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1. INTRODUCTION

The problems of estimating distribution and density functions are
important in statistical theory and its applications. For example,
the researcher interested in statistical control of items of mass
production has to derive estimates of relative frequencies on the basis
of sample data. 1In reliability there is interest in estimating tail
probabilities in a distribution belonging to a specified family. The
likelihood ratio is often used to partition the sample space in the
construction of decision rules; in discrimination procedures, for
example, it is sometimes necessary to estimate the likelihood ratio
and hence the resultant partition of the sample space.

When different distribution and density estimators are available
study is required to choose among them. A large part of this thesis is
devoted to studying the performance of minimum variance unbiased
estimators relative to maximum likelihood estimators. While the latter
do not possess optimal small sample properties they are, nevertheless,
widely used in practice even in small sample situations and it would
appear reasonable to compare newer competing estimators with them. Tt
is of interest to consider also general families of estimators that
depend on arbitrary constants and to choose the constants so as to
make the mean square error (or a weighted mean square error) small.

The objective of the study is to find at what regions of the relevant
parameter space one estimator is superior to the others.

If unbiasedness is considered to be an essential property, then

the minimum variance unbiased estimator would, of course, be preferred.
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For example, when separate estimates from independent small samples are
to be combined, bias in an estimator is an undesirable property; the
bias is likely to be in the same direction for every sample and the
product rule of biased estimators will exert strong cumulative effects
on the calculations. However, in some other estimation problems, it
might be appropriate to use biased estimators as well; a biased maximum
likelihood estimator with smaller variance can provide lower probability
of a large estimation error.

In Chapter 3 estimators of distribution functions for the uniform
and exponential (with location and scale parameters) distributions are
considered. In the uniform case the minimum variance unbiased and
maximum likelihood estimators are studied under various measures of
efficiency; the empirical distribution function is compared with the
minimum variance unbiased estimator. Tail probabilities and a family
of estimators are also considered and a coefficient of resemblance
of the competing distribution functions is computed.

In Chapter 4 the estimation of a normal probability density
function with known standard deviation is examined. The minimum vari.
ance unbiased and maximum likelihood estimators are considered; the
empirical distribution function is also compared with the minimum
variance unbiased distribution function estimator. A family of density
estimators is studied. The same measures of relative efficiency are
used as for the uniform distribution previously examined.

Finally, the thesis is concluded with a summary and suggestions

for further research.



2. REVIEW OF LITERATURE

Most of the research on distribution and density function
estimation that appears in the literature deals with the following
problem. Let zn = (Xl’ ceny Xn) be n independent observations on a
real-valued random variable X. The only knowledge of the distribution
of X is that its distribution function F is absolutely continuous.

F and, hence, the corresponding density function f, are otherwise
assumed to be completely unknown. By making use of the observation
§n’ the objective is to develop a procedure for estimating F(x), or
f(x), at each point x. This is usually called the nonparametric
distribution, or density, estimation problem.

A result of Rosenblatt (1956) showed that in this setting there
exists no unbiased estimator of the parent density function. As a
result the emphasis has since been on finding density estimators with
good large sample properties, such as consistency and asymptotic
normality. An expository review of efforts made in nonparametric
density estimation (Wegman, 1969) is commended to the reader's atten.
tion.

Some work relevant to this thesis appears in papers concerned with
estimating a distribution function F(x;6) at a point x on the real
line. Here, © is a parameter which varies over some index set Q, which
is usually a Borel subset of a Euclidean space. Most of the writers of
these papers consider particular families of distributions on the real
line such that 6 admits a complete and sufficient statistic T, say.

Their objective is then to find unique minimum variance unbiased
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estimators of F(x;0) for these particular families. Their approach is
to use the Rao-Blackwell_Lehmann-Scheffe’method of conditioning a simple
unbiased estimator of F(x:6) on a complete and sufficient statistic T,

Barton (1961) obtained the estimators for the binomial, the
Poisson and the normal (known standard deviation) density functions.
Pugh (1963) derived the estimator for the one-parameter exponential
distribution function. Tate (1959) using integral transform methods
and Laurent (1963) have considered the gamma and two-parameter exponen-
tial distribution functions. Folks et al. (1965) found the estimator
for the normal distribution function with known mean. Basu (1964) has
given a summary of all these methods., Sathe and Varde (1969) discussed
the estimation of the reliability function, 1-F(x;0), and they obtained,
again, most of the results mentioned above. Their method is to find a
statistic which is stochastically independent of the complete and
sufficient statistic and whose distribution can be easily obtained; the
unique minimum variance unbiased estimator is based on this distribu-
tion. Washio et al. (1956), also using integral transform theory,
studied the problem of estimating functions of the parameters in the
Koopman-Pitman family of densities. 1In an earlier paper Kolmogorov
(1950) derived an estimator of Pe[XeA] for the normal distribution with
known variance.

Fisher (1912) proposed the maximum likelihood procedure for
parametric density estimation. Robertson (1967) and Wegman (1970) have
studied maximum likelihood density estimation for the nonparametric
problem. 1In general, maximum iikelihood estimates for density

functions do not exist in this setting, but, if some appropriate



restriction is placed on the class of densities from which the

estimate may be selected, then a maximum likelihood estimate over the
restricted class may exist. The restriction considered in these papers
is that the estimates are measurable with respect to a g-lattice. A
o-lattice is a collection of subsets which is closed under countable
unions and intersections and contains both the whole set and the empty
set.

The problems of existence and uniqueness of an unbiased estimator
of a density function f£(x;6) have been solved_by Seheult (1969). 1In
the present notation, his theorems state that an unbiased estimator of
f(x;0) exists if and only if there exists an unbiased estimator of
F(x;8) that is absolutely continuous with respect to Lebesgue measure
on the real line; and if there exists a complete and sufficient
statistic T for the family, the unique unbiased estimator of the
density function f(x;@) based on T has minimum variance among all un-
biased estimators of £(x;6).

The research which is most closely related to the present work is
that of Zacks and Even (1966). They presented the results of a study
concerning the small sample relative efficiency of maximum likelihood
and minimum variance unbiased estimators of reliability functions of
one-unit systems; three regular cases of estimation were considered:
the Poisson, exponential with scale parameter, and normal with known
standard deviation. Two kinds of relative efficiency functions were
considered. The first one consisted of the ratio of the Cramer-Rao
lower bound of the variances of unbiased estimators to the mean square

error of the proposed estimators. The second was the closeness



relative efficiency function, which will be defined in Chapter 3 of
this thesis.

It is a fact of practice that the maximum likelihood estimators of
reliability functions are the most commonly used ones. The question
Zacks and Even raised was whether the maximum likelihood estimators of
reliability functions are better than other asymptotically normal
estimators, even in moderate size and small sample problems. One of
the objectives of their study was to find at what regions of the
relevant parameter space one estimator is superior to the other.

Zacks and Milton (1969) using numerical integration techniques
obtained the mean square errors of the maximum likelihood and minimum
variance unbiased estimators of tail probabilities for the normal

distribution with both parameters unknown.



3. COMPARISONS OF UNIFORM AND EXPONENTIAL
DISTRIBUTION FUNCTION ESTIMATORS

3.1 Introduction

The main purpose of this chapter is to study small sample relative
efficiency of maximum likelihood (ML) estimators with respect to
minimum variance unbiased (MVU) estimators of distribution functions.
The following classes of distributions on the real line are treated:
the uniform and exponential (with location and scale parameters)
distributions. The empirical distribution function, tail probabilities
and a general family of estimators are also considered in the uniform

case.

