIF under the M ps-known scenario.

We also construct con�dence intervals (CIs) for inference. In Section A.1, simulation results

corroborate our theoretical results. In Section 3.5, we apply the proposed estimator to two

real-world problems in surrogate analysis and causal pathway discovery.

1.3 Introduction for Chapter 4

Estimating heterogeneous treatment effects is fundamental in causal inference and provides

insights into various �elds, including precision medicine, education, online marketing, and

of�ine policy evaluation. Let T be a treatment, Y (t ) be the potential outcome had a subject

received treatment level T = t , and X be pre-treatment covariates. The treatment effect het-

erogeneity can be quanti�ed by

� (x , t ) = E
�
Y (t ) � Y (0) j X = x

�
, (1.2)

where t = 0 is a reference treatment level. Early works of conditional average treatment effect

estimation focus on semiparametric models, including partially linear models (Robinson 1988)

and structural nested models (Robins 1994). Recent years have witnessed the rapid growth of

newly-developed methods with �exible models; see, e.g., Chernozhukov et al. (2018); Wager
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and Athey (2018); Kennedy (2020) and the references therein. One prevailing stream of works

includes nonparametric meta-learners including S- and X-learners (Künzel et al. 2019) and

R-learner (Nie and Wager 2021), which are model-free and can be implemented via any off-the-

shelf regression algorithm. S- and X-learners are tied to approximating the potential outcome

surfaces using, e.g., the Bayesian additive regression trees (Hill 2011), deep learning (Shalit et al.

2017), and the causal random forest (Wager and Athey 2018). However, they are not directly

estimating the treatment effect. On the contrary, the R-learner and its variants (Kennedy 2020)

target the treatment effect estimation. The R-learner capitalizes on the decomposition of the

outcome model initially proposed by Robinson (1988) in partially linear models and extends

for machine learning-based treatment effect estimation (Nie and Wager 2021). Notably, if

with the two nuisance functions estimated under �exible models, the R-learner maintains the

oracle property of the treatment effect estimation as if the nuisance functions were known.

Despite these advantages, the current R-learner framework applies only to binary or categorical

treatments.

In this thesis, we extend the R-learner framework to estimate the conditional average

treatment effect �exibly with continuous treatment. This extension is nontrivial in both identi-

�cation and estimation. We �rst employ the idea of Robinson's residual (Robinson 1988) to

construct the loss function of the conditional average treatment effect, which is a straight-

forward generalization of the binary-treatment R-loss considered by Nie and Wager (2021).

However, in sharp contrast to the binary-treatment case, we show that directly minimizing

the generalized R-loss fails to identify � (x , t ) but a fairly large class of functions � (x , t ) + s(x )

for any s(x ). We resolve the non-identi�cation issue by invoking the idea of Tikhonov regular-

ization (Tikhonov et al. 1995) rooted in the non-linear functional analysis. To the best of the

authors' knowledge, this is the �rst time that Tikhonov regularization is used to resolve a non-

identi�cation problem for a target estimand. Speci�cally, we modify the generalized R-loss with

an ` 2-penalization and propose a novel identi�cation strategy, which we call T-identi�cation,

acknowledging the use of Tikhonov regularization. We show that the T-identi�cation is able to

identify an intermediary �̃ (x , t ) = � (x , t ) � E f � (X ,T ) j X = x gand ultimately � (x , t ).

Built upon this new identi�cation strategy, we propose a new ` 2-penalized R-learner frame-

work that allows �exible models and machine learning methods for continuous-treatment

conditional average treatment effect and nuisance functions estimation. We elucidate the new

R-learning framework using the method of sieves for the conditional average treatment effect

and provide a thorough investigation of asymptotic properties. Unlike the classical sieve regres-

sion problem, theoretical analysis of the sieve R-learner involves low-rank matrices inherited

from the non-identi�cation nature of the generalized R-loss. Our theoretical analysis utilizes

the toolkit in the matrix perturbation and matrix spectral analysis theory (Bhatia 2013). Under
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standard conditions, we show that whenever the nuisance functions can be approximated

under the oP (n � 1=4)-convergence rate, the convergence rate of our proposed estimator does not

rely on the smoothness of the outcome model but relies only on the smoothness of � (x , t ) and

the propensity score, the two intrinsic components in �̃ (x , t ). Within the sieve approximation

framework, we also clarify regularity conditions for point-wise convergence and asymptotic

normality of the R-learner, under which we propose a closed-form variance estimator and con-

�dence intervals for inference. Our numerical experiments show the attractive performance

of our proposed R-learner in both estimation and inference. An application to MIMIC-III

data reveals the heterogeneous treatment effect of oxygen saturation on survival in sepsis

patients. All technical regularity conditions and proofs for the main paper are included in the

Supplementary Material. Estimating heterogeneous treatment effects is fundamental in causal

inference and provides insights into various �elds, including precision medicine, education,

online marketing, and of�ine policy evaluation. Let T be a treatment, Y (t ) be the potential

outcome had a subject received treatment level T = t , and X be pre-treatment covariates. The

treatment effect heterogeneity can be quanti�ed by

� (x , t ) = E
�
Y (t ) � Y (0) j X = x

�
, (1.3)

where t = 0 is a reference treatment level. Early works of conditional average treatment effect

estimation focus on semiparametric models, including partially linear models (Robinson 1988)

and structural nested models (Robins 1994). Recent years have witnessed the rapid growth of

newly-developed methods with �exible models; see, e.g., Chernozhukov et al. (2018); Wager

and Athey (2018); Kennedy (2020) and the references therein. One prevailing stream of works

includes nonparametric meta-learners including S- and X-learners (Künzel et al. 2019) and

R-learner (Nie and Wager 2021), which are model-free and can be implemented via any off-the-

shelf regression algorithm. S- and X-learners are tied to approximating the potential outcome

surfaces using, e.g., the Bayesian additive regression trees (Hill 2011), deep learning (Shalit et al.

2017), and the causal random forest (Wager and Athey 2018). However, they are not directly

estimating the treatment effect. On the contrary, the R-learner and its variants (Kennedy 2020)

target the treatment effect estimation. The R-learner capitalizes on the decomposition of the

outcome model initially proposed by Robinson (1988) in partially linear models and extends

for machine learning-based treatment effect estimation (Nie and Wager 2021). Notably, if

with the two nuisance functions estimated under �exible models, the R-learner maintains the

oracle property of the treatment effect estimation as if the nuisance functions were known.

Despite these advantages, the current R-learner framework applies only to binary or categorical

treatments.
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In Chapter 4, we extend the R-learner framework to estimate the conditional average

treatment effect �exibly with continuous treatment. This extension is nontrivial in both identi-

�cation and estimation. We �rst employ the idea of Robinson's residual (Robinson 1988) to

construct the loss function of the conditional average treatment effect, which is a straight-

forward generalization of the binary-treatment R-loss considered by Nie and Wager (2021).

However, in sharp contrast to the binary-treatment case, we show that directly minimizing

the generalized R-loss fails to identify � (x , t ) but a fairly large class of functions � (x , t ) + s(x )

for any s(x ). We resolve the non-identi�cation issue by invoking the idea of Tikhonov regular-

ization (Tikhonov et al. 1995) rooted in the non-linear functional analysis. To the best of the

authors' knowledge, this is the �rst time that Tikhonov regularization is used to resolve a non-

identi�cation problem for a target estimand. Speci�cally, we modify the generalized R-loss with

an ` 2-penalization and propose a novel identi�cation strategy, which we call T-identi�cation,

acknowledging the use of Tikhonov regularization. We show that the T-identi�cation is able

to identify an intermediary �̃ (x , t ) = � (x , t ) � E f � (X ,T ) j X = x gand ultimately � (x , t ). We

elucidate the new R-learning framework using the method of sieves for the conditional average

treatment effect and provide a thorough investigation of asymptotic properties. Unlike the

classical sieve regression problem, theoretical analysis of the sieve R-learner involves low-rank

matrices inherited from the non-identi�cation nature of the generalized R-loss. Our theoretical

analysis utilizes the toolkit in the matrix perturbation and matrix spectral analysis theory

(Bhatia 2013). Under standard conditions, we show that whenever the nuisance functions

can be approximated under the oP (n � 1=4)-convergence rate, the convergence rate of our pro-

posed estimator does not rely on the smoothness of the outcome model but relies only on

the smoothness of � (x , t ) and the propensity score, the two intrinsic components in �̃ (x , t ).

Within the sieve approximation framework, we also clarify regularity conditions for point-wise

convergence and asymptotic normality of the R-learner, under which we propose a closed-form

variance estimator and con�dence intervals for inference. Our numerical experiments show

the attractive performance of our proposed R-learner in both estimation and inference. An

application to MIMIC-III data reveals the heterogeneous treatment effect of oxygen saturation

on survival in sepsis patients. All technical regularity conditions and proofs for the main thesis

are included in the Supplementary Material.
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CHAPTER

2

PERTURBATION ANALYSIS OF

RANDOMIZED SVD AND ITS APPLICATIONS

TO HIGH-DIMENSIONAL STATISTICS

2.1 Background and basic setup

2.1.1 Notation

Let a be a positive integer. We then write [a ] to denote the set f 1, . . . ,ag. For two sequences

f an gn � 1 and f bn gn � 1, we write an ­ bn if there exists a constant c not depending on n such that

an � c bn for all but �nitely many n � 1; we write an ¥ bn if bn ­ an and we write an � bn if

an ­ bn and an ¥ bn .

The set of d � d 0matrices with orthonormal columns is denoted as Od � d 0 when d 6= d 0and

is denoted as Od otherwise. Let N1 and N2 be symmetric matrices. We write N1 � N2 if N1 � N2 is

positive semide�nite and we write N1 � N2 if N1 � N2 is positive de�nite. Let N be an arbitrary

matrix. We denote the i th row of N by [N]i , and the i j th entry of N by [N]i j . We write tr N and

rk N to denote the trace and rank of a square matrix N, respectively. The spectral and Frobenius

norm of N are denoted as kNk and kNkF, respectively. The maximum (in modulus) of the entries
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of N is denoted as kNkmax. In addition we denote the 2 ! 1 norm of N by

kNk2!1 = max
kx k=1

kNx k1 = max
i

k[N]i k,

i.e., kNk2!1 is the maximum of the ` 2 norms of the rows of N. We have the relationships

n � 1=2kNk � k Nk2!1 � k Nk, kNkmax � k Nk2!1 � d 1=2kNkmax,

where n and d are the number of rows and columns of N, respectively. Given two matrices

U1 2 On � d and U2 2 On � d , we de�ne their ` 2 and ` 2!1 distances as

d2(U1,U2) := inf
W2Od

kU1 � U2Wd k,

d2!1 (U1,U2) := inf
W2Od

kU1 � U2Wd k2!1 .

Recall that d2(U1,U2) �
p

2ksin � (U1,U2)k where � (U1,U2) are the principal angles between U1

and U2. Furthermore, by the relationship between the spectral and ` 2!1 norms, d2!1 yields

�ner and more uniform control of the row-wise differences (up to orthogonal transformations)

between U1 and U2. See Cape et al. (2019b); Lei (2019); Damle and Sun (2020); Abbe et al. (2020);

Chen et al. (2021b) for further discussions of the d2!1 and its uses in matrix perturbation

inequalities and statistics applications.

2.1.2 Signal-plus-noise perturbation framework

For ease of exposition we restrict ourselves to the case when the observed matrices are symmet-

ric in the main thesis. The general case of rectangular and / or asymmetric matrices are presented

in Section A.2 of the supplementary document. For a n � n symmetric matrix M = [m i j ] with

rk(M) = k � , we consider the additive perturbation

M̂ = M + E,

where E is a n � n symmetric noise matrix; we shall generally assume that M and E are unob-

served, i.e., we observed only M̂. Denote the eigendecompositions of M̂ and M by

M :=
€
U U ?

Š
‚

� 0

0 � ?

Œ‚
U>

U>
?

Œ

,

M̂ :=
€
Û Û?

Š
‚

�̂ 0

0 �̂ ?

Œ‚
Û>

Û>
?

Œ

,

(2.1)
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where � = diag(� 1, . . . ,� k � ) and �̂ = diag(�̂ 1, . . . ,�̂ k � ) are k � � k � diagonal matrices containing

the k � largest (in magnitude) nonzero eigenvalues of M and M̂, respectively. Let  := j� 1=� k � j

denote the condition number for the �rst k � eigenvalues of M.

We focus mainly on the setting where M has an approximately low-rank structure, i.e.,

both k � and  are either bounded or slowly diverging; we say that a quantity z depending

on n is slowly diverging if jz j = O(log n ) as n ! 1 . These low-rank assumptions appear

frequently in many inference problems for high-dimensional matrix-valued data including

community detection in graphs, matrix completion, and covariance matrix estimation; see e.g.,

Eldridge et al. (2018); Abbe et al. (2020); Fan et al. (2018); Cape et al. (2019a); Montanari and

Venkataramanan (2021); Cai et al. (2013) among others. We now make an assumption on kEk.

Assumption 1 (Signal-to-Noise Ratio) . Let Sn = kMk. There exists �xed but arbitrary constants

� � > 0,N0 > 0 and a quantity E n depending on n such that S n =En ¥ n � � and

pr
�
kEk � En

�
� 1 � n � 6, (2.2)

whenever n � N0. We view En as the noise level ofE and n � � as a lower bound on the SNR.

Assumption 1 provides a concentration inequality for kEk in terms of kMk and the signal

to noise ratio (SNR) n � � . As d > 0, Assumption 1 guarantees that Sn � En and hence, by

Weyl's inequality, there exists with high probability a suf�ciently large gap between the leading

eigenvalues of M̂ (as induced by the signal M) and the remaining eigenvalues of M̂ (as induced

by the noise E). This allows us to relate the singular vectors of the sketched matrix M̂g G to

the leading singular vectors of M as g increases. We show in Section 4.3.1 that, as the SNR

decreases, we need larger values ofg to accurately recover the singular subspace of M from

that of M̂g G.

We emphasize that Assumption 1 generally holds if E is a symmetric matrix whose upper

triangular entries are independent mean 0 random variables. Examples include the case where

the entries of E are either Gaussian random variables with variances bounded by n � (1+2� � )S2
n

or bounded random variables with variances bounded by n � (1+2d)S2
n ; see e.g., Corollary 3.9 in

Bandeira and Van Handel (2016) or Theorem 1.4 in Tropp (2012) for a justi�cation of these

claims. Furthermore the lower bound 1 � n � 6 in Eq. (2.2) is somewhat arbitrary and is chosen

mainly for convenience. Indeed, the above cited results also show that for any constant c > 0

there exists a constant C > 0 depending only on c such that kEk � C En with probability at least

1 � n � c . This constant C can then be subsumed into the de�nition of En without changing the

SNRn d . Assumption 1 can also hold when the entries of E are not mutually independent. See

for example the presentation of PCA with missing data in Section 2.4.2, i.e., the matrix E in

Section 2.4.2 is is of the form E = ZZ> � M where M is a deterministic symmetric matrix and Z
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is a d � m matrix whose entries are independent random variables. The product ZZ> creates

dependence between the upper triangular entries of E.

Finally we note that the noise level En in Assumption 1 is possibly decoupled from the

signal strength Sn . This is intentional as it allows us to obtain more general theoretical results

that can then be applied in diverse settings. For example in Section 2.3 we consider the random

graphs setting wherein the entries of M̂ are binary random variables with E[m̂ i j ] = m i j . The

distribution of E therefore depends only on M and thus En is also a function of Sn . In particular

n d � En � S1=2
n and so as the signal level Sn decreases (for example either by decreasing the

number of non-zero entries and / or their magnitudes) the SNR also decreases and inference

using M̂ becomes harder. In contrast, for the problems of matrix completion and PCA with

missing data discussed in Section 2.4, the distribution for E depends on other parameters

distinct from M and it is thus possible to reduce both Sn and En without changing the SNR,

thereby not affecting the general behavior of M̂.

2.1.3 Randomized SVD with repeated sampling

Given M̂ we wish to �nd the eigenvectors Û associated with the k � largest eigenvalues (in

magnitude) of M̂. One popular and widely used approach for �nding Û is via randomized

subspace iteration. More speci�cally we �rst sample an n � k̃ matrix G whose entries are iid

standard normals and compute Y = M̂g Gfor some positive integer g � 1. Now let Ûg be the n � k �

matrix whose columns form an orthonormal basis for the k � leading left singular vectors of Y.

The matrix Ûg Û>
g M̂ is a low rank approximation to M̂ and we can take Ûg as an approximation

to Û. We note that k̃ , the number of columns of G, is often chosen to be slightly larger than k �

in order to increase the probability that the column space of Y also include the column space

of Û; empirical observations suggest that k̃ = k � + 5 or k̃ = k � + 10 is suf�cient for most practical

applications (Halko et al. 2011b, Section 1.3). For more discussion on randomized subspace

iteration, see Section 4.5 of Halko et al. (2011b), Section 11.6 of Martinsson and Tropp (2020),

Section 4.3 of Woodruff (2014), and Musco and Musco (2015). Recently, Lopes et al. (2020) has

purposed a data-driven bootstrap algorithm to estimate the approximation error of sketching

SVD, which might also be adapted to select k̃ for the general RSVD in practice.

This chapter considers a generalization of the above procedure in which we sample inde-

pendent realizations G1,G2, . . . ,Gan
and choose the G which maximizes � k (M̂g Ga ); here � k (�)

denotes the k th largest singular value of a matrix. We term the resulting procedure as repeated-

sampling randomized SVD ( rs-RSVD); see Algorithm 1 for a formal description. The RSVD

with no repeated sampling as above is also included in this chapter's theoretical framework by

letting an = 1. The main rationale for the repeated sampling step is that letting an > 1 allows us
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to choose k̃ = k � , which results in M̂g G having the smallest number of columns while still ob-

taining an estimate Ûg of U that is qualitatively similar to that when k̃ > k � ; see the theoretical

results in Section 4.3.1 and the numerical experiments in Sections A.1 in the Supplementary

File for demonstrations of this claim. In addition, if M̂ arises from the additive model described

in Section 2.1.2 then k̃ = k � also leads to simpler theoretical results compared to k̃ > k � .

Remark 1 (Implementation details for Algorithm 1) . For ease of exposition we had written

steps 1–3 of Algorithm 1 as if there werean different sketchesf M̂g Ga ga � an
. As the computation

of M̂g Ga involves g passes through the data matrix M̂, having an > 1 is undesirable if we then

require an g passes, especially when the dimensions ofM̂ are large. In practice we can combine all

an � 1 different sketches into a single sketch, i.e., as thef Ga gare iid, we �rst generate a standard

Gaussian matrix G� with n rows and an k̃ columns, compute a single sketched matrix M̂g G� , and

then form the f M̂g Ga ga � an
by sequentially extracting (without replacement) k columns from

M̂g G� . The number of passes through the data is then still g . We can also replace Algorithm 1

with a more numerically stable albeit algebraically equivalent version wherein one periodically

orthonormalizes M̂g0
G (using QR decomposition) for g 0< g before computing M̂g0+1G; see (Halko

et al. 2011b, Remark 4.3) and Martinsson et al. (2010). This extra orthonormalization step has

no impact on the theoretical results presented subsequently.

Remark 2 (Sketching with g = 1). If we set both an = 1 and g = 1 in Algorithm 1 then we get

the “sketched SVD” algorithm described in Lopes et al. (2020); Mahoney (2011). Sketched SVD is

very useful when M̂ is too large to store in fast memory as the procedure only requires one pass

through the data. However, as we will show in Section 2.3, setting g = 1 leads to poor estimates of

U using rs-RSVD unlessk̃ � k � ; indeed the theoretical analysis in this chapter can be extended to

show that if g = 1 then k̃ = 
 (n ) is possibly necessary to guarantee accurate estimation ofU using

rs-RSVD; the choicek̃ = 
 (n ) has recently been considered by Yang et al. (2021b),which helps to

establish precise asymptotically exact results in the context of sketching PCA. In practice, it is

usually preferable to choose k̃ as small as possible, thus we will not present theoretical results for

the g = 1,k̃ = 
 (n ) regime as it detracts from the main message of current thesis.

2.2 Theoretical results

We now present large-sample deviation and �uctuation results between the approximate

singular vectors Ûg of M̂ (as obtained via rs-RSVD) and the true singular vectors U of the signal

matrix M. In particular Sections 2.2.1 and 2.2.2 give high-probability ` 2 and ` 2!1 perturbation

bounds (deviations) of Ûg . The normal approximation for the row-wise �uctuations of Ûg is

given in Section 2.2.4.
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Algorithm 1: rs-RSVD

Input: M̂ 2 Rn � n , rank k � 1 and sketching dimension k̃ � k . Integers an ,g � 1.

1. Generate an iid standard Gaussian sketching matrices G1, . . .Gan
2 Rn � k̃ ;

2. For a 2 [an ], form M̂g Ga by computing M̂Ga ,M̂(M̂Ga ), . . . ,M̂(M̂g� 1Ga );

3. For a 2 [an ], compute the exact SVD of M̂g Ga and retain the k leading singular values
f � i (M̂g Ga )gi � k of M̂g Ga and the n � k matrix of corresponding left singular vectors
Û(a )

g ;

4. Choose ã = argmaxa2[an ]� k (M̂g Ga ) and G= Gã . Let Ûg = Û(ã )
g ;

5. Let �̃ 1 � � � � � �̃ k be the singular values of Û>
g M̂.

Output: Estimated singular vectors Ûg , singular values f �̃ 1, . . . ,�̃ k g, low-rank
approximation M̃ = Ûg Û>

g M̂ or M̃ = 1
2

�
Ûg Û>

g M̂ + M̂Ûg Û>
g

�
.

We �rst introduce some notation. Let the SVDs of M̂g G and Mg G be denoted as

Mg G:= Ug � g V>
g ;

M̂g G:=
€
Ûg Ûg,?

Š
‚

�̂ g 0

0 �̂ g,?

Œ‚
V̂>

g

V̂>
g,?

Œ

.
(2.3)

where � g = diag(� 1, . . . ,� k � ) and �̂ g = diag(�̂ 1, . . . ,�̂ k � ) contain the largest k � singular values

of Mg G and M̂g G, respectively. Recall that we assumed rk(M) = k � . The following proposition

shows that the leading singular vectors of Mg G and M are equivalent.

Proposition 1. Let G2 Rn � k̃ be a Gaussian random matrix with k̃ � k � . Let g be a �nite positive

integer. Then d2(Ug ,U) = d2!1 (Ug ,U) = 0 almost surely.

Proposition 1 requires the sketching dimension k̃ to be no smaller than k � , the rank of M,

but allows for g to be any positive integer. This requirement also indicates that the sketching

of M̂ is generally more dif�cult compared to that of M, even when kM̂ � Mk = o(kMk) with high

probability. Indeed, M̂ is usually full-rank and hence the leading k � singular vectors of M̂g G

need not be close to that of M̂ for any arbitrary g .

Remark 3. (Known k � ) In this chapter we focus on the scenario where the parameter k in

Algorithm 1 is correctly speci�ed, i.e., k = k � , and thus k is used interchangeably with k � in

the following theoretical results. In practice k � might be unknown and need to be estimated.

There are a large number of methods for estimating k � consistently and a few representative,

but by no means exhaustive, references include Onatski (2010); Zhu and Ghodsi (2006); Ahn

and Horenstein (2013); Han et al. (2019); Yang et al. (2021a). We note, however, that all of

16



the approaches described in these references require knowing the leading singular values of

M̂ and this is possibly problematic in the context of RSVD if these singular values have to be

�rst computed using some classical SVD algorithm. Estimation of k � can also be done within

r s-RSVD itself using similar ideas to that in Sections 4.3 and 4.4 of Halko et al. (2011b) and

while we surmise that the consistency of the these estimates are reasonably straightforward to

establish, they nevertheless involve additional notations and derivations. We thus decided to

leave thesimultaneous estimation of k � and U using RSVD for future work.

Remark 4 (Distribution for G). In addition to standard Gaussian, other distributions for G such

as uniform and Rademacher distributions have also been studied Mahoney (2011); Woodruff

(2014); Kannan and Vempala (2017). We focus on the Gaussian distribution mainly for ease of

exposition; any distribution for which G satis�es Proposition 1 and Lemmas 4–5 in the Supple-

mentary File, will also lead to the same theoretical results as that presented in Theorems 1–3 of

this chapter. In particular if G is such that pr f rk (U> G) = k � g= 1 then Proposition 1 holds. If G

has iid sub-Gaussian entries then Lemmas 4–5 also hold (using existing results on the smallest

singular values of random matrices from Rudelson and Vershynin (2010)). Thus the main theo-

rems of this chapter remain unchanged if the entries of G are uniformly distributed. The case

where G is Rademacher requires further analysis as prf rk (U> G) = k � g< 1 and Proposition 1 no

longer holds.

