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Abstract

In hazard regression (HARE), the logarithm of the conditional haz-
ard function of a survival time given a covariate is modeled by a sum
of polynomial splines and their tensor products. Under appropriate
conditions, it has been shown that the (nonadaptive) HARE estimate
of the conditional log-hazard function possesses an optimal L, rate of
convergence. The current paper considers the L, rates of convergence
and the distributional properties of HARE estimates of the conditional
hazard, cumulative hazard, survival and density functions. In partic-
ular, it will be shown that these estimates are asymptotically normal.
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1 Introduction

Let T and C be nonnegative random variables having a joint distribution
that depends on an M-dimensional vector x = (z,,...,zp) of covariates
(M = 0 when there are no covariates). In survival analysis, T and C are
referred to as the survival time (or failure time) and censoring time, respec-
tively. Set Y = min(T,C) and é = ind(T < C). The indicator random
variable § equals 1 if failure occurs on or before the censoring time (T < C)
and it equals 0 otherwise. The observable time Y is said to be uncensored
or censored according as § = 1 or § = 0. For identifiability, it is assumed
that T and C are independent.

Let f(t|x) and F(t|x) denote the density function and distribution func-
tion, respectively, of T. The survival, hazard, cumulative hazard and log-

hazard functions are defined by
t
S(tlx) =1~ F(tlx), Atlx) = f(t]x)/S(t|x), H(t|x) =/ Aulx) du
0

and
b(tlx) = log A(tlx), ¢ 0.

Let F¢o(z|x) denote the distribution function of C, which depends on x, and
set Sc(t|x)=1- F¢ (t]x).

In the HARE methodology for survival data analysis [see Kooperberg
et al. (1995a)], the logarithm of the hazard function of a survival time is
approximated by a function ¢* having the form of a specified sum of func-
tions of at most d of the variables ¢, z1,...,zp. Subject to this form, the
approximation is chosen to maximize the expected log-likelihood. Maxi-
mum likelihood and sums of tensor products of polynomial splines are then
used to construct an estimate $ of this approximation based on a random
sample. The corresponding maximum likelihood estimates X\ H Sand f
of approximations of the hazard, cumulative hazard, survival and density
functions can be easily derived using the relationships, A(t|x) = exp ¢(t|x),
H(t|x) = [ Mulx) du, S(t|x) = exp(—H(t|x)) and f(t|x) = A(t|x) S(t|x).
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Under appropriate conditions, it is shown in Kooperberg et al. (1995b) that
gg possesses an optimal Ly rate of convergence that depends only on d and

a suitably defined smoothness parameter.

A useful feature in the HARE methodology for survival data analysis is
that the space G of approximations is chosen adaptively [see Kooperberg
et al. (1995a, 1996) and Intrator and Kooperberg (1995)]. Based on our
experience in analyzing survival data, we have found the approach to be
quite promising. The current paper lends further theoretical support to
these methodologies by establishing L., rates of convergence and aymptotic
normality for nonadaptive estimates of the hazard, density, survival and

cumulative hazard functions.

A log-hazard model is said to be saturated if d = M+1 and unsaturated if
d < M + 1. In establishing the L., rates of convergence and the asymptotic
normality of 5, X, H,Sand ffor log-hazard models in this paper, we restrict
attention to the saturated models. Conceivably, these results also hold for
unsaturated models, but extending the L, results in Stone (1989, 1991) to

additive and other unsaturated models remains an open problem.

The rest of the paper is organized as follows. Section 2 describes the
main results of the paper. Specifically, errors in approximating the log-
hazard, hazard, cumulative hazard, survival and density functions are given
in Theorem 1. Errors in estimating these approximations are described in
Theorem 2. These results indicate that the (nonadaptive) HARE estimates
achieve the usual optimal L, and L., rates of convergence. Asymptotic
normality of these estimates is described in Theorem 3. The proofs of The-
orems 1-3 are given in Sections 3-5, respectively. Additional details for the

proof of Theorem 1 are given in Section 6.



2 Statements of results

This section describes the main results of the paper. The description in-
volves log-likelihood and expected log-likelihood for censored survival data,
polynomial splines and their tensor products, errors of approximation based
on the linear space G of tensor products of polynomial splines, maximum
likelihood estimates, optimal rates of convergence, asymptotic normality,
asymptotic variances, and standard errors. We start with the log-likelihood

and expected log-likelihood functions.

2.1 Expected log-likelihood function

The log-likelihood based on (Y, 4, x) is given by
log{[f(YIX)’[S(Y[x)]'"’} = 6log A(Y]x)+log S(Y1x)
= Slog A(Y]x) - /ind(Y > u) A(u]x) du
[see Kooperberg et al. (1995a)]. Observe that
E( / ind(Y > u) A(ulx) du) = / Aufx)So (u]x)S (u]x) du.
Thus the expected log-likelihood is given by
E((Slog MY ) - /ind(Y > u) A(u]x) du)

- / S (tx)[log M(#]x) £(£]x) — S (t}x) A(¢]x)] d.

Let x; € RM denote the vector of covariates for the sth individual, 1 <
i < n. Let (Ty,C1),...,(Tn,Cy) be independent random vectors such that
T: and C; are independent random variables having distribution functions
F(-|x;) and F¢(:]x;), respectively. Set Y¥; = min(T;,C;) and §; = ind(T; <
Ci)forl1< S.n. Let G denote a linear space of functions on 7 x &'. The
expected log-likelihood function A(:) is defined by

Ag) =Y / So(tlx)[g(tx) f(t]x:) — S(tlx:) exp g(t)x))]dt, g €G.
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Observe that A(-) is maximized at ¢(t|x) = log[f(t|x)/S(t|x)] which may or
may not be in G. We define the best approximation to ¢ as a function in G

that maximizes A(-) over G.

The first goal is to prove that A(:) has a maximum in G. Suppose the
vectors Xi, ..., X, of covariates take values in a compact interval X C RM,
Let 7 denote a compact interval of the form [0, 7] for some positive number
7. Without loss of generality, we assume that 7 = [0,1] and X = [0, 1]M.
The following conditions will be required to prove the existence of the best

[y

approximation in G.
Condition 1 The density function f(-|-) is bounded away from zero and

infinity on T X X. Moreover, the survival function S(-|-) s bounded away

from zero on T x X.

This condition implies that S(1|x) = P(T > 1| x) > 0 on X and that
|¢(¢]-)| is bounded away from infinity on 7 x X.

Condition 2 P(C € T | x) =1 for x € X and P(C =1 | x) is bounded

away from zero on X.

This condition implies that the censoring distribution S¢ (¢|x) is bounded
away from zero on 7 x X. According to this condition, censoring automat-
ically occurs at time 1 if failure or censoring does not occur before this

time.

2.2 Polynomial splines and its tensor procducts

The best approxirﬁation will be chosen from the linear space G of tensor
products of polynomial splines. Specifically, let K = K, be a positive
integer and let Iy, 1 < k < K, denote the subintervals of [0, 1] defined by
I = [(k-1)/K,k/K)for 1 <k < K and Ix = [1-1/K,1]. Let m and ¢
be fixed integers such that m > 0 and m > ¢ > —1. Let S denote the space

of functions s on [0, 1] such that



(i) the restriction of s to I is a polynomial of degree m (or less) for 1 <
k < K; and, if ¢ > 0, then

(ii) s is g-times continuously differentiable on [0, 1].