3.2 Relative Efficiency of the ML Estimator with Respect to
the MVU Estimator for the Uniform Distribution

Let X., «.., Xn be a random sample of size n (> 2) from a distri-

l)
bution having the probability density function

£(x;0) = (1/6) Lo, (x), ©6>0, (3.1)

where I(0 6)(X) is the indicator function of the set {x:0<x <6}, The
J

restriction n > 2 is merely a matter of uniformity of presentation.

The function to be estimated is the cumulative distribution function at

an arbitrary point x
F(x;8) = (x/6) Lo, + gy, €>0. (3.2)

3.2.1 Variance of the MVU Estimator

It is well known that the largest order statistic X is complete

(n)
and sufficient for this family. The MVU estimator of F(x;0) is denoted



by E(X;X(n)) and is given by (Seheult, 1969)

F"(x,-x(n)) = [(n-l)x/nx(n)]I y () + I (x) . (3.3)

0,X [x

(n) (n), )

The following figure illustrates the estimator in (3.3).

E(X;X )

(n)

(n-1)/n I~

(n)

Figure 3.1 The MVU estimator of F(x;6) in the uniform distribution

The unbiasedness of f(x;X(n)) is easily verified directly by integra-

tion. The second moment is computed as follows:

~ 2 2 2
BIFGsX ()17 = [O-Dx/n]"ELCL/X ()T g ¢ i y 1]

(n)

+ E[I (%) ] . (3.4)
Xy



For x E 0,
B[F(x;X, )% = 0 (3.5)
X (n) ° :
For x > 6,
B[F(x;x, )1% =1 . (3. 6)
> (n)

For 0 < x < 6, the first member of (3.4) is evaluated by using the

iterative property of expectations; thus,

2
E[(l/X(n)) Lo,x y 1]

> ()
2
= E(E[/x )T =) |1 ® 1)
@7 7O,X ) ©,% )
2
= E[(1/X, V|1 (x) =1].P,[1 (x) =1]
@’ R0, ) 0170, x )
= /(-2 10 (1/6H - "2/ehT . (3.7)
The second member of (3.4) is, for 0 < x < 6,
E[ I (x)] = x"/e" . (3.8)
[X(n)JW)
Therefore, equation (3.4) can be written as
0, x <0,

1, . x >0,

Thus, the variance of the MVU estimator is given by

~ 2 ‘n
var[F(esX )01 = (1/[n@-2 3 L/O7 - /971 o (. (3.10)
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This will be ﬁsed in section 3.2.3 to compute the relative efficiency
of the ML estimator with respect to the MVU estimator. The variance
of the MVU estimator is a function of the sample size n, and of the
ratio (x/€); it is of order O(l/nz). The variance function (3.10) is
plotted as a function of (x/@) for n = 3, 8 in Figure 3.2 with the MSE

of the ML estimator to be computed in the next section.

MSE
— MVU Estimator
a— — —MIL Estimator
0.07}-
0.06f 7/ \\
/ \
0.05F /
/ \ n=3
0.041
/ \
0.03F / \
/ \ n=
0.02}+ / \
/ -~
0.01 - =
/ - _ N
=z == ) | X (x/6)
0.00 0.25 0.50 0.75 1.00

Figure 3.2 Variance function of the MVU estimator and mean square
error of the ML estimator in the uniform distribution;

n=3,8
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3.2.2 Mean Square Error of the ML Estimator

It is easy to verify that the largest order statistic X is the

(n)

ML estimator of 6 in the uniform distribution (3.1). The ML estimator

of F(x,6) is denoted by ﬁ(x;X(n)) at a point x and is given by

F(x:X, .) = (x/X(n))I(O )(x) + I[X )(x) . (3.11)

(m)’®

@ X ()

The following figure illustrates this estimator (cf. Figure 3.1).

ﬁ(x;X )

(n)

(n)

Figure 3.3 The ML estimator of F(x;8) in the uniform distribution

The mean. of the ML estimator ﬁ(x;X(ﬁ)) is

0, X

In
o

E[ﬁ(x,—x(n))] = { [ox/(n-1)0] - [x"/(n-1)6"], 0 <x <8, (3.12)

v
®

1, X
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Thus, f(x;x(n)) is a biased estimator and its bias function Bn(x;Q) is

B (x;6)

]

E[F (23X 1)) ] - F(x;0)

[/ @-DIGE/® - /O] 1, 66 (3.13)

which is non-negative and of order 0(1/n).
Using the same technique as in section 3.2.1, the second moment of

the ML estimator ﬁ(x;X(n)) is evaluated and found to be

(
0, X E.O,
E[ﬁ(x;x(n))]z = { [nx?/(n-2) 8°] - [2x"/(0-2)8°], 0 <x < 8, (3.14)
1, x > 6.

Thus, from (3.12) and (3.14)

Var[F (x;X )] = {[nx?/ (n-2) (n-1) 2677 - [2x7/ (n-2) 6"

+ [2nxn+1/(n-1)29n+1]

2.2n

- [%%%/(n-1)28 i (3.15)

X
0,6 *
The MSE of the estimator is required in section 3.2.3 and is computed

by adding the square of the bias function to the variance; from (3.13)

and (3.15),

MSE[E(X;X(H))] = {[ZXZ/(nnl)(nEZ)ez]..[2xn/(n-2)9n]

+ [2xn+1/(n-1)6n+1]ﬁ I

) T0,8 @ - (3.16)

This is a function of the sample size and of the ratio (x/e); it is

of order O(l/nz). The MSE function (3.16) has been plotted as a func-

tion of (x/6) for n = 3, 8 in Figure 3.2, section 3.2.1.
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3.2.3 Relative Efficiency

Definition 3.1:

R.E. [F;F] = [Var(F)]/[MSE(F)] . (3.17)

That is, the relative efficiency of the ML estimator with respect to
the MVU estimator, denoted by R.E. [ﬁ;ﬁ], is defined as the ratio of
the variance of the MVU estimator to the mean square error of the ML
estimator.

In the uniform distribution, from (3.10) and (3.16)
R.E.[f;f] =

(1/Ia(r-D D 1-6/0" 1 ) o (0

([2/(0-1) (@-2)] - 25"/ (-2 7] + 2™/ (- 7701 o) @)

(3.18)

The relative efficiency function will be taken to be unity outside the
range (0,6). It is a function of the sample size and the ratio (x/0);
for n = 3, 8 and 16, the MVU estimator ﬁ(x;x(n)) is superior for (x/6)
less than 0.667, 0.857, and 0.926, respectively. This behavior of the
MVU estimator for x values near & (0 < x < 8) is related to the fact

that f(x;X(n)) has a jump of size (l/n) at x = X As the sample

(n)°
size increases R.E.[f;ﬁ] tends to one-half. The relative efficiency

function (3.18) is plotted as a function of (x/e) for n = 3, 8 and 16

in Figure 3.4.
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R.E.[F;F]
n=3
n=8
n=16

1.00}-

R ———

7 | | [} |
0.00 0.25 0.50 0.75 1.00 /9

Figure 3.4 Relative efficiency function of the ML estimator with
respect to the MVU estimator in the uniform distribution;
n =3, 8 16

3.2.4 The Empirical Distribution Function

This section considers the gain in information from the additional
assumption on the nature of the parent population. It is instructive to
compare the MVU estimator with the distribution-free empirical (sample)
distribution function Sn(x), where

n
5 (x) = (1/n) <= Lo X](Xi) . (3.19)
i=1 M :
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For each fixed x, Sn(x) is an unbiased estimator of F(x;6) in (3.2)

and since nSn(x) is a binomial random variable with parameters

[n,F(x;6)], then

var(s_ (0] = (1/m)[(x/6) - (x/e)Z]I(O’e) ) . (3. 20)

This variance function depends on the sample size and the ratio (x/€),

and it is of order 0(1/n). Var[Sn(x)] and Var[ﬁ(x;X(n))] are plotted

as functions of (x/6) for n = 3, 8 in Figure 3.5.

