
ABSTRACT

SAHOO, INDRANIL. Spatiotemporal Models for Physical Processes. (Under the direction
of Joseph Guinness and Brian J. Reich).

With the advancement in modern technology, large-scale spatiotemporal data over

regions spanning from counties to the entire globe are observed in atmospheric sciences.

In this dissertation, we present a collection of models for analyzing high-dimensional

spatiotemporal data on Euclidean spaces and spheres.

Modeling spatial covariance is one of the major aspects of modeling geostatistical data.

It is often assumed that the spatial process is isotropic, that is, the covariance depends

only on the distance between two locations and not on their relative orientation. This

assumption, if erroneous, can adversely affect model predictions and statistical inference.

In Chapter 2, we propose a test for spatial isotropy on a sphere. The data are first

projected onto the set of spherical harmonic functions. Under isotropy, the spherical

harmonic coefficients are uncorrelated whereas they are correlated if the underlying fields

are not isotropic. This motivates a test based on the sample correlation matrix of the

spherical harmonic coefficients. In particular, we use the largest eigenvalue of the sample

correlation matrix as the test statistic. Extensive simulations are conducted to assess the

Type I errors of the test under different scenarios. We show how temporal correlation

affects the test and provide a method for handling temporal correlation. We also gauge

the power of the test as we move away from isotropy. The method is applied to the near-

surface air temperature data which is part of the HadCM3 model output. Although we do

not expect global temperature fields to be isotropic, we propose several anisotropic models

with increasing complexity, each of which has an isotropic process as model component

and we apply the test to the isotropic component in a sequence of such models as a



method of determining how well the models capture the anisotropy in the fields.

In the second part of the dissertation, we study motion winds based on space-time

data collected from continual monitoring of a region or from roving monitors. These data

comprise a series of images which can be used to estimate wind speed and direction at

particular altitudes. In particular, the Derived Motion Winds (DMW) Algorithm esti-

mates atmospheric winds by tracking features in images taken by the GOES-R series of

the NOAA geostationary meteorological satellites. However, the DMW algorithm is de-

terministic, and there is no way to quantify the uncertainty associated with the process.

This motivates us to statistically model wind motions using a spatial process drifting in

time. We consider a covariance function depending on spatial and temporal lags as well as

the drift parameter, which captures the wind speed and wind direction. We estimate the

parameters by maximizing the profile likelihood and smooth the estimated fields using a

Gaussian kernel, weighted by the inverses of estimated variances of the estimates. Since

profile likelihoods at some locations turn out to be quite flat, we consider likelihoods at

neighboring locations in order to borrow strength and propose a spatially smoothed pro-

file likelihood, which upon maximization should give more accurate estimates of the wind

field. We conduct simulation studies to determine situations where our method should

perform well. Our method has been applied to the GOES-15 brightness temperature data

over Colorado and its performance has been compared to the DMW Algorithm in terms

of prediction error while predicting brightness temperature fields. We also provide maps

of winds over Northeast Colorado estimated using our method.

Chapter 4 of the dissertation focuses on using graphical techniques to detect tele-

connections in climate data. Teleconnection refers to spatially and temporally connected

large-scale anomalies that influence the variability of atmospheric phenomena. In this

chapter, our goal is to understand and detect global teleconnection patterns. For this pur-



pose, we propose a spatiotemporal model using spherical needlet functions. The spherical

needlets are exactly localized at several overlapping intervals corresponding to different

frequencies in the frequency domain. They form a tight frame which ensures perfect re-

construction property of orthonormal bases. Once the data is expressed in terms of the

spherical needlets, we estimate the inverse covariance matrix of needlet coefficients using

the ASPG algorithm (Lu, 2010). We define a significant edge between locations xi and

xj in the same resolution to be a teleconnection if xi and xj do not belong to adja-

cent needlet domains. On the other hand, if xi and xj are in different resolutions, we

define the edge to be a teleconnection if the higher resolution needlet domain is not a

subset of the lower resolution needlet domain. We perform a simulation study to show

that this definition precisely captures teleconnections incorporated through the inverse

covariance matrix. Finally the proposed method is applied on the HadCM3 model output

air temperature data and the possible teleconnections detected are illustrated.
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Chapter 1

Introduction

Physical processes can be defined as phenomena occurring in the Earth’s atmosphere

which create constant change in features on the Earth. Studying the dynamics of physical

processes and their broad environmental applications including climate, weather, and air

quality have always been of interest in atmospheric sciences. It encompasses meteorology,

the major focus of which is weather forecasting. Weather forecasting involves predicting

the conditions of the atmosphere at a location in the future based on conditions in the

past. These scenarios nicely bring into the fold statistical models and techniques, which

form the basis of methodologies used to learn about uncertainties in physical processes.

Nowadays, large scale climate data are collected over different regions of the globe, as

well as over the entire globe. Thus is it imperative to develop statistical models to analyze

space-time data over Euclidean spaces, Rd, d > 1 and spheres Sd−1 = {x ∈ Rd : ‖x‖ = r},

which is indeed the broad focus of this dissertation.

Geostatistical spatiotemporal data is often modeled using a Gaussian process model.

Let {Yt(x),x ∈ D, t ∈ T } denote the physical process under consideration. Yt is said

to be a Gaussian process, if for any finite collection of locations {x1, . . . ,xk},Yt =
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(Yt(x1), . . . , Yt(xk)) is multivariate normal. A Gaussian process is often characterized

by its covariance function K : D ×D → (0,∞) given by

K(x1,x2) = Cov (Yt(x1), Yt(x2))

The covariance function, K captures the spatial dependence among the observation and

plays an important role in spatiotemporal modeling. Now, K is said to be stationary

when for two locations xi and xj, K(xi,xj) is a function of h = xi−xj, the lag between

them. Furthermore, K is said to be isotropic if it depends only on ‖h‖.

Analysis of geostatistical data is often based on the assumption that the spatial

random field is isotropic. This assumption simplifies the covariance structure and makes

model estimation very convenient. However, an erroneous assumption of isotropy can

adversely affect model predictions and statistical inference. Thus it is necessary to test

whether the covariance structure of the process is indeed isotropic. A rich literature exists

on testing for spatial isotropy on Euclidean spaces; however these tests are not applicable

while modeling spatiotemporal data on a sphere. A sphere is different from the Euclidean

space in the sense that, there is no concept of stationarity on a sphere. In Chapter 2,

we propose a test for spatial isotropy on a sphere based on the projection of the data

onto the set of spherical harmonic functions. According to Baldi and Marinucci (2007),

the spherical harmonic coefficients are uncorrelated under isotropy. Hence, we propose

a test based on the sample correlation matrix of the spherical harmonic coefficients.

Our method requires temporal replication in the data and hence caters to the format of

extensive datasets available in present day. The proposed method is applied to HadCM3

model output data on near-surface air temperature, where we pitch the test as a method

of determining how well models capture the anisotropy in the random fields.
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In Chapter 3, we shift our attention to studying local winds. Winds are important

for monitoring and predicting weather patterns and global climate. Winds can also affect

vegetation in a region as they affect factors influencing plant growth such as seed dis-

persal rates, air transportation of pollen and metabolism rates in plants. Study of local

winds can give insight on power output from wind turbines, thereby helping government

authorities plan and utilize winds to produce energy efficiently. It can also help gauge

the intensity of calamities such as oil spills and forest fires, thereby facilitating preven-

tive measures. Data on wind speed and direction are collected at ground-level weather

stations on land and by buoys and ships over the ocean. Wind data can also be derived

from high resolution weather data collected by geostationary satellites. These data are

essentially a sequence of high resolution images collected over time. Wind speed and di-

rection obtained from such satellite data play a major role in improving performance of

climate models and weather forecasting. The Derived Motion Winds (DMW) Algorithm

estimates atmospheric winds by tracking features in images taken by the GOES-R se-

ries of the NOAA geostationary meteorological satellites. In this chapter, we discuss the

shortcomings of the DMW algorithm. We propose a spatiotemporal model using a spatial

process that drifts over time to analyze satellite data and obtain wind estimates. The

proposed model is applied on the GOES-15 brightness temperature data over Colorado

and is compared to the DMW Algorithm in terms of mean squared prediction error while

predicting brightness temperature fields.

The last chapter of the dissertation, Chapter 4 focuses on detecting teleconnections in

climate data. Teleconnection in atmospheric sciences, refers to large-scale climate anoma-

lies that are correlated over spatially separated regions. Teleconnection patterns reflect

extensive changes in the atmosphere and influence atmospheric variables such as tem-

perature and rainfall intensity over vast areas. These patterns can typically last from
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several weeks to several months, thereby adding to the variability of atmospheric pro-

cesses. An example of an established teleconnection is the Southern Oscillation, which

reflects periodic fluctuations in sea surface temperature and atmospheric pressure across

the equatorial Pacific Ocean. Since teleconnections can influence the global climate sys-

tem, it is important that we understand the abnormal behavior and interactions of these

phenomena and identify them accurately. In this chapter, we propose a method for de-

tecting teleconnections based on modeling spatiotemporal data using spherical needlet

functions. We provide a statistical definition of a teleconnection in terms of the ‘signifi-

cant’ edges in the precision matrix of the needlet coefficients. If we observe a significant

edge between locations xi and xj in the same resolution, we define it to be a telecon-

nection if xi and xj do not belong to bordering needlet domain. On the other hand, if

xi and xj are in different resolutions, we define the edge to be a teleconnection if the

higher resolution needlet is not a daughter of the lower resolution needlet. Our method is

illustrated by showing some of the possible teleconnections detected from the HadCM3

model output data on air temperature.
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Chapter 2

A Test for Isotropy on a Sphere

using Spherical Harmonic Functions

2.1 Introduction

Modeling spatial dependence is a major challenge when analyzing geostatistical data.

It is common to assume that the spatial covariance function is isotropic, meaning that

the correlation between observations at any two locations depends only on the distance

between those locations and not on their relative orientation (Guan et al., 2004). With

large-scale high resolution data available over the entire globe, it is important to develop

methods for analyzing spatial data observed on spheres. In order to do so, it is necessary

to understand the inherent correlation structure of the process on the sphere. Assuming

that the process is isotropic will lead to simpler interpretation of the correlation structure

and reduce computational complexity. However, in many applications, isotropy may not

be a reasonable assumption and will lead to erroneous model fitting and predictions.

A common method for checking for isotropy is to compare sample semi-variograms for
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different directions (Cressie, 1985; Cressie and Hawkins, 1980; Cressie and Noel, 1993).

Many approaches consider a stationary alternative and use directional variograms to

construct test statistics (Matheron, 1962; Diggle, 1981; Cabaña, 1987; Baczkowski and

Mardia, 1990; Isaaks and Srivastava, 1989). Some nonparametric methods for checking

isotropy are based on estimates of the variogram or covariogram (Lu and Zimmerman,

2001; Guan et al., 2004; Maity and Sherman, 2012). The notion of testing for second-

order properties using the asymptotic joint normality of sample variogram evaluated at

different spatial lags was established by Lu and Zimmerman (2001). The subsequent works

of Guan et al. (2004) and Maity and Sherman (2012) are based on these ideas. Li et al.

(2007, 2008); Jun and Genton (2012) consider spatiotemporal data and use approaches

similar to the methods from Lu and Zimmerman (2001), Guan et al. (2004) and Maity

and Sherman (2012). Bowman and Crujeiras (2013) give a more computational approach

for testing isotropy in spatial data using a robust form of the empirical variogram based

on a fourth-root transformation.

Haskard et al. (2007) extends the Matérn correlation to include anisotropy, which

facilitates a test of isotropy. Fuentes (2007) describes a method in the spectral domain

which is based on the estimation of parameters governing the directionality in the spatial

dependence (anisotropy) using approximate likelihoods. Matsuda and Yajima (2009) once

again consider a generalized Matérn class which allows for anisotropy and constructs a

likelihood ratio test for isotropy.

All the methods discussed above are for random fields on the Euclidean space, Rd, d >

1 and have stationarity as the alternative. However, the sphere is different from the

Euclidean space in the sense that there is no notion of stationarity or geometric anisotropy

on the sphere. Also, the existing methods do not take into account replication across time.

Thus, when spatiotemporal data on the entire globe is available, one cannot apply any of
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the above-mentioned tests for checking if the covariance function of the process is indeed

isotropic. This necessitates the development of a test which allows us to test for isotropy

on the sphere.

Our approach for testing for isotropy on a sphere is similar in spirit to Bandyopad-

hyay and Rao (2017) where the authors propose a test for stationarity on Euclidean

spaces based on the discrete Fourier transform (DFT) vector, since the elements of the

DFT vector are approximately uncorrelated under stationarity on Euclidean spaces. Since

isotropic models on spheres are uniquely characterized in terms of the spherical harmonic

(SH) representation rather than a Fourier transform, it is natural to formulate a global

test for isotropy based on the spherical harmonic coefficients. In our approach, we trans-

form the data onto the spherical harmonic functions, which form a set of orthogonal basis

functions on the sphere. We exploit the fact that the correlation between the coefficients

is zero if the process is isotropic. Furthermore they are Gaussian if the random field we

start with is Gaussian (Baldi and Marinucci, 2007). On the other hand, if the random

field is not isotropic, this characterization will not hold. This prompts us to formulate our

test based on the sample correlation structure among the spherical harmonic coefficients.

This also ensures that the alternative considered in our test is very general since every

anisotropic model has coefficients that are correlated in some way. We construct our test

based on the largest eigenvalue of the sample correlation matrix, which increases as the

process becomes more anisotropic, giving us a right sided critical region for our test.

The approach is computationally efficient for gridded data because fast Fourier trans-

forms (FFT) can aid in the projection of the data onto spherical harmonics. The test

can also be based on a manageable number of spherical harmonic coefficients, so no large

dense matrices need to be stored. Also, the test has been formulated keeping in mind

the temporal replication in the data; in particular, we describe how we can handle the
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temporal correlation in the data while testing for spatial isotropy. We also show that

the approximations employed in the test improve as the resolution of the data in space

increases.

We apply the test on the near-surface air temperature projections for 2031-2035 ob-

tained from the HadCM3 model. We do not expect the near-surface temperature data to

be well-modeled by an isotropic model. However since we can build anisotropic models

out of isotropic ones, we can apply the test on the isotropic component of anisotropic

models to check anisotropic model assumptions. In this chapter, we propose a sequence of

anisotropic models for our temperature data, each more complex than the previous one

and each having an isotropic process as model component. We apply the proposed test

on the isotropic components of the models and consider the values of the test statistic to

determine how well the models capture the anisotropy in the near-surface temperature

fields.

