
ABSTRACT 

WINHAM, STACEY JEAN. Model Selection with Epistasis: A Focus on Comparative 
Performance and Prediction to Improve the Usability of Multifactor Dimensionality 
Reduction. (Under the direction of Dr. Alison Motsinger-Reif). 
 

A principal goal in genetic epidemiology is to identify genetic risk factors for disease.  

It is hypothesized that common, complex diseases may be the result of a complex interplay 

between multiple genetic and environmental factors and that gene-gene and gene-

environment interactions, or epistasis, may play an important role in the etiology of these 

types of diseases.  Detecting these interactions in high-dimensional data is a difficult 

problem, which is exacerbated as the number of variables increases far beyond the sample 

size, as is common in studies of human genetics.  As an alternative to traditional statistical 

methods, data-mining approaches designed to sift through large amounts of data are gaining 

popularity for association studies, performing variable selection and statistical modeling 

simultaneously.  One of the most commonly used data-mining approaches to evaluate 

potential gene-gene interactions is Multifactor Dimensionality Reduction (MDR).  MDR is a 

combinatorial, exhaustive search method designed for retrospective association studies, 

which classifies individuals to disease status based on their genetic information.  The 

objective of this dissertation will be to provide an in-depth investigation into the utility of 

this popular approach, including its strengths and weaknesses, and to propose extensions to 

improve the predictive performance and computational speed of the method. 

We introduce this work by describing the concept of epistasis, and explore the failure 

of traditional statistical approaches to properly characterize it and the need for more novel, 

data-mining inspired techniques.  We will introduce the MDR methodology and provide a 

review of its current applications and extensions. 



We begin to examine the utility of the approach by evaluating the method’s 

performance as compared to another popular variable selection approach, penalized logistic 

regression.  We find that under certain conditions, MDR provides improved performance 

over the penalized techniques, whereas other times the penalized approach is superior. We 

describe when each method might be preferable to identify certain types of interactions. 

We also consider the utility of MDR by focusing on the method’s usability to produce 

predictive models.  Data-mining methods are typically aimed at prediction, and these 

methods include internal validation procedures to assure that the constructed models will be 

good predictors of disease in the population rather than in a specific dataset.  We investigate 

improving the MDR method by considering an alternative internal validation procedure to 

prevent over-fitting and improve the quality of predictive models, observing that an 

alternative technique, the three-way split, can reduce computation time without impairing 

performance.   

We continue the focus on prediction by exploring the statistical properties of the 

MDR estimate of prediction error.  For many applications, the usability of an MDR model 

requires that the identified gene-gene interactions can effectively predict disease status. We 

evaluate the predictive value of the retrospective MDR prediction error estimate by exploring 

its bias and variance and show that MDR can both underestimate and overestimate prediction 

error.  The MDR estimate is constructed from retrospective data, but we argue that a 

prospective error estimate is essential if MDR models are used for prediction.  We propose a 

post-hoc estimate that uses bootstrap resampling to incorporate population prevalence to 

accurately estimate error prospectively and demonstrate that it is superior to the current error 

estimate for prediction.   



Additionally, we introduce software to implement the methods discussed in this 

dissertation for the R programming language to further improve flexibility and usage.   We 

conclude by discussing possibilities for further research based on our present findings. 
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INTRODUCTION 

 

One of the primary objectives in human genetics is to characterize the translation of 

genotype to phenotype; how our unique genetic codes dictate and influence our individual 

traits.  Specifically, genetic epidemiology aims to identify genetic risk factors associated with 

human disease, which can be viewed as a statistical problem of variable selection.  Recently, 

scientific advances in both computer science and sequencing technology have caused an 

explosion in the magnitude of the data now collected in human genetics.  The amount of 

high-dimensional data now available has created new analytical challenges as the number of 

variables far exceeds the sample size.  Variable selection techniques are needed to search 

through these large amounts of data and isolate the important causal factors.   

Furthermore, much evidence suggests that common, complex diseases are different in 

nature from rare genetic disorders and are not explained by simple Mendelian inheritance 

patterns with a small number of variants.  Instead these types of diseases are more likely the 

results of complex etiologies involving potentially many genes and environmental 

components and complicated interactions between them [Moore 2003].  Such gene-gene 

interactions, or epistasis, are difficult to identify in high-dimensional data using traditional 

statistical approaches and more sophisticated methods are necessary to detect these complex 

architectures for common diseases.  Data-mining approaches are rising in popularity for 

variable selection in association studies, and one method used to evaluate potential gene-gene 

interactions is Multifactor Dimensionality Reduction (MDR).   
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MDR is a nonparametric data-mining method designed specifically for retrospective 

case-control association studies [Ritchie, et al. 2001].  It is a combinatorial, exhaustive search 

approach to examine potential gene-gene interactions through data reduction. Currently the 

most commonly used, novel approach to detect gene-gene interactions, it has been shown to 

have good performance in simulation studies [Motsinger-Reif, et al. 2008].  MDR has also 

been used in a number of real data applications, particularly in the area of pharmacogenomics 

to investigate the predictive ability of gene-gene interactions for individual drug response. 

The purpose of this dissertation is to explore the strengths, weaknesses, and potential 

utility of this popular data-mining method to address the genetic problem through 

comparison with other approaches and development and extension of the current 

methodology.  Specifically, we will compare MDR with other popular options; we will 

consider alternative approaches to internal model validation; and we will evaluate the 

statistical properties of the method and its predictive value. We begin with Chapter 1, a 

background to the genetic problem of epistasis, including how it is defined and how it can be 

detected.  We will explore the failure of traditional approaches to identify gene-gene 

interactions and the need for novel, data-mining methods to address this problem.  We will 

introduce the MDR method and give a review of the literature describing extensions to the 

method and previous comparisons with other variable selection approaches.  Subsequent 

chapters will investigate the MDR methodology in depth and are organized such that they 

can be read as separate, comprehensive articles addressing a specific issue. 

Previously, MDR has been compared with a number of traditional and novel 

statistical methods for variable selection, but a number of penalized regression techniques are 
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now gaining increased recognition in the field of statistics.  Penalized regression methods 

such as the Least Absolute Shrinkage and Selection Operator (‘lasso’) are now being applied 

to association studies, including extensions for interactions.  In Chapter 2, we compare the 

performance of MDR, the traditional lasso with L1 penalty (TL1), and the group lasso for 

categorical data with group-wise L1 penalty (GL1) to detect gene-gene interactions through a 

broad range of simulations [Park and Hastie 2007; Meier, et al 2008].  We find that each 

method has both advantages and disadvantages, and relative performance is context 

dependent [Winham, et al. 2011]. TL1 frequently over-fits, identifying false positive as well 

as true positive loci. For epistatic models that exhibit independent main effects, the main 

effects tend to dominate for both penalized methods and MDR has higher power.  For purely 

epistatic models, GL1 has the best performance for lower minor allele frequencies, but MDR 

performs best for higher frequencies. These results indicate when each approach might be 

preferred for detecting and characterizing different patterns of interaction. 

In addition to comparison with other approaches, we can also consider potential 

changes to the method to improve the performance and utility of MDR.  In all data-mining 

methods, it is important to consider internal validation procedures to obtain prediction 

estimates to prevent model over-fitting and reduce potential false positive findings.  

Currently, MDR utilizes cross-validation for internal validation.  In Chapter 3, we 

incorporate the use of a three-way split (3WS) of the data in combination with a post-hoc 

pruning procedure as an alternative to cross-validation to reduce computation time without 

impairing performance [Winham, et al. 2010].  We compare the power to detect true disease 

causing loci using MDR with cross-validation to MDR with 3WS for a range of simulated 
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epistatic disease models and we analyze a dataset in HIV immunogenetics to demonstrate the 

results of the two strategies on real data [Haas, et al. 2006].  We find that MDR with 3WS is 

computationally five times faster than 5-fold cross-validation.  The power to find the exact 

true disease loci without detecting false positive loci is higher with 5-fold cross-validation 

than with 3WS before pruning, but the performance of the two internal validation methods is 

equivalent with the use of post-hoc pruning procedures.  This implies 3WS may be a 

powerful and computationally efficient internal model validation approach to screen for 

epistatic effects, and could be used to identify candidate interactions in large-scale genetic 

studies. 

Thus far research into MDR has concentrated on the performance of variable 

selection, but we should also consider the usefulness of the identified models.  Many 

applications of genetic association studies focus on the predictive value of genetic 

associations, requiring that identified gene-gene interactions can effectively predict the 

response variable of interest.  MDR relies on classification error to rank and evaluate 

potentially predictive models based on retrospective data, producing estimates of prediction 

error.  Previous work has demonstrated the high power of MDR, but has not considered the 

statistical properties of the MDR prediction error estimate.   In Chapter 4, we evaluate the 

bias and variance of the retrospective MDR error estimate and show that MDR can both 

underestimate and overestimate prediction error.  We argue that a prospective error estimate 

is necessary if MDR models are used for prediction, and propose a bootstrap resampling 

estimate incorporating population prevalence to accurately estimate prospective error 
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[Winham and Motsinger-Reif 2011].   We demonstrate that this bootstrap estimate is 

preferable for prediction to the error estimate currently produced by MDR.  

 In Chapter 5, we introduce new software to implement the MDR methodology 

described in the previous chapters using the R statistical programming language.  We 

describe an R package designed to provide an alternative implementation for R users with 

great flexibility and utility for both data analysis and research [Winham and Motsinger-Reif 

2010].  We conclude this work with Chapter 6, which summarizes the major findings and 

discusses limitations and avenues for further investigation. 
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systems approaches to biological sciences, epistasis is thought to be a common phenomenon, 

and investigation of these types of models is moving to the forefront.  A central assumption 

of systems biology is that complicated biological systems work together in a unified manner 

and the full complexity cannot be understood by looking at individual components in 

isolation.  A more holistic approach is necessary because the properties of complex 

biological processes cannot be predicted from individual elements, but these properties are 

critical to understanding the function of the system as a whole [Phillips 2008].  

Biological systems are collections of complex networks and pathways that interact in 

complicated ways, and epistasis will be an important component of understanding these 

interactions [Moore 2005; Moore and Williams 2005].  In fact it has been hypothesized that 

epistasis may be a frequent phenomenon for a number of common disorders [Moore 2003], 

and may be an evolutionary result due to canalization as a selective response to stabilize the 

phenotype in the presence of mutations [Gibson 1996; Gibson and Wagner 2000].  As 

evidence for the plausibility of this hypothesis, a systems-level approach has already proven 

successful in discovering interactions in yeast [Segre, et al. 2005].  The success in model 

organisms has also begun to expand to humans; for instance, a gene network and pathway 

analysis in schizophrenia has identified a series of protein interactions [Sun, et al. 2010].  In 

addition, through the rapid improvement of technology, enough genetic data is now available 

to make searching for epistasis feasible. 

In this new era, in order to appropriately pursue epidemiological studies to identify 

susceptibility genes, it is crucial that the concept and consequences of epistasis be 

understood.  In the current chapter, our objective is to clarify the concept of epistasis and to 
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outline the issues involved in finding it.  We discuss current definitions of epistasis, as well 

as early examples in both model organisms and humans to illustrate these definitions.  We 

then outline the statistical tools traditionally available to human geneticists to begin to detect 

epistasis in epidemiological studies, and more novel data-mining strategies that have been 

developed to address some of the problems with these traditional statistical approaches.  We 

will focus on Multifactor Dimensionality Reduction, highlighting the development and 

extension of the method. 

The following will assume a working knowledge of basic genetics, and for a more 

detailed discussion of these concepts and terminology see Campbell and Reece [2001]; 

Pierce [2005].  The phenotype refers to the observable characteristic or trait of interest, which 

may have an underlying genetic cause. This can be determined by estimating the heritability 

of the trait, or the proportion of phenotypic variation that is explained by genetic variation.  

An allele is a genetic variant present at a particular location on a single chromosome, called a 

locus, whereas a genotype refers to the pair of alleles present at a particular locus on both 

chromosomes.  The concept of genetic dominance is when one allele (‘A’) masks the effect 

of another allele (‘a’); that is, allele ‘A’ is said to be dominant to allele ‘a’ if individuals with 

one copy of each allele (genotype ‘Aa’) display the phenotype associated with genotype 

‘AA’. 

The type of data discussed here will consist of a single response, a disease phenotype, 

which will typically be binary.  Genetic factors used to predict this response will be 

categorical genotype predictors at a series of loci, which will be assumed to be single 
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nucleotide polymorphisms (SNP) that may interact.  For a biallelic locus, three genotype 

categories are possible and can be encoded {0, 1, 2}.   

 

1.2 BIOLOGICAL EPISTASIS 

 The first use of the word ‘epistatic’ is credited to Bateson [1909].  He coined the term 

to describe an effect where a variant at one locus alters the manifestation of the effect of 

another variant.  This was originally viewed as an extension of the concept of genetic 

dominance for variants/alleles at a single locus.  Generally, this definition implies the 

biological interaction between the protein products of genetic loci, where the qualitative 

nature of the mechanism of action of a factor is affected by the presence or absence of the 

other [Siemiatycki and Thomas 1981].    

This concept is best illustrated by a commonly used example [Strachen and Read 

2003].  Two loci, B and G, influence the hair color trait in mice [Strachen and Read 2003].  

Both loci are biallelic, such that locus B has two possible alleles, B or b, and locus G has two 

possible alleles, G or g.  The possible phenotypic outcomes (white, black or gray hair) are 

listed in Table 1.1 below according to the genotype combinations that produce them. 

Regardless of genotype at locus B, individuals with any copies of the G allele have gray hair; 

therefore at locus G, allele G is dominant to allele g, effectively masking any ‘effect’ of allele 

g. We also see that if the genotype at locus G is g/g then an individual with any copies of the 

B allele has black hair, so that at locus B, allele B is dominant to b. If the genotype at locus G 

is not g/g, however, then the effect at locus B is not observable, since individuals with any  
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Table 1.1  Epistatic Interaction in Mouse Hair Color.  Table entries are the phenotype 

associated with a particular genotype combination. 

 Genotype at Locus G 
Genotype at Locus B GG Gg gg 

BB Gray Gray Black 
Bb Gray Gray Black 
bb Gray Gray White 

 

copies of the G allele have gray hair regardless of genotype at locus B. Locus G is said to be 

epistatic to locus B, since the effect of locus B is masked by that of locus G. 

 This example provides a simple demonstration of the phenomenon of epistasis, but is 

often overly simplistic when applied to the study of human genetics [Templeton 2000].  In  

this field, the phenotype of interest is often qualitative and usually binary, for example the 

presence or absence of disease. Models for the joint action of two or more loci often focus on 

the penetrance—the probability of developing disease given a particular genotype [Cordell 

2002].  This framework allows flexibility to describe various epistatic disease models, and 

many penetrance functions have previously been enumerated and characterized for two-locus 

interactions [Li and Reich 2000; Neuman and Rice 1992].  

Suppose two biallelic loci, A and B, influence a binary trait. In this example, a 

disease-risk allele is required at both loci in order to exhibit the trait (one or more copies of 

both allele A and allele B are required). The effect of allele A can only be observed when 

allele B is also present. Likewise, the effect of A is not observable without the presence of B. 
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Table 1.2  Penetrance function of a general two-locus interaction model.  Table entries are 

the penetrance, or the probability of disease given the multilocus genotype. 

 Genotype at Locus B 
Genotype at Locus A BB Bb bb 

AA 0 0 0 
Aa 0 1 1 
aa 0 1 1 

 

The effect of locus A is “masked” by the effect of locus B and vice versa.  This type 

of epistatic model is commonly described in the literature [Cordell 2002] and represents a 

more general form of epistasis than Bateson originally described.  In the first example, factor 

B is epistatic to factor A, but factor A is not expected to also be epistatic to factor B.  The 

example seen in Table 1.2 demonstrates a situation where both loci are epistatic to each 

other.  

 Additionally, the model demonstrated in Table 1.2 demonstrates epistasis through a 

biological definition as well as a statistical definition (discussed below); however, it is 

important to keep in mind that this is not always the case.  A biologically epistatic interaction 

is not always mathematically defined, and a statistical interaction does not always lend itself 

to a biologically meaningful interaction [Templeton 2000].  An example of that exact 

situation is discussed in [Cordell 2002] and is summarized below.  

According to biological definitions of epistasis, a heterogeneity model can also 

display biological epistasis, without demonstrating statistical epistasis.  Generally, genetic 

heterogeneity describes a situation where the production of identical or similar phenotypes 

occur by different genetic mechanisms.  Table 1.3 represents a simple heterogeneity model in 
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Table 1.3.  A heterogeneity model with two loci acting together.  Table entries are the 

penetrance of each multilocus genotype. 

 Genotype at Locus B 
Genotype at Locus A b/b b/B B/B 

a/a 0 0 1 
a/A 0 0 1 
A/A 1 1 1 

 

which an individual becomes affected through possessing a disease-risk genotype at either 

locus A or locus B. This penetrance function corresponds to a mathematical function with 

two main effects (of both A and B), but no interactive effect (details discussed in the next 

section).  However, from a biologist’s perspective, if the ‘effect’ of locus B is defined as a 

recessive disease model (so that two copies of allele B are required to cause disease) then 

having two copies of allele A at locus A is sufficient to mask this effect, i.e., given genotype 

A/A at locus A, the effect at locus B is not observable.  Locus B acts differently when the 

genotype at locus A is A/A compared with when the genotype at locus A is not A/A.  

Therefore a biological definition of epistasis can define an interaction that a mathematical 

definition would ignore [Cordell 2002]. 

This example demonstrates the confusion that can be caused by different definitions 

of epistasis.  Statistical and biological interpretations of the “effects” and “independence” of 

loci can be very different, and can confound the understanding and interpretation of epistatic 

models. 
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1.3 STATISTICAL EPISTASIS 

 Bateson is credited with pioneering the term “epistasis”, but Fisher [1918] is credited 

in defining a separate sense of the term.  Fisher defines a mathematical definition of epistasis 

as a deviation from additivity in the effect of alleles at different loci with respect to their 

contribution to a quantitative phenotype.  Epistasis in this sense is closer to the usual concept 

of statistical interaction [Norton and Pearson 1976].  Statistical interaction is generally 

defined as a departure from an additive model describing the relationship between predictive 

factors.  This describes a situation where the effect of one variable depends on the values of 

one or more other variables. 

 Generally, for a quantitative phenotype yij, the trait value can be decomposed as  

yij = E(yij) + eij, where E(yij) and eij represent the genotypic and environmental components, 

respectively.  We can then define the following linear model equation  

E(yij) = αi + βj  (1.1). 

Equation 1.1 represents an additive model for the genotypic value, where αi and βj  are 

parameters that represent the effects of the genotype i at locus 1 and genotype j at locus 2  

(where i and j take three possible genotype values for a biallelic locus, encoded {0, 1, 2}). 

 This simple statistical representation is not only mathematically additive, but it also 

assumes an additive genetic model (where risk is dose-dependent on the number of disease 

risk alleles carried).  This genetic assumption is not always desirable if the mode of 

inheritance (dominant, recessive, etc.) is not additive or is unknown.  This same model can 

be reparameterized to assume alternative genetic models, for instance   

E(y) = u + a1x1 + d1z1 + a2x2 + d2z2   (1.2). 
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Equation 1.2 is equivalent to Equation 1.1, but using dummy variable encoding for the 

two loci in order to avoid making an assumption about the genetic model.  A dummy variable 

takes on the values 1 or 0 in order to indicate the presence or absence of a categorical factor 

(such as genotype); dummy encoding is used in Equation 1.2 to construct variables for each 

of the distinct genotypes directly, rather than assuming how alleles may work together to 

confer genotype effects.  Again y represents a quantitative phenotype, and xi and zi are 

dummy variables related to the genotype at locus i. The coefficients u, a1, d1, a2 and d2  

represent genetic parameters that may be estimated corresponding to the mean effect and 

additive and dominance effects at the two loci [Falconer and Mackay 1996]. 

 In contrast, we can extend the model to include epistatic interaction effects (i1-i4), 

originally defined by Cockerham [1954]:  

E(y) = u + a1x1 + d1z1 + a2x2 + d2z2 + i1x1x2 + i2x1z2 + i3z1x2 + i4z1z2   (1.3). 

Equation 1.3 is equivalent to Equation 1.2 if there is no interaction, such that terms i1-i4 are 

equal to zero.   

These examples are shown for quantitative traits, but as mentioned earlier, in the 

study of human disease, the outcome of interest is often binary.  In this case, similar models 

are applied, with the outcome variable usually defined as probability pij, the penetrance for 

genotype i at locus 1 and j at locus 2.  Three commonly considered models are as follows.  

First, there is an additive model, analogous to Equation 1.1, where pij is defined as 

   (1.4). 

! 

pij =" i + # j
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The extension shown in Equations 1.2 and 1.3 to incorporate modeling of epistasis can be 

applied to Equation 1.4 as well.  For instance, the model described in Table 1.2 can be 

described as p = u + a1x1 + d1z1 + a2x2 + d2z2 + i1x1x2 + i2x1z2 + i3z1x2 + i4z1z2, where 

{x1,z1,x2,z2} represent genotypes {Aa, aa, Bb, bb} respectively and u=a1=d1=a2=d2=0 and i1= 

i2= i3= i4=1.  Similarly, we define a multiplicative model such that 

   (1.5). 

The multiplicative model in Equation 1.5 could be extended for a quantitative phenotype as 

well.   Finally, there is also a heterogeneity model in which pij may be written as  

   (1.6). 

The heterogeneity model in Table 1.3 can be expressed using Equation 1.6 such that 

α1=α2=β1=β2=0 and α0=β0=1, where {α0,α1, α2, β0, β1, β2} correspond to genotypes {AA, 

Aa, aa, BB, Bb, bb}, respectively. 

 Mathematically, the multiplicative model in Equation 1.5 is usually considered to be 

an epistatic model in which the loci involved in disease are not independent. The additive and 

heterogeneity models in Equations 1.4 and 1.6 are usually considered to represent non-

epistatic models [Cordell 2002].  However, mathematical definitions of epistasis are not 

always straightforward, and there is disagreement over how to define it mathematically. 

 It is these interpretations of mathematical models of epistasis that lead to 

discrepancies between the biological and statistical terminology. As mentioned earlier, the 

heterogeneity model shown in Table 1.3, which by biological definitions could be considered 

epistatic, would not be considered epistatic under statistical terminology.   

! 

pij =" i *# j

! 

pij =" i + # j $" i# j
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 Just as interpretation of biological interactions is difficult, the interpretation of 

statistical interactions is also not easy.  In fact, additive and heterogeneity models for 

penetrance functions are often used interchangeably because it can be shown that these 

models give very similar results when used to model familial relative risks of disease 

[Cordell, et al. 1995].  However, this is not always the case.  (Again, Table 1.3 serves as a 

good example – the penetrance function cannot be modeled with an additive function).  Also, 

heterogeneity and multiplicative models can also both be expressed as additive models when 

transformed to different scales, for instance the logarithmic scale for the multiplicative model 

[Frankel and Schork 1996; Greenland and Rothman 1998].  In a mathematical sense, all three 

types of models can be considered to represent independent additive effects, when 

constructed on the proper scale.  Although these models can be considered additive (and 

therefore expressible without interaction effects on their appropriate scales), they still 

correspond to models with interaction effects when transformed to a penetrance scale [Fisher 

1930; Pearson 1900; Wright 1934a; Wright 1934b]. This phenomenon illustrates some of the 

difficulty in interpreting statistical models of epistasis. 

 

1.4 INTERPRETATION 

 With such conflicting definitions of epistasis, it is not surprising that interpretation is 

a challenge.  Epistasis has been interpreted in the literature as both a departure from 

additivity on the penetrance scale [Risch 1990; Risch, et al. 1993; Tiwari and Elston 1998] 

and as a departure from multiplicativity on the penetrance scale [Dizier and Clerget-Darpoux 

1986; Morris and Whittaker 1999; Wilson 2001].  Additionally, sometimes epistasis is 
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discussed only in the context of significance of interactive effects, with no model 

assumptions of the main effects of individual loci [Cheverud and Routman 1995], however 

this model of epistasis is controversial [Zeng, et al. 2005]. 

 As confusing as the terminology can be, this is not the largest difficulty in the 

interpretation of epistasis [Culverhouse, et al. 2002].  Arguably, the biggest challenge is the 

potentially faulty assumption that if statistical interactions are detected, a biologically 

interesting phenomenon is the cause.  In the study of human genetics, the goal of localizing 

disease-causing variants is to understand the molecular mechanisms of susceptibility in order 

to hopefully better treat and prevent disease.  With this intent in mind, the goal is that an 

epistatic model may tells us something of interest about the mechanisms and pathways 

involved in disease [Witte 1998], and varying definitions of epistasis are now being 

incorporated into genetic pathway analysis in model organisms [Aylor and Zeng 2008]. 

 Unfortunately, there is no direct correspondence in human genetics between 

biological notions of epistasis and statistically derived models.  A biological interpretation of 

a statistical test is not always possible in humans.  Statistical interaction does not necessarily 

imply interaction on a mechanistic level.  Any given pattern of data and corresponding 

mathematical model could often be generated from a number of completely different 

underlying molecular mechanisms [Rothman, et al. 1980; Thompson 1991]. 

 The separate concepts of biological and statistical epistasis must be considered in 

tandem when investigating the mechanisms of disease.  Biological interactive models usually 

give rise to statistical epistasis when properly investigated, but the reverse is not always true 

[Cordell, et al. 2001; Moore and Williams 2005]. 
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1.5 EPISTASIS IN MODEL ORGANISMS 

 Model organisms have provided important insights into the study of genetics from the 

beginning of the discipline, with Mendel’s studies of pea plants [Bateson 1902].  Studies of 

model organisms have also provided crucial evidence for the existence and importance of 

epistasis, and have demonstrated the varied types of possible interactions.  In the current 

section, we discuss classical examples of epistasis in model organisms that demonstrate 

different types of interactions.   

 One of the classical experiments demonstrating the phenomenon of genetic 

interaction was a study of comb type in chickens performed by Bateson, et al. [1905]. Table 

1.4 lists the breeds of chickens known at the time from regular farmer stocks, and the comb 

types that characterized them.  

 
Table 1.4: Chicken Varieties and Comb Type. 

Chicken Varieties Comb Phenotype 
Wyandotte Rose Comb 
Brahma Pea Comb 
Leghorn Single Comb 

 

 When two parental chickens are crossed, the offspring are referred to as the F1 

generation.  Crossing a Wyandotte (Rose comb) and a Brahma (Pea comb) chicken resulted 

in walnut combs in all progeny of the F1 generation, a new phenotype that was not 

previously observed.  The offspring of chickens crossed from the F1 generation, the F2 

generation, demonstrated all four possible phenotypes: walnut, rose, pea, and single.  The 
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ratio of these phenotypes was the expected Mendelian ratio (9:3:3:1) from a dihybrid cross.  

This observation suggested that two genes control the comb phenotype.  Bateson and Punnett 

determined the gene interactions and genotypes involved in this epistatic interaction with 

appropriate test crosses [Bateson, et al. 1905].  Their crosses of both rose and pea to single 

chickens demonstrated that both the rose and pea phenotype are dominant to single.  Next, 

they crossed true-breeding rose and pea strains.  This produced exclusively walnut offspring.  

When the F1 walnut strain was crossed with itself, the result was a 9:3:3:1 ratio. 

 Their series of test crosses determined that the genotypes controlling the comb 

phenotype are as listed in Table 1.5. Through backcrossing they showed that the genotypes of 

the initial parents were Rose = RRpp and Pea = rrPP  [Bateson, et al. 1905]. 

 
Table 1.5. Genotype Distribution.  Frequency of genotypes from an F2 cross. 

Phenotypes Genotypes Frequency in F2 
Walnut R_P_ 9/16 
Rose R_pp 3/16 
Pea rrP_ 3/16 
Single rrpp 1/16 

 

The results of this study clearly demonstrate biological epistasis in the absence of 

statistical epistasis—referred to as dominant epistasis.  The phenotype ratios do not vary 

from expected Mendelian ratios, but the phenotype is clearly dependent on the genotypes of 

two independent loci. 

 An example of another type of epistasis is demonstrated by Punnett’s classic 

experiments to dissect the determination of flower color in sweat peas [Punnet 1920].  In the 

late 1790’s, T.A. Knight showed that a pure breeding purple flower line crossed with a pure 
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breeding white flower line produced all purple offspring.  The next cross with those hybrids 

produced both purple and white flowering plants.  Inspired by these experiments, Punnett 

acquired two different pure breeding lines of white flowers [Punnet 1920]. When these lines 

were crossed, the F1 generation consisted of entirely purple flowers.  When the F1 generation 

was crossed, both white and purple flowers resulted, in the proportions listed in Table 1.6.  

Appropriate backcrosses of the original parental generation revealed the genotypes of the 

parental, F1, and F2 generations as indicated below in Table 1.6.   

The results of Punnet’s crosses revealed that two genes are involved in the specific 

pathway that determines flower color, and functional products from both are required for 

expression.  One recessive allelic pair at either locus results in the mutant phenotype [Punnet 

1920].  If a pure line pea plant with colored flowers (genotype = CCPP) is crossed to a pure 

line, homozygous recessive plant with white flowers, the F1 plant will have colored flowers 

and a CcPp genotype. The normal ratio from a selfing dihybrid is 9:3:3:1, but epistatic 

interactions of the C and P genes will give a modified 9:7 ratio. Table 1.6 describes the 

 
Table 1.6.  Flower Color and Genotype Distribution 
 

Genotype Flower Color Enzymatic Activities 
9 C_P_ Flowers colored; 

anthocyanin produced 
Functional enzymes from 
both genes 

3 C_pp Flowers white; 
no anthocyanin produced 

p enzyme non-functional 

3 ccP_ Flowers white; 
no anthocyanin produced 

c enzyme non-functional 

1 ccpp Flowers white; 
no anthocyanin produced 

c and p enzymes non-
functional 
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interactions for each genotype and how the ratio occurs.  Again, this is an example of both 

statistical and biological epistasis.  Because both genes are required for the correct 

phenotype, this epistatic interaction is an example of complementary gene action [Punnet 

1920]. 

These classic examples of epistasis demonstrate some the simplest and oldest studies 

of the phenomenon.  Epistasis is a phenomenon that has already been well documented in a 

broad range of model organisms, and its application to the human genome is a natural 

extension.  Because controlled crosses, knock-out experiments, etc. are possible in model 

organisms, epistasis can be much more easily dissected than in human genetics.  As the goal 

of experimentation in model organisms is to discover aspects of biology that extend to the 

human system, examples of epistasis in model organisms have been found to be applicable to 

human phenotypes.  For instance, the RAD52 epistasis group in Saccharomyces cerevisiae 

yeast has been discovered to play an important role in homologous recombination and repair 

of DNA double-strand breaks [Game 1993].  Recent studies have suggested that an 

analogous group may be associated with cancer in humans [Symington 2002].   Additionally, 

in backcross experiments of non-obese and diabetic mice, at least nine loci have been found 

to interact to determine susceptibility, which may extend to insulin-dependent diabetes in 

humans [Risch, et al. 1993]. 

 

1.6 EPISTASIS IN HUMANS 

 One of the earliest examples of epistasis discovered in humans explains the 

underlying etiology of the Bombay Phenotype, a rare hh blood group Bhende, et al. [1952].  
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The ABO blood type is largely controlled by a single gene with three alleles: i, IA, and IB. The 

gene encodes a glycosyltransferase that modifies the carbohydrate content of the red blood 

cell antigens. The IA allele gives type A, IB gives type B, and i gives type O. IA and IB are 

dominant over i, so ii people have blood type O, IAIA or IAi have blood type A, and IBIB or IBi 

have blood type B.  Individuals with the genotype IAIB express both A and B antigens 

because of the codominance of the A and B alleles.  [Bhende, et al. 1952] first demonstrated 

that lack of the H antigen, an intermediary point in the production of the corresponding A 

and B antigens at the ABO locus, results in the apparent masking of the A and B alleles, due 

to epistatic interactions with at least two other genes.  Mutations in the H-gene (FUT1) lead 

to lack of ABH antigen on red blood cells, whereas mutations in secretor gene (FUT2) 

suppress the formation of ABH antigen in saliva and other body fluids. Additional molecular 

variants of the classic Bombay phenotype that involve only FUT1 or FUT2 have been 

described [Kelly, et al. 1994].  In this example of recessive epistasis, alleles at the ABO locus 

are hypostatic to alleles at FUT1 and FUT2, whereas the latter are epistatic to those at the 

ABO locus.  In this example, the homozygous recessive condition at one locus (the H-gene) 

masks the expression of a second (the ABO locus). The hh individual is phenotypically type 

O regardless of their genotype at the ABO locus. 

 This classic example demonstrates that even traits once thought to be simply 

Mendelian in etiology are being shown to be much more complex than previously assumed.  

This has been seen in humans as well as model organisms.  Sickle cell anemia and cystic 

fibrosis are classic examples of diseases with a simple, single-gene inheritance pattern.  Both 

of these diseases are now known to be much more complex than previously assumed, as 
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modifier genes have been shown to greatly alter the clinical manifestations of these disorders. 

Excellent reviews of modifier genes impacting the clinical manifestation of these disorders 

can be found in Steinberg and Adewoye [2006] and Knowles [2006], respectively.  The 

dissection of the epistatic nature of Hirschsprung’s disease on both a statistical and functional 

level [Carrasquillo, et al. 2002] also demonstrates this shift. 

 

1.7 STUDY DESIGNS IN HUMAN GENETICS  

 The examples of epistasis in model organisms discussed above were discovered using 

controlled crosses, where parents of known genotypes can produce multiple offspring so that 

phenotypic ratios of subsequent offspring can be empirically evaluated.  Of course, such 

controlled experiments are not possible with human subjects and observational studies must 

be used to dissect the genetic etiology of human phenotypes.   

Generally, the first step of any disease mapping study is to establish the heritability of 

a given phenotype or disease, where heritability is the proportion of phenotypic variation in a 

population that is attributable to the genetic variation among individuals.  Details of how to 

statistically estimate heritability can be found in [Falconer and Mackay 1996].  After a 

disease has been established as heritable, genomic mapping begins to narrow in on the 

causative genetic regions/variants by statistically relating genetic variants to the disease 

under study.   

There are two broad types of study designs used in disease mapping: linkage analysis 

and association analysis [Risch 2000]. Linkage analysis uses genotype and phenotype data 
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from multiple biologically-related family members to determine whether a chromosomal 

region is preferentially inherited by affected offspring.  Linkage analysis relies on the fact 

that genes nearby on the same chromosome are inherited together due to the lack of 

recombination in that region, and identifies marker genes in linkage with the causative 

gene(s). Alternatively, association analysis uses case-control, cohort, or even family data to 

statistically relate genetic variations to a disease phenotype more directly. Because 

association analysis examines the effect of a candidate locus using linkage disequilibrium 

that degrades over time with recombination, rather than an effect that is diffused across large 

regions of chromosomes, its greatest applicability is in fine localization and identification of 

causative loci [Daly and Day 2001].   