2.2.1 ` 2 error bound

Proposition 1 implies the almost-sure equivalence between Ug and U. Thus, to obtain a ` 2

perturbation bound between Ûg and U, we can alternatively study the ` 2 perturbation between

Ûg and Ug ; Recall that Ûg and Ug are the left singular matrices of Mg G and M̂g G. We �rst derive

an upper bound for kM̂g G� Mg Gk using the expansion for M̂g � Mg introduced in Lemma

2; see Theorem 18. This upper bound depends on the SNR as well as several quantities that

depend only on the sketching matrix G. We bound the quantities depending on G separately

(see Lemma 4 and Lemma 5) and thereby obtain the following result.

Theorem 1. Let M̂ = M + E where M and E satisfy the conditions in Assumption 1. Let G be gener-

ated via Algorithm 1 with a �xed g � 1, an ­ log2 n , and k̃ � k � . Denote# := maxf 1, k̃ � 1=2 log1=2 n g.

We then have, with probability at least 1 � n � 5,




 M̂g G� Mg G




 ­ n 1=2E g

n + I (g � 2) � #k̃ 1=2Sg� 1
n En . (2.4)
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Furthermore, if g � 1+ (2d)� 1 then the above bound can be simpli�ed to

kM̂g G� Mg Gk ­ #k̃ 1=2Sg� 1
n En . (2.5)

By Wedin's Theorem Wedin (1972), the spectral-norm concentration in Theorem 1 together

with the lower bound for � k (M̂g G) in Lemma 5 yield the following bound for d2(Ûg ,U).

Theorem 2. Suppose Assumption 1 hold, and that Ûg is generated via Algorithm 1 for some

k̃ � k satisfying either one of the following three conditions:

(a) both k and k̃ are �xed.

(b) k is �xed and k̃ is growing with n.

(c) k is growing with n and k̃ � cgapk for any �xed c gap > 1.

Assume the condition number  satis�es  = o(Sn =En ). Choosean � d C k̃ � 1 log n ewhere C is

a constant not depending on n . Then for any g � 1+ (2d)� 1 we have, with probability at least

1 � n � 5,

d2(Ûg ,U) �
p

2ksin � (Ûg ,U)k ­ # g En

Sn
. (2.6)

Recall # is de�ned in Theorem 1.

Remark 5. We now make a few technical remarks concerning Theorem 2.

1. If (2d)� 1 < g < 1+ (2d)� 1 then a weaker bound than Eq. (2.6) still holds, namely

d2(Ûg ,U) ­ n 1=2k̃ � 1=2 g
€En

Sn

Šg
+ I (g � 2)# g En

Sn
(2.7)

with probability at least 1 � n � 5. The upper bound in Eq. (2.7) diverges and thus becomes

trivial when g � (2d)� 1; indeed, we always have d2(Ûg ,U) �
p

2.

2. The constant C in Theorem 2 does not depend on n but can depend on other parameters

such as k, k̃ and cgap. More speci�cally the proof of Lemma 5 shows that

• C depends only on k and k̃ under scenario (a).

• C � 15 under scenario (b).

• C depends only on cgap under scenario (c) with C decreasing as cgap increases.

3. The error bounds given in Theorem 2 also hold for d 2(V̂g ,Vg ).
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4. The bound in Eq. (2.6) depends on the condition number  and large values of  can lead

to sub-optimal bounds. Nevertheless the bound in Eq. (2.6) is meaningful provided that

 = O(n � ) for any � < 2d2=(1+ 2d).

Theorem 2 also yields a perturbation bound between the (approximate) singular values

�̃ 1, . . . ,�̃ k obtained from Algorithm 1 and the true singular values � 1, . . . ,� k of M.

Corollary 1. Assume the setting of Theorem 2. Letf �̃ i gk
i =1 be the output of Algorithm 1 and

� 1 � � � � � � k be the leading singular values of M. Then for g � 1+(2d)� 1 we have, with probability

at least 1 � n � 5, max` 2[k ] j�̃ ` � � ` j ­ # g En .

Assumption 1 together with Weyl's inequality implies that max` 2[k ] j�̂ ` � � ` j ­ En with high

probability where �̂ ` are the (exact) leading singular values of M̂. Corollary 1 thus indicates that

the estimation error rate of �̃ ` is the same as that for �̂ ` , up to some factors depending on the

conditional number  and #; recall that # = O(1) when k̃ � log1=2 n and  is either bounded or,

at most, slowly-diverging.

2.2.2 ` 2,1 norm error bound

We now study the ` 2!1 perturbation between Ûg and U. As the ` 2!1 norm is generally more

stringent than the ` 2 norm, we introduce an additional assumption on the row-wise �uctuations

of Eg for g � 2.

Assumption 2. There exist positive constants � > 1 and N0 > 0 such that, for any n � N0, any

positive integer g � log n , any standard basis ei 2 Rn , and any vector u 2 Rn not dependent on

E, we have with probability at least 1 � n � 8 that

max
i 2[n ]

�
�e>

i Eg u
�
� � C2!1 E g

n (log n )� g ku kmax, (2.8)

Hereei is the i th basis vector in Rn and C2!1 is a �nite constant depending possibly on N0 but

not on n and g .

The concentration bound in Eq. (2.8) appears frequently in the literature on ` 2!1 perturba-

tion, see e.g., Rohe and Zeng (2020); Netrapalli et al. (2014); Eldridge et al. (2018); d'Aspremont

et al. (2021); Cape et al. (2019a); Mao et al. (2021), and is satis�ed by a large class of random

matrices E. More speci�cally, Proposition 2 below shows that if E is a (generalized) Wigner

matrix whose entries are independent mean 0 random variables with subexponential tails then

E satis�es Assumption 2. Proposition 2 is motivated by Remark 2.5 in Erd �os et al. (2013) and

we will use it to verify Assumption 2 for the noise matrices considered in Sections 2.3 and 2.4.
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We also note that the probability lower bound 1 � n � 8 of Eq. (2.8) is somewhat arbitrary and is

chosen mainly for convenience. Indeed, Proposition 2 shows that for any c > 0 there exists a N0

depending on c such that the left hand side of Eq. (2.8) holds with probability at least 1 � n � c

whenever n > N0. See also the discussion after Assumption 1.

Proposition 2. Let E = [ ei j ] be an � n matrix whose entries (or upper triangular entries if E is

symmetric) are independent zero-mean random variables. Suppose that there exist a constant

C1 > 0 not depending on n and a quantity q n such that

q g0� 2
n Ejei j =En jg

0
� C g0

1 n � 1

for all i 2 [n ], j 2 [n ], and integer g 02 [2,(log n )A0 log log n ]; here A0 � 10 is a �xed constant, En is

the quantity appearing in Assumption 1, and qn ! 1 asn ! 1 . Then for any �xed constant

� > 1, any integer g � log n, and any vector u 2 Rn not dependent on E, we have

max
i 2[n ]

�
�e>

i Eg u
�
� � 2E g

n (log n )� g ku kmax

with probability at least 1 � exp
�
� � (log n )�

	
, provided that n � N . HereN and � are constants

depending only on C 1, � , and the divergence rate of qn .

We now provide two simple examples illustrating the use of Proposition 2.

Example 1 (Bernoulli Entries) . Let CEI > 0 be a �nite constant not depending on n . Let E =

[ei j ] 2 Rn � n be a symmetric matrix with independent upper triangular entries such that, for all

(i , j ) 2 [n ]2 we have ei j = 1 � Ci j � n with probability Ci j � n and ei j = � Ci j � n with probability

1� Ci j � n , for someCi j < CEI . Suppose furthermore that � n 2 [0,1] satis�es n � n ! 1 asn ! 1 .

This type of matrix E appears frequently in random graph inference; see Section 2.3. Now let

En = (n � n )1=2. If g = 1 then Eq. (2.8) follows from Bernstein's inequality with � = 1
2 (see e.g.

Lemma 16 in Abbe et al. (2020)). Now suppose that g � 2 and let qn = En . Then, after some

straightforward algebra, we have (1) E[E] = 0 and (2) there exist someC1 > 1 such that for all

g 0� 2,

q g0� 2
n Ejei j =En jg

0
� (n � n )� 1Ejei j j2 � C1n � 1

where the �rst inequality is because jei j j < 1 for all (i , j ) 2 [n ]2. The matrix E satis�es the condi-

tions in Proposition 2 and hence E satis�es Assumption 2.

Example 2 (Sub-Gaussian Entries). Let E = [ ei j ] 2 Rn � n be symmetric with independent zero-

mean sub-Gaussian entries whose Orlicz-2 norms are bounded from above by � 2
n . Let En =

p
2n � n . If g = 1 then Eq. (2.8) follows from a general version of Hoeffding's inequality (see e.g.,
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Theorem 2.6.3 in Vershynin (2018)) with � = 1
2 . Now supposeg � 2. We then havepr(n 1=2jei j =En j �

x ) � exp(� x 2) (Vershynin 2018, § 2.5.2) which implies the moment condition

Ejei j =En jg
0
�

(g 0=2)g0=2

n g0=2
.

Let A0 = 10, qn = (2n )1=2f (log n )10log log n g� 1=2, and C1 = 2, we have

q g0� 2
n Ejei j =En jg

0
� n g0=2� 1(g 0=2)� g0=2+1 (g 0=2)g=2

n g0=2
=

g 0=2

n
� C g0

1 n � 1,

We have thus veri�ed all conditions in Proposition 2 hence E satis�es Assumption 2.

Given Assumption 2, the derivation of our d2!1 bounds proceeds as follows. We �rst

combine the Procrustean matrix decomposition in Theorem 3.1 of Cape et al. (2019b) with the

series expansion for M̂g G� Mg G given in Lemma 2. This yields an expression for d2!1 (Ûg ,U)

that depends mainly on two type of terms, namely (1) terms of the form kEg Xk2!1 for some

matrix X of dimensions Rn � k or Rn � k̃ where X does not depend on E, and (2) terms of the form

kX> Gk for some X 2 On � k not depending on G. The terms kEg Xk2!1 are bounded using the

concentration inequality in Assumption 2 while the terms kX> Gk are bounded in a similar

manner to those in Theorem 2; see Theorem 20 and Lemma 4 to Lemma 6 in the Supplementary

File, for more details. In summary we obtain the following result.

Theorem 3. Assume the setting of Theorem 2. Further assumeE satis�es Assumption 2. If g �

1+ (2d)� 1 then, with probability at least 1 � n � 5,

d2!1 (Ûg ,U) ­ � n
En

Sn
kUk2!1 . (2.9)

Here � n := (log n )�
�
# g k 1=2, and � � = � if either g > 1+(2d)� 1 or kUk2!1 ¥ n � � c =2 for some � c 2

[0,1); the constant � is de�ned in Assumption 2. Otherwise, if g = 1+ (2d)� 1, then � � = � g + 1=2.

The upper bound in Eq. (2.9) decreases with kUk2!1 . Furthermore, as U 2 On � k , we have

k 1=2n � 1=2 � k Uk2!1 � k 1=2 always. The quantity n
k kUk2

2!1 is termed the coherence of U Candes

and Recht (2009). A matrix U with n 1=2kUk2!1 ­ 1 is said to have bounded coherence; bounded

coherence for U is a prevalent and typically mild assumption in many high-dimensional

statistics problem including matrix completion, covariance estimation, subspace estimation,

and random graph inference; see e.g., Candes and Recht (2009); Fan et al. (2018); Lei (2019);

Abbe et al. (2020); Cape et al. (2019b); Cai et al. (2021) and the examples in Section 2.3 and

Section 2.4 of this chapter.
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Remark 6. The upper bound in Eq. (2.9) requires g � 1+ (2d)� 1 and is slightly sharper when g >

1+(2d)� 1; indeed � � = � if g > 1+(2d)� 1 while � � = � g + 1=2 if g = 1+(2d)� 1 and kUk2!1 � n � 1=2.

This difference is, however, very minor. Indeed, as g is an integer, g = 1+ (2d)� 1 is possible only

when d = (2` )� 1 for integers ` � 1. If g < 1+ (2d)� 1 then a similar bound to Eq. (2.9) is available,

albeit with a provably worse upper bound, i.e., with probability at least 1 � n � 5,

d2!1 (Ûg ,U) ­ � (1)
n kUk2!1 + � (2)

n , (2.10)

where � (1)
n and � (2)

n are de�ned in Eq. (A.57) and Eq. (A.58) of the supplementary.

Remark 7. For ease of exposition we have stated Eq.(2.8) in terms of a single � > 1 for all

g 2 f 1,2, . . . , logn g. We can instead assume that there exists a non-decreasing and bounded

sequence� g such that, for all g � log n we have

max
i 2[n ]

�
�e>

i Eg u
�
� � C2!1 E g

n (log n )� g g ku kmax,

with probability at least 1 � n � 8. Then Theorem 3 still holds under the above assumption but

with � = � 1 and this allows for a more precise control of the factor � n in Eq. (2.9). Indeed, as we

see from Example 1 and Example 2 above, for many inference problem such as network analysis

and matrix completion we can control e>
i Eu using either Bernstein's inequality or Hoeffding's

inequality so that � 1 = 1
2 ; the remaining � g are bounded from above by some �nite constant C� > 1

via Proposition 2. With � 1 = 1
2 the term � n in Theorem 3 (and Corollary 2 later) is simpli�ed

to � n = (log n )1=2 when k̃ = 
 (log n ) and g > 1 + (2d)� 1; this factor � n = (log n )1=2 is generally

optimal.

Remark 8. Bounds for d2!1 (Û,U) can be derived using several different approaches, including

leave-one-out analysis Abbe et al. (2020); Chen et al. (2019); Cai et al. (2021); Abbe et al. (2020),

von Neumann series expansion Eldridge et al. (2018); Chen et al. (2021a); Cheng et al. (2021),

holomorphic functional analysis Lei (2019), and techniques tailored towards Gaussian ensembles

Koltchinskii and Xia (2016); Koltchinskii and Lounici (2016); Koltchinskii et al. (2020). See Chen

et al. (2021b) for a comprehensive survey. Our work, meanwhile, focuses on d2!1 (Ûg ,U). AsÛg

is obtained from the SVD of M̂g G, the bounds for d2!1 (Ûg ,U) depends on(M̂g � Mg )G which has

a substantially more complicated entrywise dependency structure than that in E = M̂ � M. As a

result not all of the above cited techniques are directly applicable for bounding d2!1 (Ûg ,U). For

this chapter we combine the Procrustean analysis argument from Cape et al. (2019b) with the

expansion for M̂g G� Mg G given in Lemma 2. This approach yields a perturbation expansion for

Ûg W� U that includes auxiliary terms of the form kEg Xk2!1 where X 2 On � k̃ does not depend on

E, and we leveraged Assumption 2 and Proposition 2 to bound these terms. We leave the problem
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of adapting other techniques (such as leave-one-out analysis) to control the row-wise deviation

of Ûg for future work.

The row-wise �uctuation for Ûg in Theorem 3 also yields an entrywise concentration bound

for Ûg Û>
g M̂ � M. In particular we have the following result.

Corollary 2. Assume the setting of Theorem 3 and suppose that both k and  are bounded as n

increases. Let g� 1+ (2d)� 1. We then have

kÛg Û>
g M̂ � Mkmax ­ � n En kUk2

2!1

with probability at least 1 � n � 5; here � n satis�es � n ­ (log n )� # if g > 1 + (2d)� 1 and � n ­

(log n )� g+1=2# otherwise.

2.2.3 Comparison with existing results

We now compare the perturbation bounds for Ûg in ` 2 and ` 2!1 norms with existing results in

the literature. As we mentioned in the introduction, most theoretical analysis of RSVD focused

exclusively on the setting where M̂ is assumed to be noise-free and the quantities of interest are

bounds for (I � Ûg Û>
g )M̂ in either spectral norm or Frobenius norm. For example by combining

Theorem 9.2 and Theorem 10.8 in Halko et al. (2011b) we have that if M̂ is symmetric and

k̃ � k + 2 then

k(I � Ûg Û>
g )M̂k �

”€
1+

k 1=2

(` � 1)1=2

Š
� g

k +1(M̂) +
ek̃ 1=2

`

¦ X

j >k

� 2g
j (M̂)

©1=2—1=g
(2.11)

with high probability. Here ` = k̃ � k and � j (M̂) denote the j th largest singular value of M̂. If

M̂ = M + E where M and E satisfy Assumption 1 then, without additional information, we can

only conclude that max j >k � j (M̂) � En . Eq. (2.11) then reduces to

k(I � Ûg Û>
g )M̂k ­ n 1=2g En ,

with high probability, for any �xed g. Recall that Ûg Û>
g M̂ is a low rank approximation of M̂ and

serves as an estimate of the true but unknown signal matrix M. Invoking Assumption 1 again

we obtain

kM � Ûg Û>
g M̂k � k M̂ � Ûg Û>

g M̂k+ kM̂ � Mk ­ n 1=2g En , (2.12)

with high probability. On the other hand, Theorem 2 of this chapter implies

kM � Ûg Û>
g M̂k � k (UU > � Ûg Û>

g )Mk+ kÛg Û>
g (M � M̂)k ­ # g En , (2.13)
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with high probability. Note that Eq. (2.13) is much sharper than Eq. (2.12) when M is (approxi-

mately) low-rank as assumed in the current thesis. Indeed if  g is bounded or slowly diverging

then the multiplicative factor in Eq. (2.13) is either bounded or of order o(n � ) for any arbi-

trary constant � > 0 while the multiplicative factor in Eq. (2.12) is � (n 1=2g ) and thus requires

g � log n to be competitive with the bound in Eq. (2.13); note that g � log n power iterations

was also used in the theoretical analysis of RSVD in Musco and Musco (2015) and Theorem 60

in Woodruff (2014); as we only require g � 1 + (2d)� 1, our bounds are more closely tailored

to the setting of noisy M̂. Finally note that kM � ÛÛ> M̂k � 2En with high probability. Thus

kM � Ûg Û>
g M̂k attains the same error rate as kM � ÛÛ> M̂k, up to some (at most) logarithmic

factor.

The above bounds for kM � Ûg Û>
g M̂k are based on d2(Ûg ,U). We now consider the impli-

cation of the bounds for d2!1 (Ûg ,U). Suppose U has bounded coherence, i.e., kUk2!1 ­

k 1=2n � 1=2, and E satis�es Assumption 2. Let g > 1+ (2d)� 1 and k̃ ,an are as speci�ed in Theorem

3. If k and  are slowly growing then Corollary 2 implies

kM � Ûg Û>
g M̂kmax ­ (log n )� # g k

En

n
, (2.14)

with high probability. Eq. (2.14) is, to the best of our knowledge, the �rst bound for entrywise

differences between the RSVD-based low-rank approximation of the noisily observed M̂ and

the underlying signal matrix M, and provides much �ner control for M � Ûg Û>
g M̂. Eq. (2.14)

cannot be obtained by simply combining existing bounds for jjj (I � Ûg Û>
g )M̂jjj (as given in the

RSVD literature) and bounds for jjjM̂ � Mjjj (as given in the matrix perturbation literature); here

jjj � jjj denote any unitarily invariant norm. Finally, as we will see in Sections 2.4.1, the bound

in Eq. (2.14) can have the same error rate as that for kM � ÛÛ> M̂kmax, up to some (at most)

logarithmic factor.

2.2.4 Row-wise limiting distribution

The row-wise limiting distribution of singular vectors can be applied for uncertainty quanti�-

cation of membership inference in network analysis Levin et al. (2021); Athreya et al. (2021).

Under some appropriate probabilistic structures of M and E, Û is proved to have a row-wise

limiting distribution Cape et al. (2019a). In this section we prove that Ûg also has row-wise

asymptotic normal distributions, provided that M and E satisfy the following condition.

Assumption 3. Let f � n gn � 1 be a sequence of bounded non-negative numbers which can converge

to 0 as n ! 1 . Assume that both of the following conditions hold as n ! 1 .

(a). E satis�es Assumption 1 with E n = � (
p

n � n ) and Sn
En

­ n � � for some constant � � > 0.
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(b). For any �xed i 2 [n ], we have

Sn � � 1
n � � 1=2

i

�
EU� � 1

�
i
  N (0,I ). (2.15)

where � i is a deterministic matrix depending possibly on i and M.

Assumption 3 is valid for more general M and E, compared with Assumption 5 in Cape

et al. (2019a), which typically focuses on a random graph context. One scenario for which

Assumption 3 holds is when E has symmetrically independent entries and the variances of

� (n 2) entries in E are of the same asymptotic order � (� 2
n ), while the variance of the other

entries are negligible. Such entrywise independent and homogenous conditions of E appear

frequently in many statistical problems including matrix completion, graph embeddings, and

multi-dimensional scaling; see e.g., Cape et al. (2019a); Li et al. (2020b); Chatterjee (2015).

Theorem 4. Suppose Assumptions 1–3 hold with �xed k � = k and bounded  . LetÛg be generated

via Algorithm 1 with k̃ � k , an � d C k̃ � 1 log n ewhere the universal constant C is given in Remark 5,

and g � 2+ (2� � )� 1. Now suppose that as n ! 1 , we have

max
¦
� � 1

n




 U> EU




 , n � n ` cltS

� 1
n

©


 U






2!1
! 0, (2.16)

in probability, where ` clt is a logarithmic factor such that

` clt :=

8
<

:

(log n )g� +1=2 if g = 2+ (2d)� 1,

(log n )2� # if g > 2+ (2d)� 1.
(2.17)

Then there exist a sequence of orthogonal matricesWclt = W(n )
clt such that for any i 2 [n ],

Sn � � 1
n � � 1=2

i

�
Wclt

�
Ûg

�
i
�

�
U

�
i

�
  N (0, I ).

For each n the matrix Wclt solves the orthogonal Procrustes problem betweenÛg and U (see

Eq. (A.77)).

The condition g � 2+(2� � )� 1 in Theorem 4 is slightly more stringent than the condition g �

1+(2� � )� 1 in Theorem 1 and Theorem 3. The main reason for this discrepancy is that while g �

1+ (2� � )� 1 might be suf�cient for d2(Ûg ,U) and d2!1 (Ûg ,U) to achieve the optimal error rate,

it does not guarantee that the row-wise �uctuations of Ûg W>
clt � U is asymptotically equivalent

to the row-wise �uctuations of EU� � 1 given in Assumption 3. We will present, in Section A.1.1

in the Supplementary File, simulation results for the row-wise Gaussian �uctuations of Ûg

25



when M̂ is the adjacency matrix of a SBM random graph; our simulations indicate that the

condition g � 2+ (2d)� 1 is in fact necessary and suf�cient.

Remark 9. We now make a few technical remarks concerning Theorem 4.

1. Theorem 4 can be extended to the case where either (or both) of and k are slowly diverging,

provided that we also increase the exponent for log n in the de�nition of ` clt .

2. The term � � 1
n kU> EUkkUk2!1 in Eq. (2.16) can usually be bounded by polylog (n )kUk2!1

with high probability. More speci�cally, let E = [ ei j ]n � n be a symmetric matrix whose

upper triangular entries are independent mean 0 random variables with E[e2
i j ] � � 2

n and

jei j j � Bn for all i , j . Now if B n ­ � n (log n )� 1=2kUk� 1
2!1 then, by Bernstein inequality,

� � 1
n




 U> EU




 ­ log1=2 n

with high probability; see Eq. (4.137) in Chen et al. (2021b) for more details. Thus � � 1
n kU> EUk

kUk2!1 converges to0 in probability whenever kUk2!1 = O
�
log� 1=2 n

�
. Recall that n � 1=2 ­

kUk2!1 ­ 1.

3. The term n � n S� 1
n ` clt kUk2!1 in Eq. (2.16) depends on the SNR and the coherence ofU i.e.,

this term is equivalent to n (1=2� d)` clt kUk2!1 . Thus larger values of kUk2!1 require larger

SNRn d in order to guarantee convergence in Eq. (2.16). If U has bounded coherence, i.e.,

n 1=2kUk2!1 is bounded, then n (1=2� d)` clt kUk2!1 ! 0 due to our assumption that d > 0. As

we alluded to earlier, bounded coherence for U is a prevalent and typically mild assumption

in many high-dimensional statistics problem including matrix completion, covariance

estimation, subspace estimation, and random graph inference; see e.g., Candes and Recht

(2009); Fan et al. (2018); Lei (2019); Abbe et al. (2020); Cape et al. (2019b); Cai et al. (2021).

4. Theorem 4 can be used to derive normal approximations for the entries of Ûg Û>
g M̂. For

brevity we defer this result to Theorem 21 in the Supplementary File; see Theorem 7 for an

example of this normal approximation for noisy matrix completion.

