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SUMMARY

Test statistics G and 1 for two outliers due to Murphy and
Grubbs are compared with a test statistic R based on applying a single-
outlier test to the sample with the most extreme observation removed.

It is shown that G is generally most effective. The G and R pro-
cedures are shown to be equivalent when the mumber of outliers is un-
known, and to give satisfactory performance for one or two outliers.

An extension to the linear hypothesis is outlined.
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Introduction

The problem of identifying outliers in a sample is a very old one,
but is nevertheless not yet solved entirely. A considerable amount
of work has been devoted to the situation in which the underlying dis-
tribution is normal, and at most one outlier is believed to be present.
It is known (Paulsen 1952, Kudo 1956) that if this outlier is known
a priori to be on the right, then the optimal test statistic is the
largest studentized deviation. An early paper by Pearson and Chandrasekar
(1936) highlighted a severe problem associated with the use of this -
statistic — the "masking effect." This effect occurs when in fact more
than one outlier is present. The additional outliers mask each others'
presence by so inflating the sample variance as to reduce the power of
the test severely — in some cases driving it to zero as the outliers
move further to the right.

This masking effect has led to the development of several outlier
test statistics aimed at testing specifically for the presence of K>1
outliers in the sample (Grubbs 1950, Murphy 1951, Fergusen 1961, Dixon
1950). These K-outlier statistics are competitors to the recursive
procedure: Compute the single-outlier statistic for the full sample,
and for each of the subsamples obtained by deleting the 1.2,3,...,%
most extreme observations, and decide on the basis of some rule using
this sequence whether outliers are present, and how many and which obser-
vations they are.

The object of this paper is to propose a modification to this recur-

sive procedure, and to compare its performence with that of the Grubbs



. and Hurphy statistics.
fiotation

Let xl,xz,...,xn be n observations believed to come from a normal
distribution N(g,oz), £, o unknown, and let Yl > Y2 2 ... 02 Yh be
the corresponding order statistics. We will also suppose that there
is at hand some additional information on cz in the form of an indepen-

dent czxi variate W. If there is no such W, then set W= v = 0,
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Initially make the sumewhat artificial assumption that it is known
a priori that, if outliers are present, there are exactly two, one a
N(E + Mo, 02) and the other a N(§ + &o, 02) variable with A,8 > 0.
The two-outlier test statistics to be considered are G = SlZ/S,

M= (Y; +Y, - 20)//5 and R= (Y, - ;)v5; .



The statistic G is a slight generalization of one proposed by
Grubbs (1950) (in the original definition, W=v =0 )., It seems to
have no proven optimality properties, but corresponds to the F test
of the Anova model for comparing the three 'samples* Yy s Y2 and
{YS""’Yh}' For this reason, it seems likely to be effective when

it is not known a priori that A = 6.

Murphy (1951) defined the statistic M for the case W= v =0,

§. We

and proved its optimality when it is known a priori that A
note that this statistic is equivalent to the Anova test for comparing
the two '‘samples’ {Yl,YZ} and {YS""’Yh}’ which in turn is equiva-
lent to the two-sample t statistic. Of course neither G mnor M
has a distribution which can be derived from the conventional Anova
distributions, since the "'samples' are obtained by ranking the X5 -

Both statistics are extensions of the single-outlier statistic
B = CYl - Y)/¥/S to the two-outlier situation. For the single-outlier
case, Grubbs proposed the statistic Sl/S = {1 - nBz/(n-l)}.

The recursive statistic R is clearly not optimal since it does
not use the sufficient statistics Y, Yy, T}z and S;, , but is
a natural one to consider since, if Yl is an outlier, it corresponds
to the Paulson optimal statistic for the subsample {YZ’YS""’Yn}'

The three test statistics are related, in that G and M wmay be
expressed as functions of B and R. The relationships may be estab-
lished by use of some algebraic identities from Quesenberry and David

(1961) and are



G={1-nm%@LHL - (-1)RY/(@-2)}
= (n-2)B/(n-1) + R{1 - nB%/(n-1)}7 . )

The null joint distribution of R and B is given in Hawkins
(1973), where it is shown that if Fn V(e) denotes the cumulative dis-
2
tribution function of B based on a sample of size n, then the proba-

bility

Pr(b < B < b+db) n (x<R<B)] = nf(b) [F .1, t®} - E; )ldb + o(d) (2)

where t(d) = nb/{(n-1){1 - nbz/(n-l)}%]

and  £(b) = %ﬁ% {n/ (-1)7FH1 - nb?/(@-1)2@m-4)

The range is 0 < x < t(b) < {(n-l)/n}% , the constraints R<B and
x < t(b) being imposed by the condition Yi z2Y, .

