
 

ABSTRACT 

 

GREGORY, JOSEPH WILLIAM.  Identification of Statistical Energy Analysis Parameters 

from Measured Data.  (Under the Direction of Dr. Richard F. Keltie) 

 

An approach for identifying statistical energy analysis (SEA) parameters from experimental 

investigation is presented.  Specifically, a power flow realization method (PRM) and 

statistical energy analysis model improvement (SMI) technique using transient time-domain 

vibration measurements are derived.  The efforts are refined and validated using a range of 

test simulations, and then with true physical tests conducted on both simple and complex 

structures.  Experimentation is also used to define the necessary input power measurements, 

response energy measurements, and data processing techniques necessary for successful 

PRM/SMI. 

 

It is found that utilization of time domain data allows for an over-determined power balance 

providing favorable numerical conditions for the identification.  In fact, it is observed that a 

full matrix of measured inputs and outputs is not necessarily required for successful 

identification as is the case with current methods.  Additionally, useful insight into system 

dimensionality is obtained during the identification process.  Furthermore, it is found that the 

procedure indicates true parameters that are easily distinguished from those associated with 

noise in the data and, hence, is well suited for this application.  Results indicate that the 

methodology has the potential to significantly enhance standard SEA procedures. 
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1 INTRODUCTION 
 
1.1 BACKGROUND 

1.1.1 STRUCTURAL DYNAMICS 

The subject of structural dynamics involves the study of the response of structures due to 

dynamic loading.  Over the last sixty years, structural dynamic analysis and testing has been 

successfully incorporated into many engineering efforts including the design of aircraft, 

spacecraft, automobiles, surface ships, submarines, bridges, dams, buildings, and many 

others.  There are typically three phases involved with a structural dynamic investigation as 

diagrammed in Figure 1.1.  These are: design, analysis, and testing.  More recently, 

additional consideration is sometimes given to the evaluation of control strategies and to the 

use of a concurrent rather than sequential approach to the investigation. 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 1.1  Structural Dynamic Investigation 
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Often, there exist design problems that require a structural dynamic investigation to be linked 

to an associated structural acoustic study.  In these situations, the interaction between 

structural motion and a connected acoustic field is a key consideration.  As a result, the 

frequency range of interest may be very wide and, in fact, may include the entire bandwidth 

of human hearing, 20 Hz – 20,000 Hz.  Current analysis techniques are applicable only in 

certain frequency ranges such that assumptions associated with the specific approach are 

satisfied.  As a result, it is usually necessary to divide the analysis into three parts: the low 

frequency region, the middle frequency region, and the high frequency region.  Note, a strict 

boundary between the regions does not exist and depends, more specifically, on the number 

of modes that exist in the range of the analysis applied as well as the ratio of the size of the 

structure to the wavelength of vibration. 

 

At present, it is usually understood that the solution of low frequency problems can be 

successfully obtained using computational methods.  In fact, considerable success has been 

achieved using Finite Element Analysis (FEA) and the Boundary Element Analysis (BEA) 

over a wide range of structures and a wide range of geometry from very simple to extremely 

complex.  This result is usually attributed to the extensive research that has been conducted 

in these areas and to the continued advance of the digital computer.  Examples of FEA 

models are shown in Figure 1.2 and Figure 1.3. 

 

The extension of these computational methods to middle and higher frequencies is 

problematic.  In general, low frequency dynamics involve long wavelengths while high  
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frequency dynamics are associated with short wavelengths.  This implies that low frequency 

models require a relatively coarse breakup or mesh while high frequency models would 

require a fine mesh.  In essence, the extension of the analysis frequency range of a model 

requires that the mesh be refined at the expense of increasing model size and the subsequent 

analysis time and expense.  Not only does FEA/BEA become computationally unwieldy as 

frequencies increase, the solution results become less reliable due to uncertainty with respect 

to the structural properties.  Specifically, natural frequencies, modal amplitudes, and 

damping become highly sensitive to small variations in structural detail and boundary 

conditions with increasing mode order.  Furthermore, for most structures, response at 

increasingly higher frequencies results from a superposition of an increasingly larger number 

of modes.  Eventually, at high enough frequencies, higher order modes tend to overlap or fall 

Figure 1.2 FEA Model of Spacecraft Body 
 (National Aerospace Laboratory, 
 NLR) 

Figure 1.3 FEA Model of Automobile 
 Front End (MSC.Software) 
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within one damping bandwidth of one another making it difficult to be certain of even the 

amount or ordering of natural frequencies.  As a result, it has been observed that even similar 

structural dynamic and structural acoustic systems can exhibit unpredictably different 

behavior [1,2]. 

 

Methods exist for overcoming these difficulties with respect to decreasing the computational 

demand and increasing the reliability of predictions.  These include [2,3]: 

• Statistical Energy Analysis (SEA) 
• Asymptotic Modal Analysis (AMA) 
• General Energy Formulation Method (GEFM) 
• Smooth Energy Formulation (SEM) 
• Envelope Energy Modeling (EEM) 
• Envelope-Phase Energy Modeling (EPHEM) 
• Complex Envelope Displacement Analysis (CEDA) 
• Mobility Energy Flow Analysis (MEFA) 

 
Some of the listed items are, indeed, similar.  Other techniques, including hybrid approaches, 

do also exist.  Statistical Energy Analysis is the specific focus of this investigation; however, 

the other methods in this list are summarized in Section 1.1.2. 

 

Structural dynamic testing is used most frequently to confirm and update analytical models.  

In addition, testing can often be utilized to ensure that specifications are met and to provide 

other information such as details pertaining to loading and constraints on motion.  Dynamic 

scale model tests are often used to confirm analytical models and verify design strategy prior 

to the construction of a full-scale prototype.  A scale model of a propeller being tested in a 

variable pressure water tunnel is shown in Figure 1.4.  Note, a laser doppler sensor measures 

velocities and hydrophones (not shown) measure flow noise. 
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Full scale testing is also a regular part of a structural dynamic investigation.  Ground 

vibration testing, for example, of the F-22 Raptor fighter aircraft is shown in Figure 1.5. 

 

 

 

 

 

 

 

 

 

Figure 1.4 Scale Model Test of a Propeller (Naval Surface Warfare Center 
– Carderock Division) 

Figure 1.5 Ground Vibration Test of F-22 Aircraft at 
Edwards Air Force Base (US Air Force Photo) 
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Test methods and model correlation/improvement techniques for the low frequency regime 

are well established and considered, by most, to yield reliable results (even for complex 

structures) given proper planning and the application of careful, appropriate measurement 

techniques.  Although significant progress has been achieved, a similar reliability and strong 

history does not exist with respect to the measurement of power and energy quantities at high 

frequencies nor with respect to SEA model correlation/improvement techniques. 

 

1.1.2 ANALYSIS METHODS 

The Statistical Energy Analysis (SEA) method addresses the predictive difficulty by 

employing a statistical description of the structural and the acoustic parameters.  The system 

is represented by a set of coupled idealized subsystems.  Allowing for statistical variation, the 

parameters of each subsystem are the result of averaging with respect to one of the following: 

samples of like systems, time, or a frequency band of interest.  Hence, the mathematics of the 

approach is simplified.  Analogous to a thermodynamic energy balance, specifically, a set of 

coupled linear power balance equations is used to represent power dissipation and transfer 

from the subsystems, which make up the global system.  The main assumption is that the 

power flow between coupled subsystems is proportional to the energy difference in their 

respective modal energies.  Examples of typical idealized subsystems include: beams, plates, 

shells, cylinders, and various acoustic spaces.  More precisely, an SEA subsystem is chosen 

to represent one wave type (or mode type).  Hence, a beam, for example, typically includes a 

bending wave subsystem, a compression wave subsystem, and a torsion wave subsystem.  

Furthermore, shear effects can also be represented.  A low frequency limit exists in that 

global modes (typical at lower frequencies) that extend across subsystems are not 
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represented.  Additionally, for band averaging, statistical variance is high since the number of 

modes in a particular bandwidth of interest at lower frequencies is usually relatively low.  For 

some subsystems, a high frequency limit exists at which a wavelength becomes close to the 

length scale of a defining section such as plate/shell thickness or beam thickness.  

 

Early efforts applied to the asymptotic behavior of dynamic systems were made by Powell 

[4] and Skudrzyk [5].  The Asymptotic Modal Analysis (AMA) method, developed by 

Dowell, Kubota, and others [6,7] is a hybrid of modal analysis and SEA.  The approximation 

occurs by neglecting individual modal character via, specifically, utilization of the asymptote 

of a subsystem’s response due to the superposition of a large number of modes.  AMA, 

unlike SEA, can also predict local areas (within a subsystem) of response amplification.  A 

space averaged AMA formulation, in fact, reduces to the SEA formulation therefore 

providing a means of systematically examining SEA assumptions.  However, with AMA, it is 

assumed that the analysis frequency band is small enough such that modal character can be 

considered constant yet wide enough to include many modes.  At increasing frequency as 

modal density increases for most systems, this can result in a requirement for increasingly 

smaller analysis bands thus complicating the investigation.  Furthermore, published data 

concerning the application of AMA to complex systems is relatively small compared to that 

for SEA. 

 

The General Energy Formulation Method (GEFM) was developed by Le Bot, Jezequel, and 

others [8-10] for the prediction of the steady state response of one-dimensional structures.  

Basically, an exact energy flow formulation from low to high frequency is provided by 
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representing complex, active and reactive, energy in terms of the total (sum of kinetic and 

potential) and the Lagrangian (difference between kinetic and potential) densities.  Note that, 

for the SEA approach, since the kinetic and potential energies are assumed equal, the 

Lagrangian is zero.  The advantage of the technique is that spatial variation in the response 

within a subsystem can be predicted and that different types of boundary conditions can be 

incorporated.  A drawback is that the energy formulation becomes a more mathematically 

difficult problem than the equation of motion in terms of a displacement variable.  For 

example, for a Bernoulli-Euler beam, instead of a single fourth-order partial differential 

equation of motion, the energy formulation requires two eighth-order partial differential 

equations.  To overcome some of these difficulties, Le Bot and Jezequel [11] formulated the 

Simple or Smooth Energy Formulation (SEF) by introducing a smoothing function and 

performing spatial averaging on a single wavelength basis.  Their results, for one-

dimensional systems, reduce to the heat (or diffusion) equation lending some credibility to 

the SEA thermal analogy.  Le Bot and Luzzato [12] attempt to extend the SEF model to two-

dimensional systems; however, their results, in this case, do not reduce to the heat equation.  

The extension of the GEM method to more complex structures requires more research.  

Specifically, energy derivations for higher order structures (plates, shells, etc.) and the 

development of a method of analyzing coupled structures seem necessary. 

 

Further drawbacks of the described energy methods such as non-linear terms and oscillation 

of the energy density at high frequencies (not in agreement with the thermal analogy) 

motivated Carcaterra and Sestieri [13] to formulate the Energy Envelope Method (EEM), 

which simplifies the energy density formulation by enveloping via Hilbert transform.  The 
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authors [14] also developed the Energy Phase Envelope Method (EPHEM), which is EEM 

with the addition of an energy phase variable to account for energy discontinuity at 

boundaries.  Several features make EEM and EPHEM attractive.  It shows similar behavior 

to the general energy methods yet eliminates the oscillatory energy density problem and, 

therefore, allows the use of an existing low frequency FEA model to be used in the EEM 

model generation.  However, published information regarding applications of this method to 

complex systems is limited. 

 

Carcaterra and Sestieri [15] also developed the Complex Envelope Displacement Analysis 

(CEDA) technique for one-dimensional systems.  Unlike EEM and EPHEM, which are 

energy formulations, CEDA is formulated by transforming the displacement variable by an 

enveloping operator.  The results are favorable; however, an approach that can handle higher 

dimensional problems has yet to be presented. 

 

The Mobility Energy Flow Analysis (MEFA) is another modeling method where the global 

system is divided into subsystems.  In this case, energy flow is formulated in terms of the 

input and transfer mobility functions of the subsystems.  The method has its origins in an 

investigation by Pinnington and White [16] who examined energy transmission in a system 

comprised of a mass that was spring coupled to a finite beam.  The authors were able to 

obtain expressions for mean and peak energy flows.  Additionally, they observed that for 

frequency average response, the mobility for a beam of infinite extent could be equivalently 

used to represent the mobility of the finite beam.  The method was extended to energy 

transmission between elements of connected structures, modeled with FEA, by Cushieri [17].  
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McColum and Cushieri [18] report success using MEFA to represent two coupled plates.  

They observed that, compared to FEA at high frequency, a computationally simpler model 

could be formed while still maintaining solution accuracy.  The advantage of MEFA, when 

compared to SEA is that the spatial dependence of the response is provided.  Furthermore, 

there is no need to perform frequency band averaging.  Although MEFA appears useful in the 

middle frequency regime, more effort is required if the technique is to be applied reliably on 

complex structures. 

 

1.1.3 CONCLUSIONS 

Reliable, established methods for the prediction of structural dynamic and structural acoustic 

response exist only with respect to the low frequency regime.  The use of SEA for the 

prediction of response in the middle to higher frequency regime also has a strong history, 

dating back to the early 1960’s.  However, the method was applied to only a narrow range of 

disciplines, which include aerospace, shipbuilding, and building acoustics.  Newer 

applications of SEA and the application of SEA alternatives, having only been recently 

studied and, as of yet, have not achieved a similar level of predictive reliability with respect 

to complex systems.  As Sestieri [2] concludes, neither SEA nor the alternatives has reached 

full acceptance.  Similarly, trusted techniques for measurement and analytical/computational 

model correlation and improvement using measured data also exist only with respect to the 

low frequency regime.  Considerable effort has been made in high frequency methods, yet it 

is still considered to be in its infancy.  In this dissertation, the SEA framework is used 

because of its strong history, its successes, and fervent industry interest evident from the 

increasing demand and popularity of the commercially available SEA software.  
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Furthermore, it is believed that advances related to experimental methods would benefit both 

established and newer industrial applications of SEA by providing physical insight into 

modeling techniques and assumptions. 
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1.2 PREDICTIVE SEA 

1.2.1 HISTORY 

Statistical Energy Analysis was developed in the early 1960’s to address the need to predict 

the response of launch vehicles to rocket noise and overcome the limitations of 

computational methods at that time [19].  Early SEA resulted from a collaboration of two 

independent efforts by Lyon and Maidanik [20] and Smith [21] where the energy exchange 

of coupled oscillators was examined.  This was extended to a structural acoustic analysis of 

elastic panels by Maidanik [22], Lyon [23], and Manning and Maidanik [24].  SEA applied to 

connected elastic structures was examined by Lyon and Eichler [25] and Scharton [26].  

Significant theoretical refinements, extension to unexplored systems, and the development of 

complementary methods has occurred.  However, the basic SEA theory has changed little 

since its initial formulation. 

