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1. INTRODUCTION

The classical approach to the unbiased estimation of wvariance
components for unbalanced data is one of choosing several different
guadratic functions of the data, equating them to their expected
values, and solving the resultant system of equations.

There are, of course, infinitely many quadratic functions
available for equating observed to expected values, and solving to
provide unbisged estimation. However, much of the previous work in
this area centers around quadratic forms which bear analogy to those
used with balanced data; in particular, much work has been done using
the methods outlined by Henderson [1953]. Rao [1972] states that the
classical methods lack a clear theoretical basis and that the
classical procedures are: "ad hoc and much seems to depend on
intuition”. Numerous authorsl have, in fact, compared two or more of
the classical estimators to determine which, if any, has the smaller
variance for a particular design. However, the decision as to which
estimator among a given set is "best", always seems to depend upon the
unknown values of the components being estimated. Hence, the ldea of

achieving a uniformly "best" unbiased variance component estimator in

2 .
the "generally" unbalanced situation™ appears to be improbatle. In

L Review articles by Searle [1971] and Harville [1969b] describe much
of the earlier work in variance component estimation and give some
of the important references.

e Situations such as those that arise from the loss of data, or lack
of data, ehtc. are implied here. Conceivably, specific designs
with planned imbalanced may be found which yield uniformly "best"
estimators. Rao [1971b] provides some necessary conditions for
this to occur.
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fact, Read [1961] has proven that there exists no quadratic estimabor
of the "between" compcnent in the unbalanced one-way classification
for which the variance (assuming normality) is uniformly smaller than
that of every other quadratic estimator.

Recognizing, perhaps, the fundamental difficulties which arise
from the classical approaches to variance component estimation, authors
of recent papers have focused thelr attention on choosing quadratic
forms with some sorts of optimal properties. Harville [1956a], fur
example, has used tha results of Hultquist and Graybill [1965] on
minimal sufficient statistics in conjunction with Koch's [1967] lemma
on the variance of quadratic forms to establish the basic form that the
matrix of a quadratic form should have when it is to be used for
estimating the components in a one-way classification. Townsend [1968]
gives locally best quadratic unbiased estimators for the variance
components associated with the one-way classification with zero mean.
Recently published papers by Rac [1970, 197la, 1971lb, 1972] outline
new techniques referred to as MINQUE (Minimum Norm Quadratic Unbiased
Estimation) and MIVQUE (Minimum Variance Quadratic Unbiased Estimation).
Although Rao develops MINQUE and MIVQUE with fairly relaxed assumptions
on the distributional properties of the random effects involved, he
does consider the special case where the random effects are normally
distributed. In this case MINQUE and MIVQUE estimators are the same
and provide locally ‘'best" quadratic unbiased estimators.

The present paper is restricted to the gquadratic untviased
estimation of the variance compenents in linear models for which the

random effects are taken to be normally distributed. The basic



objectives of this paper are to extend MIVQUE theory tc provide
estimators whose variance is functionally dependent on as few of the
unknown parameters as possible, to provide computational technigues

for MIVQUE and its extensions, and to apply MIVQUE techniques to the
unbalanced one-way classification in order to develop an estimator for
which no a priori knowledge about the variance components is necessary,

yet the efficiency of which is in some sense optimal.



2. STATEMENT OF THE PROBLEM

2.1 The Mathematical Model

Let the N X 1 wvector of random variables Y have the linear

structure

Y = XdBo FXBy et xmpm s (2.1)

where X, i=0, «.., m) is an N X n, matrix of given values
(with X, = IN) » By is an ny X 1 vector of unknown non-stochastic
parameters, and each B, i=1, .., m) is an n, X 1 vector of
uncorrelated random variables assumed to be normally distributed with
mean zero and variance Ufln. « Furthermore, each ﬁi and Bj

61 f j) are assumed to be u;correlated. From the above it follows

that
Y ~ Normal (Xoﬁo, V),

where

Vo= XXo] + xgxécg +oae. * meégi . (2.2)

2
111

2.2 Unbiasedness

The problem of guadratic unbiased estimation of the variance

components Gi, ooy cﬁ is one of choosing quadratic forms Y’QiY
2

such that the E(Y’Qiy) =0f (i =1, ..., m). The expectation of

any quadratic form in Y , as defined by (2.1), is

m
E(Y'QY) = BX QK P + i§1 tr xiqxicf )
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Thus a quadratic unbiased estimator of Uf 1 =1, ..., m) requires

a matrix Qi such that XéQiXO = 0 and

o 1 difio= g
tr X.Q.X. —{O ifi';éj}

342 for j=1, ..., m.

2.5 Invariance Concepts

By imposing additional restrictions on @ (i =1, ..., m)
other desirable properties of the estimator Y/QiY may be obtalned.
The concept of “invariance on the translation of the BO parameter’
is considered by Rao, Harville, and others. A quadratic form YIQX

is said to be "invariant on the translation of the BO parameter" if
/ *. *
Y'Y = (Y - Xpo)alf - Xp,) (2.3)

for any choice of values for the 0y X 1 wvector ﬁ: . A sufficient
condition for invariance with respect to BO is XéQ =0 . This
condition is alsc necessaryl unless BZ = 0 . The appeal for this
type of Bo—invariance can be seen in that recoding of the data by
subtracting Xcﬁ: does not alter the estimate for a particular effect.
In addition, quadratic forms in Y , as defined by (2.1), do not
contain any elements of Soﬂé in their variance if they are BO—
invariant.

The variance of a symmetric quadratic form Y’QY is

Var(Y'QY) = 2 £ tr QUQV + hﬁéXéQVQXOBO . (2.4)

iJ

L Expansion of the right hand side of (2.3) with the definition of ¥

from (2.1) involves the term XéQXm or XéQI which must be zero

for (2.3) to hold for any non-trivial BO .
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Applying the definition of V given in (2.2), the above variance may
be expressed as

’ / Y 22

Var (Y QY) = 2 Z tr X.QX.X.QX.o0.07

i3 ity My Bt R Ry

+ Z BX QX XI QKB 7 -
Furthermore, by defining, for any real matrix A , the matrix operator
ssq(A) to be equal to the sum of the squared elements of A , we have
at once that tr (BA’) = ssq(A) . Thus (2.4) may be expressed more
sucecinctly as

Var(¥'QY) =2 X SSq(XfQX.)G?G? + 4 3 ssq(ﬁlx'QX.)U? . (2.5)

1j 173719 5 govi‘i
Clearly, if Y'QY is P -invariant, which implies XéQ =0, (2.5)
contains no elements of 5d56 . Thus the variance of any Bo—invariant
guadratic form in Y is
Var(Y'QY) = 2 £ ssq(X!GX. )oo0" . (2.6)
13 1¥3717]

Harville also considers a more general type of invariance in
regard to the quadratic forms arising from variance component
estimation in the one-way classification. What he terms "g-invariance"
(which implies that the variance of the estimator for the within
component contains no terms involving the between component) is
expanded here to include invariance with respect to any random or non-

random effect when estimating the components associated with (2.1).