2.3 Random graph inference

As an illustrative example of Theorem 2 and Theorem 3, we consider the problem of estimating

the leading eigenvectors for edge-independent random graphs with low-rank edge probabilities

matrices. More speci�cally, let M̂ = [ m̂ i j ] be the adjacency matrix of a random graph on n

vertices with edge probabilities M = [m i j ] 2 [0,1]n � n i.e., M̂ is a symmetric, binary matrix whose

upper triangular entries are independent Bernoulli random variables with P(m̂ i j = 1) = m i j .
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Next assume that M is of rank k for some �xed k � 1 and has bounded condition number, i.e.,

 � CCE for some �xed constant CCE > 0. Let � 2 (0,1] and suppose that Assumption 1 holds

with

Sn � n � and En � n �= 2 (2.18)

for some �xed constant � 2 (0,1]. We interpret n � as the average expected degree for the

vertices of M̂, i.e., with high probability M̂ has � (n 1+� ) non-zero entries. Smaller values of �

thus implies sparser networks. We note that Eq. (2.18) is satis�ed by many random graph models

including Erd �os–Rényi Erd�os and Rényi (1960), SBM and its degree-corrected and / or mixed-

membership variants Holland et al. (1983); Karrer and Newman (2011); Sengupta and Chen

(2018); Airoldi et al. (2008), (generalized) random dot product graphs Young and Scheinerman

(2007); Rubin-Delanchy et al. (2022), as well as any edge-independent random graph whose

edge probabilities are suf�ciently homogeneous, e.g.,
P

j m i j � n � for all i 2 [n ]. Assumption 2

is also satis�ed by the random graphs mentioned above; see e.g. Erd �os et al. (2013); Cape et al.

(2019a); Mao et al. (2021) and Example 1. In addition, we also assume the bounded coherence

for U, kUk2!1 � n � 1=2. This is a prevalent and typically mild assumption for random graphs,

see e.g., Lei (2019); Abbe et al. (2020); Cape et al. (2019b).

2.3.1 Subspace perturbation error bound

Now consider the case where n , the number of vertices in M̂, is large and the graph M̂ is

possibly semi-sparse, and we are interested in computing the k leading singular vectors of

M̂ as an estimate for the k leading singular vectors of M. To save computational time, we will

use Algorithm 1 to approximate the singular vectors of M̂. Now suppose we choose a �xed

g � 1, and either k̃ = k and an � log n or k̃ � log n and an = 1; recall that k̃ � k is the sketching

dimension and an is the number of repeated sampling steps. Then from Theorems 2 and 3

(and the corresponding remarks) we have that, with high probability,

d2(Ûg ,U) ­

8
>><

>>:

polylog (n ) � n � �= 2 if g � 1+ � � 1,

polylog (n ) � n (� g � +1)=2 if � � 1 < g < 1+ � � 1,

1 if 1 � g � � � 1;

d2!1 (Ûg ,U) ­

8
>><

>>:

polylog (n ) � n � (� +1)=2 if g � 1+ � � 1,

polylog (n ) � n � g �= 2 if � � 1 < g < 1+ � � 1,

n � 1=2 if 1 � g � � � 1.

(2.19)
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Here polylog (n ) denote logc n for some �xed c � 0. Eq. (2.19) implies a phase transition for

d2(Ûg ,U) and d2!1 (Ûg ,U) as g changes. Recall that Û is the matrix whose columns are the

(exact) leading k singular vectors of M̂ and Eq. (2.18) together with the Davis-Kahan theorem

implies d2(Û,U) ­ n � �= 2 with high probability. On the other hand, it has recently been shown

that with high probability d2!1 (Û,U) ­ (log n )1=2n � (� +1)=2; see e.g., Lei (2019); Cape et al. (2019a).

Therefore if g � 1+ � � 1 then both d2(Ûg ,U) and d2!1 (Ûg ,U) converges to 0 at the same rates as

d2(Û,U) and d2!1 (Û,U), up to some logarithmic factors. Meanwhile, if � � 1 < g < 1+ � � 1 then

d2(Ûg ,U) and d2!1 (Ûg ,U) converge to 0 at the slower rates of n (� g � +1)=2 and n � g �= 2, repectively.

Convergences of d2(Ûg ,U) and d2!1 (Ûg ,U) are not guaranteed when g � � � 1. These different

convergence rates can be motivated by the observation that, since M̂ is a binary matrix, the

main thing that changes when � decreases is the number of non-zero entries in M̂. In other

words, we are estimating the leading k singular vectors of M using a noisy realization M̂ that,

when � decreases, contains less information about M. It is thus unlikely that any �xed value of

g will work uniformly well for all values of � . Indeed, as we will see in Theorem 5 and Section

A.1.1, both of the thresholds g > � � 1 and g � 1+ � � 1 in Eq. (2.19) are necessary and suf�cient.

We now provide three examples illustrating the relationships between g and � ; see also the

visual summary in Figure 2.1.

• First consider the dense regime with � = 1. Then g � 2 is suf�cient for d2(Ûg ,U) to attain

the optimal rate n � 1=2; and for d2!1 (Ûg ,U) to attain the optimal rate n � 1. No convergence

is guaranteed when g = 1.

• Next consider a semi-sparse regime with � = 2=3. For d2(Ûg ,U), the optimal rate n � 1=3 is

attained when g � 3, the sub-optimal rate n � 1=6 is attained when g = 2. For d2!1 (Ûg ,U),

the optimal rate n � 5=6 is attained when g � 3, the sub-optimal rate n � 2=3 is attained when

g = 2. No convergence is guaranteed when g = 1.

• Finally consider a semi-sparse regime with � = 1=2. For d2(Ûg ,U), the optimal rate n � 1=4

is attained when g � 3. For d2!1 (Ûg ,U), the optimal rate n � 3=4 is attained when g � 3.

No convergence is guaranteed when g = 1,2.

In summary, the above discussions provide theoretical justi�cation to the well-known

advice that choosing a slightly larger g and k̃ are essential to the success of RSVD in practical

applications Martinsson and Tropp (2020).

2.3.2 Lower bound and phase transition sharpness

We now study the sharpness of the phase transition thresholds described in Section 2.3.1. More

speci�cally, we derive lower bounds for d2(Ûg ,U) and d2!1 (Ûg ,U), and thereby show that
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Figure 2.1: Phase transition diagram for the error rate d2(Ûg ,U) and d2!1 (Ûg ,U) in Eq. (2.19)
as � and g changes. Recall that kMk � n � and kEk � n �= 2 and hence n �= 2 represents the
signal to noise ratio. The different regions represent different convergence rates for d2(Ûg ,U)
or d2!1 (Ûg ,U). For example, d2(Ûg ,U) converges at the optimal rate of n � �= 2 (blue region),
converges at the slower rate of n (� g � +1)=2 (green region), and has no convergence (yellow region).
The solid line represents the transition threshold g = 1+ � � 1 and the dashed line represents
the transition threshold g = � � 1.
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the conditions g > � � 1 and g � 1 + � � 1 are both necessary and suf�cient for d2(Ûg ,U) and

d2!1 (Ûg ,U) to converge to 0, at either the slow rate or the optimal rate shown in Eq. (2.19),

respectively.

The lower bounds for d2(Ûg ,U) and d2!1 (Ûg ,U) depend on the following assumption on

the growth rate of tr E2g , namely that for any �nite g � 1 there exists some �xed constant cg > 0

such that,

Etr E2g � cg n 1+� . (2.20)

We now clarify Eq. (2.20). Suppose E is a Wigner matrix whose entries are independent mean

0 random variables with equal variances given by � 2 � n � � 1. Then E satisfy Eq. (2.20) using

the well-known “trace method” combinatorial arguments from random matrix theory; see

e.g. Lemma 1.5 in Bordenave (2019) for more details. Eq. (2.20) and Eq. (2.18) are therefore

satis�ed for Erd �os–Rényi graphs. By adapting the trace method arguments for Wigner matrices,

we can show that Eq. (2.20) continues to hold for any edge-independent random graphs with

homogeneous variances, i.e., E satis�es Var[ei j ] � n � � 1 for all i , j , or equivalently, that m i j �

n � � 1 for all i , j . In other words, Eq. (2.20) is satis�ed by stochastic blockmodel graphs and

their degrees-corrected and / or mixed membership variants, and by (generalized) random dot

product graphs.

Theorem 5. Assume the setting of Theorem 2 and further suppose: (i) Sn � n � and En � n �= 2

for some �xed constant � 2 (0,1]; (ii) there exists a constant cg > 0 not depending on n but can

depend on g such that E tr E2g � cg n 1+� , (iii) k ,  ­ 1. Choosek̃ = k and an = o(log5 n ). Let

p0 2 (0,1) be �xed but arbitrary. Then there exists a constant CLB > 0 depending only on p0 such

that, with probability approaching p 0, we have

d2(Ûg ,U) �

8
<

:

CLB (log log n )� 1=2 � n (� g � +1)=2 if � � 1 � g < 1+ � � 1

CLB if 1 � g < � � 1
,

d2!1 (Ûg ,U) �

8
<

:

CLB (log log n )� 1=2 � n � g �= 2 if � � 1 � g < 1+ � � 1

CLB � n � 1=2 if 1 � g < � � 1
.

Remark 10. For simplicity we had presented Theorem 5 in the case where k̃ = k . An almost

identical lower bound is available for the case where k̃ = O(log n ), provided that we replaced the

(log log n )� 1=2 term in the above expressions with a (log n )� 1=2 term.

For ease of exposition we will ignore any logarithmic factor of n in the following discussion.

We see that the lower bounds in Theorem 5 match the upper bounds in Eq. (2.19) for both the no

convergence regime where g � � � 1 and the sub-optimal regime where � � 1 < g < 1+ � � 1; recall
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that if g � 1+ � � 1 then d2(Ûg ,U) and d2!1 (Ûg ,U) has the same convergence rate as d2(Û,U)

and d2!1 (Û,U), respectively, and are thus rate-optimal. Here we note that in Theorem 5,

d2!1 (Ûg ,U) ¥ n � 1=2 when 1 � g < � � 1 is equivalent to d2!1 (Ûg ,U) showing no convergence as

kUk2!1 � n � 1=2. See Section A.1.1 in the Supplemenatry File for simulation results illustrating

these upper and lower bounds for both d2(Ug ,U) and d2!1 (Ug ,U). Finally we emphasize

Theorem 5 is stated in a more general setting than that for random graphs, e.g., the lower

bound holds whenever E is a random symmetric Gaussian matrix provided that kEk ­ n �= 2

with high probability and E tr E2g satis�es Eq.(2.20).

2.3.3 Exact recovery for stochastic blockmodels

We now apply the ` 2!1 bound for Ûg and U given in Eq. (2.19), to the problem of community

detection in stochastic blockmodel graphs Holland et al. (1983), one of the most popular

generative model for network data with an assumed intrinsic community structure. We �rst

recall the de�nition of stochastic blockmodel graphs.

De�nition 1 (SBM). Let K � 1 be a positive integer and let � 2 RK be positive vector satisfying
P

` � ` = 1. Let B be a symmetric K � K matrix whose entries are in [0,1]. We say that (A, � ) �

SBM(B, � ) is a K -blocks stochastic blockmodel (SBM) graph with parameters B and � , and

sparsity factor � n , if the following holds. First � = (� 1, . . . ,� n ) where the � i are iid with P(� i =

` ) = � ` for all ` 2 [K ]. Then A is a n � n symmetric binary matrix such that, conditioned on � ,

for all i � j the f Ai j gare independent Bernoulli random variables with E [Ai j ] = � n B� i ,� j
.

Community detection is well-studied (see e.g., the surveys Fortunato (2010); Abbe (2017)),

with many available techniques including those based on maximizing modularity and likeli-

hood Bickel and Chen (2009); Newman and Girvan (2004); Snijders and Nowicki (1997), random

walks Pons and Latapy (2005); Rosvall and Bergstrom (2008), semide�nite programming Hajek

et al. (2016); Abbe et al. (2016), and spectral clustering Von Luxburg (2007). In particular spectral

clustering using the adjacency matrix is a simple and popular community detection algorithm

wherein, given A, we �rst choose an embedding dimension d and compute the matrix Û of

eigenvectors corresponding to the d largest (in modulus) eigenvalues of A. Next we cluster the

rows of Û into K cluster using either the K -means or K -medians algorithms and let �̂ i be the

resulting cluster membership for the i th row of Û. The motivation behind spectral clustering is

that for stochastic blockmodel graphs (1) Û serves as an estimate for the leading eigenvectors

U of the underlying edge probabilities matrix P = (� n B� i ,� j
) and (2) the rows of U contain all of

the necessary information for recovering � , i.e., there exists a collection of K distinct vectors

f � 1, � 2, . . . ,� K gsuch that [U]i = � � i
for all i 2 [n ].
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Algorithm 2: RSVD-based Spectral Clustering
Input: Adjacency matrix A, embedding dimension d , number of clusters K . Integers

an ,g � 1, k̃ � d .

1. Obtain Ûg via Algorithm 1 with M̂ = A,k = d , sampling times an , power g, sampling
dimension k̃ ;

2. Estimate the community membership �̂ , by performing either K -means or
K -medians on rows of Ûg ;

Output: Membership estimation �̂ and singular matrix recovery Ûg .

Statistical properties of spectral clustering had been widely studied in recent years, see e.g.,

Sussman et al. (2012); Rohe et al. (2011); Lei and Rinaldo (2015); Joseph and Yu (2016); Lyzinski

et al. (2014); Su et al. (2019); Lei (2019); Abbe et al. (2020); Koo et al. (2021) for an incomplete list

of references. In particular it is well-known that spectral clustering will, with high probability,

exactly recover the community assignment � for SBM graphs as well as its variants including

degree-corrected SBM Karrer and Newman (2011) and popularity adjusted SBM Sengupta and

Chen (2018), i.e., spectral clustering yields a �̂ such that with high probability there exists a

permutation &of [K ] for which �̂ i = &(� i ) for all i 2 [n ].

In many real-world applications like social or biological networks, the number of nodes

can be on the order of 10 6, see e.g. Gopalan and Blei (2013). As a result, the computation of Û

in spectral clustering using standard SVD algorithms can be prohibitively demanding in terms

of both the computational time and memory requirement. Under our rs-RSVD framework, by

taking A as the observed matrix M̂ we propose an economical spectral clustering procedure

(see Algorithm 2) that replaces Û by its approximation Ûg produced by rs-RSVD. We note that

the time complexity of Algorithm 2 is on the order of O(an g � nnz(A)) operations and only

require enough memory to store the nnz(A) non-zero elements of A. These time and memory

requirements can be considerably smaller than that of the standard spectral clustering, espe-

cially for large and non-dense graphs. The following result shows that for a �xed g depending

on the sparsity � n of A, Algorithm 2 will, with high probability, also exactly recovers � .

Theorem 6. Let (A, � ) � SBM(B,� ) be a K -blocks SBM with sparse parameter � n where � ` > 0

for all ` 2 [K ] and n � n ¥ n � for some � 2 (0,1]. Let d = rk(B) and suppose that �̂ is given

by Algorithm 2 wherein we choose: (i) k̃ � d , (ii) an � maxf C k̃ � 1 log n ,1g for some universal

constant C and (iii) g > � � 1. Then for suf�ciently large n , we have that �̂ exactly recovers� with

probability at least 1 � n � 5.

Remark 11. In practice one may consider clustering with the (1+ � )-approximate K -medians

algorithm when implementing Algorithm 2, instead of the exact K -median algorithm which
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is NP-hard (Megiddo and Supowit 1984). See e.g. Lei and Rinaldo (2015) for a more detailed

discussion comparing the (1+ � )-approximate K -medians and the exact K -medians algorithms.

Theorem 6 still holds for approximate K -medians.

Remark 12. Community detection using RSVD was also studied in Zhang et al. (2020). In

particular, Theorem 1 in Zhang et al. (2020) shows that if n � n = ! (log n ) then weak recovery is

possible using Ûg , provided that one choose k̃ � k + 4 and g = 
 (n " ) for any �xed but arbitrary

� > 0. Recall that weak recovery only requires the proportion of mis-clustered vertices to converge

to 0. Comparing the two results, we see the sparsity condition n � n = ! (log n ) in Zhang et al.

(2020) is less stringent than the condition n � n = 
 (n � ) in Theorem 6 while the exact recovery with

�xed g in Theorem 6 is a much stronger guarantee (and also is more computationally ef�cient)

than weak recovery in Zhang et al. (2020).

The proof of Theorem 6 is based on the ` 2!1 perturbation bounds given in Eq. (2.19). More

speci�cally, if g > � � 1 then, with high probability,

p
nd 2!1 (Ûg ,U) ! 0. (2.21)

If Eq. (2.21) holds then the arguments for exact recovery of � using Û can be easily adapted to

show exact recovery using Ûg ; see the proof of Theorem 2.6 in Lyzinski et al. (2014) or the proof

of Theorem 5.2 in Lei (2019) for some examples of these types of arguments. Furthermore,

while g = d� � 1eis suf�cient to show exact recovery using Ûg when � � 1 is not an integer, in

practice we recommend choosing the slightly larger value of g = d� � 1e+ 1. Indeed, as shown in

Section 2.3.2, the convergence rate for d2!1 (Ûg ,U) when g = d� � 1e+ 1 is generally faster than

that for g = d� � 1e, and this can lead to better �nite-sample performance.

Theorem 6 also indicates that smaller values of � will require larger number of power

iterations g and hence the computational cost of Algorithm 2 increases as the graphs become

sparser. In other words, there is an inherent trade-off between the sparsity of the network and

the computation cost needed to approximate its eigenvectors. In addition, as we allude to earlier

in Remark 12, Algorithm 2 does not guarantee exact recovery of � in the very sparse asymptotic

regime where n � n = ! (log n ) and this is due entirely to the use of Ûg , as an approximation

for Û. More speci�cally, if n � n = ! (log n ) then Su et al. (2019); Lei (2019); Abbe et al. (2020)

showed that exact recovery of � is possible using Û. In contrast, by Theorem 5, we see that

neither d2(Ûg ,U) nor n 1=2d2!1 (Ûg ,U) converge to 0 for any �nite g � 1. Hence, to guarantee

exact recovery, we will need to let g grows with n and this will require a more careful analysis

of Algorithm 1 to remove the effect of the condition number  when g ! 1 . More speci�cally,

instead of estimating all k leading singular vectors simultaneously, we might need to estimate

these singular vectors in stages, starting from the �rst leading singular vector. After each stage
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we will project M̂ onto the orthogonal complement of the singular vectors estimated thus far

before proceeding with the estimation of the singular vectors in the next stage. Finally, while it

is certainly the case that, asymptotically, log n = o(n � ) for any � > 0, in practice log n � n 0.1 for

all n � 1015. Hence, while asymptotic results in the ! (log n ) regime are interesting, they need

not lead to better understanding of RSVD for practical applications.

2.3.4 Normal approximation for Ûg

We now consider the row-wise �uctuations of Ûg . Recall the setting at the beginning of this

section where M̂ is the adjacency matrix of an edge independent random graph whose edge

probabilities matrix M has rank k � matrix with k � bounded, Sn = kMk � n � and En � n �= 2.

Suppose furthermore that the entries of M are homogeneous so that maxi j m i j � min i j m i j .

Then kMkF = n kMkmax and hence m i j � n � � 1 for all i , j . In addition the f m (2)
i i gn

i =1 are also homo-

geneous; here m (2)
i i denote the diagonal elements of M2. Asm (2)

i i = k[U� ]i k2 and M has bounded

condition number, we conclude that U has bounded coherence, i.e., kUk2!1 ® k 1=2n � 1=2. The

above conditions are satis�ed for many random graph models including stochastic blockmod-

els and their degree-corrected and mixed-membership stochastic variants Holland et al. (1983);

Karrer and Newman (2011) as well as (generalized) random dot product graphs Rubin-Delanchy

et al. (2022); Young and Scheinerman (2007).

Recall Assumption 3. As En � n �= 2, take � n = n (� � 1)=2. We now verify Eq (2.15). Note,

Sn � � 1
n [EU� � 1]i = n (1+ � )=2� � 1

P n
j =1 ei j u j where ei j is the i j th entry of E and u j is the j th row

of U. For a �xed i , the f ei j gj � n are independent mean 0 random variables and hence, by the

Lindeberg-Feller central limit theorem, we have

Sn � � 1
n � � 1=2

i [EU � � 1]i = n (1+ � )=2� � 1
nX

j =1

ei j u j   N (0, I ),

where � i is the k � � k � matrix of the form

� i = n (1+ � )� � 1
nX

j =1

Var[ei j ]u j u
>
j � � 1 = n (1+ � )� � 1

¦ nX

j =1

m i j (1 � m i j )u j u
>
j

©
� � 1.

Note that � i is non-degenerate. Indeed, as M is homogeneous, we have

� i � n (1+ � )� � 1 min
k `

m k `

X

j

u j u
>
j � � 1 � n 2� � � 2 � c I ,

for some �xed constant c > 0. In summary, Assumption 3 is satis�ed and we have the following

normal approximations for the row-wise �uctuations of Û, namely there exists a sequence of
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orthogonal matrices Wn such that for any �xed index i ,

Sn � � 1
n � � 1=2

i

�
Wn [Û ]i � [U ]i

�
  N (0,I )

asn ! 1 . This result was derived previously in Rubin-Delanchy et al. (2022); Fan et al. (2022);

Cape et al. (2019a); Du and Tang (2021); see for example Theorem 2.8 in Du and Tang (2021).

Theorem 4 implies the same limiting distribution for Ûg , i.e., for any g � 2+ � � 1 there exists a

sequence of orthogonal matrix W�
n such that

Sn � � 1
n � � 1=2

i

�
W �

n [Û g ]i � [U ]i
�
  N (0,I )

asn ! 1 . See Section A.1.1 for a numerical illustration of this convergence.

2.4 Additional applications

In this section we apply our main theorems to two other high-dimensional statistical problems,

namely, symmetric matrix completion and PCA with missing data. For both of these problems

we show that the error rates achieved by the approximate singular vectors Ûg is (almost)

identical to that for the exact singular vectors Û of the noisily observed matrices.

2.4.1 Matrix completion with noises

Let T 2 Rn � n be a matrix whose entries are only partially and noisily observed. Such matrix

occurs in many real-world applications, including the famous Net�ix challenge Rennie and

Srebro (2005). As another example, if T is an Euclidean distance matrix (EDM) between n points

in Rd then rk(T) � d + 2 and it is commonly the case that T is noisily observed Alfakih et al.

(1999); Glunt et al. (1993); Ding et al. (2010); Javanmard and Montanari (2013). Finally, if T is a

signal correlation matrix between multiple remote sensors Schmidt (1986) then T is usually

only partial observed due to power constraints Cheng et al. (2012).

For this thesis we assume that T 2 Rn � n is symmetric, rank k , and we observed

T̂ = P 
 (T + N) := 
 � (T + N). (2.22)

Here N is an unobserved n � n noise matrix, 
 is a symmetric binary matrix, and � denote the

Hadamard product. The matrix N and 
 induces noise and missingness in the entries of T̂,

respectively. We shall assume, for ease of exposition, that the (upper triangle) entries of N are

iid N(0, � 2) random variables while the (upper triangular) entries of 
 are iid Bernoulli random
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Algorithm 3: RSVD-based Matrix Completion

Input: Observed matrix T̂, rank k . Sampling probability p . Integers an ,g � 1 and k̃ � K .

1. Get Ûg , M̃ via Algorithm 1 with M̂ = p � 1T̂, rank k , sampling times an , power g and
dimension k̃ ;

2. SetT̂g = M̃ as either T̂g = p � 1Ûg Û>
g T̂ or T̂g = (2p )� 1(Ûg Û>

g T̂ + T̂Ûg Û>
g );

Output: Approximate singular vectors Ûg of T̂ and estimate T̂g of T.

variables with success probability p . The aim of matrix completion is to recover T from T̂. Since

E[p � 1T̂] = T, one simple and widely used estimate for T is given by p � 1T̂(k ) where T̂(k ) is the

truncated rank- k SVD of T̂; see Abbe et al. (2020); Chen et al. (2021b); Keshavan et al. (2010);

Chatterjee (2015); Candes and Plan (2010) and the references therein.

In many real-world applications, the dimensions of T̂ can be rather large and yet T̂ can

be quite sparse compared to T, i.e., the number of non-zero entries of T̂ is much smaller

than n 2. It is thus computationally attractive to approximate the left singular vectors of T̂

using randomized algorithms such as rs-RSVD. More speci�cally, let Ûg be the output of

Algorithm 1 with M̂ = T̂ for some properly speci�ed choices of k , k̃ ,an and g. We view Ûg

as an approximation for Û, and thus as an estimate of U. Given Ûg we compute a rank- k

approximation for T̂ via Ûg Û>
g T̂. We can then take T̂g := p � 1Ûg Û>

g T̂ as an estimate for T or,

in the event that we desire symmetry, take 2� 1(T̂g + T̂>
g ) as an estimate for T. The resulting

algorithm, termed RSVD-based matrix completion, is presented in Algorithm 3.

