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hael Ferris, Ronald Klein, and Barbara Klein1University of Wis
onsin - MadisonAbstra
t This paper presents a nonparametri
 penalized likelihood approa
h for variablesele
tion and model building, 
alled likelihood basis pursuit (LBP). In the setting of a tensor prod-u
t reprodu
ing kernel Hilbert spa
e, we de
ompose the log likelihood into the sum of di�erentfun
tional 
omponents su
h as main e�e
ts and intera
tions, with ea
h 
omponent represented byappropriate basis fun
tions. Basis fun
tions are 
hosen to be 
ompatible with variable sele
tionand model building in the 
ontext of a smoothing spline ANOVA model. Basis pursuit is appliedto obtain the optimal de
omposition in terms of having the smallest l1 norm on the 
oeÆ
ients.We use the fun
tional L1 norm to measure the importan
e of ea
h 
omponent and determine the\threshold" value by a sequential Monte Carlo bootstrap test algorithm. As a generalized LASSO-type method, LBP produ
es shrinkage estimates for the 
oeÆ
ients, whi
h greatly fa
ilitates thevariable sele
tion pro
ess, and provides highly interpretable multivariate fun
tional estimates atthe same time. To 
hoose the regularization parameters appearing in the LBP models, generalizedapproximate 
ross validation (GACV) is derived as a tuning 
riterion. To make GACV widelyappli
able to large data sets, its randomized version is proposed as well. A te
hnique \sli
e mod-eling" is used to solve the optimization problem and makes the 
omputation more eÆ
ient. LBPhas great potential for a wide range of resear
h and appli
ation areas su
h as medi
al studies, andin this paper we apply it to two large on-going epidemiologi
 studies: the Wis
onsin Epidemiologi
Study of Diabeti
 Retinopathy (WESDR) and the Beaver Dam Eye Study (BDES).KEY WORDS: nonparametri
 variable sele
tion; smoothing spline ANOVA; LASSO; generalizedapproximate 
ross validation; Monte Carlo bootstrap test; sli
e modeling.1 Introdu
tionVariable sele
tion, or dimension redu
tion, is fundamental to multivariate statisti
al model build-ing. Not only does judi
ious variable sele
tion improve the model's predi
tive ability, it generallyprovides a better understanding of the underlying 
on
ept that generates the data. Due to re-
ent proliferation of large, high-dimensional databases, variable sele
tion has be
ome the fo
us ofintensive resear
h in several areas su
h as text pro
essing, environmental s
ien
es, and genomi
s,parti
ularly gene expression array data whi
h involves tens or hundreds of thousands of variables.Traditional variable sele
tion approa
hes su
h as stepwise sele
tion and best subset sele
tion arebuilt in linear regression models, and the well-known 
riteria like Mallow's Cp; AIC and BIC are1Hao Helen Zhang is now Assistant Professor, Department of Statisti
s, North Carolina State University. Thiswork was supported in part by NSF grants DMS-0072292, DMS-0134987 and CCR-9972372, NIH grants EY09946and EY03083, and AFOSR grant F49620-01-1-0040. The authors thank the editor, the asso
iate editor, and the tworeferees for their 
onstru
tive 
omments and suggestions that have led to signi�
ant improvement of this arti
le.1



often used to penalize the number of non-zero parameters. See Linhart & Zu

hini (1986) for anintrodu
tion. To a
hieve better predi
tion and redu
e the varian
es of estimators, many shrinkageestimation approa
hes have been proposed. Bridge regression was introdu
ed by Frank & Friedman(1993), whi
h is a 
onstrained least squares method subje
t to an Lp penalty with p � 1. Two spe
ial
ases of bridge regression are: the LASSO proposed by Tibshirani (1996) when p = 1 and the ridgeregression when p = 2. Due to the nature of the L1 penalty, LASSO tends to shrink small 
oeÆ
ientsto zero and hen
e gives 
on
ise models. It also exhibits the stability of ridge regression estimates. Fu(1998) made a thorough 
omparison between the bridge model and the LASSO. Knight & Fu (2000)proved some asymptoti
 results for LASSO-type estimators. In the 
ase of wavelet regression, thisL1 penalty approa
h is 
alled \basis pursuit". Chen, Donoho & Saunders (1998) dis
ussed atomi
de
omposition by basis pursuit in some detail. A related development is found in Bakin (1999).Gunn & Kandola (2002) proposed a stru
tural modeling approa
h with sparse kernels. Re
entlyFan & Li (2001) suggested a non-
on
ave penalized likelihood approa
h with the smoothly 
lippedabsolute deviation (SCAD) penalty fun
tion, whi
h resulted in an unbiased, sparse and 
ontinuousestimator. Our motivation of this study is to provide a 
exible nonparametri
 alternative to theparametri
 approa
hes for variable sele
tion as well as model building. Yau, Kohn & Wood (2001)presented a Bayesian method for variable sele
tion in a nonparametri
 manner.Smoothing spline analysis of varian
e (SS-ANOVA) provides a general framework for nonpara-metri
 multivariate fun
tion estimation and has been studied intensively for Gaussian data. Wahba,Wang, Gu, Klein & Klein (1995) gave a general setting for applying the SS-ANOVA model to ex-ponential families. Gu (2002) provided a 
omprehensive review of the SS-ANOVA and some re
entprogress. In this work, we have developed a uni�ed model whi
h appropriately 
ombines the SS-ANOVA model and basis pursuit for variable sele
tion and model building. This arti
le is organizedas follows. Se
tion 2 introdu
es the notation and illustrates the general stru
ture of the likelihoodbasis pursuit (LBP) model. We fo
us on the main e�e
ts model and the two-fa
tor intera
tionmodel. Then the models are generalized to in
orporate 
ategori
al variables. Se
tion 3 dis
ussesthe important issue of adaptively 
hoosing regularization parameters. An extension of GACV pro-posed by Xiang & Wahba (1996) is derived as a tuning 
riterion. Se
tion 4 proposes the measure ofimportan
e for the variables and, if desired, their intera
tions. A sequential Monte Carlo bootstraptest algorithm is developed to determine the sele
tion threshold. Se
tion 5 
overs the numeri
al
omputation issue. Se
tions 6 through 8 present several simulation examples and the appli
ationsof LBP to two large epidemiologi
 studies. We 
arry out a data analysis for the four-year risk ofprogression of diabeti
 retinopathy in the Wis
onsin Epidemiologi
 Study of Diabeti
 Retinopathy(WESDR) and for the �ve-year risk of mortality in the Beaver Dam Eye Study (BDES). The last2



se
tion 
ontains some 
on
luding remarks. Proofs are relegated to Appendix A and Appendix B.2 Likelihood Basis Pursuit2.1 Smoothing Spline ANOVA for Exponential FamiliesWe are interested in estimating the dependen
e of Y on the 
ovariates X = �X(1); :::;X(d)�. Typ-i
ally X is in a high dimensional spa
e X = X (1) 
 � � � 
 X (d), where X (�); � = 1; :::; d; is somemeasurable spa
e and 
 denotes the tensor produ
t operation. Conditioning on x, assume Y isfrom an exponential family with the density of form h(yjx) = exp[fyf(x)�b(f(x))g=a(�)+
(y; �)℄,where a > 0, b, and 
 are known fun
tions, f(x) is the parameter of interest dependent on x, and� is either known or a nuisan
e parameter independent of x. We denote the observations ofYijxi � h(yjxi), i = 1; :::; n, by the ve
tor y = (y1; :::; yn)0. The s
aled 
onditional log-likelihood isL(y; f) = 1n nXi=1 �� lfyi; f(xi)g� � 1n nXi=1 �� yif(xi) + bff(xi)g�: (2.1)Though the methodology proposed here is general and valid for any exponential family, we usethe Bernoulli 
ase as our working example. In Bernoulli data, Y takes on values f0; 1g with the
onditional probability p(x) � prob(Y = 1jX = x). The logit fun
tion f(x) = log � p(x)1� p(x)�,and the log-likelihood l(y; f) = yf � log(1 + ef ). Many parametri
 approa
hes, su
h as Tibshirani(1996), Fu (1998), and Fan & Li (2001), assume f(x) to be a linear fun
tion of x. Instead, weallow f to vary in a high-dimensional fun
tion spa
e, whi
h leads to a more 
exible estimate forthe target fun
tion. In this se
tion and Se
tion 2.2, we assume all the 
ovariates are 
ontinuous.Later in Se
tion 2.3, we take into a

ount 
ategori
al variables. Similar to the 
lassi
al analysis ofvarian
e (ANOVA), for any fun
tion f(x) = f(x(1); :::; x(d)) on a produ
t domain X , we 
an de�neits fun
tional ANOVA de
omposition asf(x) = b0 + dX�=1 f�(x(�)) +X�<� f��(x(�); x(�)) + all higher-order intera
tions; (2.2)where b0 is 
onstant, f�'s are the main e�e
ts, and f��'s are the two-fa
tor intera
tions. Theidenti�ability of the terms is assured by side 
onditions through averaging operators. We are toestimate ea
h f� in an RKHS H(�), ea
h f�� in the tensor produ
t spa
e H(�) 
 H(�), and soon. The full model spa
e is then the dth-order tensor produ
t spa
e 
d�=1H(�). Ea
h fun
tional
omponent in the de
omposition (2:2) falls in the 
orresponding subspa
e of 
d�=1H(�).3