 

1.2.2 COUPLED SYSTEMS 

 

 

 

 

 

 

 

 

 
Figure 1.6   Coupled Oscillators 
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In 1962, Lyon and Maidanik [20] derived what has come to be the basis for the predictive 

SEA method.  Specifically, an expression for the power flow between linearly coupled 

oscillators was obtained.  Two linear oscillators, each comprising a single degree of freedom 

system with mass, a force-displacement proportional spring, and force-velocity proportional 

viscous damping, are coupled via spring, mass, and gyroscopic elements as shown in Figure 

1.6.  The spring constant for the coupling is given by kc, the mass of the coupling is given by 

mc, and the force-velocity constant of proportionality for the gyroscopic coupling is given by 

Gc.  

 

When subjected to steady state forces, f1(t) and f2(t), that are independent stationary random 

inputs of constant spectral density (white noise), the power flow, Π12, between oscillator 1 

and oscillator 2 is: 

 

 

where, E1 is the energy of oscillator 1, E2 is the energy of oscillator 2, and β is a constant of 

proportionality in terms of the system parameters.  Specifically, for this system, β is: 
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where, 

 

 

 

 

 

Note that ∆i are the modal half power bandwidths and ωi are the blocked natural frequencies 

computed by constraining the motion of the oscillator not being evaluated. 

The following points regarding the power flow result can be made: 

1) The power flow is proportional to the difference in the decoupled energies of the oscillators. 
 

2) The power flow is proportional to the difference in the actual energies of the oscillators. 
 

3) The constant of proportionality, β, is dominated by the resonant interaction of the two resonators. 
 

4) β is positive definite implying that the power flows from the more energetic to the less energetic 
oscillator. 
 

5) β is symmetric with respect to the system parameters.  Therefore, the power flow is reciprocal. 
 
 

Note that the decoupled (blocked) energies are defined by constraining the motion of the 

oscillator that is not being evaluated.  Specifically, for oscillator i the decoupled energy is: 
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natural frequencies, ω1 and ω2, are within a damping bandwidth of one another as shown in 

Figure 1.7. 

 

 

 

 

 

 

 

 

 

 

 

A more detailed depiction of the magnitude of the coupling coefficient as a function of the 

natural frequency separation as well as the damping bandwidth is shown in Figure 1.8. 

As put forth by Lyon [28], the coupled oscillator results can readily be extended to the power 

flow between coupled multiple degree of freedom subsystems.  The approach is to consider 

the structural dynamics of each subsystem in terms of its respective modal dynamics 

assuming subsystem 1 is comprised of N1 similar modes and subsystem 2 is comprised of N2 

similar modes over an analysis frequency interval ∆ω. 

 

 

 

Figure 1.7   Coupling Coefficient 
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The coupling between the two systems is then represented by the interactions of all of the 

possible mode pairs as shown in Figure 1.9. 
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Figure 1.9   Mode Pair Interactions of Coupled Dynamic Systems 

Figure 1.8   Coupling Coefficient Magnitude 
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The fundamental SEA power flow proportionality can be applied to each mode pair to 

determine its contribution to the total power flow provided several assumptions are met: 

1) The modes of each subsystem have a uniform distribution of natural frequencies over the 
bandwidth, ∆ω. 
 

2) There is an equipartition of energy over all the modes of each subsystem over ∆ω. 
 

3) The modal amplitudes are incoherent (The modes of a particular subsystem are orthogonal and the 
inputs are independent) over ∆ω. 
 

4) The damping of the modes in a subsystem is equal over ∆ω (this is merely convenient). 
 
The power flow between mode α of subsystem 1 and mode σ of subsystem 2 is the 

fundamental result in equation 1.1: 

 

where, the coupling coefficient is an average with respect to the frequencies ωα and ωσ.  

Additionally, since the modes within a subsystem are equally energetic, each mode has a 

total energy of Ei/Ni.  The total power flow from all N1 modes of subsystem 1 to mode σ of 

subsystem 2 is: 

 

The total power flow from all N1 modes of subsystem 1 to all N2 modes of subsystem 2 is: 

 

 

By defining the coupling loss factors, η12 and η21, the overall power flow can be written in its 

most familiar form: 

 

where, η12 ≡ (1/ω)<βασ>N2 and η21 ≡ (N1/N2)η12. 
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The previously listed assumptions and the computation of an average coupling 

proportionality make up a statistical description of the relevant parameters.  Indeed, the word 

“statistical” in the Statistical Energy Analysis method refers to this.  It does not refer to the 

other reference to a statistical approach, inherent in the choice of white noise inputs.   In fact, 

statistically random forcing is not strictly necessary; even pure tone inputs can be analyzed 

provided a significant number of modes participate in the response [28]. 

 

1.2.3 POWER BALANCE 

When applied to a network of coupled subsystems, the fundamental SEA power flow 

relationship can be used to construct a set of steady state power balance equations.  For 

example, a three subsystem SEA model is diagrammed in Figure 1.10. 
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Figure 1.10  Three Subsystem SEA Model 
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Here, the input powers are Πi, the mean energies of the respective subsystems are Ei, the 

damping loss factors are ηi, the coupling loss factors are ηij, and the center frequency of the 

analysis band is ω.  By considering conservation of energy for each of the three subsystems, 

three power balance equations can be written: 

 

 

 

In matrix form, this is: 

 

 

 

Finally, for a general SEA model comprised of m subsystems, the set of power balance 

equations becomes: 

 

 

 

 

 

This can be more conveniently written using a symbolic notation for the matrices: 
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a result, power flow is not reciprocal with respect to the total subsystem energies.  However, 

the system can be made symmetric by multiplying each column of the loss factor matrix by 

the number of modes in the analysis band for the associated subsystem.  It then becomes 

necessary to normalize the total energies by their respective number of modes.  The power 

balance becomes: 

 

 

 

 

 

 

 

Since Niηij = Njηji, this system is, indeed, symmetric.  The implication, here, is that although 

reciprocity does not exist with respect to the total energies, power flow reciprocity does exist 

with respect to the subsystem modal energies, Ei/Ni.  Hence, power flows from a subsystem 

of higher modal energy to a subsystem of lower modal energy.  Using symbolic notation, the 

symmetric power balance can be written: 

 

 

where, [K] is the symmetric coupling matrix and {e} is a vector of the modal energies.  The 

use of the power balance for predictive SEA is straightforward.  A disturbance to the 

dynamic system, quantified by input power, is multiplied by a computed inverse of the 

coupling matrix to yield response energies: 
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In practice, the explicit inverse is not usually computed, however.  A more computationally 

efficient method, such as Gauss elimination, is usually implemented. 

 

There exists an especially desirable feature of both the symmetric and non-symmetric forms 

of the coupling matrix.  Specifically, since the inner product {u}T[K]{u} (Note, the transpose 

operator suffices since [K] is real and symmetric) is greater than zero for all {u} ≠ {0}, then 

[K] is positive definite; see, for example, Morse and Feshbach [29].  Furthermore, [K] is 

diagonally dominant for most lightly coupled systems.  As a result, the inversion of the 

coupling matrix is very well conditioned and relatively insensitive to coupling loss factor 

error.  To illustrate, the quadratic form, Q(u) = {u}T[K]{u} is computed for a two-subsystem 

SEA model: 
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matrix is positive definite.  Additionally, by considering the quadratic form, Q(u), as a radial 
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the u1 axis to the width along the u2 axis is equal to the square root of the diagonal elements 

of the coupling matrix.  Also, the directions to maximum and minimum curvature are 

orthogonal.  The distance to these locations are equal to the eigenvalues of the coupling 

matrix which have been labeled as principal loss factors, ηp1 and ηp2.  This applies 

 

 

 

 

 

 

 

 

 

 

 

to higher order systems as well by extending the dimensionality of the quadratic form.  The 

representation of the coupling matrix in terms of its eigenpairs is utilized to a great extent in 

this investigation, especially with respect to transient dynamics, and is further examined in 

later sections. 

 

Before examining the details of the creation of SEA models, it is worth noting that there 

exists another symmetric form of the power balance equations common in the literature.  

Specifically, this involves the conservation of modal power potential.  The modal density 

u1 

u2 

( )1211p ηηη +=

Figure 1.11   Quadratic Form of Two-Subsystem Coupling Matrix 
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(instead of the mode count as in equation 1.13) is used to transform the loss factor matrix into 

a symmetric form.  The modal density is merely the number of modes that exist for that 

particular subsystem in the analysis frequency range, ni = Ni/∆ω.  The power balance is: 

 

 

 

 

 

 

 

Using symbolic notation, this can be written: 

 

where, [β] is the symmetric modal coupling matrix and {φ} is a vector of the modal power 

potentials.  Note that the center frequency of the analysis band, ω, is incorporated into the 

modal coupling matrix.  Furthermore, the modal coupling matrix, [β], like the coupling 

matrix, [K], is also positive definite and usually diagonally dominant. 

 

Langley [31] derives general equations for the conservation of vibration energy in multi-

coupled structures excited by random excitation.  The equations are a symmetric form of the 

power balance using total energy in a form that resembles the modal power potential, {φ}, 

defined earlier.  The only assumption is that each subsystem is chosen such that the relative 
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effective densities are independent of the excitation as described by Finnveden [32] or when 
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the density is uniform within a subsystem.  Note that the first of these follows from the 

standard SEA assumption of equipartition of modal energy for independent modes (diffuse 

wave fields).  Furthermore, for conservatively coupled systems, the equations reduce to the 

standard SEA power balance equations provided the driving point Green’s function for the 

coupled structure is approximately equal to that for the uncoupled structure (i.e., weak 

coupling). 

 

1.2.4 CONCLUSIONS 

Statistical Energy Analysis has existed as a tool for predicting the response of engineering 

structures to dynamic loads for over 40 years.  Significant successes have been realized in a 

few different disciplines.  However, the validity of the assumptions made in forming the 

steady state predictive SEA equations are still open to debate; see, for example, Fahy [1].  

The equations, essentially, arise from the extension of results derived for two coupled 

oscillators and, in particular, two coupled subsystems comprised of independent oscillators.  

However, as described earlier, the general derivation given by Langley [31] is based on first 

principles with few assumptions.  Although more complicated, the range of applicability of 

the general power balance given is broader than that of the SEA power balance.  

Furthermore, if the same assumptions used in the derivation of the SEA power balance are 

applied to the general power balances, the two are equivalent. 
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1.3 SEA MODEL DEVELOPMENT

In general, the approach to constructing an SEA model consists of first defining appropriate

subsystems, then defining subsystem coupling, and, finally, characterizing external model

inputs or excitations.  Subsystem breakup is guided by the requirement that modes of a

system must be incoherent and equally share energy over the analysis frequency bandwidth

as described earlier.  In other words, a subsystem represents a collection of similar mode (or

wave) types.  To illustrate, the subsystem breakup of a structure comprised of two connected

plates and a rectangular beam is shown in Figure 1.12.

1 - Plate Flexure

2 - Plate Extension
      (In Plane)

3 - Beam Extension

5 - Beam Flexure
4 - Beam Torsion

7 - Plate Extension
      (In Plane)

6 - Plate Flexure

Figure 1.12   Simple Structure Decomposed into SEA Subsystems
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Separate subsystems, labeled 1 - 7, are used to represent major mode groups each with a

single (energy) degree of freedom as shown.  Obviously, modes whose shapes extend across

the subsystems are not represented.  Typically, the natural frequencies of these global modes

define the lower limit of the applicable frequency range.  The thrust of SEA modeling is the

determination of the elements of the coupling matrix, specifically, mode count (or modal

density), damping loss factors, and coupling loss factors for each of the chosen subsystems.

To establish the model input, typically, the known excitation such as force must be is

converted to an input power.  An additional consideration is with respect to post processing.

Since, model solution yields response energy, this must usually be related to a particular

quantity of interest such as acceleration, velocity, strain, or sound pressure level.

1.3.1 MODAL DENSITY

Modal densities of idealized continuous subsystems such as beams, plates, and acoustic

volumes can be readily determined from theoretical equations of motion by examination of

the resulting dispersion relation and mode shape geometry.  A partial listing is shown in

Table 1.1.  In this table, L is the beam length, cL is the longitudinal wave speed, E is the

elastic modulus, ρ is the density, cT is the torsion wave speed, J is the torsion moment of

rigidity, G is the shear modulus, Ip is the polar moment of inertia, ω is frequency, κ is the

radius of gyration, cB is the bending wave speed, cγ is the shear wave speed, A is the plate

surface area, and ν is Poisson’s ratio.  Broader compilations and modal densities of more

complex systems based upon theory and semi-empirical data, such as shells and honeycomb

panels, can be found in works by Cremer and Heckl [27], Lyon and DeJong [28], Norton

[33], Fahy [34], and Hart and Shah [35].
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Several experimental methods for measuring the modal density are popularly employed.  One

straightforward method is to count the number of resonance peaks observed in a drive point

frequency response function measurement.  However, as was mentioned previously, the

modal density will be underestimated in frequency ranges where modal overlap exists.  A

second technique is to conduct a spatial and frequency average mobility measurement.  The
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Table 1.1 Modal Densities of Idealized Systems
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modal density can be shown, see Clarkson [36] for example, to be related to the real part of

the mobility (conductance):

where, n(ω) is the modal density, m is the system mass, and <G> = <Re(Y)> is the real part

of the mobility (conductance, G) that has been averaged in space and frequency.

1.3.2 DAMPING LOSS FACTOR

The definition of damping in a SEA sense in given in equation 1.12.  In other words, by

considering the steady state power balance for a single isolated subsystem, it can be seen

that, Π = ωηE = 2πfηE.  The input power is equal to

the energy dissipated.  Furthermore, 2πη, like

efficiency, is the ratio of the input power to the energy

dissipated by cycle.

Damping is by no means unique to SEA and no

attempt is made here to conduct an exhaustive review

of the wealth of pertinent information.  Generally,

analytical expressions are unavailable for most

systems.  Typically, one must rely on empirical data or

must conduct measurements to obtain damping

parameters.  Linear viscous damping or an equivalent

is by far the most common representation.  Numerous
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viscous damping descriptors exist and most are simply related as shown in Table 1.2.

Two of the most common techniques for measuring damping are decay rate testing and the

half power method.  Decay rate methods involve acquiring a damping value from the

transient free decay of a response measurement.  Typically, for frequency average SEA, this

requires either pulse or filtered (in the band of interest) noise burst inputs.  The response is

also filtered in the same bandwidth of interest.  The envelope of the free decay is then

obtained by time averaging or Hilbert transform.  The decay of the envelope can then be

simply related to the damping loss factor either manually or by a least squares fit.  The

drawback is that the subsystem of interest must be isolated from the rest of the dynamic

system.  Breaking down a complex system under consideration into components or otherwise

blocking the other components via mass loading or applied damping is often impractical or

unrealistic.  Alternatively, an in situ measurement of the damping loss factor may contain

some error since not all of the measured loss is dissipative, some of the loss is simply energy

transferred to other parts of the system.  Furthermore, the method assumes that there truly

exists an equipartition of energy and a constant damping value over the measured bandwidth.

Use of the decay rate method alone does not allow for a quantified assessment of the degree

to which these assumptions are or are not being met.