A function satisfying (i) is called a piecewise polynomial, and it is called
a spline if it satisfies both (i) and (ii). Let Bj, 1 < j < J, denote the
usual basis of & consisting of B-splines [see de Boor (1978)]. Then J =
(m+1)K-(g+1)(K-1),s0o K+m < J < (m+1)K. Also, B; > 0
on [0,1], B; = 0 on the complement of an interval of length (m +1)/K for
1< j<J,and 3; B; =1 on [0,1]. Moreover, for 1 < j < J, there are
at most 2m + 1 values of j' € {1,...,J} such that B;B’ is not identically
zero on [0,1]. Set B8 = (B1,...,087) € R’ and let |B| = (X ﬂ]".’)l/2 denote
the Euclidean norm of 3. According to Theorem 4.2 of DeVore and Lorentz

(1993), there is a positive constant My such that

1) MBE < [| T 8B < MI N8R BER.
3

Set d = M + 1. Let A denote the collection of ordered d-tuples j =
(os 31y - -5 JM) With Jo,j1,...,dm € {1,...,J}. Let G denote the tensor
product space spanned by the basis functions on 7 X & of the form

Bj(tlx)szo(t) H Bju(zv)v X=($1,...,.”L‘M),
1<v<M
as j ranges over A. Then G has dimension I := J?. Set B = B(t|x) =
(B;(t|x))jea and 0 = (8;)ca € O := R!. Then each g € G can be written
as g(t|x;0) = 6 - B(t|x) := 0" B(t|x). (Here AT denotes the transpose of
A) '

.....

-+ Bjy (M), J15- -, dm € {1,...,J}. Also, set

J J
B-H(x) = Z Z Birina Biy (z1) * - Bjps (TM),

=1 JM=1



where 8 = (8,,...ja) € R’™. The following condition on the design points

X1,...,Xn is required for the existence of the best spline approximation.

Condition 3 There is a positive constant M, such that
2
M [(8-H? <Y (8-Hx)) < Min [(8-H7, BeR™,

and
(2.3) ZHjl,,,,,jM(x,-)ngnJ-M, Jiyeeim € {1,...,J}

REMARK. It follows easily from Lemma 3.4 of Stone (1994) that if Con-
dition 5 below holds and if xy, ..., X, are replaced by independent random
variables with a common density function that is bounded away from zero
and infinity on X [as in Kooperberg et al. (1995b)], then (2.2) and (2.3)
hold for sufficiently large n, except on an event whose probability tends to

zero with n.

2.3 Spline approximation

Under Conditions 1-3, there exists an essentially uniquely determined func-
tion ¢ € G such that A(¢*) = maxgeg A(g). Moreover, if ¢ € G, then
¢* = ¢ almost everywhere [see Kooperberg et al. (1995b)]. Let 8" de-
note the vector of parameters that is associated with ¢*, so that ¢*(t|x) =
0" -B(t|x), and set A*(t|x) = exp ¢*(t|x). Also, set H*(t|x) = I3 A*(u)x) du,
S5*(t|x) = exp(—H*(t|x)) and f*(t|x) = A*(t|x) S*(t|x). These functions are

referred to as spline approximations.

The errors resulting from spline approximation will be quantified in terms
of a smoothness condition that will now be described. Let 0 < 5 < 1. A
function g on T X X is said to satisfy a Holder condition with exponent
B if there is a positive number ¥ such that |g(z) — g(zo)| < 7|z — 2o|? for
z,z90 € T X X. Let m be a nonnegative integer and set p = m + 3. A

function g on T X X is said to be p-smooth if it is m times continuously



differentiable on T x X and g{™) satisfies a H6lder condition with exponent
B. The following smoothness condition will be used to describe the errors

resulting from spline approximation.
Condition 4 ¢ is a p-smooth function with p > d/2.

We do not assume that ¢ is exactly equal to a spline, but we still can make
use of spline approximation. In order for this method to be accurate, we
need the error of approximation to tend to zero as the sample size n tends to
infinity; for this, it is necessary that the dimension I of the approximation
space G tend to infinity. To control the error of estimation we need this

dimension to increase  more slowly than nl/2.
Condition 5 I = I, = oo and I? = o(n'~¢) for some € > 0.

For a real-valued function h on T x X, set ||hll2 = [ [ryx |h(t]x)]2]"/
and ||h||cc = supyyx |A(:])|. Also, set p = infgeq ||g — ¢lloo. Under the first
part of Condition 5, p = o(1) [see (2) on page 167 of de Boor (1978)]. Under
Conditions 4 and 5, p = O(J~P) [see Theorem XII.1 of de Boor (1978)]. Our

first result gives the error bounds for the spline approximations.

Theorem 1 Under Conditions 1-5,

(2.4 16" = dlle = Olp),
(2.5) A=Al = O(p),
(2.6)  IE - Hle = O0),
(2.7 15"~ Sl = Olp),
(2.8) If* = flle = O(p).

The proof of Theorem 1 is given in Section 3.



2.4 Maximum likelihood estimation

The likelihood corresponding to the survival data (Y3, 8;,%1), .- ., (Yn, 0ny Xn)

equals

T {M ¥ s (i)},

and the log-likelihood is given by

o) = 3 (So(¥ixi0) - [ expolubxs 0)du),  9=9(1:0) €G.
Under Conditions 1-5, the log-likelihood function £ is strictly concave and
hence there exists a unique maximum likelihood estimate § = 6-BeG [see
Kooperberg et al. (1995b)], so that = maxe £(8). The maximum likelihood
estimates of the log-hazard, hazard, cumulative hazard, survival and density
functions are given, respectively, by @(t|x) = 8-B(¢|x), A(t|x) = exp B(t|x),
H(t]x) = [y Mulx) du, S(t|x) = exp(-H(t|x)) and f(t]x) = X(t|x)5(¢]x)
for 0 <t < 1. These estimates are referred to as HARE estimates. The
next result bounds the L, and L, norms of the error of the various HARE

estimates.

Theorem 2 Under Conditions 1-5,

(2.9) 66" = Op(I/v),

(2.10) I6=¢"ll2 = Op(vn~1I),

(2.11) X=Xz = 0,(Va-lI),

(2.12) max 6, — 651> = Op(n~'Ilog I),

N _ —

(213)  max, 8(tx) - °(th0)] = Op(y/n~Tlog 1),
N _yx = -1

(214) , max [A(tx) - A" (¢t]x) n=11log I),

) H — H*(t =
(215)  max |H(t|x) - H™(t[x)|

S O O

(216) - max|S(tlx) - S"(tlx)| =



(2.17) 1f=fll = Op(Va-11),

(218)  max |Fltlx) = £(e1x)] = Op(y/n='Tlog I).

