ABSTRACT

YICHI, ZHANG. Statistical Inference with Randomized SVD for Signal-plus-noise Matrix Models
and Causal Inference with Continuous Interventions. (Under the direction of Minh Tang and
Shu Yang).

In modern data science, the analysis of big, complex, and noisy data presents significant
challenges. Various fields, such as neuroscience, geographical sciences, and stock data analysis,
often require valid statistical inference for large-scale matrix data, which can be computation-
ally demanding. In dose-response studies and economics, the traditional causal inference
framework, which assumes binary treatment variables, is insufficient. Instead, the treatment
variable may be continuous, leading to an infinite number of potential outcomes and making
causal evaluation more challenging. This thesis delves into the realm of modern data science,
tackling two specific research areas. Firstly, we focus on a statistical inference problem under
the general signal-plus-noise matrix model, when the randomized computation algorithm is
implemented to enable efficient computation. Secondly, we study two distinct causal inference
problems that emerge when working with continuous treatments and intermediate variables.

In Chapter 2, we focus on the randomized singular value decomposition (RSVD) as a
class of computationally efficient algorithms for computing the truncated SVD of large data
matrices. We first derive upper bounds for the ¢, and ¢,_,., distances between the RSVD-
based approximate singular vectors of the observation matrix and the true singular vectors.
These upper bounds depend on the signal-to-noise ratio (SNR) and the number of power
iterations g. We also show that the thresholds for g are sharp whenever the noise matrices
satisfy a certain trace growth condition. Finally, we derive normal approximations for these
approximate singular vectors and the entrywise fluctuations, and derive the nearly-optimal
performance guarantees of RSVD when applied to three statistical inference problems, namely,
community detection, matrix completion, and PCA with missing data.

In Chapter 3, we propose a fundamental tool for semiparametric principal stratification to
unveil the underlying causal mechanism involving continuous post-treatment intermediate
variables. How to estimate the principal causal effect with a continuous intermediate variable
(Cont.PCE), both efficiently and robustly, is an essential problem in causal inference. This
problem is typically challenging due to the nonidentifiability and nonregularity of Cont.PCE.
Inspired by recent research, we resolve these challenges by using a flexible copula-based
principal score model to identify Cont.PCE under principal ignorability, and then targeting at
estimating Cont.PCE’s local functional substitute (Loc.PCE), which accurately approximates
Cont.PCE and is statistically regular. We develop a novel strategy to reduce the complexity of



the full efficient influence function of Loc.PCE by considering its oracle-scenario alternative,
and thereby propose a simple-in-form and computationally efficient estimator for Loc.PCE.
We prove that our proposed estimator is doubly robust and semiparametrically efficient under
a general semiparametric scenario. The theoretical properties and numerical performance of
our proposed estimator are illustrated, and we apply it to two real-world datasets.

In Chapter 4, we generalize the R-learner, which has been popular in causal inference as
a flexible and efficient meta-learning approach for heterogeneous treatment effect estima-
tion, under the continuous-treatment scenario. To resolve the non-identification issue with
continuous treatment, we propose a novel two-step identification and estimation strategy,
acknowledging the use of Tikhonov regularization rooted in the nonlinear functional analysis.
Following the new identification strategy, we introduce an ¢,-penalized R-learner framework
to estimate the conditional average treatment effect with continuous treatment. The new
R-learner framework accommodates modern, flexible machine learning algorithms for both
nuisance function and target estimand estimation. Asymptotic properties are studied when
the target estimand is approximated by sieve approximation, including general error bounds
and asymptotic normality. Simulations illustrate the superior performance of our proposed
estimator. An application of our new method to the medical information mart reveals the
heterogeneous treatment effect of oxygen saturation on survival in sepsis patients.
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CHAPTER

1

INTRODUCTION

In this thesis, we focus on two demanding research domains within the realm of contemporary
data science, speci cally aiming to address the considerable large scale and complexity of
modern datasets. In Chapter 2, we derive an array of statistical inferential results, based on
the general signal-plus-noise model, leveraging the randomized singular value decomposition
(RSVD)—a substitute to the traditional singular value decomposition (SVD) method—for
implementing spectral methods to expedite computations (Halko et al. 2011b). Chapters 3 and
4 delve into two essential problems of causal inference dealing with continuous variables. In
Chapter 3, we present a doubly robust and semiparametrically ef cient estimator devised for
principal strati cation involving a continuous intermediate variable. Proceeding to Chapter 4,
we investigate the estimation of conditional average treatment effects (CATE) in situations with
a continuous treatment variable. To augment the exibility and ef ciency of CATE estimation,
we propose an innovative identi cation strategy and expand the widely-recognized R-learner
framework (Nie and Wager 2021) to cater to continuous-treatment scenarios.

In the subsequent sections, we outline the contexts and motivations of our research en-
deavours detailed in Chapters 2 through 4, respectively.



1.1 Introduction for Chapter 2

Spectral methods are popular in statistics and machine learning as they provide simple algo-
rithms with strong theoretical guarantees for a diverse number of inference problems including
network analysis Newman (2006); Rohe et al. (2011); Sussman et al. (2012), matrix completion
and denoising Achlioptas and McSherry (2007); Chatterjee (2015), covariance estimation /PCA
Johnstone (2001); Fan et al. (2013), non-linear dimension reduction and manifold learning
Tenenbaum et al. (2000); Belkin and Niyogi (2003); Coifman and Lafon (2006), ranking Chen
and Suh (2015); Chen et al. (2019), etc. A common unifying theme for many spectral algorithms
is, given a data matrix M, rst compute a factorization of M using the ubiquitous singular
value decomposition (SVD), then truncate this SVD to keep only the  k < minfm,ngleading
singular values and singular vectors, and nally perform inference using the truncated SVD
representation. The value k is usually chosen to be as small as possible while still preserving
most of the informationin M.

Classical algorithms for SVD, such as those based on pivotal QR decompositions and /or
Householder transformations, require  O(m?n) oating-point operations ( ops) assuming
m n and return the full set of m singular values and vectors, even when only the leading
k < m of them are desired; see Sections 5.4 and 8.3 of Golub and Van Loan (2013). The O(m?n)
ops is a severe computational burden when m is large. These algorithms also require random
access to the entries of M and are thus inef cient when M is too large to store in RAM. These
computation and memory issues limit the use of classical SVD in modern data applications.

Recently in the numerical linear algebra community, randomized SVD (RSVD) Rokhlin
et al. (2010); Halko et al. (2011b); Tropp et al. (2017); Musco and Musco (2015); Tropp et al.
(2019) had been widely studied with the aim of providing fast, memory ef cient, and accurate
approximations for the truncated SVD of large data matrices. In particular, suppose M isanm
n matrix and we are interested in ndingthe  k leading (left) singular vectors of M for some k
n . The prototypical RSVD algorithm Halko et al. (2011b) rst sketches M into a smaller matrix
Y=(MM>)9MG2R™ kwhereg 1andk k are user-speci ed parametersand G2 R"  is
a random matrix, and then uses the k leading left singular vectors of Y as an approximation
to the k leading left singular vectors of M. The parameter g is usually chosen to be a small
integer and k is chosen to be equal to or slightly larger than k. There are numerous choices
for G including Gaussian matrices, random orthogonal matrices, Rademacher matrices, and
column-subsampling matrices; see Mahoney (2011); Woodruff (2014); Kannan and Vempala
(2017) and the references therein.

The sketch-and-solve strategy of RSVD has several important practical advantages. Firstly, it
has a computational complexity of O(mnk ) ops and this can be furtherreducedto O(mn logk)



ops when the sketching matrix ~ Gis structured. These O(mnk )or O(mn logk) ops are also
very fast as the main operations are the matrix-matrix products ~ MXand M>X where X is either a
m korn k matrix; matrix products are highly-optimized on almost all computing platforms.
Secondly, itis “pass ef cient" Drineas et al. (2006); Halko et al. (2011b) and only requires  (2g + 1)
passes through the data; this dramatically reduces memory storage Golub and Van Loan
(2013); Lopes et al. (2020). Thirdly, RSVD also allows for data compression Cormode et al.
(2011) and can be adapted to a streaming setting Tropp et al. (2017). Many recent works have
discussed replacing the classical SVD with RSVD, see Tsiligkaridis and Hero (2013); Davenport
and Romberg (2016); Qiu et al. (2019); Hie et al. (2019); Li et al. (2020a); Erichson and Donovan
(2016); Askham and Kutz (2018); Orus (2019) for examples in covariance matrix estimation,
matrix completion, network embeddings, and dynamic mode decompositions.

Existing theoretical results for RSVD, such as those in Rokhlin et al. (2010); Halko et al.
(2011b,a); Saibaba (2019); Lopes et al. (2020), had mainly focused on the setting where M is
assumed to be noise-free; these results either bound the approximation error between Ug and
U or bound the difference between the low-rank approximation error of  j(I  UyU7)Mj and
thatof j(I UU~)Mj.Here U denote the true leading singular vectorsof M and j jj denote some
unitarily invariant norm. In particular these approximation error decreases if g (the number of
power iterations) and /or k (the sketching dimensions) increases. However, for many inference
problem, the observed matrix M is also noisy due to sampling and / or perturbation errors. More
speci cally it is often the case that M is generated from a “signal-plus-noise” model M =M +E
where M is assumed to be the underlying true signal matrix of M with certain structure e.g.,
(approximately) low rank and /or sparse, and E is the unobservable perturbation noise. As M is
a noisy realization of M, U is a noisy estimate of U, the leading singular vectors of M. Under
this perspective, the main aim is now to understand the relationship between Ug and U, and
we thus need to balance between the approximation error of Ug and the estimation error of U,
i.e., itis neither necessary nor bene cial to make the approximation error between Og and U
much smaller than the estimation error between U and U.

Estimation errors between U and U is a fundamental topic in matrix perturbation theory.
Classic results in matrix perturbation include Weyl's and Lidskii's inequalities Weyl (1912);
Lidskii (1950) for eigenvalues and singular values, and the Davis—Kahan Theorem and Wedin's
Theorem Davis and Kahan (1970); Yu et al. (2015); Wedin (1972) for subspaces; these results
make minimal assumptions on the perturbation matrices  E. The last decade has witnessed fur-
ther study of matrix perturbations from more statistical perspectives through the introduction
of additional minor assumptions on E and M such as the entries of E are independent random
variables and/ or the leading singular vectors of M has bounded coherence. Examples include
more re ned matrix concentration inequalities Tropp (2012); Rudelson (1999a); Oliveira (2010);



Ahlswede and Winter (2002), rate-optimal unilateral singular subspace perturbation bound
Cai and Zhang (2018), and ",; singular subspace perturbation bounds Abbe et al. (2020);
Fan et al. (2018); Eldridge et al. (2018); Mao et al. (2021); Cape et al. (2019a,b); Lei (2019). These
developments in turns lead to stronger statistical guarantees for many spectral methods; see
Chen et al. (2021b) for a recent and comprehensive survey.

In Chapter 2, we will study the perturbation error between Og and U under the "signal-plus-
noise” model described above. In particular we analyze a repeated sampling version of RSVD
(namely, rs-RSVD) with O(a,g mn) complexity where a, is the number of random sketches
and g is the number of power iterations of M; see Section 2.1. The choice a,, = 1 corresponds
to the PowerRangeFinderand SubspacePowerMethodescribed in Halko et al. (2011b);
Woodruff (2014); Musco and Musco (2015). Theoretical results for rs-RSVD, under a set of mild
and typically seen assumptions for E, are presented in Section 4.3.1. These results include
perturbation bounds for the difference in either ", or ",; norm between the approximate
singular vectors Ug of M and the true singular vectors U of M, normal approximations for
the row-wise uctuations of Ug, and entrywise concentration and normal approximations
for UgUZM M. The ,and “,; bounds exhibit a phase-transition phenomenon in that as
the signal-to-noise ratio (SNR) decreases, the number of power iterations g need to increase
to guarantee fast convergence rates; the phase transition thresholds are also sharp provided
that the noise matrices E satisfy a certain trace growth conditions. We then apply our theo-
retical results to three different statistical inference problems: community detection, matrix
completion, and PCA with missing data. For all three problems we show that the approximate
singular vectors Ug achieve the same or nearly the same theoretical guarantees as that for
the true singular vectors U; see Section 2.3 and Section 2.4. Our results thus provide a bridge
between the numerical linear algebra and statistics communities. For conciseness and ease of
exposition we only present results for symmetric M and M in the main thesis. Extension of these
results to the case of asymmetric M and M are provided in Section A.2 of the supplementary
document. Numerical experiments and detailed proofs for the main thesis are also included in
the supplementary document.

1.2 Introduction for Chapter 3

When an intermediate variable exists between treatment and outcome, identifying and inferring
treatment effects becomes more challenging compared to the classical “covariate-treatment-
outcome™ mechanism. Principal strata, de ned by the joint potential values of the intermediate
variable under both treatment and control, offer a principled way to understand such underly-
ing causal mechanisms (Frangakis and Rubin 2002). Principal strati cation involves comparing



causal effects between key strata or groupings of the data, often referred to as principal causal
effects (PCEs). PCEs have been useful in various applications, such as noncompliance and
truncation-by-death problems in clinical trials (Frangakis and Rubin 2002; Rubin 2006), surro-
gate evaluation in vaccinology (Rubin 2004; Gilbert and Hudgens 2008), and causal medication
analysis (Kim et al. 2019).

Like potential outcomes, potential intermediate variable values suffer from inherent missing
data because at most one potential value is observable. Therefore, additional assumptions are
necessary to identify PCEs. In this thesis, we consider principal ignorability (Jo and Stuart 2009),
an ignorability-type assumption for the intermediate variable analogous to the celebrated
treatment ignorability assumption (Rosenbaum and Rubin 1983). Principal ignorability has
been widely adopted in various applications (Follmann 2000; Hill et al. 2002; Jo and Stuart
2009; Stuart et al. 2015; Jiang et al. 2022). For a binary intermediate variable, Jiang et al. (2022)
establish various identi cation formulas for PCEs under principal ignorability and an additional
monotonicity assumption and derive the semiparametric ef cientin uence function (EIF). The
resulting PCE estimator exhibits desirable properties, e.g., triple robustness and semiparametric
ef ciency.

1.2.1 From a binary to continuous intermediate variable

In contrast to the noncompliance and truncation-by-death problems, one often encounters a
continuous intermediate variable in surrogate evaluation and mediation analysis. For exam-
ple, Follmann (2006) considers the immune response measured after randomization as the
continuous surrogate outcome for infection in vaccine trials. Schwartz et al. (2011) assess the
mediation effect of the continuous body mass index on cardiovascular disease. Zigler and Belin
(2012) evaluate the surrogacy of the continuous short-term CD4 count for a long-term clinical
endpointin AIDS clinical trials. The identi cation and estimation of PCE with a continuous
intermediate variable (Cont.PCE) are challenging due to in nitely many principal strata gener-
ated by a continuous intermediate variable. Previous attempts identify and estimate Cont.PCE
through parametric models (Gilbert and Hudgens 2008; Schwartz et al. 2011; Jin and Rubin
2008; Zigler and Belin 2012), which may suffer from model misspeci cation.

This thesis aims to develop an ef cient and exible semiparametric framework for the
identi cation and estimation of Cont.PCEs based on principal ignorability. This work can be
seen as an extension of Jiang et al. (2022), which, however, is non-trivial due to challenges in
estimand, identi cation, and estimation:

() The Cont.PCE is a non-pathwise differentiable estimand, making classical semiparamet-
ric ef ciency theory inapplicable for deriving an ef cient estimator.



(i) The monotonicity assumption used to identify PCE in Jiang and Ding (2021) fails to
identify PCE when the intermediate variable is continuous and may be implausible in
various applications, such as surrogate analysis.

(i) The resulting full EIF (cf. Section 3.2) is too complex to construct a computationally
feasible estimator, even after addressing (i) and (ii).

1.2.2 From perfectly localized estimand to local estimand

The non-pathwise differentiability of Cont.PCE, as mentioned in (i) above, presents a signi cant
obstacle in developing an ef cient estimator. To resolve this challenge, Chernozhukov et al.
(2022) focus on a speci ¢ non-pathwise differentiable estimand, namely, the  perfectly localized
functional #,?,

#Oz”!mo#h’ #,=E mW.,Y, ,Kng,) . 1.1)

where #,, is pathwise differentiable for h > 0. Here Y isthe response, W includes other variables,
O=E(Mjw=)m(w,y, ,Kkng,)isalinearfunctionalof (), andky4,()Iisapre-specied

smoothing function centered ata speci cvalue D =dyin W with bandwidth h > 0. Examples of

#,include the conditional average treatment effect and continuous treatment effect. This thesis

generalizes the original de nition of  #, by allowing W to contain unobserved variables and

proves that Cont.PCE is perfectly localized functional under proper identi cation assumptions

(cf. Proposition 3).

Instead of directly estimating the perfectly localized functional, Chernozhukov et al. (2022)
alternatively estimate its substitute, the local funcitonal # in (1.1) with a xed and suf ciently
small h > 0. They further propose a doubly robust estimator using Riesz representation. Switch-
ing from #,to #, as the target estimand has multiple advantages, as discussed in Chernozhukov
etal. (2022, 2023): (i) #, is pathwise differentiable and can be estimated semiparametrically
ef ciently; (i) #, servesasagood approximation of #,when h is small, thus ef cient estimation
of #,, translates to ef cient estimation of  #, up to a small localization bias; (iii) Inference on  #,
is more robust and does not rely on the localization bias. Following Chernozhukov et al. (2022,
2023), this thesis aims to construct a computationally and statistically ef cient estimator for
the local functional substitute of Cont.PCE (Loc.PCE). However, the paper deals with a more
complex setting than Chernozhukov et al. (2022, 2023) due to the unobserved variable in W
and an additional nuisance function. To address these challenges, a new oracle EIF-invoked
strategy is proposed for Loc.PCE estimation.

LChernozhukov et al. (2023) terms #, as the “local functional”. This thesis adopts the de nition in Chernozhukov
et al. (2022, De nition 2.2) to ensure consistent terminology.



Chapter 3 will be organized as follows. Section 3.1.1 provides the background for PCE
estimation. Section 3.1.2 motivates Cont.PCE estimation using a synthetic example in surrogate
analysis, while Section 3.1.3 presents the identi cation assumptions and formula for Cont.PCE.
Section 3.1.4 introduces Loc.PCE, the local functional substitute of Cont.PCE, as our target
estimand. The identi cation and estimation of Loc.PCE involve three nuisance models:

M i, treatment probability , the distribution of treatment given covariates;
M s: principal score, the distribution of intermediate variable given covariates & treatment;
M ,m: outcome mean, the conditional expectation of outcome given all other variables.

In Section 3.2, we derive the EIF of Loc.PCE under nonparametric nuisance functions. However,
the resulting EIF is too complex for a computationally viable estimator. Thus, we derive sim-

pli ed EIFs in two special scenarios: (i) the parametric scenario where M  is parametrically
modeled, and (ii) the oracle scenario where M ¢ is known. We construct our proposed estima-
tor using the oracle-scenario EIF, which is computationally feasible. In Sections 3.3.1 and 3.3.2,
we show that the proposed estimator is doubly robust and asymptotically normal. Interestingly,
our estimator attains the semiparametric ef ciency bound under the more general condition
when M ¢ is parametric, despite being derived using the EIF underthe M ,,-known scenario.
We also construct con dence intervals (CIs) for inference. In Section A.1, simulation results
corroborate our theoretical results. In Section 3.5, we apply the proposed estimator to two
real-world problems in surrogate analysis and causal pathway discovery.

1.3 Introduction for Chapter 4

Estimating heterogeneous treatment effects is fundamental in causal inference and provides
insights into various elds, including precision medicine, education, online marketing, and

of ine policy evaluation. Let T be atreatment, Y ® be the potential outcome had a subject
received treatmentlevel T =t, and X be pre-treatment covariates. The treatment effect het-
erogeneity can be quanti ed by

xX,t)=EY® YOjx=x, (1.2)

where t = 0is a reference treatment level. Early works of conditional average treatment effect
estimation focus on semiparametric models, including partially linear models (Robinson 1988)

and structural nested models (Robins 1994). Recent years have witnessed the rapid growth of
newly-developed methods with exible models; see, e.g., Chernozhukov et al. (2018); Wager



and Athey (2018); Kennedy (2020) and the references therein. One prevailing stream of works
includes nonparametric meta-learners including S- and X-learners (Kiinzel et al. 2019) and
R-learner (Nie and Wager 2021), which are model-free and can be implemented via any off-the-
shelf regression algorithm. S- and X-learners are tied to approximating the potential outcome
surfaces using, e.g., the Bayesian additive regression trees (Hill 2011), deep learning (Shalit et al.
2017), and the causal random forest (Wager and Athey 2018). However, they are not directly
estimating the treatment effect. On the contrary, the R-learner and its variants (Kennedy 2020)
target the treatment effect estimation. The R-learner capitalizes on the decomposition of the
outcome model initially proposed by Robinson (1988) in partially linear models and extends
for machine learning-based treatment effect estimation (Nie and Wager 2021). Notably, if
with the two nuisance functions estimated under exible models, the R-learner maintains the
oracle property of the treatment effect estimation as if the nuisance functions were known.
Despite these advantages, the current R-learner framework applies only to binary or categorical
treatments.

In this thesis, we extend the R-learner framework to estimate the conditional average
treatment effect exibly with continuous treatment. This extension is nontrivial in both identi-
cation and estimation. We rst employ the idea of Robinson's residual (Robinson 1988) to
construct the loss function of the conditional average treatment effect, which is a straight-
forward generalization of the binary-treatment R-loss considered by Nie and Wager (2021).
However, in sharp contrast to the binary-treatment case, we show that directly minimizing
the generalized R-loss fails to identify ~ (x,t) but a fairly large class of functions  (x,t)+ s(x)
for any s(x). We resolve the non-identi cation issue by invoking the idea of Tikhonov regular-
ization (Tikhonov et al. 1995) rooted in the non-linear functional analysis. To the best of the
authors' knowledge, this is the rst time that Tikhonov regularization is used to resolve a non-
identi cation problem for a target estimand. Speci cally, we modify the generalized R-loss with
an " ,-penalization and propose a novel identi cation strategy, which we call T-identi cation,
acknowledging the use of Tikhonov regularization. We show that the T-identi cation is able to
identify an intermediary ~(x,t)= (x,t) Ef (X,T)jX = xgandultimately (x,t).

Built upon this new identi cation strategy, we propose anew  ,-penalized R-learner frame-
work that allows exible models and machine learning methods for continuous-treatment
conditional average treatment effect and nuisance functions estimation. We elucidate the new
R-learning framework using the method of sieves for the conditional average treatment effect
and provide a thorough investigation of asymptotic properties. Unlike the classical sieve regres-
sion problem, theoretical analysis of the sieve R-learner involves low-rank matrices inherited
from the non-identi cation nature of the generalized R-loss. Our theoretical analysis utilizes
the toolkit in the matrix perturbation and matrix spectral analysis theory (Bhatia 2013). Under



standard conditions, we show that whenever the nuisance functions can be approximated
underthe op(n ¥™)-convergence rate, the convergence rate of our proposed estimator does not
rely on the smoothness of the outcome model but relies only on the smoothness of (x,t)and
the propensity score, the two intrinsic componentsin " (x, t). Within the sieve approximation
framework, we also clarify regularity conditions for point-wise convergence and asymptotic
normality of the R-learner, under which we propose a closed-form variance estimator and con-
dence intervals for inference. Our numerical experiments show the attractive performance

of our proposed R-learner in both estimation and inference. An application to MIMIC-III
data reveals the heterogeneous treatment effect of oxygen saturation on survival in sepsis
patients. All technical regularity conditions and proofs for the main paper are included in the
Supplementary Material. Estimating heterogeneous treatment effects is fundamental in causal
inference and provides insights into various elds, including precision medicine, education,
online marketing, and of ine policy evaluation. Let T be a treatment, Y ® be the potential
outcome had a subject received treatmentlevel T =t,and X be pre-treatment covariates. The
treatment effect heterogeneity can be quanti ed by

x,t)=EY® YOjx=x, (1.3)

where t = Qis a reference treatment level. Early works of conditional average treatment effect
estimation focus on semiparametric models, including partially linear models (Robinson 1988)
and structural nested models (Robins 1994). Recent years have witnessed the rapid growth of
newly-developed methods with exible models; see, e.g., Chernozhukov et al. (2018); Wager
and Athey (2018); Kennedy (2020) and the references therein. One prevailing stream of works
includes nonparametric meta-learners including S- and X-learners (Kiinzel et al. 2019) and
R-learner (Nie and Wager 2021), which are model-free and can be implemented via any off-the-
shelf regression algorithm. S- and X-learners are tied to approximating the potential outcome
surfaces using, e.g., the Bayesian additive regression trees (Hill 2011), deep learning (Shalit et al.
2017), and the causal random forest (Wager and Athey 2018). However, they are not directly
estimating the treatment effect. On the contrary, the R-learner and its variants (Kennedy 2020)
target the treatment effect estimation. The R-learner capitalizes on the decomposition of the
outcome model initially proposed by Robinson (1988) in partially linear models and extends
for machine learning-based treatment effect estimation (Nie and Wager 2021). Notably, if
with the two nuisance functions estimated under exible models, the R-learner maintains the
oracle property of the treatment effect estimation as if the nuisance functions were known.
Despite these advantages, the current R-learner framework applies only to binary or categorical
treatments.