The half power method is used to acquire a damping measure from the resonance bandwidth

(of a measured frequency response function) of a particular mode of interest.  Difficulty

arises for systems with light damping since a frequency response function measurement must

have high resolution and minimal Fourier transform leakage to accurately capture the narrow

resonance and its associated half power bandwidth.  Additionally, since the half power
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method is applied to a single resonance at a time (behaving as a single degree of freedom

system in the vicinity of the natural frequency), the technique fails in frequency ranges where

significant modal overlap occurs.

The SEA power balance for a single isolated subsystem can be used to infer damping.

Solving for the loss factor reveals that η = Π/(ωE).  Thus, by measuring filtered (centered at

ω) steady state input power and response energy, the loss factor can be computed.  Again,

however, this requires that the subsystem be practically or virtually isolated.

1.3.3 COUPLING LOSS FACTOR

The coupling loss factor is unique to SEA.  Although defined in manner similar to the

damping loss factor, the coupling loss factor represents power being transferred from one

subsystem to another.  The damping loss factor represents power dissipated by a subsystem.

Physically, a damping mechanism may actually be a loss to some other medium.  However, if

the response of the other medium is of no interest, then it is not modeled as a SEA

subsystem.  The associated coupling loss, therefore, is not represented but it is, instead,

incorporated into the damping loss factor.

Coupling loss factors of idealized connections such as point, line, and area junctions can be

determined using a mode or wave approach; see, for example, Cremer and Heckl [27], Lyon

and Dejong [28], or Fahy [34].  Theoretical values for coupling loss factors are usually

derived using the wave approach for semi-infinite systems, which is often simpler.

Furthermore, a considerable amount of effort regarding wave transmission across idealized
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junctions exists in the literature.  This can be readily applied to evaluate coupling loss

factors.  It is worth noting that SEA coupling parameters can be equivalently formulated

using a mobility approach as discussed by Manning [37].

One of the earliest experimental approaches to verifying or identifying coupling loss factors

is a method that uses the SEA power balance to solve for the coupling loss factor in terms of

the measured subsystem energies and damping losses with respect to a single isolated

junction.  The approach for two subsystems and a single junction is shown in Figure 1.13.

By applying damping to subsystem 2, energy dissipated by subsystem 1 is negligible.  Note,

also, that only subsystem 1 is excited.

The power balance for subsystem 1 is:

Since the only appreciable energy dissipation occurs at subsystem 2, the input power, Π1 is

equal to the power dissipated in subsystem 2, ωη2E2.  Hence, the power balance becomes:

Figure 1.13   Measurement of Coupling Loss

E1

Π1 Π2 = 0

ωη2E2ωη1E1 = 0 ωη12E1

ωη21E2 E2

Damped

1221112 EE Πωηωη =− (1.21)
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Using the reciprocity relation, n1(ω)η12 = n2(ω)η21, and solving for the loss factor yields:

Again, the disadvantage here is that isolation of a single junction is required.  This is likely to

pose a great challenge if it is to be applied to a structure with any reasonable degree of

complexity.

1.3.4 SUMMARY

In summary, the essence of SEA modeling is to evaluate the three main parameters: modal

density, damping, and coupling.  It is believed that subsystem modal density can be

accurately obtained for idealized systems since there is a firm theoretical basis and evidence

of positive experimental results as shown by Hart and Shah [35], Clarkson [36], Clarkson and

Pope [38], Szechenyi [39], and Keswick and Norton [40].  There is also reason to believe that

the computation of theoretical coupling loss factors for idealized systems also maintains a

fair degree of accuracy.  On the other hand, an experimental approach must usually be taken

to obtain damping loss factors for even the simplest systems.  Furthermore, for any

reasonably complex structure, there is no firm procedure as to how to properly formulate any

of the SEA parameters.  This and the impracticality of component and/or junction isolation

for complex structures suggest that there is a need for improved methods for experimentally

22221112 EEE ωηωηωη =− (1.22)
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obtaining parameters that, specifically, can be employed in situ.  In fact, addressing this need

is one of the key focus areas of this dissertation.
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1.4 EXPERIMENTAL SEA 

A considerably limited amount of research effort has been conducted on experimental SEA.  

To date, some compelling work has been done mainly on somewhat simple structures; see, 

for example, Clarkson and Pope [38], Norton and Greenhalgh [41], and Wu et al [42].  

However, it seems that further effort is required to examine the possibility and means of 

establishing a structured approach to the experimental identification of SEA parameters. 

 

As was described previously, the direct measurement of SEA damping and coupling loss 

factors via subsystem and junction isolation methods is problematic.  To overcome this, it 

seems obvious to attempt a more structured approach by simultaneously identifying all the 

elements of a coupling matrix from in situ response measurements.  In fact, the idea of using 

the steady state power balance in an inverse manner was considered even early in SEA 

history.  In Lyon and Dejong’s text [28], the idea is briefly discussed.  Recall that since the 

coupling matrix, [β] (equation 1.19) for instance, is positive definite and usually diagonally 

dominant, the process of inverting the matrix is numerically stable. 

 

However, the inversion of a measured response matrix in the form of {[β]-1}-1 used to 

reconstruct (or identify) [β] may be numerically unstable.  In fact, {[β]-1}-1 is extremely ill-

conditioned for dynamic systems with moderate to high coupling.  Specifically, this occurs 

whenever the magnitude of the off-diagonal elements of [β] approach that of the diagonal 

elements, or in other words, when the coupling loss factors become as large as the damping 

loss factors. 
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1.4.1 CLASSICAL POWER INJECTION METHOD 

The earliest advance, by Bies and Hamid [43], to use the SEA power balance in an inverse 

manner is the development of the Power Injection Method (PIM).  Basically, an experimental 

identification of loss factors for m subsystems is formed by inverting an m2 x m2 matrix of 

measured steady state response energies. To illustrate, the three subsystem SEA model, 

shown in Figure 1.10, is used.  First, the power balance is written for the case in which 

subsystem 1 is singly excited: 

 

 

 

where, Ei
(j) is the response energy of subsystem i due to excitation at subsystem j.  For this 

size system, the coupling matrix is given by: 

 

 

 

Similarly, a power balance can be written for the other two cases where each of the 

remaining subsystems is singly excited: 

 

 

 

 

The m individual power balance equations are combined into a single m2 x m2 matrix 

equation: 
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Finally, equation 1.27 is solved to obtain the vector of loss factors by inverting the matrix of 

measured energies and then post multiplying by the vector of input powers. 

 

Several drawbacks inherent to classical PIM are obvious.  The dimension of the energy 

matrix increases with the square of the number of subsystems resulting in a substantial rise in 

computation time with increasing system complexity.  Furthermore, the energy matrix has a 

tendency to be ill-conditioned due to the presence of significantly large off-diagonal terms.  

In fact, in this formulation, drive point energies, which tend to be the largest, are not 

restricted to the diagonal. 

 

1.4.2 IMPROVED POWER INJECTION METHOD 

In attempt to overcome the computational difficulty associated with inverting a large energy 

matrix, Lalor [44] showed that by recombining the components of matrix equation 1.27, the 

damping loss factors could be separated from the coupling loss factors.  The result is a 

simpler set of equations.  Instead of m2 equations, the system is reduced to m sets of (m-1) x 
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(m-1) matrix equations for the coupling loss factors and a single m x m equation for the 

damping loss factors.  To illustrate for three subsystems, equation 1.27 is recombined to give: 

 

 

 

 

 

 

 

 

 

 

 

 

which can be solved to yield the coupling loss factors.  Also: 

 

 

 

 

which can be solved to obtain the damping loss factors.  Mathematically, the extension to 

higher order systems is straightforward. 
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Even though the problem is recast, exhibiting improved computational speed and diagonal 

dominance, Lalor shows that errors such as negative coupling can result.  Additionally, the 

situation of moderate to high coupling still remains problematic in this improved PIM.  

Despite this, favorable results were obtained by Ming et al [45] using the method on an 

automobile rear section, though; the system was comprised of only eight subsystems. 

 

1.4.3 NORMALIZED ENERGY INVERSION METHOD 

As suggested by De Langhe [3], the most uncomplicated way to combine the individual 

power balance equations, 1.24 and 1.26, into a single matrix equation is via augmentation as 

follows: 

 

 

As a matter of convenience, both sides of the equation can be normalized by the input powers 

to yield an equivalent form: 

 

 

 

 

 

Denoting the normalized energies as Êi
(j), where Êi

(j) = ωEi
(j)/Πi, yields: 
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For simplicity this can be written symbolically as: 

 

 

Finally, the experimentally identified coupling matrix is, then, the inverted normalized 

energy matrix, [Ê]-1 obtained by solving equation 1.35.  Obviously, this can readily be 

extended to systems of higher dimension. 

 

Insight into the guidelines for acquiring a measured energy matrix exists in the literature.  

Hodges, et al [46] discuss some of the analytical properties possessed by the ideal [Ê] matrix 

revealed by examining its ideal equivalent, the [H]-1 matrix.  The following observations can 

be made: 

1) The inverse of [H] is non-negative everywhere.  Indeed, this makes sense since all energy 
components are positive. 
 

2) The inverse of [H] is weakly diagonally dominant.  This also makes sense since the driven 
subsystem will always have the highest response. 
 

3) If a measured [Ê] matrix is strictly positive and sufficiently diagonally dominant (light coupling), 
its inverse will yield a matrix with positive diagonal elements and negative off-diagonal elements.  
Note that this is the ideal form of [H]. 
 

4) If the inverse of a measured [Ê] matrix yields a matrix with positive diagonal & negative off 
diagonal elements and [A] is a diagonal matrix with all positive elements, then the inverse of 
[Ê]+[A] yields, yet, another matrix with positive diagonal & negative off diagonal elements.  In 
other words, increasing the diagonal dominance of the measured energy matrix does not result in a 
non-ideal form for its inverse. 
 

5) If the inverse of a measured [Ê] matrix yields a matrix with positive diagonal & negative off 
diagonal elements and [A] is a positive constant matrix, then the inverse of [Ê]+[A] yields a matrix 
with positive diagonal & negative off diagonal elements.  This implies that, changing the relative 
variation of the off-diagonal elements of the measured energy matrix does not result in a non-ideal 
form for its inverse. 
 

6) If any of the elements of a measured [Ê] matrix are zero, it is possible to reorder the matrix into a 
block-diagonal form with no zero elements in the blocks.  This indicates that the only way to have 
subsystems with zero energy is if they are decoupled from the rest of the global system. 

 

[ ][ ] [ ]IÊ =H (1.35)
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Using simulated systems, the authors, specifically, observe numerical difficulty whenever the 

energy of different subsystems was relatively close.  This causes the energy matrix to be 

nearly singular with narrow quadratic form (evident in the large ratio between the largest and 

smallest eigenvalues; see figure 1.11) resulting in an identified coupling matrix with 

significant error.  This poses considerable difficulty for experiments on systems with light 

damping and/or relatively moderate coupling that are likely to exhibit nearly equivalent 

energy levels across subsystems such that the measured energy matrix is somewhat uniform.  

Similar conclusions are drawn by Woodhouse [47] and Clarkson and Ranky [48]. 
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1.5 CONCLUSIONS 

To date, the normalized energy inversion method is apparently the best option for steady 

state SEA parameters identification.  De Langhe [3] compares simulations of the normalized 

energy inversion method to the classical power injection method for identical systems of 

increasing dimension.  The normalized energy method exhibits superior numerical 

conditioning and consumes less computational time, especially as system dimension 

increases, than classical PIM.  Furthermore, the author asserts that since the improved PIM is 

mathematically analogous to the normalized energy inversion, there is no need to expend the 

additional effort in reformulating the energy matrix for improved PIM.  Nonetheless, a 

structured approach that works reliably for complex structures and/or moderate coupling 

does not exist.  The primary objective of this dissertation is to contribute toward that goal. 
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2 DEVELOPMENT OF A POWER FLOW MODEL REALIZATION 
METHOD 

 
2.1 PROBLEM DEFINITION AND APPROACH 

Techniques to identify parameters from tests on low frequency second-order structural 

dynamic systems have been widely explored by the modal analysis community for over fifty 

years [49].  Advances were achieved in testing methods as well as system identification 

techniques.  Early experimental efforts relied almost solely on analog testing.  Two early 

modal identification contributions worth mentioning are “circle-fitting”, introduced by 

Kennedy and Pancu [50], and a systematic approach to normal mode testing developed by 

Lewis and Wrisley [51].  Prior to 1970, these two techniques (or variations of them) were 

used in most modal identification applications.  After the introduction of computers into the 

laboratory and the development of the fast Fourier transform in the 1970’s, frequency 

response function testing and curve fitting gained popularity.  Computational improvements 

beginning in 1980 resulted in the practical ability to conduct multiple input testing and led to 

enhancements in excitation, signal processing, and data analysis.  Multiple input testing 

allowed multiple input system identification methods to be employed that offered improved 

results with increased speed; see, for example, Vold et al [52], Leuridan [53], Craig and Blair 

[54], and Zhang et al [55].  Also, a renewed interest developed in Auto-Regressive Moving 

Average (ARMA) techniques that were previously considered too computationally 

demanding; see, for example Prevosto et al [56].  Currently, many identification schemes 

exist and wide varieties are employed routinely.  Most methods work well on simple 

structures and must be applied with care to deliver meaningful results on systems that are 

more complex.  Research in this area continues.  Other efforts include techniques to 

improve/update Finite Element Analysis (FEA) models using experimentally identified 
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modal parameters or to quantify structural changes to a system by tracking parameter 

discrepancies in an accurate FEA model that has been updated using measured data from the 

modified structure. 

  

System identification methods have also been widely explored by the automatic control 

community.  This is due, at least, in part to the fact that an accurate system model is often 

required to develop an effective control scheme.  Significant accomplishments in system 

identification in both the time and frequency domain have been made over the last thirty 

years.  No attempt is made here to detail these developments.  However, a technique in the 

field of controls that is related to modal identification is the process of constructing a space 

representation from measured data.  This is usually termed system realization.  Minimum 

order techniques developed by Ho and Kalman [57], which realize a model with the smallest 

state space dimension, have been successfully used to identify second order structural 

dynamic systems [58].  In fact, as Juang [59] points out, minimum realization of a state space 

model in the time domain is computationally similar to the multiple input/multiple output 

time-domain methods often used by the modal testing community. 

 

It seems that the question of how to identify SEA parameters from measured data is 

conceptually similar to the question of how to identify structural dynamic FEA parameters 

from measured data.  Historically, the advancement of modal testing was not significantly 

motivated by seeking to improve FEA models.  Not only do properly identified modal 

parameters serve very well as an input/output map of a system at measurement locations, real 

physical appreciation is obtained by examining a structure’s modes of vibration.  However, 
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some insight into the practicality of the power injection and energy inversion methods for use 

in SEA can be obtained by considering the similar problem of obtaining FEA parameters 

from an inversion of measured response data.  The first obvious conclusion is that it is, 

indeed, quite impractical to attempt to measure input/output data on a structure at all 

locations where there are finite element nodes in its model.  Similarly, it is likely that not all 

SEA degrees of freedom will be measured, especially, in plane extension or shear modes.  