Using the ` 2 and ` 2!1 perturbation results in Theorem 2 and 3 and the entrywise concen-

tration in Corollary 2, we derive the error bounds for the estimates Ûg and T̂g . Furthermore, by

extending Theorem 4, we establish the general entrywise limiting distribution for the RSVD-

based low-rank approximation M̃, in Theorem 21 of the supplementary document. This result

allows us to construct con�dence interval for any [T̂g ]i j with (i , j ) 2 [n ]2. For ease of exposition

we shall assume that both k and  are bounded, and that p is known. These are typical as-

sumptions in the literature. If p is unknown then, as the entries of T are assumed to be missing

completely at random, it can be consistently estimated by calculating the proportion of missing

entries among all the entries in T. The resulting p̂ converges to p at the rate of n � 1p � 1=2 and

has no effect on the theoretical results in Theorem 7

Theorem 7. Let T be a symmetric n � n matrix with k ,  ­ 1. Let T̂ be a noisily observed version

of T generated according to Eq. (2.22) for some known value of p 2 (0,1]. Suppose there exists
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constants d > 0 and � 2 (0,1] such that

np ¥ n � and
1

p
np

n (kTkmax + � )

j� k (T)j
­ n � d . (2.23)

Let Ûg and T̂g be obtained from Algorithm 3 wherein we chose: (i) k̃ � k ; (ii) an � maxfdCk̃ � 1 log n e,1g

and (iii) g � 1+ (2d)� 1. Denote # = maxf 1,k̃ � 1=2 log1=2 n g.

(Error Bounds) We then have, with probability at least 1 � n � 5, that

d2(Ûg ,U) ­
#

p
np

n (kTkmax + � )

j� k (T)j
,

d2!1 (Ûg ,U) ­
#(log n )� �

p
np

n (kTkmax + � )

j� k (T)j
kUk2!1 ,

1

n
kT̂g � TkF ­

#
p

np
(kTkmax + � ),

kT̂g � Tkmax ­

p
n #(log n )� �

p
p

(kTkmax + � )kUk2
2!1 ,

(2.24)

where � � is as de�ned in the statement of Theorem 3.

(Entrywise limiting distribution) Suppose, in addition to the above assumptions, that T is

homogeneous, i.e.,min k ` jTk ` j � k Tkmax. Let � k ` = [UU > ]k ` and denote the variance of [UU > E]i j +

[EUU> ]i j by

v �
i j :=

X

` 6= j

E
�
[E]2i `

�
� 2

` j +
X

` 6= i

E
�
[E]2` j

�
� 2

i ` + E
�
[E]2i j

��
� i i + � j j

�2

=
1

p

X

` 6= j

�
(1 � p )T 2

i ` + � 2
	
� 2

` j +
1

p

X

` 6= i

�
(1 � p )T 2

` j + � 2
	
� 2

i `

+
1

p

�
(1 � p )T 2

i j + � 2
	
(� i i + � j j )2.

(2.25)

Choosek̃ and a n as above and let g � 2+ (2d)� 1. Then for any given pair (i , j ) 2 R2, we have

(v �
i j )� 1=2[T̂g � T]i j   N (0,1) (2.26)

asn ! 1 . Furthermore, for any �nite set of indices I = f (i 1, j 1), . . . ,(i m , jm )g, the collection of

random variables
�
[T̂g � T]i k jk

	 m

k =1
are (asymptotically) mutually independent.

(Entrywise con�dence interval) Suppose above assumptions hold. Let�̂ k ` = [ Ûg Û>
g ]k ` . De�ne
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the RSVD-based estimate of v�
i j by

v̂i j :=
X

` 6= j

[Ê]2i ` �̂
2
` j +

X

` 6= i

[Ê]2` j �̂
2
i ` + [ Ê]2i j

�
�̂ i i + �̂ j j

	 2

(2.27)

where Ê := T̂g � p � 1T̂. Then for any indices pair (i , j ) we have

(v̂i j )� 1=2[T̂g � T]i j   N (0,1). (2.28)

We now compare Theorem 7 with existing results in the literature. Recall that the proto-

typical spectral estimate for T is given by T̂S = p � 1T̂(k ) where T̂k is the truncated rank- k SVD

of T̂; for conciseness we refer to p � 1T̂k as the deterministic SVD-based estimator for T. First

suppose that Eq. (2.23) holds for some constants � 2 (0,1] and d > 0. We then have

kT̂S � TkF ­
kTkmax + �

p
np

,

d2!1 (Û,U) ­
(log n )1=2

p
np

n (kTkmax + � )

j� k (T)j
kUk2!1 ,

kT̂S � Tkmax ­ (log n )1=2(kTkmax + � )

v
t n

p
kUk2

2!1 ,

(2.29)

with high probability. The above bound for kT̂S � TkF is from Theorem 1.1 and Theorem 1.3 of

Keshavan et al. (2010) while the remaining bounds in Eq. (2.29) are from Theorem 3.4 of Abbe

et al. (2020).

Now consider the bounds for Ûg and T̂g given in Theorem 7. For ease of presentation we

choose k̃ = 
 (log n ) and g > 1 + (2d)� 1. These choices for k̃ and g allow us to set # = 1 and

� � = � for any arbitrary � > 1. Eq. (2.24) then implies

kT̂g � TkF ­
kTkmax + �

p
np

,

d2!1 (Ûg ,U) ­
(log n )�

p
np

n (kTkmax + � )

j� k (T)j
kUk2!1 ,

kT̂g � Tkmax ­ (log n )� (kTkmax + � )

v
t n

p
kUk2

2!1 ,

(2.30)

with high probability. Comparing Eq. (2.29) and Eq. (2.30) we see that the r s-RSVD estimate

T̂g achieves the same Frobenius norm error rate as that for the deterministic SVD estimate

T̂S. Note that the Frobenius norm error for T̂S is rate-optimal whenever � ¥ kTkmax (Candes

and Plan 2010; Abbe et al. 2020). The max-norm error rate for T̂g is also almost identical to
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that of T̂S with the only difference being the extra (log n )1=2+� factor for T̂g ; here � is an arbitrary

positive constant. Similarly, d2!1 (Ûg ,U) converges to 0 at the same rate as d2!1 (Û,U) up to

the (log n )1=2+� factor. These (log n )1=2+� extra factors for T̂g can be removed with more careful

book keeping; see Remark 7 for more details. If k̃ is either bounded or diverge at a slower rate

than log n , or when g = 1+(2d)� 1, then Eq. (2.30) still holds but with the (log n )� factor replaced

by a (log n )� �
factor for some �nite � � > � .

We next discuss the limiting distributions and con�dence intervals given in Theorem 7.

We had assumed that T is homogeneous; this assumption was also used in Theorem 4.12

in Chen et al. (2021b) for the estimator T̂S. The main role of the homogeneity assumption

is to guarantee that the entrywise noise levels are roughly on the same order, and thereby

simplify the statement of Theorem 7. Similar assumption are also used in the distributional

theory for PCA with missing data; see e.g. Assumption 1 in Yan et al. (2021). Our general result,

namely Theorem 21, does not require T to be homogenous. The condition g � 2+ (2d)� 1 in

Theorem 7 is then similar to that in Theorem 4 for the row-wise limiting distribution of Ûg , i.e.,

we need g � 2+(2d)� 1 to guarantee that the entrywise �uctuation of [T̂g � T]i j is asymptotically

equivalent to the entrywise �uctuation of [UU > E]i j + [EUU> ]i j . For any given pair (i , j ) 2 R2,

we can thus quantify the uncertainty of the [T̂]i j by constructing the con�dence interval:

�
[T̂g ]i j � z�= 2

Æ
v̂i j , [T̂g ]i j + z�= 2

Æ
v̂i j

�

where z�= 2 is the (1� �= 2) quantile of N (0,1). The resulting con�dence interval has (asymptotic)

coverage of 1 � � . We emphasize that the estimated variance v̂i j are computed using only the

rs-RSVD outputs Ûg and T̂g ; see Eq. (2.27).

Remark 13. The conditions posited in Theorem 7 for the estimator T̂g is slightly more restrictive

than those for T̂S in the current literature. Recall that from Eq. (2.23), we havenp ¥ n � for some

arbitrary � 2 (0,1]. Eq. (2.23) also implies a lower bound for the signal-to-noise ratio of the form

Sn =En ¥
¦ n (kTkmax + � )

j� k (T)j

1
p

np

©� 1
¥ n d ,

for some arbitrary d > 0. In contrast, the conditions for T̂S given in Theorem 3.4 of Abbe et al. (2020)

is that np ¥ log n and Sn =En ¥ (log n )1=2. The conditions np ¥ n � and Sn =En ¥ n d in Theorem 7

is analogous to the condition n � n = ! (log n ) for exact recovery of SBM usingÛg . In particular

for matrix completion using rs-RSVD to work in the np = ! (log n ) and Sn =En = ! (log n ) regime

we will need to have g diverging with n and this requires a more careful analysis of RSVD to

remove the effect of the condition number  as g increases. Furthermore, very large and/ or

diverging values of g also reduces the effectiveness of RSVD procedures for large-scale matrix
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computations, especially when the matrices are too large to store in fast memory as it requires

a possibly excessive number of passes through the data. Finally we note that d depends on the

parameters � , � k (T), kTkmax and p . In particular, if T is homogeneous (as assumed in Chen et al.

(2021b)) so that min i j jTi j j � k Tkmax, then n (kTkmax + � ) � j � k (T)j and Eq. (2.23) simpli�es to the

condition that
p

np ¥ n d and hence d = 1
2 � .

2.4.2 PCA with missing data

We now consider principal components estimation with missing data. In particular we consider

the following data generating mechanism from Cai et al. (2021):

X = BF + N. (2.31)

Here X = [x1, . . . ,xm ] 2 Rd � m is a data matrix with f xi gbeing d -dimensional iid random vectors,

B is a d � k matrix, F = [ f1, . . . ,fm ] 2 Rk � m is a k � m matrix whose entries are iid N (0,1)

random variables, and N is a d � m matrix whose entries are iid N (0, � 2) random variables.

We emphasize that B, N and F are mutually independent. We can see that the rows of X are iid

random vectors with mean 0 and covariance matrix Var[X] = m BB> + � 2Id . We denote the SVD

of BB> by BB> = U� U> where U 2 Od � k and � = diag(� 1, . . . ,� k ); the columns of U 2 Rd � k are

leading principal components.

Due to sampling issues and / or privacy-preserving intention, it is often the case that only a

partial subset of the entries in X are observed. More speci�cally let 
 be a d � m binary matrix

whose entries are iid Bernoulli random variables with success probability p . Then, instead of

observing X, we only observed P
 (X) = 
 � X where � denote the Hadamard product between

matrices. Given an observed P 
 (X), Cai et al. (2021) propose the following spectral procedure

for recovering the principle components U. First form the symmetric matrix

Q = Poff-diag

” 1

p 2
P 
 (X)P >


 (X)
—
, (2.32)

where P off-diag [�] sets diagonal entries of the corresponding matrix to zero. Next compute the

d � k matrix Û whose columns are the left singular vectors corresponding to the k largest

singular values of Q; Û serves as an estimate of U. The authors of Cai et al. (2021) then derive

high-probability error bounds for d2(Û,U) and d2!1 (Û,U).

As the dimension d can be reasonably large compared to the number of samples m while

the number of non-zero entries in P 
 (X) can be much smaller than md , we consider replacing

the singular vectors Û of Q by the approximate singular vectors Ûg computed using RSVD; see

Algorithm 4. The following result shows that by choosing either k̃ � log d or ad � log d , the
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Algorithm 4: RSVD-based PCA with Missing Data
Input: Partially observed data matrix P 
 (X). Sampling probability p . Integers

an � 1,g � 1 and k̃ � k .

1. Form Q = Poff-diag

”
p � 2P 
 (X)P >


 (X)
—
;

2. Generate Ûg via Algorithm 1 with M̂ = Q, rank k , an repeated samples, power g and
sketching dimension k̃ ;

Output: Principal Component Recovery Ûg .

approximate singular vectors Ûg achieve the same estimation rate as that for Û given in Cai

et al. (2021). For ease of presentation, and following Cai et al. (2021), we shall assume that B

has a bounded condition number, i.e., � := � 1=� k ­ 1.

Theorem 8. SupposeX is a d � m matrix generated according to Eq. (2.31). Let � = d r � 1kUk2
2!1

denote the coherence parameter forU and let s� = log(m + d ). Suppose there exist constantsc̃0

and c̃1 such that k � c̃1
d
� and m satis�es the sample size condition

m � c̃0 max
¦ � 2k 2s6

�

d p 2
,
� k s3

�

p
,

� 4s2
�

� k
2p 2

,
� 2d s�

� k p

©
. (2.33)

De�ne #0= maxf 1,k̃ � 1=2 log1=2 d gand

E :=
� k s2

�

(md )1=2p
+

(� k )1=2s�

(md )1=2
+

� 2d 1=2s�

� 2
k m 1=2p

+
� d 1=2s1=2

�

(� k mp )1=2
+

� k

d
. (2.34)

Suppose that E ­ d � � E for some � E � 0. Let Ûg be generated via Algorithm 4, wherein we choose:

(i) k̃ � cgapk for any �xed cgap > 1; (ii) ad � maxf C k̃ � 1 log d ,1gand (iii) g � 1 + (2� E)� 1. Then

with probability at least 1 � d � 5, we have d2(Ûg ,U) ­ #0E.

Remark 14. The assumption of bounded � is widely considered in the literature, see e.g., the

discussion prior to Eq.(4.17) in Cai et al. (2021) and see also Singer (2011); Huang and Guibas

(2013); Chen et al. (2014, 2021c). For example,� ­ 1 is satis�ed with high-probability when B is

generated from a standard Gaussian matrix (see e.g. Vershynin (2012)). Note that the sample size

requirement in Eq. (2.33) is exactly the same as that in Eq. (4.14) of Cai et al. (2021) for bounded

� . If � grows with d then the sample size requirement in Eq. (2.33) depend on polynomial factors

� c of � and these factors can be extracted from the proof of Theorem 8 with a bit more careful

book-keeping.

Remark 15. Comparing the Theorem 8 with Corollary 4.3 in Cai et al. (2021), we see that there

exists a �nite g � 2 such that d2(Ûg ,U) and d2(Û,U) converges to0 at the same rate E, up to
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a log1=2 d factor; furthermore this logarithmic gap can be removed by choosing k̃ � log d . The

condition g � 1+ (2� E)� 1 in Theorem 8 indicates that an appropriate value for g will depend on

the relationship between p ,d , � and m , e.g., larger dimensions d (compared to m ) will require

larger power iterations g. In particular, suppose � = � = p = � 1 = k = 1 and d � m � d for some

� d 2 (0,1); here � d < 1 is necessary for Eq.(2.33) to hold. Then from the de�nition E in Eq. (2.34),

we have, after some straightforward algebra, that

E � d � (� � 1
d � 1)=2 log d + d � 1 ­

8
<

:

d � (� � 1
d � 1)=2 log d if � d 2 [1=3,1),

d � 1 if � d 2 [0,1=3).

To attain the rate in Eq. (2.34), we thus need g � 1
1� � d

+ � , where � > 0 is any small constant.

We note that Theorem 8 only provides perturbation bound for d2(Ûg ,U) and not more

re�ned results such as perturbation bound for d2!1 (Ûg ,U). This omission is due mainly to the

noise structure in the matrix Q. More speci�cally if we take M = (BF)(BF)> and view Q as the

noisily observed version of M then E = Q � M is of the form

E = Poff-diag

” 1

p 2
P
 (X)P>


 (X)
—
� BF(BF)> .

The (upper triangular) entries of Eare therefore not mutually independent and this leads to non-

trivial technical challenges in deriving d2!1 (Ûg ,U) bounds for Q. In particular, Assumption 2

need not hold. In contrast, existing bounds for d2!1 (Û,U) are based on leave-two-out analysis

which is a variant of leave-one-out analysis; see Appendix G in Yan et al. (2021). Similar to the

discussion in Remark 8, this leave-two-out approach is not directly applicable to the analysis

of d2!1 (Ûg ,U) becauseÛg depends on (M̂g � Mg )G and the entrywise dependency structure

in (M̂g � Mg ) is more complicated than that in E.

Recent work show that we can estimate the principal components U by using the k leading

left singular vectors of P 
 (X) directly (as opposed to Û which uses the k leading eigenvectors

of Q); the resulting estimate has ` 2 and ` 2!1 error bounds that are comparable to those for

Û in the regime where either m ® d or m is not much larger (in magnitude) compared to d ;

see Section 3.2 in Yan et al. (2021) for more details. Note that P
 (X) is a rectangular matrix

whose entries, conditional on F, are mutually independent. We can thus apply the results for

asymmetric r s-RSVD in Section A.2 in the Supplementary File, to derive perturbation bounds

for the approximate singular vectors of P
 (X). A sketch of this argument is given below.

Let Ũ be the k leading singular vectors of M̂ := m � 1=2p � 1P 
 (X) and let Ũg be the rs-RSVD

approximation of Ũ obtained from Algorithm S.1 for M̂. Then EN[M̂] = BF where EN denote the
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expectation with respect to N only. De�ne, with a slight abuse of notation,

M = m � 1=2BF and E = M̂ � M = m � 1=2p � 1P 
 (X) � m � 1=2BF.

Denote n := maxf d ,m gand � := maxf n2, log n g. Then E satis�es Assumption 11 with Ed ,m �
p

n � ; see Lemma 1 in (Yan et al. 2021). Now suppose Sd ,m =Ed ,m � � d for some constant d > 0.

Then E also satis�es Assumption 12; this claim follows from Remark 29. Theorem 17 then yields

upper bounds for d2(Ũg ,U) and d2!1 (Ũg ,U) when g � (4d)� 1; these bounds are the same, up

to some logarithmic factors, as those given in Lemmas 1–4 and Theorem 1 of Yan et al. (2021)

for d2(Ũ,U) and d2!1 (Ũ,U).
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CHAPTER

3

SEMIPARAMETRIC LOCALIZED PRINCIPAL

STRATIFICATION ANALYSIS WITH

CONTINUOUS STRATA

3.1 Background and basic setup

3.1.1 Principal strati�cation with continuous strata

Suppose we have n i.i.d. observations f Vi = (Xi ,Z i ,M i ,Yi )gn
i =1. For each sample Vi , we denote

the pre-treatment covariates by Xi 2 X � RdX , treatment assignment by Z i 2 f 0,1g, intermediate

variable by M i 2 M � R, and outcome by Yi 2 Y � R. In general, we assume

(Xi ,Z i ,M 1i ,M 0i ,Y1i ,Y0i )
i.i.d.
� (X ,Z ,M 1,M 0,Y1,Y0),

where M 1i and M 0i are potential intermediate variables, and Y1i and Y0i are potential outcomes,

such that M i = Z i M 1i + (1 � Z i )M 0i and Yi = Z i Y1i + (1 � Z i )Y0i .

Frangakis and Rubin (2002) use the joint potential values of intermediate variables to de�ne

the principal stratum U = (M 1,M 0). A stratum U captures the information on how the inter-
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mediate variable is affected by the treatment. When M is a binary variable, principal stratum

U takes values in f (0,0),(1,0),(0,1),(1,1)g, which in noncompliance problems (Frumento et al.

2012) are referred to the never-taker, complier, de�er, and always-taker, respectively. When M

is a continuous variable, stratum U takes values in R2. In surrogate analysis, M 1 and M 0 are

the counterfactual surrogate outcomes had treatments been set to 1 and 0, respectively, and

M 1 � M 0 is the surrogate treatment effect.

For a speci�c principal stratum u � = (m �
1,m �

0) 2 R2, de�ne PCE as the average causal effect

on the primary outcome Y within the principal stratum U = u � ,

� �
u � = E(Y1 � Y0 j U = u � ).

Referring to Jiang et al. (2022, § 2), � �
u � has different scienti�c meanings when M is binary. For

continuous M , it is alluded to as Cont.PCE in this paper. In the next section, we showcase how

Cont.PCE is useful in evaluating surrogate outcomes (Frangakis and Rubin 2002) in certain

scenarios, providing real-world implications.

3.1.2 Interpretation of Cont.PCE in surrogate analysis

In clinical trials, obtaining primary clinical outcomes can be time-consuming and expensive. As

a result, there is considerable interest in identifying an easy-to-obtain surrogate that can reliably

re�ect treatment effects on the primary clinical outcome. Cont.PCE, also known as the causal

effect predictiveness (CEP) surface (Gilbert and Hudgens 2008), can provide a comprehensive

evaluation of any tested surrogate. In particular, Frangakis and Rubin (2002) suggest evaluating

the associative and dissociative effects of a surrogate outcome, both of which can be quanti�ed

through Cont.PCE.

• The associative effect compares the average difference between Y1 and Y0 when M 1 = m1 6=

M 0 = m0, which is quanti�ed by � �
(m1,m0) for any two distinct principal levels m1,m0 2 R. A

good surrogate is required to meet causal suf�ciency , indicating that any causal in�uence

of the treatment on the surrogate must be accompanied by an effect on the primary

outcome (Gilbert and Hudgens 2008, § 3.1). This can be implied by the existence of

associative effects, i.e., � �
(m1,m0) 6= 0 when m1 6= m0.

• The dissociative effect compares the average difference between Y1 and Y0 when M 1 =

M 0 = m , which is quanti�ed through � �
(m ,m ) for any principal level m 2 R. A good surrogate

satis�es the criterion of causal necessity, which entails that the absence of a causal impact

of the treatment on the surrogate outcome must also imply the absence of any effect
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(a) � �
u under Procedure (i) (b) � �

u under Procedure (ii)

Figure 3.1: Cont.PCEs under Procedure (i) and (ii). The X- and Y- axes represent m1 and m0,
respectively, and Z-axis represents the corresponding � �

u . The orange dashed line represents
� �

u = 0 when m1 = m0.

on the primary outcome (Gilbert and Hudgens 2008, § 3.1). This can be implied by the

nonexistence of dissociative effects, i.e., � �
(m ,m ) = 0 for any m 2 R.

We use synthetic examples to demonstrate the usage of Cont.PCE, in which we generate

X = (X1,X0) � N
�
(0,0)> ,diag(1,1)

	
and Z � Bern(1=2), independently. Given X , we consider

two different generating procedures of (M 1,M 0):

P(i). (M 1,M 0) � N
�
(X1,X0)> ,diag(1,1)

	
; P(ii). (M 1,M 0) � N

�
(0,0)> ,diag(1,1)

	
.

Finally, we generate the potential outcomes. To facilitate the mediation analysis in what follows,

we generalize the single-indexed potential outcome notation Yz to double-indexed Yz,m , as

the potential outcome when Z = z and M = m (Robins and Greenland 1992); Two notations

are linked through Yz = Yz,M z
for z 2 f 0,1g (Forastiere et al. 2018, § 2.1). For each z 2 f 0,1g

and m 2 R, we generate Yz,m independently according to the following distributions: Yz,m �

m =2+ N (Xz =2,1) in P(i) and Yz,m � N (Xz =2,1) in P(ii). Figure 3.1 visualizes the CEP surfaces

in P(i) where � �
u = 0.75(m1 � m0) and in P(ii) where � �

u = 0. Therefore, P(i) and P(ii) generate

two types of surrogates: in P(i), M 1 � M 0 has a positive correlation with Y1 � Y0, and M is

both causally necessary and suf�cient to be a good surrogate for Y , while in P(ii) M has no

association with Y and thus is uninformative. Mediation analysis is another widely recognized

approach for handling a continuous intermediate variable. Through our synthesized examples,

we demonstrate that the conventional mediation analysis may not be suitable for evaluating

the surrogate and, thus, highlight the need for Cont.PCE estimation. Mediation analysis focuses

on how M plays a role in the causal pathway Z ! M ! Y . The natural indirect effect (NIE) and

natural direct effect (NDE) are NIE = E(Y1,M 1
� Y1,M 0

) and NDE = E(Y1,M 0
� Y0,M 0

), respectively. By
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�xing Z at the treatment level ( Z = 1), NIE measures the average causal effect of counterfactual

mediators. By �xing the mediator at the control level ( M = M 0), NDE measures the average

causal effect of treatments (Imai et al. 2010). In the synthetic examples, we can deduce that

Y1,M 1
� Y1,M 0

� N f (M 1 � M 0)=2,2gin P(i) and Y1,M 1
� Y1,M 0

� N (0,2) in P(ii), while Y1,M 0
� Y0,M 0

�

N f (X1 � X0)=2,2g in both P(i) and P(ii). Then by the zero means of (X1,X0) and (M 1,M 0), we

have NIE = NDE = 0 in both P(i) and P(ii), which make NIE and NDE uninformative for the

surrogate evaluation of M . In contrast, the strong and positive correlation between M 1 � M 0

and Y1 � Y0 actually makes M a good surrogate in P(i), which can be captured by the Cont.PCE

surface.