For any 
ontinuous 
ovariate x(�), we s
ale it onto [0; 1℄ and 
hoose H(�) to be the se
ond-orderSobolev spa
eW2[0; 1℄, whi
h is de�ned as fg : g(t); g0(t) are absolutely 
ontinuous, g00(t) 2 L2[0; 1℄g.When endowed with a 
ertain inner produ
t, W2[0; 1℄ is an RKHS with the reprodu
ing kernel(RK) 1 + K0(s; t) + K1(s; t). Here K0(s; t) = k1(s)k1(t) and K1(s; t) = k2(s)k2(t) � k4(js � tj),with k1(t) = t � 12 , k2(t) = 12(k21(t) � 112), and k4(t) = 124(k41(t) � 12k21(t) + 7240 ). Noti
e thatH(�) = [1℄ � H(�)� � H(�)s , with [1℄ being the 
onstant subspa
e, H(�)� the \parametri
" subspa
egenerated by K0 
onsisting of linear fun
tions, and H(�)s the \nonparametri
" subspa
e generatedby K1 
onsisting of smooth fun
tions. The reprodu
ing kernel of 
d�=1H(�) isdY�=1 �1 + k1(s(�))k1(t(�)) +K1(s(�); t(�))�: (2.3)Correspondingly, 
d�=1H(�) 
an be de
omposed into the tensor sum of parametri
 main e�e
tsubspa
es, smooth main e�e
t subspa
es, two-fa
tor intera
tion subspa
es of three possible forms:parametri
 
 parametri
, smooth 
 parametri
, and smooth 
 smooth, and similarly for three-fa
tor or higher intera
tion subspa
es. The RK's for these subspa
es are given by the 
orrespondingterms in the expansion of (2.3) and, the terms in (2.2) 
an be expanded in terms 
orresponding tothose RK's in the expansion of (2.3). Therefore our model en
ompasses the linear model as a spe
ial
ase. See Wahba (1990) for more details. In various situations the ANOVA de
omposition in (2.2)and in the expansion of (2.3) is trun
ated at some point. In this work we will 
onsider trun
ationfor the 
ontinuous variables no later than after the two-fa
tor intera
tions. The remaining RK'swill be used to 
onstru
t an over
omplete set of basis fun
tions for the likelihood basis pursuit, viadetails given below.2.2 Likelihood Basis PursuitBasis pursuit (BP) is a prin
iple for de
omposing a signal into an optimal superposition of di
tionaryelements, where \optimal" means having the smallest l1 norm of the 
oeÆ
ients among all su
hde
ompositions. Chen et al. (1998) illustrated atomi
 de
omposition by basis pursuit in waveletregression. In this paper we will apply basis pursuit to the negative log likelihood in the 
ontext of adi
tionary based on the SS-ANOVA de
omposition, and then sele
t the important 
omponents usingthe multivariate fun
tion estimates. Let H be the model spa
e after trun
ation. The variationalproblem for the likelihood basis pursuit (LBP) model isminf2H 1n nXi=1 �� l(yi; f(xi))�+ J�(f): (2.4)4



J�(f) denotes the l1 norm of the 
oeÆ
ients of the basis fun
tions in the representation of f . Itis a generalization of the LASSO penalty in the 
ontext of nonparametri
 models. The l1 penaltyoften produ
es 
oeÆ
ients that are exa
tly zero and therefore gives sparse solutions. This sparsityhelps to distinguish important variables from unimportant ones easily and more e�e
tively. SeeTibshirani (1996) and Fan & Li (2001) for the 
omparison of the l1 penalty with other forms ofpenalty. The regularization parameter � balan
es the �tness in the likelihood and the penalty part.For the usual smoothing spline modeling, the penalty J� is a quadrati
 norm or semi-norm inan RKHS. Kimeldorf & Wahba (1971) showed that the minimizer f� for the traditional smoothingspline model falls in a �nite dimensional spa
e, though the model spa
e is of in�nite dimension.For the penalized likelihood approa
h with a non-quadrati
 penalty like the l1 penalty, it is veryhard to obtain analyti
 solutions. In light of the results for the quadrati
 penalty situation, wepropose using a suÆ
iently large number of basis fun
tions to span the model spa
e and estimatethe target fun
tion in that spa
e. If all the data fx1; :::;xng are used to generate the bases, theresulting fun
tional spa
e demands intensive 
omputation and the appli
ation is limited for large-s
ale problems. Thus we adopt the parsimonious bases approa
h used by Xiang & Wahba (1998),Ruppert & Carroll (2000), Lin, Wahba, Xiang, Gao, Klein & Klein (2000), and Yau et al. (2001).It has been shown by Gu & Kim (2001) that the number of basis terms 
an be mu
h smallerthan n without degrading the performan
e of the estimation. For N � n, we subsample N pointsfx1�; :::;xN�g from the original data and use them to generate basis fun
tions whi
h then span themodel spa
e H�. Noti
e that we are not wasting any data resour
e here, sin
e all the data pointsare used for model �tting, though only a subset of them are sele
ted to generate basis fun
tions.The issue of 
hoosing N and the subsamples is important. In pra
ti
e, we generally start witha reasonably large N . It is well known that \reasonably large" is not a
tually very large. SeeLin et al. (2000). In prin
iple, the subspa
e spanned by the 
hosen basis terms needs to be ri
henough to provide a de
ent �t to the true 
urve. In this paper we use the simple random samplingte
hnique to 
hoose the subsamples. Alternatively, a 
luster algorithm may be used, su
h as inXiang & Wahba (1998) and Yau et al. (2001). Its basi
 idea involves two steps. First we group thedata into N 
lusters whi
h have maximum separation, by some good algorithm. Then within ea
h
luster one data point is randomly 
hosen as a representative to be in
luded in the base pool. Thiss
heme usually provides well-separated subsamples.2.2.1 Main E�e
ts ModelThe main e�e
ts model, also known as the additive model, is a sum of d fun
tions of one variable.The fun
tion spa
e is the tensor sum of 
onstant and the main e�e
t subspa
es of 
d�=1H(�).5