VAR.
MVU Estimator
.09 - — ===~ Empirical
-~ Distribution
.08 - P ~N Function

Figure 3.5

0.00 0.25 0.50 0.75 1.00 (x/8)

Variance functions of the empirical distribution function
and of the MVU estimator of F(x;6) in the uniform distribu-
tion; n = 3, 8
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The relative efficiency function R.E. fSﬁ;f] is computed from (3.10)

and (3.20) and is given by

. WD - /97T, ¢ @

R.E.[S_;F] = TG94 (3.21)

As in the preceding case, the relative efficiency function (3.21) will
be taken to be unity outside the range (0,8). It is a function of the
sample size and of the ratio (x/e); for every value of n and 0<x/6<1
it is less than unity and tends to zero as n increases. The relative

efficiency function (3.21) is plotted as a function of (x/e) for

n =3, 8 16 in Figure 3.6.
R.E.[S_;F]

1.00

0.75 n=

n=,

0.50 n=16

0.25

1 ] ] ]
0.00 0.25 0.50 0.75 1.00 (x/8)

Figure 3.6 Relative efficiency function of the empirical distribution
function with respect to the MVU estimator in the uniform
case; n = 3, 8, 16
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Under the sole assumption of absolute continuity of the distribution
function, Sn(x) is the MVU estimator of the parent distribution func-
tion; however, with the additional assumption that the sample is from

the uniform distribution (3.2), Sn(x) is an unbiased estimator and

F(x;X = E[S_(x) ]x(n)] (3.22)

(n))
is the MVU estimator of F(x;0). Thus, Figure 3.6 reflects in terms of
the variance functions the gain in information from the additional
assumption.

The previous results show that when the observations are taken
from a uniform distribution an empirical distribution function estimator
has a considerably larger variance than the MVU estimator.

3.2.5 Closeness Relative Efficiency of the MVU Estimator with Respeét
to the ML Estimator

The next measure of relative efficiency to be considered is based
on the notion of a closeness function of an estimator. A definition
introduced by Zacks and Even (1966) will be recalled and some of its
properties examined in detail.

Let X = (Xl, ceey Xn) be an observed vector of random variables
having a joint distribution F(§n;9). Let u(gn) be an estimator of a
parametric function g(©).

Definition 3.2: The closeness function of u(§n) to g(8 is the

probability function
y (e;0) = Pe{|u(§n)_g(e)] <e|g(®]}, 0<e<1. (3.23)

In words, this is the probability that the magnitude of the absolute



18
deviation of the estimator from the true value of g(6) will not exceed
a given proportion, €, of the magnitude of g(9).

Let ul(gn) and u2(§n) be two estimators of g(®) having closeness
. . 2),.. .
functions wn (e;6) and ¢n (e;0), respectively.

Definition 3.3: The estimator ul(gn) is more efficient than

uz(zn) ét 60 if

1509 > 1P es8y (3.24)

o)

Definition 3.4: If ¢§1)(e;e) zlwéz)(e;e) for all 6,

and if wél)(e;e) > wiz)(e;e) for at least one 6,

(3.25)

then uz(zn) is an inadmissible estimator in the sense of this closeness
criterion,

In order to apply these notions to the uniform distributien, the
closeness functions of the MVU estimator and ML estimator are computed
as follows, The closeness function of the MVU estimator is denoted by

¥ (e;8); for x <0 or x > 6, equations (3.2) and (3.3) imply that
n —_ - J
b (e50) =1 ; (3.26)

for 0 <x < §,

by (259 = Pol|[(-Dx/nX 1T 4 ¢ @ - (x/9) | < e (x/®))

(n)

Polln(l-e)/(n-1)8] < <1/X(n))1(o,x(n))(x)

< [n(l+e) /(n-1)€]} . (3.27)
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Since a probability function can be evaluated as the expected value of

a conditional probability function, equation (3.27) is written as

i

4,(6:9) = E Bl[n(l-0)/(a-D8] < (/X )T (0 o )&

< [n(l+e)/(n-1)8]]|1 (%)}
= / 10,%)

Pe{ [n(l-¢)/(n-1)8] < 1/X(n)
< [n(l+e)/(n-1) e]]x(o % ))(x) =1}
2 (n

. P{1

o' L0 )(x) =1} . (3.28)

X n)
To simplify the writing, the proportionality factor ¢ is chosen large
. enough [e > (1/n)] so that

: 8 < [(n-1)8/n(l-e)] . (3.29)

Evaluating the closeness function (3.28) for different values of x,

from (3.26) and (3.29),
(1. [(n-1) /n(1+€) 1", 0 <x<[(n-1) 8/n(l+e) 1,
g (e38) = {1 [x/0]", [ (n-1)8/n(1l+e)] <x <8, (3. 30)

1, x<0 or x>6.

\

Thus, the closeness function of the MVU estimator is a functien of the
sample size, the ratio (x/e) and the proportionality factor e which is
chosen greater than or equal to (1/n) for simplicity; it tends to unity

for all x as n increases.
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Similarly, the closeness function of the ML estimator, denoted by

@n(e;e), is found to be

)
1 - [1/(1+e) 1", 0 <x < 8/(l+e),

b (658 = {1 - [x/8]7, 8/ (l+e) <x < 8, (3.31)
\l, x <0 or x > 6.

This is also a function of the sample size, the ratio (X/S) and the
proportionality factor (0 < € < 1); it tends to unity for every x as
n increases.

The notion of closeness relative efficiency of the MVU estimator
with respect to the ML estimator, deneted by C.R.E. [f;ﬁ], is intro-
duced by the following definition.

Definition 3.5:

C.R.E[F;F) = [V (0 1/0% (597 . (3.32)

That is, the closeness relative efficiency of the MVU estimator with

respect to the ML estimator is defined as the ratio of their closeness

functions. Thus, from (3.30) and (3.31)

(

(1-[(n-1) /n(1+€) 17} /{1-[1/(1+e) 1"}, 0<x<[(n-1)8/n(1+e)],
C.R.E. [f;ﬁ] = { (1-[x/01"}/{1-[1/(1+e) 1"}, [ (n-1) 8/n(1+e) ] <x <[/ (1+e) ],

1, x<0 or xi[e/(l+e)].,

(3.33)

This function depends on the sample size, the ratio (x/8) and the

proportionality factor e [e.E (l/n) for simplicity]. It is greater
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than one for 0 < x < [9/(1+e)] and unity elsewhere; it tends to unity
for all x as the sample size increases [e > (1/n) 1.

On the basis of the closeness criterion, for the range
0 <x < [6/(l+e)], the MVU estimator is a more efficient estimator of
F(x;8) than the ML estimator which is therefore inadmissible by
Definition 3.4; for the rest of the range, these estimators are
equivalent. - A weaker conclusion was reached at the end of section

3.2.3 where the relative efficiency function was the criterion of

comparison.,

The closeness relative efficiency function (3.33) is plotted as a
function of (x/e) for arbitrary values of n and ¢fe > (1/n)] in

Figure 3.7.

C.R.E.

1.00+
11,00 ‘\\\\\\

0 o1 1 1.0 /9
| T+ iTe -00

Figure 3.7 Closeness relative efficiency function in the uniform
distribution; arbitrary values of n and € [e¢ > (1/n)]
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For 0 < ¢ < (1/n) the functional forms of (3.30) and (3.33)
change but it is easy to verify that the closeness relative efficiency
function is greater than one for 0 < x < © and tends to unity as the

sample size increases.

