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SUMMARY

Hajek [3] proved that under weak conditions the distribution of a simple
linear rank statistic S (see (1.1)) is asymptotically normal (ES,az), with
defined in (1.6). He left open the question whether under the same conditions
the centering constant ES may be replaced by the simpler constant p defined
by (1.8), as was found to be true in the two-sample case and under different
conditions by Chernoff and Savage [1] and Govindarajulu, LeCam and
Rhagavachari [2]. In this paper it is shown that the replacement of ES by u
is permissible if one of Hajek's conditions is slightly strengthened. The

relation of the problem to one in the theory of polynomiagl approximation is

noted.



1. Introduction and statement of results. H&jek [3] studied the asymptotic

distribution of the sum
N

(r.1) S = Z c; By (Ri)’
i=1
called & simple linear rank statistic, where c;, ..., N are real numbers,

R,y eee, RN are the respective ranks of N independent random variables

l)
Xl, ceey XN whose distribution functions Fl’ veey FN are continuous, and the
so-called scores ay (i) are generated by a function p(t), 0 <t <1, in either
of the following two ways:

(1.2) ay(1) = @(i/(¥41)), !

1, o0 ey N,

. i .
(1.3) ay (1) = mp(uit)y, i=1, ..., N
Here Uél) denotes the i-th order statistic in a sample of size N from the
uniform distribution on (0,1). HAjek proved four theorems asserting the

asymptotic normality of S under different conditions, of which we quote

Hijek's Theorem 2.3. Let p(t) = pp(t) - pr{t), 0 <t <1, where ¢I(t)
and.¢II(t) are both non-decreasing, square integrable, and absolutely con-

tinuous inside (0,1). Then for every € >0 and 1 >0 there exists N(e,n) such

that
=12
(1.4) N > N(e,3), var S > N max, <i <N (ci - ¢c)
implies
(1.5) sup |P(S-ES < x(var s)%) - o(x)| <e.
X .

The assertion remains true if we replace var S in (1.4) and (1.5) by

(1.6) & = B var £,(x), #,(0NE]_, (ey0) [laly-0)F; ()" (H))aF (3}



Here ¢ = N-lz}j\f:l ey ¥(x) = (2:()-% f}_{” exp(-y2/2)dy, u(x) =l or O

according as x > 0 or x <0, @' denotes the derivative of ¢, and
_ w1
(1.7) H(x) = N z§=l F, (x).

Hajek's Theorem 2.4 states that under the conditions of Theorem 2.3,
for every € > O and § > O there exist N(e,n) and 8(e,n) such that the con-
clusion of Theorem 2.3 holds with var S replaced by

@ =2 (e, - [le) -3) at,
where @ = E‘cp(t)dt, provided that the condition max; j,xlFi(x) —Fj(x) I< 8(e, n)
is added to (1.4).

Hé,jek's theorems are extensions of the earlier results of Chernoff and
Savage [1] and of Govindarajulu, LeCam and Raghavachari [2], which are con-
cerned with the special case ¢y = ¢¢¢ = R Cy F:L Tese= Fm,

Fm+1 Zeee= FN (two-sample case). Apart from different sets of assumptions
(which, in essential parts, are more restrictive than Hajek's), the theorems

of [1] and [2] differ from Hajek's theorems in that the centering constant
ES is replaced by
(1.8) p=Dy oy [0, 06, ().
The problem of whether ES may be replaced by u is of interest since, typically
p is easier to evaluate. H&jek observed ([3], p. 330) that he did not succeed
in showing that this replacement is possible under the conditions of TheOrems
2.3 and 2.4.

In this paper it is shown that if the condition of square integrability
of Pq and P11 is slightly strengthened, then the conclusions of Theorems

2.3 and 2.4t remain true with ES replaced by @ or by



1
(1.9) B o=t E{zli“dcp(i/(wﬂ))-Nfcp(t)dtl-
0
Explicitly, the following result is proved.

