
ABSTRACT 

BROUGHTON, RACHEL ANN. Uncertainty Quantification for Crystallographic Refinement of 

Full Profile X-ray Diffraction Patterns with a Bayesian Inference Method (Under the direction of 

Dr. Jacob Jones). 

 

Powder X-ray diffraction (XRD) is a powerful, non-destructive materials characterization 

technique for examining crystal structures of materials. This crystallographic information is 

extracted by fitting a physical model to a diffraction pattern via the Rietveld method. 

Traditionally, refinements of diffraction data with the Rietveld method are performed with least 

squares minimization. While the least squares approach has been effectively employed for over 

50 years, there is still room for growth in areas related to poor uncertainty quantification, 

susceptibility to local minima, and difficulties with highly correlated parameters. In this work, a 

Bayesian inference method is applied to perform crystallographic refinement of powder XRD 

patterns. The alternative statistical framework provides enriched uncertainty information, helps 

to ensure local minima are avoided, furthers the understanding of parameter relationships, and is 

intuitive with a scientific interpretation. The Bayesian method is described and then applied to 

four case studies of different material systems. A variety of capabilities of the Bayesian method 

for crystallographic refinement are demonstrated throughout each case study. 

First, the impacts of the instrumental contribution to the diffraction profile of a LaB6 

NIST standard and a TiO2 analyte are investigated with the Bayesian method for refinement. In 

the next study, satellite peaks observed in high-resolution synchrotron XRD of a 

40% Sn(II)-substituted BaZr0.5Ti0.5O3 compound are modeled with a supercell. Atom positions 

within the supercell are determined through refinement in the Bayesian framework. Next, the 

synthesis of a K0.5Na0.5NbO3 piezoelectric system was studied through refinements of in-situ 

high temperature XRD data with both the Bayesian and Rietveld methods to capture and model 



the chemically inhomogeneous behavior of the system. In the final study, a truncated Dirichlet 

process mixture model is incorporated into the Bayesian method in order to promote a data-

driven selection of the number of phases in the diffraction model. This approach is demonstrated 

on simulated patterns of CoO and NiO, in-situ high-temperature data of the formation of a solid 

solution Co0.5Ni0.5O rock salt structure, and the K0.5Na0.5NbO3 system. Through these four case 

studies, the Bayesian inference method for crystallographic refinement is exemplified across a 

variety of material systems and compared to the Rietveld method. 
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CHAPTER 1: Introduction  

1.1 Powder Diffraction 

 

X-ray diffraction (XRD) is a powerful materials characterization technique for 

determining the atomic structures of crystalline materials. An XRD pattern contains unique, 

characteristic peaks from reflections determined by the crystalline structures and associated 

symmetries present in the material. Within these peaks, the diffraction profile contains rich 

amounts of information about the material parameters, sample information, and unit cell. 

Advancements in technology have enabled vast improvements in both data collection and 

analysis for XRD patterns. This work focuses on powder x-ray diffraction, which is a versatile 

technique for characterizing a wide array of material structures. 

The first powder diffraction pattern was collected in 1912 by Friedrich, Knipping, and 

von Laue.1,2 Also in 1912, W. L. Bragg published the famous Braggôs law that defines the 

relationship between diffraction angle and interplanar lattice spacing.3 Peter Debye and Paul 

Scherrer developed the methods of powder diffraction in 1916 by understanding the x-ray source 

which enabled them to determine the lattice parameters of lithium fluoride and silicon.4,5 Around 

the same time, and unbeknownst to each other, Albert Wallace Hull was also developing powder 

diffraction methods by examining iron at General Electric Research Laboratory in 1917.5,6 

Structural determination with powder diffraction was revolutionary for the field of materials 

characterization as it overcame the need for single crystal samples which are often difficult, and 

sometimes even impossible, to make. However, structural refinement from powder diffraction 

patterns exhibited several weaknesses, such as the loss of information from overlapping 

reflections and the inability to move beyond manual and graphical analysis methods.7  
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The development of whole powder pattern fitting beginning in the 1960ôs helped tackle 

the problems of peak overlap and improve the quality of structural information that could be 

obtained from powder diffraction patterns.5 Hugo M. Rietveld published the highly influential 

work ñA Profile Refinement Method for Nuclear and Magnetic Structuresò in 1969 and the 

whole pattern structure refinement method described within later became known as the Rietveld 

method.8 The Rietveld method uses least squares minimization techniques to fit  a calculated line 

profile to an experimental powder diffraction pattern in order to obtain a physical, 

crystallographic model. The model incorporates a range of structural, sample, and instrumental 

parameters that are refined to determine the optimized calculated diffraction profile. The 

widespread implementation of the Rietveld method was made possible with the development of 

computers and increased computational power. In fact, Hugo Rietveld widely distributed his 

refinement program written in Algol and later converted to FORTRAN.9  

Since its initial conception, the Rietveld method has been rigorously studied and 

continually developed by the community and applied to both neutron and x-ray diffraction with 

numerous versions of peak shapes and physical parameters that can be incorporated into the 

model.10 There are several computer programs for conducting refinements with the Rietveld 

method using different model definitions and minimization routines. A few of the most popular 

crystallographic refinement programs include: TOPAS11, FullProf12, GSAS-II13, Jana14, and 

MAUD15. The work presented in this dissertation exclusively uses the GSAS-II software 

package (General Structure and Analysis System II). GSAS-II was selected because it is open-

source, free, and implemented in Python. These criteria were important to consider for this work 

because it was necessary to tailor the diffraction model of an existing Rietveld refinement 
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software to suit the needs for applying an alternative Bayesian statistical framework to 

crystallographic refinement. 

1.2 Uncertainty Quantification for  Diffraction A nalysis in the Rietveld Method 

Uncertainty quantification is important for interpretation of the parameters that result 

from the diffraction model obtained by the Rietveld method. Some examples of common 

parameters include lattice constants, phase fractions, atomic site occupancies, microstrain, and 

crystallite size. The refined model parameters provide valuable information about the sample 

behavior and crystal structure. It is also important to appropriately understand the uncertainties 

associated with the model parameters in order to recognize the range of outcomes, assess the 

reliability and accuracy of the model, and effectively communicate the results. 

The Rietveld method traditionally employs a frequentist approach to uncertainty analysis. 

In the Rietveld method, an uncertainty estimate for the data is defined as a standard uncertainty. 

The statistical uncertainty in the intensity values of the data, as determined from counting 

statistics, is extrapolated to standard uncertainties for the model parameters. These standard 

uncertainties are sometimes called estimated standard deviations and are derived from the least-

squares variance-covariance matrix.7 The standard uncertainty estimates are only valid if  a good 

fi t to the model is achieved.16 It is important to note that the parameter standard uncertainties 

include the minimum possible error arising only from random errors.10 The uncertainty values of 

refined model parameters offer information about precision, but not accuracy, and are often 

under estimated and inaccurately determined, especially in the presence of model inadequacy or 

systematic errors.17As an alternative approach, Bayesian statistical methods for uncertainty 

quantification can help to overcome these challenges by expressing uncertainties in parameters 

as probability distributions.18 



   

4 

 

 

1.3 Bayesian Inference for Diffraction Analysis 

 

Traditionally, least squares minimization frequentist techniques have been applied to 

crystallographic refinements of diffraction patterns through the Rietveld method. More recently 

however, Bayesian analysis methods have begun to be adopted more frequently in the context of 

diffraction patterns. New-found computational power in the 1980ôs began the ever-increasing 

popularity of Bayesian analysis techniques as posteriors can be evaluated through Markov chain 

Monte Carlo (MCMC) sampling with computers rather than through complicated integrals.19 

When conducting a crystallographic refinement of XRD data, a Bayesian framework provides a 

more scientifically intuitive interpretation as compared to the frequentist counterpart. In a 

Bayesian approach, prior beliefs about the material system are updated based upon the 

information from the data. The model parameters are treated as random variables and are 

expressed with subjective uncertainty and directly assigned probabilities.20 This is in contrast 

with a frequentist approach where the model parameters are treated as fixed unknowns with no 

probability and the data are treated as random. In a Bayesian analysis, posterior results are 

reported as distributions of parameters which propagate to distributions of model solutions for 

the data. This representation provides a more accurate depiction of crystal structures which are 

inherently inhomogeneous within a given material sample.  

The Bayesian method for refinement of crystal structures from diffraction patterns offers 

several advantages. First of all, the method provides enriched uncertainty information with full 

probability distributions on the parameters. The Bayesian framework allows for incorporation of 

prior information known about the material system and constrains the parameters to be limited to 

exist in a physically reasonable space as determined by the user. Additionally, the Bayesian 

method is independent of an individual refinement sequence and, in combination with 
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convergence diagnostics, can help ensure that local minima are avoided in the solutions.17 

Furthermore, parameter selection techniques can be performed along with the Bayesian method 

through analysis of parameter relationships from posterior samples. This can help to overcome 

setbacks with highly correlated parameters. Finally, Bayesian analysis offers an intuitive 

interpretation of results in the scientific workflow.  

There is a body of literature supporting the advantages of using a Bayesian framework to 

perform crystallographic analysis for different materials and contexts. Overall advantages of the 

Bayesian inference approach to structure refinement were summarized by Paterson et al.21 

Iamsasri et al. implemented a Bayesian analysis for single peak fitting of ferroelectric lead 

zirconate titanate diffraction reflections.22 Gagin and Levin used a Bayesian statistics approach 

to incorporate corrections for systematic errors into structural refinement.23 Fancher et al. 

proposed a method for use of Bayesian inference in crystallographic refinement from full-profile 

diffraction patterns, analogous to the least-squares Rietveld method, but with instead a Bayesian 

statistical framework.24 This Bayesian method was further detailed by Singh et al. and several 

Markov chain Monte Carlo sampling algorithms were tested for implementation.17 Other 

implementations of Bayesian analysis for diffraction data include the software package 

BLAND25, Gibbs sampling and DREAM(D) MCMC sampling for steel diffractograms with low 

signal-to-noise ratios26,27, phase identification from posterior probabilities28, and determination 

of crystallite size from nanopowders29.  

In this dissertation, a Bayesian inference method is applied to the refinement of 

crystallographic structures on full-profile x-ray diffraction patterns. Bayesian analysis is 

implemented with a delayed rejection adaptive Metropolis (DRAM) sampler. The method was 

originally developed by Fancher et al. and Singh and was modified and exemplified through 
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several case studies in this work24,17. The Bayesian method for refinement has been organized 

into a Python software entitled Quantitative Uncertainty Analysis for Diffraction (QUAD) that 

interfaces with the physical diffraction model integrated into GSAS-II  and is publicly available 

on GitHub.30 In this work, QUAD is applied to several different material systems for 

investigation of their structural behaviors and properties to explore the capabilities of the 

Bayesian approach to crystallographic refinement.  

1.4 Overview 

 

This work exemplifies the application of the Bayesian inference method for full-profile 

crystallographic refinement through four case studies. In Chapter 2, the methods for conducting 

and evaluating a refinement with the traditional Rietveld method and with the Bayesian inference 

method are explained and compared. The physical parameters that define the diffraction model 

are also described.  

Chapter 3 details the first case study for the implementation of the Bayesian method in 

determining the instrument profile of a laboratory x-ray diffractometer from a LaB6 standard. 

The impacts of using a fixed instrument profile predetermined from the standard versus varying 

the instrument parameters were evaluated by structural refinement of a rutile TiO2 analyte. The 

Bayesian results allow for a detailed investigation of the model parameter correlations and 

posterior parametric uncertainties.  

Chapter 4 investigates satellite peaks that are observed in 40% Sn(II)-substituted 

BaZr0.5Ti0.5O3 (BZT). The difficulties in synthesis of this composition with Sn2+ substituted on 

the A-site of the BZT perovskite have been recently overcome with a novel molten flux 

exchange, thereby creating a compound with an unknown structure marked by the presence of 

satellite peaks.31 Refinement with the Bayesian inference method resulted in the first definition 
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of a most probable unit cell with tin atomic displacements for this compound. In this chapter, the 

Bayesian method is utilized as an alternative fitting routine for its abilities to sample parameters 

of only reasonable values inside defined prior bounds and to successfully refine highly correlated 

parameters simultaneously. 

An analysis of in-situ high-temperature X-ray diffraction (HTXRD) patterns of the 

chemically inhomogeneous perovskite system K0.5Na0.5NbO3 (KNN) is conducted in Chapter 5. 

The development of the perovskite structure and movement of alkali ions during synthesis was 

tracked with both the Rietveld method and the Bayesian inference method. A model selection 

process was performed with information criteria computed from the Bayesian posterior samples. 

A three-phase model was found to be the best representation with each of the phases having 

different KxNa1-xNbO3 compositions and lattice parameters. It was found that once the 

chemically distinct regions form, they remain in the system during heating. The Bayesian 

framework provides an intuitive representation for a material system that contains multiple 

chemically inhomogeneous regions and, consequently, nonuniform crystal structures. 

Chapter 6 demonstrates the effectiveness of a modified nonparametric Bayesian analysis 

through the application of a Dirichlet process mixture model. The method successfully identified 

the number of phases and associated lattice parameters in a simulation study of cubic rock-salt 

structure CoO and NiO + CoO. The mixture model was then applied to in-situ HTXRD patterns 

of the formation of a Co0.5Ni0.5O3 solid solution and provided a good representation of the data 

with a reasonable number of non-negligibly weighted phases. The KNN system from Chapter 5 

was revisited with refinements using the Dirichlet process mixture model and the results were 

found to be comparable to those of the model selection procedure. Here, the Bayesian methods 
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allow the data to determine the number of phases necessary to achieve the best fit model. The 

results are summarized along with a discussion of future outlook in Chapter 7. 
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CHAPTER 2: Methods for Refinement of Diffraction Patterns 

2.1 X-ray Diffraction Data Collection 

X-ray diffraction (XRD) is a common materials characterization method used to observe 

structures of crystalline materials. It is a non-destructive technique that provides information rich 

with details about the crystal structure and sample behavior. This work exclusively employs bulk 

powder XRD, though other diffraction methods exist such as single-crystal XRD, grazing-

incidence XRD for thin films, and neutron diffraction. In this work, two diffractometer 

configurations are considered: Bragg-Brentano laboratory XRD in reflection mode and Debye-

Scherrer high-resolution synchrotron XRD in transmission mode. 

2.1.1 Laboratory X-ray Diffraction 

Laboratory XRD was collected at the Analytical Instrumentation Facility at NCSU using 

two different diffractometers. The data in Chapter 3 was collected on the Rigaku Smartlab X-ray 

diffractometer. The laboratory data presented in Chapters 5 and 6 were collected on the 

PANalytical Empyrean X-ray diffractometer. Laboratory XRD was collected in Bragg-Brentano 

geometry, or reflection mode. In-situ heating experiments were performed on the PANalytical 

Empyrean X-ray diffractometer with an Anton Paar HTK 1200N High-Temperature Oven 

Chamber. 

2.1.2 Synchrotron X-ray Diffraction 

Synchrotron XRD was collected at the Advanced Photon Source, Argonne National 

Laboratory. High-resolution synchrotron powder XRD was collected on beamline 11-BM in 

Debye-Scherrer geometry configuration, or transmission mode. This beamline offers extremely 

high resolution in the collection of powder diffraction data (< 1.4x10-4 ȹQ/Q).  
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2.2 Diffraction Model s for Crystallographic Refinement 

An XRD pattern exhibits a set of characteristic peaks that are unique to a materialôs 

structure. Through visual inspection of XRD data, the general material phases and structures can 

be identified. This is done by comparing to a previous XRD pattern or known structure and 

confirming that your material exhibits the same peaks. More rigorously, a phase identification 

can be performed. In this work, phase identification is performed in High Score Plus with the 

PDF-4+ database of structures from the International Centre for Diffraction Data. This program 

is used to identify reflection positions and then perform a peak search and match. First, the user 

selects the elements present in the sample to constrain the search to compounds in the database 

containing only those elements. The search software then suggests possible phases from the 

structure files in the database that may best match the reflections in the pattern. Finally, the user 

selects the material phases that are most likely present in the diffraction pattern based on the 

results. The possible results are limited to previously existing structures in the PDF card 

database. While phase identification is helpful, especially in the case of known or expected 

structures, it can sometimes yield no feasible matches if the structure is not yet in the database or 

has not ever before been characterized. Additionally, a common problem with structural 

identification with XRD is peak overlap. It is difficult to distinguish between overlapping 

reflections or peaks that are close together, particularly when the reflections are low in intensity. 

This issue is especially prevalent when there are impurities present in the sample. Thus, phase 

identification can yield incomplete, incorrect, or no results when overlapping peaks are 

incorrectly identified. 

Beyond phase identification, XRD patterns are rich with information about the structure 

and material. For example, the peak positions are related to the unit cell lattice constants, the 
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peak widths can indicate microstrain broadening in the sample and crystallite size, and peak 

intensities are related to parameters such as atom fractional occupancies, atomic site positions, 

and atomic displacement parameters. All of this information about the measured sample and 

more can be extracted from the diffraction peak profiles. One approach is to create a model to fit 

the entire XRD pattern, also known as a full-profile refinement. This is commonly performed 

with the Rietveld method. In the Rietveld method, a diffraction model that represents the full  

diffraction profile is defined and then fit to the data through a least squares minimization. There 

are numerous software programs that exist to perform refinements with the Rietveld method. In 

this work, the General Structure and Analysis System (GSAS-II) crystallographic refinement 

package is used as it is free, publicly available, and compatible with Python.1 The model 

parameters that determine the diffraction profile are described in the next section, specifically in 

the context of the GSAS-II program. 

2.3 Diffraction Model Parameters 

The parameters that define the diffraction model are discussed here in the context of the 

GSAS-II implementation. That is, the equations and parameter definitions that follow are a direct 

translation of the open source GSAS-II Python and Fortran code (to the best of the authorôs 

ability). The parameters are divided into categories, but ultimately all come together in the 

definition of the calculated peak profile, ycalc. Only the most commonly refined parameters are 

discussed here, though GSAS-II has the capabilities to implement other, more complex structural 

models. The refinable parameters are bolded in the equations that follow. The discussed GSAS-II 

diffraction model parameters are summarized in Table 2.1. 
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2.3.1 Parameters that Impact Peak Positions 

The peak position is defined in terms of twice the angle of diffraction (2ɗ) which is 

related to the interplanar spacings between atoms as defined by Braggôs Law (Equation 2.1). 

 

ὲ‗ ςὨίὭὲ— ςȢρ 

Here, ˂  is the wavelength of the incident x-rays, ɗ is the angle of incidence, d is the spacing 

between parallel lattice planes called d-spacing, and n is an order that must be an integer for 

constructive interference to occur. In practice, twice the diffraction angle (2ɗ) is commonly 

reported and is used to define the peak positions here. In the diffraction model, the theoretical 2ɗ 

reflection positions are calculated via Braggôs law using the unit cell lattice parameters to 

determine the d-spacings. This theoretical 2ɗ value is adjusted by several other parameters to 

determine the calculated peak positions, 2ɗcalc, of the model. The full equation for 2ɗcalc in 

Bragg-Brentano geometry used in GSAS-II is presented in Eq. 2.2. 
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Here, 2ɗhkl is the theoretical 2ɗ value of the peak position for a given hkl diffraction plane 

reflection calculated by Braggôs Law (Eq. 2.1) with the d-spacings determined by the lattice 

parameters. The lattice parameters are refinable parameters of a, b, c, Ŭ, ɓ, and ɔ that define the 

unit cell dimensions are depicted in Figure 2.1. 
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Figure 2.1. Unit cell with defined lattice parameters of a, b, c for lattice constant lengths and Ŭ, ɓ, ɔ for angles. 

 

The symmetry of the unit cell constrains which lattice parameters are enabled to refine 

and which are forced to be equivalent or fixed to certain values. For a cubic unit cell, the lattice 

constants are constrained as a=b=c and the lattice angles are constrained to be Ŭ=ɓ=ɔ=90Á. In 

GSAS-II, refinement of the lattice parameters is handled through the reciprocal metric tensor 

elements A0-A5 by calculating the d-spacing for each reflection as 

 

Ὠ Ὤẗὃπ Ὧẗὃρ ὰẗὃς ὬẗὯẗὃσ Ὤẗὰẗὃτ ὰẗὯẗὃυ Ȣ ςȢσ 

  

The other terms in Eq. 2.2 for calculated peak positions are defined as follows. The Zero 

term is the instrument zero. This parameter is hardly ever refined and instead fixed to a value of 

zero because of its high correlation with the theoretical 2ɗ values in the equation. Shift is the 

sample displacement and is almost always refined for Bragg-Brentano geometry. The 

Transparency term is 1/ɛeff in cm. This term is non-zero only for low-Z samples. If the sample 

is heavy enough to not be transparent to x-rays, then this term is not necessary to include. The 

GR term is the goniometer radius and is not refinable. This value should be fixed by the user at 

the goniometer radius setting of the diffractometer in millimeters. 
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Debye-Scherrer mode is a different diffractometer geometry involving transmission 

through the sample. The calculated 2ɗ positions for Debye-Scherrer geometry are similar as seen 

in Eq. 2.4.  
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DisplaceX is the sample x-displacement and is usually refined. DisplaceY is the sample y-

displacement and is only refined for very wide 2ɗ ranges, such as in constant wavelength neutron 

diffraction. 

