ABSTRACT

WENG, QIFENG. Bayesian VAR Analysis in the Presence of Infrequent Shocks with Application to
Analysis of Oil Price Shocks. (Under the direction of Atsushi Inoue.)

In this paper, we propose a so-called mean-plus-noise VAR (MPNVAR) model and applied it to
the macroeconomics empirical study. Along with the model, we use Bayesian approach to estimate the
parameters in the model.

Bayesian vector autoregressive (BVAR) models have been well evolved for decades independently
from the development of mean-plus-noise (MPN) models. Study of MPN models is relatively a small
branch in finance field for the use of long memory research. Econometricians have built beautiful
theoretical frame work for both of them. Contributions of Bayesian VAR models in all kinks of empirical
economic studies have been widely appreciated. For BVAR models, estimation and forecast results are
better than than VAR model. In financial long memory and structure change research areas, researchers
have modeled infrequent structural change to explain long memory in economic and financial research.
Inspired by above promising features of both models, we introduce a new Bayesian VAR model whose
disturbance terms take a form of MPN models called mean-plus-noise VAR (MPNVAR) model to
empirical macroeconomic research in this paper. We use our MPNVAR model to analyze oil shocks for
its infrequent shock feature estimated by Bayesian approach. We found parameters in our model can be
consistently estimated. Moreover, impulse response functions analysis shows that the MPNVAR model

helps interpret the effect of oil prices on the macro economy.
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CHAPTER 1

Introduction

This paper is motivated by the prior works of Bayesian vector autoregressive (BVAR) models and
mean-plus-noise (MPN) model. We introduce a new BVAR model whose disturbance terms take a form
of the MPN model. Namely, we use so-called MPNVAR, meaning M(ean)-P(lus)-N(oise) VAR. With
this model’s innovative features, we estimate a VAR model of oil shocks shocks based on Kilian’s paper
(2009). Vector autoregressive (VAR) models are useful modeling tools for economists to analyze both
dynamic economic and financial problems. Along with its development, enormous estimation approaches
have been widely explored over the past decades. Among them, Bayesian approaches have been proved to
be a decent way to address estimation and specification problems of VARs. Milestones in Bayesian VAR
literature include the following: Sims (1972 and 1980 ), in his seminal works, he first built VAR model
in application to macroeconomic study. Since then, people start to use VAR model to model economic
time series data and forecast. Litterman (1980) originally introduced Bayesian estimation approach
to VAR model to address overfitting problem. His method avoided putting exact zero restrictions on
certain coefficients by treating the uncertainty of parameters as a probability distribution. So this method
can retain the uncertainty without compromising information from original data. Some extensions of
Bayesian VARs include: Uhig (1997) extended it to stochastic volatility. Unlike ARCH models, his model
captured sudden large movement by draws from a distribution with a randomly increased but unobserved
variance; Regime-switching time series models (non-linear dynamic models) by Primiceri (2005) and
Sims and Zha (2006) , etc. Primiceri concluded that there existed regime switching in both systematic and
non-systematic monetary policy during the last forty years by his innovative modeling strategy for the
law of motion of the variance covariance matrix. Sims and Zha gave out a multivariate regime-switching

model for monetary policy. It is now widely appreciated that Bayesian VAR gives better estimation and



forecasts than VARSs estimated by the conventional approaches. Canova (1999) had specific discussions
about this strength of BVAR models. Monetary policy researchers, central banker policy makers made
bulk of papers going back and forth between simple univariate time series models to highly sophisticated
nonlinear dynamic model for better forecast, are still in favor of Bayesian VAR.

Mean-plus-noise models have been introduced in the study of long memory and regime-switching in
financial area by Chen and Tiao (1990) because of its infrequent sudden changed shocks can generate
suspicious long memory behavior. This branch has been developed separately from the Bayesian VAR
model. Granger and Hyung (2004) used this model to show the confusion between structural change and
long memory. In an independent work, Diebold and Inoue (2000), found more general conclusions about
this confusion by extending mean-plus-noise model in state space forms.

Inspired by above research and MPN model’s infrequent shock character, we see its potentials in
macroeconomics filed, especially for the oil shocks study started by Kilian (2009) or other fields like
monetary policy research (Uhlig, 2005). Because both oil shocks and monetary policies don’t change
frequently over time. For instance, US interest rate, a benchmark of US monetary policy change, changes
annually or even longer during stable economy, and quarterly or so during recession time. So monetary
policy shocks occur infrequently. Major contributor to oil price changing as Kilian concluded in his paper
is the precautionary demand shock. This shock presents when wars or turmoil occurs in mid-east or
incident like 9/11 happens. So apparently, these shocks will not occur every day or monthly. Another
feature of this infrequent shock is that once it changes, it is likely that the change will be bigger than
conventional continuous disturbances and fades away in next few periods. Our MPNVAR model has
the very power to handle both frequent and infrequent shocks simultaneously, which, we believe, will
better describe economic phenomena like oil shocks and monetary policy. Our Monte Carlo experiment
consistently verifies our belief.