Either analysis strategy can be used to assess interactive effects, and both association 

and linkage analyses have been used to investigate complex genetic and environmental 

disease etiologies [Andrieu and Goldstein 1998; Goldstein and Andrieu 1999]. Association 

analysis is by far the most commonly used approach, because of advantages in statistical 

power and ease of sample collection when the phenotype is well-defined [Risch 2000], and 

most computational methods have been designed for such studies.  Therefore we focus on 

statistical methodologies to detect epistasis in association studies, but it is important to 

remember that linkage approaches can also be used.    

In association analysis, case-control, case-only, prospective cohort, and family-based 

studies have all been applied to identify gene-gene interactions.  Case-control studies are the 

most commonly used, and hence most novel methods development has focused on such a 

design.  Case-only designs are extremely powerful for the detection of gene-environment 
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interactions [Andrieu and Goldstein 1998; Goldstein and Andrieu 1999], but their utility for 

gene-gene interactions has been debated in the literature [Vieland and Huang 2003; Cordell 

2003].  One commonly accepted approach in a case-only design is to generate ‘pseudo-

controls’ from the alleles not present in a case subject at each genetic marker prior to analysis 

so that case-control analytical methods can then be applied [Cordell, et al. 2004; Cordell 

2004].  Family-based study designs, involving sibling pairs, affected sibling pairs, trios 

(parents and affected offspring), or extended family designs, are also very powerful for the 

detection of epistasis [Goldstein and Andieu 1999].   

Because most studies in human disease focus on a binary outcome variable, we will 

focus on methods to analyze “case-control” data.  Specifically, the data we will consider 

consists of a single binary outcome variable to measure the phenotype (disease response) and 

a large number of categorical predictor variables consisting of genotypes (typically SNPs) 

and is collected retrospectively.  The remainder of this chapter will focus on the statistical 

analysis of this type of data. 

These types of observational studies are designed with a goal to link genotype to 

disease phenotype by identifying genetic factors such as gene-gene interactions that may be 

associated with the phenotype.  Because phenotypes are generally binary, disease mapping in 

human genetics is a classification problem.  A primary objective is to construct a statistical 

model using genetic information in order to accurately predict or ‘classify’ the disease status 

of a particular individual.  Additionally, as technology advances, research scientists continue 

to collect a larger number of genetic variables because of the vast number of genotypes to 

consider across the human genome.  Only a small number of genetic factors relative to the 
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entire genome are expected to be causative, and therefore identifying these factors is 

statistically considered a variable selection problem.  

Below we outline both traditional and novel methods to identify epistatic interactions 

in case-control association studies. As mentioned above in the discussion of biological and 

statistical definitions of epistasis, it is important to remember that the methods outlined 

below are tools to detect statistical epistasis in observational studies. Evaluation of potential 

biological epistasis requires further investigation with mechanistic studies. 

 

1.8 TRADITIONAL STATISTICAL METHODS  

A number of single-SNP associations have successfully been identified using 

traditional statistical approaches, and these methods have also proven fruitful in detecting 

interactions if applied properly.  In any genetic analysis plan, both single-SNP and epistatic 

models should be considered. Below, we discuss the traditional methods most commonly 

used in genetic epidemiology to search for epistatic interactions, as well as some general 

concerns with these methods. A more detailed discussion of these methods and their 

application to finding epistasis can be found in [Motsinger-Reif and Reif 2008; Cordell 

2009]. 

Contingency tables are a simple, yet effective method to determine interactions.  

These methods compare the observed data to what would be expected under various genetic 

models.  For case-control studies, Pearson’s chi-square and Fisher’s exact test can be used.  

For family-based data, the transmission equilibrium test (TDT) is commonly used to compare 
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observed to expected transmitted alleles [Spielman, et al. 1993; Terwilliger, et al. 1992; 

Terwilliger and Ott 1992].  

Generalized linear models, an extension of ordinary least squares regression, 

encompasses a flexible class of regression methods that describe the relationship between 

response (dependent) and predictor (independent) variables.  Multiple regression seeks to 

quantify the relationship between several independent variables (multiple genotypes) and a 

single dependent variable (phenotype), whereas multivariate regression extends to multiple 

dependent variables (multiple phenotypes).  For continuous or quantitative phenotypes, such 

as in population-based studies, linear regression is used.  When phenotypes are binary, such 

as in case-control studies, logistic regression is often used.  Other types of regression are 

available depending on particular model assumptions [Fox 1997]. 

Analysis of variance (ANOVA) is another popular class of methods for association 

studies, and is a special case of the general linear model.  The purpose of ANOVA is to test 

for significant differences between group means, but more complex study designs involving 

repeated measures and nesting can be accommodated under the ANOVA framework.  

Multivariate ANOVA (MANOVA) extends to the analysis of more than one dependent 

variable and known covariates can also be included using analysis of covariance (ANCOVA) 

and multivariate analysis of covariance (MANCOVA) [Cobb 1998]. 

Many of these traditional statistical methods have both parametric and nonparametric 

versions.  In parametric methods, both genetic and statistical model assumptions are made 

and parameters are estimated.  Nonparametric methods are free of distributional assumptions, 

but often come with a loss in power.  For example, if the statistical assumptions of ANOVA 
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are not met, both the Kolmogorov-Smirnov two-sample test and the Kruskal-Wallis analysis 

of ranks are available. 

There are many advantages to these traditional statistical approaches.  They can be 

computed easily, and they are widely available in a number of common statistical software 

packages.  They also provide easily interpretable results and are widely accepted by 

biologists and statisticians alike.  However, the advantages in simplicity and interpretability 

are met with a number of stark disadvantages.  One of the most notable disadvantages is the 

curse of dimensionality, where as the number of genetic and environmental factors increase, 

the number of possible interactions increase exponentially, leaving many contingency table 

cells with very few, if any, data points [Bellman 1961]. This curse of dimensionality is 

associated with low statistical power and requires incredibly large sample sizes.  

This concern is exacerbated by the large increase in the amount of available data with 

recent advances in genotyping technology.  For instance, the Affymetrix Genome-Wide 

Human SNP Array 6.0 “features more than 1.8 million markers for genetic variation” 

[Affymetrix 2009]. While this new, expansive technology may sound exciting, it also poses 

many challenges.  As the number of genotyped loci increases, the number of possible 

interactions grows exponentially to unmanageable amounts and for many studies there are 

often more independent variables than observations.  In these situations, traditional methods 

cannot accommodate all of the genetic variables simultaneously, and require the use of 

variable selection techniques or genome scans.  With such a large number of loci considered, 

variable selection becomes an almost insurmountable problem and power to detect true 

disease models is dramatically reduced.  Traditional selection approaches such as stepwise or 
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best-subset selection rely on hierarchical designs, and may not be suitable for diseases that do 

not exhibit marginal main effects [Mantel 1970].  Most methods were designed under a 

hypothesis-testing framework, and may not be suitable for identifying the most important 

genes for predicting a phenotype, which may be more appropriate for a data-mining context.  

As an alternative to variable selection, many traditional approaches are applied using 

genome scans, where only a single locus or a small subset of loci will be considered at once.  

But as the dimensionality of our studies increase, so does the risk of false positives due to 

multiple testing with this type of approach, and statistically significant results are very likely 

to be found due to chance alone.  There are methods available to correct for multiple testing, 

including Bonferroni corrections [Simes 1986] and false discovery rate control [Benjamini 

and Hochberg 1995].  This issue can also often be alleviated using permutation testing, 

however, it is computationally expensive [Good 2000].   Moreover, many traditional methods 

make a number of statistical and genetic assumptions that may be violated. For example, 

some methods assume statistical independence of predictor variables, but the genes we are 

considering may be in linkage disequilibrium.  Additionally, recessive or additive modes of 

inheritance may be erroneously assumed. 

 

1.9 NOVEL COMPUTATIONAL METHODS  

In order to overcome the limitations of traditional methods, a number of novel 

approaches have been developed and reviewed in Cordell [2009].  These methods are often 

described as data-mining or machine-learning methods, with a main goal of prediction.  The 

scientific objective is to accurately predict or classify the disease status of individuals based 
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on their genetic information.  Data-mining methods accomplish this by searching through 

large amounts of data (such as in large-scale genetic studies) to uncover consistent patterns 

between variables, and these patterns are validated in new subsets of data.  In contrast to the 

traditional statistical approaches designed to test specific a priori hypotheses, data-mining 

approaches are exploratory rather than inferential in nature and generate potential patterns 

that can be translated into hypotheses to investigate in follow-up studies.  In this way we can 

“learn” from the data about how to best predict an outcome measure from a set of features.  

The learning process can be either supervised or unsupervised, depending on the presence of 

the outcome variable.  Supervised learning utilizes phenotype information to help 

characterize the relationship among the genotypes, where unsupervised learning investigates 

the relationship among the genotype variables only.  

Because data-mining approaches look for general patterns rather than examine 

predefined hypotheses, there are concerns with the potential for model over-fitting and a high 

potential for false positive findings [Hastie, et al. 2001].  Specifically, the identified model 

may be constructed from a limited amount of available data, and is therefore fitting the data 

itself rather than representing an underlying structure.  These types of models will not 

generalize well to new unseen data, and ultimately won’t provide adequate predictions in the 

population.  To address this concern, machine-learning techniques use some measure of 

internal validation.  A common theme of many data-mining procedures is to train or build a 

model on a subset of data and then to validate that model on an independent test set using a 

resampling technique such as cross-validation, bagging, bootstrapping, or jack-knifing in 
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order to assess the predictive capacity of the model [Hastie, et al. 2001]; if the model predicts 

well on the new, unseen data, then it is likely to reflect a true underlying pattern. 

As with many traditional analytical techniques, novel methods have been developed 

for both linkage and association studies, but are more commonly designed for association 

studies. In the current section, we briefly discuss some data-mining strategies currently 

utilized to detect and characterize epistasis in association studies.  The most commonly used 

methods are covered here, but do not represent a comprehensive list.  A more extensive 

discussion of these methods can be found in Motsinger-Reif and Reif [2008]; Cordell [2009]. 

There are many machine learning and data-mining approaches for association studies 

that can be separated into two broad categories: pattern recognition [Theodoridis and 

Koutroumbas 2006] and data reduction [Bevington and Robinson 1991].  Pattern recognition 

methods aim to classify information from patterns extracted from the full data.  These 

include neural network approaches, clustering algorithms, and tree-based methods.  

Clustering algorithms are usually unsupervised and sort objects into groups by maximizing 

the degree of association of objects in the same group and minimizing the degree of 

association of objects in different groups [Hartington 1975]. The degree of association is 

defined by different measures depending on the particular clustering method, but is often 

determined through some measure of distance.  When applied to genetic data, clusters of 

individuals can be constructed using genetic variables.   

Tree-based approaches construct easily interpretable tree-like models that represent a 

set of decisions, or a set of if-then logical conditions that accurately predict or classify cases 

and controls based on genetic information at a set of loci.  Classification and Regression 
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Trees (CART) and Random Forests (RF) are two popular variations, and are both easy to 

interpret and implement using available software [Brieman, et al. 1984; Brieman 2001].  

CART constructs a regression tree if the response is continuous or a classification tree if the 

response is categorical by maximizing purity in the terminal node, which for classification 

trees is the number of observations in each terminal node belonging to the same class.  RF 

builds a series or forest of classification trees that are each constructed from a bootstrap 

sample of the data, where each root node is randomly selected from the set of genetic 

variables.  Classification is achieved by averaging over all the trees in the forest. 

Neural Networks (NN) are machine-learning techniques based on the cognitive 

system and neurological processing of the brain.  The network learns from the existing data 

and seeks to generate an output pattern (phenotype) that is used to classify the input pattern 

(genotype) [Skapura 1995].  Two types of neural networks, Genetic Programming NN 

(GPNN) [Ritchie, et al. 2003] and Grammatical Evolution NN (GENN) [Motsinger-Reif, et 

al. 2008a], imitate the genetic processes of natural selection in order to construct the network 

model [Koza and Rice 1991; O’Neill and Ryan 2001].  Using these ideas, the network with 

the best predictive capability (i.e. highest fitness) will be selected.  

Regularization techniques and penalized regression approaches are also becoming 

increasingly common data-mining tools for variable selection in genetic association studies.  

These approaches are regression based, but incorporate the use of a penalty term in the 

objective function to be minimized to attain smooth estimates [Hastie, et al. 2001].  

Shrinkage methods comprise of particular types of penalties that allow for sparsity and 

variable selection.  Methods such as Least Angle Shrinkage and Selection Operator (Lasso) 
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with L1 regularization are now being applied to genetic data [Tibshirani 1996], and 

extensions have been made for logistic regression for case-control studies [Park and Hastie 

2007].  A penalized logistic regression technique based on L2 regularization, stepPLR, has 

also been developed to specifically target gene-gene interactions [Park and Hastie 2008].  

In contrast to pattern recognition techniques, data reduction methods seek to reduce 

the dimensionality of the data by aggregating or collapsing the available information.  The 

information is considered in small fragments rather than simultaneously.  Data reduction 

methods include combinatorial methods, two-step and multistage approaches, and principle 

component analysis. 

Two stage approaches detect genetic associations by first reducing the dimensionality 

of the data by determining a small number of potentially interesting markers and sets of 

markers in the first stage. In the second stage, interactions are modeled between all possible 

potential predictors from the reduced set.  In general, these methods first reduce the number 

of variables considered using an easily computable, simple statistic in the first stage and then 

use a more sophisticated or computationally intense method of variable selection in the 

second stage [Evans 2006]. For example, the Screen and Clean was recently introduced for 

gene-gene interactions, which fits a lasso model with the main effects for each SNP in the 

first stage, and considers a lasso model including pairwise interactions in the second stage 

[Wu 2010]. These multistage approaches are also known as filter approaches, and as with 

Screen and Clean, often times the filter technique may just consider main effects and 

interactions are only considered for the variables that pass the filter.  In order to identify 
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interactions that may exhibit few to no main effects, it is critical that interactions be 

evaluated in the filter step. 

Principle Components Analysis (PCA) is an unsupervised method that reduces the 

data dimensionality by examining the correlation between genotype variables and 

transforming the correlated variables into a smaller number of latent factors that account for 

as much of the original variation as possible. These new underlying genetic factors may be 

meaningful interactive predictors for the disease outcome [Fukunaga and Keinosuke, 1990; 

Pearson 1901]. 

Combinatorial approaches use an exhaustive search of all possible variable 

combinations to determine the combination that best predicts the outcome of interest.  In our 

case, combinations of SNPs are used to predict phenotype.  This type of approach is ideal for 

evaluating interactions, since all possible combinations are considered, however it is 

computationally expensive.  Multifactor Dimensionality Reduction (MDR) [Ritchie, et al. 

2001], Combinatorial Partitioning Method (CPM) [Nelson, et al. 2001], and Restricted 

Partition Method (RPM) [Culverhouse, et al. 2004] are all popular combinatorial approaches.  

All three methods use cross-validation for internal validation to assess the model’s predictive 

capability and use permutation testing to evaluate statistical significance.   MDR is the most 

commonly used novel approach to detect gene-gene interactions [Motsinger-Reif, et al. 

2008b], and we will consider this method in greater detail below.  
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1.10  MULTIFACTOR DIMENSIONALITY REDUCTION 

Multifactor Dimensionality Reduction (MDR) uses data reduction to detect epistatic 

interactions in case-control association studies, and was designed specifically for this purpose 

[Ritchie, et al. 2001].  MDR is considered non-parametric both statistically and genetically, 

because it does not estimate any statistical model parameters or assume a particular genetic 

mode of inheritance.   

MDR achieves this data reduction by first exhaustively considering a set of 

combinations of loci that may interact, and viewing these combinations as a series of 

multifactorial genotype classes.  MDR uses constructive induction, a machine learning 

technique that constructs a new variable from available data, and creates a new binary 

variable from these multifactor genotype classes based on the ratio of cases to controls within 

each class [Moore, et al. 2006].  The classes will be labeled as high-risk or low-risk, reducing 

the particular combination of loci from a large number of dimensions to a single variable 

with two levels.  This reduction is equivalent to constructing a Naïve-Bayes type classifier 

when the data is balanced [Hahn and Moore 2004].  Individuals with high-risk genotype 

combinations will be classified as cases and those with low-risk genotype combinations will 

be classified as controls.   

MDR evaluates the utility of the potential models using classification error, or the 

proportion of misclassified individuals.   The selected combination of loci will misclassify 

the fewest number of individuals.  The final model will also perform well in terms of 

prediction, and cross-validation is utilized for internal validation by measuring prediction 

accuracy [Hastie, et al. 2001; Motsinger and Ritchie 2006].  The final model is selected using 
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cross-validation to minimize classification and prediction error.  The statistical significance 

of the error estimate can be assessed nonparametrically with permutation testing [Motsinger-

Reif, et al. 2008].  

The performance of MDR to identify interactions has been evaluated in both 

simulation studies and real data applications.  Through the use of simulated data, MDR has 

been shown to have high power to detect epistasis for various sample sizes, disease risk 

models, and in the presence of genotyping error and missing data [Ritchie, et al. 2003].  After 

its initial development, MDR was used as an analytical tool for breast cancer [Ritchie 2001], 

and subsequent applications have identified additional interactions for the disease [Nordgard, 

et al. 2007]).  It has also been successful in other real data applications, including multiple 

sclerosis [Brassat, et al. 2006; Motsinger, et al. 2007], and HIV immunogenetics [Haas, et al. 

2006], and more recently in autism [Ma, et al. 2010], Alzheimer’s disease [Thornton-Wells, 

et al. 2010], and asthma [Wu, et al. 2010; Polonov, et al. 2009]. 

Due to much of this success, MDR has undergone a number of extensions since its 

initial development.  Originally MDR was implemented with 10-fold cross-validation, but it 

has been shown that the use of 5-fold cross-validation reduces computation time without 

impairing performance [Motsinger and Ritchie 2006]. The original evaluation measure of 

classification error has been extensively examined.  This measure is not appropriate for 

unbalanced data and a new evaluation measure of balanced accuracy was introduced [Velez, 

et al. 2007].  Other evaluation measures have been explored to investigate their impact on 

power [Bush, et al. 2008; Namkung 2008].  An odds-ratio based measure OR-MDR was also 

developed to aid interpretation of the final identified model, by allowing for a quantitative 
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measure of disease risk in addition to the high-risk/low-risk characterization [Chung, et al. 

2007].  The permutation testing procedure has also been evaluated [Motsinger-Reif 2008]. 

There have been extensions to the method for new types of data, including family-

based data.  The MDR-PDT combines the MDR methodology with the genotype-Pedigree 

Disequilibrium Test for nuclear families [Martin, et al. 2006] and FAM-MDR as been 

introduced for small or extended pedigrees [Cattaert, et al. 2010].  The nonparametric nature 

of the method has also been relaxed, and model-based MDR allows for some parametric 

assumptions with the use of a chi-square statistic [Cattaert, et al. 2010; Calle 2008]; 

similarly, a generalized version GMDR uses a score statistic to allow for the incorporation of 

important covariates [Lou, et al. 2007].  Robust MDR (RMDR) has also been introduced 

which uses a Fisher’s Exact Test for constructive induction to construct more robust models 

[Gui, et al. 2010]. 

MDR has also been compared to a number of its competitor approaches, including 

traditional stepwise logistic regression, Random Forests, grammatical evoluction neural 

networks and focused interaction testing framework (FITF) [Motsinger-Reif, et al. 2008c].  

The relative performance of each of the methods depends on the particular model scenario, 

however MDR consistently outperformed many methods, in particular logistic regression.  

MDR has also previously been compared to the penalized regression approach stepPLR [Park 

and Hastie 2008; He, et al. 2009] with context dependent results. 

The importance of characterizing epistasis is becoming widely recognized in the field 

of human genetics, and is increasingly being incorporated into current epidemiological 

studies.  This has provoked an explosion in methods development in the area of statistical 
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detection of gene-gene and gene-environment interactions, as researchers are learning the full 

biological complexity underlying phenotypes such as drug response. Pander, et al. [2010] 

highlights how MDR has currently been widely utilized in pharmacogenetic analysis, and 

will most likely be one of the methods at the forefront of future pharmacogenetic studies.  

Motivated by the significant potential of this method, the remaining chapters will further 

explore the details of MDR through comparison and methodological extension. 
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CHAPTER 2 

 
A COMPARISON OF MULTIFACTOR DIMENSIONALITY REDUCTION 

AND L1-PENALIZED REGRESSION TO IDENTIFY GENE-GENE 
INTERACTIONS IN GENETIC ASSOCATION STUDIES2 

 
 
2.1 INTRODUCTION 
 
Fueled by rapid technological advancement, research in the area of genetic epidemiology has 

exploded, creating a wealth of high-dimensional data and new analytical challenges for 

identifying genetic risk factors for disease.  In addition, much evidence suggests that 

common, complex diseases may be the result of a complex interplay between multiple 

genetic and environmental factors and that gene-gene and gene-environment interactions, or 

epistasis, may play an important role in the etiology of these types of diseases [Moore 2003].  

Detecting these interactions in high-dimensional data is a difficult variable selection problem, 

which is exacerbated as the number of markers increases far beyond the sample size, as is 

common in studies of human genetics.  Therefore as an alternative to traditional statistical 

methods, data-mining approaches designed to sift through large amounts of data are gaining 

popularity for association studies, performing variable selection and statistical modeling 

simultaneously [Cordell 2009].   

                                                
2 Reprinted with permission from Winham, S.J., Wang, C., Motsinger-Reif, A.A. 2011. A 
Comparison of Multifactor Dimensionality Reduction and L1-Penalized Regression to 
Identify Gene-Gene Interactions in Genetic Association Studies.  Statistical Applications in 
Genetics and Molecular Biology. Vol. 10 : Iss. 1, Article 4.  
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One of the most commonly used data-mining approaches to evaluate potential gene-

gene interactions is Multifactor Dimensionality Reduction (MDR), designed specifically to 

select potentially interacting genetic variables that are most associated with disease in 

case/control studies [Ritchie, et al. 2001].  In a range of simulation studies, MDR and its 

various extensions have displayed high power as compared to other methods [Motsinger-

Reif, et al. 2008] and in the presence of genotyping error and missing data [Ritchie, et al. 

2003].  MDR has been successful in identifying a number of interactions in real data 

applications, including multiple sclerosis [Brassat, et al. 2006; Motsinger, et al. 2007], breast 

cancer [Nordgard, et al. 2007], and HIV immunogenetics [Haas, et al. 2006]. 

Variable selection is also a hot topic in the field of statistics, and a number of more 

general penalized regression techniques have also emerged, like the Least Absolute 

Shrinkage and Selection Operator (Lasso) [Tibshirani 1996].  Lasso has exploded in 

popularity within the statistical community, and is now being applied for variable selection in 

human genetics.  Penalized regression approaches have been developed for generalized linear 

models such as logistic regression [Park and Hastie 2007b] and for categorical data [Meier, et 

al. 2008; Yuan and Lin 2006]. In the area of genetics, penalized techniques have emerged to 

detect interactions, such as stepPLR [Park and Hastie 2008] with L2 regularization and an 

adaptive group Lasso [Yang, et al. 2010].  Most recently, extensions for Lasso have been 

made for GWA studies, such as a two-stage L1 penalized approach to identify additive, 

dominant or recessive effects [Wu, et al. 2009] and the Screen and Clean filter approach to 

examine marginal and interaction effects [Wu, et al. 2010]. 
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In this study our objective is to directly compare the performance of these two very 

popular data-mining techniques, MDR and Lasso L1-penalized regression, to detect gene-

gene interactions in a case/control study with a binary disease outcome.  We consider two 

different Lasso approaches, the traditional (ungrouped) L1 penalty for logistic regression 

(TL1) and the group L1 penalty for categorical data (GL1).  MDR has previously been 

compared to a few penalized regression techniques including a brief, but not extensive 

comparison with an adaptive group Lasso algorithm [Yang, et al.].  Additionally MDR was 

compared with stepPLR, focusing on L2 rather than L1 regularization, showing context 

dependent results [He, et al. 2009; Park and Hastie 2008].  In stepPLR, L2 regularization is 

utilized because it provides stable parameter estimates as the dimensionality increases, even 

if the number of variables is greater than the sample size. Unlike L1 regularization, L2 

regularization does not achieve smoothing and variable selection simultaneously and 

selection must be performed in a separate step. The comparisons of this study differ from 

those of Park and Hastie [2008] in the use of a single stage penalization method for 

estimation and selection. 

The implementations of our methods in the current study also differ from those of 

previous studies because they come from an end-users perspective, based on commonly-used 

implementations.  Our primary goal in this study is to compare the relative performance of 

MDR and Lasso using easily implementable and commonly used versions that are widely 

available to researchers, with minimal modifications to accurately reflect typical utilization in 

practice.  We take this approach so that analysts can see how the methods compare in 

detecting interactions as they would be used in real data applications with available software.  
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MDR is implemented in C and JAVA as in the free software available from 

http://www.epistasis.org [Hahn, et al. 2003], and TL1 and GL1 are implemented with the 

freely available R software using the packages ‘glmpath’ and ‘grplasso’, respectively [Meier 

2009; Park and Hastie 2007a].  Through simulation, we compare the performance of MDR, 

GL1, and TL1 in regards to power to identify gene-gene interactions, the number of 

identified loci, and true and false positive rates under a wide range of genetic models and 

effect sizes. We first describe the three methods considered, followed by our simulation 

design, and then the results for the simulation analysis.   

 

2.2 METHODS 

2.2.1 NOTATION 

Suppose we have n independent and identically distributed observations (xi , yi ), i = 1, . . . , n 

where xi is a p-dimensional vector of genotype information at a total of p SNPs; for the jth 

SNP, xij ∈ {0, 1, 2}.  The scalar yi ∈ {0, 1} is a binary response variable corresponding to 

disease status for individual i.  Additionally, assume that the p SNPs are far enough apart in 

the genome such that they can be considered independent.  Let X denote the n × p matrix of 

predictor information and Y denote the n × 1 vector of disease status for all n individuals.  

 

2.2.2 MULTIFACTOR DIMENSIONALITY REDUCTION  

Multifactor dimensionality reduction (MDR) is a nonparametric data-mining tool to identify 

potential gene-gene interactions in case-control genetic association studies using data 

reduction [Ritchie, et al. 2001].  MDR reduces the full dimensionality of the data by focusing 
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on combinations of loci that may interact, and utilizes these combinations to create a 

classification rule.  Assume our sample consists of n1 cases and n0 controls where n1 = n0 for 

simplicity, and suppose we are considering potential interactions of size 

€ 

k =1,...,K loci. Let 

model m denote a particular combination of k loci where 

€ 

m =1,...,
p
k
 

 
 
 

 
 ; model m will be a 

subset of the columns of X pertaining to the k loci.  With 3 possible genotypes per locus, 

define Gm = j to be genotype combination j for the loci of model m with j = 1, . . . , 3k .  MDR 

assigns high-risk/low-risk status to the genotype combination Gm = j using the following 

Naïve Bayes classifier Hmj :  

 

        (2.1). 

 

The classifier Hmj is an indicator variable for high-risk status for Gm = j.  Each possible model 

m classifies an individual i as a case or a control based on the characterization of that 

individual’s genotype combination as high or low-risk; for model m, 

€ 

ˆ y i | (Gm = j) = Hmj .  For 

balanced data, this classification scheme maximizes the posterior probability of yi under 

model m. 

 For a given combination of k loci, the full data is reduced from 3k -dimensions to a 

single dimension with two levels, high-risk and low-risk.  MDR performs this dimension 

reduction in an exhaustive fashion over all possible models m and selects a best model over 
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these  possible reductions by maximizing classification accuracy, the proportion of 

individuals correctly classified by model m; for unbalanced studies with n1 ≠ n0, balanced 

accuracy, the mean of sensitivity and specificity, is instead utilized [Velez, et al. 2007].  A 

final best model over all possible sizes of interaction k = 1, . . . , K is chosen with cross-

validation [Ritchie, et al. 2001] and the statistical significance of the prediction accuracy 

estimate can be assessed nonparametrically with permutation testing [Motsinger-Reif 2008].  

The SNPs identified in the final model m represent the active set of predictors, or the subset 

of loci selected by MDR.  For a more detailed explanation of the method see [Hahn, et al. 

2003]. 

 

2.2.3 TRADITIONAL L1-PENALIZED REGRESSION (LASSO) 

Variable selection on a set of SNPs can also be performed under a regression framework 

considering both main effects and gene-gene interactions.  Because our response vector Y is 

binary, this suggests the use of logistic regression.  To avoid making any assumptions on the 

genetic mode of inheritance (similar to the nonparametric encoding of MDR), we treat the 

SNP variables as categorical factors, with levels {0,1,2}.   Consider a basis expansion of our 

predictor matrix X such that each SNP j = 1, … , p is encoded as a series of indicator 

variables for each level using reference coding, where without loss of generality we treat 

genotype 0 as the reference level.  This new dummy encoded 

€ 

n × 2p( ) matrix of main 

effects, Z, will therefore consist of a group of (3-1)=2 main effects indicator variables (for 

genotypes 1 and 2) for each of the p predictor variables.  We can further partition 
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€ 

Z = Z1   Z j  Z p[ ]  for j=1,…,p, where Zj  is an 

€ 

n × 2 sub-matrix 

€ 

Z j = z j1 ,z j2( ) defining 

the jth group of indicators corresponding to the jth predictor locus; 

€ 

z j1 ,z j2( )  are indicator 

vectors for genotypes 1 and 2, respectively. 

Additionally, consider expanding our predictor matrix to include all 

€ 

q = p ⋅ (p −1) /2 

pairwise interactions between SNPs.  For each of q pairwise interactions we will create (3-

1)*(3-1)=22 indicator variables (for genotype combinations 11, 12, 21, and 22), resulting in 

an 

€ 

n × 22q( )  expanded design matrix W.  We can further partition 
  

€ 

W = W1   Wk  Wq[ ] 

for k=1,…,q, where Wk  is an 

€ 

n × 22  sub-matrix 

€ 

Wk = wk11
,wk12

,wk21
,wk22( ) defining the kth 

group of indicators corresponding to the j1th and j2th predictor loci; 

€ 

wk11
,wk12

,wk21
,wk22( )  are 

indicator vectors for genotype combinations 11, 12, 21 and 22 respectively.  

Our full 

€ 

n × 2p + 22q( )  design matrix D will consist of both main effects and pair-

wise interactions, partitioned for ease of notation such that 

€ 

D = Z  W[ ]  where 

€ 

j =1,..., p 

refers to the collection of indices for the p groups of main effects and 

€ 

k =1,...,q refers to the 

collection of indices for the q groups of interactions.  We could further consider expanding D 

to include higher order interactions, but for simplicity we consider only two-way interactions. 

Similarly, let our 

€ 

2p + 22q ×1 parameter vector 

€ 

θ = β γ[ ]  be partitioned into sub-

vectors for main effects and interactions.  Let

€ 

β = β1,...,β j ,...,βp[ ] be a parameter vector for 

main effects where 

€ 

β j = β j1
 β j2[ ]  is a sub-vector for the jth SNP consisting of components 

for genotypes 1 and 2 respectively and let

€ 

γ = γ1,...,γ k,...,γ q[ ]  be a parameter vector for pair-

wise interactions where 

€ 

γ k = γ k11
 γ k12

 γ k21
 γ k22[ ]  is a sub-vector for the kth SNP by SNP 
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interaction consisting of components for genotype combinations 11, 12, 21 and 22 

respectively.   We now define the following logistic regression model for individual i,  

 

€ 

log pθ (di)
1− pθ (di)
 

 
 

 

 
 = θ0 + di

Tθ = θ0 + z i
Tβ + wi

Tγ = θ0 + z i, j
T β j

j=1

p

∑ + wi,k
T γ k

k=1

q

∑
 
 (2.2), 

 

where 

€ 

pθ (di) = P(yi =1 |di,θ) .  This model will be used to define the usual log-likelihood for 

the model, 

€ 

l(θ) = yi ⋅ log pθ (di) +
i=1

n

∑ (1− yi) ⋅ log(1− pθ (di)) .   

Traditionally, Lasso performs variable selection and model fitting simultaneously 

through penalization.  By penalizing the coefficients associated with each of the predictors 

during model fitting, the unimportant coefficients will shrink towards zero, effectively 

eliminating these variables from the model and achieving sparsity [Tibshirani 1996].  

Specifically, Lasso fits the regression model by minimizing -l(θ) subject to a constraint 

equivalent to the L1-penalty, based on the L1-norm 

€ 

θ 1 = θ ll
∑ . That is, 

€ 

ˆ θ λ = argmin
θ

−l θ( ) + λ θ 1( ) = argmin
θ

−l θ( ) + λ β j ,g
g=1

2

∑
j=1

p

∑ + γ j,g1g2
g2 =1

2

∑
g1 =1

2

∑
k=1

q

∑
 

 
  

 

 
  

 

 
 
 

 

 
 
 
   

(2.3), 

where λ is a tuning parameter.  We refer to this traditional model for L1-penalized logistic 

regression defined in equation [2.3] as TL1, which is an extension of the general model 

described in Park and Hastie 2007 [Park and Hastie 2007b], and we fit this model using the 

‘glmpath’ package in R [Park and Hastie 2007a].  For computational simplicity, we choose 

the tuning parameter λ using BIC as recommended in [Zou, et al. 2007].  This model 
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penalizes each of the indicator variables associated with either a main effect or pair-wise 

interaction equally, allowing each individual indicator to be set to either ! l = 0 or ! l ≠ 0, for 

l=1,…,2p+22q.  The set 

! 

l :" l # 0{ }  defines the variables in the active set, and the particular 

SNPs associated with {l} represent the SNPs select by TL1. 

 

2.2.4 GROUP LASSO FOR LOGISTIC REGRESSION 

In situations where we have categorical predictors, we may consider variable selection on the 

groups of dummy variables associated with particular main effects and interactions rather 

than the dummy variables themselves.  In the traditional Lasso approach (TL1), each 

indicator variable (and ! l) is treated individually, and there is no guarantee that all of the 

indicators corresponding to the same main effect or interaction will be either in or out of {l}.  

In addition, TL1 is not invariant to the particular parameterization of genotypes, such as 

choice of reference level, resulting in potentially different sets of factors in {l} [Yuan and 

Lin 2006].  To alleviate these concerns, we also employ group Lasso for logistic regression, 

which instead of the usual L1 penalty that shrinks each indicator individually, shrinks groups 

of predictors corresponding to a single categorical factor toward zero together [Meier, et al. 

2008; Yuan and Lin 2006].  Suppose we fit the logistic regression model of equation [2.2] 

considering this grouped structure as follows:  

 

! 