Second, inversion of this response matrix from modal tests would suffer from poor numerical 

conditioning for reasons similar to that for a measured energy response matrix.  Nonetheless, 

there exist FEA updating methods that have proven successful.  This is done not by directly 

measuring physical parameters but by focusing instead on modal parameters, which serve as 

the common ground between structural dynamic modeling and test. 

 

Very often, measured modal parameters are successfully used to improve existing FEA 

models using, for example, minimum norm updating via Lagrange multipliers (Berman and 

Nagy, [60]), generalized matrix inversion (O’Callahan et al., [61]), localized updating 

(O’Callahan and Chou, [62]), or sensitivity methods (Van Karsen,[63]).  It seems, therefore, 

that in the pursuit of a reliable structured approach to the identification of SEA parameters, a 

reasonable course would be to incorporate the advances and lessons learned by the modal 

analysis and controls communities regarding their, very similar, problem. 
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2.2 SELECTION OF SYSTEM IDENTIFICATION METHOD 

System identification is the process of constructing models of dynamical systems to serve 

certain purposes [64], which, in this case, is to obtain experimental values of SEA 

parameters.  The first step is to determine the class of identified model types that will best 

serve this purpose.  The power balance equations described thus far have been restricted to 

steady state conditions.  However, a transient form of the power balance can be formulated.  

This, together with an examination of the validity of assumed time-invariant parameters, is 

detailed in a later section.  A complete model for a linear time-invariant system is given by: 

 

 

 

where y(t) is the sampled system output, u(t) is the sampled system input, and e(t) is a 

sampled additive disturbance such as measurement noise.  h is the system impulse response 

function and g is the disturbance impulse response function.  Usually, equation 2.1 is written 

in the following form: 

 

where, 

 

 

and the backward shift operator is q-k = u(t - k).  H(q) is the system transfer function and 

G(q) is the disturbance transfer function as shown in Figure 2.1.  Furthermore, if: 
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and the input, u(t), is bounded, then the corresponding output will be bounded.  This also 

assures that: 

 

converges for all |z| ≥ 1.  Hence, G(z) is analytic on and outside the unit circle. 

 

 

 

 

 

 

 

 

Extension to multiple degrees of freedom is straightforward.  The model description is: 

 

 

where the input, output, and disturbance are vectors.  [H(q,θ)] and [G(q,θ)] are transfer 

function matrices.  Furthermore, the vector of independent variables, θ, contains the system 

parameters, the determination of which is the goal of the system identification. 

 

The manner in which [H(q,θ)], [G(q, θ)] and {e(t)} are specified define the particular class of 

models representing the system.  Two main classes of models can be defined in terms of their 

structure: 

1) Black Box Models 
2) Physical Models 

u(t) 

e(t) 

+ 
y(t) 

H(q) 

G(q) 

Figure 2.1   Dynamic System with Input and Disturbance 
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Black box models relate inputs to outputs without regard to physical structure and, often, no 

a-priori knowledge may exist with regard to the nature or amount of unknown parameters.  

On the other hand, physical models have a basis on real physical laws allowing restriction to 

be placed on the variability in the nature and amount of parameters. 

 

Probably the most popular black box model is the transfer function structure.  Here, G and H 

are represented as rational functions.  The parameters, θ, are coefficients of polynomial terms 

(A,B,C,D,F) in the numerator and denominator and, as such, are non physical.  The general 

form is: 

 

 

In most circumstances, the general form is not used.  Usually, some of the polynomials are 

set to unity.  Several examples are given in Table 2.1. 
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Polynomials

Model Structure Set to Unity

Finite Impulse Response (FIR) A,C,D,F

Autoregressive, Extra Input (ARX) C,D,F

Autoregressive Moving Average (ARMA) B,D,F

Autoregressive Moving Average, Extra Input (ARMAX) D,F

Autoregressive, Autoregressive Extra Input (ARARX) C,F

Autoregressive, Autoregressive Moving Average Extra Input (ARARMAX) F

Output Error (OE) A,C,D

Box-Jenkins (BJ) A

Polynomials

Model Structure Set to Unity

Finite Impulse Response (FIR) A,C,D,F

Autoregressive, Extra Input (ARX) C,D,F

Autoregressive Moving Average (ARMA) B,D,F

Autoregressive Moving Average, Extra Input (ARMAX) D,F

Autoregressive, Autoregressive Extra Input (ARARX) C,F

Autoregressive, Autoregressive Moving Average Extra Input (ARARMAX) F

Output Error (OE) A,C,D

Box-Jenkins (BJ) A

Table 2.1   Transfer Function Models 
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The most popular of the physical class of structures is the state space model.  In this form, the 

relation between the inputs, outputs, and disturbances are written as a set of first order 

differential equations (continuous time) or difference equations (discrete time).  The form is 

especially useful since the physics of the problem can be readily incorporated into the 

structure of the model.  Usually, after the application of physical laws, the following form is 

obtained for multiple degrees of freedom: 

 

 

where [A(θ)] and [B(θ)] are system matrices that are functions of the physical system 

parameters, θ.  {x(t)} is the state vector containing the physical output quantities such as 

acceleration, velocity, or displacement.  Numerous dynamic systems can be written in this 

fashion.  In fact, with proper layout of the state vector, 2nd order structural dynamic systems 

can be formulated in state space.  In addition, as will be shown, a first order transient SEA 

power balance can be written in this form as well. 

 

For identifying experimental SEA parameters, a physical model is preferable such that an 

attempt at obtaining real quantities such as damping and coupling loss factors can be made.  

However, it is certainly worth mentioning that identification of a non-physical model that 

provides only a mapping between measured inputs to measured outputs could still be useful 

in the course of a design or analysis.  In fact, for linear time-invariant systems, the identified 

model could be used to examine how the system would respond to excitation types and levels 

different from those that were used during the experimentation.  Furthermore, it is entirely 

feasible that an experimentally identified non-physical system could be incorporated into a 

( ){ } ( )[ ] ( ){ } ( )[ ] ( ){ }tuBtxAtx θθ +=& (2.8)
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larger computational model as a type of “super-element” (or more properly “super-

subsystem”) in a hybrid analysis. 
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2.3 STATE SPACE REALIZATION 

Again, the approach used in this dissertation is to apply system realization methods to the 

state space class of model structures given by: 

 

 

 

where, {x(t)} is the response vector, {u(t)} is the input vector, {y(t)} is the measurement 

vector, [Ac] is the state matrix, [Bc] is the input influence matrix, and [C] is the output 

influence matrix. 

 

2.3.1 QUASI-STEADY STATE SEA 

The first step in constructing a state space representation suitable for experimental SEA is to 

develop a transient form of the power balance equations.  The simplest approach is a quasi-

steady state SEA obtained from the steady state formulation by adding a term to include a 

first order change of energy of the subsystem in each of the subsystem power balance 

equations.  The intention is to predict an envelope, or more precisely, an average energy of 

the response over a short duration compared to the overall transient dynamic response but 

long enough (at least one or more periods corresponding to system natural frequencies) to 

effectively filter the second order system behavior.    In matrix notation, for m subsystems, 

this is written: 

 

 

 

(2.9a & b)( ){ } [ ] ( ){ } [ ] ( ){ }tuBtxAtx cc +=&

( ){ } [ ] ( ){ }txCty =
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where, Ei(t), is the energy of the ith subsystem, Πi, is the input power to the subsystem, ηi, 

are the damping loss factors, ηij are the coupling loss factors, and ω is the center frequency of 

the analysis band.  In compact form, this is: 

 

 

where, {E
*

(t)} is a vector of the time rate of change of the subsystem energies, {E(t)} is a 

vector of the subsystem energies, [H] is the loss factor matrix, and {Π(t)}is a vector of the 

input powers.  When {E
*

(t)} are all zero, this formulation reduces to the steady state SEA 

power balance: 

 

 

The symmetric forms can also be written in quasi-steady state form.  In terms of the modal 

energy, {e(t)}, this is: 

 

 

where, [N] is a diagonal matrix of the subsystem mode counts within the frequency band of 

interest and [K] is the symmetric coupling matrix.  Similarly, in terms of the modal power 

potential, {φ(t)}, this is: 
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where, [n(ω)] is a diagonal matrix of the subsystem modal densities and [β] is the symmetric 

modal coupling matrix. 

 

The formulation of a transient power balance was considered even in the beginning state of 

the development of SEA theory [65].  Mercer, Rees, and Fahy [66] showed using a 

perturbation analysis for weakly coupled oscillators that the instantaneous transmitted energy 

is inversely proportional to the difference between the blocked natural frequencies of the two 

oscillators.  This is essentially the same as the result for stationary steady state input.  Sun et 

al [67] as well as Powell and Quartararo [68] have reported success, using a quasi-steady 

state power balance, for transient response predictions of certain structural systems.  More 

recently, Pinnington and Lednik [69,70] compare quasi-steady state SEA as well as wave 

propagation analysis with exact solutions for impulsively loaded coupled oscillators and 

coupled beams.  They observed that differences between the envelope of the exact transient 

response and the estimated response occurred with respect to peak levels and the time to rise 

to peak level.  It was also seen that, in the case of the coupled beams, accuracy strongly 

depended on the modal overlap. 

 

The accuracy of quasi-steady state SEA applied to coupled equal oscillators and coupled 

multiple degree of freedom systems subject to impulsive inputs is examined by Hall [71].  

Results indicate that steady state SEA parameters can be used in a quasi-steady state 

formulation for transient applications provided standard SEA assumptions are met.  

( )[ ] ( ){ } [ ] ( ){ } ( ){ }tttn Πφβφω =+& (2.14)
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Specifically, coupled subsystems must each maintain a uniform distribution of natural 

frequencies over the frequency band of interest, an equipartition of energy over the modes of 

the subsystems, uniform damping, and, most importantly, high modal overlap.  For the 

systems examined, this minimizes the energy prediction error to ± 3 dB.  Extension to 

general excitation can be realized by applying standard convolution techniques and by further 

requiring the typical SEA assumption that the inputs be uncorrelated. 

 

2.3.2 TRANSFORM THEORY AND STATE SPACE REPRESENTATION 

It is a straightforward matter to algebraically manipulate the quasi-steady state SEA power 

flow equations into a state space form.  In fact, all power balance forms, including those with 

a symmetric coupling matrix, yield identical non-symmetric [Ac] matrices.  Rearrangement of 

equation 2.11 gives: 

 

 

This is clearly the state space form where, [Ac] = -ω[H], [Bc] = [I], {x(t)} = {E(t)}, and 

{u(t)} = {Π(t)}: 

 

 

Rearrangement of the symmetric forms, equations 2.13 and 2.14, yield the same state space 

form.  In other words, the state space form of the SEA power balance always reduces to the 

non-symmetric form. 

 

( ){ } [ ] ( ){ } ( ){ }ttEtE Πω +−= H& (2.15)

( ){ } [ ] ( ){ } [ ] ( ){ }tuBtxAtx cc +=& (2.16)
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To best interpret the physical nature of the state space identification it will prove 

advantageous to use linear transformation theory to obtain diagonal system matrices.  This is 

done by transforming the system equations of choice to “principal” coordinates using the 

coupling matrix eigenpairs.  In this way, the power balance equations are uncoupled.  Use of 

the symmetric form is not strictly necessary; however, transforming the state space or non-

symmetric system is slightly more complicated in that the inverse of an eigenvector matrix 

must be computed for use in the projection instead of its transpose.   For the state space (non-

symmetric) representation, conservation of modal energy (symmetric), and conservation of 

modal power potential (symmetric) respectively, the following eigenproblems can be formed: 

 

 

 

 

where, γi is the ith eigenvalue, ui, vi, and wi are the ith eigenvectors corresponding to each of 

the three forms.  If the system dimension is m x m corresponding to m subsystems, then the 

eigenproblems can be written in an augmented form for all m eigenpairs each: 

 

 

 

 

where, [∆
___

] is a diagonal matrix of the eigenvalues, [U], [V], [W] are matrices of the 

eigenvectors arranged in columns.  The choice of the symbol, [∆
___

], to represent the 

eigenvalue matrix results from an obvious interpretation that the eigenvalues are damping 
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(2.18a - c)
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bandwidths in principal coordinates or more precisely, damping bandwidths of principal 

(uncoupled) subsystems. 

 

Note that the eigenvalues for all forms are identical.  Furthermore, it will prove useful to 

properly scale the eigenvectors such that the transformation of any of the power balance 

equations yields an identical diagonal system.  This is done by scaling the eigenvectors such 

that the following triple products become equal to the identity matrix: 

 

 

 

 

where, [U
~

], [V
~

], and [W
~

] are the scaled eigenvector matrices for each of the three power 

balance forms.  Note that the first linear transformation requires inversion of the eigenvector 

matrix in view of the fact that the system is non-symmetric.  Since the eigenvectors are 

orthogonal with respect to the system matrices, the scaling is achieved via:   

 

 

 

 

 

The response can be written as the linear combination of uncoupled (principal) subsystem 

responses.  Akin to mode summation for 2nd order dynamical systems, the response of 

subsystem i is: 
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where, u
~

i
(k), v

~
i
(k) , and w

~
i
(k) are the components of the kth eigenvector at subsystem i for each of 

the power balance forms respectively.  x
__

k(t) is the energy, e
__

k(t) is the modal energy, and φ
__

k(t)  

is the modal power potential of principal subsystem k.  For simplicity, the symbolic matrix 

representation for the summation can be used: 

 

 

 

 

Substituting equations 2.22a - c into equations 2.11, 2.13, and 2.14 respectively yields: 

 

 

 

 

Pre-multiplying by the appropriate adjoint of the eigenvector matrix gives: 
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Making use of orthogonality, this reduces to simply: 

 

 

 

 

where, [I] is an m x m identity matrix, [∆
___

] is, again, a diagonal matrix of the system 

eigenvalues, {x
__

(t)} is a vector of the energies of the principal subsystems, {e
__

(t)} is a vector 

of the modal energies of the principal subsystems, and {φ
__

(t)} is a vector of the modal power 

potentials of the principal subsystems.  Thus, equations 2.25 are the quasi-steady state SEA 

power balances in principal coordinates.  These can also be recast into state space form.  The 

various forms are summarized in Table 2.2. 
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Table 2.2   State Space Form of the Quasi-steady State Power Balance 
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Since the physical coupling matrices are positive definite as shown previously, then the 

system eigenvalues are all positive.  This characterizes a dynamic system whose free 

response decays as expected.  Components of the eigenvectors, which represent the 

distribution of energy among the principal subsystems can, however, be negative.  This does 

not imply that a true physical subsystem will have negative energy, which is, in fact, 

impossible for positive definite systems.  Instead, a negative eigenvector component only 

acts to reduce the total energy of a physical subsystem in the summation process of equation 

2.21 in the same way that a positive eigenvector component acts to increase the total energy. 

 

 

In structural dynamics, the state space matrix equation, which is 1st order, is usually a 

reformulated or augmented set of 2nd order differential equations of motion representing 

some linear finite-dimensional dynamic system.  The reformulation into state space is 

performed because it often provides a computational advantage over the original form.  

Hence, the reformulation of the SEA power balance is not strictly necessary since it is 

already a 1st order system.  However, it is done because existing state space realization 

methods are to be adapted for use in this study and this may best be achieved without the 

burden of adjusting nomenclature. 