The proof of the above theorem is given in Section 4. Let J ~ nl/(2p+d)

[SV]

in Theorems 1 and 2. (Here a,, ~ b, means that a,,/b, is bounded away from

zero and infinity.) Then p = O(J~P). We conclude from these theorems that

16 = ¢lla = Op(nP/C*D), 1§ glluo = O, ({(log n)/n} P/ Cr+D);
IX = A2 = Op(nP/@+D), |3 = Moo = O, ({(10g n)/n}7/2+D);
I = flla = Op(n=? @), |If = flloo = Op({(log n)/n}P/(+D),

Under suitable conditions, these are the well known optimal rates of conver-

gence for nonparametric function estimation; see Stone (1980, 1982, 1983).

It follows from (2.6), (2.7), (2.15) and (2.16) that if J ~ nl/(Zp+M)
with p > (d + 1)/2, then max, |H(t|x) — H(t|x)| = O,(n~P/(2p+M)y and
max; |S(t[x) — S(t|x)| = O,(n~P/(2P+M)) " In particular, these rates are

n~1/2 in the absence of covariates (M = 0). These are well known optimal
rates for estimation of the cumulative hazard and survival functions in both
parametric and nonparametric settings [see Breslow and Crowley (1974),
and Andersen et al. (1993)].

2.5 Asymptotic distributions of HARE estimates

Let I = I(0) denote the I x I information matrix, which has entries

E(gzeaok) ZE(/  (ufx:) Bi (ulxi) exp g(ulx; )du)

as j and k range over A. Let w denote a real-valued parameter depending
on ¢, so that w = I'(6*) for some function I'(8), @ € ©. The maximum

likelihood estimate of w is given by & = 1‘(5) Suppose I' is continuously
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differentiable on ©. Let VI'(@) denote the gradient of I at 8, which is the I-
dimensional vector whose jth entry is 0I'(8)/36;. The asymptotic standard
deviation (ASD) and standard error (SE) of & are defined by

ASD(®) = /VI(67)T[1(6%)]-1VT(6")

and

) = /VI(@)TI@)]-VT(@).

When w depends on t and x, we write I'(8) as I'(6;¢,x). Some important

cases are given in the following table:

w r'(6;t,x) VI (6;t,x)
(tlx) 6 - B(t|x) B(¢[x)
Atlx) | exp(6-B(t|x)) B(t|x) exp(0 - B(t|x))
H(t|x) Jo exp(8 - B) Jo Bexp(6 - B)
S(t|x) | exp[~ ffexp(6-B)] | -['(6;t,x) ji Bexp(0- B)

Thus, for example,

ASD(d(t1x)) = /[B(¢|x)]T[(6")]-'B(t|x)

and

SE(B(¢x)) = V(B TIB)]"B(¢x).
To obtain the asymptotic standard deviation and the standard error of the
density estimate, set T'(8;t,x) = exp( - B(t|x)) exp[— fy exp(6 - B)] for
0 < t < 1. Then VI(8;t,x) = ['(8;t,x) [B(t|x) — Ji Bexp(@ - B)]. Thus,
T(8~;t,x) = f~(t|x) and VI'(8*;t,x) = f*(t[x) [B(¢|x) — f; BA*]. In fact, it
follows from the basic properties of B-splines that

ASD(F(t]x)) = £*(tx) /[B(¢]x)]T[L(6")]~'B(t|x)

and

SE(F(t|x)) ~ f(t}x) V[B(tx)]TI@)]'Btlx), 0<t<1.
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(Here a,, ~ b, means that a,/b, = 1 as n = 00.)

The asymptotic distributions of HARE estimates are described in the
following result. Here Z, 1) N(0,1) means that the distribution of Z,

converges to the standard normal distribution as n — oo.

Theorem 3 Under Conditions 1-5, fort € T and x € X,

B(t]x) ~ ¢ (tx) 4 SE(8(¢]x)) .
G190 Tsn@ay O Asp@u T
Altlx) = M (tx) 4 SEQE®) _ .,
(2.20) ASD(A(¢[x)) - NO.1), ASD(A(t]x)) =1+o(1),
H(t|x) — H*(t|x) 4 SE(H(t|x)) _
(2.21) ASDE ) 4 N(0,1), ASDE () =1+0p(1), t>0,
(2.22) S(tix) - 5 (tlx) 4 N(0,1) M:l-{-o (1), t>0
ASD(S(t]x)) "7 ASD(S(¢tx)) PR ’
fltlx) = f*(tx) a SE(f(t) _, . .
G2 TGapy OV Asp(fungy Y

The proof of Theorem 3 is given in Section 5. Confidence intervals can be
constructed using Theorem 3 in an obvious manner. Suppose w = I'(8%) is
a parameter of interest. Then & + 2z;_, SE(®) is an asymptotic 100(1 - a)%
confidence interval for w. Here ®(z1_o) =1 — a with ® being the standard
normal distribution function. In particular, the 100(1 — )% confidence

interval for ¢*(t|x) is given by

3(t1x) £ 210/ [B(¢|%)]T[L(B)] ' B(t]x).

Note that this will be the 100(1 — a)% confidence interval for ¢(t|x) only
when the error of approximation (quantified in terms of p as described in
Theorem 1) goes to zero faster than the asymptotic standard deviation of
#. This can be achieved by choosing J such that Jn=1/(2P+d) 5 1. If p goes
to zero at a rate slower or equivalent to that of ASD($), then the above
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interval is the 100(1 — )% confidence interval for the best approximation
to the log-hazard function. Similar remarks also apply to the confidence

intervals for the cumulative hazard, survival and density functions.

The above asymptotic results are analogous to those given in Stone
(1991) for logspline response model estimation based on noncensored data.
The proofs given here are mostly similar to the proofs in Stone (1991).
However, Lemmas 14 and 22 of Stone (1991) were established by using well-
known properties of exponential families. The corresponding results in this
paper, Lemmas 3 and 8, are the key to obtaining the L, rates of conver-
gence and asymptotic normality for the various HARE estimates. We prove
Lemma 3 by using a result motivated by the elementary theory of differential
equations (see Lemma 2) and Lemma 8 by using the martingale structure

of the log-likelihood function.

3 Proof of Theorem 1

We assume that Conditions 1-4 hold throughout this section. The proof of
(2.4), which follows from an argument similar to that given in Stone (1989)
and based on de Boor (1976), is given in the appendix for completeness.
Equation (2.5) follows from (2.4) and the following:

1
A= A= expd” —expp= (¢ — <¢>>/0 exp(¢ + u(¢” — ¢)) du.

Equation (2.6) follows easily from (2.5).
The proof of (2.7) follows from (2.6) and

S*— S = exp(—H") —exp(—H) = —(H* - H) /: exp(—H — w(H* — H)) du.

Observe that f* — f = A*(S* - S) + (A* — A)S. We conclude from (2.5)
and (2.7) that (2.8) holds.
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4 Proof of Theorem 2

We assume Conditions 1-5 hold throughout this section. Recall that the
log-likelihood function is given by

Y;
em=zymmmm—zﬁemmmwwu

Let 3
5(6) = 55¢(9)

denote the score at @, which is the I-dimensional vector having entries

ZéB (Yi]x:) Z/ ;5 (u|x;) exp g(ulx;; 6) du.