2.3.2 Parameters that Impact Peak Widths 

The width of the reflections is described by defining a full width at half maximum 

(FWHM) for each peak, or the total width of the peak at half the maximum intensity. The 

FWHM of every peak is attributed to the combination of an instrumental contribution and a 

sample contribution. Both contributions are defined by a Gaussian distribution component and a 

Lorentzian distribution component (Eq. 2.5 and Eq. 2.6). The Gaussian FWHM component is 

related to the standard deviation of the distribution as ɜ ςς„ÌÎς and the Lorentzian 

FWHM component is defined directly from the distribution as ɜ ‎Ȣ 
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The Gaussian contribution to instrumental peak width is defined by the Caglioti equation, 

Equation 2.7.2 The Lorentzian instrumental contribution is defined in Equation 2.8. Both 

equations exhibit the ɗ dependence of the instrument profile. 
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The coefficients U, V, W, X, Y, and Z are the instrument profile terms. These instrument terms 

are commonly determined by refining a standard with known material and sample parameters 

and fixed for subsequent refinements of data collected on the diffractometer.3,4 This instrument 

profile determination process is discussed further in Chapter 3. The Z parameter in the 

Lorentzian contribution is typically fixed at a value of zero.5  

In addition to the instrument contribution to peak width, there is also a material 

contribution from the sample being measured. The Gaussian component of sample width is 

defined in Equation 2.9 and the Lorentzian component is defined in Equation 2.10. 
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The Size parameter refers to crystallite size broadening. Crystallite size has an inverse 

relationship with peak broadening: smaller crystallites produce broader peaks. The Scherrer 

equation was first published by Paul Scherrer in 1918 as &7(-ς—
ẗ

 for analyzing 

the effect of crystallite size on XRD peaks for powder materials.6,7 Crystallite size is defined as 

the effective length along which diffraction is coherent, which could be particles, grains, or 

domains within the particles with different orientations. K is known as the Scherrer constant and 

depends on the crystallite shape, the definition of peak width, and the definition of true size.8 

This term is only sensitive to small crystallite sizes as crystallites are effectively infinite on the 

diffraction scale for larger sizes. 

Microstrain  is the strain that occurs within the sample on a microscropic scale between 

or within grains. These strains cause local regions to have slightly different lattice spacings 

which broadens the diffraction reflections.9 Microstrain broadening has a tanɗ dependence with 

the profile.10 Different methods for determining microstrain are applied across the field and are 

still widely studied.11  

LG size and LGmustrain are the fractions of Lorentzian contribution to broadening from size 

and microstrain respectively. Likewise, 1 - LG is the fraction of Gaussian contribution to sample 

broadening. These fractions can vary from 0 to 1, but are commonly fixed at 1 as they are often 

Lorentzian in character.10 Especially for crystallite size broadening, non-Lorentzian shapes are 

only observed in specific physical cases. 

The equations discussed above are for constant wavelength, isotropic size, and isotropic 

microstrain only. GSAS-II has capabilities to implement different equations for anisotropic 

sample broadening models, but they are not discussed here. 
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2.3.3 Parameters that Impact Peak Profile Shape 

There are several functions that can be used to model the peak shape in a diffraction 

pattern.12 GSAS-II implements one of the most common of these functions called Pseudo-Voigt.1 

The Pseudo-Voigt function is a combination of a Gaussian and Lorentzian peak shape and has 

been defined in the context of powder diffraction.13,14 Defining the peak profile incorporates the 

calculated peak positions and peak widths that have already been described. 

The Gaussian FWHM is defined as ɜ ςς„ÌÎς and the Lorentzian FWHM is 

defined as ɜ ‎Ȣ The total FWHM, ɜ, of the Pseudo-Voigt function is defined in Eq. 2.11 and 

the Pseudo-Voigt mixing parameter – is defined in Eq. 2.12. 

 

ɜ ɜ ςȢφωςφωɜɜ ςȢτςψτσɜɜ τȢτχρφσɜɜ πȢπχψτςɜɜ ɜ  ςȢρρ 

– ρȢσφφπσ
ɜ

ɜ
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ɜ
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ɜ

ɜ
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Putting all the pieces together, the total Pseudo-Vogit profile for diffraction peaks is written in 

Eq. 2.13. 
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Here, Iprof is the calculated intensity at an observed 2ɗobs position and 2ɗcalc is the calculated 

Bragg angle, or calculated peak position, from Eq. 2.2 or Eq. 2.4. 

This Pseudo-Voigt profile function is modified with a Finger-Cox-Jephcoat axial 

divergence correction.15 Axial divergence causes asymmetry in the peak profiles, particularly at 

low 2ɗ angles. The axial divergence term in GSAS-II is defined as  where 2S is the sample 
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height, 2H is the detector height, and L is the sample-to-detector distance as depicted by Van 

Laar and Yelon.16 The axial divergence term of   is refined as one value in GSAS-II, labeled 

as óSH/Lô. This asymmetry correction is applied to the peak profile shape within the Fortran 

portion of the GSAS-II routine.  

2.3.4 Parameters that Impact Peak Intensities 

The intensities of the peak profiles are adjusted based on the structure factor and the 

intensity correction factor. The intensity correction factor (Icorr) is defined in Eq. 2.14. 

 

Ὅ ὥz ὦz ὧz ẗὒέὶὩὲὸᾀẗἜἷἴἩἺἱὂἩἼἱἷἶἍἷἺἺἭἫἼἱἷἶẗἜἰἩἻἭἐἺἩἫἼἱἷἶẗἒἱἻἼἷἯἺἩἵἡἫἩἴἭ

ẗάόὰὸὭὴὰὭὧὭὸώẗἋἪἻἷἺἸἼἱἷἶἍἷἺἺἭἫἼἱἷἶẗὉὼὸὭὲὧὸὭέὲὅέὶὶὩὧὸὭέὲ ςȢρτ
 

 

The first term is the reciprocal metric tensor volume and is equal to inverse the volume of 

the unit cell. Next, the Lorentz factor is applied to account for the fact that both the Ewald sphere 

of diffraction and the reflection points are not infinitesimally thin and instead have some finite 

spread.9 The Lorentz correction factor is defined as 

 

ὒέὶὩὲὸᾀ
ρ

ςÓÉÎ— ÃÏÓʃ
 Ȣ ςȢρυ 

 

A polarization correction is required because non-polarized incident x-rays become 

polarized when scattered by the material, which impacts the diffraction intensities.17 The 

polarization correction is defined as in Equation 2.16. 

ὴέὰὥÃÏÓς— ρ ἜἷἴἩἺἱὂἜἷἴἩἺἱὂ ςȢρφ 
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The refinable parameter is Polariz which can take on values from 0.5 ï 1 where 0.5 is for 

completely unpolarized x-rays and 1 is for fully polarized. Equation 2.16 is only valid when the 

azimuthal angle is fixed at zero. 

The product of Phase Fraction and Histogram Scale sets the scattering contribution for 

each phase defined in the model. The phase fraction is proportional to the relative number of unit 

cells of that phase in the sample. If there is only one phase in the model, the phase fraction is 

fixed at 1 and only the histogram scale factor is refined to determine the scattering power. For 

models with multiple phases, the phase fractions can be converted to weight fractions using the 

molecular weights of each phase. 

The multiplicity is the number of permutations of the hkl indices for identical planes as 

determined by the crystal symmetry.9  

The Absorption factor in GSAS-II is included for Debye-Scherrer diffractometer 

configuration and impacts the intensity depending on the 2ɗ value. 

The extinction effect results in decreased intensity of some reflections from nearly perfect 

crystals instead of completely randomly-oriented and evenly-sized crystallites. Extinction is 

negligible or non-existent in finely ground polycrystalline samples.9  

The structure factor defines which reflections are present based on the symmetry and 

atoms within the unit cell. The structure factor incorporates material symmetry, atom types, and 

atom positions as defined in the unit cell and is written out in Equation 2.17.  

 

Ὂ Ὢ ἛzἫἫἽἸἩἶἫὁἶᶻὩ
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Ὡz ὀἶ ὁἶ ὂἶ ςȢρχ 
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The index indicates each nth atom defined in the unit cell with a total of N atoms. The atomic 

scattering factor, fn, is a function of   and is determined by the atomic element of each atom 

as tabulated by Waasmaier and Kirfel.18 The atomic coordinates of each atom are refinable and 

are defined in terms of fractional positions within the unit cell as (xn, yn, zn). Occupancyn 

denotes the atomic site occupancy fractions and can be used to model sites co-occupied by 

multiple elements or vacancies. Vibrations of atoms around their mean positions are modeled 

through atomic displacement parameters, also known as thermal displacement parameters or Uiso 

values.19 Here, only isotropic factors (Uiso values) are considered, but it is also possible to model 

anisotropic atomic displacement parameters. 

The squared modulus of the structure factor is employed in the calculated diffraction 

model as Ὂ Ὂ Ὂᶻ ȿὊ ȿ. Combining everything together, the calculated intensity of 

the pattern over all observed 2ɗ is written in Equation 2.18. When multiple phases exist, the 

calculated diffraction profile ycalc is computed separately for each phase and then summed.  

 

ώ ὍὲὸὩὲίὭὸώὅέὶὶὩὧὸὭέὲὊὥὧὸέὶὊz Ὅz ςʃ ςȢρψ 

 

  



   

24 

 

Table 2.1. A selection of commonly implemented diffraction model parameters in GSAS-II. Parameters are 

organized based on how they impact the diffraction profile. 

Impact on 

pattern 

Parameter 

name 

Parameter description Comments/Units 

Peak 

Position 

a, b, c, Ŭ, ɓ, ɔ Unit cell lattice parameters 
lengths in [Å], angles 

in [deg.] 

Shift Bragg-Brentano sample displacement [ɛm] 

Transparency 
Sample transparency in 

Bragg-Brentano geometry 

used for low Z 

samples [cm] 

DisplaceX 
Sample x-displacement in 

Debye-Scherrer geometry 
[ɛm] 

DisplaceY 
Sample y-displacement in 

Debye-Scherrer geometry 

refined only for very 

wide 2ɗ range [ɛm] 

Zero Instrument zero position  usually fixed at 0 

GR Goniometer radius fixed parameter [mm] 

Lam Incident X-ray wavelength [Å]  

Peak Profile/  

FWHM  

Mustrain Sample microstrain >0 

Size Sample crystallite size 0.001< Size <10 [ɛm] 

LGmustrain 

Fraction of contribution to 

Lorentzian microstrain profile 

(1-LGmustrain = Gaussian fraction) 

Must be between 0-1 

1=100% Lorentzian, 

0=100% Gaussian 

LGsize 

Fraction of contribution to 

Lorentzian size profile  

(1-LGsize = Gaussian fraction) 

Must be between 0-1 

1=100% Lorentzian, 

0=100% Gaussian 

U, V, W Instrument Gaussian profile  

X, Y, Z Instrument Lorentzian profile  

SH/L Axial divergence (S+H)/L >0.002 

Peak 

Intensity 

Scale Histogram scale >1E-12 

Phase Frac 
Phase fraction, can be converted to 

weight fraction 
>1E-12 

Absorption 
Debye-Scherrer sample absorption 

correction = ɛĀr 
 

Polariz Polarization correction 

Between 0.5-1 

0.5 = fully unpolarized 

1.0 = fully polarized 

I(L2)/I(L1)  
Intensity ratio of Cu KŬ2/Cu KŬ1 

X-rays 
Typically 0.5 

Uiso 
Isotropic atomic displacement 

parameters 

Must be >0 and 

typical values are 

0.001 - 0.05 [Å2] 

xn, yn, zn 
Atomic positions defined as fractions 

in the unit cell 

Constrained by 

symmetry, range of 

0-1 

Occupancy Atomic site occupancy (or fraction) Range of 0-1  
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2.4 Refinement with the Rietveld Method 

The Rietveld method employs a least-squares minimization approach to determine an 

optimized fit to the diffraction intensities defined by the parameter set. A Levenberg-Marquardt 

least squares algorithm is implemented for minimization in GSAS-II . Refinement with this 

method results in point estimates for parameters with associated standard uncertainties that are 

extrapolated from the statistical uncertainty of the data and derived from the least squares 

variance-covariance matrix.10,20  

The first step in conducting a refinement with the Rietveld method is to identify the 

phases present in the pattern. A structure with a defined symmetry, approximate lattice 

parameters, and approximate atomic positions must be known to begin the refinement. This is 

most easily defined by loading an existing crystallographic information file (cif) into the 

program. If there are background phases in the pattern with low intensities, it is best to start with 

a refinement of just the main phase or most prominent phases. 

Once the model is set up, the parameters should be refined one by one in a sequence. This 

is done by turning a parameter ñonò, calculating a refinement, and then turning the parameter 

ñoffò again. This is because parameters can easily get stuck in local minimum or stray to 

unreasonable values when refined simultaneously. When the refinement is complete, it may be 

possible to refine some, or even all, parameters simultaneously after they have settled in to 

reasonable and stable values and is best practice to do so. The parameter refinement sequence is 

user-dependent, but some general guidelines should be followed. There are a variety of 

recommendations on how to perform a refinement with the Rietveld method.3,5 The GSAS-II 

refinements performed in this work were generally executed in the order of the steps described as 

follows. 
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1. Refine histogram scale factor and background. A Chebychev-1 polynomial background 

function was predominantly used in this work. The number of terms should be adjusted 

by visual inspection of the fit. All the background should be captured, but the fit should 

neither display wavy behavior nor should it invade the intensity of the diffraction peaks. 

When the background does not initially refine well, the fixed-points method can be 

applied. In this case, background points are selected by the user by hand and a 

polynomial is calculated based on those fixed points. Oftentimes, initially unstable 

background terms can be refined successfully after the full fit is performed and the other 

parameters have settled into stable values. 

2. Refine lattice parameters. If the initial lattice parameter values are very far off from the 

true value, then this will need to be adjusted by hand to start at a more reasonable initial 

value and obtain a good refinement. 

3. Refine microstrain broadening. 

4. Refine crystallite size. Caution is required here; microstrain and size are highly correlated 

and can trap each other into local minima. The model is sensitive to the crystallite size 

parameter only for samples with smaller particle sizes. 

5. Refine sample displacement. 

6. Refine Uiso values. These values are generally very unstable, especially if there are a 

small number of peaks and so may need to be fixed. The background and Uiso values 

should not be refined together as they are highly correlated. It is also possible to have 

anisotropic atomic displacement parameters, but they should only be used if needed. It is 

best practice to always start a refinement with the isotropic version. 



   

27 

 

7. At this point, a good refinement may be achieved and additional parameters can be added 

such as atomic site positions, site fractional occupancies, and Lorentzian-Gaussian peak 

shape from microstrain and size. The parameters are adjusted until all seem to be stable. 

8. Once a stable refinement with each individual parameter is achieved, the parameters are 

all turned on simultaneously and corefined, at least those that are able and within the 

limitations of a reasonable model. This is done not only to ensure that all included 

parameters are well refined, but also to obtain uncertainty estimates on the parameters as 

accurately as possible. Few refinements are great and no refinement is perfect, but a good 

refinement can generally be achieved. The best way to judge the fit quality is by visual 

inspection of the model fit to the pattern. A close examination of the fit to the peaks and 

the overall difference curve can reveal deficiencies in the model fit and suggest areas 

where improvements can be made. 

9. More likely than obtaining a good refinement at this point, the model may look terrible 

and not provide a good match to the diffraction profile. If so, it is necessary to restart the 

refinement and reconsider the parameters. In poor refinements, it is possible to obtain 

unreasonable parameter values such as a negate lattice constant or a crystallite size of 

0.001˃ m. The model is a simplification of the underlying real physical system and the 

goal is to achieve the best model with the available information. It will likely take several 

iterations to produce a good model fit with reasonable parameter values. The best way to 

expedite that process is to fully understand the model parameters so that they can 

appropriately be managed to help improve the final fit. 
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2.5 Refinement with a Bayesian Method 

A Bayesian inference method for refining crystallographic structures is applied 

throughout this work. The GSAS-II diffraction model and parameters are used to implement the 

Bayesian inference method in Python through a program called Quantitative Uncertainty 

Analysis for Diffraction (QUAD).21 The selection of the Monte Carlo sampling algorithm was 

rigorously evaluated by Singh et al. and a Delayed Rejection Adaptive Metropolis (DRAM) 

algorithm was determined to be the most appropriate for this application.22 The algorithm and 

interpretation of Bayesian results are described in this section. The method is adapted from 

Smith23 and applied in the context of diffraction data. 

2.5.1 Bayesian Model Definitions 

Variable Definitions: 

¶ i = index of data point in the diffraction pattern 

¶ n = total number of data points 

¶ 2ɗi = independent variable of diffraction angle 

¶ yi = observed intensities at each 2ɗi 

¶ ysm = smoothed intensity values at each 2ɗi 

¶ Ŭ = [Ŭ1, é, Ŭp] = physical parameters of the diffraction model. Defined as in GSAS-II  

¶ p = number of parameters in set Ŭ 

¶ f(2ɗi|Ŭ) = calculated values of intensity from model with set of parameters Ŭ 

¶ z = [z1, é, zp] = MCMC latent sampling parameters mapped to Ŭ 

¶ ůi = model variance of observed intensity at each 2ɗi 

¶ Űy = model precision = 1/ů2  

o Design parameters are cy = 0.1 and dy = 0.1 

¶ b(2ɗi|ɔ) = modeled background intensity 

o L = 20 = number of cubic B-spline functions to model the background  

o ɔ = spline coefficients governed by background intensity 

o B = cubic B-splines evaluated at each 2ɗi data point 

¶ Űb = background model precision 

o Design parameters are cg = 0.1 and dg = 0.1. 

¶ Adaption parameters 

o k0 = adaption interval (set by user, default is 50 iterations) 

o sp = 2.42 = scaling parameter for adaptive covariance 

o ɔ2 = shrinkage (set by user, default is 0.2) 

o ‭ = 1×10-4 = constant to prevent singularity of adaptive covariance 

¶ m = number of MCMC simulations 
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Prior:  

Uniform priors are used for all diffraction model parameters with bounds [a, b] defined 

by the user in parameter space. The uniform distributions in parameter space are converted to 

normal distributions in z-space through a latent transformation to convert to a continuous, 

unbounded distribution. The prior is denoted as “ ᾀ with ᾀͯ ὔ‘ȟ„ , ‘ π, and „ ρ. 

Likelihood:  

The likelihood is a multivariate normal for every data point in the diffraction pattern 

(2ʃi, yi) with Ὥ ρȟȣȟὲ. 

 

ώ ‘ Ὡ ςȢρω 

 

Here, the mean is ‘ Ὢς—ȿ♪ ὦς—ȿ♬ where Ὢς—ȿ♪ is the calculated intensity value 

from the diffraction model at 2ɗi given the set of diffraction parameters Ŭ and ὦς—ȿ♬ is the 

background function as described in Eq. 2.25. The treatment of the error term, ei, is further 

defined in Eq. 2.24. The data are assumed to be independent and uncorrelated, so the variance-

covariance matrix Ɇ is a diagonal matrix with the model variance at each data point along the 

diagonal. This simplifies the likelihood distribution to: 
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Posterior:  

The posterior is proportional to the product of the likelihood and the prior and is defined 

as “♪ȿ╨ in Eq. 2.21. 

“♪ȿ╨
ὒ╨ȿ♪ ẗ“ ♪

ά╨
 ςȢςρ 

 

The denominator is a constant that can be ignored in this case. In this work, we use the 

log-posterior distributions, which is calculated as 

 

ÌÏÇ“♪ȿ╨ ÌÏÇὒ╨ȿ♪ ÌÏÇ“ ♪ Ȣ ςȢςς 

 

Writing Eq. 2.22 in terms of the assigned likelihood and prior distributions, the log-posterior 

simplifies to Eq. 2.23. 
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Model Errors: 

The observation errors of the powder diffraction data are heteroscedastic, so we assume 

the observation errors are normally distributed as 

 

Ὡͯ ὔπȟ† ρ ώ ȟ Ȣ ςȢςτ 

 

The precision of this distribution, †, is scaled by the smoothed observed intensity values and is 

controlled by a gamma distribution written in Eq. 2.27. Written in terms of variance, 

„ † ρ ώ ȟ . 
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Background: 

The background of the pattern is calculated separately from the modeled peaks, as is done 

in GSAS-II. The background is modeled using a basis function expansion 

 

ὦς—ȿ‎ Ἄς—♬ ║▓ς—‎ȟ                                         ςȢςυ 

 

where Ἄς—  is a matrix of L cubic B-splines evaluated at each 2ɗi and ɾ contains the associated 

coefficients. The coefficients have the standard prior distribution ♬ͯ ὔ ȟ† ἓἘ  where a 

gamma distribution controls the precision, †, as defined in Eq. 2.26.  

2.5.2 Diffraction Initialization and Estimated Covariance 

The least squares results obtained from the GSAS-II refinement are used as the initial 

parameter values, ♪ , for the Bayesian implementation. 