In Chapter 4, we extend the R-learner framework to estimate the conditional average
treatment effect exibly with continuous treatment. This extension is nontrivial in both identi-
cation and estimation. We rst employ the idea of Robinson's residual (Robinson 1988) to
construct the loss function of the conditional average treatment effect, which is a straight-
forward generalization of the binary-treatment R-loss considered by Nie and Wager (2021).
However, in sharp contrast to the binary-treatment case, we show that directly minimizing
the generalized R-loss fails to identify ~ (x,t) but a fairly large class of functions  (x,t)+ s(x)
for any s(x). We resolve the non-identi cation issue by invoking the idea of Tikhonov regular-
ization (Tikhonov et al. 1995) rooted in the non-linear functional analysis. To the best of the
authors' knowledge, this is the rst time that Tikhonov regularization is used to resolve a non-
identi cation problem for a target estimand. Speci cally, we modify the generalized R-loss with
an " ,-penalization and propose a novel identi cation strategy, which we call T-identi cation,
acknowledging the use of Tikhonov regularization. We show that the T-identi cation is able
to identify an intermediary “(x,t)= (x,t) Ef (X,T)jX = xgand ultimately (x,t). We
elucidate the new R-learning framework using the method of sieves for the conditional average
treatment effect and provide a thorough investigation of asymptotic properties. Unlike the
classical sieve regression problem, theoretical analysis of the sieve R-learner involves low-rank
matrices inherited from the non-identi cation nature of the generalized R-loss. Our theoretical
analysis utilizes the toolkit in the matrix perturbation and matrix spectral analysis theory
(Bhatia 2013). Under standard conditions, we show that whenever the nuisance functions
can be approximated underthe op(n **)-convergence rate, the convergence rate of our pro-
posed estimator does not rely on the smoothness of the outcome model but relies only on
the smoothness of (x,t) and the propensity score, the two intrinsic componentsin  ~(X,t).
Within the sieve approximation framework, we also clarify regularity conditions for point-wise
convergence and asymptotic normality of the R-learner, under which we propose a closed-form
variance estimator and con dence intervals for inference. Our numerical experiments show
the attractive performance of our proposed R-learner in both estimation and inference. An
application to MIMIC-III data reveals the heterogeneous treatment effect of oxygen saturation
on survival in sepsis patients. All technical regularity conditions and proofs for the main thesis
are included in the Supplementary Material.
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CHAPTER

2

PERTURBATION ANALYSIS OF
RANDOMIZED SVD AND ITS APPLICATIONS
TO HIGH-DIMENSIONAL STATISTICS

2.1 Background and basic setup

2.1.1 Notation

Let a be a positive integer. We then write [a] to denote the set f1,..., ag For two sequences
fa,g, ;and fb,qg, 1, we write a, - b, if there exists a constant ¢ not depending on n such that
a, cb, forallbut nitelymany n 1;wewrite a, ¥ b, if b, - a, and we write a, b, if
a,- b,anda, ¥ b,.

Thesetofd d°matrices with orthonormal columns is denotedas Oy 4owhen d 6 d%and
is denoted as O4 otherwise. Let N; and N, be symmetric matrices. We write N; N, if N; N, is
positive semide nite and we write N; N, if N; N, is positive de nite. Let N be an arbitrary
matrix. We denote the ithrow of N by [N];, andthe ij th entry of N by [N];;. We write tr N and
rk N to denote the trace and rank of a square matrix N, respectively. The spectral and Frobenius
norm of N are denoted as kNk and kNkg, respectively. The maximum (in modulus) of the entries
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of N is denoted as kNk,. In addition we denotethe2 !1  normof N by
kNky; = le?;)ikNX k, = miax K[NTJ; k,
i.e., kNky; isthe maximum ofthe °, norms of the rows of N.We have the relationships
n ?kNk k Nky; Kk Nk, KNKpax K Nkpy  d™2kNKiax,

where n and d are the number of rows and columns of N, respectively. Given two matrices
U,20, gandU,20, 4,wedenetheir ",and ,; distancesas

dy(Uy,Uy) = V\i/%d kU;  UaWgk,

don (Ug,Uyp) = V\ilgéd kU;  UaWgkan

Recall that d,(U,,U,) P 2ksin  (U;,U,)kwhere (U;,U,) are the principal angles between U,
and U,. Furthermore, by the relationship between the spectraland  ",; norms, d,; Yyields
ner and more uniform control of the row-wise differences (up to orthogonal transformations)
between U, and U,. See Cape etal. (2019b); Lei (2019); Damle and Sun (2020); Abbe et al. (2020);
Chen et al. (2021b) for further discussions of the d,; and its uses in matrix perturbation
inequalities and statistics applications.

2.1.2 Signal-plus-noise perturbation framework

For ease of exposition we restrict ourselves to the case when the observed matrices are symmet-

ricin the main thesis. The general case of rectangularand /orasymmetric matrices are presented
in Section A.2 of the supplementary document. Fora n n symmetric matrix M =[m;; ] with
rk(M) =k , we consider the additive perturbation

M=M+E,

where Eisan n symmetric noise matrix; we shall generally assume that M and E are unob-
served i.e., we observed only M. Denote the eigendecompositions of M and M by

N E, &E
€ S 0 u>
M:: U U7 )
0 5, UZ
N E, &E 2.1
. € ST o0 0 @D
M=U U, ~ ~
o , U;
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where =diag( 4,..., )and = diag(Al,...,Ak )arek k diagonal matrices containing
the k largest (in magnitude) nonzero eigenvalues of M and M, respectively. Let =] ;= | j
denote the condition number for the rst  k eigenvalues of M.

We focus mainly on the setting where M has an approximately low-rank structure, i.e.,
both k and are either bounded or slowly diverging; we say that a quantity z depending
on n is slowly diverging if jzj = O(logn)asn !'1 . These low-rank assumptions appear
frequently in many inference problems for high-dimensional matrix-valued data including
community detection in graphs, matrix completion, and covariance matrix estimation; see e.g.,
Eldridge et al. (2018); Abbe et al. (2020); Fan et al. (2018); Cape et al. (2019a); Montanari and
Venkataramanan (2021); Cai et al. (2013) among others. We now make an assumption on  kEKk.

Assumption 1 (Signal-to-Noise Ratio) . LetS, = kMk. There exists xed but arbitrary constants
> 0,Ny > 0 and a quantity E , dependingonn suchthatS,=E, ¥ n and

prkEk E, 1 n S (2.2)

whenevern N,. We view E, as the noise levelofEandn  as a lower bound on the SNR.

Assumption 1 provides a concentration inequality for ~ kEk in terms of kMk and the signal
to noise ratio (SNR) n . Asd > 0, Assumption 1 guarantees that S, E, and hence, by
Weyl's inequality, there exists with high probability a suf ciently large gap between the leading
eigenvalues of M (as induced by the signal M) and the remaining eigenvalues of M (as induced
by the noise E). This allows us to relate the singular vectors of the sketched matrix M9G to
the leading singular vectors of M asg increases. We show in Section 4.3.1 that, as the SNR
decreases, we need larger values of g to accurately recover the singular subspace of M from
that of M9G.

We emphasize that Assumption 1 generally holds if E is a symmetric matrix whose upper
triangular entries are independent mean 0 random variables. Examples include the case where
the entries of E are either Gaussian random variables with variances bounded by n ®*2 )s?
or bounded random variables with variances bounded by n ®*29S?; see e.g., Corollary 3.9 in
Bandeira and Van Handel (2016) or Theorem 1.4 in Tropp (2012) for a justi cation of these
claims. Furthermore the lower bound 1 n ©in Eq. (2.2) is somewhat arbitrary and is chosen
mainly for convenience. Indeed, the above cited results also show that for any constant ¢ >0
there exists a constant C > 0 depending only on c¢ suchthat kEk C E, with probability at least
1 n . Thisconstant C canthen be subsumed into the de nition of  E, without changing the
SNRn Y. Assumption 1 can also hold when the entries of E are not mutually independent. See
for example the presentation of PCA with missing data in Section 2.4.2, i.e., the matrix Ein
Section 2.4.2 isis of the form E=ZZ> M where M is a deterministic symmetric matrixand Z
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isad m matrix whose entries are independent random variables. The product  ZZ> creates
dependence between the upper triangular entries of E.

Finally we note that the noise level E, in Assumption 1 is possibly decoupled from the
signal strength §,. This is intentional as it allows us to obtain more general theoretical results
that can then be applied in diverse settings. For example in Section 2.3 we consider the random
graphs setting wherein the entries of M are binary random variables with E [Mi;]=m;;. The
distribution of E therefore depends only on M and thus E, is also a function of S, . In particular
nd E, Snl:2 and so as the signal level S, decreases (for example either by decreasing the
number of non-zero entries and / or their magnitudes) the SNR also decreases and inference
using M becomes harder. In contrast, for the problems of matrix completion and PCA with
missing data discussed in Section 2.4, the distribution for E depends on other parameters
distinct from M and it is thus possible to reduce both S, and E, without changing the SNR,
thereby not affecting the general behavior of M.

2.1.3 Randomized SVD with repeated sampling

Given M we wish to nd the eigenvectors U associated with the k largest eigenvalues (in
magnitude) of M. One popular and widely used approach for nding U is via randomized
subspace iteration. More speci cally we rstsamplean n k matrix G whose entries are iid
standard normals and compute Y = M9G for some positive integer g 1. Now let Og bethen k
matrix whose columns form an orthonormal basis forthe  k leading left singular vectors of Y.
The matrix U, U7 M is a low rank approximationto M and we can take U, as an approximation
to U. We note that k, the number of columns of G, is often chosen to be slightly larger than  k
in order to increase the probability that the column space of Y also include the column space
of U; empirical observations suggest that k = k +5or k = k + 10is suf cient for most practical
applications (Halko et al. 2011b, Section 1.3). For more discussion on randomized subspace
iteration, see Section 4.5 of Halko et al. (2011b), Section 11.6 of Martinsson and Tropp (2020),
Section 4.3 of Woodruff (2014), and Musco and Musco (2015). Recently, Lopes et al. (2020) has
purposed a data-driven bootstrap algorithm to estimate the approximation error of sketching
SVD, which might also be adapted to select k for the general RSVD in practice.

This chapter considers a generalization of the above procedure in which we sample inde-
pendentrealizations G,,G,,...,G,, and choose the G which maximizes k(l\?lgGa); here ()
denotes the kth largest singular value of a matrix. We term the resulting procedure as repeated-
sampling randomized SVD ( rs-RSVD); see Algorithm 1 for a formal description. The RSVD
with no repeated sampling as above is also included in this chapter's theoretical framework by
letting a,, = 1. The main rationale for the repeated sampling step is that letting  a, > 1 allows us
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to choose k = k . which resultsin MG having the smallest number of columns while still ob-
taining an estimate Ug of U that is qualitatively similar to that when k >k ; see the theoretical
results in Section 4.3.1 and the numerical experiments in Sections A.1 in the Supplementary
File for demonstrations of this claim. In addition, if M arises from the additive model described
in Section 2.1.2 then k = k also leads to simpler theoretical results compared to k>k .

Remark 1 (Implementation details for Algorithm 1) . For ease of exposition we had written
steps 1-3 of Algorithm 1 as if there were a,, different sketchesfM?G, g, a, - As the computation
of M9G, involves g passes through the data matrix M, having a, > 1 is undesirable if we then
require a, g passes, especially when the dimensions oM are large. In practice we can combine all
a, ldifferent sketches into a single sketch, i.e., as thef G, gare iid, we rst generate a standard
Gaussian matrix G with n rows and anE columns, compute a single sketched matrix MYG , and
then form the fM?G,g, a, DY sequentially extracting (without replacement) k columns from
M9G . The number of passes through the data is then still g. We can also replace Algorithm 1
with a more numerically stable albeit algebraically equivalent version wherein one periodically
orthonormalizes M9°G (using QR decomposition) for g°< g before computing M9I™*1G; see (Halko
et al. 2011b, Remark 4.3) and Martinsson et al. (2010). This extra orthonormalization step has
no impact on the theoretical results presented subsequently.

Remark 2 (Sketching with g = 1). If we set both a, = 1and g = 1 in Algorithm 1 then we get
the “sketched SVD” algorithm described in Lopes et al. (2020); Mahoney (2011). Sketched SVD is
very useful when M is too large to store in fast memory as the procedure only requires one pass
through the data. However, as we will show in Section 2.3, setting g = 1 leads to poor estimates of
U using rs-RSVD unlessk  k ;indeed the theoretical analysis in this chapter can be extended to
showthatif g = 1thenk = (n)is possibly necessary to guarantee accurate estimation ofU using
rs-RSVD; the choicek = (n) has recently been considered by Yang et al. (2021b),which helps to
establish precise asymptotically exact results in the context of sketching PCA. In practice, it is
usually preferable to choose k as small as possible, thus we will not present theoretical results for
theg =1,k = (n)regime as it detracts from the main message of current thesis.

2.2 Theoretical results

We now present large-sample deviation and uctuation results between the approximate
singular vectors Ug of M (as obtained via rs-RSVD) and the true singular vectors U of the signal
matrix M. In particular Sections 2.2.1 and 2.2.2 give high-probability ", and ",; perturbation
bounds (deviations) of Og. The normal approximation for the row-wise uctuations of Dg is
given in Section 2.2.4.
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Algorithm 1: rs-RSVD
Input: M2R" ", rank k 1 and sketching dimension k Kk.Integersa,,g 1.

1. Generate a, iid standard Gaussian sketching matrices G,,...G, 2 R" R;
2.Fora 2 [a,], form M9G, by computing MG,,M(MG,),...,M(M? 1G,);

3.Fora 2 [a,], compute the exactSVD of M9G, and retain the k leading singular values
f (M9G,)g  of M9G, andthe n k matrix of corresponding left singular vectors
0@:-
g
4.Choosed = argmax,,, | «(M9G,)and G= G;. Let Uy = U@,

5. Let "~ ~ be the singular values of USI\?I.
Output: Estimated singular vectors Ug, singular values f ™ 4,..., " g, low-rank
approximation M=U0,07Mor M =3 0 07M+ M0, 0> .

We rstintroduce some notation. Let the SVDs of M9G and M9G be denoted as

MeG:=U, .V
g 9%¢g o CE,A E
R € S 0 Ve (2.3)
MéG:= U, U4, 7 . .9
0 - (/5
where ¢ =diag( ,..., x)and Ag=diag(Al,...,Ak)contain the largest k singular values

of M9G and M9G, respectively. Recall that we assumed rk(M) = k . The following proposition
shows that the leading singular vectors of M?G and M are equivalent.

Proposition1. LetG2R" k be a Gaussian random matrix with k k. Letg be a nite positive
integer. Thend,(Uy,U)=d,; (Ug,U)=0almost surely.

Proposition 1 requires the sketching dimension  k to be no smallerthan k , the rank of M,
but allows for g to be any positive integer. This requirement also indicates that the sketching
of M is generally more dif cult compared to thatof M, even when kM Mk = o (kMKk) with high
probability. Indeed, M is usually full-rank and hence the leading k singular vectors of M9G
need not be close to that of M for any arbitrary g.

Remark 3. (Known k ) In this chapter we focus on the scenario where the parameter k in
Algorithm 1 is correctly speci ed, i.e., k = k , and thus k is used interchangeably with k in
the following theoretical results. In practice k might be unknown and need to be estimated.
There are a large number of methods for estimating k consistently and a few representative,
but by no means exhaustive, references include Onatski (2010); Zhu and Ghodsi (2006); Ahn
and Horenstein (2013); Han et al. (2019); Yang et al. (2021a). We note, however, that all of
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the approaches described in these references require knowing the leading singular values of
M and this is possibly problematic in the context of RSVD if these singular values have to be
rst computed using some classical SVD algorithm. Estimation of k can also be done within
rs-RSVD itself using similar ideas to that in Sections 4.3 and 4.4 of Halko et al. (2011b) and
while we surmise that the consistency of the these estimates are reasonably straightforward to
establish, they nevertheless involve additional notations and derivations. We thus decided to
leave the simultaneous estimation of k and U using RSVD for future work.

Remark 4 (Distribution for G). In addition to standard Gaussian, other distributions for G such
as uniform and Rademacher distributions have also been studied Mahoney (2011); Woodruff
(2014); Kannan and Vempala (2017). We focus on the Gaussian distribution mainly for ease of
exposition; any distribution for which G satis es Proposition 1 and Lemmas 4-5 in the Supple-
mentary File, will also lead to the same theoretical results as that presented in Theorems 1-3 of
this chapter. In particular if Gis such that prfrk(U”G) = k g= 1then Proposition 1 holds. If G
has iid sub-Gaussian entries then Lemmas 4-5 also hold (using existing results on the smallest
singular values of random matrices from Rudelson and Vershynin (2010)). Thus the main theo-
rems of this chapter remain unchanged if the entries of G are uniformly distributed. The case
where G is Rademacher requires further analysis as prfrk (U”G) = k g< 1 and Proposition 1 no
longer holds.

2.2.1 ", errorbound

Proposition 1 implies the almost-sure equivalence between Uy and U. Thus, to obtaina
perturbation bound between Ug and U, we can alternatively study the ", perturbation between
U, and Ug; Recall that U, and U, are the left singular matrices of M9Gand M9G. We rst derive
an upper bound for kM9G M9Gk using the expansion for M9 M9 introduced in Lemma
2; see Theorem 18. This upper bound depends on the SNR as well as several quantities that
depend only on the sketching matrix G. We bound the quantities depending on G separately
(see Lemma 4 and Lemma 5) and thereby obtain the following result.

Theorem 1. LetM = M+ E where M and E satisfy the conditions in Assumption 1. Let G be gener-
atedviaAlgorithm 1witha xed g 1,a,- log?n,andk k .Denote# := maxf1,k *2log*?ng
We then have, with probability atleast 1 n 5,

MIG MG - n*2EZ+I1(g 2) #k'7S? 'E,. (2.4)
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Furthermore, ifg  1+(2d) ! then the above bound can be simpli ed to
kMIG MOGk- #k'?S? 'E,. (2.5)

By Wedin's Theorem Wedin (1972), the spectral-norm concentration in Theorem 1 together
with the lower bound for | (M9G) in Lemma 5 yield the following bound for  d,(Ug, U).

Theorem 2. Suppose Assumption 1 hold, and that Ug is generated via Algorithm 1 for some
k k satisfying either one of the following three conditions:

(@) bothk and k are xed.
(b) kis xedand k is growing with n.
(c) k is growing with n and k CqapK fOrany xedc 440> 1.

Assume the condition number  satises = 0(S,=E,). Choosea, dCk !lognewhere C is

a constant not dependingon n. Thenforany g 1+(2d) ! we have, with probability at least
1 n >

d,(Ug, V) P ksin (Og,U)k- # 9%. (2.6)
Recall # is de ned in Theorem 1.
Remark 5. We now make a few technical remarks concerning Theorem 2.
1. If (2d) < g < 1+(2d) *then aweaker bound than Eq. (2.6) still holds, namely
d,(U4,U)- n*?k 2 g€g% +1(g 2# gg (2.7)

with probability atleast 1 n °. The upper boundin Eg. (2.7) diverges and thus becomes
trivialwheng  (2d) *; indeed, we always have d,(U,,U) P3

2. The constant C in Theorem 2 does not depend on n but can depend on other parameters
such as k,k and Cgap- More speci cally the proof of Lemma 5 shows that

« C depends only on k and k under scenario (a).

e C 15under scenario (b).

 C depends only on ¢y,, under scenario (c) with C decreasing as cgy,, increases.

3. The error bounds given in Theorem 2 also hold for d 2(\‘/g,vg).
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4. The bound in Eqg. (2.6) depends on the condition number  and large values of can lead
to sub-optimal bounds. Nevertheless the bound in Eq. (2.6) is meaningful provided that
=O(n )forany < 2d2=1+ 2d).

Theorem 2 also yields a perturbation bound between the (approximate) singular values

1,--+,  Obtained from Algorithm 1 and the true singular values 1y--y K OF M.

Corollary 1. Assume the setting of Theorem 2. Letf ~; q<:1 be the output of Algorithm 1 and

1 « be the leading singular values of M. Thenforg 1+(2d) we have, with probability
atleastl n ° maxuj”  j- # 9E,.
Assumption 1 together with Weyl's inequality implies that ~ max-;j -j- E, with high

probability where - are the (exact) leading singular values of M. Corollary 1 thus indicates that
the estimation error rate of " is the same as that for " ., up to some factors depending on the
conditional number and #; recall that # = O(1)when k log@n and is either bounded or,
at most, slowly-diverging.

2.2.2 "1 normerror bound

We now study the ",; perturbation between Ug and U. Asthe ",; norm s generally more
stringentthanthe ", norm, we introduce an additional assumption on the row-wise uctuations
of E9 forg 2.

Assumption 2. There exist positive constants > 1 and Ny > 0such that, forany n Ny, any
positive integer g logn, any standard basis e; 2 R", and any vector u 2 R" not dependent on
E, we have with probability atleast 1 n ®that

n;f»]( e E% Cy E(logn) 9ku Kyax, (2.8)
1Z[n

Here g, is the i th basis vectorin R" and C,; is a nite constant depending possibly on Ng but
notonnandg.

The concentration bound in Eq. (2.8) appears frequently in the literatureon "5,  perturba-
tion, see e.g., Rohe and Zeng (2020); Netrapalli et al. (2014); Eldridge et al. (2018); d'Aspremont
etal. (2021); Cape et al. (2019a); Mao et al. (2021), and is satis ed by a large class of random
matrices E. More speci cally, Proposition 2 below shows thatif  E is a (generalized) Wigner
matrix whose entries are independent mean 0random variables with subexponential tails then
E satis es Assumption 2. Proposition 2 is motivated by Remark 2.5in Erd os et al. (2013) and
we will use it to verify Assumption 2 for the noise matrices considered in Sections 2.3 and 2.4.
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We also note that the probability lower bound 1 n 8of Eq. (2.8) is somewhat arbitrary and is
chosen mainly for convenience. Indeed, Proposition 2 shows thatforany ¢ > Othere exists a N,
depending on c such that the left hand side of Eq. (2.8) holds with probability at least 1 n ¢
whenever n > N,. See also the discussion after Assumption 1.

Proposition 2. LetE=[g;]bean n matrix whose entries (or upper triangular entries if Eis
symmetric) are independent zero-mean random variables. Suppose that there exist a constant
C; > 0notdepending on n and a quantity g ,, such that

0 . .q0 o
q ’Eje;=E,j® C/n ‘'

forall i 2[n],j 2[n], and integer g°2 [2, (logn)*'99n]- here A, 10is a xed constant, E, is
the quantity appearing in Assumption1,and q,!1 asn!l .Thenforany xed constant
> 1,anyintegerg logn, and any vector u 2 R" not dependent on E, we have

max e’ E%u  2E9(logn) 9ku Kmay

i2[n] ! n
with probability atleast 1 exp (logn) ,providedthat n N.HereN and are constants
depending only on C4, , and the divergence rate of q,.

We now provide two simple examples illustrating the use of Proposition 2.

