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SINGER, JULIO M. M-Methods in Multivariate Linear Models. (Under the

direction of PRANAB K. SEN).

Two types of M-estimators of the parameters of the multivariate
linear model are considered: the first one is based on a coordinatewise
scoring procedure while the second utilizes a scoring method based on a
Mnhalanobis-type distance.

Under some general conditions on the error distribution, on the
design matrix and on the score function, the asymptotic distribution of
the coordinatewise M-estimator is derived by means of an asymptotic
linearity result. It is then indicated how a similar ;pproach can be
empioyed to obtain the asymptotic distribution of the second type of M-
estimators under the additional assumption of elliptical symmetry of the
underlying error distribution. ﬁobustness properties of both types of
estimators are studied through their influence functions and breakdown
points. Two families of robust M-estimators of the above types are com-
pared through the Pitman asymptotic relative efficiency.

Two types of M-tests for the general linear hypothesis are also
suggested: one is a direct analogue of Wald's test and the other corre-
sponds to a XZ test ‘in which estimates under the more constrained hypo-
thesis alone are required. Their asymptofic distributions are derived
and it is shown that they are equi-efficient under local Pitman-type
alternatives.

It is indicated how the above M-methods can be extended to growth
curve models and some more general linear models.

Computational algorithms are proposed and the suggested procedures

are illustrated by a numerical example with data from the statistical

literature.
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CHAPTER I

INTRODUCTION AND LITERATURE REVIEW

1.1 Introduction

Multivariate linear models have been of widespread interest to both
the fields of theoretical and applied Statistics ﬁot only because of the
variety of situations to which they are applicable, but also because the
output of a typical analysis is usually simple and easy to interpret.
The recent advances in the development of computer packages to perform
the elaborate calculations inherent to the analysis of these models have
made them even more attractive to statisticians in general.

The typical setup suitable for analysis through a multivariate
linear model concerns a situation in which p measurements are taken on
each of n experimental units. These measurements represent the values
of p different characteristics of interest or of the same characteristic
under p different conditions. The n experimental units may be classi-

fied into r groups each corresponding to a different treatment and co-

" variates of interest may also be considered. Kleinbaum (1970) presents

a review of several versions of multivariate linear models which have
heen studied in the literature and indicates the types of experimental
situations for which each version is appropriate.

In matrix notation the Standard Multivariate Linear Model (SMIM)

can be written as:

Y=XB+¢ (1.1.1)



where Y(nxp) is a matrix of observable random variables (r.v.'s), X(nxr)
is a matfix of known constants, assumed of full rank r < n, B(rxp) is a
matrix of unknown parameters and g(nxp) is a matrix of random errors,
the rows of-which are assumed independently distributed with common dis-
tribution and density functions F and f respectively, mean vector ( and
positive definite (p.d.) scatter matrix g.l
The analysis of such models generally consists of eStimafing the
unknown parameters and testing hypotheses about its elements. These |
problems have been extensively considered in the statistical litefature
when F is- assumed to be multivariate Normal. A good summary of the most

common results in this subject is presented in Kleinbaum (1970). In the

univariate case (p=1) a variety of methods have been proposed which allow

for more general assumptions on the error distribution; among these are
the M, L and R approaches, which are discussed in Huber (1981, ch. 7).
In particular, much attention has been devoted to the‘class of M-methods,
which includes maximum likelihood (ML) and least sﬁuares (LS) methods as
special cases and also.allows for the construction of estimators and
tests that aré robust against departures from normality. Very little
atﬁention, however, has been directed to the dual multivariate pfoblém,
though we expect the normality assumption to be more easily violated by
-multivariate data, not only because of the larger number of coqrdinates :
where the departures can occur, but also because of the dependence among
them. |

In this research we are concerned with the application.of M-methods :

to multivariate linear models. Basically we consider model (1.1.1) and

1we note here that the term scatter is used to depict both variation and
- orientation of the distribution. 1In general, we take % as a scalar
multiple of the covariance matrix when the latter exists,



study the problem of estimating the unknown parameter matrix B and test-
ing hypotheses about its elements while treating the scatter matrix L as
a nuisance parameter. Generally we will rely on asymptotic theory for
the following reasons:

(i) there are not many well studied multivariate distfibutions other
than the Normal;

(ii) even when alternative distributions are considered, it is diffi-
cult to derive the small sample properties of estimators and tests;
(iii) 1large sample theory permits us to obtain simple forms for these

properties even under very general assumptions on the underlying error

distribution.

In the remaining sections of this chapter we review the literature
on the effects of the departure from the assumption of normality on the
properties of the usual LS and ML estimators and tests, then we outline
some of the general concepts of robustness and M-methods and indic;te how
they have been applied to linear models. We also introduce some of the
notation to be used throughout this work.

In Chapter 2 we define two types of M-estimators for the parameter
matrix § and derive their asymptotic distributions under some general
conditions on the error distribution F, on the design matrix X and on
the score functions used to define them. We use these asymptotic dis-
tributions to construct tests of hypotheses about the elements of g. We
also study some robustness properties of the préposed M-estimators.

In Chapter 3 we consider an extension of the results of Chapter 2
to other versions of multivariate linear models such as the Growth Curve
Model (GOM) or Kleinbaum's More General Linear Model (MGLM).

In Chapter 4 we compute the Pitman asymptotic relative efficiency

(ARE) of one type of M-estimator with respect to the other for several



choices of the underlying error distribution. We propose algorithms fof
computation of the M-estimates and present a numerical example using
real data.

Finally in Chapter 5 we summarize the conclusions of this study and

propose some topics for further research,
1.2 Notation

The following notation will be used throughout:
(1) Matrices and vectors are underscored by ~ ;
(ii) A= <aij>‘indicates that aij is thg element in the ith row and
jth colum of A ; | -
(iii) gT denotes:- the transpose of A;
(iv) |A| denotes the determinant of A ;
(v) trA denotes the trace of A
(vi) chj(ga denotes the jth largest characteristic root of A ;
(vii) A*(baxl) denotes the ''rolled out by rows™ version of an (axh)
matrix A ; _
(viii) Zk(le), gk(pX1) and gk(r 1}, (k=1,...,n)} respectively denote

the transpose of the K™ row of Y, g and X ;

(ix) 8;(r<1), (3=1,...,p) denotes the i colum of £ -

1.3 Effects of the departure from the normality assumption on the pro-

4 3

perties of the classical parametric estimators and tests in linear

models

As we have noted in the introduction, the classical parametric
methods of analysis under the SMIM require assumptions of independence
of the among subjects error r.v.'s, homoscedasticity and normality.

Since in many cases we do not have ways of verifying the validity of

these assumptions it is of special interest to examine the behaviour of




the classical estimators and tests under conditions different from-the

assumed ones. Much research has been conducted in this area but a clear
picture of the situation is still not available. One of the reasons for
this, as Scheffé (1959, ch.10) pointed out, might be the fact that these
assumptions can be violated in many more ways than they can be satisfied.

We summarize below some of the most important conclusions in this
field; the reader is referred to Scheffé (1959, ch.10) and Arnold (1981,
ch.10, 13) for a genergl discussion on this topic.

Of the three types of problems mentioned above, dependence of the
among subjects error r.v.'s is the most difficult to cope with. In
general the dependence structure is unknown and the analysis is possible
only under some additional and rather restrictive assumptions, like those
of autocorrelation models; even so, only approximate procedures are
available. In the case where the dependence structure is known, the
analysis can be performed by considering the generalized linear model.

Heteroscedasticity is well known to affect the performance of esti-
mators and test statistics, but in many cases it can be at least parti-
ally compensated by using variance stabilizing transformations. The use
of this technique, however, may affect the underlying distribution, and
the transformed observations may lack normality even in the case where
the original data followed a Normal distribution.

Many of the classical estimators and tests are known to be rather
robust to mild departures from normality but it can be shown that their
pérformance can be seriously affected by underlying diétributions with
heavy tails, such as t distributions, or by those usually employed in

the literature to model the presence of outliers, such as contaminated

" Normal distributions.



In this stﬁdy we restrict ouréelves to examining the effects of de-
partures from normality. We present some results on the asymptotic dis-
tributions of the LS and the Normal maximum likelihood (NML) estimators
when the underlying distribution satisfies only some very general condi-
tioﬁs and we also discuss tﬁe effects of lack of normality on the level
of significance and power of the most common tests.

Working the univariate linear model (1.1.1) (with p=1), Eicker

(1967) showed consistency of the LS estimator of the parameter vector B

and obtained its asyﬁptotic distribution under certain regularity condi-
tions on the error distribution and on the design matrix;- His results
do not even require the error r.v.'s to be identically distributed,
though this assumption is needed for practical applications. An exten-
sion of one of his results to fhe more geheral case (p>l) which is of
practical interest is given in the following theorem, the proof of which
is omitted, since it essentially reduces to that of Eicker by first

applying the Cramér-Wold theorem.

Theorem 1.1: Let ELS be the LS estimator of g in the SMIM given by
(1.1.1); let Fj(j=1,...p) denote the marginal distribution function of
‘the jth coordinate and consider the following additional assumptionsf

q xzdFj(x)+0 asnaw forc+w, (§<1,...p)

|x|>c

(i1) 111113(.)( {EEOSTE) -lx'k} + 0 asn-»w;
" 1sK=n

(1i1) lim Y =¥, p.d.

oo

2 ~ -1
Then vn (Ef.s ) ﬁ*) ~ Nm(g’,\f ®L).

-




Note that if the underlying error distribution is Normal the corre-
sponding Fisher information matrix is given by I(g) =V @ g'l and the LS
estimator is fully efficient, This might not be true otherwise. Further-
more note that nothing has been said about the rate of convergence;
although the asymptotic distribution of ELS is Normal, the convergence can
be very slow for distributions with heavy tails as is indicated in Cramér
(1946, ch.17). 1In these cases an unreésonably large number of observa-
tions is needed for fhe result to be useful. | |

Consistency of the LS estimator follows directly from the asympto-
tic normality, though Eicker has shown that it holds under less restric-
tive assumptions.

Huber (1967) studied the asymptotic properties of ML estimators and
showed that under some mild regularity conditions they are consistent and
- asymptotically normally distributed even when the true underlying error
distribution does not belong to the parametric family defining the ML
estimator. A similar result concerning the asymptotic distribution of ML
estimators in the specific case of the SMIM is presented in the theorem
below. It'is 1e;s general than Huber's result but also requires less
stringent assumptions. The proof essentialiy follows the lines indica-

ted in Cramér (1946, ch.33) and is omitted.

Theorem 1.2: Let EF be the ML estimator of 8 in the SMIM given by
(1.1.1). Let G and g (instead of F and f) respectively denote the dis-

tribution and density functions of the true underlying error distribu-
tion. Recall that g = y,-8'x, and consider the following additional

assumptions:



(i) (3/3@)1ogf(g,) and (3°/ag3gN)logk(s,) exist for all geR® and

are dominated by some G-integrable functions;
. 2 T. Sl T |
(1) Eglsupll (3°/2g38 Ylogf(g) | - (3°/2898 ) logElgy) |+ -

18 -g|l < e} >0 ase~>0;

(1ii) EG{(a/agjlogf(gk)} = () for all genf'; ,

(iv) EG{[(a/ag)logf(gk)}[(3/8§)iogf(§k)]T} = A(E) is non-singular for

all genf' and continuous in B ;

v Lim g0 =V, p.d

N-=

1

Then /& (g% ~ N0, ¥ e 47 ()

Here we note that (ii) is an alternative to the assumption of thé
existence of the thirq derivatiVé of logf(gk) required in Cramér's
proof. We also note that if G = F then A(8) = I(B), the Fisher inform-
ation matrix, and in this case the ML estimator is fully efficient. This
might not be true if G # F, in whéch case our previous comments on the
rate of convergence are still applicable.

As opposed to the estimation problem, no general results are avail-
able to assess the effect of departure from the normality assumption in
the hypothesis testing setup. Most of the work in this area has been
done for univariate models and within this context the more usefﬁl Te-
sults pertain to the one-way fixed effects analysis of variance problem.
Some studies for multi-way classification and random éffects models have
also been conducted. Only very recently has this typé of problem.been

studied in the multivariate setting. The reader is referred to Scheffé




(1959, ch.10} and to Ito (1980) for éeneral reviews in the area. We
shall summarize below some of their most important conclusions.

The effects of non-normality on the level of significance of tests
have been more closely examined than the corresponding effects on the
power of tests possibly because of the difficulty in dealing with the

| usually complicated non-central distributions involved.

In the univariate case theoretical results on the effects of lack
of normality were usually obtained by expressing the level of signifi-
canse and power of tests as functions of the first few cumulants of the
underlying error distribution and examining their behaviour for different
alternative distributions. Monte Carlo methods have also been employed
in similar investigations and there seems to be good agreement between
the theoretical and empirical results at least for alternatives such és
the Exponential and log-normal distributions. As in the estimation case,
the usual tests are robust if the departures from normality are mild;
some distributions, such as those mentioned above, can lead to conserva-
_ tive levels of significénce and to higher power than in the Normal case.
Furthefmore, the power based on the non-Normal distributions approaches
that based on the Normal distribution as the sample size increases.

" In the miltivariate case the few available theoretical results in
this area were obtained by investigating the behaviour of an assumed
large sample distribution family of the test statistic for different
underlying error distributions, or by con51der1ng the permutation test
approach. Nbst of the Monte Carlo work relates to the special case of
two groups. The conclusicns tend to indicate that the effect of non-
normality is different for the different test statistics and depends on
factors such as the dimensionality,.and.the numbér of observations.

There are some indications that some of the usual multivariate test
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statistics may be seriously affected by departures from normality and we
expect an, increase in the effects as the dimensionality increases.

In view of the above resultsron the effects of non-normality in esti-
mation theory and of the lack of more precise ones in hypothesis testing
it seems reasonable to consider alternative statistical methods that
could be appliéd to situations where outliers are expected. We discuss

an alternative in the next section.

1.4 Robustness and M-methods

In this section we introduce some general concepts of robustness and
M-methods. The reader is referred to Huber (1981, ch.1-3) and Serfling
(1980, ch.6-7) for details.

Huber points out that since the assﬁmptions'we usually make for
- statistical analyses are mere mathemhtically convenient representations
of our usuallf fuzzy knowledge or belief, we should look for procedures
that:

(1) hgve a reasonably good toptimal orlnear opfimal) efficiency at an
assumed model; |

(ii) are robust in the sense tﬁat small deviations from the model as-
sumptions should impair their performance only slightly, that is, their
performance should be close to the nominal value calculated at the model
(in terms of the asymptotic variance, for example);
(iii) are such that Somewhat larger deviations should not cause a cata-

strophe.