Theorem 1. Let ¢@(t) =cpI(t) - ¢II(t) satisfy the conditions of Hajek's

Theorem 2.3 and the additional condition
1

(1.10) fl(pk(t)l ¥ (l-t)'% dt < o , k = I,II.
0

Then the conclusions of H&jek's Theorems 2.3 and 2.4 remain true with ES re-
placed by p' in the case of the scores (1.2) and by p in the case of the
scores (l.3). Moreover, if |5|/machi-5| is bounded, ES may be replaced by
also in the case (1.2). .' ’“ |

Condition (1.10) implies square integrability of the monotone functions
Py (see Lemma 1 below). It has been shown in (4] that if ¢k‘is monotone and

1
f cpi(t){log (l+h)k(t) |))2+'5 dt < o for some 8> O, then (1.10) is satisfied.

0
In this sense condition (1.10) is not much stronger than square integrability.

The author does not know whether square integrability of'¢I and.wII is

sufficient for the conclusion of Theorem 1.
Theorem 1 is proved in Section 5. The proof depends on the following

two propositions which are demonstrated in Sections 3 and L.

Proposition 1. There is a numerical constant Cy such that if ¢ is non-

decreasing, then 'l

(1.11) Bim lE‘P@éi))' o(i/(+1)) | < ¢y N%fb(t) o ¥ae)F as
0



L

Proposition 2. There is a numerical constant 02 such that if ¢ is non-

decreasing and Fl, veey FN are any continuous distribution functions, then

(1.12) =,

1 |Ehp(Ri/(N+l))-L¢(H(x))dFi(x)! 5021\15 [kp(t)lt-%(l-t)-é dt.

Remark, The integral on the right of (1.11) and (1.12) may be replaced
by inf___ fé I:p(t)-alt.%(l-t)-% dt. This is due to the fact that the left
sides of the inequalities are not changed if ¢ is replaced by ¢ + const.

Proposition 1 gives an upper bound for a distance between the sequences
of scores (1.2) and (1.3). Proposition 2 has an obvious bearing on the esti-
mation of |Es-p'| with scores (1.2). Taken together with Proposition 1, it
will be seen (in Section 5) to imply an inequality analogous to (1.12) for
the scores (1.3).

. The stated results are closely related to a problem in polynomial approxi-
mation. For a function ¢ which is Lebesgue integrable on (0,1) define the

(modified) Bernstein polynomial of order N by
i+1)/(N+1) . .
Bh(t) = B (1) p(wau (e (1-6)" "
i/(N+1)

(see Lorentz [6], Chapter II)., It is shown in [4] that if ¢ is nondecreasing

then 1 1l
f |E‘§(t) -o(t)lat <c N-%f ko (%) It‘%(l-t)‘% dt, where C is
0 : 0 :

a numerical constant. The proof is similar to that of Proposition 2.

2. Preliminary lemmas. The following lemmas will be used in the proofs.

The symbols Cl, 02, 03, .o Will denote numerical constants.



Lemma 1. If ¢ is nondecreasing,

1
(2.1) {/; cpe(t)dt}% < -é\lkp(t) |t-% (l-t)'édt.

Lemma 2. If ¢ is nondecreasing,

1
@2) 23 b o} diadice [hmrtante
0

J=1 N+l

Lemmas 1 and 2 are identical with Lemmas 1 and 2 of [4] and are proved

there.

Let GNi denote the distribution function of Ulgi) and let the random

variable WN(u) have the binomial (N,u) distribution. Then for i = 1,...,N,

(2.3) GNi(u) = P[UISIi) <u} = P{WN(u) >i}, 0<u<l.