Example 1 (Bernoulli Entries) . Let Cg, > 0 be a nite constant not dependingon n. LetE=
[e;]2R" " be a symmetric matrix with independent upper triangular entries such that, for all
(i.j)2[n]?wehavee; =1 C;; , withprobability C; ,ande;= C;; , withprobability
1 G ,, forsomeCi; < Cg. Suppose furthermorethat , 2[0,1]satisesn ,!1 asn!l
This type of matrix E appears frequently in random graph inference; see Section 2.3. Now let
E, =(n ,)¥2. If g = 1then Eq. (2.8) follows from Bernstein's inequality with = % (see e.g.
Lemma 16 in Abbe et al. (2020)). Now suppose that g 2 and let g, = E,. Then, after some
straightforward algebra, we have (1) E[E] = 0 and (2) there exist some C; > 1 such that for all
9° 2,

al’ ’Eje; =E,j° (0 ) 'Eje;i Cin

where the rstinequality is because je;j< 1forall (i,j)2[n]* The matrix E satis es the condi-
tions in Proposition 2 and hence E satis es Assumption 2.

Example 2 (Sub-Gaussian Entries). LetE=[g;]2 R" " be symmetric with independent zero-
mean sub-Gaussian entries whose Orlicz-2 norms are bounded from above by ﬁ LetE, =
P 2n ,.If g = 1then Eq. (2.8) follows from a general version of Hoeffding's inequality (see e.g.,
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Theorem 2.6.3in Vershynin (2018)) with = % Nowsupposeg 2. Wethenhavepr(n'Zje; =E,]
x) exp( x2)(Vershynin 2018, § 2.5.2) which implies the moment condition

: o (9%=2)9%
Ele; :E”Jgo n 92
Let Ag = 10, g, =(2n)*?f(logn)009'o9ng 12 and C, = 2, we have

0=2)9=2 _ g%=2
no=2

0 1

q¢° 2Eje; =E,j® n9? L(g%2) o219 c¥n 1,

We have thus veri ed all conditions in Proposition 2 hence E satis es Assumption 2.

Given Assumption 2, the derivation of our d,; bounds proceeds as follows. We rst
combine the Procrustean matrix decomposition in Theorem 3.1 of Cape et al. (2019b) with the
series expansion for MG M9G given in Lemma 2. This yields an expression for d .y (LAJg ,U)
that depends mainly on two type of terms, namely (1) terms of the form kE®Xk,; for some
matrix X of dimensions R" X or R" K where X does not depend on E, and (2) terms of the form
kX> Gk for some X2 O,  notdepending on G. The terms kE®Xk,,; are bounded using the
concentration inequality in Assumption 2 while the terms ~ kX> Gk are bounded in a similar
manner to those in Theorem 2; see Theorem 20 and Lemma 4 to Lemma 6 in the Supplementary
File, for more details. In summary we obtain the following result.

Theorem 3. Assume the setting of Theorem 2. Further assumeE satis es Assumption 2. If g
1+(2d) ! then, with probability atleast 1 n 3,

~ E
dag (Ug,U)- o kUkap . (2.9)

S
Here ,:=(logn) # 9«2 and = ifeither g>1+(2d) *orkUk,; ¥n c<Z?forsome 2
[0,1); the constant  is de ned in Assumption 2. Otherwise, if g=1+(2d) !,then = g+ 1=2.

The upper bound in Eq. (2.9) decreases with kUk,; . Furthermore,as U2 O, ,, we have
k¥¥n 2 Kk Uky, k= always. The quantity ¢kUK3,;
and Recht (2009). A matrix U with n2kUk,,; - 1is said to have bounded coherence; bounded

coherence for U is a prevalent and typically mild assumption in many high-dimensional

is termed the coherence of U Candes

statistics problem including matrix completion, covariance estimation, subspace estimation,
and random graph inference; see e.g., Candes and Recht (2009); Fan et al. (2018); Lei (2019);
Abbe et al. (2020); Cape et al. (2019b); Cai et al. (2021) and the examples in Section 2.3 and
Section 2.4 of this chapter.
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Remark 6. The upper bound in Eq. (2.9)requiresg 1+(2d) ! and is slightly sharper when g >
1+(2d) Yindeed = ifg>1+(2d) *while = g+1=2ifg=1+(2d) *and kUky;, n 2.
This difference is, however, very minor. Indeed, as g is an integer, g = 1+ (2d) ! is possible only
when d=(2") forintegers® 1.If g <1+(2d) !then asimilar boundto Eg. (2.9)is available,
albeit with a provably worse upper bound, i.e., with probability atleast 1 n °,

dan (Og,U)' E,l)kUkzll + ,(12), (2.10)

where Mand @ are de nedin Eq. (A.57)and Eq. (A.58) of the supplementary.

Remark 7. For ease of exposition we have stated Eq.(2.8) in terms of a single > 1 for all
g 2f1,2,...,logng We can instead assume that there exists a non-decreasing and bounded
sequence 4 suchthat, forallg logn we have

rlr;%>]< e E%u  Cyy EZ(logn) s9Ku Ky,
with probability at least 1 n 8. Then Theorem 3 still holds under the above assumption but
with = ; and this allows for a more precise control of the factor , in Eq. (2.9). Indeed, as we
see from Example 1 and Example 2 above, for many inference problem such as network analysis
and matrix completion we can control e, Eu using either Bernstein's inequality or Hoeffding's
inequalitysothat ;= %;theremaining ¢ are bounded from above by some nite constant C > 1
via Proposition 2. With | = % the term , in Theorem 3 (and Corollary 2 later) is simpli ed
to , =(logn)*2when k = (logn)and g > 1+(2d) %; this factor ,, = (logn)? is generally
optimal.

Remark 8. Bounds for d,; (U, U) can be derived using several different approaches, including
leave-one-out analysis Abbe et al. (2020); Chen et al. (2019); Cai et al. (2021); Abbe et al. (2020),
von Neumann series expansion Eldridge et al. (2018); Chen et al. (2021a); Cheng et al. (2021),
holomorphic functional analysis Lei (2019), and techniques tailored towards Gaussian ensembles
Koltchinskii and Xia (2016); Koltchinskii and Lounici (2016); Koltchinskii et al. (2020). See Chen

et al. (2021b) for a comprehensive survey. Our work, meanwhile, focuses on d,; (Og ,U). AsLAJg
is obtained from the SVD of M9G, the bounds for d,;  (Ug,U) depends on(M?  M9)G which has
a substantially more complicated entrywise dependency structure thanthatin E=M M.Asa
result not all of the above cited techniques are directly applicable for bounding d,; (LAJg ,U). For
this chapter we combine the Procrustean analysis argument from Cape et al. (2019b) with the
expansion for M9G  M9G given in Lemma 2. This approach yields a perturbation expansion for
OgW U that includes auxiliary terms of the form  kE9Xk,, where X2 O, ¢ does notdepend on
E, and we leveraged Assumption 2 and Proposition 2 to bound these terms. We leave the problem
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of adapting other techniques (such as leave-one-out analysis) to control the row-wise deviation
of U, for future work.

A~

The row-wise uctuationfor U, in Theorem 3 also yields an entrywise concentration bound
for UgUZM M. In particular we have the following result.

Corollary 2. Assume the setting of Theorem 3 and suppose that bothk and are bounded asn
increases. Letg 1+(2d) ®. We then have

kUgU; M Mkpa - nEnkUKG,
with probability at least 1 n % here , satises , - (logn) #ifg>1+(2d) *and , -
(logn) 9*1=2# otherwise.

2.2.3 Comparison with existing results

We now compare the perturbation bounds for U in ", and ",; norms with existing results in
the literature. As we mentioned in the introduction, most theoretical analysis of RSVD focused
exclusively on the setting where M is assumed to be noise-free and the quantities of interest are
bounds for (I Ug US)M in either spectral norm or Frobenius norm. For example by combining
Theorem 9.2 and Theorem 10.8 in Halko et al. (2011b) we have that if M is symmetric and
k k+2then

A "€ k=2 S ¢ - ek} X 2 Gl 1=y
k(l UgUg)Mk 1+ m v M)+ — L (M) (2.11)
j>
with high probability. Here = k kand j(l\7l) denote the jth largest singular value of M. If

M = M + E where M and E satisfy Assumption 1 then, without additional information, we can
only conclude that max ,-(I\?I) E,. Eq. (2.11) then reduces to

k(I UgU;)Mk- nE,,

with high probability, for any xed  g. Recall that U4U>M is a low rank approximation of M and
serves as an estimate of the true but unknown signal matrix M. Invoking Assumption 1 again
we obtain
SIRAL ¢ YIS 9 1=2
kM Ugung k M UgUSMk+kM Mk- n*9E,, (2.12)

with high probability. On the other hand, Theorem 2 of this chapter implies
Mk k (UU” Og0)Mk+ kU 0; (M M)k- # 9E,, (2.13)
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with high probability. Note that Eq.  (2.13) is much sharper than Eq. (2.12) when M is (approxi-
mately) low-rank as assumed in the current thesis. Indeed if 9 is bounded or slowly diverging
then the multiplicative factor in Eq.  (2.13) is either bounded or of order o(n ) for any arbi-
trary constant > 0 while the multiplicative factorin Eq.  (2.12)is (n*™9) and thus requires
g logn to be competitive with the bound in Eq.  (2.13); notethat g logn power iterations
was also used in the theoretical analysis of RSVD in Musco and Musco (2015) and Theorem 60
in Woodruff (2014); as we only require g 1+ (2d) !, our bounds are more closely tailored
to the setting of noisy M. Finally note that kM UU>Mk  2E, with high probability. Thus
kM U407 Mkattains the same error rate as kM UU”Mk, up to some (at most) logarithmic
factor.

The above bounds for kM U4 U>Mk are based on d,(U,, U). We now consider the impli-
cation of the bounds for dj,; (Uq,U). Suppose U has bounded coherence, i.e., kUky; -
k*2n 12 and E satis es Assumption 2. Let g > 1+(2d) *and k,a, are as speci ed in Theorem
3.Ifk and are slowly growing then Corollary 2 implies

kM 0,0

> 0\ g En
g ngmaX— (logn) # k?, (2.14)

with high probability. Eq. (2.14)is, to the best of our knowledge, the rst bound for entrywise
differences between the RSVD-based low-rank approximation of the noisily observed M and
the underlying signal matrix M, and provides much ner control for M UQUSM. Eq. (2.14)
cannot be obtained by simply combining existing bounds for ~ j(I U, U;)Mji (as givenin the
RSVD literature) and bounds for jM Mjj (as given in the matrix perturbation literature); here

J 1 denote any unitarily invariant norm. Finally, as we will see in Sections 2.4.1, the bound

in Eq. (2.14) can have the same error rate as that for kM UU>MK.., up to some (at most)
logarithmic factor.

2.2.4 Row-wise limiting distribution

The row-wise limiting distribution of singular vectors can be applied for uncertainty quanti -
cation of membership inference in network analysis Levin et al. (2021); Athreya et al. (2021).
Under some appropriate probabilistic structures of M and E, U is proved to have a row-wise
limiting distribution Cape et al. (2019a). In this section we prove that Ug also has row-wise
asymptotic normal distributions, provided that M and E satisfy the following condition.

Assumption 3. Letf g, ; beasequence of bounded non-negative numbers which can converge
toOasn!l .Assume that both of the following conditions holdasn !1

p

(a). Esatis es Assumption1withE ,= ( n ,)and 2‘—n - n forsomeconstant > 0.

24



(b). Forany xedi 2[n], we have
S L iPEUT N () (2.15)

where ; is a deterministic matrix depending possiblyoni and M.

Assumption 3 is valid for more general M and E, compared with Assumption 5 in Cape
et al. (2019a), which typically focuses on a random graph context. One scenario for which
Assumption 3 holds is when E has symmetrically independent entries and the variances of

(n?) entries in E are of the same asymptotic order  ( ﬁ), while the variance of the other
entries are negligible. Such entrywise independent and homogenous conditions of  E appear
frequently in many statistical problems including matrix completion, graph embeddings, and
multi-dimensional scaling; see e.g., Cape et al. (2019a); Li et al. (2020b); Chatterjee (2015).

Theorem 4. Suppose Assumptions 1-3 hold with xed k = k and bounded .LetlAJg be generated
viaAlgorithm 1with k k,a, dCk *lognewhere the universal constant C is givenin Remark5,
andg 2+(2 ) !. Nowsupposethatasn!l ,we have

: ©

max . *U’EU ,n ,4S*' U, !0, (2.16)

in probability, where " is a logarithmic factor such that
8
< +1=2 - 1
(logn)® ifg =2+(2d) 4,
ot == _ (2.17)
* (logn)> #  ifg >2+(2d) L.

Then there exist a sequence of orthogonal matricesW,;; = Wg,'t) such that foranyi 2 [n],
S i WOy UL N

For eachn the matrix W, solves the orthogonal Procrustes problem between Ug and U (see
Eq.(A.77)).

Thecondition g 2+(2 ) 'inTheorem 4 is slightly more stringent than the condition g
1+(2 ) linTheorem 1 and Theorem 3. The main reason for this discrepancy is that while g
1+(2 ) !might be suf cient for dz(LAJg ,U)and d,; (Og ,U) to achieve the optimal error rate,
it does not guarantee that the row-wise uctuations of UgW:n U is asymptotically equivalent
to the row-wise uctuationsof EU ! given in Assumption 3. We will present, in Section A.1.1

in the Supplementary File, simulation results for the row-wise Gaussian uctuations of Dg
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when M is the adjacency matrix of a SBM random graph; our simulations indicate that the
condition g 2+(2d) !isin fact necessary and suf cient.

Remark 9. We now make a few technical remarks concerning Theorem 4.

1. Theorem 4 can be extended to the case where either (or both) of and k are slowly diverging,
provided that we also increase the exponent for logn in the de nition of ;.

2. Theterm 'kU”EUkkUk,; in Eq. (2.16) can usually be bounded by polylog (n )kUka;,
with high probability. More speci cally, let E =[g;], , be a symmetric matrix whose
upper triangular entries are independent mean 0 random variables with E [eizj] ﬁ and

jejj B,foralli ,j.NowifB,- ,(logn) *?kUk,: then, by Bernstein inequality,

1 1=2
S UEU - log™n

with high probability; see Eq. (4.137) in Chen et al. (2021b) for more details. Thus kU~ EUk
kUk,; converges to0Oin probability whenever kUk,; = O log 2n . Recallthatn %2-

3. Thetermn S 1* «kUky; in Eg. (2.16) depends on the SNR and the coherence ol i.e.,
this term is equivalentto n®2 9°  kUk,; . Thus larger values of kUk,; require larger
SNRn ¢ in order to guarantee convergence in Eq. (2.16). If U has bounded coherence, i.e.,
n'2kUk,,; isbounded, then n@2 9" 4 kUk,; ! Odue toourassumptionthat d> 0.As
we alluded to earlier, bounded coherence for U is a prevalent and typically mild assumption
in many high-dimensional statistics problem including matrix completion, covariance
estimation, subspace estimation, and random graph inference; see e.g., Candes and Recht
(2009); Fan et al. (2018); Lei (2019); Abbe et al. (2020); Cape et al. (2019b); Cai et al. (2021).

4. Theorem 4 can be used to derive normal approximations for the entries of Ug 0; M. For
brevity we defer this result to Theorem 21 in the Supplementary File; see Theorem 7 for an
example of this normal approximation for noisy matrix completion.

2.3 Random graph inference

As an illustrative example of Theorem 2 and Theorem 3, we consider the problem of estimating

the leading eigenvectors for edge-independent random graphs with low-rank edge probabilities
matrices. More speci cally, let M = [mM;; ] be the adjacency matrix of a random graph on n
vertices with edge probabilities M =[m;;]2[0,1]" " i.e,, M is a symmetric, binary matrix whose
upper triangular entries are independent Bernoulli random variables with P(m;; = 1)=m;;.
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Next assume that M is of rank k forsome xed k 1 and has bounded condition number, i.e.,
Cce for some xed constant Cqg> 0.Let 2 (0,1] and suppose that Assumption 1 holds
with
S n andE, n~? (2.18)

for some xed constant 2 (0,1]. We interpret n as the average expected degree for the
vertices of M, i.e., with high probability M has (n'* )non-zero entries. Smaller values of
thus implies sparser networks. We note that Eq. (2.18)is satis ed by many random graph models
including Erd os—Rényi Erdos and Rényi (1960), SBM and its degree-corrected and / or mixed-
membership variants Holland et al. (1983); Karrer and Newman (2011); Sengupta and Chen
(2018); Airoldi et al. (2008), (generalized) random dot product graphs Young and Scheinerman
(2007); Rubin-Delanchy et al. (2022), as well as any etlj:ge-independent random graph whose
edge probabilities are suf ciently homogeneous, e.g., ;mi; n foralli 2[n]. Assumption 2
is also satis ed by the random graphs mentioned above; see e.g. Erd os et al. (2013); Cape et al.
(2019a); Mao et al. (2021) and Example 1. In addition, we also assume the bounded coherence
for U, kUK, n 7. This is a prevalent and typically mild assumption for random graphs,

see e.g., Lei (2019); Abbe et al. (2020); Cape et al. (2019Db).

2.3.1 Subspace perturbation error bound

Now consider the case where n, the number of vertices in M, is large and the graph M is
possibly semi-sparse, and we are interested in computing the k leading singular vectors of
M as an estimate for the k leading singular vectors of M. To save computational time, we will
use Algorithm 1 to approximate the singular vectors of M. Now suppose we choose a xed
g 1, andeither k =k and a, logn or k logn and a,, = 1; recall that k kisthe sketching
dimension and a,, is the number of repeated sampling steps. Then from Theorems 2 and 3
(and the corresponding remarks) we have that, with high probability,

8
3 polylog(n) n =2 ifg 1+ 1,
do(Ug,U)- g Pollog(n) ne B2 it t<g<ir
"1 ifl g L
o (2.19)

3 polylog (n) n (+D2 jfg 1+ 1
dan (Ug,U)- BponIog(n) n 972 if l<g<i1+ 1
"n 2 ifl g L
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Here polylog (n) denote log® n for some xed ¢ 0. Eq. (2.19) implies a phase transition for
d,(Ug,U)and doy  (Ugy,U) asg changes. Recall that U is the matrix whose columns are the
(exact) leading k singular vectors of M and Eg. (2.18) together with the Davis-Kahan theorem
implies d,(U,U)- n =2 with high probability. On the other hand, it has recently been shown
thatwith high probability d.,; (U,U)- (logn)¥2n ( *D2:seee.g., Lei (2019); Cape etal. (2019a).
Thereforeif g 1+ !thenboth dz(lAJg ,U)and d,; (Dg ,U) converges to 0 at the same rates as

d,(U,U)and d,; (U,U), up to some logarithmic factors. Meanwhile, if l<g<1+ ‘lthen
d,(Ug,U)and d,;  (Ug,U) converge to 0 at the slower rates of n( ¢ *Y2and n 9 =2, repectively.
Convergences of dz(Ug ,U)and d,; (Og ,U) are not guaranteed when g !, These different

convergence rates can be motivated by the observation that, since M is a binary matrix, the
main thing that changes when decreases is the number of non-zero entriesin M. In other
words, we are estimating the leading k singular vectors of M using a noisy realization M that,
when  decreases, contains less information about M. Itis thus unlikely that any xed value of

g will work uniformly well for all values of . Indeed, as we will see in Theorem 5 and Section
A.1.1, both of the thresholds g> Yandg 1+ !inEq. (2.19)are necessary and suf cient.
We now provide three examples illustrating the relationships between g and ; see also the

visual summary in Figure 2.1.

« First consider the dense regime with =1.Theng 2issufcientfor dz(Dg,U) to attain
the optimalrate n *2; andfor d, (Ug,U)to attain the optimalrate n ®. No convergence

is guaranteed when g = 1.

» Next consider a semi-sparse regime with = 2=3. For dz(Og,U), the optimalrate n =is
attained when g 3, the sub-optimal rate n % is attained when g = 2. For d,, (Ug,U),
the optimal rate n 5% is attained when g 3, the sub-optimal rate n 23 is attained when
g = 2. No convergence is guaranteed when g = 1.

« Finally consider a semi-sparse regime with = 1=2. For dz(Ug,U), the optimal rate n **
is attained when g 3. Ford,; (Og,U), the optimal rate n 3*is attained when g 3.
No convergence is guaranteed when g = 1,2.

In summary, the above discussions provide theoretical justi cation to the well-known
advice that choosing a slightly larger g and k are essential to the success of RSVD in practical
applications Martinsson and Tropp (2020).

2.3.2 Lower bound and phase transition sharpness

We now study the sharpness of the phase transition thresholds described in Section 2.3.1. More
speci cally, we derive lower bounds for dz(Ug,U) and d,; (Ug,U), and thereby show that
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Figure 2.1: Phase transition diagram for the error rate dz(Ug,U) and d,; (Ug,U) in Eqg. (2.19)
as and g changes. Recall that kMk n and kEk n 2 and hence n ~? represents the
signal to noise ratio. The different regions represent different convergence rates for dz(Ug ,U)
or dy (Og,U). For example, dz(Ug,U) converges at the optimal rate of n =2 (blue region),
converges at the slower rate of n( 9 *1=2 (green region), and has no convergence (yellow region).
The solid line represents the transition threshold g =1+ !andthe dashed line represents

the transition threshold g= 1.
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the conditons g > Yandg 1+ !are both necessary and suf cient for dz(Ug,U) and
doy (LAJQJ ,U) to converge to 0, at either the slow rate or the optimal rate shown in Eq.  (2.19),
respectively.

The lower bounds for dz(fJg ,U)and d,; (lAJg ,U) depend on the following assumption on
the growth rate of tr E?9, namely that for any nite g 1 there exists some xed constant c; >0
such that,

EtrE® c,n't . (2.20)

We now clarify Eq. (2.20). Suppose E is a Wigner matrix whose entries are independent mean
0 random variables with equal variances givenby 2 n . Then E satisfy Eq. (2.20) using
the well-known “trace method” combinatorial arguments from random matrix theory; see

e.g. Lemma 1.5 in Bordenave (2019) for more details. Eg. (2.20) and Eq. (2.18) are therefore
satis ed for Erd 0os—Rényi graphs. By adapting the trace method arguments for Wigner matrices,
we can show that Eq. (2.20) continues to hold for any edge-independent random graphs with
homogeneous variances, i.e., Esatis es Var[e;;] n !forall i,j, orequivalently, that m;

n Iforall i,j.Inother words, Eq. (2.20)is satis ed by stochastic blockmodel graphs and
their degrees-corrected and / or mixed membership variants, and by (generalized) random dot
product graphs.

Theorem 5. Assume the setting of Theorem 2 and further suppose: ()S, n and E, n 2
for some xed constant 2 (0, 1]; (i) there exists a constant ¢, > 0 not depending on n but can
depend on g such that EtrE® ¢,n** , (i) k, - 1.Choosek =k and a, = o(log°n). Let
Po 2 (0,1) be xed but arbitrary. Then there exists a constant C, g > 0 depending only on py such
that, with probability approachingp ,, we have

8

< 12 (g +D=2 j§ 1 1
- C.g(loglogn) n if g<l+
do(0g,U) | _ ,
" CLB |f 1 g < 1
8

< 1=2 =2 H 1 1
- C.g(loglogn) n 9 if g<l1l+
da; (Ug,U) ) _ :
" Clg n ifl1 g< 1

Remark 10. For simplicity we had presented Theorem 5 in the case where k = k. An almost
identical lower bound is available for the case where k = O(logn), provided that we replaced the
(loglog n) ¥ term in the above expressions with a (logn) 2 term.

For ease of exposition we will ignore any logarithmic factor of  n in the following discussion.
We see that the lower bounds in Theorem 5 match the upper boundsinEq.  (2.19)for both the no
convergence regime where g 1 and the sub-optimal regime where l<g<1+ 1 recall
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thatif g 1+ *then d,(Uy,U)and dy;  (Ug,U) has the same convergence rate as d,(U, U)
and d,; (U,U), respectively, and are thus rate-optimal. Here we note that in Theorem 5,
don (Ug,U)¥ n ¥2whenl g< ‘lisequivalentto d,, (Dg,U)showing no convergence as
kUK,q n 2. See Section A.1.1 in the Supplemenatry File for simulation results illustrating
these upper and lower bounds for both d,(Ug,U) and d,; (Ugy,U). Finally we emphasize
Theorem 5 is stated in a more general setting than that for random graphs, e.g., the lower
bound holds whenever E is a random symmetric Gaussian matrix provided that kEk- n =2
with high probability and  E tr E* satis es Eq.(2.20).