De�ne H� = [1℄ �d�=1 span�k1(x(�));K1�x(�); x(�)j� �; j = 1; :::; N	 � [1℄ �d�=1 H(�)� , where k1(�)and K1(�; �) are previously de�ned in Se
tion 2.1. Then any 
omponent fun
tion f� 2 H(�)� hasthe representation f�(x(�)) = b�k1(x(�)) +PNj=1 
�;jK1�x(�); x(�)j� �. The likelihood basis pursuitestimate f 2 H� is obtained by minimizing1n nXi=1 �� l(yi; f(xi))�+ �� dX�=1 jb�j+ �s dX�=1 NXj=1 j
�;j j; (2.5)where f(x) = b0 +Pd�=1 f�(x(�)). (��; �s) are the regularization parameters. Here and in thesequel we have 
hosen to group terms of similar types (here \parametri
" and \smooth") and toallow distin
t �'s for di�erent groups. Of 
ourse, we 
ould 
hoose to set �� = �s. Note that �s =1yields a parametri
 model. Alternatively, we 
ould 
hoose di�erent �'s for ea
h 
oeÆ
ient if wede
ide to in
orporate some prior knowledge of 
ertain variables or their e�e
ts.2.2.2 Two-fa
tor Intera
tion ModelTwo-fa
tor intera
tions arise in many pra
ti
al problems. See Hastie & Tibshirani (1990) Se
tion9.5.5. or Lin et al. (2000) Figures 9 and 10, for interpretable plots of two-fa
tor intera
tions with
ontinuous variables. In the LBP model, the two-fa
tor intera
tion spa
e 
onsists of the \paramet-ri
" part and the \smooth" part. The parametri
 part is generated by d parametri
 main e�e
tterms and d(d�1)2 parametri
-parametri
 intera
tion terms The smooth part is the tensor sum ofthe subspa
es generated by smooth main e�e
t terms, parametri
-smooth intera
tion terms, andsmooth-smooth intera
tion terms. For ea
h pair � 6= �, the two-fa
tor intera
tion subspa
e isH(��)� =spanfk1(x(�))k1(x(�));K1�x(�); x(�)j� �k1(x(�))k1(x(�)j� );K1�x(�); x(�)j� �K1�x(�); x(�)j� �; j = 1; :::Ng,and the intera
tion term f��(x(�); x(�)) has the representationf�� = b��k1(x(�))k1(x(�))+ NXj=1 
�s��;jK1�x(�); x(�)j� �k1(x(�))k1(x(�)j� )+ NXj=1 
ss��;jK1�x(�); x(�)j� �K1�x(�); x(�)j� �:The whole fun
tion spa
e is H� � [1℄�d�=1 H(�)� +��<�H(��)� : The LBP optimization problem isminf2H� 1n nXi=1 �� l(yi; f(xi))�+ ��( dX�=1 jb�j) + ���(X�<� jb��j)+��s(X�6=� NXj=1 j
�s��;j j) + �s( dX�=1 NXj=1 j
�;j j) + �ss(X�<� NXj=1 j
ss��;j j): (2.6)Note di�erent penalties are allowed for the �ve di�erent types of terms.6



2.3 In
orporating Categori
al VariablesIn real appli
ations, some 
ovariates may be 
ategori
al su
h as sex, ra
e, and smoking historyin many medi
al studies. In previous se
tions, we proposed the main e�e
ts model (2.5) and thetwo-fa
tor intera
tion model (2.6) for 
ontinuous variables only. Now we generalize these modelsto in
orporate 
ategori
al variables, whi
h are denoted by Z = (Z(1); :::; Z(r)). For simpli
ity, weassume ea
h Z(
) has two 
ategories fT; Fg for 
 = 1; :::; r. The following idea is easily extendedto the situation when some variables have more than two 
ategories. De�ne the mapping �
 by�
(z(
)) = 12 if z(
) = T= �12 if z(
) = F:Generally the mapping is 
hosen to make the range of 
ategori
al variables 
omparable with thatof 
ontinuous variables. For any variable with C > 2 
ategories, C � 1 
ontrasts are needed.� The main e�e
ts model whi
h in
orporates the 
ategori
al variables is: minimize1n nXi=1 [�l(yi; f(xi; zi)℄ + ��( dX�=1 jb�j+ rX
=1 jB
 j) + �s dX�=1 NXj=1 j
�;j j; (2.7)where f(x; z) = b0 +Pd�=1 b�k1(x(�)) +Pr
=1B
�
(z(
)) +Pd�=1PNj=1 
�;jK1�x(�); x(�)j� �.For ea
h 
, the fun
tion �
 
an be regarded as the main e�e
t of the 
ovariate Z(
). Thuswe 
hoose to asso
iate the 
oeÆ
ients jBj's and jbj's with the same parameter ��.� Adding two-fa
tor intera
tions with 
ategori
al variables to a model that already in
ludesparametri
 and smooth terms adds a number of additional terms to the general model. Com-pared with (2.6), four new types of terms are involved when we take into a

ount 
ategori
alvariables. They are 
ategori
al main e�e
ts, 
ategori
al-
ategori
al intera
tions, \parametri

ontinuous"-
ategori
al intera
tions, and \smooth 
ontinuous"-
ategori
al intera
tions. Themodi�ed two-fa
tor intera
tion model is: minimize1n nXi=1 [�l(yi; f(xi; zi))℄ + ��( dX�=1 jb�j+ rX
=1 jB
 j) + ���(X�<� jb�� j+X
<� jB
�j+ dX�=1 rX
=1 jP�
 j)+��s(X�6=� NXj=1 j
�s��;j j+ dX�=1 rX
=1 NXj=1 j
�s�
;j j) + �s( dX�=1 NXj=1 j
�;j j) + �ss(X�<� NXj=1 j
ss��;j j);(2.8)7



wheref(x; z) = b0 + dX�=1 b�k1(x(�)) + rX
=1B
�
(z(
)) +X�<� b��k1(x(�))k1(x(�))+ X
<�B
��
(z(
))��(z(�)) + dX�=1 rX
=1P�
k1(x(�))�
(z(
))+ X�6=� NXj=1 
�s��;jK1�x(�); x(�)j� �k1(x(�))k1(x(�)j� ) + dX�=1 rX
=1 NXj=1 
�s�
;jK1�x(�); x(�)j� ��
(z(
))+ dX�=1 NXj=1 
�;jK1�x(�); x(�)j� �+X�<� NXj=1 
ss��;jK1�x(�); x(�)j� �K1�x(�); x(�)j� �:We assign di�erent regularization parameters for main e�e
t terms, parametri
-parametri
 in-tera
tion terms, parametri
-smooth intera
tion terms, and smooth-smooth intera
tion terms.In parti
ular, the 
oeÆ
ients jB
�j's and jP�
 j's are asso
iated with the same parameter ���,and the 
oeÆ
ients j
�s�
;j j's and j
�s��;j j's are asso
iated with the same parameter ��s.3 Generalized Approximate Cross Validation (GACV)Regularization parameter sele
tion has been a very a
tive resear
h �eld. The ordinary 
ross vali-dation (OCV) (Wahba & Wold (1975)), the generalized 
ross validation (GCV) (Craven & Wahba(1979)), and the generalized approximate 
ross validation (GACV) (Xiang & Wahba (1996)) arewidely used in various 
ontexts of smoothing spline models. We will derive the GACV to sele
t �'sin the LBP models. Here we present the GACV s
ore and its derivation only for the main e�e
tsmodel, and the extension to high-order intera
tion models is straightforward. With an abuse ofnotation, we use � to represent the 
olle
tive set of tuning parameters. In parti
ular, � = (��; �s)for the main e�e
ts model and � = (��; ���; ��s; �s; �ss) for the two-fa
tor intera
tion model.3.1 Generalized Approximate Cross Validation (GACV)Let p be the \true" but unknown probability fun
tion and p� be its estimate asso
iated with �.Similarly, f and � are respe
tively the true logit and mean fun
tions, and f� and �� are the
orresponding estimates. Kullba
k-Leibler (KL) distan
e, also known as the relative entropy, isoften used to measure the distan
e between two probability distributions. For Bernoulli data, wehave KL(p; p�) = EX�12f�(f�f�)�(b(f)�b(f�))g� with b(f) = log(1+ef ). Removing the quantitywhi
h does not depend on � from the KL distan
e expression, we get the 
omparative KL (CKL)8



