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Energy of isolated systems at retarded times as the null limit of quasilocal energy
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We define the energy of a perfectly isolated system at a given retarded time as the suitable null limit of the
quasilocal energye. The result coincides with the Bondi-Sachs mass. Bus the lapse-unity shift-zero
boundary value of the gravitational Hamiltonian appropriate for the partial sySteontained within a finite
topologically spherical boundafg= 3. Moreover, we show that with an arbitrary lapse and zero shift the
same null limit of the Hamiltonian defines a physically meaningful element in the space dual to supertransla-
tions. This result is specialized to yield an expression for the full Bondi-Sachs four-momentum in terms of
Hamiltonian values[S0556-282(97)03104-4

PACS numbd(s): 04.20.Ha, 04.60.Ds

I. INTRODUCTION finite topologically spherical boundatyFor our choice of
asymptotic reference frame the energy that we compute
) ) ] o equals what is usually called the Bondi-Sachs nias]. As
To define quasilocal energy in general relativity, one canye shall see, our asymptotic reference frame defines pre-
begin with a suitable action functional for the time history cisely that infinitesimal generator of the Bondi-Metzner-
M of a spatially bounded systelh Here “suitable” means Sachs(BMS) group corresponding to a pure time translation
that in the associated variational principle the induced metri¢7,6,8. We also show that in the same null limit the lapse-
on the time historyZ of the system bounda= g3, is fixed. ~ arbitrary, shift-zero Hamiltonian boundary value defines a
In particular, this means that the lapse of proper time bephysically meaningful element in the space dual to super-
tween the boundaries of the initial and final states of thdranslations. This dual space element, it turns out, coincides
system3 must be fixed as boundary data. The quasilocalVith Ithe suphermomentlJlm dd|scussed by Ggroﬁﬁ:]. Oﬁr l
energy(QLE) is then defined as minus the rate of change of s ts are then specialized to an expression for the fu

the classical acti Hamilton-Jacobi principal functi Bondi-Sachs four-momentum in terms of Hamiltonian val-
€ classical ac iorfor 1amilton-Jacobi principal tunc ion ues. It is already known that whe® is the two-sphere at
corresponding to a unit increase in proper tifig2]. So

) § ’ T spacelike infinity, the quasilocal and Arnowitt-Deser-Misner
defined, the QLE is a functional on the gravitational phasqlo] notions of energy momentum agrég 3]. Our results
space off and is the value of the gravitational Hamiltonian therefore indicate that the quasilocal formalism provides a
corresponding to the unit lapse function and zero shift vectounified Hamiltonian framework for describing the standard
on the system boundarB. Although other definitions of notions of gravitational energy momentum in asymptopia.
guasilocal energy have been propossee, for example, the Before turning to the technical details, let us first present
references listed ifil]), the QLE considered here has the keya short overview of our approach. Consider a spacetivhe
property, which we consider crucial, that it plays the role ofwhich is asymptotically flat at future null infinitg"™ and a
internal energy in the thermodynamical description of
coupled gravitational and matter fielfi3)].

In this paper we define the energy of a perfectly isolated Hecht and Nester have also considered energy momefgnth
system at a given retarded time as the suitable limit of thespin” ) at null infinity (for a class of generally covariant theories

quasilocal energ¥ for the partial system enclosed within a including general relativity via limits of quasilocal Hamiltonian
values[4]. Their treatment of energy momentum is based on a

differential-forms version of canonical gravity, often referred to as
the “covariant canonical formalism.” For pure Bondi-Metzner-
Sachs(BMS) translations our results are in accordance with those
found by Hecht and Nester, although at the leveyeheralsuper-
translations they differ. We provide a careful analysis of the zero-

*Electronic address: david_brown@ncsu.edu energy reference teritmecessary for the QLE to have a finite limit
'Electronic address: lau@tph16.tuwien.ac.at at null infinity), and this analysis is intimately connected with our
*Electronic address: york@physics.unc.edu results concerning general supertranslations.
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system ,R,0,¢) of Bondi coordinates thereof6]. The
retarded timew labels a one-parameter family of outgoing
null hypersurfacesV{w). The coordinateR is a luminosity
parameter(areal radius along the outgoing null-geodesic
generators of the hypersurfack$w). The Bondi coordinate
system also defines a two-parameter family of topologically
spherical two-surfaceB(w,R). It suits our purposes to con-
sider only a single null hypersurface of the famil(w),
say, M(w, ), the one determined by setting equal to an
arbitrary constantw, . The collectionB(w, ,R) of two-

e
e T
B(w, ,©). To streamline the presentation, we refer to our ]{Eﬁ]lgm Im}ll}l]] }}EE} !ﬂllﬁllo“ ()
genéri'c null hypersurface simply a§ and we use the plain R]nnl]}h]]]lﬂl] ”]]I]ﬂ}]li&m]}]\.'ﬂlw| 111

i .JI;, ].111 i
surfaces converge on an infinite-radiusund sphere nb%ﬁiﬂ!!] ;}EEHF}]}]HE]}} : h;m };ﬂg}}ﬁgﬂ! %Illl!si
L Ll
letter B to denote both thév-foliating collectionB(w, ,R) ]1]]1]1!1]]}!111“}‘] I