The Grubbs test has critical region G < Gy » whose size is

Pr{6 < 6ol = Pri1 - 8%/ (@-1)M1 - (-1RY/ (n-2)} < 6]

Pri{l - nB%/(n-1)} < Gyll - @-1RY/(m-2)1717 . (3)

For any GO » We may integrate (2) over the region defined by (3),
and so get this probability. In this way, the distribution function
of G may be found and fractiles deduced. For the case W= v = 0,
fractiles were found by Grubbs, who found the density of G directly,
though in terms of a multiple integral over a complicated region.

The Murphy test has critical region M > My , whose size is

Priii > 14,1 = Pr[(n-2)B/(n-1) + R{1 - nB%/ (a-1)¥% > Myl (4)



and so the null distribution of 14 may be found in the same way.

Finally, the size of the region R > R, may be found from (2),
and its fractiles deduced.

Some fractiles of G, M and R are listed in Table 1. Those
fractiles listed both here and in Grubbs (1950) agree. So far as this
author is aware, this is the first table of exact fractiles of M and R.

Figure 1 shows the critical regions of each of these tests for
the case n=10, v =20, a= .05 Recalling that a large value of
B suggests that Y1 is aberrant, while a large value of R indicates

that Y2 is aberrant, we can interpret these regions as follows:

i) Each test is best in some region of (B,R) in the sense
of rejecting the null hypothesis, while both other tests
accept it.

ii) If Y, e while {Yz,Yg,.,.,Yn} remain constant, then
ultimately {B,R} falls in the acceptance region of the
test based on M, and the critical region of that based on
G. This means that G tends to be significant when in fact
only a single outlier is present. This may be a shortcoming
in the use of G. The fact that M may become non-signifi-
cant when Y1 becomes more aberrant is interesting, and
possibly surprising. In fact, if we let Y1 - oo, {YZ’YS"' . 5,Yn}
remaining fixed, it can be shown gquite easily that !+ C =
n-2)/{n(n-1) }2/2 . Thus if the fractile M, >, then M
will ultimately become non-significant. This means that

M suffers from a type of masking effect, in that if My > c,



it is not effective for finding two outliers whose means

are markedly dissimilar.
iii) By contrast, the critical region of R is specific for two

outliers, and is not affected by the relative magnitude of

B and R.

Performance of the tests.

In this section, measures of the performance of the three tests
in locating exactly two outliers are considered. The best criterion
would be the probability of a correct decision — that is the probability
that the two contaminants are the first two order statistics of the
sample, and that (B,R) falls in the critical region. The evaluation
of this probability however seems to involve scme rather difficult dis-
tributional problems, familiar from the single-outlier case (David
and Paulson 1965), and so an approxination similar to that of David
and Paulson is proposed.

As a preliminary, suppose that

T, ~ N(B,1)
T, ~ N(y,1)

Ve~ xé
all three terms being mutually independent. Let
W

T,/ VD YE

s T !
] iH



Standard transformation methods then show that the joint density of
U and Z is

o0

(8v2)"" © Pl Qwitme2) 1 (y2) et
1% ; 1 :

f(u,z) = 4K

where K = exp -35(82 + YZ)/{4TrI‘ GsN) 3.
From this Pr[(Usb) n {Z > a@)}] is
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i=0 1l {1+a (V)}

where Ix(a,b) denotes the incomplete beta ratio, and the variable
of integration v = (1 + w1,

Returning to the problem at hand, suppose that

X, ~ N(E+60, o°)
X, ~ N(g#A, o)

X; ~N(E,0%)  i=3,...n

W~ Xﬁ .

n
Let X= 1 X/n
i=1
_ n
X, = ) Xi/(n—l).
i=2
Make the Helmert orthogonal transformation, defining

T, = (/@D - B ~ N(go,0%)

T, = {@D/ @YX, - %) ~ Neyo,o?)



where B8 = {n/(n-1) }256 - {n(n-l)}-;i)\

1
Yy = {(n-2)/(2-1)1"A.
1 2
Letting S=u+ ] X -%
i=1
we identify T1 and T, with the T1 and T2 of the preceding theory,

V with S - T% - Tg ,and N with n+v-2.