The rest of the chapter is structured as follows. In the next section, we discuss the

HadCM3 near-surface air temperature dataset that we have used for this study. In section

2.3, we present a general representation of a space-time process on a sphere; Section

2.3.2 illustrates our test procedure. Section 2.4 presents a simulation study conducted to

evaluate the performance of our test under various conditions. Section 2.5 presents our

analysis of the data, where we demonstrate the utility of our test and include a thorough

discussion of the nature of the anisotropies in the data. Section 2.6 gives some general

conclusions and discussions.
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2.2 Motivating Dataset

The data set which motivated our idea is a part of the Coupled Model Intercomparison

Project Phase 5 (CMIP5) archive. The CMIP 5 is a large multi-model ensemble project

which has been used for the Intergovernmental Panel on Climate Change (IPCC) reports.

The Hadley Centre Coupled Climate Model Version 3 (HadCM3) of the Met Office Hadley

Centre (MOHC) is a coupled climate model that has been used considerably for various

climate studies including climate prediction and climate modeling. HadCM3 was one of

the significant models utilized as a part of the IPCC Third and Fourth Assessments, and

furthermore adds to the Fifth Assessment. These models have a resolution of 2.5 degrees

in latitude by 3.75 degrees in longitude, thereby producing a global grid of 73× 96 grid

cells. This is equivalent to a surface resolution of about 417 km ×278 km at the Equator,

reducing to 295 km × 278 km at 45 degrees of latitude. These model simulations also

consider a 360-day calender, where each month has 30 days.

From the HadCM3 model outputs in CMIP 5, we consider the Representative Concen-

tration Pathway 4.5 (‘RCP4.5’) simulations of daily near-surface air temperature (‘tas’)

over the period of 2031-2035. The observations are in Kelvin scale. As mentioned before,

the temperature values are generated on a 73 × 96 latitude × longitude grid for 360 days

per year, giving a total of approximately 12.6 million observations in the data set.
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2.3 Methodology

2.3.1 Spherical Harmonic Representation

Let Yt(θ, φ), t ∈ 1, 2, . . . , T denote a Gaussian process (GP) on a sphere indexed by

latitude θ ∈ [0, π] and longitude φ ∈ [0, 2π). The GP can be expressed in terms of

spherical harmonic basis functions as suggested by Jones (1963). Let Sl,m(θ, φ) denote

the Schmidt semi-normalized harmonics of degree l and order m on the surface of the

sphere. Analytically, Sl,m(θ, φ) can be defined as

Sl,m(θ, φ) =


√

(l−m)!
(l+m)!

Pl,m(cosθ)eimφ m ≥ 0

(−1)mS∗l,−m(θ, φ) m < 0

where * denotes complex conjugation and Pl,m(cosθ) denotes the associated Legendre

polynomial of degree l = 0, 1, 2, . . . and order m = 0, 1, . . . , l, that is,

Pl,m(x) = (−1)m(1− x2)m/2 d
m

dxm
Pl(x),

Pl(x) =
1

2ll!

dl

dxl
(x2 − 1)l.

The spherical harmonics form a complete set of orthogonal basis functions on the sphere;

in particular,

∫ π

θ=0

∫ 2π

φ=0

Sl,m(θ, φ)Sl′,m′(θ, φ)∗sinθdφdθ =
4π

(2l + 1)
δll′δmm′

where δij = 1(i = j) is the Kronecker delta. As a result, processes defined on the sphere
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can be expressed in terms of expansions of spherical harmonic functions. Here we consider

Yt(θ, φ) =
∞∑
l=0

l∑
m=−l

almtSl,m(θ, φ) (2.1)

where {almt} is a triangular array (for each t), representing the set of complex-valued

random spherical harmonic coefficients for which the sum in (2.1) converges in mean

square.

The random variables (almt)l,m are uncorrelated and form a Gaussian family if and

only if in addition to being Gaussian, Yt(θ, φ) is also isotropic (Baldi and Marinucci,

2007); also

E [Re (almt)] = 0 = E [Im (almt)] ,m = 0, . . . , l

and Re (almt) and Im (almt) are uncorrelated with variance

E
[
Re (almt)

2
]

= E
[
Im (almt)

2
]

= Cl/2

where Cl is the power spectrum for degree l. Thus we have Var(almt) = E
[
|almt|2

]
=

E [Re (almt)
2] + E [Im (almt)

2] = Cl. Since the coefficients are uncorrelated across l and

m, the variance of Yt(θ, φ) is
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Var(Yt(θ, φ)) =
∞∑
l=0

l∑
m=−l

Sl,m(θ, φ)S∗l,m(θ, φ)Var(almt)

=
∞∑
l=0

l∑
m=−l

Sl,m(θ, φ)S∗l,m(θ, φ)Cl

=
∞∑
l=0

Cl

l∑
m=−l

Sl,m(θ, φ)S∗l,m(θ, φ)

=
∞∑
l=0

Cl, by Unsöld’s Theorem (Unsöld, 1927).

Our testing procedure relies on a transformation from the observations Yt(θ, φ) to

the SH coefficients almt. If Yt(θ, φ) were observed continuously over the sphere, then the

spherical harmonic transform, given by

almt =

∫ π

θ=0

∫ 2π

φ=0

Yt(θ, φ)Sl,m(θ, φ)sinθdφdθ

can be used to recover the coefficients almt. However if we have data on a grid of size

s1×s2, we cannot recover the coefficients exactly and so we estimate almt as the minimizer

of
s1s2∑
i=1

{
Yt(θi, φi)−

lreg∑
l=0

l∑
m=−l

almtSl,m(θi, φi)

}2

4Wi (2.2)

where 4Wi is the surface area of the ith quadrangle, relative to the surface area of the

Earth and lreg is chosen so that (lreg + 1)2 ≤ s1s2. For very large gridded datasets,

the sums over longitudes and over m can be computed efficiently with FFTs. This is a

weighted least squares problem with the weights equal to the relative surface area of the

quadrangles.
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Let Yt denote the data vector for time t at all spatial locations and Y be the s1s2×T

matrix [Y1, . . . ,YT ]. Also let S = (Sl,m)l,m denote the matrix of the semi-normalized

harmonics, truncated at degree lreg and W denote a diagonal matrix with the weights

4Wi on the diagonal. Then minimizing the sum with respect to almt gives the coefficient

matrix as â = (S′WS)−1S′WY . We apply this transformation at each time point, and

use âlm• = (âlm1, . . . âlmT ) to denote the SH coefficient corresponding to degree l and

order m, replicated over time, whereas we use â•t to denote all the coefficients at time

point t.

2.3.2 Test Procedure

Since we truncate the sum in (2.1) to represent the process, we work with a total of

nreg = (lreg + 1)2 spherical harmonics. We explore the selection of the truncation degree

lreg in Section 4 based on the stability of the regression that converts Y to â. Depending

on the accuracy of the regression, we only use spherical harmonics up to degree lcorr ≤ lreg

and use p = ncorr = (lcorr + 1)2 coefficients in the test. The selection of lcorr is also

described in Section 4. Since the true coefficients a are uncorrelated under isotropy, our

hypotheses about isotropy are equivalent to

H0 : R = Ip versus H1 : R 6= Ip

where R = Corr(a•t).

We construct the test statistic based on the eigenvalues of the sample correlation

matrix of â•1, . . . â•T . Under the null hypothesis, the eigenvalues of the population cor-

relation matrix will all be 1 and when we move away from the null, the largest sample

eigenvalue will increase. This motivates us to form a test based on the largest sample
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eigenvalue. Johnstone (2001) provides the distribution of the largest eigenvalue of the

sample correlation matrix when sampling from a multivariate normal distribution. For

this purpose, let wlm• denote the standardized SH coefficient corresponding to degree l

and order m. Notationally,

wlm• =
âlm•
‖âlm•‖

.

Under H0, the vectors wlm• are i.i.d. Now we multiply each standardized SH coefficient

by an independent chi random variable in order to generate a standard Gaussian data

matrix, denoted by ã(p) = (ãlm•)l,m where

ãlm• = rlmwlm•, r2lm
indep∼ χ2

T .

The test statistic is

l̃1 =
l1(C̃)− µTp

σTp

where l1(C̃) is the largest sample eigenvalue of C̃ = ã(p)′ã(p), µTp = (
√
T − 1+

√
p)2 and

σTp = (
√
T − 1 +

√
p)
(

1√
T−1 + 1√

p

)1/3
. Under the null hypothesis, when T and p both

increases such that T/p→ γ ≥ 1,

l̃1
d→ W1 ∼ F1

where F1 is the Tracy-Widom law of order 1 which is given by

F1(s) = exp

{
1

2

∫ ∞
s

q(x) + (x− s)q2(x)dx

}
, s ∈ R
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where q solves the nonlinear Painlevé II differential equation

q′′(x) = xq(x) + 2q3(x),

q(x) ∼ Ai(x) as x → +∞

and Ai(x) = 1
π

∫∞
0
cos
(
t3

3
+ xt

)
dt denotes the Airy function.

The test is designed for T ≥ p but it applies equally well if T < p are both large,

simply by reversing the roles of T and p in the expressions for µnp and σnp (Johnstone,

2001). The p-value for the test can be computed using the cumulative distribution table

of the TW1 distribution (Bejan, 2005). Since the largest eigenvalue increases as we move

away from isotropy, we have a right-tailed test.

2.4 Simulation Study

2.4.1 Stability of the SH estimates

In this section we first justify that the weighted regression technique in (2.2) gives ac-

curate coefficient estimates â when we truncate the sum in (2.1). For this purpose, we

choose lsim > lreg and simulate nsim = (lsim + 1)2 Gaussian complex-valued coefficients

a(nsim × T ) with variance Cl, independent over T = 360 time replicates and then apply

(2.1) to get the spatial data, Yt(θ, φ) (forward transform). We evaluate how well we re-

cover a when we regress the data Y onto S, the spherical harmonics truncated at lreg

(back transform).

For the variance of Yt(θ, φ) to exist, Cl must be summable. To achieve these, we
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consider the variances

Cl =
σ2

(α2 + l2)ν+1/2
,

which gives rise to the Legendre-Matérn covariance function (Guinness and Fuentes,

2016) given by

ψ(θ) =
∞∑
l=0

σ2

(α2 + l2)ν+1/2
Pl(cosθ).

Here σ2, α, ν > 0 are the three parameters of the covariance function with σ2 denoting the

variance, 1/α denoting the spatial range, and ν, the smoothness. The form of the Legendre

Matérn is motivated by the Matérn spectral density on Rd, which is (α2 + ω2)−ν−1/d. In

particular, we take ν = 0.5 and ν = 1 for our simulation studies. This gives us Cl of the

order of 1/l2 and 1/l3 respectively. For our convenience we refer to the two spectra as

Cl2 and Cl3 respectively. Note that the process obtained with Cl2(ν = 0.5) is not mean

square differentiable. According to Hitczenko and Stein (2012) this is similar to a process

with exponential covariance.

In order to ensure computational stability during regression (back transform), we

choose the truncation degree of the SH, lreg, based on the condition number of S′WS,

i.e., the ratio of its smallest eigenvalue to its largest. We choose the largest l such that the

condition number of S′WS > 0.001. The regenerated coefficients can then be expressed

as

â•t = (S′WS)−1S′WYt

= (S′WS)−1S′WSa•t

Here â•t is of length nreg whereas a•t is of length nsim, which is much larger than nreg
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since lsim > lreg.

The accuracy of the regression is summarized by the correlation between the unique

real and imaginary parts of the true coefficients for each l and the corresponding esti-

mates,

rl =
1

2l + 1

l∑
m=−l

Corr(alm•, âlm•)

where

Corr(alm•, âlm•) =

∑T
t=1(almt − ālm)(âlmt − âblm)√∑T

i=1(almt − ālm)2
√∑T

i=1(âlmt − âblm)2
,

ālm = 1
T

∑T
t=1 almt and âblm = 1

T

∑T
t=1 âlmt denote the means of alm• and âlm• respectively.

Figure 2.1 shows that the correlation between the true and estimated SH coefficients is

a decreasing function of lreg. This motivates us to choose lcorr as the maximum degree of

SH for which rl > 0.999. This ensures that the weighted regression in (2.2) gives accurate

SH coefficients as long as the degree of SH considered is less than or equal to lcorr. We

also wish to study the effect of grid size on the performance of the weighted regression.

With this in mind, we use three different grid sizes, namely 20×50, 73×96 and 100×200

for our study. In all our numerical studies, lsim is chosen to be 150. In our data analysis,

we have a grid of size 73×96. Our numerical study indicates that under spectrum Cl2 we

can use lcorr up to 30, which corresponds to constructing a test on (30+1)2 = 961 unique

coefficients. Figure 2.1 also shows that the regression performs better with increasing grid

size and also with decreasing spectra. Table 2.1 illustrates how both the number of SH

used for meaningful regression and accurate estimation of the coefficients grow with l2.

In the next subsection, we assess the performance of our test. First, we calculate the

Type I error of the test by generating time-independent coefficients under the null. Next,

we consider temporal correlation among the coefficients. Finally, we compute the power
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(a) Spectrum Cl2 (b) Spectrum Cl3

Figure 2.1: Correlation between true and estimated coefficients for the three different
grid sizes 20×50 (blue), 73×96 (red) and 100×200 (green) and for two different spectra
(left versus right), as a function of the SH degree l. We consider the SH degree up to lreg
in the weighted regression. For each grid size-spectra combination, we take lcorr as that
value of l where the corresponding correlation curve intersects the 0.999 reference line,
which gives us ncorr = (lcorr + 1)2 unique coefficients.

Table 2.1: The maximum degree of SH that ensures computational stability during re-
gression, lreg, and the maximum degree of SH used to guarantee accurate estimation of
the coefficients, lcorr, for the three different grid sizes and the two spectra. nreg and ncorr
give the number of SH functions used in each setting. lsim is chosen to be 150.

Spectrum Grid Size lreg nreg lcorr ncorr

Cl2

20× 50 18 361 6 49
73× 96 47 2304 30 961

100× 200 85 7396 74 5625

Cl3

20× 50 18 361 17 324
73× 96 47 2304 47 2304

100× 200 85 7396 85 7396
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of the test under anisotropic models.

2.4.2 Assessing the performance of the test

Type I error under no temporal correlation

We simulate the coefficients as time-independent complex Gaussian, that is,

Re almt, Im almt ∼ N(0, Cl/2), l = 1, . . . , lsim, t = 1, . . . , T = 360,

a00 ∼ N(0, 1.5)

with lsim = 150 and for Cl2 and Cl3. We follow the test procedure as described in Section

3 for the three grid sizes 20× 50, 73× 96 and 100× 200 with appropriate choices of lreg

and lcorr as described in Table 1. We perform the test at 5% significance level. The Type

I error of the test is given by

p = PrH0(TW (T, p) > Tobs)

= PrH0

(
TW (T, p)− µTp

σTp
>
Tobs − µTp

σTp

)
= PrH0

(
TW1 >

Tobs − µTp
σTp

)

Table 2.2 shows the Type I error of the test for the three grid sizes and two different

spectra based on 1000 simulation replications. The Type I error varies between 3% and

7% depending on the choice of l. For the recommended choice of lcorr (the final entry in

each column), the Type I error is very close to the nominal level in all cases.
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Table 2.2: Type I error (in %) of the test for the three grid sizes, 20× 50, 73× 96 and
100× 200 and the two spectra Cl2 and Cl3. We perform the test at 5% significance level.
Here l represents the SH degrees for which we perform the test. Note that for a particular
setting, we only consider l’s which are less than or equal to the corresponding lcorr.