Remark 16. The mediation analysis and principal strati�cation are generally not comparable

due to their conceptual difference (Rubin 2004; VanderWeele 2011; Lipkovich et al. 2022). When

the intermediate variable cannot be intervened, or causal pathway Z ! M ! Y does not exist,

the principal strati�cation is a more reasonable framework to deal with intermediate variables

(Rubin 2004; VanderWeele 2011). In mediation analysis, Cont.PCE can also be used to evaluate

the direct effect; Non-zero � �
(m ,m ) for all m 2 R, imply that Z affects Y through some causal

pathways other than Z ! M ! Y (Mattei and Mealli 2011). See Section 3.5.2 for a real-data

illustration.

Additional notations Before we present our identi�cation results, we introduce some new

notations for ease of exposition. Denote f (V = v ) the density function of V = (X ,Z ,M ,Y ).

De�ne � z (x ) = pr(Z = z j X = x ) as the treatment probability, also known as the propensity

score, eu (x ) = f
�
U = u j X = x

�
the generalized principal score, which is the density function

of principal stratum u given the covariates, and � z m (x ) = E(Y j X = x ,Z = z,M = m ) the

outcome mean. When there is no con�ict of notations, we abbreviate � z (x ) and � z m (x ) as �

and � . Denote k � k1 as the functional sup-norm. Let eu = Ef eu (X )g= f (U = u ) denote the

marginalized principal score. We use f (�) and F (�) to represent the probability density function

(PDF) and the conditional cumulative distribution function (CDF), respectively. We also denote

fz m (x ) = f (M = m j X = x ,Z = z) and Fz m (x ) = pr(M � m j X = x ,Z = z).

3.1.3 Nonparametric identi�cation

We �rst consider the treatment ignorability for both the intermediate variable and outcome,

which is an extension of the classic treatment ignorability (Rubin 1974).

Assumption 4 (Treatment ignorability) . Z ?? (M 0,M 1,Y0,Y1) j X .

Assumption 4 precludes unobservable confounders that affect both the treatment and

intermediate variable and those that impact both the treatment and outcome. In observational
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studies, its plausibility relies on whether or not observed covariates include all the confounders

that affect the treatment as well as the outcome and intermediate variables.

Next, we extend the principal ignorability assumption (Jiang et al. 2022) to the cont-inuous-

M scenario. Principal ignorability is an ignorability-type assumption for the principal strata

similar to the treatment ignorability.

Assumption 5 (Principal ignorability) . E(Yz j X ,U = u ) = E(Yz j X ,M z = m z ) for any z 2 f 0,1g

and u = (m1,m0) 2 R2.

Assumption 5 requires that, for both z = 0 and z = 1, the expected value of the potential

outcome Yz should be the same across principal strata when the value of M z is �xed at a

speci�c level m z 2 R, and M 1� z can vary over any level m1� z 2 R, given observed covariates. It

holds if X captures all the Z -Y confounders and the M -Y confounders. Under Assumption 4,

Assumption 5 is equivalent to

E(Yz j X ,Z = z,U = u ) = E(Yz j X ,Z = z,M = m z ), 8z 2 f 0,1g,(m1,m0) 2 R2, (3.1)

which further implies that E(Yz j X ,U = u ) can be simpli�ed to an observable conditional

expectation E(Y j X ,Z = z,M = m z ).

Remark 17. In mediation analysis, the strong principal ignorability (Forastiere et al. 2018) and

sequential ignorability (Imai et al. 2010) are two standard assumptions for the identi�cation of

causal mediation effects. The two assumptions, however, directly imply and thus are stronger

than Assumption 5; See Section B.2 in the Supplementary File for proof.

By Assumption 4, the conditional density of M z given X can be identi�ed as

f (M z = m z j X = x ) = f (M = m z j X = x ,Z = z),

for any x 2 RdX , z 2 f 0,1g,m z 2 R. However, the joint density eu (x ) = f (M 1 = m1,M 0 = m0 j X =

x ) is still not identi�able due to the fundamental problem that M 1 and M 0 cannot be jointly

observed. Moreover, the monotonicity assumption, as used in the binary- M scenario (Jiang

et al. 2022), is insuf�cient to identify eu (x ) in the continuous- M scenario. To overcome this

issue, we propose a copula-based approach (Kim et al. 2020) to model the association between

M 1 and M 0 conditional on X . Our approach encompasses several popular association models,

including the monotonicity and equipercentile equating model (Efron and Feldman 1991; Jin

and Rubin 2008) as special cases; See, e.g., Jiang and Ding (2021, § 4.1) and Nelsen (2007).

Assumption 6 (Copula models of eu (x )). Let F (M z = � j X = ?) be the CDF of M z given X ,

c� (�, �) be any speci�ed copula function, and � be the correlation between M 1 and M 0 given
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X . Assumeeu (x ) = f (M 1 = m1,M 0 = m0 j X = x ) = c�

�
F (M 1 = m1 j X = x ),F (M 0 = m0 j X =

x )
	 Q

z2f 0,1g f (M z = m z j X = x ), for any x 2 RdX , z 2 f 0,1g,u = (m1,m0) 2 R2.

Sklar's theorem (Sklar 1959) guarantees any regular eu (x ) can be represented via Assumption

6 with correctly speci�ed c� (�, �). Some popular models of c� (�, �) include Gaussian copula,

Clayton copula, and Farli-Gumbel-Morgenstern copula (Jaworski et al. 2010). We assume the

copula function c� (�, �) and correlation parameter � are correctly speci�ed. In practice, one can

conduct sensitivity analysis for various combinations of c� (�, �) and � .

The following theorem provides the identi�cation result for Cont.PCE.

Theorem 9 (Identi�cation of Cont.PCE) . Suppose Assumptions 4–6 hold. Given any principal

level u � = (m �
1,m �

0) 2 R2 with e u � > 0, � �
u � can be identi�ed as

� �
u � =

E
��

� 1m �
1
(X ) � � 0m �

0
(X )

	
eu � (X )

�

eu �

, (3.2)

where eu � (X ) = c�

�
F1m �

1
(X ),F0m �

0
(X )

	 Q
z2f 0,1g fz m �

z
(X ).

In (3.2), under the treatment and principal ignorability, we have � 1m �
1
(X )� � 0m �

0
(X ) = E(Y1 �

Y0 j X ,U = u � ), which is the conditional Cont.PCE given X . The weight eu � (X )=eu � , by Bayes'

Theorem, is the density ratio of X conditional and unconditional on U = u � ; Here eu � is the

normalizing constant of eu � (X ), and they can be identi�ed by Assumptions 4 and 6. Therefore,

our identi�cation formula marginalizes the conditional Cont.PCE over the distribution of X

given U = u � , thereby giving Cont.PCE within stratum U = u � .

3.1.4 Target estimand: from Cont.PCE to Loc.PCE

We show that Cont.PCE is a perfectly localized estimand (Chernozhukov et al. 2022). Speci�cally,

there exists a sequence of local estimands indexed by h > 0, i.e., Loc.PCE (cf. (3.3)), that

converges to Cont.PCE ash ! 0. De�ne the normalized kernel function centered at u � 2 R2

as ku � (u ) = kh ,K (�,�),u � f u = (m1,m0)g= h � 2K f h � 1(m1 � m �
1),h � 1(m0 � m �

0)g, where K (�, �) is any

pre-speci�ed two-dimensional kernel function and h > 0 is a �xed bandwidth. De�ne Loc.PCE

as

� u � = � u � fK (�, �),h g=
E

��
� 1M 1

(X ) � � 0M 0
(X )

	
ku � (U )

�

Ef ku � (U )g
, (3.3)

where we drop the dependence of � u � on K (�, �) and h for brevity.

Proposition 3 veri�es that Cont.PCE is a perfectly localized functional and Loc.PCE is its

local functional substitute under the identi�cation assumptions introduced in Section 3.1.3.
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To enhance the understanding, we demonstrate how to verify the conditional average treat-

ment effect as a perfectly localized functional in Section B.3 in Supplementary File; See also

Chernozhukov et al. (2023, Examples 3.1–3.3) for more examples.

Proposition 3. Suppose Assumptions 4–6 and the regularity conditions in Section B.4.1 in the

Supplementary File hold. For any u � 2 R2 such that eu � > 0, we have,

j� u � � � �
u � j = O(h 2). (3.4)

In (1.1), let W = (X ,Z ,U ), 
 � (x ,z ,u ) = � z mz
(x ), D = U , d0 = u � , m (w , y, 
 � ,kh ) = f 
 � (x ,1,u ) �


 � (x ,0,u )g
�
Ef kh (U )g

� � 1
kh (u ), #0 = � �

u � , and #h = � u � . Then (3.4) implies that � �
u � is a perfectly

localized functional, and � u � is the associated local functional substitute.

Remark 18. If Cont.PCE surface� �
u is a linear function of u 2 R2 (e.g.,� �

u in Figure 3.1) and

kernel function K (�, �) is symmetric, then Loc.PCE� u is identical to Cont.PCE � �
u . Moreover, if

Cont.PCE� �
u is non-linear yet smooth enough, Proposition 3 controls the smoothing bias between

� u and � �
u and ensures that Loc.PCE with a small h is a good approximation of Cont.PCE.

In light of such result and following Chernozhukov et al. (2022), we will focus on Loc.PCE as

our target estimand, and develop an ef�cient estimator for it in the following sections. We begin

by deriving the identi�cation result for Loc.PCE, similar to Theorem 9. For ease of exposition,

given any function hu (T ) with T being any variables other than u , we de�ne ¹�ºu � as a kernel

smoother of hu (T ) around u = u � ,

ƒ
h(�,?)(T )

•
u � =

Z

R2

hu (T )ku � (u )d u . (3.5)

Here (�,?) represents the two-dimensional vector u in hu (T ) are integrated out.

Theorem 10 (Identi�cation of Loc.PCE) . Suppose Assumptions 4–6 hold. Givenu � 2 R2, kernel

function k u � (�) and bandwidth h > 0, then � u � can be identi�ed as

� u � =
E

ƒ�
� 1�(X ) � � 0?(X )

	
e�?(X )

•
u �

E
ƒ
e�?(X )

•
u �

, (3.6)

where eu � (X ) = c�

�
F1m �

1
(X ),F0m �

0
(X )

	 Q
z2f 0,1g fz m �

z
(X ).

Comparing (3.2) and (3.6), it becomes clear that Loc.PCE acts as a locally kernel-smoothed

approximation of Cont.PCE.
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3.2 EIFs and an oracle EIF-invoked estimator

To propose a principled estimator for Loc.PCE, we adopt a semiparametric approach similar

to the binary- M case in Jiang et al. (2022). We begin by deriving EIFs under two scenarios,

where M tp and M om are both nonparametric, and M ps is either nonparametric or follows a

parametric model

fz m (x j � ) = f (M = m j X = x ,Z = z, � ). (3.7)

Here � 2 Rd � is the parameter and fz m (x ) = fz m (x j � � ). The resulting EIFs are complex, posing

challenges in constructing a computationally viable estimator. We will elaborate on this issue

later. To simplify the EIF and facilitate computation, we further derive the EIF under an oracle

scenario, where the true M ps is known.

Theorem 11. Suppose Assumptions 4–6 hold, andM tp and M om are nonparametric.

(i) SupposeM ps is known. The EIF of � u � is

� kn (x ,z ,m , y ) =
� 1,u � (x ,z ,m )f y � � z m (x )g

E
ƒ
e�?(X )

•
u �| {z }

(I )

+

ƒ�
� 1�(x ) � � 0?(x )

	
e�?(x )

•
u � � � u �

ƒ
e�?(x )

•
u �

E
ƒ
e�?(X )

•
u �| {z }

(II )

,

(3.8)

where � 1,u � (x ,z ,m ) = f � z (x )fz m (x )g� 1(� 1)z+1
 1,u �
(z)(x ,m ), 
 (1)

1,u � (x ,m ) =
R

R
ku � (m ,m0)

e(m ,m0)(x )d m 0, and 
 (0)
1,u � (x ,m ) =

R
R

ku � (m1,m )e(m1,m )(x )d m 1.

(ii) SupposeM ps is unknown but follows a parametric model (3.7). Let sz m (x j � � ) = @log fz m (x j

� )=@ �j� = � � be the score function of (3.7), and suppose information matrix I � � = Ef sZ M (X j

� � )s>
Z M (X j � � )g is positive-de�nite. The EIF of � u � is � p(x ,z ,m , y ) = � kn (x ,z ,m , y ) +

˜� p(x ,z ,m ), where ˜� p(x ,z ,m ) is de�ned in (B.3).

(iii) SupposeM ps is unknown and nonparametric. The EIF of � u � is � np (x ,z ,m , y ) = � kn (x ,z ,m

, y ) + ˜� np (x ,z ,m ), where ˜� np (x ,z ,m ) is de�ned in (B.4).

The expressions for ˜� p(x ,z ,m ) and ˜� np (x ,z ,m ) are complex and do not provide addi-

tional insights and thus are deferred to (B.3) and (B.4) in the Supplement File. We discuss

the connections and comparisons among the EIFs. In � np (�), function � kn (�) comprises two

orthogonal functionals, (I) and (II) (cf. (3.8)), which belong to the orthogonal tangent spaces

spanned by the scores of f (y j x ,z ,m ) and f (x ), respectively, and function ˜� np (�) belongs

to the tangent space spanned by the score of f (m j x ,z). To derive EIFs � p(�) and � kn (�), we

project � np (�) = � kn (�) + ˜� np (�) onto the corresponding tangent spaces under Scenarios (i) and
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(ii), respectively. Compared with Scenario (iii), under Scenarios (i) and (ii), only the assump-

tion on f (m j x ,z) changes, and � kn (�) is orthogonal to the corresponding tangent spaces

spanned by the scores of f (m j x ,z). Therefore, � kn (�) remains the same after projection. The

projection of ˜� np (�) is zero under Scenario (i), because the tangent space spanned by a known

f (m j x ,z) is null, and the projection of ˜� np (�) is ˜� p(�) under Scenario (ii). Under Scenarios (i)–

(iii), the corresponding semiparametric ef�ciency bounds (SEBs) are SEB? = Ef � 2
? (X ,Z ,M ,Y )g,

? 2 f kn,p,np g. The additional terms in � p(�) and � np (�) amplify the variances in the SEBs for

Scenarios (ii) and (iii). This is because, under Scenario (i), we have complete information about

M ps, which results in the smallest ef�ciency bound. In particular, as the knowledge about M ps

reduces from Scenario (i) to Scenario (iii), we have SEB kn � SEBp � SEBnp .

The EIFs in Theorem 11 can be used to construct semiparametrically ef�cient estimators via

classical semiparametric theory (Bickel et al. 1993), but the complexity of � p(�) and � np (�) makes

it impractical to generate computationally feasible estimators. For instance, accurately com-

puting ˜� np (�) and ˜� p(�) can be time-consuming due to the need for 2n times of 2D-numerical

integrals with intricate integrands, and this can be further exacerbated when using Bootstrap

to construct con�dence intervals. Additionally, calculating derivatives such as c (1)
� (�, �) and

sz m (x j � � ) in ˜� p(�) and ˜� np (�) requires additional effort from the researchers.

As a result, our proposed estimator �̂ u � is based on the oracle EIF, which is the simplest

among the three. Importantly, �̂ u � only requires n times of 2D numerical integrals and does

not require calculating any derivatives. Consider the empirical version of � kn (x ,z ,m , y ),

ˆ� kn (x ,z ,m , y ) =
�̂ 1,u � (x ,z ,m )f y � �̂ z m (x )g+

ƒ�
�̂ 1�(x ) � �̂ 0?(x )

	
ê�?(x )

•
u � � �̂ u �

ƒ
ê�?(x )

•
u �

Pn

ƒ
ê�?(X )

•
u �

,

where the nuisance functions f �̂ z (x ), f̂z m (x ), �̂ z m (x )gare trained by any off-the-shelf estima-

tion algorithms, and other quantities are approximated by the plug-in estimators: (i) êu (x ) =

c� f F̂1m1
(x ), F̂0m0

(x )g
Q

z2f 0,1g f̂z mz
(x ); (ii) F̂z mz

(x ) =
Rm z

�1
f̂z m (x )d m ; (iii) 
̂ (1)

1,u � (m , x ) =
R

R
ku � (m ,m0)

ê(m ,m0)(x )d m 0; (iv) 
̂ (0)
1,u � (m , x ) =

R
R

ku � (m1,m )ê(m1,m )(x )d m 1; (v) �̂ 1,u � (x ,z , m ) = (� 1)z+1f �̂ z (x )

f̂z m (x )g� 1
̂ (z)
1,u � (m , x ). Solving �̂ u � from the estimating equation Pn

�
ˆ� kn (X ,Z ,M ,Y )

	
= 0, we

obtain the proposed Loc.PCE estimator for any given u � 2 R2,

�̂ u � =
Pn

”
�̂ 1,u � (X ,Z ,M )f Y � �̂ Z M (X )g+

ƒ�
�̂ 1�(X ) � �̂ 0?(X )

	
ê�?(X )

•
u �

—

Pn

ƒ
ê�?(X )

•
u �

. (3.9)

Related works Chernozhukov et al. (2022, 2023) propose a general Riesz-representation-

invoked method which estimates local functionals semiparametrically ef�ciently (Chernozhukov

et al. 2022, Theorem 4.2), and thereby approximates the corresponding perfectly localized func-
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tionals accurately. They consider the minimal Riesz representer and outcome mean model as

nuisance functions, and demonstrate the double robustness and semiparametric ef�ciency of

their estimator. However, their framework cannot be applied to estimate Loc.PCE and Cont.PCE,

because they assume all variables in (W,Y ) (cf. (1.1)) are observable, while under this chapter's

setting, principal strata U in W contain one unobserved variable. Moreover, for identi�cation,

we need to deal with three nuisance functions instead of two, which introduces extra dif�culties

in estimation. To resolve these challenges while achieving the same desirable properties as

Chernozhukov et al. (2022, 2023), we propose our estimator through a new oracle EIF-invoked

strategy. Although �̂ u � is derived through the EIF under the oracle M ps-known scenario, it can

still attain the semiparametric ef�cient bound SEBp when M ps follows a parametric model

(3.7) (Theorem 14).

Zigler and Belin (2012) develop a fully Bayesian approach to identify and estimate Cont.PCE.

In particular, they assume (M 1,M 0) j X follows a joint conditional Gaussian model with a known

correlation parameter, which corresponds to a Gaussian linear regression model for (3.7) with

a Gaussian copula c� (�, �). Our proposed estimator is more robust as it does not necessarily

require parametric assumptions on all the nuisance functions.

3.3 Theoretical properties

3.3.1 Limit double robustness

Denote the functional limits �̄ z (x ) and �̄ z m (x ), such that �̂ z (x ) ! �̄ z (x ), �̂ z m (x ) ! �̄ z m (x ) as

n ! 1 . Recalling (3.9), the probability limit of �̂ u � is

�̄ u � =
E

”
�̄ 1,u � (X ,Z ,M )f Y � �̄ Z M (X )g+

ƒ�
�̄ 1�(X ) � �̄ 0?(X )

	
e�?(X )

•
u �

—

E
ƒ
e�?(X )

•
u �

, (3.10)

where �̄ 1,u � (x ,z ,m ) = f �̄ z (x )fz m (x )g� 1(� 1)z+1
 (z)
1,u � (x ,m ). Theorem 12 below justi�es the limit

double robustness of �̂ u � when M ps is correctly speci�ed.

Theorem 12. Suppose Assumptions 4–6 hold, andM ps is correctly speci�ed. If either �̄ = � or

�̄ = � , we have �̄ u � = � u � .

Intuitively, with nonparametric M tp and M om , our EIF-invoked estimator enjoys the Ney-

man orthogonality (Chernozhukov et al. 2017) with respect to these two nuisance functions,

which leads to the double robustness property as shown in Theorem 12.
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Remark 19. When M is binary, Jiang et al. (2022) illustrate the triple robustness of their EIF-

based PCE estimator; i.e., their estimator is consistent as long as any pair of the three models

in (M tp ,M ps,M om ) is correctly speci�ed. The crucial reason why their estimator is triply robust

while ours is doubly robust is that the underpinning identi�cation assumptions are different.

Their monotonicity assumption provides a neat identi�cation PCE formula, enabling triple

robustness. However, whenM is continuous, the monotonicity fails to identify Cont.PCE and can

be implausible in real-world problems such as surrogate evaluation. Due to the nonlinearity of

copula c� (�, �), copula-based identi�cation requires correct speci�cation of M ps, losing robustness

against its misspeci�cation. If M ps is incorrectly speci�ed in eu (x ), the bias for �̄ u � cannot be

eliminated through correct speci�cations of � z m (x ) and � z (x ).

3.3.2 Rate-double robustness and semiparametric ef�ciency

Desirable asymptotic properties of �̂ u � are shown under the semiparametric setting that M ps

is parametrically modeled through (3.7), while M tp and M om are nonparametrically modeled.

Examples of (3.7) include the linear model, additive errors nonlinear model and generalized

linear model (Boos et al. 2013). Results under more general nonparametric settings are further

discussed in Remarks 21 and 22.

Assumption 7 below imposes the typical regularity conditions for the nuisance function

estimators, similar to Kennedy (2016).

Assumption 7. (i) Either �̄ = � or �̄ = � ; (ii) k�̂ � �̄ k1 ,k�̂ � �̄ k1 = oP (1); (iii) P(j�̂ � � j2) = O(r 2
� )

and P(j�̂ � � j2) = O(r 2
� ) with r � , r � ­ 1 asn ! 1 ; (iv) Functions like �̂ (x ), �̄ (x ), �̂ z m (x ), �̄ z m (x )

and �̂ ama
(x ), �̄ ama

(x ) for a = 0,1, are contained in uniformly bounded function classes with

�nite uniform entropy integrals (see Section B.6 in the Supplementary File for details), and �̂ � 1,

�̄ � 1 are uniformly bounded.

Theorem 13. Suppose Assumptions 4–7 and other regularity conditions in Section B.5.5 hold. In

addition, assume the parametric model of M ps in (3.7) is correctly speci�ed and ˆ� is a regular

root-n consistent estimator of � � . We have

�̂ u � � � u � = OP

�
n � 1=2 + r � r �

�
. (3.11)

Furthermore, suppose r � r � = o(n � 1=2), and ˆ� is asymptotically linear, i.e., there exists some

 (x ,z ,m ) such that Ef  (X ,Z ,M )g= 0, Ek (X ,Z ,M )k2 < +1 , and
p

n ( ˆ� � � � ) = n � 1=2
P n

i =1

 (Xi ,Z i ,M i ) + oP (1). Then, we have

p
n (�̂ u � � � u � )   N (0,�̄ 2

u � ), (3.12)
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where �̄ 2
u � is de�ned in (B.5).

The error rate in (3.11) illustrates the rate-double robustness of our proposed estimator.

The asymptotic linearity condition for ˆ� can be attained by commonly-used methods, e.g., the

likelihood-based or quasi-likelihood-based estimators, and generalized method of moments

(Boos et al. 2013; McCullagh and Nelder 2019). To attain the optimal root- n convergence of �̂ u � ,

we only require � z m (x ) and � z (x ) to be well estimated, e.g., r � , r � ­ n � 1=4. When one of � z m (x )

and � z (x ) can be estimated parametrically (i.e., r � or r � ­ n � 1=2), �̂ u � is root- n consistent even

the other one is not correctly speci�ed. For asymptotic normality in (3.12), the condition r � r � =

oP (n � 1=2) is standard in the double machine learning literature (Kennedy 2016; Chernozhukov

et al. 2018).

Remark 20 (Cross �tting) . If one exploits the cross-�tting strategy for �̂ u � , Assumption 7(iv) can

be further dropped, and the asymptotic results in Theorem 13 remain valid; See, e.g., Robins et al.

(2008) and Chernozhukov et al. (2018).

Remark 21 (Nonparametric estimation of M ps). In general, suppose f̂z m (x ) is nonparametrically

estimated with Ef f̂z M (X ) � fz M (X )g2 = OP (r 2
f ) = oP (1) for z = 0,1 and r � r � ! 0. Following the

proof of Theorem 13, we can show that �̂ u � remains consistent for � u � , while the rate in (3.11)

becomesOP

�
r f + r � r �

�
. Typically, for nonparametric estimators, r f 6= O(n � 1=2), and therefore, the

limiting distribution result like (3.12) no longer holds.

Remark 22 (Nonparametric estimation of Cont.PCE) . Similar to Chernozhukov et al. (2023),

we can further derive the nonparametric convergence rate and asymptotic normality of our

proposed estimator for Cont.PCE ash ! 0. In particular, the nonparametric asymptotic results

for �̂ u � � � u � in (3.11) and (3.12) will be modi�ed to depend on h . Then after balancing the

bias-variance tradeoff between such asymptotic results and the asymptotic bias of � u � towards

� �
u � in Proposition 3, desired nonparametric asymptotic results of �̂ u � � � �

u � follow. The nonpara-

metric estimation of Cont.PCE falls outside the main scope of this thesis. Therefore, we defer the

investigation of this topic to future research.