Iy
and a single generic two-surface of this collection. Now, m[Hﬂm]}l%i]m11}}}}}_‘&}]]]#;}%EE{!}]ELW
should we desire a more generilHoliating collection of Wild [ Jines of constant 3,60
two-surfaces, we could, of course, introduce a new radial
coordinateR. For a fixed retarded time=w, the new two- FIG. 1. In this figure one dimension of the two-surfaces

surfaces would then arise as level surfaces of condtant B(w, ,R) is suppressed. The shaded, partially cut-away, conical
However, we shall not consider such a new radial coordinatestrface depicts the null hypersurfadé=A(w,) determined by a
because the new two-surfaces would not necessarily corsonstant valuav=w, of retarded time. Heuristically, in the limit
verge towards a round sphere in the asymptotic limit. At anyR— theX slice spanning(w, ,R) becomes the asymptotic slice

rate, we could handle such an additional kinematical free-z_w which spans a r09nd spherical thIJT, and one shquld envi-
on the spacelike slic&.. as becoming null asymptotically. Al-

dom, were it present, by assuming that along each outgoin TS . ; :
I R_ P h d?y t ﬁg iently f % te i tr? %ougha/aw is timelike everywhere in thehysicalspacetimeM
null ray < approacheds at a sufliciently fast rate in the (at least in relevant exterior regionshe extensiorto Z* of d/w

asymptotic limit. . o . o
- . o (in a conformal completiooM of M) is a null vector which lies in
Our first goal is to compute the QLE within a two-surfacef- Again, heuristically, orB(w, ,») theX . hypersurface normal

B in the limit asB approaches a spherical cut®f along the Ul axt is 9l ow
null surfaceN and to show that this result coincides with the '

Bondi-Sachs mass: field at B.) For generality, we leave the choice of spanning

three-surface, essentially arbitrary at eadR value, but we
Mgg(W, )= lim j d?x\oe. (1.2) do enforce a definite choice asy_mptotically. Heuristically, as
B(w, ,R) R— oo the 3 three-surface spannirg) approaches an asymp-
totic three-surface... which spans a round infinite-radius
Heree = (k—k|™")/« is the quasilocal energy surface density Spherical cut off™ (see Fig. 1 Our construction is, as ex-
with k=87 (in geometrical unitsand o is the determinant pected, sensitive to the choice of asymptotic three-surface
of the induced metric om. Recall thatk denotes the mean . Said another way, the QLE depends on the fleet of
curvature ofB as embedded in Sorngpace"kespanning observers aB whose four-velocities are orthogonal to the
three-surface. Since bothB and S are embedded in the spanning three-surface Bt Therefore, one expectspriori
physical spacetime M, we sometimes use the notation the expression on the right-hand side of Efjl) to depend
e|PW=k/ k. Also recall that|"®' denotes the mean curvature on the choice of asymptotic fleet associated with the two-
of a surface which is isometric 8 but which is embedded Sphere af”. The asymptotic fleet we choose corresponds to
in a three-dimensionakferencespace different thali. Here @ pure BMS time translation: Each member of the asymptotic
we choose the reference space to be flat Euclidean spaflget rides alongi/dw. Note that, althoughd/ow is every-
E3; i.e., we assign a flat three-slice of Minkowski spacetimewhere timelike inM (at least in the relevant exterior re-
the zero value of energpl]. Although a definition of the ~gions, the extensiorof d/dw to 7" in a conformal comple-
zero-energy reference in terms of flat space is neither alwayton M of the physical spacetim@&1 is in fact a null vector
essential nor appropriafé1], it is the appropriate choice for which lies inZ*. (While we occasionally find it clarifying to
the analysis of this paper. make reference to the concept of a conformal completion, we
In order to definek, we must select such a three-surfacedo not explicitly use conformal completions in this pajper.
spanningB for eachR value.(For a singleB many different  Therefore, heuristically, one should envisiBn as a space-
spanning three-surfaces will determine the sdmén fact, like slice which becomes null asymptoticallgee Fig. L
k is determined solely b8 and a timelike unit vector field This paper is organized as follows. In Sec. Il we write
u* on B, which can be considered as the unit normal of adown the familiar Bondi-Sachs forfir,12] of the spacetime
slice 3. Thus, the continuation ok away fromB is not metric as well as asymptotic expansions for the associated
needed; moreover, such a continuationXofmight not be  metric coefficients. We also introduce okt two future-
defined throughout the interior 0¥1. Therefore, though we pointing null vector fieldk* andl* (do not confusé* with
speak of choosing & three-surface to spaB for eachR  the mean curvaturk). Both vector fields point everywhere
value, we are really fixing only a timelike unit normal vector normal to our collectionB(w,R) of two-surfaces, and