Robustness in the above sense can be more precisely characterized
through the theory of "statistical functions"; we indicate below some of

the basic ideas.
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Many of the most common estimators can be written as functionals
_ Th = T(Fn) of the empirical distribution fumnction Fn; these functionals
are called statistical functions. For example for the variance param-
' eter 02 the appropriate functional is T(F) = f{x-fxdF(x)}zdF(x) and‘Tn is
the sample variance. In general, we have Tn + T(F) and
Le[v {T_-T(F}}] + N{O,A(F,T)}.

Qualitative robustness can be viewed as a form of continuity of the

functional T. We Say that the sequence {Tn,nal} is robust at F = FO if

given € > 0, there exists & > 0 and n, >0 such that for all F and nzn:

d(FO,F) 6= d{LF (Tn)’ LF(Tn)} s¢€
o

wheré d is a convenient distance function.

Quantitativély robustness can be measured by the amount of change in
the asymptotic distribution LF(Tn) induced by a variation in F. The most
common measure of robustness is the asymptotic breakdown point t*,
defined by:

t* = sup{t: b(t)<b(1)}

where: .

b(t) = lim sup |[med[L{T -T(¥)}]
S e FePt F''n 0 |

is the maximm asyﬁptbtic bias and Pt is .some neighbourhood of Fo’ i.e. a
Lévy neighbourhood: - -

Pt(Fo) = {F: ¥x, Fo(x-t)-t < F(x) s'Fo(x+t)+t}
or a '"'contamination' neighbourhood:
P.(F) = {F:F = (1—t)F6+t H and H is a probability measure} .

It corresponds to the limiting fraction of outliers the estimator defined

by T can cope with and therefore is a measure of global robustness.
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Another important tool in the study of robustness is the influence
function, defined by:‘:

i(x;F,T) = lim {[T{(1-t)F+t3 } - T(F)]/t}
t+0

where Gx'denotes the pointmass 1 at x. Roughly speaking it measures the
influence of a single observation on the value of a statistical funcéion
T(Fn). Some useful measures of the robustness of T(Fn) can be derived
from its influence function. Among these are the "gross error sensitiv-
ity" which measures the effects of contamination of the data by gross
errors, the "ocal shift sensitivity'' which measures theleff9cts of
rounding or grouping observations and the ''rejection point' which is the
distance from the centre of syﬁmetry of the distributioﬁ, above which all
observations are rejected. These concepts were introduced and discussed
in detail by Hampel (1974). ' |

Many methods have been proposed to obtain robust estimators and
tests of hypothesis. Among these, M-methods (Maximum Likelihood-type
- methods) stand out as very convenient not only because of their easy sta-
tistical interpretation but also because of their fairly tractable mathe-
matical properties. We will restrict ourselves to the study of sﬁch
methods.

Define the functional T(F) as a solution to -

[oix,T(M}FE) =0 | (1.4.1)

where Y(x,t) is a real-valued function. For a random_sample Xl,...Xn

from F, the corresponding M-estimator of T(F) is a solution to:

n
k§1w(xk’Th) = 0 (1.4.2)

¥

B
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In typical cases (1.4.1) and (1.4.2) respectively define the param-
_eter of interest and its estimator and correspond to the problem of mini-
mizing.fp{x,T(F)}dF(x) and E‘D(Xk,Tn) where Y(x,t) = (3/9t)p(x,t). It
can be easily seen that thek;ioice p(x,t) = -logf(x,t) produces the
ordinary ML estimator and in the location case the choice p(x-t)=(x-t)2
producés the LS estimator.

In general small sample properties of M-estimators are not available
and .their theoretical study rely on asymptotic theory. M-tests are usu-
ally derived from the asymptotic distributions of M-estimators.

An .interesting and useful property of M-estimators is that the cor-
responding influence function is proportional to the score function y;
this enables us to produce robust M-estimatorslby conveniently choosing
¢. For example, bounded Yy functions generate M-estimators which are
insensitive to the presence of outliers, ¢ functions which are propor-
tional to -fé(x)/fo(x) generate M-estimators which are highly efficient
at the model with density fo, continuous ¢ functions generate M-esti-
.mators which are insensitive to roundoff errors or grouping.

Among the many ¢ fUnctions proposed in the literature which produce
robust_Mfestimators, the most commonly used énd most statistically '

.appealing ére the ones suggested by Huber (1964):

X if |x] < k

o) = { (1.4.3)

ksign(x) if |x| > k
where k is a constant, and by Hampel (1974):

| S

wix) = a sign(x) ,» as |x]|

a{x-csign(x)}/(b-¢c) , b = |x]|

0 , | x|

LA

(1.4.4)

1A 1A
0 0 o

v
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where a, b and c are positive constants. Estimators obtained by using

(1.4.3) have the property of limiting without entirely elimihating the
influence of outliers or extreme observations while those obtained by
using (1.4.4) have the property of completely rejecting them.

A large portion of the literature on M-methods has been devoted to
thélstudy of 1ocatién problems. Since location M-estimators are not
scale-invariant, in practice we have to ;ake scale into aécount, at least
as a nuisance parameter. Simultaneous estimation of location and scale
may pose some theoretical difficulties, but a simpler alternative which
produces scale-invariant M-estimators of location is available, 1It-is
known in the literature by '"M-estimation of location with preliminary
estimate of scale" and consists of taking any location-invariant estima-

tor of scale Sn and defining the M-estimator of location Tn as a solution

to:
n
Yy e{(%-T)/S.} =0 .
SRS
In this case, if Sn is an estimator of S(F), a scale parameter of the.

underlying distribution, T, will be an estimator‘of T(F) defined by:
JWI{x=T(F)}/S(F) JdF(x) = 0

and its asymptotic properties depend on S(F) rather than on S,- The
reader is referred to Huber (1981, ch.6) for details.

We will now discuss some of tﬁe most important results on the
application of M-methods to multivariate problems.

Maronna (1976) studied the problem of simultaneous M-estimation of
 location ¥ and scatter [ for elliptically symmetric distributions with

absolutely continuous density functions f given by:

£(e) = 2] iy 1) - (1.4.5)

~
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where h is a scalar multiple of a density in Rsuch that h'(x) =

(3/8x)h(x) exists. He considered solutions to the system:

Epul{d(ﬁ;g,ﬁ)}(;'ﬂ) =0 (1.4.6)

Epuz{dz oD ' - 2

where u and u, are real-valued functions satisfying certain cgnditions
and: -
oD = 6w W (1.4.7)
If P is the underlying distribution (1.4.6) defines the parémeters being

estimated; if P is the empirical distribution (1.4.6) defines the corre-

sponding M-estimators, which can be viewed as generalizations of ML egti—
mators. In fact, taking ultd)= -d-l(a/ad)loéh(d) and uz(d2)= ul(d) we

obtain the ML estimators. If otherwise we define

1 , 0<dsk
u @ = {
1T Y4y4 L @k

and uz(dz) = ulgd) we obtain M-estimators which de-emphésize outlying or
extreme observations based on their Mahalanﬁbis distance to the corre-
sponding mean vector. By making wi(d) = dui(d), (i=1;2) we facilitate
the comparison to the univariate case and it is easy to see that this last
suggestion corresponds to Huber's proposal.

Maronna showed that solutions to (1.4.6) exist under certain regu-
larity conditions which include wl to be bounded and wz to be bounded and.
ndn-decreasing. He proved that the solution is unique when P is the |
ﬁn&erlying distribution and conjectured that this is also true when P is
the empirical distribution. Furthermore he showed that the proposed‘esti-
mators are consistent, asymptotically Normal and asymptotically independ-
ent. He also indicated that departures from the assumption of elliptical

symmetry has a more serious effect on the robustness of the M-estimators
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than longtailedness within that class of distributions and that an in-
crease in dimensionality also affects robustness. He proposed an algor-
ithm for computation of the M-estimates but did not provide a proof of

~ convergence. .

Carroll (1978) examined.some further asymptotic properties of these
estimators.

Collins (1982) proposed some M-estimators of multivariate location
which allow for redescending score fUnctions_such as (1.4.4). He showed
that these estimators are consistent and asymptotically Normal if the
underlying distribution belongs to a specified neighbourhood of a class -
of distributions spherically symmetric -about (. - He also indicated that

as in Maronna's case the proposed estimators have low breakdown points.

1.5 M-methods in linear models

The application of robust procedures to linear models is specially
appealing since in such cases outliers are usually more difficult to
detect. In this section we review some of the literature on the appli-
cation of M-methods to linear models and discuss their robustness pro-
perties. 7

Huber (1973) defined M-estimators of the parameter vector § in the

wnivariate linear model given by (1.1.1) with p=1 as a solution to:
n .

k);lgkw{(yk-ﬁgz/a} -0 '(1.5.-1)
where ¢ is a real-valued score fﬁnction and 0 is a location invariant
estimator of a scale parameter ¢. He showed that the M-estimator is
unique, consistent and asymptotlcally Normal, provided that among other
mild regularity conditions the score function is bounded and non- decreas—

ing and hr® - 0 as n + ®, where h = max {xk(X X 5k} and T is the
‘I<ksn
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dimension of B. He also showed that some weaker results hold in the case
where hr » 0 as n > = .

Since hr -~ 0 implies Tzln + 0, even in this case a very 1arge.number-
of observations is required already for a moderate dimension qf B and the
fesults have little practical application. -Based on formal (with no
b&dnds.on the remainder terms) asymptotic expansions of (1.5.1) around
| thé true parameter value and on Monte-Carlo studies, Huber (1973, 1981,
ch.7) conjectures that this requirement can be relaxed and that perhaps
r/n + 0 is already sufficient as long as the error distribution and the
function p(x) = fY(x)dx are symmetric. Yohai and Maronna (1979) improved
Huber's results by eliminating some boundedness conditions on the deriva-

/2

tives of ¢ and showing that hr/? » 0 as n » » is sufficient for consist-
eﬁcy and asymptotic normality of the M-estimator. If the assumption on
the monotonicity of ¢ is relaxed these results still hold in the loﬁal
sense. |

" Following Hampel (1974) it is easy to see that the influence func-
tion of the M-estimatdr of B is giveh by:

i(e g5, FB) = {owle /o) /B! (e /o)) ¥y,

where Egl' (e,/0) = J¥' (e/0)dF(e). Even if ¢ is bounded the influence of a
point (50,50) can be arbitrarily large because Xy multiplies ¢(50/q);
therefore the corresponding M-estimator can be severely affected by ouf-
lying observations in the independent variables. If these are under con-
trol, however, M-estimators of § can be made robust by an appropriate
choice of the score functions. Some authors like Maronna, Bustos and
Yohai (1979) or Krasker and Welsch {1982) have considered alternative
bounded-influence estimators by weighting both the depéndent and indepen-

dent variables or by using some jackknife procedures but we shall not
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discuss these alternatives'here. Some further results on the robustness
of M-estimators in linear models will be presented in section 2.5.

In general the set of equations (1.5.1) is nonlinear and has to be
solved iteratively. Klein and Yohai (1981) classify various of the
algorithms proposed in the literature info two categories which we de-

scribe below. The first cbrresponds to algorithms of the form:

~(0 ~
~ ~ n ~ ~ —. n‘ -~ /\.
g(m+1) = g(m) +o[) r{eém)/o}gkxl] 1 E,ﬁkw{Eéno/U} , m20
k=1 k=1 -
20 L, Tal .o — v
where € Y ¥ g, B is any reasonab%e location-scale equivariant

b

estimator of B, & is an initial n®-consistent estimate of scale and r is
a conveniently chosen function. It includes the Newton-Raphson method
for r(t) = ¥'(t), the iteratively reweighted least squares method for
r(t} = Y(t)/t and the iterative winsorization method for r(t) = constant.
The second category qorresponds to algorithms which are approximations of

those in the first one and are of the form:

(89 -7 . o
D 2 g™ L 5T v g™/ T N1 T g wie™/), mao.
. k=1 ks1TF k=1

Possible ;hoices for the starting point 2(0) include the LS estimator or
the more robust (but more difficult to compute) least absolute residual
estimator. To estimate scale the most common suggestion is 8=med|€(g)|.-
Holland and Welsch (1977) discuss some advantages and disadvantages
of both tYpes of algorithms for different choices of the r function.
Huber (1981) showed the convergence of an algorithm for the simultaneous
estimation of B and o, that is, for obtaining simultaneous solutions of

(1.5.1) and.
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n
T ax,a
x{(yy % B)/G} = 0
kz=1 % B

where x(x) = x¥(x)-p(x). His proof, however, only holds when { is mono-
tone. If this is not so one can only obtain local convergence since
(1.5.1) may have more than one solution and in this case a good starting
point is very important. XKlein and Yohai (1981) have shown thg conver-
gence of thé algorithms discussed previously when ¢ is non-monotone
provided certain regularity conditions are met; these conditions include
starting the process with an estimator E(O)-such that QETEJ%(E(O)-Q) is
bounded in ﬁrobability and a n%-consistent estimate of scale. Except in
Huber's simultaneous estimation proposal no convergence proofs are avail-
able when iteration on & is performed.

Bickel (1975) studied M-estimators obtained by iterating the Newton-
Raphson algorithm only once (one-step estimators) from a consistent
starting point and showed that their asymptotic properties are the same
as those of the completely iterated estimators.

Holland and Welsch (1977) through a limited Monte-Carlo study exam-
ined the effect of the number of iterations and thgt of estimating scale
on several alternative estimators, including M-estimators. Their results
indicated that in general the estimators are more sensitive to the esti-
mation of scéle than to the number of iterations.

To test linear hypotheses of the form: )

H: B =0 (1.5.2)
where C is a (cx7) matfix of rank c, three (asymptotically edui-efficient)
M-tests have been proposed in the literature. They are direct analogues
of the classical parametric inference tests such as Wald's test, likeli-
hood ratio tests and xz tests in which estimates under the more con-

strained hypothesis alone are réquired. We shall briefly introduce them
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below.
The first M-test corresponds to Wald's test and is given by the

following quadratic form in the unrestricted M-estimator E:
1 T -1
Wy = (@B ey X) (53y

Tt can be shown that under the null hypothesis (1.5.2) W, is asympto-
tically distributed as a central x2 with c degrees of freedom (d.f.) if
certain regularity conditions hold.’ Similarly under Pitmaﬁ*type alter-
natives of the fonnf

A:CB=n1 ' (1.5.3)

where A (# Q) is a fixed (ex1) vector, Wy ig asymptoticélly_distributed

as a non-central xz with ¢ d.f. and a certain non¥centfality parameter .
Schrader and Hettmansperger (1980) proposed a likelihooq rétio—type

test which is an analogue of the likélihodd ratio test of classical para-

metric inference, The1r test statlstlc is glven by:

- 207 Z RENUS ) /3)- oLl B/3)]

~

- where B, is the restricted estimator of B8, J is a scale estimate,

It n

b= 0t L v ogem B/ and B = )t ) W B/6)

k=1 k=1
These éufhors showed that under either the null hypothesis (1.5.2) or
altermative hypotheses of fhe type (1.5.3) FM has the same asymptotic
distribution as WM and thus is asymptotically eqﬁivalent to it. They 51—
so argued that Ky may be eaéier to compute in some complicated problems,
though the situation is reversed in the more common cases.