The initial estimated covariance is computed from the sensitivity matrix and Fisher 

information matrix of the least squares results converted to z-space, ◑. The sensitivity matrix is 

an ὲ ὴ matrix defined as 

… ◑
‬Ὢ

‬ᾀ
◑ Ȣ 

The partial derivatives are computed for each component of the sensitivity matrix with finite 

difference methods for the calculated intensity at each i th data point with every perturbed j th 

parameter. The ὴ ὴ Fisher information matrix is then computed as 

ἐ  Ȣ 

The ὴ ὴ estimated covariance matrix is defined from the Fisher information matrix as 

ἤ ί ◑ ◑  

where s0
2 is the initial variance estimate 
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ί
В ώ Ὢς—◑ ὦς—♬

ὲ ὴ
Ȣ 

Starting with a good estimated covariance matrix greatly improves the sampling and 

convergence behavior in DRAM. The local parameter behavior, such as identifiability and 

relative influence, of each of the parameters in set Ŭ can be evaluated before performing 

iterations by examining the eigenvalues and eigenvectors of the Fisher information matrix.  

2.5.3 Delayed Rejection Adaptive Metropolis (DRAM) Algorithm as implemented in QUAD 

1. Begin with an initial guess, ɻ0, for the model parameters in the set from the least-squares 

results of a GSAS-II Rietveld refinement. 

2. Convert the parameters from physical space to candidate space to obtain z0.  

3. Set the design parameters †ȟὧȟὨȟ†ȟὧȟὨȟὯȟίȟ‎ȟ‭ȟά. 

4. Construct an initial covariance estimate V=V0 (as previously described). 

5. For iterations Ὧ ρȟȣȟά 

a. Construct a candidate from a multivariate normal distribution ◑ᶻ ὔ ◑▓ ȟἤ . 

b. Compute the log-posterior of z* and zk-1, ÌÏÇ “◑ȿz╨ ÌÏÇὒ╨ȿ◑ᶻ ẗ“ ◑ᶻ . 

c. Compute Ὑ ÌÏÇ“◑ȿz╨ ÌÏÇ“◑▓ ╨ . 

d. Sample όͯ ÌÏÇ 5ÎÉÆπȟρ . 

e. If u < R1, accept the candidate and set ◑▓ ◑ᶻ and translate back to Ŭ to update 

the parameter space with the accepted candidate. 

f. If u Ó R1, continue to the Delayed Rejection step. 

i. Construct a candidate from the multivariate normal ◑ᶻ ὔ ◑▓ ȟ‎ἤ . 

ii.  Calculate the log-posterior ÌÏÇ“◑ᶻȿ╨ . 

iii.  Compute R2 as 

Ὑ ὥ ◑ᶻ◑▓ ȟ◑ᶻ  

ÍÉÎ

ở

Ở
ờ
ρȟ

“◑ᶻȿ╨*◑ȿz◑ᶻ ρ ÍÉÎρȟ
“◑ȿz╨
“◑ᶻȿ╨

“◑▓ ╨*◑ᶻ◑▓ ρ ÍÉÎρȟ
“◑ȿz╨

“◑▓ ╨ Ợ

ỡ
Ỡ

 

where ὐ◑ᶻ◑▓ ὔ ◑▓ ȟἤ. 

iv. Sample όͯ ÌÏÇ 5ÎÉÆπȟρ . 

v. If u < log(R2) , accept the candidate and set ◑▓ ◑ᶻ and translate back to 

Ŭ to update the parameter space with the accepted candidate. 

vi. If u  R2, reject the candidate and set ◑▓ ◑▓ . Return to step (a). 

g. If k is a multiple of the adaption interval k0, update the proposal covariance 

matrix ἤἳ ίÃÏÖ◑ȟ◑ȟȣȟ◑▓ ί‭ἓἸ.  

h. Update the design parameters. 

i. The background precision is updated as a gamma distribution: 
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† ɜͯ ÓÈÁÐÅὧ πȢυὒȟ ÓÃÁÌÅ 
ρ

Ὠ πȢυ♬
Ȣ ςȢςφ 

ii.  The model precision is updated as a gamma distribution: 

† ɜͯ ÓÈÁÐÅὧ πȢυὲȟ ÓÃÁÌÅ
ρ

Ὠ πȢυὡ
 ςȢςχ 

where the weighted sum-of-squares is 

ὡ
ώ Ὢς—ȿ♪ ὦς—ȿ♬

ρ ώ ȟ
 Ȣ 

iii.  Update background B-spline coefficients, ♬, as a multivariate normal 

distribution: 

♬ͯ ὔέὶάὥὰἥ Ἑȟἥ ςȢςψ 
 

 where 

ἥ † Ἄ ẗÄÉÁÇ◐▼□ Ἄ †ἓἘ 

and 

Ἑ † Ἄ ẗÄÉÁÇ
╨ ὪςⱣȿ♪

◐▼□
Ȣ 

6. Once the algorithm is complete, a burn-in period, bp, is defined and the first bp samples 

are deleted as burn-in. The remaining bp, é, m parameter samples are kept as the 

posterior distribution results. This helps to ensure that convergence is achieved in the 

posterior samples. 

2.5.4 Reporting Bayesian Analysis Results 

The accepted parameter values from the DRAM algorithm can be visualized as traceplots 

and an example is shown in Figure 2.2. Evaluating the traceplots of all refined parameters can 

help determine if the model is exhibiting good sampling behavior and if convergence has been 

achieved. Traceplots should look like fuzzy caterpillars and should not drift after the burn-in 

period is removed.  
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Figure 2.2. Example traceplot of accepted parameter values from the DRAM algorithm for a demonstration example 

of cubic lattice parameter. The accepted parameter values are plotted versus iteration number. 

To evaluate the results, the chains of posterior parameter samples are plotted as 

histograms called parameter posterior distributions. The value of the parameter is plotted on the 

x-axis and the frequency of occurrence of that value is plotted on the y-axis. The shape of the 

histogram is approximated via a kernel density estimate (KDE) with the parameter values along 

the x-axis and the normalized density along the y-axis. In Figure 2.3, the blue shaded bars 

represent the histogram of sampled parameter values and the black line is the KDE. Keep in 

mind that the histogram binning of the samples can impact the perceived shape of the posterior 

distributions; thus, it is important to adjust the bin size. Beyond visual inspection, additional 

information can be obtained from the posterior parameter distributions. When the distribution is 

approximately normal, the center can be summarized by the mean, mode, or median of the 

distribution. The width can be summarized by the standard deviation or a credible interval. 

A credible interval is defined as (1, u) where Prob(l < Ŭ < u) = 1 ï c for a (1 ï c)% 

interval. Equal-tailed credible intervals on the parameters are approximated from the posterior 

samples in this work by using the (c/2) and (1 - c/2) quantiles of samples. The interpretation of 

these intervals is intuitive in the experimental context. For example, for a 95% credible interval 
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(l, u) for a parameter Ŭ, it can be stated that you are 95% sure that Ŭ is between l and u given the 

prior and data.24 This is different than the frequentist confidence interval, which can be 

calculated as ±1.96*s.u. around the estimated parameter where s.u. is the standard uncertainty of 

the least squares values from the Rietveld method and the parameters are assumed to have 

Gaussian behavior. The interpretation of a 95% confidence is that if the analysis is repeated on 

many different datasets, the true value of the parameter will be captured 95% of the time.  

 
Figure 2.3. Example posterior parameter distribution for lattice parameter. The posterior samples are plotted as a 

histogram in blue. The shape of the posterior distribution is estimated with a kernel density estimate (KDE) which is 

shown as a black solid line. For comparison, the estimated parameter value from the Rietveld method is plotted as a 

vertical dashed red line with the 95% confidence interval shown with a red crossbar. 

For the Bayesian results, the parametric uncertainties are propagated through to the 

model by computing a credible interval on the model. A 99% credible interval is plotted in dark 

blue in Figure 2.4. Prediction intervals incorporate the model variance in addition to the 

parameter uncertainties. Given the data, future observations will fall within the 99% prediction 
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interval region with 99% probability. An example prediction interval is plotted in light blue in 

Figure 2.4. 

 
Figure 2.4. Example 99% credible interval shown in dark blue and 99% prediction interval shown in light blue 

plotted for model data of K0.5Na0.5NbO3 shown as black data points. The difference curve, in gray, between the mean 

model from the Bayesian method and the data is also plotted. 

The Bayesian approach provides descriptive information about parameter relationships 

and parameter behaviors in the model. For multivariate models, examining pairwise correlation 

plots provides insight on the relationships between parameters. When the samples between two 

parameters form a blob-like shape, as is depicted in Figure 2.5(a), they are thought to be 

uncorrelated as there is no relationship between the parameters. Parameter samples may exhibit a 

linear relationship, shown in Figure 2.5(b), or other shaped relationship. This indicates that a 

correlation exists between the two parameters. If good sampling is still achieved and the pairwise 

plot is spread out, then the Bayesian inference approach effectively overcame the parameter 

correlation and still resulted in a good model refinement. However, if the pairwise samples have 

little to no width and appear as a single line, as depicted in Figure 2.5(c), then the two parameters 



   

37 

 

may be very highly correlated or even dependent and one parameter will need to be fixed or 

redefined to avoid issues with identifiability.23 Unidentifiability means that multiple different 

pairs of parameter values produces identical outputs.  

Pearson correlation coefficients may also be computed between pairs of parameters to 

summarize the relationships. A coefficient value close to zero indicates no correlation, a value 

close to -1 indicates a strong negative linear correlation, and a value close to +1 indicates a 

strong positive linear correlation between pairs of parameters. 

 
Figure 2.5. Pairwise parameter correlation plots for (a) uncorrelated parameters, (b) parameters with a negative 

linear correlation, and (c) parameters with a large positive correlation. Example plots are from Chapter 3. 

2.6 Refinement Fit Criteria  

The best way to determine the fit quality of a model to the data is through a close visual 

examination of the diffraction peak fits and difference curve across the pattern. However, it is 

useful to summarize the fit quality from the Rietveld method results through agreement factors 

called R-factors. The most commonly reported agreement factor with the Rietveld method is the 

weighted profile R-factor: 

Ὑ
Вύ ώ ȟ ώ ȟ

Вύώ ȟ

Ȣ 

The weight, wi, is related to the standard uncertainty of the observed intensity, 
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 „ ώ ȟ ộώ ȟ ộώ ȟỚỚȟ and is defined as ύ
ȟ

.20,25 The reduced ɢ2 (Chi-

squared) value is also evaluated often and is defined as 

…
ρ

ὲ ὴ
ύ ώ ȟ ώ ȟ

Ὑ

Ὑ
Ȣ 

Here, n is the number of data points, p is the number of parameters, and Rexp is the statistically 

expected R-factor Ὑ
В ȟ 

.3 The reduced ɢ2 value should always be greater than 1 and 

approaches a value of 1 as a model with no systematic errors is achieved. Negative ɢ2 values 

indicated that the uncertainty in the data is over estimated. Reduced ɢ2 is related to the goodness 

of fit (GOF) term as 

ὋὕὊ …Ȣ 

In Bayesian inference, model performance can be evaluated using fit criteria. These 

criteria can be compared across similar models for a given data set to perform a model selection. 

Lower fit criteria values indicate better quality of fit. The criteria evaluated in this work include 

the deviance information criterion (DIC) and the widely applicable information criterion 

(WAIC), also known as the Watanabe-Akaike information criterion.24 The deviance is defined as 

twice the negative log-likelihood of the data given the parameters: 

D = deviance = ςẗÌÏÇὪ╨ȿ . 

The DIC is then defined as the posterior mean deviance, Ὀ Ὀ╨ȿ♪ summed with the effective 

number of parameters, pD: 

ὈὍὅ Ὀ ὴȢ 
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The effective number of parameters is defined as the difference between the posterior 

mean deviance and the deviance evaluated with the posterior mean parameter values, Ὀ

Ὀ╨ȿ♪ȡ 

ὴ  Ὀ ὈȢ 

The WAIC is another commonly used information criteria and is defined as  

ὡὃὍὅ ς ÌÏÇὪ ςὴ  

where the first term is associated with the posterior mean of the likelihood from the posterior 

parameter samples evaluated at each ith 2ɗ data point, 

Ὢ %Ὢώȿ♪ȿἧ 

and the second term is the effective number of parameters determined by the variance of the log 

likelihood evaluated from the posterior as 

ὴ 6ÁÒÌÏÇ Ὢώȿ♪ ȿἧȢ 

While a single factor cannot evaluate the complete model behavior, keeping track of the 

agreement values from the Rietveld method results and the fit criteria from the Bayesian method 

can help to understand the quality of refinement for a given data set. When in the process of 

conducting a Rietveld refinement, agreement factors are useful for determining whether a model 

is converging to a good solution or becoming worse. With the Bayesian method for 

crystallographic refinement, information criteria are especially useful for model comparison and 

parameter set selection for similar models employed on a given data set.  
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CHAPTER 3: Uncertainty in Powder X-ray Diffractometer Instrument Parameters 

3.1 Overview 

 

When performing a Rietveld refinement, it is important to deconvolute the sample and 

instrument contributions to the diffraction pattern. One common approach to handling the 

instrumental contribution is pre-determining a set of fixed instrument parameters through an 

instrument profile refinement using a known certified standard. In this section, the impacts of 

fixing versus refining the instrumental contributions of one diffractometer are examined through 

studying parametric uncertainty with the Bayesian full-profile refinement approach. The 

instrument profile was investigated for the Rigaku SmartLab laboratory diffractometer located in 

the NCSU Analytical Instrumentation Facility (AIF). Instrument profile determination was 

performed using a LaB6 NIST certified 660a standard and then tested with a rutile TiO2 analyte. 

Since the material and instrument parameters are known to be highly correlated, a parameter 

selection was performed based on the pairwise posterior relationships from the Bayesian 

inference method. Furthermore, the Bayesian approach enabled the joint refinement of material 

and instrument parameters for the TiO2 pattern, which was not possible with the traditional 

Rietveld method. It was found that the posterior parameter uncertainties of microstrain and 

instrument Lorentzian profile Y coefficient were most impacted by the difference of fixing 

versus refining the instrument contribution. The differences in using high-quality and poor-

quality diffraction data were also examined with the TiO2 analyte. 

3.2 Introduction  

Observed powder diffraction peak profiles are a combination of instrument broadening 

and sample broadening.1,2 In structural models of powder diffraction, such as those implemented 

in a Rietveld refinement, the contribution of the instrument to the peak profile is represented by a 
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set of instrument parameters.3 The instrument profile predominantly impacts diffraction peak 

widths, but also can impact peak positions and intensities.  

Isolating the instrumental contributions from the sample contributions is approached in 

the diffraction community through a variety of ways. A recommended best practice is to 

determine the instrumental profile from a standard, known material before attempting refinement 

of an unknown.4 The National Institute of Standards and Technology (NIST) has created several 

standard reference materials (SRMs) for diffraction instrument calibration.5 The instrument 

parameters can be determined from a Rietveld refinement of a diffraction pattern of a NIST SRM 

with known lattice parameter, crystallite size, and microstrain broadening. A round robin study 

was conducted to test the determination of instrument profiles by scientists using a variety of 

standard reference materials.6 Once the instrument parameters are determined, they are then 

considered to be fixed constants and can be used in refinements of other diffraction patterns of 

unknown samples as long as the instrument optics remain the same.1 In the absence of a standard 

refinement, default instrument parameters can also be used. Kaduk and Reid compiled typical 

values of instrument parameters for different diffractometers.7 Another method of determining 

the instrument contribution is through a fundamental parameters approach where the physical 

description of the diffractometer determines the instrument profile.1,8  

In the Rietveld refinement program GSAS-II, the instrumental contribution is completely 

decoupled from the sample parameters and is commonly fixed after being determined from a 

standard.9 The instrument profile includes the Gaussian full width at half maximum (FWHM) 

terms, U, V, and W, defined by the Caglioti equation and the Lorentzian FWHM terms, X, Y, 

and Z.2,10 Additional instrument parameters for laboratory Bragg-Brentano geometry X-ray 

diffractometers include axial divergence (SH/L), polarization correction (Polariz), instrument 
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zero, and the intensity ratio of the copper KŬ2/KŬ1 wavelengths. The instrument parameters are 

defined and further discussed in Chapter 2.  

There are numerous challenges associated with determining an instrument profile. 

Instrument parameters are highly correlated and thus difficult to refine when performing a 

standard calibration refinement. This complication is particularly difficult for individuals new to 

Rietveld refinement and increases the activation barrier to starting the process. The best 

recommended practice is to collect and refine a standard pattern before every diffraction 

experiment. Some even suggest mixing in an SRM with the sample of interest when collecting 

data. However, these methods are time-consuming and not always feasible with a given sample 

and laboratory workflow. Common practice in many facilities is to use one instrument profile 

that is updated only periodically because the instrument profile data collection and determination 

process is extremely slow, tedious, and often frustrating. This is especially true for shared 

diffractometers with large numbers of users and frequent new users. Furthermore, instrument 

profile parameters are often treated as fixed even though, in reality, they contain a level of 

uncertainty and may change with time. 

To mitigate some of these challenges, it is important to investigate how much properly 

determining the instrument profile and treating the instrument parameters as fixed impacts the 

sample information results in a Rietveld refinement. In this work, the impacts of fixing versus 

refining the instrumental contributions of one diffractometer are examined through studying 

parametric uncertainty with the Bayesian approach. Instrument profiles were investigated for a 

laboratory diffractometer in Bragg-Brentano geometry, the Rigaku SmartLab diffractometer. A 

LaB6 NIST SRM was used to determine the instrument profile and a rutile TiO2 powder sample 

was used to evaluate the impacts of the instrument profile on the material and structural results. 
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Since the instrument and material parameters are highly correlated, parameter selection was 

conducted with the Bayesian posterior results to determine the refinable parameter set. It was 

found that the instrument profile for TiO2 changed significantly from that of the LaB6 standard. 

Additionally, microstrain was the material parameter most impacted by whether or not the 

instrument parameters were refined in parallel with the sample parameters. A further study on 

the impacts of the quality of diffraction data on the refined parameter results was also performed 

through the evaluation of TiO2 patterns collected at different scan rates.  

3.3 Methods 

3.3.1 Data Collection 

 

Diffraction patterns were measured on the Rigaku SmartLab X-Ray Diffractometer at the 

Analytical Instrumentation Facility (AIF) at North Carolina State University. The instrument 

profile for the diffractometer was determined using the NIST certified Standard Reference 

Material (SRM) 660a. This SRM is made of lanthanum hexaboride (LaB6) and is certified for 

determining line position and line shape for powder diffraction. This standard sample is certified 

to have a lattice parameter of 4.1569162 Å ± 0.0000097 Å in space group Pm3m. The NIST 

homogeneity test results indicate that this SRM displays no microstrain broadening and has a 

domain size of 2˃m and crystallite sizes of 2-5 m˃. The titanium(IV) oxide, rutile, 99.99% was 

purchased from Alfa Aesar CAS # 1317-80-2. The structure used for refinements of rutile TiO2, 

space group P42/mnm, was obtained from Crystallography Open Database #9004141. 

The LaB6 scan was collected from 15-125Á 2ɗ with a step size of 0.0152Á and a scan 

speed of 1.216 seconds (0.75 degrees per minute) for a total scan time of 2 hours, 26 minutes, 

and 54 seconds. The TiO2 scan was collected from 20-80Á 2ɗ with a step size of 0.03Á and a scan 

speed of 3 seconds (0.6 degrees per minute) for a total scan time of 1 hour, 46 minutes, and 18 

seconds. The short scan TiO2 pattern was collected from 25-75Á 2ɗ with a step size of 0.05Á and 
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a scan speed of 0.5 seconds (6 degrees per minute) for a total scan time of 8 minutes and 35 

seconds.  The LaB6 standard and TiO2 analyte diffraction patterns were collected on the same 

Rigaku diffractometer 3 months apart. 

3.3.2 Pattern Refinements 

 

Refinements with the Rietveld method were performed in GSAS-II9 and refinements with 

the Bayesian method were performed in the program QUAD11. The six different refinements 

performed in this study are summarized in Table 3.1 and may be referred to by the labeled 

refinement number. Each listed crystallographic refinement was performed with both the least 

squares Rietveld method and the Bayesian method, unless otherwise mentioned. 

For Refinement #1, the LaB6 standard refinement, a peak fit of the individual peaks was 

first performed in GSAS-II to determine initial estimates for the instrument profile parameters. 

Then, the Rietveld and Bayesian methods for full -profile refinements were sequentially 

performed. The material parameters of microstrain and size were fixed at the standard values of 0 

and 2 ˃ m respectively. The lattice parameter of LaB6 was refined as allowing it to refine greatly 

improved the fit to the data, which is addressed further in the discussion section. The lanthanum 

Uiso value, boron Uiso value, and boron atomic x-coordinate were fixed at 0.0045 Å2, 0.0035 Å2, 

and 0.198 respectively. These three parameter values were obtained from the web-published 

standard refinements performed on the high resolution XRD synchrotron beamline 11-BM at the 

Advanced Photon Source, Argonne National Laboratory.12 The following parameters were 

sequentially refined: background function terms, histogram scale factor, sample displacement, U, 

V, W, X, Y, axial divergence, polarization, the intensity ratio of the copper KŬ2/KŬ1 peaks, and 

the LaB6 cubic lattice parameter. The transparency term does not apply here because LaB6 is not 

a low-density sample. The instrument zero was kept fixed at a value of zero as it is typically not 
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refined and is highly correlated with the lattice constant and sample displacement and only 

makes a noticeable contribution when the sample displacement is very small. It is also standard 

practice to keep the Z coefficient of the Lorentzian profile fixed at zero for Bragg-Brentano 

XRD. For this data and parameter set, the Bayesian method was run with a 0.05 shrinkage, 50 

adaption interval, 200,000 samples, and 100,000 burn-in period.  