distan
e EX[��f� + b(f�)℄. The ordinary leaving-out-one 
ross validation (CV) for CKL isCV (�) = 1n nXi=1 [�yif [�i℄� (xi) + b(f�(xi))℄; (3.1)where f�[�i℄ is the minimizer of the obje
tive fun
tion with the ith data point omitted. CV is 
om-monly used as a roughly unbiased estimate for CKL. See Xiang & Wahba (1996) and Gu (2002).Dire
t 
al
ulation of CV involves 
omputing n leaving-out-one estimates, whi
h is expensive andalmost infeasible for large s
ale problems. Thus we will derive a se
ond-order approximate 
rossvalidation (ACV) s
ore to the CV. See Xiang & Wahba (1996), Lin et al. (2000), and Gao, Wahba,Klein & Klein (2001) for the ACV in traditional smoothing spline models. We �rstly establish theleaving-out-one lemma for the LBP models. The proof of Lemma 1 is given in Appendix A.Lemma 1: (Leaving-Out-One Lemma) Denote the obje
tive fun
tion in the LBP model byI�(f;y) = L(y; f) + J�(f); (3.2)Let f�[�i℄ be the minimizer of I�(f;y) with the ith observation omitted and �[�i℄� (�) be the meanfun
tion 
orresponding to f [�i℄� (�). For any v 2 R, we de�ne the ve
torV = (y1; :::; yi�1; v; yi+1; : : : ; yn)0.Let h�(i; v; �) be the minimizer of I�(f;V), then h�(i; �[�i℄� (xi); �) = f [�i℄� (�).Using Taylor series approximations and Lemma 1, we 
an derive (in Appendix B) the ACVs
ore ACV (�) = 1n nXi=1 �� yif�(xi) + b(f�(xi))�+ 1n nXi=1 hii yi(yi � ��(xi))1� �2�ihii ; (3.3)where �2�i � p�(xi)(1 � p�(xi)) and hii is the ii-th entry of the matrix H de�ned in the equa-tion (B.9). Let W be the diagonal matrix with �2�i in the ii-th position. By repla
ing hii with1n Pni=1 hii � 1n tr(H) and repla
ing 1� �2�ihii with 1ntr[I � (W 1=2HW 1=2)℄ in (3.3), we obtain thegeneralized approximate 
ross validation (GACV) s
oreGACV (�) = 1n nXi=1 �� yif�(xi) + b(f�(xi))�+ tr(H)n Pni=1 yi(yi � ��(xi))tr[I �W 1=2HW 1=2℄ : (3.4)3.2 Randomized GACVDire
t 
omputation of (3:4) involves the inversion of a large s
ale matrix, whose size depends onthe sample size n, basis size N , and dimension d. Large values of n, N , or d may make the
omputation expensive and produ
e unstable solutions. Thus the randomized GACV (ranGACV)9



s
ore is proposed as a 
omputable proxy for GACV. Essentially, we use the randomized tra
eestimates for tr(H) and tr[I � 12 (W 1=2HW 1=2)℄ based on the following theorem, (whi
h has beenexploited by numerous authors, see e.g. Girard (1998)).If A is any square matrix and � is a zero mean random n-ve
tor withindependent 
omponents with varian
e �2� , then 1�2� E�TA� = tr(A).Let � = (�1; : : : ; �n)0 be a zero mean random n-ve
tor of independent 
omponents with varian
e �2� .Let fy� and fy+�� be respe
tively the minimizer of (2:5) using the original data y and the perturbeddata y+ �. Using the derivation pro
edure in Lin et al. (2000), we get the ranGACV s
ore for theLBP estimatesranGACV (�) = 1n nXi=1 �� yif�(xi) + b(f�(xi))�+ �T (fy+�� � fy� )n Pni=1 yi(yi � ��(xi))�T �� �TW (fy+�� � fy� ) : (3.5)In addition, two ideas help to redu
e the varian
e of the se
ond term in (3:5). (1) Choose � asBernoulli (0:5) taking values in f+��;���g. This guarantees that the randomized tra
e estimatehas the minimal varian
e given a �xed �2� . See Hut
hinson (1989). (2) Generate U independentperturbations �(u); u = 1; : : : ; U; and 
ompute U repli
ated ranGACVs. Their average is then usedto 
ompute the GACV estimate.4 Sele
tion Criteria for Main E�e
ts and Two-Fa
tor Intera
tions4.1 The L1 Importan
e MeasureAfter 
hoosing the optimal �̂ by the GACV or ranGACV 
riteria, the LBP estimate f�̂ is obtainedby minimizing (2:5), (2:6), (2:7) or (2:8). How to measure the importan
e of a parti
ular 
omponentin the �tted model is a key question. We propose using the fun
tional L1 norm as the importan
emeasure. The sparsity in the solutions will help distinguish the signi�
ant terms from insigni�
antones e�e
tively, and thus improve the performan
e of our importan
e measure. In pra
ti
e forea
h fun
tional 
omponent, its L1 norm is empiri
ally 
al
ulated as the average of the fun
tionvalues evaluated at all the data points. For instan
e, L1(f�) = 1n Pni=1 jf�(x(�)i )j and L1(f��) =1n Pni=1 jf��(x(�)i ; x(�)i )j. For the 
ategori
al variables in the model (2:7), the empiri
al L1 norm ofthe main e�e
t f
 is L1(f
) = 1nPni=1 jB
�
(z(
)i )j for 
 = 1; :::; r. The norms of the intera
tionterms involved with 
ategori
al variables are de�ned similarly. The rank of the L1 norm s
ores isused to rank the relative importan
e of fun
tional 
omponents. For instan
e, the 
omponent withthe largest L1 norm is ranked as the most important one, and any 
omponent with zero or tiny L110



norm is ranked as an unimportant one. We have also tried using the fun
tional L2 norm to rankthe 
omponents, and this gave almost identi
al results in terms of the set of variables sele
ted innumerous simulation studies (not reprodu
ed here).4.2 Choosing the ThresholdWe fo
us on the main e�e
ts model in this se
tion. Using the 
hosen parameter �̂, we obtain theestimated main e�e
t 
omponents f̂1; : : : ; f̂d and 
al
ulate their L1 norms L1(f̂1); : : : ; L1(f̂d). Wewill use a sequential pro
edure to sele
t important terms. Denote the de
reasingly ordered normsas L̂(1); : : : ; L̂(d) and the 
orresponding 
omponents f̂(1); : : : ; f̂(d). A universal threshold value isneeded to di�erentiate the important 
omponents from unimportant ones. Call the threshold q.Only variables with their L1 norms greater than or equal to q are \important".Now we develop a sequential Monte Carlo bootstrap test pro
edure to determine q. Essentiallywe will test the variables' importan
e one by one in their L1 norm rank order. If one variable passesthe test (hen
e \important"), it enters the null model for testing the next variable; otherwise thepro
edure stops. After the �rst � (0 � � � d � 1) variables enter the model, it is a one-sidedhypothesis testing problem to de
ide whether the next 
omponent f̂(�+1) is important or not.When � = 0, the null model f is the 
onstant, say, f = b̂0, and the hypotheses are H0 : L(1) = 0vs H1 : L(1) > 0. When 1 � � � d � 1, the null model is f = b̂0 + f̂(1) + � � � + f̂(�) and thehypotheses are H0 : L(�+1) = 0 vs H1 : L(�+1) > 0. Let the desired one-sided test level be �. Ifthe null distribution of L̂(�+1) were known, we 
ould get the 
riti
al value �-per
entile and make ade
ision of reje
tion or a

eptan
e. In pra
ti
e the exa
t �-per
entile is diÆ
ult or impossible to
al
ulate. However the Monte Carlo bootstrap test provides a 
onvenient approximation to the fulltest. Conditional on the original 
ovariates fx1; :::;xng, we generate fy�(�)1 ; :::; y�(�)n g (responses 0or 1) by using the null model f = b̂0+ f̂(1)+ � � �+ f̂(�) as the true logit fun
tion. Totally we sampleT independent sets of data (x1; y�(�)1;t ); :::; (xn; y�(�)n;t ); t = 1; :::; T , from the null model f , �t the maine�e
ts model for ea
h set, and 
ompute L̂�(�+1)t ; t = 1; :::; T . If exa
tly k of the simulated L̂�(�+1)values ex
eed L̂(�+1) and none equals it, the Monte Carlo p-value is k+1T+1 . See Davison & Hinkley(1997) for an introdu
tion on Monte Carlo bootstrap test.Sequential Monte Carlo Bootstrap Tests Algorithm:Step 1: Let � = 0 and f = b̂0. Test H0 : L(1) = 0 vs H1 : L(1) > 0. Generate T independent sets ofdata (x1; y�(0)1;t ); :::; (xn; y�(0)n;t ); t = 1; :::; T , from f = b̂0. Fit the LBP main e�e
ts model and
ompute the Monte Carlo p-value p0. If p0 < �, go to step 2; otherwise stop and de�ne q asany number slightly larger than L̂(1). 11