Definition 2.1: For any Y defined by (2.1), the gquadratic form ¥'Qy
g

is said to be Bi~invariant (for a fixed value of i between O and
m) provided the variance of Y’QY does not contain any BO terms if

i = 0 and does not contain any terms involving of and i f O .



Theorem 2.1: A necessary and sufficient condition for the quadratic
form YIQY to be Bi—invariant in any non-trivial situation is that

e =
XiQ = 0.

Proof: Sufficiency is immediately seen upon examination of (2.5).

Recalling that Xm = IN establishes necessity also on inspection.

The following lemmas although obvious are presented to show to
what extent additional invariance restrictions may be placed on

guadratic forms and still maintain unbiasedness when estimating Uf

i=1, ..., m).

Lemma 2.1: If a quadratic form Y'QX is ﬁi—invariant, then 1t is

Bj-invariant if Xj = XiL for some ni X n matrix L .

J

Lemma 2.2: No quadratic unbiased Bi—invariant estimator exists for

Lemma 2.3: No guadratic unbiased 6i-invariant estimator exists for 0?

if X, =X.L for any n, X n. matrix L.
J 1 1 J

Definition 2.2: The guadratic form Y’QY is said to be a maximally-

invariant quadratic unbiased estimator of of i=1, ..., m)
provided that 1t is Bj—invariant for as many Jj's as possible among
the set J =0, 1, ..., m and still maintains its unbiasedness

property.

By using a maximally-invariant quadratic unbiased estimator, one
insures that the "goodness" of the estimator depends on the value of

the parameter being estimated and on as few of the other parameter
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values as possible. This property of maximally-invariant estimators
is particularly applicable when little or no a priori knowledge is
available concerning the relative magnitudes of the variance components

being estimated.

2.4 Tocally Best Quadratic Unbiased Estimators

When the normality of Y 1s assumed, Rao's [1971la] MINQUE and
Rao's [1971b] MIVQUE estimators coincide and provide locally best BO—
invariant QUE'Sl for '; Kiof , where the Ki's are known constants.
In the context of (2.13—§ao [1972] proves that for any positive
definite matrix W , the minimum of tr QWQW subject to the con-
ditions that XE)Q =0 and tr xi’Qxi =K (=1, ..., m)is obtained

when
n 4
Q= I & RLX.R, (2.7)
i=1

where
N ro= ) ,
R=W W J‘XO(XOW J‘XO) X0 (2.8)

and &' = (61, 89 +ves ém) is determined from the equation 8§ = K

where K’ = (Ki, Koy wees Kﬁ) , and the (i,j)EE element of 8 is
7

SSq(XiRXj) .

A gquadratic form, Y'QY, where @ d4s defined by (2.7), satisfies
q

B

2
! =
E(Y'QY) = K07 5

i

n ™M

1

L QUE is henceforth used to denote quadratic unbiased estimator.



Var(Y/'QY) =2 £ SSq(XiQXj)chTJE. = 2 tr QVQV ,
ij

and tr QWQW is a minimum subject to the unbiasedness and invariance
restrictions.

When W =V +the minimum variance Bo—invariant QUE of ZKiUf
is obtained. When reliable a priori estimates (85, cees GE) are

available for the components being estimated, then the W matrix of

(2.8) may be computed as

Furthermore, since the restrictive minimization of +tr QVQV is
equivalent to the restrictive minimization of .; pipj SSq(XiQXj) where
py = cf/oi (i =1, ..., m) for any k = 1, 2?3..., m , the following
W matrix may be used in (2.8) to obtain a minimum variance BO—

invariant QUE of ZKicf :

m

W= % X.X'po. .
. i7ivi
i=1

Thus the minimum variance Bo-invariant QUE of ZKin may be realized
if the ratios of all variance components to a common variance component
are known.

Rao [1971b] presents necessary conditions for obtaining a minimum
variance Bo~invariant QUE irrespective of the values of the variance
components being estimated. However, due to the restrictive conditions
required of the Xi i =1, ..., m) matrices, it would seem that few
of the generally unbalanced designs met in practice could qualify.
Further inspection of these conditions may lead to specially con-
structed unbalanced designs (perhaps nested) for which minimum

variance Bo~invariant QUE's are possible.
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Rao [1972] suggents that when no a priori knowledge is available
for the components being estimated that the W mabrix of (2.8) be

computed as
(2.9)

Using this W matrix corresponds to assigning equal a priori weights
to the unknown variance components, and results in the minimization of

% ssq(XlQx.) .

ij s
Due to the lack of additional invariance constraints, the variance of
any Bo—invariant QUE 1in the unbalanced case will, in general, have
all terms in the variance expression (2.6) greater than zero. Hence,
the "goodness" of any estimator will depend on the actual values of all
of the components being estimated. In the event that some components
are large relative to others, use of (2.9) as Rao suggests could lead
to estimators with possibly undesirable variances. Perhaps in
situations where a priori knowledge is not available maximally-invariant
QUE's would be less risky. Rao's Bovinvariant QUE's are easily
extended to include B,-invariant QUE's i=1, ..., m) and thus

maximally-invariant QUE's .

2.5 Locally Best Quadratic Unbiased Estimators With

Additional Invariance Restrictions

Locally best 6O—invariant QUE's which are in addition Bi-
invariant QUE's for one or more Bi (1 =1, ..., m) are considered
here. Let 6& denote that collection of Bi's (1 =0, ..., m) for

which Bi-invariance is sought. ‘In the context of this section Ba



1L

is assumed to contain at least 50 . Obviously, based on Lemma 2.3,
Ba can not contain Bm » Also denote by By that collection of Bi‘s
(i =1, ..., m) not contained in Ba . The term Ba ~invariant is
used to denote Bi—invariance with respect to all Bi's contained in
B .
o
Furthermore, let o and 7n represent the number of elements in
Ba and 67 respectively, Qyn + Yo = m+l) . Denote by X&l, ceny Xan

the incidence matrices associated with the elements in B , and denote
o

by X 5 +eey X the incidence matrices associated with the elements
7l 7n
in B . Let &2 s ey 3% e a priori estimates of the variance
Y 74 7y
components 02 s eeey 02 respectively, associated with the elements
1 7n
of .
B?
The problem, then, is one of finding Ba—invariant QUE's for
U~ ’
T Kot , (2.10)
joy 1
1
(where K& s ey K& are a set of predetermined values) for which
1 n
T ssq(X’ X, )62 57 (2.11)
757 ENS NERS

is & minimum.