Let
0%4(g)
00007
denote the Hessian of £(g), which is the I x I matrix having entries
0%(g) Y _
agjagk - = Z/O BJ (ulxt)Bk(ulxz) expg(u|x,, 0) du

[Recall that 7 = (jo, j1,---,Jd) and k = (ko, k1, ..., kd).]

Set 8* = S§(0"). The maximum likelihood equation S(8) = 0 can be
written as 1 g
A EZS(O*+U(0 07)) du = -S~.
This can further be written as D(@—G*) = —8*, where D is the I X I matrix

given by
(4.1) —:/ aaaoT +u(® - 6)) du.

Proofs of (2:9) and (2.10)
It follows from the maximum likelihood equation that
(42) @-6°)"D@ -6")=—-(6-6")Ts".

14



According to (3.5) and (3.6) of Kooperberg et al. (1995b), there is positive
constant M; such that

(4.3) |S%|2 = Op(n)
and
(4.4) (8-6")"D(O-6") < —MnI~'|f - 6*|2

except on an event whose probability tends to zero with n. Since
(66777 <10~ 675",
it follows from (4.2)—(4.4) that |6 — %[> = O,(I%/n) and hence that
16— &"|I* = Op(I/n).
This completes the proofs of (2.9) and (2.10).

Proof of (2.11)

According to (2.10), Lemma 2 of Kooperberg et al. (1995b) and Condition
5, |6 - ¢*|looc = Op(I/+/n) = 0p(1). The desired result follows from (2.4),
(2.10) and

-~ o~ o~ 1‘ -~
(4.5) A=A =exp¢—expo* = (¢ - ¢") /0 exp(¢” + u(¢ — ¢7)) du.

The proof of (2.12) requires a sequence of lemmas. Set Anin(@) =
minfexp g(-|; )] and Amax(8) = max[exp g(-|-;6)] .

Lemma 1 There is a positive constant My such that

(46) M7 'Amin(0) 772 < 7TH(O)T < M2Amax(8) nI Y| 7|2

for 6,7 € © and n > 1. Moreover,

47)  [MeAmax(@)] '~ i7|* < 7TH(O)] 7T < Ma[Arin(0)] 707 | 7|
and

(4.8)  [MaAmax(8)] " n 7 |7| < |[I(O)] 77| < Mp[Amin(6)] "0 | 7]

forn > 1 and 8,7 € © such that Amin(8) > 0.
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Proof. According to (3.9) of Kooperberg et al. (1995b),
0y =3 57w S ) So ) exp g o 0) o

We conclude from (2.1), Condition 1 and (2.2) that (4.6) holds.

If Anin(0) > 0, then it follows from (4.6) that there is a nonsingular
symmetric matrix R(0) such that I(8) = R(6)R(0). Also,
7|

, -1, -1
TTI(O)T < M2[/\mm(0)] n'I, T€O.

[M2/\max(0)]—ln—ll S

Replacing T by [R(68)]~17, we conclude that (4.7) is valid.
Similarly, it follows from (4.7) applied to T and [R(8)]™!7 that (4.8) is

valid.

Lemma 2 Let () and s(-) denote piecewise smooth functions on [0,1]. Set

w(y) = s(y) - /0 du+/ s(y)+/ylsuwu)du

Then ) .
/O s*(y) dy = 0(/0 w?(y) dy)-

Proof. We have
ds(y) = s(y)¥(y) = dw(y),
a(st) exp /ylw)du) = (e /ylwu)du)dw(y),
) - st exp [ wwan = [
w(V) -~ ) exp [ v(w)du = /yl(exp (e dt ) dw )
[Since w(1) = s(1).] Thus

s(y) exp /yl Y(u)du = w(l) - /yl (exp ¥(t) dt) dw(u)



w( exp/ it dt]y
ylw(u (exp/u »(t) dt) du
- w(y)(ex /y1¢(u)du)

- [ wtww (exp [ wie)de) du

Set ¥(u,y) = ¥(u) exp Y (t)dt. Then

s(y) = —exp( / P(u du)/ w(u )d)(u)(exp /uld)(t)dt) du

= w(y)—/y w(u) ¥ (u, y) du.

2/ w?(y) dy+2/ (/ uy)dU)Zdy
2/ dy+2/ (u du/o/o U2 (u,y) dudy
- of [

This completes the proof of Lemma 2.

=]

Thus

[ ) ay

IA

IA

Let G*(y, 6,x) = G(y, 6, x; ") = [G,(y, 8, x; 8*)] denote the I-dimensional
vectors with the j-th entry given by
Gi(y,6,x;0") = (53,0 / Bj, (u) exp g(ulx; 8" du) H B;, (z,),
1<v<M

where j = (jo, j1,-..,Jm) and x = (z1,...,zp). It follows from (2.5) and
the basic properties of B-splines that

]

(4.9) max_sup / B;, (u) exp g(ulx; 8*) du| = O(J ')
1<5<T yx {Jo

and hence that

(4.10)  |G*(y,6,x)]=0(1) uniformly in (y,x) € T x X.
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Note that 8* = ¥, G*(Y}, §;, x;) and E(S*) = 0. Let VC(S*) denote the

variance-covariance matrix of S*.
Lemma 3 There is a positive constant M3 such that

M7l Yr2 < 7 TVC(S*)T < ManI Y7f2, 7€©, n>1.

Proof. Note that
rTVC(S*)r = var(r'S")
Y".
= Zvar(&g(Y,-lx,-;T) - / g(u|x;; ) exp g(u|x;; 0%) du).
; 0

By (2.1) and (2.2),

(411) 3 Ble*(Yilxi; 7)) = O (17" |[?)

and |

412 ¥ E[(/OY g (ufxi; 7) exp g(ufxi; 8°) du) 2] = o(1rp).

It follows from (4.11) and (4.12) that the upper bound holds.

Set s(ylx) = g(ylx;7), P(ylx) = exp g(ylx;6") and p = E[s(V[x) -
foy s(u|x)®(u|x)] du. Since censoring automatically occurs at time ¢t = 1
(Condition 2), we have

Y
(4.13) var(&ig(Y|x; 1')—/ g(u|x; 7) exp g(u|x;8%) du)
0
Y
= var(&s(Y|x) —/ s(u|x)(ulx) du)
- 0
Y 2
= E[((Ss(Y|x) —/ s(u|x) ¢ (u|x) du — ,u) Y < 1]
: 0
Y 2
+B[(- [ stubvudu-p) ¥ 2 1]
0

S //:s [S(t) _/Ots(u|x)¢(u|x) du—u]zdSc(c[x) dS (tx)

18



2

+P(Y =1) [ - /01 s(ulx)y(u|x) du — u]
> min f(t}x) /0 ' Se(t) [s(t) - /0 " o(ulx) b (ufx) du — u] Lt
+PY =1) /01 [- /01 (%) (u|x) du u] Cat.