R
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k,l#=—1. Next, we construct ol a timelike vector field HereX(w,6,¢) andY(w,6,¢) are, respectively, the real and
u:=1k*+1# (equality restricted td\V'), which in our analy- imaginary parts of the asymptotic shear=X+iY,

L . ) . m(w, 6, ¢) is the all-importantnass aspect,y, is the metric
S'S;N'” gefllne;or eﬁth anngt;é\éatﬁpacellk? spandnl?g th_reec; of a unit-radius round sphere, and commas denote partial
surtace= . In sec. fil we use ree-surtaces 0etermin€d yiterentiation. In the Appendix we examine the form of the
by u* to define an unreferenced energy surface densit

phy_ ) . wo-metrico,p, in more detail. Remainder terms, denoted by
s|"V=k/x for eachB slice of A" and then examine the '\ symbol, always fall off fastefor have slower growth,
asymptotic limit ofk/«. In Sec. IV we consider the asymp-

) ) .. as the case may b¢éhan the terms which precede them. For
totic expression for the flat-space reference densit y b P

Ynstance, A, denotes a term which falls offaster than
e|"'=k|"®" k, but give the derivation of this expression in the O(R Y oV

?gg?onndéxén'\éeéﬁby:t‘zzsr?]r;?]lilg](;lfsmtssgitrl?xée&c;ﬁ WO introduce the future-directed null covector field
" : - = — 7 i = i
ine the “smeared energy surface density,” which is thek" e”v ,w, where the scalar function=»(w,R, 0, ) is

Hamiltonian value corresponding to an arbitrary supertransz-JI point-dependent boost parameter. The null coveciors

lation. We then specialize our result for the smeared energgrthogonflttofthedsphe_reB;(\r/]v,R)_, an(tjhthe f;mctﬂolzwtglves;]
surface density to express the full Bondi-Sachs four- S completé treedom In choosing the extenkgrat eac
momentum in terms of Hamiltonian values. In Sec. VI Wepomt of anyB two-surface. We shall find it necessary later to
examine the smeared energy surface density via the spiri?-ssume tk:jat}z_ falls oftfhfas;e:thand_lk/ﬁt gn e\lllery ?Utgf(.)é;g
coefficient formalism and show that it equals the “supermo-ray.' S0 define another future-directed null vector i
mentum” of Geroch[9] as written by Dray and Streubel which is orthogonal to th&(w,R) and normalized so that

[13]. The Appendix is devoted to a detailed analysis of thekul#: —1. As one-forms these null normals are
reference term. k,dx*=—e7dw, (2.39

Il. PRELIMINARIES |#dX“=—67”UdR—%67”UVdW, (2.3b

In terms of a Bondi coordinate system the metric of ourwhile as vector fields they are
asymptotically flat spacetimé takes the standard form
(7,12 k#al ax*=e"U 19/ 4R, (2.49

0,,,0x#dx" = —UVdWP— 2Udwd R+ 05 d X2+ W3dw) |koloxt=e""dlow—7 e” Vil IR—e~ ”Wa&lﬂxa(-z "
X (dxP+WPdw), 2.0 '
Now defineu”: = 3k#+1# andn*: = 1k*—1# along\ as
wherea,b areB indices running ove#, ¢. We assume the the timelike and spacelike unit normals of th& two-
following expansions for the various metric coefficients surfaces. For each slid® of the null hypersurfaceV, the

above? normalsu® and n* determine a spanning spacelike three-
surfaceX. As mentioned previously, the three-surfates
V=1-2mR '+Ay, (2.28  not unique and, moreover, need not be defined throughout
M. Indeed, there is no guarantee tii#tas defined is even
U=1— L (C+Y)R 2+ Ay, (2.2  surface forming(That is, in generali, does not satisfy the

Frobinius conditionu;,V ,u,;=0.) Nevertheless, our con-
struction provides us with what we need: a unit timelike
vector u* orthogonal toB. We can therefore obtain an un-
o s referenced energy surface dendifyk which is the same for
W?=csaf(2Y coth+Y o= X 4eSH)R™+ Ay, any slice or partial slic& that contain®8 and has a timelike
(2.29 unit normal which agrees with* at B.
Our construction implies

W= (2X cotd+ X 4+ Y 4cSB)R™ 2+ Ay,

Tap=R%8ap+[(2X) 0 40+ (4Y SING) 0 (2¢b 1)

ukal ox+— al ow 2.