Sen (1982) proposed an M-test similar to the-classical parametric
inference xz test in which estimates under the more constrained hypothe-

sis alone are required. It is ésymptotically equivalent to the two pre-
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vious ones and in many cases computationally more convenient.- It also

incorporates a larger class of score functions ¢ than the one proposed by
Schrader and Hettmansperger. To simplify notation we consider a canoni-
~cal reduction of the model (1.1.1) and without loss of generality we may

. restrict ourselves to hypotheses of the form H: B. = 0 under the model:

Y=1(80 (B *e
8¢

where A (nxr-c) and Q(nxc) are known matrices and ﬁH(c-rX1) and gC(CX1)

are the unknown parameters. The proposed test statistic is given by:

T, = 380 QTo-Ta™y ATy

where 62 = L § W20y -al B/6Y , B = L wlnoar B/oly
R=1 LV Dy B/or L B= L viOncd B/
n
PO . T 2 ,a _ .
EH is a solution tokélwﬁ(yk-gk ﬁH)/o} I 9, By and gy are the transposes
of the k™ row of A and Q respectively and & is an estimate of scale. If

certain regularity conditions hold, he showed that Ty is asymptotically
equivalent to the two previous tests under both the null h&pothesis
B = 0 or Pitman-type alternatives of the form A.nzglC = nqu where A#D)
is a fixed (cx1) vector. The non-centrality parameter of the asymptotic
XZ distribution under the sequence of alternative hypotheses is given by
0 = w26 27 1QT0-0"aaTa) "1aT0}A where w = Eg' (¢/0) and ¢ = E9?(e/0).
T}iis simpler to calculate than FM since it does not require the unre-
stricted M-estimator § nor the computation of & .

Very little attention has been directed to the application of
M-methods to multivariate linear models. Pendergast and Broffitt (1981}

considered an extension of Maronna's (1976) results to the GOM given by:

X+XEG+e (1.5.4)
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where Y, X and g are as in (1.1.1), £(rxq) is a matrix of unknown param-

eters'and G(qxp) is a matrix of known constants assumed of full rank qsp.

Their M-estimators are defined as solutions to:

1% £t
n - 2 Uy (0% 058 )’ =4
(1.5.5)
Z u, (d) (-6 ) G e )T = §
where U and u, are real-valued fumctions and
2 ‘T A
d = (zk-QTgTzk) E (xk N ’c; ~k) (1.5.6)

Alternatively, if we let gi = diag{ui(di),...ui(d;)}, (i=1,2) the above

M-estimators can be expressed as solutions to:

£ - o U “LyT ~1m-1§T(§2 1gTy-1
(1.5.7)
£=nlyx ) U (X-XEG)

which facilitates the comparison with the LS and the NML estimators.

In the case where the.experimental design is such that the n expéri—
mental units can be classified into m groups each assumed to have its own
growth curve and common scatter, they proposed aiternati&e M-estimators
of £ and © by applying Maronna's proposal to each}grbup separately and
-then pooling the results. Letting n,, Eﬂ. and zg rdeno'te respectively the
number of units, the location M-estimate and the scatter M-estimate in

th

the £ group, (2=1,...m) we can express these alternative M-estimators

as solutions to:
1T -1.T,..-1.T. -1

E= w2 s @ tgh

T N (1.5.8)
Y = -1 Z‘(n 1E
Z = (n-r) -1

g1 & E
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n
L R 1 2 _
where U = d1ag{u11,...um’nm}, Uy = {kzlul(dlk)} uy (dgy) 5 dpye

(Zﬁi)_ ﬁl)Tgil Qxﬁg)- 1,) and Xﬁz) denotes the vector of observations on
the kth unit in the Eth group, (k=1,...n,; 2=1,...m). The major differ-
ence between g and g is the way in which the distance argument of the
weight function 1is éomputed: in E it is based upon the distance between
each observation and its group location vector; in é it is based upon
information from all the n subjects.

These authors showed that if niln + AQ as n + <, where 0 < Ai <1,
(,=1,...m), Maronna's results imply consistency and asymptotic normality
of g. They conjecture that this also holds for g but a proof was not
presented. They proposed to use the asymptotic distributions to test
hypotheses about the elements of £; as in the Normal case, the test
statistics correspond to functions of the characteristic roots of H E-l
where [l and E are matrices of sums of sqﬁares and cross products due to
the hypothesis and error, respectively. They also suggested that a
reasonable small sample approximation to the asymptotic test would be to
use the Normal theo;y degrees of freedom (n-r-p+q) for the error term
instead of the infinite degrees of freedom required in that case.

They present a numerical example but do not comment on the conver-

gence of the algorithm used in the computation of the estimates.

an



(CHAPTER II

M-METHODS IN THE STANDARD MULTIVARIATE LINEAR
MODEL: ASYMPTOTIC PROPERTIES AND ROBUSTNESS

2.1 Introduction

In this chapter we are mainly concerned with the study of some
asymptotic and robﬁstness properties of M-methods under the SMIM.

As indicated in the literature review, most of the available papers
on multivariate M-methods relate to the simple location/scatter problem
and are based on Maronna's (1976} proposal which considers the assump- -
tion of elliptical symmetry for the error distribution. In many practi-
cal situations this assumption may be questionable and often difficult
to verify. On the other hand, according to Maronna, departures from
this class ﬁave a more serious effect on the robustness of the M-esti-‘
mafors than longtailedness within it. These facts make elliptical sym-
metry of the error distribution a:rather restrictive assumption and justi-
fiés the search for methods that are robusf under a more general class of
underlying distributions.

In Section 2.2 we consider a Maronna-type M-estimator for the param-
eter matrix B in the SMlhIand.suégest an alternative coordinatewise
M-estimator which can be made robust even when the underlying distribu-
tion is not elliptically symmetric. We also summarize the assumptions

required for the subsequent sections.
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In Section 2.3 we derive the asymptotic distribution of the coordi-
natewise M-estimator by applying an asymptotic linearity result similar
to that of Jureckovd (1977). Although the proof follows the generai
guidelines of Jureckova's paper it requires neither her concordance-dis-
cordance assumption on the elements of the design matrix nor the scale
parameter to be known. Klein and Yohai (1981) also.consider a similar
fesult; however, the proof presented here is simpler and requires less
stringent assumptions. We also consider two equi-efficient asymptotic
test procedures which eséentially correspond to extensions of Wald's
test and Sen's (1982) proposal to the multivariate case.

In Section 2.4 we indicate how a similar argument to that of the
previous section can be employed to derive the asymptotic distribution
of the Maronna»type M-estimator under the additional assumption of ellip-
tical symmetry of the error distribution.

Finally in Section 2.5 we comment on the construction of robust
M-estimators of both types by examining their influence functions and

breakdown points.

2.2 Definition of the M-estimators and dssumptions

Consider the SMIM given by (1.1.1) and assume that I is known.
Following the lines of Maronna (1976) we can define an M-estimator of §

as a solution § to:
" n Ta « - '
Moy QLD = T u@n; Ong ;) = 0 (2.2.1)
(i=1,...71; j=1,...p)

where u(d) is a real-valued function defined for dz0 and



2 2T . T.-1 aT
4 = QR ) By
In matrix notation (2.2.1) can be written as Mn(x,g,ﬁ) = 0 where

M (1L = <M

M nij(X’E’E) >. If £ is unknown the Maronna-type M-esti-

mator is defined by (2.2.1) with L replaced by an estimate § .

As discussed in section 1.4 we can view this class of M-estimators
as a generalization of the class of ML estimators in the case of ellip-
’tically_symﬁetric underlying distribution. Note that u(d) = 1 defines
the NML estimator. Robust Maronna-type M-estimators can be obtained by
a convenient choice of the function u.

‘An alternative approach within the context of M-estimation corre-
sponds to the following gengralization of the LS method. First put

b5

=g

; 2 d let:
OJ jj arn e

(1) v = {diag(cil,...051)}(Zk-§Txk), (k-1,...n)

(i) h: R’ » B be a vector valued function

(iii) [ = Eh(poh' (y)) » assumed p.d.

Then define an M-estimator of 8 as the value 8 minimizing:

b=

T

Q@) = L h (Ik)fll,l(xk) ' (2.2.2)

)
k=1

or, equivalently, as a solution to:

P

(3/38)Q8) = 9 (2.2.3)

For each coordinate h; (j=1,...p) of h define p, (x) = hj?(x) and

wj(x) = (8/ax)pj(x). Thén note that since [ is p.d. there exists a

1 T

matrix 4 = < ;5 > such that I = A'A. Therefore (2.2.2) can be

26
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can be expressed as:
n
2 .
) = { §, h (v, )} (2.2.4)
AU kzl zgl mzl Al '

which implies that (2.2.3) can be written as:

m
} 6,: =0, (2.2.5)

n
-h. .)h! .
1 xh )i ) b

(i=1,...7r; j=1,...p)

since: ’
~X../o. 1if g=1, m=j

T
_ 1
0138371y = /383 iy | ) o) {507 endse.

Finally note that from the definition of wj, (2.2.5) is equivalent to:
h T
Mnij (X,g.8) = kzlxki‘pj{(ykj _EkBJ)/OJ} = 0_ (2.2.6)

(i=1,...r; j=1,...p)

2

where ¢ = (01,.. T

2
.op) .

ous case can also be considered here. If g is unknown we can define

A matrix notation similar to that of the previ-

the M-estimator by (2.2.6) with g replaced by an estimate Q .

Note that sdlving (2.2.6) 1is equivalentAto obtaining M-estimators
of each column of § individually. Thus we shall refer to the corre- |
sponding estimator as the coordinatewise M-estimator.

If we take hj(x) = X, (j=1,..;p) we obtain the ordinary LS (or NML)
estimator. Alternatively a Tobust estimator can be obtained by defin-
ing:

h, (x)= {2‘*x | if |x|sk;

[k (x| -k;/2) Psign(0)  if [x]>k;
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where kj 1s a positive constant; this corresponds to Huber's proposal
for wj(=w). In such a case the generalized LS method would de-empha-
size outliers or extreme observations coordinatewise, as opposed to the
corresponding Maronna-type method with u(d) = y(d)/d, which de-empha-
sizes outliers or extreme observations by considering all coordinates
simultaneously.

One advantage of the coordinatewise method over the one suggested
by Maronna is that it offers the possibility of choosing different score
functions for different coordinates; this feature could be useful in the
case where some coordinates are known to produce more outliers than
ofhers. In this work for reasons of notational ease, we shall consider
the same score function ¢ for each coordinate.

Also, in order to compute the estimate of B we do not need to esti-

mate fhe entire scatter matrix I as in Maronna's case, but only its

diagonal ¢ . :
Furthermore, if we select score functions to de-emphasize outliers

or extreme observations as in Huber's suggestion, their effect on the

estimates of parameters related to coordinates where they are not pre-

sent should be sﬁaller in the coordinatewise case ‘than in Maronna'é

case. Since each column_of the coordinatewise M-estimator ﬁris compui-

ted independently, outliers or extreme observations in one coordinate

. will only influence elements of E corresponding to other coordinates

throughlthe scatter matrix. F

Finally we point ‘that the'assumptions required to derive the asymp- -

totic distributions are less stringent for the coordinatewise method

than for Maromna's. We summarize below the assumptions required in the

subsequent sections.
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The distribution function F of the error r.v.'s is absolutely
continuous with density function f such that fj(g) = (a/aej)f(g)

exists, (j=1,...p).

F has a finite and p.d. Fisher information matrix with respect to

~ location, I(f) = <Iij(f)> , where:

1500 = [ @F©/EE IR , (,31,...p)

F has a finite and p.d. Fisher information matrix with respect to

scale, I, = < Ilij(f) > , where:

135 (0) = -1+ [e;e; 65 ()3 ©) /£ 1E(©)de , (1,5=1,...p)

F is elliptically symmetric, i.e. its density function is given by

(1.4.5).

The elements of the design matrix X satisfy:

(i) Noether's condition: max {5£($T§)-1§k} +0asn-~+ow,
: 1<k<n

(11} 1lim {n'l(xrg)} =V = [xl,...xr] is a p.d. matrix.
r}-)m

The score function y is a nonconstant function expressible .in the
s

form Y(x) = ¥ ¢£(X), where each P, is monotone and is either an
=1

absolutely continuous function on any bounded interval in R, with -
derivative wé almost everywhere or is a step function. Also, for

(j=1,...p) it satisfies:

(i) fw(eloj)fj(s) =0
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(11 of = [V (e/o)E(e) <

s _ ' = ~l¢ .;
(iii) w. fw(s/oj)fj(e)ds o fv (e/oj)fj(e)ds <

]

where fj is the marginal density corresponding to the jth coordi-

nate.

C2. The score function u(d) is nonnegative, nonincreasing and continu-
ous for d = 0. To facilitate comparison with the score function

" defined above we define u(d) = ¢(d)/d where ¥ is assumed boundedl :

Note that (i) in Cl-is satisfied when ¢ is skew-symmetric and F is

symmetric which is the case usually considered in the literature.

2.3 Asymptotic properties of the coordinatewise M-estimator

In this section we derive the asymptotic distribution of the
M-estimator defined by (2.2.6) and of some tests of hypotheses about the
parameter matrix g under Both the null hypothesis and local Pitman-type
alternatives.

First we consider the extention of two results due to Jureckovd

(1977). One is related to the asymptotic linearization of Mn(x,ﬁ,ﬁ)

in ‘a neighbourhood of the true value of the parameter matrix g and is
given Theorem 2.3.1. The other concerns the boundedness in'probability
of n&||§*~ﬁ*’| and is presented in Theorem 2.3.2. These two results
are then used in the proof of Theorem 2.3.3 to obtain the required
asymptotic distribution.