Ilema 30 FOI‘ j = l,cao,N"l,

@4) =01 - o) <1+ o whia - D

Proof. By (2.3), for 0 <u <1,

Ei:l {1- GNi(u)] = zf’.;__.l P(WN(u) <i-1} = }:i’;é 430 P[WN(u) =k}

=5 (3-0)P0 () = X)=gP i (u) < 3} - 5)_JkP i (u)=k)
Now

z:]{ _o KPO () =k} = quk(g)uk(l-u)N'k = WP (Hy , () < §-1)
and P (u) < 3} = PlWy_;(w) < J-1) + (1-u) P(w,_; () = j).
Hence

(2.5) B}, @ - Gy (@) = (F-M)P 0, (w) < 3-13 + 3 Hud )™,

i=1



6
For u = j/(N+1) we have j-Nu = j/(N+1) < 1. The maximum for u e (0,1)

of the last term in (2.5) is attained at u=j/N. Hence
(2.6) Z'j [l N+]_)} <1 + j(N l)(l)‘](l J)N J_ 1+ N(N)(:J.)J"‘l(l J)N J+l.
By Stirling's formula there is a numerical constant Ch such that
2r) M <o, v I HE 1y
3’ = N N =d=
Inequality (2.l4) now follows from (2.6) and (2.7).

3, Proof of Proposition 1. Let Py = ¢(3/(N+1)), 1 < 3§ <N, and let G,

be defined by (2.3). Since ¢ is nondecreasing,

. 1 (3+1)/(¥41)
mp(ul?)) - [ p(uay, (@) = 21 PR CLG

N

(3+1)/(m+1) 1
-1
3=0 P31 ‘/:j/(N+l) Gy () + ~/;x/(N+1)CP () Gy, (u)

=gy *+ Bt (17 95) Wl G + f 50 g o).

If in the sum in the last line we majorize the j-th term by cpJ. 41" cpa. for

1< Jj <i-l, we obtain

(3-1) EP(UISIJ-)) - (pi _<_ ai + bi’ i= l, coey N,

where

1
G.2) o = B 0 O DY by = [ PO Ok ()

with ay = 0. Since a, 20, by >0, (3.1) implies

oo (0))- oy | < 28, + 20, + oy - B(UG)).

Hence



(3.3) 5 IF:p(U(l))- ;152 +2B+D,

where

(3.4) A=Zj s = ég;i @40~ y) B 00y (FED)

G.5) B=sl b, D=Z 0 -Ty EP(Ulsxi))'
By Lemmas 3 and 2,
Asoy-op+ o M2 G- e - i

(3.6) 1
S@y -9y *C5 0y n? ’é'l:p(t) It'é(l-t)“}dt.

Since zlf -1 GNl(u) = Nu,

1l
(3.77 B=n ]1; e PO w(we1) Y.

(i+1)/(w+1)
Since zg‘: : <}:N (N+1) J} (N+l;/( § o (t)at=(N+1) f N+lcp(‘t)dt

: 1
and 221:1 Ep(UlfIl)) = NL @(t)at,

1 1/(N+1)
(3.8) D < L/(Nﬂ) p(t)at - Nj; @ (t)dt.

Now

N/ (N+1) 1 (N+1)
(3.9) (wa)v L ! p(t)dt <oy < (N+1)1[/(N+l)cp(t)dt, cplz(Nﬂ)[/ P(t)at.

From (3.7) to (3.9) we obtain after repeated application of Schwarz's in-

equality

1
(3.10) 2((pN- cpl) +2B +D <G N% (\/; cpa(t)dt}é.



, ‘ Combining (3.3), (3.6) and (3.10) and applying Lemma 1, we obtain

inequality (1.11) of Proposition 1 with C; = 205C), + Cs'

k, Proof of Proposition 2. Let

(4.1) ¥, (x) = Ep(R,/(N1)) |x; = x).

Then

2) B, mptry/en)) - [ g, (| <2, [ 60w tdlar, (.
We have

*i(x) = 231:1 cPJ P{Ri = vjlxi = x}

=9 * zl;;i @4 ~®y) PRy 2341 Ix; = ).