20× 50 73× 96 100× 200

l Cl2 Cl3 l Cl2 Cl3 l Cl2 Cl3

3 4.3 3.4 5 4.7 5.6 5 5.3 5.3
4 5.2 3.6 10 4.8 3.7 10 5.4 5.4
5 5.0 5.3 15 5.2 3.6 15 4.9 4.9
8 4.3 20 4.7 3.7 25 3.6 3.6
10 5.2 24 4.9 5.4 35 5.0 4.8
15 5.8 27 4.8 5.6 45 4.9 4.9

29 4.7 3.7 55 5.8 5.5
35 4.5 65 4.9 4.7
40 4.3 70 4.7 4.8
45 4.4 74 5.6 5.5
47 5.2 80 4.2

85 5.0
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Type I error under temporal correlation

Our test requires replications of the spatial process and for most applications the

replications will be correlated in time. Based on our analysis of the climate temperature

data in Section 2.5 and previous studies of space-time covariances (Stein, 2005) we expect

the lower degree coefficients to have stronger temporal correlation than the higher degree

coefficients. For our simulation study, we assume a simple AR(1) structure among the

coefficients. For t = 1, . . . , T = 360,

almt = ρlalm(t−1) + elmt

where the innovations elmt are uncorrelated across l, m, and t, elmt ∼ CN(0, Cl) and

ρl = 0.9/
√
l, l = 1, 2, . . . , lsim with ρ0 = 0.99, is the temporal correlation function which

decays with the degree of the SH. The simulated data are transformed to real space

using the forward-transform (2.1). To illustrate the importance of addressing temporal

dependence in spatio-temporal data, we perform the test directly on the coefficients

obtained from back-transforming the data. In such a scenario, the Type I error of the

test is more than 99% for each of the grid sizes and spectra, even when the underlying

spatial covariance structure is isotropic. To account for temporal dependence in our test,

we treat âlm•, obtained from the back transform as a time series and estimate ρl for every

(l,m) combination by regressing âlm2, . . . , âlmT on âlm1, . . . , âlm(T−1). We then perform

the test on the innovations at 5% significance level. Table 2.3 shows the Type I error of

our test once we have accounted for temporal dependence. Once again we see that the

test has the right size.

Power computations

In this section we study the power of our test for anisotropic data. Here we consider
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Table 2.3: Type I error (in %) of the test for the three grid sizes 20 × 50, 73 × 96
and 100 × 200 and the two different spectra, Cl2 and Cl3 after accounting for temporal
correlation. We perform the test at 5% significance level.

20× 50 73× 96 100× 200

l Cl2 Cl3 l Cl2 Cl3 l Cl2 Cl3

3 4.7 3.7 5 4.7 4.3 5 4.7 5.3
4 4.3 4.1 10 4.6 4.5 10 4.4 5.1
5 4.4 6.0 15 4.8 4.4 15 4.8 5.1
8 5.0 20 4.9 4.8 25 4.6 5.1
10 5.2 24 5.0 5.1 35 5.2 4.9
15 5.9 27 5.3 5.0 45 4.9 5.4

29 4.5 5.4 55 4.4 5.0
35 5.7 65 4.2 4.5
40 4.3 70 4.1 4.8
45 5.7 74 4.9 5.0
47 5.3 80 4.3

85 4.3

two simple anisotropic scenarios. In the first scenario we introduce anisotropy by incorpo-

rating correlation among the coefficients. In particular, we generate the almt’s as complex

Gaussian with variance Cl2 and

Corr(almt, alm′t) =

 1, m = m′

ψ, m 6= m′, 0 ≤ ψ ≤ 1
.

Figure 2.2 plots the power by ψ for the three grid sizes 20× 50, 73× 96 and 100× 200.

All results are based on 1000 simulation replications and T = 360 independent time

replications for each simulation replication. For each of the 1000 datasets we conduct the

test with suitable lreg as mentioned in Table 2.2 and a few suitable l’s as listed in Table

2.2.
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Figure 2.2: Empirical power functions of our test (as a function of ψ) corresponding to
the induced anisotropic setup for the three grid sizes and different degrees of SH, l.

Figure 2.2 shows that the test is very powerful in detecting even the slightest departures

from isotropy. Even if the true correlation between two SH coefficients in the same degree

is as small as 0.05, the test can almost always detect that the process has deviated from

isotropy for a reasonable grid size and with a relatively small degree of the spherical

harmonics. We see that the power increases with the degree of SH functions used in our

analysis. The power also increases as the data points on the sphere becomes more dense.

Another way to introduce anisotropy directly in the fields is to assume that the

covariance structures over different parts of the globe are different. A simple way to do

this is to consider different covariances over land and water. In particular, we define

gl(θ, φ) =

 1, if (θ, φ) ∈ land

1/lε, if (θ, φ) ∈ ocean

23



where ε ≥ 0; ε = 0 gives back the case of isotropy. The fields are then generated as

Yaniso;t(θ, φ) =

lsim∑
l=0

l∑
m=−l

gl(θ, φ)almtSl,m(θ, φ).

where almt, t = 1, . . . , T = 360 are simulated as complex Gaussian with variance Cl2

and independent over time. Since ε > 0, gl(s) has the effect of reducing variance of high

frequency coefficients, resulting in smoothing processes over the ocean. Figure 2.3 plots

the empirical power functions of our test as a function of ε with other settings the same

as for Figure 2.2. Once again we consider 1000 simulations replications for estimating

the power function. Once again, the test is very powerful even for very minor departures

from isotropy with ε < 0.1. We also see that the power of the test increases with the

degree of the SH used in our analysis and the grid size.

Figure 2.3: Empirical power functions of our test (as a function of ε) corresponding to
the simple anisotropic scenario of different covariance structure across land and water,
for the three grid sizes and different degrees of SH, l.
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2.5 Application to HadCM3 Model Output data

We apply our method to the near-surface air temperature data obtained as an output of

the HadCM3 climate model. We work with daily air temperature data from 2031 - 2035

projected on a 73 × 96 grid in latitude and longitude. Each month in the data has 30

days. We have 5 years worth of data with 360 time points corresponding to each year,

resulting in T = 1800 time points. While we do not believe that the temperature fields

are isotropic, we use the test to estimate the goodness of fit of models which seek to

remove the anisotropies in the fields. We consider a few anisotropic models based on

isotropic processes and we perform the test on the isotropic component of each model.

In each of the models, Yt(θ, φ), t = 1, . . . , T denote the near-surface air temperature at

location (θ, φ), θ ∈ [0, π], φ ∈ [0, 2π). We consider three models of increasing complexity,

and each model Mi can be written in the form

Yt(θ, φ) = m
(i)
t (θ, φ) + e

(i)
t (θ, φ)

1

k(i)(θ, φ)
e
(i)
t (θ, φ) =

∑
l

∑
m

almtSl,m(θ, φ)

almt = ρlmalm(t−1) + εlmt

where εlmt ∼ N (0, σ2
lm). Table 2.4 describes the form of m

(i)
t (θ, φ) and k(i)(θ, φ) for each

of the models considered.

The first model M1 has only a spatially varying mean, M2 has the pixel-wise seasonal

variation in its mean structure along with the spatially varying mean. M3 additionally

takes into account the spatially varying variance. In Section 2.4.2 we have already dis-

cussed how temporal correlation in the data, if not accounted for, can produce misleading
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Table 2.4: Description of the three models considered. Here, b0, b1, b2 ∈ R and σ2(θ, φ)
denotes the spatially varying variance.

Model Name Model Description

M1
m

(1)
t (θ, φ) = b0(θ, φ)
k(1)(θ, φ) = 1

M2
m

(2)
t (θ, φ) = b0(θ, φ) + b1(θ, φ)sin

(
2π t

360

)
+ b2(θ, φ)cos

(
2π t

360

)
k(2)(θ, φ) = 1

M3
m

(3)
t (θ, φ) = b0(θ, φ) + b1(θ, φ)sin

(
2π t

360

)
+ b2(θ, φ)cos

(
2π t

360

)
k(3)(θ, φ) = σ(θ, φ)

results when it comes to checking if a process is indeed isotropic. Thus in each one of our

models, we model the temporal dependencies in the SH coefficients as AR(1), assuming

that the AR coefficients and the innovation variance vary with each (l,m) combination.

For each of the models, the spatially varying mean, b0 is estimated by the pixel-wise

mean temperature,

Ȳ (θ, φ) =
1

1800

1800∑
t=1

Yt(θ, φ)

which is illustrated in Figure 2.4. The other parameters in M2 and M3, namely b1, b2, ρlm

and σ2
lm have been estimated at each pixel by regressing the last T − 1 SH coefficients on

the first T − 1. We use the SH degree of l = 25 and work with (l + 1)2 = 262 = 676 SH

coefficients which means that the sample correlation matrix of the coefficients is 676×676

for each of the three models. The test when applied on the isotropic components of the

models yields the test statistic values 958.83, 716.53 and 328.63 for M1, M2 and M3

respectively. This shows that as the model complexity increases, the models do a better

job at explaining the anisotropy in the temperature fields. However, even for the most

complex model considered, we get a very strong rejection of the isotropic component
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since the value of the test statistic for model M3 is much larger compared to a TW(1)

distribution whose 99th percentile point is 2.02. The AR(1) coefficient estimates and the

estimated innovation variance corresponding to the different degrees of SH for M3 are

shown in Figure 2.5.

Figure 2.4: Pixel-wise mean air temperature (in Kelvin) based on the entire five years
worth of model-output data

Figure 2.5b enables us to visualize the SH functions more clearly. When the spher-

ical harmonic order m is zero, the SH functions do not vary with longitude. Also with

the increase in |m|, the SH functions start to have more spherical harmonics along the

longitudinal axis and converge to 0 at the poles at a faster rate creating checkerboard
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(a) Parameter estimates for M3

(b) Spherical harmonic functions

Figure 2.5: (a) Estimates of ρlm and σ2
lm corresponding to m = −l, . . . ,−1, 0, 1, . . . , l

under each l forM3. (b) Spherical harmonic functions form = 0, . . . , l for l = 0, . . . , 3. The
spherical harmonics for negative m can be depicted by rotating the positive order ones
along the z-axis by 90°/m. The checkerboard pattern has been shown for l = 10,m = 5.
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pattern on the sphere until l = |m| has all the harmonics along the longitude. Figure 2.5a

shows that for each degree, the m = 0 coefficient is the most correlated in time and the

dependence goes down with the increase in |m|. One can say that the spectral represen-

tation is analogous to the two-dimensional Fourier transform where each combination of

the pair (m,n) corresponds to a two-dimensional frequency. Thus, based on Figure 2.5a

we can say that the low frequency coefficients are very highly correlated compared to the

high frequency ones. Figure 2.5a also shows that within each l, the temporal correlation

is maximum for m = 0 and it decreases as |m| increases. Since the spherical harmonics

are aligned along the latitudinal direction for m = 0 and start to get aligned along the

longitudes as |m| increases, we can say that the temperature process is more correlated

along the direction of the latitudes as compared to the direction of the longitudes. Figure

2.5a also shows the power spectrum of the spectral representation for Model M3. It shows

the strength of each frequency signal and tells us that lower frequencies are, in general,

more important than the higher ones. In particular, the spherical harmonics between

degrees 7 to 12 seem to be most meaningful in explaining the temperature process. The

spectral densities for models M1 and M2 have dominant peaks at low frequencies, thereby

overshadowing all other peaks. This is due to low frequency variation not captured by

the spatially varying variance.

The innovations from M3 are still anisotropic and we point out a few locations at-

tributable to the anisotropy in the process. In order to get an estimate of the anisotropic

covariance of the innovation process, we use the covariance of the innovation coefficients.

If ainnov denote the innovation coefficients, then the estimate of the covariance in the

data illustrating the remaining anisotropy is given by Covani = SCov(ainnov)S
′. On the

contrary, if the process were isotropic at this stage, the covariance matrix of the inno-

vation coefficients would be diagonal. So in order to get an estimate of the hypothetical
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isotropic covariance, we shrink all the off-diagonal elements of Cov(ainnov) to zero. The

locations with large deviation between the absolute values of the estimated covariances

can be thought to be the top sites contributing to the anisotropy of the near-surface

air temperature fields on the Earth. Figure 2.6 shows these locations along with the

anisotropic and isotropic spatial covariances.

Figure 2.6: Estimates of the anisotropic (left panel) and (hypothetical) isotropic (right
panel) correlation functions at three locations around the globe, namely northeast of
Mauritius (first row), around the 45°S latitude and the International Date line (second
row) and North Pacific Ocean, off the coast of Mexico (third row).
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The first location chosen is just to the north-east of the islands of Réunion and Mauri-

tius located to the east of Madagascar in the western Indian Ocean, the covariance struc-

tures of which are shown in Figure 2.6, row 1. The near-surface air temperature anomalies

in this region can be associated with outgoing longwave radiation (OLR) anomalies over

the west Pacific Ocean (Misra, 2004). This can also be combined with the possibility that

rainfall anomalies over eastern South Africa can potentially affect temperatures in the

western and south-western Indian Ocean (Reason and Mulenga, 1999). Row 2 of Figure

2.6 corresponds to our second location which is in the south Pacific Ocean just above

the 45°S latitude and slightly to the right of the International Date line. This can be

linked to low-frequency variation in the atmospheric circulation over the Southern Hemi-

sphere extratropics (Carleton, 2003). This coincides with the Southern Oscillation, which

is characterized by the barometric difference between Darwin and Tahiti. Fluctuations in

this difference cause temperature anomalies in parts of western Pacific and hence might

lead to large anisotropies in the temperature covariance. The third location (Figure 2.6,

row 3) is in the North Pacific Ocean, off the coast of Mexico. This location is at the

junction of the Pacific/North American (PNA) teleconnection pattern prevalent over the

central North Pacific and the equatorial Pacific Ocean which is the El Niño zone. This

should account for the temperature anomalies in this area which throws the covariance

structure in the temperature fields away from isotropy.

2.6 Discussions and Conclusions

With large-scale global climate data easily available at hand, it is necessary to develop

spatiotemporal models on a sphere that will explain the underlying spatial process and

help make accurate predictions. It might be convenient to assume that the covariance
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structure on the globe is isotropic. However in most real-life applications, this assumption

does not hold. In this chapter, we have proposed a method to determine the aptness of

this simplifying assumption.

We assume that a particular meteorological variable is distributed as a GP on a

sphere and we express the process as a linear combination of the spherical harmonic

functions which form a complete set of orthogonal basis functions on the sphere. Under

the further assumption of isotropy, the spherical harmonic coefficients are uncorrelated,

Gaussian (Baldi and Marinucci, 2007). We use this characterization to set up a test

for isotropy based on the sample correlation among the coefficients. The test statistic,

based on Johnstone (2001) is given in Section 2.3.2. We provide conditions to ensure

computational stability and accuracy during regression in Section 2.4.1.