Before the presentation of the main theorems of this section we
prove the foliowing lemma which essentially corresponds to Jurelkova's

(1977) Theorem 4.1, though our assumptions are less stringent than hers.
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Tt basically corresponds to a univariate version of Theorem 2.3.1 in the
case where the scale parameter is known. For ease of notation we drop

the variate-identifying subscript.
Lemma 2.3.1: Under assumptions Al-A3, B and Cl it follows that for all
K>0,¢>0:
Psup n %[ M (y,0%,8)- M (7.0 8)mYB-B Il = e
up MnY0 5B S5plYe0 s & s &
n%||§-§||s K} »0asn~+ (2.3.1)

Proof: The prbof will be outlined in four steps, only the first of
which is significantly'different from the corresponding step in

Juretkovd (1977, Theorem 4.1).

. 2z -
Step 1: Write Mni(z,o_,g) as a sum of a finite number of components
which are monotone functions of each element of E when the others are

held fixed.

In this direction, for fixed i and h, (i,h=1,...1), let:

Sih(O) = {k:sign(xki)= sign(xkh)i

1]

S.p(D) {k:sign(xki)# sign(x,))

and observe that:

I x0T X xp8)/0)
is non-increasing in ﬁh for non-decreasing ¢ and non-decreasing in §h
for non-increasing ¢; these relations are inverted if the sumnation is

over keSih(l).
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For each i, (i=1,...r), the set of all observations can be parti-
tioned into 2¥ disjoint sets Sig’ (g=1,...2r) formed by intersections of

the type:

p _ ‘
Sig ™ 0, 5in(*hg) | : )

where th is either 0 or 1.

Then we may write:
r

M. ( 02“)=§M v,5%,5)
ni X’ '8 1 nig Z’ 8

g=
whére
M 2 2y = {(y -x38
higQroR = L ¥ iOeg@)/el
ig

is a monotone function of each element of 8 when the others are kept

fixed.

'Therefore all we have to show is that for all K > 0, ¢ > O,

(i=1,...r; g=1,...20):
- 2 A 2 ‘oI - a
P{sup n %kaig(Z’c »B) - Mhig(z,cl,§)+ nw Xig(ﬁ-g)lz £:
n%| B-gjl sKt>0asn>w . (2.3.2)
where v, = (V v, YTandv, =1im ! 7 x.x,}
ig “ilg?tctirg ihg o KeS. ki“kh?

1g
(h=1,...r). Note that Vihg <= by assumption B.

If for any of the sets Sig’ (i=1,...r; g=1,...2r) the number of-
elements remains finite as n + « the result follows trivially; therefore »

we only have to be concerned with those sets Sig with cardinality - o

as n - «,
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To simplify notation in the following steps we shall fix h(lshsr)
and prove (2.3.2) for all § 0, where @, = {Eeﬁg} n5||£—glls K,

tj = 0 Vi # h} . Then, using the concept of contiguity as in Hijek and

didak (1967, ch.6) we extend the result to the more general case E € 0 -
where © = {teR": n31|£-§||s K}. Furthermore, with no loss of general-

itywe set § = Qand o = 1.

Step 2: In this step we obtain the asymptotic distribution of

-% ~ - -
n Mnig(z,l,ﬁ) under the sequences of probability measures pnig and qnig
defined by:
i 1 , 1if Sig =@ B
pnig X
Hi f(yk) , otherwise
keS.
ig A
. = { 1 , 1if Sig =p
nig M £(y,-x8,), otherwise
keS.
1g
Consider the statistic:
Thig = —keg. XepBhf' )/ £0n)

ig :
v
From assumptions Al-A3 and B and Theorem V.1.2 of Hijek and Siddk (1967,

ch.5) it follows that under pnig’ Tnig RS N(O,bfg) where:

b2

= A2 o
i = Mgl (<)

and Ah is a positive constant. Note that for every K > 0 we can always
write B, = n-%Ah for some A, > 0 since we assume nkllﬁ-glls K.

Now for (i=l,...r; g=1,...2r) let:

log Lnig =k5£. 19g{fCYk-xkh§h)/f(Yk)}

1g
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and observe that by Theorem VI.2.1 of Hijek and §idék (1967, ch.6) it

follows that wunder pnig :

2 P
(a) 1ogLnig - Tnig + big/z — 0

tb) logL

2 2 -
nig ™ N(—big/Z, b7 ) | (2.3.3)

“and p

- {c) q hig are contiguous .

nig
Applying the Cramér-Wold theorem and Theorem V.1.2 of Hijek and

$idak (1967, ch.5) it is easy to show that wnder pnig we have:

.- AT
(Thig Myg(LBY = Ny(0.D) | (2.3.4)
2

where I 2
hVing P Viig

This result together with (2.3.3.a) imply that:

' =¥ P ) T .
{logL n Mnig(z,l,ﬁ)} N, {( big/Z,O) , '}. Finally, from Lemma

nig’
VI.1.4 ifﬂﬂéjek and $iddk (1967, ch.6) we may conclude that under
qnig: . .
| n ig(X’l’E) & N(—Ahwvihg, pzviig) ' (2.3.5)
§E§2_§F. In this step we show that (2.3.2) holds for any fized ﬁe@h.

First replace the score function y by the bounded function w(m)’

(m = 2), defined by:

oMW = a(’“){F(x_)} , xeR

where:
£(1/m) if 0<s<1/m
Mgy o | gcs) if 1/mss<1-1/m
£(1-1/m) if 1-1/m<s<1
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and £(s) = w{FY(s)}, 0 <5 <1,

(m) 3y = M. « 8 -
Let Mnig(Z’l’E) g. X3V O XpBy) and note that for a fixed

ke ig
m we have:
varn {0y, 1, M (7, 1,91 5
< n-lkeé' x2 iy (yk_xkhah)'_w(m) () YodF(y) » 0
ig
as n -+«

by Lebesgue's Dominated Convergence Theorem. Applying Chebyshev's

inequality it follows that given € > 0:

an-%l“ﬁ'f;(z.l.ﬁ)- (';)g(z,l.g) -E M,Erg(x,l,ﬁ)l >e} > 0 as m  (2.3.6)

Now observe that:
-1 _q(m) 2 _
n E{Mnlg(ZJ-:,g) Mnig(Z’lhg)}

=0l 1o [l e ) ds s 0asn e
€. R .

ig

uniformly in n by Lebesgue's Monotone Convergence Theorem. Applying

Chebyshev's inequality it follows that given n > 0:
P EIM (1,0 ML 2 nbs0asm>e  (2.3.7)

holds uniformly in n. Now from the contiguity of qnig and pnig and

Lémma 3.5 of Jureckovd (1969) it follows that given n > 0:

P{n'*|M

nig(x,l,B)'M(m) (Z,l,ﬁ) |2n:ﬁeeh} + 0 as mo, piwo (2.3.8)

nig

Then from (2.3.5)-(2.3.8) we may concludé that:



P{n *lmnlggz,l,g) My QoL@ vy By (2 3 Beoy) > 0 (2.3.9)

as n +«x

holds for (i=1,...r; g=1,...2").
Step 4: 1In this step we show that the linear approximation of (2.3.9)
is uniform in ﬁe@h.

First we consider a partition {ao,al,...am} of [-K,K] such that

-K=a;<a <...<a =Kand |aj-a, ;| s e/(2M|w]} (2=1,...m) where
M = 12?:r Vihg' By the monotonicity of Mnig(z,l,g) in each element of
1Sg52

g when the others are held fixed we can write:

_sup

B e eh ] nig <
-}El

QLA M gL vy B <

< max n

(0 2)
™ 1.EY) Mnlg(y,l,ﬂ) nw v, é |+e/2

n1g

where B( ) = n a and- B( )a 0 for all j # h. This enables us to sub-

stitute the operation of taking the sumpremum over eh by that of taking

the maximum over a finite number of points in Oh and the desired result

follows.

Finally we note that (2, 3 2) follows from the contiguity of pnlg

and Unig deflned in terms of gee instead of ge@h .

r

Theorem 2.3.1: Under assumptions Al-A3, B and Cl it follows that for all

K>0,L>0ande>0:

Plsup 0™ | MACY,E,8) MY, 0.8)+ n(YM B*-g2) | ><:

n¥|| g-g# |l <k,n¥|| G-gll <L} » 0 as n + o
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where W = diag{wl,...wb}, w3 = cilfw'(e/oj)fj(e)d(e) (2.3.10)

Proof: Since the multivariate case (p>1) will follow by applying the

univariate result (p=1) to each coordinate separately we can restrict
ourselves without loss of generality to the latter case. As in the
previous theorem we drop the variate-identifying subscript for the ease
of notation.

Consider the decomposition:

M (1,658 M (v,0%,8) iy (B- g)

0 &v,0% 8-

™ (.85,8) M (7,08

(Z’°2'§)+ nwy(ﬁ‘-g)} +

By applying Lemma 2.3.1 to the first term all we have to show is that

for all L > 0 and € > O:

P{sup n ]|Mn(y o ,g) (y, ,E)||a e:n%|8-0| <L} 0 as mw .

This can be done in lines very similar to the proof of Lemma 2.3.1. We

outline the major modifications.

Step 1: Partition each of the sets Sih(d), (i=1,...r; 6=0,1) defined
in Step 1 of Lemma 2.3.1 into two disjoint sets, one of which contains

those k's such that sign(xki) = sign(yk-gzﬁ) and the other to its com-

plement. Then observe that:

(3/38) Wy /611 = 672, 7 B0 { Oy 5 B)/8)

has the same sign within each of these sets. Defining 21 disjoint

sets Sig(g=l,...2r+1) in a similar way as in Lemma 2.3.1, we may write
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Mni(X,G,ﬁ) as the sum of a finite number of functions which are mono-

tone in each element of (ET,S) when the others are held fixed.

Step 2: Following the ideas of Juregkové and Sen (1982), consider the
reparametrization (QT,U) + (gT,c) where [ = logo. Without loss of

generality let £ = 0 and let d = n_ka where § is a positive constant.

Then define for (i=1,...r; g=1,...2r+1):
. = { 1 , if 85, = f
nig I f(yk-§{§) , otherwise
keS.
ig
= { j Sl TR
‘nig i e—df{(yk-giﬁ)/ed} ', otherwise
keS.
ig
T . =-d § {14y -xB)E (v, -xB) /£y, -x.8) )
nig ek Yk Yk Ak Yk Rk .
€ 18
: d. . Ta,d Ta
oglygg = 1 loge Yt %8 /e £y D) ]
.S, :
ig

' Vv
and proceed as in Step 2 of Lemma 2.3.1 using H4jek and Siddk's (1967,

ch.6) contiguity results for scale alternatives.

Steps 3 and 4: Essentially the same as in Lemma 2.3.1.

Theorem 2.3.2: Under the assumptions Al-A3, B and Cl it follows that

given n > 0:

Pimin n%|| MA(Y,8,8) || > (| §*-g* |l s K,n¥|| G-gll < L} » 0

holds for all K > 0 and L > 0.
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Proof: First observe that the multivariate result follows by applying
the éorresponding univariate result to each coordinate 'separately. Now
recall that in Jurefkovd's (1977) notation, BN’ Cji’go and A correspond to
¥» nf%xij, nkg and n%ﬁ in our case. Then it is easy to verify that the
proof of her Lemma 5.2 also goes through in the more general case consi-
dered here (where ¢ is replaced by a nf-consistent estimate d) by méking:
xt = (% -0°cMy/6 and M) = T cro(xr + Tc¥/3)
i i~= oy 101 i

Essentially we are showing that given n > 0, min n-%1iﬂ*n(2:§:ﬁ)”

converges in probability to zero in the com@act set n5||§*-§*||s X,

which is equivalent to showing that n&|]§f—§*|| is bounded in probabi-

lity.

Theorem 2.3.3: Under assumptions Al-A3, B and Cl it follows that:

n*(EA-E0 N (Y e D)
where
P=c<dyy> 4= foes/0)0(e;/0)E()dg ,  (1,5=1,...p) (2.;.1'1)
and W is given by-(2.3.10).

Proof: From Theorem 2.3.2 and 2.3.3 it follows that n&(YF@D(E*-g*)

| has the same ésymptotic distribution as n-gﬂn(x,g,ﬁ). Now, by applying
Cramér-Wold's theorem and Theorem V.1.2 of Hijek-Siddk (1967, ch.5) it
can be shown that n"%Mh(X,g,g) ~ Nrp(g,ge;) and the result follows.

The asymptotic distribution derived above can be used to construct

tests of hypotheses of the form:

H: CgU =K (2.3.12)
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where C(cxr) and U(pxu) are known matrices of full row and column ranks
c(<r) and u(<p) respectively and X(cxu) is any known matrix. By making
a linear transformation and a convenient reparametrization, testing

(2.3.12) is equivalent to teésting:

0:0=20 ' (2.3.13)

under the following model:

Z,=[AQ]E,]+£=Q%+£ - (2.3.14)

where Z = YU, g = gU, A(nxr-c) and Q(nxc) are known matrices, E(r-cxu)

and n(cxu) are the unknown parameters , Ql= [AQ] and g = [ETDT]T-

Let H and h respectively denote the distribution function and dens-

ity function of the transformed (u-dimensional) r.v.'s and let and

~WH
iH respectively correspond to (2.3.10) and (2.3.11) defined in terms of
H. Note that the linear transformation and reparametrization preserve
assumptions Al-A3, B and Cl.

We shall outline below two different approaches which produce
asymptotically equi-efficient tests for local Pitman-type alternatives

of the form:

Hn'nn =n=n-‘A . (2.3.15)

whereAg.(#g) is a fixed (cxu) matrix.

| From assumptions of Al-AS, Brand Cl it follows as in Héjek~§idék
(1967; ;h,6) that the sequence of probability measures under Hn is con-
tiguous to that under HO. This contiguity implies that the result of

Theorems 2.3.1 and 2.3.2 also hold under Hn. Then letting:
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| T T
- 1 HAA A
B=1im(nlgTQ)=1im{nl"" ~9}=|E11 512

|:1 22

we can proceed as in Theorem 2.3.3 to show that
~ - -1 "1
ni(r-%) ® N_ (A%, B Te Wy B

= . -1 P o :
where P = R,,-R, R, R/, and A, = Q if Hy holds or 4, = 4 if H holds.
From well known results related to the Wishart distribution, as in

Arnold (1981, ch.17) for example,'we get:
- AT, T, T T,.-1,T A -1 -1 .
H=31{QQQAMBN AQ =W Ll 3) (2.3.16)

_ AT
where }31 = 51'13_{\‘1.
Similarly to the Normal theory case we propose to base the asympto-

tic tests on functions of the characteristic roots of ﬂg_l, where:

E~= nﬁﬁlml (2.3.17)

P ;i . . . -
and @H and,}sH are n’-consistent estimators of Wy and EH respectively.