Step 2: Let � = �+1 and f = b̂0+ f̂(1)+ � � �+ f̂(�). Test H0 : L(�+1) = 0 vs H1 : L(�+1) > 0. GenerateT independent sets of data (x1; y�(�)1;t ); : : : ; (xn; y�(�)n;t ) based on f , �t the main e�e
ts modeland 
ompute the Monte Carlo p-value p�. If p� < � and � < d � 1, repeat step 2; and ifp� < � and � = d� 1, go to step 3; otherwise stop and de�ne q = L̂(�).Step 3: Stop the pro
edure and de�ne q = L̂(d).The order of entry for sequential testing of the terms being entertained for the model is deter-mined by the magnitude of the 
omponent L1 norms. There are other reasonable ways to determinethe order of entry and the parti
ular strategy employed 
an a�e
t the results, as is the 
ase forany stepwise pro
edure. For the LBP approa
h, the relative ranking among the important termsusually does not a�e
t the �nal 
omponent sele
tion solution as long as the important terms are allranked higher than the unimportant terms. Thus our pro
edure 
an usually distinguish betweenimportant and unimportant terms, as in most of our examples. When the distin
tion betweenimportant and unimportant terms is ambiguous with our method, the ambiguous terms 
an bere
ognized and further investigation will be needed on these terms.5 Numeri
al ComputationSin
e the obje
tive fun
tion in either (2:5) or (2:6) is not di�erentiable with respe
t to the 
oeÆ
ientsb's and 
's, some numeri
al methods for optimization fail to solve this kind of problem. We 
anrepla
e the l1 norms in the obje
tive fun
tion by non-negative variables 
onstrained linearly tobe the 
orresponding absolute values using standard mathemati
al programming te
hniques, andthen solve a series of programs with nonlinear obje
tive fun
tions and linear 
onstraints. Manyoptimization methods 
an solve su
h problems. We use MINOS (Murtagh & Saunders (1983)) sin
eit generally performs well with the linearly 
onstrained models and returns 
onsistent results.Consider 
hoosing the optimal � by sele
ting the grid point for whi
h ranGACV a
hieves aminimum. For ea
h �, to �nd ranGACV the program (2:5); (2:6); (2:7), or (2:8) must be solvedtwi
e | on
e with y (the original problem) and on
e with y + � (the perturbed problem). Thisoften results in hundreds or thousands of individual solves, depending upon the range for �. Inorder to obtain solutions in a reasonable amount of time, we employ an eÆ
ient solving approa
h,namely sli
e modeling (see Ferris & Voelker (2000) and Ferris & Voelker (2001)). Sli
e modelingis an approa
h for solving a series of mathemati
al programs with the same stru
ture but di�erentdata. Sin
e for LBP we 
an 
onsider the values (�;y) to be individual sli
es of data, as onlythese values 
hange between solves, the program 
an be redu
ed to an example of nonlinear sli
e12



modeling. By applying sli
e modeling ideas, namely maintaining 
ommon program stru
ture and\
ore" data shared between solves and using previous solutions as starting points for late solves,we 
an improve eÆ
ien
y and make the grid sear
h feasible. We have developed eÆ
ient 
ode forthe main e�e
t and two-way intera
tion LBP models. The 
ode is easy to use and runs fast. Forexample, in one simulation example with n = 1000, d = 10, and � �xed, the main e�e
t modeltakes less than two se
onds; and the two-way intera
tion model takes less than �fty se
onds.6 Simulation6.1 Simulation 1: Main E�e
ts ModelIn this example, there are altogether d = 10 
ovariates: X(1); :::;X(10). They are taken to beuniformly distributed in [0; 1℄ independently. The sample size n = 1000. We use the simplerandom sub-sampling te
hnique to sele
t N = 50 basis fun
tions. The perturbation � is distributedas Bernoulli(0:5) taking two values f+0:25;�0:25g. Four variables X(1);X(3);X(6) and X(8) areimportant, and the others are noise variables. The true 
onditional logit fun
tion isf(x) = 43x(1) + �sin(�x(3)) + 8�x(6)�5 + 2e� 1ex(8) � 5:
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Figure 1: Contours and three-dimensional plots for CKL(�) and GACV(�).13



We �t the main e�e
ts LBP model and sear
h the parameters (��; �s) globally. Sin
e thetrue f is known, both CKL and ranGACV 
an be used for 
hoosing the �'s. Figure 1 depi
tsthe values of CKL(�) and ranGACV (�) as fun
tions of (��; �s) within the region of interest[2�20; 2�1℄ � [2�20; 2�1℄. In the top row are the 
ontours for CKL(�) and ranGACV (�), wherethe white 
ross \x" indi
ates the lo
ation of the optimal regularization parameter. Here �̂CKL =(2�17; 2�15) and �̂ranGACV = (2�8; 2�15). The bottom row shows their three-dimensional plots. Ingeneral ranGACV (�) approximates CKL(�) quite well globally.Using the optimal parameters we �t the main e�e
ts model and 
al
ulate the L1 norm s
oresfor the individual 
omponents f̂1; : : : ; f̂10. Figure 2 plots two sets of L1 norm s
ores, obtainedrespe
tively using �̂CKL and �̂ranGACV , in their de
reasing order. The dashed line indi
ates thethreshold 
hosen by the proposed sequential Monte Carlo bootstrap test algorithm. By using thisthreshold, variables X(6),X(3), X(1), X(8) are sele
ted as \important" variables 
orre
tly.
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Figure 2: L1 norm s
ores for the main e�e
ts model.The pro
edure of the sequential bootstrap tests to determine q is depi
ted in Figure 3. We�t the main e�e
ts model using �̂ranGACV and sequentially test the hypotheses H0 : L(�) = 0 vsH1 : L(�) > 0; � = 1; : : : ; 10. In ea
h plot of Figure 3, grey 
ir
les denote the L1 norms for thevariables in the null model, and bla
k 
ir
les denote the L1 norms for those not in the null model.(In a 
olor plot, grey 
ir
les are shown in green and bla
k 
ir
les are shown in blue). Along thehorizontal axis, the variable being tested for importan
e is bra
keted by a pair of *. Our experimentshows that the null hypotheses of the �rst four tests are all reje
ted at level � = 0:05 based ontheir Monte Carlo p-value 1=51 := 0:02. However, the null hypothesis for the �fth 
omponent f2is a

epted with the p-value 10=51 := 0:20. Thus f6; f3; f1 and f8 are sele
ted as \important"14




omponents and q = L(4) = 0:21.
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Figure 3: Monte Carlo bootstrap tests for Simulation 1.In addition to sele
ting important variables, LBP also produ
es fun
tional estimates for theindividual 
omponents in the model. Figure 4 plots the true main e�e
ts f1; f3; f6 and f8 andtheir estimates �tted using �̂ranGACV . In ea
h panel, the solid line denotes the true 
urve and thedashed line denotes the 
orresponding estimate. In general, the �tted main e�e
ts model providesa reasonably good estimate for ea
h important 
omponent. Altogether we generated 20 datasetsand �tted the main e�e
ts model for ea
h dataset with regularization parameters tuned separately.Throughout all these 20 runs, variables X(1);X(3);X(6) and X(8) are always the four top-rankedvariables. The results and �gures shown above are based on the �rst dataset.15
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Figure 4: True and estimated univariate logit 
omponent.6.2 Simulation 2: Two-fa
tor Intera
tion ModelThere are d = 4 
ontinuous 
ovariates, independently and uniformly distributed in [0; 1℄. Thetrue model is a two-fa
tor intera
tion model, and the important e�e
ts are X(1), X(2) and theirintera
tion. The true logit fun
tion f isf(x) = 4x(1) + �sin��x(1)�+ 6x(2) � 8�x(2)�3 + 
os �2�(x(1) � x(2))�� 4:We 
hoose n = 1000; N = 50, and use the same perturbation � as in the previous example. Thereare �ve tuning parameters (��; ���, �s, ��s; �ss) in the two-fa
tor intera
tion model. In pra
ti
e,extra 
onstraints may be added on the parameters for di�erent needs. Here we penalize all thetwo-fa
tor intera
tion terms equally by setting ��� = ��s = �ss. The optimal parameters are�̂CKL = (2�10; 2�10; 2�15; 2�10; 2�10) and �̂ranGACV = (2�20; 2�20; 2�18; 2�20; 2�20). The rankedL1 norm s
ores are plotted in Figure 5. The dashed line is the threshold q 
hosen by the MonteCarlo bootstrap test pro
edure. The LBP two-fa
tor intera
tion model, using either �̂CKL or�̂GACV , sele
ts all the important e�e
ts X(1);X(2), and their intera
tion e�e
t 
orre
tly.16
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Figure 5: L1 norm s
ores for the two-fa
tor intera
tion model.There is a strong intera
tion e�e
t between variable X(1) and X(2), whi
h is shown 
learly bythe 
ross se
tion plots in Figure 6. Solid lines are the 
ross se
tions of the true logit fun
tionf�x(1); x(2)� at distin
t values x(1) = 0:2; 0:5; 0:8, while the dashed lines are their 
orrespondingestimates given by the LBP model. The parameters are tuned by the ranGACV 
riterion.
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tion plots for the two-fa
tor intera
tion model.6.3 Simulation 3: Main E�e
ts Model In
orporating Categori
al VariablesIn this example, among the 12 
ovariates X(1); :::;X(10) are 
ontinuous and Z(1); Z(2) are 
ategor-i
al. The 
ontinuous variables are uniformly distributed in [0; 1℄ and the 
ategori
al variables are17