1
%2

_ 2 .2
Then U=T/@S - T2 - 1)
7=T./@S - TH%
=T 1
Tl/S% = 7/(1 + 74

T,/ (S - Ti)% ua + ud* .

Now B' = {(n-l)/n}%’rl/s!5
R' = {(@-2)/ (@-1)Y?T,/ (S - TH)*

are simply the B and R statistics obtained by substituting X]
for Y1 and X, for Y, .

Let C be the critical region for any particular test, and let
H(§,A) = Pr[(B",R") e C].
This differs from Prl[{(B',R') € C} n {}(1=Y19 X2=Y2}] by the factor
Pr[(X1=Yl) n (X2=Y2)|(B',R') e CJ. (6)

Now we may argue, as in Anscombe (1960) that if & > A >> 0, this condi-
tional probability is close to 1. Alternatively, we may note as in

David and Paulson that if B' 2 [(n—Z)/Zn]l/2 , R' 2> [(11-3)/(-"311-2)11‘/2 5



10

Pri(X=Y;) n (X,=¥,)|(8",R)] = 1.

Either reasoning shows that the probability of a correct decision:
Pr[(X1= 1) n (X2=Y2) n (B',R") ¢ C] + Pr[(X1=Y2) n (X2=Y1) n (B',R*) ¢ C]

is well-approximated by H(S,A) + H(),8).

Table 2 shows the values of H(§,A) + H(A,8) for the case n = 10,
v=20, a= .05 whose critical regions were sketched in Figure 1.
These values confirm the impressions given by Figure 1. If 6&=A, H
is the best test statistic, but its power deteriorates if & is markedly
different from A. Of interest is the good performance of G; however
its power when A=0 is a warning of the possibility of rejecting Hy
when in fact only one outlier is present. The recursive test is never

best, but is never poor when, in fact, two outliers are present.

Extension to an unknown number of outliers

Suppose now that it is not kndwn a priori whether the sample contains
0, 1 or 2 outliers. A question then arises of how to adapt the test
procedures.

The Grubbs statistic is equivalent to an Anova for the three groups
Yys Y, and {Yg,...,Y }. It might be adapted by setting up the Anova
for comparing Yy with {YZ”°"Yh} whose test statistic is equivalent
to sl/s = {1 - nBZ/(n-l)}. Then § is further partitioned for testing
Y, against {Yg,...,Y } yielding a test statistic equivalent to
512/31 = {1 - (n-l)RZ/(n-Z)}. The decision as to the number of outliers

would then be equivalent to a sequential test based on B and R.
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The recursive test which has received most attention (Mcliillan
1971, Hawkins 1973) is:
i) Compute B. If this is non-significant, conclude that there
are no outliers.
ii) Otherwise campute R, and depending on its significance, conclude
that there are one, or two outliers.
It is now well-known that this procedure is defective because of the
masking effect. However this type of problem is very familiar in other
contexts — for example deciding by what order polynomial to detrend
a time series (Anderson 1971), and may be resolved very simply by reversing
the order of testing. This yields the procedure:
i) Compute R. If it is significant conclude that there are
two outliers.
ii) Otherwise, compute B, and depending on its significance,

conclude that there are one, or no outliers.

The fractiles needed for this procedure may be computed by integrating
(2) over the two regions: C2 : R>R0 and C1 : R<R0, B>BO . The test
procedure is not fully defined until one makes a decision as to how
to partition a, the overall probability of type I error, between these
two regions. One reasonable partition is to let each have size o/2.

A sample calculation for the case n =10, v=0, o= .05 yields
the fractiles RO = (.7484; BO = 0.7596. Let Hi(G,A) denote
Pri(B',R') ¢ Ci] i = 1,2 when in fact outliers are present, then
Hi(G,A) + ﬁicx,s) approximates the probability of identifying two outliers

(i=2) or one outlier (i=1).
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Table 3 lists these approximations for this sample case, and shows
that the performance of the recursive procedure is indeed satisfactory.

The recursive procedure extends in a natural way to test for the
possibility of 1,2,...,K outliers. The sequence of recursive statistics
omitting the most aberrant 0,1,2,...,K-1 observations is computed,
and tested for significance in reverse order. WNo fractiles for the
case k>2 are as yet available, though it is likely that the approach
used in Hawkins (1973) could be extended. It will be shown below that
conservative fractiles may be obtained by the use of the Bonferroni
inequality.