ˆ " # = argmin
"

$l "( ) + # df j %j 2
j=1

p

& + dfk ' k 2
k=1

q

&
( 

) 
* * 

+ 

, 
- - 

( 

) 
* * 

+ 

, 
- - 
  

(2.4), 
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where 

€ 

β j 2
= β j

Tβ j( )
1/ 2

= β j,g
2

g=1

2

∑  and γ k 2 = γ k
Tγ k( )

1/ 2
= γ k,g1g2

2

g2 =1

2

∑
g1 =1

2

∑  with 

€ 

df j = 2 and dfk = 22  ∀j,k .  This penalty is the group-wise L2-norm, intermediate between the 

L1-Lasso and the L2-Ridge penalties, and penalizes main effect groups j=1,…,p and pairwise 

interaction groups k=1,…,q collectively, encouraging sparsity between but not within factors 

[Yuan and Lin 2006].  To distinguish this grouped method from the traditional penalization, 

we refer to this method as GL1.   Equation (2.4) is an extension of the model defined in 

[Meier, et al. 2008], and we fit this model using the ‘grplasso’ package in R [Meier 2009].  

As with TL1, the particular SNPs associated with the set 

€ 

l :θ l ≠ 0{ } define the SNPs select 

by GL1.   

 

2.3 SIMULATION DESIGN AND ANALYSIS 

In order to fairly compare MDR and Lasso (both TL1 and GL1) for variable selection, we 

designed a Monte Carlo simulation study.  Our objective is to compare the performance of 

the three variable selection approaches in detecting various patterns of epistasis in data with 

different sample characteristics, including number of total loci p, minor allele frequency, and 

effect size.  For each model scenario, case/control Monte Carlo replicate datasets were 

generated with 125 cases and 125 controls to represent a small sample size for an association 

study. 

In order to depict different patterns of epistatic interactions, including interactions in 

both the presence and absence of independent main effects, three complex penetrance 
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patterns were utilized.  All three patterns (XOR, BOX, and MOD, described below) display 

two-locus interactions, characterized by the penetrance at each of the nine two-locus 

genotype combinations seen in both Table 2.1 and Figure 2.1.  The XOR pattern represents a 

two-locus purely epistatic interaction with no marginal effects at either locus; this pattern is a 

modification of a non-linear exclusive OR function first described by [Li and Reich 2000].  

In the XOR model, low risk of disease is dependent on a heterozygous genotype at exactly 

one of two loci (‘Aa’ or ‘Bb’).  Both the BOX and MOD patterns are two-locus interactions 

with main effects at both loci.  The BOX pattern is symmetric and is a variation on the 

dominant-dominant model described by [Neuman and Rice 1992].  In the BOX model, low 

risk of disease is dependent on two low-risk alleles (‘AA’ or ‘BB’) at either one or both loci.  

The MOD pattern is assymmetric, and represents a modifying effect model on an exclusive 

OR function described by [Li and Reich 2000].  In the exclusive OR model, high risk of 

disease depends on two high risk alleles (‘aa’ or ‘bb’) at exactly one of two loci, so genotype 

combination ‘AaBB’ is low-risk; under the MOD model, ‘AaBB’ is modified from low-risk 

to high-risk, resulting in both marginal effects and a complex interaction.  See Table 2.1 and 

Figure 2.1 for more details on all three patterns. 

In addition to the XOR, BOX, and MOD penetrance patterns, simulation design 

factors considered were number of total loci p (either 25 or 100), minor allele frequency 

(0.25 or 0.5), and heritability (1.0, 2.5, 5.0, 7.5, or 10.0%), for a total of 60 combinations 

summarized in Appendix A, Supplemental Table 1.  For each model scenario, the specific 

penetrance function was established based on the combination of these simulation factors, 

such that the baseline penetrance was fixed at 0.05 to ensure a realistic population prevalence
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Table 2.1  - Penetrance patterns for 2-locus epistatic models.  Cells marked x represent genotype combinations 

with lower risk.  The values x, y, and z represent penetrance values with 0 < x < y ≤ z< 1 which were chosen to 

achieve the desired heritability.  The baseline penetrance, x, was fixed at 0.05.  For XOR models with 

MAF=0.5, z = y; for XOR models with MAF=0.25, z > y to achieve no marginal effects at either locus. 

  

Model XOR BOX MOD 

Genotype AA Aa aa AA Aa aa AA Aa aa 

BB y x y x x x x y y 

Bb x z x x y y x x y 

bb y x y x y y y y x 

 

 

 

 

Figure 2.1 – Penetrance function by genotype for XOR, BOX, and MOD patterns. 

 

rate, and are available from the authors upon request.  One hundred case/control Monte Carlo 

replicates were generated under each scenario assuming Hardy-Weinberg proportions and 

case-control status was ascribed based on the particular penetrance function using the 
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software genomeSIM [Dudek, et al. 2006]. Simulated SNP variables were uncorrelated, 

representing no linkage disequilibrium between them.  While this number of potential 

predictors is much smaller than current typical genotyping studies, even candidate gene 

studies, the sparsity of exploring higher values made running current implementations of the 

LASSO methodologies impractical. 

All 100 datasets were analyzed with MDR, TL1, and GL1 for each of the 60 factor 

combinations, and the performance of each method recorded.  MDR was implemented using 

5-fold cross-validation [Motsinger and Ritchie 2006] considering sizes of interaction 

k=1,…,4, and the single best model with highest accuracy and cross-validation consistency 

was chosen as the final selected model.  For both TL1 and GL1, the genotype encoded as 

“0”, the lower frequency homozygote, was treated as the reference level.  The tuning 

parameter λ was chosen with BIC rather than cross-validation because this approach is 

commonly used, easily implemented, and recommended [Zou, et al. 2007] and reduces 

computation time.  Moreover, unlike cross-validation which tends to overfit, BIC is selection 

consistent. [Wang, et al. 2007; Wang and Leng 2007].  The final model was chosen based on 

this

€ 

λ > 0; for the case with 

€ 

λ = 0 , where only the intercept remains and no loci are selected, 

the first loci that appear in the solution path were chosen as the final model so as to remain 

comparable with MDR, because MDR does not allow for null models to be selected. 

The performance of each method was measured in terms of power to detect the 

interaction, the average size of the model identified (i.e. number of active predictor loci), and 

the true and false positive rates.  Power, the proportion of correctly identified models across 

the 100 replicates, was calculated under two definitions, liberal and conservative.  Under the 
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conservative definition, a model was considered correct if both true loci were identified, but 

no false positive loci; the liberal definition allowed for the inclusion of false positive loci.  In 

this case, the conservative estimate of power counts the number of correctly identified 

models across the 100 replications when no false positive or false negative loci are allowed. 

The liberal definition estimate counts the number of correctly identified models across the 

100 replications when false positive loci are allowed, but no false negative loci are allowed 

(representing a situation where models might be followed up in a replication set to eliminate 

false positives). For the MDR analyses, the final model for each dataset was chosen based on 

minimal prediction error and maximal cross-validation consistency, where in the case of 

disagreement in these metrics, the final model is chosen based on the rule of parsimony.  For 

the LASSO analyses (both the TL1 and GL1 results), the genotypes with significant terms 

were considered to be included in the final model, where to be considered a significant 

interaction, the interaction term must be included in the model.  True positive rate was 

calculated as the proportion of true positives identified out of the total number of true 

positive identifications possible (2*100) and the false positive rate was calculated as the 

proportion of false positives identified out of the total number of false positive identifications 

possible ((p-2)*100).  All simulations were performed on quad-core Core2 Xeon processors 

(8 processors, each at 3 GHz and with 4GB of memory) using software for MDR written in C 

[Hahn, et al. 2003] and the freely available R software for TL1 and GL1 [R Development 

Core Team 2005].   Final results were statistically analyzed for differences in performance 

between the three methods with a mixed effects model and pair-wise contrasts between 

methods using SAS version 9.1 [SAS Institute Inc. 2004]. To account for the repeated 
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analysis on the same datasets by the three variable selection methods, a random effect was 

specified for each combination of simulation factors. 

 

2.4 RESULTS 

Figures 2.2 and 2.3 display the power results (conservative and liberal, respectively) for all 

60 simulated models.  To test for significant differences among methods, after visual 

inspection, statistical models were fit controlling for number of loci, heritability, and the 

potential main effects, two-way, and three-way interactions between type of analysis method, 

minor allele frequency, and penetrance pattern.  In general, we see that both conservative and 

liberal power increase with effect size h2 (p<0.0001; p<0.0001) and with total number of loci 

p (p<0.0001; p<0.0001) after controlling for the effects of MAF, model type, and variable 

selection method.  In general, liberal power is slightly higher than conservative power for 

MDR and GL1, but much higher for TL1.  As can be seen in Figures 2.2 and 2.3, for both 

conservative and liberal power, there is a three-way interaction between model type, MAF, 

and variable selection approach (p=0.0025; p<0.0001).  Therefore in order to compare 

variable selection methods, pair-wise contrasts comparing both MDR versus GL1 and TL1 

versus GL1 were calculated stratified on each of the six combinations of minor allele 

frequency and penetrance pattern, for a total of 12 contrasts per power measure.  As these 

results are meant to help interpret the results of the simulation, p-values reported below are 

unadjusted and adjustment is left to the reader.  First we compare the power of GL1 and TL1.  

For MAF=0.5, GL1 has higher conservative and liberal power than TL1 for all three model  
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Figure 2.2 – Conservative power for increasing heritability for MDR, TL1, and GL1. 

Conservative power is plotted for the XOR, BOX, and MOD patterns for MAF=0.25 and P=25 (top left), 

MAF=0.5 and P=25 (top right), MAF=0.25 and P=100 (bottom left), and MAF=0.5 and P=100 (bottom right).  

Standard errors range from 0.017 to 0.050, 0.000 to 0.050, 0.000 to 0.050, and 0.000 to 0.050, respectively. 

 

 

types (all three p<0.0004; both p<0.0001 for XOR and MOD), with the exception of the 

liberal power of the BOX model (p=0.1405).  For MAF=0.25, GL1 had significantly higher 

conservative and liberal power for the XOR model (p<0.0001; p<0.0001), and significantly 

higher conservative power for the MOD model (p=0.0001).  TL1 has higher conservative and 

liberal power only for the BOX model with MAF=0.25 (p=0.8377; p<0.0001).  
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Figure 2.3 – Liberal power for increasing heritability for MDR, TL1, and GL1. 

Liberal power is plotted for the XOR, BOX, and MOD patterns for MAF=0.25 and P=25 (top left), MAF=0.5 

and P=25 (top right), MAF=0.25 and P=100 (bottom left), and MAF=0.5 and P=100 (bottom right).  Standard 

errors range from 0.000 to 0.050, 0.000 to 0.050, 0.000 to 0.050, and 0.000 to 0.050, respectively. 

 

 

Next we compare the power of GL1 and MDR.  For the BOX model, the conservative 

power of MDR is higher than GL1 across MAF although not statistically significant; but 

liberal power is significantly higher for MDR for both MAF=0.25 and 0.5 (p=0.0010; 

p=0.0118).  While the results appear similar for the MOD model, the higher observed 

conservative and liberal power of MDR is not significant (p=0.1654 and p=0.0611 for 

maf=0.25; p=0.8860 and p=0.8162 for maf=0.5).  For the XOR model, MDR has the highest 
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conservative and liberal power for MAF=0.5 (p=0.0002; p<0.0001); conservative power is a 

substantial 18.5% (SE=0.049) higher for MDR than GL1.  GL1 has higher conservative and 

liberal power for MAF=0.25 (p=0.2536; p=0.0149); under this scenario, we estimate that 

liberal power is 8.5% (SE=0.034) higher for GL1.  Conservative and liberal power results for 

all factor combinations can be seen in Figures 2.2 and 2.3. 

The reported true and false positive rates represent a decomposition of our definitions 

of power into true positive and false positive components. Statistical models for both true and 

false positive rates were fit controlling for the main effects of number of loci, heritability and 

the potential two and three-way interactions between type of analysis method, minor allele 

frequency, and penetrance pattern. The estimated true positive rates of all three variable 

selection approaches can be seen in Figure 2.4.  As expected, we see the true positive rate 

increase with effect size (p<0.0001) and total number of predictors (p<0.0001).  Like power, 

we also observe a three-way interaction between MAF, analysis method, and penetrance 

pattern on the true positive rate (p<0.0001, see Figure 2.4).  To compare analysis methods, 

pair-wise contrasts were stratified on each of the six combinations of minor allele frequency 

and penetrance pattern to compare both MDR versus GL1 and TL1 versus GL1, for a total of 

12 contrasts.  GL1 has a higher true positive rate than TL1 for the XOR models (both 

p<0.0001), BOX model with MAF=0.25 (p<0.0001), and MOD model with MAF=0.5 

(p<0.0001).  In general, MDR and GL1 have similar true positive rates for the BOX and 

MOD models; however, for the XOR model the rate is 17.4% higher for MDR with 

MAF=0.5 (p<0.0001) and 8.8% higher for GL1 with MAF=0.25 (p=0.0018).   In terms of 

false positive rates, we see a decrease with effect size (p<0.0001) and total number of 
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Figure 2.4 – True positive rates for increasing heritability for MDR, TL1, and GL1. 

The true positive rate is plotted for the XOR, BOX, and MOD patterns for MAF=0.25 and P=25 (top left), 

MAF=0.5 and P=25 (top right), MAF=0.25 and P=100 (bottom left), and MAF=0.5 and P=100 (bottom right).  

Standard errors range from 0.000 to 0.050, 0.000 to 0.050, 0.016 to 0.050, and 0.016 to 0.050, respectively. 

 

 

predictors (p=0.0005) which can be seen in Figure 2.5.  Additionally, we also observe a 

three-way interaction between MAF, analysis method, and penetrance pattern on the false 

positive rate (p=0.0040; see Figure 2.5).  Therefore pair-wise contrasts to compare methods 

were again stratified on each of the six combinations of minor allele frequency and 

penetrance pattern to compare MDR versus GL1 and TL1 versus GL1.  False positive rates 

are quite similar between MDR and GL1 for all combinations, with the exception of the XOR  
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Figure 2.5 – False positive rates for increasing heritability for MDR, TL1, and GL1. 

The false positive rate is plotted for the XOR, BOX, and MOD patterns for MAF=0.25 and P=25 (top left), 

MAF=0.5 and P=25 (top right), MAF=0.25 and P=100 (bottom left), and MAF=0.5 and P=100 (bottom right).  

Standard errors range from 0.003 to 0.027, 0.003 to 0.028, 0.000 to 0.029, and 0.004 to 0.029, respectively. 

 

 

model with MAF=0.5, where the rate is higher for GL1 (p<0.0001).  Most notably, the false 

positive rates are quite high for TL1, and are consistently higher than GL1 (and also MDR) 

in all cases (all six p<0.0001).  For TL1, the false positive rate decreases with heritability, but 

for even the high effect size of h2=10%, the false positive rate is still much greater than zero 

(see Figure 2.5).  True and false positive rates for all 60 factor combinations can be seen in 

Figures 2.4 and 2.5. 
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Figure 2.6 – Average number of active predictors versus heritability for MDR, TL1, and GL1. 

The average model size is plotted for the XOR, BOX, and MOD patterns for MAF=0.25 and P=25 (top left), 

MAF=0.5 and P=25 (top right), MAF=0.25 and P=100 (bottom left), and MAF=0.5 and P=100 (bottom right).  

Standard errors range from 0.022 to 0.960, 0.036 to 0.914, 0.026 to 0.870, and 0.040 to 0.995, respectively. 

 

 

 The patterns we observe in both true and false positive rates are validated by the 

results for the average number of active predictors identified by each method, detailed in 

Figure 2.6.  A statistical model for average model size was fit controlling for the main effects 

of number of loci, heritability, type of analysis method, minor allele frequency, and 

penetrance pattern.  In general, the three variable selection methods display significantly 

different average model sizes (p<0.0001).  For all methods, identified model size increases 
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with effect size (p<0.0001) and total number of predictors (p=0.0030), consistent with the 

power and true positive rate findings.  There was no observable interaction between analysis 

method and any of the other design factors, so in order to compare variable selection 

techniques, all three pair-wise contrasts were computed between methods without further 

stratification.  MDR and GL1 have similar model size results (p=0.7658), where the average 

number of active predictors approaches the target value of 2, the true number of causative 

loci, as heritability and predictor size increase.  TL1 has significantly higher model size than 

both MDR and GL1 (p<0.0001; p<0.0001), and the observed model size moves further from 

the target 2 as heritability and predictor size increase.  For MDR and GL1, the number of 

active predictors is below 2 in most cases, but is highest (and closest to 2) for the XOR 

model and furthest below 2 for the BOX model.  For TL1, the model size is consistently 

above 2, displaying that TL1 is over-fitting.  Results for average model size can be seen for 

all 60 factor combinations in Figure 2.6. 

 

2.5 DISCUSSION 

In the current study, we evaluate the relative performance of three variable selection 

techniques for detecting gene-gene interactions in case/control genetic association studies: 

Multifactor Dimensionality Reduction, a commonly-used data-mining approach, and two L1-

penalized regression methods, the traditional ungrouped and the group Lasso for logistic 

regression.  As expected, we find that none of the three approaches is optimal for all genetic 

models, but rather that the highest performing method is context dependent, with interactions 

based on both type of penetrance pattern and minor allele frequency.  By and large, both 
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MDR and GL1 identify more true positive loci than TL1.  In terms of the two Lasso 

approaches, we observe that GL1 is frequently superior to TL1, which tends to over-fit, 

identifying false positive as well as true positive loci.  Overall, MDR has higher power to 

detect interactions for models that also exhibit independent main effects, such as the BOX 

and MOD patterns.  Upon further investigation, it appears that for both types of Lasso, the 

main effects of these models tend to dominate; often only one of the two loci is identified, 

and the interaction effects are overlooked.  This is not surprising, since for a regression-based 

approach, main effects are typically more easily detectable than interactions because they 

require fewer degrees of freedom and are less affected by the curse of dimensionality 

[Bellman 1961].  The parameters associated with main effects may be more precisely 

estimated since the data is less sparse, resulting in less penalization than the less precise 

interaction.  A constructive induction technique such as MDR treats both the main effects 

and interactions between loci collectively rather than separately, so the main effects will be 

less likely to overshadow the presence of the interaction.  

When the model is purely epistatic, such as the case of the XOR model, both GL1 and 

MDR perform better than TL1.  For lower minor allele frequencies, GL1 outperforms MDR, 

whereas MDR outperforms GL1 for higher frequencies.  For the two Lasso approaches we 

see an interesting trend of improved performance for the lower minor allele frequency of 

0.25 for this particular model, arising from the parametric nature of the approach.  Typically 

we expect that as the minor alleles become more common in the population, that the 

causative loci would be easier to identify.  However, when the MAF is 0.5 for the XOR 

pattern, a large number of the expected cases and controls have the double heterozygous 
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genotype, with few observations having any of the four double homozygous genotypes.  

Therefore when one of the homozygous genotypes is treated as the reference level in the 

regression parameterization (as would commonly be the case), we expect fewer observations 

in the four multi-locus genotypes representing the interactive effects then what we see with 

MAF of 0.25. This results in unstable parameter estimation for these interactive effects, and 

because of the absence of independent main effects, the causative loci may be missed.  A 

similar phenomenon for this penetrance pattern has been reported in other studies [He, et al. 

2009].  This challenge could potentially be avoided by a direct parameterization of the nine 

two-locus genotype combinations instead of considering the main and interactive effects 

separately, although this needs further investigation. 

In general, MDR and GL1 identify fewer false positive loci than TL1.  The large false 

positive rate of TL1 is also reflected in the high average number of active predictors, 

indicating that TL1 is over-fitting.  Because TL1 has a reasonable liberal power and rate of 

true positives, it seems that the correct loci are being identified, but that additional nuisance 

loci are also appearing in the final model.   One possible explanation is that TL1 is not 

properly accounting for the categorical structure of the data, increasing the difficulty to 

distinguish true associations from those due to chance alone.  By not penalizing terms 

dealing with the same effect together, we fail to draw strength across groups and the 

individual dummy variables are not penalized enough.  Additionally, the ‘glmpath’ algorithm 

employed internally computes the grid of values considered for the tuning parameter λ, and 

these values cannot be easily manipulated by the user; potentially, a finer grid of stronger λ 

values may be more appropriate.   
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The results of our study are relatively consistent with those of previous comparisons 

of MDR with the two-stage L2 regularization approach, stepPLR.  Park and Hastie [2008] 

explore only four different model scenarios, and find that MDR has slightly lower power 

than stepPLR for a heterogeneity model and a purely epistatic model; however their 

comparisons considered a smaller number of simulation factors and their results were based 

on only 30 replicate datasets.  In a more extensive study He et al [2009] found that the 

comparison of stepPLR and MDR depends on allele frequency and model pattern, where 

stepPLR performs better for additive effects and worse for purely epistatic effects, and the 

results were relatively consistent with those of this study. The present comparison of MDR 

with TL1 and GL1 helps us to glean new information on how a non-parametric data-mining 

method such as MDR compares with a parametric penalization approach, particularly for 

one-stage variable selection techniques implemented in a realistic fashion; these two popular 

approaches are directly compared as they would typically be used by a researcher.  

Based on these simulation results, we provide a few recommendations of when each 

variable selection approach might be most suitable for detecting and characterizing 

interactions with different mechanisms.  For data with lower minor allele frequencies, 

penalized regression approaches such as the Lasso may be more appropriate, particularly if 

main effects are not expected.  For models that may exhibit independent main effects within 

interaction models or for data with higher allele frequencies, MDR may be more appropriate.  

For categorical genotypic data, such as SNPs, it is important to account for the natural 

grouped structure of the predictors and GL1 may be better suited for detecting interactions 

than TL1, particularly if p is large.   
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 While this study is useful in informing researchers about choosing an analysis 

strategy for detecting epistasis under a number of different scenarios, it is not a fully 

comprehensive comparison.  While we consider a broad range of scenarios including various 

penetrance patterns of interaction, heritabilities, minor allele frequencies, and number of total 

SNPs, we only consider complete genotype data without error.  The goal of any methods 

comparison should be to guide researchers in how to choose an analysis method for real data 

application; but real data includes various types of error such as genotyping error, missing 

data, phenocopy, and genetic heterogeneity, and these types of error should be incorporated 

into the comparison.  We compare MDR, TL1, and GL1, but as the application of penalized 

regression for variable selection in genetic epidemiology becomes more popular, other 

variations of Lasso and other penalized approaches should be considered.  The adaptive 

Lasso has proved a promising technique with attractive theoretical properties [Zou 2006], 

and while it cannot be directly implemented if the sample size is less than the total number of 

predictors (2p+22q), other adaptive strategies could be explored. Additionally, recently 

developed novel data-mining approaches for epistasis should be investigated, such as the 

Evaporative Cooling feature selection technique, based on the thermodynamic process of 

evaporation [McKinney, et al. 2007]. 

In the current study we consider the effect of analyzing datasets with 25 to 100 SNPs, 

a small choice of p compared to what is frequently seen in real data.  All methods become 

much less computationally efficient as p increases, so comparisons in terms of computation 

time in addition to performance are of paramount concern to analysts.  MDR is typically 

faster than GL1 and TL1, particularly if the grid of λ considered is large and tuned with 



 76 

cross-validation rather than BIC.  Of course, MDR is written in C, a faster language than R, 

so a thorough comparison of computational efficiency involves additional research.  On the 

same note, as genotyping technology improves and p increases, approaches for GWAS 

analysis become more relevant.  In order to reflect this trend, expanding our comparison to 

include scenarios on a genome-wide scale rather than a candidate gene study requires further 

investigation.   Because of the high-dimensionality of GWAS data, filter approaches are 

gaining popularity to address this analytical challenge.  Both MDR and penalized regression 

can be used as filters, and recently screening approaches have emerged for Lasso such as the 

Screen and Clean [Wu, et al. 2010].  Future studies should consider comparisons at the level 

of full-genome data. 

In the current study we compare and contrast the performance of three variable 

selection strategies to identify epistatic interactions and provide general recommendations for 

their usage.  We focus primarily on implementations of these techniques that are easily 

accessible to the general researcher, emphasizing relative performance in a realistic as 

opposed to an ideal setting.  Although these comparisons of analytical approaches are 

extensive but not exhaustive, we do gain a better understanding of the strengths and 

weaknesses of each approach and some insight as to when each method might be most 

appropriate.  No approach had consistently high performance, and therefore researchers will 

need to tailor their analysis to the particular application at hand.  In the future, as both 

technological and methodological advancements are made in this area, the investigation of 

gene-gene and gene-environment interactions for common complex disease in high-

dimensional data will become more widespread; the researcher’s selection of an appropriate 
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analytical strategy will be imperative to properly identifying these complex genetic 

etiologies, and comparisons such as this will be an important tool towards this end.  
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CHAPTER 3 

 
A COMPARISON OF INTERNAL VALIDATION TECHNIQUES FOR 

MULTIFACTOR DIMENSIONALITY REDUCTION3 
 
 
3.1 INTRODUCTION 
 
The identification of genetic factors underlying common, complex diseases such as heart 

disease or Type II diabetes is a central goal of human genetics.  Unlike rare diseases, which 

often follow simple Mendelian patterns with few genetic variants, these multifaceted diseases 

are thought to exhibit much more complex genetic etiology, such as interactions between a 

number of genetic as well as environmental factors [Moore 2003; Moore 2005].  Therefore, 

to fully characterize the genetic architecture of these common complex diseases, we need to 

consider epistasis, or gene-gene interaction.  However, epistasis has proven to be a difficult 

genetic mechanism to identify with traditional statistical methods, especially as genotyping 

technology improves and the dimensionality of the data increases [Moore and Ritchie 2004; 

Thornton-Wells, et al. 2004].  Due to the large-scale nature of genetic data (in terms of the 

number of markers evaluated), we need methods to simultaneously build disease models, 

perform variable selection, and control for possible false positive findings, which all become 

inherently more difficult when high-order genetic interactions are considered [Moore 2005; 

Moore, et al. 2006; Moore and Williams 2002].   

                                                
3 Reprinted with permission from Winham, S.J., Slater, A.J., and Motsinger-Reif, A.A. 2010.   
A Comparison of Internal Validation Techniques for Multifactor Dimensionality Reduction.  
BMC Bioinformatics. 11:394. 
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In order to tackle this problem, a variety of novel data-mining methods have been 

developed.  Multifactor Dimensionality Reduction (MDR) [Ritchie, et al. 2001] is one such 

method that evaluates potential interactions by performing an exhaustive search of all 

variables and variable combinations through attribute construction to collapse multi-locus 

genotype combinations into high-risk and low-risk categories.  Much work has been done on 

MDR and many extensions have been developed [Bush, et al. 2006; Chung, et al. 2007; Gui, 

et al. 2008; Lou, et al. 2007; Martin, et al. 2006; Motsinger, et al. 2006; Namkung, et al. 

2009; Ritchie, et al. 2003]. It is arguably one of the most commonly used data-mining 

methods in genetic epidemiology [Motsinger-Reif, et al. 2008b; Ritchie, et al. 2001], and has 

been highly successful in a wide range of simulations [Edwards, et al. 2007; Moore, et al. 

2006; Motsinger-Reif, et al. 2009; Motsinger and Ritchie 2006; Velez, et al. 2007] and real 

data applications, including investigations of multiple sclerosis [Brassat, et al. 2006; 

Motsinger, et al. 2007], schizophrenia [Edwards, et al. 2008], and endophenotypes in breast 

cancer [Nordgard, et al. 2007].   

However, there are still a number of limitations of the method, one of which is 

computation time due to its combinatorial, exhaustive search nature.  An important issue in 

general data-mining is model over-fitting, where models are trained too closely on limited 

available data and do not generalize well to new unseen data [Witten 2005].  Since the 

overall goal of association mapping is to detect genetic associations that generalize to whole 

populations, traditionally the “gold standard” in evaluating a true association is through 

replication [Ioannidis, et al. 2001].  But because study replication is an ideal standard and not 

always a reality, we need to reduce false positive results within a single study.  In order to 
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lessen the potential for false positives, an identified model needs to not only fit the sample 

data well, but also needs to be a good predictor of disease status in the population.  Thus 

estimates of prediction error from the sample data are paramount, and are achieved through 

methods of internal validation.  MDR currently relies on cross-validation for internal 

validation.  Cross-validation has been proven successful in detection of interactions in a 

variety of studies, but it is computationally expensive, particularly for an exhaustive search 

technique like MDR [Brassat, et al. 2006; Ritchie, et al. 2001].  It is possible that by 

considering alternatives to cross-validation, we could improve speed and performance. 

 A commonly used internal model validation method in data-mining is a three-way 

split of the sample data, as an alternative to cross-validation [Witten 2005].  We will refer to 

this as simply three-way split (3WS), but it should not be confused with the three-way split 

for decision trees [Witten 2005].  For this type of internal model validation, the original data 

is split into a training set for model building, a testing set for refining, and a validation set to 

assess predictive capability, resulting in lower total number of repetitions of the algorithm 

and much lower computation time as compared to cross-validation.  Another advantage of 

the method is the two-stage model-building procedure prior to validation; only models from 

the training set which replicated in the testing set are considered for validation, which 

provides evidence of replication without collecting a new sample.  Based on these potential 

advantages, we have incorporated the 3WS internal validation scheme into the MDR method, 

as well as a post-hoc pruning procedure to potentially further reduce false positives.  While 

the 3WS can dramatically reduce computation time, it is unknown how it will affect the 

power of MDR to detect true disease causing loci, particularly for candidate gene studies in 
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case/control data.  In order to investigate this, we designed a Monte Carlo simulation study to 

compare the power of the traditional MDR method with cross-validation to MDR using 3WS 

with and without post-hoc pruning.  The goal of this study is to determine whether what is 

gained in computation time for the 3WS is lost in terms of power to identify genetic variants 

of common, complex disease.  We evaluate the relative performance of MDR using the 3WS 

(both with and without pruning) to both 5-fold and 10-fold cross-validation.  We compare the 

power of the method to detect disease causing models, the bias and variance of prediction 

error estimates, and computation time using both internal validation techniques.  

Additionally, we evaluate a range of parameter settings related to the 3WS, including 

different proportions of the data for each split and the number of models passed through the 

splits, to optimize the approach.  We also investigate a range of options for the post-hoc 

pruning procedure and demonstrate the relative advantages and disadvantages of each.  

Finally, we illustrate the effectiveness of 3WS with a real data example involving CD4 

immune recovery in response to therapy for Human Immunodeficiency Virus-1 (HIV-1) 

patients, identifying a two-locus interaction that predicts immune response. 

 

3.2 METHODS 

3.2.1 MULTIFACTOR DIMENSIONALITY REDUCTION  

Multifactor Dimensionality Reduction (MDR) is a data-mining method utilizing 

combinatorial data reduction techniques to accommodate gene-gene and gene-environment 

interactions [Ritchie, et al. 2001].  MDR is nonparametric in both the statistical and genetic 
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sense, as no assumptions are made concerning statistical distributions or genetic models 

[Ritchie, et al. 2003].  To illustrate the method, suppose we have a total sample size n with n1 

cases and n0 controls.  Additionally, suppose we have K total loci and we are considering k 

loci for interaction. With k loci considered for interaction and 3 genotypes per locus, the data 

can be classified into 3k possible genotypic combinations.  MDR reduces these combinations 

by calculating the ratio of cases to controls within each of the 3k multi-factorial classes, and 

then labeling the class (i.e. genotypic combination) as either “high-risk” or “low-risk” based 

on this ratio exceeding a given threshold, such as n1/n0 (1.0 in the case of balanced data).  

Therefore, MDR reduces the k-dimensional space to one-dimension with two levels (“high-

risk” and “low-risk”), and this high-risk/low-risk parameterization of genotype combinations 

comprises the MDR model for the particular loci involved.   

Let model i represent an arbitrary combination of k loci.  Each possible model i would 

classify an individual as a case if that individual's genotype combination at the k loci were 

characterized as high-risk.  Intuitively, in order to select a final model we would like to 

minimize misclassification or equivalently maximize a measure of classification accuracy.  

Let n11,i be the number of true cases who were correctly classified as cases and let n00,i be the 

number of true controls correctly classified as controls by model i.   Now we can define 

balanced accuracy for model i as BAi, the arithmetic mean of sensitivity and specificity, as  

.
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For balanced studies with an equal number of cases and controls, balanced accuracy is 

equivalent to classification accuracy, the proportion of correctly classified individuals [Velez, 

et al. 2007].  MDR will select the combination i of k loci which will maximize the balanced  

accuracy, BAi, (or equivalently minimize the balanced error BEi =1-BAi) based on the high-  

 

Figure 3.1  - Overview of the MDR method for k=2 loci 

First all possible combinations of k=2 loci are enumerated.  For a given combination of loci, the number of 

cases and controls are tabulated for each genotype combination, and then the ratio of cases to controls is 

calculated within each cell.  If the ratio exceeds a threshold (1.0 here) then the combination is labeled as high 

risk, otherwise it is labeled as low risk.  This high-risk/low-risk characterization is the MDR model for that 

combination of loci, and the accuracy of the model is determined.  The model that maximizes accuracy is 

chosen as the best model of size k.  Repeat the process for a new k. 
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risk/low-risk parameterization. This combination of loci will be the best model for a k-factor  

interaction.  A final best model over all possible sizes of interaction is chosen with an 

internal validation procedure, such as cross-validation or a three-way split.  The statistical 

significance of the estimate of balanced accuracy/error from the final model can be evaluated 

through permutation testing.  An overview of the general procedure for models of size k can 

be seen in Figure 3.1. 

 

3.2.2 MDR WITH M-FOLD CROSS-VALIDATION 

After a best model is determined for every possible model size k of interest, an overall best 

model is selected based on predictive capability, which is traditionally assessed using m-fold 

cross-validation.  Prior to any data reduction, the complete data is separated into m equal 

intervals.  The training set is made up of m-1 intervals and the testing set is the remaining 

interval (Figure 3.2 a).  The best MDR model for k loci is determined from the training set  

and an estimate of the model's prediction accuracy PAi is calculated, where prediction 

accuracy is classification accuracy calculated from the testing set rather than the training set. 

This procedure is repeated for all m possible splits of the data (Figure 3.2 b).  Cross-

validation consistency is then determined for each of the “best models”, where cross- 

validation consistency is defined as the number of times a particular model is identified 

across all m cross-validation subsets [Hastie, et al. 2001]. The final model will then be  

chosen as that which maximizes both prediction accuracy (or minimizes prediction error) and 

cross-validation consistency over the set of “best models”; if the model which maximizes 

prediction accuracy differs from the model which maximizes cross-validation consistency,  
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Figure 3.2  - (A) 5-fold cross-validation split of the full sample data.  (B) Explanation of how 5-fold cross-

validation is incorporated into the MDR method. 

First the sample data is randomly split into 5 intervals with representative numbers of cases and controls in each 

interval.  MDR is performed on each of the 5 possible splits.  Cross-validation consistency (CVC) is calculated 

for each of the best models and a final model is chosen to maximize CVC and minimize prediction error (PE). 
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the more parsimonious model is chosen [Ritchie, et al. 2003].  The average prediction 

accuracy/error of this final model is the measure of predictive capability.  MDR with cross- 

validation is outlined in more detail in [Hahn, et al. 2003].  We utilize both 5-fold and 10-

fold cross-validation in this study. 