2.3.3 Exactrecovery for stochastic blockmodels

We now apply the ",; bound for Ug and U given in Eq. (2.19), to the problem of community
detection in stochastic blockmodel graphs Holland et al. (1983), one of the most popular
generative model for network data with an assumed intrinsic community structure. We rst
recall the de nition of stochastic blockmodel graphs.

Be niton1 (SBM). LetK 1 be apositive integer and let 2 R¥ be positive vector satisfying
- = 1. Let B be a symmetric K K matrix whose entries are in [0,1]. We say that (A, )
SBM(B, )is a K-blocks stochastic blockmodel (SBM) graph with parameters B and , and

sparsity factor ,, if the following holds. First  =( 4,..., ,)wherethe ; areiidwith P( ;=
)= -forall " 2[K].ThenAisan n symmetric binary matrix such that, conditioned on ,
foralli  jthe fA;; gare independent Bernoullirandom variables with E  [A;;]= B

it

Community detection is well-studied (see e.g., the surveys Fortunato (2010); Abbe (2017)),
with many available techniques including those based on maximizing modularity and likeli-
hood Bickel and Chen (2009); Newman and Girvan (2004); Snijders and Nowicki (1997), random
walks Pons and Latapy (2005); Rosvall and Bergstrom (2008), semide nite programming Hajek
etal. (2016); Abbe et al. (2016), and spectral clustering Von Luxburg (2007). In particular spectral
clustering using the adjacency matrix is a simple and popular community detection algorithm
wherein, given A, we rst choose an embedding dimension d and compute the matrix U of
eigenvectors corresponding to the d largest (in modulus) eigenvalues of A. Next we cluster the
rows of U into K cluster using either the K -means or K -medians algorithms and let ", be the
resulting cluster membership forthe i th row of U. The motivation behind spectral clustering is
that for stochastic blockmodel graphs (1) U serves as an estimate for the leading eigenvectors
U of the underlying edge probabilities matrix P=( ,B )and(2)the rows of U contain all of
the necessary information for recovering , i.e., there exists a collection of K distinct vectors
f 1, 2,..., kgsuchthat [U];=  forall i 2[n].
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Algorithm 2: RSVD-based Spectral Clustering
Input: Adjacency matrix A, embedding dimension d, number of clusters K. Integers

a,,g 1,k d.
1. Obtain Ug via Algorithm 1 with M = A,k = d, sampling times a,,, power g, sampling
dimension k;
2. Estimate the community membership ~, by performing either K -means or

K -medians on rows of Ug;

Output: Membership estimation ~ and singular matrix recovery U,.

Statistical properties of spectral clustering had been widely studied in recent years, see e.g.,
Sussman et al. (2012); Rohe et al. (2011); Lei and Rinaldo (2015); Joseph and Yu (2016); Lyzinski
etal. (2014); Su et al. (2019); Lei (2019); Abbe et al. (2020); Koo et al. (2021) for an incomplete list
of references. In particular it is well-known that spectral clustering will, with high probability,
exactly recover the community assignment  for SBM graphs as well as its variants including
degree-corrected SBM Karrer and Newman (2011) and popularity adjusted SBM Sengupta and
Chen (2018), i.e., spectral clustering yields a ~ such that with high probability there exists a
permutation &of [K]forwhich ~; =& ;)forall i 2[n].

In many real-world applications like social or biological networks, the number of nodes
can be on the order of 10 , see e.g. Gopalan and Blei (2013). As a result, the computation of U
in spectral clustering using standard SVD algorithms can be prohibitively demanding in terms
of both the computational time and memory requirement. Under our rs-RSVD framework, by
taking A as the observed matrix M we propose an economical spectral clustering procedure
(see Algorithm 2) that replaces U by its approximation Ug produced by rs-RSVD. We note that
the time complexity of Algorithm 2 is on the order of O(a,g nnz(A)) operations and only
require enough memory to store the nnz(A) non-zero elements of A. These time and memory
requirements can be considerably smaller than that of the standard spectral clustering, espe-
cially for large and non-dense graphs. The following result shows that for a xed g depending
on the sparsity , of A, Algorithm 2 will, with high probability, also exactly recovers

Theorem 6. Let(A, ) SBM(B, )be aK-blocks SBM with sparse parameter , where >0
forall " 2 [K]and n , ¥ n forsome 2 (0,1]. Letd = rk(B) and suppose that " is given
by Algorithm 2 wherein we choose: (i) k d, (i) an maxfCk llogn,1gfor some universal
constant C and (i) g> 1. Then for suf ciently large n, we have that ~ exactly recovers with
probability atleast 1 n °.

Remark 11. In practice one may consider clustering withthe (1+ )-approximate K -medians
algorithm when implementing Algorithm 2, instead of the exact K -median algorithm which
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is NP-hard (Megiddo and Supowit 1984). See e.g. Lei and Rinaldo (2015) for a more detailed
discussion comparing the (1+ )-approximate K -medians and the exact K -medians algorithms.
Theorem 6 still holds for approximate K -medians.

Remark 12. Community detection using RSVD was also studied in Zhang et al. (2020). In
particular, Theorem 1 in Zhang et al. (2020) shows thatif n , =! (logn)then weak recovery is
possible using Ug, provided that one choosek k+4and g= (n")forany xed but arbitrary

> 0. Recall that weak recovery only requires the proportion of mis-clustered vertices to converge
to 0. Comparing the two results, we see the sparsity condition n , =! (logn)in Zhang et al.
(2020) is less stringent than the condition n , = (n )in Theorem 6 while the exact recovery with
xed g in Theorem 6 is a much stronger guarantee (and also is more computationally ef cient)
than weak recovery in Zhang et al. (2020).

The proof of Theorem 6 is based onthe “,; perturbation bounds givenin Eq. (2.19). More
speci cally,if g> !then, with high probability,

pﬁdm Ug,U)! 0. (2.21)

If Eg. (2.21) holds then the arguments for exact recovery of using U can be easily adapted to
show exact recovery using Og; see the proof of Theorem 2.6 in Lyzinski et al. (2014) or the proof
of Theorem 5.2 in Lei (2019) for some examples of these types of arguments. Furthermore,
while g = d ‘leis suf cient to show exact recovery using Ug when lis notan integer, in
practice we recommend choosing the slightly larger value of g=d e+ 1.Indeed, as shown in
Section 2.3.2, the convergence rate for d,; (Ug,U)When g=d let+ 1lisgenerally faster than
thatfor g =d g and this can lead to better nite-sample performance.

Theorem 6 also indicates that smaller values of will require larger number of power
iterations g and hence the computational cost of Algorithm 2 increases as the graphs become
sparser. In other words, there is an inherent trade-off between the sparsity of the network and
the computation cost needed to approximate its eigenvectors. In addition, as we allude to earlier
in Remark 12, Algorithm 2 does not guarantee exact recovery of  inthe very sparse asymptotic
regime where n , =! (logn) and this is due entirely to the use of Ug, as an approximation
for U. More specically,if n , =" (logn)then Su et al. (2019); Lei (2019); Abbe et al. (2020)
showed that exact recovery of  is possible using U. In contrast, by Theorem 5, we see that
neither dz(Og,U)nor n'2d,, (Ug,U)convergeto Oforany nite g 1.Hence, to guarantee
exact recovery, we will need to let g grows with n and this will require a more careful analysis
of Algorithm 1 to remove the effect of the condition number when g!1l . More speci cally,
instead of estimating all k leading singular vectors simultaneously, we might need to estimate
these singular vectors in stages, starting from the rst leading singular vector. After each stage
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we will project M onto the orthogonal complement of the singular vectors estimated thus far
before proceeding with the estimation of the singular vectors in the next stage. Finally, while it

is certainly the case that, asymptotically, logn = o(n )forany > O0,in practice logn n%for
alln  10%. Hence, while asymptotic results inthe ! (logn)regime are interesting, they need
not lead to better understanding of RSVD for practical applications.

2.3.4 Normal approximation for Ug

We now consider the row-wise uctuations of Ug. Recall the setting at the beginning of this
section where M is the adjacency matrix of an edge independent random graph whose edge
probabilities matrix M has rank k matrix with k bounded, S, =kMk n and E, n =2
Suppose furthermore that the entries of M are homogeneous so that max;; m;;  min;; mj;.
Then KMkg = nkMK,., and hence m;;  n Yforall i, j.Inaddition the fmi(iz)q‘:1 are also homo-
geneous; here mi(iz) denote the diagonal elements of M?. Asmi(iz) = k[U ];k? and M has bounded
condition number, we conclude that U has bounded coherence, i.e., kUky; ®k¥¥2n 2 The
above conditions are satis ed for many random graph models including stochastic blockmod-
els and their degree-corrected and mixed-membership stochastic variants Holland et al. (1983);
Karrer and Newman (2011) as well as (generalized) random dot product graphs Rubin-Delanchy
et al. (2022); Young and Scheinerman (2007).

Recall Assumption 3. As E, n =2 take , = n( Y2 We now verify Eq (2.15). Note,
S LMEU Y=n® 2 1T e u; where g isthe ijthentry of Eand u; isthe jth row
of U.Fora xed i,the fg;g; , areindependent mean Orandom variables and hence, by the
Lindeberg-Feller central limit theorem, we have

X
S L EU Yi=n® )2 1 aiu; N (O))

where ;isthe k Kk matrix of the form

1 :|.>¢1 1 1 1:)¢| ©

_ + > _ + >

;=nd) Varle;Juju; t=n®) mij (L miju;ju;
=1 =1

1

Note that ; is non-degenerate. Indeed, as M is homogeneous, we have

X
;o n®™ ) Iminme uur ton® 2 ocl,
k> _ J
j

for some xed constant c > 0. In summary, Assumption 3 is satis ed and we have the following
normal approximations for the row-wise uctuations of U, namely there exists a sequence of
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orthogonal matrices W,, such that for any xed index i,
S oW UL UL N

asn !l . Thisresult was derived previously in Rubin-Delanchy et al. (2022); Fan et al. (2022);
Cape et al. (2019a); Du and Tang (2021); see for example Theorem 2.8 in Du and Tang (2021).

Theorem 4 implies the same limiting distribution for ~ Uy, i.e., forany g 2+ *there existsa
sequence of orthogonal matrix W_ such that

S L PW UL Ul N(©O))

asn!l .See Section A.1.1 for a numerical illustration of this convergence.

2.4 Additional applications

In this section we apply our main theorems to two other high-dimensional statistical problems,
namely, symmetric matrix completion and PCA with missing data. For both of these problems

we show that the error rates achieved by the approximate singular vectors Og is (almost)
identical to that for the exact singular vectors U of the noisily observed matrices.

2.4.1 Matrix completion with noises

Let T2 R" " be a matrix whose entries are only partially and noisily observed. Such matrix
occurs in many real-world applications, including the famous Net ix challenge Rennie and
Srebro (2005). As another example, if T is an Euclidean distance matrix (EDM) between n points
in RY then rk(T) d + 2 and itis commonly the case that T is noisily observed Alfakih et al.
(1999); Glunt et al. (1993); Ding et al. (2010); Javanmard and Montanari (2013). Finally, if Tisa
signal correlation matrix between multiple remote sensors Schmidt (1986) then T is usually
only partial observed due to power constraints Cheng et al. (2012).

For this thesis we assume that T2 R" " is symmetric, rank k, and we observed

T=P (T+N):= (T+N). (2.22)

Here N is an unobserved n  n noise matrix, is a symmetric binary matrix,and  denote the
Hadamard product. The matrix N and induces noise and missingness in the entries of T,
respectively. We shall assume, for ease of exposition, that the (upper triangle) entries of N are
iid N(O, 2)random variables while the (upper triangular) entries of are iid Bernoulli random
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Algorithm 3: RSVD-based Matrix Completion
Input: Observed matrix T, rank k. Sampling probability p.Integersa,,g 1and k K.

1. Get Uy, M via Algorithm 1 with M = p 1T, rank k, sampling times a,,, power g and
dimension E;
2. SetTy = M aseither Ty =p 0,07 T or Ty =(2p) 10 07T+ T0,07);

Output: Approximate singular vectors U, of T and estimate T, of T.

variables with success probability p. The aim of matrix completion is to recover T from T. Since

E[p T]= T, one simple and widely used estimate for T is given by p T, where T, is the

truncated rank- k SVD of T; see Abbe et al. (2020); Chen et al. (2021b); Keshavan et al. (2010);
Chatterjee (2015); Candes and Plan (2010) and the references therein.

In many real-world applications, the dimensions of T can be rather large and yet T can
be quite sparse compared to T, i.e., the number of non-zero entries of T is much smaller
than n2. It is thus computationally attractive to approximate the left singular vectors of T
using randomized algorithms such as rs-RSVD. More speci cally, let Og be the output of
Algorithm 1 with M = T for some properly speci ed choices of k,k,a, and g. We view U,
as an approximation for U, and thus as an estimate of U. Given Og we compute a rank- k
approximation for T via Uy0>T. We can then take Ty := p *U40; T as an estimate for T or,
in the event that we desire symmetry, take 2 1('T'g + 'T';) as an estimate for T. The resulting
algorithm, termed RSVD-based matrix completion, is presented in Algorithm 3.

Usingthe ", and ",; perturbation results in Theorem 2 and 3 and the entrywise concen-
tration in Corollary 2, we derive the error bounds for the estimates Ug and 'i'g. Furthermore, by
extending Theorem 4, we establish the general entrywise limiting distribution for the RSVD-
based low-rank approximation M, in Theorem 21 of the supplementary document. This result
allows us to construct con dence interval for any ['i'g]ij with (i, j)2 [n]?. For ease of exposition
we shall assume that both k and are bounded, and that p is known. These are typical as-
sumptions in the literature. If p is unknown then, as the entries of T are assumed to be missing
completely at random, it can be consistently estimated by calculating the proportion of missing
entries among all the entriesin  T. The resulting p converges to p atthe rate of n p *?and
has no effect on the theoretical results in Theorem 7

Theorem 7. LetTbeasymmetricn n matrixwith k, - 1.LetT be a noisily observed version
of T generated according to Eq. (2.22) for some known value of p 2 (0,1]. Suppose there exists
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constantsd > 0and 2 (0, 1] such that

1 nkTkpax+ ) d
"Ap (M)

np ¥n and (2.23)

LetLAJg and 1A'g be obtained from Algorithm 3 wherein we chose: (i) k k; (i) a, maxfdC k llognelg
and (ii)g  1+(2d) . Denote# = maxf1,k *2log*@ng
(Error Bounds) We then have, with probability atleast 1 n >, that

# nKTknax+ )

d,(0,,U)- p——— —
e e 0 M
" #(l KTKpax +
dZ!l (Ug’U)_ (Sg_n) n( A ma ; )kUkZ!l y
np k(M
1 # (2.24)
EkTg TkF - pn—_p(kamaX + ),
A P n#(logn) 5
kTg Tkmax - —p_i(kamax + )kU k2!l y

where is as de ned in the statement of Theorem 3.
(Entrywise limiting distribution) Suppose, in addition to the above assumptions, that T is
homogeneous, i.e.,min - jTy-j K Tkya. Let - =[UU”],- and denote the variance of [UU”E];; +

X ) X 2 2 2 2
Vij = E [E]I N + E [E]J i +E [E]I] ii + ii

“6j “6i
1 X 2 2 2 1 X 2 2 2

:E 1 p)To+ St — 1 p)T\j+ ° (2.25)

"6 “6i

1 2 2 2

+E(1 p)-rij+ Ci+ 55)

Choosek and a, as above andletg 2+ (2d) 1. Then for any given pair (i,j)2 R2, we have
;) Py T N@©Y (2.26)

asn!l . Furthermore, for any nite setofindices | =f(i1,j1),..-,(im,Jm)0 the collection of
random variables ['Tg Tl . 21:1 are (asymptotically) mutually independent.

(Entrywise con dence interval)  Suppose above assumptions hold. LetAk« = [Og U;]k‘. De ne
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the RSVD-based estimate of Y, by

X 2 "2 X 272 g2 7 ~ 2
vip =[BRS+ B R HER w oy (2.27)
8] “Bi
where E:=T, p *T.Then forany indices pair (i,j)we have
W) T, TI; N (). (2.28)

We now compare Theorem 7 with existing results in the literature. Recall that the proto-
typical spectral estimate for Tis givenby Ts=p T, where T, is the truncated rank- k SVD
of T; for conciseness we refer to p 1'T'k as the deterministic SVD-based estimator for T. First
suppose that Eq. (2.23) holds for some constants 2 (0,1] and d > 0. We then have

n KTKpax +
kTS TkF' _pFa
N (logn)*= n(KTkmax + )
do, (U,U)- — , —kUK,; 2.29
21 Y hp imi i (2.29)
R _ tn
kTs TkKpax - (10gN) 2 (KTKpax + ) aku@1 ,

with high probability. The above bound for  kTs Tk is from Theorem 1.1 and Theorem 1.3 of
Keshavan et al. (2010) while the remaining bounds in Eq. (2.29) are from Theorem 3.4 of Abbe
et al. (2020).
Now consider the bounds for Ug and 'T'g given in Theorem 7. For ease of presentation we
choose k = (logn)and g > 1+ (2d) 1. These choices for k and g allow us to set # = 1 and
= foranyarbitrary > 1.Eq. (2.24) thenimplies

A KTKax +
kTg TkF‘ —pF,
- (logn) n(KTkpax+ )
doyy (Ug,U)- —p— . —kUky; 2.30
ae e M, (2.30)
. Vo
KTy Tuac- (109N) (KTKpax*+ ) SKng1 ,

with high probability. Comparing Eq. (2.29) and Eq. (2.30) we see that the r s-RSVD estimate
T, achieves the same Frobenius norm error rate as that for the deterministic SVD estimate
Ts. Note that the Frobenius norm error for T is rate-optimal whenever ¥ kTk,,, (Candes

and Plan 2010; Abbe et al. 2020). The max-norm error rate for 'Tg is also almost identical to
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that of T with the only difference being the extra (logn)'™2* factor for 'T'g; here isan arbitrary
positive constant. Similarly, d,; (Og ,U) converges to O atthe samerate as d,; (U,U)upto
the (logn)*?* factor. These (logn ) extra factors for T, can be removed with more careful
book keeping; see Remark 7 for more details. If k is either bounded or diverge at a slower rate
than logn, orwhen g = 1+(2d) 1, then Eq. (2.30) still holds but withthe (logn) factor replaced
by a (logn) factor for some nite >

We next discuss the limiting distributions and con dence intervals given in Theorem 7.
We had assumed that T is homogeneous; this assumption was also used in Theorem 4.12
in Chen et al. (2021b) for the estimator Ts. The main role of the homogeneity assumption
is to guarantee that the entrywise noise levels are roughly on the same order, and thereby
simplify the statement of Theorem 7. Similar assumption are also used in the distributional
theory for PCA with missing data; see e.g. Assumption 1 in Yan et al. (2021). Our general result,
namely Theorem 21, does not require T to be homogenous. The condition g 2+(2d) tin
Theorem 7 is then similar to that in Theorem 4 for the row-wise limiting distribution of Ug, i.e.,
weneedg 2+(2d) !toguarantee thatthe entrywise uctuation of ['i'g T]i; is asymptotically
equivalent to the entrywise uctuationof ~ [UU”E];; +[EUU”];; . For any given pair (i,j)2 R?,
we can thus quantify the uncertainty of the ['T]ij by constructing the con dence interval:

A

[-Arg]ij z_, Vi, [-Arg]ij +Z_,
where z_,isthe (1 = 2)quantile of N (0,1). The resulting con dence interval has (asymptotic)
coverageof 1 . We emphasize that the estimated variance V;; are computed using only the

rs-RSVD outputs U, and T; see Eq. (2.27).

Remark 13. The conditions posited in Theorem 7 for the estimator 'T'g is slightly more restrictive
than those for Ts in the current literature. Recall that from Eq.  (2.23), we havenp ¥ n  for some
arbitrary 2 (0, 1]. Eg. (2.23) also implies a lower bound for the signal-to-noise ratio of the form

I nKTk,, + ) 1 ©1

v nd
i@ Pap M

S,=E, ¥

for some arbitrary d > 0. In contrast, the conditions for T givenin Theorem 3.4 of Abbe et al. (2020)
isthat np ¥ logn and S,=E, ¥ (logn)*2. The conditions np ¥ n and S,=E, ¥ n9 in Theorem 7
is analogous to the condition n , =! (logn) for exact recovery of SBM usingUg. In particular
for matrix completion using rs-RSVD towork inthe np =! (logn)and S,=E, =! (logn)regime
we will need to have g diverging with n and this requires a more careful analysis of RSVD to
remove the effect of the condition number  asg increases. Furthermore, very large and/ or
diverging values of g also reduces the effectiveness of RSVD procedures for large-scale matrix
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computations, especially when the matrices are too large to store in fast memory as it requires
a possibly excessive number of passes through the data. Finally we note that d depends on the
parameters , (T), kTkyax @nd p. In particular, if T is homogeneous (as assumed in Chen et al.
(2021b)) so that min ;; jTi;j K TKpax, then n(kKTkp+ ) J  «(T)j and Eq. (2.23) simpli es to the
i P

condition that " p ¥ n% and henced = 3

2.4.2 PCA with missing data

We now consider principal components estimation with missing data. In particular we consider
the following data generating mechanism from Cai et al. (2021):

X=BF+N. (2.31)

Here X=[Xy,...,Xn] 2 RY ™M is a data matrix with fx;gbeing d -dimensional iid random vectors,
Bisad k matrix, F=[f,...,f,] 2 RK ™misak m matrix whose entries are iid N (0,1)
random variables, and Nisad m matrix whose entries areiid N (0, ?)random variables.
We emphasize that B, N and F are mutually independent. We can see that the rows of X are iid
random vectors with mean 0 and covariance matrix Var[X]= mBB~ + 2l,. We denote the SVD
of BB>byBB>=U U>where U204 and =diag( ;,..., x);thecolumnsof U2RY X are
leading principal components.

Due to sampling issues and / or privacy-preserving intention, it is often the case that only a
partial subset of the entries in X are observed. More specicallylet bead m binary matrix
whose entries are iid Bernoulli random variables with success probability  p. Then, instead of
observing X, we only observed P (X)=  Xwhere denote the Hadamard product between
matrices. Given an observed P (X), Cai et al. (2021) propose the following spectral procedure
for recovering the principle components  U. First form the symmetric matrix

”

1
Q = F)off—diag EP (X)P >(X) ) (2-32)

where P . giag [ ] S€tS diagonal entries of the corresponding matrix to zero. Next compute the

d k matrix U whose columns are the left singular vectors corresponding to the  k largest
singular values of Q; U serves as an estimate of U. The authors of Cai et al. (2021) then derive
high-probability error bounds for  d,(U,U)and d,; (U, U).

As the dimension d can be reasonably large compared to the number of samples m while
the number of non-zero entriesin P (X) can be much smaller than md , we consider replacing
the singular vectors U of Q by the approximate singular vectors Og computed using RSVD; see
Algorithm 4. The following result shows that by choosing either k logd ora; logd, the
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Algorithm 4: RSVD-based PCA with Missing Data

Input: Partially observed data matrix P (X). Sampling probability p. Integers
a, 19 landk k.