 

The state space forms shown to this point are in the continuous-time domain.  A discrete-time 

state space model can be constructed such that the system becomes represented by a set of 

difference as oppose to differential equations.  This is necessary because the experimental 
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data used to perform the system identification is sampled response (at an interval ∆t) 

acquired using digital data acquisition.  This is: 

 

 

 

where, the discrete time state space matrices are given by: 

 

 

 

 

   

2.3.3 SYSTEM REALIZATION 

The basic concept of a state space realization is to compute the [A], [B], and [C] matrices, 

which satisfy the discrete-time model equations 2.26, from measurements of the response of 

the system to some known disturbance.  Typically, the measurement is either a directly or 

indirectly acquired pulse response; see, for example, Juang [72].  To relate the system 

matrices to the pulse response, a unity pulse is applied to equation 2.26.  In the absence of 

initial energy, the following is obtained for k = 0: 

 

 

 

Augmenting to include a pulse singly delivered to each degree of freedom (subsystem) gives 

for k = 0: 
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For k = 1, the following is obtained: 

 

 

 

 

 

 

 

For k = 2, the following results: 

 

 

 

 

 

 

In general, a recursive relation can be written: 
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Clearly, the matrix of pulse responses, [yij(k)], where yij(k) is the response of subsystem i to a 

pulse at subsystem j at time sample k are simply related to the discrete-time state space 

matrices.  Summarizing and denoting the matrix of pulse responses as [Y(k)], the following is 

obtained: 

 

 

Note that the constant matrices, [Y(k)], are known as the system Markov parameters. 

 

Arranging the Markov parameters into rows for the first b states leads to definitions for 

controllability and observability: 

 

 

 

 

 

where, the controllability matrix, [Qb], and the observability matrix, [Pb] can be seen to be: 
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The state or response of a system at b is said to be controllable if the state can be reached 

from any initial state of the system in a finite time interval when subject to some control 

action.  If all states are controllable, the system is said to be completely controllable.  It can 

be shown [72] that the system of order m is completely controllable if and only if the m x bp 

controllability matrix, [Qb], is of rank m for all b states, where p is the number of inputs.  In 

essence, for an input singly delivered, this occurs when all eigenvector components are non-

zero at the input location. 

 

The state or response of a system at b is said to be observable if knowledge of the input and 

output over a finite time interval, 0 < k ≤ b, completely determines the response or state at b.  

If all states are observable, the system is said to be completely observable.  Similarly, it can 

be shown [72] that the system of order m is completely observable if and only if the qb x m 

observability matrix, [Pb], is of rank m for all b states, where q is the number of outputs.  In 

essence, this occurs at a particular output location when all eigenvector components are non-

zero at that location. 

 

The identification procedure is to utilize measured Markov parameters to reconstruct or 

realize a system, [A
^

], [B
^

], and [C
^

] that will yield outputs that are, ideally, equal to the 

measured response used to build the Markov parameters.  The realization, however, is not 
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unique.  The effort to characterize the system can be simplified by seeking a minimum 

realization, which is one with the smallest dimension of all the possible realizations.  In terms 

of pure input/output behavior, the system parameters are the eigenpairs of the minimally 

realized system.  Indeed, all minimal realizations have the same eigenpairs.  Finally, the 

realized eigenvalues, [∆
___

]R, are then converted to the continuous-time domain via: 

 

 

If the eigenvalues are complex such as with 2nd order dynamic systems, the associated 

continuous time eigenvalues are not unique since their imaginary parts can be scaled by any 

multiple of 2π and still satisfy the equation.  Typically, the sample interval, ∆t, is adjusted or 

frequencies beyond Nyquist are filtered to eliminate this aliasing effect.  However, the quasi-

steady state SEA power balance, which is 1st order, will ideally have purely real discrete-time 

eigenvalues which transform to purely real continuous-time eigenvalues avoiding this issue 

altogether.  However, this could provide a means for distinguishing true 1st order SEA 

behavior from extraneous 2nd order response phenomena or measurement noise. 

 

The basic development of minimal state space realization is attributed to Ho and Kalman 

[57].  This procedure uses what is known as a generalized Hankel matrix in the realization.  

The Hankel matrix is assembled from the Markov parameters as follows: 
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where, α and σ are arbitrary integers.  Note that in order for the Hankel matrix to be of full 

rank, m, the system must be both controllable and observable, α must be greater than or equal 

to m, andσ must be greater that or equal to m, where m is the number of subsystems. 

Extension of the Ho-Kalman procedure to realize systems from noisy measurement data 

resulted in the development of the Eigensystem Realization Algorithm (ERA) by Juang and 

Pappa [58].  With ERA, rows and columns of the Hankel matrix associated with poorly 

measured data can be deleted provided that the first block, [Y(k)] is kept intact.  By 

maintaining only the strongly measured signals, distortion of realized parameters caused by 

noise is minimized without losing identification capability.  Still denoting the matrix as 

[H(k-1)] since it was formed from the Hankel matrix, the modified form is hereafter referred 

to as the ERA block data matrix. 

 

The process begins by decomposing the block data matrix at k = 1.  This is done using 

singular valued decomposition; see, for example, Keener [30]:  

 

 

where [R] is a matrix whose columns makeup the left singular orthonormal vectors and [S] is 

a matrix whose columns makeup the right singular orthonormal vectors such that: 

 

 

[Σ] is a diagonal matrix of the singular values in decreasing magnitude.  For sufficiently low 

noise data, the matrix of singular values is then partitioned to isolate the m non-zero singular 

values: 
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Note that if noise is present in the measured data, the preserved singular values are those that 

are considered significant.  The discarded singular values are non-zero and, hence, the 

decomposition is approximate.  The first m columns of [R] and [S] can be denoted as [R]m 

and [S]m.  Therefore, the k = 1 block data matrix, [H(0)] can be written: 

 

 

Furthermore, the pseudo-inverse of the k = 1 block data matrix can be written: 

 

 

where the prime indicates the pseudo-inverse.  It can then be shown [58,72-77] that the 

following realization is minimal: 

 

 

 

 

 

 

where, [A
^

], [B
^

], and [C
^

] are the realized system matrices, [I]p is an identity matrix of order p, 

where p is the number of experimental inputs, [0]p is a null matrix of order p, [I]q is an 

identity matrix of order q, where q is the number of experimental outputs, and [0]q is a null 
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matrix of order q.  In essence, ERA is a least squares fit to the pulse response functions.  The 

steps for performing the ERA are shown in Figure 2.2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The realized discrete-time model represented by [A
^

], [B
^

], and [C
^

] is then converted back to 

the continuous-time domain.  Ideally, the realized system eigenpairs are equivalent to those 

obtained from a computational SEA model that perfectly represents the dynamic system. 

Examination of equation 2.42 reveals that, ideally: 
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Figure 2.2   Eigensystem Realization Algorithm (ERA) 
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where, [P] and [Q] are then generalized observability and controllability matrices 

respectively.  Furthermore, it can be shown [72] that the observability and controllability 

grammians, [P]T[P] and [Q][Q]T are both equal to the diagonal matrix of singular values: 

 

 

Since both are equal, the system is as controllable as it is observable.  As a result, ERA is 

said to be an internally balanced realization of the [A
^

], [B
^

], and [C
^

] matrices.  In other words, 

the mappings from input to state and from state to output are similar and balanced. 

 

Utilization of corrupted data resulting from measurement noise can lead to bias error in the 

system realization.  This can be minimized when using ERA by over-specification of the 

identified model.  However, an improved method, using data correlations, can be formulated 

for minimizing this error without the need for model over-specification.  The approach is 

very similar to that for ERA.  Instead of decomposing a block data matrix, [H(0)], a 

decomposition of a data correlation matrix, [R (0)], is required.  In general, the correlation 

matrix, [R (k)], is defined as follows: 

 

 

where, [R (k)] is a square matrix of order qα.  Showing the elements of the matrices, equation 

2.47 can be written as: 
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Or, after simplifying: 

 

 

 

 

 

 

Note, especially, that the data correlation matrices contain auto-correlations of Markov 

parameters along the diagonal and cross-correlations of Markov parameters for the off-

diagonal terms.  As a result, uncorrelated measurement noise present in measured Markov 

parameters that potentially corrupts the block data matrices, [H(k)], is minimized in the data 

correlation matrices, [R(k)]. 

 

ERA uses the block data matrices to obtain [A
^

], [B
^

], and [C
^

].  Similarly, a block correlation 

matrix, [H(k)], can be built as follows: 

 

 

 

 

The integer, k, is chosen to avoid correlation terms which give rise to bias when noise exists.  

The integer, τ, is chosen to avoid excessive overlap in adjacent data correlation matrices.  
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Finally, the integers, ζ and ξ, define how many correlation lags exist in the block correlation 

matrix. 

 

At this point, the realization of the state space matrices proceeds in the same manner as for 

ERA.  Keeping the same notation, singular value decomposition of the block correlation 

matrix gives: 

 

 

The matrix of singular values is then partitioned to preserve only the m non-zero singular 

values: 

 

 

Again, if measurement noise is present, the decomposition is approximate.  The realization 

can then be shown to be: 

 

 

 

 

 

 

where the prime, again, denotes the pseudo-inverse.  In essence, this is a least squares fit to 

the pulse response auto-correlations and cross-correlations.  As a result, uncorrelated 

measurement noise can be minimized, or even omitted, by properly choosing the integer, k.  
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Furthermore, to reduce overlap in the adjacent data correlation matrices, the integer, τ, must 

be greater than or equal to α.  Again, the realized discrete-time model represented by [A
^

], 

[B
^

], and [C
^

] is then converted back to the continuous-time domain.  Ideally, the realized 

system eigenpairs are equivalent to those obtained from a perfect computational SEA model.  

In this dissertation, the method is referred to as the power flow model realization method or 

simply PRM.  The steps of PRM are shown in Figure 2.3.   
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Figure 2.3   Power Flow Realization Method (PRM) 
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Other techniques for realizing minimal state space systems exist.  Many can be shown to be 

similar [59].  For example, a method based on covariance equivalent realizations, which 

resembles PRM is the Q-Markov Cover algorithm [79-81].  However, as Juang et al [82] 

observe, the realization becomes accurate only asymptotically as the amount of data 

approaches infinity.  Additionally, a bias was seen that reduces, again, only as the length of 

the data becomes large. 

 

2.3.4 RESPONSE SYNTHESIS AND TEST/ANALYSIS CORRELATION 

To synthesize response predicted by the realized system, the state space equations are simply 

used: 

 

 

where, the subscript, s, denotes synthesized response.  This can be used to assess the 

accuracy of the realization by comparing response (synthesized from measured inputs) with 

actual measured response.  Similarly, the realized system can be used to synthesize 

input/output type quantities such as pulse response or steady state frequency response.  These 

can then be compared to the same measured quantities to further assess realization accuracy.   

 

If a computational SEA model is available, test/analysis accuracy can be similarly examined 

by comparing synthesized response with response predicted by the SEA model.  

Furthermore, comparisons can be made between eigenpairs computed from eigensolution of 

the computational model with eigenpairs obtained from the realized system.  Conversion of 

the realized discrete-time matrices given by [A
^

] and [B
^

] yields the realized continuous-time 
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representation, [A
^

c] and [B
^

c].  Eigensolution of the [A
^

c] matrix gives the realized eigenvalue 

matrix, [∆
___

R], and the realized eigenvector matrix, [Ψ].  The eigenvalues can be directly 

compared.  The eigenvectors can be compared by computing their statistical correlation.  

Similar to a least squares correlation coefficient, an eigenvector correlation coefficient, ra, for 

pair a can be computed: 

 

 

 

where, {Ua} is eigenvector a from the computational SEA model and {Ψa} is eigenvector a 

of the realized system.  The value of ra can vary from zero to unity.  As ra approaches unity 

the pair of eigenvectors approach complete correlation; whereas, when ra goes to zero, the 

pair are completely uncorrelated.  Furthermore, by summing over all eigenvectors at a 

particular degree of freedom, a subsystem eigenvector correlation coefficient can be 

computed: 

 

 

 

 

where, rs, is the correlation coefficient for subsystem s, Usa is the component of eigenvector a 

at subsystem s from the eigensolution of the computational SEA model, and Ψsa is the 

component of eigenvector a at subsystem s from the realized system. 
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Another method of assessing test/analysis accuracy via eigenvector correlation is to compute 

the cross-orthogonality.  Properly identified eigenvectors are orthogonal to the eigenvectors 

of a perfect model with respect to its system matrices.  This can be assessed by computing 

the triple product orthogonality relation between the measured and the model eigenvectors, 

which ideally produces the identity matrix.  Provided modal energies are used in the system 

realization, the cross-orthogonality is computed as follows: 

 

 

For realization based upon modal power potential measurements, cross-orthogonality is 

given by: 
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2.4 CONCLUSIONS 

Again, direct inversion of a matrix of measured energies can suffer from poor numerical 

conditioning and is likely to produce a measured coupling matrix that lacks physical sense.  

Furthermore, it is impractical to attempt to measure input/output data on a structure at all 

locations where there are subsystems in its model.  This problem, however, is similar to that 

encountered in the structural dynamic analysis of low frequency 2nd order systems.  Instead 

of directly measuring physical parameters, focus is given to acquiring modal parameters, 

which serve as the common ground between structural dynamic modeling and test.  State 

space realization, which is a popular system identification method seems similarly well 

suited for identifying experimental SEA parameters, since a transformation can be readily 

formed between physical quantities and parameters obtained from a minimal realization. 

 

The incorporation of theoretical examination, simulation studies, and large scale testing on 

appreciably complex structures has led to a significant database of experience and lessons 

learned on the application of state space realization methods.  At the forefront of this 

advance, ERA has earned substantial credibility for reliably identifying structural dynamic 

parameters [83-93].  Hence, the eigensystem realization algorithms have been adapted, in this 

investigation, for use in the identification of a minimum order power flow model (PRM) 

suitable for obtaining SEA parameters. 
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3 DEVELOPMENT OF A SEA MODEL IMPROVEMENT 
PROCEDURE 

 
3.1 APPROACH 

One of the most common approaches to updating computational structural dynamic models is 

outlined in Figure 3.1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Basically, the eigenpairs of a realized model obtained from testing are used to update an 

initial computational model such that the input/output behavior of the updated model is a best 

fit to the measured data used in the realization.  The approach is often successfully used with 

respect to updating structural dynamic FEA models using data obtained from modal testing.  

Figure 3.1   Structural Dynamic Model Updating 
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In this investigation, the same approach is introduced to update an initial computational SEA 

model using a minimum order model obtained from energy and input power measurements. 
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3.2 EIGENVECTOR INVERSION 

Probably the simplest way to update the initial computational SEA model is to project the 

realized eigenpairs back to physical coordinates.  This transformation, however, is not 

unique.  In fact, there exist an infinite number of physical systems that will produce the 

realized eigenpairs.  The challenge is to obtain an updated model that, ideally, produces the 

measured input/output relations and maintains physical sense to its structure.   