—(2Xsirt0) ¢ o pR+A,_ . (2.20 23
on each ray aR—o. Now, the standard realization of the
BMS-group Lie algebrdas vector fields on future null infin-

. ; bt
2Up to theA remainder terms, our expansions in the radial coor-ity) identifies theextensionof 4/ow to 7™ (in a conformal

dinateR coincide with those given by Sachs; however, we do notcompletion M of M) with a pure time translatio7,6].
assume that thd remainder terms are necessarily expandable inTherefore, asymptotically, our fiducial surface, deter-
powers of inversd, an assumption which would be tantamount to mines precisely the pure time-translation generator of the
what Sachs calls the “outgoing radiation conditiofi”]. Recently, =~ BMS group. We dmot claim thatu* generates an “infini-
Chrugiel et al. have shown that “polyhomogeneous” expansions tesimal asymptotic symmetry transformation” in the sense of
in terms ofR~'log'R also provide a consistent framework for solv- Sachs[7], i.e., that the various coefficients associated with
ing the characteristic initial value problem of the Bondi-Sachs typethe transformed metrig,,, +2V ,u, satisfy the falloff con-
[12]. They argue that the so-called outgoing radiation condition isditions (2.2); however, this is unimportant for our construc-
overly restrictive. tion.
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lll. COMPUTATION OF THE QUASILOCAL ENERGY k=—(e"V+e"U )R 1—e 75,02, (3.4
SURFACE DENSITY
. . which has the asymptotic form
We now turn to the task of calculating an expression for ymp
the unreferenced quasilocal energy surface density k=—-2R"'+2m(w, ,0,¢)R™ 2= 5;W2+A,. (3.5
g|PY=k/k. Our starting point is the definition
k:=—0o""V n,, where the two-metrier*’=g#”+2k(#|")  Note that we have chosen not to expand @R ?) pure

serves as the projection operator ifBo We find it conve- divergence term- §,W?. Our assumption about the falloff of
nient to writé k=2 + p, where in the standard notation of 7 ensures that a term 5?/R which appears in the asymp-
the spin-coefficient formalisni8] —x and p are, respec- totic expression fok can be swept inta,.

tively, the expansions associated with the inward null normal

and outward null normal t@®. These are given by the for- IV. BONDI-SACHS MASS

mulas
Write the total quasilocal energy &-=E|P"Y— E|"', with
i phy
=20 1L = (VB4 KIAY 1), (3.19 the totalunreferencedjuasilocal energ¥|P" taken as
1
v phy_ — 2
p=— 10"V ky=— % (V, k“+1"kMV k,). (3.1D E| KJB(W* dxVok. (4.

As a technical tool, it proves convenient to introduce fiducialPlugging the expansiof8.5) into the above expression, us-
vector fieldsk# andi* determined from Eq(2.4) by setting  ing Vo= R?sind for our choice of coordinates, and integrat-
7=0 on . From the middle expressions above, it is obvi-ing term by term, one finds

ous thatu=e~7x andp=e”p, where the easier-to-calculate
expressiong. andp are built exactly as in Eq3.1) but with
the fiducial null normalgk* andi#. Therefore, we may as- Here the Bondi-Sachs mass associated withwhkew, cut
sume thaty=0 while calculating the spin coefficients in Eq. of Z* is the two-surface average of the mass aspect evalu-
(3.1) and then simply multiply the;=0 results by the ap- ated atw=w, [7,5]:

propriate factor to get the correct general expressions. Let us

sketch the calculation. First, from E(.33 with =0 note
thatk“V ,k,=0, becausé, is a gradient. Next, using both
expressiong2.3) with =0, one can work the second term

Lnfde Athe pa_rintheses 19 f Eqs._la) Into the_ form proper integration over the unit sphefwhich is identified

KV 1= —U7 A4V, U+ 2KEV V. Finally, one writes the \yith a spherical cut off*). In passing from Eq(4.1) to

covarlant-Adlvergence terms as Aordlnary divergences; for ex4.2) we have made an appeal to Stokes’ theorem to show

ample,V k*=(—g)~Y23,(\/—gk*), where the square root that the “dangerousO(R’) term that arises from proper

of (minug the determinant of the spacetime metric isintegration over the pure-divergence tefiyW? in Eq. (3.5

J=g=U\/o. does indeed vanish. Hence, this term does not contribute to
Following these steps and multiplying by the appropriatethe Bondi-Sachs mass and does not spoil the ré4iit.