1. Form Q = Pyggiag P 2P (X)P *(X) ;

2. Generate U, via Algorithm 2 with M = Q, rank k, a, repeated samples, power g and
sketching dimension Kk;

Output: Principal Component Recovery Og.

approximate singular vectors Ug achieve the same estimation rate as that for U given in Cai
et al. (2021). For ease of presentation, and following Cai et al. (2021), we shall assume that B
has a bounded condition number, i.e., = = - L

Theorem 8. SupposeXisad m matrix generated according to Eq. (2.31). Let =dr *kUk5,
denote the coherence parameter forU and let s = log(m + d). Suppose there exist constantsc,

and ¢, suchthatk &9 and m satis es the sample size condition

| 2k2s®  ks® 452 245 ©

m €, max , , , 2.33
° dpz " p ' (%p2’ p (239
De ne #°= maxf1l,k *2log*?dgand
ksz k l=2$ Zd l=2s d 1=251=2 k
(k) . (2.34)

= + + +
(md)2p (mdy2  fm¥2p ( mp)}2 d

Suppose thatE- d tforsome g O.Let Ug be generated via Algorithm 4, wherein we choose:
(i) k Cyapk fOrany xed cgo, > 1; (i) aq maxfCk logd,lgand (i) g 1+(2 ¢) % Then
with probability atleast 1 d °, we have dz(Og,U)- #E.
Remark 14. The assumption of bounded is widely considered in the literature, see e.g., the
discussion prior to Eq.(4.17) in Cai et al. (2021) and see also Singer (2011); Huang and Guibas
(2013); Chen et al. (2014, 2021c). For example, - 1is satis ed with high-probability when B is
generated from a standard Gaussian matrix (see e.g. Vershynin (2012)). Note that the sample size
requirement in Eq. (2.33) is exactly the same as that in Eq. (4.14) of Cai et al. (2021) for bounded
.If grows with d then the sample size requirementin Eq. (2.33) depend on polynomial factors
¢ of and these factors can be extracted from the proof of Theorem 8 with a bit more careful
book-keeping.
Remark 15. Comparing the Theorem 8 with Corollary 4.3 in Cai et al. (2021), we see that there
exists a nite g 2 such that dz(LAJg ,U) and d,(U,U) converges to0 at the same rate E, up to
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alog'™d factor; furthermore this logarithmic gap can be removed by choosing k logd. The

condition g 1+(2 g) !in Theorem 8 indicates that an appropriate value for g will depend on

the relationship between p,d, and m,e.g., larger dimensionsd (compared to m) will require

larger power iterations g. In particular, suppose = =p= ;=k=21andd m ¢ forsome
4 2(0,1); here 4 < 1isnecessary for Eq(2.33)to hold. Then from the de nition E in Eq. (2.34),

we have, after some straightforward algebra, that

8

<d (¢ D2logd if 42[173,1),

cd if 4 2]0,1=3).

E d (¢ "2logd +d *-

To attain the rate in Eq. (2.34), we thus need g ﬁ + ,where > 0is any small constant.

We note that Theorem 8 only provides perturbation bound for dz(Ug,U) and not more
re ned results such as perturbation bound for  d,; (Ug ,U). This omission is due mainly to the
noise structure in the matrix Q. More speci cally if we take M = (BF)(BF)” and view Q as the
noisily observed version of M then E= Q M is of the form

1 > >
E = Poit-giag EP (X)P*(X) BF(BFY .

The (upper triangular) entries of  E are therefore not mutually independent and this leads to non-
trivial technical challenges in deriving  d,; (LAJg ,U) bounds for Q. In particular, Assumption 2
need not hold. In contrast, existing bounds for d,; (U,U) are based on leave-two-out analysis
which is a variant of leave-one-out analysis; see Appendix G in Yan et al. (2021). Similar to the
discussion in Remark 8, this leave-two-out approach is not directly applicable to the analysis

of dy; (Ugy,U)because U, dependson (M9 M9)G and the entrywise dependency structure
in (M9 M9)is more complicated than thatin E.

Recent work show that we can estimate the principal components U by using the k leading
left singular vectors of P (X) directly (as opposed to U which uses the k leading eigenvectors
of Q); the resulting estimate has ", and ",; error bounds that are comparable to those for
U in the regime where either m ®d or m is not much larger (in magnitude) comparedto  d;
see Section 3.2 in Yan et al. (2021) for more details. Note that P (X) is a rectangular matrix
whose entries, conditional on F, are mutually independent. We can thus apply the results for
asymmetric rs-RSVD in Section A.2 in the Supplementary File, to derive perturbation bounds
for the approximate singular vectors of P (X). A sketch of this argument is given below.

Let U be the k leading singular vectors of M:=m 2p !P (X)and let U, be the rs-RSVD
approximation of U obtained from Algorithm S.1for M. Then Ey[M]= BF where E, denote the
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expectation with respectto N only. De ne, with a slight abuse of notation,
M=m BFand E=M M=m p P (X) m 'BF.

Denote n := maxfd,mgand := maxfn,,logng Then E satis es Assumption 11 with E; ,

P n ;seelemmalin (Yan etal 2021). Now suppose S m=Eq m d for some constant d > 0.
Then E also satis es Assumption 12; this claim follows from Remark 29. Theorem 17 then yields
upper bounds for dz(Ug,U) and d,; (Ug,U)When g (4d) 1;these bounds are the same, up
to some logarithmic factors, as those given in Lemmas 1-4 and Theorem 1 of Yan et al. (2021)
for d,(U,U)and d,; (U, V).
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CHAPTER

3

SEMIPARAMETRIC LOCALIZED PRINCIPAL
STRATIFICATION ANALYSIS WITH
CONTINUOUS STRATA

3.1 Background and basic setup

3.1.1 Principal strati cation with continuous strata

Suppose we haven i.i.d. observations fV; =(X;,Z;,M;,Y;)d.,. For each sample V;, we denote
the pre-treatment covariatesby X; 2 X RY, treatment assignmentby Z; 20, 1g, intermediate
variableby M; 2M R, andoutcomeby Y; 2Y R.Ingeneral, we assume

iid.

(Xi,Zi,M3i,Mqi, Y3, Yo1) 7 (X,Z,M 1, Mg, Y1, Yp),

where M ;; and M; are potential intermediate variables, and Y;; and Y are potential outcomes,
suchthat M; = Z;My; +(1 Z)Mg and Y, = Z, Y + (1 Z;))Yyi.

Frangakis and Rubin (2002) use the joint potential values of intermediate variables to de ne
the principal stratum U =(M,Mg). A stratum U captures the information on how the inter-
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mediate variable is affected by the treatment. When M is a binary variable, principal stratum
U takes values in f(0,0),(1,0),(0,1),(1,1)g, which in noncompliance problems (Frumento et al.
2012) are referred to the never-taker, complier, de er, and always-taker, respectively. When M
is a continuous variable, stratum U takes values in R?. In surrogate analysis, M, and M are
the counterfactual surrogate outcomes had treatments been setto 1 and 0, respectively, and
M; My isthe surrogate treatment effect.

For a speci ¢ principal stratum  u =(m ,m,)2 R?, de ne PCE as the average causal effect
on the primary outcome Y within the principal stratum U =u ,

s —E(M1 Yoju =u).

Referring to Jiang et al. (2022, 8 2), , has different scienti c meanings when M is binary. For
continuous M, itis alluded to as Cont.PCE in this paper. In the next section, we showcase how
Cont.PCE is useful in evaluating surrogate outcomes (Frangakis and Rubin 2002) in certain
scenarios, providing real-world implications.

3.1.2 Interpretation of Cont.PCE in surrogate analysis

In clinical trials, obtaining primary clinical outcomes can be time-consuming and expensive. As
aresult, there is considerable interest in identifying an easy-to-obtain surrogate that can reliably
re ect treatment effects on the primary clinical outcome. Cont.PCE, also known as the causal
effect predictiveness (CEP) surface (Gilbert and Hudgens 2008), can provide a comprehensive
evaluation of any tested surrogate. In particular, Frangakis and Rubin (2002) suggest evaluating
the associative and dissociative effects of a surrogate outcome, both of which can be quanti ed
through Cont.PCE.

e The associative effect compares the average difference between Y; and Y,when M;=m, 6

M, = mg, which is quanti ed by for any two distinct principal levels m;,mg2R. A

(myg,mo)
good surrogate is required to meet causal suf ciency , indicating that any causal in uence
of the treatment on the surrogate must be accompanied by an effect on the primary
outcome (Gilbert and Hudgens 2008, § 3.1). This can be implied by the existence of

associative effects, i.e., 6 Owhen m, 6 m,,.

(my,mo)

» The dissociative effect compares the average difference between Y; and Y, when M, =

M, = m,whichis quanti ed through forany principal level m 2 R. Agood surrogate

(m,m)

satis es the criterion of causal necessity which entails that the absence of a causal impact
of the treatment on the surrogate outcome must also imply the absence of any effect
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(@ |, under Procedure (i) (b) |, under Procedure (ii)

Figure 3.1: Cont.PCEs under Procedure (i) and (ii). The X- and Y- axes represent m; and mg,
respectively, and Z-axis represents the corresponding . The orange dashed line represents
, = 0when m;=my.

on the primary outcome (Gilbert and Hudgens 2008, 8§ 3.1). This can be implied by the

nonexistence of dissociative effects, i.e., mm =0 forany m 2 R.

We use synthetic examples to demonstrate the usage of Cont.PCE, in which we generate
X =(X1,Xo) N (0,0),diag(1,1) and Z Bern(1=2), independently. Given X, we consider
two different generating procedures of (M q,My):

PG). M1,Mo) N (X, Xo),diag(1,1) ; P(i). M,Mg) N (0,0),diag(l,1) .

Finally, we generate the potential outcomes. To facilitate the mediation analysis in what follows,

we generalize the single-indexed potential outcome notation Y, to double-indexed Y, ., as
the potential outcome when Z =z and M = m (Robins and Greenland 1992); Two notations
are linked through Y, =Y, \,, for z 2 f0,1g(Forastiere et al. 2018, § 2.1). For each z 20, 1g
and m 2 R, we generate Y, ,, independently according to the following distributions: Y2m
m=2+N (X,=2,1)inP()and Y,,, N (X,=2,1)inP(ii). Figure 3.1 visualizes the CEP surfaces
in P(i) where  =0.75(m; mg)andin P(ii) where = 0. Therefore, P(i) and P(ii) generate
two types of surrogates: in P(i), M; M, has a positive correlation with 'Y; Yy, and M is
both causally necessary and suf cient to be a good surrogate for Y, while in P(ii) M has no
association with 'Y and thus is uninformative. Mediation analysis is another widely recognized
approach for handling a continuous intermediate variable. Through our synthesized examples,

we demonstrate that the conventional mediation analysis may not be suitable for evaluating

the surrogate and, thus, highlight the need for Cont.PCE estimation. Mediation analysis focuses
onhow M plays aroleinthe causal pathway Z! M ! Y. The naturalindirect effect (NIE) and
natural direct effect (NDE) are NIE = E(Yyy, Yim,)and NDE =E(Y;y, Yom,) respectively. By
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xing Z atthe treatmentlevel ( Z = 1), NIE measures the average causal effect of counterfactual
mediators. By xing the mediator at the control level ( M = M), NDE measures the average
causal effect of treatments (Imai et al. 2010). In the synthetic examples, we can deduce that
Yim, Yim, Nf (M; Mg)=2,2ginP(@i)and Yiy, Yim, N (0,2)inP(ii), while Yy, Yom,

N f(X; Xg)=2,2gin both P(i) and P(ii). Then by the zero means of (X3, X,) and (M,M,), we
have NIE = NDE = 0 in both P(i) and P(ii), which make NIE and NDE uninformative for the
surrogate evaluation of M . In contrast, the strong and positive correlation between M; M,
and Y; Y actually makes M a good surrogate in P(i), which can be captured by the Cont.PCE
surface.

Remark 16. The mediation analysis and principal strati cation are generally not comparable
due to their conceptual difference (Rubin 2004; VanderWeele 2011; Lipkovich et al. 2022). When
the intermediate variable cannot be intervened, or causal pathway Z! M ! Y does not exist,
the principal strati cation is a more reasonable framework to deal with intermediate variables
(Rubin 2004; VanderWeele 2011). In mediation analysis, Cont.PCE can also be used to evaluate
the direct effect; Non-zero (m.m) forall m 2 R, imply that Z affectsY through some causal
pathways otherthan Z! M ! Y (Mattei and Mealli 2011). See Section 3.5.2 for a real-data

illustration.

Additional notations Before we present our identi cation results, we introduce some new
notations for ease of exposition. Denote f (V = v) the density function of V =(X,Z,M,Y).
Dene ,(X)=pr(Z =zjX = x) as the treatment probability, also known as the propensity
score,e,(x)=f U =u jX = x the generalized principal score, which is the density function

of principal stratum u given the covariates, and ,,(X)=E(Y j X =Xx,Z =2z,M = m)the
outcome mean. When there is no con ict of notations, we abbreviate ;(X)and ,,(x)as
and . Denote k k; as the functional sup-norm. Let e, = Efe,(X)g= f (U = u) denote the
marginalized principal score. We use f ()and F () to represent the probability density function
(PDF) and the conditional cumulative distribution function (CDF), respectively. We also denote
frmX)=fTM=mjX=x,Z=z)and F,,,(x)=prM mjX=x,Z=2).

3.1.3 Nonparametric identi cation

We rst consider the treatment ignorability for both the intermediate variable and outcome,
which is an extension of the classic treatment ignorability (Rubin 1974).

Assumption 4 (Treatmentignorability) . Z?2 (Mg,M 1, Yy, Y1)j X.

Assumption 4 precludes unobservable confounders that affect both the treatment and
intermediate variable and those that impact both the treatment and outcome. In observational

47



studies, its plausibility relies on whether or not observed covariates include all the confounders
that affect the treatment as well as the outcome and intermediate variables.

Next, we extend the principal ignorability assumption (Jiang et al. 2022) to the cont-inuous-
M scenario. Principal ignorability is an ignorability-type assumption for the principal strata
similar to the treatment ignorability.

Assumption 5 (Principal ignorability) . E(Y,jX,U =u)=E(Y,jX,M,=m,)forany z 20, 1g
andu =(my,m;y) 2 R2.

Assumption 5 requires that, for both z = 0and z = 1, the expected value of the potential
outcome Y, should be the same across principal strata when the value of M, is xed at a
speciclevel m, 2R, and M, , canvary over any level m; , 2 R, given observed covariates. It
holds if X captures allthe Z-Y confounders andthe M -Y confounders. Under Assumption 4,
Assumption 5 is equivalent to

E(Y,jX,Z=2z,U=u)=E(Y,jX,Z=2z,M =m,), 8z2f0,1g(m,,m,)2 R? (3.1)

which further implies that E(Y, j X,U = u) can be simpli ed to an observable conditional
expectation E(Y j X,Z =2z,M =m,).

Remark 17. In mediation analysis, the strong principal ignorability (Forastiere et al. 2018) and
sequential ignorability (Imai et al. 2010) are two standard assumptions for the identi cation of
causal mediation effects. The two assumptions, however, directly imply and thus are stronger
than Assumption 5; See Section B.2 in the Supplementary File for proof.

By Assumption 4, the conditional density of M, given X can be identi ed as
fM,=m,jX=x)=f(M=m,jX=x,Z=2z),

forany x 2 R%,z 2f0,1g,m, 2 R. However, the joint density e,(x)=f(M;=m;,Mqg=mgjX =
x) is still not identi able due to the fundamental problem that M, and M, cannot be jointly
observed. Moreover, the monotonicity assumption, as used in the binary- M scenario (Jiang
et al. 2022), is insuf cient to identify e, (x) in the continuous- M scenario. To overcome this
issue, we propose a copula-based approach (Kim et al. 2020) to model the association between
M, and M, conditional on X. Our approach encompasses several popular association models,
including the monotonicity and equipercentile equating model (Efron and Feldman 1991; Jin

and Rubin 2008) as special cases; See, e.g., Jiang and Ding (2021, § 4.1) and Nelsen (2007).

Assumption 6 (Copula models of e,(x)). LetF(M, = j X = ?) be the CDF of M, given X,
¢ (, ) be any speci ed copula function, and be the correlation between M, and M, given

48



X.Assumee,(x)=f(M;=m;;Mg=myjX=x)=c FM;=m;jX =x),F(Mg=mgyjX =
X)  Laroagf Mz=m;jX =x),forany x 2R%,z 2f0,1gu =(m;,m,) 2 R?.

Sklar's theorem (Sklar 1959) guarantees any regular e, (X) can be represented via Assumption
6 with correctly specied c¢ (, ). Some popular models of ¢ (,) include Gaussian copula,
Clayton copula, and Farli-Gumbel-Morgenstern copula (Jaworski et al. 2010). We assume the
copulafunction c (, )and correlation parameter  are correctly speci ed. In practice, one can
conduct sensitivity analysis for various combinationsof ¢ (, )and

The following theorem provides the identi cation result for Cont.PCE.

Theorem 9 (ldenti cation of Cont.PCE) . Suppose Assumptions 4—6 hold. Given any principal
levelu =(m,,m;)2R?withe, >0, , canbeidentiedas
L= E 1ml(X) OmO(X) €u (X) ’ (3.2)
eU

Q
wheree, (X)=c¢ Fin (X),Fom,(X) ;50,19 fzm, (X).

In (3.2), under the treatment and principal ignorability, we have i, (X) om,(X) = E(Y;
Yy j X,U = u ), which is the conditional Cont.PCE given X. The weight e, (X)=¢, , by Bayes'
Theorem, is the density ratio of X conditional and unconditionalon U =u ; Here g, isthe
normalizing constant of e, (X), and they can be identi ed by Assumptions 4 and 6. Therefore,
our identi cation formula marginalizes the conditional Cont.PCE over the distribution of X
given U = u , thereby giving Cont.PCE within stratum U =u .

3.1.4 Targetestimand: from Cont.PCE to Loc.PCE

We show that Cont.PCE is a perfectly localized estimand (Chernozhukov et al. 2022). Speci cally,
there exists a sequence of local estimands indexed by h > 0, i.e., Loc.PCE (cf. (3.3)), that
converges to Cont.PCE ash ! 0. De ne the normalized kernel function centeredat u 2 R?
asky (U)=Knk (yu fu=(my,me)g=h 2Kfh *(m; m,),h Y(my m,)g where K (,)isany
pre-speci ed two-dimensional kernel function and h > 0is a xed bandwidth. De ne Loc.PCE

as

- B X)) om(X) ky U)
v = ofK (,)hg= Efk. (U)g : (3.3)

where we drop the dependence of |, on K (, )and h for brevity.

Proposition 3 veri es that Cont.PCE is a perfectly localized functional and Loc.PCE is its
local functional substitute under the identi cation assumptions introduced in Section 3.1.3.
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To enhance the understanding, we demonstrate how to verify the conditional average treat-
ment effect as a perfectly localized functional in Section B.3 in Supplementary File; See also
Chernozhukov et al. (2023, Examples 3.1-3.3) for more examples.

Proposition 3. Suppose Assumptions 4—6 and the regularity conditions in Section B.4.1 in the
Supplementary File hold. Forany u 2 R? such thate, > 0, we have,

iw ,i=0(M?. (3.4)

In (1.1), letw =(X,Z,U), (Xx,z,u)= ., (X),D=U,dg=u ,m(w,y, ,ky)=f (x,1,u)
(x,0,u)g Efk, (U )g 1kh(u),#O: . »and #, = .Then (3.4)impliesthat  isa perfectly
localized functional, and |, isthe associated local functional substitute.

Remark 18. If Cont.PCE surface  is alinear function of u 2 R? (e.g., , In Figure 3.1) and

kernel function K (, ) is symmetric, then Loc.PCE | isidenticalto Cont.PCE . Moreover, if

Cont.PCE  isnon-linear yet smooth enough, Proposition 3 controls the smoothing bias between
v and  and ensures that Loc.PCE with a small h is a good approximation of Cont.PCE.

In light of such result and following Chernozhukov et al. (2022), we will focus on Loc.PCE as
our target estimand, and develop an ef cient estimator for it in the following sections. We begin
by deriving the identi cation result for Loc.PCE, similar to Theorem 9. For ease of exposition,
given any function h,(T )with T being any variables otherthan u,we dene *°, asakernel
smoother of h,(T )around u=u ,
Z

haT) y = hu(T )k, (U)du. 35)

R

f

Here (,?) represents the two-dimensional vector u in h, (T ) are integrated out.

Theorem 10 (Identi cation of Loc.PCE) . Suppose Assumptions 4—6 hold. Givenu 2 R?, kernel
functionk , ()and bandwidthh > 0,then | can be identi ed as

el 00, o) e,

E exX) ,

: (3.6)

Q
whereeg, (X)=c Flml(x)1 I:Omo(x) z2f0,1g mez(x)'

Comparing (3.2) and (3.6), it becomes clear that Loc.PCE acts as a locally kernel-smoothed
approximation of Cont.PCE.

50



3.2 EIFs and an oracle ElIF-invoked estimator

To propose a principled estimator for Loc.PCE, we adopt a semiparametric approach similar
to the binary- M case in Jiang et al. (2022). We begin by deriving EIFs under two scenarios,
where M , and M ,, are both nonparametric, and M  is either nonparametric or follows a
parametric model

f,n(Xj )=f(M=mjX=x,Z2=2, ). (3.7)

Here 2RY isthe parameterand f,,(x)=f,,(xj ). The resulting EIFs are complex, posing
challenges in constructing a computationally viable estimator. We will elaborate on this issue
later. To simplify the EIF and facilitate computation, we further derive the EIF under an oracle
scenario, where the true M ¢ is known.

Theorem 11. Suppose Assumptions 4-6 hold, andM , and M ,,, are nonparametric.

() SupposeM ¢ is known. The EIF of  is

f
1u (X,Z,Fm)fy- Zm(x)g+ 1 (x) 0?(X)Fe?(x)_u u €9(X) u
E e?{(ZX) u b E e%(ZX) "
0) ()}

w(Xx,z,m,y) =

}
(3.8)
where 1, (x,2,m) =1 ;()fm0)G *( 1 1 @x,m), T (x,m) =k, (M,mo)

u
©
1,u

€m my(X)dmy, and (x,m)= R Ky (Mg, M)€m, m)(X)dm;.

(i) SupposeM is unknown butfollows a parametric model (3.7).Lets, (X ] )= @ogf,,(X ]

)=@ j - bethescorefunctionof (3.7),and suppose informationmatrix | =Efs,(X]

)S;u (X' j )gis positive-de nite. The EIF of | is ,(x,z,m,y) = (X,z,m,y)+
~p(x,z,m), where ~p(x,z,m) isde nedin (B.3).

(i) SupposeM ¢ isunknownand nonparametric. TheEIFof |, is ,(X,z,m,y)= ,(X,z,m
JY)+ ~np(x,z,m),where ~np(x,z,m)is denedin (B.4).

The expressions for ~,(x,z,m)and . (x,z,m) are complex and do not provide addi-
tional insights and thus are deferred to (B.3) and (B.4) in the Supplement File. We discuss
the connections and comparisons among the EIFs. In np (), function () comprises two
orthogonal functionals, (1) and (Il) (cf.  (3.8)), which belong to the orthogonal tangent spaces
spanned by the scores of f(y j x,z,m) and f (x), respectively, and function ~np() belongs
to the tangent space spanned by the score of f (m j x,z). To derive EIFs ,()and ,(), we
project ,()= k()+ ~np()onto the corresponding tangent spaces under Scenarios (i) and
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(i), respectively. Compared with Scenario (iii), under Scenarios (i) and (ii), only the assump-
tionon f(m j x,z) changes, and ,,() is orthogonal to the corresponding tangent spaces
spanned by the scores of f (m jx,z). Therefore, ,()remainsthe same after projection. The
projection of ~np() is zero under Scenario (i), because the tangent space spanned by a known

f (m j x,z)is null, and the projection of ~np() is ~p() under Scenario (ii). Under Scenarios (i)—
(iii), the corresponding semiparametric ef ciency bounds (SEBs)are  SEB, = Ef 3 (X,Z,M,Y)g,
?2fkn,p,np g The additional termsin  ,()and ,()amplify the variances in the SEBs for
Scenarios (ii) and (iii). This is because, under Scenario (i), we have complete information about

M s, which results in the smallest ef ciency bound. In particular, as the knowledge about M s
reduces from Scenario (i) to Scenario (iii), we have SEB , SEB, SEB,,.

The EIFsin Theorem 11 can be used to construct semiparametrically ef cient estimators via
classical semiparametric theory (Bickel et al. 1993), but the complexity of p()and ,()makes
it impractical to generate computationally feasible estimators. For instance, accurately com-
puting ~np() and ~p( ) can be time-consuming due to the need for  2n times of 2D-numerical
integrals with intricate integrands, and this can be further exacerbated when using Bootstrap
to construct con dence intervals. Additionally, calculating derivatives such as c®(,)and
Sm(Xj )in Np( )and ~np() requires additional effort from the researchers.