 

3.2.1 NON-SYMMETRIC SYSTEM 

The most straightforward approach is to directly invert the realized eigenvectors.  To 

illustrate, the non-symmetric form of the SEA power balance is written in terms of an initial 

coupling matrix, [H0], and a perturbation, [∆H], required such that eigensolution of the new 

system yields the realized eigenpairs: 

 

 

where, the subscript, 0, refers to the initial system.  Denoting the new system as improved, 

gives: 

 

 

where, [HI] = [H0]+[∆H] is the improved coupling matrix.  Solving for the perturbation 

yields: 

 

 

Projecting this equation into principal coordinates using the realized eigenvectors, [Ψ], gives: 

( ){ } [ ] ( ){ } ( ){ }ttEtE Πω =+ IH& (3.2)

(3.1)( ){ } [ ] [ ]( ) ( ){ } ( ){ }ttEtE Π∆ω =++ HH 0
&

[ ] [ ] [ ]0I HHH −=∆ (3.3)
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where, the inverse is used as the adjoint operator since the coupling matrix is non-symmetric.  

Provided that the eigenvectors are scaled for unity magnitude, [Ψ]-1[Ψ] = [I], equation 3.4 

simplifies to: 

 

 

where, [∆
___

R] are the realized eigenvalues.  Solving for perturbation matrix yields: 

 

 

where, it can also be seen that the improved coupling matrix is given by: 

 

 

It can be seen that the improved coupling matrix in is nothing more than the realized 

eigenvalue matrix projected back to physical coordinates using the properly scaled realized 

eigenvectors. 

 

Assuming reciprocity holds, the realized non-symmetric coupling matrix can be used to 

determine the subsystem mode counts (or modal densities).  Recall that the ratio of mode 

counts is equal to the ratio of coupling loss factors.  For subsystems i and j, this is: 
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where, the now known coupling loss factors are simply the off diagonal elements of the 

realized coupling matrix.  However, this system of equations is rank deficient.  Therefore, 

only a least-squares determination can be made or at least one subsystem mode count must 

be known prior to solving for the others. 

 

3.2.2 SYMMETRIC SYSTEM 

There is no guarantee that the updated non-symmetric coupling matrix will maintain any 

physical sense other than the number of degrees of freedom which is set by the initial 

computational SEA model.  On the other hand, a generalized inverse of the realized 

eigenvectors weighted by the initial model can be utilized in the updating such that a degree 

of physical sense is preserved.  It can be seen in the development of this method that a 

symmetric form of the coupling matrix is required. 

 

The symmetric form of conservation of modal energy is written in terms of an initial mode 

count matrix, [N0], initial coupling matrix, [K0], and perturbations, [∆N] and [∆H], required 

such that eigensolution of the new system yields the realized eigenpairs: 

 

 

where, the subscript, 0, refers to the initial system.  Denoting the new system as improved, 

gives: 

 

where, [NI] = [N0]+[∆N] is the improved mode count matrix and [KI] = [K0]+[∆K] is the 

improved coupling matrix.  Solving for the mode count perturbation yields: 

[ ] [ ]( ) ( ){ } [ ] [ ]( ) ( ){ } ( ){ }tteteNN 00 Π∆ω∆ =+++ HH& (3.9)
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Projecting this equation into principal coordinates using the realized eigenvectors, [Ψ], gives: 

 

 

where, in this case, the transpose is used as the adjoint operator since the coupling matrix is 

symmetric.  Provided the eigenvectors are scaled for unity mode count, [Ψ]T[NI][Ψ] = [I].  

Equation 3.12 simplifies to: 

 

 

Defining the projection of the initial mode count matrix to principal coordinates as  

[N
___

0] ≡ [Ψ]T[N0][Ψ], equation 3.13 can be written as: 

 

 

Pre and post-multiplying equation 3.14 with the inverse of the original mode count projection 

yields the following:  

 

 

Equation 3.15 can be somewhat simplified by substituting [N
___

0] into the right hand side as 

follows: 
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Solving for the mode count perturbation gives: 

 

 

Further simplifying yields: 

 

 

Inspection of equation 3.18 reveals that: 

 

 

where, [Ψ]g, is the generalized inverse weighted by the mode count matrix of the initial 

computational SEA model: 

 

 

Up to this point it is assumed only that the measured eigenpairs are correct and they are 

orthogonal with respect to the improved mode count matrix.  Finally, the resulting improved 

mode count matrix is: 

 

 

 

To determine the improved coupling matrix, satisfaction of the power balance and coupling 

matrix symmetry become additional constraints.  The eigenproblem for the improved system 

can be written: 
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substituting [KI] = [K0]+[∆K] yields: 

 

 

Projecting equation 7.11 to principal coordinates gives: 

 

 

Denoting the projection of the original coupling matrix to principal coordinates by 

[ER]T[K0][ER] = [K
___

0], equation 7.12 simplifies to: 

 

 

Solving for the coupling perturbation using the generalized inverse defined previously, the 

following is obtained: 

 

 

Finally, the improved coupling matrix is: 

 

 

A similar result can be obtained using conservation of modal power potential, where the 

mode count matrix is replaced by the modal density matrix and the coupling matrix is 

replaced by the modal coupling matrix.  In this investigation, the model updating procedures 

described are collectively referred to as SEA model improvement or simply SMI. 
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Although the procedure for updating a symmetric system offers more physical realizability 

than the non-symmetric update, gross global modeling errors can lead to a breakdown of 

system connectivity in the structure of the coupling matrix.   The intention, here, is to possess 

a somewhat reasonable initial model and then update it to correct a number of localized 

modeling errors.  The extent of initial model accuracy necessary for reasonable updates is 

further examined in later sections. 
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3.3 EXPANSION OF UNMEASURED DEGREES OF FREEDOM 

As previously discussed, not all degrees of freedom need be excited to employ a minimum 

order realization provided that the number of inputs allow for complete controllability.  In 

many situations, a single input may suffice if no eigenvector component is zero at that degree 

of freedom.  However, in most real situations it is unlikely that response measurements on a 

physical structure will be gathered at all degrees of freedom that exist in a computational 

model of the system.    Not only might this prove to be time consuming, the response of 

certain SEA subsystems (such as in-plane mode groups) would, in fact, prove difficult, if not 

impossible, to measure.  Therefore, a means of expanding measured eigenvectors back to the 

full number of degrees of freedom is needed in order to perform the model updating. 

 

For the steady state SEA power balance, an expansion based upon a transformation that is 

mathematically identical to that used in a static reduction of an FEA model would suffice for 

expanding the coupling matrix without approximation.  However, for the quasi-steady state 

power balance this method would not be an exact mapping even for a perfect coupling 

matrix. 

 

An exact mapping can be constructed using the eigenpairs from eigensolution of the 

symmetric power balance equations.  To develop this method, recall that the modal energy, 

for example, can be written as the linear superposition of modal energies of the principal 

subsystems.  At the full number of degrees of freedom, m subsystems, this is: 
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where, {em(t)} is the vector of modal energies of all m physical subsystems, [Vma] is the 

eigenvector matrix at all m degrees of freedom of the computational model for a 

eigenvectors, and {e
__

a(t)} is a vector of the modal energies of a principal subsystems.  At the 

reduced, test degrees of freedom, t, the superposition is: 

 

 

multiplying equation 3.29 by [Vta]T gives: 

 

 

solving equation 3.30 for {e
__

a(t)} yields: 

 

 

Substituting equation 3.31 into 3.28 gives: 

 

 

The embedded transformation from test degrees of freedom to full degrees of freedom can be 

seen: 

 

 

where, the transformation is given by, 
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Finally, the expansion of the realized eigenvectors, [Ψ] at the test degrees of freedom back to 

the full number of degrees of freedom in the computational model can be written: 

 

 

Provided that the eigenvectors of the computational model are from a full eigensolution and 

the number of test degrees of freedom used in the transformation exceeds the number of 

eigenvectors chosen for the update, then this is a least squares mapping that exactly expands 

a reduced set of eigenvectors back to the full set.  The transformation does not introduce 

further approximation on its own.  Error manifested here results only from discrepancy 

between the initial computational model and the true physical system.  A transformation can 

also be constructed when the number of eigenvectors exceeds the number of test degrees of 

freedom.  However, this represents an average, not least squares, solution and, as such, would 

introduce approximation into the mapping process.  Furthermore, it should be obvious that 

the eigenvectors from the computational model chosen for use in the least squares 

transformation should be observable at the test input/output locations. 
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3.4 SUMMARY 

The procedure for performing the realized model expansion and SEA model updating is 

shown in Figure 3.2. 
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4 SIMULATIONS 
 
Prior to using experimentation to assess the accuracy of the system identification and model 

updating procedures presented in this dissertation, it makes sense to attempt the same using 

simulated experimental data.  In this way, a means of quantifying identification and update 

accuracy is readily available since the true parameters used to generate the simulated data are 

known.  In other words, the results of the experimental SEA can be directly compared to the 

true parameters used to construct the simulated response.  Laboratory investigations on both 

simple and complex structures are presented in later sections. 

 

4.1 TWO-SUBSYSTEM MODEL 

The first simulation examined here is the two-subsystem model, which, in essence, represents 

the simplest of SEA systems.  The two-subsystem SEA model is shown in Figure 4.1. 

 

 

 

 

 

 

 

The approach taken is to maintain two predictive computational SEA models.  The first 

model is the initial computational SEA model.  The second SEA model represents the 

simulation of a true physical system.  In this case, it contains, what are usually unknown 

parameter differences from the initial model intended to represent modeling inaccuracy.  This 

Figure 4.1 Two-Subsystem SEA Model 
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second model is used only to generate simulated transient experimental data and to provide 

the reference for assessing system identification and updating accuracy. This imitates a 

typical situation where one is seeking to improve a “first cut” model that contains potential 

modeling error.  The system identification procedure developed in this study is then applied 

to the simulated experimental data.  The realized minimum order model or “fit” is compared 

to the simulated data to validate the identification process.  Next, the model updating 

schemes, also developed in this study, are then applied.  Finally, since in this case they are 

available, the updated model parameters can be compared to their true values to assess the 

accuracy of the update.  For excitation, a pulse input is used.  Additionally, varying levels of 

normally distributed random noise are added to both the input and the response to imitate 

measurement noise.  A typical pulse response with a 40 dB signal to noise ratio (SNR) is 

shown in Figure 4.2. 
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Table 4.1 Eigenvalues of Two-
Subsystem Simulation 

1 0.018 1.00
2 0.025 1.00
3 0.303 0.01
4 0.492 0.56
5 0.659 0.14
6 0.814 0.00
7 1.056 0.02
8 1.262 0.01
9 1.281 0.02

10 1.623 0.02
11 1.667 0.02
12 1.964 0.02
13 2.184 0.02
14 2.370 0.02

Principal        Real Part of
Index        Loss Factor    Unit Vector

Significant
1 0.018 1.00
2 0.025 1.00
3 0.303 0.01
4 0.492 0.56
5 0.659 0.14
6 0.814 0.00
7 1.056 0.02
8 1.262 0.01
9 1.281 0.02

10 1.623 0.02
11 1.667 0.02
12 1.964 0.02
13 2.184 0.02
14 2.370 0.02

Principal        Real Part of
Index        Loss Factor    Unit Vector

Significant

It can be clearly seen that the realization provides a minimum order power flow model that is 

a best “fit” to the simulated experimental data.  The singular values obtained from 

decomposition of the block correlation matrix for this example are shown in Figure 4.3. 
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two are significant.  Indeed, this makes sense since 
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seen that only the first two associated eigenvalues 
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with complex eigenvalues in the realized model cause it to generate oscillations when 

reconstructing the response.  This would not represent a best fit.  Instead, the complex 

eigenvalues are discarded since they are associated with the noise added to the simulated 

measured response.  Clearly, this is a means for identifying true system behavior from 

extraneous 2nd order phenomenon such as measurement or sensor noise. 

 

First, the dependence of realization accuracy on the level of noise in the response is studied.  

The analysis frequency bandwidth is a full octave centered at 1000 Hz.  For case 1, the initial 

SEA model has mode counts of 110 and 200 for subsystems one and two respectively.  The 

coupling loss factor is η12 = 0.001.  The damping loss factors are η1 = 0.01 and η2 = 0.02.  

The resulting system matrices for the initial SEA model are: 

 

 

 

The simulated test data is generated using the same parameters except that the damping loss 

factor is doubled, η1 = 0.02.  Therefore, a perfect model update should produce a 100% 

subsystem one damping loss factor increase.  The system matrices used to generate the 

simulation, which are, typically, not known are: 
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The highlighted element represents the simulated SEA inaccuracy.  System realization and 

model updating are performed repeatedly for simulations maintaining a SNR that varies from 

0 dB to 80 dB. 

The realized eigenvalue errors are shown in Figure 4.4.  It can be seen that, obviously, the 

error decreases as the SNR increases.  For reference, the potential maximum error in any of 

 

 

 

 

 

 

 

 

 

 

 

 

the elements of a coupling matrix computed using PIM subject to the same noise level is 

plotted as well.  For the most part, PRM is comparable to PIM in this respect. 

 

The damping loss factors of the improved model after using the symmetric model update 

procedure are shown in Figure 4.5.  Recalling that the true damping loss factor should be 
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η1 = 0.02, it can be seen that accuracy, again, increases with increasing SNR.  For the most 

part, PRM performs comparably to PIM. 

 

  

 

 

 

 

 

 

 

 

 

 

 

Ideally, the model updating procedure should produce a change to only the (1,1) entry of the 

coupling matrix since only the damping of subsystem one truly changed.  If other elements in 

the matrix are modified, the improved system looses physical sense.  The degree to which 

this “smearing” depends on response SNR is shown in plots of the normalized coupling 

matrix update in Figure 4.6, where the elements of the coupling change matrix have been 

normalized by the maximum change.  It can be seen that, as expected, the smearing becomes 

worst as the SNR decreases.  From the fourth subplot, it can be observed that the updated 

coupling matrix looses physical structure at noise levels below 20 dB SNR. 
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For case 2, this procedure is repeated to examine updating of more than a single parameter.  

The initial SEA model is identical to the previous initial model as shown: 
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into the coupling matrices.  In essence, this simulates a scenario that is inferior to the first 

case examined since more than a single SEA parameter is inaccurate.  The experimental 

system matrices are: 

 

 

 

where the highlighted elements represent SEA inaccuracy.  System realization and model 

updating is once again performed repeatedly for simulations maintaining a SNR that varies 

from 0 dB to 80 dB.  The realized eigenvalues errors are shown in Figure 4.7. 

 

 

 

 

 

 

 

 

 

 

 

 

It can be again seen that the error decreases as the SNR increases.  For reference, the 
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subject to the same noise level is plotted as well.  Once again, the two are somewhat 

comparable in this respect. 

 

The damping loss factors of the improved model after using the symmetric model update 

procedure are shown in Figure 4.8. 
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observe the degree of smearing by plotting the damping loss factor of subsystem one, which 

is the only parameter that should not change.  This is shown in shown in Figure 4.9. 

 

 

 

 

 

 

 

 

 

 

 

 

Once more, it can be seen that, as expected, the smearing becomes worst as the SNR 

decreases.  However, it appears that the updated coupling matrix maintains physical structure 

at noise levels above 20 dB SNR. 