In light of Lemma 2.3, (2.10)is not estimable if Ba~invariance
implies invariance with respect to any of the elements of By for
which the corresponding K value in (2.10) is non-zero.

By constructing the matrix

7
n )
W,o= I XX, (2.12)
4 iy,
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(2.11) may be rewritten as

and by letting

the solution to Ba-invariant QUE's 1is apparent by applying Rao's
basic MINQUE theorem from the previous section. To be specific, the
5a—invariant QUE for (2.10),if it exists, for which (2.11) is

minimized is Y'QY where @ 1is determined as follows:

7

n
7
Q= I §FGXR, (2.13)
i=yy
where
R=wT-wx x'wx ) x wot

Y 7 o a7 o a7

and 8§ = (57 5 ese5 & ) is determined from the equation 88§ = K
1 n
where K = (K& s «++5 K ), and the (i,j)Eﬁ element of S is
-, 1 7n
ssq(X. RX .
a( - 7.)
1 dJ

The above results imply that if Bi-invariant QUE's for one or
more values of i =1, ..., m are sought in addition to Bo-invariant
QUE's , then one has only to include those Bi's (for which Bi~
invariance is sought) with the set BO of fixed effects and proceed
with Rao's MINQUE estimation procedure. as if all the random effects
included with BO were fixed. The following theorem is an interesting

result of the above.
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Theorem 2.2: The unique minimum variance maximally-invariant QUE for

cﬁ in model (2.1) if rank (X) « N is

5% = ¥/ (1 - x('%) X )Y/IN - rank(x)] ,
where X = [XOle|"'\Xm-l] )

Proof: The variance of a maximally-invariant QUE , YIQY , for qi

is
2 ssq(Q)ci = 2 tr QIQIUi s

which is minimized whenever +tr QIQI is a minimum, regardless of the
value of ai . Thus, to find a maximally-invariant QUE for‘ Gi , it

is necessary to find @ such that:

tr Q = 1, X’Q = 0, and tr QIQL is a minimum .

]

From (2.13), @ = 8RR , where R =1I - X(X'X)X' and 8, 1is

determined from the equation

|
=

ssq(R)él =

Since the idempotent matrix R is unique, and ssq(R) = tr R) = N -

rank(X) the theorem is proven.

2.6 A Suggestion For Obtaining Invariant

Quadratic Unbigsed Estimators

Bo—invariant QUE's which are also Bi—invariant for some fixed

value of 1 between 1 and m have the property that
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ssq(X{QXj) =0 for all J =0, 1, s+eu, m, (2.14)

since B, -invariance implies XiQ =0 . If (2.7) is computed with a

matrix

W= Z xixi’aig , (2.15)

A2 . . . . 2 .
where Ui is an a priori estimate of o, for 1 =1, ..., m, then
% ssq(X/ X, )5S (2.16)
. i R
1J
is minimized subject to the necessary constraints. It would seem that
"practical” P,-invariance could be achieved by replacing the
corresponding Gf in (2.15) by a number whose magnitude 1is

b

sufficiently larger than that of any of the 8? s . Hence when (2.16)
is minimized, the coefficients, SSq(X{QXj), associated with the

large values of 8? will be forced to be relatively small.
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3.
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COMPUTING LOCALLY BEST QUADRATIC

UNBIASED ESTIMATQRS

1l Forming The Matrices Needed

Although equation (2.7) provides the theoretical basis for

5O-invariant QUE's in models described by (2.1), a more computationally

oriented procedure is given here.

Suppose that

denoted by rl,

. . . 2, 2 .
a priori estimates of p, = G./Um i=1 4., m),

i i
<, r, are avallable. Then upon defining
m

/
W= ifl r X X, (3.1)

and by applying equation (2.7) to this W for some set of K's, a

matrix @ will be generated such that:

o
E(Y' qY) = f K 0%

22
Var(Y'qY) =2 % Ssq(XiQXj)o-j_GJ )

and

will be minimized
’ _ .
tr X;Q, = K (i

Thus, wvalues
whose variance is

2
QUE of § Kici .

iJ

4
fj ssq(XiQ;XJ.)rirj

subject to the conditions XéQ = 0 and
=1, eeey m) »
of r, "close" to p; will yleld an estimator

"close" to that of the minimum variance Bo-invariant
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Using a suitably chosen positive definite matrix W as is given

in (3.1), define the following matrices:

/o™ !, .- /-
X JXO X Ix X W 1y
A= ’ (5°2)
X’w'lxo x'w x'w ity

where

X =[x %] 1x,7 s

(xéw‘lxo)" 0
B = (3.3)
_:(x'w lXO)(XOW JXO)' I4

and the matrix product:

(x(’)w']?co)"xéw'%co (X(’)w']xo)'xéw'%( (x(’)w'JXO)'x(’)w'lY

BA

/

X RX

L 0

’

X RX X'RY

f}
————

(5.4
where R = W T - w']xo(xéw'%co)'xéw'l .

Since the submatrix X'RX of (3.4) can be partitioned as:

——

7 7 7
XlRXl XlBX2 . e XlBXm
’ ; ’
X ’ RX = XERXJ_ £ 2RX2 XERXm
’ / ’
_meXl XmRX2 X RX

=
l =
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the quantities Sij = ssq(XiRXj) s, (i, 3 =1, ..., m) , needed in
equation (2.7), can be computed directly from (3.4).

Also note that the @ matrix defined by (2.7) is:
m

_Z SiRXiXiR 5
i=1l

O
1

hence

n 4

I S.Y'RX.X.RY ,
. 1 1 1
i=1

Y QY

m
Z 8 ssq(XiRY) . (3.5)
i=1

I

Thus the elements ssq(XiRY) are also available from (3.4) since the

submatrix X’RY may be partitioned as:
i |
X

1
, X2RY
X' RY =

X'RY
m—l

The éi's of (3.5) are computed from the equation S8 = K. Provided
that S 1s non-singular § = S-lK and when estimating cf i =1,

..., m) the elements of K will be:

1 ifi=j

Ky = {O otherwise °

J

Thus, since S and S—l (if it exists) are symmetric, the §

vector associated with the estimation of Of will be the jEE row of

st Hence by defining T = %ﬁ, %g, cees %ﬁ] and
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T = [ssq(XiRY), ssq(XéRY), covs ssq(X/RY)]
L=g"T. (3.6)

However, (3.6) may also be derived by equating the T values to their

expected values since:

m
/ ¢ 2
E(Ti) = I tr (XJRXiXiRXj)Uj 5
J=1
n ’ 2
= % ssq(X.RX,)oT .

j=1 133

Hence
E(T) =8 Z

where

/ 2 2 2
L = [Ul, Tps wevs qm] .