As a result, our proposed estimator ~, is based on the oracle EIF, which is the simplest

A~

among the three. Importantly, ~, only requires n times of 2D numerical integrals and does

not require calculating any derivatives. Consider the empirical version of m(X,z,m,y),
~ . f. . o f
A 1w (X, z,m)fy 7 (X)g+ Fl(x) 02(X) €4(X) u €aX)
wm(X,Z,m,y)= —= :
I:,n e?(x) u

where the nuisance functions f~,(x), f;m(x) ", m (X)gare trained by any off-the-shelf estima-

tion algorithms, and other quantities are approxm&ted by the plug-in estimators: (|) €, (x)=
© Fum, (), Fomg ()0 10,19 fom Q)5 () Fem, ()= 1 Furn ()M 3 i) "5, (M x) = Ky (m,mo)
&m mp0)dMo; (V) "% (M, X) = Ky (M2, M )&, my ()M (V) "1 (X,2, M) = ( 1, (0)

f,m(X)g 1‘(12’3 (m, x). Solving “u from the estimating equation P, , (X,Z,M,Y) =0, we
obtain the proposed Loc.PCE estimator for any given u 2 R?,

) A f. - 8.(X)
- P, "1y (X,Z,M)Y ZM(X)g+ 1) TelX) &9, (3.9)
P, eo(X)

Related works  Chernozhukov et al. (2022, 2023) propose a general Riesz-representation-
invoked method which estimates local functionals semiparametrically ef ciently (Chernozhukov
etal. 2022, Theorem 4.2), and thereby approximates the corresponding perfectly localized func-
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tionals accurately. They consider the minimal Riesz representer and outcome mean model as
nuisance functions, and demonstrate the double robustness and semiparametric ef ciency of
their estimator. However, their framework cannot be applied to estimate Loc.PCE and Cont.PCE,
because they assume all variables in (W, Y) (cf. (1.1)) are observable, while under this chapter's
setting, principal strata U in W contain one unobserved variable. Moreover, for identi cation,
we need to deal with three nuisance functions instead of two, which introduces extra dif culties
in estimation. To resolve these challenges while achieving the same desirable properties as
Chernozhukov et al. (2022, 2023), we propose our estimator through a new oracle EIF-invoked
strategy. Although ~, is derived through the EIF under the oracle M ,-known scenario, it can
still attain the semiparametric ef cient bound SEB, when M ¢ follows a parametric model
(3.7) (Theorem 14).

Zigler and Belin (2012) develop a fully Bayesian approach to identify and estimate Cont.PCE.
In particular, they assume (M,M;)j X follows a joint conditional Gaussian model with a known
correlation parameter, which corresponds to a Gaussian linear regression model for  (3.7) with
a Gaussian copula ¢ (, ). Our proposed estimator is more robust as it does not necessarily
require parametric assumptions on all the nuisance functions.

3.3 Theoretical properties

3.3.1 Limitdouble robustness

Denote the functional limits ,(x)and ,,(x),suchthat ~,(x)! ,(X), ",m(X)! ,n(x)as
n!l .Recalling (3.9), the probability limitof " is

”

_ _ f _ .
E L OGZMIY 20008+ 100 o) eqX)
E exX) ,

(3.10)

u
where _1,u (x,z,m)=f,(x)f,n(x)g }( 1)**! (123, (x,m). Theorem 12 below justi es the limit
double robustness of “, when M  is correctly speci ed.

Theorem 12. Suppose Assumptions 4-6 hold, andM  is correctly speci ed. If either = or
"= ,wehave , = ,.

Intuitively, with nonparametric M , and M ,,,, our EIF-invoked estimator enjoys the Ney-
man orthogonality (Chernozhukov et al. 2017) with respect to these two nuisance functions,
which leads to the double robustness property as shown in Theorem 12.
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Remark 19. When M is binary, Jiang et al. (2022) illustrate the triple robustness of their EIF-

based PCE estimator; i.e., their estimator is consistent as long as any pair of the three models
in (M, M,
while ours is doubly robust is that the underpinning identi cation assumptions are different.

M om) is correctly speci ed. The crucial reason why their estimator is triply robust

Their monotonicity assumption provides a neat identi cation PCE formula, enabling triple
robustness. However, whenM is continuous, the monotonicity fails to identify Cont.PCE and can
be implausible in real-world problems such as surrogate evaluation. Due to the nonlinearity of
copula ¢ (, ), copula-based identi cation requires correct speci cationof M , losing robustness
against its misspeci cation. If M . is incorrectly speci ed in e, (x), the bias for |, cannot be
eliminated through correct speci cations of  ,,,(x)and ,(x).

3.3.2 Rate-double robustness and semiparametric ef ciency

Desirable asymptotic properties of ~, are shown under the semiparametric setting that M
is parametrically modeled through  (3.7), while M , and M ,,, are nonparametrically modeled.
Examples of (3.7) include the linear model, additive errors nonlinear model and generalized
linear model (Boos et al. 2013). Results under more general nonparametric settings are further
discussed in Remarks 21 and 22.

Assumption 7 below imposes the typical regularity conditions for the nuisance function
estimators, similar to Kennedy (2016).

Assumption7. (i) Either “= or "= ;(i) k= “k; ,k© Tk =o0p(L); (i) PG~ j»)=0(r?
and P~ j»)=0(?with r ,r - Tasn!1l ;(iv) Functionslike ~(x), (X), " ,m(X), »m(X)
and ", (X), am,(x)for a = 0,1, are contained in uniformly bounded function classes with

nite uniform entropy integrals (see Section B.6 in the Supplementary File for details), and  ~ 1,

~ L are uniformly bounded.

Theorem 13. Suppose Assumptions 4—7 and other regularity conditions in Section B.5.5 hold. In
addition, assume the parametric model of M . in (3.7) is correctly speci ed and “isa regular
root-n consistent estimator of . We have

v u=0n Parr . (3.11)

Furthermore, suppose r r = o(n %), and s asymptotically linear, i.e., there exists sgme
(x,z,m)suchthat Ef (X,Z,M)g=0,Ek (X,Z,M)k*<+1 ,and pﬁ(A )=n =2 "
(X;,Z;,M;)+ 0p(1). Then, we have

PRC. 0) N@©72) (3.12)

u
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where "2 isdenedin (B.5).

The error rate in (3.11) illustrates the rate-double robustness of our proposed estimator.
The asymptotic linearity condition for " can be attained by commonly-used methods, e.g., the
likelihood-based or quasi-likelihood-based estimators, and generalized method of moments
(Boos et al. 2013; McCullagh and Nelder 2019). To attain the optimal root- n convergence of ~, ,
we only require  ,,(x)and ,(x)to be well estimated, e.g., r ,r - n ™. Whenoneof ,.,(x)
and ,(x)can be estimated parametrically (i.,e., r orr - n ¥2), ", isroot-n consistent even
the other one is not correctly speci ed. For asymptotic normality in (3.12), the condition r r =
op(n 2)is standard in the double machine learning literature (Kennedy 2016; Chernozhukov
etal. 2018).

Remark 20 (Cross tting) . If one exploits the cross- tting strategy for ~, , Assumption 7(iv) can
be further dropped, and the asymptotic results in Theorem 13 remain valid; See, e.g., Robins et al.
(2008) and Chernozhukov et al. (2018).

Remark 21 (Nonparametric estimationof M ). Ingeneral, supposef,, (x ) is nonparametrically

estimated with Eff,y, (X) f,u(X)F = G (rf)=o0p(1)forz=0,1and r r ! 0. Following the
proof of Theorem 13, we can show that ~, remains consistent for | , while the rate in (3.11)
becomesQs r¢ +r r . Typically, for nonparametric estimators, ry 6 O(n ), and therefore, the
limiting distribution result like  (3.12) no longer holds.

Remark 22 (Nonparametric estimation of Cont.PCE) . Similar to Chernozhukov et al. (2023),
we can further derive the nonparametric convergence rate and asymptotic normality of our
proposed estimator for Cont.PCE ash ! 0. In particular, the nonparametric asymptotic results
for 7, 4 In (3.11) and (3.12) will be modi ed to depend on h. Then after balancing the
bias-variance tradeoff between such asymptotic results and the asymptotic bias of |, towards
., in Proposition 3, desired nonparametric asymptotic results of ", , follow. The nonpara-
metric estimation of Cont.PCE falls outside the main scope of this thesis. Therefore, we defer the

investigation of this topic to future research.

For inference,the (1  )-Cl can be constructed through (3.12) as

€ ~ ~ S
Au Z=2ﬁu_ﬁv’\u +Z=213u_ﬁ ) (313)
where ", is a consistent estimator of |, and z_,isthe (1 = 2)-quantile of the standard
normal distribution. A closed-form estimator for 2 s feasible, which however is complicated,;

u
see(B.5). Thus a standard nonparametric bootstrap procedure (Efron 1981) is recommended
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to estimate 2 ; See, e.g., Imbens (2004,§ IV) and Jiang et al. (2022) for the use of bootstrap
asymptotic variance estimation in different problems.
We close this section by showing the asymptotic optimality of ", in Theorem 14.

A~

Theorem 14. Suppose all conditions in Theorem 13 hold. Furtherassume = , = ,and

is a semiparametrically ef cient estimator for suchthat (x,z,m)=1 1s,,(xj ), where
s;m(xj )and| aredenedinTheorem11. Thenwe have 2 = SEB, = Ef FZ)(X,Z M, Y)g.
Thus, under Theorem 11(ii), ~, is semiparametrically ef cient.

Compared with Theorem 13, Theorem 14 requires correct speci cation of both M, and
M ., andthat ~ is semiparametrically ef cient, which holds when ~ ~ is a regular MLE. These
conditions are necessary for achieving semiparametric ef ciency in doubly robust estimators,
such as the augmented inverse propensity weighted estimator (Hahn 1998).

3.4 Simulation study

We perform numerical experiments to assess the large-sample properties of ~,. The data gener-
ation process involves the following steps: rst, we generate X = (X4, X5, X3)” from the standard
normal distribution N (0, 15). Second, we generate Z from F , given X. Third, we generate M
from F s given X and Z . Finally, we generate Y from F ,, given all the other variables. We use
the standard Gaussian copula ¢ (, )with = 0.5. We consider two comparative distributions

for each of the three distributions  F ,F ¢, F o, as follows:

ps’

e F t(pl) = Bernflogit (X, + X, + X3)gand F tf) = Bernflogit( X2+ X,)g
« FO=N X3+ Xo+ X3+ Z, 1) and F @= N (X2+2X;Z,1+ X2Z 0.52);

. Fé:}::N (x1+X2+X3+Z+M,l)and Féﬁz:N (X12+X2+M2,1)_

3.4.1 Simulation: the consistency and double robustness

We can simulate data through eight different data generation mechanisms, with ~ (F ,,F s, F om)

=(F t(pa), F ég) F ©),a,b,c2f1,2gand n = 500. We consider both a parametric and a semipara-

metric strategy for estimating the nuisance functions.

The parametric strategy. We estimate ,(x)and ,,(x)through logistic regression and linear

regression, respectively. To estimate f,,(x), we specify the parametric model in (3.7)asf,, Xj
=(C, ?» ='fmj ~(x,z), %g where  isavectorin R*and"' (j ,! )denotesthe Gaussian

density functionwithmean  andvariance ! . We estimate * and 2 through the linear regression
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Figure 3.2: The box-plots of » over 500 MC rounds. X-axis represents different
data generation mechanisms. For example, (TP2,PS1,0M2) means data are generated from

(F tf), F Fg) F FE?). Different colors represent different principal levels  u. The top and bottom

panels present the results when nuisance functions are estimated through parametric and
semiparametric strategies, respectively.

M (X1, X5,X3,2Z), where * denotes the vector of regression coef cientsand "~ ? represents the
empirical residual variance. Hence, M s is correctly speciedifandonlyif F ,=F F%)

The semiparametric strategy. We estimate ,(x)and ,,(x)through an ensemble learning
algorithm, namely SuperLearner (Van der Laan et al. 2007), which combines various ma-
chine learning methods such as linear regression, multivariate adaptive regression splines,
single-layer neural networks, and recursive regression trees. The estimation of M  is the
same as the parametric strategy, where we estimate * and 2 through the linear regression
M (X5, X5 X3,2Z), and * is the vector of regression coef cients while "~ 2 is the empirical
residual variance.

., at six different levels of u, namely, u =(0,0), (0,0.5),
", across 500 Monte Carlo

We evaluate the performance of
(0,1), (0.5,0.5), (0.5,1), (1,1), and present the estimation errors of
(MC) iterations in Figure 3.2. Our results indicate that when employing a parametric strategy
for nuisance training, the empirical means of ., are approximately zero for all tested u,
provided that F ,s=F é? and either F, = F t(pl) or F on = F Y. These ndings con rm the double
robustness of ”,, asM y, or M, is correctly speci ed by the parametric strategy if and only
if either F, = F ) or F o = F . Additionally, when (F 5, F ps,F om) = (F ", F ©,F &), *,, has
the smallest estimation variance for all tested u, since it is semiparametrically ef cient (cf. The-
orem 14). When using a semiparametric strategy for nuisance training, ", has small empirical

bias and variance whenever F = F Ffi) asM , and M , are always correctly speci ed when
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Table 3.1: Empirical coverage rates (rounded to three decimal places) of ~,'s 95% Cls over 300
Monte Carlo rounds, when all nuisance functions are trained via linear models.

u (TP1,PS1,0M1) | (TP2,PS1,0M1) | (TP1,PS1,0M2) | (TP2,PS1,0M2) | (TP1,PS2,0M1) | (TP2,PS2,0M1) | (TP1,PS2,0M2) | (TP2,PS2,0M2)
©,0) 0.933 0.926 0.950 0.900 0.740 0.960 0.973 0.880
(0,0.5) 0.943 0.927 0.950 0.880 0.723 0.940 0.923 0.963
0,1) 0.943 0.953 0.923 0.867 0.930 0.923 0.930 0.877
(0.5,0.5) 0.957 0.937 0.950 0.893 0.829 0.920 0.920 0.967
0.5,1) 0.943 0.927 0.947 0.880 0.827 0.943 0.890 0.787
1,1) 0.937 0.940 0.943 0.905 0.897 0.957 0.833 0.829

estimated by SuperLearner. Thus, *, can approximate , semiparametrically ef ciently
when F = F éi) aslongas ",(x)and ~,,,(x) are estimated with reasonable nonparametric
rates, e.g.,r ,r =o(n .

3.4.2 Simulation: the limiting distribution

We verify the asymptotic normality of ~, by simulating 700 samples and calculating the boot-
strap standard deviation of P n ", using 100 bootstrap samples, which serves as ~  in (3.13).
We obtain the 95 % bootstrap Cls through (3.13) and calculate the empirical coverage rate
(ECR) over 300 MC rounds, to check if the Cls capture the true . All nuisance functions are
estimated via the parametric strategy as de ned in Section 3.4.1 fortested u. As shown in Table
A.1,when (F ,F 55, F om) = (F tg), F éi) F M) and thus all nuisances can be estimated under the
root- n rates, ECRs are close t00.95 for all tested u because of the asymptotic normality of
(cf. (3.12)). When (F 1, F ps,F om) = (F tf),F ‘g),F Wyor (F t(pl),F éi),F @), wehaver r - n % as
oneof ,,(x)and ,(x)ismisspeciedwhilethe other can be estimated parametrically, which

is of the boundary case of condition r r =o(n )for (3.12). Nevertheless, in these cases, the
nuisance function estimation biases are still negligible enough, and ECRs are close to 0.95 for

all tested u.

3.5 Real data applications

3.5.1 Surrogate analysis of short-term CD4 countin ACTG 175

ACTG 175 (Hammer et al. 1996) is one of the rst randomized clinical trials to demonstrate the
superiority of combination therapy with zidovudine and didanosine over monotherapy with
zidovudine or didanosine for patients infected with human immunode ciency virus type | (HIV-
). Each patient was randomly assigned a speci c therapy. It is of essential interest to investigate
whether a short-term endpoint measured several weeks after randomization can be a valid
surrogate for a long-term clinical endpoint (Burzykowski et al. 2005). In this study, we explore

58



(a) The surface of ~ ;. (b) 95% bootstrap Cls of ", with varying u.

Figure 3.3: Panel (a) shows the surface of ~, with = 0.5,h = 0.25 (for the standardized M),

when u 2 190cells/ mm 3,520 cells/ mm 3 %. The X-axis of (b) is different levels of u. The top
panel of (b) shows the 95%bootstrap Cls of ", with varying u when m; = m,. The bottom panel
of (b) shows the 95% bootstrap Cls of ", with varying m,, while m,is xed at 340 cells / mm?>.

this question using data from ACTG175 contained in the R package speff2trial , focusing
on patients treated with zidovudine only ( Z = 0) or zidovudine + didanosine (Z = 1). To ensure
principal ignorability, we collect various covariates in X, including age, weight, hemophilia,
homosexual activity, history of intravenous drug use, Karnofsky score, non-zidovudine an-
tiretroviral therapy prior to initiation, zidovudine use in the 30 days prior to treatment initiation,

race (white / non-white), gender, antiretroviral history, and symptomatic indicator. We select

the short-term CD4 countat 20 5weeks asM and the long-term CD4 countat 96 5weeks as
Y , both of which re ect patients' immune functions in different periods. To handle censoring

and outliers, we exclude patients censored two years after randomization and patients with M;
larger than the 99th percentile or smaller than the 1st percentile among all M; . Ultimately, our
study focuses on 640 patients.

The parametric strategy for nuisance training, as outlined in Section 3.4.1, is employed in
this study. The Q-Q plotof M , estimation suggests that a linear regression model is appropriate,
as demonstrated in Figure B.1(a) in the Supplementary File. Our approach utilizes a Gaussian
kernel, denoted by K (, ), and a Gaussian copula, denoted by c (, ). To evaluate the estimator's
sensitivity under different scenarios of (M ,M)'s correlation, we investigate three values of

= 0.5,0,0.5. All continuous variables are standardized during the implementation of the
proposed method, and are rescaled back when presenting the results. The standardized M;
values fall approximately within the range of 2 and 3, as depicted in Figure B.1(b). Thus, we
have chosen two relatively small bandwidths h = 0.25,0.5to ensure that |, can approximate
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, effectively. In practice, we recommend specifying h to be a small fraction of the standard
deviation of the observed M; values. For = 0.5and h = 0.25, the estimated ", surface
and 95% con dence intervals are reported in Figure 3.3, with both m, and mg ranging from
190 cells/ mm * to 520 cells/ mm *, which roughly correspond to the  10th and 85th percentiles
among all M;. Our results are robust to different choices of and h, as demonstrated in Figures
B.2 and B.3.

The estimated ", surface exhibits a pattern similar to the synthetic example in Figure
3.1(a) of an ideal surrogate, where the estimated dissociative effects are close to zero, and the
estimated associative effects are positive (negative) when m, > mg (m, < mg). We show the

~

95% Bootstrap Cls with 100 resamples of several different ~, with m; = m in the top panel of
Figure 3.3(b), none of which are signi cantly different from zero. However, the 95%Cls of
with different m, while xing m at 340 cells/ mm ® in the bottom panel of Figure 3.3(b) reveal
that ~, becomes signi cantly largeras m; mincreases.

To the best of authors' knowledge, this is the rst time that the short-term CD4 count is
evaluated as a surrogate under the principal strati cation framework. Previous works assess its
evaluation through a summary statistics of surrogacy, namely, the proportion of the treatment
effect (PTE), and suggest not a large proportion of the treatment effect on the clinical endpoint
can be explained by the short-term CD4 count (Hughes et al. 1998; Agniel and Parast 2021).
Nevertheless, our observations imply that, from the perspective of association strength and
prediction power, the short-term CD4 count can still be a desirable principal surrogate of
long-term CD4 for the considered population (Gilbert and Hudgens 2008). Another reason why
the short-term CD4 count might be a reasonable surrogate in our analysis is that we focus on a
more healthy and cooperative population with no censoring due to death or lost-to-follow-up.
This reduces the cases that can weaken the association between short-term and long-term
CD4 counts, such as non-compliance, viral resistance, and changes of therapy in the face of
disease progression (Hughes et al. 1998).

3.5.2 Causal effect of ooding on health

In this section, we extend the principal strati cation analysis of the Bangladesh ooding dataset
conducted by Jiang et al. (2022) to a continuous- M scenario. The dataset comprises data on 774
households during the 1998 Bangladesh ood. We investigate the causal effect of ooding( Z)
on the days of childrens diarrhea ( Y') through the variable of per capita calorie consumption of
the household ( M ). In their study, Jiang et al. (2022) adapted the data to a binary- M framework
by truncating M to 1 if the per capita calorie consumption of the household was larger than
2000 calories and 0 otherwise. Our study does not require dichotomization and thus might
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(a) The surface of ~ ;. (b) 95% bootstrap Cls of ", with varying u.

Figure 3.4: Panel (a) shows the surface of ", with = 0.5,h = 0.5 (for the standardized M),

when u 2 1400 calories, 2500 calories 2. The X-axis of (b) is different levels of u. The top panel
of (b) shows the 95% bootstrap Cls of ~, with varying u when m; = m,. The bottom panel of
(b) shows the 95% bootstrap Cls of ~, with varying m, while mis xed at 1900 calories.

conduct a more meticulous analysis. To ensure ignorability, we include gender, age, the size
of the household, father's education, mother's education, father's age, and mother's age as
covariates (X) in our analysis.

The estimation of the nuisance functions and Loc.PCE follows a similar approach as outlined
in Section 3.5.1. Additionally, we exclude several outliers where the M, values are larger than
the 99th percentile or smaller than the 1st percentile among all M;. The standardized M;
values range approximately between 2.2 and 3.1. Consequently, we select small bandwidths
of h = 0.25and 0.5. Our model diagnosis indicates the validity of our preprocessing step, as
depicted in Figure B.4(a) and (b). To evaluate sensitivity, we examine values of 0.5, 0, and
0.5. We present the estimated ~, surface when = 0.5and h = 0.5in Figure 3.4. Similar results
with other  and h are referred to Figures B.5 and B.6.

Figure B.4(a) illustrates that the Loc.PCE surface is positioned above the ~, = 0 plane,
indicating positive dissociative effects, i.e., ", > 0when m; = m. This observation suggests a
positive direct effect (cf. Remark 16), where Z may affect Y through a causal pathway other
than Z! M ! Y, forinstance, the pathway through mother's health (Del Ninno 2001). Thus,
our ndings support the conclusions of Jiang et al. (2022). From a principal strati cation
perspective, the ~, surface also suggests negative associative effects, given that ”, increases as
m,; mgdecreases. This is also reasonable because for the households whose capita calorie
consumption can be more severely affected by oods, they are more likely to have children who
are strongly and persistently affected by diarrhea. Similar to Section 3.5.1, a thorough pointwise
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~

investigation of ~, with accompanying con dence intervals in Figure 3.4(b) quantities the

uncertainty and further supports our conclusions.
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CHAPTER

4

TOWARDS R-LEARNER OF CONDITIONAL
AVERAGE TREATMENT EFFECTS WITH A
CONTINUOUS TREATMENT:
T-IDENTIFICATION, ESTIMATION, AND
INFERENCE

4.1 Background and basic setup

LetfZ; = (X;,T;,Y;)d., be independent and identically distributed samples from the distri-
bution of (X,T,Y), where X =(X®, ..., X @)y is a d -dimensional vector of covariates. Under
Rubin's causal model framework (Rubin 1974), Y ®)is the potential outcome had the unit re-
ceived treatmentlevel T =t 2 R. The causal estimandis (x,t)denedin (1.3). Due to the
fundamental problem in causal inference that not all potential outcomes can be observed for

a particular unit,  (x,t)is notidenti able without further assumptions. We employ common
assumptions for continuous treatments (Kennedy et al. 2017).
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Assumption 8 (No unmeasured confounding) . We havefY Wg 2 T jX.
Assumption 9 (Stable unit and treatmentvalue) . WhenT =t 2 T,wehaveY =Y ®,

Assumption 10 (Positivity) . There exists an"” > 0 such that the generalized propensity score
f(T=tjX=x)2(,1=)forany (x,t)2X T.

We summarize the notation used throughout the paper. For any vector v, kvk; and kvk
denote its ", and ", norms. For any random variable W 2 W, f(w) and P (w) denote its
Brobability density function and probability measure. For any funIStion g(w), P,fg(W)g=
waw 9°W)dw g, kgk_ 2 =
o ow9°W)dP (W)™, kgky = sup,,yjg(W)j denoteits L 2, L 2 and L * norms. L 2 (W)
represents the function space ofall g(w)withabounded L F? norm. When g(w)is a multivariate

.”zlg(vvi )=n denotes its empirical expectation and kgk, . = f

function, denote kgky = sup,,,w kg (w )k. For any function h(w)with w 2 RY’ we denote its

-derivativeby D h(w)=@*" * ¢°h(w)=@w; @°Wqo, Wwhere =( 4,..., qo)isa vector of
positive integers. For asymptotic analysis, we restrict the target functional estimand to the
popular p-smooth Holder class (Newey 1997),

iD h D h i
(P,c,W)= h(w): sup supjD h(w)j c, sup supJ (W) (W)

h pbpc
k ky bpew2W I AUCIE kwi  wyk;

C . (41

where c,p > Oare xed, and h(w) belongs to the class of all kp ctimes differentiable functions
over W. We require two nuisance functions, the conditional outcome mean and generalized
propensity score,

mX)=E(YjX=x), ${tjx)=Ff(T=tjX=x).