By Conditions 1 and 2, P(Y = 1) = S¢(l]x) > 0 and Sc(t|x) >
Sc(llx) > 0 for 0 <t < 1. Set ¢; = min{ming<:<; f(t|x)Sc(1|x), P(Y =
1)}. Then ¢; > 0. Hence by (4.13), Lemma 2 and Condition 1, there is a

positive constant co such that

Y

var(&;g(Y|x;‘r) - / g(ulx; T) exp g(u|x;0") du)
0

1

A [s(t|x) - /Ot s(u|x)y(u|x) du+ /01 s(ulx)vy (ulx) du]2 dt

1
> Cz/ g% (tlx; 7) dt.
0

c
2_1_

It follows from Condition 1, (2.1) and (2.2) that there is a positive constant

c3 such that
Y;
S var (Sig Vil m) = [ g(ulxis ) exp g(ulxis %) du) > cant 7P
i 0

This completes the proof of Lemma 3.

Set I* = I(8"). Consider the approximation @ = @, € © to 0-06
defined by I*® = S*. Note that $ = (I*)~1S* and hence E($) = 0 and
[G*(y,8,x)]T® = [G*(y,8,x)]T(I*)~1S*. It follows from (4.10), (2.5) and
(4.8) that

(4.14) |TT(I*)"1G*(y,5, x)| = O(n~I|7|) uniformly in 7,7, y and x.

Lemma 4 ma)'cjeA |@;| = Op(v/n~1Ilog I).

Proof. Since (I")~!VC(S*)(I*)~! is the variance-covariance matrix of §, it
follows from (2.5), (4.8) and Lemma 3 that max; var(@;) = O(I/n). Observe
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that
¢ =Y [(T)'G*(¥;, &, x:)];.

By (4.14),

mazcsup [(I) ™' G*(y,4,x)]; = O(I/n).

The desired result follows from Condition 5 and Bernstein’s inequality.

Proof of (2.12)

The proof is contained in the following lemma.

Lemjna 5 (i) max eca 19\] — 031 =0p(n~'Ilog I).
(ii) |6 — 0* — | = Op(n~2I3l0g I).

Proof. It follows from the maximum likelihood equation that [see (4.1)]

6-6"-p=(1)'(I"+D)@-6%.
According to (2.5) and (4.8),
()" + D)(6 - 07)* = O(n~*I*|(I" + D) (8 - 67)|%).

We claim that

(4.15) (" + D)8 - 67 = 0, (nmax (5, - )?) .

[The proof of (4.15) will be given shortly.] Therefore

A_0_312 = -172 8. _ g*\2
|6 — 0™ — | Op(n Irjneajc(OJ 0])).

Consequently, By Lemma 4,
a2 *\2 - -172 . *)2
max (6; — 67)° = O, (n Tog I +n7'I rjr,leaﬁc(ﬂj—ﬂj) )

JEA
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Thus by Condition 4 (I = o(n1/2—f)),

Iy -1
r]neajc(a 63 =0y (n Iogl),

which yields the desired results.
Proof of (4.15). Set N;(t) =ind(Y; < t,4; = 1) and Z;(t) = ind(Y; > 1),
1 < ¢ < n. Thus N;(t) = 1 if and only if the ith subject is observed to have

failed by time t and Z;(¢t) = 1 if and only if the ith subject is still at risk
just prior to time t. The log-likelihood function can be written as

66) = 5 ( [ otuixii8) aNitu) - [ Zitu) exp g(ulx;: ) du).

The jth entry of the score function S(8) is given by

6;2?) _ (/B (ulx;) dN; (u /B (ulxi)Z;i(u) exp g(ulxi; )du), j €A
J

The entry in row j and column % of the Hessian matrix of £(8) is given by

” 9%4(0)
i+ (0) = 6,06y

—Z/ B (ulx;) B (u|x;) Z;(u) exp g(ulx;; 0) du.

Set
8%¢(8)
1 _
biem(0) = 06;06,.06,,

= - Z/Ol B (u|x;) B (u|x;) Bm (u|x;) Z;(u) exp g(u|x;; 0) du,

where m = (mg, my, ..., mq) with mg, mq,...,mg € {1,...,J}. Note that
[ @ + 48 - 6) - o7 at

/ (/ S (" + @ - 67)) (B AL

The entry in row j and column k of I" + D can be written as
1 -~
| (€567 + (B - 6)) — £1(67)]de + £4(6) — E[£5(6")]
3" Ajim (B — 65,) + €5 (6%) — E[€,(67)],
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where
Ajkm = Anjkm = / ;/]/cm 6 + t(a - 0%)) dt.

Thus, the jth entry of (I* + D)( 0 0%) is
Z ZAka (B — 67) (B — 67) + Z{ 67) 1o (01} (B — 65).
We claim that
R R 2
(4.16) 5 (5 Ak — ) B — 67.))
J k. m
— *12.271-2109 _ 0*]2
_op(r;leagc 18 — 67202126 — 07 )
— B — %12
- P(nrjneaﬁc |0J 0]' )
and
' N 2
(@17) 5 (o) - B G- 00)
=0, (n max |65 — 0;‘|2).

[The proofs of (4.16) and (4.17) will be given shortly.] It follows from (4.16)
and (4.17) that

I+ D)@~ 07 = 0, (nmax (5 - 67)*)

as desired.

Proof of (4.16). This follows from (2.9) and the following result.

Lemma 6 There is a positive constant My such that

Z(ZZmax

" 0* + t(a _ 0*)

2
ka !Tm|> < M4TL2I—2|T|2, TEO.
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Proof. Note that
2
Z (ZZ max |Tm|>
0<t<1
2
< [ax lexp 916" +1@ - 0.

= [0<t<1
X E( ZIT,,,|/B (u]x;) Bm (u]x:) du)z.

There is a positive constant Jy (not depending on n) such that

i (67 +4(8 — 67)

(4.18) Bj(u|x;)Bm(u|x;) =0 unless |m, — j,| < Jo, v=1,..., M.
Thus, by (2.3) and the basic properties of B-splines,
S X 7l [ B (uli) B (ulx,)
1 m
< nl™! Z Z s Z |Tmomy -mpg |-

fmo—jol<Jo Im1—5ii<do Imar—iml|<Jo

Hence, by the Schwarz inequality,

2
Z( Z|rm|/3 (ulx:) B u|x,)du) < n2I72(2J + 1)%|7).

2

The desired result follows from (2.5), (2.9) and Condition 5.
Proof of (4.17). Set

Vik(u) = Z B (u|x;) B (uxi){Zi(u) — E[Zi(u)]} X" (ulx)).
Then E[Vji(u)]=0for 0 <u <1and

ﬁWﬂ—ﬂﬁWW=—/wu@m.

Thus (4.17) follows from the next lemma.

-Lemma 7 Uniformly in T € O,

5 (S o) =0, )
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Proof. By (4.18) and the Schwarz inequality,
2
S (S ind [ Vietw du)
7 k
(o to)S( 5 £

J tko—-3jo[<Jo lea—inl<Jo

y

/ Vie(u) du

2 d
< (k max Tko...ch) (2Jo+1)

x> Y % /Vj";c(u)du.

7 |ko—30|<Jdo lear—inl<Jo

Since E[V}(u)] = Ti[B;(ulx:) Be (ulxi) \*(ulx;)]?var(Z;(u)) for 0 < u < 1,
the desired result follows from (2.3) and (2.5).

This completes the proof of (2.12).