 

3.2.3 MDR WITH THREE-WAY SPLIT 

Prior to data reduction, the full data set is randomly split into three pieces: a training set for 

model building, a testing set for refining, and a validation set to assess predictive capability 

(Figure 3.3 a).  The three splits of the data can be thought of as independent replication sets, 

where the first set is used to identify plausible models, the second set is used to determine 

whether these models replicate, and the third set is used to validate the results by obtaining 

prediction estimates.  MDR is performed in each of the three sets, with the largest number of 

models being considered in the training set, a reduced number of models considered in the 

testing set, and a small number of models considered in the validation set.  For each 

combination of loci considered in each of the three stages, the high-risk/low-risk MDR 

parameterization and the resulting balanced accuracy is determined.   

MDR will be implemented first in the training set for all possible combinations of loci 

for each model size k of interest.  For each model size k, the models considered will be 

ranked in terms of balanced accuracy and the x models with the highest balanced accuracy 

for each k will be preserved for evaluation in the testing set.   
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Figure 3.3  - (A) Three-way split of the full sample data. (B) - Explanation of how the three-way split is 

incorporated into the MDR method. 

First the sample data is randomly split into 3 intervals with representative numbers of cases and controls in each 

interval.  MDR is performed on each of the three splits with all possible models considered in the training set, 

the top x models considered in the testing set, and the final model considered in the validation set for each k. 
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These top x models for each size of interaction will then be considered in the testing 

set.  In the testing set, MDR will be performed on all x models preserved from the training 

set.  The models will be ranked in terms of balanced accuracy and the best model will be 

retained for evaluation of predictive capability in the validation set.  This process is repeated 

for each k.    

The single top model for each size k from the testing set will be considered in the 

validation set.  MDR will be performed on all of the top models for the data in the validation 

set, and the balanced accuracies from the validation set will be retained.  A final model will 

be chosen as the model that maximizes the balanced accuracy in the validation set among all 

top models for the interaction sizes considered.  This maximum balanced accuracy (or 

minimum balanced error) will be the measure of predictive ability of the final model.   The 

main steps of the three-way split method for an interaction of size k are outlined in Figure 

3.3b. 

In this initial implementation, we utilize three equal splits of the data and a value x 

equal to the total number of loci, but in realizing that these parameter settings are arbitrary, 

we perform parameter sweep experiments to find more optimal values.  We investigate 

different options for the proportion of data in each subset as well as different values for the 

threshold x in order to optimize the performance of 3WS with MDR with respect to power 

and provide users with guidance for setting these parameters. 
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3.2.4 POST-HOC PRUNING 

Because BA will increase for larger orders of interaction, MDR will tend to select larger 

models.  This problem is alleviated in cross-validation through the use of CVC and the 

parsimony rule, but there is no analogous mechanism for 3WS.  To address this, after 

implementation of MDR with 3WS, we also assess a number of possible post-hoc pruning 

procedures based on logistic regression (on the entire dataset) to further reduce potential false 

positives and to provide a mechanism to obtain more parsimonious models. Many other 

options for post-hoc pruning are possible, and logistic regression is simply one possibility 

that is widely recognized and available in most software packages.  After a final model has 

been determined with MDR using 3WS, we evaluate the impact of pruning back the total 

number of identified loci using backward model selection with logistic regression.   To keep 

with the nonparametric nature of the MDR method, the logistic regression model utilizes 

genotype indicator variables to avoid making any assumptions about the genetic mode of 

inheritance, and all possible interactions between identified loci are considered for the full 

model.  Backward selection can then be performed using either a pre-specified p-value 

threshold or by minimizing an information criterion, such as AIC or BIC, to sequentially 

remove variables from the model. The post-pruning model is defined as the loci involved in 

the remaining variables after backward selection.  We evaluate a range of analysis choices 

for this pruning procedure, and the relative performance of each for maximizing power.   
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3.2.5 SIMULATION DESIGN 

In order to compare the internal validation techniques of cross-validation and the three-way 

split within the MDR method, we performed a Monte Carlo simulation study.  Factors of 

interest were chosen as number of loci involved in the true disease model, minor allele 

frequency (MAF), and effect size characterized in terms of heritability (h2) and odds ratio 

(OR).  We considered true disease models of size one, two, three, and four loci.  Models of 

size one are main effects models with dominant, recessive, and additive genetic effects.  In 

contrast, all models of size two and greater are models with epistatic interactions; these 

epistatic models exhibit marginal to no main effects.  Minor allele frequencies considered for 

each model were 0.25 and 0.5 to represent relatively common variants.  Heritabilities 

considered were 0.01, 0.05 and 0.10 to represent disease models with relatively low genetic 

signals.  Odds ratios considered ranged from 1.25 to 5.1, where the lower odds ratios 

correspond to h2=0.01 and the higher odds ratios correspond to h2=0.10.  For disease models 

with binary outcomes, heritability and the odds ratio are both calculated based on the 

probability of developing disease given an individual’s genotypic information, therefore, 

there is an algebraic relationship between them; lower values of heritability must be 

considered for lower odds ratios. Heritabilities were calculated as previously described 

[Culverhouse, et al. 2002]. 

The effect sizes exhibited here were chosen to have low genetic signals.  For instance, 

Alzheimer’s disease is estimated to have heritability between 0.40 and 0.70 [Gatz, et al. 

1997].  By considering models with low genetic signals, we are able to better compare the 
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two internal validation techniques at the lower limits of power.  Implicitly, we assume if a 

method is able to detect a small effect, it should have high power to detect large effects.  For 

the single locus models, all combinations of the three genetic models (additive, dominant, 

and recessive effects), the two minor allele frequencies, and two values of heritability (0.01, 

0.05) with ORs of 1.5 and 2.5 respectively were simulated, resulting in a total of 12 single 

locus models.  For the two-locus epistatic models, all combinations of the two minor allele 

frequencies and three values of heritability (0.01, 0.05, and 0.10) with a range of ORs for 

each value of heritability were generated, resulting in 22 total two-locus models.  For the 

three-locus epistatic models, all combinations of the two minor allele frequencies and three 

values of heritability (0.01, 0.05, and 0.10) with a range of ORs for each heritability value 

were generated, resulting in 20 total three-locus models.  For the four-locus epistatic models, 

all combinations of the two minor allele frequencies and three values of heritability (0.05, 

0.10, and 0.15) with two ORs for each heritability value were generated, resulting in 12 total 

four-locus models.  These parameter choices result in a total of 66 combinations that are 

listed in detail in Appendix B: Supplemental Table 1. 

 

3.2.6 DATA GENERATION 

For each of the 66 combinations of factors, we generated 100 Monte Carlo datasets under a 

balanced case-control setting, designed to reflect an epidemiological candidate gene study.  A 

total sample size of 1000 (500 cases and 500 controls) was utilized and 25 independent loci 

were generated for each individual assuming Hardy-Weinberg Equilibrium.  To reduce the 
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computational burden of this large-scale simulation, only 25 loci were generated, which is 

much smaller than what we could expect to see in a typical candidate gene study.  It has been 

previously shown that additional nuisance loci do not affect the power of the MDR method 

and therefore our results should appropriately scale up to larger studies [Edwards, et al. 

2007]; however, to validate this claim, we also compared the results for selected models 

generated with 100 total loci. 

 Case-control data were generated using penetrance functions, where penetrance is 

defined as the probability of disease given the genotype at the disease locus.  For epistatic 

models, the penetrance is the probability of disease given the combination of genotypes at the 

disease loci.   In addition to the epistatic models previously described, we also included two 

commonly studied epistatic models for two-locus interactions, XOR [Li and Reich 2000] and 

ZZ [Frankel and Schork 1996], which are well-described theoretical examples of epistasis 

with no main effects at either locus.  The penetrance functions for these models are depicted 

in Table 3.1.  For example, under the XOR model, an individual with genotype AABB at the 

two disease loci incurs no disease risk, while an individual with genotype AABb has a 10% 

risk of disease.  For the special cases of the XOR, ZZ, dominant, additive, and recessive 

models, penetrance functions were explicitly determined.  For all other epistatic models, 

penetrance functions were generated with an evolutionary computation algorithm, SimPen 

[Moore, et al. 2004], to achieve the desired minor allele frequency, heritability, and odds 

ratio as well as to minimize the marginal effects at each individual disease locus, and are 

available upon request.  These penetrance functions were then utilized to generate 100 

datasets for each model using the software genomeSIM [Dudek, et al. 2006]. 
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Table 3.1  - (A) Penetrance function for the XOR model. (B) Penetrance function for the ZZ model. 

Penetrance is the probability of developing disease given an individual’s genotype combination at Locus A and 

Locus B. 

(A)       (B) 
 

 

 

3.2.7 HIV IMMUNOGENETICS DATA 

In the present study, HIV immunogenomics data is used not to discover new genetic 

associations, but to evaluate potential differences in the results of MDR with cross-validation 

and the 3WS plus pruning strategies.  Additionally, we use the real data application to 

demonstrate the parameter settings indicated for optimizing power in the simulation studies.  

Details of the study and dataset have previously been described in detail [Haas, et al. 2006].  

The phenotype of interest in this study was CD4 cell increase in n=873 HIV patients 

initiating potent antiretroviral therapy, measured as the CD4 cells/mm3 increase from pre-

treatment baseline to 48 weeks of virologic control on treatment for each patient. The 

outcome was dichotomized at ≥200 CD4 cells/mm3 and <200 CD4 cells/ mm3, representing 

“immune response” and “non-response” categories, respectively.  A total of 35 SNPs in 

genes that encode proteins that play an important role in interleukin-2/interleukin-15 
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signaling were genotyped and MDR (with 5-fold cross-validation) was used to evaluate 

potential gene-gene interactions.  Results indicated a two-locus interaction between 

polymorphisms in genes encoding IL-2Rβ (16491C>G) and IL-2Rγ (4735T>C) (also known 

as CD132) that predicted response with 57% accuracy [Haas, et al. 2006].   

 

3.2.7 ANALYSIS OF SIMULATED DATA 

All 100 datasets for all 66 considered models were analyzed with MDR using both 5-fold and 

10-fold cross-validation (CV-5 and CV-10) and MDR with 3WS before pruning, using three 

equal splits of the data.  For the analysis using 3WS, x=25 (the number of total loci) top 

models in the training set were preserved for evaluation in the testing set.  For both methods, 

MDR considered model sizes of k=1,…,3 loci for true one- and two-locus models and model 

sizes of k=1,…,4 loci for true three- and four-locus models. 

 For each of the 66 models, power to detect the true simulated disease loci was 

calculated across all 100 datasets as the proportion of times a correct model was identified.  

Two definitions of power were considered: conservative and liberal.  Under the conservative 

definition, a model was correct if and only if all of the true disease loci were identified 

exactly, with no false positive loci present.  Under the liberal definition, a correct model was 

only required to contain the true disease loci, allowing for possible false positives but not 

false negatives. We consider false positive rather than false negative loci because we 

implicitly assume that failing to discover important functional loci is a more critical error 

than including non-functional loci.  To illustrate the difference between these two definitions, 
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consider a true simulated disease model involving locus 1 and locus 2; an MDR result which 

identified loci 1, 2, and 3 would be correct under the liberal definition but not under the 

conservative definition.  Conservative power measures the ability of a method to discard 

false positive loci while still retaining true associated loci, while liberal power measures a 

method’s utility as a screening tool which will not miss important genetic factors.  Methods 

with high conservative power have both high sensitivity and specificity, while methods with 

high liberal power exhibit high sensitivity only.  Because only models of up to k=4 loci were 

considered, for true models of size four, only the conservative power definition was relevant; 

since MDR could identify no more than four loci, it would be impossible for it to identify all 

four simulated loci plus false positives and therefore, liberal and conservative power are 

equivalent. 

 It has been previously shown that the use of 5-fold and 10-fold cross-validation lead 

to similar results for MDR [Ritchie, et al. 2001], but we compare the performance of CV-5 

and CV-10 for all 66 models to validate this assumption for our study.  It has also been 

previously shown that increasing the number of nuisance loci does not affect the power of 

MDR to detect the true disease causing loci [Edwards, et al. 2007], but we also compare the 

results of CV-5, CV-10, and 3WS for both the XOR and ZZ models using data generated 

with 100 total loci in addition to 25 loci.  We also consider the use of a two-way split (2WS) 

of the sample data, with equal size training and testing sets and no validation set, for 

comparison to 3WS for the XOR and ZZ models. 

 Although the focus of this study is on power to detect a true disease model, the 

prediction accuracy of each internal validation method was also evaluated in terms of 
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prediction error.  Bias and variance of the estimates of prediction error for both CV-5 and 

3WS internal validation methods were calculated for each model as the Monte Carlo average 

across the 100 datasets.   

All simulation results were statistically evaluated under a general linear mixed model 

framework, treating each combination of factors as a single observation and the final results 

for power, bias, and variance as response variables.  Four separate linear mixed effects 

models were fit to the response variables of conservative power, liberal power, bias, and 

variance, respectively.  Minor allele frequency, heritability, odds ratio, size of true, simulated 

interaction, and internal validation method were treated as fixed explanatory variables.  For a 

given simulated model (i.e. combination of simulation factors), both internal validation 

methods were performed on the same 100 datasets, and therefore the CV and 3WS estimates 

can be viewed as repeated measurements on a particular simulated model.  Because the same 

datasets for a given simulated model are utilized, the estimates produced from both CV and 

3WS will be correlated.  A random effect for each simulated model was included to account 

for this dependence.  This type of mixed-effects analysis approach is common for repeated 

measures data, and for more information see [Davidian and Giltinian 1995; Hedeker and 

Gibbons 2006].  The results from this analysis allow us to determine which factors greatly 

influence power, and prediction bias and variance, and allow us to statistically determine 

whether or not the two internal validation methods of MDR lead to differing results. 

Initial comparisons were performed using 3WS with three equal splits of the data 

(1:1:1) and a threshold value of x=25, but we realize that these may not be the optimal 

parameter settings in terms of power.  For a subset of the original 66 models involving both 
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two- and three-locus interactions, we investigate MDR with 3WS using seven different 

proportions of data in each of the training, testing, and validation subsets (1:1:1, 1:1:2, 1:2:1, 

2:1:1, 2:2:1, 2:1:2, and 1:2:2) and four possible values of x (15, 25, 50, and 100) using a two-

stage analysis approach.   In the first stage, five of the 22 two-locus models were selected for 

a range of effect sizes at minor allele frequency of 0.5.  All 100 datasets for each model were 

re-analyzed for each of the 28 combinations of x and data proportion.   Conservative and 

liberal power were calculated for 3WS under each of these parameter combinations and we 

determined a set of potential optimal values for these parameters by maximizing liberal 

power; we utilize liberal power to maximize the number of true positives identified without 

concern for false positives, since we will ultimately incorporate a post-hoc procedure to 

prune back the false positives.  In the second stage, we identify a single optimal value for 

both x and the data proportions from the set of potential optimal values identified in the first 

stage by incorporating four of the 20 three-locus models (also selected for a range of effect 

sizes at minor allele frequency of 0.5) into the comparison.  Conservative and liberal powers 

were compared for the nine two-locus and three-locus models considered and a final optimal 

value of x and the data proportions were chosen.  We analyze the results using a mixed 

effects model with a random effect for each of the considered simulated models, and 

compare potential parameter combinations using pair-wise contrasts.  

After optimization of the parameters for 3WS, pruning was incorporated using 

logistic regression with various selection criteria, including AIC, BIC, and p=0.1, 0.05, 0.01, 

0.001, 1E-4, 1E-5, 1E-6, and 1E-7.   The optimal data proportions and threshold x were used 

to compare both liberal and conservative power for each of the selection criteria, 3WS 
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without pruning, and CV-5.  To determine if pruning could improve conservative power 

without adversely affecting liberal power, since our goal is to reduce the number of false 

positives identified without reducing true positives, these results were also analyzed with a 

mixed effects model. 

 All data analysis was performed in R software [R Development Core Team 2005] on 

the High Performance Computing cluster resource (hpc.ncsu.edu), or using SASv9.1.3 

(www.sas.com).  Code to implement both MDR with cross-validation and MDR with a three-

way split (both with and without pruning) are available from the authors upon request. 

 

3.3 RESULTS 

3.3.1 SIMULATION RESULTS 

For all 66 models, results for both conservative and liberal power are similar for 

MDR with 5-fold and 10-fold cross-validation, confirming our assumptions (p=0.10; see 

Appendix B: Supplemental Table 2).  Additionally, for both the XOR and ZZ models, results 

for CV-10, CV-5, and 3WS are similar when the number of total loci was increased from 25 

to 100, which is consistent with the assumption that the addition of nuisance loci does not 

affect the power of MDR (see Appendix B: Supplemental Table 3).   Because both of these 

assumptions have been validated, the effect of the number of cross-validation intervals and  

nuisance loci will no longer be discussed in the current manuscript.  Power results for MDR 

with 3WS and 2WS for a small subset of models are also similar, indicating that perhaps 
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2WS might be sufficient, although this needs further investigation (see Appendix B: 

Supplemental Table 4). 

For the dominant, recessive, and additive disease models for a single locus, 5-fold 

cross-validation outperforms the 3WS in terms of both conservative and liberal power (Table 

3.2).  However, for the epistatic models of size 2 and 3, the 3WS generally gives similar 

liberal power, and slightly higher liberal power for models of higher effect size (OR and h2) 

and minor allele frequency of 0.25.  Generally, 5-fold cross-validation yielded higher 

conservative power estimates, particularly for higher effect sizes (Figures 3.4 and 3.5).   

 

Table 3.2  - Conservative and liberal power results for all single locus models. 

Power results are shown for both the three-way split and 5-fold cross-validation by mode of inheritance, odds 

ratio (OR), heritability (h2), and minor allele frequency (MAF).  Maximum standard errors of all power 

estimates are also included. 

 

    Conservative Power Liberal Power 

MAF h2 OR Model 
Name CV-5 SE 3WS SE CV-5 SE 3WS SE 

0.5 0.01 1.5 Dominant 0.52 0.05 0.00 0.00 0.67 0.05 0.59 0.05 
0.5 0.01 1.5 Recessive  0.67 0.05 0.00 0.00 0.75 0.04 0.68 0.05 
0.5 0.01 1.5 Additive 0.45 0.05 0.00 0.00 0.68 0.05 0.58 0.05 
0.5 0.05 2.5 Dominant 0.94 0.02 0.00 0.00 1.00 0.00 1.00 0.00 
0.5 0.05 2.5 Recessive  0.93 0.03 0.00 0.00 1.00 0.00 1.00 0.00 
0.5 0.05 2.5 Additive 0.91 0.03 0.00 0.00 1.00 0.00 0.93 0.03 
0.25 0.01 1.5 Dominant 0.77 0.04 0.01 0.01 0.83 0.04 0.54 0.05 
0.25 0.01 1.5 Recessive  0.11 0.03 0.00 0.00 0.24 0.04 0.14 0.03 
0.25 0.01 1.5 Additive 0.68 0.05 0.00 0.00 0.80 0.04 0.36 0.05 
0.25 0.05 2.5 Dominant 0.88 0.03 0.00 0.00 1.00 0.00 1.00 0.00 
0.25 0.05 2.5 Recessive  0.85 0.04 0.00 0.00 0.96 0.02 0.78 0.04 
0.25 0.05 2.5 Additive 0.91 0.03 0.00 0.00 1.00 0.00 1.00 0.00 
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Figure 3.4  - Conservative (A) and liberal power (B) for epistatic models with two loci. 

Conservative and liberal power is plotted for increasing effect size for both MDR with a three-way split (3WS) 

and cross-validation (CV).  Effect size is ordered first in terms of heritability and within a single level of 

heritability then in terms of odds ratio.  Maximum standard errors for power estimates are 0.050 for both 

conservative and liberal power. 
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Figure 3.5  - Conservative (A) and liberal power (B) for epistatic models with three loci. 

Conservative and liberal power is plotted for increasing effect size for MDR with 3WS and CV.  Maximum 

standard errors for power estimates are 0.050 for both conservative and liberal power. 

 

 

For four-locus epistatic models (where the search of the model space was restricted to 

four loci), conservative power was highest for CV-5 (Figure 3.6).  Both conservative and 

liberal power results across effect size can be seen in Figures 3.4-3.6 for models of size 2, 3, 

and 4, where effect size refers to the ordering of effect in terms of heritability and odds ratio.  

Many of the differences seen between the two internal validation methods are greater than 

0.05, the maximum standard error of all power estimates, indicating that these differences are  
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Figure 3.6  - Conservative power for epistatic models with four loci. 

Conservative power is plotted for increasing effect size for MDR with 3WS and CV.  Maximum standard errors 

for power estimates are 0.050. 

 

not simply due to chance variation; numerical results for each observation as well as standard 

errors can be found in Appendix B: Supplemental Table 2.  Results for the two-locus 

interaction XOR and ZZ models are similar to those described above, with higher 

conservative power for cross-validation but similar liberal power for both methods (Table 

3.3). 

Additionally, 3WS tends to choose final models that are as large as allowed by the 

user before pruning (in this study, either three or four loci), while 5-fold cross-validation 

trends towards more parsimonious models.  For instance, for true models of size three, 
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average model size (number of loci included) was 3.99 (SE=0.10) for 3WS and 1.71 

(SE=0.96) for CV-5.  This trend in average model size is similar for all true sizes, indicating  

that 3WS before pruning favors false positives, possibly representing a tendency towards 

over-fitting, while CV-5 favors false negatives (Table 3.4). 

 

Table 3.3  - Conservative and liberal power for special epistatic models of size two loci. 

Power results are shown for both the three-way split and 5-fold cross-validation for the XOR and ZZ epistatic 

models by heritability and minor allele frequency.  Maximum standard errors of all power estimates are also 

included. 

 

   Conservative Power Liberal Power 

MAF h2 Model 
Name CV SE 3WS SE CV SE 3WS SE 

0.5 0.05 XOR 0.92 0.03 0.39 0.05 1.00 0.00 1.00 0.00 
0.5 0.05 ZZ 0.92 0.03 0.70 0.05 0.99 0.01 1.00 0.00 

 

Table 3.4  - Average size of selected model by true model size. 

Comparison of average model size for both the three-way split and 5-fold cross-validation.  For true sizes of one 

and two, MDR was performed for one to three loci.  For true sizes of three and four, MDR was performed for 

one to four loci. 

 

 3WS CV-5 
True Size Average Size  SE Average Size  SE 

1 2.94 0.008 1.30 0.019 
2 2.90 0.006 1.91 0.012 
3 3.99 0.002 2.38 0.020 
4 3.99 0.003 3.17 0.033 
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As expected, for both methods and both power definitions, power generally increases 

with effect size (heritability and odds ratio) and with minor allele frequency.  The results of 

the mixed effects model analysis yielded that after accounting for model size, heritability, 

odds ratio, and minor allele frequency, conservative power is significantly higher for CV-5 

than for 3WS (p<0.0001), but in terms of liberal power, there is no difference between the 

two methods (p=0.2784).  These results can be seen in full in Table 3.5.  Upon further 

investigation, possible interactions between the simulation design factors were considered,  

 

Table 3.5  - Significance of simulation factors on conservative and liberal power. 

P-values for model size, minor allele frequency, heritability, odds ratio, and type of internal validation method 

in terms of conservative and liberal power from the repeated measures analysis of the simulation results 

comparing CV-5 and 3WS without pruning.  P-values less than 0.05 are considered statistically significant. 

 

Effect P-value (conservative power) P-value (liberal power) 
Size 0.0043 < 0.0001 
MAF 0.1533 0.0850 

h2 0.0005 0.0003 
OR 0.7620 0.0507 

Method < 0.0001 0.2784 
 

 

exposing a potential interaction between model size and type of internal validation method 

(p<0.0001 for both conservative and liberal power); while increased model size leads to 

decreased power for both internal validation methods, the decrease in conservative power is 

less substantial for the 3WS compared to CV-5 and the decrease in liberal power is more 

substantial.  Additionally, bias of the prediction estimate did not differ between the methods 
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(p=0.5406) but variance was greater for the three-way split (p<0.0001; data not shown).  This 

is not surprising, since cross-validation involves an average across all cross-validation 

intervals to achieve the prediction error of the final model, therefore resulting in a less 

variable estimator. 

In terms of the possible values of the threshold parameter x for 3WS, the mixed 

effects model analysis indicated the differing choices of x did not lead to significantly 

different conservative or liberal power in the first stage analysis (p=0.5547 and p=0.4333, 

respectively; see Appendix B: Supplemental Table 5 and Appendix B: Supplemental Table 

6).  Both power measures were maximized for 3WS using x=25, so x was fixed at 25 for the 

second stage analysis.  Both conservative and liberal power were significantly different for 

the choices of data sub-setting in the first stage (p=0.0260 and p <0.0001, respectively; 

Appendix B: Supplemental Table 6).  Liberal power was maximized for the data proportions 

2:2:1, although the subset 2:1:1 was not significantly different (p=0.0907).  The results for 

the first stage analysis can be seen explicitly in Appendix B: Supplemental Table 5 and 

Appendix B: Supplemental Table 6.  In the second stage, the top three proportions (2:2:1, 

2:1:1, and 1:2:1) were further tested and the combined results can be seen in Appendix B: 

Supplemental Table 7.  After accounting for model size and effect size, there was a 

difference in liberal power between the three proportions (p=0.0022; see Appendix B: 

Supplemental Table 8) with the same 2:2:1 proportion yielding the highest liberal power.  

Contrasts of power estimates against the other two proportions indicated only the 1:2:1 

proportion was different (p=0.0006; see Appendix B: Supplemental Table 8).  
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When the post-hoc pruning procedures were incorporated into 3WS with the optimal 

parameter choices (x=25 and subset=2:2:1), both conservative and liberal power differed 

significantly among the pruning methods after controlling for the effects of model size and 

effect size (p<0.0001; see Appendix B: Supplemental Table 9 and Appendix B: 

Supplemental Table 10). For conservative power, CV-5 yielded the highest response and 

contrasts against the power estimates of the pruning approaches showed several to be 

statistically similar (Appendix B: Supplemental Table 10).  In fact, among the 3WS 

approaches, conservative power was maximized for selection utilizing BIC and was not 

significantly different from CV-5 (p=0.6114), with a significant improvement over the use of 

3WS alone (p<0.0001).  Liberal power was maximized for 3WS with no pruning, as 

expected, with several of the pruning approaches being statistically similar and the smallest 

loss for the loose p-value threshold of 0.1 (p=0.8804).  In order to increase conservative 

power without drastically reducing liberal power, pruning with a threshold of p=0.001 is a 

nice compromise.  Both conservative and liberal power results are compared for the 

optimized 3WS without pruning, 3WS with BIC, 3WS with p=0.001, and CV-5 in Figure 

3.7.  All pruning results and contrasts can be seen in Supplemental Tables 9 and 10 

(Appendix B).  

 In terms of computation time, theoretically the three-way split is approximately five 

times faster than 5-fold cross-validation.  The bulk of computing time is spent in 

exhaustively constructing the MDR classifier and evaluating BA for all possible 

combinations of loci in the training set, which is performed only a single time for 3WS and 5 

times for CV-5; the additional computing time due to the small number of combinations of    
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Figure 3.7 – Conservative (A) and liberal power (B) for epistatic models for two and three loci with MAF=0.5.   

Both conservative and liberal power is plotted for optimized 3WS without pruning, 3WS with BIC, 3WS with 

p=0.001, and CV-5 for increasing effect size.  Effect size is ordered first in terms of heritability and within a 

single level of heritability then in terms of odds ratio. 

 

 

loci considered in the testing set and validation set of 3WS followed by pruning and the 

additional computing time due to the testing set in CV is negligible.  This approximate 5-fold 

reduction is theoretical, and the exact reduction in computing time for 3WS from CV-5 will 

depend on a number of parameters such as the overall sample size, the number of total loci, 

and the sizes of interaction considered; additionally, the size of the split proportions and the 

value of the threshold x will also effect computation time for 3WS.  Specifically, when we 
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consider one to four-way interactions for a single dataset with sample size of 1000 and 25 

loci, 3WS before pruning (with split proportions 1:1:1 and x=25) had CPU time of 81.2 

seconds (82.1 elapsed time) and CV-5 had CPU time of 434.6 seconds (438.0 elapsed time).   

For this setting, 3WS is 5.4 times faster than CV-5.  When considering 100 datasets, 3WS 

had CPU time of 8067.0 seconds (average of 80.7 per dataset) and CV-5 had CPU time of 

43219.4 seconds (average of 431.2 per dataset).  This represents a substantial gain in 

computational efficiency. 

 

3.3.2 REAL DATA ANALYSIS 

 The results of the real data analysis are shown in Tables 3.6 and 3.7.  The final model 

from the MDR analysis, based on maximum cross-validation consistency and maximal 

testing/prediction accuracy is highlighted in bold. The immunogenetics data was re-evaluated 

with MDR using 3WS, with x=35, data split 2:2:1, and BIC for post-hoc pruning, and the 

results are shown in Table 3.7.  The table lists the top models for each level of interaction 

from the testing test, and the validation accuracy estimated in the validation set for each level 

of interaction.  The overall best model determined after pruning was the same two-locus 

model identified using 5-fold cross-validation, involving SNPs in the IL-2Rβ (16491C>G) 

and IL-2Rγ (CD132) (4735T>C).  
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Table 3.6  - Results of the 5-fold cross-validation MDR analysis of the HIV pharmacogenomics data. 

The final model is highlighted in bold. 

 
Number 
of Loci 

Evaluated 

Polymorphism in Model Cross Validation 
Consistency 

Prediction 
Accuracy 

1 IL2RB_6844 5 55.52 
2 CD132_9823, IL2RB_6844 5 57.22 
3 IL2_9511, CD132_9823, IL2RB_6844 2 54.27 
4 IL2_4663, CD132_9823, IL2RB_6844, IL15_87709 1 52.57 

 

Table 3.7  - Results of the 3WS MDR analysis of the HIV pharmacogenomics data. 
 

Number 
of Loci 

Evaluated 

Polymorphism in the Best Model in the Testing Set Validation 
Accuracy 

1 IL2RB_6844 56.45 
2 CD132_9823, IL2RB_6844 57.01 
3 CD132_9823, IL2RB_6844,  IL15RA_2990 58.65 
4 CD132_9823, IL2RB_6844,  IL15RA_2990,  IL15_87710 62.60 

* Best Model after pruning: CD132_9823, IL2RB_6844 
 

 

3.4 DISCUSSION 

In the current study, we evaluate the computation time and performance of an alternative 

internal model validation strategy in the MDR method.  We demonstrate that for higher order 

interactions, the three-way split internal model validation method has similar liberal power to 

5-fold cross-validation and clear computational advantages.  Additionally, with the 

application of a post-hoc pruning procedure for final model selection after 3WS, the 
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conservative power of this approach is similar to that of cross-validation.  These conclusions 

from the simulation experiments were validated in a real data application in HIV-1 

immunogenetics. 

The results of the simulation study confirm some general trends that are common to 

all association analyses; as both effect size and minor allele frequency increase, power 

increases, but as size of interaction increases, power decreases.  For disease models with a 

single causative locus, 5-fold cross-validation outperforms the three-way split; but MDR is 

primarily designed to detect interactions, and many well-established analytical options (both 

traditional and data-mining methods) are available for single locus models with high power 

to detect main effects [Motsinger-Reif, et al. 2008a].  It should also be noted that in this 

situation, MDR could not undershoot a single locus model, since that would imply not 

selecting any loci. 

The results of this study have some additional implications for the detection of 

epistatic effects in genetic association studies.  Most notably, 3WS dramatically reduces the 

computation time of MDR by approximately one fifth from that of CV-5, which has 

implications for the computationally expensive nature of both the method itself and the 

permutation testing procedure that is currently utilized to evaluate model significance 

[Ritchie, et al. 2001].  The reduction in computing time using the three-way split will make 

analysis and permutation testing more feasible, facilitating larger genome scans by permitting 

more loci to be evaluated with MDR.  Additionally, by using a three-way split for internal 

validation, we are able to retain high liberal power as compared to CV-5 and CV-10, or the 

power to detect interacting causative loci while allowing for false positives. Retaining high 



 114 

liberal power has important implications for studies seeking to identify candidate genes for 

further investigation by geneticists, as overlooking important genetic factors could be a more 

critical error than mistakenly including nuisance loci in this situation.  By integrating a 

pruning procedure after the primary 3WS analysis, we are able to reduce the potential 

problem of false positive findings.  In fact, when logistic regression with backward selection 

is performed using BIC, conservative power equal to that seen with CV-5 is attained.  

Therefore, by incorporating 3WS with MDR followed by pruning, we are able to achieve 

performance equivalent to that of cross-validation in a fraction of the time. 

Additionally, the cut-off of x of the top models sent from the training set to the testing 

set as well as the relative magnitude of the three data subsets utilized in our simulation study 

were initially arbitrary, so we investigated the effect of varying these parameters to provide 

some guidelines for how to select these in practice.  We saw that x=25 and the 2:2:1 split 

maximized performance.  Because our datasets consisted of a total of 25 loci, we suggest 

choosing x=total number of loci.  A smaller value of x could be chosen to reduce 

computation time.  We can generalize from the two proportions yielding the highest liberal 

power (2:2:1 and 2:1:1) that the three-way split method will yield optimal performance when 

the validation subset of data is smallest and the magnitude of the training set relative to the 

testing set is greater than or equal to 1.  Computation time is reduced by minimizing the size 

of the training set, so the 2:2:1 split should minimize computation time while optimizing 

performance.  

In regards to specifics of the pruning procedure, we evaluated several approaches to 

pruning, including different p-value thresholds and the use of two popular information 
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criteria metrics in conjunction with backward selection for logistic regression.  While 

ultimately these parameter choices are arbitrary, and should be selected based on the specific 

goals of a particular study (especially in weighting the consequences of false positive versus 

false negative findings), our simulation study results provide guidance in selecting these 

parameters.  While no pruning will maximize liberal power, our results suggest the use of 

BIC to maximize conservative power.   For application of MDR as a screening tool to 

prioritize variants to be evaluated in follow-up studies, to minimize false negatives at the 

expense of an increased false-positive rate, 3WS with no pruning is computationally optimal.  

For a study involving a strict test of hypotheses, to minimize false positives at the expense of 

a higher false-negative rate, MDR with 3WS pruned by backward selection using BIC is 

equivalent to MDR with CV-5, but computationally superior.  And MDR with 3WS pruned 

back by backward selection using a p-value threshold between 0.01 and 0.001 will optimize 

the balance between the two error rates.  Additionally, it should be noted that we considered 

pruning only under the framework of logistic regression, and that other pruning strategies are 

possible, and potentially preferable.  For instance, the final model identified through logistic 

regression with backward selection may not be consistent with the high-risk/low-risk MDR 

model.  Some of the advantages of logistic regression are that it is widely available, easy to 

implement, and well recognized in many fields, but these advantages do not imply or 

guarantee that logistic regression provides the optimal pruning strategy. 