Also denote the full conditional outcome mean model (x,t)=E(Y jX =Xx,T =t). We hereby
de ne the observation noises,

=Y, (X, T), i=1,...n, (4.2)

where E("; j X;,T;) = 0, following the de nition of (x,t).

4.2 Continuous-treatment R-learner

4.2.1 The generalized R-loss

We rst generalize the idea of the Robinson's residual (Robinson 1988; Nie and Wager 2021)
to the continuous-treatment scenario. The unconfoundedness and stable unit and treatment
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value imply,
YW= (X, T)+" = (X, 00+ X, T)+", (4.3)

where the rst equality follows from Assumption 9 and equation (4.2), and the second equality
follows from Assumption 8 and the de nition of (x,t). Model (4.3) is nonparametric and free
of any structural assumptions. Given X, taking the conditional expectation on (4.3) leads to

mX)=E Y™jX=X = (X,00+Esf (X,T)jX=Xg+E(jX)

(4.4)
= (X,0+Ef (X, T)jX=Xig,

where the last equality is followed by the law of total expectation such that
ECiiXi)=E ECiiX.T)iX; =E0jX; =0.

The notation Egf (X,T)jX = X;gin (4.4) highlights the dependency of}':pe conditional expec-
tation on the generalized propensity score  $ asEgf (X, T)jX =Xjg= . (Xi,t)$ (t]X;)dt.
By subtracting (4.4) from (4.3) on both left- and right-hand sides, we have

Y™ mX)= (X.T) Esf (X,T)jX=Xg+". (4.5)

By treating the left-hand side of (4.5) as the response and the right-hand side except "; asthe
mean function, we derive the following population loss function,

L.()=E Y m(X) hX,T)+Esfh(X,T)jXg", (4.6)

which is minimized at h = . The above derivation is similar to and actually includes that of
the binary-treatment R-loss function (Nie and Wager 2021, Section 2) as a special case, thus
we term (4.5) as the generalized R-loss. Under the binary-treatment case,  (X,t) reduces to
f (x,0), (x,1)g where (x,00=E(Y?® YOjX =x)=0forany x 2 X,and (x,1) becomes
the conditional average treatment effect of interest. It suf ces to estimate (x,1) by solving the
h(,1) that minimizes (4.6) while imposing an intrinsic shape constraint for h(,0) such that,

h(X,00=0 a.s.. (4.7)

P
Furthermore, observing that under (4.7), one has, h(X,T) Ecfh(X,T)jXg= 0! (T =
hX,t) e(X)h(X,1) f 1 eX)h(X,0]=fT e(X)dh(X,1)a.s.,wherel ()isthe indicator
functionand e(x)=Pr(T = 1j X = x) is the propensity score for a binary treatment. Thus the
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R-loss function (4.6) reduces to
Lo(h)=EY mX)fT e(X)gw(X,l)z, (4.8)

introduced in Nie and Wager (2021), which is also minimizedat h =

4.2.2 Anidenti ability transition of the generalized R-learner

The generalization of the R-loss from the binary treatment to the continuous treatment is
natural, which however results in a transition of the identi ability of (x,t). Suppose we
construct ~(x,t) by directly minimizing the empirical analogy of L. () following Nie and Wager
(2021). Unlike the binary-treatment case, the R-learner for the continuous treatment will
have poor estimation performance, due to the non-identi ability of the generalized R-loss. To
illustrate, we conduct a simple simulation study. The simulation details are deferred to Section
C.3. Fig. 4.1 contrasts the different behaviors of the generalized R-learner in the binary- and
continuous-treatment cases. Apparently, the R-learner approximates (x,t) well for a binary
T (Fig. 4.1a) and poorly for a continuous T (Fig. 4.1c).

We provide a theoretical argument for the success and failure of the identi ability of the
generalized R-learner for binary and continuous treatments. We focusonthe L ,32 (X,T)space
and

S =fhjh(X, T)= (X,T)+s(X)a.s., foranys2L F? X))o (4.9

Itis easy to check thatforany h 2S ,
Y mX) [hX,T) Egfh(X,T)jXd=Y mX) [ X,T) Egf (X,T)jXg a.s.

Thus from (4.6), any function h 2 S is a minimum of our generalized R-loss L.(). Thus,
when T is continuous, directly minimizing the generalized R-loss fails to identify the target
estimand (x,t) as there are in nitely many different solutions. This theoretically justi es

the non-identi cation issue when estimating (x,t) by minimizing the empirical analogy of
L.() and thus explains the ill-posed problem illustrated in Fig. 4.1. Part (i) of Proposition 4
below rigorously proves that S infact contains all minimaof L. ()in L PZ(X , T). In contrast,
minimizing the binary-treatment R-loss  (4.8) after imposing the intrinsic shape constraint  (4.7)
can successfully identify  (x,t) now, because (4.7) narrows the general solution set S into

S'=fhjh(X,T)= (X,T)asg
with a formal proof relegated to Section C.5.4 in the Supplementary Material. Despite the
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(@) (b)

(© (d)

Figure 4.1: lllustration of the identi ability transition of the R-learner from a binary treatment

to continuous treatment. Panel (a): when the treatment is binary, the generalized R-learner (the
solid blue line) is unbiased of  (x,1) (the dashed red line). When the treatment is continuous,
the generalized R-learner (Panel c) is far away from  (x,t) (Panel b). The proposed regularized

R-learner (Panel d) recovers (x,t).
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popular use of R-loss (4.8)in literature (Zhao etal. 2017; Nie and Wager 2021), the corresponding
identi cation problem has not been rigorously addressed. Part (ii) of Proposition 4 ful lls this
gap.

Proposition 4. Suppose Assumptions 8-9 hold. We have the following identi cation results.

(i) SupposeT is acontinuous treatmentand 2L 7 (X,T).ThenS is the solution set of the
following optimization problem,

argmin 5 2 x rykc(h). (4.10)

(i) SupposeT is abinary treatmentand (,1)2L 2 (X). Additionally assume the positivity
assumption such that e(x)satisfyinge(x)2 ( %1 9forsome xed ©°>0Oandforall x 2 X.
Then among the set of interested functions, L , =fh jh(,1)2L F? (X)and h (X,0)=0a.sg,
S \is the solution set of the following optimization problem,

argmin , Ly (h). (4.112)

4.2.3 T-identi cation

We resolve the non-identi cation issue for a continuous treatment through a novel identi ca-
tion strategy, termed the T-identi cation , based on the Tikhonov regularization. We consider
the population " ,-penalized L.(),

Loy, (hj )=Lc(h)+ khkfg- (4.12)

The penalty term is inspired by Tikhonov regularization (Tikhonov et al. 1995) originally devel-
oped in the non-linear functional analysis for solving ill-posed operator equations.

Adding the generalized R-loss with Tikhonov regularization effectively identi es an inter-
mediary

“(x,t)= (x,t) Ef (X,T)jX =xg

and ultimately the targetestimand ~ (x,t). First,thenewloss L -,(h j )becomes strictly convex
over L 2 (X, T)due tothe addition of a strictly convex functional kh kfg = Efh?(X,T)g Thus,
its minima equal to a unique function 2L 2(X,T)as.. Second, we showthat liesina
O( *™)-ball of ~ underthe L 2 norm, and thus I “as ! 0.Specically, when ! 0,
the difference between two loss functions, L.-,(hj )and L.(h), vanishes. Therefore,  shall
approach L. (h)ssolutionset S as ! 0.Onthe other hand,among S, "~ has the smallest
valueintermsof L.- (hj )forany > O.Thisisbecause by de nition, any function hin S
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produces the same value of the rstterm on the right-hand side of  (4.12), while ™ can minimize
the second term as it has the smallest L F? norm. Therefore, shall particularly approach "~ in
S when ! Oyet > O.Lastly, the identi cationof  (x,t)follows by a simple fact that

(x,t)="(x,t) “(x,0), forany(x,t)2X T. (4.13)

Theorem 15 summarizes the identi cation result with a formal proof given in Section C.5.5.

Theorem 15. When Assumptions 8-9 holdand 2L F% (X,T),given > 0, the solution set of

argmin , F%()(,T)I-c,‘z(h i) (4.14)
isS =fhjh(X, T)= (X,T)a.sgwhere 2L F?(X , T)isaunique function.When ! 0, one
has ! " underthe L F? norm. Finally, (x,t)canbeidentiedby ~(x,t)through (4.13).

Our two-step T-identi cation strategy for (x,t) differs fundamentally from the classic, di-
rect expectation-based identi cation strategies but relies on a sequence of functionals indexed
by .Italso generates an important implication of the bias-variance tradeoff in nite samples.
Under the nite-sample scenario, if one develops the generalized R-learner by minimizing the
empirical analogy of L.-,(hj ), anexcessivelysmall willintroduce large estimation variance.
Intuitively, asmall  will resultin aweak °,-penalization. Then with nite samples, such weak
" ,-penalization can not make the minimization of the empirical analogy of Lc-,(hj )signif-
icantly different from naively minimizing the empirical analogy of L.(h), which is ill-posed
as shown in Section 4.2.2. On the other hand, a large will bring an extreme bias, because
in Theorem 15 may not approximate ~ well with large . Such phenomenon will later be
revealed by Theorem 16, where both extremely small or large can result in large terms in the
convergence rate of our proposed estimator.

Remark 23. The " ,-penalization has been used in classic statistical methods, including linear
and logistic ridge regression (Hoerl and Kennard 1970), penalized spline regression (O'Sullivan
1986), kernel ridge regression (Aizerman et al. 1964), among others. The previous works use the™,
penalty to regularize the estimation complexity, resulting in stable and theoretically guaranteed
estimators. However, those works require that the target estimand is at least a locally unique
minimum of the corresponding loss function at the population level. To the best of the authors'
knowledge, this paper distinguishes itself from the previous works as we use " ,-penalization,
for the rsttime, to resolve a population-level non-identi cation problem, where the original

loss function has in nitely many minima but also regularize the complexity of the proposed
estimator (Section 4.2.4).
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4.2.4 ~,-penalized R-learner

Given the T-identi cation strategy, we formally propose the " ,-penalized R-learner in Algo-
rithm 5 using cross tting (Chernozhukov et al. 2018, De nition 3.1). Algorithm 5 includes

a general algorithm and a speci c illustration with sieve approximation. The latter will be
discussed in details in Section 4.3. Continuing with the numerical experiment in Section 4.2.2,
we demonstrate the effectiveness of the proposed penalized R-learner (Fig. 4.1d), which well
approximate the true  (x,t).

Algorithm 5:  General " ,-penalized R-learner and an illustration with sieve approxima-

tion in Section 4.3
Step 1 Split fZ;d', into J mutually exclusive ( J > 1), and equally sized or nearly

equally sized sub-sample sets S,,...,S; , suchthat [ f:lSj =fZ;d_,; letith sample
belongs to j;th subset;

Step 2 For each j 2 [J ], train the nuisance function estimator  frii¢ D(x),$ ¢ (t j x)g
with all data except S; via any generic and ne-tuned machine learning method,

Step Z (Sieve approximation). For each j 2[J ], obtain frii( D(x),” ¢ D(x)gwith all data
except S; by the method of sieves; see Remark 26 for two options of "¢ D(x);

Step 3 Choosing > 0, estimate “(x,t) by

"(x,t)=argmin, L. fh(,)j ¢
. 1X] ” A y . _2_ 2
= argmin )~ Y, mUX) h(X,T)+Egcinfh (X, T)jXig + P,fh?X,T)g
i=1
| ) (4.15)
Step 3 (Sieve approximation). Obtain from (4.16) with > 0, and obtain
fxt)= 7T (),

Step 4 Output ~(x,t)="(x,t) “(x,t = 0).

Remark 24. The newly proposed R-learner inherits many practical and theoretical advantages
from the original R-learner (Nie and Wager 2021). Practically, minimizing the empirical analogy

of L.-,(] )separates the process of estimating the nuisance functions and that of estimating
the target estimand. In addition, loss-minimization methods, e.g., the penalized nonparametric
regression, deep neural networks, and boosting can be exibly used to minimize (4.15). Theoreti-
cally, as we will show later, similar to the original R-learner, our proposed R-learner is robust to
slow convergence rates of the nuisance estimators.

Remark 25. A variant of cross tting (Chernozhukov et al. 2018, De nition 3.2) can be similarly
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adapted in Algorithm 5. Speci cally, in Step 3, we can obtain J different estimators of ~(x,t)
by minimizing the empirical loss within each sub-sample set and obtain the nal :(x,t) by
averaging the J estimators. Although the resulting estimators can differ slightly, their asymptotic
properties remain the same (Chernozhukov et al. 2018, Remark 3.1).

4.3 Sieve approximation and theoretical properties

We elucidate the proposed R-learner with the method of sieves. The sieve approximation
(Geman and Hwang 1982) has been broadly studied and applied for nonparametric estimation
due to its good interpretability and theoretical properties (e.g., Chen 2007). In particular, we

consider a triangular array expansion of h(x,t),

”

hoot)= > a0at) L kOGt) = 7 (),

where (x,t) is the vector of basis functions, 2 RK is the coef cient vector, and K is the

number of basis functions. Thus, minimizing (4.15) becomes solving from
- 1 & (i) > >~ (i) @, 1 . 2
argmin 2RK Yo mt(X) (X, Ti)+ Y(Xi) +H X, T)
i=1 i=1

where ~(i)(X;)is an estimator of (X;)=Egf (X,T)jX;g see Remark 26 for details. Then by
straightforward algebra, one has

1

=R+ Q P X T) X)) Y mX) ; (4.16)

here we denote R, = P,[f (X,T) ~(X)of X,T) ~(X)g1Q, =P, [ (X,T) >(X,T)], and
m (X;)and " (X;) are short-hand notation for ¢ i)(X;)and "¢ 1)(X;), respectively. The steps for
implementing the R-learner with sieve approximation are provided in Algorithm 5.

Remark 26. We discuss two options for obtaining ~@)(x)forany j 2[J ].

() "D(x)=Egnf (X,T)jX =xg where$ )t j x)is the generalized propensity score esti

mator over fZ;d"_, nS;. One-dimensional numerical integration can be implemented to
approximate the conditional expectation.

(i) ~U(x) consists of coordinate-wise nonparametric regressions. For simplicity, we consider
(x,t) as the tensor-product of B-splines (Section C.5.2). First, observing that (x) =
Ef (T)jX=xg (x),where (x)denotes (x®) (x @), we can estimate " ()(x)
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by O(x)=EWf (T)jX =xg (x), where EOf (T)jX = xgis obtained by multivari-
ate regression over the covariates-response paird X;, (T;)g tted with all data except S;.
Suppose (t) 2 R is a ky-dimensional B-spline basis for the treatment variable, and
let 1, =(1,...,1)° 2 RKT. Inspired by the sum invariance proBerty of B-splines (Lemma
12) such that 1;TEf (T)jX =xg= Ef1;T (MjX=xg=E( kyjX=x)=k; forany
x 2 X, we further impose a shape constraintfor Ef (T)jX = xg,

af p —
1L EVf (T)jX=xg=" kg, foranyx 2X,j2[J ] (4.17)

A simple strategy can be used to satisfy the above shape constraint. First obtain EGf  (T)j
X = xgby coordinate-wise regression when j 2 [k; 1], and then obtain

. p_ X1t
E¢f (T)jX =xg= Kkt EVf (T)jX =xg (4.18)
j=1
The above approaches apply similarly to other types of basis functions. Conditional density
estimation in method (i) is often dif cult, especially when X is high dimensional. In
these cases, method (ii) provides a exible alternative, which replaces conditional density
estimation with a series of regressions.

4.3.1 Asymptotic properties

For theoretical analysis, we choose (x,t) as the tensor-product of B-splines (e.g., Chen and
Christensen 2015). We provide technicality including the theoretical properties of the B-spline
basis in Section C.5.2 and regularity conditions in Section C.5.1.

Classic nonparametric sieve regression (Newey 1997) often assumes a full-rank gram matrix

Q,=Ef (X,T) >(X,T)gwherethe dimensionof dependson n.In stark contrast, theoretical

analysis of the proposed R-learner involves a low-rank gram matrix,

N E, E
€ S U’
Rh=Ef X,T) X)f X,T) X)d =U U, 0o U’ (4.19)

where the right-hand side of (4.19) is the singular value decomposition of  R,, with rank(R,) =

and

= diag( 4,..., )suchthatand > 0. Each entry of R, is the probability

limit of the corresponding entry of R, in (4.16). Intuitively, the low rank of R, is tied to the non-
identi cation issue of the generalized R-loss in Section 4.2.3 when setting = 0. Inthis case,

is asymptotically unsolvable, or equivalently R, in (4.16) is asymptotically non-invertible; i.e.,

R, is low-rank. We denote by > 0, which plays an essential quantity in our theoretical
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Algorithm 6: Contd Algorithm 5: Variance estimator of "~ (Xg, to)
Step 1 Obtaintop- (K K =k) singular value decomposition U "U>of G, =R, + O,;
Step2 SetA,=U " U>;
Step 3 Foreach j 2[J ], obtain “( ))(x,t)with all data except S, via exible machine
learning methods. Then obtain

L 1 X » o o .
BY= = v "0 T (T O 6T )
| J'Jzizs,-

, P, .
Step 4 SetB,=J ! B,

j=1"n

Step5 Output “2=f (Xo,ty) (X000 A B A f (Xoito) (X0, 0)g

results. See Lemma 15 for detailed spectral properties of R, . To address the effect of nuisance
function estimation, we consider the following concentration conditions for m(x)and " (x)
with r,,,r ,r° 1,

m m L2 = Op(rm), (4.20)
h ><:p K = OP(r (), (421)
z 1=2
f7(x)  (Qgf (x)  ()gdP (x) , =) (4.22)
x2X

The convergence rate condition of m (x) is commonly assumed; see, e.g., Kennedy et al. (2017).
The following proposition further implies that, if we obtain “(x) through $ (t j x) by method (i)
in Remark 26, the convergence rates in (4.21) and (4.22) are simultaneously attained as long as
$ (t j x) satis es a certain L 2-convergence rate uniformly forall x 2 X.

Proposition 5. Suppose regularity conditions 22 and 25 hold, and ~(x)= Egf (X,T)jX = xg
When § (t j x) satis es sup,,« k& (jx) $ (jx)k.2=0p(rg ). Then (4.21)and (4.22) hold with
ro=r =rg.

Theorem 16 summarizes the asymptotic results for the R-learner " (x,t) obtained by Algo-
rithm 5.

Theorem 16. Suppose Assumptions 8-10 and regularity conditions in Section C.5.1 hold, and

M (x),” (x) satisfy (4.20)~4.22). Suppose further the conditions hold: (i) r?- P K logn=n; (i)
Klogn=n ,; (iii) Klogn=n; (iv) “(x,t)2 (p,c,X T)forsomep,c > 0;and (v)

"(x) is trained via either one of the methods in Remark 26. Then forany (xo,to)2 X T, we have
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the general upper bound,

“(Xorto)  (Xoto)  r(K, o, .19, (4.23)

asn!l . Anexplicitformof r(n,K, ., ,rm.r ,r%isgivenin (C.106)in the Supplementary
Material.
Specically,when , 1,p>d+1,andr,,r,ro- n ¥ we have

+ (Consistency).When choosing K  n@*932) gnd n %2 therate in (4.23) can be mini-
mized by
“(Xoito)  (Xo,tp) = Op(n FHATDHR)), (4.24)

¢ (Limiting distribution). Suppose further the (2 + ¢y)-order moment condition,

sup E jY E(YjX,T)j#®jX=x,T=t <+1 , (4.25)
(xt)2X T
holds for some xed c, > 0. When choosing K n «*(d+D=2P) forany , 2 (0,1=2 (d +
1)=(2p)) and n ¥ we have

pﬁ~ Y "o te)  (Xorto) N (0,1), (4.26)

where " isde ned in (C.112)in the Supplementary Material.

» (Condenceinterval). Let ~ be obtained by Algorithm 6 with " (x,t) satisfying k™  ky =
0p (1). Then we have
Pan “(Xorto)  (Xorte) N (0,2). (4.27)
In Theorem 16, we rst state the upper bound of the " ,-penalized R-learner with sieve
approximation. Condition (i) holds whenever r - n . Conditions (ii) and (iii) hold when
» and decay slowly with n. Condition (iv) speci es the smoothness of " (x,t). Recall that
“(x,t)= (x,t) Ef (X,T)jX =xg Asufcientcondition for condition (iv) to hold is that both
and$ arein (p,c,X T). Therefore, our theoretical results do not rely on the smoothness
of the outcome model. Condition (v) covers the two training strategies of () introduced in
Remark 26.

The general upper bound r(n,K, ,, ,rm.r ,r%hasacomplicate form, thus we defer its
explicit form to the Supplementary Material. To ease the exposition, we consider a simple but
reasonable conditionsuchthat |, 1,p>d+1,andr,,r ,r .- n *to elucidate results in
(4.24), (4.26), and (4.27). The asymptotic behavior of , relies on the joint design of (X,T). One
suf cient condition for » ltoholdisthat T follows complete randomization (Neyman et al.
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1990); see Lemma 15 (iii). The relationship p > d + 1 meansthat ~(x,t)is smooth enough with
respect to its dimension. A similar condition is also considered in the theoretical analysis of
other sieve-type estimators; see e.g., Shi et al. (2022). We emphasize that assumptions like
» land p >d + 1are made mainly for succinct conditions and results. With more careful
bookkeeping, the consistency result remains valid, yet with a more complicated form of the
convergence rate, when p is slightly smaller than d + 1, and the limiting distribution results
still hold when , is slowly decaying. Finally, the nuisance functions are estimated with the
op(n ™) rate, which are relaxed fromthe Op(n ™) rate, demonstrating the robustness of our
proposed estimator to slower rates of convergence of nuisance function estimators. Similar
conditions are assumed in Nie and Wager (2021); Yadlowsky et al. (2018), among others.

Our consistency result (4.24)is attained after choosing K and to balance the bias-variance
tradeoff. If a higher-order moment condition  (4.25) holds, we further have the limiting distribu-
tion result (4.26), as long as we slightly increase K resulting in an undersmoothing estimator.
Similar conditions appear when studying the limiting distribution of the classic nonparamet-
ric sieve regression (Newey 1997). Finally, we propose a closed-form variance estimator "2
of " (Xq,tp) in Algorithm 6, for any given (xq,tp) 2 X T. The variance estimator requires an
additional consistent estimator for ~ (x,t)under L * norm. Such condition is common (e.g.,
Kennedy et al. 2017). Then we constructa (1 c¢)con dence interval as

S

€ ’ -~
" (X0, to) ZC:Zﬁ%’ " (Xo, to) + Zczzﬁ? . (4.28)

We usez. torepresentthe (1 c)-quantile of the standard normal distribution forany ¢ 2 (0,1).

Remark 27 (Tuning parameter selection) . Theorem 16 indicates that, to attain the best theoreti-
cal performance of our proposed method, one needs to carefully select the tuning parameters K
and and thereby balance the bias-variance tradeoff. The R-learner with sieve approximation
permits a closed-form solution (4.16). It allows a fast generalized cross validation-based algo-
rithm for selecting K and ; see Section C.1. For inference, as illustrated in Theorem 16, one could
slightly increase the optimal K selected by generalized cross validation before constructing the
con dence interval (4.28); the effectiveness of such strategy is further demonstrated by numerical
experiments in Section A.1.

4.4 Numerical experiment

We run simulations to evaluate the nite-sample performance of our proposed methods.
With sample size n, we generate random samples fZ;d'_,, where Z takes the form of Z=fX=
(X, X@),T,Y g The generating process of Z is as follows:
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» Generate X® Bernoulli (0.5)and X®  Uniform (0, 1).
» Generate T from one of the following generalized propensity score distributions:

— (Complete randomized experiment). Uniform (0, 1);

— (Beta distribution). Beta ( y,1 ), where we set logit ( y)=(1,X®,X®@) with =
(0.8,0.2, 0.8)”. Such distribution has been considered by Kennedy et al. (2017,
Section 4).

e GenerateY = (X,00+ (X,T)+N 0,0.32 ,whereweset (X,0)=X®X® +sin(2X®)+
(X @), and
8

<
I (r 0.5V (r XM =1
sy Hos 099 |
“ 1(ros 0.5V (rgs)+1(rog 0.5V (rgg)=2 X®=0

where r, is the Euclidean distance between (X®,T)and (a,a),andv(r)=sin(2 r+ = 2)+
1 and I () is the indicator function.