In Section 2.4.2 we perform an extensive simulation study to evaluate the performance

of our test. We look at the Type I error for three grid sizes and two different spectra

under both time independence and considering a simple AR(1) dependence in time. The

grid sizes we consider are similar to the data-resolutions that we generally observe in

real-life applications. Our simulation results show that the test has the right Type I

error for all the three grid sizes and under the different conditions. We also consider the

power of our test under two anisotropic models. In the first case, we assume a correlation

structure among the spherical harmonic coefficients which gives us a class of anisotropic

models on the sphere. In the next case, we consider that the covariance across the globe is

different on land and water. Figures 2.2 and 2.3 show that the test is able to detect slight

deviations from isotropy in both the scenarios. It can also be seen that the power of the

test increases as the resolution of the grids become finer. Also the power increases with

the number of spherical harmonics coefficients used to compute the sample correlation

matrix, which in turn depends on the maximum degree of the SH considered.
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We show how the test is sensitive to temporal correlation, and we have provided a

modeling framework for addressing temporal correlation that gives accurate Type I error

rates. This has been demonstrated in Section 2.4.2 where we consider a decaying temporal

correlation among the coefficients and perform the test before and after modeling the

temporal dependencies. It must be very evident that most spatio-temporal processes

are not isotropic and our method provides a way to objectively perform a test to help

arrive at that conclusion. Also one can easily arrive at possible locations in the data

attributing to anisotropy using our method. As seen in our data analysis, even for the most

complex model considered, the test for isotropy gets rejected. This highlights the need

for developing better anisotropic models which will better capture the global anisotropic

covariance structures of spatiotemporal processes.
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Chapter 3

Estimating Atmospheric Wind

Motions using Space-time Drift

Models

3.1 Introduction

Wind is the movement of air from one place to another on the Earth’s surface and

is caused due to air pressure gradient between the two places. Winds are an impor-

tant component to atmospheric circulation and play an important role in human life on

Earth. They also have a strong impact on physical phenomena. In particular, local or

regional winds are capable of affecting weather of a certain region and are important for

making weather forecasts. They also influence the vegetation of regions as they affect

factors that influence plant growth such as seed dispersal rates, air transportation of

pollen and metabolism rates in plants. The study of local winds also permits evaluation

of power values produced by wind turbines (Brown et al., 1984; Castino et al., 1998),
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prediction of propagation of oil-spills (Kim et al., 2014) and the study of coastal ero-

sion (Ahmad et al., 2015). Local winds are also capable of moving pollutants into an

area (for example, Calima, which blows dust into the Canary Islands; source: https:

//www.weatheronline.co.uk/reports/wind/The-Calima.htm) and may impact large-

scale devastations such as forest fires (for example, the Santa Ana winds, which blows

into California after the scorching summers; source: https://www.washingtonpost.com/

graphics/2017/national/santa-ana-fires/). Thus it is important to build spatio-

temporal models to get ideas about the strength and direction of local winds to help us

prepare for natural calamities and facilitate preventive measures.

Data about wind speed and direction at ground level are collected at weather sta-

tions on land and by buoys or ships over oceans. Also, low orbit satellites such as Jason

3 and Sentinel 1 measure surface winds. However, these satellites cannot monitor winds

continuously in space and time as they are in low earth orbit. Winds in the upper level

can be observed using weather balloons or aircraft measurements, but these observations

are also very sparse in space and time. Ground monitor data can be viewed as multiple

time series and methods from this literature (Priestley, 1981; Reinsel, 1997; Brillinger,

2001) are used to analyze such data. For some applications, it is sufficient to look at the

evolution of wind at a fixed location and several methods have been proposed (Brown

et al., 1984; Tol, 1997; Ailliot, 2004; Monbet et al., 2007) for this scenario. The wind con-

ditions at different locations in the data might be utilized to model spatial dependencies

using the idea of incorporating space-time setting into the multiple time series framework

(Bennett, 1979; Bras and Rodriguez-Iturbe, 1985; Kyriakidis and Journel, 1999; De Luna

and Genton, 2005; Sahu and Mardia, 2005). Also, Boukhanovsky et al. (2003), Malm-

berg et al. (2005) and Ailliot et al. (2006) proposed autoregressive space-time models

to describe the evolution of winds. Stein (2005) proposed a spectral-in-time modeling
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approach to describe the space-time dependencies of the data.

On the other hand, geostationary weather satellites provide data from the surface

and the atmosphere with a very high temporal resolution. The resulting data comprise a

series of images which essentially make them a ‘movie’. These satellite image sequences

can be used to derive wind estimates over a certain region by tracking movements of

atmospheric tracers such as clouds or moisture features over time. Wind data thus ob-

tained by satellites play a major role in data assimilation. Numerical climate models

perform better with an increased wind data, especially over the oceans. In this way satel-

lite derived winds improve weather forecasts and warnings. The European Centre for

Medium-Range Weather Forecasts (ECMWF) has been implementing atmospheric mo-

tion winds into their forecast models operationally since the 1980s. This has dramatically

improved the model’s ability to forecast the track of tropical cyclones and has also in-

creased the model’s ability to predict wave heights and storm surges (Tomassini et al.,

1999).

One of the standard algorithms for estimating motion winds from satellite images is

the Derived Motion Winds (DMW) Algorithm (Daniels et al., 2010). The DWM Algo-

rithm takes as input images from the Advanced Baseline Imager (ABI) from images taken

by the Advanced Baseline Imager (ABI) flown on the Geostationary Operational Envi-

ronmental Satellite Series R (GOES-R) series of the National Oceanic and Atmospheric

Administration (NOAA) geostationary meteorological satellites and gives estimated wind

fields as outputs. The algorithm segments input images into data buffers which are two

dimensional data structures for three consecutive time points, and tracks a suitable target

in the middle image back and forth in time to calculate two motion sub-vectors based on

a minimum Sum of Squared Differences (SSD) criterion. The mean displacement vector

is then calculated and is assigned to the middle time point as the derived motion wind.

36



Note that the DMW algorithm is completely deterministic; it does not take into account

the issues that might lead to uncertainty in the measurements reported by the satellites.

In particular, quantifying uncertainties using the SSD criterion is hard because each es-

timated vector uses a different subset of the data and so likelihood ratio tests are not

applicable. Also the vector estimates generated can at most be half-integers.

To overcome these shortcomings, appropriate statistical methods are necessary to es-

timate wind motion over time. This motivates us to model satellite image data using

a spatial process drifting in time. At the heart of this statistical model lies the idea of

incorporating the motion vector parameters in the process covariance. We borrow the

idea of Nested Tracking from Daniels et al. (2010) by considering data buffers and us-

ing a sliding window over space and estimate the local wind speed and direction using

maximum likelihood estimates. Local estimation of covariance parameters using moving

windows has been studied in Haas (1990, 1995). One major advantage of our approach

over the DMW algorithm is that it allows us to quantify uncertainties associated with the

estimates in terms of their estimated variances. The estimated wind fields are smoothed

using weighted Gaussian kernels, the weights being equal to the estimated inverse vari-

ances of the estimates. This ensures that our estimated drift vectors can be any real

vector. This not only enables us to make smooth maps of wind over specific regions but

also permits us to quantify the uncertainty associated with the estimated wind fields.

The main focus of this chapter is to develop a space-time drift model which can

represent the movement of atmospheric winds over time. Section 3.2 discusses in details

the Derived Motion Winds algorithm. In Section 3.3, we discuss our proposed drift model.

An extensive simulation study focusing on conditions under which our model performs

well is conducted in Section 3.4. In Section 3.5 we apply our method on the GOES-15

brightness temperature data over Colorado and compare its performance to the DMW
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algorithm based on prediction accuracy. We also include maps of estimated motion winds

over Northeast Colorado. Some concluding remarks are given in Section 3.6.

3.2 Derived Motion Winds Algorithm

The Derived Motion Winds (DMW) Algorithm is an algorithm for estimating atmospheric

motion winds from images taken by the Advanced Baseline Imager (ABI) flown on the

Geostationary Operational Environmental Satellite Series R (GOES-R) series of the Na-

tional Oceanic and Atmospheric Administration (NOAA) geostationary meteorological

satellites. If the satellite is tracking a cloudy region, the imager records the brightness

temperature, which measures the radiance of the microwave radiation traveling upward

from the top of the atmosphere to the satellite (expressed in Kelvin scale). For clear

sky portions, the satellite records images of suitable indicators of atmospheric moisture

content, such as specific humidity. Here, a ‘target scene’ is represented by a square array

of pixels defining a suitable feature whose movement can be tracked in time. The size of

this array depends on the spatial and temporal resolution of the imagery and the scale

of the intended feature to be tracked. Daniels et al. (2010) provides a description of and

the physical basis for the estimation of atmospheric winds from the images taken by the

GOES-R satellite.

The first step of the DMW algorithm involves creating a data buffer containing the

target scene. A data buffer is a data structure holding 2-dimensional arrays of the response

variable for 3 consecutive image time. The second step involves locating and selecting a set

of suitable targets in the middle image domain. Once the target in the middle image (time

= t0) is identified, it is tracked back in time (to first image, time = t0−∆t) and forward

in time (to third image, time = t0 + ∆t) and the corresponding displacement vectors are
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computed. The mean displacement vector is computed from the two displacements and

is assigned to time t0 as the final DMW. Here ∆t denotes the temporal resolution of the

images. It has been suggested that the temporal resolution of the images should at most

be 15 minutes in order to account for the short lifespan and rapid disintegration of clouds

over land. Daniels et al. (2010) also gives a description of the Nested Tracking Algorithm

which can capture the local wind motions and addresses the fact that averaging conflicting

motions within the target scene can result in erroneous estimates. This algorithm involves

nesting smaller target scenes (usually of size 5 × 5) within a larger target scene of size

15×15 and getting every possible local motion vectors derived from each possible smaller

box within a larger target scene. This is done by tracking the smaller target scene back and

forward in time within a larger search region around it. The corresponding displacement

vectors are computed by minimizing the Sum of Squared Differences (SSD) criteria

SSD(dx1 , dx2) =
∑
x1

∑
x2

{I1(x1, x2)− I2(x1 + dx1 , x2 + dx2)}2

with respect to (dx1 , dx2), where I1 denotes the response within the smaller box, centered

at pixel location x = (x1, x2)
T , I2 denotes the response within the displaced box, centered

at pixel location (x1 + dx1 , x2 + dx2) of the search window and the sum is considered over

two dimensions. In practice, the region over which the search is conducted is substantially

larger than the size of the smaller target scene, so the above summation is carried out for

all target box positions within the search region. The mean displacement vector is com-

puted from the two displacements and is assigned as the final DMW estimate at location

x and the middle time point in the buffer. A density-based cluster analysis algorithm,

DBSCAN (Ester et al., 1996) is then used to identify the largest cluster representing the

dominant motion. A final derived motion vector is computed by averaging the displace-
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Figure 3.1: Schematic of the nested tracking approach. The white vectors show the local
motion vectors successfully derived for each possible 5 × 5 box within a larger 15 × 15
target scene. The red vector on the right is the resulting motion vector if one were to
take an average of all the successfully derived local motion vectors. (Source: Daniels et al.
(2010))

ments belonging to the largest cluster. Figure 3.1 illustrates the schematics of the Nested

Tracking Algorithm.

3.3 Space-time drift models

Let Y (x, t) denote the brightness temperature at location x and time t. We model Y (x, t)

as

Y (x, t) = µ(x, t) + Z(x, t) (3.1)

where µ is a non-random spatio-temporal mean function and Z is a zero-mean Gaussian

spatio-temporal process. We often assume that µ is a linear function of some covariates.

To model Z, we need a covariance function in three dimensions (two in space and one

in time). Here, the covariance function is considered to be stationary if it can be written
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in terms of the spatial and temporal lags. However, the concept of space-time isotropy is

not so relevant because it does not make sense to treat time as another spatial dimension

as time has different units. So it is logical to assign a different range parameter to time.

Another common feature in space-time processes is the lack of full symmetry in the

covariance structure. By this we mean

K{(x, t1), (y, t2)} 6= K{(x, t2), (y, t1)} (3.2)

for all x,y, t1 and t2, where K{(x, t1), (y, t2)} denotes the covariance function of the

process Z(x, t) at (x, t1) and (y, t2). In most regions, winds tend to flow in a consistent

direction, and so changes in temperature or precipitation rate at one location tend to pre-

cede similar changes at another location in the direction of the flow. For instance, if t2 > t1

and winds flow consistently from x to y, then K{(x, t1), (y, t2)} > K{(x, t2), (y, t1)}.

Here we model Z(x, t) from (3.1) using a process that drifts over time. Suppose Z0 is

a stationary, space-time symmetric process with covariance function C0. Then Z(x, t) is

defined as

Z(x, t) = Z0(x− u(x, t)t, t)

where the drift parameter u(x, t) is a two-dimensional vector denoting the orthogonal

components of the wind vector at location x and time point t. The covariance function

of Z(x, t) is given by

K{(x, t1), (y, t2)} = Cov{Z(x, t1), Z(y, t2)}

= Cov{Z0(x− u(x, t1)t1, t1), Z0(y − u(y, t2)t2, t2)}

= σ2C0{x− y − {u(x, t1)t1 − u(y, t2)t2}, t1 − t2}

(3.3)
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Let us assume that the winds are constant and move linearly in space and time. Then,

the covariance function of Z(x, t) is

K{(x, t1), (y, t2)} = σ2C0{x− y − u(x, t)(t1 − t2), t1 − t2}

= σ2C0

√‖d− u(x, t)h‖2

α2
1

+
|h|2
α2
2

 (3.4)

where d = x − y denotes the spatial lag, h = t2 − t1 denotes the temporal lag and

C0 is taken to be the standard exponential covariance function. Also, α2
1 and α2

2 denote

respectively the spatial and temporal range parameters and σ2 is the variance. Note

that, the process covariance has been expressed through deformations of the geographic

coordinates. According to Sampson and Guttorp (1992), K is a valid covariance function

of a spatiotemporal process if and only if K is a function of the Euclidean distances

between site locations, which are bijection to the geographic coordinate system. That is,

for K to be a valid covariance function, x− u(x, t)t needs to be bijection to x. Fuentes

et al. (2008) model a drift process using a Bayesian analysis of a global model as described

above. In particular, the drift parameter is modeled using splines. However this approach

will be very slow for our problem and hence our proposed model should be favored.