The guidelines for the use of 3WS are demonstrated in the real data analysis of HIV-1 

data using a 2:2:1 split, x=35 (the total number of SNPs in the dataset), and BIC for pruning.  
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The results of the 3WS analysis indicate a two-locus epistatic model that predicts immune 

recovery.  This model is the same as the best model identified with 5-fold cross-validation.    

 While this study is informative in illustrating the powerful potential the three-way 

split may have in genetic screening for epistasis, it represents a first step in characterizing the 

utility of the internal validation technique.  Because the 3WS before pruning tends to select a 

model as large as possible, there is a loss in conservative power due to the increased number 

of false positives. The three-way split could be incorporated into a procedure similar to cross-

validation, where the three-way split is performed multiple times and a final model is 

selected across the multiple three-way splits to achieve more precise prediction estimates.  

Additionally, the pruning procedure we provide based on logistic regression is just one 

possibility and other procedures to refine the final model by pruning back false positives 

could also be considered.  Future studies should evaluate additional implementations of 

internal model validation measures into the MDR algorithm, for instance nested cross-

validation, and continue to optimize parameters involved in this process.  In particular, 

preliminary results suggest that the use of a 2WS may have similar performance to 3WS, and 

could marginally reduce computation time further.  While these results are specific for the 

MDR method, many data-mining approaches rely on cross-validation for internal model 

validation.  Based on the results of this study, the 3WS approach should be evaluated for its 

potential application to other data-mining methods. 
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3.5 CONCLUSIONS  

In the current study we show through simulation that for epistatic models of disease risk, the 

three-way split internal model validation method has similar power to 5-fold cross-validation 

to detect the true causative loci while allowing for false positive loci for the MDR approach, 

and similar power to detect the true causative loci without false positives when pruning is 

incorporated.  Additionally, we show that the computation time required for this procedure is 

five times less than 5-fold cross-validation.  This sizable computational efficiency gain with 

the maintenance of performance demonstrates the utility of MDR with a three-way split as a 

screening tool for candidate gene studies. 

The incorporation of the three-way split into the MDR method rather than cross-

validation in genetic association studies may be fruitful, however, we must consider the 

trade-off between conservative and liberal power.  Researchers will need to decide which 

type of error is more detrimental based on their research goals, and adjust the pruning 

procedure to match these goals, balancing false positive and false negative findings.  

Nevertheless, replication in a separate independent dataset will remain the ideal in assessing 

the validity of the reported model. 
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CHAPTER 4 

THE EFFECT OF RETROSPECTIVE SAMPLING IN ESTIMATES OF 

PREDICTION ERROR FOR MULTIFACTOR DIMENSIONALITY 

REDUCTION4 

 

4.1 INTRODUCTION 

A primary focus of genetic epidemiology is the identification of genetic risk factors 

for disease.   In recent years, many studies have focused on characterizing the genetic 

architecture of complex diseases but their success has been limited, primarily due to lack of 

replication in independent studies [Hirschhorn, et al. 2002; Lohmueller, et al. 2003].  This in 

part could be due to epistasis, or gene-gene interaction, which is thought to be an underlying 

cause of many complex diseases [Moore 2003; Moore 2005].  Multifactor Dimensionality 

Reduction (MDR) has become a popular data-mining approach to identify epistatic 

interactions for case-control samples, and relies on a form of classification error to rank 

different combinations of loci in ability to predict disease risk [Ritchie, et al. 2001]. MDR 

utilizes classification error for variable selection since genetic models of greatest 

epidemiological interest are those that efficiently classify individuals as either diseased or 

healthy.  

                                                
4 Reprinted with permission from Winham, S.J. and Motsinger-Reif, A.A.  2011.  The Effect 
of Retrospective Sampling on Estimates of Prediction Error for Multifactor Dimensionality 
Reduction.  Annals of Human Genetics. 75(1): 46-61. 
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Many studies have focused on the power of MDR to detect the true underlying 

disease model and MDR has been shown to have high power to detect a range of disease risk 

models in both simulation studies and real data [Haas, et al. 2006; Moore, et al. 2006; 

Motsinger and Reif 2007; Motsinger, et al. 2006; Ritchie, et al. 2003; Velez, et al. 2007].  

However, in the current study we move from model selection to inference, and focus on the 

quality of the estimates produced by the method by evaluating the bias and variance of the 

reported error/accuracy estimates.  The accuracy of reported estimates is critical in terms of 

proper prioritization of identified models for follow-up replication studies. If these estimates 

are biased, researchers may be prioritizing models for further evaluation ineffectively by 

focusing resources on erroneous models or by ignoring potentially effective predictors.  If 

error is underestimated, then a model should actually receive lower priority than it appears; 

conversely, if error is overestimated, then a model should receive higher priority.   

Recently, as data-mining approaches have become more commonly used in genetic 

association studies, emphasis has been placed on not just assessing model fit with a 

classification error, but on trying to assess predictive performance and prevent model over-

fitting by utilizing prediction error estimates from internal model validation methods 

[Altshuler, et al. 2008; Pregibon 1997].  Researchers typically use these error estimates for 

prediction because models with low estimates of prediction error represent models that could 

be most useful in predicting the disease classification of individuals based on their genetic 

information.  The case-control design is the most common type of study design for genetic 

association studies, however, in a case-control study, prediction error estimates are obtained 

from a retrospective sample [Schlesselman 1982].  Retrospective sampling is ideal to 
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maximize power for correct model identification, but may pose problems for inference for 

the true population.  This retrospective sample does not account for population prevalence 

since cases are often over-represented.  Because prediction implies a prospective definition 

of classification, such retrospective error estimates may not be appropriate for prediction, 

specifically for MDR and more generally for similar data mining methods.   

Let G be the genotype combination of an individual and let D be the disease status 

where D=1 if the individual has the disease and D=0 otherwise.  Retrospective classification 

of prediction error is based on the probability of a specific genotype combination given 

disease status, P(G|D=d).  However, prediction should focus on the probability of disease 

status given an individual’s genotypic combination, P(D=d|G), a prospective definition of 

classification.   In a retrospective study, the number of individuals in the sample with and 

without the disease are fixed, so P(D=d|G) cannot be estimated.  Therefore we must rely on 

estimates that can be calculated from a retrospective sample and are also unbiased in terms of 

prediction.  Other studies have demonstrated the possible bias induced by this type of 

sampling scheme for general epidemiological studies analyzed with traditional linear models, 

but the issue has not been considered in the context of a data-mining technique such as MDR 

[Kagan 2001; Mukherjee and Liu 2009; Neuhaus 2002]. 

In the current study we evaluate whether the retrospective MDR estimates of error are 

biased and are appropriate for prediction.  We examine this issue both analytically and 

through Monte Carlo simulation and demonstrate that retrospective error estimates often 

underestimate and sometimes overestimate the true prospective population error necessary 

for prediction because they do not consider population prevalence.   We propose a post hoc 
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bootstrap error estimate that incorporates an estimate of population disease prevalence and 

show that this bootstrap estimate improves the accuracy of the current retrospective estimate 

produced by MDR.  These findings have additional implications for the use of MDR and 

other data-mining methods utilizing classification and prediction error estimates for 

prospective inference, and have broad applications both within and outside the medical field.  

All disciplines struggle with a need to prioritize further investigation based on potential 

impact due to limited resources, and having accurate estimates of predictive ability is 

paramount to achieving this goal.  These results also emphasize the need to move past 

evaluation of model selection performance for data-mining procedures and highlight the need 

to make first steps towards inference for data-mining methods and high-dimensional 

problems. 

 

4.2 METHODS 

4.2.1 MULTIFACTOR DIMENSIONALITY REDUCTION 

 Multifactor Dimensionality Reduction (MDR) is a data-mining tool to identify gene-

gene interactions in case-control genetic association studies using data reduction [Ritchie, et 

al. 2001].  In overview, MDR reduces the full dimensionality of the data by focusing on 

combinations of loci that may interact.  The method is both statistically and genetically non-

parametric, since it makes no assumptions based on statistical distributions or genetic modes 

of inheritance.  Suppose we have K total loci and are considering interactions of size k loci. 

With 3 genotypes per locus, the data can be classified into 3k possible genotypic 

combinations for a particular set of k loci.  Based on these 3k combinations, the MDR model 
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classifies individuals as high-risk or low-risk for developing the disease of interest.  

Therefore the full data is reduced from K-dimensions to a single dimension with two levels, 

high-risk and low-risk [Hahn and Moore 2004].  Suppose we have a total sample size n with 

n1 cases and n0 controls.  For simplicity, we will consider only balanced data where n1=n0.  

Intuitively, MDR defines a genotype combination as high-risk for disease if there are more 

cases than controls with that combination.  Within each of the 3k multi-factorial classes, 

MDR classifies a genotype combination G=g with g=1,…,3k as high-risk or low-risk by 

calculating the ratio of cases with combination G ( ) to controls with combination G 

(

€ 

nG∩0).  G is labeled as “high-risk” if the ratio exceeds the threshold n1/n0=1.0 or G is 

labeled as “low-risk” otherwise. Mathematically, MDR uses the following Naïve Bayes 

classifier to assign risk status to the genotype combination, G:  

€ 

G =

high− risk  if nG∩1

nG∩0

>
n1

n0

low− risk  if nG∩1

nG∩0

≤
n1

n0

 

 
  

 
 
 

    (4.1). 

 

Therefore MDR reduces the k-dimensional space to one dimension with two levels, and 

this two-level parameterization comprises the MDR model for the particular loci involved.  

Let model i denote this particular combination of k loci and the MDR high-risk/low-risk 

parameterization.  Each possible model i classifies an individual as a case or control based on 

the characterization of that individual’s genotype combination as high or low risk.  

Inherently, some individuals will be incorrectly classified and we want to select a final model 

to minimize misclassification or equivalently maximize some measure of classification 
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accuracy.  Let n10,i be the number of true cases who were incorrectly classified as controls 

and let n01,i be the number of true controls incorrectly classified as cases by model i.   Define 

classification error as 

   (4.2).
 

MDR then selects model i to minimize the classification error CEi (or maximize 

classification accuracy, CAi =1-CEi) and this combination of loci will be the best model for a 

k-factor interaction; in this way, MDR uses classification error to rank potential models.  For 

balanced studies with n1=n0, classification error is equivalent to 1-balanced accuracy, the 

mean of sensitivity and specificity, which is used for unbalanced data sets [Velez, et al. 

2007].  A final best model over all possible sizes of interaction k is chosen with cross-

validation [Hastie, et al. 2001; Motsinger and Ritchie 2006] and the statistical significance of 

the error estimate can be assessed nonparametrically with permutation testing [Motsinger-

Reif, et al. 2008].   

 

4.2.2 RETROSPECTIVE CLASSIFICATION ERROR  

The MDR method classifies genotype combinations retrospectively, which is 

analogous to the case-control sampling scheme for which it was developed.   In a 

retrospective sample, the number of cases and controls in the full dataset are fixed, and 

genotype combinations are considered random.   Therefore retrospective classification is 

based on P(G|D=d).  For instance, a genotype combination G is classified as high-risk in the 
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sample if .  Consider the retrospective population, which we define 

as the over-represented population where the prevalence is equal to the proportion of cases in 

the retrospective sample rather than the true population prevalence.  At the population level, 

this sample classification is based on the retrospective odds of having the disease, 

 and estimates the retrospective population classification  

where 

    (4.3).

 

Notice that P(G|case)=P(G|D=d), since the probability of having a certain genotype given 

disease status is the same in both the retrospective and true populations; we adopt this 

notation to emphasize the focus on the retrospective population rather than the true 

population.  Based on this classification scheme, we can define the retrospective probability 

of making a classification error at the population level as the probability that an individual 

without disease has a high-risk genotype or an individual with disease has a low-risk 

genotype, or 

    (4.4).
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Here P(case) and P(control) refer to the retrospective probabilities of being a case or control, 

both 0.5 for balanced data since we are considering the over-represented retrospective 

population. 

 

4.2.3 PROSPECTIVE CLASSIFICATION ERROR  

 In terms of prediction, we would like to be able to classify individuals as either high-

risk or low-risk in a prospective rather than retrospective fashion, moving forward in time.  

For prediction, individuals from the true population (with correct disease prevalence) would 

be prospectively classified once an MDR model has been identified.  Prospectively, the MDR 

model would define an individual as a “case” if that individual had a higher risk of disease 

than the population as a whole.  In other words, an individual is high-risk if

€ 

P(D =1 |G) > P(D =1) , where P(D=1|G) is known as the penetrance of genotypic 

combination G and P(D=1) is the disease prevalence.  Therefore genotype combinations with 

penetrance greater than the population prevalence are considered high-risk.  Notice that this 

prospective classification scheme is equivalent to retrospective classification (see Appendix 

C for a proof).  Both classifiers will result in the same MDR model, but we refer to the 

prospective classifier to maintain a consistent prospective viewpoint. 

 For prediction purposes, we can define the prospective probability of making a 

classification error at the population level as the probability that an individual without 

disease has a high-risk genotype or an individual with disease has a low-risk genotype, or 
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    (4.5). 

 

 It is important to notice that the two probabilities of making a classification error are 

not the same; the probability of misclassifying an individual retrospectively is not the same 

as the probability of misclassifying an individual prospectively.  To justify this claim, using 

(4.3), (4.4), and (4.5), mathematically we see that 

   (4.6).

 

 

To see why these two error probabilities are not equal, we must realize that P(case), the 

probability of having the disease in the retrospective sample is not the same as P(D=1), the 

population disease prevalence, because cases are usually over-represented in case-control 

study designs to achieve higher power for rare diseases [Schlesselman 1982].  The 

retrospective classification error reflects the probability of error from the retrospective 

population, with an equal number of cases and controls; the prospective classification error 

reflects the probability of error from the true population.  Therefore the estimate of 

classification error is not invariant to study design and when estimating error of our MDR 
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model, we must consider the sampling scheme.  In particular, when we want to use our 

estimates for prediction, we must account for the population prevalence to reduce bias due to 

over-representing cases.  

 The retrospective MDR estimate of classification error, from (4.1) and (4.2), 

€ 

CE =
n10 + n01

n
=
1
n

nG∩0
Ghigh

∑ + nG∩1
Glow

∑
 

 
 
 

 

 
 
  (4.7).

 

should estimate P(ER) and not P(EP), since nG,0/n for high-risk G is an estimate of 

P(G|control)P(control), and so on.  Hence we expect prediction estimates based on this 

retrospective estimate to be biased. 

We can consider bias in two settings, both retrospective and prospective, in order to 

determine under which scenarios MDR error estimates are biased and which population-

based error is actually estimated by MDR.  Define retrospective bias (BR) and prospective 

bias (BP) as 

€ 

BR = E estimate − true error( ) = E(CE) − P(ER )
BP = E estimate − true error( ) = E(CE) − P(EP )    (4.8).

 

In the retrospective setting, we expect BR to be low in absolute value for CE because we 

claim that CE is estimating P(ER).  But in the prospective setting, or the prediction setting, 

we would expect that BP would be relatively high in absolute value, since CE does not 

estimate P(EP).  The direction of this bias will depend on the penetrance and minor allele 

frequency of the particular disease model; specifically, it depends on the number of errors 

made from high risk genotypes compared to those made from low risk genotypes as follows:  
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    (4.9). 

See Appendix C for an algebraic proof and an example. 

 

4.2.4 ERROR ESTIMATE FROM BOOTSTRAP RESAMPLING 

In order to correct for the discrepancy between the retrospective MDR error estimate 

and the prospective nature of prediction and classification, we developed a new post-hoc 

estimator of model error based on a bootstrap resampling procedure to account for population 

prevalence by modifying the sampling rate.   This method does rely on a reasonably accurate 

estimate of disease prevalence, , where 

€ 

E( ˆ p D ) = P(D =1) , which is commonly attainable 

for many human diseases.  First, N bootstrap resamples of the same size as the original 

sample are randomly constructed, where cases are sampled at the rate  and controls at the 

rate

€ 

1− ˆ p D .  Consequently, there will be  cases and 

€ 

n(1− ˆ p D )  controls in every bootstrap 

sample, resulting in a sample more representative of the true population.  In the new 

bootstrap samples, 

€ 

P(case) = P(D =1)  in expectation, so 

€ 

P(EP ) ≈ P(ER ) as n→∞  .  Next 

high-risk genotypes are defined as genotype(s) with the sample prevalence greater than the 

estimate of population prevalence.  Then for the final selected MDR model, the classification 

error for each bootstrap sample is calculated using the following formula:  



 133 

    (4.10).
 

The final bootstrap estimate is the average of CEboot over all N bootstrap samples. 

Additionally, as an alternative to bootstrap sampling, we could adjust our original 

estimate CE (Eqn 4.7) using the new post-hoc estimator CEadj (as defined in Eqn. 4.11)   

    (4.11),
 

so that E(CEadj)=P(EP) in expectation.  However, we feel that the bootstrap estimate is 

superior because the difference in prospective and retrospective error relies on more than just 

prevalence, but also the classification scheme.  By using the bootstrap, we are constructing a 

prospective sample, which is more analogous to a prediction scenario.  Additionally, because 

the bootstrap constructs a sample representative of the true population, the probability that an 

individual was sampled is independent of disease status.  Therefore the probability of 

sampling an individual given they are a case (p1) is equal to the probability of sampling an 

individual given they are a control (p0) in terms of the true population, implying that the 

sampling ratio of cases to controls (r=p1/p0) is equal to 1.  It has previously been shown that 

estimates are unbiased in this situation for the general linear model [Neuhaus 2002]. 

 

4.2.5 SIMULATION STUDY DESIGN 

To illustrate our claims that the MDR estimate of CE is biased under a prospective 

definition of true classification error and to examine the validity of our proposed estimate 

CEboot as a solution for prediction, we performed a Monte Carlo simulation study.  Our 
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objective was to determine the bias and variance of CE produced by MDR under both the 

retrospective and prospective definitions of true error, and to consider the bias and variance 

of our proposed estimate, CEboot, under disease models where the functional loci interact.  We 

designed a simulation study using 100 case-control Monte Carlo replications for single locus 

main effects models and two-locus epistatic disease models.  Each data set was balanced with 

500 cases and 500 controls and genotype information was available at 25 loci.  However, 

because we are not considering the power to detect a true model but rather the accuracy of 

the error estimate for the true model, the nuisance loci are irrelevant.   

Factors of the simulation were determined to be size of true model, prevalence, and 

model type as characterized by penetrance pattern (Table 4.1).  Model sizes considered were 

single locus and 2-locus interactions.  Penetrance patterns for the single locus models 

represent dominant, additive, and recessive risk models with main effects (Table 4.1a). 

Models of size two were epistatic models, with penetrance patterns reflecting XOR, ZZ and 

Box models (Table 4.1b).  The XOR and ZZ models are well-described theoretical examples 

of epistasis with no main effects at either locus [Frankel and Schork 1996; Li and Reich 

2000].  We also consider a Box model, which is a two-locus interaction with main effects and 

a variation of the dominant-dominant model considered by Neuman and Rice [Neuman and 

Rice 1992].  Prevalence considered for all single locus models ranges from 0.1 to 0.5, and the 

prevalence for the XOR and Box models ranges from 0.05 to 0.5.  The prevalence considered 

for the ZZ model ranges from 0.05 to 0.25 only, since prevalence greater than 0.25 is not 

possible for the particular penetrance pattern.  Minor allele frequencies were fixed at 0.5 for 

all models; however, to evaluate the effect of minor allele frequency, frequencies of 0.25 
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were also considered for the dominant and recessive models.  The heritability for each main 

effects model and the Box model was relatively low (4-11%).   Heritability for the XOR and 

ZZ models was much higher (5-100%) and increases with prevalence.  A total of 70 

combinations of factors were considered and specific combinations and associated 

heritability of each model can be seen in Appendix C (Supplemental Tables 1 and 2).   

 

Table 4.1 - Penetrance function patterns for data simulation. 

A: Penetrance patterns for single locus models.  

Variables “x” and “y” represent penetrance values with 0<y<x<1, so cells marked x represent genotypes with 

greater risk.   

Genotype AA Aa aa 

Dominant y x x 

Recessive y y x 

Additive y (x+y)/2 x 
 

B: Penetrance patterns for 2-locus epistatic models.  Cells marked “x” represent genotype combinations with 

greater risk.  Both “x” and “y” represent penetrance values with 0<y<x<1. 

 

Model XOR ZZ BOX 

Genotype AA Aa aa AA Aa aa AA Aa aa 

BB 0 x 0 0 0 2x y y y 

Bb x 0 x 0 x 0 y x x 

bb 0 x 0 2x 0 0 y x x 

 

 



 136 

4.2.6 DATA GENERATION AND ANALYSIS 

 Retrospective case-control data were generated using the penetrance P(D|G).  For all 

models, penetrance functions were explicitly determined to achieve the desired prevalence, 

minor allele frequency, model pattern, and to control heritability where applicable.  These 

penetrance functions were used to generate 100 datasets for each of the 70 models using 

genomeSIM software, details of which have been previously described [Dudek, et al. 2006].  

 All data sets were analyzed with MDR using 5-fold cross-validation [Motsinger & 

Ritchie, 2006].  To obtain error estimates for the true disease models, MDR was restricted to 

the true functional loci so the true model would always be selected as the final model.  The 

MDR estimate of classification error, CEMDR, was calculated based on the average of the five 

CE estimates obtained from the five cross-validation intervals as outlined in [Motsinger and 

Ritchie 2006], such that the CE estimates are interpreted as prediction errors.  Estimates of 

error averaged across cross-validation intervals were recorded for each of the 70 models, as 

well as the post-hoc bootstrap estimate, CEBOOT, for bootstrap samples of size N=100 and 

1000, constructed from the true simulated prevalence.  Monte Carlo estimates of variance 

and prospective bias, BP, were calculated for both CEMDR and CEBOOT to determine if MDR 

estimates are in fact biased for prediction and if a bootstrap solution reduces this bias.  

Retrospective bias, BR, was also calculated for CEMDR to determine if the bias is reduced 

when retrospective sampling is considered and if CEMDR actually estimates P(ER) as claimed. 

To assess the effect of a lower minor allele frequency, comparisons were also made between 

models of MAF=0.25 and 0.5 for the dominant and recessive models.   And to evaluate the 
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potential effectiveness of the post-hoc adjusted estimator CEadj (Eqn. 4.11), we compare the 

bootstrap results to CEadj for all models with MAF=0.5.   

Additionally, to assess the effect of error in the estimated prevalence rate, bootstrap 

estimates were also calculated with both overestimated and underestimated .  Estimates 

for were constructed in two ways.  First, a different estimate was constructed for each 

dataset for each model as the sample proportion of cases from a binomial distribution with 

success probability equal to the true prevalence P(D=1) and np=100 or 500, to reflect 

different magnitudes of error.  Second, two estimates were constructed for all 100 datasets 

for a given model, both an underestimate and an overestimate, calculated as 

, where 
 
and np=100 or 500 to reflect different 

magnitudes of error.  All analyses were performed in R [R Development Core Team 2005] 

and code for the MDR method and bootstrap estimates of error is available upon request 

from the authors. 

 After estimates were obtained, the simulation results were statistically analyzed under 

a general linear models framework to determine if prevalence significantly affected the level 

of prospective bias for MDR after controlling for type of model and heritability.  Repeated 

measures analysis was also performed to determine if BP was significantly larger than BR for 

MDR after controlling for prevalence, type of model, and heritability.  Analysis was 

performed in Version 9.1 of SAS software for Windows [SAS Institute Inc. 2004]. 
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4.3 RESULTS 

 Figures 4.1-4.6 demonstrate the results for MAF=0.5 for both prospective and 

retrospective bias against prevalence for CEMDR and CEBOOT, and illustrate that prevalence is 

an important factor for MDR prospective bias (p<0.0001).  For all model types, bias is much 

greater in absolute value under the prospective definition of error than under the retrospective 

definition of error for CEMDR (p<0.0001).  Prospective bias (BP) for CEMDR is large for low 

prevalence, but decreases as prevalence approaches 0.5 for all three main effects models (Fig. 

4.1-4.3).   For the dominant and additive models BP for CEMDR is negative, while for the 

recessive model BP is positive.  Retrospective bias (BR) for CEMDR is near zero for all three 

models, and notice that BP=BR for CEMDR when 

€ 

ˆ p D = 0.5 .  Also BP of CEBOOT is less than 

 

 

Figure 4.1: Bias (left) and variance (right) of MDR and bootstrap estimates of prediction error by prevalence for 

a single locus model with dominant risk. 
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Figure 4.2: Bias (left) and variance (right) of MDR and bootstrap estimates of prediction error by prevalence for 

a single locus model with recessive risk. 

 

Figure 4.3: Bias (left) and variance (right) of MDR and bootstrap estimates of prediction error by prevalence for 

a single locus model with additive risk. 
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that of CEMDR, particularly for the dominant and recessive risk models where BP remains near 

zero across all values of prevalence (Fig. 4.1-4.2). Variance is higher for CEBOOT than for 

CEMDR in all models, particularly when the prevalence is low; additionally, the variability of 

CEBOOT is extremely high for the additive model (Fig. 4.3). 

 We see similar results for the two-locus epistatic models; BR for CEMDR is very close 

to zero, but BP is much less than zero, indicating that CEMDR grossly underestimates error for 

prediction (Fig. 4.4-4.6).  The bootstrap estimate does much better, with bias near zero for all 

three two-locus models.  In terms of variability, the bootstrap estimate is slightly more 

variable than the MDR estimate, but the variability of the bootstrap estimate decreases as 

prevalence increases, particularly when prevalence is near 0.5. 

 

 

Figure 4.4: Bias (left) and variance (right) of MDR and bootstrap estimates of prediction error by prevalence for 

the two-locus XOR risk model. 
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Figure 4.5: Bias (left) and variance (right) of MDR and bootstrap estimates of prediction error by prevalence for 

the two-locus ZZ risk model. 

 

Figure 4.6: Bias (left) and variance (right) of MDR and bootstrap estimates of prediction error by prevalence for 

the two-locus Box risk model. 
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 For CEBOOT, we report the results for N=100.  The estimates of bias appear to be 

stable across N=100 and N=1000, and the variability is only slightly lower with N=1000.  

For instance, we report the comparison for the bootstrap estimates for the dominant models 

(Table 4.2).  Other models displayed similar results. 

 

Table 4.2: Comparison of bias and variance of bootstrap estimates for 100 and 1000 samples for the dominant 

models. 

  Bias  Variance 
Prevalence  100  1000  100  1000 

0.10  ‐1.21  ‐1.19  4.93  4.53 
0.15  ‐0.69  ‐0.67  3.48  3.10 
0.20  ‐0.29  ‐0.27  2.85  2.82 
0.25  ‐0.31  ‐0.29  2.65  2.68 
0.30  ‐0.07  ‐0.06  2.30  2.34 
0.35  ‐0.40  ‐0.41  1.66  1.68 
0.40  ‐0.10  ‐0.09  1.64  1.66 
0.45  ‐0.10  ‐0.09  1.78  1.78 
0.50  ‐0.26  ‐0.24  2.02  2.05 

 

 

Additionally, there is little difference between the performance of CEBOOT and CEadj, 

except in the case of the additive model, where CEadj had much higher variance.  Figure 4.7 

shows the prospective bias and variance by prevalence for the additive model. See Appendix 

C: Supplemental Tables 3 and 4 for full results of the comparison of CEBOOT and CEadj for 

additional models.  

 For both the dominant and recessive models, the patterns of both bias and variance 

for CEMDR and CEBOOT are similar across minor allele frequencies of 0.25 and 0.5, although 

the degree of prospective bias (Bp) depends on the particular model and penetrance values.   
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Figure 4.7: Prospective bias (left) and variance (right) of CEMDR, CEBOOT with N=100, and CEadj with known 

prevalence for the single locus model with additive risk. 

 

We also notice high variance for CEBOOT for MAF=0.25 for the recessive model.  For full 

results, see Appendix C: Supplemental Table 5. 

When the bootstrap estimate is constructed with error in the prevalence estimate 

for each individual dataset, we see little change compared with the estimate constructed with 

known prevalence in terms of bias, but a higher degree of variability is observed.    (See 

Appendix C: Supplemental Table 6 for the full results).  When a single under- or over-

estimate of prevalence is used for all 100 datasets per model, we see that the bias is slightly 

increased (one direction for under-, the other direction for over-), and the degree of this 

increase depends on the magnitude of the standard error; the bias is greater when the 

prevalence is estimated with np=100 individuals as compared to np=500 individuals.  
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Variance is also marginally changed, with increased variance for an underestimate and 

decreased variance for an overestimate.  The bias and variance results are shown for the ZZ 

model in Figures 4.8 and 4.9 respectively.  Results for additional models are included in 

Appendix C: Supplemental Table 7.   

 

 

Figure 4.8: Prospective bias for CEBOOT with under-estimated (left) and over-estimated (right) prevalence from 

np=100, 500 subjects compared with CEBOOT with known prevalence and CEMDR for the two-locus ZZ risk 

model. 
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Figure 4.9: Variance for CEBOOT with under-estimated (left) and over-estimated (right) prevalence from np=100, 

500 subjects compared with CEBOOT with known prevalence and CEMDR for the two-locus ZZ risk model. 

 

4.4 DISCUSSION 

In this study, we demonstrate that prospective and retrospective biases are not the 

same for the MDR error estimate, particularly when population prevalence is far from 0.5.  In 

the special case that prevalence equals 0.5, retrospective and prospective bias are equal as 

expected.  We see that CEMDR has large prospective bias but low retrospective bias.  For the 

dominant and additive models, CEMDR underestimates true prospective error associated with 

prediction, but CEMDR overestimates this error for the recessive model.  The direction of 

prospective bias is dependent on the particular penetrance pattern, specifically on the ratio of 

cases and controls compared to the prevalence and the ratio of errors made from low risk 

genotypes compared to high risk genotypes, where more low risk genotypes are present for 
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the recessive model (see Appendix C for a concrete example).  For both the dominant and 

additive models, more errors are made from high-risk genotypes, whereas for the recessive 

model, more errors are made from low risk genotypes.   Consequently, for the case of an 

additive or dominant model, the current MDR error estimate deceivingly indicates that the 

model classifies well, so researchers may be unnecessarily focusing their attention on non-

predictive models.   In the recessive case, the MDR estimate is too high and the model 

appears to classify poorly, and researchers may miss following up on a model which should 

actually receive high priority.  In practice, without knowledge of the penetrance pattern, the 

direction of bias may be difficult to predict, but a post-hoc adjustment could potentially be 

used as an assessment tool.  These results have great implications for using MDR for 

inference beyond selecting important loci for follow-up study and raise questions about how 

the method should be appropriately used for prospective inference.  MDR has proven 

successful in identifying epistatic interactions for complex diseases [Brassat, et al. 2006; 

Edwards, et al. 2008; Nordgard, et al. 2007], and this success motivates a need to evaluate 

the identified models in terms of predictive capability; however, current estimates of 

prediction error are not adequate for prospective classification, and may adversely affect 

prioritization of genetic factors.   The results from a retrospective analysis are powerful and 

valuable for model identification and selection, and in many situations gene identification is 

more important than prospective inference; however, in many other situations, model 

selection through data-mining is simply a first step and approaches to make prospective 

inference after data-mining need also be considered.   
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Retrospective bias for the MDR estimate is low (near 0) in all cases, indicating that 

the error estimate produced by the method does in fact estimate retrospective rather than 

prospective error. This could in part explain why independent studies do not replicate, since 

researchers are currently utilizing retrospective samples to address a prospective problem 

where the estimators employed are not invariant to sampling scheme.  As a result, CEMDR 

should be used primarily to retain high power for model selection; we cannot use CEMDR to 

prospectively predict disease classification of individuals, particularly when the estimated 

prevalence of disease is far from 50%, and instead we propose a post-hoc method that 

accurately estimates prospective error. We recommend using CEMDR for model identification, 

but a post-hoc prospective estimator for prediction. 

Furthermore, CEBOOT has less prospective bias than CEMDR, especially for diseases 

with lower prevalence.  However, we also see a bias/variance trade-off with the use of the 

bootstrap, a property common to many estimators [Geman, et al. 1992].  While it reduces 

bias, it increases the variance of the estimator, particularly when prevalence is low.   When 

this type of trade-off is present, the mean-squared error (MSE = bias2 + variance) is typically 

considered, and CEBOOT frequently has lower MSE than CEMDR in most settings.  Increasing 

the number of bootstrap samples could reduce the variability of CEBOOT; however, we only 

saw a marginal reduction in variance when increasing the number of samples by a factor of 

10, which may not justify the increased computation time in a large-scale simulation study, 

but could be helpful for a single real dataset.  The increased variance of the bootstrap 

estimator is due to the additional variability associated with bootstrap resampling, 

particularly for disease models with low prevalence where there is high random variation in 
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the cases selected and covariance due to selecting the same controls multiple times within a 

single resample.   

It should also be noted that the reduction in bias seen with the bootstrap is not always 

substantial, such as with the additive model, and could potentially be improved with other 

adjusted estimators.  The bootstrap solution works well if the penetrance of each genotype 

combination is far from the prevalence, but performs poorly if the penetrance is equal to the 

prevalence for some genotypes, as in the case of the additive model.  When the penetrance of 

a particular genotype is close to the population prevalence, there is large instability in the 

classification of that genotype as high or low risk because the genotype actually incurs 

moderate risk.  The additive model appears to demonstrate the limitation of the model-free 

nature of the MDR classifier in general rather than the bootstrap estimator specifically, since 

the heterozygous genotype will often be incorrectly classified; the problem is exacerbated for 

the bootstrap, however, because the prospective sample provides a more unstable 

classification.  The bootstrap solution is an improvement, but only represents a first step in 

addressing the use of retrospective sampling methods to make prospective inference to detect 

epistasis with MDR.  

We see that varying the minor allele frequency changed the penetrance pattern and 

therefore affected the prospective bias, although the bias for CEBOOT is still much smaller 

than for the retrospective estimator CEMDR.  Most notably, the variance of the bootstrap 

estimator was extremely high for the recessive model with MAF=0.25 for prevalence 0.2 and 

0.25.  This is primarily due to the instability in resampling for these particular models, since 

the probability of being a case and having the more common homozygous genotype is very 
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close to the probability of being a control and having the more common homozygous 

genotype.  Therefore this genotype is frequently incorrectly classified as high-risk, a similar 

problem as was seen with the additive model.  A possible solution would be to fix the 

classification of each genotype in the bootstrapping procedure.  

Both CEadj and CEBOOT were proposed as post-hoc corrections for the estimate of 

prospective classification error, and can be implemented without cross-validation after initial 

model selection with CEMDR.  We see that the results of CEadj are similar to those of the 

bootstrap, with the exception of the extremely high variance observed for the additive model.  