Bernoulli(0:5) with values f0; 1g. The true logit fun
tion isf(x) = 43x(1) + �sin��x(3)�+ 8�x(6)�5 + 2e� 1ex(8) + 4z(1) � 7:The important main e�e
ts are X(1);X(3);X(6);X(8); Z(1). Sample size n = 1000 and basis sizeN = 50. We use the same perturbation � as in the previous examples. The main e�e
ts modelin
orporating 
ategori
al variables in (2:7) is �tted. Figure 7 plots the ranked L1 norm s
ores forall the 
ovariates. The LBP main e�e
ts models using �̂CKL and �̂GACV both sele
t the important
ontinuous and 
ategori
al variables 
orre
tly.
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Figure 7: L1 norm s
ores for the main e�e
ts model in
orporating 
ategori
al variables.7 Wis
onsin Epidemiologi
 Study of Diabeti
 RetinopathyThe Wis
onsin Epidemiologi
 Study of Diabeti
 Retinopathy (WESDR) is an ongoing epidemio-logi
 study of a 
ohort of patients re
eiving their medi
al 
are southern Wis
onsin. All youngeronset diabeti
 persons (de�ned as less than 30 years of age at diagnosis and taking insulin) and aprobability sample of older onset persons re
eiving primary medi
al 
are in an 11-
ounty area ofsouthwestern Wis
onsin in 1979-1980 were invited to parti
ipate. Among 1210 identi�ed youngeronset patients, 996 agreed to parti
ipate in the baseline examination in 1980-82, and of those, 891parti
ipated in the �rst follow-up examination. Details about the study 
an be found in Klein,Klein, Moss, Davis & DeMets (1984a), Klein, Klein, Moss, Davis & DeMets (1984b), Klein, Klein,Moss, Davis & DeMets (1989), Klein, Klein, Moss & Crui
kshanks (1998) and elsewhere. A largenumber of medi
al, demographi
, o
ular, and other 
ovariates were re
orded in ea
h examination.18



A multilevel retinopathy s
ore is assigned to ea
h eye based on its stereos
opi
 
olor fundus pho-tographs. This data set has been extensively analyzed using a variety of statisti
al methods, su
has Craig, Fryba
k, Klein & Klein (1999), Kim (1995) and others.In this se
tion we examine the relation of a large number of possible risk fa
tors at baseline tothe four year progression of diabeti
 retinopathy. Ea
h person's retinopathy s
ore was de�ned asthe s
ore for the worse eye, and four year progression of retinopathy was de�ned as o

urring ifthe retinopathy s
ore degraded two levels from baseline. Wahba et al. (1995) examined risk fa
torsfor progression of diabeti
 retinopathy on a subset of the younger onset group, whose membershad no or non-proliferative retinopathy at baseline. 669 persons were in that data set. A modelof the risk of progression of diabeti
 retinopathy in this population was built using a smoothingspline ANOVA model (whi
h has a quadrati
 penalty fun
tional), using the predi
tor variablesgly
osylated hemoglobin (gly), duration of diabetes (dur) and body mass index (bmi). (Thesevariables are des
ribed further in Appendix B). That study began with these variables and twoother (not independent) variables, age at baseline and age at diagnosis, and these latter two wereeliminated at the start. Although it was not dis
ussed in Wahba et al. (1995), we report herethat that study began with a large number (perhaps about 20) of potential risk fa
tors, whi
hwas redu
ed to gly, dur and bmi as being likely the most important, after many extended andlaborious parametri
 and nonparametri
 regression analyses of small groups of variables at a time,and by linear logisti
 regression, by the authors and others. At that time it was re
ognized that a(smoothly) nonparametri
 model sele
tion method whi
h 
ould rapidly 
ag important variables ina dataset with many 
andidate variables was mu
h to be desired. For the purposes of the presentstudy, we make the reasonable assumption that gly, dur and bmi are the `truth' (that is, themost important risk fa
tors in the analyzed population) and thus we are presented with a uniqueopportunity to examine the behavior of the LBP method in a real data set where, arguably, thetruth is known, by giving it many variables in this data set and 
omparing the results to Wahba etal. (1995). Minor 
orre
tions and updatings of that data set have been made, (but are not believedto a�e
t the 
on
lusions), and we have 648 persons in the updated data set used here.Some preliminary winnowing of the many potential predi
tion variables available was made,to redu
e the set for examination to 14 potential risk fa
tors. The 
ontinuous 
ovariates are dur,gly, bmi, sys, ret, pulse, ins, s
h, iop, and 
ategori
al 
ovariates are smk, sex, asp, famdb, mar.The full names are in Appendix C. Sin
e the true f is not known for real data, only ranGACV isavailable for tuning �. Figure 8 plots the L1 norm s
ores of the individual fun
tional 
omponentsin the �tted LBP main e�e
ts model. The dashed line indi
ates the threshold q = 0:39, whi
h is
hosen by the sequential bootstrap tests. 19
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Figure 8: L1 norm s
ores for the WESDR main e�e
ts model.We note that the LBP pi
ks out three most important variables gly, dur, and bmi, that appearedin Wahba et al. (1995). The LBP also 
hose s
h (highest year of s
hool/
ollege 
ompleted). Thisvariable frequently shows up in demographi
 studies, when one looks for it, be
ause it is likely aproxy for other variables that are related to disease, e.g. lifestyle or quality of medi
al 
are. It didshow up in preliminary studies in Wahba et al. (1995) (not reported there) but was not in
luded,be
ause it was not 
onsidered a dire
t 
ause of disease itself. The sequential Monte Carlo bootstraptests for gly, dur, s
h, bmi all have p-value 1=51 := 0:02, thus these four 
ovariates are sele
ted asimportant risk fa
tors at the signi�
an
e level � = 0:05.Figure 9 plots the estimated logit for dur. The risk of progression of diabeti
 retinopathyin
reases up to a duration of about 15 years, before de
reasing thereafter, whi
h generally agreeswith the analysis in Wahba et al. (1995). The linear logisti
 regression model (using the fun
tionglm in R pa
kage) shows that dur is not signi�
ant at level � = 0:05. The 
urve in Figure 9 exhibitsa hilly shape, whi
h means that a quadrati
 fun
tion �ts the 
urve better than a linear fun
tion.We re�t the linear logisti
 model by intentionally in
luding dur2, the term dur2 is signi�
ant withp-value 0:02. This fa
t 
on�rms the dis
overy of the LBP, and shows that LBP 
an be a valids
reening tool to help us de
ide the appropriate fun
tional form for the individual 
ovariate.When �tting the two-fa
tor intera
tion model in (2:6) with the 
onstraints ��� = ��s = �ss,the dur-bmi intera
tion in Wahba et al. (1995) was not found here. We note that the intera
tionterms tend to be washed out if there are only a few intera
tions. However further exploratoryanalysis may be 
arried out by rearranging the 
onstraints and/or varying the tuning parameterssubje
tively. It is noted that the solution to the optimization problem is very sparse. In this20