E[P=—R+Mpg(W, )+ Agjphy. (4.2)

2
Mos(W, )= f domew, 6,4). 43

We use the notationfdQ::fgdafg”d¢sin49 to denote

boost factors at the end of the calculation, one finds

1 -1 1

o— te Vo le' - Le T 15,WR, (3.29

p=3e "a"

p=—3eU o 1o, (3.2b
Here the overdot denotes partial differentiationddyw, the
prime denotes partial differentiation ByJR, andé, denotes
the B covariant derivative. Sinc® is an areal radius, we
may takeos= R*sir’d [see the form of th& metric given in
Eq. (A4)]. Therefore, we obtain the compact expressions

p=—3e WR 1= 3e "5,W?, (3.39

p=—e"U RL (3.3

Adding twice Eq.(3.33 to (3.3, we arrive at our desired
expression

3Note that the definition ok does not depend on how* is
extended offB.

The reference point contribution to the energy is

1
—E["el=— = f d?x/ok|", (4.9
K JB(w, ,R)

where the asymptotic expression fdf*" must be determined
from the specific asymptotic fornfA4) of the Sachs two-
metric. We present this calculation in the Appendix. The
result is

—E["®*'=R+0XR+ Ager (4.5
Note the absence of @d(R°) term inE|™". The result(4.5)

has just the right form, in that it removes the partEf™
which becomes singular &&— o but does not itself contrib-
ute to the mass. Therefore the total quasilocal energy for
largeR is

Ezf d2x\Joe =Mpg(w, ) +Ag. (4.6)
B(w, ,R)

This is the energy of the gravitational and matter fields as-
sociated with the spacelike three-surfatewhich spans a
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B slice of A and which tends toward.,. Our main claim piece of the physicat is not solely twice the mass aspect but
(1.1 follows immediately from Eq(4.6). also contains a unit-sphere divergence term. Now, in the
present case = (k—k|"®")/« is smeared against a function
N, and so one might worry that the limit is spoiled in some
way by the presence of the smearing function. However, as

Consider the expressiddg for the on-shell value of the we now showjor solutions of the field equationthe unin-
gravitational Hamiltonian appropriate for a spatially boundedtegratedexpression 4R is precisely the mass aspect of
three-manifoldX,, subject to the choice of a vanishing shift the system in th&®—ce limit. This striking result rests on an
vector at the boundarys =B: exact cancellation betweef?k|"" and the aforementioned
unit-sphere divergence part &k.

With the machinery set up in the previous sections and the
Appendix[see in particular Eq$3.5 and(A2)], we find the
limit
We refer toHg as the smeared energy surface density. The
addition_ of this boundary term to the smeared_ Hamilt_onian lim = «R% =m(w, ,6,¢)
constraint ensures that as a whole the sum is functionally Rosoe?
differentiable[1]. In this section we consider tHe— o limit L 1
of Hg along the null hypersurfacd/ in exactly the same .
fashi?m as gwe conside)r/epd the lim@.1) of theyquasilocal 2 CSAT,(SinG' > W?) — E(s)R - (53
energy previously. Before evaluating HmmHB(W* R let _ _ _
us discuss its physical significance. Consider a particulafiere we setc=8 (in geometnca;l unitsand use®R to
spherical cuB(w, ,») of Z+. A general BMS supertransla- denote the coeff|C|entlolf th®@(R™*) piece of .theB Ricci
tion pushesB(w, ,¢) forward in retarded timev in a gen-  Scalar. Also, the coefficient)W?* of the leadingO(R™?)
eral angle-dependent fashion. As is well known, the infini-Pieces of W are listed in Eq.(2.29. Inspection of Egs.
tesimal generator corresponding to such a supertranslatidd-29 and(2.2d shows that®W? is expressed in terms of
has the formad/ow|;+, where a(6,$) is any twice- the same functionX andY that appear in th©(R™1) piece
differentiable function of the angular coordinaf@d. As we  Of oap/R%. Furthermore, a short calculation with tBemet-
have seenglow is heuristically the hypersurface normal fic shows that for these solutiod®R may be expressed in
u* at B(w, ,») of an asymptotic spanning three-surfaceterms of @W2 as follows:

... . In other words, each member of the fleet of observers at

V. SMEARED ENERGY SURFACE DENSITY

Hg= deszENs. (5.1)