Note that when instrument parameters are referred to as ófixedô in this study, they are 

fixed at instrument parameter results from the GSAS-II Rietveld refinement of the standard 

reference LaB6 material with fixed material parameters (referred to as Refinement #1) as is 

typically done in practice. With the Rietveld method, parameters were sequentially refined until 

a stable solution was obtained. For the Bayesian sampling, all parameters in the set were refined 

simultaneously. In the results section, the results and pairwise relationships are only shown for 

the most relevant model parameters of interest. 

For Refinement #2, the LaB6 material parameters were varied with the fixed instrument 

profile. The refined parameters included background function terms, histogram scale factor, 

lattice parameter, sample displacement, microstrain, crystallite size, lanthanum Uiso, boron Uiso, 

and boron x-coordinate. For Refinement #3, the LaB6 instrument and material parameters were 

both refined; so the same parameter set was used as in Refinement #1, but this time included the 

material parameters refined in Refinement #2.  This was with the exception of crystallite size, 

which was fixed at 2ɛm, and polarization, which was fixed at 0.55. With the Bayesian inference 

approach of both Refinement #2 and #3, 300,000 samples were run with 200,000 treated as burn-

in with a shrinkage of 0.04 and an adaption interval of 50. 

Refinement #4 was conducted on the diffraction pattern of the rutile TiO2. In this case, 

the TiO2 parameters were refined and the instrument parameters were fixed at the values 
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determined by the LaB6 standard Rietveld method results. The refined parameter set included 

background terms, histogram scale factor, a and c tetragonal unit cell parameters, sample 

displacement, microstrain, titanium Uiso, and oxygen x- and y-coordinate positions. The 

crystallite size was fixed at 5ɛm and the oxygen Uiso was fixed at 0.01Å2 in order to obtain stable 

refinements. The Bayesian method was run with a shrinkage of 0.01 and adaption interval of 50 

for 200,000 samples with 100,000 of those deleted as burn-in. Refinement #6 was performed in 

the same way, but on a lower-quality diffraction scan of the material. 

Refinement #5 included the same sample and material parameters as Refinement #4, but 

also included the instrument parameters of U, V, W, X, Y, and axial divergence. The intensity 

ratio of the copper KŬ2/KŬ1 peaks was fixed at the theoretical value of 0.5 as not much 

variability is expected in this parameter and there is not enough resolution in the profile peak 

intensities to determine this value. Additionally, the polarization correction was fixed at 0.55 

based on parameter selection results. The Bayesian sampling was performed with a shrinkage of 

0.01 and an adaption interval of 50 for 300,000 samples with 200,000 burn-in. When attempted, 

a Rietveld refinement was too unstable to be performed on the rutile TiO2 pattern using the 

material plus instrument parameter set. 

The Pearson correlation coefficients between each pair of parameters were computed 

using the ópearsonrô function in the scipy.stats package in python for the Bayesian parameter 

samples. A value close to zero indicates no correlation, a value close to -1 indicates a negative 

correlation, and a value close to +1 indicates a positive correlation between pairs of parameters. 
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3.4 Results 

In order to evaluate the material and instrument parameter behaviors along with their 

relationships, the refinements listed in Table 3.1 were performed with both the Bayesian and 

Rietveld approaches.  

Table 3.1. Listing of refinements performed for the Rigaku diffractometer instrument study. 

Refinement Number Sample material Parameters refined 

1 LaB6 instrument 

2 LaB6 material 

3 LaB6 instrument + material 

4 TiO2 material 

5 TiO2 instrument + material 

6 TiO2 ï short scan material 

 

First, the optimal parameter set to refine was selected for the models. While most 

parameters demonstrated good sampling behavior with the Bayesian inference method and were 

able to be adequately minimized with the Rietveld method, a few parameters required further 

trials for closer evaluation to determine if they should be fixed or included in the refined set. One 

parameter taken into consideration was the polarization correction, which describes the amount 

that the incoming X-rays are polarized. A polarization value of 0.5 corresponds to completely 

unpolarized incident X-rays and a value of 1.0 corresponds to completely polarized. Figure 3.1 

shows the parameter results of including polarization (named Polariz in GSAS-II) in the LaB6 

standard refinement with (a) material parameters fixed (Refinement #1) and (b) material 

parameters corefined. The Bayesian pairwise correlation plots in Figure 3.1(b) reveal very strong 

positive correlations between the polarization and the La and B atomic isotropic displacement 

parameters (Uiso) with Pearson correlation coefficients of 0.99 and 0.89. The pairwise plot 

between the polarization correction and La Uiso resembles a line with little width. Such tight 

relationship behavior suggests that the parameters are highly correlated, or even the possibility of 
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the presence of an unidentifiable parameter. In order to avoid issues with strongly related 

parameters in subsequent refinements, either the polarization or Uiso values must be fixed in the 

parameter set. The LaB6 standard is not certified for Uiso values, atomic positions, or atomic site 

occupancies. Thus, it is difficult to determine a properly minimized polarization value as the 

atomic values for LaB6 are not known to a high degree of accuracy. Because the diffraction 

pattern was collected without a monochromator, the x-rays are expected to be predominantly 

unpolarized with a polarization value close to 0.5. For Refinement #1 of instrument profile 

determination, the atomic information was fixed at reported, though not certified, values and 

resulted in good convergence of the polarization in both the Bayesian and Rietveld results at 

values between 0.55-0.56 (Figure 3.1(a)). After considering the results of the trial refinements 

and the experimental information, the polarization parameter was fixed at 0.55 for the final 

refinements #2-6 reported in this work. 

 
Figure 3.1. (a) Polarization parameter posterior distribution in blue with black kernel density estimate and Rietveld 

estimate and 95% confidence interval in red from LaB6 instrument parameter refinement. (b) Pairwise relationships 

for parameters that most impact profile peak intensities from a trial refinement with polarization corefined with 

LaB6 material parameters. 

 

The other parameter that presented potential issues and so was further investigated was 

crystallite size. Crystallite size can have a significant impact on the peak profile for small particle 
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sizes. However, neither the LaB6 nor the TiO2 materials in this study are expected to have 

crystallite sizes less than 2 m˃. XRD patterns with crystallite sizes from 0.1-10˃ m were 

simulated in the GSAS-II program to gauge the influence of the size parameter on the model at 

different values, shown in Figure 3.2. It was observed that the peak shapes and widths were not 

significantly different for crystallite sizes from 1-10˃ m by visual observation. The results of 

crystallite sizes for trial refinements of the TiO2 XRD pattern are displayed in Figure 3.3 with (a) 

instrument parameters fixed and (b) instrument parameters refined. The bounds of the uniform 

prior were set to 0.001-10ɛm. The size parameter posterior samples did not converge to a mean 

value and instead bounced between 1-8ɛm for the fixed instrument case and 1-10ɛm for the 

corefined material + instrument case. This suggests that the size parameter is noninfluential, 

meaning that varying the value of the parameter does not impact the model results, in this case 

specifically when the value is greater than 1ɛm. This agrees with the visual observations of the 

simulated patterns that, for this instrument and resolution, large crystallite sizes do not have a 

noticeable impact on the XRD pattern. Thus, all size parameter values were fixed at 2ɛm for 

LaB6 and 5ɛm for TiO2 in subsequent refinements. All other parameters of interest were refined 

and converged well in the Rietveld and Bayesian results; so, they did not require further 

investigation to evaluate their behaviors with trial refinements. 
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Figure 3.2. Simulated diffraction patterns with crystallite size varying from 0.1-10 ɛm. Patterns are zoomed in to 

two different 2ɗ regions to demonstrate that for size values greater than 2 ɛm, the change in peak shape is negligible. 

 

 
Figure 3.3. Posterior parameter distributions in blue with kernel density estimates in black and Rietveld estimates 

and 95% confidence interval in red for crystallite size of TiO2. (a) Refinement performed with fixed instrument and 

refined material parameters and (b) refinement performed with corefined material and instrument parameters. 

 

Once the final parameter set was determined, refinements were conducted as listed in 

Table 3.1. The Rietveld and Bayesian resulting fit criteria are presented in Table 3.2 for each 

refinement. Lower information criteria indicate better fits to the data. For the Bayesian solutions, 

traceplots were evaluated to ensure good sampling was achieved and example traceplots are 

presented in Figure 3.4 for Refinement #1 and Figure 3.5 for Refinement #5. For Refinement #1, 

an instrument profile determination was performed for the Rigaku diffractometer with LaB6 
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NIST SRM parameters fixed at the standard values. The instrument profile, determined by an 

initial peak fit, was refined through a Rietveld refinement of the full profile and an analogous 

Bayesian refinement. The Bayesian model fit to the data is displayed in Figure 3.6(a) and the 

relevant instrument parameter posterior distributions and Rietveld estimates are shown in orange 

in Figure 3.7. For Refinement #2 of LaB6, the instrument parameters were fixed at the Rietveld 

refinement results from Refinement #1 and the material parameters were varied, plotted in red in 

Figure 3.8. Both the instrument and material parameters were refined to fit the LaB6 pattern in 

Refinement #3, which is plotted in Figure 3.6(b) with parameter results displayed in blue in 

Figure 3.7 and Figure 3.8. The parameter relationships of Refinement #3 are plotted in Figure 3.9 

as a pairwise correlation plot of the Bayesian results. 

  Rwp GOF DIC WAIC  

Refinement #1 16.07 1.34 23192 23216 

Refinement #2 15.86 1.22 23015 23028 

Refinement #3 15.80 1.21 23022 23047 

Refinement #4 14.95 1.54 14139 14183 

Refinement #5 --- --- 14062 14152 

Refinement #6 26.02 1.17 4773 4789 
Table 3.2. Model fit criteria for the refinement results. Rietveld results are evaluated by the weighted pattern 

residuals (Rwp) and goodness of fit (GOF). The Bayesian approach results are evaluated with deviance information 

criteria (DIC) and the widely applicable information criteria (WAIC). 
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Figure 3.4. Traceplots of posterior parameter samples from the Bayesian method for Refinement #1, the LaB6 

standard instrument profile determination. 

 
Figure 3.5. Traceplots of posterior parameter samples from the Bayesian method for Refinement #5, the TiO2 

analyte with instrument and material parameter sets both refined.  
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Figure 3.6. Bayesian full profile fit results to LaB6 standard for (a) Refinement #1 with standard material parameters 

fixed and instrument parameters refined and (b) Refinement #3 with material and instrument parameters 

simultaneously refined. The 99% credible and prediction intervals are plotted compared to the data. 

 
Figure 3.7 Instrument profile parameters compared for the refinement of LaB6 standard with fixed material 

parameters (orange), LaB6 standard with corefined material parameters (blue), and TiO2 analyte with corefined 

instrument and material parameters (green). The least squares results are displayed as vertical dashed lines with 

cross bars as 95% confidence intervals. The Bayesian refinement posterior parameter distributions are displayed as 

histograms. No Rietveld results are shown for the TiO2 refinement because material and instrument parameters were 

not stable when corefined with the Rietveld method. 
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Figure 3.8. LaB6 material parameters compared for the refinement of LaB6 standard with fixed instrument 

parameters (red) and LaB6 standard with corefined material and instrument parameters (blue). Dashed lines with 

crossbars indicate the least squares results with 95% confidence intervals. Histograms represent the Bayesian results. 

 

 
Figure 3.9. Pairwise correlation plots for select parameter Bayesian results from Refinement #3 of the LaB6 

standard with both material and instrument parameters corefined. Pearson correlation coefficients in the upper 

righthand corners summarize the relationships between the respective parameters. 
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The rutile TiO2 diffraction pattern was analyzed in order to evaluate the impact of using a 

fixed instrument profile that is pre-determined from a standard on the reported material sample 

results. In this work, the standard is the previously evaluated LaB6 data. Refinement #4 was 

performed with the instrument parameters fixed at the Rietveld estimated parameters from the 

LaB6 standard (Refinement #1). The Bayesian profile fit is shown in Figure 3.10(a) and the 

resulting material parameters are displayed in purple in Figure 3.11. To compare the effects of 

fixing the instrument profile versus allowing it to vary, Refinement #5 was performed with the 

TiO2 material and instrument parameters both refined. The Bayesian profile fit can be seen in 

Figure 3.10 and the Bayesian results are shown in green for the instrument parameters in Figure 

3.7 and the material parameters in Figure 3.11. Additionally, the Refinement #5 parameter 

relationships are plotted in a pairwise correlation plot in Figure 3.12 for the Bayesian results. A 

stable least squares Rietveld refinement was not able to be completed for Refinement #5 because 

of the high correlations between material and instrument parameters; however, the Bayesian 

approach was successful. A comparison of the calculated instrument profile FWHM of the 

Gaussian and Lorentzian contributions from the instrument parameters obtained with the 

Bayesian method for Refinements #1 and #5 are plotted in Figure 3.13. 
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Figure 3.10. Bayesian full profile fit results to TiO2 for (a) Refinement #4 with material parameters refined and 

instrument parameters fixed at the values determined from the standard and (b) Refinement #5 with material and 

instrument parameters simultaneously refined. The 99% credible and prediction intervals are plotted. 

 

 
Figure 3.11. Refinement results of the material parameters for the rutile TiO2 Rigaku XRD pattern comparing 

instrument parameters corefined (green) and instrument parameters fixed (purple). The Bayesian method results are 

represented as posterior parameter distributions. The Rietveld method results are displayed in black with the 

estimated parameter value and 95% confidence interval crossbar. The Rietveld refinement results are only displayed 

for the fixed instrument parameter case, Refinement #4. 
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Figure 3.12. Pairwise correlation plots for select parameter Bayesian results from Refinement #5 of TiO2 with 

material + instrument parameters corefined. Pearson correlation coefficient annotations summarize the relationships. 

 

 
Figure 3.13. Contribution of the instrument profile to the FWHM for the Gaussian and Lorentzian components of 

the pseudo-Voigt peak shape for the Bayesian parameter results as a function of 2ɗ. The solid line depicts the mean 

function and the shaded regions show the 99% credible intervals. Blue and green profile lines are from instrument 

parameter results of Refinement #5 for rutile TiO2 material + instrument parameters. Yellow and pink profile lines 

are from Refinement #1, the instrument parameters determined with the LaB6 and fixed material parameters. 
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In addition to the impacts of instrument profile determination, another metric of interest 

for diffraction refinements is how the quality of data impacts the model results. Diffraction data 

of TiO2 collected for shorter scan times was compared to the original TiO2 scan collected for a 

longer time on the same instrument in Figure 3.14. Increased scan times allow for more 

diffracted intensity to be collected on the detector, which in turn provides higher quality data 

with better resolution and ratio of signal to background noise. Material parameter results of 

refinements performed with fixed instrument parameters for both short and long scan data sets 

are reported in Figure 3.15. 

 
Figure 3.14. Comparison of TiO2 Rigaku XRD data collected for shorter scan times in green and longer scan time in 

brown. 
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Figure 3.15. Refinement results of sample parameters for rutile TiO2 comparing a long XRD scan (brown) and a 

short XRD scan (green), both collected on the Rigaku. 

3.5 Discussion 

 

We will first discuss the instrument parameters from the LaB6 refinement, which are 

presented in Figure 3.7. Common practice is to determine the instrument profile from a standard 

with fixed material parameters as was done in Refinement #1, shown in orange in Figure 3.7 for 

a LaB6 standard. Comparing the instrument profile parameters from the LaB6 standard 

refinements with material parameters fixed in Refinement #1 and refined in Refinement #3, 

which is plotted in blue, we see that the posterior parameter distributions and Rietveld estimates 

are nearly identical. This is with the exception of the Bayesian posterior results for Y, one of the 

Lorentzian broadening terms, which is the only parameter that noticeably changes between these 

two refinements. Looking at the pairwise correlation plots in  
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Figure 3.9, there is a noticeable relationship between the Y instrument parameter and 

microstrain material parameter with a Pearson correlation coefficient of -0.82. This parameter 

relationship is likely the underlying cause of the mean Y value changing between Refinement #1 

and Refinement #3. The relationship between Y and microstrain is expected because both 

contribute to the Lorentzian shape of the peak profiles. While microstrain can sometimes exhibit 

as a Gaussian or Lorentzian + Gaussian peak shape, it is most commonly Lorentzian and is 

usually fixed to only have a Lorentzian contribution. The other strongly related parameters are 

able to overcome their correlations and achieve good sampling with the Bayesian method for 

diffraction refinement. For example, the U, V, and W instrument broadening terms are known to 

be strongly related as are sample displacement (also known as shift) and lattice parameter, but all 

these parameters achieve good sampling in the Bayesian results. We are even able to visually 

observe the expected relationships of the U, V, and W parameters from the Caglioti equation in 

the pairwise correlation plots.10 

Considering the material parameters in Figure 3.8, the resulting Bayesian posterior 

parameter distributions are nearly identical for the LaB6 material refinement with instrument 

parameters fixed (red) and instrument parameters refined (blue). The exception is the microstrain 

parameter. The uncertainty in microstrain is much greater when the instrument parameters are 

corefined than when they are fixed. The mean also shifts to be greater than the zero value 

reported in the standard certification, but is still small and very close to zero at a value of 175. 

This increase in uncertainty is likely due to the aforementioned relationship between microstrain 

and the instrument parameter Y. Realistically, a sample with perfectly zero microstrain is 

difficult to achieve, even for a certified standard, and a wider uncertainty is more physically 

feasible. Based on the fit criteria reported in Table 3.2, the quality of fit of the Bayesian results is 
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not significantly impacted by allowing the instrument parameters to refine with the material 

parameters. Thus, the two different microstrain and Y means and uncertainties do not have a 

clear impact on the resulting fit. 

Note that the lattice parameter was varied in all of the models for the LaB6 data, 

including Refinement #1 for the standard instrument profile determination. Even though the 

standard reference material lattice parameter is certified to be 4.1569162 Å ± 0.0000097 Å, the 

capabilities of the instrument dominate the uncertainty contribution in determining the lattice 

parameter. The instrument uncertainty has been shown to contribute to the determination of 

lattice parameters and is a combination of random and systematic errors.13ï16 Thus, it is 

reasonable to refine the lattice parameter of the standard material and obtain values outside the 

certified uncertainty range.  

For the rutile TiO2 Refinement #5 with corefined material and instrument parameters, the 

instrument parameter posterior distributions shift to notably different centers as seen in green in 

Figure 3.7. The uncertainties in the instrument parameters also increase. The instrument 

parameter posterior samples from this Bayesian refinement create a markedly different 

instrument profile for instrument contribution to FWHM of the diffraction peaks over the 2ɗ 

range, plotted in Figure 3.13. This could be due to the fact that the instrument profile has 

physically changed over the time between the measurement of the standard and of the TiO2 

material sample. This is the most likely cause as the LaB6 and TiO2 diffraction were collected 

three months apart. It is also possible that the LaB6 pattern collected was insufficient for 

determining an accurate instrument profile. Further diffraction scans in immediate succession 

using several different standard reference materials and material samples of interest would be 

necessary for further evaluation. In any case, the instrument and material parameters from a non-
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certified standard were able to be simultaneously refined with the Bayesian approach even with a 

significant increase in uncertainty. 

The question of most interest still stands; how significant is the impact of a fixed 

instrument profile on the material parameter results? Allowing the instrument parameters to 

corefine in Refinement #5 improved the DIC by about 80 and the WAIC by about 30 for the 

Bayesian results when compared to Refinement #4 (Table 3.2). While this is not a large 

improvement to the fit, we can conclude that allowing the instrument parameters to refine results 

in a fit equivalent to or slightly better than a model with instrument parameters fixed at the 

standard determined values. In Figure 3.11, the rutile TiO2 material parameter posterior 

distributions that are most noticeably different between Refinement #4 and Refinement #5 are 

that of microstrain and sample displacement. All the other material parameter results are very 

similar in both mean and distribution width. The microstrain exhibits a similar behavior to that 

observed in the LaB6 refinements where the mean value shifts and the uncertainty drastically 

increases when the instrument parameters are corefined. Looking at the pairwise correlation plots 

in Figure 3.12, the microstrain is correlated with the instrument Lorentzian profile parameters X 

and Y. However, the correlation between Y and microstrain is not as high as in the LaB6 

Refinement #3. The sample displacement parameter (shift) exhibits a comparable level of 

uncertainty between the refinement with the instrument parameters fixed and varied. The mean 

sample displacement is different between the two refinements, likely due to high correlations 

with axial divergence (SH/L) and both the a and c lattice parameters. The lattice parameter 

posterior results, which are of interest for determining the structure of the material, remain 

largely unimpacted by the effects of fixing versus refining the instrument profile. Overall, the 

material parameters of interest were largely unimpacted by the varied instrument parameters and 
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were able to overcome the instrument-sample correlation behaviors using the Bayesian method 

for crystallographic refinement with the exception of microstrain. 