3.3.1 Estimation of drift parameter

We first standardize the data to remove the spatially varying mean and variance. Let

Z(x, t) =
Y (x, t)− µ̂(x)

σ̂(x)

where µ̂(x) denotes the pixel-wise mean over time of Y (x, t) at location x and σ̂(x)

denotes the corresponding standard deviation. Let θ(x, t) = (α1, α2,u(x, t)) be the re-
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maining correlation parameters to be estimated. In order to estimate the wind motions

locally, we define a data buffer as

D(x, t) = {(s, t′) such that ‖x− s‖ < ε & |t− t′| ≤ 1}.

We assume that the process Y (x, t) is stationary in D(x, t). Within the data buffer

considered, we use maximum likelihood estimation to estimate θ(x, t) ≡ θD. That is, for

a fixed data buffer D at location x and time t, if ZD(n × 1) denotes the standardized

data vector in the buffer and ΣθD(n×n) denote the corresponding space-time covariance

matrix, then the log-likelihood for (σ2
D,θD) given ZD is given by

l
(
θD, σ

2
D|ZD

)
= −n

2
log(2π)− 1

2
log
(
|σ2
DΣθD |

)
− 1

2σ2
D

[ZD − 1βD]T Σ−1θD [ZD − 1βD] (3.5)

where µD = 1βD and σ2
D are the local mean and variance of the data in D. For fixed θD,

the maximum likelihoods of βD and σ2
D are given by

β̂D,θD =
(
1TΣ−1θD1

)−1
1TΣ−1θDZD

σ̂2
β̂D,θD

=
1

n

(
ZD − 1β̂D,θD

)T
Σ−1θD

(
ZD − 1β̂D,θD

)
Plugging in the above estimates of βD and σ2

D in 3.5, we get the profile log-likelihood for

θD,

pl(θD|ZD) = −1

2

(
nlog

(
σ̂2
β̂D,θD

)
+ log(|ΣθD |)

)
. (3.6)
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We now maximize this profile log-likelihood to get the maximum likelihood estimate of

θD. We also estimate the variances associated with the estimated wind fields by comput-

ing the observed inverse hessian matrix at the maximum likelihood estimate, θ̂D. The

estimates obtained are associated with the location x and time point t at which the data

buffer D was centered. We imitate the Nested Tracking approach and slide the buffer

window across space and time, and estimate the wind vectors locally.

3.3.2 Spatially-smoothed drift models

The profile log-likelihood in 3.6 for a particular data buffer over a grid of u is often very

flat (see Figure 3.6). We believe that flat profile log-likelihoods make the optimization in

our method harder, which in turn lead to estimates with high variances.

Therefore, we propose the idea of spatially smoothing out the profile likelihood corre-

sponding to buffer D(s, t), so that the likelihood for D borrows strength from neighboring

data buffers. We use a scaled version of the Gaussian kernel

φ(s|xl, λ) =
1

2πλ2
exp

(
−||s− xl||

2

2λ2

)
,

where λ > 0 is the kernel bandwidth, s denotes the center of D and x1, . . . ,xk ∈ R2

denote the centers of k neighboring data buffers. The smoothing weights are defined as

wl(s) =
φ(s|xl, λ)∑k
j=1 φ(s|xj, λ)

. (3.7)

Here wl(s) ensures that the weights at each neighboring location sum to 1. If ZD denotes

the standardized data in D, then the spatially smoothed profile log-likelihood at (s, t) is
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given by

pl(s) (θD|ZD,Z(xi, t)) =
k∑
i=0

pl (θD|Z(xi, t))wl(s) (3.8)

where x0 = s. We call this approach, the spatially smoothed drift model (SSDM).

We maximize the SSDM profile log-likelihood to get estimates of the local wind fields,

θ̂D;SSDM .

3.4 Simulation results

This section details some simulations performed in order to determine the conditions

under which the space-time drift model (STDM) performs well while estimating wind

motion vectors. We also implement a version of the DMW algorithm under similar con-

ditions and compare its performance with the STDM. To compare the two methods, we

compute the accuracy and precision estimates described in Daniels et al. (2010). Accuracy

is measured by the Mean Vector Difference (MVD)

V Di =

√
(ûi − ur)2 + (v̂i − vr)2, MV D =

1

N

N∑
i=1

V Di

where (ûi, v̂i) denotes the estimated wind vector for the ith simulated data buffer and

(ur, vr) denotes the reference (‘true’) wind. The standard deviation about the MVD,

SD =

√√√√ 1

N − 1

N∑
i=1

(V Di −MVD)2

measures the precision.

First we consider data buffers of size 11 × 11 × 3 generated independently from the

STDM under various parameter settings. The true spatial range parameter α2
1 is chosen
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to be either 1, 2, 4 or 8, and the true temporal range parameter α2
2 is chosen to be

either 1, 2, 3 or 4. We also take two different values of the reference wind vector, namely

(ur, vr)
T = (1, 2)T and (3, 5)T which signify respectively slow and fast wind vectors.

All four parameters are updated simultaneously during optimization. Tables 3.1 and 3.2

compare the performance of the two methods for the two wind vectors based on N = 100

simulations.

Based on these simulation results, it can be concluded that the STDM does a better

job in estimating moderately small and large wind signals for the chosen window size of

11 × 11 compared to DMWA. It performs particularly well when the true spatial range

is small and the true temporal range is large. This is intuitive because a larger spatial

range makes it more difficult to identify a feature in the target scene, thereby making

estimation harder. On the other hand, a larger temporal range means that the feature

will not dissipate over the considered time frame, leading to efficient estimation of the

wind vectors. It also performs better for the smaller wind vector. This is because when

the wind vector is large compared to the window size, the feature tracked in time could

potentially move out of the frame, resulting in incorrect wind estimates. The performance

of the DMW algorithm also improves as the temporal range increases. However, these

simulation results bring forth a major flaw in the DMW algorithm. The estimated motion

winds from the DMW algorithm are at most half integers and they are limited to the size

of the larger search window. That is, while estimating the motion vectors, the smaller

central target scene (7 × 7) can only move up to 4 pixels in all directions while it is

being tracked back and forward in time. As a result, it performs poorly for the larger

wind motion vector, which had a v-component of 5 pixel units. This can once again be

attributed to the window size relative to the magnitude of the wind vector. This clearly

shows that the size of the buffer is an important parameter when it comes to estimating
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Table 3.1: Comparing Mean Vector Difference (SD) for Space-time Drift Model (STDM)
and Derived Motion Winds algorithm (DMWA) for reference wind vector (1, 2)T based on
data buffers of size 11×11; α2

1 and α2
2 denote the spatial and temporal range respectively.

STDM

α2
1

α2
2 1 2 3 4

1 0.415 (0.370) 0.172 (0.090) 0.136 (0.072) 0.118 (0.053)
2 1.225 (1.211) 0.304 (0.187) 0.162 (0.092) 0.149 (0.082)
4 3.010 (2.552) 1.008 (0.724) 0.398 (0.252) 0.268 (0.145)
8 3.441 (3.475) 2.830 (2.064) 1.346 (1.003) 0.831 (0.689)

DMWA

α2
1

α2
2 1 2 3 4

1 1.965 (1.168) 0.771 (0.907) 0.162 (0.496) 0.084 (0.424)
2 2.230 (1.304) 1.343 (1.079) 0.727 (0.819) 0.409 (0.693)
4 2.532 (1.324) 1.888 (1.183) 1.856 (1.171) 1.101 (0.857)
8 2.891 (1.542) 2.538 (1.334) 2.064 (1.094) 1.961 (1.190)

Table 3.2: Comparing Mean Vector Difference (SD) for Space-time Drift Model (STDM)
and Derived Motion Winds algorithm (DMWA) for reference wind vector (3, 5)T based on
data buffers of size 11×11; α2

1 and α2
2 denote the spatial and temporal range respectively.

STDM

α2
1

α2
2 1 2 3 4

1 1.124 (1.089) 0.868 (1.503) 0.743 (1.573) 0.530 (1.062)
2 1.916 (1.685) 0.777 (1.236) 0.299 (0.415) 0.230 (0.409)
4 2.820 (1.981) 1.489 (1.358) 0.676 (0.699) 0.392 (0.365)
8 3.401 (2.842) 3.125 (1.959) 2.071 (1.803) 1.129 (1.027)

DMWA

α2
1

α2
2 1 2 3 4

1 5.823 (1.624) 5.836 (1.428) 5.866 (1.594) 6.024 (1.610)
2 5.638 (1.739) 5.294 (1.745) 5.408 (1.797) 5.362 (1.643)
4 5.548 (1.421) 4.995 (1.653) 4.934 (1.848) 4.750 (1.701)
8 5.864 (1.623) 5.320 (1.720) 5.233 (1.749) 4.603 (1.699)
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wind motion. In order to drive home our point, we perform the simulations again under

the same covariance parameter settings as described earlier but with window sizes of 7×7

and 15× 15 respectively. Tables 3.3 and 3.4 summarize the results for window size 7× 7

while tables 3.5 and 3.6 report the same for window size 15× 15.

Tables 3.2, 3.4 and 3.6 give us a clear picture of the effect of window size on the

estimation. Data buffers of size 7 × 7 are not adequate to contain the features being

tracked in frame for a wind vector of (3, 5)T which in reflected in the high MVD and

SD values for both STDM and DMWA (see Table 3.4). The estimation improves as we

increase window size to 11 × 11 (see Table 3.2) and then to 15 × 15 (see Table 3.6).

Tables 3.1, 3.3 and 3.5 also show that the estimation of the wind vector improves with

the increase in grid size.

A more comprehensive way to assess the effect of buffer size on STDM is to look

at coverage probabilities for the u- and v- components of the wind vector. Since our

model allows uncertainty quantification through estimated variances of the estimates,

we can form confidence intervals for the parameters of interest. This exploits the prop-

erty that the maximum likelihood estimates are asymptotically normal under temporal

replication. Once again we consider (ur, vr) to be either (1, 2) or (3, 5) and look at 95%

coverage probabilities of the two components for buffer sizes 7× 7, 11× 11 and 15× 15

respectively. The other covariance parameters are similar as before. For each scenario,

the coverage probability is computed based on 100 replications. Tables 3.7, 3.8 and 3.9

show respectively, the said coverages for buffer sizes 7× 7, 11× 11 and 15× 15.

Tables 3.7 - 3.9 reiterate the conditions that we had arrived at from Tables 3.1 - 3.6.

In particular, our model has better coverage when the spatial range is small and the

temporal range is large. Tables 3.7 - 3.9 also show the importance of the buffer size, as

discussed earlier. For instance, the coverage probability of our model is very small when
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Table 3.3: Comparing Mean Vector Difference (SD) for Space-time Drift Model (STDM)
and Derived Motion Winds algorithm (DMWA) for reference wind vector (1, 2)T based
on data buffers of size 7×7; α2

1 and α2
2 denote the spatial and temporal range respectively.

STDM

α2
1

α2
2 1 2 3 4

1 1.196 (0.346) 0.311 (0.216) 0.243 (0.236) 0.201 (0.204)
2 1.658 (1.126) 0.600 (0.517) 0.353 (0.327) 0.245 (0.125)
4 2.841 (1.749) 1.599 (1.243) 0.861 (0.612) 0.456 (0.307)
8 3.253 (2.250) 3.281 (1.874) 2.212 (1.715) 1.432 (1.017)

DMWA

α2
1

α2
2 1 2 3 4

1 1.983 (1.049) 1.209 (0.845) 1.039 (1.118) 0.854 (1.091)
2 2.045 (1.017) 1.527 (0.942) 1.283 (1.012) 1.072 (0.977)
4 2.342 (0.939) 2.158 (0.938) 1.620 (0.921) 1.511 (0.909)
8 2.452 (1.075) 2.175 (0.954) 2.003 (1.096) 1.776 (0.887)

Table 3.4: Comparing Mean Vector Difference (SD) for Space-time Drift Model (STDM)
and Derived Motion Winds algorithm (DMWA) for reference wind vector (3, 5)T based
on data buffers of size 7×7; α2

1 and α2
2 denote the spatial and temporal range respectively.

STDM

α2
1

α2
2 1 2 3 4

1 2.310 (1.600) 2.034 (1.657) 1.734 (1.681) 1.787 (1.946)
2 2.335 (1.561) 2.032 (1.763) 1.392 (1.472) 1.030 (1.209)
4 3.440 (2.345) 2.393 (1.900) 1.996 (1.699) 1.638 (1.989)
8 3.611 (2.659) 3.135 (1.920) 2.913 (1.884) 2.483 (2.389)

DMWA

α2
1

α2
2 1 2 3 4

1 5.953 (0.914) 5.924 (0.959) 5.953 (1.100) 6.012 (0.978)
2 5.710 (1.094) 5.781 (1.181) 5.899 (1.090) 5.739 (1.076)
4 5.665 (1.089) 5.577 (1.165) 5.540 (1.206) 5.355 (1.131)
8 5.952 (1.131) 5.678 (1.225) 5.413 (1.122) 5.461 (1.180)
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Table 3.5: Comparing Mean Vector Difference (SD) for Space-time Drift Model (STDM)
and Derived Motion Winds algorithm (DMWA) for reference wind vector (1, 2)T based on
data buffers of size 15×15; α2

1 and α2
2 denote the spatial and temporal range respectively.

STDM

α2
1

α2
2 1 2 3 4

1 0.274 (0.323) 0.125 (0.056) 0.097 (0.054) 0.073 (0.040)
2 0.803 (0.708) 0.197 (0.105) 0.122 (0.066) 0.103 (0.055)
4 2.443 (1.639) 0.536 (0.404) 0.251 (0.143) 0.183 (0.083)
8 3.268 (3.598) 2.030 (2.051) 0.875 (0.594) 0.496 (0.353)

DMWA

α2
1

α2
2 1 2 3 4

1 2.998 (1.554) 1.501 (1.558) 0.699 (1.332) 0.318 (0.843)
2 2.776 (1.423) 2.028 (1.399) 1.365 (1.568) 0.815 (1.185)
4 3.213 (1.687) 2.661 (1.671) 2.236 (1.670) 1.644 (1.471)
8 3.579 (1.697) 2.921 (1.385) 2.700 (1.527) 2.518 (1.343)

Table 3.6: Comparing Mean Vector Difference (SD) for Space-time Drift Model (STDM)
and Derived Motion Winds algorithm (DMWA) for reference wind vector (3, 5)T based on
data buffers of size 15×15; α2

1 and α2
2 denote the spatial and temporal range respectively.