The main contribution of this paper is that we proposed this new MPNVAR model and applied it to
the macroeconomics empirical study. Along with the model, we use the Bayesian approach to estimate
the parameters in the model. At the initial stage of this paper, we have considered the possibility to apply
the MLE approach to estimate. Due to large numbers of latent variables {d;} (about 395 d,’s) in our
empirical application, maximizing the likelihood function can lead to numerical calculation catastrophe.
So we believe the Bayesian method is a better estimation strategy for our case. Here is the brief history
of literature about Bayesian estimation approaches: Litterman (1986) introduced the famous Minnesota
prior to discussion of prior choices, also known as Empirical Bayesian Estimation. The other prior
choice solution known as Hierarchical Bayesian Estimation is brought up by Chib and Greenberg (1995).
Numerical implementations of Bayesian method: e.g. the Gibbs sample introduced by Gelfand (1990),
used as a substitution choice to get joint distribution; Metropolis-Hasting Algorithm, a MCMC method,
first proposed by Metropolis et al. (1953), use as a tool for drawing random variables from unconventional
distribution. For our estimation procedure, although the likelihood function of our MPNVAR model is

different from conventional VARS’, it has very similar properties as conventional ones. From what we



discovered, most of parameters have conjugate distributions. Monte Carlo experiments have shown that
they can be consistently estimated. Moreover, with the help of corresponding impulse response function,
we show MPNVAR better explains the oil shocks.

This paper is organized as follows: We define MPNVAR model in chapter 2. Firstly, we describe the
general form of the multivariate mean-plus-noise model as well as the conventional VAR(p) model, and
then we extend the VAR(p) model to mean-plus-noise disturbance terms. In chapter 3, we mainly explore
the estimation procedure for all parameters in MPNVAR model by conventional Bayesian approach. In
chapter 4, we show the Bayesian estimation results for Kilian’s trivariate model and for with the help of
corresponding impulse response function model. We compare impulse response functions at the end. We

conclude in chapter 5.



CHAPTER 2

Mean Plus Noise Models

2.1 Basic Form of Mean Plus Noise Models

First, we introduce a multivariate Mean-Plus-Noise (MPN) model, which only contains the disturbance
terms. MPN model has two disturbance terms. The first one, U, is in a conventional form, which is
normally distributed. The second disturbance term, V;, is also normally distributed controlled by a binary

scalar variable d;, which is from a Bernoulli distribution. It represents as below:

Vi
e = A |U +d | m*! (2.1)
nx1l  MXN | px] 0

n2><1

where A is a (n X n) lower triangular matrix, n = n; +np, d; is a scalar, U, i N(Oux1,1), Vi X
N(0p, x1,2v), Zv is a (n; x ny) diagonal matrix, d; & Bernoulli(py).

The other way to express e; is:

- N@©,.1,5) d =0
elldy & O, E1) i 2.2)
N (0px1,X2) di=1



where

¥ =AA

I, +%y 0
22:A<"‘+V ”‘)A’ (2.3)

np Inz

We call the first disturbance term U, as Continuous Disturbance and the second disturbance term V;

as Discrete Disturbance.

2.2 Extensions of MPN Models to VAR Models

Next, we extend pure MPN model to MPNVAR model by substituting conventional VAR models’
disturbance term into MPN model. We will NOT assume this process is stationary. The reason why we
exclude this important assumption is that nonstationarity will not affect the following Bayesian estimation
procedure, but at the same time, if included, it will bring cumbersome Bayesian estimation technique,
which we try to avoid here.

We define the following system of autoregressive model when d; = 1, as:

Vie = 010+ O V1ot + 0 y2e 1+ 0 Vs 2.4)
+ ¢,-(f)y1 -2+ ¢,-(§)yz,,_z +-- ¢,~(f,)yn,z_z
+- ¢,‘Ef)yl t—pt ¢,‘E?)’2,t—p + - ¢[Ez)yn7t—p +uis+ dtvi,t

and when d; =0, as:

Yie =0+ ¢i(,i)yl,t71 + <P,‘(;))’2,z71 + - ¢,-(7,1,)yn,t71 (2.5)
+ ¢,‘(§)yl,t—2 + ¢,‘(§))’2,t72 + ¢i(j)yn,t—2
+o Tt ¢i€ll))yl,t7p + ¢,~(5>y2,zfp +ee (Pi(,ﬁ)yn,tfp + Uiy
where c¢; denotes the constant in ith equation and q)é? denotes the coefficient of jth variable at /th time

lag in the ith equation. i, j=1,2,--- ;nand [ =1,2,--- | p.

The VAR(p) representation form of above model system is:
yi=c+®Pry +"'+(Dpytfp+et (2.6)

where y, is a (n x 1) vector of n observations at time t. ¢ denotes an (n x 1) vector of constants and ®; is
a (n x n) matrix of autoregressive coefficients for i = 1,2,---, p. And ¢;, the special disturbance term is
defined in Eq. 2.1.



Further stack the equation system into a VAR(1) model, we reach:
D(L)Y, =c+e (2.7)

where ¥; = [ypi1, Ypi2s -5 yrls ®(L) = [I, -®| L, -PoL2, -+, -®,LP], and L is the lag operator.

So far we have built the MPNVAR model. One thing we need to emphasize here is that this model can
describe either stationary or nonstationary process. MPNVAR model estimation procedure by Bayesian
approach will be presented in Chapter 3. Next we will show the tool that we can show MPNVAR model’s

strength: Impulse Response Functions.

2.3 Impulse Response Functions

One of the major goals in this paper is to investigate whether MPNVAR model gives better interpretation
of oil shocks. We are using Impulse Response Function (IRF) to measure the reaction of all variables in
response to external shocks. We calculate 20 steps ahead IRF of this model. And since MPNVAR model
having continuous and discrete disturbance terms, which means we’ll get two variance-covariance matrix
of the error terms, we construct two separate IRF’s for each of them.