Finally, the comparison between the refinement of a higher-quality and lower-quality 

diffraction profile was made for the rutile TiO2 data. The collected intensity amount was 

significantly less and the step size in 2ɗ was 0.02Á less for the short scan when compared to the 

long scan as seen in Figure 3.14. Usually, it is recommended to perform the Rietveld method 

only on high-quality data with the best resolution and highest intensity counts that are possible 

given the available instrumentation. However, these higher quality refinements require much 

longer scan times and are not always possible within the limitations of the sample, the 

instrument, or the workflow. The level of uncertainty from both the Bayesian posteriors and the 

Rietveld results are larger for the short scan refinement for every parameter. These larger 

uncertainties come from the higher measurement error in the data and are propagated to the 

parameter results. The mean parameter values for each refinement are not too far away from 

agreement with each other. Furthermore, the confidence intervals and Bayesian posteriors 

overlap for all parameters. The only parameter that is not in good agreement for the short and 

long scan results is the Bayesian posterior for microstrain. While the parameter uncertainties are 

greater for the short scan as expected, the estimated parameter values and intervals are in decent 

agreement for the short and long scans. 

3.6 Conclusions 

 

In this study, the Bayesian full-profile refinement approach was successfully applied and 

compared to the Rietveld method least squares results of the determination and testing of an 

instrument profile from a certified standard. Observed relationships between parameters using 

this approach enabled the selection of the optimum parameter set to use in refinements. The 
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Bayesian method was also able to overcome the difficulty of highly correlated instrument and 

material parameters and allowed the refinement of all parameters within prior bounds of 

reasonable values. The mean instrument parameters and associated uncertainties changed 

significantly between the LaB6 standard and the TiO2 material refinement, likely due to changes 

in the instrument over time. For the material parameters, the biggest difference between 

refinements with fixed and varied instrument parameters was in the results of microstrain, but the 

uncertainty was found to change more than the mean value. This was because of a strong 

relationship to the Y Lorentzian instrument profile parameter. It was also found that refinement 

of a faster, poorer-quality diffraction pattern resulted in larger parameter uncertainties, but did 

not inhibit the determination of the parameter values in this case. The capabilities for in-depth 

understanding of parameter relationships, co-refining highly correlated parameters, and 

investigating parametric uncertainties were critical for this study and were facilitated by the 

application of the Bayesian method for crystallographic refinement. 
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CHAPTER 4: Satellite Reflections in 40% Sn(II) A-site-substituted BaZr0.5Ti0.5O3 

Perovskite 

4.1 Overview 

 

Tin(II) perovskite oxides are promising for lead-free ferroelectric applications because 

Sn(II) is isoelectronic to Pb(II). Though typically difficult to synthesize, extensive research 

efforts have recently been performed to synthesize a metastable perovskite structure of barium 

zirconate titanate (BZT) with Sn(II) substituted on the A-site in the lattice. In this study, a 

structural investigation is performed on 40% Sn(II)-substituted BZT with high resolution 

synchrotron x-ray diffraction. The main diffraction peaks of the cubic perovskite persist even 

after the 40% tin substitution. Additionally, satellite peaks are observed in the low 2ɗ region of 

the diffraction pattern at d-spacings that are multiples of the main perovskite peaks. A possible 

explanation of the origin of these satellite peaks is attributed to atomic displacements of the tin 

and B-site atoms. The Bayesian inference method is applied to conduct a refinement of the 

satellite diffraction peaks with atom displacements in a supercell that has no defined symmetry 

constraints (i.e. P1 symmetry setting). In absence of a known structure and symmetry, the 

Bayesian method allows for all atoms to simultaneously displace during refinement without 

getting caught in unreasonable solutions in order to determine the most probable configurations 

of atoms. Through this model, it is found that the tin and B-site atoms move in all directions 

within the unit cell with a preference to shorten the Sn-Sn nearest neighbor distances.  

4.2 Introduction  

 

Perovskite oxides with Sn2+ on the A-site are compounds of technological interest 

because of their potential to exhibit ferroelectric properties equivalent or better than the 

pervasive, toxic lead-based perovskites, such as PbTiO3 and Pb(Zr,Ti)O3. However, Sn(II) -

containing perovskites have repeatedly proven difficult to synthesize.1 When considering these 
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tin-based perovskites, it is important to study their structures and, specifically, the 

experimentally unknown behavior of the Sn2+ cations in the structure. First principles 

calculations studies predict that SnTiO3 and SnZr0.5Ti0.5O3 would exhibit a perovskite structure 

with a tetragonal distortion analogous to their Pb equivalents.2,3 In an experimental study, Laurita 

et al. found that the presence of a small amount of Sn2+ dopant in Ba0.79Ca0.16Sn0.05TiO3 and 

Sr0.9Sn0.1TiO3 influenced the local structure of the compounds to be similar to that of PbTiO3.
4 

Still, it has proven difficult to study the experimental structural behaviors of predominantly, 

much less purely, Sn(II)-based perovskites given the complexity of synthesis.  

Recently, the ability to substitute Sn2+ on the A-site of perovskite oxides to form 

metastable Sn(II)-substituted Ba(Zr,Ti)O3 and BaHfO3 compounds has been demonstrated by 

collaborators OôDonnell et al. and Gabilondo et al.5ï7 The synthesis was achieved with a novel 

application of a molten salt flux exchange and opens the doors to investigating the structures of 

Sn(II)-substituted perovskite. In the present work, the structure of 40% Sn(II) A-site substituted 

BaZr0.5Ti0.5O3 (BZT) is studied via high resolution synchrotron x-ray diffraction. In contrast to 

the predicted tetragonal structure, a perovskite structure with cubic cell metrics and 

superstructure reflections is observed in the XRD pattern. Previous studies in literature have 

shown that perovskites undergo octahedral tilting, cation displacements, and distortions, 

especially when the structures are intermediate or frustrated.8 These displacive variations often 

give rise to superstructure peaks that can be observed with x-ray, neutron, or electron diffraction 

techniques.9 In this chapter, the presence of the observed superstructure peaks is attributed to 

perovskite distortions, specifically of the Sn2+ and Zr4+/Ti4+ cation displacements. These atomic 

displacements are modeled using a supercell approach with a Bayesian refinement method to 

determine the most probable configuration of atoms. Ultimately, a symmetry-less unit cell is 
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determined that captures the behavior of the satellite peaks observed in the 40% Sn(II)-

substituted BZT.  

4.3 Methods 

4.3.1 Synthesis 

 

The powder BaZr0.5Ti0.5O3 and 40% Sn(II)-substituted BaZr0.5Ti0.5O3 were prepared in 

the same way as previously described by OôDonnell et al.5,10 In summary, the precursor BZT was 

first prepared through a flux synthesis procedure to combine BaCO3 (Alfa Aesar, 99.8%), TiO2 

(J.T. Baker, >99%), and ZrO2 (Beantown Chemical, 99.5%). The Sn(II) A-site substitution was 

performed through a flux-assisted synthesis with SnCl2 (Alfa Aesar, 99% min) and SnF2 (Alfa 

Aesar, 97.5%) under an inert argon atmosphere.  

4.3.2 Characterization 

High resolution synchrotron powder x-ray diffraction data were collected on beamline 

11-BM at the Advanced Photon Source (APS), Argonne National Laboratory. An average 

wavelength = 0.457929 ¡ was used and scans were collected over a 2ɗ range of 0.5Á-50° with a 

step size of 0.001° at room temperature.  

In situ heating x-ray diffraction patterns were collected at beamline 11-ID-C at the 

Advanced Photon Source, Argonne National Laboratory. A 40% Sn(II)-substituted 

BaZr0.5Ti0.5O3 sample was prepared and sealed in a fused silica capillary in a glovebox under an 

argon atmosphere. A hot air blower was used to heat the sample from room temperature to 

800°C at a rate of 5°C/min. The sample was held for 2 hours at 800°C and then cooled back to 

room temperature at a rate of 5°C/min. During heating and cooling, two-dimensional diffraction 

patterns were collected on an area detector every 60 seconds with an average wavelength of 

0.1173 ¡ (106 keV energy) over a 2ɗ range of 0.5Á-15°. The area diffraction images were 
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integrated to line diffraction patterns using the program GSAS-II and a LaB6 standard for 

calibration of the sample-to-detector distance.11 

4.3.3 Analysis 

 

Phase identification was performed through the program High Score plus by using the 

Search & Match function with the International Centre for Diffraction Data (ICDD) Powder 

Diffraction File (PDF) database. 

Initial structures were refined using the Rietveld method on the high-resolution 

synchrotron data using GSAS-II.11 Generally, refinements were performed in the following 

approximate parameter turn-on sequence: background, histogram scale, lattice parameters, 

sample x-displacement, microstrain, size, atomic displacement parameters (Uiso), atomic 

occupancy fractions, and phase fractions. Parameters were sequentially refined one at a time 

while turning all other parameters off. Then, stable parameters were corefined simultaneously 

while less-stable parameters were fixed until a reasonable result was achieved. 

A Bayesian inference method for crystallographic structure refinement of atomic 

positions in a supercell was applied to the high-resolution synchrotron data through the python 

package Quantitative Uncertainty Analysis for Diffraction (QUAD).12,13 The DRAM sampling 

algorithm was run for 200,000  iterations with 100,000 burn-in, an adaption interval of 100, and 

a shrinkage of 0.1. For each Bayesian refinement, three independent chains with different initial 

parameter values were run simultaneously and convergence behavior was evaluated by 

comparing the trace plots and the three individual solutions. Initial parameters were taken as the 

nondisplaced original atom positions, original positions plus 0.001Å, and original positions 

minus 0.001Å. The results of óchain 1ô runs with initial parameters of the nondisplaced atom 

positions are presented in the main text. 
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4.4 Results and Discussion 

4.4.1 Phase Identification in High-Resolution Powder X-ray Diffraction Profiles 

 

To examine the structure of the precursor BaZr0.5Ti0.5O3 (BZT) and 40% Sn(II)-

substituted BaZr0.5Ti0.5O3 (BSZT), high-resolution synchrotron x-ray-diffraction (XRD) 

measurements were measured and are presented in Figure 4.1. The monochromated beam in this 

technique allows for high resolution of phases with slight differences, reflections with low 

intensity, and peak splitting. The high-resolution XRD pattern of the precursor BZT material, 

plotted in black in Figure 4.1, shows the characteristic peaks of a cubic perovskite structure, 

space group No. 221 ὖάσά. There is a small amount of impurity ZrO2 baddeleyite phase, space 

group No. 14 ὖςȾὧ. Additionally, a perovskite BaZrO3 impurity phase was observed via 

diffraction peaks present as shoulders on the main perovskite peaks at lower 2ɗ.  

The structural effects of the Sn(II) substitution can be studied through the BSZT high-

resolution XRD pattern, which is plotted in red in Figure 4.1. The main peaks observed in the 

BSZT pattern are also characteristic of a cubic perovskite ὖάσά structure, at least as observed 

in the lack of peak splitting which would otherwise indicate a lower symmetry polymorph. The 

presence of cubic peaks indicates that the structure of precursor BZT perovskite phase persists 

even with the 40% tin substitution, as discussed previously by OôDonnell et al.5 Peaks from the 

secondary phases present in the precursor remain in the pattern, still in minor fractions. A small 

amount of SnO, space group No. 129 ὖτȾὲάά, is seen by a small peak at around 2ɗ of 8.78Á 

(equivalent to an interplanar spacing of 2.99Å) which corresponds with the most intense 

expected SnO peak. SnO is a decomposition product of metastable Sn(II)-containing perovskite 

phases; thus, the low presence of SnO in the diffraction pattern indicates that negligible 

decomposition has occurred within the sample. The phase and weight fractions of all phases 

present in the pattern obtained through Rietveld refinements are reported in Table 4.3.  
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Figure 4.1. High resolution synchrotron XRD patterns of BZT (black) and 40% Sn(II)-substituted BZT (red). The 

main peaks observed in both compositions are characteristic of a cubic perovskite (space group ὖάσά). 

In the diffraction pattern of the BSZT, we also observe unexpected peaks at low 

intensities. After a phase identification procedure was attempted, it was found that these 

additional diffraction peaks could not be attributed to the cubic perovskite phase or the identified 

ZrO2, BaZrO3, and SnO secondary phases or any other chemically possible phases in the 

database. These unexpected peaks are particularly prominent in the low 2ɗ region and remain 

visible in the pattern at 2ɗ angles up to ~18° as shown in Figure 4.2. The d-spacing or interplanar 

spacing values, which are the distances between parallel planes of atoms, corresponding to the 

unidentified peaks in the low 2ɗ region are listed in Table 4.1, Interestingly, most of the d-

spacings of the unidentified peaks are multiples of the d-spacings of the main perovskite peaks. 

Therefore, these peaks are identified as superstructure reflections. Superstructure peaks in 

perovskite structures have been generally indicative of the presence of oxygen octahedral tilting, 

octahedral distortions, and cation displacements.14 
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Figure 4.2. High resolution XRD zoomed in to low relative intensities of (a) 2°-18Á 2ɗ to highlight the appearance 

of satellite peaks that are present in the BSZT (red) and not in the precursor BZT (black). (b) Further zoomed in 

view of 2-10Á 2ɗ displays the most prominent superstructure peaks. Visible superstructure peaks are marked by 

asterisks (* ) and impurity phases are denoted by colored tick marks. 

 

Table 4.1. Most prominent satellite peak positions listed as d-spacing values. Many of the extra reflections are 

related to the main cubic perovskite peak reflections by a factor of four. 

d-spacing 
[Å] 

main reflection 
relation 

unit cell 
multiple 

11.67 4*110 нҞнϝŀc 
9.48 4*111   

8.2 4*200 2*ac 
6.69 4*211   

5.45 4*221, 4*300 Ҟнϝŀc 
5.23 --    
4.94 4*311   
4.73 4*222   
4.38 4*320   
3.34 4*422   
3.21 4*431, 4*510   
3.15 4*333, 4*511   
2.77 4*531   
2.73 4*442, 4*600   

 

4.4.2 In-situ High-Temperature XRD Decomposition Experiment 

 

The satellite peaks were studied through an in-situ high-temperature XRD experiment to 

observe the thermal decomposition of the 40% Sn(II)-substituted BSZT phase. Area detector 

patterns, later integrated to line scans, were acquired as the sample was heated from room 

temperature up to 800°C, held at 800°C, and cooled back to room temperature. The in-situ 
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diffraction patterns for the heating segment are plotted across temperatures with reflection 

intensity plotted as a colormap in Figure 4.3. In the initial pattern at the start of the experiment, 

both the primary diffraction reflections evidencing cubic cell metrics and the satellite reflections 

previously described are consistent with that observed in the 11-BM high-resolution XRD data. 

The decomposition of the BSZT, which occurs when Sn(II) leaves the structure as the sample is 

heated, is indicated by the emergence of SnO2 at around 550°C. The satellite peaks disappear 

during the decomposition of the BSZT compound into BZT and SnO2, which is evident when the 

pattern is zoomed to the low 2ɗ region in Figure 4.4. During cooling, the BZT and SnO2 phases 

remain prominent, but the satellite peaks do not return as seen in Figure 4.5 by comparing the 

room temperature starting pattern plotted in orange and ending pattern after heating and cooling 

back to room temperature plotted in blue. The irreversibility of the satellite peaks upon cooling 

suggests that the observed satellite peaks are unique to the metastable tin-containing phase 

present at the beginning of the experiment. 

 
Figure 4.3. In situ XRD decomposition of 40%Sn(II)-substituted BaZr0.5Ti0.5O3. The main cubic perovskite 

reflections are consistently present throughout heating. The emergence of SnO2, indicated by the black arrows, 

signifies that the perovskite has decomposed and the Sn2+ has exited the perovskite structure. 
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Figure 4.4. In-situ XRD decomposition of 40% Sn(II)-substituted BZT zoomed in to low 2ɗ region to closely 

examine the most prominent satellite peaks in the pattern. Asterisk symbols (* ) indicated satellite peaks. The 

satellite reflections are present in the beginning and begin to fade as the material decomposes. After complete 

decomposition (around 600°C), the satellite reflections are no longer visibly present and do not return upon cooling. 

 

 
Figure 4.5. The starting and ending XRD patterns after heating and cooling the 40% Sn(II)-substituted BZT. 

Starting pattern at room temperature in orange, ending pattern at room temperature in blue. The satellite peaks do 

not return in the system during cooling. 
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4.4.3 Tolerance Factor Calculation 

 

The Goldschmidt tolerance factor is often calculated for perovskites to predict the 

expected stability and oxygen octahedra tilting in a structure at room temperature.9 The tolerance 

factor, t, is defined as 

ὸ
ὶ ὶ

Ѝςὶ ὶ  
 ȟ 

where rA, rB, and rO are the ionic radii of the A-site atoms, B-site atoms, and oxygen atoms 

respectively. The B-site atoms are classified as those in the center of the oxygen octahedra. 

Shannonôs ionic radii of the respective atoms, as listed in Table 4.2, were used for the tolerance 

factor calculation.15,16 The ionic radius of Sn2+ was not reported in Shannonôs original tables 

because of irregular bond distances from distortion. Recently, the ionic radius of Sn2+ was 

derived using methods analogous to the Shannon radii system by V. Sidey.17 This Sn2+ ionic 

radius in 12-fold coordination of 1.38Å from V. Sidey was used in the tolerance factor 

calculations. 

The ionic radius of Sn2+ is predicted to be smaller than that of Ba2+, thus the tolerance 

factor of SZT is lower than that of BZT. The Goldschmidt tolerance factor of BaZr0.5Ti0.5O3 is 

t = 1.03 and that of SnZr0.5Ti0.5O3 (with Sn2+ fully occupying the A-site) is t = 0.95. When 

0.985 < t < 1.06, the perovskite is expected to be untilted and undistorted whereas when 

0.71 < t < 0.964, the perovskite is predicted to exhibit both antiphase and in-phase octahedra 

tilting.9 The BZT value of t = 1.03 is in agreement with the undistorted, untilted cubic perovskite 

structure observed in the XRD profile for BZT. SZT, on the other hand, with a tolerance factor of 

t = 0.95, may be susceptible to tilting or other distortions to stabilize the structure, which would 

be consistent with the appearance of satellite peaks in the XRD profile. For a mixed A-site 

Ba0.6Sn0.4Zr0.5Ti0.5O3, the stoichiometrically average value is t = 1.0, which suggests an 
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undistorted perovskite. However, Ba-rich and Sn-rich zirconate titanate phases were shown form 

separately within the system as a core and nanoshell configuration in prior work on BSZT10. The 

observation of satellite reflections in the BSZT diffraction pattern is consistent with the presence 

of Sn-rich regions that would have a tolerance factor closer to t = 0.95.  

Table 4.2. Shannonôs ionic radii values used for calculation of tolerance factor.15ï17 

Ion Coordination Shannon's ionic radii 

Sn2+ 12 1.38 

Ba2+ 12 1.61 

Pb2+ 12 1.49 

Zr4+ 6 0.72 

Ti4+ 6 0.605 

Hf4+ 6 0.71 

O2- 6 1.4 
 

4.4.4 Distorted Perovskite Structures in Literature 

 

Perovskite materials are known to exhibit small, yet transformational, changes in their 

crystal structures. Possible changes to the structure include oxygen octahedral tilting, cation 

displacements, octahedral distortions, or a combination of these three.14 The observation of 

satellite peaks in the diffraction pattern can be one indication of such occurrences in the 

perovskite. Characteristic satellite peaks from perovskite structures have been observed in 

literature in several material systems and a several examples are described in this section.  

One example of a distorted structure is PbZrO3, which is an orthorhombic structure in the 

ὖὦὥά space group with lattice parameters Ѝςὥ ςЍςὥ ςὥ where ὥ denotes the 

undistorted cubic perovskite lattice parameter.18ï21 The structural distortions include 

displacements of the Pb ions and octahedral tilting.22 Nd-substituted BiFeO3 also exhibits 

superstructure peaks, as studied by Karimi et al. and Levin et al. through diffraction.23,24 For Nd-

modified compositions, e.g. Bi1-xNdxFeO3 with 0.15 Ò x Ò 0.20, superlattice peaks are observed 
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and are consistent with orthorhombic PbZrO3 and Pbam symmetry. Additionally, superlattice 

peaks are present at ππὰ , indicating a quadrupling of the c-axis of the original cubic unit cell 

with lattice parameters Ѝςὥ ςЍςὥ τὥ. A hypothesis presented by Levin et al. to explain 

this quadrupled structure is an NaNbO3-like octahedra tilting combined with Bi antipolar 

displacements with Pbnm symmetry.24,25 NaNbO3 is also a distorted perovskite with an 

orthorhombic unit cell in space group Pbma with lattice parameters  Ѝςὥ τὥ Ѝςὥ.26 

Structural refinements of single crystal XRD and neutron diffraction determined that there are 

displacements of Na, displacements of Nb, and octahedra tilting within the structure at room 

temperature.26,27 Khalyavin et al. studied the structural distortions of the high-pressure stabilized 

perovskite system BiFe1-xScxO3 using neutron and x-ray powder diffraction.28,29 A BiFe0.7Sc0.3O3 

composition was found to have a Pnma lattice with a unit cell of Ѝςὥ τὥ ςЍςὥ with Bi 

displacements and unusual octahedral tilting. BiScO3 was also found to have a Pnma symmetry, 

but with a ςЍςὥ τὥ Ѝςὥ and different structural distortions. Many of these perovskite 

variations are similar to the PbZrO3 structure and generally share common elements.  