Proof of (2.13)

It follows from Lemma 5(i) and the basic properties of B-splines that ||¢ —

¢"llco = | Z;(8; = 6%)Bijllec = Op(v/n~Tlog I).

Proof of (2.14)

This follows from (4.5), (2.4) and (2.13).

Proof of (2.15)
Set W(u|x) = fy exp(¢*(ulx) + w(é(ulx) — ¢"(u|x))) dw. Note that

(4.19)  H(tlx) — H*(t|x) = /0 (Au|x) - X*(ulx)) du
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and

(4.20) (tlx) — ¢ (t|x) = >_(8; - 67 — 3;)B; (t|x) + Z $iB;(t|x).

J
It follows from Condition 5, Lemma 5(ii) and the basic properties of B-
splines that

(4.21) / |Z Bj(ulx) ‘du_ o (\/n‘lJM).

Also, it follows as in the proof of (37) of Stone (15\)91) that

sup |Z§5J /Ot B (u|x) A" (u|x) du| = Op(v n“lJM).

0<t<1
The desired result follows from (2.4) and (2.10).
Proof of (2.16)

This follows from (2.6), (2.15) and

S(tlx) - S*(tIx)
= exp(—H (t|x)) — exp(~H"(t]x))
o~ 1 -~
= —[H(t[x) - H’“(tIX)]/0 exp(—H"(t|x) — u[H (t|x) — H™(t|x)]) du

Proofs of (2.17) and (2.18)

Since f(t]x) — f*(t1x) = X(e)[S(tlx) = S*(tx)] + A(t]x) ~ A" (%)) (¢]x),
the desired results follow from (2.5), (2.7), (2.11), (2.14) and (2.16).

5 Proof of Theorem 3

Throughout this section, we assume that Conditions 1-5 hold.
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Lemma 8 ’TTVC(S*)T - rTI*r

=0(nI"Yr?), reo.
Proof. Recall that the log-likelihood function is given by
(@)= ( [ stuixs0)aNicw) - [ Ziw exp ot 0) du)

and the score function is given by

Qg—ggl = (/B (u|x;) dN;(u /B (u]x;)Z;(u) exp g(u|x;; )du)

- ; [ Bitulx) di(ulx), je 4
where dM;(ulx) = dN;(u) — Zi(u) exp g(ulx; 6) du. Thus,
(5.1) 7TVC(S*)7 = var(+T8") = Zvar( / g(ulxi; 7) dM,-*(u|x,-))
and |
52  FTIE)r = ZE(/ 92(u|x,~;f)z,~(u)x(u|x,~)du)
_ Z / 9 (ulxi; 7)S (ulx:) Sc (ulxi) A* (ufx;) du

where M>(t) = N;(t) — f5 Z;(u) exp g(u|x;;0%) du. Let E*(-) and var™(:)
denote the expectation and variance functions taken with respect to f*.
According to Theorem 2.5.4 of Fleming and Harrington (1991) (p.77), or
Proposition 11.4.1 of Andersen et al. (1993) (p.78), M (u|x;) is a zero-mean
martingale with (M}, M*)*(t) = f§ Zi(u) exp g(u|x;; 8*) du. (Here it is nec-
essary to use an alternative probability space with probability measure P*,
under which the counting process NV;(t) has an intensity function A*; (-, -)*

is the corresponding variation process.) Hence,
(5.3) var*(t78*) = Z E* (/ g2 (u|xi; 7) Zi (w) A* (u)x;) du)
= Z/ (u]xi; 7)S™ (u|xi) Sc (u]x:) A" (u]x;) du.
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It follows from (2.5), (5.2), (5.3) (2.1) and (2.2) that

(5.4) ‘TTI(O*)T — var*(T7S%)

= O(nI 75" - Sllw), TEO.

Set
Ui = [ glulxim) M (ulx)
= ig(¥ilxam) - [ glulxi )\ (ulx) Zi(w) du.

Then
(5.5) var(U;) — var*(U;) = E(U?) - [E(U;))* - E*(U?) + [E*(U)]%
Write g = g(+; 7). Then
EU) = E(8g(YilxiT)) —E(/g,\*z,-)

= [ Sclulxg(ulx) f(ulx) = [ glulx)A*(ulx)Se(ulx) S(ulx)
and
E'(U) = E"(6ig(Yilxi;)) - E* (/gA*Z;)

= [ Solulxag(ulx) £~ (ulx) — [ g(ulx)X"(ulx)So(ulx)S* (ulx).

[E(U))? - [E)P = [EU) - E*W)IEU) + E*(Us))
= ([seats -1~ [oxsets-s7)
x ([ seats+ 9~ [oxse(s +5)).

Hence, by (2.2), (2.5), (2.7), (2.8) and (2.1),

(5.6) Y |EWI - [EWIP| =0 (nI 7 PIf - fllw), T €O
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We claim that
(57) X |BWH - B U} =0(nIrPlf - fll), TEO.
[The proof of (5.7) will be given shortly.] Hence, by (5.1) and (5.5)—(5.7),

(5.8) |TTVC(S*)T —var*(r787)| = O (I 7P| f* - fllw), TEO.

The desired result follows from (2.7), (2.8), (5.4) and (5.8).

To verify (5.7), we first note that,
(5.9) E(U?}) = E(égZ(K.|x,-; -r)) + E[(/OY' g(u|x; T)A" (ulx;) du)z]
-2F (5g(Y,~|x,-;‘r)/0 g(ulxi; ) A" (u|x;) du)
and
(5.10) E*(U?) = E*(3g*(Yilxii 7)) + E” [(/OY g(ulxs; T) A (ulx;) du) 2]
Y
—2E*(6g(Y,-[x,~;'r)/0 g(u]xq; 7) A" (u|x;) du).
By (2.1) and ( 2.2),

(5.11) >

E(5g2(Y,~|x,'; ‘r)) - E* (ng(Y,-lx.-; T)) ‘

du

<Y [ Seulxi)g® (x| flulx) ~ £ (ubxi)
= 5(nf-1|r|2||f = flle)-
Set Sy (y]x) = S(y|x)5c(y|x) and S§ (y|x) = S*(y|x)Sc(y|x). Then
dSy (ylx) = S(yIx)dSc(ylx) - f(yI%)Sc(ylx),

Sy (ylx) = S™(y|x)dSc(ylx) - f*(ylx)Sc(ylx)
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and

B[( [ st mnuiodu) | - 7 [( [ gtulximiauie ) |
—/(/ (ulx; T) A" (ufx) du) dS} (y[x)
= [ ([ stutoxetule) au)asy (v
= [ ([ stubenube) an) (Sctspols w0 - £ (whol dy

~ [S(ylx) - $*(ylx)] dSc(ylx)).-
Thus, by (2.5), (2.7), (2.1) and ( 2.2),

(5.12) Z’E[( g(u|xi; T)A (u|x,~)du)2]

- E* [(/OY' (uxq; 7) A" (ulx;) du)z]

Also,
B (59 [ gtubs X (ulx)
_ B (sgmx; ) /0 Y g T (ul) du)
= [ So(t)gtelx; mf(eix) - £ (¢1)]
X (/Otg(u|x;1'))\*(u|x) du) dt.