To tdata, we rst stratify the simulated databy X ®. We then teach stratum by the ,-

penalized R-learner with sieve approximation stated in Algorithm 5, where (x@t)= (t)

(x@)and J = 6; here x® corresponds X®.Both (t)and (x @) are B-spline functions with
a quadratic degree and equally spaced knots over [0, 1]. We select the optimal basis numbers
Kt opt @and Kx@op: for (t)and (x @) and regularization parameter opt DY the generalized
cross validation-based algorithm in Section C.1, among a candidate pool L =f(kxw@,kr, )j
4 Kkywo,ky 6, =0.005,0.01,...,0.50 We choose basis numbers for our proposed R-learner
under two scenarios:

(A) Thedimensionsof (t)and (x@)areky oy and Kye opt -
(B) Thedimensionsof (t)and (x@)areky oy +1and Kye opt + 1.
The nuisance functions are estimated via one of the following two strategies.

(). Estimate m ()(x @) via SUPERLEARNER, combining adaptive polynomial splines, adap-
tive regression splines, single-layer neural networks, linear regression, and recursive
partitioning-based regression trees. Estimate ~ 4)(x @) through method (i) in Remark 26.
When T is generated from the complete randomized experiment, $ (t j x?)is assumed
to be known as 1 over [0,1]2. When T is generated from the Beta distribution, we esti-
mate $ ()(t j x @) by estimating the parameters  of mean function  y through logistic
regression following Kennedy et al. (2017).
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(ii). Estimate i ()(x @) in the same way as strategy (i). Estimate ~ @)(x @) through method
(i) in Remark 26, where the coordinate-wise regressions are conducted by the same
SuPERLEARNERalgorithm as for m ()(x @),

We test the performance of our proposed R-learners at six different pointsof ~ (x @, x @, t), namely,
(0,0.25,0.25),(0,0.5,0.5),(0,0.75,0.75),(1,0.25,0.25),(1,0.25,0.75), (1,0.5,0.25); we term these
points ptl—pt6 for brevity. In each round of the simulation, we report the point-wise difference
between the estimated (x,t)andthetrue (x,t)asthe estimation error. We further construct
90% con dence interval (4.28) for each tested point, and check if it covers the truth; here "~ is
estimated following Algorithm 6 and  ~()(x @, t) s trained by same SUPERLEARNERalgorithm
as for m 0)(x @), For comparison, we additionally report estimation errors of generalized S-
learner and X-learners (Kinzel et al. 2019), which are introduced in details in Section C.2. In
our simulations, all regressions in S- and X-learners are performed by SUPERLEARNERSimilar
to m ()(x @), yet additionally combining with random forest, XGboost, and Bayesian Additive
Regression Trees.

We run 500 Monte Carlo simulations under each setting. Simulation results when  n = 2000
and T is generated under the complete randomized trial, are presented in Fig. 4.2. The top
panel of Fig. 4.2 shows the superior performances of our proposed method in terms of small
estimation errors over all simulation settings and tested points. Both Strategies (i) and (ii) for
nuisance function training produce valid results. The bottom panel of Fig. 4.2 shows that when
conducting proposed methods under Scenario (B), the empirical coverage rates are close to
90%for all points, meanwhile the estimation variance is slightly larger. Such observations verify
the theoretical claims in Remark 27, and show the effectiveness of our proposed con dence
interval after undersmoothing. Additional results with T generated under the Beta distribution
and/ or n = 4000, are contained in Section C.4 with similar conclusions.

4.5 Real data application

We assess the heterogeneous causal effect of Oxygen saturation, a.k.a., SpO2 on a patient's
survival rate by analyzing the MIMIC-IlI clinical database (Johnson et al. 2016). The dataset con-
tains 11698female individuals and 9256 male individuals. In MIMIC-III, medical information of
patients in intensive care units of the Beth Israel Deaconess Medical Center between 2001 and
2012, is recorded and followed up for the mortality. Recent retrospective study reveals that the
patients with SpO2s maintained at [94%, 98%, are associated with decreased hospital mortality
(van den Boom et al. 2020). Tan et al. (2021) provide causal evidence of this clinical discovery by
estimating the heterogeneous effects of a binary treatment de ned as the indicator of whether
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Figure 4.2: Simulation results under the settingwhen n =2000and T is generated from the
uniform distribution based on 500 Monte Carlo simulated datasets. Different colors represent
simulation results of different methods. The top penal shows the box-plots of pointwise errors

for all comparative estimators, and the bottom panel shows the empirical coverage rates for
the proposed estimators excluding S- and X-learners for which con dence intervals are not
available. Different methods are labeled in different colors and / or shapes: S-learner (Green), X-
learner (purple), proposed R-learner with the nuisance function estimated by Strategy (i) (light
blue/ triangle) or (ii) (light red /triangle) under Scenario (A) and with the nuisance function
estimated by Strategy (i) (dark blue /star) or (ii) (dark red / star) under Scenario (B).

Figure 4.3: Left penal represents the estimationof  (x,t)asafunctionof t,wheret isthe SpO2
level, for male patients, where red line represents age= 65 and blue line represents age= 80;
all other covariates are set on the median levels. Red and blue bands are the corresponding
90% con dence intervals. Similarly, right penal represents the estimation of (x,t) for female
patients.
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or not a patient's SpO2 is within  [94%, 98%)]. We take SpO2 as the continuous treatment variable
T, and estimate its heterogeneous effect on the mortality outcome by our proposed sieve-type
R-learner; the outcome Y isQif a patient died due to sepsis and 1 otherwise. We thereby provide
a more nuanced causal analysis than the previous works. The individual-level covariates X in-
clude gender, age, weight, and Sequential Organ Failure Assessment score. We take SpO2= 94%
as control-level treatment, which is around the 0.05 quantile among all samples.

We implement our proposed method similar to Section A.1, where we choose the optimal
basis number under Scenario (A) and train nuisance functions through Strategy (ii). All con-
tinuous variables are normalized by rst standardization and then mapping them through
the standard normal cumulative distribution function. The estimated (x,t) along with the
con dence bands are presented in Fig. 4.3, where we vary the treatment  SpO2from t = 94%to
t = 100%and consider individual levels crossing different genders and ages, meanwhile setting
other covariates at the median levels. We consider two age values: 65 and 90, which are roughly
the 0.5- and 0.8-quantiles among all samples, respectively. The U-shapes of the treatment
effect curves indicate that the causal effects of SpO2 are not necessarily “the higher, the better,”
and the optimal SpO2 percentages of different curves liein  [94%, 98%]. These results comply
with the previous ndings (van den Boom et al. 2020; Tan et al. 2021). We further nd that
keeping other covariates unchanged, the optimal SpO2 becomes larger when age increases. In
addition, the increase of SpO2 from 98%to 100%is more harmful to older individuals' survival
probability. These ndings shed new insights into optimal treatment strategies for patients
with sepsis.
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CHAPTER

3}

CONCLUSION

In Chapter 2, we analyzed the statistical behavior of RSVD algorithms under the assumption
that the observed matrix M is generated according to a low-rank “signal-plus-noise” model.

In particular, we derived ", and ",; perturbation bounds for Dg, entrywise concentration
bounds for UyU?M, and normal approximations for the row-wise uctuationsof ~ Uy. There
are several directions to pursue for the future research. Firstly, our upper and lower bounds

for d, and d,; include factors depending on the rank k, condition number and other
logarithmic terms. These factors are generally sub-optimal and can be sharpened with a more

re ned analysis; see for example Remark 7 and the discussion after Theorem 6. Secondly, as we
shown in Section 2.3.2, our d, and d,; bounds and the corresponding phase transition are
sharp whenever E satis es a certain trace growth condition. This condition is satis ed in the
context of random graphs inference and it is of some interest to nd other statistical inference
problem where this condition also holds. Thirdly, the theoretical results of this paper currently
assume that g is bounded and that k and are either bounded or slowly growing. Itis thus
natural to extend these results to more general settings, such as when k grows with n at rate
n¢ for some c 2 (0,1), when the noise matrix E has more complicated entrywise dependence
structure, when the SNR is only of order ! (log®n)forsome ¢ >1,orwhen g!1 .We note
that these extensions are related, e.g., k = (n°)for some c will, in general, require g!1 for
consistent estimation of U using Ug. Fourthly, while subspace power iterations (as considered
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in this paper) is one of the most popular approach for RSVD, there are other approaches such
as those based on Krylov subspaces Musco and Musco (2015) and perturbation boundsin
and ",;, for RSVD using Krylov subspaces may require quite different techniques than those
presented here. Finally, many modern dataset are represented as tensors and are analyzed
using higher-order SVD; these procedures generally atten tensor data into matrices across
different dimensions and then compute the truncated SVD of the resulting attened matrices

De Lathauwer et al. (2000); Zhang and Xia (2018). Statistical analysis of RSVD in the context of
noisy tensor data is thus of some theoretical and practical interest.

In Chapter 3, to ef ciently estimate the principal causal effect with continuous strata, we
extend the local functional estimation framework in Chernozhukov et al. (2022, 2023). Our new
oracle EIF-invoked estimator serves as a valuable complement to the existing literature for
resolving computation and estimation dif culties in this scenario. For future work, we suggest
three directions. Firstly, it is interesting to examine the relationship between the EIF and the
Riesz representation (Chernozhukov et al. 2022, 2023) of a target estimand for constructing
estimators with desirable statistical properties. While the Riesz representation is identical to
the EIF for some regular estimands such as the average treatment effect, it can be challenging
to determine for more complex problems. We hypothesize that the EIF can offer insights into
the Riesz representation in general, and plan to establish a formal connection in our future
research. Secondly, some key identi cation assumptions, such as principal ignorability, are not
veri able based on the observed data, necessitating sensitivity analysis to assess the robustness
of the proposed estimator against their violations. Similar to Jiang et al. (2022), sensitivity
models can be introduced to handle possible breaches of these critical assumptions. Finally,
while this thesis mainly focuses on semiparametric estimation of Loc.PCE, non-asymptotic
analysis of Cont.PCE estimation when h'! 0, as brie y mentioned in Remark 22, as well as a
data-driven algorithm for optimal  h selection, are also of interest for future research.

In Chapter 4, we propose the T-identi cation strategy to identify CATE for the general-
ized R-learner. Built upon this new identi cation strategy, we propose a hew " ,-penalized
R-learner framework that allows exible models and machine learning methods for continuous-
treatment conditional average treatment effect and nuisance functions estimation. We have yet
only implemented the new R-learner framework by modeling  h(, ) with regression splines. We
canmodel h(, )with other machine learners, e.g., the random forest, and study the correspond-
ing theoretical property (Chi et al. 2020). There are various theoretical problems need to be
further investigated as well. For example, how to show the minimax optimality of our proposed
estimator? A very recent work has shown the minimax optimal and rate double robustness
of the original R-learner with a binary treatment (Bang and Robins 2005; Kennedy 2020). We
expect such theoretical results can be extended to the continuous-treatment R-learner.
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APPENDIX

A

SUPPLEMENTARY MATERIALS TO
CHAPTER 2

A.1 Numerical experiments

We perform simulations to illustrate our theoretical results. In particular, Section A.1.1 present
results for RSVD-based subspace estimation and community detection in SBM graphs (see
Section 2.3.3), Section A.1.2 presents results for RSVD-based PCA with missing data (see Section
2.4.2) and Section A.1.3 present results for matrix completion with noisy entries.

A.1.1 RSVD-based spectral clustering for SBM

We consider two-blocks SBM graphs with equal sized blocks and block probabilities matrix

E
0.8 0.3

0.3 0.8

BO_ n

Recall that |, is the sparsity scaling parameter. We consider three different values for no

namely , =1 (dense setting), ,=3n = (semi-sparse settingl), , =4n % (semi-sparse
setting 1). As the edge probability matrix is of rank 2, we setk = 2. Let U and U 2 R" 2 be the

98



n Kk matrix whose columns are the leading k singular vectors of P and A, respectively. Let Ug
be the approximation of U computed using Algorithm 2 for some choices of a,,g and k that
are speci ed subsequently.

Phase transition

We rst verify the convergence rate for dz(Ug,U) and d,; (Ug,U) aswevaryg and ,;see
Section 2.2.1 and Section 2.2.2. For simplicity we only consider ,=1and ,=3n ¥ andwe
ignore any potential logarithmic factors in the convergence rate for dZ(LAJg ,U)and d,; (Ug ,U)
asn increases, i.e., we ignore the polylog terms in Eqg. (2.19).

We apply rs-RSVD with two settings of a,,,k, namely, (i) a, = dogneand k = 12; (ii) a, =
and k = 5dog n e For each combination of ( ,,a,,k), we numerically estimate the polynomial
convergence rates of dz(Ug,U) and dj; (Ug,U) as follows. For each n = 2000,...,7000 and
specic ,, we generate one realization of A with equal block sized and block probabilities
B, and then compute Ug via Algorithm 2 foreach g 2f1,2,...,50 We then evaluate dz(lAJg ,U)
and dy; (Ug,U) and compare it against the theoretical error rate given in Section 2.3.1 by
running a simple linear regression between the (negative logarithm) of the empirical error
rate as the response variable against log n as the predictor variable. The estimated coef cient
" are then recorded. We repeat the above simulations for 500 Monte Carlo (MC) iterations.
The box-plots of the estimated convergence rate " over these 500 iterations are presented in
Figure A.1. For comparison we had also included the (estimated) convergence rate for  d,(U,U)
and d,; (U,U) (these are labeled as “true SVD").

The results in Figure A.1 match the theoretical results presented in Theorem5and Eq. (2.19)
exactly. In particular we see no convergence when g =1and , =1, slow orno convergence
wheng 2and ,=3n '3 andasymptotically optimal convergencewhen g 2and ,=1
org 3and ,=3n ¥

Exact recovery

We used the same simulation setting as that described in Section A.1.1 with n 21000, ...,5000g
and , 2f1,3n 2 4n g For each combination of ( ,,a,,k)and for each n, we generate
an adjacency matrix A with equal sized blocks and block probabilities B,. We then perform
RSVD-based spectral clustering as described in Algorithm 2 with g 3, where we use the
Gmedianibrary in Rto perform fast (approximate) K -medians clustering on the rows of Ug.
For comparison, we also use Gmediarto perform K -medians clustering on the rows of U.
We repeat the above steps for 500 Monte Carlo replicates. The proportion of times (among

these 500 replicates) in which the K -medians clustering of either Ug or U correctly recover the
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Figure A.1: The left panel reports box-plots of simulated ~ when rs-RSVD is implemented
with a, = dogneand k = 12. The right panel reports box-plots of simulated ~ when rs-RSVD
is implemented with a, = 1 and k = 5dogne In both panels, the top plot reports the " for
dz(lAJg ,U) (x-axis: g = 1,...,5) or d,(U,U) (x-axis: True SVD) and the bottom plot reports the
“fordy, (Ug,U)(x-axis:g=1,...,5)or dy; (U,U) (x-axis: True SVD). Box-plots for dense
( ,=1)andsparse( ,=3n ¥®)graphs are in yellow and blue, respectively.

community memberships for all nodes are reported in Table A.1 and Table A.2.

From Tables A.1 and A.2 we see that Algorithm 2 exactly recover the underlying commu-
nity assignment with probabilities convergingto 1 asn increases, providedthat g 2when
,2f1,3n gandg 3when , =4n 2 These empirical results are consistent with the
theoretical results presented in Theorem 6, i.e., exact recover is guaranteed ifand onlyif g> 1.
Notethat ‘=1for ,=1, '=3when , n *®and !=2when , n 2 Finallywe
notethatif g =1and , = 1then RSVD-based spectral clustering occasionally recovers the com-
munity membership for all nodes. This is due to the fact that although ~ d,; (U;,U)= (n'?)
with high probability, it does not prevent  d,; (U4,U) where isthe minimum °, distance
between any two nodes i and j belonging to different communities; exact recovery is certainly

expected if d,(U;,U)

Limiting distribution

We now illustrate the normal approximations for the row-wise uctuations of Ug, as implied by
Theorem 4. For brevity we xed k = 2and a, = dogn e Similar results are available for k logn
and a, = 1. We generate a single realization of Aon n = 10000verticesand , =4n 2 with
equal sized blocks and block probabilities B,. Scatter plots of the rows of Ug forg 2f1,2,...,50
as well as the rows of U are presented in Figure A.2. From Figure A.2we seethat g  3is suf cient
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Table A.1: Proportion of times that RSVD-based spectral clustering (g = 1,2,3) or the original
spectral clustering (OSC) exactly recover the memberships of all nodes; here  a, = dogneand
k = 12. Standard errors are reported in parentheses.

Sparsity

n

g=1

g=2

g=3

0OsC

n

n

1

1=3

n 1=2

1000
2000
3000
4000
5000
1000
2000
3000
4000
5000
1000
2000
3000
4000
5000

0.098 (0.013)
0.050 (0.010)
0.034 (0.008)
0.018 (0.006)
0.006 (0.003)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)

1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
0.938 (0.012)
0.980 (0.006)
0.980 (0.006)
0.994 (0.003)
0.998 (0.002)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)

1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
0.384 (0.022)
0.688 (0.021)
0.864 (0.015)
0.956 (0.009)
0.976 (0.007)

1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
0.906 (0.013)
0.986 (0.005)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)

Table A.2: Proportion of times that RSVD-based spectral clustering (g
spectral clustering (OSC) exactly recover the memberships of all nodes, among 500 MC rounds;

here a,, = 1 and k = 5dog n e Standard errors are reported in parentheses.

Sparsity

n

g=1

g=2

g=3

0OsC

n

n

1

1=3

n 1=2

1000
2000
3000
4000
5000
1000
2000
3000
4000
5000
1000
2000
3000
4000
5000

0.536 (0.022)
0.616 (0.022)
0.674 (0.021)
0.600 (0.022)
0.626 (0.022)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)

0.384 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
0.982 (0.012)
0.996 (0.006)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)
0.000 (0.000)

1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
0.604 (0.022)
0.892 (0.014)
0.974 (0.007)
0.996 (0.003)
0.998 (0.002)

1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
0.914 (0.013)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
1.000 (0.000)
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Figure A.2: Row-wise uctuations for U, and U for two-blocks SBM with n = 10000 and
, N 2 (From top left to top right) scatter plots of the rows of Ug when g 3; (From bottom
left to bottom right) scatter plots of the rows of Dg when g 2 f4,5g, and the rows of U. The

points are colored according to the true community assignments. The red dashed curves are
the 95% empirical con dence ellipses, while the solid black curves are the = 95% theoretical
con dence ellipses given by Theorem 4.

for the rows of Ug to be clustered into two clustersbut g 4 is necessary for the empirical 95%

con dence ellipses of Ug to match the theoretical 95% con dence ellipses given in Theorem 4;

the scatter plots for g 4 are also virtually indistinguishable from thatfor ~ U. In other words,

the more stringentthreshold g 2+ 'in Theorem 4 is both necessary and suf cient for the

normal approximations of Og; note that for the current settingwe have ,, n ¥ and hence
1=2.

Additional simulation results with respect to » = 1orn = 1000, are further illustrated in
Figures A.3—A.5. Since our theoretical results are valid up to some rotation, we shall orthogonally
rotate the plots occasionally for the sake of better illustrations. Similar row-wise uctuations
and the corresponding phase transition phenomenon with respectto g, can also been seenin
these additional simulations.
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Figure A.3: Second-order simulation for two-block SBM with n = 1000and , n 2. (From
top left to top right) the scatter plots of row-wise vectors in Ug with g = 1,2, 3; (From bottom
left to bottom right) the scatter plots of row-wise vectors in 0)9 with g = 4,5and U. The point
color re ects the block membership of the corresponding row vectors. The red dashed curves
are the 95% empirical con dence ellipses, while the solid black curves are the  95%theoretical
con dence ellipses.
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Figure A.4: Second-order simulation for two-block SBM with n = 1000and , 1. (From
top left to top right) the scatter plots of row-wise vectors in Ug with g = 1,2, 3; (From bottom
left to bottom right) the scatter plots of row-wise vectors in Ug with g = 4,5and U. The point
color re ects the block membership of the corresponding row vectors. The red dashed curves
are the 95% empirical con dence ellipses, while the solid black curves arethe  95% empirical
con dence theoretical according to Theorem 4.
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Figure A.5: Second-order simulation for two-block SBM with n = 10000and , 1. (From
top left to top right) the scatter plots of row-wise vectors in Ug with g = 1,2, 3; (From bottom
left to bottom right) the scatter plots of row-wise vectors in Ug with g = 4,5and U. The point
color re ects the block membership of the corresponding row vectors. The red dashed curves
are the 95% empirical con dence ellipses, while the solid black curves are the  95%theoretical
con dence ellipses.

105



Figure A.6: (Top Left) ", recovery errors vs. p (here d = 3000,n = 1000, = 1); (Top Right) *,
recovery errors vs. d (here n = 1000,p = 0.02, = 1);(Bottom Left) ", recovery errorsvs. n (here
d =3000,p =0.02, =1);(Bottom Right) ", recovery errorsvs. (hered =3000,n = 1000,p =
0.02).

A.1.2 PCA with missing data

For this simulation study we used the same data generation mechanism as that described

in section 7 of Cai et al. (2021) but with larger values of d. More speci cally we rst sample
ad n matrix X whose columns are iid multivariate normal random vectors with mean 0
and covariance matrix U U~ ;hereU isad 4 matrix whose entries are iid standard normals.
We then generate P (X)= (X + E) where the entries of Eareiid N (0, 2), the entries of
are iid Bernoulli (p)and denote the Hadamard product. The matrix P (X) represent a noisily
observed version of X (with missing entries).

Given P (X) we compute Ug using Algorithm 4 with k = 4, k = 14, ay = dogdeand g 2
f1,2,...,59 We then record dz(LAJg ,U); here U denote the d 4 matrix whose columns are the
leading eigenvectors of U U > . For comparison we also record d,(U,U)where Uisthed 4
matrix of leading eigenvectors of Q and Q is as de ned in Eq. (2.32).

Figure A.6 reports sample means for dz(LAJg ,U)and d,(U,U) as we vary the sampling proba-
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Figure A.7: Matrix plots for the true D (Left), partially observed D,g (Middle), and partially
observed D, (Right).

bility p, datadimension d, sample size n, and noise level ;these sample means are computed
based on 500 Monte Carlo replicates where we resampled the matrices U ,Eand ineach
replicate. Figure A.6 shows that Algorithm 4 yields nearly-optimal performance (as compared

to U)When g 3formostsettingsof p,d, andn.lItisonlywhen d islarge with respectto n
that U, have worse performance comparedto U,,Us and U. Finally, U, is always sub-optimal.
These observations are consistent with the theoretical results presented in Section 2.4.2.

A.1.3 Distance matrix completion

For this section we apply Algorithm 3 to recover the missing entries of a partially observed
Euclidean distance matrix. In particular we use the world_cities dataset containing the
locations of the 4428 most populous cities around the world; this dataset is part of the ~ mdsr
library in R. We rst construct the 4428 4428 matrix D =[D;; ] whose elements are

D;; =(Lon Lon))*+(Lat; Lat;)>.

Here Lon and Lat; represent the longitude and latitude of the i th city, respectively. We then
sample a matrix Dgg (resp. Dy 4) by keeping roughly 80% (resp. 40%) of the entriesin D, i.e.,
Dos= D where isasymmetric matrix whose upper triangular entries are iid ~ Bernoulli (0.8).
We now recover D from Dy g (resp. D 4) using Algorithm 3. As the entries of D are Euclidean
distances between points in R?, we have rk(D) 4. We therefore choose k = 4, a, = k=15
and g 2f1,2,5¢, and let 639; (resp. If)gﬁ) be the resulting estimate of D. For comparison we also
consider the spectral estimate D, g (resp. D, 4) obtained by truncating the exact SVD of Dgg
(resp. Dy.4); see Keshavan et al. (2010) for more details.
A plot of the true distance matrix D and one random realization of the partially observed

Dy and Dy 4 are presented in Figure A.7.The corresponding RSVD-based estimates and exact
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