This is again because of the unstable classification of the heterozygous genotype, which is 

even greater for CEadj since CEBOOT averages across N resamples.  Because of this instability, 

we recommend the use of CEBOOT over CEadj.  

Our bootstrap estimator appears to be relatively robust to errors in the estimated 

prevalence rate.  When the prevalence estimate is not accurate, the magnitude of the 

prospective bias is slightly increased, where the directional change depends on whether an 

underestimate or overestimate is utilized; however, the magnitude of this change is small 

relative to the bias seen with CEMDR, suggesting that CEBOOT is still the preferred prospective 

estimator, even in the case of error in the prevalence estimate used.  The variance is also 

affected by an inaccurate estimated prevalence, with higher variance observed for 

underestimates and lower variance observed for overestimates.  This is not surprising, since 

underestimates of prevalence will provide a prospective sample with a higher discrepancy 

between number of cases and controls and overestimates will provide a prospective sample 

closer to the original retrospective sample.  
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The current simulation study generates new questions about the use of the bootstrap 

to correct for bias due to retrospective sampling and could be extended to explore a wider 

range of scenarios for further investigation.   From preliminary examination, it appears that 

the performance of our estimator could be improved by estimating the high-risk/low-risk 

characterization of each genotype combination from the full data and incorporating this 

characterization into the estimate of CE (Eqn 4.10) for each bootstrap resample to enhance 

stability, but this needs to be further explored.  Additionally, we only considered a balanced 

case-control design with a large sample size and could examine a broader range of sample 

sizes and degrees of imbalance (sampling ratio) between cases and controls to better reflect 

clinical settings.  Although we considered balanced datasets and varied disease prevalence, 

we could directly incorporate the sampling ratio of cases to controls into the study and 

investigate how our results are affected for direct comparison to previous studies of 

retrospective bias [Mukherjee and Liu 2009; Neuhaus 2002].  We could also explore 

incorporating heritability into our error estimate, as heritability is related to prevalence as a 

function of both penetrance and genotype frequency. 

At the heart of this study is that while the classifier used to construct the MDR model 

is equivalent under both retrospective and prospective sampling, the measure used to 

evaluate the model (classification error) is not equivalent under both sampling schemes.  

Retrospective sampling relies on the retrospective odds of disease, which is not equal to the 

prospective odds of disease.  This suggests that we may want to consider a new evaluation 

measure that is invariant to the sampling scheme.  Currently many other evaluation measures 

are available for the MDR method, but they suffer from the same pitfalls as classification 
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error in terms of prediction bias.  They are also based on a retrospective framework and were 

designed to improve power, and are not invariant to the sampling scheme [Bush, et al. 2008; 

Namkung, et al. 2009; Velez, et al. 2007].  The odds ratio is a classic example of an invariant 

statistic in terms of retrospective and prospective sampling, and is commonly utilized for 

disease modeling with logistic regression [Agresti 2002; Prentice and Pyke 1979].  An 

invariant statistic such as the odds ratio may be optimal for settings where retrospective 

sampling is used to make prospective inference.   

In the future, we would like to incorporate the use of the traditional odds ratio into the 

evaluation measure used to rank models so that both the ranking and error estimate are 

invariant to the study design.   Using a prospective versus a retrospective evaluation measure 

could change the ranking of the MDR models, resulting in potentially different best models 

for the two sampling schemes.  When we utilize a retrospective evaluation measure, we may 

not be selecting the appropriate model in terms of prediction since we are ranking models 

based on the incorrect retrospective error.  Possibly a measure of prospective error may be 

more appropriate for ranking with MDR, particularly if our ultimate goal is prospective 

inference.  We would like to further investigate this by determining if the ranking of models 

differs when a prospective evaluation measure is considered.    

The development of prospective classification estimates will be a crucial step in 

translating genetic and genomic associations into the clinic.  Prediction is an important 

clinical objective and for genetic and genomic associations to be integrated into personalized 

medicine, prospective models will have to be used for these associations to be truly 

predictive in a clinical setting.  As the end goal of any method’s development is real data 
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application, the proposed post-hoc bootstrap approach should be empirically evaluated in real 

datasets, and should be considered for previously identified MDR models that are currently 

undergoing follow-up in additional studies. 

 In summary, MDR is a powerful tool to detect epistatic interactions in 

epidemiological studies, but its utility to build truly predictive models is compromised by the 

difficulty in inference for the method, particularly in its failure to correctly analyze 

prospective data.  Additionally, as genetics and genomics are integrated into a “personalized 

medicine” framework, prospective samples will become more commonplace, and we need to 

extend our methods to accommodate this shift.  The post-hoc bootstrap approach for error 

estimation proposed here is a promising solution to this limitation.  When using an MDR 

model for prediction, we must consider population prevalence and the prospective nature of 

prediction estimates as compared to the retrospective nature of the error estimates currently 

employed by the MDR method.  By doing so, the bootstrap error estimate provided 

reasonably unbiased prospective error. Furthermore, the bias induced due to retrospective 

sampling is in no way unique to MDR and affects all data-mining methods that utilize 

classification error.  This should be considered in all genetic epidemiological applications 

that utilize methods rooted in both classification error and retrospective sampling.  While 

retrospective sampling is a powerful tool for rare diseases where few cases can be expected, 

the desired inference in genetic epidemiology is often prospective in nature and we need to 

consider the validity of prospective analysis on retrospective data. 
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CHAPTER 5 
 

SOFTWARE FOR DETECTING GENE-GENE INTERACTIONS USING 

MULTIFACTOR DIMENSIONALITY REDUCTION: THE R PACKAGE 

MDR5 

 

5.1 INTRODUCTION 

With advances in genotyping technologies, a breadth of high-dimensional data is now 

available with unprecedented numbers of genetic markers to perform association mapping in 

human genetics.  Identifying variants associated with complex human traits is a common 

problem and data-mining approaches to variable selection have become commonplace 

methods of analysis.  There is growing evidence that epistasis may play a role in disease risk, 

and many variable selection approaches have been developed within the bioinformatics 

community to consider potential gene-gene and gene-environment interactions.  One of the 

most commonly used techniques to identify interactions for case-control data is Multifactor 

Dimensionality Reduction (MDR).  MDR is a nonparametric exhaustive search method that 

considers all combinations of potentially interacting loci [Ritchie, et al. 2001].  MDR 

traditionally creates a classification rule using a Naïve Bayes classifier, assigning genotype 

combinations with a large ratio of cases to controls as high-risk and low-risk otherwise.  

                                                
5 Reprinted with permission from Winham, S.J. and Motsinger-Reif A.A. 2010. Software for 
detecting gene-gene interactions using Multifactor Dimensionality Reduction: Introducing 
the R package MDR.  NC State Department of Statistics Technical Report, 
http://www.stat.ncsu.edu/library/mimeo.html. 
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Using this high-risk/low-risk parameterization, a measure of the accuracy of the classification 

rule is evaluated and a final model is chosen to maximize this accuracy.  

Currently software is available which implements the MDR method, including a GUI 

implementation available at http://www.epistasis.org [Hahn, et al. 2003]. We introduce a 

package for the R statistical language to implement the method.  This package is designed to 

provide an alternative implementation for R users; the package has great flexibility and 

utility for both data analysis and research.  This package implements the MDR method for 

variable selection of interactions as first outlined in [Ritchie, et al. 2001], providing options 

for internal validation and functions to summarize the fit and perform post-hoc inference.  

The package ‘MDR’ is available at http://www.r-project.org/. 

 

5.2 IMPLEMENTATION 

This package utilizes balanced accuracy, the arithmetic mean of sensitivity and specificity, as 

the evaluation measure for comparing different combinations of variables [Velez, et al. 

2007].  Other evaluation measures are possible, including additional contingency table 

measures such as normalized mutual information (NMI), as noted in [Bush, et al. 2008] but 

are not included in this package.  This package assumes binary case-control data with 

categorical predictor variables.  The binary response variable is coded as 0 or 1, and the 

categorical predictors (typically SNP genotypes) are coded numerically (0, 1, 2, etc.).  The 

user can specify the particular genotype encoding.  Additionally, the threshold for assigning 

high-risk/low-risk status to variable combinations can also be controlled by the user.   
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APPENDIX A – Supplemental information from Chapter 2. 
 

Supplemental Table 1 - Specifications for the 60 simulated 2-locus epistatic models, 
including number of loci, penetrance pattern, heritability (h2), and minor allele frequency 
(MAF). 
 

Model Number Number of loci (p) Model Type h2 (%) MAF 
1 25 XOR 1.0 0.25 
2 25 XOR 1.0 0.50 
3 25 XOR 2.5 0.25 
4 25 XOR 2.5 0.50 
5 25 XOR 5.0 0.25 
6 25 XOR 5.0 0.50 
7 25 XOR 7.5 0.25 
8 25 XOR 7.5 0.50 
9 25 XOR 10.0 0.25 

10 25 XOR 10.0 0.50 
11 25 BOX 1.0 0.25 
12 25 BOX 1.0 0.50 
13 25 BOX 2.5 0.25 
14 25 BOX 2.5 0.50 
15 25 BOX 5.0 0.25 
16 25 BOX 5.0 0.50 
17 25 BOX 7.5 0.25 
18 25 BOX 7.5 0.50 
19 25 BOX 10.0 0.25 
20 25 BOX 10.0 0.50 
21 25 MOD 1.0 0.25 
22 25 MOD 1.0 0.50 
23 25 MOD 2.5 0.25 
24 25 MOD 2.5 0.50 
25 25 MOD 5.0 0.25 
26 25 MOD 5.0 0.50 
27 25 MOD 7.5 0.25 
28 25 MOD 7.5 0.50 
29 25 MOD 10.0 0.25 
30 25 MOD 10.0 0.50 
31 100 XOR 1.0 0.25 
32 100 XOR 1.0 0.50 
33 100 XOR 2.5 0.25 
34 100 XOR 2.5 0.50 
35 100 XOR 5.0 0.25 
36 100 XOR 5.0 0.50 
37 100 XOR 7.5 0.25 
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Supplemental Table 1 Continued 

Model Number Number of loci (p) Model Type h2 (%) MAF 
38 100 XOR 7.5 0.50 
39 100 XOR 10.0 0.25 
40 100 XOR 10.0 0.50 
41 100 BOX 1.0 0.25 
42 100 BOX 1.0 0.50 
43 100 BOX 2.5 0.25 
44 100 BOX 2.5 0.50 
45 100 BOX 5.0 0.25 
46 100 BOX 5.0 0.50 
47 100 BOX 7.5 0.25 
48 100 BOX 7.5 0.50 
49 100 BOX 10.0 0.25 
50 100 BOX 10.0 0.50 
51 100 MOD 1.0 0.25 
52 100 MOD 1.0 0.50 
53 100 MOD 2.5 0.25 
54 100 MOD 2.5 0.50 
55 100 MOD 5.0 0.25 
56 100 MOD 5.0 0.50 
57 100 MOD 7.5 0.25 
58 100 MOD 7.5 0.50 
59 100 MOD 10.0 0.25 
60 100 MOD 10.0 0.50 
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APPENDIX B – Supplemental information from Chapter 3. 

Supplemental Table 1 - All models considered by combinations of size, minor allele 
frequency (MAF), heritability, and odds ratio. 
 

Size MAF Heritability Odds Ratio Type 
1 0.5 0.01 1.5 Dominant 
1 0.5 0.01 1.5 Recessive 
1 0.5 0.01 1.5 Additive 
1 0.5 0.05 2.5 Dominant 
1 0.5 0.05 2.5 Recessive 
1 0.5 0.05 2.5 Additive 
1 0.25 0.01 1.5 Dominant 
1 0.25 0.01 1.5 Recessive 
1 0.25 0.01 1.5 Additive 
1 0.25 0.05 2.5 Dominant 
1 0.25 0.05 2.5 Recessive 
1 0.25 0.05 2.5 Additive 
2 0.5 0.01 1.25  
2 0.5 0.01 1.5  
2 0.5 0.01 1.75  
2 0.5 0.01 2.1  
2 0.5 0.05 2.1  
2 0.5 0.05 2.5  
2 0.5 0.05 3.1  
2 0.5 0.05 

€ 

∞ XOR 
2 0.5 0.05 

€ 

∞ ZZ 
2 0.5 0.1 3.1  
2 0.5 0.1 4.1  
2 0.5 0.1 5.1  
2 0.25 0.01 1.25  
2 0.25 0.01 1.5  
2 0.25 0.01 1.75  
2 0.25 0.01 2.1  
2 0.25 0.05 2.1  
2 0.25 0.05 2.5  
2 0.25 0.05 3.1  
2 0.25 0.1 3.1  
2 0.25 0.1 4.1  
2 0.25 0.1 5.1  
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Supplemental Table 1 Continued 
 

Size MAF Heritability Odds Ratio Type 
3 0.5 0.01 1.25  
3 0.5 0.01 1.5  
3 0.5 0.01 1.75  
3 0.5 0.01 2.1  
3 0.5 0.05 2.1  
3 0.5 0.05 2.5  
3 0.5 0.05 3.1  
3 0.5 0.1 3.1  
3 0.5 0.1 4.1  
3 0.5 0.1 5.1  
3 0.25 0.01 1.25  
3 0.25 0.01 1.5  
3 0.25 0.01 1.75  
3 0.25 0.01 2.1  
3 0.25 0.05 2.1  
3 0.25 0.05 2.5  
3 0.25 0.05 3.1  
3 0.25 0.1 3.1  
3 0.25 0.1 4.1  
3 0.25 0.1 5.1  
4 0.5 0.05 2.1  
4 0.5 0.05 3.1  
4 0.5 0.1 3.1  
4 0.5 0.1 4.1  
4 0.5 0.15 4.1  
4 0.5 0.15 5.1  
4 0.25 0.05 2.1  
4 0.25 0.05 3.1  
4 0.25 0.1 3.1  
4 0.25 0.1 4.1  
4 0.25 0.15 4.1  
4 0.25 0.15 5.1  
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Supplemental Table 2 – Conservative and liberal power for comparison of CV-5, CV-10, and 3WS. 

Conservative and liberal power results and standard errors for MDR run with 5-fold cross-validation (CV-5), 10-fold cross-
validation (CV-10), and three-way split (3WS) for all models considered by size, minor allele frequency (MAF), heritability 
(h2), and odds ratio (OR).  For 3WS, the proportion of data in each subset was 1:1:1 (training:testing:validation), the number 
of highest ranked models from the training subset that were preserved for evaluation in the testing subset (x) was 25, and no 
pruning procedure was applied. 
 

        Conservative Power Liberal Power 

Size MAF h2 OR 
CV-
10 SE 

CV-
5 SE 3WS SE 

CV-
10 SE 

CV-
5 SE 3WS SE 

1 0.5 0.05 2.5 0.90 0.030 0.94 0.024 0.00 0.000 1.00 0.000 1.00 0.000 1.00 0.000 
1 0.5 0.05 2.5 0.82 0.038 0.93 0.026 0.00 0.000 1.00 0.000 1.00 0.000 1.00 0.000 
1 0.5 0.05 2.5 0.82 0.038 0.91 0.029 0.00 0.000 0.99 0.010 1.00 0.000 0.93 0.026 
1 0.5 0.01 1.5 0.53 0.050 0.52 0.050 0.00 0.000 0.69 0.046 0.67 0.047 0.59 0.049 
1 0.5 0.01 1.5 0.60 0.049 0.67 0.047 0.00 0.000 0.73 0.044 0.75 0.043 0.68 0.047 
1 0.5 0.01 1.5 0.49 0.050 0.45 0.050 0.00 0.000 0.69 0.046 0.68 0.047 0.58 0.049 
1 0.25 0.05 2.5 0.87 0.034 0.88 0.036 0.01 0.010 1.00 0.000 1.00 0.000 1.00 0.000 
1 0.25 0.05 2.5 0.76 0.043 0.85 0.036 0.01 0.010 0.96 0.020 0.96 0.020 0.78 0.041 
1 0.25 0.05 2.5 0.84 0.037 0.91 0.029 0.01 0.010 1.00 0.000 1.00 0.000 1.00 0.000 
1 0.25 0.01 1.5 0.78 0.041 0.77 0.042 0.01 0.010 0.85 0.036 0.83 0.038 0.54 0.050 
1 0.25 0.01 1.5 0.09 0.029 0.11 0.031 0.00 0.000 0.23 0.042 0.24 0.043 0.14 0.035 
1 0.25 0.01 1.5 0.68 0.047 0.68 0.047 0.01 0.001 0.78 0.041 0.80 0.040 0.36 0.048 
2 0.5 0.01 1.25 0.15 0.036 0.12 0.036 0.01 0.010 0.20 0.040 0.18 0.038 0.22 0.041 
2 0.5 0.01 1.5 0.23 0.042 0.25 0.043 0.00 0.000 0.29 0.045 0.34 0.047 0.26 0.044 
2 0.5 0.01 1.75 0.42 0.049 0.43 0.050 0.01 0.010 0.59 0.049 0.56 0.050 0.41 0.050 
2 0.5 0.01 2.1 0.56 0.050 0.57 0.050 0.01 0.010 0.65 0.048 0.70 0.046 0.60 0.050 
2 0.5 0.05 2.1 0.88 0.033 0.93 0.026 0.00 0.000 0.99 0.010 0.96 0.020 0.99 0.010 
2 0.5 0.05 2.5 0.84 0.037 0.90 0.030 0.02 0.014 0.98 0.014 0.97 0.017 1.00 0.000 
2 0.5 0.05 3.1 0.86 0.035 0.93 0.026 0.02 0.014 0.97 0.017 1.00 0.000 1.00 0.000 
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Supplemental Table 2 Continued 
 

        Conservative Power Liberal Power 

Size MAF h2 OR 
CV-
10 SE 

CV-
5 SE 3WS SE 

CV-
10 SE 

CV-
5 SE 3WS SE 

2 0.5 0.05 XOR 0.85 0.036 0.92 0.027 0.39 0.049 0.99 0.010 1.00 0.000 1.00 0.000 
2 0.5 0.05 ZZ 0.84 0.037 0.92 0.027 0.70 0.046 1.00 0.000 0.99 0.010 1.00 0.000 
2 0.5 0.1 3.1 0.87 0.034 0.92 0.027 0.03 0.017 0.94 0.024 0.95 0.022 1.00 0.000 
2 0.5 0.1 4.1 0.88 0.036 0.94 0.024 0.06 0.024 0.97 0.017 0.98 0.014 1.00 0.000 
2 0.5 0.1 5.1 0.89 0.031 0.97 0.017 0.07 0.026 0.97 0.017 0.99 0.010 1.00 0.000 
2 0.25 0.01 1.25 0.03 0.017 0.02 0.014 0.00 0.000 0.04 0.020 0.04 0.020 0.01 0.010 
2 0.25 0.01 1.5 0.20 0.040 0.17 0.038 0.00 0.000 0.23 0.042 0.19 0.039 0.14 0.035 
2 0.25 0.01 1.75 0.68 0.047 0.76 0.043 0.07 0.026 0.80 0.040 0.80 0.040 1.00 0.000 
2 0.25 0.01 2.1 0.46 0.050 0.51 0.050 0.01 0.010 0.58 0.049 0.56 0.050 1.00 0.000 
2 0.25 0.05 2.1 0.48 0.050 0.58 0.049 0.06 0.024 0.57 0.050 0.63 0.048 1.00 0.000 
2 0.25 0.05 2.5 0.85 0.036 0.91 0.029 0.12 0.033 0.92 0.027 0.93 0.026 0.74 0.044 
2 0.25 0.05 3.1 0.74 0.044 0.84 0.037 0.03 0.017 0.82 0.038 0.89 0.031 1.00 0.000 
2 0.25 0.1 3.1 0.56 0.050 0.69 0.046 0.22 0.041 0.69 0.046 0.73 0.044 1.00 0.000 
2 0.25 0.1 4.1 0.50 0.050 0.56 0.050 0.09 0.029 0.61 0.049 0.60 0.049 1.00 0.000 
2 0.25 0.1 5.1 0.78 0.041 0.85 0.036 0.10 0.030 0.91 0.029 0.92 0.027 1.00 0.000 
3 0.5 0.01 1.25 0.01 0.010 0.01 0.010 0.00 0.000 0.03 0.017 0.02 0.014 0.07 0.026 
3 0.5 0.01 1.5 0.04 0.020 0.01 0.010 0.00 0.000 0.05 0.022 0.05 0.022 0.13 0.034 
3 0.5 0.01 1.75 0.04 0.020 0.04 0.020 0.00 0.000 0.12 0.033 0.11 0.031 0.26 0.044 
3 0.5 0.01 2.1 0.07 0.026 0.09 0.029 0.00 0.000 0.09 0.029 0.12 0.033 0.17 0.038 
3 0.5 0.05 2.1 0.36 0.048 0.27 0.044 0.00 0.000 0.45 0.050 0.41 0.049 0.42 0.049 
3 0.5 0.05 2.5 0.84 0.037 0.84 0.037 0.01 0.010 0.91 0.029 0.87 0.034 0.83 0.038 
3 0.5 0.05 3.1 0.88 0.033 0.93 0.026 0.03 0.017 0.92 0.027 0.96 0.020 0.91 0.029 
3 0.5 0.1 3.1 0.86 0.035 0.89 0.031 0.01 0.010 0.92 0.027 0.91 0.029 0.95 0.022 
3 0.5 0.1 4.1 0.80 0.040 0.92 0.027 0.02 0.014 0.85 0.036 0.94 0.024 1.00 0.000 
3 0.5 0.1 5.1 0.91 0.029 0.94 0.024 0.00 0.000 0.94 0.024 0.97 0.017 1.00 0.000 
3 0.25 0.01 1.25 0.00 0.000 0.00 0.000 0.00 0.000 0.00 0.000 0.00 0.000 0.00 0.000 
3 0.25 0.01 1.5 0.01 0.010 0.00 0.000 0.00 0.000 0.01 0.010 0.00 0.000 0.00 0.000 
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Supplemental Table 2 Continued 
 

        Conservative Power Liberal Power 

Size MAF h2 OR 
CV-
10 SE 

CV-
5 SE 3WS SE 

CV-
10 SE 

CV-
5 SE 3WS SE 

3 0.25 0.01 1.75 0.25 0.043 0.20 0.040 0.03 0.017 0.30 0.046 0.22 0.041 0.29 0.045 
3 0.25 0.01 2.1 0.12 0.036 0.08 0.027 0.01 0.010 0.15 0.036 0.10 0.030 0.07 0.026 
3 0.25 0.05 2.1 0.80 0.040 0.80 0.040 0.00 0.000 0.89 0.031 0.84 0.037 1.00 0.000 
3 0.25 0.05 2.5 0.63 0.048 0.57 0.050 0.00 0.000 0.69 0.046 0.57 0.050 0.87 0.034 
3 0.25 0.05 3.1 0.74 0.044 0.81 0.039 0.00 0.000 0.78 0.041 0.82 0.038 1.00 0.000 
3 0.25 0.1 3.1 0.70 0.046 0.75 0.043 0.01 0.010 0.77 0.042 0.81 0.039 1.00 0.000 
3 0.25 0.1 4.1 0.88 0.036 0.94 0.024 0.06 0.024 0.94 0.024 0.95 0.022 0.98 0.014 
3 0.25 0.1 5.1 0.86 0.035 0.89 0.031 0.00 0.000 0.92 0.027 0.92 0.027 1.00 0.000 
4 0.5 0.05 2.1 0.22 0.041 0.22 0.041 0.06 0.024 0.22 0.041 0.22 0.041 0.06 0.024 
4 0.5 0.05 3.1 0.20 0.040 0.20 0.040 0.07 0.026 0.20 0.040 0.20 0.040 0.07 0.026 
4 0.5 0.1 3.1 0.88 0.036 0.87 0.034 0.56 0.050 0.88 0.036 0.87 0.034 0.56 0.050 
4 0.5 0.1 4.1 0.74 0.044 0.77 0.042 0.41 0.049 0.74 0.044 0.77 0.042 0.41 0.049 
4 0.5 0.15 4.1 0.96 0.020 0.99 0.010 0.84 0.037 0.96 0.020 0.99 0.010 0.84 0.037 
4 0.5 0.15 5.1 0.98 0.014 0.95 0.022 0.76 0.043 0.98 0.014 0.95 0.022 0.76 0.043 
4 0.25 0.05 2.1 0.10 0.030 0.03 0.017 0.00 0.000 0.10 0.030 0.03 0.017 0.00 0.000 
4 0.25 0.05 3.1 0.02 0.014 0.00 0.000 0.01 0.010 0.02 0.014 0.00 0.000 0.01 0.010 
4 0.25 0.1 3.1 0.51 0.050 0.41 0.049 0.09 0.029 0.51 0.050 0.41 0.049 0.09 0.029 
4 0.25 0.1 4.1 0.56 0.050 0.47 0.050 0.07 0.026 0.56 0.050 0.47 0.050 0.07 0.026 
4 0.25 0.15 4.1 0.95 0.022 0.89 0.031 0.40 0.049 0.95 0.022 0.89 0.031 0.40 0.049 
4 0.25 0.15 5.1 0.95 0.022 0.97 0.017 0.43 0.050 0.95 0.022 0.97 0.017 0.43 0.050 
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Supplemental Table 3 – Conservative and liberal power for comparison of model simulation 
with 25 and 100 loci. 

Conservative and liberal power results and standard errors for MDR run with 5-fold cross-
validation (CV-5), 10-fold cross-validation (CV-10), and three-way split (3WS) for XOR and 
ZZ two-locus epistatic models, each simulated with 25 or 100 total loci.  For 3WS, the 
proportion of data in each subset was 1:1:1 (training:testing:validation), the number of 
highest ranked models from the training subset that were preserved for evaluation in the 
testing subset (x) was 25, and no pruning procedure was applied. 
 
  Conservative Power Liberal Power 

Model Method 
100 
loci SE 25 loci SE 

100 
loci SE 25 loci SE 

XOR CV-10 0.89 0.03 0.85 0.04 1.00 0.00 0.99 0.01 
XOR CV-5 0.98 0.01 0.93 0.03 1.00 0.00 0.93 0.03 
XOR 3WS 0.48 0.05 0.39 0.05 1.00 0.00 1.00 0.00 
ZZ CV-10 0.93 0.03 0.84 0.04 0.99 0.01 1.00 0.00 
ZZ CV-5 0.94 0.02 0.95 0.02 1.00 0.00 0.95 0.02 
ZZ 3WS 0.77 0.04 0.70 0.05 1.00 0.00 1.00 0.00 

 

Supplemental Table 4 – Conservative and liberal power for comparison of 3WS to 2WS. 

Conservative and liberal power results and standard errors for MDR run with two-way split 
(2WS) and three-way split (3WS) for a subset of two-locus epistatic models with minor allele 
frequency of 0.5 by heritability (h2) and odds ratio (OR).  For 3WS, the proportion of data in 
each subset was 1:1:1 (training:testing:validation), the number of highest ranked models from 
the training subset that were preserved for evaluation in the testing subset (x) was 25, and no 
pruning procedure was applied.  For 2WS, the proportion of data in each subset was 1:1 
(training:testing), x was 25, and no pruning procedure was applied.  The XOR and ZZ models 
do not have a defined OR. 
 

  Conservative Power Liberal Power 
h2 OR/Model 2WS SE 3WS SE 2WS SE 3WS SE 

0.01 1.75 0.00 0.00 0.01 0.01 0.41 0.05 0.41 0.05 
0.01 2.1 0.03 0.02 0.01 0.01 0.50 0.05 0.60 0.05 
0.05 2.1 0.01 0.01 0.00 0.00 1.00 0.00 0.99 0.01 
0.05 XOR 0.49 0.05 0.39 0.05 1.00 0.00 1.00 0.00 
0.05 ZZ 0.73 0.04 0.70 0.05 1.00 0.00 1.00 0.00 

 



 176 

Supplemental Table 5 – Power results to compare 3WS x and data proportion parameters in two-locus models. 

Conservative and liberal power results and standard errors for MDR with 3WS for a subset of two-locus epistatic models 
with minor allele frequency of 0.5 by heritability (h2) and odds ratio (OR), the proportion of data in each subset 
(training:testing:validation), and the number of highest ranked models from the training subset that were preserved for 
evaluation in the testing subset (x).  No pruning procedure was applied. 
 

   Conservative Power 

h2 OR x 1:2:2 SE 2:1:2 SE 2:2:1 SE 1:1:1 SE 2:1:1 SE 1:2:1 SE 1:1:2 SE 
0.01 1.25 15 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 0.00 0.00 
0.01 1.75 15 0.02 0.01 0.00 0.00 0.00 0.00 0.03 0.02 0.02 0.01 0.01 0.01 0.00 0.00 
0.01 2.1 15 0.03 0.02 0.03 0.02 0.04 0.02 0.03 0.02 0.03 0.02 0.04 0.02 0.05 0.02 
0.05 2.1 15 0.03 0.02 0.00 0.00 0.02 0.01 0.01 0.01 0.01 0.01 0.00 0.00 0.04 0.02 
0.1 3.1 15 0.00 0.00 0.00 0.00 0.01 0.01 0.02 0.01 0.00 0.00 0.02 0.01 0.02 0.01 

0.01 1.25 25 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 0.00 0.00 
0.01 1.75 25 0.02 0.01 0.00 0.00 0.00 0.00 0.03 0.02 0.02 0.01 0.01 0.01 0.00 0.00 
0.01 2.1 25 0.03 0.02 0.03 0.02 0.04 0.02 0.03 0.02 0.03 0.02 0.04 0.02 0.05 0.02 
0.05 2.1 25 0.03 0.02 0.00 0.00 0.02 0.01 0.01 0.01 0.01 0.01 0.00 0.00 0.04 0.02 
0.1 3.1 25 0.00 0.00 0.00 0.00 0.01 0.01 0.02 0.01 0.00 0.00 0.02 0.01 0.02 0.01 

0.01 1.25 50 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 0.00 0.00 
0.01 1.75 50 0.02 0.01 0.00 0.00 0.00 0.00 0.03 0.02 0.02 0.01 0.01 0.01 0.00 0.00 
0.01 2.1 50 0.03 0.02 0.03 0.02 0.04 0.02 0.03 0.02 0.03 0.02 0.04 0.02 0.05 0.02 
0.05 2.1 50 0.03 0.02 0.00 0.00 0.02 0.01 0.01 0.01 0.01 0.01 0.00 0.00 0.04 0.02 
0.1 3.1 50 0.00 0.00 0.00 0.00 0.01 0.01 0.02 0.01 0.00 0.00 0.02 0.01 0.02 0.01 

0.01 1.25 100 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 0.00 0.00 
0.01 1.75 100 0.02 0.01 0.00 0.00 0.00 0.00 0.03 0.02 0.02 0.01 0.01 0.01 0.00 0.00 
0.01 2.1 100 0.03 0.02 0.03 0.02 0.04 0.02 0.03 0.02 0.03 0.02 0.04 0.02 0.05 0.02 
0.05 2.1 100 0.03 0.02 0.00 0.00 0.02 0.01 0.01 0.01 0.01 0.01 0.00 0.00 0.04 0.02 
0.1 3.1 100 0.00 0.00 0.00 0.00 0.01 0.01 0.02 0.01 0.00 0.00 0.02 0.01 0.02 0.01 
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Supplemental Table 5 Continued 
 

   Liberal Power 

h2 OR x 1:2:2 SE 2:1:2 SE 2:2:1 SE 1:1:1 SE 2:1:1 SE 1:2:1 SE 1:1:2 SE 

0.01 1.25 15 0.14 0.03 0.20 0.04 0.28 0.04 0.17 0.04 0.29 0.05 0.21 0.04 0.16 0.04 

0.01 1.75 15 0.30 0.05 0.31 0.05 0.46 0.05 0.45 0.05 0.40 0.05 0.35 0.05 0.21 0.04 

0.01 2.1 15 0.43 0.05 0.47 0.05 0.64 0.05 0.45 0.05 0.62 0.05 0.47 0.05 0.34 0.05 

0.05 2.1 15 0.92 0.03 0.98 0.01 1.00 0.00 0.99 0.01 1.00 0.00 0.96 0.02 0.92 0.03 

0.1 3.1 15 0.99 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 

0.01 1.25 25 0.14 0.03 0.20 0.04 0.28 0.04 0.17 0.04 0.29 0.05 0.21 0.04 0.16 0.04 

0.01 1.75 25 0.30 0.05 0.31 0.05 0.46 0.05 0.45 0.05 0.40 0.05 0.35 0.05 0.21 0.04 

0.01 2.1 25 0.43 0.05 0.47 0.05 0.64 0.05 0.45 0.05 0.62 0.05 0.47 0.05 0.34 0.05 

0.05 2.1 25 0.92 0.03 0.98 0.01 1.00 0.00 0.99 0.01 1.00 0.00 0.96 0.02 0.92 0.03 

0.1 3.1 25 0.99 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 

0.01 1.25 50 0.14 0.03 0.20 0.04 0.28 0.04 0.17 0.04 0.29 0.05 0.21 0.04 0.16 0.04 

0.01 1.75 50 0.30 0.05 0.31 0.05 0.46 0.05 0.45 0.05 0.40 0.05 0.35 0.05 0.21 0.04 

0.01 2.1 50 0.43 0.05 0.47 0.05 0.64 0.05 0.45 0.05 0.62 0.05 0.47 0.05 0.34 0.05 

0.05 2.1 50 0.92 0.03 0.98 0.01 1.00 0.00 0.99 0.01 1.00 0.00 0.96 0.02 0.92 0.03 

0.1 3.1 50 0.99 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 

0.01 1.25 100 0.14 0.03 0.20 0.04 0.28 0.04 0.17 0.04 0.29 0.05 0.21 0.04 0.16 0.04 

0.01 1.75 100 0.30 0.05 0.31 0.05 0.46 0.05 0.45 0.05 0.40 0.05 0.35 0.05 0.21 0.04 

0.01 2.1 100 0.43 0.05 0.47 0.05 0.64 0.05 0.45 0.05 0.62 0.05 0.47 0.05 0.34 0.05 

0.05 2.1 100 0.92 0.03 0.98 0.01 1.00 0.00 0.99 0.01 1.00 0.00 0.96 0.02 0.92 0.03 

0.1 3.1 100 0.99 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 
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Supplemental Tables 6 – Results from comparison of 3WS x and data proportion 
parameters in two-locus models. 

a) P-values for the number of highest ranked models from the training subset that were 
preserved for evaluation in the testing subset (x) and the proportions of data in each of 
the three-way split (3WS) in terms of conservative and liberal power from the 
repeated measures mixed effects analysis of the simulation results in Supplementary 
Table 5.  P-values less than 0.05 are considered statistically significant.  

 
Effect P-value (conservative power) P-value (liberal power) 

x 0.5547 0.4333 
Data Proportions 0.0260 <0.0001 

b) Estimates of conservative and liberal power and standard errors for each value of x. 
 