Thus, by the Schwarz inequality, (2.5), (2.1) and ( 2.2),

(5.13) Z ‘E(&,-g(lﬂx,-; T) /OYi g(u|xi; TN (ulx;) du)

= O (nI 7P| = fllo)-

Y:
—E*(Jg(Y.-Ix,-;T)/ g(u|xi; T)A™ (ulx;) du)
0
= O (I rPf = £lloo)-
It follows from (5.9)—(5.13) that (5.7) holds.

This completes the proof of Lemma 8.
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Proof of (2.19)
Set W; = [B(t|x)]T(I*) "1G*(Y:|xi), i = 1,...,n. Observe that

[B(tx)]"® =D _ &;B;(tlx) = > Wi

Also, E([B(t|x)]"@) = 0 and

var([B(t]x)] @) = [B(t|x)]" (I*) "' VC(S*)(I") 7' B(¢|x).
Lemma 9 var([B(t|x)]T®) ~ n~11I.

Proof. Since B; > 0 and ¥; B; = 1, we have that
(5.14) IB(t|x)| ~ 1.
By (5.14), (4.8) and (2.5),
(5.15) (1)1 B(tx)| = O (n7'1).
By Lemma 8, (5.15) and Condition 5 [p = o(1)],
(5.16)  |[B(p)]T () "*VC(S™) (1) ' B(¢lx) - [B(t})] " (I) ' B(¢lx)|

=o(n71I).
By (5.14) and (4.7),
(5.17) [B(tjx)]"(I")"'B(t|x) ~ n7'I.
It follows from (5.16) and (5.17) that
var([B(tx)]T@) = (1+ o(1))[B(¢x))T(I) "' B(¢}x) ~ n7'1

as desired.

Lemma 10

>, 9;Bj(tx) 4
SD(BETE) oY
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Proof. The random variables Wy,..., W, are independent with mean
zero. Moreover, by (5.15) and (4.10),

(5.18) Wil? = |[B(tx)]T (I") 7' G*(Yi|xi) [* = O(1*/n?).

The desired result follows from Condition 5, Lemma 9 and the central limit

theorem.

Now according to Lemma 5(ii) and Condition 5,
B(eh)](@ - 6" - )| = o, (V2TT) .

Since ¢(t|x)—¢*(t|x) = Zj(gj—();)Bj(tlx), we now conclude from Lemmas 9
and 10 that R
o(tlx) — ¢"(¢]x)
SD([B(t[x)]"®)

4 N(0,1).

By (5.17),
AV($(tlx)) = [B(t|x)]T(I") ' B(t|x) ~ n~'I.
Thus, by (5.16),
var([B(¢]x)]T@) = AV($(¢|x)).

Hence,

Btx) — °(t1x) 4 N(0,1).
ASD(¢(t]x)) ’

This completes the proof of the first part of (2.19).

To prove the second part of (2.19), set T = I(8). The proof depends on

the next two lemmas.

Lemma 11 Uniformly in 7 € O,
~ 2
'(I - I*)‘r| = 0,,,(n|‘r|2I'1 log I).
Proof. Observe that
E[t5(0)] - E€},(67)]

< may (0 — 01| gwa, llexp 956" + (6 - 0%l

L2 / B; (ul:) By (11%:) B (ul:) S (u]x:) Sc (ulx;) du,
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It follows from the basic properties of B-splines as in the proof of Lemma 6

that uniformly in 6, 7 € O,

>[5 (Ble®)] - EC@))n]

7 k

2
= O<n2 glg,i((em - 0;)2 [Orgtasxl “ exp g(|’ G + t(9 _ 0*))”00] I_gl_rlz) -

The desired conclusion follows from (2.5), (2.9), Condition 5 and (2.12).
This completes the proof of Lemma 11.
Lemma 12 Uniformly in 7 € O,
- 2
| - (1)) 7| = 0p(n~>P(log n|rf?).

Proof. Since I-! — (I*)~1 = (I*)~}(I* = T)I"!, the desired result follows
from (2.5), (2.14), (4.8) [with 6 = 0" and 8 = 6] and Lemma 11.

The proof of the second part of (2.19) will now be given. Recall that

SE(3(t|x)) = /[B(t[x)]TT-1B(¢|x)

and

ASD(@(tx)) = /[B(¢x)]T (1)~ B(t]x).
By the Schwarz inequality, (5.14), Lemma 12 and Condition 5,
(B (¢1x)] T B(tlx) - [B(¢lx)] T (") ' Btlx)|
= |[B(t})] "I — (") ' B(tx)|
< B(tx)||[I! - (1) 71 B(¢x)|

= Op(\/n‘313 log I).
= Op(n—lf).

It now follows from (5.17) that the second part of (2.19) holds.

32



Proof of (2.20)

It follows from (2.4) and (4.5) that
A(tlx) = A (t]x) = [B(tx) - 6" (t1x)]A"(¢lx) + 0, (Va1T).

By (2.5) and (5.17), ASD(A(t|x)) = A*(¢|x)ASD(&(t|x)) ~ vVn—1I. Thus the
desired result follows from SE(X(t|x)) = A(t|x) SE(&(t|x)), (5.16), (2.14) and
(2.19).

Proof of (2.21)

Set I'(8;t,x) = f3 A\*(u|x) du, 0 <t < 1. Then

(5.19) VI(67;¢,x) = /Ot A" (u|x)B (ulx) du.

It follows from (2.4) and (4.19)-(4.21) that

(5200 H(t|x) - H*(tx) = [VT(8":£,%)]"@ + 0, (Va=1TM).
Now observe that

(5.21) var([VI"(O*;t, x)]T([o)
= [VI(8*;t,x)] T (I")"LVC(S*)(I") "1 V(67 ¢, x).

By (5.19), (4.9), (2.5) and the basic properties of B-splines,
(5.22) |VL(67;t,x)>~J7 L, t>0.
It follows from (5.21), (5.22), (2.5), (4.8) and Lemma 8 that
(5.23) var([Vl"(O*;t,x)]T{B)
= [VI(6%;t,x)]T(I") "1V (6%t,%) + O(n " JMp).

The following result is an easy consequence of (4.7) and (5.22).
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Lemma 13 [VI(6%;t,x)]T(I*)"1VD(0*;t,x) ~ n~1JM  t>0.

—~

The next result establishes the central limit theorem for [VI'(8*;¢,x)] @.
The proof is similar to the argument for Lemma 10.

Lemma 14 Ift > 0, then

(VD@5 60]8 4
S - R

Since ASD(H (t|x)) = \/[VI‘(O*;t,x)]T(I*)‘IVI‘(O*;t, x), we conclude
from (5.20), (5.23), and Lemmas 13 and 14 that the first part of (2.21) is
valid. By (5.19), (2.14), and (4.9) with 8" replaced by 6,

(5.24) IVT(®;t,%)]* = 0,(J71).
Similarly,
(5.25) ’Vl"(a;t,x) - Vl"(O*;t,x)‘2 = op(J'l).

Since SE(H (t|x)) = \/Vl"(a;t,x)]Ti‘IVF(a;t,x), we conclude from (4.8),
(5.22), (5.24), (5.25), Lemmas 12 and 13, Condition 5 and the Schwarz
inequality that the second part of (2.21) is valid.