4.4.5 Refinements with the Rietveld Method and Structure Determination 

 

Structural refinements using the Rietveld method of the BZT and BSZT samples were 

performed with the high-resolution XRD data. The main peaks of both patterns were fit  using a 

one-phase model with a single cubic perovskite (ὖάσά  phase as well as the identified impurity 

phases. In addition to the one-phase model, the BSZT pattern was fit to a two-phase model with 

separate cubic BaZr0.5Ti0.5O3 and SnZr0.5Ti0.5O3 phases. This model was inspired by previously 

published TEM images that showed the Sn-rich perovskite phase forms a shell around a Ba-rich 

circular perovskite core, suggesting that the SZT is stabilized on the surface of the BZT as a 

separate phase.10 The fit results are displayed in Figure 4.6 and the refined values of lattice 
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parameters, atomic occupancies, and phase fractions are reported in Table 4.3. Parameters 

refined that are not listed include atomic displacement parameters (Uiso), microstrain, size, 

histogram scale, sample x-displacement, absorption, and background. The Zr/Ti (B-site) Uiso 

values were constrained to be equal and the total B-site occupancy fraction was constrained to 

sum to one in all refinements. Analogous constraints for the Ba/Sn on the A-site were applied for 

the one-phase BSZT refinement. The phase fractions in all refinements were constrained to sum 

to one. The phase and weight fractions are reported for each phase in the three refinements in 

Table 4.3; note how the total weight fraction of all the impurity phases combined is less than 

0.075 in each refinement. These low values quantify the negligible fractions of the BaZrO3, 

ZrO2, and SnO impurities in the samples. The cubic lattice constant of the one-phase BSZT 

model (4.09306±0.00003) is slightly less than that of the precursor BZT (4.09585±0.00004) 

which is likely due to the smaller size of Sn2+ compared to Ba2+ (Table 4.2) and supports the 

hypothesis that, on average, Sn2+ ions are substituting for Ba2+ in the BZT lattice. The two-phase 

BZT+SZT model has a BZT lattice constant (4.09596±0.00005) similar to that of the BZT 

precursor refinement and an SZT lattice constant (4.08643±0.00008) noticeably smaller than the 

BZT. Additionally, the weighted residual of the two-phase BZT+SZT model, 10.074%, is 

slightly less than that of the one-phase model, 11.103%, which suggests that the two-phase 

model better fits the experimental data.  
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Figure 4.6.  Refinements of high resolution XRD of (a) precursor phase BaZr0.5Ti0.5O3, (b) 40% Sn(II) A -site 

substituted BZT modeled as a single phase Ba0.6Sn0.4Zr0.5Ti0.5O3, and (c) 40% Sn(II)-substituted BZT modeled as 

two phases BaZr0.5Ti0.5O3 and SnZr0.5Ti0.5O3. Phases included in the models are indicated with colored tick marks, 

including impurity phases. 
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Table 4.3. Refinement results from the Rietveld method for parameters of most interest for BZT, BSZT with a one-

phase model, and BSZT with a two-phase BZT+SZT model. Refined parameter values and associated standard 

uncertainties (s.u.) are listed with weighted residual values (Rwp). Parameter values that were fixed are marked with 

asterisks (*). 

Parameter Name Value S.U. 

BZT 

Lattice parameter [Å] 4.09585 0.00004 
Zr fraction 0.429 0.003 

BZT phase/wt fraction 0.97/0.96 *  
BaZrO3 phase/wt fraction 0.02/0.02 *  

ZrO2 phase/wt fraction 0.01/0.02 *  

Rwp [%] 16.92   

BSZT 1-phase 

Lattice parameter [Å] 4.09306 0.00003 
Sn fraction 0.349 0.004 
Zr fraction 0.413 0.003 
BSZT phase/wt fraction 0.952/0.926 *  

BaZrO3 phase/wt fraction 0.018/0.020 *  

ZrO2 phase/wt fraction 0.025/0.049 *  
SnO phase/wt fraction 0.005/0.005 *  

Rwp [%] 11.10   

BZT + SZT 2-phase 

BZT 

Lattice parameter [Å] 4.09596 0.00005 
Zr fraction 0.575 0.006 
BZT phase/wt fraction 0.607/0.624 0.007 

SZT 

Lattice parameter [Å] 4.08643 0.00008 
Zr fraction 0.110 0.008 
SZT phase/wt fraction 0.345/0.301 0.006 

Impurities 

BaZrO3 phase/wt fraction 0.018/0.020 *  

ZrO2 phase/wt fraction 0.025/0.048 *  
SnO phase/wt fraction 0.005/0.005 *  

Rwp [%] 10.07   

 

Multiple refinement trials with the Rietveld method using known distorted perovskite 

structures from literature were performed in an attempt to identify a match, or near match, to 

better describe the experimental pattern with a focus on accounting for the superstructure 
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reflections. It is necessary to find a configuration with a unit cell and symmetry that matches the 

positions of the extra reflections, keeping in mind that a quadrupling of the cubic perovskite unit 

cell in at least one direction is necessary based on Table 4.1. Of the distorted perovskite 

structures found in literature and detailed in the section above, the BiFe0.7Sc0.3O3 structure from 

Khalyavin et al. was found to best match the satellite peaks in the BSZT diffraction pattern.29 

Results of the refinement with the crystallographic information file of that structure is shown in 

Figure 4.7. Peak positions account for most of the peaks, but notably the first and fourth satellite 

peaks measured experimentally are not present in the BiFe0.7Sc0.3O3 structural model. For the 

peaks that are present in the refined pattern, the intensities do not well match the experimental 

intensities of the superstructure reflections. Thus, this structural model is insufficient, and the 

symmetry must be lowered and the atomic positions must be refined to improve the fit.  

 

Figure 4.7. Rietveld refinement to 40% Sn(II)-substituted BZT data modeled with BZT + SZT phases. The SZT 

space group and atomic positions were fixed at the values from the BiFe0.7Sc0.3O3 cif created by Khalyavin et al.29 
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A structural determination can be performed when no known structure exists, which can 

sometimes be completed successfully with powder XRD information alone.30 The program 

EXPO2014 was used to index the unit cell from the XRD pattern.31 Though there were several 

possible results, one of the most likely set of unit cell parameters resulting from this search was 

a=16.37 Å, b=5.87 Å, Ã ρρȢφπ Bȟ ɻ  ɼ  ɾ ωπЈ. This definition of lattice parameters is 

approximately a τὥȟЍςὥȟςЍςὥ perovskite unit cell where ὥ τȢρ B. The lattice parameters 

agree with the unit cell dimensions of the BiFe0.7Sc0.3O3 and also the PbZrO3 orthorhombic 

perovskite structure doubled along one axis - though the a, b, and c definitions are in different 

orders. Among other attempted structure determination techniques, space group determination 

was not possible within EXPO2014 due to the relatively low intensities of the satellite peaks and 

peak overlap with both impurity phases and the main perovskite BZT reflections. Thus, structure 

determination was constrained to indexing and determining the most likely set of unit cell 

dimensions.  

4.4.6 Structural Solution with the Bayesian Inference Method 

 

Given the absence of known phases, we explore an alternative method to examine the 

crystal structure that models all the superstructure reflections in the XRD pattern. When 

considering the construction of the new unit cell model, several possible perovskite distortions 

can be eliminated given the facts that the superstructure reflections are visible by x-rays and are 

commensurate with four times the cubic perovskite unit cell. From the tolerance factor 

calculations and what we know of perovskite-type structures, tilting of the oxygen octahedra is 

likely present in the structure. However, XRD data are less sensitive to oxygen atoms in the 

presence of heavier elements, so the oxygen tilting pattern cannot be detected and determined 

from this information alone. We also dismiss B-site cation ordering of the zirconium and 



   

87 

 

titanium because in work currently under review on an Sn(II)-substituted PbHfO3 system, similar 

satellite peaks were observed with only the Hf occupying the B-site. Additionally, an even 

distribution of Zr and Ti throughout individual particles of the 40% Sn(II)-substituted 

BaZr0.5Ti0.5O3 was observed by energy-dispersive x-ray spectroscopy (EDS) measurements 

collected via transmission electron microscopy (TEM) methods in a previous study by 

OôDonnell et al.10 A-site cation ordering of the Ba and Sn atoms is also unlikely because, in the 

same TEM imaging study by OôDonnell et al., it was shown that the BSZT forms in a core-shell 

structure with a Ba-rich core and a separate Sn-rich shell. Thus, the BZT and SZT are two 

separate phases that can be modeled independently as opposed to a mixed Ba/Sn A-site, in 

agreement with the previously discussed Rietveld refinements. Furthermore, since Sn2+ has a 

smaller ionic radius than Ba2+ and a lone pair electron like Pb2+, the Sn2+ ions are expected to 

experience larger displacements whereas Ba2+ is less susceptible to distorting from its 

centrosymmetric position. Thus, it is hypothesized that the primary contributions to the 

intensities of the observed XRD satellite peaks are attributed to displacements of the Sn2+ or the 

Zr4+/Ti4+ B-site cations.  

To refine the cation displacements using the experimental powder XRD data, one 

approach is to create a supercell based on the cubic perovskite precursor and refine the atom 

positions using the Rietveld method. Since the space group is unknown, no symmetry elements 

were defined, which allowed atoms to move in any direction. However, using traditional least 

squares minimization in the Rietveld method to refine atomic positions in a supercell led to 

unstable refinements, poor fits to the satellite peaks, and unrealistic values for atomic 

coordinates. Alternatively, applying a Bayesian inference method to the refinement of the 

structure can provide a more robust fitting routine for determining atomic positions. With this 
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Bayesian method, all refinement parameters are sampled simultaneously until a converged 

solution is obtained. The method results in a distribution of solutions for parameter values, and 

consequently the model, which can be summarized to obtain a most probable configuration of 

atom positions. Atoms are constrained through prior information to displace only within a 

reasonable radius of their nondisplaced positions to avoid local minima and unreasonable 

solutions.  

To implement the Bayesian method, the unit cell of SZT was first created by generating a 

supercell using a transformation of the parent undistorted perovskite cubic unit cell 

(ὥ ὥ ὥ  to an orthorhombic setting (Ѝςὥ ςЍςὥ τὥ). The transformation was 

performed in Crystal Maker as:  

╪▫ ╪╬ ╫╬ 

╫▫ ╪╬ ς╫╬ 

╬▫ τ╬╬ 

Here, aO, bO, and cO are the orthorhombic unit cell vectors and aC, bC, and cC are the cubic 

perovskite unit cell vectors. This unit cell setting is the same as the well-known PbZrO3 distorted 

perovskite definition with the c-axis doubled. A space group of P1 was used, such that no 

symmetry was assigned to the cell. The lattice parameter of the cubic perovskite, ὥ, that 

transforms into the orthorhombic supercell was first approximated from the single-phase 

refinement of the BSZT data. This value was adjusted until all the expected reflection positions 

aligned with the low 2ɗ satellite peaks by using the Unit Cell Test & Refinement tool in GSAS-

II. Since no peak splitting was observed in the main perovskite peaks, the orthorhombic lattice 

parameter ratios were maintained at the Ѝςὥ ςЍςὥ τὥ. The lattice parameters used for 

refinement were υȢχωψρρȢυωφρφȢτ B. All atom positions, including those of the oxygen, 
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titanium/zirconium, and tin, were fixed at their non-displaced positions. The B-site atoms were 

all defined at 50% Zr and 50% Ti occupancy and constrained to be an equivalent mixed site. 

To set up the superstructure refinement, the two-phase refinement of the BZT-SZT 

structure from Figure 4.6(c) and Table 4.3 was used to initialize the settings. The cubic SZT 

phase from that previous refinement was replaced with the defined SZT P1 supercell. The phase 

fractions of the BZT and SZT phases were adjusted to maintain a weight fraction of 

approximately 0.6 BZT and 0.4 SZT. A Rietveld refinement in GSAS-II  using the complete 2ɗ 

range from 2-45Á 2ɗ was performed to refine microstrain, size, histogram scale, sample 

displacement, background, and the BZT structural information. The SZT lattice parameters and 

atomic positions remained fixed. All parameters were then fixed and the 2ɗ range was 

constrained to 2-8.75Á 2ɗ, which is the region of the most prominent and informative satellite 

peaks. This region excludes all except one of the main perovskite peaks so that the refinement is 

predominantly influenced by the satellite reflections instead of the cubic perovskite. Only the 

ZrO2 impurity phase was included in the refinement as the other impurity phases in the sample 

do not exhibit reflections in this 2ɗ region. With the GSAS-II refinement setup, two different 

structural refinements with the Bayesian inference method were performed: (Model 1) varying 

only the Sn x, y, and z atomic position coordinates and (Model 2) varying both the Sn and Zr/Ti 

B-site x, y, and z atomic position coordinates. Aside from the atomic positions and background 

parameters, all other parameters remained fixed in the Bayesian refinement. Three parallel 

sample chains were run with different initial atom positions for each model and obtained similar 

resulting atom relationships. Example trace plots to demonstrate good sampling behavior and 

convergence can be found in Figure 4.8. Results for the chain with the non-displaced atom 

centers as the initial positions for each model are reported here.  
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Figure 4.8. Example traceplots of one atomôs x, y, and z positional coordinates during sampling for Model 1. 

Traceplots indicate decent sampling is achieved and the positions are each converging to a single center value. 

The 99% credible and prediction intervals resulting from the Bayesian refinement of the 

atom positions with Model 1 (only Sn displacements allowed) is shown in Figure 4.9(a) and with 

Model 2 (both Sn and Zr/Ti atoms displacements allowed) in Figure 4.9(b). The results for both 

models capture all the observed satellite peak positions and are in good agreement with the 

intensities. The means of the posterior parameter distributions for the x, y, and z atomic 

coordinates are used to summarize the results and were taken as the values of each displaced 

atom position.  
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Figure 4.9. Prediction and credible intervals showing model fit to data in the low-2ɗ range for (a) Sn displacement 

model and (b) Sn + Zr/Ti displacement model. The prediction intervals for both models cover that data well, match 

all the satellite peak positions, and roughly fit the intensities. Inset shows a zoomed in view of the first four peaks. 

The resulting Sn positions from Model 1 are depicted as a crystal structure in Figure 4.10. 

The original nondisplaced positions are shown by the intersections of the guidelines for 

reference. The tin atoms displace in many directions at varying amplitudes, but there is a strong 

preference for displacement along the z-axis and y-axis ([001]c and [ρρπ]c directions of the 

original cubic unit cell). Minimal displacement of the tin atoms is observed along the x-axis. The 

resulting Sn and B-site positions from Model 2 are depicted as a crystal structure in Figure 4.11. 

The Zr/Ti atoms displace in all directions, but predominantly along the z- and y-axes ([001]c and 

[ρρπ]c directions). The tin atoms also move from their original positions in all directions, similar 
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to the displacements observed in Model 1. In Model 2, the magnitude of atomic displacements of 

the Sn A-site atoms is more pronounced than that of the Zr/Ti B-site atoms. 

 
Figure 4.10. Visual representation of the tin atom displacements minimized with the Bayesian method. The (a) full 

unit cell and projections along the (b) x-, (c) y-, and (d) z- axes are displayed. Red atoms are the displaced tins, 

orange atoms are the fixed B-site Zr/Ti atoms, orange polyhedra are the oxygen octahedra surrounding the B-site, 

and blue atoms are the fixed oxygen atoms. The dotted lines in (a) show the A-site Sn-Sn atom distances. The 

intersections of the gray guidelines in (c) and (d) show the original nondisplaced atom positions. 
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Figure 4.11. Visual representation of the tin and B-site atom displacements minimized with the Bayesian method. 

The (a) full unit cell and projections along the (b) x-, (c) y-, and (d) z- axes are displayed. Red atoms are the 

displaced tins, orange atoms are the displaced Zr/Ti atoms, orange polyhedra are the oxygen octahedra surrounding 

the B-site, and blue atoms are the fixed oxygen atoms. The dotted lines in (a) show the A-site Sn-Sn atom distances. 

The intersections of the gray guidelines in (c) and (d) show the original nondisplaced atom positions. 

 

The distances between the nearest neighbors from the Bayesian minimized positions are 

plotted as a kernel density estimate in Figure 4.12 for Model 1 and Figure 4.13 for Model 2. This 

representation is similar to a pair distribution function in that the distances between every pair of 

atoms are displayed, except the plots represent an average structure of a supercell rather than a 

local structure. The tin to tin bond distance distributions of the Model 1 solution, visualized in 
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Figure 4.12(a), broadens out in the Bayesian solution because tin atoms displace and some pairs 

of tin atoms move closer together and others further apart. The first two peaks, which represent 

the first two tin nearest neighbors, broaden on both sides from the non-displaced positions 

indicating that pairs of tin atoms neighboring along the cubic unit cell axes and cubic face 

diagonals displace both towards and away from each other. The third peak at around 7.1Å shifts 

to a higher average center, meaning that tin atoms separated by the distance of the cubic 

perovskite body diagonal are consistently further apart than their original nondisplaced positions. 

In general, the average original cubic distance is maintained between tin atoms, but the tin atoms 

distort to shorten some tin to tin distances and consequently lengthen others. From the tin to 

oxygen and tin to B-site distance distribution plots in Figure 4.12(b-c), there is no relative 

directionality preference within the supercell as the peaks generally broaden but with no 

preferred shift to higher or lower separation distances.  

 
Figure 4.12. Kernel density estimates of bond distances between (a) tin nearest neighbors, (b) tin and oxygen atoms, 

and (c) tin and B-site atoms for Model 1 with only tin displacements allowed. Black line represents the original 

orthorhombic structure with no tin displacements for reference. Red line is calculated from the mean tin atomic 

positions obtained with the Bayesian refinement with only tin displacements allowed. 
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The peaks in the tin to tin bond distance distribution plot of the Model 2 solution in 

Figure 4.13(a) also broaden on either side of the original center position. Slightly less broadening 

is observed than in the Model 1 results because some of the atomic displacement behavior is now 

attributed to the Zr/Ti sites. Tin nearest neighbors distort towards and away from each other with 

no clear preference along a given direction. Broadening is also observed in the Zr/Ti to Zr/Ti 

nearest neighbor distances in Figure 4.13(c) and Zr/Ti to oxygen distances Figure 4.13(d). Again, 

no preferential direction in the displacements is observed, rather atoms exhibit general 

distortions from their centrosymmetric positions.  

 
Figure 4.13. Kernel density estimates of bond distances between (a) tin nearest neighbors, (b) tin and oxygen atoms, 

(c) B-site nearest neighbor atoms, and (d) B-site and oxygen atoms for model with tin and zirconium/titanium site 

displacements allowed. Black line represents the original orthorhombic structure with no atomic displacements for 

reference. Red line is calculated from the mean atomic positions from the Bayesian method results with both tin and 

B-site displacements allowed. 

Finally, a refinement with the Rietveld method was performed with the structure defined 

from the Bayesian posterior mean atomic positions for both models. All unit cell structural 
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parameters were fixed while histogram scale, microstrain, and background were refined. The 

resulting model fit for the unit cell with only Sn displacements allowed is plotted in Figure 4.14. 

This model provides a good fit to the reflections in the low 2ɗ range that was originally refined 

with the Bayesian approach. As 2ɗ increases, the model continues to be a decent fit to both the 

peaks near the background level and the main perovskite peaks. Fit criteria are listed in Table 4.4 

and similar fit qualities are found for Model 1 and Model 2. In this context, neither model is 

deemed more suitable than the other and either displacing just the Sn or both the Sn and the Zr/Ti 

adequately fits the data. By utilizing the mean posterior atomic positions from the Bayesian 

method, a good fit was achieved for the observed satellite reflections and an initial unit cell for 

the new SZT material was defined.  

 
Figure 4.14. Least squares Rietveld refinement of BSZT data with two phase BZT+SZT model. The SZT phase is 

the supercell with atomic position from the Bayesian method with only Sn displacement. (a) Zoomed to the 2ɗ 

region refined with the Bayesian approach and (b) full pattern of refinement with inset zoomed to background level.  
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Table 4.4. Fit criteria for supercell models with Sn-only displacement and Sn + B-site displacements allowed. Fit 

criteria include deviance information criteria (DIC) from the Bayesian refinement approach and weighted pattern 

residuals (Rwp) from the least squares approach with the mean values from the Bayesian results fixed. 