Now R, = )%Ll u(X; - %), vhere u(*) is defined after (1.6). Hence if

. we let

(4.3) V(x) = B,_; ulx - %),

then PR, > ;1+1|xi = x} < P{V(x) > J)} for all i and

(4.4) ¥, <oy + I By -0y POG) 23
By Theorem 1 of [5],
®.5) P > 0 D @ H a6 @ tor 3 > ).
If we majorize P{V(x) >3} in (4.4) by 1 for 3§ < [NH(x)] and apply (4.5) to
the terms with j > [NH(x)]+l, we obtain
()'"‘6) *i(x) - q’[NH(x)]+l S J(H(X)), o < H(X) < l’
where
M.7)  3(8) = By e @ge - o B0 I I
-1 -1

for 0<t<1-N"andJ(t) =0forl-N"<t<L



o since J(t) >0, (4.6) implies

¥ () - @y el S 2TEED) + @ iy Jar ¥ ()
Therefore, by (1.7),

o 1 1
(4.8) inLl _/;l*i(x) - cp[NH(x)]+l|dFi(x) < 2N_/; J(t)dt + N . P ne]er &

- £, Bp(r,/(W1)).
Now

1l
.9) 1 gy o = By 90/ E) = EL, B,/ (v1)

and

l -
L J(t)at = %L ﬁk N J(t)at

- g [B/N
B By @y 0@ 0 H7 f _l)/NtJ<1-t)N'5dt

- s PI/N

]

By Stirling's formula, for 1 < j < N-1,

j/N 1 . ' syt
fOJ/ s (1-t)79 at < j; t3(1-t)N Y at = JTES%%L
< op wHHIE @ I
Hence
1
(+.10) j; J(t)at < Cg 2 Py ©@ga- cpj)(%)%(l— %)*.
It follows from (4.8) to (4.10) that

) 2 f (9 - @ oy o 12 ) < 200 o 0 DD P D2,

Furthermore,
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zlg:lf kP[NH(x)]ﬂ- cP(H(x))‘I.dFi(x) = Nfb[Nt]+l- (p(t)!dt

1
<t | oEED- o) Jat

0
= (Nﬂ){ié;Nﬂ) @(t)at - /(;l/(Nﬂ)‘P(t)dt}

1 1/(W+1)
) cm*{ ( [* Fwmad ([ ) ewan)
0

N/(N+1)

(4.13) <u Wt {fol cpz(‘b)dt}% .

It now follows from (4.2), (4.11), (%.13) and Lemmas 1 and 2 that inequality

(1.12) holds with C, = 2C4 + L,

5. Proof of Theorem 1. The following lemma will be used,

Lemma 4., If ¢ satisfies the conditions of Theorem 1, then for every

@ > 0 there exists a decomposition

(5.1) o(t) = ¥(t) +o B () -9 (x), o<t <,
(1)

such that ¥ is a polynomial, ¢ and cp(e) are nondecreasing, and

1
(5.2) fo BP0 + b®@ehe? @yt <a.

Lemms U4 is an analog of Lemma 5.1 of Hajek [3], which differs from
Lemma 4 in that ¢ is assumed to satisfy the conditions of Theorem 2.3 and
T @) 2 L (@), 2 .
(5.2) is replaced by ko (¢) [Fat + '/ (t) |fat <a . Hajek's
0 - 0
proof of Lemma 5.1 serves without change to prove Lerma b,
It will be sufficient to prove the assertion of Theorem 1 concerning

Theorem 2.3 since for Theorem 2.4 the proof is analogous. First let S be
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defined with a.N(l) = @(i/(N+1)). To prove the statement of the theorem with
centering constant p', it is enough to show that for every >0 and >0

there exists a number N' = N'(B,n) such that

(5.3) N>N', var S >TW ma‘x1<i<N(ci'E)2
implies -
(5.4) |Es - w'|/(var S)% < B.