Since the solution to the system of equations

is invariant under linear row operations, provided 8 1is of full rank,
any set of linear combinations of the Ti's , say L'T , can be
equated to its expected value and % be solved for, provided L's is

of full rank. Thus by forming the quadratic forms:
Y'QiY, i=1,2, «c., m,

where



19
4
Qi = RXiXiR s

then equating each quadratic form to its expected value and solving,
ﬁo—invariant QUE's for each Uf are obtained which are minimum

variance Bo—invariant QUE's provided r, = o, iA=1, «.., m) .

5.2 Computing The A Matrix

Although the matrix A of (3.2) can be computed directly, an
alternate method will be presented which in general will require less
computer storage.

Since the matrix W is assumed to be positive definite, there
exists a non-singular matrix P suéh that W = PP’ . One such P
would be P = CA% where the C matrix represents the characteristic
vectors of W stored columnwise, and A% represents a diagonal matrix,
whose diagonal elements are the square roots of the characteristic -
roots of W . Unfortunately computer routines require both the upper
triangular portion of the W matrix and the C matrix which is
NX N to be resident in core.

An alternate method for deriving P which requires only the upper
triangular portion of W to be in core can be used. Since the Forward
Doolittle method as described by Rohde [1964] factors a matrix, say W,
into two triangular matrices, the A. matrix and B, matrix, such

a d
that

W=DBs84 »

]

where A. is-an upper triangular matrix and Bd (DAd)' , where D

d

1

is a diagonal matrix with diagonal elements dii T Hence

ii
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=
1l

!
(DAd> Ad 2

il

4
AdDAd 3

'pbpE
aiDRDRA,

i

and by letting

P - a/pf, (3.7)
the W matrix may be expressed as

Ww="pp .

(A computational algorithm for forming P’ is given in Appendix 7.1).

Hence
W-l - (PI)-l(P)-l .

Since the P’ described sbove is an upper triangular matrix, it
may be inverted in place using a slightly modified version of the "sweep
procedure’ outlined by Schatzoff et al. [19687 as described in Appendix

7.2,

Thus the A matrix may be computed efficiently via the following:

STEP 1l: Form the upper triangle portion of the W matrix.
STEP 2: Use fow operations to convert it in place to the Ad matrix
of the Forward Doolittle.

STEP %: Divide each row of the resultant matrix by the sguare root of

the diggonal element of that row.
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STEP L4: Invert the resultant matrix in place using the modified sweep

procedure outlined in Appendix 7.2 and name the inverse matrix

4

L’ (hence W1 =11 ).

STEP 5: Compute ZO = LXO 5

STEP 6: Compubte the A matrix of (3.2) using the matrices of STEP 5

4 =1X , and G =LY .

above as follows:

; / /—
ZoZo 22 ZG
A = l , 2 (5‘8)
! 4 i
ELZO Z Z Z.E_

however, only those elements of A for which 1 € J need be

stored.

5.3 Computing The BA Matrix

Once the A matrix has been computed using (3.2) or (3.8), by
applying Rohde's modification of the Doolittle procedure (to produce a
generalized inversion routine) to the sweep routine outlined by
Schatzoff (see Appendix 7.3), the A matrix may be swept on the first

n. columns to produce the BA matrix of (3.4) in place..

0
Once this is accomplished, all the elements needed to estimate all

variance components are at hand and equation (3.6) may be employed.

3.4 Computing Other Invariant Estimators

From the results of section 2.5, locally best Bo-invariant QUE's
which are in addition locally best 6i-invariant QUE's for one or more
values of i =1, ..., m , may be achieved by augmenting the XO

matrix with the Xi matrices associated with those Bi's for which
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invariance is sought, and by redefining the estimated variance-
covariance matrix as in (2.12). Hence, the preceding techniques may
be used to compute estimators which are locally best Bi-invariant
QUE's 1in addition to being locally best Bo-invariant QUE's.

Once locally best B -invariant QUE's for Gf i=1, «o., m)
are computed using (3.6), the BA matrix of (3.3) could be swept on
the columns assoclated with one of the Bi's as if they were columns
associated with BO . The remainipng submatrices in X'RX  and .X/RY
could then be used to compute new S and T matrices, and Bi-
invariant QUE's for the remaining variance components could be

achieved.
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4. QUADRATIC UNBIASED ESTIMATORS FCR

THE ONE-WAY CLASSIFICATION

4.1 TForeword

The preceding sections outline the theory and the computational
procedures for obtaining locally best Bo-invariant QUE's for the
variance components associated with model (2.1). Section 2.5 extends
the concept of Bo-invariance tq include Bi—invariance for one or more
values of 1 =1, «.., m , which in turn leads to the concept of
maximally-invariant estimators. Although maximally-invariant QUE's
heavily restrict the form of Q , uniqueness can not be claimed in
general (except for oi ). Thus, in the "generally" unbalanced case
a priori estimates of the variance components (for which invariance is
not sought) must be supplied to completely specify the estimator for a
particular component. When a priori estimates are not available, are
there other relatively "safe' prior estimates, based on the design
characteristics, which could be used to prevent the estimator from
having a variance much larger than that of the "best" estimator were
the true variance components known? In seeking a partial answer to
this question, we take the approach suggested by Harville and work
with g simplified model, that of the unbalanced one-way classi-
fication. As stated by Harville, "virtually every problem that
arises in constructing a complete body of theory for the estimation
of the variance components associgted with a complex possibly-
unbalanced random or mixed model is also encountered, though in simpler

form, in carrying out that process for the possibly-unbalanced one-way
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random model". By extending our knowledge of this model, "we
effectively place an 'upper-bound' on what we can hope to achieve in

the way of theoretical results for more complicated models".