For inference, the (1 � � )-CI can be constructed through (3.12) as

€
�̂ u � � z�= 2

�̂ u �
p

n
, �̂ u � + z�= 2

�̂ u �
p

n

Š
, (3.13)

where �̂ u � is a consistent estimator of � u � and z�= 2 is the (1 � �= 2)-quantile of the standard

normal distribution. A closed-form estimator for � 2
u � is feasible, which however is complicated;

see(B.5). Thus a standard nonparametric bootstrap procedure (Efron 1981) is recommended
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to estimate � 2
u � ; See, e.g., Imbens (2004,§ IV) and Jiang et al. (2022) for the use of bootstrap

asymptotic variance estimation in different problems.

We close this section by showing the asymptotic optimality of �̂ u � in Theorem 14.

Theorem 14. Suppose all conditions in Theorem 13 hold. Further assume �̄ = � , �̄ = � , and ˆ�

is a semiparametrically ef�cient estimator for � � such that  (x ,z ,m ) = I � 1
� � sz m (x j � � ), where

sz m (x j � � ) and I � � are de�ned in Theorem 11. Then we have � 2
u � = SEBp = Ef � 2

p(X ,Z ,M ,Y )g.

Thus, under Theorem 11(ii), �̂ u � is semiparametrically ef�cient.

Compared with Theorem 13, Theorem 14 requires correct speci�cation of both M tp and

M om , and that ˆ� is semiparametrically ef�cient, which holds when ˆ� is a regular MLE. These

conditions are necessary for achieving semiparametric ef�ciency in doubly robust estimators,

such as the augmented inverse propensity weighted estimator (Hahn 1998).

3.4 Simulation study

We perform numerical experiments to assess the large-sample properties of �̂ u . The data gener-

ation process involves the following steps: �rst, we generate X = (X1,X2,X3)> from the standard

normal distribution N (0, I3). Second, we generate Z from F tp given X . Third, we generate M

from F ps given X and Z . Finally, we generate Y from F om given all the other variables. We use

the standard Gaussian copula c� (�, �) with � = 0.5. We consider two comparative distributions

for each of the three distributions F tp ,F ps,F om as follows:

• F (1)
tp = Bernf logit (X1 + X2 + X3)gand F (2)

tp = Bernf logit (� X 2
1 + X2)g;

• F (1)
ps = N (X1 + X2 + X3 + Z ,1) and F (2)

ps = N (X 2
1 + 2X3Z ,1+ X 2

1 Z � 0.5Z );

• F (1)
om = N (X1 + X2 + X3 + Z + M ,1) and F (2)

om = N (X1Z + X2 + M 2,1).

3.4.1 Simulation: the consistency and double robustness

We can simulate data through eight different data generation mechanisms, with (F tp ,F ps,F om )

= (F (a )
tp ,F (b )

ps ,F (c )
om ), a ,b ,c 2 f 1,2gand n = 500. We consider both a parametric and a semipara-

metric strategy for estimating the nuisance functions.

The parametric strategy. We estimate � z (x ) and � z m (x ) through logistic regression and linear

regression, respectively. To estimate fz m (x ), we specify the parametric model in (3.7) as fz m

�
x j

� = (` , � 2)
	

= ' f m j ` > (x ,z), � 2g, where ` is a vector in R4 and ' (� j � , ! ) denotes the Gaussian

density function with mean � and variance ! . We estimate ` and � 2 through the linear regression
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Figure 3.2: The box-plots of �̂ u � � u over 500 MC rounds. X-axis represents different
data generation mechanisms. For example, (TP2,PS1,OM2) means data are generated from
(F (2)

tp ,F (1)
ps ,F (2)

ps ). Different colors represent different principal levels u . The top and bottom
panels present the results when nuisance functions are estimated through parametric and
semiparametric strategies, respectively.

M � (X1,X2,X3,Z ), where ˆ̀ denotes the vector of regression coef�cients and �̂ 2 represents the

empirical residual variance. Hence, M ps is correctly speci�ed if and only if F ps = F (1)
ps .

The semiparametric strategy. We estimate � z (x ) and � z m (x ) through an ensemble learning

algorithm, namely SuperLearner (Van der Laan et al. 2007), which combines various ma-

chine learning methods such as linear regression, multivariate adaptive regression splines,

single-layer neural networks, and recursive regression trees. The estimation of M ps is the

same as the parametric strategy, where we estimate ` and � 2 through the linear regression

M � (X1,X2,X3,Z ), and ˆ̀ is the vector of regression coef�cients while �̂ 2 is the empirical

residual variance.

We evaluate the performance of �̂ u at six different levels of u , namely, u = (0,0), (0,0.5),

(0,1), (0.5,0.5), (0.5,1), (1,1), and present the estimation errors of �̂ u across 500 Monte Carlo

(MC) iterations in Figure 3.2. Our results indicate that when employing a parametric strategy

for nuisance training, the empirical means of �̂ u � � u are approximately zero for all tested u ,

provided that F ps = F (1)
ps and either F tp = F (1)

tp or F om = F (1)
om . These �ndings con�rm the double

robustness of �̂ u , asM tp or M om is correctly speci�ed by the parametric strategy if and only

if either F tp = F (1)
tp or F om = F (1)

om . Additionally, when (F tp ,F ps,F om ) = (F (1)
tp ,F (1)

ps ,F (1)
om ), �̂ u has

the smallest estimation variance for all tested u , since it is semiparametrically ef�cient (cf. The-

orem 14). When using a semiparametric strategy for nuisance training, �̂ u has small empirical

bias and variance whenever F ps = F (1)
ps , asM tp and M om are always correctly speci�ed when

57



Table 3.1: Empirical coverage rates (rounded to three decimal places) of �̂ u 's 95%CIs over 300
Monte Carlo rounds, when all nuisance functions are trained via linear models.

u (TP1,PS1,OM1) (TP2,PS1,OM1) (TP1,PS1,OM2) (TP2,PS1,OM2) (TP1,PS2,OM1) (TP2,PS2,OM1) (TP1,PS2,OM2) (TP2,PS2,OM2)

(0,0) 0.933 0.926 0.950 0.900 0.740 0.960 0.973 0.880
(0,0.5) 0.943 0.927 0.950 0.880 0.723 0.940 0.923 0.963
(0,1) 0.943 0.953 0.923 0.867 0.930 0.923 0.930 0.877

(0.5,0.5) 0.957 0.937 0.950 0.893 0.829 0.920 0.920 0.967
(0.5,1) 0.943 0.927 0.947 0.880 0.827 0.943 0.890 0.787
(1,1) 0.937 0.940 0.943 0.905 0.897 0.957 0.833 0.829

estimated by SuperLearner. Thus, �̂ u can approximate � u semiparametrically ef�ciently

when F ps = F (1)
ps , as long as �̂ z (x ) and �̂ z m (x ) are estimated with reasonable nonparametric

rates, e.g., r � , r � = o(n � 1=4).

3.4.2 Simulation: the limiting distribution

We verify the asymptotic normality of �̂ u by simulating 700 samples and calculating the boot-

strap standard deviation of
p

n �̂ u using 100 bootstrap samples, which serves as �̂ u in (3.13).

We obtain the 95 % bootstrap CIs through (3.13) and calculate the empirical coverage rate

(ECR) over 300 MC rounds, to check if the CIs capture the true � u . All nuisance functions are

estimated via the parametric strategy as de�ned in Section 3.4.1 for tested u . As shown in Table

A.1, when (F tp ,F ps,F om ) = (F (1)
tp ,F (1)

ps ,F (1)
om ) and thus all nuisances can be estimated under the

root- n rates, ECRs are close to0.95 for all tested u because of the asymptotic normality of �̂ u

(cf. (3.12)). When (F tp ,F ps,F om ) = (F (2)
tp ,F (1)

ps ,F (1)
om ) or (F (1)

tp ,F (1)
ps ,F (2)

om ), we have r � r � ­ n � 1=2, as

one of � z m (x ) and � z (x ) is misspeci�ed while the other can be estimated parametrically, which

is of the boundary case of condition r � r � = o(n � 1=2) for (3.12). Nevertheless, in these cases, the

nuisance function estimation biases are still negligible enough, and ECRs are close to 0.95 for

all tested u .

3.5 Real data applications

3.5.1 Surrogate analysis of short-term CD4 count in ACTG 175

ACTG 175 (Hammer et al. 1996) is one of the �rst randomized clinical trials to demonstrate the

superiority of combination therapy with zidovudine and didanosine over monotherapy with

zidovudine or didanosine for patients infected with human immunode�ciency virus type I (HIV-

I). Each patient was randomly assigned a speci�c therapy. It is of essential interest to investigate

whether a short-term endpoint measured several weeks after randomization can be a valid

surrogate for a long-term clinical endpoint (Burzykowski et al. 2005). In this study, we explore
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(a) The surface of �̂ u . (b) 95% bootstrap CIs of �̂ u with varying u .

Figure 3.3: Panel (a) shows the surface of �̂ u with � = 0.5,h = 0.25 (for the standardized M ),

when u 2
�
190 cells/ mm 3,520 cells/ mm 3

�2
. The X-axis of (b) is different levels of u . The top

panel of (b) shows the 95%bootstrap CIs of �̂ u with varying u when m1 = m0. The bottom panel
of (b) shows the 95% bootstrap CIs of �̂ u with varying m1, while m0 is �xed at 340 cells / mm 3.

this question using data from ACTG175 contained in the R package speff2trial , focusing

on patients treated with zidovudine only ( Z = 0) or zidovudine + didanosine ( Z = 1). To ensure

principal ignorability, we collect various covariates in X , including age, weight, hemophilia,

homosexual activity, history of intravenous drug use, Karnofsky score, non-zidovudine an-

tiretroviral therapy prior to initiation, zidovudine use in the 30 days prior to treatment initiation,

race (white / non-white), gender, antiretroviral history, and symptomatic indicator. We select

the short-term CD4 count at 20� 5 weeks asM and the long-term CD4 count at 96� 5 weeks as

Y , both of which re�ect patients' immune functions in different periods. To handle censoring

and outliers, we exclude patients censored two years after randomization and patients with M i

larger than the 99th percentile or smaller than the 1st percentile among all M i . Ultimately, our

study focuses on 640 patients.

The parametric strategy for nuisance training, as outlined in Section 3.4.1, is employed in

this study. The Q-Q plot of M ps estimation suggests that a linear regression model is appropriate,

as demonstrated in Figure B.1(a) in the Supplementary File. Our approach utilizes a Gaussian

kernel, denoted by K (�, �), and a Gaussian copula, denoted by c� (�, �). To evaluate the estimator's

sensitivity under different scenarios of (M 1,M 0)'s correlation, we investigate three values of

� = � 0.5,0,0.5. All continuous variables are standardized during the implementation of the

proposed method, and are rescaled back when presenting the results. The standardized M i

values fall approximately within the range of � 2 and 3, as depicted in Figure B.1(b). Thus, we

have chosen two relatively small bandwidths h = 0.25,0.5 to ensure that � u can approximate
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� �
u effectively. In practice, we recommend specifying h to be a small fraction of the standard

deviation of the observed M i values. For � = 0.5 and h = 0.25, the estimated �̂ u surface

and 95%con�dence intervals are reported in Figure 3.3, with both m1 and m0 ranging from

190 cells/ mm 3 to 520 cells/ mm 3, which roughly correspond to the 10th and 85th percentiles

among all M i . Our results are robust to different choices of � and h , as demonstrated in Figures

B.2 and B.3.

The estimated �̂ u surface exhibits a pattern similar to the synthetic example in Figure

3.1(a) of an ideal surrogate, where the estimated dissociative effects are close to zero, and the

estimated associative effects are positive (negative) when m1 > m0 (m1 < m0). We show the

95%Bootstrap CIs with 100 resamples of several different �̂ u with m1 = m0 in the top panel of

Figure 3.3(b), none of which are signi�cantly different from zero. However, the 95%CIs of �̂ u

with different m1 while �xing m0 at 340 cells/ mm 3 in the bottom panel of Figure 3.3(b) reveal

that �̂ u becomes signi�cantly larger as m1 � m0 increases.

To the best of authors' knowledge, this is the �rst time that the short-term CD4 count is

evaluated as a surrogate under the principal strati�cation framework. Previous works assess its

evaluation through a summary statistics of surrogacy, namely, the proportion of the treatment

effect (PTE), and suggest not a large proportion of the treatment effect on the clinical endpoint

can be explained by the short-term CD4 count (Hughes et al. 1998; Agniel and Parast 2021).

Nevertheless, our observations imply that, from the perspective of association strength and

prediction power, the short-term CD4 count can still be a desirable principal surrogate of

long-term CD4 for the considered population (Gilbert and Hudgens 2008). Another reason why

the short-term CD4 count might be a reasonable surrogate in our analysis is that we focus on a

more healthy and cooperative population with no censoring due to death or lost-to-follow-up.

This reduces the cases that can weaken the association between short-term and long-term

CD4 counts, such as non-compliance, viral resistance, and changes of therapy in the face of

disease progression (Hughes et al. 1998).

3.5.2 Causal effect of �ooding on health

In this section, we extend the principal strati�cation analysis of the Bangladesh �ooding dataset

conducted by Jiang et al. (2022) to a continuous- M scenario. The dataset comprises data on 774

households during the 1998 Bangladesh �ood. We investigate the causal effect of �ooding ( Z )

on the days of children's diarrhea ( Y ) through the variable of per capita calorie consumption of

the household ( M ). In their study, Jiang et al. (2022) adapted the data to a binary- M framework

by truncating M to 1 if the per capita calorie consumption of the household was larger than

2000calories and 0 otherwise. Our study does not require dichotomization and thus might
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(a) The surface of �̂ u . (b) 95% bootstrap CIs of �̂ u with varying u .

Figure 3.4: Panel (a) shows the surface of �̂ u with � = 0.5,h = 0.5 (for the standardized M ),

when u 2
�
1400calories, 2500calories

�2
. The X-axis of (b) is different levels of u . The top panel

of (b) shows the 95%bootstrap CIs of �̂ u with varying u when m1 = m0. The bottom panel of
(b) shows the 95% bootstrap CIs of �̂ u with varying m1, while m0 is �xed at 1900 calories.

conduct a more meticulous analysis. To ensure ignorability, we include gender, age, the size

of the household, father's education, mother's education, father's age, and mother's age as

covariates (X ) in our analysis.

The estimation of the nuisance functions and Loc.PCE follows a similar approach as outlined

in Section 3.5.1. Additionally, we exclude several outliers where the M i values are larger than

the 99th percentile or smaller than the 1st percentile among all M i . The standardized M i

values range approximately between � 2.2 and 3.1. Consequently, we select small bandwidths

of h = � 0.25 and 0.5. Our model diagnosis indicates the validity of our preprocessing step, as

depicted in Figure B.4(a) and (b). To evaluate sensitivity, we examine � values of � 0.5, 0, and

0.5. We present the estimated �̂ u surface when � = 0.5 and h = 0.5 in Figure 3.4. Similar results

with other � and h are referred to Figures B.5 and B.6.

Figure B.4(a) illustrates that the Loc.PCE surface is positioned above the �̂ u = 0 plane,

indicating positive dissociative effects, i.e., �̂ u > 0 when m1 = m0. This observation suggests a

positive direct effect (cf. Remark 16), where Z may affect Y through a causal pathway other

than Z ! M ! Y , for instance, the pathway through mother's health (Del Ninno 2001). Thus,

our �ndings support the conclusions of Jiang et al. (2022). From a principal strati�cation

perspective, the �̂ u surface also suggests negative associative effects, given that �̂ u increases as

m1 � m0 decreases. This is also reasonable because for the households whose capita calorie

consumption can be more severely affected by �oods, they are more likely to have children who

are strongly and persistently affected by diarrhea. Similar to Section 3.5.1, a thorough pointwise
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investigation of �̂ u with accompanying con�dence intervals in Figure 3.4(b) quantities the

uncertainty and further supports our conclusions.
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CHAPTER

4

TOWARDS R-LEARNER OF CONDITIONAL

AVERAGE TREATMENT EFFECTS WITH A

CONTINUOUS TREATMENT:

T-IDENTIFICATION, ESTIMATION, AND

INFERENCE

4.1 Background and basic setup

Let f Z i = (Xi ,Ti ,Yi )gn
i =1 be independent and identically distributed samples from the distri-

bution of (X ,T,Y ), where X = (X (1), . . . ,X (d )) is a d -dimensional vector of covariates. Under

Rubin's causal model framework (Rubin 1974), Y (t ) is the potential outcome had the unit re-

ceived treatment level T = t 2 R. The causal estimand is � (x , t ) de�ned in (1.3). Due to the

fundamental problem in causal inference that not all potential outcomes can be observed for

a particular unit, � (x , t ) is not identi�able without further assumptions. We employ common

assumptions for continuous treatments (Kennedy et al. 2017).
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Assumption 8 (No unmeasured confounding) . We havef Y (t )gt 2T?? T j X .

Assumption 9 (Stable unit and treatment value) . When T = t 2 T, we have Y = Y (t ).

Assumption 10 (Positivity) . There exists an" > 0 such that the generalized propensity score

f (T = t j X = x ) 2 (� ,1=� ) for any (x , t ) 2 X � T.

We summarize the notation used throughout the paper. For any vector v , kv k1 and kv k

denote its ` 1 and ` 2 norms. For any random variable W 2 W, f (w ) and P (w ) denote its

probability density function and probability measure. For any function g(w ), Pn f g (W )g =
P n

i =1 g(Wi )=n denotes its empirical expectation and kgkL 2 = f
R

w 2W
g 2(w )d w g1=2, kgkL 2

P
=

f
R

w 2W
g 2(w )d P (w )g1=2, kgkW = supw 2W jg (w )j denote its L 2, L 2

P and L 1 norms. L 2
P (W )

represents the function space of all g (w ) with a bounded L 2
P norm. When g(w ) is a multivariate

function, denote kgkW = supw 2W kg(w )k. For any function h (w ) with w 2 Rd 0
, we denote its

� -derivative by D � h (w ) = @� 1+���+ � d 0h (w )=@� 1w1 � � �@� d 0wd 0, where � = (� 1, . . . ,� d 0) is a vector of

positive integers. For asymptotic analysis, we restrict the target functional estimand to the

popular p -smooth Hölder class (Newey 1997),

� (p ,c ,W) =

�

h (w ) : sup
k� k1�b p c

sup
w 2W

jD � h (w )j � c , sup
k� k1=bp c

w1,w22W

sup
w16= w2

jD � h (w1) � D � h (w2)j

kw1 � w2kp �b p c
2

� c

�

, (4.1)

where c,p > 0 are �xed, and h (w ) belongs to the class of all bp c-times differentiable functions

over W. We require two nuisance functions, the conditional outcome mean and generalized

propensity score,

m (x ) = E(Y j X = x ), $ (t j x ) = f (T = t j X = x ).

Also denote the full conditional outcome mean model � (x , t ) = E(Y j X = x ,T = t ). We hereby

de�ne the observation noises,

" i = Yi � � (Xi ,Ti ), i = 1, . . . ,n , (4.2)

where E(" i j Xi ,Ti ) = 0, following the de�nition of � (x , t ).

4.2 Continuous-treatment R-learner

4.2.1 The generalized R-loss

We �rst generalize the idea of the Robinson's residual (Robinson 1988; Nie and Wager 2021)

to the continuous-treatment scenario. The unconfoundedness and stable unit and treatment
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value imply,

Y (Ti )
i = � (Xi ,Ti ) + " i = � (Xi ,0) + � (Xi ,Ti ) + " i , (4.3)

where the �rst equality follows from Assumption 9 and equation (4.2), and the second equality

follows from Assumption 8 and the de�nition of � (x , t ). Model (4.3) is nonparametric and free

of any structural assumptions. Given Xi , taking the conditional expectation on (4.3) leads to

m (Xi ) = E
�
Y (Ti ) j X = Xi

�
= � (Xi ,0) + E$ f � (X ,T ) j X = Xi g+ E(" i j Xi )

= � (Xi ,0) + E$ f � (X ,T ) j X = Xi g,
(4.4)

where the last equality is followed by the law of total expectation such that

E(" i j Xi ) = E
�
E(" i j Xi ,Ti ) j Xi

	
= E

�
0 j Xi

�
= 0.

The notation E$ f � (X ,T ) j X = Xi gin (4.4) highlights the dependency of the conditional expec-

tation on the generalized propensity score $ asE$ f � (X ,T ) j X = Xi g=
R

t 2T
� (Xi , t )$ (t j Xi )d t .

By subtracting (4.4) from (4.3) on both left- and right-hand sides, we have

Y (Ti )
i � m (Xi ) = � (Xi ,Ti ) � E$ f � (X ,T ) j X = Xi g+ " i . (4.5)

By treating the left-hand side of (4.5) as the response and the right-hand side except " i as the

mean function, we derive the following population loss function,

L c (h ) = E
�
Y � m (X ) � h (X ,T ) + E$ f h (X ,T ) j X g

�2
, (4.6)

which is minimized at h = � . The above derivation is similar to and actually includes that of

the binary-treatment R-loss function (Nie and Wager 2021, Section 2) as a special case, thus

we term (4.5) as the generalized R-loss. Under the binary-treatment case, � (x , t ) reduces to

f � (x ,0), � (x ,1)g, where � (x ,0) = E(Y (0) � Y (0) j X = x ) = 0 for any x 2 X, and � (x ,1) becomes

the conditional average treatment effect of interest. It suf�ces to estimate � (x ,1) by solving the

h (�,1) that minimizes (4.6) while imposing an intrinsic shape constraint for h (�,0) such that,

h (X ,0) = 0 a.s.. (4.7)

Furthermore, observing that under (4.7), one has, h (X ,T ) � Ee f h (X ,T ) j X g=
P

t 2f 0,1g I (T =

t )[h (X , t ) � e(X )h (X ,1) � f 1 � e(X )gh (X ,0)] = f T � e(X )gh (X ,1) a.s., where I (�) is the indicator

function and e(x ) = Pr(T = 1 j X = x ) is the propensity score for a binary treatment. Thus the
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R-loss function (4.6) reduces to

Lb (h ) = E
�
Y � m (X ) � f T � e(X )gh (X ,1)

�2
, (4.8)

introduced in Nie and Wager (2021), which is also minimized at h = � .

4.2.2 An identi�ability transition of the generalized R-learner

The generalization of the R-loss from the binary treatment to the continuous treatment is

natural, which however results in a transition of the identi�ability of � (x , t ). Suppose we

construct �̂ (x , t ) by directly minimizing the empirical analogy of L c (�) following Nie and Wager

(2021). Unlike the binary-treatment case, the R-learner for the continuous treatment will

have poor estimation performance, due to the non-identi�ability of the generalized R-loss. To

illustrate, we conduct a simple simulation study. The simulation details are deferred to Section

C.3. Fig. 4.1 contrasts the different behaviors of the generalized R-learner in the binary- and

continuous-treatment cases. Apparently, the R-learner approximates � (x , t ) well for a binary

T (Fig. 4.1a) and poorly for a continuous T (Fig. 4.1c).

We provide a theoretical argument for the success and failure of the identi�ability of the

generalized R-learner for binary and continuous treatments. We focus on the L 2
P (X ,T ) space

and

S = f h j h (X ,T ) = � (X ,T ) + s(X )a.s., for any s 2 L 2
P (X )g. (4.9)

It is easy to check that for any h 2 S ,

Y � m (X ) � [h (X ,T ) � E$ f h (X ,T ) j X g] = Y � m (X ) � [� (X ,T ) � E$ f � (X ,T ) j X g] a .s..

Thus from (4.6), any function h 2 S is a minimum of our generalized R-loss L c (�). Thus,

when T is continuous, directly minimizing the generalized R-loss fails to identify the target

estimand � (x , t ) as there are in�nitely many different solutions. This theoretically justi�es

the non-identi�cation issue when estimating � (x , t ) by minimizing the empirical analogy of

L c (�) and thus explains the ill-posed problem illustrated in Fig. 4.1. Part (i) of Proposition 4

below rigorously proves that S in fact contains all minima of L c (�) in L 2
P (X ,T ). In contrast,

minimizing the binary-treatment R-loss (4.8) after imposing the intrinsic shape constraint (4.7)

can successfully identify � (x , t ) now, because (4.7) narrows the general solution set S into

S \ = f h j h (X ,T ) = � (X ,T )a.s.g

with a formal proof relegated to Section C.5.4 in the Supplementary Material. Despite the
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(a) (b)

(c) (d)

Figure 4.1: Illustration of the identi�ability transition of the R-learner from a binary treatment
to continuous treatment. Panel (a): when the treatment is binary, the generalized R-learner (the
solid blue line) is unbiased of � (x ,1) (the dashed red line). When the treatment is continuous,
the generalized R-learner (Panel c) is far away from � (x , t ) (Panel b). The proposed regularized
R-learner (Panel d) recovers � (x , t ).
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popular use of R-loss (4.8) in literature (Zhao et al. 2017; Nie and Wager 2021), the corresponding

identi�cation problem has not been rigorously addressed. Part (ii) of Proposition 4 ful�lls this

gap.