3.2.6 Tail Probabilities

In the preceding sections properties of the MVU estimator and ML
estimator have been considered which are functions of the parent
distribution. The approach in this section is different in that it
simply considers how much the estimators differ for various sample
sizes. The point here is to see how large n must be before the two
estimators can be considered to be essentially the same.

Forn > 2 and 0 < p <1, the smallest root of the equation

F(X;X(n)) =p (3.34)
is

g = oX ° 3-35

& = P Xy (3.35)
In order to compare the estimators f(x;X(n)) and ﬁ(x;x(n)) it is
appropriate to evaluate the probability

F(gp,;x(n)) = o, (3.36)

0 <ac< [(n_l)/n], and to compute the ratio of probabilities (Q/p) for
fixed p(0 < p < 1) and different values of sample sizes. This ratio is
used as a coefficient of resemblance of the estimating distribution

functions and is denoted by C.R.[n;p].



The following figure illustrates

of C.R.[n;p].

F(X;X(n))

Figufe 3.8 Computation of the coefficient of resemblance in the

uniform distribution
From (3.3), (3.35) and (3.36), it
o = [(n-1)/nlp .

Thus, the coefficient of resemblance is

23

the two steps in the computation

F(X;X(n))

1
(n-l)/n —

follows that

given by

C.R.[n;p] = [(n-1)/n], O0<p<1,

Values of the coefficient of resemblance (3.38) are given in Table 3.1

for various sample sizes.

(n)

(3.37)

(3.38)
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Table 3.1 Values of the coefficient of resemblance in the uniform
case, 0 <p <1

n C.R.[n;p]
3 0.666
4 0.750

5 0.800
10 0.900
20 0.950
30 0.966

It takes a large number of observations before one can consider
the estimating distribution functions as being approximately equivalent.
The discrepancy is due to the facts that the ML estimator is positively

biased and that the MVU estimator has a jump of size (l/n) at x = X(n)'

3.2,7 Families of Estimators

Having studied small sample behavior of ML and MVU estimators it
seems desirable to see if one can improve in performance by considering
general families of estimators which contain the previous ones as
special cases and select from these families a particular member which
is best according to minimum mean square error criterion.

The first such family consists of those estimators of the uniform
distribution function that have an arbitrary jump of size 1-b at

X = X(n):
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Fb(x;X(n)) = (bx/X(n))I(O)X(nf(x)+I[X ) (x), 0<b<1,

(n)’
(3.39)

This class of estimators includes the ML estimator ﬁ = F1 and the

MVU estimator F = F(n-l)/n .
The mean square error of Fb(x;X(n)) is directly computed and is

given by
MSE[F, (3K )] = (x/®)*[nb%/ (n-2) - 20b/(n-1) +1]

+ (x/8)"[1-nb%/(n-2)]

+ (x/8) " [20b/(n-1) ~2], 0 <x <. (3.40)
Choosing
b = (n-2)/(n-1) _ (3.41)

minimizes the coefficient of the dominant term (x/e)2 in (3.40); a
consideration of the other terms is less important as the sample size
increases,

"It is interesting and instructive to compare this new estimator
F with the MVU estimator previously studied. This result

(n-2)/(n-1) P 4 ’

as will soon become apparent, strengthens the case for using the MVU
estimator.

The mean square error of F and the variance of the MVU

d (n-2)/(n-1)

estimator F are plotted as functions of (x/6) for n = 3, 8 in Figure

3.9,
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MSE
" @2/ (n-1)
0.09 /’~\\ MVU Estimator
\
0.08 [~ /
, \
/ \
0.07 | / \
/ \\
0.06 | /

n=

0.05
0.04
0.03

n=

0.02

0.01

- (x/6)

Figure 3.9 Variance of the MVU estimator and mean square error of
F(n_z)/(n_l) in the uniform distribution; n = 3, 8

The relative efficiency of F(n_Z)/(n_l) with respect to the MVU

estimator F is given by:

2 n-2
(n“'l) [1"(Xée) ] s O<x'<9 .
n(n-2) [1+(x/8) " - 2(x/8) "]

RETF 2y /(n1ys FI=

(3.42)

This function will be taken to be unity outside (0, 8. It is plotted

as a function of (x/8) for n = 3, 8, 16 in Figure 3.10.
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R. E.

1.33

n=16
1.00

n=8

=3

0.00 . (x/9)

Figure 3.10 Relative efficiency function of F with respect
g y 2)/ (n-1) P

(n-
to the MVU estimator in the uniform distribution; n = 3,
8, 16

For n = 3, the MVU estimator is preferred if 0.166 < (x/6) < 1.00;
for n = 8, 16, and 24, F(n-Z)/(n_l) is slightly more efficient if (x/8)
is positive and less than 0.527, 0.705 and 0.780, respectively. From
these results and Figure 3,10 it appears that the MVU estimator should

be used in practice., While the range over which F is

(n-2) /(n-1)
superior increases, the degree of superiority is very small and
decreases as the sample size increases. Even for n moderately small

the estimators can be taken to be equivalent since the relative

efficiency function (3.42) tends to unity very rapidly.
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It is of interest to consider larger classes of distribution
function estimators by introducing more constants. The first such

family consists of statistics of the form

(
0, x <0,
Fa,b (x;x(n)) = 4 bx/X(n), 0 <x < (x(n)/a), (3.43)
\ 1, (X(n)/a) < x,

where a and b (0 < b < a < 1) are arbitrary positive real numbers
less than unity which can be chosen so as to give the estimator optimal
properties. The restriction b < a ensures that the estimator (3.43) is

everywhere smaller than or equal to unity; when a = b, F (x X

(n)’

belongs to the subfamily of continuous estimators.

Moments of the statistic Fa’b(x;X(n)) are directly computed. The
mean square error MSE [Fa,b(X;X(n))]’ abbreviated MSE, is given by the
following expressions; its functional form changes depending on x.

For 0 <x < 9,
MSE = (x/8)2[nb?/(n-2) - 2ab/(n-1) + 1]
+ (X/e)n[an B n_2 2/( 2)]

Pl ona™ /a1y - 2a™]; (3.44)

+ (x/6)
for 8 < x < (§/a),
MSE = 1 - (x/6)[2nb/(n-1)] + (x/@)z[nbz/(n-Z)]

+ (x/9" 202" b/ (n-1) - & - na™2 b2/(n.2)7 . (3.45)
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Note that the coefficient (X/Q)2 in (3.44) depends on b and n only
and the same is true for the coefficient of (x/6) in (3.45).
To make the MSE in (3.44) small one might consider choosing b so

as to minimize the coefficient of (X/Q)Z; this is done by selecting
b = (n-2)/(n-1) . (3.46)

To minimize the coefficient of (x/e) in (3.45) a reasonable choice

is again
b = (n-2)/(n-1) . (3.47)
Moreover, choosing
a =b = (n-2)/(n-1) (3.48)

will make the estimator continuous.

A different class of estimators consists of those of the form

.
0, x <0,

Fa’b(x;X(n)) = ¢ bx/X(n) 5 0 <x < (X(n)/a), (3.49)
1, (X(n) /a) <x,

where a and b (0 <b < a, a > 1) are arbitrary positive constants; a
is greater than or equal to unity in this case.
For 0 < x < (S/a), the mean square error of Fa b(X;X(n)) is given
J?

by (3.44); for (8/a) <x <¥§,

MSE = [1 - (x/8)7° . (350 )
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This function is constant in b and n and depends on a only
through its range. It is zero if a is taken to be unity.