example, we observed that approximately 90% of the 
oeÆ
ients are zeros in the solution.
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Figure 9: Estimated logit 
omponent for dur.8 Beaver Dam Eye StudyThe Beaver Dam Eye Study (BDES) is an ongoing population-based study of age-related o
ulardisorders. It aims at 
olle
ting information related to the prevalen
e, in
iden
e and severity ofage-related 
atara
t, ma
ular degeneration and diabeti
 retinopathy. Between 1987 and 1988, 5924eligible people (age 43-84 years) were identi�ed in Beaver Dam, WI. and of those, 4926(83:1%)parti
ipated in the baseline exam. Five and ten year followup data have been 
olle
ted and resultsare being reported. Many variables of various kinds are 
olle
ted, in
luding mortality betweenbaseline and the followups. A detailed des
ription of the study is given by Klein, Klein, Linton &DeMets (1991). Re
ent reports in
lude Klein, Klein, Lee, Crui
kshanks & Chappell (2001).We are interested in the relation between the �ve-year mortality o

urren
e for the non-diabeti
study parti
ipants and possible risk fa
tors at baseline. We fo
us on the non-diabeti
 parti
ipantssin
e the pattern of risk fa
tors for people with diabetes and the rest of the population di�ers.We 
onsider 10 
ontinuous and 8 
ategori
al 
ovariates, whose detailed information is given inAppendix D. The abbreviated names of 
ontinuous 
ovariates are pky, s
h, in
, bmi, glu, 
al, 
hl,hgb, sys, age, and those of 
ategori
al 
ovariates are 
v, sex, hair, hist, nout, mar, sum, vtm. Wedeliberately take into a

ount some \noisy" variables in the analysis, su
h as hair, nout, and sum,whi
h are not dire
tly related to mortality in general. Their in
lusion is to show the performan
eof the LBP approa
h and they are not expe
ted to be pi
ked out eventually by the model. Y isassigned 1 if a person parti
ipated in the baseline examination and died prior to the start of the21



�rst 5-year follow-up; Y is assigned 0 otherwise. There are 4422 non-diabeti
 study parti
ipantsin the baseline examination, and 395 of them have missing data in the 
ovariates. For the purposeof this study we assume the missing data are missing at random, thus these 335 subje
ts are notin
luded in our analysis. This assumption is not ne
essarily valid, sin
e age, blood pressure, bodymass index, 
holesterol, sex, smoking and hemoglobin may well a�e
t the missingness, but a furtherexamination of the missingness is beyond the s
ope of the present study. In addition, we ex
ludeanother 10 parti
ipants who have either outlier values pky > 158 or very abnormal re
ords bmi > 58or hgb < 6. Thus we report an analysis of the remaining 4017 non-diabeti
 parti
ipants from thebaseline population.The main e�e
ts model in
orporating 
ategori
al variables in (2:7) is �tted. The sequentialMonte Carlo bootstrap tests for six 
ovariates: age, hgb, pky, sex, sys, 
v all have Monte Carlo p-values 1=51 := 0:02; while the test for glu is not signi�
ant with p-value 9=51 = 0:18. The thresholdis 
hosen as q = L(6) = 0:25. Figure 10 plots the L1 norm s
ores for all the potential risk fa
tors.Using the threshold (dashed line) 0:25 
hosen by the sequential bootstrap test pro
edure, the LBPmodel identi�es six important risk fa
tors: age, hgb, pky, sex, sys, 
v for the �ve-year mortality.
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Figure 10: L1 norm s
ores for the BDES main e�e
ts modelCompared with the LBP model, the linear logisti
 model with stepwise sele
tion using AIC
riterion, implemented by the fun
tion glm in R pa
kage, misses the variable sys but sele
ts threemore variables: in
, bmi and sum. Figure 11 depi
ts the estimated univariate logit 
omponents forthe important 
ontinuous variables sele
ted by the LBP model. All the 
urves 
an be approximatedreasonably well by linear models ex
ept sys, whose fun
tional form exhibits a quadrati
 shape. Thisexplains why sys is not sele
ted by the linear logisti
 model. When we re�t the logisti
 regression22



model by in
luding sys2 in the model, the stepwise sele
tion pi
ked out both sys and sys2.
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Figure 11: Estimated univariate logit 
omponents for important variables.9 Dis
ussionWe propose the likelihood basis pursuit (LBP) approa
h for variable sele
tion in high dimensionalnonparametri
 model building. In the spirit of LASSO, LBP produ
es shrinkage fun
tional esti-mates by imposing the l1 penalty on the 
oeÆ
ients of the basis fun
tions. Using the proposedmeasure of importan
e for the fun
tional 
omponents, LBP sele
ts important variables e�e
tivelyand the results are highly interpretable. LBP 
an handle 
ontinuous variables and 
ategori
al vari-ables simultaneously. Although in this paper our 
ontinuous variables have all been on subsetsof the real line, it is 
lear that other 
ontinuous domains are possible. We have used LBP in the
ontext of the Bernoulli distribution, but it 
an be extended to other exponential distributions aswell, of 
ourse to Gaussian data. We expe
t that larger numbers of variables than that 
onsideredhere may be handled, and we expe
t that there will be many other s
ienti�
 appli
ations of themethod. We plan to provide freeware for publi
 use.We believe that this method is a useful addition to the toolbox of the data analyst. It providesa way to examine the possible e�e
ts of a large number of variables in a nonparametri
 manner,
omplimentary to standard parametri
 models in its ability to �nd nonparametri
 terms that may23



be missed by parametri
 methods. It has an advantage over quadrati
ally penalized likelihoodmethods when it is desired to examine a large number of variables or terms simultaneously inasmu
has the l1 penalties result in sparse solutions. In pra
ti
e, it 
an be an eÆ
ient tool for examining
omplex data sets to identify and prioritize variables (and, possibly, intera
tions) for further study.Based only on the variables or intera
tions identi�ed by the LBP, one 
an build more traditionalparametri
 or penalized likelihood models, for whi
h 
on�den
e intervals and theoreti
al propertiesare known. Appendix AProof of Lemma 1For i = 1; :::; n, we have �l(�[�i℄� (xi); �) = ��[�i℄� (xi)� + b(�). Let f�[�i℄ be the minimizer ofthe obje
tive fun
tion 1nXj 6=i �� l(yj ; f(xj))�+ J�(f): (A.1)Sin
e �(�l(�[�i℄� (xi); �))�� = ��[�i℄� (xi) + _b(�)and �2(�l(�[�i℄� (xi); �))�2� = �b(�) > 0;we see that �l(�[�i℄� (xi); �) a
hieves its unique minimum at �̂ that satis�es _b(�̂) = �[�i℄� (xi). So�̂ = f [�i℄� (xi). Then for any f , we have�l(�[�i℄� (xi); f [�i℄� (xi)) � �l(�[�i℄� (xi); f(xi)): (A.2)De�ne y�i = (y1; :::; yi�1; �[�i℄� (xi); yi+1; :::; yn)0. For any f ,I�(f;y�i) = 1n�� l(�[�i℄� (xi); f(xi) +Xj 6=i [�l(yj; f(xj))℄ 	+ J�(f)� 1n�� l(�[�i℄� (xi); f [�i℄� (xi)) +Xj 6=i [�l(yj; f(xj))℄ 	+ J�(f)� 1n�� l(�[�i℄� (xi); f [�i℄� (xi)) +Xj 6=i [�l(yj; f [�i℄� (xj))℄ 	+ J�(f [�i℄� ):The �rst inequality 
omes from (A:2). The se
ond inequality is due to the fa
t that f [�i℄� (�) is theminimizer of (A:1). Thus we have h�(i; �[�i℄� (xi); �) = f [�i℄� (�).24



Appendix BWe derive the approximate 
ross validation (ACV) in (3.3) for the main e�e
ts model. Thederivation for two- or higher-order intera
tion models is similar. Write �(x) = E(Y jX = x)and �2(x) = Var(Y jX = x). For the fun
tional estimate f , we de�ne fi = f(xi), �i = �(xi) fori = 1; :::; n. To emphasize an estimate is asso
iated with the parameter �, we also use f�i = f�(xi)and ��i = ��(xi). Now de�ne OBS(�) = 1n nXi=1 �� yif�i + b(f�i)�:This is the observed CKL, whi
h, sin
e yi and f�i are usually positively 
orrelated, tends to under-estimate the CKL. To 
orre
t this, we will use the leave-out-one 
ross validation in (3.1)CV (�) = 1n nXi=1 �� yif�i[�i℄ + b(f�i)�= OBS(�) + 1n nXi=1 yi(f�i � f�i[�i℄)= OBS(�) + 1n nXi=1 yi f�i � f [�i℄�iyi � �[�i℄�i yi � ��i1� ��i � �[�i℄�iyi � �[�i℄�i : (B.1)For exponential families, we have ��i = _b(f�i) and �2�i = �b(f�i). If we approximate the �nitedi�eren
e by the fun
tional derivative, we get��i � �[�i℄�iyi � �[�i℄�i = _b(f�i)� _b(f [�i℄�i )yi � �[�i℄�i � �b(f�i) f�i � f [�i℄�iyi � �[�i℄�i = �2�i f�i � f [�i℄�iyi � �[�i℄�i : (B.2)Denote Gi � f�i � f [�i℄�iyi � �[�i℄�i ; (B.3)from (B:2) and (B:1), we getCV (�) � OBS(�) + 1n nXi=1 Gi yi(yi � ��i)1�Gi�2�i : (B.4)
25