Proof of (2.22)

By a similar expansion as in the proof of (2.16),
S(tx) — S*(t1x) = —[H (t]x) ~ H*(#1x)]S™(t1x) + 0p (Va=TTM).

)) = S*(t|x) ASD(H (t|x)) ~

According to Lemma 13 and (2.7), ASD(S(t]x
= S(t|x) SE(H (t|x)), (2.16) and

Vn=1JM_ We conclude from SE(S(t|x))
(2.21) that (2.22) holds.
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Proof of (2.23)
By (2.5), (2.14) and (2.16),

(5.26)  f(t]x) — f*(tx)

= [A(tlx) = A*(¢]%)]S*(¢]x) + Op (Va=TTM).

By (5.22) and (5.24), respectively,

(5.27) ]/OtBA* ‘=o(s) |
and ,
(5.28) ‘/o B[ = 0,(7).

It follows from (4.7), (5.14), (5.27), (5.28), Lemma 11, Condition 5 and the
Schwarz inequality that

ASD(f(thx)) = f*(tIX)\/ (Bt - [ Bx) @)1 (Bt - [ B
~ f7(tlx) ASD(8(t}x))

and

SE(f(tlx) = f(tlx)\/ (Beex) - [ Bleb?) T (e - [ B)
~  fl(t|x) SE(8(t[x)).

The desired result follows from (5.26), (2.18), (2.19), (2.20) and ASD( f(¢|x)) ~
I/n.

6 Appendix. Proof of (2.4)

Let M;, M, ... denote constants greater than 1. According to Conditions 1

and 2, _
(6.1) M < S(tx)Sc(t|x) < M, t,x)eT x X,
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and S(t|x)Sc(t|x) =0 for t > 1.

Let A denote a collection of functions ¢ on T x X satisfying the Holder

condition
|9(z) — $(20)| < vz —20|?,  z,20€ T x X,

and the boundedness condition

(6.2) Il < M, $€ A

Note that if ¢ € 4 and 0 < u < 1, then u¢ € A. Set
p=p¢)=infllo-glle, SEA

and note that p(¢) < M, for ¢ € A. Writing ¢* as Q¢ and closely following
the argument in Stone (1989), we will obtain an inequality of the form

(6.3) ¢ - Qdllc < Mp(8), ¢ €A,

where the positive constant M depends on A and the degree m of G, but
not on the dimension I of G. We conclude from (6.3) that (2.4) holds.

Let ¢ be a function on T x X such that
(6.4) Myl < b(tx) < Ms,  (6%) €T X X.

Consider the I xI matrix M whose (j, {)thentry is 3°; [ B;(t|x:) B (t|xi)%(t]x;) dt
for j and I range over A. It follows from (2.1) and (2.2) that M is invertible.
Let v, denote the (j,1)th entry of M~!. Then |M™!||o = max; 3 |7l
By a slight extension of a result in de Boor (1976), |[M™!{jec < Myn~'I.

This has the following consequence.

Lemma 15 Set g =3 ;0;B;. Then

mas [6;] < My~ Tmax | 3 [ g(tix) By (theo)w(tlx) de|.
2 J K
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We now verify (6.3). Choose ¢ € A and g € G. Since
5 [ {iuatey + Qoteixi)expacix)
~ exp(ug(t]x:) + Qa(tx:)) }S(t]x:) Sc (¢]x:) dt
is maximized at u = 0,
S [ altxlexp o(tlx:) - exp Qa(tixi)1S (tx:)Sc (i) dt = 0.
Consequ'ently, for j € A,
69 3 [ Bittixlexp é(tlx) — exp Qo(¢x.))S (¢lx)Sc(¢lx:) dt = 0.

Let ¢ € A. Then there is an ¢ € G such that ||¢ — ¢||c = p(¢). Note
that Q¢ = ¢. Note also that ||@||cc < 2M; and hence that exp(—2M3) <
exp ¢ < exp(2M;) and

(6.6) lexp — exp ¢lloo < exp(2M2)p(9).
By (6.1), (2.1), (2.3), (6.5) and (6.6),
6.7) |3 [ Byttlxolexp b(tlx) — exp Qo(tx:)]S (txi)Se (tlx) di
' < MMsnI Yexp(2M;)p(¢), j € A.
Write Q¢ ~ ¢ = X2, 6;B; and set ¢ = max; [6;]. Now [|Q9 — dlloe < ¢
and hence

(6.8) ll¢ — Qélleo < €+ p(8).

By repeatedly applying (viii) on Page 155 of de Boor (1978), there is a
positive constant Ms, depending only on ¢, such that

(6.9 e < Mel|Q6 = Bl
Since exp Q¢ = (exp qS) eXP(Zj 6,B;),

< exp(2M; + ¢)

o0

| %

expQd — expd — (exp @) Y _ 6;B;
;
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We now conclude from from (2.1), (2.2) and (6.7) that, for j € A,

> / B;(t}xi) S 01Ba(t]x:) exp &(t]x:)S (¢]x:) S (£1:) dt‘
i 1 _
62

< MyMsnI~exp(2M) (p(9) + exP(e)E).

According to (6.4), (6.7) and Lemma 16 applied to ¥ = SSc exp ¢ [with
M3 = M1 exp(ZMg)],

~

€

e < MyMyMs exp(2M3) (p(4) + exp(e) 5 ).

Suppose now that
(610) M1M4M5 exp(2M2 + 6)6 S 1.
Then € < 2M; MyMs exp(2M3)p(¢) and hence, by (6.8),

(6.11) ¢ — Qélloc < Mzp(d),

where M7 = 2[ MiM4Msexp(2M;) + 1]. According to (6.9), a sufficient
condition for (6.10) and hence for (6.11) is

(6.12) 1Q¢ — Blleo < Mg".

Let 0 < pg < 2‘1M7_1M8—1. There is a positive integer Iy, depending on
M; and the degree of G, such that

(6.13) p(#)<po, I>IandpeA
[see Theorem 12.8 of Schumaker (1981)]. Let I > Io. Suppose that
(6.14) | 16— Qéllo < 27" M5

Since ||¢ — dlloo = p(¢) < 271M5!, (6.12) holds.

We will now verify that (6.14) necessarily holds for I > Io. Suppose not.
Now ||u¢ — Q(u®)||s is continuous in u for 0 < u < 1 (since the expected
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log-likelihood is a strictly concave function of 6y, ..., 8 and it is continuous
in u,0y,...,07) and it approaches 0 as ¥ — 0. Thus there is a value of
u € (0,1) such that ||u¢ — Q(ud)||c = 271 My !. By the previous argument,
(6.11) and (6.13) hold with ¢ replaced by u¢; hence

|u¢ — Q(ud)l|oo < Mzp(ug) < Mzpg < 27 Mg!,

which yields a contradiction.

We have now shown that

|6 — Qdlloc < Mgp(9), I>1I,and ¢ € A

To complete the proof of (6.3) we need to show that

16 — Qllc < Mop(¢), I< Ip-and ¢ € A.

But this result, for each I, follows in a straightforward manner by a com-

pactness argument.
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