From Eq. 2.6 we first build the companion form of reduced-from IRF, which is:

CI)I Cbz q)pfl cI)p
In-(pfl) On-(pfl)xn

Y= (2.8)

Then J¥"J’ where row vector J = [I, 0, n.(p,l)}, stands for the A step ahead impulse response of
the all variables. (i, j) element of this (n x 1) square sub-matrix of ¥/ means ith element of y, in response
to the jth element of ¢;.

After achieving the above reduced-form IRF, we can further calculate each structural impulse response
functions for this model with respect to X; and X,. Basically, according to Hamilton [9], first we get
the Cholesky decomposition of X; = Al’lAl’ll and £ = A5 'A; V' Then we calculate JW"J’ -A7" and
Jehy Ay ! The two (n x n) square sub-matrix we have now are the structural impulse response function
in response to the continuous disturbance terms and the discrete disturbance terms. The final step is
simply to plot impulse responses in response to external shock of each variable with respect to both

continuous and discrete disturbances.



CHAPTER 3

Estimation Procedure

3.1 The Likelihood Function of the Model

In this chapter, we implement the Bayesian method to estimate all parameters in our MPNVAR model.
To use Bayesian method, the first thing we need is to get the likelihood function of the model. Since the

model has similarity to the conventional VAR model, we obtain MPNVAR model likelihood function as

below:
1
LOI® Ty 21, Xpd) = (2m) Sl | EL (R e (‘ S (1 -e) - (0, -e,>>>
1
< (m) SR T exp (< (s () (-0
X (1 _p)ZtT:I(lfdt) X pZtTZIdt (31)

where ¢, = ®(L)Y; — c; M = diag({dt}), the diagonal elements of M, are from {d, }, others are 0’s; M} =
I —diag({d;});d ={dy,dy,--- ,dr}, X and X, are defined in Eq. 2.3.



Or same likelihood in another expression:

1 T
LD, Ty, 51, 50,d) = (2m) 3a(-d)l/2)y |- Xn,(-d)/ exp< [(1—d)elx; e,])
t:l
357 /2y, |~ KL di/2 1 s
X (2m) b= S| B, | T =14 exp [de]T5 e
t:l
X (1 _p)ZtT:l(lfdt) X pZ[T:ldt (32)

where ¢, =Y, — ®(L)Y,_;, £ and X, are defined in Eq. 2.3.
The reason why we give out two forms of likelihood function is that these two forms of likelihood

function will be required during the derivation of different parameters’ posterior distribution.

With the likelihood function of this model, we can implement Bayesian method to estimate each
parameter sequentially in this model. we estimate the parameters in the following order: slope coefficients
matrix ®(L) or ®, probability parameter p in the Bernoulli distribution, latent variable {d, }, variance
matrix Xy in discrete disturbance terms and X;. X, is determined by Xy and X;. This will not lose the

generality since later we use the Gibbs Sampler method to simulate these estimates iteratively.

3.2 Estimation of ®

We impose the prior of @ which is multivariate normally distributed (o ~ N(Ue,Ls)), Where Lo
is considered as given. Since the likelihood function is similar to multivariate normal likelihood, the
posterior of ® likely have a conjugate distribution. The proof is showed in below.

First, we clean up the likelihood function, only keeping the terms having ®, which would be:

exp (5= -) - ) ) -enp (025 - ()

For the convenience of deriving the posterior of ®, mainly for dealing with the Kronecker operator,

we first need to vectorize the whole equation system and use the technique below.

3.2.1 Vectorized VAR(q) model

In previous section we have built our VAR(1) model as:

u ~N(0,%)) dt=0
Y, = (I)(L)thl + & € = (3.3)
1%3 NN(O,ZQ) dr=1



Since later we need to use vectorized VAR(1) model to achieve the posterior of ®, referring to Canova’s
notes (2010) [2], we let y = vec(Y;), X

s X = [Di—1, Yi—p), ® =vec(P(L)) and e = vec(e;). Then the
vectorized VAR(1) model would be:

y=(LoX)P+e e~N(0,Z; @M + X, @ M,)

(3.4)
where y,e are (n- T x 1) vectors, 3 is the identify matrix, and ® is a (

isa(n-(n-p+1)x1) vector.
M, = Iy — diag({dt}) and M, = diag({dt})
Then the likelihood function would be

1 _
L(y|®,X1,%,d) = W’El QM) +X, @ My| 07

3.5
x exp{—0.5(y —

(LRX)®) (X' @M +2;' @ M)(

—(LeX)P)}
where: d = {d,,d,,"

.. 7dT}
Now we can make some manipulations of the likelihood function focusing on terms having ®

(V- (LeX)®) (' oM+, @M)(y — (I,  X)®)
=(

2105®M ‘I’Z 05®M2) (
(Ay— 2D (Ay — Ed)

—(LeX)®) (XM +X, o M) -(

—(b®X)®P)
where A= (Z BoM +5,%oM)  E=E"eM +I,% M) (heX)
Also  (Ay—Z®)=Ay—Ed+E(d - D)
where & =

(oM +Z ' eoM) o X' X) " H(Z 'eoM + 2 @ My) 9 X)

3.2.2 Posterior of ® Condition on Other Parameters

In this paper we are going to use fy(+) to denote the prior pdf and f; () as the posterior pdf. Now we can
explicitly write out the prior of @y ~ N(®, Lg),which is

fo(®) o [Zo| ™ exp[~0.5(® — )Ty (@~ P)]