4,2 The Mathematical Model

The one-way classification model is represented here as:

a + Ie , (k.1)

Y=Xou,+xl

where

Y = (yll) ey yln} cee yal) LR | yan ) 2
1 a

N =n + .0 +n_,

1 a

X is an N x 1 wvector of 1l's ,
g is a fixed but unknown constant;

. . .t .
X, is an N X a matrix whose J—E column is zero except

for 1's in elements R thru 'R _where

1 2
= + oeee . d = - .t
32 nl nj an Rl R2 nJ 1,
o = (al, ey aa) where o 1s assumed to be distributed
2
o
Normal (O, Ia'a> ,
¢! = (ell’ cees elnlf rees €qs vees eana) where € is
2 .
assumed to be distributed Normal (O, INUe) ; and o,
and e,, for all i and J are assumed tc be un-
correlated.
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From the above,

Y ~ Normal (X, V),

where

¢ 2 2
V = XleGa + IUe .

4.3 Invariant Quadratic Unbiased Estimators

For The Variance Components

Although Harville provides locally best pu-invariant QUE's for
Ui and 05 through use of Lagrangian functions, a simplier
derivation is given here by applying equation (2.7).

. . s / 2 2
The variance of any u-invariant QUE , Y QY , for Kica + Kéce

(Kl and Ké are predetermined constants) is:
Var (Y'QY) = 2 ssq(X/Qx )GH + U4 Ssq(XIQ)UQUQ + 2 ssq(Q)O'br
1% g 1% 7a e e’
ll- 13 2 /
= 20 [ssq(X,QX, )p" + 2 ssq(XiQ)p + ssq(Q)] ,
e 171 1
where

2, 2
p = cra/cre .

Hence, infinitely many u-invariant QUE's for chi + Kgof can be

generated by choosing a priori estimates, r's, of p and determining
i s / = ! =

the matrix Qr such that: XOQr 0, *&tr XlQer Ki,

tr Qr = Ké , and minimizing

ssq(XIQ X )r° + 2 ssq(XQ)r + ssa(q,) - (4. 2)
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When r = p , the minimum variance pu-invariant QUE for

62 + 02 is obtained.
Koy T K%

Since (Lk.2) is equivalent to tr QW QW where

W =1I+rXX!
Ir

I’

we have from (2.7) that the u-invariant QUE of Kici + Kédi which

minimized (4.2) is Y'QTY , where:

!
Q, = élRXleR + 62RR s (4.3)
—_ -1 = {oy™ - 7} -1
R =W wrlxo(xowr;xo) lXowr ,
and 61 and 62 are determined from the equation:
[ ’ foon ] | . T
SSq(XlRXl) SSq(XIR) 1 K,
- : (o)
ssq(XiR) ssq(R) 5 K,
- < R e ]

Since W T can be expressed in closed form, (Lk.3) simplifies to:

Cii9dnn Cdip

Cio9o1 Copdop

_ElaJal 025J2a o

where each Jij represents an n, X nj

1 id

claJla

CQaJEa

C__d
aa aa

+ I8, (k.5)

matrix of 1l's, and each

C,, = 61[(ni + nj)tij +h, .+ 1(i=j)] + 262tij + 8. m, . .

21
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The quanptity l(i=j) represents the indicator function, which has a

value of one if i = j and zero otherwise, The remaining quantities

tij P hij , and mij are computed as follows:
Let
g = r/(1 + rni) for i =1, ..., a, (4.6)
and
6= -1/ - = ng)
R A
1
Then
t.. = G(n,g, - 1)(n,g. - 1) - g.1 .
_ 2
Byy = B oy Bty
k
and

=3
k

nktiktkj .

B
i

i3

The elements of (4.4) can be expressed as:

2
ssg(R) = N + z ninjtij +2Zatb,
iJ k
’ 2 2 2
ssq(XlR) =N + i; ninjtij + 2 i n . » and
J
ssq(XiBXl) =3 ni + Z nfn?tfj +2Z n?{tkk .

k 13
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Although the above equations could possibly be simplified, they
do serve the purpose of reducing the amount of computer storage required

to study u-invariant QUE's of Kici + K2G§ which minimize (L.2).

Examination of (4.5) leads to the fact that the estimator Y’QrY

is a function of the sufficient statisticsl

the class sums) and I yfj . Furthermore (4.5) meets the necessary
i,d

conditions specified by Harville [1969a] for "quadmissibility" since

(Y, Yous eees Y5 deeo,

¢C..=0C.,., if n. =n! and n. =n’.
1J 1] 1 1 J J

For any Q, matrix computed using (4.5),
’ _ 2 2
(Y QrY) = Ko+ Ko s
and

7 _ )-l- 1 2 2
Var (Y QrY) =2 ssq(XiQer)ca + L ssq(XlQr)caoe

+ 2 ssq(q)or

where

2 2 222
’ —
2 ssq(XlQer) =2Z ni(nicii + 62) + L oz ninjCij s
i i,3>1
7 2
L SSq(XlQr) =k z ni(niCii + 62) t2 I ;0. (ng + nj)cij s
i i,3>1

and

B 2 2 2 2
2 ssq(Q,) =22 [n;(Cyy +6,)7 +(ny - ny)Ci;] + 4 2 onynCy .
1 i,d>

L see Hultquist and Graybill [1965].
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The only restriction that need be placed on the value of r 1is
that it not be equal to —l/ni for any i =1, ..., a 3 in this case

(4.6) becomes infinite for some value of 1i .

L.4 Relative Efficiencies

Having stated the model and provided a technique for generating
infinitely many u-invariant QUE's for Kici + Kéci , We are now in a
position to study the behavior of the variances of estimators generated
by using (4.5) with a variety of values for r = O, and to compare
them with the variance of the minimum variance u-invariant QUE.

Throughout this section Qr will denote the matrix generated by
(4.5) for a specified value of r 2 O and for some specified values
of Ki and Ké « The matrix Q,p denotes the matrix generated by
(4.5) with r = p = ci/ci .

For any values of K, ~and K, (not both zero), Y’QpY is the
minimum variance y-invariant QUE for Kidi + Kéoi « The

Var(Y'QpY) < Var(Y'QrY) for any r ® O . The efficiency of Y'QY

for any r 2 0 relative to Y'QpY denoted by

Var(Y’qQ Y)
Eff(erQp) = VEE?Y’E?YT s 1.
Since little can be shown theoretically about Eff(QTIQp) due to the
algebraic complexity of the problem, the current author employed
equation (4.5) in a computer program to examine Eff(Qr‘Qp) over a
range of values of r and p for a number of different one-way
classification designs. Tables 4.1, 4.2, and 4.3 are a sample of the
tables produces in studying the efficienty of the u-invariant QUE for
2

o, (Ki =1, K, = 0). Tebles 4.k, 4.5, and 4.6 are a sample of the
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tables produced in studying the efficiency of the u-invariant QUE for
2
2 (

ot (K, =0, Ky =1) .