Indeed, given € > 0 and n > 0, choose B = B(e) so that maxXIO(x'fB) -0(x) |< e/2.
Let N"(e,n) = max (N'(B(€),n)), N(e/2,n)), with N(:,-) defined in Hajek's
Theorem 2.3. Then (1.4) with N(e,n) replaced by N"(e, n) implies (1L.5) with
ES replaced by n'.

We write S(p) n'(p), for S, p' to exhibit the dependence on . Since

L
B o(ry /(1)) = B o(4/(r) and Zy oI () = ¥ fo o (t)at,

1 1

we have from (1.9)

S(o) - wle) = By (e,5) &,/ (1))~ [oE(0)aF, (1))
Hence

(5.5)  IES(p)- w'(e)] < maxy gy qyles-c Ix“i‘ﬂIEcp(Ri/(N+1))-f<p(H(x))dFi(x)I.

We apply Lemma 4 with @ to be determined later. Clearly

k
(5.6) [ES@)-w'@)] < [BSH-w M| + By fes 000w U 1
Since ¥ has a bounded second derivative, it follows by a Taylor ex-

pansion (see Hajek [3], p. 340) that there is a constant K(¥) such that
(5.1 Iew(ey/ )~ [REGKE, (O] < KON, 3= 3,00
Hence, from (5.5) withe¢ =¥,

(5.8) [ES(¥) -n' (¥ | < K(¥) mexy oy o fes - €1 -
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® 0

From (5.5) withe =¢  ~, Proposition 2, and (5.2),
k k -
Gy 2y ™) we s oy ¥ o mx g ey - El

If var S > M max, (ci - E-)2, it follows from (5.6), (5.8) and (5.9)
that
(5.10)  [Es(e)- m' (@) |/ (var < xon? s can’% @ .

Now, given B > 0 and >0, choose @ in Lemma hrso that Cen'% a = g/2.
This choice fixes X(¥) = Kl(ﬁ, n). Define N' = N'(B,n) by n-%!((ﬂr) (N')-‘L B/2.
Then (5.3) implies (5.4), as was to be proved.

To prove the last part of Theorem 1 concerning the case (1.2), note that,

by (1-9)’
1 1
| =l 516||£§=1¢(i/(n+1))-NL p(t)dt |=IEINIfOl¢(D-§,];%)- o(t)dat].

Since ¢ is the difference of two non-decreasing, square integrable functions,
it follows from (4.12) that
o -ul < (5] w2 K

where K = KN(cp) -0 as N -»». Hence if varS > WN ma.x(ci-E)a, then

- ul J(vae)® < 0¥ xgy (el /maxley - L,
which is arbitrarily small for N large enough if |5 |/ma.x|ci-5| is bounded.
This implies the last part of the theorem. “ | 1
Finally consider S with a,N'(i) = Ep(UIEIi)). In this case §i=lam(i)=é;(t)dt,

hence

S(0)-nle) = B (c;8) loy(Ry)-[ oG, (),

(5.11) IBS(o)-np) | < maxy fe;-81 2, [Bay(R;)- f o (H(x))aF; (x) |-

' Now it is easily seen that
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(5.12) By [emy(ay)- @G, ()| < By Iap(ay/w)) <f o, (ol

s 2 Eed)- o/ .

For ¢ = ¥ we apply Taylor's formla.to ﬁhe last term. Since EUlsri):i/ (N+1)
and var UISIi) <N for all i, we find that there is a constant K'(¥) such
that IEv(UIEIi))- v(i/(v+)) | < K'(t)N-l, i=1,...,N. Together with (5.7)
this implies an inequality analogous to (5.8). Applying Propositions 1
and 2 to (5.12) with ¢ = :p(k), k = 1,2, and using Lemma L4, we obtain
an inequality analogous to (5.9). Now the conclusion follows as in the

first part of the proof.
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