= |Zo| " exp[—0.5(Z5"7 (@ — D)) 2 " (@ — D)) (3.6)



Then the posterior of ® would be proportional to the product of likelihood and prior:

J1(P[y;©) < g(P)L(y|P; ®)
o< exp[—0.5(25" (@ — D)) Ly (@ — )] x exp(Ay — EP)' (Ay — Z)
= exp{—0.5[(® — D*)'Z'Z(® — D*) + (z — ZD*) (z — Z®*)]} (3.7)
where:
=577 @ Ay (3.8)
Z=[2" g/ (3.9)
o = (Z'2)7'(Z2) (3.10)

where A= (Z;" @M +1,% @ M), E=E"oM+5,0M)(5oX)
Since X1, ¥, and X are fixed, the second term above is a constant and

fi(@ly) o< exp[-0.5(P — ") Z'Z(P — )]
o< exp[—0.5(® — @) (Z%) ' (P — @) (3.11)

So Posterior of & is:

®| ~ N(P*,Z})
o = (22 (77) rp=(Z2)"! (3.12)

3.3 Posterior of p Condition on Other Parameters

To estimate parameter p, we impose prior distribution of parameter p as beta distribution. So the pdf of

Beta distribution is as below:

Ia+p)

fo(p) = W!’a_l (1—p)P! (3.13)

Use the same way as we did in last section, we get the posterior of fi(p|®,X;,X,d) is proportional

to the product of likelihood and its prior:

Fi(p|®,d, Sy, %y, Tp) o p& HE1di (] — pyf-1+EL (1-d) (3.14)

10



Obviously, the posterior of p is still conventional Beta distribution.

T T
p1~Beta(a+ Y d,,B+) (1—d)) (3.15)

t=1 t=1
3.4 Posterior of d Condition on Other Parameters

d denotes as {d;;t = 1,2,---,T}. Unlike we did before, since d are latent variables in this model, we
need to reorganize the model likelihood function (Eq. 3.2) only keep the terms having d. Then we have

the posterior of d is:

F1(d|®.p. Zy, E1, Ea) o< [A(1 = p)] " E1 - [B(p) 1 (3.16)
where
— (27) ¥ ()] g 125 (1) exp< 12T~’ 1= d)ex ez]>
t:]
= (2m) 3L |3, 120 ld’exp< %ZdtetE e,> (3.17)
t=1
Or:
DT o (2273 %272 p) exp (4 -€Z; er) ifdy =1 .

(2t e (1 p) cenp (- efz ) T4 =0

Where: ¢, =Y, — ®(L)Y,_;. Obviously, the posterior of d is still conventional Bernoulli distribution by

normalizing above posterior pdf function.

3.5 Posterior of Xy Condition on Other Parameters

To estimate Xy, we first need to filter the likelihood function to keep those terms having Xy . Although we

do not explicitly include Xy in the prior form of likelihood, Xy only relates to X,. So we only keep terms

11



of ¥, in Eq. 3.2 and substitute it with the form of Xy in Eq. 2.3:

g|®, v, 21,Xs,d)

= A Inl + GV Onl A/
0p, I,
7217‘:1dt/2
_ Inl + Oy 0n1 1 (Alfl Im + oy Onl
0y, I,

exp| —<tr
On, I,
Then we impose a Inv-Wishart prior to Xy to draw its posterior. Following is the general pdf form of

-y d)2
- Inl +GV 0n1

0p, I,

-1
) Ail(Mz . et)' . (M2 . e,))

1 _
exp —Etr(A' 1(

2

-1
) AN My -e) (My-¢)) | (3.19)

Wishart and inv-Wishart distribution for the use of drawing posterior of ¥y,. Assume the prior distribution
of parameter X~ ! follows Wishart distribution f(A;n,X). Its pdf is as below:

[A[0—4=D 2 exp(— (1/2)tr(AZ))
202 gd DAL (0 + 1-1)/2)

F(Asn,x) = (3.20)

iid

where A =Y (X, —X)(X, —X)' is a scale matrix in the pdf, d is the dimension of £, X, ~ N(u,X)
|A| =det(A), |£| =det(X) and f(A;n,X) = 0 unless w is symmetric and positive definite
Substitute 2‘71 into Eq. 3.20, we have 2‘71 ~ Wishart(n, A=), which is equivalent to Xy ~ Inv —
Wishart. Its pdf is:
[Zy |~ exp(—(1/2)u(Zy 'A))

fo(Eyin, AT = : (3.21)
& 2 AAT T L0+ 1))

where |Zy| = det(Xy), d is the dimension of X, |A| = det(A), n =Y, d, and f(Z;',n,A~") = 0 unless
X, !'is symmetric and positive definite.

The Posterior of f;(XZy|®,p,d,X;,X,) is proportional to the product of likelihood and its prior:

_(yT _3_ _
[i(Zv|®,p,d, 21, 5s) o< [Ty | T 43702 exp(—(1/2) (2, ' A))
Yl di)2
v In1+ZV Om 1 (A/—l In1+ZV 0n1
0y, I,

exp | —=tr
O In,
where A = tr((A~'M - ¢,)(A"'M; - ¢,) +15) where £; = AA’.

-1
5 > AN My -e) (My-¢,)) | (3.22)
To draw random variables from this messy posterior pdf, we use the Metropolis-Hastings algorithm.