We indicate below the asymptotic distributions of the most common
test statistics, i.e. tr(&_l) (Lawley-Hotelling's trace), |H+E|/|E| |
(Wilks' likelihood ratio) and chl(ﬂg-l) (Roy's largest root)..

Firfst_hote Fhat,from (2.3.16), (2.3.17) and Slutsky's theorem we:
obtain: |

o ,
nE ¥ E7Y & W, (c,1,8)
where:

st maToawg
9 = 3y AR WS

Then, following Sverdrup (1952) we can show that: n tr(ﬂg-l) =

n tr(g'*gg'k) D er W where W ~ W (c,1,Q;) and therefore it follows



that:

n trgE ) ® X2y (tr 25) C L (2.3.18)

Now let A and B be (u*u) p.d. finite matrices and consider the
expansion:
-1, - 1% ¥ ij -2
log|A+n "Bl= log|A|+ log{l + n°'~ §J 7} b..a7+ 0(n )}
. i=1 j=1 1 -
where a'? is the (i,j)th element of 5-1 . This implies:

1 log(]A + n B|/|Al)

Then, making nA = £ and B = H it follows that:

n log(|E*H|/IED = n tr@E ™) + o@™

and we conclude from (2.3.18) that:

n log(|nd + BI/[ng)= tr BA D)+ o™

42

n log(|EHI/IED) = %%, (tr &) - (2.3.19)

" To obtain the asymptotic mull distribution of chy(HE™)) it is

sufficient to note that by Sverdrup (1952) we have:

n chl(ggfl) ~ chy (W) O (2.3.20)

where W ”,WU(C,L,'). Tables for the upper percentage points of the dis-

tribution of chl(ﬁj are available, for example, in Pearson and Hartley

(1976, Table 51).

In practice it may be more appropriate to use n-r instead of n as

a multiplying factor in (2.3.18)‘and (2.3.20) and Bartlett's approxima-

tion, m=n-r(p-c+1)/2 instead of n as the multiplying factor in (2.3.19).

The tests above are analogues of Wald's tests in the ¢lassical

setup;' We now present an extension of Sen's (1982) approach which pro-

duces tests equivalent to the classical xz tests in which estimates
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under the more constrained hypothesis alone are required. They do not
require the éstimation of EH and are equi-efficient to the ones derived
through the previous approach _ |
| First let M 1(g,n) and M Z(E,ID respectively correspond to the
first (r-c) and the last c rows of M (Z,3,8). Then let E be a coordi-
natewise M-estimate of £ under the null hypothesis, that is,-a solution

to Mhl(g,gj = 0 and define M , = M _,(£,0). Now observe that:

nBt, = 0S8, 5 G0 01, 6,0 n(Ry o) (EEM) ¢
+ 072 (MY (5,0) (R, oK) E*-EM)] (2.3.21)

TFrom the contiguity mentioned above it follows by Theorem 2.3.1 that
the first term in (2.3.21) converges in probability to zero under H, as
well as Hys furthermore the same theorem implies that n (E* £*) has the
* same asymptotic distribution as (511 ~H )n %Mﬁl(g,g)r. Therefore we

obtain: ‘
“_%Eﬁb - “_%{Mﬁziésg)-(521Bii°L}M§1(§,g)} + 0, (1)
and proceeding as in Theorem 2.3.3 we may show that:
n-kﬁﬁz = NCU(AS’ESEH)

where P = R,,-Ry Ri1R;, and A% = 0% if H holds or A3 = (PeW)A* if H_

‘holds. Consequently we get:
1 = ML QT0-0Ta ™) a0 L, ~ W (e, 00,

where

Taking E = nZH it is easy ‘to show that the asymptotic distributions

of the usual test statistics are the same as those derived through the



44

previous approach.

2.4 Asymptotic properties of the Maronna-type M-estimator

In this section we derive the asymptotic distribution of the
Maronna-type M-estimator defined by (2.2.1). We élso propose some
tests of hypotheses about the parameter matrix § .

Basically the same approach of section 2.3 can be employed in this
case; since the proofs are very similar to those of that section we
only indicate the major changes.

First we present three lemmas which are needed in the derivation of
the méin-;esults of this section: Lemma 2.4.1 is the analogue of Lemma
2.3.1; Lemmas 2.4.2 and 2.4.3 correspond to the scale alternatives

counterparts of Lemmas 4.1 and 4.2 of Patel (1973). The basic asympto-

tic linearity result is presented in Theorem 2.4.1 and the asymptotic

- distribution of the Maronna-type M-estimator is derived in Theorem 2.4.2.

Lemma 2.4.1: Under assumptions Al-A4, B and C2 it follows that for all

K>0,¢> 0:
P{sup n”%| [MA(Y,5,8) M (Y,Z.8) *n(YebyD) (B*-8%) | 2¢ :
| | nkllﬁ*-ﬁ*l|s K} +0asn+e, (2.4.1)
where by = Ex{p 1! (4)+(1-p 1w (d) /) (2.4.2)
Proof: The proof is presented in four steps. |

Step 1: Let I = I without loss of generality and define the sets
Sig(i=1,...r; g=1,...2") as in Lemma 2.3.1. Then write:
oT.

Mnij(x_,z,,g) = gzlnnijg(g,g,g), (i=1,...r; j=1,...p)
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where:

MmJgCY...’Q'E) = z xkl(ykj-éiﬁj)w(dk)/dk (2.4.3).
keSig
. . T
(i=1,...r; j=1,...p; g=1,...27)
Now let g be such that sign(xki) = sign(xkh) for all k ¢ Sig‘

Then observe that:

(3/3By )y = X, 05 % B3/
which impiies:
(a/aéhj)ixki(ykj‘5E5j)/dk} = 'xkixkh[l'{(ykj-zzgj)/dk}z]/dk <0

t

with probability 1. Therefore it follows that:

2 0 and decreasing for B, . < Ye: /X
Ta ) h kj’ “kh
i Oy %550/ dy 15 { o

< 0 and decreasing otherwise . (2.4.4)

Recalling from assumption CZ that w(dk) is nonnegative and non-

decreasing for dy 2> 0, it follows that regarded as a function of ﬁhj ,

_ > 0 and nonincreasing for B, . <y, ./x
> 0 and nondecreasing otherwise . - (2.4.5)

From {2.4.4) and (2;4.5), using the rule for the derivative of a product

of two functions it follows that (2.4.3) is a nonincreasing function of

th .

In a similar way we can show that (2.4.3) is a nondecreasing func-

tion of éhj when g is such that sign(xy;) # sign(xy) for all keS, .
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Step 2: Define p and logLnijg

Lemma 2.3.1, replacing the univariate r.v.'s by their multivariate coun-

nig’ qnig' Tnijg in a similar way as in
terparts.
Note that the spherical symmetry assumed for F (£=I) implies that
dy and d]'(‘lxk are independent ‘and that the-latter is uniformly distri-
buted on the unit spherical surface. |
Using this fact and recalling that the resulfs from Héjek and §1da’1k
(1967, ch.6) also hold in the multivariate case, proceed as in Lemma

2.3.1 to show that under p_. :
- nig
- ~ T .. 12 T
{1ogLnijg’n Lthng(Xs,giﬁ)} = Nz{( big/Z,O) ,].:}

2

b. A .V.. b
where T = ig hj “ih, _0
“hiYihgPo  20Yiig
and -
2 -
a, = EF{IP (dk)/P} (2.4.6)

Also, we can show that under Ui’

n ;iMnijg(I’E’-@) = N_(—‘Ahjvih bO’ a ) .

g 0Viig

Steps 3 and 4: Essentially the same as in Lemma 2.3.1. Note that since

we are assuming { bounded we do not need the truncation procedure as in
that case. In the last step we choose the partition of the compact set

[-K,K] in such a way that |a,-a, ,|se/(2M|by|).

Now, without loss of generality let:
s, = £ - gt

~t ~ ~

+ tQ'
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where 4 is a matrix of constants ‘and t=n"%. Then define:
- 1c¢-
£,(2) = 15 hea)
where d2 = eTS ¢ and let f!(g) = (3/3t)f (g}, s (g} = {f (e)}h and
£ 2t 't t\&)r S¢l% t\&)’
sy (g) = (3/3t)s (g}

Lemma 2.4.2: Under assumptions Al-A4 we have:
| 2
_[[elmseled |
=lW\—" so(g) de 0 ast~+0.

proof: Without loss of gemerality let I = I. Then using matrix

derivatives as in MacRae (1974) we get:

£1(9) = -h(@)tr(IS2IS;%) - b (@tr(s, Zeels 2my/d,
and .

£1(e) = -h(dg)tra - h'(dpe ae/dy
which implies:
si(e) = -[h(d)trs/{h(d) 5= dth' (d)e ae/ Th(d )} ?1/2

0l& 0 0 o M (dplg 0 :

By assumption A4 it follows that:

| [isg(e)}2dg < = (2.4.7)

and by the Cauchy-Schwarz inequality:
- troreavilanftin = +1t 2
{s.()- so(e)} {IOS (e)dw} s [olsn(©)} dw[odw = tfgls! (&)} dw

Then we may write:

-
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t

s (g)-54(g))2
f{;l;"'ifg___} dg = [ %-Ig{s;(g)}zdwdg

and therefore we have:

1im

{st (£)-sy(€)y2
t>0

A e < fispenta (2.4.8)

Now, since [{s (g)- so(e)}/t] -+ [so(e)] as t + 0, it follows from (2.4.7)
and Fatou s lemma that:

11m

( s¢ ()59 (£)y2
>0

- } d = [ish(e)Yode " (2.4.9)

From (2.4.8) and (2.4.9), we conclude that equality must hold in both and
according to criterion 4.5 in Hijek (1962) the functions

[{st(g)-so(g)}/t]2 are uniformly integrable, and the result follows.

Next we define:

n
W= zkzl[{ft(gk)/f(gk)}*-11

p. = H f(e
k=1

H f (e

)
k=1 T K

qn,
and consider the following lemma:

Lemma 2.4.3: Under assumptions Al-A4 it follows that:

W~ N(-b%/4, by
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h'(d,) 2
where b2 = {trA + 0 é ETAE} h(do)dg
h(d

~ 0~

o)

Proof: Under P, We have:

L Y 2 2
EWn = zkzl"' {W - 1} Socgk)d.gk = 'nj{st(g)-so(g)] dg

Then observe that by Lemma 2.4.2:

DA [T

as t »~0 (2.4.10)

< 10

Therefore we can approximate the first integral in (2.4.10) by the second

and we get:

B = -nt2f{sy(e)Yodg » b/ asn > (2.4.11)

Now introduce the statistic:

n
L syley)

k=1

n
T = -t kzl[tré + 1Y (d))gxhe, /{dph(dg) 1= 2t

and -observe that:
ET=-tI§f?-—f(s)| de = -t 2 (£, (e)de =0
n k=1 ot 't ~k £=0 ~k k=10t Ot ~k Nk‘t=0
and:

VarT_ = 4t2 E [isi(e ]}Zde * bz-as n -+ o
n k=1’ 0~k7T TRk

Furthermore, by the Central Limit Theorem it follows that:

T = N(0,b%) . : (2.4.12)
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Finally note that by Lemma 2.4.2 we have:

s, (€)-s, (&) sp(e)

: n 2 - :
2 .
Var(wn~Tn)Sk£1f {2 ———EBTET——— - 2t EBTET} .SU(E)dE = )

B3

=4tC+0ast~+0 ' (2.4.13%)
From (2.4.11)-(2.4.13) the result follows.

Theorem 2.4.1: Under assumptions Al-A4, B and C2 it follows that for all

K>0,L>0ande > 0:
P{sup n'%||M;(I,E.Q)-M;CX,§,§)+H(Ebb0£)(B*-ﬁ*)H 2 e:

o[ gr-g#|| s K, 0¥ £5% < L} > O asn + =

where b0 is given by (2.4.2).

Proof: Considering a similar decomposition as in the proof of Theorem
2.3.1 and in view of Lemma 2.4.1, all we have to show is that for all L>0

and >0:
Plsup 0% M QLED MQED N 2 e 0¥ £25%s L} > 0 asn > =

With no loss of generality we can substitute g"l and g'l for £ and
L in the proof since we assume these matrices to be p.d.

First défine sets S, (8), (i,h=1,...r;6=0,1) as in Lemma 2.3.1.
Then partition each of these set; into two disjoint sets, one contain-
ing those k's for which sign gykl-gigz) . sign(ykm-~£ﬁm9,2=1,:m?2 and
the other corresponding to its complement. Repeat the procedure with

each new set by letting £, m=l,...p, £ < m. Then define 2r+p(p-1)/2 dis-
.2r+p(p"1)/2

joint sets Sig’ (g=1,.. ) in a similar way as was done in
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Lemma 2.3.1.

~

" To simplify notation let g k = Yy~ g X (k=1,...n) and f &M .

~ Then observe that for £, m=1,...p we have:

~m

(3/38™ [x 8y GE g0 ™) =

_ PPN Lot PR A Ta-1_ %
= X655V HEE &) Mokt B &
Since u is a monotone function this derivative has the same sign within

nng ,g) is a

monotone function in each element of (8,5 ) when the others are held

each of the sets S deflned above, which implies that M

fixed.
The rest of the proof follows the lines of that of Lemma 2.3.1 and
is omitted. - Lemmas 2.4.2 and 2.4.3 are useful in the counterpart of

Step 3.

The boundedness in probability of n ||g* g*|| follows from a direct
extension of Lemma 5.2 of JureCkovd (1977). Besides the differences in
notation discussed in Theorem 2.3.2, the main change in her proof relates

-to the definition of her M-function, which in our case should be given by:
M(z)= n"? Z RIUCELTY TE™ (et PP (e o)

where w, = (8- g(l)) X, and g(l) is any point such that n%||g(1)* g*il = K.
The asymptotic distribution of the Maronna-type M-estimator is glven

by the following theorem:

Theorem 2.4.2: Under assumptions Al-A4, B and C2 it follows that:

RE@e-gh ® N_(Q,Y e aghy’D)

where b0 and aO‘are defined by (2.4.2) and (2.4.6) respectively.
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Proof: Similar to that of Theorem 2.3.3 with the use of Theorem 2.4.1

in lieu of Theorem 2.3.1.