 

In conclusion, for the two-subsystem SEA simulation, it seems that both PRM and PIM 

perform comparably.  Although the computational procedure of PIM is considerably more 

straightforward (especially for only two degrees of freedom), PRM is implemented with only 

a single input for the realization, whereas, PIM requires two inputs and, hence, twice as much 
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data.  This suggests that PRM may prove more advantageous for complex systems by 

simplifying experimental procedures. 
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4.2 MULTI-SUBSYSTEM MODEL 

The next simulation examined is a multiple subsystem model.  Specifically, the true system is 

comprised of ten SEA subsystems.  The maximum ratio of off-diagonal to diagonal elements 

is 0.8 and the ratio of the highest to lowest singular values is 35.  This indicates that the 

system maintains light to moderate coupling.  The PRM method is used to identify a 

minimum order power flow model using a single pulse input at subsystem six with response 

locations on six of the ten subsystems.  It is found that only two identified eigenpairs need be 

used to accurately update an initial model that has a factor of 10 discrepancy in the damping 

of subsystem one. 

 

It is found that care must be taken to properly chose the eigenpairs of the initial 

computational SEA model that are used in the expansion of the realized model at the test 

degrees of freedom up to the full number of degrees of freedom.  The 1st eight eigenvectors 

of the initial computational model are plotted in Figure 4.10. 
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Probably, the most judicious choice would be to use eigenvectors one, four, and six since 

only those three are controllable at the input location – subsystem six; the other eigenvector 

components are zero at this subsystem.  It is eventually seen that, in this case, only two 

eigenvectors need be used to successfully update the initial SEA model.  In the absence of 

noise, utilization of eigenvectors one and four lead to a successful SMI with a minimum 

degree of smearing as shown in Figure 4.11. 

 

 

 

 

 

 

 

 

 

 

 

Elements of the normalized improved coupling matrix are simply elements of the improved 

coupling matrix divided by true value of the coupling matrix at the location of the 

discrepancy KE(1,1).  Furthermore, it can be seen that an improper choice of eigenvectors 

(three and eight) of the initial computational model leads to a poor expansion of realized 

eigenvectors which results in a SMI that looses physical sense as shown in Figure 4.12. 
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The same study is repeated using a SNR of 20 dB.  Again, with a good choice of 

eigenvectors (one and four) maintaining a non-zero eigenvector component at the input 

subsystem leads to an SMI with slightly more smearing than is present with no noise yet can 

still be seen to be successful as shown in Figure 4.13. 
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Figure 4.13 SMI With Noise and Good Choice of Eigenvectors 
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For the situation with poorly chosen eigenvectors realized in the presence of noise, SMI 

leads, again, to an updated coupling matrix that lacks even less physical sense than the noise 

free case as shown in Figure 4.14. 

 

 

 

 

 

 

 

 

 

 

 

 

To examine the extent of initial model accuracy necessary for successful model 

improvement, simulations were performed for an increasing number of discrepancies in the 

coupling matrix.  Specifically, errors in a range from two to ten of the eleven non-zero 

coupling loss factors were progressively introduced.  The normalized coupling matrix update 

for each PRM/SMI is shown in Figure 4.15. 
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Note that, in these cases, only eigenvectors that are obviously controllable from the input 

location are utilized in the expansion.  Clearly, as the number of parameters in error becomes 

greater, the physical sense to the structure of the model updating procedure becomes lost as 
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evidenced by the smearing.  All updates are seen to equally maintain the proper input/output 

relationships that correlate with the simulated experimental data.  However, a reasonably 

accurate initial model is required to obtain proper physical SEA parameters from the 

updating process. 

 

4.3 CONCLUSIONS 

As a result of simulation studies, it seems that the power flow model realization method 

(PRM) and the SEA model improvement (SMI) scheme developed in this dissertation show 

promise for enhancing experimental SEA practices.  The realization accuracy of PRM 

appears to be comparable to PIM without the inherent need to gather a full set of input/output 

data.  Furthermore, the SMI proved to successfully update an initial SEA model and required 

only a minimal amount of response data and computational effort. 

 

In all cases, accuracy depended on the signal to noise ratio.  However, even in the presence 

of moderately noisy data (20 dB SNR) reasonable success could be achieved.  Finally, it was 

observed that error in the identification of physical SEA parameters manifested in direct 

relation to initial model inaccuracy. 
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5 EXPERIMENTAL STUDIES 
 
5.1 SIMPLE STRUCTURE 

Experiments conducted on an actual structure allow for true assessment of realization and 

model updating accuracy.  Since the structural dynamics of a simple structure are understood, 

it serves as a useful test-bed such that experimental techniques appropriate for the methods 

developed in this dissertation may be refined prior to advancing to a more complex system. 

 

5.1.1 EXPERIMENTAL SETUP 

The structure under consideration consists of two 16 gauge steel plates connected at a 90º 

angle.  The plates are 4 ft. by 5 ft. and 3 ft. by 4 ft. respectively and are welded together 

along the common 4 ft. sides.  The entire structure is suspended as shown in Figure 5.1. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.1   Test Setup 
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Simple decay rate measurements showed that the bare plates had a relatively low damping 

loss factor (η < 0.001), see Figure 5.2.  As a result, it was necessary to apply damping tile, as 

shown in the photograph, increasing the damping loss factor above the theoretical coupling 

loss factors such that weak coupling conditions (favorable for SEA) could be achieved.  The 

damping loss factor for both plates was increased to approximately η = 0.01.   

 

 

 

 

 

 

 

 

 

 

 

 

 

Test equipment was setup as shown in Figure 5.3.  Response acceleration was measured 

using accelerometers and force inputs were measured using force gauges.  Both sensor types 

were standard piezoelectric transducers with flat response over the entire analysis bandwidth 

of interest (315 Hz – 8000 Hz). 
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Broadband frequency response function (FRF) measurements were initially collected to serve 

as a baseline in the test/analysis comparisons.  For use in the power flow model realization, a 

burst random excitation filtered in successive 1/3 octave bands over the analysis bandwidth  

was employed.  Additionally, during the transient tests, both force gauge and accelerometer 

outputs were filtered in the same successive 1/3 octave bands.  Response data were gathered 

at ten randomly chosen locations (five on each plate) for each of six different shaker input 

locations (three on each plate) to obtain reasonable spatial averaging. 

 

Average FRF’s were stored digitally and acquired using standard fast Fourier transform 

(FFT) processing.  Chirp excitation that was periodic over each time ensemble was used such 

that windowing functions were not required, hence, minimizing leakage in the FFT process.   
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During transient testing, average drive point force, drive point acceleration, and transfer 

acceleration were acquired and stored digitally in the time domain using five ensembles per 

average at each input/output location for each of the 1/3 octave bands in the overall analysis 

bandwidth.  Eight samples per period were acquired throughout.  A noise burst, as opposed to 

a pulse, was used.  The duration of the burst was sufficiently longer than the computed rise 

time based on the expected damping level such that steady state conditions would be reached 

prior to turning off the excitation.  In this way, the response measurement would achieve 

maximum SNR during the event for the given input power.  

 

5.1.2 TRANSIENT DATA PRE-PROCESSING 

Since the actual measurements were input force and response acceleration at a point, the data 

was processed to yield spatially and temporally averaged input power and response energy.  

Specifically, multiplication of the instantaneous input force by the instantaneous response 

velocity (obtained by integrating the acceleration) at the drive point gave the instantaneous 

input power.  It was found that proper phase calibration of the collocated force/accelerometer 

pair was necessary to accurately obtain the instantaneous power measurement.  A typical 

input power measurement for the 1000 Hz 1/3 octave band on the coupled plate structure is 

shown in Figure 5.4. 

 

Since the measured quantity was 2nd order, it was necessary to compute a short time average 

input power to yield the 1st order behavior or, loosely, the envelope of the input.  To 

accomplish this, all data within a window consisting of a 5 period duration (or 40 samples) 

were averaged. 
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This was repeated for all data points after stepping one sample per repetition.  The result is a 

moving window average of the input power as shown in figure 5.4.  It can be seen that the 2nd 

order behavior has been, effectively, filtered.  A similar approach was used on the 

instantaneous squared velocity to obtain the moving window average or mean square 

velocity.  This is shown in Figure 5.5. 

 

The mean square velocity was then multiplied by the appropriate system mass to obtain the 

total energy of that particular subsystem. 

 

Even though care was taken to deliver the same voltage to the shaker at each different input 

location, local differences in plate impedance did not guarantee that power input levels were 
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consistent.  As a result, in order to compute a spatial average of the response, it was 

necessary to normalize each set of energy measurements by the average power input.  

Specifically, the energy measurements were divided by the average value of the input power 

over the steady state portion of the excitation.  A typical result, at 1000 Hz, showing the 

individual measurements, the spatial average, and the +/- 2 σ bounds is shown in Figure 5.6. 
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5.1.3 REALIZATION OF A MINIMUM ORDER POWER FLOW MODEL 

The post-processed measured transient data was used to realize a minimum order power flow 

model using PRM.  This was performed for every 1/3 octave band from 315 Hz to 8000 Hz.  

A typical comparison between measured energy and that synthesized from the realized model 

at 1000 Hz is shown in Figure 5.7. 
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It was found that even though data was acquired for excitation on both the large and the 

small plates, only the response due to a single average input on the large plate was necessary 

to obtain close correlation between the measured data and the realized model. 

 

5.1.4 SEA MODEL IMPROVEMENT 

The initial computational SEA model was generated using AutoSEA™ software.  The values 

of the coupling loss factors were made artificially low and, hence, represented modeling 

inaccuracy.  Model updating using SMI was performed for data gathered in each 1/3 octave 

band from 315 Hz to 8000 Hz.  The SMI (updated) coupling loss factor is shown in Figure 
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5.8.  The coupling loss factor obtained using PIM on the broadband FRF measurements as 

well as the theoretical values are, additionally, plotted. 

 

 

 

 

 

 

 

 

 

 

 

 

 

It can be seen that the identified loss factors using both methods correlate closely with the 

theoretical values and decrease with increasing frequency.  Specifically, the difference, in 

dB, between identified and theoretical values of the coupling loss factors are shown in Figure 

5.9.  Both methods lead to relatively accurate coupling identification.  PIM results are higher 

than theoretical by an average of 1.5 dB.  The PRM/SMI results are higher than theoretical 

by an average of 1 dB over the entire analysis range.  The PIM can be seen to maintain 

slightly more variability than PRM/SMI evidenced by their respective standard deviations of 

1.5 dB and 4 dB. 
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The identified damping loss factors are shown in Figure 5.10. 
 

 

 

 

 

 

 

 

 

 

   Figure 5.10   Damping Loss Factors 
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It can be seen that there is reasonably close correlation between identified damping and the 

values obtained from decay rate tests.  The difference, in dB, between identified and 

theoretical values of the damping loss factors are shown in Figure 5.11. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Here, the damping loss factor using PRM/SMI is, on average, higher than that from decay 

rate tests by 0.5 dB.  The PIM value has slightly more discrepancy, as it is higher than the 

decay rate value, on average, by 5 dB.  With respect to all parameters, PIM accuracy suffered 

at relatively high frequencies. 
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5.1.5 DISCUSSION OF RESULTS 

To assess the system realization (PRM) and model updating (SMI) accuracy, the improved 

computational SEA model was used to synthesize the drive and transfer mobility FRF’s.  The 

spatially averaged large plate drive point mobility is shown in Figure 5.12. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Here, it can be clearly seen that both the PRM and PIM results correlate closely with the 

measured broadband FRF.  Indeed, for PIM, this makes sense since the identified coupling 

matrix is obtained directly from the band averaged FRF.  Similar conclusions can be drawn 

from the small plate drive point mobility and the transfer mobility shown in Figure 5.13 and 

Figure 5.14 respectively. 
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Figure 5.13   Drive Point Mobility of Small Plate 

-60

-50

-40

-30

-20

-10

0

10

20

100 1000 10000

Measured
PIM
PRM/SMI

Frequency, Hz 

M
ob

ili
ty

,  
(i

n/
se

c)
/lb

f
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5.1.6 CONCLUSIONS 

For the simple structure tested, both methods of SEA parameters identification, PIM and 

PRM/SMI, perform comparably.  It was found that the coupling loss factor error was less 

than 1.5 dB and the damping loss factor deviated from that obtained via decay rate tests by 

less than 5 dB.  Comparisons of measured frequency response functions and those 

reconstructed from the identified SEA parameters showed close correlation.  It was, 

furthermore, discovered that only a single input was required to successfully implement 

PRM/SMI on this structure, whereas, a full matrix of measurement inputs and outputs was 

required for PIM.  This, once again, provides some evidence that PRM may prove to be 

advantageous for obtaining experimental SEA parameters for complex systems by 

simplifying the testing process. 
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5.2 COMPLEX STRUCTURE 

Often, the structural dynamic or acoustic engineer is faced with the challenge of having to 

provide input early in a design of a complex system.  At this point, there is usually a very 

limited amount of available analysis and test data.  This type of scenario, therefore, is used to 

subject the methods developed in this dissertation to a worst-case trial, and, hence, complete 

the range of examined applicability.  Specifically, the approach involves gathering a 

minimum amount of measured data, typical in many real situations, and assuming a relatively 

rough initial computational SEA model is available prior to testing. 

 

5.2.1 EXPERIMENTAL SETUP 

The complex structure used to examine the power flow realization and SEA model 

improvement methods is a 1995 Mercury Sable automobile donated by the Ford Motor 

Company.  The experimental setup is shown in Figure 5.15. 

 

 Figure 5.15   Mercury Sable Test Setup 
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The vehicle is a “body in trim” meaning that only the chassis, body, and trim are present for 

the experiments carried out here.  Additionally, the hood, trunk, and doors are removed to 

reduce the extent of testing required without overly sacrificing system complexity.  The 

vehicle is supported from the bottom of the body using a distributed layer of resilient 

padding.  A single 100 lbf rms exciter is attached to the chassis at the left front wheel well as 

shown in the photograph.  

 

Instrumentation is setup as shown in Figure 5.16.   

 

 

 

 

 

 

 

 

 

 

 

Response acceleration was measured using accelerometers and force inputs were measured 

using force gauges.  The same approach used during the testing of the coupled plate structure 

was employed here.  Broadband frequency response function (FRF) measurements were 

collected to serve as a baseline in the test/analysis comparisons.  Burst random excitation 
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Forward Excitation 

Figure 5.17   SEA Model of Mercury Sable Test Structure 

filtered in successive full octave bands was used to generate the transient data necessary for 

the PRM.  Again, during the transient tests, both force gauge and accelerometer outputs were 

filtered in the same successive octave bands.  The entire frequency band of interest was from 

125 Hz to 8000 Hz. 

5.2.2 PRE-TEST ANALYSIS 

A SEA model was created using AutoSEA software to serve as the initial model for the 

model improvement phase.  The model is shown in Figure 5.17. 

 

 

 

 

 

 

 

 

 

The model is comprised of 16 plate subsystems and 54 beam subsystems totaling 70 

subsystems.  Only the flexural dynamics of both types of subsystems are represented. 