12



3.6 Posterior of X; and ¥, Condition on Other Parameters

Because of the relationship between X; and X, once we estimated X, ¥, is also estimated. So to keep
the proof as simple as possible, we only write out the posterior distribution of X;. Use the same pdf of
Wishart distribution expressed above (Eq. 3.21). The Posterior of f;(X;|®, p,d) is proportional to the
product of likelihood and its prior:

1
Fi(Z1]®, p,d, Zy) e<|Zy [0V 2 exp <—2tr<2f‘Ao>> x

1 T
[y~ Zm (12 exp( Z[(l—@)eﬁzrlet}) x

t=1

l\)

T
|):2‘—Z,T:1d,/2exp ( Z dtetZ_ e ) (3.23)

where ¢, = Y, —®(L)Y;_1,n0 = Y, (1 —dy), Ao = ere}/ (no —np — 1). Keeping X, is because X, relates
to Xg.

Unfortunately, this posterior also is not a conventional distribution. We need to implement MCMC
method (Metropolis-Hastings algorithm) to draw samplers from this posterior within the Gibbs Sampler

steps. The jumping distribution we use will be introduced in next chapter.
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CHAPTER 4

Empirical Results

4.1 Empirical Model and Data

This paper is building on the work of Kilian (2009) [10]. We use processed data set from Kilian’s paper
and the same structural VAR(24) model to reach our results to compare it with Kilian’s. To compare
our Bayesian estimation results of MPNVAR model with his, we make a change in Kilian’s estimation
process that is instead of implementing bootstrap as Kilian did in his paper, we use Bayesian method to
estimate his conventional VAR(24) model. This change allows us to compare two different results on the
same paper.

We inherit Kilian’s structural VAR(24) regression model with replaced new disturbance terms (MPN)
to obtain our empirical MPNVAR model as (Eq. 4.1). This structural model is a little different from the
reduced form VAR(p) model as we described in the last chapter for the structural coefficient matrix Ag.
After some manipulation, it is easy to convert the structural model to reduced form model. Then we
can follow the estimation procedure we developed previously to make inference of this model. In this
particular case, the model system contains 3 variables. They are the percent change in global crude oil
production denoted as Aprod,, the logged index of real economic activity calculated by Kilian denoted as
rea; and the logged and deflated real oil price rpo;. The VAR model extends to p = 24 time lags. The
data is on monthly frequency from Jan. 1973 to Dec. 2007. The details of how Kilian collecting and

manipulating his data set, you can find from his well written paper (2009). We impose the discrete shock
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to each of the shock factor independently. Hence the empirical MPNVAR models are:

24 dl‘vll
Casel: Agyr=c+ Y Apyj+U+| 0 4.1)
= 0
24 0
Case II . A()yt =c+ ZA]yf*] + Uz‘ + dtVIQ (42)
= 0
24 0
Case I11 : Agyr=c+ Y Apyj+U+ | 0 (4.3)
a dve3

iid iid

where U, ~ N(03x1,53), vii ~ N(0,062), d; ~ Bernoulli(p,).

U, denotes the vector of serially and mutually uncorrelated continuous structural innovations and
v;’s denotes the corresponding discrete shocks in each independent model, i.e. v;; denotes discrete oil
supply shock, vz denotes discrete aggregate demand shock and v,z denotes discrete oil specific-demand
shock. They are all indexed by a binary variable d; which indicates if an infrequent event triggers
discrete oil shocks. Like what Kilian did in his paper, we postulate that A ! has a recursive structure

such that the reduced form errors e; can be decomposed according to e, = Ay U, + diAy ly, by labeling

ai; O 0
14 .
Ay =A=|axy axn 0 |.Sowehave:
asy daszy dass
Case I:
etAprod, ar 0 0 utcons oil supply shock Vil
— -ons te d d shock
e = e;’ea, = ay an 0 u;om aggregate demand shoc 1+d, 0 (4.4)
rpo, cons oil specific—demand shock
e asy az  ass U pectt 0
1+062 0 0
a1 _ -1 -1/
where X1 = A, 'A; Xy = A, 0 1 04, .
0 01
Case II:
etAprnd, ar 0 0 utcons oil supply shock 0
— rea cons aggregate demand shock
ee=| ¢ ' |=|an an 0 g " EETE +di | v (4.5)
rpo, cons oil specific—demand shock
e as axm  ass u 0
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1 0 0
whereleAalAall,ZZ:Aal 0 l—s—c;v2 0 Aall.

0 0 1
Case III:
etAprod, ar 0 0 utcons oil supply shock 0
— te d d shock
e = e;‘ea, =|ay an 0 ulcons aggregate demand shoc +d,| 0 (4.6)
rpo; cons oil specific—demand shock
€ as; aszx  ass U Vi3
1 0 0
h e e a1 —1/
where X1 =A, Ay . X2 =A, |0 1 0 Ay .
0 0 l+o?

By multiplying A, ! on both sides of the structural VAR(24) models, we can achieve the reduced

form VAR(24) models to implement the estimation method we developed in the previous chapter:

24
yi=c+ Y ®iy_jtei  i=1273 4.7
=1

where @; = AglAj, t=1,2,---,395 and this reduced form model (Eq. 4.7) is the same as Eq. 2.6.
The corresponding parameters in Eq. 2.7 are: n =3, p =24, T =419 — p = 395, the ®; is a (3 x 3)
matrix, y; is a (3 x 1) matrix and e,; hereby is a (3 x 1) matrix. Now we finally build our reduced form
MPNVAR(24) model.