B(w, ,) rides alongd/dw. Therefore, again heuristically, — 3IR=—csthd,(singPW?). (5.9
the on-shell value of the Hamiltonian generator of a general ) o
BMS supertranslation is Therefore, the term in E45.3) which is enclosed by square

brackets vanishes, and we obtain

d? ) 5.2
JBW* | dxoae 52 lim f dzxﬁNs% f dQa(6,¢)m(w, ,6,)
B(w, ,R)

R—x
This symbolic expression coincides with tRe— limit of (5.5
the smeared energy surface densif/1), where we set ) o ) o
a(6,¢):=limg_..N(R,6,¢) (suitable falloff behavior for for the desired limit. This result shows that tRe- limit
N is assumed Thus, link_...Hg, r) defines a physically of the smeared energy surface density equals the smeared

meaningful element in the dual space of general supertrang-‘ﬁlSS aspﬁct. %oupler?! W't‘t] the findings of tr,',e next sectlcr:n, It
lations. In this respect it is like the “supermomentum” of OlIOWS dt at Geroc sTh_sup_ermlomentL:md Is Just the
Geroch[9]. In the next section we show explicitly that, in Eme"’.‘ael rEass aspect. This simple result does not appear to
fact, limg_.Hg(w, r) is precisely Geroch’s “supermomen- € widely Known.

. N Finally, recall that the Bondi-Sachs four-momentum
tum.” Note, however, that it might be better to call such an ;o nonents P correspond asymptotically to a pure trans-
expression the “superenergy,” as it arises entirely from th

Qation. In terms of the smeared energy surface density, one
“energy sector” of the Hamiltonian’s boundary terhat is, 9y o

the sector with vanishing shift vecjobut also incorporates obtains a pure translation for a judicious choice of lapse
, . ) . function onB(w,, ,«), namely,a(, $) =€, a (8, ¢), where
the “many-fingered” nature of timdthat is, an arbitrary (W, ,%2) y.a(0,4) =6 a=(6,)

lapse functioi the € are constants and]

Let us now evaluate thR—o limit of the smeared en- o0=1 (5.69
ergy surface densitfHg. As we have stated, there is no -7 '
O(R) contribution toE|"™". The absence of this contribution al=sindcosp, (5.6b
stems from the fact that the two-sphere average of the coef-
ficient (Pk|"f of the O(R™?) piece of the reference term a?=singsing, (5.60

k|™®f vanishes. As spelled out in the Appendix, this fact fol-

lows directly from an equation governing the required iso-

metric embedding oB into Euclidean three-space. More- “Underlined Greek indices refer to components of the total Bondi-
over, as seen in Sec. I, the coefficiétk of the O(R™?)  Sachs four-momentum.
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a3=coy (5.60 piece of the shear. Like before, an overdot denotes differen-
tiation by d/ow. As fully described irf14], 4, is the standard
Therefore, we writeengs(w*)=IimRHxHB(W* R for the differential operator from the compacted spin-coefficient for-
appropriate limiting value ofN, and thereby obtain the malism, here defined on thenit sphere. The expansion for
Bondi-Sachs four-momentum as a Hamiltonian value. the corresponding operator associated \itrs

VI. SUPERMOMENTUM b=t Lo+t s(he0%)~0%ho]+O(r"3), (6.2

In this section we show that the null limit of the smearedwhere s= SW(¢), ¢ being the spin-weighted scalar on
Hamiltonian boundary value, E¢6.1), is the “supermomen- which ¢ acts and SW denotingpin weight The commutator
tum” of Geroch[9]. To be precise, we show that in the null of 4 and 4 is
limit Hg equals Geroch’s “supermomentum’™ as written by
Dray and Streube]13]. The spin-coefficient formalism is — 5
reqL)J/ired for this angily]s%Apart ?rom a few minor notational (00=bb)e=73sRe. 63
?;:ggﬁyyv%eaiggtn ;?ii ICS? r:]\ézr;};lortlseo;a%oeugin]thf (ce)(r)\e ddyow consider the following ansatz for th intrinsic Ricci
scribed in the previous sections. However, we now workScalar:
with a slightly different type of Bondi coordinates, namely,
(w,r,Z,0), wherer is an affine parameter along the null-
geodesic generators g and {=€'’cot(@2) is the stereo- |t e insert this expansion into Eq6.3 and expand both
graphic coordinate. Dougan pi@kkﬂz—vﬂw as the first sides of the equation[assuming ¢=©¢+®er-1
leg of a null tetrad, which is the same normal as given in Eq'+O(r‘2) with SW(¢)=1], then to lowest order, namely,
(2.39 if »=0. For convenience, in this section we ignore theo(rfz), we get a trivial equality. However, equality at the
kinematical freedom associated with thegparameter, setting next order demands that
it to zero throughout. As before, the vector field
ut:=1k*+1* (equality restricted ta\) defines a three- 1@ R = p250+ 250 (6.5
surface S spanning eactB slice of A. It follows that Z 0 o '
u#glox+—olow asr—ce, and hence our asymptotic slice This will prove to be a very important result for our pur-