Thus, choosing the constants
a=1, b= (n.2)/(n-1) (3.51)

will make the mean square error small. The relative efficiency of
F with respect to the MVU estimator F is given in (3.42
1, (n-2)/(n-1) P g ( )

and is plotted in Figure 3.10.

3.2.8 Summary

As seen in previous sections the MVU estimator of the uniform
distribution function is superior to the ML estimator for most of the
values of x and 6; for x values near 8 only (0 < x < 6) the ML
estimator is more efficient.

On the basis of the closeness relative efficiency criterion the
MVU estimator is preferable over most of the range and is, otherwise,
equivalent to the ML estimator. Also when the empirical distribution
function is compared with the unbiased estimator based on the complete
and sufficient statistic it is evident that the gain in information
from the additional assumption on the nature of the parent population
is quite important.

Finally, the case for the MVU estimator has been strengthened by
consideration of general families of estimators. It has been found
that the MVU estimator is superior over most of the range in small
sample situations and that other estimators are not appreciably more
efficient; in any case these statistics become equivalent to the MVU

estimator very quickly as the sample size increases.
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3.3 Relative Efficiency of the ML Estimator with Respggt_
to the MVU Estimator in the Exponential Distributions
with Location and Scale Parameters

The purpose of this section is to study the relative efficiency of
the maximum likelihood estimator with respect to the minimum variance
unbiased estimator in the exponential distributions with location and
scale parameters.

Results for the exponential distribution with location parameter
can be immediately obtained from the corresponding results (section
3.2) on the uniform family by making use of the following transforma-
tion:

If X is uniformly distributed on the interval (0, 8), then

Il

Y = - In(X) has the exponential distribution with location parameter

T =~ 1n (8), where In (u) is the natural logarithm of the positive

real number u.

Some of the results on the exponential distribution with scale
parameter have been derived by Zacks and Even (1966) and are repeated
here to allow an easy comparison with the location parameter case.

3.3.1 Variance and Mean Square Error in the Exponential Distribution
with Location Parameter

Let Xy, ..., X be n (> 2) independent and identically distributed

random variables with common density function
£(x;0) = {exp [-(x-0)]} I ® , (3.52)
(e;°°>

where € (-0 < 6 < x) is a location parameter. The cumulative distribu-

tion function F(x;8) at an arbitrary point x is to be estimated, where

F(x;0) = {1-exp[-(x-9)7} I(e oo)(x) . (3.53)
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It is well known that the first order statistic X(l) is a
sufficient and complete statistic for this family. The MVU estimator

of F(x;0), denoted by ﬁ(x;X(l)), is given by (Seheult, 1969)

=) . (3.54)

FGX ) = (1= [(a-1)/n] exp[-(x-X )]} 1

(1) (X(l)ﬂ”)

From the result (3.10) on the uniform distribution, it follows

that
Var[f(x;x(l))] = [1/n(n-2) ]{exp[-2(x-8) ] - exp[-n(x-6) 1} L (6,0 (x).
(3.55)

This is of order O(l/nz); it is plotted as a function of (x-8) for

n =4, 8 in Figure 3.11 with the mean square error of the ML estimator.

MSE
0.05 ¢

0.04 77N

o == ML Estimator

MVU Estimator
0.03

0.02

0.01

(x-6)

Figure 3.11 Variance function of the MVU estimator and mean square
error of the ML estimator in the exponential distribution
with location parameter 6; n = 4, 8
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The first order statistic X(l) is also the ML estimator of O in
the exponential distribution (3.52). The ML estimator of F(x;§) is

denoted by f(x;X ) at a point x and is

(D

ﬁ(x;X(l)) = {l.uexp[-(x-X(l))]} I( (x) . (3.56)

Yy
The MSE of this statistic can be obtained from (3.16); in fact,
MSE[F (x3X ;)] = ([2/(n-1) (n-2) Jexp[ -2 (x-9) ]
- [2/(n-2) Jexp[-n (x-6) ]

+ [2/(n-1) Jexp[ - (n+1) (x-6) ]} 1(9 ) (x) . (3.57)

It is also of order 0(1/n2) and has been plotted in Figure 3.11.

3.3.2 Variance and Mean Square Error in the Exponential Distribution
with Scale Parameter

Let X . Xn be n (> 2) independent and identically distributed

1?

random variables with common density function
£(x;0) = ((1/9 expl-G/9]) Ty o @), (3.58)
2
where 6 (8 > 0) is a scale parameter. The function
FG;8) = (1 - exp[-(x/O]) Ipy o () (3.59)
,co

is to be estimated,

n
It is known that X Xi is a complete and sufficient statistic for
i=1

the exponential distribution (3.58). The MVU estimator of F(x;0) is

given by (Pugh, 1963)
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n n o1
Fes 2X) = (1-[1-(/ 2X)17) 1 ®
i=1 i=1 ©, © Xi)
i=1
+I (x) . (3.60)
[.E Xi,oo)
i=1
n
On the other hand the sample mean (1/n) &£ Xi is the ML estimator
i=1

of 6 in the distribution (3.58) and therefore, the ML estimator of

F(x,0) is

n n
F(x;iflxi) = £1-exp[-(nx/izlxi)]} Tro,w @ - (3. 61)

Computations of moments of these estimators require in particular

tables of the exponential integral

O
Bi(-x) = - [ ot e du , (3. 62)
X
and tables of the modified Bessel functions; they are carried out in
detail in Pugh (1963), and in Zacks and Even (1966). To allow for a

comparison with the preceding case the graphs alone are reproduced from

Zacks and Even (p. 1039).
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MSE
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MVU Estimator

#—~——— ML Estimator
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Figure 3.12 Variance of the MVU estimator and mean square error of the
ML estimator in the exponential distribution with scale
parameter 8; n = 4, 8
3.3.3 Discussion
The relative efficiency function R.E.[ﬁ;ﬁ] of the ML estimator
with respect to the MVU estimator has been defined in section 3.2.3 as
the ratio of the variance of the MVU estimator to the mean square error
of the ML estimator.
In the exponential case with location parameter it can be argued
from (3.55), (3.57) that for n = 4 and 8, R.En[f;f] is less than unity
for (x-6) greater than 0.305 and 0.154, respectively; it tends to one-

half as the sample size increases. Therefore, the MVU estimator is
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more efficient as an estimator of F(x;6) in (3.53); this is not true,
however, for x values near 8.

In the exponential case with scale parameter, the ML estimator is
to be preferred if 0.497 < (x/6) < 3.769 (n=4) and if 0.475 < (x/6) <
3.678 (n=8); the MVU estimator is better, otherwise. The region where
the ML estimator is more efficient is slowly contracting as the sample
size increases.

Thus, under the relative efficiency criterion the ML estimator is
preferred for estimating lower tails in the location parameter case
whereas the MVU estimator is more efficient for lower and upper tails

of the exponential distribution with scale parameter.
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4. COMPARISONS OF NORMAL DENSITY AND
DISTRIBUTION FUNCTION ESTIMATORS

4.1 Introduction

The main purpose of this chapter is to study small sample relative
efficiency of ML estimators with respect to MVU estimators of normal
density and distribution functions. The normal distribution with un-
known mean and unit standard deviation is considered. The measures of
efficiency introduced in Chapter 3 are used here also.

4.2 Relative Efficiency of the ML Estimator
with Respect to the MVU Estimator

Let X eeoy, X be a random sample of size n (> 2) from a distribu-
1° > Ay p z

tion having the probability density function
1/2 2
£x;8) = [1/20 172 expl-(x-9%/2] (4.1)

where 6 (-~o < 6 < w) denotes the unknown mean of the distribution, and
x € R is any real number; for simplicity the known standard deviation
is chosen to be unity. This section considers estimating the density
function (4.1) and the corresponding distribution function F(x;8) at an

arbitrary point x.