4.2 Bayesian Estimation Results for Kilian’s Trivatiate VAR Model

In Kilian’s original paper, he used bootstrap method to estimate his trivariate VAR(24) model. In this
case, bootstrap is a good choice for its estimation efficiency and accuracy. Again since we use Bayesian
approach to estimate parameters, it is more reasonable to compare our results with same Bayesian
estimation results from his trivariate model. Hence, we use Bayesian approach to replicate his estimation
results. Figure 4.1 is the estimated impulse response of Global Crude Oil Production, Real Economic
Activity and Real Oil Price to 3 conventional structural disturbances imposed by Kilian: Continuous
Oil Supply Shock, Continuous Aggregate Demand Shock, Continuous Oil Specific Demand Shock by
implementing Bayesian method. Although we use different approaches to estimate the same model, we
found little difference from his result after 10,000 replications in Figure 4.1. All 9 plots are shaped in
exact the same way. Bandwidth difference is caused by instead of using one- and two-standard error
bands by Kilian, we using 68% and 95% band to plot IRF. This experiment verifies Bayesian method is
applicable for his oil shocks investigation case.
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Figure 4.1: Kilian’s Trivatiate VAR Model IRF with 95% and 68% Credible Intervals (Median Line in
Middle) by Bayesian Estimation

4.3 Details of Parameters Estimation Procedure for MPNVAR Model

After this preparation, we move forward to estimate our innovative MPNVAR model. All three cases
are estimated in the same way. We follow the procedure in chapter 3. Here we give out all details about
setups, priors we use, etc.

Before the MCMC step, we setup all initial parameters value by their corresponding OLS estimated
values. For the ® prior, we use ®¢r as its mean, and build a (219 x 1) variance matrix with random
numbers in uniform distribution from 1 to 10 automatically generated by MATLAB built-in function.
With the prior we can easily generate random values from ®’s posterior distribution N(®*,X%), then

update residuals by new & for remainder steps.
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p’s posterior distribution is straightforward. We simply use MATLAB built-in Beta function to
generate random variables by setting @ = 6 and 8 = 8. We tried many other value, this combination
makes convergence speed faster than smaller values and seems more reasonable than bigger values. And
these initial values setting also helps avoiding getting extreme o, value.

With updated information of ®, new residuals and p, we generate d series one by one from a binomial
function in MATLAB using normalized parameter. By saying normalizing, we calculate corresponding
values of A and B in Eq. 3.17, and then set fraction B/(A + B) as the probability parameter in binomial
distribution.

For o, we use Metropolis-Hastings algorithm to draw random variables from the messy posterior pdf.
One thing needs to be mentioned is that since this particular model has 24 lags and 395 time periods,
they cause over-float issues in MATLAB when we calculate some powers in the expression. So we first
take the log to avoid over-float issue, then take the exp at the accept-reject step in Metropolis-Hastings.
And the jumping distribution we choose here is simply uniform distribution.

Last parameters we estimate are ¥; and X,. We use pretty much the same approach as we did in the
o, step for their similarity except for the choice of jumping distributions we use. During the exploration
of the jumping distribution, we find that the biggest contributor to the log(-) value of the posterior is from
the M log(det(X)) term, which is 1000 times larger than the log value of the rest terms. So to

eliminate this effect we impose jumping the distribution’s pdf to be:

ACACAE exp(det(£{~"))yno-np-1
J(80=1]0*) —  exp(det(X}))ro—rr-!

where X} denotes the candidate of X; and ZY_I)

denotes the most recent accepted X draw.
Along with each iteration of parameter estimation, we record the structural impulse response functions

of the model with continuously updated parameters we simulated before.

4.4 Estimates Report

Table 4.1 shows the estimates after 25,000 draws (first 10% draws discarded) from the Gibbs Sampler
method for each case. Note that since the slope coefficient matrix & contains 219 elements, giving out all
estimates of them is not helpful. The estimate we show below is a (3 x 3) matrix averaged over all time
lags. Its expression is:
R | 24
CIDZQFICDJ j=12,---,24
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Table 4.1: MPNVAR Model Estimates (Posterior Mean)
Parameters Results ‘ 95% Credible Interval ‘
Case I
o 8.2567 (4.0229, 17.7276)
. —0.6594 0.0292 0.0695
P —0.0484 0.9719 0.0749
—0.0360 0.0031 0.9857
353.1727 5.3157 —10.5550
¥ 5.3157 17.9109  1.0338
—10.5550 1.0338  35.1841
715.3917 9.1030 —18.8757
¥, 9.1030 18.0416  0.9212
—18.8757 0.9212 223.8713
p 0.0699,,0an 0.0506,,04¢ (0.0254, 0.1366)
Case Il
6, 5.9403 (3.7262, 10.5315)
A —0.6929 0.0282 0.0743
P —0.0487 09718 0.0742
—0.0367 0.0032 0.9864
345.5075 11.2860 —12.5989
¥ 11.2860 16.5503  0.5892
—12.5989 0.5892  37.4496
345.5075 11.2860 —12.5989
¥ 11.2860 80.6248  0.5892
—12.5989 0.5892  37.4496
p 0.1071,0an 0.1013,,04¢ (0.0401, 0.1915)
Case 111
G, 8.042 (3.945, 18.2527)
. —0.6929 0.0282 0.0743
d —0.0487 09718 0.0742
—0.0367 0.0032 0.9864
360.1163 5.7069 —11.3732
¥ 57069  17.8107  0.9248
—11.3732 1.0332  34.8246
360.1163 5.7069 —11.3732
¥ 57069  17.8107  0.9248
—11.3732 1.0332 266.4268
p 0.0653,,can 0.0481,,,04¢ (0.0236, 0.1270)