Asymptotic tests as those of seétion 2.3 can be obtained;similarly.
The H matrices are computed in the same way and the E matrices are given
by E = n£086ng2y under the first approach and by E = nﬁoyng under
Sen's approach, where 50, BO andrg are n%-consistent estimators of a9,
bO and I respectively. The nuIi asymptotic distributions of the test
stafistics are exactly the same as those of Section 2.3; under the

sequence of Pitman-type alternatives the asymptotic distribution of

ntr(ﬂg_l) or nlog(|E+H|/|E|) is xzu(trgE) where:

o = bhay' WD BT T -

2.5 Robustness considerations

In this section we discuss two heuristic indicators of robustness

commonly used in the literature: influence functions and breakdown

points. In both cases we are concerned only with the asymptotic aspects.

Initially we obtain the asyhptotic influence fupction of both types
of M-estimators with preliminary estimates of scale. Then we defing the
gross erfor breakdown‘point.and show that for either type of estimator
it is positive only under very simple structures of the design matrix.

First assume that Ko (k=1,...n) are independent identically dis-
tributed r.v.'s which are independent of gk_and let G be their common

distribution function. ‘Consider the gross error model:

= (1-t)H+t G(EO,XO)
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where H = F-G and 5(EO,X0) is a pointmass 1 at (eo,xo) Define Q(Ht)

as a solution to:

Tovl; 58, GO Vo, 1A, = 0, (=1,...p) (2.5.1)

wﬁere gj(Ht) denotes the jth column of Q(Ht) and oj(Ht) is regarded as a

functional of Ht-such that cj(H) = Note also that 8(H) = B8 .

o-.
. J :
To obtain the influence function of the coordinatewise M-estimator

we differentiate (2.5.1) with respect to t and evaluate the result at

(3/8t)8. (Ht)| (a/at)o (H,) 0 and

H = (a/at)Htl )" 5(50,50)-1:@(;(;5) we get for (j=1,...p):
t=

t=0. Writing éj

o' (e5/0; )x[{x §.0 }/0 14F(g) d6(x)+b(£;/95)%q

J J J J

In general we take ¢ odd and assume F symmetric and in this case

fw'(ej/oj)ej/ode(g) = 0. Therefore:
- T -1 '
= {/xx d6(x)} ojw(eojlﬁj)/fw (e5/05)dF(g)x, -

Now, letting G correspond to a distribution which associates probability
n-1 to each point X, , (k=1,...n) and making n»~ we can write the asymp-

totic influence function of the coordinatewise M-estimator as:

1(50,)(0’ ,ﬁ) ,.,,_, 1 Oe E-l,'k(xo) (2.5.2)

where y(xo) = {w(Y01),. w(Yop)} and Yo = {dlag(o . .cél)}go
In the case of the Maronna-type M-estimator we define ﬁ(Ht) as a

solution to;

Jula®) ety 58 () =0, (o1,...p) (2.5.3)
where:
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P H)=(y-g" H%Y 2 ) 8T ) x)

and ;;(Ht) is a functional of Ht‘such that E(H) = ¢ .
Differentiating (2.5.3) with respect to t and evaluating the result

~at t=0 we obtain for (j=1,...p):
_fx{u'(d)&zaoj/:za-u(d)fgj}cu:(g)dc(y + fxtu@e, Y= 0 (2.5.4)

where &% = (alat)dz(Ht)|t=0 . Now observe that:

P P P P
2 Ts Te 2m .
DRSS RS R L RS-
=1 m=1 | m . =1 m=19'm

a Lm
= 4m Lm -1 o Am ‘ _
where o™ = (3/at)o" (H,)|,_,and L "(H) = <" (H.)> , (&,m=1,...p).
t’'t=0 ~ t t
Taking £ = I with no loss of generality we can write:
P P

P

Ty 2 s 4m

= -2x" ] Bg, + )} Joe.E (2.5.5)
S L = T N

&2

and substituting (2.5.5) in (2.5.4) we obtain for (j=1,...p):

p
-fzzT{u(d)zglégsgaj/d+u(d)éj}dF(s)dGcz) +

p P
2 ' T T MM @ege e /aNF(2)dG(y) +
2=1 m=1 J

+ ')U(Ou(do)eoj=~

where d0 = Eg»o . From the assumption of spherical symmetry (T

D it

follows that the integrals involving E,fj are zero except for £ = j and

the integrals involving egemej are all zero. Therefore we may write:

=460} idgdegy/ By,

Defining G as we did previously and making n + » we can write the asymp-
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totic influence function of the Maronna-type M-estimator as:
. P | ' ,

By examining the asymptotic influence functions given by (2.5.2)

- and (2.5.6) it is easy to see that in both cases the M-estimators will be

locally robust only if both the ¢ function is bounded and Xy 1s only
allowed to take values on a bounded set. This is generally the case when
X corresponds to a designed experiment and we take Y as Huber's-suggestion.

Also note that similarly to the univariate location case as in Huber
(1981, ch.1l), the asymptotic covariance matrices given in Theorems 2.3.3
and 2.4.2 are reproﬁuced by taking fg;TdH.

Now we consider the breakdown points of the proposed estimators.
Following Maronna, Bustos and Yohai (1979), define the gross error break-

down point by:
t*=sup{t:]K, constant, such that ||§(Ht)|lsK,V6(50,§0)}

In Theorem 2.5.1 below we show that for both types of M-estimators:global
robqstness as measured by a positive breakdown point can only be achieved
for very simple designs (equivalent to cell meéns models) and only if we

allow contamination only at the point defining the design space. Furthér-

more it deteriorates very rapidly as the number of parameters increases.

Theorem 2.5.1: Assume that:

(i) the independent variables can only assume s (finite) values;

(ii1) 1im nz/n=p2, (2=1,...s), where n, is the number of observations
nee :

for which the value of the independent variable is X5
(ii1) the function w_is bounded and I is known.
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Then, if s=r (the design is equivalent to a cell means model) and
contamination is only allowed at the points Xx,,...xX , we have
~1 ~T

-1,-1 :

t* = min (1+p1 ) Otherwise t*=0,

=1,...1
Proof: To simplify notation we consider only the univariate case (p=1);
the cxtension to the multivariate case is straightforward. Also note
that without loss of generality we may take o=1 and restrict ourselves
to the case where 3 = I.

Next we show that the only component of g(Ht) affected by the con-
tamination is the one corresponding to the nonnull element of %o Note
that g(H) is defined by:

T

- -B,)dF(e)=0
2Xlngw(y §2) (e)=0

which is equivalent to:
fo(y-8)dF(e)=0 , (#=1,...7) | (2.5.7)
On the other hand g(H,) is defined by:

T
(1) T xfuly-B () o)+t xq0lyy By (H) 1=
which corresponds to:

(1-t) fudy-8, (H ) }dF(e)=0, 2#0
" (2.5.8)
(1-t) fuly-B, H,) JdF(e)=0 -

For t#1 the first r-1 equations in (2.5.8) are equivalent to the corre-

sponding ones in (2.5.7) and it follows that BR(Ht)=BE, 20 .

Now, fbt every sequence Q(th), where H&n=(1-t)H+t6(sn,50) we mst

have:
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T I = g T '
-ty XoB8MH ) 1xg = (l—t)wa{y-g_gOﬁ(Hm)}dF(E)50 (2.5.9)

where n, can take the values n, (2=1,...1) according to the values taken
by %o Equating the coefficients of Xy and taking absolute values on

both sides we obtain:

..n
t| w{yn-zgé(ﬂth) H =(1-t)Tol fu»{y-;,c'gg(Hm) }E(e)] (2.5.10)

Suppose that for all 6(50,50) we have ||§(th)lis K. 'Then we can
choose a sequence (y_,X,) such that |w{yﬁ-§g§(th)}| + M as n + « where
M= sup|y(e)|. Letting n + « in (2.5.10) we get: -

n
t Lim{yly_-xg8CH, )} <(1-t)lim -2 [p{y-x08(H, ) }|dF(e)
N oo

which implies t- s (1+p61)-1 Since this relation must hold for Xo™Xg »
(2=1,...1} we have:
- -1,-1
t< min  (1+p,) (2.5.11)
2=1,...T

Now suppose that there is a sequence 6(en,50) such that

IBH I +~asn >, “Then from (2.5.10) letting n + =, we get:
. T . T
t lim|y{y_-x,8(H )}|= (1-t)lim| fu{y-x,B(H ) }dF(e)
o n 0E tn S f ~0§ tn |
which implies:

tM 2(1-t)py| f1im wly-xL }aF(e) |= (1-
ol 1im ¥iy-g8 0 ) )P (e) |= (1-)pgh

and then t > (1+p61)-1. Therefore:

t 2  max (1+p;1)'1

(2.5.12
=l,...T )
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From (2.5.11), (2.5.12) and the definition of the gross error break-

“down point we get t* = i (+p; )71, Note that if ngen*, (4=1,...1)
=1,...r

then t* = (1+r) 1,
The last part of the theorem follows from the fact that if any X
‘(£=1,...r) has a nonnull component in the direction orthogonal to Xg the

only solqtion to (2.5.9) is t = 0.

The proof of Theofem 2.5.1 assumes known scale. In the case where
it is not known the breakdown point of the M-estimator E depends on the
breakdown point of the scale estimator and it is still not clear what
preliminary scale estimator to use if we want to maintain global robust-

ness.




(HAPTER 1II

M-METHODS IN OTHER MULTIVARIATE LINEAR MODELS

3.1 Introduction

In this chapter we consider the extension of the M-methods studied
in Chapter 2 to some more general multivariate linear models such as |
gi'owth curve models or those allowing for different design matrices for
the different variates and/or missing observations.

In Section 3.2 we define the M-estinlafors for the parameter matrix
. in a growth curve model and show how the results of Chapter 2 c;an be
applied by means of a linear transformation suggested by Potthoff and -
Roy (1964). We also discuss the optimality problem related to the choice
of the matrix defining the linear transformation. Finally we show how_
the covariance adjustment technique considered by Rao (1967) and Grizzle
and Allen (1969) for the classical Normal theory methods can be extended
to the situation discussed here.

In Sectior_x 3.3 we indicate how M-estimators and their asymptotic

properties.can be obtained for Kleinbaum's (1970) MGIM and GGCM.

3.2 M-methods in growth curve models

Consider the GOM given by (1.5.4) and assume that I is known.
Folldwing the suggestion of Potthoff and Roy (1964) let ﬂl (pxq) be

. any matrix such that g;ll = I and observe that by making the transforma-

tion:
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Z= Xﬂl, re= Eﬂl

the initial GOM can be reduced to the SMIM given by:
Z=XEvT (3.2.1)

Since the (linear) transformation does not affect the assumptions Al-C2
of Section 2.2, we can apply the results of Chapter 2 to obtain M-esti-
mators of the pérameter matrix £ and their asymptotic distributions,

| In the coordinatewise case we have:

ni(grg = quCQ.,E-,l gt (3.2.2)

where Y, and §, correspond to (2.3.10) and (2.3.11) defined in terms of
the distribution function of the transformed variables Ty, Ssay Hl'

Similarly for the Maronna-type M-estimator we have:
n¥(£r- SRR ealbl “H 2H,) (3.2.3)

where a, and bl_respectively correspond to (2.4.2) and‘(2.4.6) defined
in terms of'Hl.

Potthoff and Roy (1964) suggested that wertake:
(3.2.4)

where g(po)lis an afbitrary but fixed p.d. matrix. They showed that if
the underlying distribution is Normal the choice A-L in (3.2.4) and

u(d) = -d'l(a/ad)logh(d) in (Z.é.l) or ¢j(x) = —(B/Qx)logfj(x) in (2.2.6)'
leads to the fully efficient NML estimator. In the more generél situa-
tion considered here we cannot expect to attain the Fréchet-Cramér-Rao
lower bound since the underlying distribution is not completely specified.

We can, however, attempt to maximize the asymptotic efficiency of the
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M-estimators in its general form at some specified model, say the Normal

model .

‘First observe that we might take £ = ] and G such that QQTQL with

~

=3

no loss of generality. In this case Var(Lk) =HH, =H= <hij> R
(i,j=1,...q); note that H is a function of A.

 Now suppose that the underlying distribution is unknown and that
assumptions Al-A3, B and C1 hold. Expressing the asymptotic covariance

matrix of the coordinatewise M-estimator as a function of A we have:
LOA)=W, 401 <y, (0>
~d ] Rl ij‘
where:
A Yij_=hih‘j [Ele(Ti/hi)w(Tj/hj)/{E‘Hw' (ri/hi)w' ('rj/hj) H (3.2.5)

and hi = h?i. - Considering the three most usual criteria of multivariate
optimality (A,D; and E optimality) we can maximize the asymptotic effi-
ciency of the estimator by minimizing either tr{T(A)}, |L(4)| or
chl{g(gg}.

Letting Aj(gg = chj{z(ﬁb}, (j=1,...q), note .that:

q
(1) (/R T XM= T2 M@ >0, (=l,...q)
i=1 i#j

q .
(ii) (3/8Aj)i£1li(é)=1 .. (3=1,...9)

which imply that both [T(A)| and tr{l(A)} are increasing functions in
each A, when all the others are held fixed. Also note that since‘g(éj

is symmetric and p.d. there exists an orthogonal matrix P such that:.

LR = diaghh (8), .. Aq @)D
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and therefore:

A Q)= sup{x F(A)x/x §}= sup{x MN/x P Px}

~ ~

e s 2,1
= sup } L@y
y i=1 -

 where y = &. Now, since (3/3)\ ) E A (A)y /y y—y /y Yy > 0 (=1,...9)
‘ i=1

we conclude that A (A) is also an increasing function in each Ay when
all the other are held fixed. A

In view of these facts we may conclude that the minimum of
tr{T(A)}, |L(A)| or of chi{,l;(gi\)} will correspond to X, (A) =
(i=1,...q). Therefore L(A) must be of the form AL at the minimm. To

see this, note that BL(&)EL)\;‘ which implies [ (A) =A£Tg=)\;. Furthermore

from (3.2.5) we conclude that at the minimum: -
L)=h.. (A {EHl.wzc-ci/hi)/E,ilw' (1,/h) 1

Now observe that because of scale-invariaihce only hii(g) depends on A
in the expression above. Therefore the problem reduces to the minimiza-
tion of hii (A). From the classical theory it follows that the minimum
at the Normal model corresponds fo choosing A=l (or A=f in the general
case). |

Now suppose further that the (unknown) underlyingrdistribution is
elliptically synmetric and consider the Maromna-type M-estiﬁxator.