STDM

α2
1

α2
2 1 2 3 4

1 0.581 (1.159) 0.403 (1.210) 0.355 (0.884) 0.291 (0.992)
2 1.073 (1.139) 0.244 (0.130) 0.142 (0.069) 0.107 (0.060)
4 2.781 (2.210) 0.690 (0.654) 0.307 (0.183) 0.211 (0.105)
8 3.175 (3.462) 2.721 (2.555) 1.123 (0.973) 0.665 (0.529)

DMWA

α2
1

α2
2 1 2 3 4

1 5.100 (2.540) 2.830 (2.461) 0.688 (1.536) 0.098 (0.618)
2 5.306 (2.431) 3.417 (2.509) 1.819 (2.157) 1.028 (1.771)
4 5.724 (2.471) 3.951 (2.415) 3.378 (2.372) 2.670 (2.323)
8 6.109 (2.257) 5.15 (2.443) 4.393 (2.327) 4.061 (2.561)
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Table 3.7: 95% coverage probabilities (in percentage) for u- and v- wind components
based on buffer size of 7 × 7 and reference wind vectors (ur, vr)

T = (1, 2)T and (3, 5)T ,
based on the Space-Time Drift Model (STDM). α2

1 and α2
2 denote the spatial and temporal

range respectively.

ur = 1 vr = 2

α2
1

α2
2 1 2 3 4 1 2 3 4

1 62 84 98 98 70 96 88 94
2 72 88 92 96 72 88 90 94
4 74 72 92 94 74 80 90 100
8 58 82 92 90 64 88 88 84

ur = 3 vr = 5

α2
1

α2
2 1 2 3 4 1 2 3 4

1 55 65 59 68 46 53 51 55
2 48 55 68 70 37 42 59 66
4 61 61 57 59 49 56 51 58
8 79 60 55 59 67 62 58 61

Table 3.8: 95% coverage probabilities (in percentage) for u- and v- wind components
based on buffer size of 11× 11 and reference wind vectors (ur, vr)

T = (1, 2)T and (3, 5)T ,
based on the Space-Time Drift Model (STDM). α2

1 and α2
2 denote the spatial and temporal

range respectively.

ur = 1 vr = 2

α2
1

α2
2 1 2 3 4 1 2 3 4

1 80 90 89 84 87 92 79 86
2 76 92 87 86 82 93 93 89
4 62 78 91 95 55 84 91 92
8 67 63 73 93 62 64 85 96

ur = 3 vr = 5

α2
1

α2
2 1 2 3 4 1 2 3 4

1 73 78 78 75 72 75 78 80
2 68 88 89 87 64 90 83 89
4 59 71 88 89 66 73 84 85
8 65 63 75 83 66 65 76 84
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Table 3.9: 95% coverage probabilities (in percentages) for u- and v- wind components
based on buffer size of 15× 15 and reference wind vectors (ur, vr)

T = (1, 2)T and (3, 5)T ,
based on the Space-Time Drift Model (STDM). α2

1 and α2
2 denote the spatial and temporal

range respectively.

ur = 1 vr = 2

α2
1

α2
2 1 2 3 4 1 2 3 4

1 92 95 91 91 89 94 94 94
2 82 87 93 96 89 92 90 90
4 73 91 92 92 69 90 93 94
8 65 80 84 83 68 75 90 93

ur = 3 vr = 5

α2
1

α2
2 1 2 3 4 1 2 3 4

1 82 89 85 88 87 90 82 82
2 87 91 95 95 80 92 91 90
4 74 85 91 92 68 83 93 90
8 66 67 77 89 58 67 79 87
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we use a buffer size of 7× 7 to estimate a large wind of (3, 5), showing that the buffer is

not adequate to track the feature across time. Once again, we see that our model performs

better in terms of higher coverage probability as the grid size increases. So it may seem

that a large buffer size will always produce accurate estimates of the wind components.

However, this might not be true in real-life scenarios. Here the reference winds have

been chosen to be uniform across space and time. In real life, this assumption might not

be valid and choosing an arbitrarily large buffer window will lead to inaccurate estimates

of the wind motion. Thus while implementing the methods on real data sets, the window

size should be chosen such that the wind motion is more or less constant in the data

buffer, and the feature being tracked in time is prominent and does not move out of

frame. The optimal buffer size can be chosen using cross validation. However, for a fairly

large dataset, this will be time consuming and hence, not practical. We can get a rough

estimate of the optimal buffer size by following the maximum brightness temperature

gradient over the region across time. This will work fairly well as wind fields are mostly

smooth over a small region and time frame. We can also think about choosing the buffer

size dynamically as we move across space and time.

3.5 Application to GOES-15 data

3.5.1 GOES-15 data description

The Geostationary Operational Environmental Satellite (GOES), operated by the United

States’ National Oceanic and Atmospheric Administration (NOAA) provides continual

measurements of the atmosphere and surface variables, which help facilitate meteorolog-

ical research including weather forecasting and severe storm tracking. Since the launch
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of GOES-8 in 1994, the GOES instruments have monitored atmospheric phenomena and

provided a continuous stream of environmental data. The dataset used in this project

is from the GOES-15 satellite. Launched in March 2010, GOES-15 is positioned at the

GOES-West location of 135°W longitudes over the Pacific Ocean. The dataset, as de-

scribed in Knapp and Wilkins (2018) is a Gridded Satellite (GridSat) Contiguous US

(CONUS) domain data which are geostationary data remapped to equal angle projection

with an 0.04°(∼4 km) latitudinal resolution and 15 minutes temporal resolution. The

dataset includes Infrared (IR) channel data in terms of pixel-wise brightness tempera-

ture for the reflective bands (channels 1 - 6 with approximate central wavelengths 0.47,

0.64, 0.865, 1.378, 1.61, 2.25 microns respectively). The reflective bands support among

other ground and atmospheric indicators, the characterization of clouds.

We have looked at Channel 4 brightness temperature data (recorded in Kelvin scale)

for 10 consecutive days starting January 1, 2015 at a temporal resolution of 15 minutes

covers a region of Colorado (36.82° N to 41.18° N latitudes and 109.78° W to 101.02° W

longitudes). Figure 3.2a shows the data at three consecutive time points on the third day.

Lower values of brightness temperature indicates cloud cover, whereas high brightness

temperature values suggest clear skies over the region. For our analysis, we have focused

on the region of Northeast Colorado (shown in 3.2b), comprising of 6160 pixels, where

we can see some clear cloud movements from south-west to north-east.

3.5.2 Estimation using GOES-15 data

The first step involves standardizing the brightness temperature data using the pixel-wise

mean and standard deviation over time. This factors out the effect of low cloud cover

over the region which can affect the local estimation of wind vectors. Here the standard
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(a) Brightness temperature (Kelvin) over Colorado on January 3, 2015 at 00:52 am, 01:07 am
and 01:22 am respectively

(b) Subregion considered for our analysis

Figure 3.2: Brightness temperature maps over Colorado at 15 minutes time interval
along with the subregion considered in our analysis (Northeast Colorado)
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deviation is not spatially smooth, so we smooth it using the smoothing weights in (3.7),

defined on x1, . . . ,xL ∈ R2, the spatial knots over Northeast Colorado (boxed region in

3.2b). That is, for standardizing the data we consider σ̂(s)(x) where

σ̂(s)(s) =
L∑
l=1

σ̂(x)wl(s), (3.9)

where s ∈ {x1, . . . ,xL}. To smooth out the standard deviation map, we use λ = 2. Now,

in order to determine the buffer size, we get a rough estimate of the wind vectors over

Northeast Colorado from 3.2a and fix the size to be 25×25. We estimate the wind vectors

locally at each spatial knot and at each time using maximum likelihood estimates based

on the appropriate data buffer. Let ûSTDM(s, t) denote the estimated wind vector at s

and time point t obtained from STDM. We also estimate the variances associated with

the estimates by computing the inverse hessian matrix at the MLE. We denote these

variances by d̂u(s, t) and d̂v(s, t) where the suffixes ‘u’ and ‘v’ refer to the u- and v-

component of the estimated wind vector. Figure 3.3 shows the uncertainty associated

with the estimated wind components as given by the estimated standard deviations, for

three consecutive time points. We also apply the DMW algorithm on the same data

buffers; let ûDMWA(s, t) denote the corresponding wind estimates.

The estimated standard deviations in Figure 3.3 appears to be high at certain loca-

tions, which makes the wind estimates somewhat rough. As a result, we smooth each

component of the estimates using a weighted Gaussian smoothing filter, the weights

being equal to the inverse of the corresponding variance estimates. If ûSTDM(s, t) =

(ûSTDM(s, t), v̂STDM(s, t)) denote the u- and v-components of the estimated wind fields

from the STDM, then following (3.9), the smoothed version of the estimated wind field

components are
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(a) t = 2 (b) t = 2

(c) t = 3 (d) t = 3

(e) t = 4 (f) t = 4

Figure 3.3: Estimated standard deviations obtained using the Space-Time Drift Model
(STDM), corresponding to estimated u- (left panel) and v- (right panel) components at
three consecutive time points.
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û
(s)
STDM(s, t) =

L∑
l=1

ûSTDM(s, t)wul (s, t), wul (s, t) =

(
φ(s|xl, λ)/d̂u(s, t)

)
∑L

j=1

(
φ(s|xj, λ)/d̂u(s, t)

) (3.10)

v̂
(s)
STDM(s, t) =

L∑
l=1

v̂STDM(s, t)wvl (s, t), wvl (s, t) =

(
φ(s|xl, λ)/d̂v(s, t)

)
∑L

j=1

(
φ(s|xj, λ)/d̂v(s, t)

) (3.11)

Here, the weights wul and wvl ensure that the inaccurate estimates are given less

importance while smoothing. The smoothing parameter has been chosen based on cross

validation. Figure 3.4 shows the raw and smoothed wind estimates obtained from the

proposed STDM. From Figures 3.3 and 3.4, it can be seen that the rough wind estimates

correspond to regions where the estimated standard deviation is high. Figure 3.4 also

shows that smoothing the estimates according to (3.10) and (3.11) provide wind vector

estimates of higher quality. For fair comparison, the DMW estimates are also smoothed

using a simple Gaussian kernel smoother with its optimal smoothing parameter chosen

using cross validation. The raw and smoothed estimates of the wind fields obtained from

DMWA are shown in Figure 3.5.

It is to be noted that the profile log-likelihoods for the data buffers in the GOES-15

data are quite flat. Figure 3.6 shows a typical log-likelihood function. Hence, we also

apply the SSDM on the data using buffers of size 25 × 25 and scale parameter for the

Gaussian kernel to be three. Let ûSSDM denote the estimated wind components from the

SSDM. We treat the estimates similarly and compare them with the raw and smoothed

versions of the STDM and the Derived Motion Winds algorithm.
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(a) t = 2 (b) t = 2

(c) t = 3 (d) t = 3

(e) t = 4 (f) t = 4

Figure 3.4: Raw (left panel) and smoothed (right panel) wind field estimates at three
consecutive time points obtained using the Space-Time Drift Model (STDM).
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(a) t = 2 (b) t = 2

(c) t = 3 (d) t = 3

(e) t = 4 (f) t = 4

Figure 3.5: Raw (left panel) and smoothed (right panel) wind field estimates at three
consecutive time points, obtained from the Derived Motion Winds Algorithm (DMWA).
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Figure 3.6: Profile loglikelihood for a particular data buffer, plotted as a function of the
two components of u.

3.5.3 Comparison based on Mean Squared Prediction Error

For this dataset, reference wind fields are not available. Hence we compare the per-

formance of the two methods based on Mean Squared Prediction Error (MSPE) while

predicting standardized brightness temperature fields. In order to predict standardized

temperature at a spatial location s at time t, we consider estimated winds at time t− 2

and ZD(·, t− 1), the data in D(s, t− 1). Let Z(s, t) denote the true brightness tempera-

ture at (s, t) and ẐM(s, t) denote its predicted counterpart for method M , M being the

methods compared, namely, the original and smoothed versions of STDM, SSDM and

DMWA. Also let

Σ =

Σ11 σ12

σ21 σ22


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denote the joint space-time drift covariance matrix of [ZD(·, t− 1) Z(s, t)]T with (s, t)

shifted by ûM(s, t − 2), the estimated wind using method M at time t − 2. Then, the

predicted temperature at (s, t) is

ẐM(s, t) = E (Z(s, t)|ZD(·, t− 1)) = σ21Σ
−1
11 ZD(·, t− 1) (3.12)

and the prediction variance at (s, t) is

Var (Z(s, t)|ZD(·, t− 1)) = σ22 − σ21Σ
−1
11 σ12. (3.13)

The Mean Squared Prediction Error at time t is expressed as

MSPE(t) =
1

L

L∑
l=1

(
ẐM(xl, t)− Z(xl, t)

)2
We also consider a naive approach of predicting the brightness temperature fields where

we say that ẐM(·, t) = Z(·, t − 1), that is, the data at time t − 1 is used as the predic-

tion for time t. This is called baseline prediction and the performances of the proposed

methods and the DMWA are assessed based on the baseline MSPE. Table 3.10 compares

the raw and smoothed estimates of the wind components in terms of MSPE. From Table

3.10, we can conclude that the proposed space-time drift model outperform the DMW

algorithm. It can also be seen that smoothing the estimates does provide a better pic-

ture of the wind fields over Northeast Colorado. Figure 3.7 provides maps of predicted

brightness temperature using the estimated winds from STDM along with the lower and

upper prediction maps for the brightness temperature fields, calculated using prediction

variances. The same maps have been provided for the smoothed version of the DMWA

in the fourth panel of Figure 3.7. The last panel of Figure 3.7 show the observed temper-
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Table 3.10: Comparing Mean Squared Prediction Error based on prediction using the
raw and smoothed wind estimates from the Space-Time Drift Model (STDM), the Spa-
tially Smoothed Drift Model (SSDM) and the Derived Motion Winds Algorithm (DMWA)
at different time points. λ in each case denotes the optimal smoothing parameter chosen
using cross validation. All the methods have been compared against the baseline.

Method t = 4 t = 5 t = 6 t = 7

STDM 0.278 0.195 0.205 0.224
SSDM 0.431 0.380 0.396 0.398
DMWA 0.400 0.293 0.298 0.265

Smoothed STDM (λ = 0.5) 0.278 0.195 0.180 0.194
Smoothed SSDA (λ = 0.4) 0.405 0.384 0.364 0.374
Smoothed DMWA (λ = 2) 0.364 0.251 0.258 0.214

Baseline 1.275 1.180 0.928 0.812

ature fields for the three consecutive time points. From Figure 3.7, it can be seen that

our model captures the main features in the temperature fields over Northeast Colorado.

It can also be seen that our model reflects the wind movement over the region since we

can see similar movements of features across the region as compared to the ones tracked

along in the original images.

3.6 Discussions and Conclusions

Wind is one of the most important atmospheric variables and it has large impact on

local weather. Hence, studying motion winds is essential. Wind data can be derived from

geostationary satellites which collect high-resolution spatiotemporal data. These data are

essentially a sequence of images over time and are used to derive atmospheric wind speed

and direction. One algorithm which provides derived motion products is known as the

Derived Motion Winds Algorithm. It takes as its input a sequence of images taken by

the ABI on the GOES-R series of the NOAA meteorological satellites and produces wind
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Figure 3.7: The top panel shows predicted brightness temperature fields for three con-
secutive time points, obtained using smoothed wind estimates from the Space-Time
Drift Model (STDM). The second and third panels show respectively, the corresponding
lower and upper prediction regions.The fourth panel shows predicted brightness temper-
ature fields obtained using smoothed versions of the Derived Motion Winds Algorithm
(DMWA) wind estimates. The bottom panel shows the observed temperature fields at
those time points.
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speed and direction. However, this algorithm is deterministic and its method of quanti-

fying uncertainties is ambiguous. In this chapter, we propose a spatiotemporal model to

analyze satellite image data with the primary objective of estimating atmospheric wind

speed and direction.