19



4.5 Convergence Test Results for Mixture Model

After achieving tens of thousands of draws to estimate the parameters in this model, we need to make
sure all estimates have come to convergence when we stop the simulation procedure. Since we iteratively
get the draws by implementing Gibbs Sampler method, these draws can be considered as time series data.
To assess whether or not these estimates have converged to the desired posterior distribution in a certain
finite sample, we use the convergence diagnosis (CD) test developed by Geweke (1992) [7]. Following is
Geweke’s CD test algorithm. We have 6; denotes the first subsample, which having total 77 draws and 6,
from the second subsample which having 7> draws. From Geweke’s paper, 77 is the first 10% of M draws.
M here is draws after discarding first 10% burn-in period of the original data draws. 75 is the bottom 50%
of M draws. Geweke found that if 7y /M and T> /M are fixed, and (T} + T2)/M < 1, then as M — oo then:

6, — 6,
— — =
\/Avar(Bl)/Tl —|—Avar(62)/T2

N(0,1) (4.8)

where Avar(0)) and Avar(6,) are the long-run asymptotic variance of 6; and 6,. And their estimates are

defined as below:

Avar(6y) = fél) +22§11(1 - ﬁ)A 2

(

J
R _ R _ 4.9)
Avar(@z):r‘(()z)-i-ZZﬁl(l— L) 5

In the Eq. 4.9, f‘y) denotes the consistent estimate for the jth sample auto-covariance matrix in the ith
subsample set. (1 — ﬁ) is called Bartlett Kernel. and the K; is the Bandwidth for the CD test. Literature
shows that the CD statistics are sensitive to the choice of both Bartlett Kernel and Bandwidth. And the
choice of Bandwidth is the key for the test. In this thesis we use the method of choosing bandwidth has
been brought by Newey and West (1994) [14]. There are also other methods available to choose the

bandwidth. Here is how we apply Newey and West’s automatic bandwidth selection method:

, o L
B = /my) L (8 -09)6,-8")
t=j+1
n = [4(T;;/100)*"]

=2y Y G2y 1)
j=1 j=1
7=1.1447({5./5,}*)'/?
Ko =171, (4.10)

where [] is the integer part.
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We have the Hy hypothesis: parameter simulated by Gibbs Sampler method are converged in certain

finite samples. And we calculate the convergence test statistic for 6 by:

- 6 — b
\/Avar(él)/Tl —i—Avar(éz)/Tg

If ICD(0)! is greater than 1.96, we reject the Hy hypothesis with Type I error a = 5%. If not then we fail

@.11)

cD(6

to reject the Hy hypothesis with Type I error o0 = 5%.
With above test method, we ran the convergence test for each of the parameters in our MPN model

with significant level 5% (22,500 draws left after burn-in period). Table 4.2 shows the results:

Table 4.2: Convergence Test Results

Parameters | Numbers of Elements | Rejection Ratio

Case 1
p 1 100%
o, 1 100%
Y&, 18 66.67%
D(L) 219 39.73%
Case I1
p 1 0%
o 1 0%
&Y, 18 5.56%
d(L) 219 7.31%
Case II1
p 1 0%
o, 1 0%
Y&, 18 11.11%
d(L) 219 2.48%

Since HAC test will over-reject more than 5% and there are only small amount of elements in the
first two parameters, our test result meets our expectation quite well. So we can say our estimates have
converged after 25,000 replications of MCMC method.

4.6 Monte Carlo Experiment Report

To test if our estimation procedure is plausible, we do some Monte Carlo experiment. We use estimated

parameters to generate simulated data. Then we repeat the estimation procedure in Chapter 3 to get
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estimates of simulated data. Compare them with results showed in section 4.4 to see if they are reasonably
close. The Monte Carlo experiment results (Table 4.3) reasonably indicate that the estimation procedure

is plausible:

4.7 Inference from MPNVAR model

From the estimation results, case I is not reasonable. First reason is that, the supply disturbance is quite
stable according to the historic data. The estimation results are more frequent than expected. The other
reason why we drop it is that the estimates never converge in our convergence test. Case II and Case III’s
results meet our initial anticipation. We make inference from Case II and Case III only.

For Case II: After achieving consistently estimated parameters, we analyze them in this section.
We found that ppean = 0.1071 and pode = 0.1013. This means, by monthly frequency data, discrete
oil specific shocks occasionally occur every 9.3 month (by mean). And the other important parameter
is 6, = 5.9. 5.9 means the discrete disturbance is about 6 times larger than the continuous shocks. As

you can see in Figure 4.2 (oil specific-demand shocks plot), if we count peaks beyond +0.29 and -0.29

Aggregate Oil Shock
) A /\/
0

AT

L
1975 1980 1985 1990 1995 2000 2005

Figure 4.2: Kilian’s Historical Decomposition of Real Price of Oil Plot

bound as the discrete disturbance, we get 40 peaks, which is about every 10.2 month one big shock. This
approximately matches our 9.3 month frequency in mode sense. +0.29 and -0.29 bound is calculated
from +((+1—(—1))/7) = £0.29.

We use X; and X, to build corresponding impulse response function for each case. Figure 4.4 is
the IRF plot of continuous disturbance terms in our Mean plus Noise model by ignoring the discrete
error term over all time period, i.e. same disturbance in Kilian’s model and Figure 4.5 is the IRF plot
of discrete disturbance terms over all time period, i.e. at each time period, the oil shocks having both
frequent and infrequent shock factors.