Then observe that the distribution of Ty is aiso elliptically
symmetric w1th covariance matrix H ZHl and consider the transformation

V" (ﬂlgl;ll) I-k which preserves the elliptical syrmetry and iﬁtplies that

- - - Ty
Var(gk) =]. Furthermore d =Tx U—ll 1) =V whlch 1mp11es that both 2,
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and b, are invariant with respect to the choice of H {and co'néequently_
of A). Then from (3.2.3), (3.2.4) and the Fréchet-Cramér-Rao lower
bound it is easy to see that the optimum choice at the Normal model
corresponds to A=L.

Though the problem of optimality of the éhoice of A under more
.genefal situations (than at the Normal modél) requires further research
the abO\Ire approach can be justified by the fact that it can pfoduce
. M-estimators which perform as well as pdssible at the Normal model
while Tetaining Tobustness against departures from it. -

Now note that if £ is such that:
g 1= 0, | (3.2.6)
we get:
5| @By = il ™| 1= op(.

Therefore the asymptotic distributions and the optimality results con- ‘
sidered above still hold if we replace L by an estimate i satisfying
(3.2.6).

Also note that asymptotic tests. c;f hypofheses about the elements of
the parameter matrix g can ‘be obtaihed in the same ways as in Chap.ter 2,

Now we -indicate how -tﬁe covariance adjustment technique can be A
used for M-estimators.

Let H, (pxq) and H, (p*p-q) be any matrices such that ijl and
@1y=0. For example take f; as in (3.2.4) and H, as a basis of the space
'spanned by the colums of ;-g'lgT(gg'lgT) -1 G.

Now make the trah._sformtion:

(Z QI=L T, H,], [.'!'._,Y.]=§,[ﬂl ﬂz_]
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and consider the conditional (on Q) multivariate linear model:

ZIQ=X £+Q n*6 = [X 9][§]+§ (3.2.7) )
n

~

Let H, , denote the distribution function of the r.v.'s S

which
corresponds to the conditional distribution of Ty given v, .

Note also that assumptions Al-A4 aré preserved under the
(1inear) transformation. Furthermore observe that assumption B'(i) is |
also satisfied by the design matrix [X Q] with probability 1. Now we

show that assumption B(ii) is alsc préserved; more precisely we show that:

T T
2% XQ p ¥ 8 (3.2.8)
T, T T T
¢X QQ 9 HyIH,
From assumption B(ii) it follows that: y
n XX —s v | (3.2.9)

By Kolmogorov's Strong Law of Large Numbers we have:

n- .‘
n 19F§=n lkilﬂkﬂi'—-> Eng=ﬂ§£§2 (3.2.10)
Now to show that n'lng £ Q we can show that for all ae R and

-1 TXTQQ 2.0 et

~ P

BeRP™A | o 40, 8#Qwegetn

no.. )
4, (©) =E[exp{itg.TzT9.T,@/n}1=E-[exp{itkz_1a‘"5kg{§/n}]=

n ‘ n
= 11 E[lexp{itUy /n}]= T ¢, (t/n) .
e PR = 10

Expanding ¢k(t/n) in a Taylor series we get:

¢k(t/n)=1+itﬁqk/n+iztﬁqi/n2+o(tz/nz)
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Then observe that:
T T T T
ER=E(2 2 B)= & Bk = 0
T
EU%E (ﬁTﬁkﬂzﬁ)z = ﬁTﬁk&Tﬁ‘ TEq..k..k'q g = 0(1)

by assimption B(i). Therefore it follows that ¢, (t/n)= l+o(n-1) which

implies y_(t)= {1+o(n")}" + 1 as n + =, and then:
nlxTq £ g (3.2.11)
From. (3.2.9)-(3.2.11) we conclude (3.2.8) and Theorem 2.3.3 and 2.4.2 can

be applied to.obtain the asymptotic distributions of the M-estimators.

In the coordinatewise case we have:
¢! IRy -1 -1 -1 -
n (g* §. ) qu(g’y @ HI.Z ;,l_zﬂl.z) (;5.2.12]

where ¥ and El , respectively correspond to (2.3.10) and (2.3.11)
defined in terms of Hl 2 -
For the Maronna-type M-estimator we have:

% obn ray ~ -1 -2 .
n7(s*-EM * N @Y "o a) ;by70% o) (3.2.13)

where a; , and b, , respectively correspond to (2.4.2) and (2.4.6) de-
.fined in terms of H, , and Z1.2 is the scatter matrix associated to Hy -

Since neither (3.2.12) nor (3;2.13) depend on the covariate matrix
Q they correspond to the unconditional asymptotic distributions of the
proposed estimators.

We can also obtain.the asymptotic distribution§ of the M-estimators
of n.in a similar way; théy.are given by expressions similar to (3.2.12)
1

and (3.2.13) with ¥'' replaced by (Hy2H,) ! and dimension (p-q)q instead
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of rq.
Asymptotic tests about the parameters [gTﬁT]T can be obtained by
the methods of Chapter 2. Though we are basically concerned with £ a

~

test of the hypothesis Hﬁn = 0 is of special interest since covariance
adjustment only makes sense when n # 0. The decision to include co-
variates in the analfsis $hould depend on the. result of such a test
among other factors. - Though both approaches discussed in Chapter 2 can
be employed, the one proposed by Sen (1982) is more appealing since it
avoids the fitting of the covariance adjusted model when the hypothesis
Hin = § 1is not rejected.

Finally note that as in the Normal theory case the decision to
include the columns of g (or a subset of them) as covariates should de-
pend on the covariances between the elements of each row of Z and those

of the corresponding row of Q, that is, on the elements of ﬂ%ﬁﬁé. In

practiée L is usually unknown and the'guidelines suggested by Grizzle

and Allen (1969) for the choice of covariates can also be employed, pro-

vided a robust and n®-consistent estimate £ is available.

3.3 M-methods in Kleéinbaum's ggﬁeralized‘multivariateflinéar models

Using Kleinbaum's (1970) vector versions of the MGIM and GGM we
can obtain M-estimators, M-tests and their asymptotic distributions by a
direct application of the {univariate) results of Chapter 2.

Kléinbaum's vector version of the MGLM can be written as:

Z=Dyg | (3.3.1)

T .TT - T T | 3

where 7 = (25> .Ep) » D= .d:l.ag(gl,...gp) » Y = (11’"'13) , _ .
g = (CI. ~C§)T and Z; ;%, Y and Ej-respectively correspond to the vec-
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tor of observations, design matrix, parameter vector and error vector for
the jth-variate, (j=1,...p). The error'vector ¢ is assumed to have mean

vector 0 and scatter matrix:

“uta; 12812 o0 “1pdp

) ongzp.

T
€= 01,012 %2,

°1p91p' _ongzp OPP'I'"p

—

where Q__ denotes an incidence matrix of O's and 1's defined by Q . =-

< q;.(rs) >, and: _
ij A
f1  1If-the 1th component of z. and the jth component of
qij (rs) = z, are observed on the same experimental unit;

0 otherwise.

Assuming @ known we can consider the transformation fg';’z,

X g and € = § % so (3.3.1) reduces to (1.1.1) with g =y and p = 1.
An M-estimator of 8 can be obtained as a solution to (2.2.6) and its

asjmrptotic distribution can be derived using Theorem 2.3.3 provided:

1in(n X" = 1im(n p'e 'D)=y, a p.d. matrix

N N

If @ is unknown we can still define the M-estimator and 6btain‘ its
asymptotic distribution given that a n*-consistent estimate & is avail-
able. ‘We must be concerned, however, with the same problem faced by
Kleinbaum iﬁ the Normal theory case regarding the pqsitive—definiteness
of the usual estimator (obtained by forming the pooled estimate of %3
h

from only those experimental units on which the it and jth'variates are

observed simultaneously). Kleinbaum suggests some reasonable alterna-
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tives which include the estimation of £ based on a complete subset of the
data or on an independent sample. Though a general solution to this pro-
blem does not seem possible, it would be convenient to study conditions
on the pattern of missing values or on the design matrices or on the
covariance structure which would produce n;i—consistent and p.d. estimates
of 0. |

A similar procedure can be used to obtain M-estimators and their

asymptotic distributions ﬁnder, the GGCM.




(HAPTER IV
ASYMPTOTIC COMPARISONS AND NUMERICAL EXAMPLE

4.1 Introduction

. In this chapter we consider mumerically the behaviour of two types
of multivariate M-estimators with Huber's score function.

In Section 4.2 we compute the Pitman ARE of the coordinatewise
M-estimator with respect to the Maromna-type M-estimator under different
underlying distributions.

In Section 4.3 we propose algorithms for the computation of multi-
variate M-estimators; these algorithms are suggested by the asymptotic
linearity results of Chapter 2 and correspond to approxihations_of the
Newton-Raphson method.

Finally, in Section 4.4 we illustrate some of the results considered

in this work by means of an example with real data.

4.2 Some asymptotic values

In this section we propose to analyze numerically the asymptotic
behaviour of two families of robust M-estimators of the types considered
in Chapter 2. In both cases we define the M-estimators by taking
Hﬁber's proposal (1.4.3) for the score»funéfion Y.

Initially we consider the Pitman ARE of the coordinatewise M-esti-
mators with respect to the Maroma-type ones. Furthermore, we compare

the two families of M-estimators under the assumption of elliptical sym-
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metry for the error distribution since this is a requirement in the deri-
vation of the asymptotic -distribution of the Maromna-type estimators.

Two types of (elliptically symmetric) distributions are proposed
for the underlying ﬁndel: ‘the wnit multivariate spherical Student dis-
tribufion with g degrees of freedom, STp(g), (g=1,2,3 and 5) and the unit
multivariate spherical contaminated Normal distribution with contamina-
ting proportion a and contaminating variance 02, CNp (_cx,crz) , (o= .05,
.10; 02=4,9) . Both families have been used in the literature to model
the preseﬁce of outliers (or extreme observations) as in Maronna (1976)
or Devlin, Gnanadesikan and Kettenring (1981) for example. The densities

of the STp (g) and CNp (a,cz) distributions are respectively given by:
£(£)=I{(g+p) /2H (mg)P ’r(g/2)} H1eeTe/g)
£(2)=(2-0) (2) P/ Zexp(-€Te/2)va(2m0?) P Zoxpi-€Te/ (209 )

The special case STp'(l) is known as the multivariate Cauchy distribution.
We included dimensions p=2,3,4,5,6,10 and 20 in our study and to
allow for some comparison among them we followed Maronna (1976) and

parameterized the family of Mamnria-typ'e estimators with the munber :

T 2
{e'e sk

q=7P
where g ~ Np(g,,l) and kM is the tuning constant in Huber's score func-
tion. The values chosen for q are ,5160, .6826, .8664, .9544 and .9974
which respectively correspond to kM =.7, 1.0, 1.5, 2.0 and 3.0 in the
univariate case.
The tuning constant kC for the coordinétewise M—estimaj;or is deter-
mined in such a way that the volume of the "truncation" region is the

same as for the corresponding Maronna-type M-estimator. Since all the
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pfoposed underlying distributions are spherical, this implies:
o= 2 /)y P g2

AFurthermore, since all the covariance matrices involved are of the
form cI, where c _is a scalar we only need to report the constant c, which
we call the "variance" of the estimator as in Maronna {1976).

Tﬁe results are presented in Tables 4.-2.1 and 4.2.2. The entries
are the ARE's obtained by dividing the asymptotic "variance' of the
Maronna-type M-estimator by that of the corresponding coordinatewise
M-estimatdr with the same '"truncation volume'. in parentheses we pre-

~sent the a-syinptotic "'variance" of the coordinatewise M-estimator.

It can be seen from these results that both types of M-estimatofs
perform equivalently well when the underlying distribution is spﬁérical :
multivariate Normal. As the tails of the underlying distribution get
heavier the ARE of the coordinatewise M-estimator with respect to its
Marormma-type counterpart decreases, indicating, as expected, that the
latter is preferable under the elliptical symmetry assumption. However,
this loss of efficienty of the coordinatewise M-estimator is significant
only for thg gx_treme cases such as the Sij(l) or STp(Z) or for large
dimensionalities, '

ARecalling that under the S'I‘p(g) distribution the ML estimator has a
"wariance" given by 1+2/(g+p), it can be checked that the proposed esti-
mators do not perform badly if the underlying distribution is of this
form except in the extreme cases mentioned above.

Furthermore, since the asymptotic 'variance' of the sample mean |
(NML es'timator) is givén by g/(g-2) for: g >- 2 or » for g=1,2 when the
underlying distribution is the STp(g) and by (I-u)+a02 when the underly-

1
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ing distribution is the Cﬁp(a,oz) it is clear that both the proposed
M-estimators perform better than it if instead of normality any of the
alternatives considgred here holds.

The problem of evaluating the ARE of the proposed estimators is
computétionally much more complicated if the underlying distribution
though elliptical symmetrib is not of the spherical type. We consider
here only the unit bivariate Normal distribution with correlation cd—
efficient o .

To compute the value E{y{X)y(Y)} needed to obtain the covariance
matrix of the asymptotic distribution of the coordinatewise M-estimators
we used the following results, thé derivation.of which are due to
Snappin (1983):

k, k1 : _ 1
I 1 xg(x,y)dxdy=-0(k; D0 [(ky-pky ) (1-0%) ™*1-00(kc,) 0 (k; -pky) (1-0%) ]

and:
k; Ky
2 .
[ [ xyg(x,y)dxdy= pG(k,,k,;0)+(1-p“)g(k, ,k,;p)
105 1°%2

- -0 .

- pkyd (k)0 (ky-pky) (1-p%) %]
- ok ¢ (k,) o[ (k,-pk,) (1-p2) %]
1 1 2 1

where ¢ and ¢ respectively correspond to the density and distribﬁtion
functions Of‘thelstandard Normal distribution and g and'G to the deﬁsity
and distribution fimctions of the wnit bivariate Normal distribution with
correlation coefficient p. Computer programs to evaluate G(x,y;p) and
9(x) are available, for example, in the IMSL package.

The values of the tuning constants were computed as previously; the

values chosen for p were .25, .50 and .75. The Pitman ARE's were
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obtained by taking the square root of the ratio of the generalized
variances of the asymptotic distributions of the proposed estimators.

The results are presented in Table 4.2.3 and the values in parentheses
correspond to ;he square root of the generalized variance of the asympto-
tic distribution of the coordinatewise M-estimator.

The performance of both types of M-estimators is still similar under
this situation, though, as expected there is a slight loss of efficiency
of the coordinatewise M-estimator as the value of p increases.