Close examination of Tables 4.1 thru 4.6 seems to indicate the
following: when estimating ci or Ui using equation (4.5), as r
approaches p (fixed) from above or below, Eff(erQp) monotonically
increases to a value of one. TFurthermore, it appears that as p
approaches r (fixed) from above or below, Eff(Qr\Qp) monotonically
increases to a value of one. Also, when estimating ci s Eff(erQp)
seems to approach an asymptotic value rather quickly as r increases

beyond p (fixed). In tables not shown, the Eff(Qr|Qp) was equal

't- = = eee = .
to one any time nl n2 na

4.5 Choosing Reliable Estimates With

Limited Prior Knowledge

If a reliable estimate is available for p , then use of that
estimate in (4.5) should yield fairly efficient estimators for both
US and Gi due to the seemingly monotonic properties of Eff(QT|Qp) .
In many situations it might be possible to bracket p with feasible
upper and lower bounds. In other words, if we are confident that the
true value of p lies somewhere between, say, o and Py > then
choosing a particular value of r between Po and Py to use in
(4.5) would seem the most logical choice.

By observing Tables 4.1 thru 4.6, one can see that the line

associated with any choice of r has its smallest efficiency either

in the first or last position of the line. This smallest efficiency
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represents the "worst' one can do if he uses that particular r and
the true value of p in fact lies somewhere within the upper and lower
bounds of the table. If we are certain that the true value of p lies
between o, and p, , then, for any value of r we use in (4.5), the
worst efficiency we could possibly have would be the smaller of either
Eff(QTlon) or Eff(erQpl) . Conceptually, we could build a list
containing all possible r values along with the worst possible
efficiencies associated with each of them assuming p lies between
Po and Py - To minimize the risk we are teking in choosing a value
of r , we could pick the r wvalue associated with the largest
efficiency in this list (of worst efficiencies). By using this value
of r in (4.5) we could provide not only the variance component
estimates based on this r value, but also a "guaranteed" efficiency
level for the estimators, which would merely be the worst possible
efficiency associated with that value of r .

On closer examination of Tables 4.1 thru 4.6, one can see that the
search area for the "best" r may be restricted to values between Pg

*
and Py - If we denote by r  the value chosen by this technique,

*
then r is equal to the value of r for which

F(r) = min[Eff(erQpO) > Brr(a,le))] (4.7)

is a maximum over the range Po €rs< Py -



38

The following graph (Figure 4.1) illustrates the above points.

Efficiency
1
Eff % T
(erQpl) (eron)
% r
Py r Pl
. . .. . . . 2 e
Figure 4.1 Typical efficiencies when estimating o, ©°r 9,

Although the above curves are merely representations of the
efficiencies, the following point can be made: Since Eff(Qr|Qp )
0
has a value of 1 vhen o DO and monotonically decreases as r

approaches

p, from below and since Eff(QTlQp ) has a value of 1 when
1

r o= and monctonically decreases as r approaches Po from above,

1
the function F(r) of (4.7) is represented by the portion of the two
curves closest to the r axis. As can be seen F(r) achieves a
maximum at the point of intersection of the two curves, and it 1s at
this intersection that r* is realized. Since the theoretical
formulas for these curves are intractable, the following algorithm

*
can be used for determining r .

Algorithm L4.1:

STEP O: Assign the desired values for Ki, KQ, and set €y =

desired accuracy of F(r*)(i.g., the algorithm terminates
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when a value of r is found such that

|Eff(Qr|QpO) - Eff(erqpl)l < eg) -

STEP 1: Set roo= P, and Ty = Pq -
. = + - .
STEP 2: Set r =r. (rH rL)/2
STEP 5: Compute Q, using equation (Lk.5).

STEP 4

= - f .
Set F Eff(erQpO> Ef (erQpl)

*
STEP 5: If [F‘ <€y, set r =r and terminate, otherwise:

STEP 6: If F < O, go to STEP Ts otherwise set ro= r , and go to
STEP 2 .
STEP 7: Set r., =r and go to STEP 2.

H

Since the search area for r* is halved at each iteration in the
above algorithm, convergence is quite rapid. Several examples are
presented in section 4.6 which compare the Qf* estimators (r* being
generated by algorithm L4.1) with thelstandard analysis of' variance
estimators for Ui and Ui .

When no knowledge about p 1s available other than assuming
p 2 0, then algorithm L.l may be applied by setting Pg =0 and p;
equal to a pseudo value for infinity. A choice of P, = 1000 would in most

instances suffice. Of course the smaller can prudently be made

P1
the better, especially when estimating ci . However, when estimating
oi » one need not be concerned about making P, &s small as possible,
since it appears that for any fixed value of p , the Eff(Qr!Qp)

approaches an asymptotic value quite rapidly as r increases beyond

the value of p. In other words, if it were known that p were less
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than say 100, then any choice of pl 2 100 , whether it be 100 or

*
10, 000 would not make any appreciable change in the choice of «r
Based on the above discussion, we formally define an estimator which

*
uses the r  of algorithm (4.1).

Definition 4.1: The Relatively Safe Quadratic Unbiased Estimator

(RESQUE) for Kici + KEGi in the one-way classification is Y'Q *Y ,
r
*
where r is determined by algorithm L.1 and Q 4 is determined by

r
equation (4.5) with r = P

4.6 Comparison of Invariant Quadratic Unbiased Estimators

To The Standard Analysis of Variance Estimators

The standard analysis of variance estimators for Ui and Ui

ares
5° = Y'EY ,
e
and
° = YAy,
a
where

1 ’
E=—I - XleA] s

N oN-lo wri 1o s
A= ——lFs XX - § %K - v
N —Z:n-i

and where A 1s an N x N diagonal matrix whose first n diagonal

1

elements are l/nl » whose next n2 diagonal elements are l/n,2 R

etc. Both Y'EY and Y’AY are p-invariant estimators, and the
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matrices E and A have the same structure as does the Qr matrix

of (4.5). In terms of (k.5), the E matrix has:

Lyl oo .
'(ﬁfg)(n') if i=3,
1
ij

O otherwise

and

1
62 © N-a ©

In terms of (4.5), the A matrix has:

Some1y Koo
n. ‘N-a N =Jdo
i

n-= ,
i3 Kg
T otherwise
and
_ a-1
o= K (N—a-
where
K = N
2 N2-2n1.§

Since both the A and E matrices have the same structure as
Q, » s there a value of r which could be used in (4.6) to generate
the A and the E matrices? By Theorem (2.2), the estimator 35
is a maximally~invariant estimator. Therefore the E matrix may be
generated by setting r =co. Hence, if an upper bound on p is
known, setting r equal to that upper bound will produce a more

efficient estimator than the stapdard analysis of variance estimator
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~

Gg . The corresponding value of r assoclated with the matrix A is
not as easily determined. However, by making numerous computer runs,
the current writer found that a value of r = l/nh (where o, is the
harmonic mean of the ni's ) produced a matrix Qr such that Y'QrY
approximately equaled Y'AY for all cases tested. Thus, if prior
knowledge is avallable which indicates that p has a value differing

from 1/n then use of that knowledge in algorithm 4.1 should pro-

h b4
duce a more efficient estimator.