¥;’s IRF is basically the same thing as Bayesian results of Kilian’s original model. And no wonder
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Table 4.3: Monte Carlo Experiment Estimates (Posterior Mean)

’ Parameters ‘ Estimated Results ‘ 95% Credible Interval ‘
Casel
(6,)mc 4.3045 (2.3346, 6.3487)
- —1.4361 —0.0587 0.1006
(®)pc 0.2341  0.9930 0.0299
—0.1505 —0.0079 0.9895
- 337.3448 24.2653 —15.5950
(Z1)mc 242653 24.2759 —3.4370
—15.5950 —3.4370 48.5735
e 145.69 1042 —68.0
(Z2)mc 1042 303 -7.3
-68.0 —-73 517
p 0.0618,can 0.0506,04e (0.0224, 0.1145)
Case II
(0v)mc 8.4251 (4.6504, 14.6052)
e —1.2300 —0.0020 —0.1515
(®)pc 0.0391  0.9204  0.0430
—0.0858 —0.0016 0.9863
e 389.1351 16.8761 —33.0577
(Z1)mc 16.8761  20.6361  8.0430
—33.0577 8.0430  50.1577
- 389.1351 16.8761 —33.0577
(Z2)mc 16.8761  191.6584  8.0430
—33.0577 8.0430  50.1577
p 0.0608,can 0.0481,04e (0.0294, 0.1049)
Case 111
(6v)mc 6.265 (3.157, 10.650)
e —1.2035 0.0450 —0.0476
(D) pc —0.1826 0.9586 0.0777
—0.0342 0.0093 0.9767
- 357.7975 27.2786 —10.8794
(Z1)mc 27.2786  23.7256  —2.1590
—10.8794 —2.1590 37.8577
e 357.7975 27.2786 —10.8794
(X2)mc 27.2786  23.7256  —2.1590
—10.8794 —2.1590 209.2842
b 0.0819,ean 0.0557 pode (0.0272, 0.1726)
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that plot is also consistent as our assumption that discrete innovation is only on oil specific-demand
shocks. Because only bottom 3 subplots have dramatic difference from the original model’s IRF. The
band width is about 4 times lager than X;’s, noticing that we change the y-axis scale in the X, s IRF plot.
However, the shocks forecast behaviors are very similar in these two IRF plots. Each of them has the
correspondingly same curve.

For Case III: After achieving consistently estimated parameters, we analyze them in this section.
We found that pyean = 0.066 and prode = 0.048. This means, by monthly frequency data, discrete oil
specific shocks occasionally occur every 1.7 years (by mode). And the other important parameter is
o, = 8.0. 8.0 means the discrete disturbance is about 8 times larger than the continuous shocks. As

you can see in Figure 4.3 (oil specific-demand shocks plot), if we count peaks beyond +0.11 and -0.11

Oil-Specific Demand Shock
1 T T T T T T

N, |

1 ! ! ! ! ! !
1975 1980 1985 1990 1995 2000 2005

Figure 4.3: Kilian’s Historical Decomposition of Real Price of Oil Plot

bound as the discrete disturbance, we get 21 peaks, which is about every 1.6 year one big shock. This
approximately matches our 1.7 year frequency in mode sense. +0.11 and -0.11 bound is calculated from
+((+1—-(-1))/9) = +0.11.

We use X; and X, to build corresponding impulse response function for each case. Figure 4.6 is
the IRF plot of continuous disturbance terms in our Mean plus Noise model by ignoring the discrete
error term over all time period, i.e. same disturbance in Kilian’s model and Figure 4.7 is the IRF plot
of discrete disturbance terms over all time period, i.e. at each time period, the oil shocks having both
frequent and infrequent shock factors.

¥1’s IRF is basically the same thing as Bayesian results of Kilian’s original model. And no wonder
that plot is also consistent as our assumption that discrete innovation is only on oil specific-demand
shocks. Because only bottom 3 subplots have dramatic difference from the original model’s IRF. The
band width is about 4 times lager than X ’s, noticing that we change the y-axis scale in the X,’s IRF plot.
However, the shocks forecast behaviors are very similar in these two IRF plots. Each of them has the

correspondingly same curve.
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Figure 4.4: Case II: MPN Model IRF of X with 95% and 68% Credible Intervals (Median in Middle)
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Figure 4.5: Case II: MPN Model IRF of ¥, with 95% and 68% Credible Intervals (Median in Middle)
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Figure 4.6: Case III: MPN Model IRF of ¥; with 95% and 68% Credible Intervals (Median in Middle)

Figure 4.7: Case III: MPN Model IRF of ¥, with 95% and 68% Credible Intervals (Median in Middle)
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CHAPTER b

Concluding Remarks

We propose MPNVAR model in structura and reduced VAR forms and apply them to the study of oil
shocks. We find that oil specific-demand shock is the biggest contributor to the oil price fluctuation, it
roughly occurs every 1.7 years. And the magnitude of this discrete shock is about 8 times of conventional
continuous shock. This conclusion matches the historical data in Kilian (2009).

The IRF results show a similar pattern to those of the conventional VAR model. In the future, we will
bring MPN model to other dynamic analysis models, trying to find a way get different shaped IRF from
the new model. And we are expecting to apply our MPNVAR model to other areas like monetary policy
analysis or so on.
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