Proposition 4. Suppose Assumptions 8–9 hold. We have the following identi�cation results.

(i) SupposeT is a continuous treatment and � 2 L 2
P (X ,T ). Then S is the solution set of the

following optimization problem,

argmin h 2L 2
P (X ,T )L c (h ). (4.10)

(ii) SupposeT is a binary treatment and � (�,1) 2 L 2
P (X ). Additionally assume the positivity

assumption such that e(x ) satisfying e(x ) 2 (� 0,1� � 0) for some �xed � 0> 0 and for all x 2 X.

Then among the set of interested functions, L b = f h j h (�,1) 2 L 2
P (X ) and h (X ,0) = 0 a.s.g,

S \ is the solution set of the following optimization problem,

argmin h 2L b
Lb (h ). (4.11)

4.2.3 T-identi�cation

We resolve the non-identi�cation issue for a continuous treatment through a novel identi�ca-

tion strategy, termed the T-identi�cation , based on the Tikhonov regularization. We consider

the population ` 2-penalized L c (�),

L c,` 2
(h j � ) = L c (h ) + � kh k2

L 2
P

. (4.12)

The penalty term is inspired by Tikhonov regularization (Tikhonov et al. 1995) originally devel-

oped in the non-linear functional analysis for solving ill-posed operator equations.

Adding the generalized R-loss with Tikhonov regularization effectively identi�es an inter-

mediary

�̃ (x , t ) = � (x , t ) � E f � (X ,T ) j X = x g

and ultimately the target estimand � (x , t ). First, the new loss L c,` 2
(h j � ) becomes strictly convex

over L 2
P (X ,T ) due to the addition of a strictly convex functional � kh k2

L 2
P

= � Ef h 2(X ,T )g. Thus,

its minima equal to a unique function � � 2 L 2
P (X ,T ) a.s.. Second, we show that � � lies in a

O(� 1=4)-ball of �̃ under the L 2
P norm, and thus � � ! �̃ as � ! 0. Speci�cally, when � ! 0,

the difference between two loss functions, L c,` 2
(h j � ) and L c (h ), vanishes. Therefore, � � shall

approach L c (h )'s solution set S as � ! 0. On the other hand, among S , �̃ has the smallest

value in terms of L c,` 2
(h j � ) for any � > 0. This is because by de�nition, any function h in S
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produces the same value of the �rst term on the right-hand side of (4.12), while �̃ can minimize

the second term as it has the smallest L 2
P norm. Therefore, � � shall particularly approach �̃ in

S when � ! 0 yet � > 0. Lastly, the identi�cation of � (x , t ) follows by a simple fact that

� (x , t ) = �̃ (x , t ) � �̃ (x ,0), for any (x , t ) 2 X � T. (4.13)

Theorem 15 summarizes the identi�cation result with a formal proof given in Section C.5.5.

Theorem 15. When Assumptions 8–9 hold and � 2 L 2
P (X ,T ), given � > 0, the solution set of

argmin h 2L 2
P (X ,T )L c,` 2

(h j � ) (4.14)

is S � = f h j h (X ,T ) = � � (X ,T ) a.s.gwhere � � 2 L 2
P (X ,T ) is a unique function. When � ! 0, one

has � � ! �̃ under the L 2
P norm. Finally, � (x , t ) can be identi�ed by �̃ (x , t ) through (4.13).

Our two-step T-identi�cation strategy for � (x , t ) differs fundamentally from the classic, di-

rect expectation-based identi�cation strategies but relies on a sequence of functionals indexed

by � . It also generates an important implication of the bias-variance tradeoff in �nite samples.

Under the �nite-sample scenario, if one develops the generalized R-learner by minimizing the

empirical analogy of L c,` 2
(h j � ), an excessively small � will introduce large estimation variance.

Intuitively, a small � will result in a weak ` 2-penalization. Then with �nite samples, such weak

` 2-penalization can not make the minimization of the empirical analogy of L c,` 2
(h j � ) signif-

icantly different from naively minimizing the empirical analogy of L c (h ), which is ill-posed

as shown in Section 4.2.2. On the other hand, a large � will bring an extreme bias, because

� � in Theorem 15 may not approximate �̃ well with large � . Such phenomenon will later be

revealed by Theorem 16, where both extremely small or large � can result in large terms in the

convergence rate of our proposed estimator.

Remark 23. The ` 2-penalization has been used in classic statistical methods, including linear

and logistic ridge regression (Hoerl and Kennard 1970), penalized spline regression (O'Sullivan

1986), kernel ridge regression (Aizerman et al. 1964), among others. The previous works use the` 2

penalty to regularize the estimation complexity, resulting in stable and theoretically guaranteed

estimators. However, those works require that the target estimand is at least a locally unique

minimum of the corresponding loss function at the population level. To the best of the authors'

knowledge, this paper distinguishes itself from the previous works as we use ` 2-penalization,

for the �rst time, to resolve a population-level non-identi�cation problem, where the original

loss function has in�nitely many minima but also regularize the complexity of the proposed

estimator (Section 4.2.4).
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4.2.4 ` 2-penalized R-learner

Given the T-identi�cation strategy, we formally propose the ` 2-penalized R-learner in Algo-

rithm 5 using cross �tting (Chernozhukov et al. 2018, De�nition 3.1). Algorithm 5 includes

a general algorithm and a speci�c illustration with sieve approximation. The latter will be

discussed in details in Section 4.3. Continuing with the numerical experiment in Section 4.2.2,

we demonstrate the effectiveness of the proposed penalized R-learner (Fig. 4.1d), which well

approximate the true � (x , t ).

Algorithm 5: General ` 2-penalized R-learner and an illustration with sieve approxima-
tion in Section 4.3

Step 1. Split f Z i gn
i =1 into J mutually exclusive ( J > 1), and equally sized or nearly

equally sized sub-sample sets S1, . . . ,SJ , such that [ J
j =1S j = f Z i gn

i =1; let i th sample
belongs to j i th subset;

Step 2. For each j 2 [J ], train the nuisance function estimator f m̂ (� j )(x ), $̂ (� j )(t j x )g
with all data except S j via any generic and �ne-tuned machine learning method;

Step 2? (Sieve approximation). For each j 2 [J ], obtain f m̂ (� j )(x ), �̂ (� j )(x )gwith all data
except S j by the method of sieves; see Remark 26 for two options of �̂ (� j )(x );

Step 3. Choosing � > 0, estimate ˆ̃� (x , t ) by

ˆ̃� (x , t ) = argmin h (�,�)L̂ c,` 2
f h (�, �) j � g

= argmin h (�,�)

1

n

nX

i =1

”
Yi � m̂ (� j i )(Xi ) � h (Xi ,Ti ) + E$̂ (� j i )f h (Xi ,T ) j Xi g

—2
+ � Pn f h 2(X ,T )g.

(4.15)
Step 3? (Sieve approximation). Obtain ˆ� from (4.16) with � > 0, and obtain

ˆ̃� (x , t ) = ˆ� > 	 (x , t );

Step 4. Output �̂ (x , t ) = ˆ̃� (x , t ) � ˆ̃� (x , t = 0).

Remark 24. The newly proposed R-learner inherits many practical and theoretical advantages

from the original R-learner (Nie and Wager 2021). Practically, minimizing the empirical analogy

of L c,` 2
(� j � ) separates the process of estimating the nuisance functions and that of estimating

the target estimand. In addition, loss-minimization methods, e.g., the penalized nonparametric

regression, deep neural networks, and boosting can be �exibly used to minimize (4.15). Theoreti-

cally, as we will show later, similar to the original R-learner, our proposed R-learner is robust to

slow convergence rates of the nuisance estimators.

Remark 25. A variant of cross �tting (Chernozhukov et al. 2018, De�nition 3.2) can be similarly
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adapted in Algorithm 5. Speci�cally, in Step 3, we can obtain J different estimators of �̃ (x , t )

by minimizing the empirical loss within each sub-sample set and obtain the �nal ˆ̃� (x , t ) by

averaging the J estimators. Although the resulting estimators can differ slightly, their asymptotic

properties remain the same (Chernozhukov et al. 2018, Remark 3.1).

4.3 Sieve approximation and theoretical properties

We elucidate the proposed R-learner with the method of sieves. The sieve approximation

(Geman and Hwang 1982) has been broadly studied and applied for nonparametric estimation

due to its good interpretability and theoretical properties (e.g., Chen 2007). In particular, we

consider a triangular array expansion of h (x , t ),

h (x , t ) = � >
”
	 1(x , t ), � � � , 	 K (x , t )

—>
= � > 	 (x , t ),

where 	 (x , t ) is the vector of basis functions, � 2 RK is the coef�cient vector, and K is the

number of basis functions. Thus, minimizing (4.15) becomes solving � from

argmin � 2RK

1

n

nX

i =1

¦
Yi � m̂ (� j i )(Xi ) � � > 	 (Xi ,Ti ) + � > �̂ (� j i )(Xi )

©2
+

�

n

nX

i =1

�
� > 	 (Xi ,Ti )

	 2
,

where �̂ (� j i )(Xi ) is an estimator of � (Xi ) = E$ f 	 (X ,T ) j Xi g; see Remark 26 for details. Then by

straightforward algebra, one has

ˆ� =
�
R̂n + � Q̂n

� � 1
Pn

”�
	 (X ,T ) � �̂ (X )

	�
Y � m̂ (X )

	 —
; (4.16)

here we denote R̂n = Pn [f 	 (X ,T ) � �̂ (X )gf	 (X ,T ) � �̂ (X )g> ], Q̂n = Pn [	 (X ,T )	 > (X ,T )], and

m̂ (Xi ) and �̂ (Xi ) are short-hand notation for m̂ (� j i )(Xi ) and �̂ (� j i )(Xi ), respectively. The steps for

implementing the R-learner with sieve approximation are provided in Algorithm 5.

Remark 26. We discuss two options for obtaining �̂ ( j )(x ) for any j 2 [J ].

(i) �̂ ( j )(x ) = E$̂ ( j )f 	 (X ,T ) j X = x g, where $̂ ( j )(t j x ) is the generalized propensity score esti-

mator over f Z i gn
i =1 n S j . One-dimensional numerical integration can be implemented to

approximate the conditional expectation.

(ii) �̂ ( j )(x ) consists of coordinate-wise nonparametric regressions. For simplicity, we consider

	 (x , t ) as the tensor-product of B-splines (Section C.5.2). First, observing that � (x ) =

Ef  (T ) j X = x g 
 	 (x ), where 	 (x ) denotes (x (1)) 
 � � � 
  (x (d )), we can estimate �̂ ( j )(x )
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by �̂ ( j )(x ) = Ê ( j )f  (T ) j X = x g 
 	 (x ), where Ê ( j )f  (T ) j X = x gis obtained by multivari-

ate regression over the covariates-response pairsf Xi ,  (Ti )g�tted with all data except S j .

Suppose (t ) 2 RkT is a kT -dimensional B-spline basis for the treatment variable, and

let 1kT
= (1, . . . ,1)> 2 RkT . Inspired by the sum invariance property of B-splines (Lemma

12) such that 1>
kT

Ef  (T ) j X = x g= Ef 1>
kT

 (T ) j X = x g= E(
p

kT j X = x ) =
p

kT for any

x 2 X, we further impose a shape constraint for Ê f  (T ) j X = x g,

1>
kT

Ê ( j )f  (T ) j X = x g=
p

kT , for any x 2 X, j 2 [J ]. (4.17)

A simple strategy can be used to satisfy the above shape constraint. First obtain Ê ( j )f  (T ) j

X = x gby coordinate-wise regression when j 2 [kT � 1], and then obtain

Ê (kT )f  (T ) j X = x g=
p

kT �
kT � 1X

j =1

Ê ( j )f  (T ) j X = x g. (4.18)

The above approaches apply similarly to other types of basis functions. Conditional density

estimation in method (i) is often dif�cult, especially when X is high dimensional. In

these cases, method (ii) provides a �exible alternative, which replaces conditional density

estimation with a series of regressions.

4.3.1 Asymptotic properties

For theoretical analysis, we choose 	 (x , t ) as the tensor-product of B-splines (e.g., Chen and

Christensen 2015). We provide technicality including the theoretical properties of the B-spline

basis in Section C.5.2 and regularity conditions in Section C.5.1.

Classic nonparametric sieve regression (Newey 1997) often assumes a full-rank gram matrix

Qn = Ef 	 (X ,T )	 > (X ,T )gwhere the dimension of 	 depends on n . In stark contrast, theoretical

analysis of the proposed R-learner involves a low-rank gram matrix,

Rn = E
�
f 	 (X ,T ) � � (X )gf	 (X ,T ) � � (X )g>

�
=

€
U U?

Š
‚

�

0

Œ‚
U >

U >
?

Œ

, (4.19)

where the right-hand side of (4.19) is the singular value decomposition of Rn , with rank(Rn ) = �

and � = diag(� 1, . . . ,� � ) such that and � 1 � � � � � � � > 0. Each entry of Rn is the probability

limit of the corresponding entry of R̂n in (4.16). Intuitively, the low rank of Rn is tied to the non-

identi�cation issue of the generalized R-loss in Section 4.2.3 when setting � = 0. In this case, ˆ�

is asymptotically unsolvable, or equivalently R̂n in (4.16) is asymptotically non-invertible; i.e.,

Rn is low-rank. We denote � � by � n > 0, which plays an essential quantity in our theoretical
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Algorithm 6: Cont'd Algorithm 5: Variance estimator of �̂ (x0, t 0)

Step 1. Obtain top- (K � K =k ) singular value decomposition Û �̂ Û > of Ĝn = R̂n + � Q̂n ;
Step 2. Set Ân = Û �̂ � 1Û > ;
Step 3. For each j 2 [J ], obtain �̂ (� j )(x , t ) with all data except S j , via �exible machine
learning methods. Then obtain

B̂ ( j )
n =

1

jS j j

X

Z i 2S j

f Yi � �̂ ( j )(Xi ,Ti )g
2
�
	 (Xi ,Ti ) � �̂ ( j )(Xi )

	�
	 (Xi ,Ti ) � �̂ ( j )(Xi )

	 >
;

Step 4. Set B̂n = J � 1
P J

j =1 B̂ ( j )
n ;

Step 5. Output �̂ 2 = f 	 (x0, t 0) � 	 (x0,0)g> Ân B̂n Ân f 	 (x0, t 0) � 	 (x0,0)g.

results. See Lemma 15 for detailed spectral properties of Rn . To address the effect of nuisance

function estimation, we consider the following concentration conditions for m̂ (x ) and �̂ (x )

with rm , r 
 , r 0

 ­ 1,




 m̂ � m






L 2
P

= oP (rm ), (4.20)



 �̂ � �






X
=
p

K = oP (r 0

 ), (4.21)








Z

x 2X

f �̂ (x ) � � (x )gf�̂ (x ) � � (x )g> d P (x )







1=2

2
= oP (r 
 ). (4.22)

The convergence rate condition of m̂ (x ) is commonly assumed; see, e.g., Kennedy et al. (2017).

The following proposition further implies that, if we obtain �̂ (x ) through $̂ (t j x ) by method (i)

in Remark 26, the convergence rates in (4.21) and (4.22) are simultaneously attained as long as

$̂ (t j x ) satis�es a certain L 2-convergence rate uniformly for all x 2 X.

Proposition 5. Suppose regularity conditions 22 and 25 hold, and �̂ (x ) = E$̂ f 	 (X ,T ) j X = x g.

When $̂ (t j x ) satis�es supx 2X k$̂ (� j x ) � $ (� j x )kL 2 = oP (r$ ). Then (4.21) and (4.22) hold with

r 0

 = r 
 = r$ .

Theorem 16 summarizes the asymptotic results for the R-learner �̂ (x , t ) obtained by Algo-

rithm 5.

Theorem 16. Suppose Assumptions 8–10 and regularity conditions in Section C.5.1 hold, and

m̂ (x ), �̂ (x ) satisfy (4.20)–(4.22). Suppose further the conditions hold: (i) r 2

 ­

p
K log n =n ; (ii)

p
K log n =n � � n ; (iii) � �

p
K log n =n ; (iv) �̃ (x , t ) 2 � (p ,c ,X � T) for some p ,c > 0; and (v)

�̂ (x ) is trained via either one of the methods in Remark 26. Then for any (x0, t 0) 2 X � T, we have
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the general upper bound,

�
��̂ (x0, t 0) � � (x0, t 0)

�
� � r (n ,K , � n , � , rm , r 
 , r 0


 ), (4.23)

asn ! 1 . An explicit form of r (n ,K , � n , � , rm , r 
 , r 0

 ) is given in (C.106) in the Supplementary

Material.

Speci�cally, when � n � 1, p > d + 1, and r m , r 
 , r 
 0 ­ n � 1=4, we have

• (Consistency).When choosing K � n (d +1)=(2p ) and � � n � 1=2, the rate in (4.23) can be mini-

mized by
�
��̂ (x0, t 0) � � (x0, t 0)

�
� = OP (n � 1=2+(d +1)=(4p )); (4.24)

• (Limiting distribution). Suppose further the (2+ c0)-order moment condition,

sup
(x ,t )2X� T

E
�
jY � E(Y j X ,T )j2+ c0 j X = x ,T = t

	
< +1 , (4.25)

holds for some �xed c0 > 0. When choosing K � n � clt +(d +1)=(2p ) for any � clt 2 (0,1=2 � (d +

1)=(2p )) and � � n � 1=2, we have

p
n �̃ � 1

�
�̂ (x0, t 0) � � (x0, t 0)

	
  N (0,1), (4.26)

where �̃ is de�ned in (C.112) in the Supplementary Material.

• (Con�dence interval). Let �̂ be obtained by Algorithm 6 with �̂ (x , t ) satisfying k�̂ � � kX� T =

oP (1). Then we have
p

n �̂ � 1
�
�̂ (x0, t 0) � � (x0, t 0)

	
  N (0,1). (4.27)

In Theorem 16, we �rst state the upper bound of the ` 2-penalized R-learner with sieve

approximation. Condition (i) holds whenever r 
 ­ n � 1=4. Conditions (ii) and (iii) hold when

� n and � decay slowly with n . Condition (iv) speci�es the smoothness of �̃ (x , t ). Recall that

�̃ (x , t ) = � (x , t )� E f � (X ,T ) j X = x g. A suf�cient condition for condition (iv) to hold is that both

� and $ are in � (p ,c ,X � T). Therefore, our theoretical results do not rely on the smoothness

of the outcome model. Condition (v) covers the two training strategies of �̂ (�) introduced in

Remark 26.

The general upper bound r (n ,K , � n , � , rm , r 
 , r 0

 ) has a complicate form, thus we defer its

explicit form to the Supplementary Material. To ease the exposition, we consider a simple but

reasonable condition such that � n � 1, p > d + 1, and rm , r 
 , r 
 0 ­ n � 1=4 to elucidate results in

(4.24), (4.26), and (4.27). The asymptotic behavior of � n relies on the joint design of (X ,T ). One

suf�cient condition for � n � 1 to hold is that T follows complete randomization (Neyman et al.
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1990); see Lemma 15 (iii). The relationship p > d + 1 means that �̃ (x , t ) is smooth enough with

respect to its dimension. A similar condition is also considered in the theoretical analysis of

other sieve-type estimators; see e.g., Shi et al. (2022). We emphasize that assumptions like

� n � 1 and p > d + 1 are made mainly for succinct conditions and results. With more careful

bookkeeping, the consistency result remains valid, yet with a more complicated form of the

convergence rate, when p is slightly smaller than d + 1, and the limiting distribution results

still hold when � n is slowly decaying. Finally, the nuisance functions are estimated with the

oP (n � 1=4) rate, which are relaxed from the OP (n � 1=2) rate, demonstrating the robustness of our

proposed estimator to slower rates of convergence of nuisance function estimators. Similar

conditions are assumed in Nie and Wager (2021); Yadlowsky et al. (2018), among others.

Our consistency result (4.24) is attained after choosing K and � to balance the bias-variance

tradeoff. If a higher-order moment condition (4.25) holds, we further have the limiting distribu-

tion result (4.26), as long as we slightly increase K resulting in an undersmoothing estimator.

Similar conditions appear when studying the limiting distribution of the classic nonparamet-

ric sieve regression (Newey 1997). Finally, we propose a closed-form variance estimator �̂ 2

of �̂ (x0, t 0) in Algorithm 6, for any given (x0, t 0) 2 X � T. The variance estimator requires an

additional consistent estimator for � (x , t ) under L 1 norm. Such condition is common (e.g.,

Kennedy et al. 2017). Then we construct a (1 � c ) con�dence interval as

€
�̂ (x0, t 0) � zc=2

�̂
p

n
, �̂ (x0, t 0) + zc=2

�̂
p

n

Š
. (4.28)

We use zc to represent the (1 � c )-quantile of the standard normal distribution for any c 2 (0,1).

Remark 27 (Tuning parameter selection) . Theorem 16 indicates that, to attain the best theoreti-

cal performance of our proposed method, one needs to carefully select the tuning parameters K

and � and thereby balance the bias-variance tradeoff. The R-learner with sieve approximation

permits a closed-form solution (4.16). It allows a fast generalized cross validation-based algo-

rithm for selecting K and � ; see Section C.1. For inference, as illustrated in Theorem 16, one could

slightly increase the optimal K selected by generalized cross validation before constructing the

con�dence interval (4.28); the effectiveness of such strategy is further demonstrated by numerical

experiments in Section A.1.

4.4 Numerical experiment

We run simulations to evaluate the �nite-sample performance of our proposed methods.

With sample size n , we generate random samples f Zi gn
i =1, where Z takes the form of Z = f X =

(X (1),X (2)),T,Y g. The generating process of Z is as follows:
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• Generate X (1) � Bernoulli (0.5) and X (2) � Uniform (0,1).

• Generate T from one of the following generalized propensity score distributions:

– (Complete randomized experiment). Uniform (0,1);

– (Beta distribution). Beta (� X,1 � � X), where we set logit (� X) = (1,X (1),X (2))� with � =

(0.8,0.2, � 0.8)> . Such distribution has been considered by Kennedy et al. (2017,

Section 4).

• Generate Y = � (X,0) + � (X ,T ) + N
�
0,0.32

�
, where we set � (X,0) = X (1)X (2) + sin(2X (2)) +

(X (2))2, and

� (X ,T ) =

8
<

:

I (r0.5 � 0.5)v (r0.5) X (1) = 1

I (r0.5 � 0.5)v (r0.5) + I (r0.8 � 0.5)v (r0.8)=2 X (1) = 0
,

where ra is the Euclidean distance between (X (2),T ) and (a ,a ), and v (r ) = sin(2� r + �= 2)+

1 and I (�) is the indicator function.

To �t data, we �rst stratify the simulated data by X (1). We then �t each stratum by the ` 2-

penalized R-learner with sieve approximation stated in Algorithm 5, where 	 (x (2), t ) =  (t ) 


 (x (2)) and J = 6; here x (2) corresponds X (2). Both  (t ) and  (x (2)) are B-spline functions with

a quadratic degree and equally spaced knots over [0,1]. We select the optimal basis numbers

kT,op t and kX (2),op t for  (t ) and  (x (2)) and regularization parameter � op t by the generalized

cross validation-based algorithm in Section C.1, among a candidate pool L = f (kX (2),kT , � ) j

4 � kX (2),kT � 6, � = 0.005,0.01, . . . ,0.5g. We choose basis numbers for our proposed R-learner

under two scenarios:

(A) The dimensions of  (t ) and  (x (2)) are kT,op t and kX (2),op t .

(B) The dimensions of  (t ) and  (x (2)) are kT,op t + 1 and kX (2),op t + 1.

The nuisance functions are estimated via one of the following two strategies.

(i). Estimate m̂ ( j )(x (2)) via SUPERLEARNER, combining adaptive polynomial splines, adap-

tive regression splines, single-layer neural networks, linear regression, and recursive

partitioning-based regression trees. Estimate �̂ ( j )(x (2)) through method (i) in Remark 26.

When T is generated from the complete randomized experiment, $ (t j x (2)) is assumed

to be known as 1 over [0,1]2. When T is generated from the Beta distribution, we esti-

mate $̂ ( j )(t j x (2)) by estimating the parameters � of mean function � X through logistic

regression following Kennedy et al. (2017).
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(ii). Estimate m̂ ( j )(x (2)) in the same way as strategy (i). Estimate �̂ ( j )(x (2)) through method

(ii) in Remark 26, where the coordinate-wise regressions are conducted by the same

SUPERLEARNERalgorithm as for m̂ ( j )(x (2)).