3 .. again defines a pure BMS time translation. poses. Finally, Dougan gives the following expansion for the
Let us first collect the essential background results fromg yolume element:

[14] which we will need. First, the required spin coefficients
have the asymptotic expansidns d2x\Jo=dQr3(1—o%7r ~2)+0(r 2. (6.6)

p=—r1"1—g%%r 3+ 0(r %),

R=2r2+CRr3+0(r %). (6.9

(Here o is the determinant of th& metric andd® is the
asymptotic piece of the shepr.

_ - 0 - 207, - - . g - .
p=— 31 =[P+ 0%+ Ho"]r 2+ 0(r73), We now consider the spin-coefficient expression for the
0.2 4 smeared energy surface density introduced in Sec. V. Again,
o=0r "+0(r ), (6.D)  with k=2 +p, in the present notation we find

whereu is Dougan’s—p’, the term\Ifg is a certain asymp-

— _op—1_ 0, 070, 42, 07,-2 -3
totic component of the Weyl tensor, and is the asymptotic K 2r AWt oot fpor]r O ). 6.7

Moreover, by an argument identical to the one found in the
last paragraph of the Appendfalthough here with the affine
Sadiusr rather than the areal radiuR), we know that the
result(6.5) determines

5Throughout Sec. VI we deal exclusively with smooth expansion
in inverse powers of amaffine radius, as we know of no work
examining the standard spin coefficient approach to null infinity
within a more general framework such as the polyhomogeneous
one. The expansions we borrow frdh4] are valid for Einstein-
Maxwell theory.

Sour k, andl,, respectively, correspond 1g=V,u andn, in
[14], whereu is Dougan’s retarded time. The minus sign difference
between our definition fok, and Dougan’s definition for, stems
from a difference in metric-signature conventiosurs is . —
(—,+,+,+)]. The convention for the metric signature does not K&= —2[W5+ 0%+ 3 4507~ 3 #50°]r 2+ O(r 7).
affect the spin coefficientés.1). (6.9

"Note the dual use of as both the stem letter for tH two- ) ) ) ) ) )
metric and as the spin coefficient known as the shear. We have usé¥ this point we consider again a smearing functpwith
o twice in order to stick with the conventions of our references asappropriate  falloff ~ behavior —and  limit «({,{)
much as possible. In all but Ed6.1), where o has the spin- =lim,_,N(r,,{). Using the results amassed up to now, one
coefficient meaning, it carries a “0” superscript denoting the as-computes that the limit of the smeared energy surface density
ymptotic piece. is

K|™e'= —2r 1= ($26°+ 4267 2+0(r"3) (6.9

as the appropriate asymptotic expansion for the reference
term. Therefore, £ timeg the full quasilocal energy surface
density is
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2
IimJ d2xﬁNs=——J dQa
r—ooJ B(w, 1) K

.1
\yg+a°E°+§/)gE° —EJref=— JB(W R)dzxﬁsref. (A3)

Since it is the intrinsic geometry @& which determines the
W=w, - (610 reference ternk|™", let us first collect a few results concern-
ing this geometry. In the Bondi coordinate system the two-
The right-hand side of this equation is the “supermomen-metric of B takes the forni7]
tum” of Geroch as written by Dray and Streubelee Eq.

7260

1
2

(A1.12) of [13] and set theib=0 for a Bondi frame as we oapdxdx’= 3 R%(e?7+e?%)d §?
have herg and the “supermomentum” is known to be the 2cing oi
+ —
“charge integral” associated with the Ashtekar-Streubel flux 2Rsingsin(y—0)d6d¢
[15] of gravitational radiation af* (in the restricted case + 1R (e 27+ e 2)sitadg?.  (Ad)

when the flux is associated with a supertranslatigt6).
Dray and Streubel have discussed the importance of the pafy terms of the functionX andY, y and & have the expan-
ticular factors of} which multiply the last two terms within sions[see Eq(2.20)]
the square brackets on the right-hand side of(BdLO. It is
evident from our approach that the origin of theseactors y=(X+Y)R '+A, §=(X-Y)R +A;. (A5)
stems from the flat-space reference of the quasilocal energy
(flat space being the correct reference in the present contexAs mentioned, we do not necessarily enforce Sachs’ “outgo-
When o determines a pure BMS translation, the last twoing radiation condition” which would, in fact, imply that in
terms in the integrand integrate to zero. For instance, settintiie expansions fory and 6 the terms that appear after the
a=1, one finds that the strict energy leadingO(R™) terms areO(R™?) [7].