To model spatiotemporal satellite image data, we propose a space-time drift model

with a covariance structure incorporating the drift parameter u(x, t). Here the drift

parameter gives the wind speed and direction at (x, t). We argue that the covariance

function is valid if x − u(x, t)t is a one-to-one function in x. Following the basic idea

of Nested Tracking, we propose a method to estimate the covariance parameters using

maximum likelihood estimation. Atmospheric wind motion is a complex phenomenon

and hence trying to study them can be particularly difficult. However, we try to figure

out conditions under which our model performs well through simulations. Section 3.3

details an extensive simulation study. Based on our simulation study, we conclude that

our model performs well when the true spatial range in small and the true temporal range

is high. The simulations also bring forth a major drawback of the DMWA. Due to the

design on the DMW algorithm, the DMWA estimates can only be half-integers and can

only take values equal to the number of pixels the smaller target scene can move around

in the larger search window. This brings us to perhaps the most important parameter in

the analysis, the buffer window size. We show that the buffer window size is very crucial

for both the methods; a strong signal will push the feature under consideration out of

frame, thereby resulting in erroneous estimates. Thus it is very important to choose the

right buffer size before analyzing the data. We say how we can choose the buffer size at

minimum cost and also float the idea of choosing the buffer size dynamically.

In Section 3.4, we apply our method on brightness temperature data over Northeast

Colorado, obtained from the GOES-15 satellite. In Section 3.4.2, we propose smooth-

65



ing the raw estimated wind fields using a weighted Gaussian kernel, the weights being

equal to the inverse of the estimated variances of the estimates. We provide estimated

standard deviation maps, driving home the point that our method is capable of quan-

tifying uncertainties associated with the estimation. We also provide smoothed maps of

estimated wind fields over Northeast Colorado. We predict brightness temperature fields

using our model and conclude, based on Mean Squared Prediction Error (MSPE) that

the smoothed version of the wind estimates better represent the true wind condition.

We also compare the performance of our proposed method and the DMWA. We have

shown that our method outperforms the DMWA with respect to MSPE. We argue that

smoothing the estimated wind fields give more reliable wind estimates. We also see that

we capture the main features in the brightness temperature maps through our prediction,

including the drift across the region. We also define a spatially smoothed version of the

drift model, where the likelihood at one data buffer borrows strength from its neighbors.

As future work, we would like to explore some more flexible models for capturing the

complicated wind motions, probably a model where the buffer size is allowed to vary

with location and time. This can ensure that our feature is always inside the frame of

reference, resulting in more accurate estimates of the wind fields.
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Chapter 4

A Graphical Model to Detect Global

Teleconnections using Spherical

Needlets

4.1 Introduction

In atmospheric sciences, Teleconnections refer to significant correlations among climato-

logical variables over geographically separated regions on the Earth. The Meteorological

glossary of the American Meteorological Society (Huschke et al., 1959) defines a telecon-

nection as

1. A linkage between weather changes occurring in widely separated regions of the globe.

2. A significant positive or negative correlation in the fluctuations of a field at widely

separated points.

According to the second definition, atmospheric variables over separated regions need not
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exhibit similar variations in order to be ‘teleconnected’. The strength of a teleconnection

patterns can vary over time, they can typically last from several weeks to several years

and have extensive influence on temperature and precipitation (North et al., 2014). Ex-

treme weather events such as extreme precipitation, hurricanes and droughts can also be

linked to teleconnection patterns (Krichak et al., 2014; Linthicum et al., 2016; Steptoe

et al., 2018). Teleconnections lead to the possibility of weather anomalies being linked

over distant locations and hence are very important in the context of understanding the

physical processes in the atmosphere and interactions in the global climate system. Be-

cause of the associations teleconnections develop over the globe, they can be very useful

in climate modeling and climate predictions. As a result, teleconnection research has been

a subject of interest to climate scientists for a long time. The Southern Oscillation, as

measured by the Southern Oscillation Index (SOI) is an important teleconnection defined

as periodic fluctuations in the observed sea level pressure between Tahiti and Darwin,

Australia.

According to North et al. (2014), the study of teleconnections can be broadly classified

into two categories. The first involves constructing a teleconnection map, which describes

the spatial association of the region under consideration with all other locations in the

domain. The strength of the teleconnection is measured by the correlation among the

anomalies (Wallace and Gutzler, 1981). Canonical correlation analysis (Nicholls, 1987)

has been used to capture the seasonally varying nature of the teleconnections and the

lags between atmospheric variables. However it has been argued that climate is a highly

non-linear system and hence non-linear dependence quantification techniques have been

used (Hlinka et al., 2014). Another broad technique used to study the temporal vari-

ability in teleconnections is Principal Component Analysis (Compagnucci and Richman,

2008; North et al., 2014). The recurrent variability patterns identified from PCA are
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independent over space and time, thereby leading to a physically meaningful analysis of

teleconnections.

Nowadays, Network Analysis has been used commonly to capture the spatial depen-

dence of large-scale climatic phenomena. A common approach is to consider gridded

climatic data, with each grid cell representing a node, and edges between them repre-

senting some linear or non-linear measures of association (Tsonis and Roebber, 2004;

Donges et al., 2009; Fountalis et al., 2014). It is also common to prune edges below a

certain threshold and consider all remaining edges of equal weight, resulting in an un-

weighted network (Tsonis et al., 2008; Donges et al., 2009; Steinhaeuser et al., 2010)

showing global-scale connections of climate variables. Hsieh et al. (2006) used neural

network models to detect non-linear teleconnection patterns and study their effects as

opposed to linear teleconnections. Kawale et al. (2013) provide a graph-based network

approach based on shared nearest neighbor graphs to detect connected nodes. Zhou et al.

(2015) proposed a systematic network model to identify teleconnections along with the

paths along which they circulate.

A common problem with the works listed above is that the definition of teleconnection

is very ambiguous. Fountalis et al. (2014) provide a definition of teleconnection based on

a proposed definition of climate area, but their method is based on Pearson’s correlation.

In this chapter, we provide a formal definition of a teleconnection and propose a method

for detecting possible teleconnections based on spherical needlets (Narcowich et al., 2006;

Marinucci et al., 2007; Baldi et al., 2009; Fan, 2015). Spherical needlets are highly lo-

calized in the spatial and frequency domains. Due to the localization properties of the

spherical needlets, they can deal with data on specific parts of the sphere unlike spherical

harmonics, which span over the entire sphere. The localization properties also imply that

the needlet coefficients are asymptotically uncorrelated for increasing frequencies, for a
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fixed angular distance (Baldi et al., 2009). In the first step, we project the data onto

the space of spherical needlets. We estimate the sparse inverse covariance matrix of the

needlet coefficients using spectral projected gradient method proposed in Lu (2010).

We propose a statistical definition of teleconnection in terms of the edges in the esti-

mated precision matrix. Let us assume that we observe an edge between centers of two

needlet functions, ξi and ξj. If ξi and ξj correspond to two needlet functions in the same

resolution (same frequency), we define the edge between them to be a teleconnection if

ξi and ξj are not adjacent. On the other hand, if ξi and ξj are in different resolutions, we

define the edge to be a teleconnection if the higher resolution needlet is not a daughter of

the lower resolution needlet, that is, if the two needlets have non-overlapping domain. We

prune the edges of the estimated precision matrix using this formal definition of telecon-

nections, thereby removing the ‘local’ connections among the nodes. Our method helps

use learn about the complicated climate dynamics as we look at connections among nodes

across different frequencies. Our method is illustrated by showing some of the possible

teleconnections detected from the HadCM3 model output data on air temperature.

The rest of the chapter is organized as follows. In Section 4.2, we discuss the HadCM3

model output data that has been used to illustrate our method. In Section 4.3, we present

the details of our proposed method. Section 4.4 presents a simple simulation study show-

ing that our method is indeed capable of capturing teleconnections in the system. Section

4.5 illustrates the results from the data application. Section 4.6 gives some general con-

clusions and discussions.
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4.2 Motivating Dataset

The dataset which motivated our idea is the Hadley Center Coupled Climate Model

Version 3 (HadCM3) climate model output data that has been described in Section 2.2

of the dissertation. Once again, we consider daily near-surface air temperature data over

a period of 2031-2035, obtained on a latitude × longitude grid of size 73× 96. In Section

2.5, we fitted a series of models to the data and noticed that the resulting innovation

process was still anisotropic. On inspection of the error covariance structure, we were

able to find the locations which contributed to the leftover anisotropy of the process.

It was found that most of these locations were hotspots for well-known teleconnection

patterns. This led us to believe that the anomalies in the temperature fields as observed

from our analysis can be linked with teleconnection patterns across the globe. This in

turn motivated us to build a spatiotemporal model based on spherical needlets to help

us detect and analyze teleconnections.

4.3 Methodology

4.3.1 Spherical Needlets

Recall from Chapter 2 that {Sl,m(x), l = 0, 1, . . . ,m = −l, . . . , l} denotes the set of

spherical harmonics on an unit sphere S2. Here x ≡ (θ, φ), where 0 ≤ θ ≤ π, 0 ≤ φ < 2π

denote the co-latitude and the longitude of x ∈ S2. Since the spherical harmonics form

an orthonormal basis of the Hilbert Space L2(S2), any spatiotemporal process Yt(x) on
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S2 can be uniquely expressed as

Yt(x) =
∞∑
l=0

l∑
m=−l

almtSl,m(x),

where almt =
∫
S2 Yt(x)S̄l,m(x)dx denotes the spherical harmonic coefficients. The spher-

ical harmonics are supported globally on a sphere (see Figure 2.5b) and hence are not

useful in detecting the small-scale features on a sphere. This is where spherical needlets

are particularly useful, as they are not only exactly localized at a finite number of fre-

quencies, they decay quasi-exponentially fast in the spatial space, which is faster than

any polynomial rate (Marinucci et al., 2007; Baldi et al., 2009; Fan, 2015).

For a frequency j ∈ N0, the set on all natural numbers including 0, the spherical

needlets with frequency j are defined as

ψjk(x) =
√
λjk

bBj+1c∑
l=dBj−1e

b

(
l

Bj

) l∑
m=−l

Sl,m(ξjk)S̄l,m(x)

=
√
λjk

bBj+1c∑
l=dBj−1e

b

(
l

Bj

)
2l + 1

4π
Pl(〈ξjk,x〉)

(4.1)

for x ∈ S2, B > 1 is a parameter and b(·) is a window function satisfying

1. b(·) > 0 in (1/B,B) and is zero otherwise.

2. For any η > 1,
∞∑
j=0

b2
( η

Bj

)
= 1

3. b(·) is M times continuously differentiable for some M = 1, 2, . . ..

Here, the window function b decomposes the frequency domain into several overlapping

intervals (Bj−1, Bj+1), j = 0, 1, . . . and {ξjk} denotes the set of cubature points on the
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sphere representing the locations of the needlets. Also λjk denote the cubature weights.

The construction of spherical needlets is due to Narcowich et al. (2006). From (4.1), it can

be seen that unlike spherical harmonics, the spherical needlets are real-valued. Figure 4.1

shows spherical needlets for different frequencies. It can be seen that ψjk becomes finer

with larger j, which once again drives home the point the needlets are exactly localized

in the frequency domain.

(a) ψjk with j = 0, k = 4 (b) ψjk with j = 1, k = 13

(c) ψjk with j = 2, k = 56 (d) ψjk with j = 3, k = 145

Figure 4.1: Spherical needlet functions ψjk for different frequencies, j.
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The random needlet coefficients are then given by

βjkt =

∫
S2
Yt(x)ψjk(x)dx

=
√
λjk

bBj+1c∑
l=dBj−1e

b

(
l

Bj

) l∑
m=−l

almtSl,m(ξjk)

(4.2)

Thus the needlet coefficients can be obtained by using the spherical harmonic coefficients.

It is to be noted that the spherical needlets do not form an orthogonal basis for square

integrable functions on the sphere; however they do represent a tight frame. Hence they

enjoy the perfect reconstruction property of orthogonal bases. In particular,

Yt(x) = a00tS0,0(x) +
∑
j,k

βjktψjk(x) (4.3)

Also, the random needlet coefficients are asymptotically uncorrelated (Baldi et al., 2009)

at any fixed angular distance, for increasing frequencies. That is, for high frequencies, the

coefficients can be thought to be identically distributed and uncorrelated. In particular,

if Yt(x) is Gaussian, then the coefficients are asymptotically independent.

For this chapter, the implementation of spherical needlets has been done using the

MATLAB package NeedMat (Fan, 2015). It is assumed that the set of cubature points

ξjk and the cubature weights λjk are obtained from the HEALPix discretization of the

sphere (Gorski et al., 2005). For frequency j, the HEALPix grid discretizes the sphere

into Nj pixels with equal area, centered at the cubature points ξjk where Nj = 12N2
side,j.

The cubature weights λjk = 4π/Nj are the equal area of the pixels. Recall from 2.1, lreg

denotes the maximum degree of the spherical harmonics that can give stable estimates

of the spherical harmonic coefficients. Now, the maximum index of the spherical needlets

jmax is the highest j which satisfies dBj−1e ≤ lmax, where lmax ≤ lreg. Now for each
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j, 0 ≤ j ≤ jmax, Nside,j satisfies the inequality bBj+1c ≤ 2Nside,j. Figure 4.2 gives an

illustration of the HEALPix discretization of the sphere. It is to be noted that, for a

resolution parameter Nside,j, the pixels are arranged on 4Nside,j − 1 iso-latitude rings and

are ordered using pixel indices between 0 and Nj − 1 running around these rings from

North Pole to South Pole.

Figure 4.2: Illustration of HEALPix discretization of a sphere (Gorski et al., 2005) for
j = 1. Here Nside,j = 2, which gives Nj = 48 pixels indexed from 0 to 47.

4.3.2 Defining Teleconnections

While the study of teleconnections is of prime interest to climate scientists because of

their influence on global climate systems, it has been difficult to study these phenomena

due to the lack of meaningful definition. Teleconnections have been vaguely defined as

the correlation of physical processes over geographically separated areas. This definition

has led to a series of work on detecting teleconnections (Tsonis and Roebber, 2004;

Donges et al., 2009; Steinhaeuser et al., 2010; Kawale et al., 2013) based on network-based

analyses. However, due to the ambiguous nature of the definition of teleconnections, none
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of the identified climate phenomena could be described satisfactorily from the results.

As a result, we felt the need to come up with a formal definition of teleconnections. We

propose a definition of teleconnections based on spherical needlets, which are capable of

capturing even the minuscule features in the process. Recall that, in network analysis, an

edge between two nodes denote that the two nodes are linked or ‘connected’. In particular,

we define teleconnections based on edges between multi-resolution centers of the needlet

coefficients.