To compare further the standard analysis of variance estimators
with u~invariant QUE's, the following tables give the worst efficiency
achievable provided p 1lies between pO and Py » for the analysis

of variance estimators, the RESQUE estimators, and the estimators

based on setting r = 1 in (4.5).
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Table 4.7 Smallest obtainable efficiencies when 0 < p < 10000 of
RESQUE, ANOVA and Qrzl estimators for a one-way classi-
fication model with cell frequencies: 3, 5, 59, 20, 50,
21, and 89
Component Smallest Smallest Smallest
to be RESQUE RESQUE ANOVA Qr—l
- * . 3 . . -
Estimated Y value Efficiency Efficiency Efficiency
ot . o427 .62780 . 58792 .05312
ci 40. 2069 . 9890k . 9899k . 00007
Table 4.8 Smallest obtainable efficiencies when 1 € p £ 10 of
RESQUE, ANOVA and Qr=l estimators for a one-way classi-
fication model with cell frequencies: 3, 5, 59, 20, 50,
21, and 89
- N
Component Smallest -Smallest Smallest
to be RESQUE RESQUE ANOVA Qr=l
Estimated r* value . EBfficiency Efficiency Efficiency
ci 1.9097 . 99419 .60298 . 9790k
2
o 3.2500 . 99985 . 99981 . 98705
Table 4.9 Smallest obtainable efficiencies when O £ p < 10000 of
RESQUE, ANOVA and Qr=l estimators for a one-way classi-
fication model with cell frequencies: 22, 52, 33, 88, 68,
48, and 25
Component Smallest Smallest Smallest
to be RESQUE RESQUE ANOVA Qr=l
Estimated r* value Efficiency BEfficiency Efficiency
o . 0222 . 84952 . 84493 . 51365
cg 16,7847 .99722 . 99722 . 00512
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Table 4.10 Smallest obtainable efficiencies when 1< p £ 10 of
RESQUE, ANOVA and Qr=l estimators for a one-way classi=-
fication model with cell frequencies: 22, 52, 33, 88,
68, 48, and 25
Component Smallest Smallest Smallest
to be RESQUE RESQUE ANOVA Qr—l
3 * 1) I3 . 3 -
Estimated ' value Efficiency Efficiency Efficiency
2
o, 1.8438 . 99990 . 84858 . 99963
o’i 5. 5000 +99999 . 99999 . 99980
Table 4.11 Smallest obtainable efficiencies when O <€ p £ 10000 of
RESQUE, ANOVA and Qr=l estimators for a one-way classi-
fication model with cell frequencies: 1, 33, 94, 78, 1,
64, 91, 69, 72, 1, 24, and kL2
Component Smallest Smallest Smellest
to be RESQUE RESQUE ANOVA Qr—l
Ky * . . (3 -
Estimated r value Efficiency Efficiency Efficiency
cri . 0574 . 70109 .6L6L8 . 01119
crg 82,0923 . 99316 . 99316 . 00002
Table 4.12 Smallest obtainable efficiencies when 1 £ p € 10 of
RESQUE, ANOVA and Qr=l estimators for a one=way classi-
fication model with cell frequencies: 1, 33, 94, 78, 1,
6k, 91, 69, 72, 1, 24, and L2
Component Smallest Smallest Smallest
to be RESQUE RESQUE ANOVA Qr=l
Estimated r* value Efficiency Efficiency Efficiency
crfl 2. 0624 . 96166 . 68084 . 89805
2
o 3.6016 . 99925 . 99893 « 96275
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5. SUMMARY AND SUGGESTIONS FOR FUTURE RESEARCH

5.1 Summary

Rao's recent works on MINQUE and MIVQUE provide estimators of the
variance components in linear models. If normality is assumed, then
MINQUE and MIVQUE coincide, and provide locally best quadratic un-
hiased estimators which are invarient to translation of the fixed

effects in the model. As pointed out in section 2, Bo-invariant
estimators, which are based on a priori estimates of the components
being estimated, have variances which are, in general, functionally
dependent on all of the true values of the parameters in the model.
The basic weakness of MIVQUE is then, that when a priori estimates are
not "close" enough to their true values, or when no a priori estimates
are available, the variance of MIVQUE estimators could in many instances
be unacceptably large. To help reduce this risk, the concept of in-~
variance with respect to one or more of the random components was intro-
duced. These additional invariance concepts, remove certain terms from
the variance of an estimator in order to protect against situations for
which these terms might be large. The concept of maximally-invariant
estimators was introduced to denote those estimators for which the
variances are as free as possible of terms involving other components
in the model.

In section 3, techniques are presented for computing MIVQUE
estimators, and also for locally best quadratic unbiased estimators
which are invariant to other random effects in the model. In that

section, ane can see that MIVQUE is actually equivalent to selecting a

set of sums of squares from a weighted regression analysis, to equate
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them to their expected wvalues, and to solve to get variance component
estimates.

To provide some insight into the choice of the prior estimates to
use in MIVQUE, when either limited or no a priori knowledge is avail-
able, section 4 examines what can be done in this respect when working
with the one-way classification. A new estimator, referred to as the
Relatively Safe Quadratic Unbiased Estimator (RESQUE), is developed
which in some sense minimizes the risk one takes in choosing the prior

estimates of components to use in MIVQUE.

5.2 Suggestions For Future Research

One of the problems which arises in MIVQUE is the size of the
welghting matrix which must be inverted. Although in section 3
techniques which can be used are presented, these still require in
general the inversion of the N X N weighting matrix (where N re-
presents the ﬁumber of observations). Unless techniques can be
developed which circumvent this inversion process, MINQUE will be
rendered an interesting but somewhat useless technique. Along this
game line, using an identity matrix as the weighting matrix might
prove quite efficient for those designs which are not very unbalanced,
such as those arising from experiments which were initially balanced,
but for which some observations have been lost.

One of the other computational problems, so far as the size is
conaerned, is the amount of storage required to compute the X'RX
portion of (3.4). Assuming the last effect in the model being analyzed

is Icg , where I 1is N X N and Gi is the error variance, then
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the quantities ssq(XiR), squXéR), cers ssq(X;_lR) , and ssq(R) are
needed in the expectation of each sums of squares heing computed.