We test the performance of our proposed R-learners at six different points of (x (1), x (2), t ), namely,

(0,0.25,0.25),(0,0.5,0.5),(0,0.75,0.75),(1,0.25,0.25),(1,0.25,0.75), (1,0.5,0.25); we term these

points pt1–pt6 for brevity. In each round of the simulation, we report the point-wise difference

between the estimated � (x , t ) and the true � (x , t ) as the estimation error. We further construct

90%con�dence interval (4.28) for each tested point, and check if it covers the truth; here �̂ is

estimated following Algorithm 6 and �̂ ( j )(x (2), t ) is trained by same SUPERLEARNERalgorithm

as for m̂ ( j )(x (2)). For comparison, we additionally report estimation errors of generalized S-

learner and X-learners (Künzel et al. 2019), which are introduced in details in Section C.2. In

our simulations, all regressions in S- and X-learners are performed by SUPERLEARNERsimilar

to m̂ ( j )(x (2)), yet additionally combining with random forest, XGboost, and Bayesian Additive

Regression Trees.

We run 500 Monte Carlo simulations under each setting. Simulation results when n = 2000

and T is generated under the complete randomized trial, are presented in Fig. 4.2. The top

panel of Fig. 4.2 shows the superior performances of our proposed method in terms of small

estimation errors over all simulation settings and tested points. Both Strategies (i) and (ii) for

nuisance function training produce valid results. The bottom panel of Fig. 4.2 shows that when

conducting proposed methods under Scenario (B), the empirical coverage rates are close to

90%for all points, meanwhile the estimation variance is slightly larger. Such observations verify

the theoretical claims in Remark 27, and show the effectiveness of our proposed con�dence

interval after undersmoothing. Additional results with T generated under the Beta distribution

and/ or n = 4000, are contained in Section C.4 with similar conclusions.

4.5 Real data application

We assess the heterogeneous causal effect of Oxygen saturation, a.k.a., SpO2 on a patient's

survival rate by analyzing the MIMIC-III clinical database (Johnson et al. 2016). The dataset con-

tains 11698female individuals and 9256male individuals. In MIMIC-III, medical information of

patients in intensive care units of the Beth Israel Deaconess Medical Center between 2001 and

2012, is recorded and followed up for the mortality. Recent retrospective study reveals that the

patients with SpO2s maintained at [94%,98%], are associated with decreased hospital mortality

(van den Boom et al. 2020). Tan et al. (2021) provide causal evidence of this clinical discovery by

estimating the heterogeneous effects of a binary treatment de�ned as the indicator of whether
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Figure 4.2: Simulation results under the setting when n = 2000and T is generated from the
uniform distribution based on 500 Monte Carlo simulated datasets. Different colors represent
simulation results of different methods. The top penal shows the box-plots of pointwise errors
for all comparative estimators, and the bottom panel shows the empirical coverage rates for
the proposed estimators excluding S- and X-learners for which con�dence intervals are not
available. Different methods are labeled in different colors and / or shapes: S-learner (Green), X-
learner (purple), proposed R-learner with the nuisance function estimated by Strategy (i) (light
blue/ triangle) or (ii) (light red / triangle) under Scenario (A) and with the nuisance function
estimated by Strategy (i) (dark blue / star) or (ii) (dark red / star) under Scenario (B).

Figure 4.3: Left penal represents the estimation of � (x , t ) as a function of t , where t is the SpO2
level, for male patients, where red line represents age= 65 and blue line represents age= 80;
all other covariates are set on the median levels. Red and blue bands are the corresponding
90%con�dence intervals. Similarly, right penal represents the estimation of � (x , t ) for female
patients.
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or not a patient's SpO2 is within [94%,98%]. We take SpO2 as the continuous treatment variable

T , and estimate its heterogeneous effect on the mortality outcome by our proposed sieve-type

R-learner; the outcome Y is 0 if a patient died due to sepsis and 1 otherwise. We thereby provide

a more nuanced causal analysis than the previous works. The individual-level covariates X in-

clude gender, age, weight, and Sequential Organ Failure Assessment score. We take SpO2= 94%

as control-level treatment, which is around the 0.05 quantile among all samples.

We implement our proposed method similar to Section A.1, where we choose the optimal

basis number under Scenario (A) and train nuisance functions through Strategy (ii). All con-

tinuous variables are normalized by �rst standardization and then mapping them through

the standard normal cumulative distribution function. The estimated � (x , t ) along with the

con�dence bands are presented in Fig. 4.3, where we vary the treatment SpO2from t = 94%to

t = 100%and consider individual levels crossing different genders and ages, meanwhile setting

other covariates at the median levels. We consider two age values: 65 and 90, which are roughly

the 0.5- and 0.8-quantiles among all samples, respectively. The U-shapes of the treatment

effect curves indicate that the causal effects of SpO2 are not necessarily “the higher, the better,”

and the optimal SpO2 percentages of different curves lie in [94%,98%]. These results comply

with the previous �ndings (van den Boom et al. 2020; Tan et al. 2021). We further �nd that

keeping other covariates unchanged, the optimal SpO2 becomes larger when age increases. In

addition, the increase of SpO2 from 98%to 100%is more harmful to older individuals' survival

probability. These �ndings shed new insights into optimal treatment strategies for patients

with sepsis.

79



CHAPTER

5

CONCLUSION

In Chapter 2, we analyzed the statistical behavior of RSVD algorithms under the assumption

that the observed matrix M̂ is generated according to a low-rank “signal-plus-noise” model.

In particular, we derived ` 2 and ` 2!1 perturbation bounds for Ûg , entrywise concentration

bounds for Ûg Û>
g M̂, and normal approximations for the row-wise �uctuations of Ûg . There

are several directions to pursue for the future research. Firstly, our upper and lower bounds

for d2 and d2!1 include factors depending on the rank k , condition number  and other

logarithmic terms. These factors are generally sub-optimal and can be sharpened with a more

re�ned analysis; see for example Remark 7 and the discussion after Theorem 6. Secondly, as we

shown in Section 2.3.2, our d2 and d2!1 bounds and the corresponding phase transition are

sharp whenever E satis�es a certain trace growth condition. This condition is satis�ed in the

context of random graphs inference and it is of some interest to �nd other statistical inference

problem where this condition also holds. Thirdly, the theoretical results of this paper currently

assume that g is bounded and that k � and  are either bounded or slowly growing. It is thus

natural to extend these results to more general settings, such as when k � grows with n at rate

n c for some c 2 (0,1), when the noise matrix E has more complicated entrywise dependence

structure, when the SNR is only of order ! (logc n ) for some c > 1, or when g ! 1 . We note

that these extensions are related, e.g., k � = 
 (n c ) for some c will, in general, require g ! 1 for

consistent estimation of U using Ûg . Fourthly, while subspace power iterations (as considered
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in this paper) is one of the most popular approach for RSVD, there are other approaches such

as those based on Krylov subspaces Musco and Musco (2015) and perturbation bounds in ` 2

and ` 2!1 for RSVD using Krylov subspaces may require quite different techniques than those

presented here. Finally, many modern dataset are represented as tensors and are analyzed

using higher-order SVD; these procedures generally �atten tensor data into matrices across

different dimensions and then compute the truncated SVD of the resulting �attened matrices

De Lathauwer et al. (2000); Zhang and Xia (2018). Statistical analysis of RSVD in the context of

noisy tensor data is thus of some theoretical and practical interest.

In Chapter 3, to ef�ciently estimate the principal causal effect with continuous strata, we

extend the local functional estimation framework in Chernozhukov et al. (2022, 2023). Our new

oracle EIF-invoked estimator serves as a valuable complement to the existing literature for

resolving computation and estimation dif�culties in this scenario. For future work, we suggest

three directions. Firstly, it is interesting to examine the relationship between the EIF and the

Riesz representation (Chernozhukov et al. 2022, 2023) of a target estimand for constructing

estimators with desirable statistical properties. While the Riesz representation is identical to

the EIF for some regular estimands such as the average treatment effect, it can be challenging

to determine for more complex problems. We hypothesize that the EIF can offer insights into

the Riesz representation in general, and plan to establish a formal connection in our future

research. Secondly, some key identi�cation assumptions, such as principal ignorability, are not

veri�able based on the observed data, necessitating sensitivity analysis to assess the robustness

of the proposed estimator against their violations. Similar to Jiang et al. (2022), sensitivity

models can be introduced to handle possible breaches of these critical assumptions. Finally,

while this thesis mainly focuses on semiparametric estimation of Loc.PCE, non-asymptotic

analysis of Cont.PCE estimation when h ! 0, as brie�y mentioned in Remark 22, as well as a

data-driven algorithm for optimal h selection, are also of interest for future research.

In Chapter 4, we propose the T-identi�cation strategy to identify CATE for the general-

ized R-learner. Built upon this new identi�cation strategy, we propose a new ` 2-penalized

R-learner framework that allows �exible models and machine learning methods for continuous-

treatment conditional average treatment effect and nuisance functions estimation. We have yet

only implemented the new R-learner framework by modeling h (�, �) with regression splines. We

can model h (�, �) with other machine learners, e.g., the random forest, and study the correspond-

ing theoretical property (Chi et al. 2020). There are various theoretical problems need to be

further investigated as well. For example, how to show the minimax optimality of our proposed

estimator? A very recent work has shown the minimax optimal and rate double robustness

of the original R-learner with a binary treatment (Bang and Robins 2005; Kennedy 2020). We

expect such theoretical results can be extended to the continuous-treatment R-learner.
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APPENDIX

A

SUPPLEMENTARY MATERIALS TO

CHAPTER 2

A.1 Numerical experiments

We perform simulations to illustrate our theoretical results. In particular, Section A.1.1 present

results for RSVD-based subspace estimation and community detection in SBM graphs (see

Section 2.3.3), Section A.1.2 presents results for RSVD-based PCA with missing data (see Section

2.4.2) and Section A.1.3 present results for matrix completion with noisy entries.

A.1.1 RSVD-based spectral clustering for SBM

We consider two-blocks SBM graphs with equal sized blocks and block probabilities matrix

B0 = � n

‚
0.8 0.3

0.3 0.8

Œ

.

Recall that � n is the sparsity scaling parameter. We consider three different values for � n ,

namely � n = 1 (dense setting), � n = 3n � 1=3 (semi-sparse setting I), � n = 4n � 1=2 (semi-sparse

setting II). As the edge probability matrix is of rank 2, we set k = 2. Let U and Û 2 Rn � 2 be the
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n � k matrix whose columns are the leading k singular vectors of P and A, respectively. Let Ûg

be the approximation of Û computed using Algorithm 2 for some choices of an ,g and k̃ that

are speci�ed subsequently.

Phase transition

We �rst verify the convergence rate for d2(Ûg ,U) and d2!1 (Ûg ,U) as we vary g and � n ; see

Section 2.2.1 and Section 2.2.2. For simplicity we only consider � n = 1 and � n = 3n � 1=3, and we

ignore any potential logarithmic factors in the convergence rate for d2(Ûg ,U) and d2!1 (Ûg ,U)

asn increases, i.e., we ignore the polylog terms in Eq. (2.19).

We apply rs-RSVD with two settings of an , k̃ , namely, (i) an = dlog n eand k̃ = 12; (ii) an = 1

and k̃ = 5dlog n e. For each combination of (� n ,an , k̃ ), we numerically estimate the polynomial

convergence rates of d2(Ûg ,U) and d2!1 (Ûg ,U) as follows. For each n = 2000, . . . ,7000 and

speci�c � n , we generate one realization of A with equal block sized and block probabilities

B0 and then compute Ûg via Algorithm 2 for each g 2 f 1,2, . . . ,5g. We then evaluate d2(Ûg ,U)

and d2!1 (Ûg ,U) and compare it against the theoretical error rate given in Section 2.3.1 by

running a simple linear regression between the (negative logarithm) of the empirical error

rate as the response variable against log n as the predictor variable. The estimated coef�cient
ˆ� are then recorded. We repeat the above simulations for 500 Monte Carlo (MC) iterations.

The box-plots of the estimated convergence rate ˆ� over these 500 iterations are presented in

Figure A.1. For comparison we had also included the (estimated) convergence rate for d2(Û,U)

and d2!1 (Û,U) (these are labeled as “true SVD”).

The results in Figure A.1 match the theoretical results presented in Theorem 5 and Eq. (2.19)

exactly. In particular we see no convergence when g = 1 and � n = 1, slow or no convergence

when g � 2 and � n = 3n � 1=3, and asymptotically optimal convergence when g � 2 and � n = 1

or g � 3 and � n = 3n � 1=3.

Exact recovery

We used the same simulation setting as that described in Section A.1.1 with n 2 f 1000, . . . ,5000g

and � n 2 f 1,3n � 1=3,4n � 1=2g. For each combination of (� n ,an , k̃ ) and for each n , we generate

an adjacency matrix A with equal sized blocks and block probabilities B0. We then perform

RSVD-based spectral clustering as described in Algorithm 2 with g � 3, where we use the

Gmedianlibrary in R to perform fast (approximate) K -medians clustering on the rows of Ûg .

For comparison, we also use Gmedianto perform K -medians clustering on the rows of Û.

We repeat the above steps for 500 Monte Carlo replicates. The proportion of times (among

these 500 replicates) in which the K -medians clustering of either Ûg or Û correctly recover the
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Figure A.1: The left panel reports box-plots of simulated ˆ� when rs-RSVD is implemented
with an = dlog n eand k̃ = 12. The right panel reports box-plots of simulated ˆ� when rs-RSVD
is implemented with an = 1 and k̃ = 5dlog n e. In both panels, the top plot reports the ˆ� for
d2(Ûg ,U) (x-axis: g = 1, . . . ,5) or d2(Û,U) (x-axis: True SVD) and the bottom plot reports the
ˆ� for d2!1 (Ûg ,U) (x-axis: g = 1, . . . ,5) or d2!1 (Û,U) (x-axis: True SVD). Box-plots for dense

(� n = 1) and sparse (� n = 3n � 1=3) graphs are in yellow and blue, respectively.

community memberships for all nodes are reported in Table A.1 and Table A.2.

From Tables A.1 and A.2 we see that Algorithm 2 exactly recover the underlying commu-

nity assignment with probabilities converging to 1 asn increases, provided that g � 2 when

� n 2 f 1,3n � 1=3gand g � 3 when � n = 4n � 1=2. These empirical results are consistent with the

theoretical results presented in Theorem 6, i.e., exact recover is guaranteed if and only if g > � � 1.

Note that � � 1 = 1 for � n = 1, � � 1 = 3
2 when � n � n � 1=3 and � � 1 = 2 when � n � n � 1=2. Finally we

note that if g = 1 and � n = 1 then RSVD-based spectral clustering occasionally recovers the com-

munity membership for all nodes. This is due to the fact that although d2!1 (Û1,U) = 
 (n 1=2)

with high probability, it does not prevent d2!1 (Û1,U) � � � where � � is the minimum ` 2 distance

between any two nodes i and j belonging to different communities; exact recovery is certainly

expected if d2(Û1,U) � � � .

Limiting distribution

We now illustrate the normal approximations for the row-wise �uctuations of Ûg , as implied by

Theorem 4. For brevity we �xed k̃ = 2 and an = dlog n e. Similar results are available for k̃ � log n

and an = 1. We generate a single realization of A on n = 10000vertices and � n = 4n � 1=2, with

equal sized blocks and block probabilities B0. Scatter plots of the rows of Ûg for g 2 f 1,2, . . . ,5g

as well as the rows of Û are presented in Figure A.2. From Figure A.2 we see that g � 3 is suf�cient
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Table A.1: Proportion of times that RSVD-based spectral clustering (g = 1,2,3) or the original
spectral clustering (OSC) exactly recover the memberships of all nodes; here an = dlog n eand
k̃ = 12. Standard errors are reported in parentheses.

Sparsity n g = 1 g = 2 g = 3 OSC
� n � 1 1000 0.098 (0.013) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)

2000 0.050 (0.010) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
3000 0.034 (0.008) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
4000 0.018 (0.006) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
5000 0.006 (0.003) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)

� n � n � 1=3 1000 0.000 (0.000) 0.938 (0.012) 1.000 (0.000) 1.000 (0.000)
2000 0.000 (0.000) 0.980 (0.006) 1.000 (0.000) 1.000 (0.000)
3000 0.000 (0.000) 0.980 (0.006) 1.000 (0.000) 1.000 (0.000)
4000 0.000 (0.000) 0.994 (0.003) 1.000 (0.000) 1.000 (0.000)
5000 0.000 (0.000) 0.998 (0.002) 1.000 (0.000) 1.000 (0.000)

� n � n � 1=2 1000 0.000 (0.000) 0.000 (0.000) 0.384 (0.022) 0.906 (0.013)
2000 0.000 (0.000) 0.000 (0.000) 0.688 (0.021) 0.986 (0.005)
3000 0.000 (0.000) 0.000 (0.000) 0.864 (0.015) 1.000 (0.000)
4000 0.000 (0.000) 0.000 (0.000) 0.956 (0.009) 1.000 (0.000)
5000 0.000 (0.000) 0.000 (0.000) 0.976 (0.007) 1.000 (0.000)

Table A.2: Proportion of times that RSVD-based spectral clustering (g = 1,2,3) or the original
spectral clustering (OSC) exactly recover the memberships of all nodes, among 500MC rounds;
here an = 1 and k̃ = 5dlog n e. Standard errors are reported in parentheses.

Sparsity n g = 1 g = 2 g = 3 OSC
� n � 1 1000 0.536 (0.022) 0.384 (0.000) 1.000 (0.000) 1.000 (0.000)

2000 0.616 (0.022) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
3000 0.674 (0.021) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
4000 0.600 (0.022) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
5000 0.626 (0.022) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)

� n � n � 1=3 1000 0.000 (0.000) 0.982 (0.012) 1.000 (0.000) 1.000 (0.000)
2000 0.000 (0.000) 0.996 (0.006) 1.000 (0.000) 1.000 (0.000)
3000 0.000 (0.000) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
4000 0.000 (0.000) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
5000 0.000 (0.000) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)

� n � n � 1=2 1000 0.000 (0.000) 0.000 (0.000) 0.604 (0.022) 0.914 (0.013)
2000 0.000 (0.000) 0.000 (0.000) 0.892 (0.014) 1.000 (0.000)
3000 0.000 (0.000) 0.000 (0.000) 0.974 (0.007) 1.000 (0.000)
4000 0.000 (0.000) 0.000 (0.000) 0.996 (0.003) 1.000 (0.000)
5000 0.000 (0.000) 0.000 (0.000) 0.998 (0.002) 1.000 (0.000)
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Figure A.2: Row-wise �uctuations for Ûg and Û for two-blocks SBM with n = 10000 and
� n � n � 1=2. (From top left to top right) scatter plots of the rows of Ûg when g � 3; (From bottom
left to bottom right) scatter plots of the rows of Ûg when g 2 f 4,5g, and the rows of Û. The
points are colored according to the true community assignments. The red dashed curves are
the 95% empirical con�dence ellipses, while the solid black curves are the 95% theoretical
con�dence ellipses given by Theorem 4.

for the rows of Ûg to be clustered into two clusters but g � 4 is necessary for the empirical 95%

con�dence ellipses of Ûg to match the theoretical 95%con�dence ellipses given in Theorem 4;

the scatter plots for g � 4 are also virtually indistinguishable from that for Û. In other words,

the more stringent threshold g � 2+ � � 1 in Theorem 4 is both necessary and suf�cient for the

normal approximations of Ûg ; note that for the current setting we have � n � n � 1=2 and hence

� � 1 = 2.

Additional simulation results with respect to � n = 1 or n = 1000, are further illustrated in

Figures A.3–A.5. Since our theoretical results are valid up to some rotation, we shall orthogonally

rotate the plots occasionally for the sake of better illustrations. Similar row-wise �uctuations

and the corresponding phase transition phenomenon with respect to g , can also been seen in

these additional simulations.
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Figure A.3: Second-order simulation for two-block SBM with n = 1000and � n � n � 1=2. (From
top left to top right) the scatter plots of row-wise vectors in Ûg with g = 1,2,3; (From bottom
left to bottom right) the scatter plots of row-wise vectors in Û)g with g = 4,5 and Û. The point
color re�ects the block membership of the corresponding row vectors. The red dashed curves
are the 95%empirical con�dence ellipses, while the solid black curves are the 95%theoretical
con�dence ellipses.
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Figure A.4: Second-order simulation for two-block SBM with n = 1000 and � n � 1. (From
top left to top right) the scatter plots of row-wise vectors in Ûg with g = 1,2,3; (From bottom
left to bottom right) the scatter plots of row-wise vectors in Ûg with g = 4,5 and Û. The point
color re�ects the block membership of the corresponding row vectors. The red dashed curves
are the 95%empirical con�dence ellipses, while the solid black curves are the 95%empirical
con�dence theoretical according to Theorem 4.
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Figure A.5: Second-order simulation for two-block SBM with n = 10000and � n � 1. (From
top left to top right) the scatter plots of row-wise vectors in Ûg with g = 1,2,3; (From bottom
left to bottom right) the scatter plots of row-wise vectors in Ûg with g = 4,5 and Û. The point
color re�ects the block membership of the corresponding row vectors. The red dashed curves
are the 95%empirical con�dence ellipses, while the solid black curves are the 95%theoretical
con�dence ellipses.
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Figure A.6: (Top Left) ` 2 recovery errors vs. p (here d = 3000,n = 1000,� = 1); (Top Right) ` 2

recovery errors vs. d (here n = 1000,p = 0.02, � = 1); (Bottom Left) ` 2 recovery errors vs. n (here
d = 3000,p = 0.02, � = 1); (Bottom Right) ` 2 recovery errors vs. � (here d = 3000,n = 1000,p =
0.02).

A.1.2 PCA with missing data

For this simulation study we used the same data generation mechanism as that described

in section 7 of Cai et al. (2021) but with larger values of d . More speci�cally we �rst sample

a d � n matrix X� whose columns are iid multivariate normal random vectors with mean 0

and covariance matrix U � U �> ; here U � is a d � 4 matrix whose entries are iid standard normals.

We then generate P
 (X) = 
 � (X� + E) where the entries of E are iid N (0, � 2), the entries of 


are iid Bernoulli (p ) and � denote the Hadamard product. The matrix P
 (X) represent a noisily

observed version of X� (with missing entries).

Given P
 (X) we compute Ûg using Algorithm 4 with k = 4, k̃ = 14, ad = dlog d eand g 2

f 1,2, . . . ,5g. We then record d2(Ûg ,U); here U denote the d � 4 matrix whose columns are the

leading eigenvectors of U � U �> . For comparison we also record d2(Û,U) where Û is the d � 4

matrix of leading eigenvectors of Q and Q is as de�ned in Eq. (2.32).

Figure A.6 reports sample means for d2(Ûg ,U) and d2(Û,U) as we vary the sampling proba-
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Figure A.7: Matrix plots for the true D (Left), partially observed D0.8 (Middle), and partially
observed D0.4 (Right).

bility p , data dimension d , sample size n , and noise level � ; these sample means are computed

based on 500 Monte Carlo replicates where we resampled the matrices U � ,E and 
 in each

replicate. Figure A.6 shows that Algorithm 4 yields nearly-optimal performance (as compared

to Û) when g � 3 for most settings of p , d , � and n . It is only when d is large with respect to n

that Û3 have worse performance compared to Û4, Û5 and Û. Finally, Û1 is always sub-optimal.

These observations are consistent with the theoretical results presented in Section 2.4.2.

A.1.3 Distance matrix completion

For this section we apply Algorithm 3 to recover the missing entries of a partially observed

Euclidean distance matrix. In particular we use the world_cities dataset containing the

locations of the 4428most populous cities around the world; this dataset is part of the mdsr
library in R. We �rst construct the 4428 � 4428 matrix D = [Di j ] whose elements are

Di j = (Loni � Lonj )
2 + (Lat i � Lat j )

2.

Here Loni and Lat i represent the longitude and latitude of the i th city, respectively. We then

sample a matrix D0.8 (resp. D0.4) by keeping roughly 80% (resp. 40%) of the entries in D, i.e.,

D0.8 = 
 � D where 
 is a symmetric matrix whose upper triangular entries are iid Bernoulli (0.8).

We now recover D from D0.8 (resp. D0.4) using Algorithm 3. As the entries of D are Euclidean

distances between points in R2, we have rk(D) � 4. We therefore choose k = 4, an = k̃ = 15

and g 2 f 1,2,5g, and let D̂(g )
0.8 (resp. D̂(g )

0.4) be the resulting estimate of D. For comparison we also

consider the spectral estimate D̂0.8 (resp. D̂0.4) obtained by truncating the exact SVD of D0.8

(resp. D0.4); see Keshavan et al. (2010) for more details.

A plot of the true distance matrix D and one random realization of the partially observed

D0.8 and D0.4 are presented in Figure A.7.The corresponding RSVD-based estimates and exact
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