Definition 4.1. Let ξjk, ξj′k′ ∈ S2 denote the centers of two spherical needlet functions

ψjk and ψj′k′ on S2. Given an edge between ξjk and ξj′k′, they are said to be teleconnected

iff one of the following holds:

1. ξjk and ξjk′ are nonadjacent if j = j′.

2. ψjk(ξjk) is not a daughter of ψj′k′(ξj′k′) if j > j′.

Here ξjk and ξjk′ are said to be adjacent if at frequency j, the pixels centered around ξjk

and ξjk′ share a common side based on the HEALPix discretization of the sphere (Gorski

et al., 2005). For example, at frequency j = 1, pixels 14 and 21 are adjacent (see Figure

4.2). Definition 4.1 clearly establishes the idea of teleconnections among locations within

a particular needlet resolution as well as across resolutions and distinguishes teleconnec-

tions from local connections. If an edge is observed between two locations in the same

resolution, they are said to be teleconnected if they are not adjacent. On the other hand,

if two locations across resolutions share an edge, they will be defined as teleconnected if

the spherical needlet at the higher resolution is not a daughter of the spherical needlet at

lower resolution, that is, the support of the needlet at the higher resolution is not a subset

of that at the lower resolution. The proposed definition helps us detect teleconnections
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from a global climate network model with centers of needlet functions as nodes. Also,

based on the proposed definition, it is easy to verify if two nodes in the network can

possibly be teleconnected. The first condition can be verified based on the ordering of

the pixels within a resolution as illustrated in 4.2. The second condition can be checked

by computing the inner product of the absolute values of the needlets centered at ξjk

and ξj′k′ . For j > j′, if the support of ψjk is not a subset of that of ψj′k′ , the said inner

product should be small. This helps us discard edges in the estimated networks, thereby

pruning it down to the set of possible teleconnections.

4.3.3 Precision Matrix Estimation

Once we have projected Yt(x) onto the set of spherical needlets {ψjk(x); j = 0, . . . , jmax;

k = 0, . . . , Nj−1}, the next step involves estimating the inverse covariance matrix, or the

precision matrix of the needlet coefficients. The precision matrix gives all the information

about the global climate network with the locations represented as nodes and the edges

representing the teleconnections. It is to be noted that the inverse covariance matrix in

our case is sparse, as we only wish to estimate the edges which represent teleconnections.

The problem of sparse estimation of the inverse covariance matrix has been studied as a

convex optimization problem with l1 penalty (Yuan and Lin, 2007; Friedman et al., 2008;

Banerjee et al., 2008) where we minimize the regularized negative loglikelihood function

− log|C|+ tr(CS) + λ
∑
i,j

|cij| (4.4)

over the set of all positive definite matrices. Here S denotes the sample covariance matrix

of a set of Gaussian observation with mean µ and covariance Σ, C = (cij) = Σ−1

is the precision matrix and λ is the tuning parameter. Over the years, several special
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cases of this optimization problem have been studied. In particular, Friedman et al.

(2008) proposed the famous Graphical Lasso (glasso) solution to this problem, where the

algorithm cycles through the variables, considering each one of them as an individual lasso

problem (Tibshirani, 1996). The individual lasso are fitted using coordinate descent. In

our application, we implement the adaptive spectral projected gradient (ASPG) method

for estimating inverse sparse covariance in Gaussian graphical model, proposed in Lu

(2010). The ASPG reframes the problem as a penalized maximum likelihood estimation

problem and solves it using the spectral projected gradient (SPG) method (Birgin et al.,

2000) over the constrained space of positive definite matrices. Lu (2010) shows that

the ASPG is fast, able to handle problems of reasonable size and generally outperforms

the glasso. Moreover, the algorithm fits our framework nicely as it utilizes information

about the partial conditional independence already existing in the network. The tuning

parameter λ is chosen by minimizing the BIC-type criteria (Yuan and Lin, 2007)

BIC(λ) = −log|Ĉ(λ)|+ tr
(
Ĉ(λ)S

)
+

log(n)

n

∑
i≤j

êij(λ) (4.5)

where

êij =

 0 if ĉij = 0

1 otherwise

is an indicator of whether the (i, j)th element of the estimated precision matrix is zero.

Once we obtain the estimated precision matrix, we prune off the ‘local’ connections based

on Definition 4.1 to get the network of teleconnected locations.
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4.4 Simulation Study

In this section, we present a simulation study to show that our model can indeed detect

teleconnections, or in other words, we show that our method can effectively capture edges

in the network. For this purpose, we choose a spatial grid size of 20 × 50 and 73 × 96

which is essentially the grid size of our data. The maximum frequency for the spherical

needlets, jmax is chosen to 2, which gives us a total of 252 spherical needlets, supported on

3 over-lapping frequency domain grids. The highest resolution of the frequency domain

grids is 192. A brief outline of the simulation steps are given below.

Forward Transform

The first step is to create a precision matrix with known number of edges. This is done by

incorporating strong signals into the lower Cholesky factor, L of the precision matrix and

then obtaining the precision matrix by performing C = LL′. The edges in C represent

the known connections in the network which we wish to detect using our method. It is to

be noted that we inject these connections among location pairs which satisfy our definition

of teleconnection. Since the needlet functions are not orthogonal, the inner product of

the absolute values for two functions with seemingly disjoint supports is small, but not

exactly zero. As a result, while verifying teleconnections between locations at different

frequency resolutions, we define the cut off to be the 1-percentile point of the inner

products among all the needlets. That is, we say two locations at different resolutions

can be teleconnected, if the inner product between the needlet functions centered at these

locations is below the 1-percentile threshold of inner products. Next we generate time-

independent needlet coefficients, βt ∼ N(0,Σ = C−1), where βt is a vector of spherical
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needlet coefficients at time point t, t = 1, 2, . . . , 360. The fields are then reconstructed

using (4.3). However, since the spherical needlets enjoy perfect reconstruction property,

we add an isotropic Gaussian component to the fields. The simulated data is thus given

by

Y
(s)
t (x) =

∑
j,k

βjktψjk(x) +
lmax∑
l=0

l∑
m=−l

almtSl,m(x)

where the spherical harmonics coefficients are also generated independent of time as

follows

almt ∼ CN(0, Cl), l = 1, . . . , lmax

a00 ∼ N(0, 1.5)

where CN denotes the Complex-Normal distribution, Cl = σ2/(α2 + l2) is the Legendre-

Matérn covariance function (Guinness and Fuentes, 2016) with ν = 0.5. Here lmax is

chosen to be 15.

Back Transform

We project the simulated data onto the set of spherical harmonic functions to obtain

the estimated spherical harmonic coefficients. We then use (4.2) to obtain the estimated

needlet coefficients. The sample covariance matrix of the needlet coefficients is subjected

to the ASPG algorithm and the sparse estimate of the inverse covariance matrix is ob-

tained. The tuning parameter has been chosen by minimizing (4.5) over a grid of λ from

10−6 to 2. We count the number of false negatives (non-estimated connections) among

the estimated teleconnections and show that our method performs better than random

guessing. That is, our method does better than when we guess the true teleconnections
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Table 4.1: Simulation results showing average numbers of estimated and non-estimated
teleconnections for spatial grids of sizes 20× 50 and 73× 96. Here jmax has been chosen
to be 2 which gives a total of 252 nodes in the frequency domain.

20× 50 73× 96

Our model Random guess Our model Random guess

# True Teleconnections 127 127 278 278
# True non-Teleconnections 17982 17982 17831 17831

Avg. # Estimated Teleconnections 16409 - 17426 -
Avg. # non-estimated Teleconnections 10.25 13.77 15.45 16.21

out of the total number of estimated connections. Table 4.1 summarizes the results of our

simulation study in terms of the number of non-estimated teleconnections (false negative)

based on 100 simulations for two grid sizes. Also, the estimated precision matrix has a

lot more edges compared to the true precision. This is because of the isotropic Gaussian

noise that we use to corrupt our process. This reiterates the objective of the simulation

study which is to show that our model can capture the true edges in the network even

in the presence of noise.

4.5 Application to HadCM3 Model Output data

The proposed method has been applied to the HadCM3 model output data on near-

surface air temperature data, obtained as a part of the CMIP5 multi-model ensemble

project. If Yt(x) denotes the temperature at location x and time t, then we model Yt(x)

using model M3 from Section 2.5 as

Yt(x) = b0(x) + b1(x)sin

(
2π

t

360

)
+ b2(x)cos

(
2π

t

360

)
+ et(x)

1

σ(x)
et(x) =

∑
l

∑
m

almtSl,m(x)
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almt = ρlmalm(t−1) + εlmt

where εlmt ∼ N (0, σ2
lm). The estimation of the model parameters has been described

in Section 2.5. The spherical needlet coefficients are then obtained using (4.2). In other

words, the needlet transform is applied to

εt(x) =
Yt(x)− µt(x)

σ(x)
.

Model M3 also ensures that the needlet coefficients are not temporally correlated. We

compute the sample covariance of the needlet coefficients and use it to get the estimated

inverse covariance matrix. Here we choose the tuning parameter λ by minimizing the

BIC-type criterion in (4.5) over a fine grid of λ values. Also, we use jmax to be equal to

2, which gives us 252 spherical needlets, which in turn means we have 252 nodes across

multiple frequency resolutions in our network. Once the inverse covariance matrix has

been estimated, we apply the proposed definition of a teleconnection to prune out edges.

This leaves us with a network of teleconnections across the globe. In the following fig-

ures, we illustrate some of the strongest positive and negative teleconnection patterns

captured by our model at different frequency resolutions. Here, blue represents the pos-

itive teleconnections whereas red represents the negative ones. This enables us to not

only identify possible teleconnections, but also study the impact of positive and negative

phases of teleconnections on global climate.

From the teleconnection plots, it can be seen that our multi-resolution model captures

teleconnections across different frequencies. These connections capture the interaction of

climatic processes over one region at a macro-scale with that over another region at a

micro-scale. Hence our model facilitates clearer explanation of the complex phenomena.

It can also be seen from the plots that our proposed definition of teleconnection has
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Figure 4.3: Teleconnections observed in the North-west Pacific (top panel) and North
Atlantic-Eurasia (bottom panel) connected across frequencies j = 0 and j = 1 (blue:
positive connection, red: negative connection).
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Figure 4.4: Teleconnections observed in the Gulf of Mexico (top panel) and off the coast
of Madagascar (bottom panel) at frequency j = 2 (blue: positive connection, red: negative
connection).
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Figure 4.5: Teleconnection observed in the North Pacific, off the coast of Mexico (top
panel) and over Northwestern Australia (bottom panel) at frequency j = 2 (blue: positive
connection, red: negative connection).
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flushed out the ‘local’ connections and hence we only observe connections that are at a

considerable distance across the globe. Figure 4.3 shows in the top panel, teleconnections

over the North-west Pacific observed at frequency j = 0. This can indicate the North Pa-

cific Oscillation (NPO) anomalies in sea surface pressure, linked with West Pacific (WP)

teleconnections which has already been identified using principal component analysis of

monthly sea surface pressure variability (Linkin and Nigam, 2008). The NPO/WP af-

fects the Alaskan and west Canadian winter surface temperatures along with precipitation

over Mexico. In the bottom panel of Figure 4.3, our model captures the North-Atlantic

Eurasian teleconnections which affects summer temperature over Eurasia (Li and Ruan,

2018). Note that the two locations considered in Figure 4.3 are linked by a negative

teleconnection and affect similar locations across the globe.

In the top panel of 4.4, our model identifies teleconnections on the Intra-Americas

Seas (namely Gulf of Mexico and the Caribbean Sea) which has been analyzed in climate

science in the context of El-Niño. These teleconnections affect sea-surface temperatures

(SST) across the mid-latitude Pacific and the tropical Pacific (Muñoz et al., 2010), which

have shown up as connections in our teleconnections map. The bottom panel of 4.4

marks the location of the island of Madagascar North Indian Ocean teleconnections and

its well-known relationship with the El-Niño (Achuthavarier et al., 2012). It also shows

the connection to the central South Atlantic Ocean which is connected to the sea-surface

temperature and rainfall anomalies (Jury et al., 1995).

Finally, in the top panel of 4.5, we see the El-Niño zone and its connection with almost

every other part of the globe. As mentioned earlier in Section 2.5, the El-Niño zone is at

the junction of the Pacific/North American (PNA) teleconnection pattern prevalent over

the central North Pacific and the equatorial Pacific Ocean. As we can see from the map,

El-Niño establishes a physical connection between the tropical Pacific region and the
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rest of the globe, making it the most important climatic phenomenon. This also explains

why most of the strongest teleconnections detected by our model are connected to this

region. In the bottom panel, we have an illustration of the famous Southern Oscillations

(SO) and its connection to the El-Niño, forming the ENSO. The SO basically transfers

air between Eastern and Western Hemisphere, thereby causing atmospheric sea surface

pressure anomalies (Trenberth et al., 2002) between the two hemispheres. The ENSO

teleconnection system has a large impact on global climate systems. El-Niño causes short

term surges in global average surface temperature and has been associated with global

warming.

4.6 Discussions and Conclusions

In atmospheric sciences, teleconnections refer to strong correlation of process anomalies

over regions far apart from each other. Teleconnections play a very important role in

global climate dynamics and hence it is very crucial to understand them. However it

is difficult to study teleconnections because of their complexity and the absence of a

structured definition. In this chapter, we propose a statistical definition of teleconnections

in terms of spherical needlets and a graph-based method to detect them.

An advantage of using spherical needlets over spherical harmonics is that, the needlets

are exactly localized in the spatial as well as frequency domain which allows them to

explain the smaller features of processes on spheres. We project our data onto the space

of spherical needlets and calculate the covariance matrix of the needlet coefficients. In

Definition 4.1, we formally define teleconnections in terms of observed edges in the needlet

coefficients precision matrix. We use the ASPG algorithm proposed by Lu (2010) in order

to come up with an estimated precision matrix. We prune the estimate based on Definition
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4.1 in order to eliminate the ‘local’ connections. In Section 4.4, we perform a simulation

study to show that our method actually manages to capture the true connections in

our network, even in the presence of noise. We apply our method on the HadCM3 near-

surface air temperature data and plot the observed positive and negative teleconnections.

Kawale et al. (2013) talks about the importance of preserving the negative connections in

global climate analysis. Our method is capable of pointing out the negative connections

in the climate network and also gives an idea of the strength of the connections based on

absolute values of the non-zero off-diagonal elements of the estimated precision matrix.

Finally, some of the observed teleconnections from our model were linked to some well-

known teleconnections, establishing that our model does succeed in detecting important

connections. An advantage of our model is that it points out possible teleconnections

which have not been studied yet. These unknown connections might have significant

impact on global atmospheric processes. As a result, studying these new teleconnections

can take us one step closer to unraveling the mysteries of the complicated climate network.
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