Now we pro
eed to approximate Gi. Consider the main e�e
ts model withf(x) = b0 + dX�=1 b�k1(x(�)) + dX�=1 NXj=1 
�;jK1�x(�); x(�)j� �:Let m = Nd. De�ne the ve
tors b = (b0; b1; :::; bd)0 and 
 = (
1;1; :::; 
d;N )0 = (
1; :::; 
m)0. For� = 1; :::d, de�ne the n�N matrix R� = �K1(x(�)i ; x(�)j� )�. Let R = �R1; :::; Rd℄ andT = 26641 k1(x(1)1 ) � � � k1(x(d)1 )� � � � � �1 k1(x(1)n ) � � � k1(x(d)n ) 3775 :De�ne f = (f1; :::; fn)0, then f = Tb+R
. The obje
tive fun
tion in (3.2) 
an be expressed asI�(b; 
;y) = 1n nXi=1 �� yi(d+1X�=1 Ti�b�+ mXj=1Rij
j)+ b� d+1X�=1Ti�b�+ mXj=1Rij
j�℄+�d d+1X�=2 jb�j+�s mXj=1 j
j j(B.5)With the observed response y, we denote the minimizer of (B.5) by (b̂; 
̂). When a small perturba-tion " is imposed on the response, denote the minimizer of I�(b; 
;y + ") by (~b; ~
). Then we havefy� = T b̂+R
̂ and fy+"� = T ~b+R~
. The l1 penalty in (B.5) tends to produ
e sparse solutions, thatis, many 
omponents of b̂ and 
̂ are exa
tly zero in the solution. For simpli
ity of explanation, weassume the �rst s 
omponents of b̂ and the �rst r 
omponents of 
̂ are nonzero, i.e.b̂ = (b̂1; :::; b̂s| {z }6=0 ; b̂s+1; : : : ; b̂d+1| {z }=0 )0; 
̂ = (
̂1; :::; 
̂r| {z }6=0 ; 
̂r+1; :::; 
̂m| {z }=0 )0:The general 
ase is similar but notationally more 
ompli
ated.The zeros in the solutions are robust against a small perturbation in data. That is, when themagnitude of perturbation " is small enough, the zero elements will stay at zero. This 
an beseen by transforming the optimization problem (B.5) into a nonlinear programming problem witha di�erentiable 
onvex obje
tive fun
tion and linear 
onstraints, and 
onsidering the Karush-Kuhn-Tu
ker (KKT) 
onditions (see, for example, Mangasarian (1969)). Thus it is reasonable to assumethat the solution of (B.5) with the perturbed data y+ " has the form~b = (~b1; :::;~bs| {z }6=0 ;~bs+1; :::;~bd+1| {z }=0 )0; ~
 = (~
1; :::; ~
r| {z }6=0 ; ~
r+1; :::; ~
m| {z }=0 )0:
26



For 
onvenien
e, we denote the �rst s 
omponents of b as b� and the �rst r 
omponents of 
 as
�. Correspondingly, let T � be the sub-matrix 
ontaining the �rst s 
olumns of T and R� be thesub-matrix 
onsisting of the �rst r 
olumns of R. Thenfy+"� � fy� = T (~b� b̂) +R (~
� 
̂) = hT � R�i24~b� � b̂�~
� � 
̂�35 : (B.6)Now � �I��b� ; �I��
� �0(~b;~
;y+") = 0; � �I��b� ; �I��
� �0(b̂;
̂;y) = 0: (B.7)The �rst-order Taylor approximation of � �I��b� ; �I��
� �0(~b;~
;y+") at (b̂; 
̂;y) gives� �I��b� �I��
� �(~b;~
;y+") � 264 �I��b��I��
� 375(b̂;
̂;y) + 264 �2I��b��b�0 �2I��b��
�0�2I��
��b�0 �2I��
��
�0 375(b̂;
̂;y) 24~b� � b̂�~
� � 
̂�35+ 2664 �2I��b��y0�2I��
��y0 3775(b̂;
̂;y) (y + "� y) ; (B.8)when the magnitude of " is small. De�neU � 264 �2I��b��b�0 �2I��b��
�0�2I��
��b�0 �2I��
��
�0 375(b̂;
̂;y) ; V � �2664 �2I��b��y0�2I��
��y0 3775(b̂;
̂;y) :From (B.7) and (B.8), we have U 24~b� � b̂�~
� � 
̂�35 � V �:Then (B.6) gives us fy+"� � fy� � H", whereH � hT � R�iU�1V: (B.9)Now 
onsider a spe
ial form of perturbation "0 = (0; :::; �[�i℄�i � yi; :::; 0)0, then fy+"0� � fy� � "0iH�i,where �0i = �[�i℄�i � yi. Lemma 1 in Se
tion 3 shows that f [�i℄� is the minimizer of I(f;y + "0).
27



Therefore Gi in (B.3) is Gi = f�i � f [�i℄�iyi � �[�i℄�i = f [�i℄�i � f�i"0i � hii:From (B:4) an approximate 
ross validation s
ore is thenACV (�) = 1n nXi=1 �� yif�i + b(f�i)�+ 1n nXi=1 hii yi(yi � ��i)1� �2�ihii : (B.10)
Appendix CWis
onsin Epidemiologi
 Study of Diabeti
 Retinopathy (WESDR)� Continuous 
ovariates:X1: (dur) duration of diabetes at the time of baseline examination, yearsX2: (gly) gly
osylated hemoglobin, a measure of hypergly
emia, %X3: (bmi) body mass index, kg/m2X4: (sys) systoli
 blood pressure, mmHgX5: (ret) retinopathy levelX6: (pulse) pulse rate, 
ount for 30 se
ondsX7: (ins) insulin dose, kg/dayX8: (s
h) years of s
hool 
ompletedX9: (iop) intrao
ular pressure, mmHg� Categori
al 
ovariates:Z1: (smk) smoking status (0 = no, 1 = any)Z2: (sex) gender (0 = female, 1 = male)Z3: (asp) use of at least one aspirin for (0 = no, 1 = yes)at least three months while diabeti
Z4: (famdb) family history of diabetes (0 = none, 1 = yes)Z5: (mar) marital status (0 = no, 1 = yes/ever)Appendix DBeaver Dam Eye Study (BDES)� Continuous 
ovariates:
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X1: (pky) pa
k years smoked, (pa
ks per day=20)�years smokedX2: (s
h) highest year of s
hool/
ollege 
ompleted, yearsX3: (in
) total household personal in
ome, thousands/monthX4: (bmi) body mass index, kg=m2X5: (glu) glu
ose (serum), mg=dLX6: (
al) 
al
ium (serum),mg=dLX7: (
hl) 
holesterol (serum), mg=dLX8: (hgb) hemoglobin (blood), g=dLX9: (sys) systoli
 blood pressure, mmHgX10: (age) age at examination, years� Categori
al 
ovariates:Z1: (
v) history of 
ardiovas
ular disease (0 = no, 1 = yes)Z2: (sex) gender (0 = female, 1 = male)Z3: (hair) hair 
olor (0 = blond/red, 1 = brown/bla
k)Z4: (hist) history of heavy drinking (0 = never, 1 = past/
urrently)Z5: (nout) winter leisure time (0 = indoors,1 = outdoors)Z6: (mar) marital status (0 = no, 1 = yes/ever)Z7: (sum) part of day spent outdoors in summer (0 =< 1=4 day, 1 => 1=4 day)Z8: (vtm) vitamin use (0 = no, 1 =yes)Referen
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