From the form of the line elemef4) one easily verifies

2 . Eq.(2.2d and thatyo = R2siné. A bit more work establishes
_ 2 __% 0, 00
E= fB(W* ‘w)d xoe= Kf dQ[W3+ 070 lw-w, that the scalar curvaturR of B has the asymptotic form
6.1
.19 R=2R 2+®RR 3+ Ay, (A6)
is the standard spin-coefficient expression for the Bondi- 3 3 ) .
Sachs masl gs(w, ) [14,17. where ®R=C)R(w, ,0,¢). We have given the explicit

form (5.4) of the coefficient®®R corresponding to the as-

ymptotic solutions considered here, and we have found this

) coefficient to be a pure divergence on the unit sphere. That
We thank H. Balasin, P. T. Chraigl, T. Dray, and N. O  this term integrates to zero can also be shown via the argu-
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APPENDIX: SUBTRACTION TERM B B

In this appendix we prove that the subtraction-term con- (A7)
tribution — E|"® to the quasilocal energy obeys In the second line we have simply expandBdand used
o 0 Jo=R2siné. On the right-hand side of the equation, integra-
—E|"®=R+0XR + Agret (A1) tion over the first term inside the brackets gives.8 here-
. fore, we arrive at
for largeR. Moreover, we derive the result
@[l — 1R (A2) 0= f dQ®PR+R3 f dOQAy. (A8)

relating the coefficient?k|™ of the O(R™2) piece of the Since[dQ A falls off fasterthanO(R™3), theR— o limit
reference ternk|™" and the coefficient®»R of the O(R™%)  of this last equation proves the lemma.
piece of theB Ricci scalarRk. Now let us discern thR dependence of the reference
The —E|™" term is constructed as follows. Consider atermk|™. We must first address the issue of whether or not
genericB slice of V. Assume thaB may be embedded iso- B may be isometrically embedded B in a suitably unique
metrically in Euclidean three-spa&® and that the embed- way. It is known that a Riemannian manifold possessing
ding is suitably uniquéwe address these issues belolet  two-sphere topology and everywhere positive scalar curva-
(k|™®",p represent the extrinsic curvature Bfas isometri-  ture can be globally immersed B°. An immersion differs
cally embedded irE3. The flat-space reference density is from an embedding by allowing for self-intersection of the
g|"'=k|"®" k, and, in terms of this density, surface(seemingly allowable provided thkl"®f remains well
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defined. The Cohn-Vos_segn theorem states that any compact (k|ref)$: —R‘1+(2)(k|r9f)$R‘2+A(k), (A10b)
two-surface contained i&* whose curvature is everywhere
positive is unwarpable. Unwarpable means that the surface is
uniquely determined by its two-metric, up to translations or
rotations inE® (which of course do not affedt|"®") [1,19].

Our surfaceB has two-sphere topology, and f&t suffi- (k|ref)‘é’=0~R’1+ Ay - (A10d)
ciently large the scalar curvatufeis everywhere positive. It

thus follows that for suitably larg®, the reference term Tqo avoid clutter, for the various remainder terms we have

(k|ref)Z:0'R_l+A(k). (A10c¢)

k| is well defined. N . used in Eq(A10a) simply a subscriptK) in place of what
The key equation for determining the form ki is the  should be k)%, etc. Plugging the expansior6) and
standard Gauss-Codazzi relatid8] (A10) into Eq. (A9), one finds that to lowest order, namely,

ref 2 refv a1, refs b _ O(R™?), the equation is identically satisfied. At the next

(K|®)7 = (K[®)5(k|*)a—R=0. (A9) order, namely,O(R™ %), Eq. (A9) yields the result(A2).

This equation(essentially a two-dimensional version of the T_hereforer,efwe have found the following asymptotic expan-

Hamiltonian constraintis an integrability criterion, obeyed Sion fork|™:

by our embedding, which relates certain components of the

vanishingRiemann tensor oE? to the intrinsicB curvature k= —2R™ 1= 3RR™ 2+ Ayper. (A11)

scalar and the desired reference extrinsic curvature tensor

(k™ 4. Next, sinceB approaches a perfectly round sphereThe first lemma we proved above has an important conse-

asR—x, we take the following expansions for the various quence. It ensures that the “dangerouS(R®) term in the

pieces of k|"®"2 as an ansatz: integral (A3) vanishegregardless of whether or not E¢.4)
holds, which requires that the Einstein equations are satisfied

(K™ §g=—R T+ @(K|NR >+A(y, (A108  asymptoticall]. Hence we get the resulal).
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