  2-уΦтрϲ нʻ ǊŀƴƎŜ 2-уΦтрϲ нʻ ǊŀƴƎŜ 2-нрϲ нʻ ǊŀƴƎŜ 

  DIC Rwp [%] Rwp [%] 

Sn displacement 59320 9.92 15.35 

Sn + Zr/Ti displacement 60670 9.73 15.68 

 

4.5 Conclusions 

 

The crystal structure of metastable 40% Sn(II)-substituted BZT has been studied through 

the examination and modeling of high resolution synchrotron XRD. The underlying cubic lattice 

of the precursor BZT is maintained throughout the tin substitution. The presence of satellite 

peaks in the XRD indicates that Sn(II) atoms are distorting within a supercell of the perovskite 

structure. Applying a novel Bayesian refinement approach enabled all atoms to simultaneously 

displace without getting caught in unreasonable solutions to determine the most probable 

configuration of atoms and the relationships between atom displacements. The Bayesian 

approach helps to overcome the challenges of structure determination from low intensity 

superstructure peaks and overlapping main perovskite and impurity reflections. This is 

accomplished by the incorporation of prior information that constrains the allowable atom 

positions and enriched uncertainty quantification. Within the cubic lattice, it is found that the 

Sn(II) atoms prefer to displace off of the A-site and the Zr/Ti atoms may displace off the B-site. 

These displacements disrupt the cubic unit cell symmetry and create a superstructure. This 

superstructure can be appropriately represented as a Ѝςὥ τὥ ςЍςὥ orthorhombic unit cell 

with no symmetry constraints. No clear pattern to this displacement has yet been identified, 

except it can be noted that the neighboring tin atoms move closer together and further apart 

throughout the superstructure. In the model allowing B-site displacements, the Zr/Ti atoms also 

move in multiple directions. Ultimately, well-defined structural models enable the improvement 
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of synthesis procedures and further the understanding of expected properties, specifically in 

regards to structural distortions. 
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CHAPTER 5: Phase Analysis During Calcination of K0.5Na0.5NbO3 through In-situ  X-ray 

Diffraction  

 

5.1 Overview 

K0.5Na0.5NbO3 (KNN) is a promising lead-free ferroelectric material because of its 

exceptional electromechanical properties. However, the applications of KNN are limited by poor 

reproducibility and material inhomogeneities that occur during synthesis. In this study, the 

Bayesian inference method was used to perform refinements on in-situ heating x-ray diffraction 

patterns to monitor the reaction of perovskite KNN from starting oxides and carbonates. The 

Bayesian results offer additional information in tracking the behavior of the structural changes 

and phases that evolve during calcination. Enriched uncertainty information was obtained in the 

descriptions of the lattice parameters. The optimal number of phases needed to represent the 

inhomogeneous KNN system was determined through a model selection process by evaluation of 

information criteria from the Bayesian posterior samples. Ultimately, this new Bayesian 

inference method for crystallographic refinement provides a more intuitive and robust 

representation for this inhomogeneous material system compared to the least squares 

minimization of the Rietveld method. 

5.2 Introduction  

Piezoelectric ceramics have a wide range of technical applications, such as sensors, 

actuators, multilayer capacitors, and other devices.1 Lead zirconate titanate (PZT) is the most 

widely implemented functional material, but there is a push in the piezoelectric community to 

move away from toxic lead-based systems and convert to lead-free, environmentally-friendly 

materials.1,2 Potassium sodium niobate, KxNa1-xNbO3 (KNN), is a promising candidate as a lead-

free piezoelectric system because of its excellent electromechanical properties.3,4 However, KNN 

systems are continuously reported to have issues with processing and reproducibility.5,6 One 
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underlying cause of these issues is chemical inhomogeneities that occur during the solid state 

synthesis of the KNN perovskite. It is thought that the sample homogeneity depends on the phase 

of the Nb2O5 precursor and the particle size distribution of the starting powders.7,8 Recently, 

Thong et al. studied the synthesis of K0.5Na0.5NbO3 with monoclinic and orthorhombic Nb2O5 

precursors through an in-situ heating experiment and hypothesized that chemical 

inhomogeneities were a result of the Nb2O5 particle sizes and competition among the reactants.9 

In this study, they also suggested a calcination temperature of 950°C based on analysis of the in-

situ XRD data. Calcination temperatures between 750°C and 950°C are typically reported with 

multiple calcination steps often suggested for reaction completion.5 These reported calcination 

temperatures are relatively high and inconsistent between studies considering the melting 

temperature is around 1200°C and volatilization can occur starting at 1000°C in KNN-based 

systems.10,11 Thus, it is critical to thoroughly understand the phase formation and diffusion 

behaviors that occur during KNN synthesis so that the underlying reasons for the difficulties in 

creating a homogenous phase and determining a reliable calcination temperature can be better 

understood and mitigated. 

An excellent technique for studying solid state reactions is in-situ high-temperature X-ray 

diffraction (HTXRD). With this technique, X-ray diffraction patterns are collected at designated 

increments while the sample is being heated on a high-temperature furnace stage. In this way, the 

structural behavior of the sample during heating can be monitored in real time. Thong et al. 

measured HTXRD data for several KNN-based systems; however, the patterns were analyzed 

only qualitatively and with single peak fitting.9 In the present study, the in-situ heating data of 

the synthesis of K0.5Na0.5NbO3 made from the orthorhombic Nb2O5 precursor from the work by 

Thong et al. was analyzed more comprehensively using two methods and various quantitative 
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models. This composition was chosen because it was found to form a cleaner, more homogenous 

phase than the monoclinic equivalent in the same Thong et al. study. In this work, models were 

refined to the full-profile XRD data via both the traditional Rietveld method with least squares 

minimization and the novel Bayesian inference method. Specifically, this study focuses on the 

development of the high-temperature cubic lattice parameter during the formation of the 

perovskite KNN phase with an emphasis on the parametric uncertainties. The development of the 

perovskite was studied via Rietveld and Bayesian refinement with both a one-phase and three-

phase model with phases of distinct chemical compositions. It was found that a more 

homogenous perovskite KNN phase forms after 1000°C, but that the alkali ions volatilize and 

form secondary phases at this high temperature. Overall, the results of the Rietveld method and 

the Bayesian method for crystallographic refinement for the HTXRD KNN synthesis data are 

compared. It was found that the Bayesian modeling approach provides an intuitive and robust 

representation for the inherent chemical inhomogeneities in the KNN system.  

5.3 Methods 

5.3.1 Data Collection 

The HTXRD data of the solid state synthesis of K0.5Na0.5NbO3 with the orthorhombic 

Nb2O5 precursor from Thong et al. was analyzed in this work.9 The details of the sample 

preparation and data collection are reported in the original work, but are summarized here for the 

material system adopted in the present work. Starting powders of K2CO3, Na2CO3, and 

orthorhombic Nb2O5 were calcined together to from the cubic perovskite phase of 

K0.5Na0.5NbO3. The calcination was monitored in-situ while heating from room temperature to 

1100°C in the PANalytical Empyrean diffractometer with a high-temperature stage (HTK 1200N 

Anton Paar). Patterns were collected every 3°C from room temperature to 650°C and every 10°C 

from 650°C-1100°C over a 2ɗ range of 20-60Á with a 2ɗ step size of 0.026Á. 
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5.3.2 Refinements with the Rietveld Method 

Rietveld refinements were performed on diffraction patterns at individual temperatures 

during heating from 450°C-1100°C in the program GSAS-II .12 For every 50°C increment, the 

full profile pattern was independently fit with a single cubic perovskite KxNa1-xNbO3 (KNN), 

space group ὖάσάȟ with Nb on the B-site and a shared K/Na A-site. This symmetry was chosen 

for the phase because at elevated temperatures, KNN exists in the paraelectric cubic perovskite 

phase. Refined parameters included the cubic lattice parameter (a), microstrain, crystallite size, K 

occupancy on the A-site, sample displacement, histogram scale factor, and Chebyschev-1 

background terms. The sum of the K and Na occupancies on the A-site was constrained to equal 

1. All atomic displacement parameters (Uiso terms) were fixed at 0.01 Å2 for model simplicity. 

Through several refinement trials, it was found that refining the Uiso values does not significantly 

improve the model fit and creates more unstable refinements in some cases, thus these terms 

were fixed to simplify the model. For refinements at 450°C, 500°C, 550°C, and 600°C, when the 

precursor materials are still present in the diffraction pattern, an orthorhombic Nb2O5 phase was 

included in the refinement (space group Pbam, PDF card 00-027-1313 from the International 

Centre for Diffraction Data database PDF-4+). In this case, the total sum of the phase fractions of 

KNN and Nb2O5 were constrained to sum to one. For the error bars associated with the Rietveld 

results, the 95% confidence interval was calculated from the parameter standard uncertainties (ů) 

outputted from the GSAS-II program as Ñ1.96ů.  

5.3.3 Refinements with the Bayesian Method 

Crystallographic refinements with the Bayesian inference method were performed in 

Python using the program QUAD13 for the same aforementioned individual diffraction patterns 

of 450°C-1100°C at 50 C increments. The same cubic perovskite KNN phase, orthorhombic 
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Nb2O5 phase at temperatures 450°C-600°C, and parameter set were implemented as described 

for the Rietveld refinements. The parameter estimates from least squares results were used to 

initialize the Bayesian algorithm. Sampling was run for 100,000 iterations with the first 50,000 

samples as the burn-in period, 0.1 shrinkage value, and adaption interval of 50. The uniform 

prior bounds set for all refined parameters are listed in Table 5.1. Traceplots and acceptance rates 

were evaluated to ensure good convergence was achieved. The model parameters minimized 

with the Bayesian approach are represented as kernel density estimates of the posterior parameter 

distributions from histograms of the accepted samples. 

5.3.4 Three-Phase Refinements 

Both least squares and Bayesian minimization approaches were employed to perform 

refinements using three separate KxNa1-xNbO3 phases each with distinct cubic perovskite unit 

cells analogous to the 1-phase implementation. Refinement parameters that were allowed to vary 

differently for each phase included: lattice parameter, microstrain, size, phase fraction, and K 

occupancy on the A-site. The Uiso values for the K and Na atoms were also refined, but were 

constrained to be equivalent for the A-site atoms of all three phases. The Nb and O Uiso values 

were fixed at 0.01 Å2 for all three phases for model simplicity and stability. The K and Na 

occupancies on the A-site were constrained to sum to one for each phase. The total sum of the 

phase fractions was also constrained to equal one. Like the previously described one-phase 

refinements, the N2O5 precursor phase was included for patterns of 500 , 550 , and 600 . 

Other refinement parameters included histogram scale factor, sample displacement, and 

background terms. The parameter chains were run for 100,000 iterations with the first 50,000 of 

those treated as burn-in, a shrinkage value of 0.1, and an adaption interval of 50. Uniform prior 

bounds for each model parameter are listed in Table 5.1.  
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Table 5.1. Refined model parameters and their prior bounds for the Bayesian full-profile refinements. 

1 Phase Model 3 Phase Model 

Parameter lower upper Parameter lower upper 

K occupancy 0 1 Phase-1 fraction 0 0.6 

Microstrain  5000 50000 Phase-1 K occupancy 0 1 

Crystallite Size [ɛm] 0 10 Phase-1 Microstrain 1000 30000 

Lattice Parameter [Å] 3.85 4.1 Phase-1 Size [ɛm] 0 5 

Histogram Scale 1 100 Phase-1 Lattice Parameter [Å] 3.85 4.15 

Sample Displacement [ɛm] -1000 1000 Phase-2 fraction 0 0.6 

      Phase-2 K occupancy 0 1 

      Phase-2 Microstrain 1000 30000 

      Phase-2 Size [ɛm] 0 5 

      Phase-2 Lattice Parameter [Å] 3.85 4.15 

      Phase-3 K occupancy 0 1 

      Phase-3 Microstrain 1000 30000 

      Phase-3 Size [ɛm] 0 5 

      Phase-3 Lattice Parameter [Å] 3.85 4.15 

      A-site Uiso [Å2] 0.009 0.05 

      Histogram Scale 25 50 

      Sample Displacement [ɛm] -1000 1000 

 

5.4 Results 

5.4.1 In-situ Data 

The diffraction patterns as a function of temperature collected during heating from room 

temperature to 1100°C are shown in Figure 5.1, where diffracted intensity is plotted as a color 

heatmap. The starting powders are K2CO3, Na2CO3, and orthorhombic Nb2O5; however, only the 

orthorhombic Nb2O5 phase can be seen by laboratory XRD. The cubic perovskite phase is first 

visible at around 450°C and is fully formed by 650°C as indicated by the presence of only the 

perovskite reflections and no secondary or starting phase reflections at this temperature. This is 

in accordance with the decomposition of carbonates that is known to occur between 400°C-

700°C.14 Increasing crystallinity of the KNN perovskite is observed from 650°C-1100°C through 

the increased intensity of the perovskite diffraction peaks and decreased peak broadening. 

Beginning around 950°C, the formation of secondary phases is observed. These peaks are most 
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likely due to common intermediate non-perovskite products, but a precise phase identification 

was not possible due to the small number of observable reflections and low intensity of those that 

are present.15 In this work, the development of the cubic perovskite is studied after its formation 

and during homogenization between 450-1100°C. 

 
Figure 5.1. Calcination of K0.5Na0.5NbO3 monitored with HTXRD during heating from room temperature to 

1100°C. Starting phases are K2CO3 + Na2CO3 + orthorhombic Nb2O5. Formation of the KNN cubic ὖάσά 

perovskite occurs at ~450  (phase indicated by * ). Increasing crystallinity of the cubic perovskite phase is seen 

~650  - 1100 . Secondary phases emerge at ~950  (indicated byƶ). 

5.4.2 Single-Phase Refinements 

Refinements with a single cubic perovskite phase of KxNa1-xNbO3, space group ὖάσά, 

were performed with both a traditional Rietveld method and the alternative Bayesian full-profile 

method. Examples of these refinements at the 650°C temperature are shown in Figure 5.2 and fit 

criteria for the models are listed in Table 5.5. As an example, traceplots are shown for the refined 

parameter set of the one-phase model for the 650°C diffraction pattern in Figure 5.3. 
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Figure 5.2. Profile fitting results of cubic perovskite K1-xNaxNbO3 with the one-phase model using (a) a traditional 

least squares Rietveld refinement technique and (b) a Bayesian full profile refinement approach.  

 
Figure 5.3. Traceplots indicate good convergence for parameters of one-phase model for the 650°C diffraction 

pattern. 

The results for the progression of cubic lattice parameter during heating from 450°C-

1100°C are displayed in Figure 5.4 for both refinement technique results: least-squares Rietveld 

results are plotted as red points with error bars and Bayesian results are plotted as black kernel 

density estimates. The Rietveld parameter estimates and Bayesian posterior distributions exhibit 

the same general trends with increasing temperature, but do not overlap within uncertainty at all 

temperature points ï indicating that some solutions may be caught in local minima. The 

temperature-dependent behavior of the lattice parameter can be observed in three regions. The 

first region is from 450°C-600°C, during which the carbonates are decomposing and the 
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perovskite phase is forming. In this region, the lattice parameter value rapidly increases. The 

Shannonôs ionic radii in Table 5.2 indicate that Na+ ions are smaller than K+ ions.16 This size 

difference is reflected in lattice constant values of KxNa1-xNbO3 reported in literature, listed in 

Table 5.3 for x = 0, 0.5, and 1, which demonstrate that NaNbO3 has a smaller lattice constant 

than KNbO3. In our material system, the fact that the lattice constant starts at a smaller value 

when the perovskite is first formed and then increases rapidly from 450-650°C suggests that Na+, 

the smaller ion, is incorporated into the perovskite first and then K+, the larger ion, enters after. 

This is in agreement with a diffusion couple study by Maliļ et al. that found the reaction rate of 

KNN to be governed by the slower diffusion of the potassium ions15 and also with the findings of 

Thong et al. that Na2CO3 decomposes before K2CO3 in this reaction.9 The second region is from 

650-1000°C where the lattice parameter value remains relatively constant. At around 650°C in 

the in-situ data (Figure 5.1), the Nb2O5 precursor is no longer present in the diffraction pattern 

which indicates that the perovskite phase is fully formed and no other phases exist. The third 

region is from 1000°C-1100°C where the lattice parameter values decrease. As discussed 

previously, a smaller lattice constant (or unit cell volume) implies that more Na and less K is 

incorporated into the perovskite lattice. This reduction of K occupancy in the perovskite can be 

attributed to volatilization of alkali ions in addition to the previously mentioned formation of 

secondary phases. A study conducted by Popoviļ et al. found that the vapor pressure of 

potassium over KNN was greater than that of sodium over KNN at 990°C.11 This means that the 

potassium ions volatilize before the sodium ions at high temperatures which explains the 

decreased lattice constant.  
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Figure 5.4. Lattice parameter results as a function of increasing temperature from single cubic phase model. 

Rietveld refinement from least squares results with mean values and 95% confidence interval bar shown in red. 

Bayesian results of posterior parameter distribution are shown as kernel density estimates by a black solid line. 

 
Table 5.2. Ionic radii of potassium and sodium ions for their A-site coordination in the perovskite unit cell. Values 

are from Electronic Table of Shannon Ionic Radii, J. David Van Horn, 2001, downloaded 06/15/2022 which is a 

compilation of Shannonôs ionic radii.16 

Ion CN Ionic radius 

K+ 12 1.64 Å 

Na+ 12 1.39 Å 

 

Table 5.3. Lattice constants of KxNa1-xNbO3 reported in literature. 

Composition Reported lattice constant Source 

KNbO3 4.024 Å ICDD PDF card 01-083-3855 

NaNbO3 3.951 Å ICDD PDF card 00-019-1221 

K0.5Na0.5NbO3 3.994 Å [17] 

 

Insight can also be obtained by examining the uncertainties associated with the lattice 

parameter results. Larger uncertainty in lattice parameter indicates more inhomogeneity in the 
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diffraction reflection positions, resulting from increased inhomogeneity in the material structure. 

As the system undergoes heating, there is a general trend of decreasing magnitude of uncertainty 

for both the least squares and Bayesian results as can be observed in Figure 5.4. A closer look at 

the lattice parameter uncertainties is displayed in Figure 5.5 at 650°C, 950°C, and 1050°C. The 

widths of the least-squares confidence intervals and the Bayesian posterior distributions decrease 

slightly as the perovskite phase homogenizes between 650°C and 950°C. At 1050°C, there is a 

significant decrease in uncertainty that can be attributed to the formation of a distinctly more 

uniform KNN phase with a more homogenous lattice constant. However, at this high of 

temperature, secondary phases have formed and ions have likely vaporized.  

 
Figure 5.5. A closer comparison of the refined lattice constant values and their uncertainties for the 1-phase cubic 

model at temperatures of 650°C (blue), 950°C (orange), and 1050°C (green).  Rietveld estimates are shown as 

vertical lines with cross bars representing the 95% confidence interval. Bayesian results are shown as posterior 

parameter distributions with kernel density estimates. 

In addition to the lattice constant, it is also of interest to look at some of the other 

refinement parameters that are related to the KNN unit cell. The results for microstrain, 
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crystallite size, and potassium occupancy for the 650°C, 950°C, and 1050°C temperatures are 

displayed in Figure 5.6. Both the value and uncertainty of microstrain (Figure 5.6(a)) decrease 

with increasing temperature for the Rietveld and Bayesian results. This consistent decrease of 

microstrain value agrees with the hypothesis that after the perovskite first forms, the system 

becomes more homogenous with increasing temperature as microstrain describes local variations 

in lattice plane spacing.18 The value of crystallite size, shown in Figure 5.6(b), stays relatively 

constant at ~ 0.06 - 0.1 ɛm, which is comparable to the grain size from the SEM image results of 

Thong et al.9 The crystallite size uncertainty widths decrease with increasing temperature in the 

Bayesian posteriors and increase in the Rietveld results. In Figure 5.6(c), the potassium 

occupancy reaches around the nominal 0.5 value at 650°C and 950°C, but decreases to be 

notably less than 0.5 at 1050°C. The potassium occupancy uncertainty widths decrease slightly 

with increasing temperature in the Rietveld least-squares results and decrease more noticeably in 

the Bayesian posteriors. 

 
Figure 5.6. Bayesian posterior parameter distributions and Rietveld point estimates and 95% confidence intervals 

plotted as dashed lines with error bars for parameters or (a) microstrain, (b) size, and (c) potassium occupacy for the 

one-phase model.   

Closer inspection of the diffraction data and refinements shows that the one-phase cubic 

perovskite model does not best represent the data, particularly at lower temperatures. This 

hypothesis is exemplified by the significantly greater breadth of the diffraction peaks at 650°C 

when the perovskite is first fully forming as compared to a higher temperature of 1050°C in 

Figure 5.7(a). In Figure 5.7 (b-d), a close look at the fit reveals that the single-phase model is 
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insufficient to capture the full width, position, and shape of the peaks. Additionally, the Rietveld 

point estimates and Bayesian mean posterior parameter values of lattice parameter do not overlap 

within error at every temperature as seen in Figure 5.4 and Figure 5.5. The different parameter 

results obtained by the two minimization methods point to the possibility that one or both 

solutions are stuck in a local minimum. The multimodal posterior lattice parameter distribution 

obtained at 1000°C also indicates the existence of a local minimum as the solution is unable to 

converge. Taken collectively, the evidence suggests that a model with a single cubic phase 

perovskite may be inadequate in representing the full behavior of the system.  

 
Figure 5.7. Comparison of non-normalized 200 and 210 reflections at 650°C and 1050°C are shown in (a) and 

display that the crystallinity and uniformity of the perovskite peaks increase with increasing temperature. The single 

phase fit for the 650°C pattern is shown for (b) the 100, (c) the 110, and (d) the 200, 210, and 211 reflections. 