4.2.1 Variance of the MVU Estimator

As is well known the sample mean X is a complete and sufficient
statistic for this family, and its distribution law is normal with mean
® and variance (1/n). The MVU estimator of f(x;0) is denoted by f(x;i)

and is given by Seheult (1969)

f(x;i) = [n/2‘|'r(n-1)]1/2 exp[-n(x-i)z/Z(n_l)], x €R. (4.2)
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That is, the MVU estimator of a normal density with mean & and unit
variance is itself a normal density with mean X and variance [(n-l)/n].
By direct integration it is easy to verify that f(x;i) is an un-

biased estimator of f(x;6), x € R; its second moment is found to be
EEG;0 12 = [n/2m02-1) 2] explonx-92/(n41)], x € R . (4.3)
Thus,
var[£(x;2)] = (1/2m) exp[-(x-8)>1([n/ (n~1) 1/21
cexp[ (x-8)2/(n+1)]-1}, =x € R . (4.4

The variance function (4.4) depends on the sample size and the
quadratic function (x_S)Z; it is symmetric about x = & and is of

order O(l/n)° It will be used in section 4.2.3 to compute the relative
efficiency function. The variance of the MVU estimator is plotted as a
function of (x-8) for n = 2, 6 in Figure 4.1 with the mean square error

of the ML estimator to be computed in the next section.

4.2.2 Mean Square Error of the ML Estimator

It is well known that the sample mean X is the ML estimator of ©
in the normal distribution having density function (4.1). The ML

estimator of f(x;0) at a point x is denoted by E(x;i) and is given by
A= 1/2 =2
£x;%) = [1/(2m ] / exp[ = (x-X) /2], x € R . (4.5)

That is, the ML estimator of a normal density with mean € and unit

variance is itself a normal density with mean X and variance one.
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MVU Estimator

= =-—= ML Estimator

N (%~ )

Figure 4.1 Variance function of the MVU estimator and mean square
error of the ML estimator in the normal distribution with
unit standard deviation; n = 2, 6

The first moment of the ML estimator is given by

B[E(x;0 ] = (0/[2n+) 1) Y2 explo[nx-82/2(+1)]), x ¢ R .
(4. 6)

Thus, the ML estimator is biased and its bias function is

E[£(x;0)] - £(x;8)

Bn(x; 2)]

[1/<2n>Jl/zexp[-<x-e>2/21{[n/<n+1>]l/2

-exp[(x_e)z/Z(n+l)]- 1} (4.7)
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®

which is non-negative everywhere and of order 0(1/n). The second

moment is found to be

BEG;0 12 = (/20 100/(042) 172 explonx-82/ms2)], x ¢ R .

(4.8)
Therefore, from (4.6) and (4.8),
Var[£x;0) ] = [1/(2m Jexpl - (x-) 21([n/ (nt2) ]/ 2
exp[Z(x_e)z/(n+2)]
- [n/(n+1)]exp[(xme)z/(n+l)]} , X € R. 4.9)

The mean square error of the ML estimator is deduced from (4.7) and
(4.9) and is
MSE[£ (x;%)] = [1/(2m Jexp[- (x-8) 21([n/(n+2) 1+/2
. exp[2(x-8)/(0+2) ]
+ 1-2[n/(nt1)]Y2 exp[ (x-8)2/2(n+1)]), x € R .
(4. 10)

It is a function of the sample size and the quadratic function (x_e)z,
1s symmetric about x = 6, and of order 0(1/n). The mean square error
of the ML estimator has been plotted as a function of (x-8) for n = 2, 6

in Figure 4.1.

4.2.3 Relative Efficiency

The notion of relative efficiency introduced in section 3.2.3 can

. also be used in connection with density estimation.
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Definition 4.1:

R.E.[£;£] = var(f) / MSE(E). (4.11)

That is, the relative efficiency of the ML estimator with respect to
the MVU estimator of a density function f(x;6) is defined as the ratio
of the variance of the MVU estimator to the mean square error of the
ML estimator.

Thus, in the normal distribution (unit standard deviation), from

(4.4) and (4.10),
R.E.[£;£] =

[/ (0221 Y expl (-9 %/ (a41) ] -1 ’
[n/ (n+2) 1"/ 2expl 2 (x-8) 2/ (n42) 1+1-2[n/ (n+1) 1/ Zexp[ (x-8) >/2 (n+D) ]

Xx € R . (4.12)

This relative efficiency function depends on the sample size and the
quadratic function (x-e)zg its graph is symmetric about x = 8. The

following table gives the regions of the parameter space where it is
greater than unity for selected values of n. Outside these intervals

Table 4.1 Ranges of the function ]x_el for which the ML estimator is
superior to the MVU estimator; n = 2, 6, 12, 20

n Range
2 0 < |x-8] < 2.103
6 0 < |x-8] < 1.794
12 0.206 < |x-8| < 1.723

20 0.236 < |x-8| < 1.695
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the function is less than unity. As the number of observations
increases it can be verified that the function (4.12) tends to unity
for all x-8 # 0, but it tends to two-thirds at x-8 = 0. Therefore,
on the basis of the relative efficiency criterion the ML estimator is
superior to the MVU estimator for the ranges given in Table 4.1,

A similar conclusion was also reached in Zacks and Even (1966)
when estimating the reliability function, 1 - F(x;9).

The relative efficiency function (4.12) is plotted as a function
of (x-6) forn =2, 6, 12 in Figure 4.2,

4.2.4 Closeness Relative Efficiency of the MVU Estimator with Respect
to the ML Estimator

This section contains derivations of closeness functions of the
MVU estimator and ML estimator, and of the closeness relative efficiency
function in the case of a normal density with unit standard deviation.
These notions have been defined in section 3.2.5 of the previous

chapter.

The closeness function of the MVU estimator is denoted by

En(e;e), 0 <e <1, and is computed as follows:
~ 1/2 = 2
Y (€50 = Pe[|[n/2ﬂ(n_1)] exp[-n(x-X) “/2(n-1) ]

- [1/(2ro]1/2 exp[~(X-9)2/2]|

< e-[1/ (212 expl-(x-8%/21) , xeR. (4.13)

This equation can be written after some manipulations as
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R.E,

(x-6)

Figure 4.2 Relative efficiency function of the ML estimator with
respect to the MVU estimator of the normal density function
with unit standard deviation; n = 2, 6, 12

1a(e30) = Pl (-1 (x-8) - 2(a-D In([(1-1) /a] 72 (148)} < n(Re)

< (n-1) x-0)% - 2(n-1) In([ (-1 /a1 (1))}, x e R .