 

By examining the eigenvectors of the SEA model, it is possible to determine the best choice 

for input locations at a particular frequency.  Specifically, if the eigenvector component is 

high at a particular input location, the associated principal subsystem can obtain relatively 

high energy levels from a small amount of power input at that position.  On the other hand, if 
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the component is low, a great deal of input power is required to reach the same energy level.  

Furthermore, if the eigenvector component is zero at a particular input location, the 

associated state is not controllable from that point or, in other words, the associated principal 

subsystem cannot be activated from that particular input position.  An activation coefficient 

can be computed for each eigenvector based on a particular input location.  To do this, recall 

that the power balance in principal coordinates (using the modal energy form) is: 

 

 

where [V
~

] is a matrix of the system eigenvectors, [N] is the matrix of mode counts in the 

analysis band centered at ω, [K] is the symmetric coupling matrix, {e
__

(t)} is a vector of the 

modal energies in principal coordinates, and {Π(t)} is the vector of input powers.  If a single 

input of unity magnitude is considered at some particular subsystem, the right hand side of 

the equation, being the projection of the input power into principal coordinates, yields a 

vector of the relative activation of the eigenpairs due to the location of this excitation. 

 

 

 

 

 

By separately considering a single input at each subsystem, 70 such activation vectors can be 

computed (one for an input at each subsystem).  This is merely the transpose of the 

eigenvector matrix.  An example, for the 1000 Hz octave band, is plotted in Figure 5.18. 
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Note that, for this purpose, all eigenvectors have been scaled for unity magnitude.  It can be 

seen that, in general, inputs at subsystems 1, 2, 19-21, 42, 47, 48, 57, 58, and 66-70 have the 

highest relative activation and seem, furthermore, to excite most of the system eigenpairs.  

These subsystems represent the plate flexural dynamics of the regions indicated in the figure 

and maintain the highest activation because they are somewhat centrally located and couple 

to most of the remaining subsystems.  By summing over the eigenvectors, a total activation 

can be computed as shown in figure 5.19.  This figure is somewhat simpler to interpret and 

yields the same conclusion regarding the high relative activation of the system eigenvectors 

when exciting the subsystems previously listed. 
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Figure 5.18   Relative Activation of Eigenpairs, 1000 Hz 
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Figure 5.20   Total System Activation 
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The total activation can be computed for each center frequency in the analysis bandwidth as 

shown in Figure 5.20. 
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Figure 5.19   Total System Activation, 1000 Hz 
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Figure 5.21   Thermogram of Frequency Average Activation (Plates) 

It can be seen that, for this model, the average activation is more or less independent of the 

octave bandwidth of interest.  As a result, the optimal location for exciting the structure, the 

floor subsystem, is at the same place for all bands over the entire analysis range. 

 

Perhaps, the best way to interpret the result is to superimpose the values of the activation 

onto a graphic of the vehicle in the form of a thermogram.  The frequency average activation 

for the plate subsystems is shown in Figure 5.21. 

 

 

 

 

 

 

 

 

 

 

Similarly, the thermogram for the beam subsystems is shown in Figure 5.22.  The results are 

clearly consistent with the results of Figures 5.18 – Figures 5.20. 

 

Based upon the activation results, the best choice of input location would seem to be the roof, 

floor, or roof beam subsystems.  However, a relatively low horizontal driving location was 

needed due to practical limitations regarding shaker attachment and orientation. 
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Figure 5.22   Thermogram of Frequency Average Activation (Beams) 

 

 

 

 

 

 

 

 

 

 

Of the lower subsystems, only the beams provided a means of delivering a horizontal force 

input.  Therefore, it was concluded that the best location for the exciter was one of the lower 

beams (as shown) in the engine compartment as these subsystems had the highest activation 

of all the lower beams.  The location is shown in Figure 5.23 
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5.2.3 SYSTEM IDENTIFICATION AND MODEL IMPROVEMENT 

It has been previously emphasized that when conducting typical dynamic testing on complex 

systems, it is unlikely that response would be measured at all locations where there are 

subsystems in a predictive SEA model of the system.  For the tests conducted on the Mercury 

Sable, response was gathered at 20 of the 70 subsystems present in the initial SEA model.  

These include all 16 plate subsystems and 4 beam subsystems as shown in red in Figure 5.24. 

 

 

 

 

 

 

 

 

 

 

 

The same approach previously used for the coupled plate structure, was re-employed here for 

the transient testing.  Specifically, average drive point force, drive point acceleration, and 

transfer acceleration were acquired and stored digitally in the time domain using five 

ensembles per average at each response location for each of the octave bands in the overall 

analysis bandwidth.  Eight samples per period were acquired throughout.  A noise burst was 

utilized, again, to achieve sufficient SNR and long enough duration to attain steady state 

Figure 5.24   Measured Beam Response Locations 
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Figure 5.25   Eigenvector Participation at Test Locations 
 

conditions prior to deactivating the excitation.   The data was processed to averaged input 

power and response energy using a 5 period moving window average. 

 

Power flow model realization (PRM) was used for the system identification.  Ten singular 

values were obtained from the acquired transient response measurements for each center 

frequency.  Prior to performing the model updating, the experimental eigenvectors were 

expanded to the full number of degrees of freedom present in the initial SEA model.  To 

properly choose the analytical eigenvectors to use in the transformation, the components of 

the eigenvectors were summed over the test degrees of freedom for each frequency band and 

then normalized by the maximum value.  High values of this index corresponded to 

eigenvectors with the greatest participation as observed from the test locations.  This is 

plotted in Figure 5.25. 
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Figure 5.26   Change in Coupling Matrix, 1000 Hz 
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The eigenvectors with the highest indices for each frequency band are summarized in Table 

5.1. 

 

 

 

 

 

 

 

After applying the symmetric form of the SEA model improvement (SMI), a coupling change 

matrix was found for each analysis band.  The percent change at 1000 Hz is shown in Figure 

5.26. 

 

 

 

 

 

 

 

 

 

 

 

Center  Eigenvectors with 
Freq. (Hz) Highest Participation 

 
     35    41    45    46    47 
     30    34    44    45    62 
     44    46    60    61    62 
     43    44    59    60    63 
     34    56    57    58    67 
     49    50    51    53    64 
     48    51    66    67    68 

125
250
500

1000
2000
4000
8000

Table 5.1   Eigenvectors used in Test Data Expansion 
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From the figure, it can be seen that the coupling matrix elements with the highest change are: 

∆K39-47, ∆K 41-47, ∆K 42-46, ∆K 42-44, and ∆K 25-42 together with their corresponding reciprocal 

elements.  This indicates that the highest modeling error occurs with respect to the coupling 

between the roof (subsystem 47) and the roof beams (subsystems 39 and 41) and also with 

respect to the windshield (subsystem 42) and the neighboring beams (subsystems 44 and 46).  

These junctions are highlighted in red in Figure 5.27.  The diagonal elements of the matrix, 

for the most part, are unaffected. 

 

 

 

 

 

 

 

 

 

 

 

Furthermore, it was observed that error in these modeled junctions was an under prediction 

of the coupling loss factor that occurred somewhat consistently across all frequency bands in 

the analysis range as shown in Figure 5.28. 

 

 

Figure 5.27   Locations of Initial Model Coupling Loss Factor Errors, 1000 Hz 
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To assess the accuracy of the model improvement, measured frequency response functions 

were compared to those synthesized using both the original and the improved SEA models.  

As expected, it was found that the updated SEA prediction correlated more closely to the 

measured data than did the original SEA prediction.  The drive point mobility prediction, 

shown in Figure 5.29, remained, for the most part, unchanged after the model updating.  

Indeed, this makes sense since the change in the coupling matrix for the input subsystem was 

small.  Transfer mobility predictions to subsystems coupled through the windshield and the 

roof subsystems mentioned earlier, however, were improved.  The transfer mobility to the 

roof is shown in Figure 5.30. 

 

0.0001

0.001

0.01

0.1

100 1000 10000

Frequency, Hz 

Windshield Plate – Edge Beams (Original) 
Windshield Plate – Edge Beams (Updated) 
Roof Plate – Roof Beams (Original) 
Roof Plate – Roof Beams (Updated) 

C
ou

pl
in

g 
L

os
s 

Fa
ct

or

Figure 5.28   Result of SEA Model Improvement 
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Figure 5.30   Roof Transfer Mobility 
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Figure 5.29   Drive Point Mobility 
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Measurement of the transfer mobility to the windshield proved difficult in that the response 

was very low.  However, a measurement/prediction comparison was made in frequency 

ranges were the measured coherence was best as shown in Figure 5.31. 

 

 

 

 

 

 

 

 

 

 

 

 

Even in this case the updated SEA model correlates more closely with measured data than 

does the original model. 

 

5.2.4 SYSTEM IDENTIFICATION AND MODEL IMPROVEMENT 

In order to assess the degree to which local parameter discrepancies could be identified using 

measured data, a structural change was made to the test structure.  Specifically, damping tile 

was applied to the right front body panel.  The objective was to see how well the structural 

change could be identified using the power flow realization and model updating scheme. 
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Figure 5.31   Windshield Transfer Mobility 
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Figure 5.32   Normalized Coupling Change Matrix 

After applying the damping treatment, another set of transient measurements (using the same 

drive point and response locations) was gathered for the 1000 Hz octave band.  Again, 10 

singular values were used to obtain the PRM model.  Updating using SMI resulted in a 

damping loss factor for the right front body panel that changed from 0.001 in the initial SEA 

model to approximately 0.013 for the improved model.  The normalized coupling change 

matrix is shown in Figure 5.32.   

 

 

 

 

 

 

 

 

 

 

 

 

 

Note, the body panel subsystem corresponds to degree of freedom 48 in the plot and, as a 

result, the element of the change matrix corresponding to row 48 and column 48 is unity as 

indicated by the red color.  A perfect update would involve a change to this element only 

since the structure was modified at this location alone.  However, the true update suffers 
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from some smearing in that other damping loss factors and some coupling loss factors were 

modified as well.  This effect is minimal as evidenced in the figure.  It turns out that the most 

smearing is limited to 60% of the change to the right front body panel that was actually 

modified and is seen to occur only to the neighboring subsystems.  This can best be 

illustrated by superimposing the change matrix onto a graphic of the vehicle in the form of a 

thermogram as shown in Figure 5.33. 

 

 

 

 

 

 

 

 

 

 

 

 

It can be seen that even though some smearing occurs, the PRM/SMI technique successfully 

identified the location of the structural change. 
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5.2.5 CONCLUSIONS 

The results indicate that the power flow realization method and SEA model improvement 

procedure can be used to acquire SEA parameters for complex structures provided 

measurements are made carefully and that a reasonable initial computational SEA model 

exists.  In this study, response was gathered at 20 of the 70 subsystems.  Therefore, current 

methods, such as PIM, would require the acquisition of a 20 input by 20 output measurement 

matrix totaling 400 measurements per frequency band.  For this structure, the PRM/SMI 

method required only a single column of the full 20 x 20 measurement matrix totaling only 

20 measurements per frequency band.  This represents a substantial savings in data 

acquisition and processing time. 



 137

6 SUMMARY AND RECOMMENDATIONS 
 
Reliable, established techniques for the prediction of structural dynamic and structural 

acoustic response exist for frequency regions characterized by relatively long wavelengths 

and relatively wide natural frequency separations.  In general, these regions are usually 

associated with lower frequencies.  Specifically, considerable success has been obtained 

using finite element analysis (FEA) and boundary element analysis (BEA) methods over a 

wide range of system complexities.   

 

Over time, experimental methods such as modal testing have evolved such that the current 

approach to constructing models of dynamic systems at low frequency consists, usually, of 

merging computational and test based methods.  Testing is most often used to confirm and 

update computational models, ensure that design specifications are met, and to provide 

details regarding dynamic loads and constraints on motion. 

 

The extension of computational FEA/BEA methods to high frequency regions associated by 

relatively shorter wavelengths and narrower natural frequency separations has proven 

difficult.  In particular, model size and subsequent solution expense become very large due to 

the fine mesh required to resolve the response field.  Furthermore, physical properties 

become highly sensitive to small variations in detail and boundary conditions, which 

increases uncertainty of the solutions.  Finally, for very short wavelengths, even typical 

assumptions regarding ideal components become questionable, such as whether or not beam 

sections remain plane during deformation. 
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Predictive statistical energy analysis (SEA) methods have been used for approximately 40 

years to overcome this difficulty, however, success has been reported in only a few 

disciplines and, hence, has yet to reach full acceptance.  Similarly, experimental SEA is still 

considered to be in its infancy.  Although some successes have been achieved for simple 

systems, a considerably limited amount of research has been conducted on the application of 

experimental SEA to complex systems.  Furthermore, existing experimental approaches that 

can be applied in situ, such as the power injection method (PIM), require the acquisition of a 

large amount of data and can produce erroneous results. 

 

Lessons learned from the merging of test and computational methods for low frequency 

systems inspire the techniques presented in this dissertation, the objective of which is to 

improve standard SEA procedures.  In particular, a structured system identification method 

for obtaining a minimum order power flow model, the power flow realization method 

(PRM), is derived.  It is found that a full matrix of measured inputs and outputs is not 

required for successful system identification as is the case with current methods such as PIM.  

Additionally, the method provides useful insight into system dimension and maintains the 

ability to extract parameters in the presence of measurement noise. 

 

Furthermore, a method of using the PRM results to improve an existing predictive SEA 

model is derived.  This method, given the name SEA model improvement (SMI), can be used 

to obtain physical parameters from experimental data.  This has the potential to overcome the 

current difficulty, inherent with PIM, of identifying erroneous, non-physical SEA parameters. 
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It is shown, using a combination of simulations and experiments that the methods derived 

here are at least as accurate as current methods when applied to simple structures.  Although 

a somewhat reasonable initial SEA model is required, PRM/SMI was found to be successful 

when applied to data collected from real tests conducted on a complex system.  In fact, it was 

observed that, even with a very limited experimental data set, the techniques developed in 

this dissertation could quantify and locate a structural change down to the subsystem that was 

truly modified.  This demonstrates a substantial advantage over current methods in data 

acquisition time alone.  Indeed, the full set of measurements, required for PIM, could not 

even be obtained due the considerable time required to gather the data and the impracticality 

of positioning inputs at all of the subsystems of interest. 

 
These results indicate that the methodologies presented have the potential to significantly 

enhance standard experimental SEA procedures.  Furthermore, it is believed that these 

advances, although related to experimental methods, could benefit established and newer 

applications of predictive SEA by helping to provide insight into the accuracy of modeling 

techniques and assumptions. 

 

It is recommended that additional effort be made to refine the methods developed here.  

Although it was not considered here at this early stage, it is also possible that the connectivity 

of an initial SEA model could be used as an additional constraint during the model 

improvement process to further reduce the production of erroneous non-physical results that 

can occur with both PRM/SMI and PIM.  Furthermore, additional comparisons of the 

identification methods using test data on complex systems seem necessary to obtain a deeper 

understanding of the advantages and disadvantages of each.    
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