 Conservative Power Liberal Power 
x Estimate SE Estimate SE 
15 0.01543 0.004921 0.6031 0.1597 
25 0.01600 0.004921 0.6220 0.1597 
50 0.01343 0.004921 0.6114 0.1597 
100 0.01314 0.004921 0.6071 0.1597 

c) Estimates of conservative and liberal power and standard errors for each data 
proportion. 
 

 Conservative Power Liberal Power 
Data Proportions Estimate SE Estimate SE 

1:1:1 0.01850 0.005130 0.6132 0.1598 
1:1:2 0.02100 0.005130 0.5400 0.1598 
1:2:1 0.01400 0.005130 0.6365 0.1598 
2:1:1 0.01200 0.005130 0.6540 0.1598 
2:2:1 0.01100 0.005130 0.6810 0.1598 
2:1:2 0.01150 0.005130 0.5685 0.1598 
1:2:2 0.01350 0.005130 0.5830 0.1598 

 



 179 

 
d) Pairwise contrasts and p‐values of estimates of liberal power for each data 

proportion against the 2:2:1 proportion.  P‐values less than 0.0083 are 
considered statistically significant after a Bonferroni correction for multiple 
testing. 
 

Training:Testing:Validation F-value of Liberal Power Estimate vs. 2:2:1 P-value 
2:1:1 3.11 0.0907 
1:2:1 8.44 0.0078 
1:1:1 19.41 0.0002 
1:2:2 40.92 <0.0001 
2:1:2 53.92 <0.0001 
1:1:2 84.70 <0.0001 
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Supplemental Table 7 - Conservative and liberal power for comparison of 3WS data proportion parameters in two- and 
three-locus models. 

Conservative and liberal power results and standard errors for MDR run with three-way split (3WS) for a subset of two- and 
three-locus epistatic models with minor allele frequency of 0.5 by size, heritability (h2) and odds ratio (OR) and the 
proportion of data in each subset (training:testing:validation).  The number of highest ranked models from the training subset 
that were preserved for evaluation in the testing subset (x) was 25 and no pruning procedure was applied. 
 

   Conservative Power Liberal Power 
Size h2 OR 2:2:1 SE 2:1:1 SE 1:2:1 SE 2:2:1 SE 2:1:1 SE 1:2:1 SE 

2 0.01 1.25 0.01 0.01 0.01 0.01 0.00 0.00 0.28 0.04 0.29 0.05 0.21 0.04 
2 0.01 1.75 0.00 0.00 0.02 0.01 0.01 0.01 0.46 0.05 0.40 0.05 0.35 0.05 
2 0.01 2.1 0.04 0.02 0.03 0.02 0.04 0.02 0.64 0.05 0.62 0.05 0.47 0.05 
2 0.05 2.1 0.02 0.01 0.01 0.01 0.00 0.00 1.00 0.00 1.00 0.00 0.96 0.02 
2 0.1 3.1 0.01 0.01 0.00 0.00 0.02 0.01 1.00 0.00 1.00 0.00 1.00 0.00 
3 0.01 1.25 0.00 0.00 0.00 0.00 0.00 0.00 0.09 0.03 0.08 0.03 0.06 0.02 
3 0.01 1.75 0.00 0.00 0.01 0.01 0.00 0.00 0.26 0.04 0.21 0.04 0.15 0.04 
3 0.05 2.1 0.00 0.00 0.00 0.00 0.00 0.00 0.53 0.05 0.57 0.05 0.43 0.05 
3 0.1 3.1 0.00 0.00 0.00 0.00 0.00 0.00 0.98 0.01 0.93 0.03 0.94 0.02 

 



 181 

Supplemental Tables 8 – Results from comparison of 3WS data proportions in two- and 
three-locus models. 

a) P-values for the model size, odds ratio (OR), and proportions of data in each of the 
three-way split (3WS) in terms of conservative and liberal power from the repeated 
measures mixed effects analysis of the simulation results in Supplementary Table 7.  
P-values less than 0.05 are considered statistically significant.  
 

Effect P-value (conservative power) P-value (liberal power) 
Size 0.0875 0.0627 
OR 0.8569 0.0013 

Data Proportions 0.5758 0.0022 

b) Estimates of conservative and liberal power and standard errors for each data 
proportion considered. 
 

 Conservative Power Liberal Power 
Data Proportions Estimate SE Estimate SE 

1:2:1 0.02966 0.01544 0.1845 0.2995 
2:1:1 0.03299 0.01544 0.2212 0.2995 
2:2:1 0.02966 0.01544 0.2456 0.2995 

 
c) Pairwise contrasts and p‐values of estimates of liberal power for each data 

proportion against the 2:2:1 proportion.  P‐values less than 0.025 are considered 
statistically significant after a Bonferroni correction for multiple testing. 
 

Training:Testing:Validation F-value of Liberal Power Estimate vs. 2:2:1 P-value 
2:1:1 2.90 0.1079 
1:2:1 18.12 0.0006 
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Supplemental Table 9 -  Power results for comparison of pruning methods for 3WS in two- and three-locus models. 

Conservative and liberal power results and standard errors for MDR with 3WS for a subset of two- and three-locus epistatic 
models with MAF of 0.5 by size, heritability (h2) and odds ratio (OR) and the selection criteria used for logistic regression 
based backward selection.  The number of highest ranked models from the training subset that were preserved for evaluation 
in the testing subset (x) was 25 and the proportion of data in each subset was 2:2:1 (training:testing:validation). 
 
  Conservative Power (SE) 

  Size=2 Size=3 

h2 0.01 0.01 0.01 0.05 0.10 0.01 0.01 0.05 0.10 
OR 1.25 1.75 2.10 2.10 3.10 1.25 1.75 2.10 3.10 

None 0.00 (0.00) 0.00 (0.00) 0.03 (0.02) 0.02 (0.01) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 

AIC 0.08 (0.03) 0.25 (0.04) 0.29 (0.05) 0.40 (0.05) 0.53 (0.05) 0.04 (0.02) 0.05 (0.02) 0.14 (0.03) 0.42 (0.05) 

BIC 0.10 (0.03) 0.26 (0.04) 0.36 (0.05) 0.98 (0.01) 0.99 (0.01) 0.00 (0.00) 0.00 (0.00) 0.16 (0.04) 0.97 (0.02) 

p=0.1 0.00 (0.00) 0.02 (0.01) 0.07 (0.03) 0.02 (0.01) 0.12 (0.03) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 

p=0.05 0.04 (0.02) 0.13 (0.03) 0.15 (0.04) 0.03 (0.02) 0.35 (0.05) 0.00 (0.00) 0.00 (0.00) 0.01 (0.01) 0.06 (0.02) 

p=0.01 0.16 (0.04) 0.31 (0.05) 0.45 (0.05) 0.23 (0.04) 0.72 (0.04) 0.00 (0.00) 0.02 (0.01) 0.22 (0.04) 0.30 (0.05) 

p=1.0E
-3 

0.07 (0.03) 0.26 (0.04) 0.48 (0.05) 0.47 (0.05) 0.84 (0.04) 0.00 (0.00) 0.02 (0.01) 0.26 (0.04) 0.68 (0.05) 

p=1.0E
-4 

0.04 (0.02) 0.10 (0.03) 0.33 (0.05) 0.47 (0.05) 0.87 (0.03) 0.00 (0.00) 0.00 (0.00) 0.10 (0.03) 0.7 (0.05) 

p=1.0E
-5 

0.00 (0.00) 0.02 (0.01) 0.17 (0.04) 0.24 (0.04) 0.87 (0.03) 0.00 (0.00) 0.00 (0.00) 0.03 (0.02) 0.50 (0.05) 

p=1.0E
-6 

0.00 (0.00) 0.01 (0.01) 0.09 (0.03) 0.06 (0.02) 0.88 (0.03) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.25 (0.04) 

p=1.0E
-7 

0.00 (0.00) 0.00 (0.00) 0.06 (0.02) 0.03 (0.02) 0.87 (0.03) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.06 (0.02) 
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Supplemental Table 9 Continued 
 
  Liberal Power (SE) 

  Size=2 Size=3 

h2 0.01 0.01 0.01 0.05 0.10 0.01 0.01 0.05 0.10 
OR 1.25 1.75 2.10 2.10 3.10 1.25 1.75 2.10 3.10 

None 0.31 (0.05) 0.51 (0.05) 0.67 (0.05) 1.00 (0.00) 1.00 (0.00) 0.09 (0.03) 0.26 (0.04) 0.53 (0.05) 0.98 (0.01) 

AIC 0.26 (0.04) 0.44 (0.05) 0.55 (0.05) 0.94 (0.02) 0.86 (0.03) 0.08 (0.03) 0.20 (0.04) 0.47 (0.05) 0.97 (0.02) 

BIC 0.10 (0.03) 0.26 (0.04) 0.36 (0.05) 0.98 (0.01) 1.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.17 (0.04) 0.97 (0.02) 

p=0.1 0.31 (0.05) 0.51 (0.05) 0.67 (0.05) 0.91 (0.03) 1.00 (0.00) 0.09 (0.03) 0.26 (0.04) 0.53 (0.05) 0.98 (0.01) 

p=0.05 0.31 (0.05) 0.51 (0.05) 0.67 (0.05) 0.84 (0.04) 1.00 (0.00) 0.08 (0.03) 0.26 (0.04) 0.53 (0.05) 0.98 (0.01) 

p=0.01 0.28 (0.04) 0.48 (0.05) 0.66 (0.05) 0.66 (0.05) 1.00 (0.00) 0.02 (0.01) 0.20 (0.04) 0.53 (0.05) 0.98 (0.01) 

p=1.0E
-3 

0.09 (0.03) 0.28 (0.04) 0.52 (0.05) 0.61 (0.05) 1.00 (0.00) 0.00 (0.00) 0.04 (0.02) 0.37 (0.05) 0.98 (0.01) 

p=1.0E
-4 

0.04 (0.02) 0.10 (0.03) 0.35 (0.05) 0.51 (0.05) 1.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.11 (0.03) 0.94 (0.02) 

p=1.0E
-5 

0.00 (0.00) 0.02 (0.01) 0.17 (0.04) 0.26 (0.04) 1.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.03 (0.02) 0.68 (0.05) 

p=1.0E
-6 

0.00 (0.00) 0.01 (0.01) 0.09 (0.03) 0.06 (0.02) 1.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.37 (0.05) 

p=1.0E
-7 

0.00 (0.00) 0.00 (0.00) 0.06 (0.02) 0.03 (0.02) 0.98 (0.01) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.10 (0.03) 
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Supplemental Tables 10 – Results from comparison of pruning methods for 3WS in two- 
and three-locus models. 

a) P-values for the model size, odds ratio (OR), and pruning method in terms of 
conservative and liberal power from the repeated measures mixed effects analysis of 
the simulation results in Supplementary Table 9.  P-values less than 0.05 are 
considered statistically significant.  
 

Effect P-value (conservative power) P-value (liberal power) 
Pruning Method <0.0001 <0.0001 

Size 0.0120 <0.0001 
OR 0.0002 0.0113 

b) Estimates of average conservative and liberal power and standard errors for each 
pruning method considered, at the average model size of 2.4 and the average OR of 
2.1.  
 

 Conservative Power Liberal Power 
Selection Criteria (Pruning Method) Estimate SE Estimate SE 

CV-5 (no pruning) 0.4841 0.0575 0.5618 0.0519 
3WS (no pruning) 0.0252 0. 0575 0.6229 0. 0519 

AIC 0.2641 0. 0575 0.5585 0. 0519 
BIC 0.4441 0. 0575 0.4551 0. 0519 

p-value threshold = 0.1 0.0452 0. 0575 0.6129 0. 0519 
p-value threshold = 0.05 0.1052 0. 0575 0.6040 0. 0519 
p-value threshold = 0.01 0.2874 0. 0575 0.5629 0. 0519 
p-value threshold = 0.001 0.3618 0. 0575 0.4607 0. 0519 
p-value threshold = 1e-4 0.3096 0. 0575 0.3674 0. 0519 
p-value threshold = 1e-5 0.2229 0. 0575 0.2685 0. 0519 
p-value threshold = 1e-6 0.1629 0. 0575 0.1985 0. 0519 
p-value threshold = 1e-7 0.1329 0. 0575 0.1585 0. 0519 
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c) Pairwise contrasts and p-values of estimates of conservative and liberal power for 
each pruning method considered.  For conservative power, contrasts were against 
CV-5 and for liberal power, contrasts were against 3WS without pruning.  P-values 
less than 0.0045 are considered statistically significant after a Bonferroni correction 
for multiple testing. 
 

 Conservative Power Liberal Power 
Selection Criteria 
(Pruning Method) 

F-value of Power 
Estimate vs. CV-5 P-value 

F-value of Power 
Estimate vs. 3WS P-value 

CV-5 (no pruning) - - 0.85 0.3591 
3WS (no pruning) 34.22 <0.0001 - - 

AIC 7.87 0.0062 0.94 0.3337 
BIC 0.26 0.6114 6.41 0.0132 

p-value threshold = 0.1 31.30 <0.0001 0.02 0.8804 
p-value threshold = 0.05 23.33 <0.0001 0.08 0.7764 
p-value threshold = 0.01 6.29 0.0140 0.82 0.3679 
p-value threshold = 1e-3 2.43 0.1228 5.99 0.0164 
p-value threshold = 1e-4 4.95 0.0287 14.86 0.0002 
p-value threshold = 1e-5 11.08 0.0013 28.59 <0.0001 
p-value threshold = 1e-6 16.76 <0.0001 40.99 <0.0001 
p-value threshold = 1e-7 20.03 <0.0001 49.08 <0.0001 
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APPENDIX C – Supplemental information from Chapter 4. 

Supplemental Proof 1 - Prospective and retrospective classifiers are equivalent. 

Claim: The retrospective classifier 
 
is equivalent to the prospective classifier 

€ 

P(D =1 |G) > P(D =1) . 

Proof: 

First note that the retrospective classifier is equivalent to  since 

€ 

P(G |D =1)
P(G |D = 0)

>1⇔ P(G |D =1) > P(G |D = 0)

⇔
P(D =1 |G)P(G)

P(D =1)
>
P(D = 0 |G)P(G)

P(D = 0)

⇔
P(D =1 |G)
P(D = 0 |G)

>
P(D =1)
P(D = 0)

 

Now we will show that  . 

(=>) First let 

€ 

P(D =1 |G) > P(D =1) .  Therefore 

€ 

P(D = 0 |G) < P(D = 0) and 

.  Then .  Hence 

. 

(<=) Now let .  Assume 

€ 

P(D =1) ≥ P(D =1 |G) .  Then 

€ 

P(D = 0) ≤ P(D = 0 |G) and .  Therefore 
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€ 

P(D =1 |G)
P(D = 0 |G)

>
P(D =1)
P(D = 0)

≥
P(D =1 |G)
P(D = 0)

≥
P(D =1 |G)
P(D = 0 |G)

.  But  is a 

contradiction, so we must have 

€ 

P(D =1) < P(D =1 |G) .  Hence 

. 

€ 

∴P(D =1 |G) > P(D =1)⇔ P(D =1 |G)
P(D = 0 |G)

>
P(D =1)
P(D = 0)

. 

 

Supplemental Proof 2 - Direction of prospective bias. 

Claim: The direction of prospective bias for CEMDR depends on the ratio of 

€ 

P(case)
P(D =1) −1

1− P(control)P(D = 0)
 relative to 

€ 

P(D = 0 |G)P(G)
Ghigh

∑

P(D =1 |G)P(G)
Glow

∑
. 

 

Define 

€ 

a =
P(case)
P(D =1)

 and 

€ 

b =
P(control)
P(D = 0)

, as well as 

€ 

x = P(D =1 |G)P(G)
Glow

∑  and 

€ 

y = P(D = 0 |G)P(G)
Ghigh

∑ .  Then 

€ 

P(ER ) =
P(case)
P(D =1)

P(D =1 |G)P(G)
Glow

∑ +
P(control)
P(D = 0)

P(D = 0 |G)P(G)
Ghigh

∑

= ax + by

P(EP ) = P(D =1 |G)P(G)
Glow

∑ + P(D = 0 |G)P(G)
Ghigh

∑

= x + y
= ax + by + (1− a)x + (1− b)y
= P(ER ) + (1− a)x + (1− b)y
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Hence,  

€ 

P(EP ) > P(ER )⇔ (1− a)x + (1− b)y > 0
⇔ (a −1)x < (1− b)y

⇔
(a −1)
(1− b)

<
y
x

   

And similarly, 

€ 

P(EP ) < P(ER )⇔
(a −1)
(1− b)

>
y
x

, with equality if and only if 

€ 

(a −1)
(1− b)

=
y
x

. 

Therefore the direction of the prospective bias in CEMDR will depend on the ratio (a-1)/(1-b) 

in relation to y/x, with equality in the case that P(case)=P(D=1).  The direction of bias 

depends on the magnitude of the ratio of the number of errors made from high-risk genotypes 

to the number of errors made from low-risk genotypes, relative to the imbalance between the 

population prevalence and retrospective sampling rate; these quantities are heavily dependent 

on the particular penetrance functions dictated by the underlying disease model, genotype 

frequencies, and population prevalence. 

 

Supplemental Example 1 - Example of direction of prospective bias 

To better illustrate this, consider a concrete example from this simulation study, both the 

dominant and recessive models when the prevalence is 0.25.  In this situation, we see from 

the simulation results that prospective bias for CEMDR is negative for the dominant model, 

and hence 

€ 

P(EP ) > P(ER ); for the recessive model, prospective bias is positive and hence 

€ 

P(EP ) < P(ER ) . 

First consider the dominant case, with the following penetrance functions and genotype 

frequencies: 
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G P(D=1|G) P(G) 
0 0.025 0.25 
1 0.325 0.50 
2 0.325 0.25 

 

Here a=0.5/0.25=2 and b=0.5/0.75=0.6667.  Therefore (a-1)/(1-b)=1/0.3333=3. 

And 

€ 

x = P(D =1 |G)P(G)
Glow

∑ = 0.025 ⋅ 0.25 = 0.00625 and 

€ 

y = P(D = 0 |G)P(G)
Ghigh

∑ = 0.675 ⋅ 0.50 + 0.675 ⋅ 0.25 = 0.50625, so y/x=81.  In this case,  

(a-1)/(1-b)=3<81=y/x, and 0.5125=P(EP)>P(ER)=0.35. 

 

Next consider the recessive case, with the following penetrance functions and genotype 

frequencies: 

G P(D=1|G) P(G) 
0 0.175 0.25 
1 0.175 0.50 
2 0.475 0.25 

 

Again, a=0.5/0.25=2 and b=0.5/0.75=0.6667, so (a-1)/(1-b)=1.5/0.375=3. 

But 

€ 

x = P(D =1 |G)P(G)
Glow

∑ = 0.175 ⋅ 0.25 + 0.175 ⋅ 0.50 = 0.13125  and 

€ 

y = P(D = 0 |G)P(G)
Ghigh

∑ = 0.525 ⋅ 0.25 = 0.13125 , so y/x=1.  In this case,  

(a-1)/(1-b)=3>1=y/x, and 0.2625=P(EP)<P(ER)=0.35. 
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Notice how the ratio (a-1)/(1-b) is equal for both the dominant and recessive cases, but the 

ratio y/x is dramatically different.  The value x measures the error contribution from the low-

risk genotypes, which is high for the recessive model but low for the dominant model, 

primarily because there are fewer individuals with low-risk genotypes in the dominant case.  

The value y measures the error contribution from the high-risk genotypes, which is lower for 

the recessive model but higher for the dominant model, primarily because there are fewer 

individuals with high-risk genotypes in the recessive case.   The specific values of y and x are 

highly dependent on the particular model considered, including penetrance pattern and minor 

allele frequency.
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Supplemental Table 1 -  Model specifications for single locus models 

Model Type MAF Prevalence Heritability “y” “x” 
Dominant 0.5 0.10 3.8 0 0.135 
Dominant 0.5 0.15 5.9 0 0.20 
Dominant 0.5 0.20 8.7 0 0.275 
Dominant 0.5 0.25 9.0 0.025 0.325 
Dominant 0.5 0.30 8.0 0.075 0.375 
Dominant 0.5 0.35 7.4 0.125 0.425 
Dominant 0.5 0.40 7.0 0.175 0.475 
Dominant 0.5 0.45 6.8 0.225 0.525 
Dominant 0.5 0.50 6.75 0.275 0.575 
Recessive 0.5 0.10 8.3 0.05 0.25 
Recessive 0.5 0.15 5.9 0.10 0.30 
Recessive 0.5 0.20 10.5 0.125 0.425 
Recessive 0.5 0.25 9.0 0.175 0.475 
Recessive 0.5 0.30 8.0 0.225 0.525 
Recessive 0.5 0.35 7.4 0.275 0.575 
Recessive 0.5 0.40 7.0 0.325 0.625 
Recessive 0.5 0.45 6.8 0.375 0.675 
Recessive 0.5 0.50 6.75 0.425 0.725 
Additive 0.5 0.10 5.6 0 0.20 
Additive 0.5 0.15 8.8 0 0.30 
Additive 0.5 0.20 9.6 0.025 0.325 
Additive 0.5 0.25 8.2 0.075 0.425 
Additive 0.5 0.30 7.3 0.125 0.475 
Additive 0.5 0.35 6.7 0.175 0.525 
Additive 0.5 0.40 6.4 0.225 0.575 
Additive 0.5 0.45 6.2 0.275 0.625 
Additive 0.5 0.50 6.1 0.325 0.675 
Dominant 0.25 0.10 7.0 0.03 0.19 
Dominant 0.25 0.15 7.7 0.0625 0.2625 
Dominant 0.25 0.20 6.2 0.1125 0.3125 
Dominant 0.25 0.25 5.3 0.1625 0.3625 
Dominant 0.25 0.30 4.7 0.2125 0.4125 
Dominant 0.25 0.35 4.3 0.2625 0.4625 
Dominant 0.25 0.40 4.1 0.3125 0.5125 
Dominant 0.25 0.45 4.0 0.3625 0.5625 
Dominant 0.25 0.50 3.9 0.4125 0.6125 
Recessive 0.25 0.10 10.4 0.075 0.475 
Recessive 0.25 0.15 7.3 0.125 0.525 
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Supplemental Table 1 Continued 

Recessive 0.25 0.20 5.9 0.175 0.575 
Recessive 0.25 0.25 5.0 0.225 0.625 
Recessive 0.25 0.30 4.5 0.275 0.675 
Recessive 0.25 0.35 4.1 0.325 0.725 
Recessive 0.25 0.40 3.9 0.375 0.775 
Recessive 0.25 0.45 3.8 0.425 0.825 
Recessive 0.25 0.50 3.8 0.475 0.875 
 

Supplemental Table 2 - Model specifications for two-locus models 

Model Type MAF Prevalence Heritability “x” “y” 
XOR 0.5 0.05 5.3 0.1 - 
XOR 0.5 0.10 11.1 0.2 - 
XOR 0.5 0.15 17.6 0.3 - 
XOR 0.5 0.20 25.0 0.4 - 
XOR 0.5 0.25 33.3 0.5 - 
XOR 0.5 0.30 42.8 0.6 - 
XOR 0.5 0.35 53.6 0.7 - 
XOR 0.5 0.40 66.7 0.8 - 
XOR 0.5 0.45 81.8 0.9 - 
XOR 0.5 0.50 100.0 1.0 - 
ZZ 0.5 0.05 10.5 0.1 - 
ZZ 0.5 0.10 22.2 0.2 - 
ZZ 0.5 0.15 35.3 0.3 - 
ZZ 0.5 0.20 50.0 0.4 - 
ZZ 0.5 0.25 66.7 0.5 - 
Box 0.5 0.05 4.1 0.089 0 
Box 0.5 0.10 8.7 0.178 0 
Box 0.5 0.15 7.4 0.236 0.04 
Box 0.5 0.20 10.9 0.317 0.05 
Box 0.5 0.25 9.4 0.367 0.10 
Box 0.5 0.30 8.3 0.417 0.15 
Box 0.5 0.35 7.7 0.467 0.20 
Box 0.5 0.40 7.3 0.517 0.25 
Box 0.5 0.45 7.1 0.567 0.30 
Box 0.5 0.50 7.0 0.617 0.35 
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Supplemental Table 3 - Full simulation results for BP, BR, and variance measures for CEMDR, CEBOOT N=100, 1000 for all 
models with MAF=0.5. 
 
(A) Bias results 
 

        Bias Standard Error (Bias) 

Size 
Model 
Type MAF Prevalence CEMDR BP 

CEMDR 
BR 

CEBOOT 
N=100 

CEBOOT 
N=1000 CEMDR 

CEBOOT 
N=100 

CEBOOT 
N=1000 

1 Dominant 0.5 0.1 -29.04 -0.25 -1.21 -1.19 0.10 0.22 0.21 
1 Dominant 0.5 0.15 -25.03 -0.33 -0.69 -0.67 0.11 0.19 0.18 
1 Dominant 0.5 0.2 -20.32 -0.20 -0.29 -0.27 0.11 0.17 0.17 
1 Dominant 0.5 0.25 -16.39 -0.14 -0.31 -0.29 0.12 0.16 0.16 
1 Dominant 0.5 0.3 -12.32 -0.17 -0.07 -0.06 0.12 0.15 0.15 
1 Dominant 0.5 0.35 -9.03 -0.41 -0.40 -0.41 0.11 0.13 0.13 
1 Dominant 0.5 0.4 -5.77 -0.30 -0.10 -0.09 0.12 0.13 0.13 
1 Dominant 0.5 0.45 -3.03 -0.42 -0.10 -0.09 0.13 0.13 0.13 
1 Dominant 0.5 0.5 -0.62 -0.62 -0.26 -0.24 0.14 0.14 0.14 
1 Recessive 0.5 0.1 6.88 0.21 0.21 0.21 0.15 0.17 0.17 
1 Recessive 0.5 0.15 10.25 -0.05 0.07 0.06 0.14 0.16 0.15 
1 Recessive 0.5 0.2 8.80 0.13 0.07 0.07 0.12 0.14 0.14 
1 Recessive 0.5 0.25 8.65 -0.10 0.02 0.02 0.15 0.17 0.17 
1 Recessive 0.5 0.3 7.62 -0.24 0.06 0.07 0.14 0.15 0.15 
1 Recessive 0.5 0.35 6.26 -0.13 0.24 0.24 0.14 0.15 0.15 
1 Recessive 0.5 0.4 4.04 -0.49 -0.06 -0.05 0.12 0.13 0.13 
1 Recessive 0.5 0.45 2.02 -0.37 -0.01 -0.02 0.14 0.15 0.15 
1 Recessive 0.5 0.5 -0.29 -0.29 0.05 0.05 0.13 0.13 0.13 
1 Additive 0.5 0.1 -30.85 -1.96 -20.05 -19.87 0.11 0.82 0.80 
1 Additive 0.5 0.15 -26.48 -1.78 -17.66 -17.75 0.12 0.87 0.87 
1 Additive 0.5 0.2 -21.62 -1.70 -15.51 -15.54 0.13 0.83 0.79 
1 Additive 0.5 0.25 -17.34 -1.92 -13.85 -14.05 0.12 0.70 0.70 
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Supplemental Table 3 Continued 
 

        Bias Standard Error (Bias) 

Size 
Model 
Type MAF Prevalence 

CEMDR 
BP 

CEMDR 
BR 

CEBOOT 
N=100 

CEBOOT 

N=1000 CEMDR 
CEBOOT 
N=100 

CEBOOT 

N=1000 
1 Additive 0.5 0.3 -13.51 -1.85 -10.65 -10.68 0.13 0.55 0.56 
1 Additive 0.5 0.35 -10.30 -1.93 -7.88 -7.85 0.12 0.45 0.44 
1 Additive 0.5 0.4 -7.26 -1.89 -5.62 -5.65 0.12 0.29 0.29 
1 Additive 0.5 0.45 -4.39 -1.80 -3.32 -3.32 0.13 0.17 0.17 
1 Additive 0.5 0.5 -1.90 -1.90 -0.96 -0.94 0.13 0.11 0.11 
2 XOR 0.5 0.05 -21.25 0.07 -0.72 -0.71 0.10 0.17 0.17 
2 XOR 0.5 0.1 -17.85 -0.07 -0.18 -0.17 0.10 0.18 0.17 
2 XOR 0.5 0.15 -14.34 0.07 0.11 0.13 0.12 0.20 0.20 
2 XOR 0.5 0.2 -11.16 0.09 0.14 0.15 0.09 0.15 0.15 
2 XOR 0.5 0.25 -8.24 0.09 0.12 0.15 0.09 0.14 0.14 
2 XOR 0.5 0.3 -5.51 0.21 0.27 0.29 0.10 0.14 0.14 
2 XOR 0.5 0.35 -3.44 0.02 0.02 0.03 0.10 0.13 0.13 
2 XOR 0.5 0.4 -1.68 -0.01 -0.02 -0.01 0.08 0.10 0.10 
2 XOR 0.5 0.45 -0.41 0.05 0.05 0.05 0.06 0.07 0.07 
2 XOR 0.5 0.5 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
2 Box 0.5 0.05 -24.60 -0.33 -2.36 -2.42 0.13 0.22 0.21 
2 Box 0.5 0.1 -20.71 -0.16 -0.54 -0.55 0.11 0.19 0.19 
2 Box 0.5 0.15 -13.82 -0.21 -0.48 -0.48 0.13 0.18 0.18 
2 Box 0.5 0.2 -11.49 -0.36 -0.39 -0.41 0.12 0.17 0.17 
2 Box 0.5 0.25 -7.99 -0.50 -0.51 -0.50 0.12 0.15 0.15 
2 Box 0.5 0.3 -5.74 -0.74 -0.53 -0.55 0.15 0.17 0.17 
2 Box 0.5 0.35 -4.09 -0.92 -0.43 -0.44 0.13 0.15 0.15 
2 Box 0.5 0.4 -2.86 -1.06 -0.45 -0.44 0.15 0.17 0.17 
2 Box 0.5 0.45 -1.76 -1.00 -0.24 -0.25 0.12 0.13 0.13 
2 Box 0.5 0.5 -0.99 -0.99 -0.10 -0.11 0.11 0.12 0.12 
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Supplemental Table 3 Continued 
 

        Bias Standard Error (Bias) 

Size 
Model 
Type MAF Prevalence 

CEMDR 
BP 

CEMDR 
BR 

CEBOOT 
N=100 

CEBOOT 
N=1000 CEMDR 

CEBOOT 
N=100 

CEBOOT 
N=1000 

2 ZZ 0.5 0.05 -15.26 0.13 0.24 0.24 0.12 0.22 0.22 
2 ZZ 0.5 0.1 -12.34 -0.12 -0.22 -0.21 0.10 0.18 0.18 
2 ZZ 0.5 0.15 -9.30 -0.04 -0.06 -0.06 0.11 0.19 0.18 
2 ZZ 0.5 0.2 -6.70 -0.14 -0.22 -0.22 0.09 0.14 0.14 
2 ZZ 0.5 0.25 -4.35 -0.18 -0.29 -0.27 0.09 0.13 0.13 

 
 
(B) Variance results 
 

        Variance Standard Error (Variance) 

Size 
Model 
Type MAF Prevalence CEMDR 

CEBOOT 
N=100 

CEBOOT 

N=1000 CEMDR 
CEBOOT 
N=100 

CEBOOT 

N=1000 
1 Dominant 0.5 0.1 1.01 4.93 4.53 0.14 0.70 0.64 
1 Dominant 0.5 0.15 1.15 3.48 3.10 0.16 0.49 0.44 
1 Dominant 0.5 0.2 1.17 2.85 2.82 0.17 0.40 0.40 
1 Dominant 0.5 0.25 1.33 2.65 2.68 0.19 0.38 0.38 
1 Dominant 0.5 0.3 1.35 2.30 2.34 0.19 0.33 0.33 
1 Dominant 0.5 0.35 1.28 1.66 1.68 0.18 0.23 0.24 
1 Dominant 0.5 0.4 1.35 1.64 1.66 0.19 0.23 0.23 
1 Dominant 0.5 0.45 1.72 1.78 1.78 0.24 0.25 0.25 
1 Dominant 0.5 0.5 1.94 2.02 2.05 0.27 0.29 0.29 
1 Recessive 0.5 0.1 2.13 2.99 2.91 0.30 0.42 0.41 
1 Recessive 0.5 0.15 1.89 2.45 2.33 0.27 0.35 0.33 
1 Recessive 0.5 0.2 1.41 1.91 1.85 0.20 0.27 0.26 
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Supplemental Table 3 Continued 
 

        Variance Standard Error (Variance) 

Size 
Model 
Type MAF Prevalence CEMDR 

CEBOOT 
N=100 

CEBOOT 

N=1000 CEMDR 
CEBOOT 
N=100 

CEBOOT 

N=1000 
1 Recessive 0.5 0.25 2.34 2.73 2.74 0.33 0.39 0.39 
1 Recessive 0.5 0.3 1.98 2.24 2.18 0.28 0.32 0.31 
1 Recessive 0.5 0.35 1.85 2.16 2.16 0.26 0.31 0.31 
1 Recessive 0.5 0.4 1.48 1.57 1.59 0.21 0.22 0.22 
1 Recessive 0.5 0.45 1.97 2.21 2.12 0.28 0.31 0.30 
1 Recessive 0.5 0.5 1.74 1.76 1.73 0.25 0.25 0.24 
1 Additive 0.5 0.1 1.14 67.08 64.36 0.16 9.49 9.10 
1 Additive 0.5 0.15 1.51 76.40 76.13 0.21 10.81 10.77 
1 Additive 0.5 0.2 1.60 69.12 61.83 0.23 9.78 8.74 
1 Additive 0.5 0.25 1.56 49.63 49.52 0.22 7.02 7.00 
1 Additive 0.5 0.3 1.63 29.94 30.85 0.23 4.23 4.36 
1 Additive 0.5 0.35 1.41 20.27 19.48 0.20 2.87 2.76 
1 Additive 0.5 0.4 1.43 8.30 8.21 0.20 1.17 1.16 
1 Additive 0.5 0.45 1.58 3.06 2.98 0.22 0.43 0.42 
1 Additive 0.5 0.5 1.66 1.14 1.14 0.23 0.16 0.16 
2 XOR 0.5 0.05 1.03 2.86 3.02 0.15 0.40 0.43 
2 XOR 0.5 0.1 1.00 3.10 3.03 0.14 0.44 0.43 
2 XOR 0.5 0.15 1.35 4.03 3.89 0.19 0.57 0.55 
2 XOR 0.5 0.2 0.86 2.17 2.22 0.12 0.31 0.31 
2 XOR 0.5 0.25 0.84 1.91 1.90 0.12 0.27 0.27 
2 XOR 0.5 0.3 0.97 1.86 1.92 0.14 0.26 0.27 
2 XOR 0.5 0.35 0.95 1.60 1.60 0.13 0.23 0.23 
2 XOR 0.5 0.4 0.67 0.98 0.97 0.09 0.14 0.14 
2 XOR 0.5 0.45 0.42 0.51 0.51 0.06 0.07 0.07 
2 XOR 0.5 0.5 0.00 0.00 0.00 0.00 0.00 0.00 
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Supplemental Table 3 Continued 
 

        Variance Standard Error (Variance) 

Size 
Model 
Type MAF Prevalence CEMDR 

CEBOOT 
N=100 

CEBOOT 

N=1000 CEMDR 
CEBOOT 
N=100 

CEBOOT 

N=1000 
2 Box 0.5 0.05 1.61 4.72 4.22 0.23 0.67 0.60 
2 Box 0.5 0.1 1.23 3.53 3.68 0.17 0.50 0.52 
2 Box 0.5 0.15 1.57 3.38 3.37 0.22 0.48 0.48 
2 Box 0.5 0.2 1.42 2.74 2.75 0.20 0.39 0.39 
2 Box 0.5 0.25 1.48 2.29 2.22 0.21 0.32 0.31 
2 Box 0.5 0.3 2.19 2.78 2.73 0.31 0.39 0.39 
2 Box 0.5 0.35 1.63 2.36 2.33 0.23 0.33 0.33 
2 Box 0.5 0.4 2.34 2.74 2.86 0.33 0.39 0.40 
2 Box 0.5 0.45 1.33 1.61 1.57 0.19 0.23 0.22 
2 Box 0.5 0.5 1.22 1.50 1.45 0.17 0.21 0.21 
2 ZZ 0.5 0.05 1.35 4.89 4.82 0.19 0.69 0.68 
2 ZZ 0.5 0.1 0.99 3.22 3.19 0.14 0.46 0.45 
2 ZZ 0.5 0.15 1.18 3.43 3.42 0.17 0.49 0.48 
2 ZZ 0.5 0.2 0.79 2.04 2.05 0.11 0.29 0.29 
2 ZZ 0.5 0.25 0.76 1.67 1.72 0.11 0.24 0.24 
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Supplemental Table 4 - Simulation results for BP and variance for CEadj for all models with 
MAF=0.5. 
 