(4.14)
Thersample mean X has a normal distribution with mean © and variance

(l/n); therefore, the statistic n(i_(.x)2 is distributed as a non.central
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’ chi-square variate with one degree of freedom and noncentrality

parameter (Graybill, 1961)
2
A = n(x-0) /2 . (4.15)

Thus, equation (4.14) can be evaluated with tables of a noncentral
chi-square variate with one degree of freedom and noncentrality

parameter A given by (4.15).
The closeness function of the ML estimator denoted by

¢n(e;6), 0 <e <1, is computed in a similar way and is given by
b (e50) = Py{n(x-8)° - 2nln(L+e)
> 2 2
<nX-x)” < n(x-8 " -2nln(l-¢)} , x e R, (4.16)

. which is also evaluated by means of tables of a noncentral chi-square

variate with one degree of freedom and noncentrality parameter A given

by (4.15).
The closeness relative efficiency function has been defined as the

ratio of the closeness functions. Thus, from (4.14) and (4.16),
von 2 1/2
C.R.E.[£;£f] = Pe{(n_l) (x-6) " - 2(n-1) In{[ (n-1) /n] ™/ “(1+¢) )}

< nX-%)2<(n-1) (x-9)2-2(n-1) 1n([ (0-1) /0] ¥ 2 (1-¢) )}

Pe{n(x_e)z_ann(1+e)E n(iux)zfp(x_e)z_ann(lme)}
x € R, 4.17)

This function depends on the sample size, the quadratic function

(x-e)2 and the proportionality factor €. For a given e(0 < e <1), the
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ML estimator is superior to the MVU estimator if x satisfies
21n(l-€) - (n-1)1n[ (n-1) /n] < (x-6)% < 21n(1+€)
- (n-1)1n[ (n-1) /n] . (4.18)

Some numerical values of this expression are given in Table 4.2 for
different sample sizes and proportionality factors,
Table 4.2 Ranges of the quadratic function (X.S)2 for which the ML

estimator is superior to the MVU estimator; e¢ = 0,25, 0.50,
0.75; n =2, 6, 12

n=2 n==o n =12
e =0.25 (0.117, 1.139) (0.336, 1.358) (0.381, 1.403)
€ = 0,50 [ 0, 1.503) [ 0, 1.722) [ 0, 1.767)
e =0,75 [ 0, 1.813) [ 0, 2.032) [ 0, 2,077

Moreover, a conjecture that the ML estimator is more efficient in
most cases can be based on a comparison of the lower limits of integra-
tion in equations (4.14) and (4.16). The lower limit of integration in

(4.16) is smaller than the lower limit in (4.14) if

(x_e)2 < 2In(l+€) - (n-1)1n[(n-1)/n] . (4.19)
An approximation of this inequality is, for large n,

(x-8)2 < 1 + 2In(l+e) . (4.20)

A similar comparison of the upper limits of integration is less rele-

vant since the amount of probability mass involved is smaller.
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In some cases a final decision about the choice of the estimator
can be made only by using tables of a noncentral chi-square distribu-
tion with one degree of freedom and noncentrality parameter A given
by (4.15). However, as the number of observations increases, the
closeness relative efficiency function (4.17) tends to unity over its
entire range and then one can use either one of these estimators of

the normal density (4.1).

4,2.5 Tail Probabilities

The interesting feature of the approach here is that it considers
the variability in the estimators themselves for various sample sizes.
Let ﬁ(x;i) and ﬁ(x;i) be the cumulative distribution functions at
¥ corresponding to the density estimators f(x;i) and f(x;i),
respectively. Also, let &(u) denote the standard normal integral at
U (-0 <u <o), and Q_l(v) be the vth quantile (0 < v < 1) of the
standard normal distribution.

Forn > 2 and 0 <p <1, the smallest root of the equation

ﬁ(x;}_{) (4.21)

il
eo]

is
E =X+ 8 p) . (4.22)

As has been done before to compare the estimators f(x;i) and F(x;i)

it is instructive to evaluate the probability

F(E :X) =o, (4.23)
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[0 < o <1], and to compute the ratio of probabilities (o/p) for
various sample sizes. This ratio has been used in the preceding
chapter as a coefficient of resemblance of the estimating distribu-
tion functions; it is denoted by C.R.[n;p]. From equations (4.2),

(4.22) and (4.23), it follows that
o= 8([n/(-1172 57 () . (4.28)

Thus, the coefficient of resemblance is given by

-1

C.R.[m;p] = (1/p)&([n/@-1)]2 51y} | 4.25)

Numerical values of the coefficient of resemblance (4.25) are
given in Table 4.3 for various values of p and n. For small p the
distribution functions can be taken to be approximately equivalent only
when n is large. When p is large, however, the coefficient of re-
semblance is very close to unity even in small sample situations.

Table 4.3 Values of the coefficient of resemblance in the normal
distribution (known standard deviation); p = 0.01, 0.05,

0.95, 0.99
n C.R.[n;0.01] C.R.[n;0.05] C.R.[n;0.95] C.R.[n;0.99]
2 0.050 0.200 1.042 1.010
3 0.220 0.440 1.029 1.008
4 0.370 0.578 1.022 1.006
10 0.700 0.830 1.009 1.003
20 0.855 0.918 1.004 1.001

30 0.910 0.950 1.003 1.001
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4.2.6 The Empirical Distribution Function

This section considers the gain in information from the additional
assumption on the nature of the parent population.
It is known (Zacks and Even, p. 1042) that the variance of the

MVU estimator f(x;i) at a point x is given by
Var[f ;0] = e[ (x-0), (x-0); (I/n)] - ¥ (x-9), (4. 26)

where @[ul,uz;p] denotes the standard bivariate normal integral at
the limits u; and u, (-0 < ug, uy < o) and a coefficient of correlation
p (-1 < p <1), and ¥(u) is as before the standard normal integral at
U (e0 € u<w.
On the other hand the variance of the empirical distribution

function

n
8 (x) = (1/n) iil I(um,X] X, (4.27)
is given by
var[s_(0] = (1/n)[#(x-8) - & (x-8)] . (4.28)

Expressions (4.26) and (4.28) are both of order O(l/n) and are
- plotted as functions of (x-~6) for m = 2, 5 in Figure 4.3. Calculations
are based on the values of the tails of the bivariate standard normal

distribution; tables of the National Bureau of Standards are used.
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Var

MVU Estimator

———— Empirical

Distribution
Function

n=2

n=>5

(x-6)

Figure 4.3 Variance functions of the empirical distribution function
and of the MVU estimator in the normal distribution with
unit standard deviation; n =2, 5

The relative efficiency function R.E.[Sn; ﬁ] is computed from

(4.26) and (4.28); it is:

R.E.[S_; F] = §[(X-e),(X.—e);(1én)]_¢>2(x.e)
(1/n) [8(x-6) - 8 (x-9)]

X € R, (4.29)

This is a (symmetric) function of (x-6) and of the sample size; it is
everywhere less than unity. By expanding the bivariate normal distri-
bution function in powers of the coefficient of correlation (1/n), it

is easy to verify that R.E.[Sngﬁ] tends to

[p(x-8) 12/[ 8(x-6) - 8% (x-8) ] (4.30)

as n increases, where @(t) is the standard normal density at t. The
relative efficiency function (4.29) is plotted as a function of (x-9)

for n =2, 5, 10 in Figure 4.4.
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R. E,

n=

n=

n=10

= (x-6)

Figure 4.4 Relative efficiency of the empirical distribution function
with respect to the MVU estimator in the normal case with

unit standard deviation; n =2, 5, 10

Sn(x) in (4.27) is the MVU estimator of the parent distribution

function under the assumption that it is absolutely continuous, whereas
F(x;%) = E[S_(x) |X] (4.31)

is the MVU estimator of F(x;6) under the additional assumption that the
observations are taken from the normal population (4.1). Therefore,
Figure 4.4 illustrates the gain in information in terms of the variance
functions due to using the further assumption of normality.

From the foregoing results it is clear that when the sample comes

from a normal population with known standard deviation, an empirical

k3
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distribution function estimator has a much larger variance than the

MVU estimator.

4.2,7 A Family of Estimators

For estimating the normal density function (4.1) this section

considers general estimators of the form
= 1 =2
fc(x;X) = [1/2ﬂc2] /2 exp[ - (x-X) /2c2], X € R, (4.32)

where ¢ is an arbitrary positive constant. The ML estimator f = f1 and

the MVU estimator f = f[(n_l)/n]l/z belong to this class of estimators.