Since XiR, X'Ry oosy X;—lR , and R represent the major portion of

2
the X'RX matrix, computing them in some other fashion would reduce
considerably the amount of computer storage required.

In addition to the computational problems described above, there
remains the problem of what can be done when no a priori estimates are
available. Hopefully the work presented in section L describing what
can be done in this situation for the one-way classification can be
extended to cover the more general linear models discussed in section
2.

Although Rao [1971b] presents the basic theory for obtaining
minimum mean square quadratic estimators when the true values of the
veriance components are known, Rao [1972] suggests that iterative
estimation using MINQUE's may provide estimators with interesting
properties. These "interesting properties" might include small mean
square errors, obtained through the use of equation (k.5) and the more
general techniques of section 3.

As aid to future research in this area, and to make avallable
MIVQUE's for experiments of under 250 observations, the present writer
has developed a computer procedure which is available in the
Statistical Analysis System of North Carolina State University at

Raleigh. A description of the system and the MIVQUE procedure is

given by Service [1972].
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T.1l An Algorithm For Factoring A Symmetric Positiwve

Definite Matrix in Place

Denoting by W the symmetric positive definite matrix which is
to be factored, only the upper triangular portion need be computed and
stored in core. The algorithm presented here computes the P’ out-
lined in (3.7) and stores it in the same core positions previously
occupied by the upper triangular portion of W without using any other

storage locations for intermediste results.

STEP 0O: Compute the N(N+l)/2 elements of W and denote them by

Wij (=1, cee, N), (j =4, «v+, N) and set k =0.

STEP 1: Set k=k+ 1 and set D =W

Kk
K+ 1 and if 4 > N , then go to STEP 5.

1]

STEP 2: Set 4
STEP 3: BSet Wij = wij - Wki
(3 =1, eeey, N)

STEP 4: If k < N, then go to STEP 1.

ij/D for each (i = 4, «o., N) and

STEP 5: Set 1 =0.

+ 1 and D = \JW,. -
il

il
[N

STEP 6: Set i

STEP 7: Set W, Wij/D for each j = i, ves, 0 &
STER 8: If i < N , then go to STEP 6, otherwise stop; the elements

labeled W,. are now P!. .
iJ 1J

The above algorithm stores only the upper triangular portion of
P’ since the lower triangle is all zeros. In the event that the matrix
W is not of full rank, a singularity check may be inserted following

STEP 1 as follows.
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STEP la: If D« e (where > 0 represents a pseudo value for

€1

zero), then stop, W is singular.

1

7.2 An Algorithm For The Inversion Of An Upper Triangular

Matrix in Place

Assuming that the elements above and including the diagonal of an
upper triangular matrix denoted by wij (i=1 ¢, N), (=1,
.+, N) have been stored, the following algorithm replaces the
elements of W with the elements of Wnl without additional working
storage needed, and is a modification to the sweep technique presented

by Schatzoff, et al.

STEP O: Set k = O .

1l
b

STEP 1: Set k + 1, set D= Wkk , and set 1 =20.

STEP 2: Set 1 =1+ 1 and if 1

k , then go to STEP 5; otherwise
set J=k-1.

STEP 3: Set j=3+ 1 and if j = k , then go to STEP L; otherwise

1l

set Wy, =W s - WikaJ/D .

STEP 4: If j <« N, then go to STEP 3 .

STEP 5: If i < k , then go to STEP 2 .

]

STEP 6: Set W, -Wik/D for each i =1, v.., k.

k
STEP T: Set ij

il

ij/D for each j =k, «.s, N .

STEP 8: Set W 1/D .

kk
STEP 9: If k « N , then go to STEP 1; otherwise stop; the upper

triangular portion of W has been replaced by the upper

triangular portion of Wt



The above algorithm takes advantage of the fact that the iavarse
of an upper triangular matrix is an upper triangular matrix and hence
neither W por W_l needs the lower triangular porticn of zeros to
be stored. In the event that W might be singular, a singularity

check as was given in Appendix 7.l may be inserted following STEP 1.

7.5 An In Place Generalized Inverse Sweep Algorithm

As pcinted out by Rohde the abbreviated Doolittle method may be
modified to produce a generalized inverse by setting any row of the

A

a matrix of the forward Doolittle to zero if its diagonal element

goes to zero during the forward Doolittle procedure, and by setting

the corresponding column of the B, matrix to zero except for the

d
' diagonal element which is set of 1. Applying the backward Doolittle

to the Ad and B, matrices thus defined, then produces a

d
generalized inverses. This same technique applied to the sweep routine
outlined by Schatzoff et al. would imply that if any pivot element
goes to zero then the matrix will be considered swept on that pivot
element once the row and column containing that pivot element have
been set to zero.

Using the modified sweep routine on pivot elements 1, 2, ..., Ry
of the matrix A of (3.2) would thus be equivalent to multiplying A
by the matrix B of (3.3) yielding the resultant matrix produst BA
of (3.4).

Assuming only the elements A on and above the diagonal have heen
stored (i.e., (i =1, ..., nr) and (j =1, «us, nc)) , where n_ and

' n, represent the number of rows and columns respectively of A , the



folloying algorithm performs a sweep on each of the piveot elements
1L .., Ry, with the result that the elements Aij are repiracsd by

the corresponding elements of the BA matrix of (3.L).

STEP O: Set k=0.

STEP 1: Set k=k+ 1 and D= A

il

kl{ .

BTEP 2: If D> € (where e, is a pseudo value for zero), then go

1

to STEP 3; otherwise set Aik =0 for 1 =1, ..., k and

set A . =0 for j =5k, «u., nr ;5 then go to STEP 10.
STEP 3: Set 1 = 0.

STEP 4: Set i =1+ 1 and if i = k then go to STEP 8: otherwise

]

i"lu

1l

set J

]
[

STEP 5: Set J J+ 1 and if k , then go to STEP 7.

A.ik if i <k
STEP 6: Set B = s and
Aki otherw1se
Ak. if ke
set C = J s and
-A . otherwise
kJ

set Aij = Aij - B¢/D .
STEP T If j< n, then go to STEP 5.
STEP 8: If i <« n , then go to STEP L,

STEP 9: Set = —Aik/D for each i =1, «.., k.

Aik

Set = Akj/D for each j =k, ..., n, .

Akj
Set Ay, = 1/D .
STEP 10: If k < Ny > then go to STIEP 1; otherwise stop; the BA

matrix of (3.4) has replaced the A matrix of (3.2).