The IMurphy statistic extends in an obvious way to accommodate an
unknown number of outliers: For k = 1,2,...,K, find the two-sample
t statistic for comparing {Y ,..,,Yk} with {Yk+19...,Yh}. If the
largest of these, corresponding to k = k0 , say, is significant, then
conclude that kO outliers are present. This statistic, in the case
k=n, corresponds to a test statistic used in Automatic Interaction Detection
(see for example Kass 1975, Scott and Inott 1976). |

However since Table 2 suggests that 11 is never markedly superior
to G, and may in fact be markedly inferior, no attempt has been made
to study the performance of this procedure. Note that for K=2 its

fractiles could be deduced from the basic joint distribution (2).

Extension to the linear model

Suppose now that under Hy the X, are generated by a linear

model
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. 2
X; ~ Nlw;8, o] (7)

. . . . 2
where B 1is a px1 vector of unknown regression coefficient and o

is unknown. The alternative model that outliers are present may be
formulated as

) 2
X; ~ NDw;8+\;, o] (8)

where Ay T 0 for the good observations. The sign of Ay may, or
may not be fixed a priori, depending on circumstances.

The model 7 may be rewritten in terms of an indicator vector as
follows: Let Nﬁ = Qgi; 0,0...0,1,0...0), the 1 occuring in position
i of the indicator vector, and let

g*' = (8’ ’xl’AZ" .o 9Xn)
Then X ~ N[ﬂ%@*, cz]. (9)

On the face of it, there seem to be two possible approaches to the problem
of handling outliers here. One proceeds by eliminating outliers: any
significant outlier is deleted from the sample, and the usual estimates

of g and o in7 computed from the remaining data. The other method
is to use the model (9), estimating g, 02 and those Ai that tests
indicate to be non-zero.

In fact, the two approaches are identical — the matrix operations
involved in deleting X; from the sample and updating the regression
(Beckman and Trussell 1975) are identical to those involved in introducing
A; to the regression.

Given this equivalence of the two methods, it is convenient for

present purposes to work in terms of the second formulation.
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In matrix form the model is

X ~ N QL) @ , o°L 1.

In solving to find regression coefficients, form

4 o . % (U] ° o= 17 [ AV
W X L)' % 1) = (XM %% X

Introducing ¥ into the regression by sweeping on the first p rows

and columms transforms this matrix to

-wp™ wpTyr @n’y
HEw T I X'
{6 DRl A

2

- H@'W Y, so that S

~ ~

where A = X'AX is the residual sum

& 3

of squares of the regression of X on W and g = AX is the vector

of residuals.
Let aij denote the i,jth element of A, and e; the ith
element of g¢. Then questions about the introduction of one or more

Ay into the regression focus on the matrix

2
5" g’
e AJ.
The single-outlier test would be based on the maximm of Ty - the
i
partial correlation between X and indicator variable i. This is
1/2
Ty, = e/ (2435

a well-known outlier statistic (Ellenberg 1973). In the case w; = 1,
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=1, rxi = n/(n-1) 1/2]3, so this statistic generalizes B.

Unlike the case p=1, the case p>1 poses difficulties for testing
for the presence of two or more outliers: — the very difficulties that
beset the regression subset problem, namely that the best subset of
size k to include in the regression does not necessarily contain the
best subset of size k-1.

If the number of outliers k is specified a priori, then no conceptual
difficulty arises. The best subset of k predictérs amongst the Ai is
found by using a branch and bound multiple regression algorithm. The
analysis of variance then yields a test statistic equivalent to G.

The use of the recursive procedure is equivalent to a stepwise
regression in which one introduces K of the A in order of signifi-
cance, and then proceeds to eliminate them. As in stepwise regression,

a conservative test may be set up by concluding that there are fewer
than % outliers if the partial correlation corresponding to the kth

is not significant at the o/{K(n-k+#1)} 1level. Experience with multiple
regression shows that there is no guarantee that this procedure will
identify the correct outliers, especially since A has rank only n-p,
and so is highly rmulticollinear.

For the case Wi = 1, p=1, the Bonferroni bound is conservative —
for example in the test case considered earlier, the .05 fractile
of R corresponds to a Bonferroni fractile with o = .1, Considerable

experience is still needed to establish whether this procedure is effective.
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FIGURE 1. CRITICAL REGIONS.
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