By direct integration it is easy to verify that
MSE[f_(x;X)] = (1/2m) exp[-(x-6)°]
+ [ Y2 2me(nc242) V2] explon(x-©)2/(nc?+2)]
- L@ M /by M
cexp(-(1/2) (x-8) 2[14n/(nc2+1)]}, x € R, (4.33)

It is desired to choose the constant c¢ so as to make the mean
square error (4.33) small; no solutions however are acceptable in this
case since they are in terms of n, x and 6. The following figure shows
that for fixed sample size no choice of ¢ = c¢(x,6) can produce a best

estimator over the entire range.
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MSE

4+0.03

c=0,8
c=1,0
c=1.2
i i i (x-8)
=3 -2 -1 0 1 2 3

Figure 4.5 Mean square error of fc(x;i) in the normal distribution;

¢c =0.8, 1.0, 1.2; n =2

Therefore, a global measure of goodness of an estimator is
needed; the integrated mean square error IMSE can be used for this
purpose.

From (4.33) one obtains

IMSE = J‘m MSE[fc(x,-)'c)]dx = [1/2c(m) 1/2] + [1/(4m) 1/2]

=00

- [2n/(nc2+n+1)'rr]1/2 . (4.34)
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This expression is minimized when

c = [(n+1)/n]1/2 . (4. 35)

Thus, the minimum integrated mean square error (MIMSE) estimator

is of the form
f :X) = 21m(n+1 1/2
[(n+l)/n]1/2 (X) ) = [n/ 'n(n )]
-expfun(x-i)Z/Z(n+1)J, x € R. (4.36)

The mean square error of this estimator, computed from (4.33), is
plotted in Figure 4.6 as a function of (x-6) for n = 2, 6 with the mean

square error of the ML estimator.

MSE

—-——== ML Estimator

MIMSE Estimator

Figure 4.6 Mean square error functions of the ML estimator and MIMSE
estimator of the normal density function with unit standard
deviation; n = 2, 6
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The relative efficiency of the MIMSE estimator with respect to
the ML estimator is the ratio of the MSE of the ML estimator to the MSE
of the other estimator; these are obtained from (4.33) by letting ¢ = 1

and ¢ = [(n+1)/n]1/2, respectively. The resulting function is plotted

in Figure 4.7 for n = 2, 6 and 12,

X 1 u 2 i - } 1 (x- e)
-4 -3 -2 -1 0 1 2 3 4
Figure 4.7 Relative efficiency of the MIMSE estimator with respect to

the ML estimator of the normal density function with unit
standard deviation; n = 2, 6, 12

It is to be observed that the ML estimator is less efficient than

the MIMSE estimator if 0.467 < |x-8| < 2.095, n = 2;
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0.447 < |x-8] < 1.748, n = 6; and 0.437 < |x-8| < 1.651, n = 12. As
the saﬁple size increases it can be shown that the relative efficiency
function tends to unity for all x. 8 # 0, but it tends to one-half at
x~-6 =0,

In the same manner the relative efficiency of the MIMSE estimator
with respect to the MVU estimator is computed as the ratio of the
variance of the MVU estimator to the mean square error of the other
estimator; these are again dérived from (4.33) by letting
c = [(n_l)/n]l/2 and ¢ = [(n+1)/n]1/2, respectively. This function is

plotted in Figure 4.8 for n = 2, 6 and 12,

(x~8)

Figure 4.8 Relative efficiency of the MIMSE estimator with respect to
the MVU estimator; n = 2, 6, 12
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In this case the MVU estimator is less efficient that the MIMSE

estimator if
0 <[x-8] <2.100, n =2; 0.299 < |x- 8] < 1.771, n = 6;

and 0.339 < |x - 9] < 1.685, n = 12. This relative efficiency function
also tends to one-half at x- 8 = 0 as the sample size increases and to

unity for all x-8 # 0.

4.2.8 Summary

In estimating the normal density function (known standard devia-
tion) it follows from the results of section 4.2.3 that the MVU
estimator is more efficient than the ML estimator for estimating tails
of the distribution; a similar conclusion is also reached under the
closeness relative efficiency criterion.

When dealing with the general family of density estimators in
section 4.2.7 a global measure of goodness is needed and integrated
mean square error is chosen. Both the ML and MVU estimators are
superior to the minimum integrated mean square error estimator for
tails of the distribution,

In another section the use of the additional assumption on the
nature of the parent population results in a significant gain in
information when estimating the normal distribution function (known
standard deviation); this is especially true in the tails of the

distribution.
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5. CONCLUSION

The work in this thesis is concerned mainly with the problem of
small sample relative efficiency of ML estimators with respect to MVU
estimators of distribution and density functions. The following
classes of distributions on the real line are assumed as a
probabilistic model for the observations: the uniform, exponential
with location and scale parameters, and normal (known standard devia-
tion),

In each éase various kinds of relative efficiency functions are
considered. The first one is the ratio of the mean square error of the
estimators, The closeness relative efficiency function (Zacks and
Even, 1966) is defined in Chapter 3. Comparisons of tail probabilities
provide another approach to comparing estimators. In estimating the
uniform and normal distribution functions the relative efficiency of
the empirical distribution function with respect to the MVU estimator
is computed; it measures the gain in information in terms of the
variance functions due to using an additional assumption on the nature
of the parent population. For these two distributions general families
of esfimators are also considered.

In Chapter 3 the distribution function is estimated for the uni-
form distribution and exponential with location and scale parameters.
In the uniform case estimators are examined under various criteria of
relative efficiency.

When sampling from the uniform distribution on (0, 6 one will

prefer the MVU estimator to estimate the parent distribution function.
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This resulf has been strengthened by consideration of general classes
of estimators.

When the sample is taken from an exponential distribution with
location parameter 6 different recommendations are made depending on
the (anticipated) distance (x-8). For small sample sizes the ML
estimator of the distribution function is preferable on the basis of
the relative efficiency criterion at those x values near the parameter
® (lower tail); for x values away from 6 (upper tail) the MVU estimator
is more efficient.

In the exponential case with scale parameter the MVU estimator is
better for estimating lower and upper tails; the ML estimator is more
efficient, otherwise,

The normal density and distribution functions (known standard
deviation) are considered in Chapter 4. The results of sections
4.2.3 and 4.2.7 suggest that no density estimator is superior to the
others over the entire range; the choice of a best estimator depends on
|x - Glo However, the MVU estimator is in any case most efficient for
the tails of the distribution. In the estimation of the parent
distribution function the empirical distribution function is signifi-
cantly less efficient than the unbiased estimator based on the complete
sufficient statistic X.

When unbiasedness is regarded as an essential property of the
estimator then the MVU estimator should be used. However, in some
situations it might be appropriate to consider biased estimators; for
example, in the estimation of a normal density (known standard devia-
tion) the biased ML estimator can sometimes have a small probability of

a large estimation error,
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In some cases a choice between the MVU estimator and other
estimators based upon these relative efficiency criteria can only be
made if some idea of the region of the parameter space is available.
However, in any practical estimation problem a small departure from the
additional assumption on the parent population might affect the selec-
tion of an estimator.

Other classes of distributions on the real line could be con-
sidered but in most cases only computer approximations could be
obtained. For example, the normal distribution with both parameters
unknown has been studied by Zacks and Milton (1969).

Additional areas for future research include the following:

1. Study inference procedures based on minimum variance unbiased

estimators.

2. Study other criteria of selection of the estimators.

3. Study other classes of estimators,
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