    CEadj 

Size 
Model 
Type MAF Prevalence 

Bias 
(BP) Variance 

SE 
(bias) 

SE 
(variance) 

1 Dominant 0.5 0.1 0.052 2.966 0.172 0.419 
1 Dominant 0.5 0.15 -0.177 2.910 0.171 0.411 
1 Dominant 0.5 0.2 -0.148 2.799 0.167 0.396 
1 Dominant 0.5 0.25 -0.138 2.770 0.166 0.392 
1 Dominant 0.5 0.3 0.049 2.362 0.154 0.334 
1 Dominant 0.5 0.35 -0.296 1.721 0.131 0.243 
1 Dominant 0.5 0.4 0.050 1.884 0.137 0.266 
1 Dominant 0.5 0.45 -0.028 1.823 0.135 0.258 
1 Dominant 0.5 0.5 -0.223 2.078 0.144 0.294 
1 Recessive 0.5 0.1 0.191 2.891 0.170 0.409 
1 Recessive 0.5 0.15 -0.199 1.808 0.134 0.256 
1 Recessive 0.5 0.2 0.032 1.760 0.133 0.249 
1 Recessive 0.5 0.25 -0.025 2.580 0.161 0.365 
1 Recessive 0.5 0.3 0.011 2.093 0.145 0.296 
1 Recessive 0.5 0.35 0.123 1.944 0.139 0.275 
1 Recessive 0.5 0.4 -0.179 1.401 0.118 0.198 
1 Recessive 0.5 0.45 -0.056 2.014 0.142 0.285 
1 Recessive 0.5 0.5 0.060 1.751 0.132 0.248 
1 Additive 0.5 0.1 -19.051 404.952 2.012 57.269 
1 Additive 0.5 0.15 -18.104 309.832 1.760 43.817 
1 Additive 0.5 0.2 -15.989 230.084 1.517 32.539 
1 Additive 0.5 0.25 -13.989 161.437 1.271 22.831 
1 Additive 0.5 0.3 -11.232 102.692 1.013 14.523 
1 Additive 0.5 0.35 -7.563 57.306 0.757 8.104 
1 Additive 0.5 0.4 -5.938 23.625 0.486 3.341 
1 Additive 0.5 0.45 -3.304 7.031 0.265 0.994 
1 Additive 0.5 0.5 -0.683 1.224 0.111 0.173 
2 XOR 0.5 0.05 0.212 3.729 0.193 0.527 
2 XOR 0.5 0.1 -0.067 3.221 0.179 0.456 
2 XOR 0.5 0.15 0.134 3.907 0.198 0.553 
2 XOR 0.5 0.2 0.144 2.226 0.149 0.315 
2 XOR 0.5 0.25 0.145 1.875 0.137 0.265 
2 XOR 0.5 0.3 0.292 1.901 0.138 0.269 
2 XOR 0.5 0.35 0.027 1.599 0.126 0.226 
2 XOR 0.5 0.4 -0.015 0.965 0.098 0.136 
2 XOR 0.5 0.45 0.055 0.508 0.071 0.072 
2 XOR 0.5 0.5 0.000 0.000 0.000 0.000 
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Supplemental Table 4 Continued 
 

    CEadj 

Size 
Model 
Type MAF Prevalence 

Bias 
(BP) Variance 

SE 
(bias) 

SE 
(variance) 

2 Box 0.5 0.05 -0.247 6.097 0.247 0.862 
2 Box 0.5 0.1 -0.070 3.934 0.198 0.556 
2 Box 0.5 0.15 0.214 3.763 0.194 0.532 
2 Box 0.5 0.2 -0.161 2.853 0.169 0.403 
2 Box 0.5 0.25 -0.178 2.632 0.162 0.372 
2 Box 0.5 0.3 -0.324 3.243 0.180 0.459 
2 Box 0.5 0.35 -0.253 2.514 0.159 0.356 
2 Box 0.5 0.4 -0.236 3.104 0.176 0.439 
2 Box 0.5 0.45 -0.082 1.774 0.133 0.251 
2 Box 0.5 0.5 -0.008 1.570 0.125 0.222 
2 ZZ 0.5 0.05 0.248 4.875 0.221 0.689 
2 ZZ 0.5 0.1 -0.216 3.213 0.179 0.454 
2 ZZ 0.5 0.15 -0.063 3.422 0.185 0.484 
2 ZZ 0.5 0.2 -0.220 2.025 0.142 0.286 
2 ZZ 0.5 0.25 -0.269 1.707 0.131 0.241 
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Supplemental Table 5 - Simulation results for BP, BR, and variance measures for CEMDR, CEBOOT N=100 for dominant and 
recessive models with MAF=0.5 and 0.25. 
 
    Bias Variance SE (Bias) SE (Variance) 

Size 
Model 
Type MAF Prevalence 

CEMDR 
BP 

CEMDR 
BR 

CEBOOT 
N=100 CEMDR 

CEBOOT 
N=100 CEMDR 

CEBOOT 
N=100 CEMDR 

CEBOOT 
N=100 

1 Dominant 0.5 0.1 -29.04 -0.25 -1.21 1.01 4.93 0.10 0.22 0.14 0.70 
1 Dominant 0.5 0.15 -25.03 -0.33 -0.69 1.15 3.48 0.11 0.19 0.16 0.49 
1 Dominant 0.5 0.2 -20.32 -0.20 -0.29 1.17 2.85 0.11 0.17 0.17 0.40 
1 Dominant 0.5 0.25 -16.39 -0.14 -0.31 1.33 2.65 0.12 0.16 0.19 0.38 
1 Dominant 0.5 0.3 -12.32 -0.17 -0.07 1.35 2.30 0.12 0.15 0.19 0.33 
1 Dominant 0.5 0.35 -9.03 -0.41 -0.40 1.28 1.66 0.11 0.13 0.18 0.23 
1 Dominant 0.5 0.4 -5.77 -0.30 -0.10 1.35 1.64 0.12 0.13 0.19 0.23 
1 Dominant 0.5 0.45 -3.03 -0.42 -0.10 1.72 1.78 0.13 0.13 0.24 0.25 
1 Dominant 0.5 0.5 -0.62 -0.62 -0.26 1.94 2.02 0.14 0.14 0.27 0.29 
1 Recessive 0.5 0.1 6.88 0.21 0.21 2.13 2.99 0.15 0.17 0.30 0.42 
1 Recessive 0.5 0.15 10.25 -0.05 0.07 1.89 2.45 0.14 0.16 0.27 0.35 
1 Recessive 0.5 0.2 8.80 0.13 0.07 1.41 1.91 0.12 0.14 0.20 0.27 
1 Recessive 0.5 0.25 8.65 -0.10 0.02 2.34 2.73 0.15 0.17 0.33 0.39 
1 Recessive 0.5 0.3 7.62 -0.24 0.06 1.98 2.24 0.14 0.15 0.28 0.32 
1 Recessive 0.5 0.35 6.26 -0.13 0.24 1.85 2.16 0.14 0.15 0.26 0.31 
1 Recessive 0.5 0.4 4.04 -0.49 -0.06 1.48 1.57 0.12 0.13 0.21 0.22 
1 Recessive 0.5 0.45 2.02 -0.37 -0.01 1.97 2.21 0.14 0.15 0.28 0.31 
1 Recessive 0.5 0.5 -0.29 -0.29 0.05 1.74 1.76 0.13 0.13 0.25 0.25 
1 Dominant 0.25 0.1 -9.10 -0.10 -0.17 1.69 3.50 0.13 0.19 0.24 0.50 
1 Dominant 0.25 0.15 -5.37 -0.28 -0.49 2.74 4.38 0.17 0.21 0.39 0.62 
1 Dominant 0.25 0.2 -1.84 -0.05 -0.14 1.89 2.70 0.14 0.16 0.27 0.38 
1 Dominant 0.25 0.25 -0.37 -0.21 -0.36 2.15 2.66 0.15 0.16 0.30 0.38 
1 Dominant 0.25 0.3 0.19 -0.44 -0.47 2.15 2.75 0.15 0.17 0.30 0.39 
1 Dominant 0.25 0.35 0.74 -0.16 -0.07 2.31 3.05 0.15 0.17 0.33 0.43 
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Supplemental Table 5 Continued 
 
    Bias Variance SE (Bias) SE (Variance) 

Size 
Model 
Type MAF Prevalence 

CEMDR 
BP 

CEMDR 
BR 

CEBOOT 
N=100 CEMDR 

CEBOOT 
N=100 CEMDR 

CEBOOT 
N=100 CEMDR 

CEBOOT 
N=100 

1 Dominant 0.25 0.4 0.47 -0.37 -0.26 2.14 2.57 0.15 0.16 0.30 0.36 
1 Dominant 0.25 0.45 0.24 -0.28 -0.06 2.08 2.42 0.14 0.16 0.29 0.34 
1 Dominant 0.25 0.5 -0.22 -0.22 0.04 1.85 2.22 0.14 0.15 0.26 0.31 
1 Recessive 0.25 0.1 26.65 -0.02 1.26 1.22 2.17 0.11 0.15 0.17 0.31 
1 Recessive 0.25 0.15 25.61 -0.51 2.52 0.84 4.99 0.09 0.22 0.12 0.71 
1 Recessive 0.25 0.2 22.56 -1.05 4.10 0.99 15.35 0.10 0.39 0.14 2.17 
1 Recessive 0.25 0.25 19.00 -1.32 3.80 1.13 11.13 0.11 0.33 0.16 1.57 
1 Recessive 0.25 0.3 14.98 -1.63 3.74 0.95 6.85 0.10 0.26 0.13 0.97 
1 Recessive 0.25 0.35 10.82 -1.84 3.27 1.07 6.62 0.10 0.26 0.15 0.94 
1 Recessive 0.25 0.4 6.89 -1.66 2.20 0.79 2.47 0.09 0.16 0.11 0.35 
1 Recessive 0.25 0.45 2.62 -1.71 0.92 0.80 1.03 0.09 0.10 0.11 0.15 
1 Recessive 0.25 0.5 -1.54 -1.54 -0.22 0.90 0.54 0.10 0.07 0.13 0.08 
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Supplemental Table 6 - Results for CEBOOT with error in the estimate 

€ 

ˆ p D, estimated for each dataset with n=100, 500. 
 
    Bias (BP) Variance SE (Bias) SE (Variance) 

Size 
Model 
Type MAF Prevalence 

CEBOOT 
np=100 

CEBOOT 
np=500 

CEBOOT 
np=100 

CEBOOT 
np=500 

CEBOOT 
np=100 

CEBOOT 
np=500 

CEBOOT 
np=100 

CEBOOT 
np=500 

1 Dominant 0.5 0.1 -1.37 -1.15 7.74 5.71 0.28 0.24 1.10 0.81 
1 Dominant 0.5 0.15 -1.08 -0.71 9.98 3.85 0.32 0.20 1.41 0.54 
1 Dominant 0.5 0.2 -0.38 -0.29 9.52 4.80 0.31 0.22 1.35 0.68 
1 Dominant 0.5 0.25 -0.17 -0.52 10.07 4.12 0.32 0.20 1.42 0.58 
1 Dominant 0.5 0.3 -0.37 -0.01 10.60 2.99 0.33 0.17 1.50 0.42 
1 Dominant 0.5 0.35 -0.58 -0.35 8.07 2.99 0.28 0.17 1.14 0.42 
1 Dominant 0.5 0.4 -0.30 -0.12 6.35 3.20 0.25 0.18 0.90 0.45 
1 Dominant 0.5 0.45 -0.67 -0.32 9.66 2.41 0.31 0.16 1.37 0.34 
1 Dominant 0.5 0.5 0.01 -0.36 8.44 3.14 0.29 0.18 1.19 0.44 
1 Recessive 0.5 0.1 0.23 0.20 2.90 2.90 0.17 0.17 0.41 0.41 
1 Recessive 0.5 0.15 0.02 0.10 2.97 2.84 0.17 0.17 0.42 0.40 
1 Recessive 0.5 0.2 0.19 0.02 2.82 2.24 0.17 0.15 0.40 0.32 
1 Recessive 0.5 0.25 -0.09 0.03 5.06 2.91 0.23 0.17 0.72 0.41 
1 Recessive 0.5 0.3 -0.15 0.24 5.90 2.90 0.24 0.17 0.83 0.41 
1 Recessive 0.5 0.35 0.55 0.21 6.14 2.64 0.25 0.16 0.87 0.37 
1 Recessive 0.5 0.4 0.26 0.06 6.46 2.61 0.25 0.16 0.91 0.37 
1 Recessive 0.5 0.45 -0.04 -0.11 8.26 3.66 0.29 0.19 1.17 0.52 
1 Recessive 0.5 0.5 0.08 -0.07 8.13 2.57 0.29 0.16 1.15 0.36 
1 Additive 0.5 0.1 -20.19 -19.93 63.06 69.89 0.79 0.84 8.92 9.88 
1 Additive 0.5 0.15 -17.71 -17.74 78.28 75.20 0.88 0.87 11.07 10.63 
1 Additive 0.5 0.2 -15.73 -15.35 61.55 64.33 0.78 0.80 8.70 9.10 
1 Additive 0.5 0.25 -13.74 -13.73 51.20 53.00 0.72 0.73 7.24 7.50 
1 Additive 0.5 0.3 -10.72 -10.56 30.59 30.76 0.55 0.55 4.33 4.35 
1 Additive 0.5 0.35 -7.75 -7.80 22.23 20.88 0.47 0.46 3.14 2.95 
1 Additive 0.5 0.4 -5.30 -5.65 12.07 8.54 0.35 0.29 1.71 1.21 
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Supplemental Table 6 Continued 
 
    Bias (BP) Variance SE (Bias) SE (Variance) 

Size 
Model 
Type MAF Prevalence 

CEBOOT 
np=100 

CEBOOT 
np=500 

CEBOOT 
np=100 

CEBOOT 
np=500 

CEBOOT 
np=100 

CEBOOT 
np=500 

CEBOOT 
np=100 

CEBOOT 
np=500 

1 Additive 0.5 0.45 -3.38 -3.41 4.66 3.79 0.22 0.19 0.66 0.54 
1 Additive 0.5 0.5 -0.66 -0.83 2.80 1.47 0.17 0.12 0.40 0.21 
2 XOR 0.5 0.05 -1.22 -0.78 4.06 3.10 0.20 0.18 0.57 0.44 
2 XOR 0.5 0.1 -0.18 -0.17 4.94 3.23 0.22 0.18 0.70 0.46 
2 XOR 0.5 0.15 0.30 0.20 6.74 4.84 0.26 0.22 0.95 0.68 
2 XOR 0.5 0.2 -0.01 0.19 5.63 2.90 0.24 0.17 0.80 0.41 
2 XOR 0.5 0.25 0.16 0.08 4.58 2.32 0.21 0.15 0.65 0.33 
2 XOR 0.5 0.3 0.37 0.28 4.18 2.05 0.20 0.14 0.59 0.29 
2 XOR 0.5 0.35 0.08 0.02 2.24 1.86 0.15 0.14 0.32 0.26 
2 XOR 0.5 0.4 0.02 -0.06 1.51 1.10 0.12 0.11 0.21 0.16 
2 XOR 0.5 0.45 0.04 0.04 0.72 0.57 0.09 0.08 0.10 0.08 
2 XOR 0.5 0.5 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
2 Box 0.5 0.05 -3.01 -2.52 4.76 4.54 0.22 0.21 0.67 0.64 
2 Box 0.5 0.1 -0.54 -0.49 4.57 4.01 0.21 0.20 0.65 0.57 
2 Box 0.5 0.15 -0.51 -0.51 4.37 3.57 0.21 0.19 0.62 0.50 
2 Box 0.5 0.2 -0.38 -0.45 3.74 2.61 0.19 0.16 0.53 0.37 
2 Box 0.5 0.25 -0.58 -0.59 4.05 2.62 0.20 0.16 0.57 0.37 
2 Box 0.5 0.3 -0.64 -0.51 4.08 2.97 0.20 0.17 0.58 0.42 
2 Box 0.5 0.35 -0.59 -0.41 2.96 2.50 0.17 0.16 0.42 0.35 
2 Box 0.5 0.4 -0.46 -0.40 3.41 3.21 0.18 0.18 0.48 0.45 
2 Box 0.5 0.45 -0.33 -0.23 2.08 1.68 0.14 0.13 0.29 0.24 
2 Box 0.5 0.5 -0.06 -0.15 1.96 1.66 0.14 0.13 0.28 0.23 
2 ZZ 0.5 0.05 0.21 0.25 5.27 5.04 0.23 0.22 0.74 0.71 
2 ZZ 0.5 0.1 -0.22 -0.20 4.54 3.26 0.21 0.18 0.64 0.46 
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Supplemental Table 6 Continued 
 
    Bias (BP) Variance SE (Bias) SE (Variance) 

Size 
Model 
Type MAF Prevalence 

CEBOOT 
np=100 

CEBOOT 
np=500 

CEBOOT 
np=100 

CEBOOT 
np=500 

CEBOOT 
np=100 

CEBOOT 
np=500 

CEBOOT 
np=100 

CEBOOT 
np=500 

2 ZZ 0.5 0.15 -0.11 0.07 4.99 3.80 0.22 0.19 0.71 0.54 
2 ZZ 0.5 0.2 -0.23 -0.22 2.59 2.00 0.16 0.14 0.37 0.28 
2 ZZ 0.5 0.25 -0.34 -0.24 2.20 1.86 0.15 0.14 0.31 0.26 

 
 
 
Supplemental Table 7 - Results for CEBOOT with error in the estimate 

€ 

ˆ p D, with 

€ 

ˆ p D  both under- and over-estimated for each 
model from n=100, 500 subjects. 
 
(A) CEBOOT with underestimated prevalence 
 

    CEBOOT Underestimates 

    Bias (BP) Variance SE (Bias) SE (Variance) PD 

Size 
Model 
Type MAF Prev np=100 np=500 np=100 np=500 np=100 np=500 np=100 np=500 np=100 np=500 

1 Dom 0.5 0.1 0.75 0.16 5.25 5.35 0.23 0.23 0.74 0.76 0.04 0.07 
1 Dom 0.5 0.15 3.50 1.33 4.02 3.50 0.20 0.19 0.57 0.49 0.08 0.12 
1 Dom 0.5 0.2 4.90 2.05 3.55 3.20 0.19 0.18 0.50 0.45 0.13 0.17 
1 Dom 0.5 0.25 5.07 2.13 3.34 2.97 0.18 0.17 0.47 0.42 0.17 0.21 
1 Dom 0.5 0.3 5.27 2.33 2.68 2.52 0.16 0.16 0.38 0.36 0.21 0.26 
1 Dom 0.5 0.35 4.77 1.94 2.12 1.87 0.15 0.14 0.30 0.26 0.26 0.31 
1 Dom 0.5 0.4 4.97 2.19 2.21 1.91 0.15 0.14 0.31 0.27 0.30 0.36 
1 Dom 0.5 0.45 4.90 2.14 2.13 1.88 0.15 0.14 0.30 0.27 0.35 0.41 
1 Dom 0.5 0.5 4.49 1.88 2.17 2.04 0.15 0.14 0.31 0.29 0.40 0.46 
1 Rec 0.5 0.1 -0.47 -0.17 3.57 3.21 0.19 0.18 0.50 0.45 0.04 0.07 
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Supplemental Table 7 Continued 

    CEBOOT Underestimates 
    Bias (BP) Variance SE (Bias) SE (Variance) PD 

Size 
Model 
Type MAF Prev np=100 np=500 np=100 np=500 np=100 np=500 np=100 np=500 np=100 np=500 

1 Rec 0.5 0.2 -2.15 -0.95 2.43 2.09 0.16 0.14 0.34 0.30 0.12 0.16 
1 Rec 0.5 0.25 -2.87 -1.29 3.15 2.78 0.18 0.17 0.45 0.39 0.17 0.21 
1 Rec 0.5 0.3 -3.31 -1.43 2.68 2.43 0.16 0.16 0.38 0.34 0.21 0.26 
1 Rec 0.5 0.35 -3.65 -1.56 2.49 2.23 0.16 0.15 0.35 0.31 0.26 0.31 
1 Rec 0.5 0.4 -4.20 -1.92 2.06 1.72 0.14 0.13 0.29 0.24 0.30 0.36 
1 Rec 0.5 0.45 -4.55 -2.06 2.37 2.21 0.15 0.15 0.33 0.31 0.35 0.41 
1 Rec 0.5 0.5 -4.78 -2.12 1.81 1.71 0.13 0.13 0.26 0.24 0.40 0.46 
1 Add 0.5 0.1 -18.99 -18.74 47.97 65.35 0.69 0.81 6.78 9.24 0.04 0.07 
1 Add 0.5 0.15 -16.08 -16.66 72.30 78.41 0.85 0.89 10.22 11.09 0.08 0.12 
1 Add 0.5 0.2 -13.45 -14.74 74.05 69.82 0.86 0.84 10.47 9.87 0.12 0.16 
1 Add 0.5 0.25 -13.17 -13.67 77.07 63.50 0.88 0.80 10.90 8.98 0.17 0.21 
1 Add 0.5 0.3 -9.90 -10.18 56.11 42.61 0.75 0.65 7.94 6.03 0.21 0.26 
1 Add 0.5 0.35 -6.83 -7.72 45.24 31.26 0.67 0.56 6.40 4.42 0.26 0.31 
1 Add 0.5 0.4 -5.07 -5.39 26.17 14.93 0.51 0.39 3.70 2.11 0.30 0.36 
1 Add 0.5 0.45 -3.34 -3.30 17.54 7.87 0.42 0.28 2.48 1.11 0.35 0.41 
1 Add 0.5 0.5 -0.77 -0.87 7.82 2.32 0.28 0.15 1.11 0.33 0.40 0.46 
2 XOR 0.5 0.05 -6.74 -1.25 2.05 2.75 0.14 0.17 0.29 0.39 0.01 0.03 
2 XOR 0.5 0.1 1.43 0.83 3.09 3.14 0.18 0.18 0.44 0.44 0.04 0.07 
2 XOR 0.5 0.15 2.97 1.42 4.45 4.16 0.21 0.20 0.63 0.59 0.08 0.12 
2 XOR 0.5 0.2 3.04 1.43 2.64 2.40 0.16 0.15 0.37 0.34 0.12 0.16 
2 XOR 0.5 0.25 2.98 1.41 2.36 2.12 0.15 0.15 0.33 0.30 0.17 0.21 
2 XOR 0.5 0.3 2.90 1.45 2.45 2.14 0.16 0.15 0.35 0.30 0.21 0.26 
2 XOR 0.5 0.35 2.17 0.99 2.13 1.85 0.15 0.14 0.30 0.26 0.26 0.31 
2 XOR 0.5 0.4 1.59 0.71 1.31 1.12 0.11 0.11 0.18 0.16 0.30 0.36 
2 XOR 0.5 0.45 0.95 0.45 0.69 0.58 0.08 0.08 0.10 0.08 0.35 0.41 
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    CEBOOT Underestimates 
    Bias (BP) Variance SE (Bias) SE (Variance) PD 

Size 
Model 
Type MAF Prev np=100 np=500 np=100 np=500 np=100 np=500 np=100 np=500 np=100 np=500 

2 XOR 0.5 0.5 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.40 0.46 
2 Box 0.5 0.05 -9.41 -2.93 4.18 3.96 0.20 0.20 0.59 0.56 0.01 0.03 
2 Box 0.5 0.1 0.85 0.49 3.42 3.90 0.19 0.20 0.48 0.55 0.04 0.07 
2 Box 0.5 0.15 1.29 0.44 3.49 3.39 0.19 0.18 0.49 0.48 0.08 0.12 
2 Box 0.5 0.2 2.19 0.79 3.20 2.98 0.18 0.17 0.45 0.42 0.12 0.17 
2 Box 0.5 0.25 1.78 0.56 2.87 2.54 0.17 0.16 0.41 0.36 0.17 0.21 
2 Box 0.5 0.3 1.47 0.37 3.10 2.87 0.18 0.17 0.44 0.41 0.21 0.26 
2 Box 0.5 0.35 1.37 0.39 2.61 2.39 0.16 0.15 0.37 0.34 0.26 0.31 
2 Box 0.5 0.4 1.14 0.26 3.30 3.00 0.18 0.17 0.47 0.42 0.30 0.36 
2 Box 0.5 0.45 1.09 0.36 1.87 1.66 0.14 0.13 0.26 0.23 0.35 0.41 
2 Box 0.5 0.5 1.02 0.39 1.60 1.46 0.13 0.12 0.23 0.21 0.40 0.46 
2 ZZ 0.5 0.05 -1.44 0.78 4.00 4.85 0.20 0.22 0.57 0.69 0.01 0.03 
2 ZZ 0.5 0.1 1.55 0.56 3.57 3.35 0.19 0.18 0.51 0.47 0.04 0.07 
2 ZZ 0.5 0.15 1.80 0.77 4.01 3.66 0.20 0.19 0.57 0.52 0.08 0.12 
2 ZZ 0.5 0.2 1.45 0.52 2.50 2.27 0.16 0.15 0.35 0.32 0.12 0.16 
2 ZZ 0.5 0.25 1.11 0.35 2.10 1.87 0.14 0.14 0.30 0.26 0.17 0.21 
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(B) CEBOOT with overestimated prevalence 

    CEBOOT Overestimates 

    Bias (BP) Variance SE (Bias) SE (Variance) PD 
Siz
e 

Model 
Type MAF Prev 

np=10
0 

np=50
0 

np=10
0 

np=50
0 

np=10
0 

np=50
0 

np=10
0 

np=50
0 

np=10
0 

np=50
0 

1 Dom 0.5 0.1 -4.84 -2.72 3.87 4.25 0.20 0.21 0.55 0.60 0.16 0.13 
1 Dom 0.5 0.15 -5.32 -2.69 2.43 2.87 0.16 0.17 0.34 0.41 0.22 0.18 
1 Dom 0.5 0.2 -5.64 -2.66 2.29 2.58 0.15 0.16 0.32 0.36 0.29 0.24 
1 Dom 0.5 0.25 -5.70 -2.69 2.15 2.47 0.15 0.16 0.30 0.35 0.33 0.29 
1 Dom 0.5 0.3 -5.46 -2.47 1.81 2.07 0.13 0.14 0.26 0.29 0.39 0.34 
1 Dom 0.5 0.35 -5.60 -2.73 1.43 1.57 0.12 0.13 0.20 0.22 0.44 0.39 
1 Dom 0.5 0.4 -5.20 -2.36 1.52 1.58 0.12 0.13 0.21 0.22 0.50 0.44 
1 Dom 0.5 0.45 -5.14 -2.37 1.64 1.71 0.13 0.13 0.23 0.24 0.55 0.49 
1 Dom 0.5 0.5 -4.97 -2.37 2.24 2.11 0.15 0.15 0.32 0.30 0.60 0.54 
1 Rec 0.5 0.1 1.19 0.64 2.65 2.82 0.16 0.17 0.37 0.40 0.16 0.13 
1 Rec 0.5 0.15 2.00 0.89 1.98 2.13 0.14 0.15 0.28 0.30 0.22 0.18 
1 Rec 0.5 0.2 2.36 1.10 1.64 1.79 0.13 0.13 0.23 0.25 0.28 0.24 
1 Rec 0.5 0.25 2.99 1.35 2.47 2.56 0.16 0.16 0.35 0.36 0.33 0.29 
1 Rec 0.5 0.3 3.51 1.59 1.96 2.05 0.14 0.14 0.28 0.29 0.39 0.34 
1 Rec 0.5 0.35 4.11 1.98 2.14 2.19 0.15 0.15 0.30 0.31 0.44 0.39 
1 Rec 0.5 0.4 4.14 1.83 1.51 1.48 0.12 0.12 0.21 0.21 0.50 0.44 
1 Rec 0.5 0.45 4.56 2.06 2.13 2.14 0.15 0.15 0.30 0.30 0.55 0.49 
1 Rec 0.5 0.5 4.91 2.23 1.96 1.80 0.14 0.13 0.28 0.25 0.60 0.54 
1 Add 0.5 0.1 -20.88 -20.68 61.27 66.31 0.78 0.81 8.66 9.38 0.16 0.13 
1 Add 0.5 0.15 -19.42 -18.73 60.73 71.13 0.78 0.84 8.59 10.06 0.22 0.18 
1 Add 0.5 0.2 -17.00 -16.18 43.57 56.55 0.66 0.75 6.16 8.00 0.28 0.24 
1 Add 0.5 0.25 -14.65 -14.09 25.62 39.90 0.51 0.63 3.62 5.64 0.33 0.29 
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    CEBOOT Overestimates 
    Bias (BP) Variance SE (Bias) SE (Variance) PD 

Size 
Model 
Type MAF Prev np=100 np=500 np=100 np=500 np=100 np=500 np=100 np=500 np=100 np=500 

1 Add 0.5 0.3 -11.39 -11.08 11.75 22.04 0.34 0.47 1.66 3.12 0.39 0.34 
1 Add 0.5 0.35 -8.80 -8.21 3.96 11.15 0.20 0.33 0.56 1.58 0.44 0.39 
1 Add 0.5 0.4 -6.12 -5.81 1.32 3.56 0.11 0.19 0.19 0.50 0.50 0.44 
1 Add 0.5 0.45 -3.44 -3.36 3.82 1.38 0.20 0.12 0.54 0.20 0.55 0.49 
1 Add 0.5 0.5 -1.15 -1.04 10.09 3.23 0.32 0.18 1.43 0.46 0.60 0.54 
2 XOR 0.5 0.05 -2.00 -1.11 3.20 3.20 0.18 0.18 0.45 0.45 0.09 0.07 
2 XOR 0.5 0.1 -2.71 -1.28 2.82 3.02 0.17 0.17 0.40 0.43 0.16 0.13 
2 XOR 0.5 0.15 -2.78 -1.17 3.27 3.57 0.18 0.19 0.46 0.51 0.22 0.18 
2 XOR 0.5 0.2 -2.82 -1.20 1.79 2.01 0.13 0.14 0.25 0.28 0.28 0.24 
2 XOR 0.5 0.25 -2.69 -1.12 1.44 1.66 0.12 0.13 0.20 0.23 0.33 0.29 
2 XOR 0.5 0.3 -2.31 -0.86 1.49 1.75 0.12 0.13 0.21 0.25 0.39 0.34 
2 XOR 0.5 0.35 -2.12 -0.94 1.13 1.36 0.11 0.12 0.16 0.19 0.44 0.39 
2 XOR 0.5 0.4 -1.61 -0.73 0.67 0.82 0.08 0.09 0.10 0.12 0.50 0.44 
2 XOR 0.5 0.45 -0.84 -0.34 0.34 0.43 0.06 0.07 0.05 0.06 0.55 0.49 
2 XOR 0.5 0.5 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.60 0.54 
2 Box 0.5 0.05 -3.43 -2.64 4.58 4.44 0.21 0.21 0.65 0.63 0.09 0.07 
2 Box 0.5 0.1 -3.25 -1.65 3.23 3.45 0.18 0.19 0.46 0.49 0.16 0.13 
2 Box 0.5 0.15 -2.93 -1.55 2.98 3.23 0.17 0.18 0.42 0.46 0.22 0.18 
2 Box 0.5 0.2 -3.21 -1.64 2.36 2.57 0.15 0.16 0.33 0.36 0.28 0.24 
2 Box 0.5 0.25 -2.87 -1.52 1.90 2.12 0.14 0.15 0.27 0.30 0.34 0.29 
2 Box 0.5 0.3 -2.62 -1.47 2.45 2.56 0.16 0.16 0.35 0.36 0.39 0.34 
2 Box 0.5 0.35 -2.29 -1.26 2.09 2.19 0.14 0.15 0.30 0.31 0.44 0.39 
2 Box 0.5 0.4 -2.02 -1.13 2.63 2.74 0.16 0.17 0.37 0.39 0.50 0.44 
2 Box 0.5 0.45 -1.60 -0.84 1.62 1.58 0.13 0.13 0.23 0.22 0.55 0.49 

 

 



 209 

Supplemental Table 7 Continued 

    CEBOOT Overestimates 
    Bias (BP) Variance SE (Bias) SE (Variance) PD 

Size 
Model 
Type MAF Prev np=100 np=500 np=100 np=500 np=100 np=500 np=100 np=500 np=100 np=500 

2 Box 0.5 0.5 -1.26 -0.63 1.84 1.59 0.14 0.13 0.26 0.22 0.60 0.54 
2 ZZ 0.5 0.05 -1.25 -0.42 4.41 4.65 0.21 0.22 0.62 0.66 0.09 0.07 
2 ZZ 0.5 0.1 -2.03 -1.03 2.78 2.99 0.17 0.17 0.39 0.42 0.16 0.13 
2 ZZ 0.5 0.15 -1.89 -0.86 2.93 3.22 0.17 0.18 0.41 0.46 0.22 0.18 
2 ZZ 0.5 0.2 -1.92 -0.99 1.68 1.87 0.13 0.14 0.24 0.26 0.28 0.24 
2 ZZ 0.5 0.25 -1.66 -0.89 1.33 1.53 0.12 0.12 0.19 0.22 0.33 0.29 