If the underlying distribution is.not elliptically gymmetric Qe do
not know tﬁe asymptotic behaviour of the Maronna-type M-estimator. How-
ever, we can still obtain ihe Pitman ARE of the coordinatewise M-estima-
tor with respect to the NML estimator by referring to Huber's (1967)
result regarding the asymptotic behaviour of ML estimators when the
assumed error distributioﬁ does not match the true one, We conjecture
that a similar result must hold for the Maronna-type M-estimator though
it has still to be proﬁed. |

As-an example of a non-elliptically symmetric distribution to model
the presence of outliers we considered a contaminated bivariate Nommal

‘distribution, the density function of which is given by:

£(e)=(1-a) 2) “Lexp(-eTe/2)rac2n LD lexp(-¢'5 e/2) (4.2.1)

where L= 02 1 p}.
_ o p 1

The values of the tuning constant k., the contaminating proportion
a, the contaminating variance 02 and the correlation coefficient p were
those considered previously. The ARE's were obtained by taking the

square root of the ratio of the generalized variance of the coordinate-
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i

wise M-estimator to that of the NML estimator which is given by
|(1-a)I+a £|. The results are presented in Table 4.2.4.

The values in Table 4.2.4 indicate that the coordinatewise M-estima-
tor can be made (by an appropriate choice of the tuning constant) asymp-
totically more efficient than the NML estimator if the underlying distri-
bution is given by (4.2.1). The relative efficiency increases as the
contaminating proportion and the contaminating variance increase, indica-
ting that the coordinatewise M-estimator éan'handle well distributions
with somewhat heavier tails.

Though the actual computation of the ARE can become fairly diffi-
cult, it is easy to conceive of other situations where the coordinate-

wise M-estimator would perform much better than the NML-estimator. This

would be the case if the marginal distribution of any of the coordinates

were a heavy-tailed one.

4.3 Computational algorithms

In general the M-estimators defined by either (2.2.1) or (2.2.6)
must be obtained by iterative methods. In this section we propose two
coﬁputational algorithms which are.suggested by the asymptotic linearity
results given in Theorems 2.3.1 and 2.4.1.

Consider first‘the following algorithm for the coordinatewise case:

w»

toy = &* (
' 4,3.1)
Bty Bl (e E(g(m))}"lmg(g(m)) ,mz0 o

where:
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Sy o s ol ~ - IEPIPSNS B .
WD = diag@ (D,...w (D}, w5 (D) = (n65) kz "0y xk~J)/o 1,

n
Mg (D = lekiw{(ykj ~k~3)/° b, (i=1,...15 j=1,...p)

and E and Qj are n%-consistent estimators Qf 8 and %3 respectively.

Notelthat (4.3:1) is essentially an approximation to Newton's -
method. The choice of the initial value and the asymptotic 1inearit§
result insure that at each step we remain af tﬁe neighbourhood of 8
defined by {T: n¥||T-§||s K,K > 0} with probaﬁility arbitrarily close
to 1. Convergence (in proﬁab111ty) of {g( )? m20} to § follows from
the convergence of Newton's method; for a proof see Stoer and
Bulirsch (1980) for example.

In practice we may stop iterating (4.3.1) when for some specified
e > 0, 1B Beuenyl 15 e

A similar argument holds in the case of the Maronna-type M-esti-

mator and the corresponding algorithm is given by:
ﬁ(o) g

. (4.3.2).
ﬁ(m+l) = ﬁ( )+{(X X)e B (ﬂ( ))l} an(ﬁ( )), m=220

where: ' ‘

=2
(=]
~—
=
—
It

SIPUURES L S, 05 TS R 3
D= Em 7 LV ED)+ 00T L W& DYRD

G T8 E TR

2
~~
s
~—
n

: n
"~ ~ . T . Lol
Mnij(I) . Z U{dk(l)}xki(ykj ékIj)' (i1=1,...r1; J—lx---p)

and B and £ are n*-consistent estimators of g and I respectively.

LS estimators can be taken as starting points for the iterations
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‘despite their known lack of'robustness. It is preferable to start with
more robust estimators such as thg Least Absolute Residﬁal estimator for
8 and the Median Absolute Deviation for g though they are computation-
ally more elaborate. In the case of Maromna's method robust esfimates
for £ are even more difficult to obtain; however, if the data corre-
spond to the k-sample problem, robust estimates for each group can be
obtained and then pooled to produce:an overall estimate of L. A few
alternative robust estimators of f in the éimple multivariate location
~ problem are presented in Devlin, Ghanadesikan and Kettenring (1981).

| In the:coordinatewise case any of the univariate algorithms pro-
posed in the literature can be used to obtain the estimates since wé
can work with each coordinate separately; this includes Huber's (1981,

ch. 7) algorithm for simultaneous estimation of 8 and o.

4.4 Numerical example

In this section we consider the actual computation of M-estimates
and M-tests in a practical example. Our intention is not to present
any exhaustive analysis of the‘data but simply to illustrate an appli-
cation of the M-methods studied in this work. -

The algorithms of Section 4.3 were programmed using the MATRIX
procedufe of the Statistical Analysis System (SAS) and were employed to
obtain both the coordinatewise and the Maronna-type M-estimates. In
either case Huﬁer's score function (1.4.3) was considered and the tuming
constants were chbsen in such a way to correspoﬁd to k - 1.5 in the uni-
variate case, a value commonly uséd in the literature. The starting

value for the iterative computation of both types of estimates was the

IS estimate. In the coordinatewise case we used the median absolute
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-deviation (MAD) multiplied by 1.48 (to make it approximately unbiased
at the Normal model) as an estimate of scale; an estimate of the asymp-
_totic covariance matrix of the coordinatewise M-estimate Qas used to
estimat¢ the scatter matrix in the Maronna-type case. The convergence
criteria consisted of stopping the iterations when the Euclidean norm
‘of the difference between the estimates from two consecutive steps was
<001 .

The data Qe considered for our examplé was analyzed by Smith,
Gnanadesikan and Hughes (1962) to illustrate the use of the classical
MANOVA methods. We repeated part of their analysis using the robust
M-methods described above. ‘

The dafaset consists of measurements on thirteen physico-chemical
characteristics of complete morning urine samples from individuals classi-
fied into four weighf groups. A subsef of these variates is of special
interest since their measurementsAcan be obtained by "'easy standérd analy-
ses'; we considered only these responses for our purposes. Two of the
~ remaining variates were taken as covariables. Both the covariables and

the responses are indicated below:

volume in mf

Covariables: v

1 .
V, = (specific gravity-1) x 10°
- Responses: Yl = pH
Y, = Calcium mg/m
Y = Creatinine mg/mt

Chloride mg/me '

—
I
]

Similarly to the above authors we considered the model:

Yj=uj+wijX2+w2jX3+w3jX4+ajVi+YjVé+ej ,»  (G=1,...4)
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where “j is the overall mean effect, wij (1=1,2,3) are.weight effects,
% and Y; are regression coefficients and €5 is the error term. The
matrix of observations corresponds to the 1st, Sth, 7th and 8th columns
of their matrix_xT and both the design and parameter matrices were taken
exactly ;s their A and g'matriées. The number of observations was 45
and the values of the tuning constants for Huber's score function were
kM = 2.65 in the Maronna-type case and kC = 1.98 in the coordinatewise
setup. |

Thé~algorithm for computation of the coordinatewise M-estimate con-
verged in 8 iterations; only 7 iterations were needed for the Maronna-
type M-estimate. The results are presented in Table 4.4.1 along with
the LS estiméte for comparison; estimates of the corresponding asympto-
tic standard deviations are indicated in parentheses.

There are no significant differences among the three estimates,
_indicating that outliers do not seem to be a problem in this dataset.
In fact we computed the weight function ¢(x)/x énd in the coordinatewise
case only 10 elements of the matrix of observations had weights <1, all
being >.51; in-the Maronna-type case 8 obseertions had weights <1-but
all values Qere >.68. |

For illustration purposes we introduced some ''outliers" in the data

by supposing that rows 28, 29 and 30 of the matrix of observations read:

pH Calcium Creatinine Chloride

row 28 0.5 9.003 °  9.06 . 4.26
row 29 0.5 6.014 2.26 0.65
row 30 0.5 6.008 0.14" 8.48

instead of the original values. This situation could have occurred had
the data been punched on cards and the above. rows been misaligned by one

colurm. We then recalculated the values of the three estimators using
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the same parameters as in the previous case. The results are indicated
in Table 4.4.2. |

As expected, the LS procedure was the one most affected by the
changes: not only were the point estimates far off the values obtained
with the original data but also the estimated standard deviations were
considerably more inflated than the ones obtained through the two robust
M-methods. Even thoﬁgh these robust procedures succeeded in detecting
the "outliers'" (their weights were of the order of .20} they were not as
robust as we expected. We recomputed them using the scale estimates
based on the original data and the results (not presented here) were mich -
less sensible to the presence of the "outliers". This is an empirical
indication that scale estimation might be an important factor in the
computation of the robust M-estimators and should deserve some future
research. '

We also illustrate the proposed M-tests by considering the hypothesis
of no difference between the weight groups which was of interest to the
original investigators. We considered both the approaches discussed in
Chapter 2 and the results are presented in Table 4.4.3. The (asymptotic)
: distribution of both Lawley-Hotelling's trace statistic and Wilks'
likelihood ratio statistic conveniently normalized is xiz; Roy's largest
root statistic is asymptotically distributed as the largest root of a
w4(3,1,-) distribution,

_ The p-values for all tests were <.05 and the inclusion of outliers
in the data did not affect any of the results in a significant way.

Even though these empirical results do not indicate any aberrant
behaviour we suggest that extreme care should be taken when applying the
abhove multivariate M—tests, since not even in the classical Normal theory

case thére is a clear picture of their behaviour.



CHAPTER V

SUMMARY AND SUGGESTIONS FOR FUTURE RESEARCH

Robust methods are specially appealing in the analysis of large
datasets or problems with complicated aesigns where detection of outliers
by tradifidnal methods (such as residual analysis) can be a difficult
and time consuming task. Though many papers on related topics have
recently appeared in the statistical literature, the increasing‘numbei of
studies with the above characteristics can be viewed as an incentive for
research in this area. The present étudy constitutes an attempt to
address some robust methods in multivariate linear models and our con-
clusions are summarized below.

We considered two alternative M-estimators for the parameter matrix
in the standard multivariate linear model: the firét one is based on a

coordinatewise scoring procedure while the second utilizes a scoring

method based on the Mahalanobis distance and is an extension of Maronna's-

(1976) proposal for the multivariate location/scatter prﬁblem. The
coordinatewise M-estimator is Simpler to compute and the derivation of
its asymptotic distribution does not require the assumption of elliptical
symmetry of the underlying error distributicn as in the case of the
Maronna-type M-estimator. A comparison of the asymptotic efficiency of
robust families (with Huber's score function) of both types of M-estima-.
tors under different (elliptically symmetric) error distributions indica-

ted that even within this ciass the Maronna-type M-estimator outperforms
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the coordinatewise one only in very extreme cases. Algorithms for com-
putation of the M-estimates were proposed and were employed in a practi-
cal example. In the case where no serious outliers are present both
types of robﬁst M-estimates behaved very similarly to the LS estimate;
the presence of outliers in the data did not affect them as much but
their performance seemed to depend on the scale estimates.

We also proposed two types of M-tests for the general linear hypo- -
thesis whiéh are analogues of some classical Normal theory tests. Both
were shown to be asymptotically equi-efficient for local Pitman-type
alternatives and their empirical behéviour was similar to that of the
M-estimates on which they are based. The analogue of Wald's test is
computationally more convenient if one expects the null hypothesis to be
rejected; otherwise we favour the second type of M-test which is an exten-
sion of Sen's (1982) broposal for the univariate case since it only
requires the fitting of the reduced model.

Finally‘we indicated how these M-methods could be extended to the
growth curve model and to some more general multivariate linear models
which allow for missing data -and/or different design matrices for differ-
ent variates. |

In general we feel that these results tend to favour the use of

robust multivariate M-methods in practical applications. In particular

we recommend them for cases where no other outlier detection method is
employed (as in the use of most computer packages by non-statisticians)
since they can prevent ''disasters'. They are also of interest as alter-
natives to outlier rejection rules because of their ability to downweight
outlying observations smoothly instead of simply éliminating them. We
feel, however, that there are still some important issues to be studied

before these methods can be applied in a more widespread way. We enumer-
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ate below some of these topics along with others that should be consid-

ered for further research.

A. Study the effects of different estimates of scale and scatter on the
perfbrnancé of mulfivariate M-estimators; consider methods which allow

for simultaneous estimation of the scatter parameter as well as of the 0
regression'parametérs: Juredkovd and Sen (1982} obtained results on the
simultaneous M-estimation of the common location and scale-ratio in the

_ two sample problem; Maronna (1976) considered éhe case of multivgriate

location and scatter. | |

B. Study the asymptotic behaviour of the Maronna-type M-estimétor when

the underlying distribution is notthecessarily elliptically symmetric.

A similar type of problem is that considered by Huber (1967) who studied

the asymptotic behaviour of ML estimators when the assumed underlying

distribution does not match the true one.
. , G4
C. Study rates of convergence and the behaviour of multivariate M-esti-

mators in linear model$ for small samples. This topic could be considered
for a Monte-Carlo study though some theoretical results on the line of

Field (1982) could also be attempted.

D. Study miltivariate bounded-influence estimators, i.e. estimators
which de-emphasize outliers in the independent variates as well as in the
dependent ones. Some recent resilts for the univariate linear madels are

given in Maronna, Bustos and Yohai (1979) and Krasker and Welsch (1982).

£. Study robust estimation with reépect to departures from the homosce-

dasticity and independence assumption in the multivariate case. Robust

estimation in heteroscedastic univariate linear models has been considered
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in Carroll and Ruppert (1982) for example.

F. Obtain the-asymptotic distribution of the M-estimator proposed by

. Pendergast and Broffitt (1981) for the growth curve model. We conjec-

ture that Jureckovd's asymptotic linearity result would also apply in

this case.

G. Study the effect of different choices for the matrix defining the
Potthoff-Roy transformation in the analysis of growth curve models. This

topic would probably involve some simulation study.
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Table 4.2.3: ARE of the coordinatewise M-estimator with
respect to the corresponding Maronna-type M-estimator
and sql.‘xare. root of the generalized variance of the co-
ordinatewise M-estimator (underlying distribution: umit
bivariate Normal distribution with correlatibn coeffi-
cient p).

p

q .25 .50 .75

.5160 | .9931(1.0647) | .9745(.9678) | .9460(.7614)
.6826 | .9953(1.0226) | .9859(.9234) | .9691(.7175)
.8664 | .9977( .9876) | .9941(.8865) | .9875(.6816)
.9544 | .9987( .9742) | .9975(.8724) | .9952(.6679)
9974 | .9999(..9686) | .9998(.8664) | .9996(.6618)
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