It is well known that KNN can be a rather inhomogeneous system with the existence of 

regions in the material with varying K and Na concentrations. Thus, the in-situ x-ray diffraction 
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data may be better represented by a model with multiple phases to capture more of the 

inhomogeneity within the lattice constants. To more comprehensively capture the behavior of the 

KNN system and its evolution with temperature, a model with multiple coexisting cubic 

perovskite phases is necessary. In this model, the multiple distinct phases are defined by unit 

cells with different A-site K/Na occupancies and, consequently, slightly different lattice 

constants.  

Before implementing this multi-phase model, the appropriate number of phases required 

to represent this inhomogeneous KNN system must first be determined. The optimal number of 

phases was decided through a model selection process in which the fit criteria were compared for 

similar models with different numbers of distinct phases. The different phases were defined as 

cubic perovskites KxNa1-xNbO3 with varying K-occupancy on the A-site (i.e., x) for each phase 

and the total K+Na occupancy constrained to sum to 1. The unit cell lattice constant, crystallite 

size, and microstrain were allowed to refine for each of the different phases. The A-site Uiso 

value was also refined, but constrained to be equivalent for the K and Na atoms of all the phases. 

Refinements were performed with the traditional Rietveld approach and the Bayesian approach. 

The fit criteria evaluated were the weighted-profile agreement factor (Rwp) and the goodness of 

fit (GOF) for the Rietveld method and the deviance information criterion (DIC) and the widely 

applicable information criterion (WAIC) for the Bayesian inference method. The results of the 

model selection process are reported in Table 5.4 for the XRD pattern at 650°C with up to 5 

different phases and for the pattern at 1050°C with up to 3 phases. For the 650°C refinements, 

which is the temperature at which the perovskite is first fully formed and no precursors remain, 

all fit criteria significantly decrease when going from a 1-phase to 2-phase model and then again 

to a 3-phase model. When another phase is added in the 4-phase model, a small improvement in 
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the fit is observed, but much less notable when compared to the 2- and 3-phase models. It is also 

important to consider that using too many phases can result in overfitting with excess 

parameters. The DIC and WAIC penalize models for effective number of parameters to help 

avoid overfitting. For the models using 4 and 5 phases, the effective number of parameters from 

the DIC calculation (pdic) is negative, which can indicate that the mean posterior parameter 

values do not provide a good estimate for the data. In the 1050°C refinements, the temperature at 

which the lattice parameter uncertainty significantly decreased in the 1-phase model approach, 

an improvement to the fit is observed by adding more phases. However, the impact is not as 

significant as that observed by adding phases to the 650°C model. The three-phase model was 

ultimately selected as the best representation of the data with the fewest number of phases 

implemented that could still adequately represent the data at multiple temperatures. In the 

following section, temperature-dependent refinements analogous to the previously described 

one-phase model are analyzed, but instead with three distinct cubic perovskite phases. 

Table 5.4. Comparison of fit criteria for models with 1-5 distinct cubic perovskite phases. Rwp and GOF are reported 

for the Rietveld refinement, DIC and WAIC are reported for the analogous Bayesian refinement. The pdic and pwaic 

are the effective number of parameters that are computed as part of the DIC and WAIC calculations. 

# of phases Rwp GOF DIC WAIC pdic pwaic 

650°C 

1 5.31 1.36 14870 14880 27 32 
2 4.43 1.14 14480 14480 30 33 
3 4.17 1.07 14340 14350 28 33 
4 4.12 1.06 14260 14340 -37 37 
5 4.17 1.07 14240 14330 -54 37 

1050°C 

1 4.82 1.23 14700 14710 28 36 
2 4.70 1.20 14580 14580 30 31 
3 4.53 1.16 14540 14540 32 30 
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5.4.3 Three-Phase Refinements 

Refinements of the three-phase model were implemented for XRD patterns every 50°C 

during heating from 500°C-1050°C. Refinements were performed with the traditional Rietveld 

refinement approach and the Bayesian approach with 3 coexisting cubic perovskite phases, 

KxNa1-xNbO3, with varying fractions of potassium occupancy. The three phases are described as 

K-rich, Na-rich, and K/Na mixed. This model reported here is just one representation to best 

approximate the underlying chemical inhomogeneities. The fit criteria of Rwp for the Rietveld 

results and WAIC for the Bayesian results, reported in Table 5.5, show that the 3-phase model 

results in lower fit criteria, and thus provides a better fit, than the 1-phase model for both 

refinement approaches. The improvement in fit is especially significant for the 650°C-950°C 

data where the decrease in Rwp is greater than 1 and the decrease in WAIC is greater than 500 for 

each temperature. Example model fits at 650°C are shown in Figure 5.8 and example traceplots 

are shown in Figure 5.9. 

 
Figure 5.8. Profile fitting results of cubic perovskite K1-xNaxNbO3 with the three-phase model using (a) a traditional 

least squares Rietveld refinement technique and (b) a Bayesian full profile refinement approach. 
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Figure 5.9. Traceplots for parameters refined with the three-phase model using the Bayesian method on the 650°C 

data. 

 
Table 5.5. Fit criteria for refinements of KNN at increasing temperatures with the 1-phase and 3-phase models. 

Rietveld refinements are evaluated with the weighted-profile agreement factor or R factor (Rwp). Bayesian 

refinements are evaluated with the widely applicable information criterion (WAIC) rounded to the nearest 10. 

Temperature 
[°C] 

1-Phase Model 3-Phase Model 

Rwp WAIC Rwp WAIC 

450 4.31 14580  -- --  

500 4.44 14600 4.13 14430 

550 4.45 14540 3.99 14300 

600 5.05 14840 4.23 14480 

650 5.31 14900 4.17 14350 

700 5.56 14990 4.20 14350 

750 5.61 15100 4.19 14400 

800 5.69 15100 4.21 14370 

850 5.43 14960 4.16 14340 

900 5.75 15100 4.28 14420 

950 5.57 15120 4.46 14540 

1000 4.99 14820 4.93 14660 

1050 4.83 14760 4.53 14540 

1100 5.50 14730 --   -- 
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The Bayesian and Rietveld lattice parameters for the 3-phase model are plotted in   

Figure 5.10. We see now that most of the Rietveld point estimates and Bayesian mean posterior 

parameter values are in good agreement with each other and, for the most part, the uncertainty 

intervals are overlapping. The lattice parameter results that do not agree between the two 

methods can most likely be attributed to parameters caught in local minima, especially given the 

complexity of the 3-phase model. Three distinct regions of lattice constant values are seen across 

all temperatures: the K-rich phase with the largest lattice constant highlighted in green, the Na-

rich phase with the smallest lattice constant highlighted in blue, and the K/Na mixed phase with 

a lattice constant in between the other two highlighted in yellow. In conjunction with the 

evolution of the lattice constants, we also examine the refined weight fractions in Figure 5.11 

and the refined potassium A-site occupancy in Figure 5.12 of each phase. Several interesting 

behaviors are observed in the progression of the three phases during synthesis. 

At 500°C, a K/Na-mixed phase has not yet formed as evidenced by a weight fraction of 

zero and the extremely large uncertainty of the lattice constant for the intermediate phase. The 

contributions to the perovskite reflections in the pattern are a K-rich phase at ~0.45 weight 

fraction and an Na-rich phase at ~0.2 weight fraction. At this temperature, the precursor phases 

still coexist with the forming perovskite phases and Nb2O5 makes up the remaining weight 

fraction contribution in the XRD pattern. After 550°C, a new K/Na-mixed phase has formed 

which constitutes the third, intermediate phase. The refinement results suggests that KNbO3, 

NaNbO3, and K~0.5Na~0.5NbO3 phases form separately rather than combining into a single cubic 

perovskite from the start. Once the three discrete phases are formed, the system remains in this 

configuration even as the temperature increases. In this sense, the structural inhomogeneities 
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resulting from composition gradients that occur during the formation of the perovskite are 

trapped in the lattice. 

The K/Na-mixed phase is of most interest to examine as the desired nominal perovskite 

composition is K0.5Na0.5NbO3. At 550°C and 600°C, the K/Na-mixed perovskite is closer to an 

Na-rich perovskite with mean sodium occupancies greater than 0.8. The Na-rich composition 

early in the process supports the hypothesis that the NaNbO3 forms first and serves as a host for 

the potassium ions to enter the perovskite lattice. Sodium ions are smaller and more mobile and 

thus more easily diffuse as compared to the potassium ions. Other features of interest in the 

K/Na-mixed phase include: i) the A-site occupancy becomes more potassium-rich with 

temperature and eventually reaches the nominal value of x=0.5 at both 900°C and 950°C, ii) the 

potassium occupancy from Rietveld and Bayesian methods do not agree at every temperature, 

and iii) relative to the Na- and K-rich phases, the weight fraction of this mixed phase increases 

during heating, but never reaches 100%. 

The amount of the Na-rich phase that is present in the system remains relatively constant 

during the entire measurement time: maintaining a weight fraction less than 0.35 and an A-site 

occupancy of almost 100% sodium. The weight fraction of the K-rich phase decreases during 

heating until it eventually reaches approximately zero at 1000-1050°C. Similar to the Na-rich 

phase, the K-rich phase A-site occupancy also remains relatively constant near ~100% 

potassium. While the weight fractions of the K-rich and Na-rich phases do decrease with 

increasing temperature, they never completely reach zero and, likewise, the total system is not 

completely comprised of the K/Na-mixed phase at any temperature. Thus, a single phase, 

uniform perovskite of KNN with no areas of chemical inhomogeneity or secondary phases is 

never achieved while gradually increasing the temperature during this in-situ test. Holding at 
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elevated temperatures may allow a single phase to form, but that approach was not tested in this 

study.  

 
Figure 5.10. Lattice parameter results for the refined unit cells of three coexisting cubic perovskite phases. Rietveld 

point estimates and 95% confidence intervals are shown in red. Bayesian posterior parameter distributions are 

shown as black lines. Posterior distributions are normalized and scaled. The K-rich phase is highlighted in green, the 

K/Na-mixed phase is highlighted in yellow, and the Na-rich phase is highlighted in blue. 

 
Figure 5.11. Weight fractions of perovskite phases in 3-phase model for (a) K-rich, (b) K/Na-mixed, and (c) Na-rich 

phases for refinement of temperatures 500°C-1050°C. Rietveld refinement parameter estimates and standard 

uncertainties are shown in red. Bayesian posterior parameter distributions, represented by normalized and scaled 

kernel density estimates, are shown as solid black lines. 
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Figure 5.12. Refinement results of potassium occupancy fraction on the A-site as a function of increasing 

temperature with the 3-phase model for the (a) K-rich phase, (b) K/Na mixed phase, and (c) Na-rich phase. The 

normalized and scaled Bayesian posterior kernel density estimates are shown as black lines. The Rietveld refinement 

results are shown in red as a point estimate and 95% confidence interval. For temperatures where the occupancy was 

fixed at 0 or 1 for refinement stability, only the point estimate is shown.  

 

Additionally, the three-phase refinement lattice parameter results are overlayed with the 

in-situ development of the 100 reflection in the diffraction pattern and plotted as lattice spacings, 

or d-spacing, over temperature in Figure 5.13. The d-spacing is equivalent to the cubic lattice 

parameter. This figure visualizes how the diffracted intensity profile of the 100 reflection(s) of 

the phases are captured well with this three-phase model as a function of temperature.  

 
Figure 5.13. Cubic lattice parameter results from the three-phase refinement overlayed on the 100 perovskite 

reflection for a comparison of the experimentally measured and calculated d-spacings. The colormap is the intensity 

of the 100 diffraction reflection. The refinement results from the Rietveld method are plotted as point estimates in 

black and the Bayesian results are plotted as posterior distributions in black. 
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The refined parameters of the K/Na-mixed phase were further examined to improve the 

understanding of this phase most representative of ~K0.5Na0.5NbO3. A closer look at the lattice 

parameter results and associated uncertainties is plotted in Figure 5.14 (a). The lattice parameter 

uncertainty widths remain relatively constant and broad for the K/Na-mixed phase from 650-

950°C. This observation contrasts with the one-phase refinement results where a noticeable 

decrease in uncertainty is observed because only the average behavior was being modeled. At 

1050°C, the uncertainty in lattice parameter drops significantly, indicating that a more 

homogenous KNN phase has been formed. The microstrain value and uncertainty both decrease 

with increasing temperature, though the differences are more apparent in the Bayesian results as 

shown in Figure 5.14 (b). The decrease in microstrain value means that the sample is becoming 

more locally homogenous with increasing temperature within the compositionally distinct 

regions. The crystallite size in Figure 5.14 (c) decreases with increasing temperature in the 

Bayesian results as do the associated uncertainties, but remain around the expected grain size of 

100 nm from a previous SEM study.9 The mismatch of the Rietveld and Bayesian results at 

650°C for crystallite size and microstrain suggests that these two parameters may have 

difficulties converging under the assigned conditions for this data set and the parameter results 

may be local minima. 

 
Figure 5.14. Parameter results of the K/Na-mixed phase in the 3-phase refinements for (a) cubic lattice parameter, 

(b) microstrain, and (c) crystallite size. The Rietveld estimates and 95% confidence intervals are shown as lines and 

the Bayesian results are shown as posterior histograms. 



   

124 

 

The increase in lattice parameter values during heating for each of the phases may be 

attributed in part to chemical diffusion occurring in the structures but can also be a result of 

thermal expansion. Thermal expansion of a cubic unit cell can be modeled by linear thermal 

expansion of the lattice constant in Equation 1. 

ɝÁ ɻ Áɝ4 %ÑȢυȢρ 

Here, ȹT = T - T0 is the change in temperature in °C from the starting temperature, a0 is 

the initial lattice parameter at temperature T0, ȹa = a - a0 is the change in lattice parameter from 

the starting value, and ŬCTE is the coefficient of thermal expansion in units of °C-1. 

To explore the contribution of thermal expansion, a least squares linear regression was 

performed on the lattice parameter values for each of the three phases for the full temperature 

range and from 650-950°C. Experimental coefficients of thermal expansion (ŬCTE) were 

extracted from the slopes of these linear fits as in Equation 5.1 and are reported in Table 5.6. The 

ŬCTE from the fit of the 650-950°C best match the expected values found in literature, likely 

because less cation diffusion is occurring in this temperature range as the perovskite phase has 

fully formed and no secondary phases have yet emerged. The ŬCTE from fitting the Bayesian 

mean posterior parameters fall within the ranges of values reported in literature for the K-rich 

and Na-rich phase regions. In Figure 5.15, the linear fit results from the 650-950°C of the 

posterior means are plotted for the three phases, extended across the full temperature range. The 

fit lines to all the phases capture the behaviors of the changes in lattice parameter, suggesting 

that the increases in lattice parameters are predominantly due to thermal expansion. There are 

some slight deviations for the K-rich and K/Na-mixed phase which also report higher RMSE 

values than the Na-rich phase, meaning that it is possible that some of the change in lattice 

parameter in this region may be due to occupancy changes of the K and Na ions in the unit cells. 
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When diffusion of ions is notably contributing to the lattice parameter variations, the ŬCTE value 

cannot be directly extracted from the slope of the best fit line and thus is not accurately 

represented by the results in Table 5.6. In the temperature regions outside that of the displayed 

fits from 500-600°C and 1000-1050°C, the slope from the thermal expansion fit does not match 

the data well, suggesting that changes are instead dominated by diffusion of K and Na cations. 

Table 5.6. Coefficients of thermal expansion (CTE) calculated from linear regression of the Rietveld and Bayesian 

lattice constant results across the full 500-1050°C and limited 650-950°C temperature ranges. Values include the 

calculated CTE with standard error and are compared to values reported in literature. The root mean squared error 

(RMSE) of the linear regression is also reported. 

    K-rich phase K/Na mixed phase Na-rich phase 

    
ChTE 

(10-6 °C-1) 
std. err. 
(10-6 °C-1) 

RMSE 
(10-3) 

ChTE 
(10-6 °C-1) 

std. err. 
(10-6 °C-1) 

RMSE 
(10-3) 

ChTE 
(10-6 °C-1) 

std. err. 
(10-6 °C-1) 

RMSE 
(10-3) 

500-1050°C 
fit  

Least Squares 15.0 2.6 6.1 19.0 2.2 5.2 24.4 2.0 4.6 

Bayesian 8.6 3.3 7.8 13.6 1.2 2.9 19.8 1.6 3.7 

650-950°C 
fit  

Least Squares 8.0 2.4 2.5 14.3 4.0 4.2 15.0 3.6 3.7 

Bayesian 6.7 2.7 2.9 11.9 3.0 3.2 14.4 2.3 2.4 

[ƛǘŜǊŀǘǳǊŜ ǾŀƭǳŜ ƻŦ ʰCTE  3.62 - 6.919,20 7.521   9.15 - 14.4620  

 
Figure 5.15. Linear thermal expansion fits to each of the three phase regions determined by least squares linear 

regression. Fit lines are determined for the Bayesian mean parameters over 650-950°C and plotted across the full 

temperature range. 
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5.5 Conclusions 

In this study, it was first exemplified how the Bayesian minimization approach is 

comparable to the traditional least squares method when both solutions have converged to global 

minima. However, the Bayesian refinement offers enriched uncertainty information and an 

alternative fitting method when the Rietveld refinement is unstable. Disagreement of solutions 

from the Bayesian method as compared to those from the Rietveld method reveals when 

parameters are stuck in local minima. By closely examining the behaviors of lattice parameter 

uncertainties, both the one-phase and three-phase models were successful at indicating the 

formation of a homogenous, uniform phase by the significant reduction in uncertainty. It was 

found that a homogenous K~0.5Na~0.5NbO3 phase forms after 1000°C; however, alkali ions have 

already left the perovskite lattice at this high temperature through secondary phase formation and 

volatilization. Through the application of a three-phase model with representative K-rich, Na-

rich, and K/Na-mixed phases, it was found that once the multiple chemically inhomogeneous 

phases form during the KNN synthesis, they remain in the system even with increasing 

temperature. Thus, the preparation of the precursor materials and starting particle size 

distribution is critical for even diffusion and the formation of a homogenous K0.5Na0.5NbO3 

phase. To summarize the diffusion behavior, the sodium ions enter the perovskite lattice first and 

then the Na-rich phase remains relatively stable with temperature while the amount of K-rich 

phase decreases. The mixed K/Na phase begins as highly Na-rich and then becomes slightly K-

rich as the potassium diffuses in, which correlates with the amount of K-rich phase decreasing. 

Ultimately, the chemically distinct regions form separately and little diffusion is observed 

between them after formation as most of the change in lattice constant values can be attributed to 

thermal expansion. In this chapter, the Bayesian inference method provided an enriched 
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structural description of the phase, structure, and compositional evolution as a function of 

temperature and set the framework for an effective model selection process. 
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CHAPTER 6: Phase Analysis with Dirichlet Process Mixture Models 

 

6.1 Overview 

 

Nonparametric Bayesian techniques allow for a shift towards data-driven determination 

of model complexity as opposed to more standard user-informed methods. In this chapter, a 

truncated Dirichlet process mixture model is implemented in the Bayesian method for 

crystallographic refinement for modeling the number of phases present in inhomogeneous 

material systems. A simulation study was first conducted to evaluate the effectiveness of this 

mixture model with simulated patterns of CoO and NiO rock salt structures. Next, the mixture 

model was applied to in-situ high-temperature XRD patterns of the formation of a Co0.5Ni0.5O 

rock salt solid solution from CoO and NiO starting powders. Analysis with the Bayesian mixture 

model was performed on diffraction patterns at 850  and 1100  to monitor the transition from 

distinct CoO+NiO phases to a solid solution. The K0.5Na0.5NbO3 system studied in Chapter 5 was 

revisited and modeled at temperatures from 550-1050  with the mixture model. It was found 

that the mixture model results are generally comparable to the three-phase model performed in 

Chapter 5. With the Dirichlet process mixture model, it was not necessary to define a pre-

determined number of phases through a model selection process. At some temperatures, a 

presence of four distinct phases were identified in the sample as opposed to the fixed number of 

three. Through these studies, the Bayesian Dirichlet process mixture model was found to be 

applicable to in-situ systems that evolve with increasing temperature as well as to 

inhomogeneous systems that contain multiple similar phases with slight differences.  

6.2 Introduction  

 

When considering a diffraction pattern, it is usually of interest to first identify the 

crystallographic phases present in the sample and then the fraction of each phase. Determination 
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of the existing crystallographic phases is accomplished through a phase identification and then 

the structures can be refined through the Rietveld method. A quantitative phase analysis is often 

performed to determine how much of each phase is present in the sample and this can be 

determined with the Rietveld method through refinement of the phase and weight fraction 

parameters.1ï3  

For systems with overlapping reflections or phases with similar structures, it can be 

challenging to identify the presence and fraction of crystallographic phases in the sample from a 

powder diffraction pattern. These difficulties are especially relevant for in-situ diffraction studies 

where the crystallographic phases develop gradually with temperature. Chemically 

inhomogeneous systems present similar challenges as they can contain multiple phases with 

chemical variations that result in slight structural differences. In-situ techniques and 

inhomogeneities are prevalent in oxides synthesized with solid state approaches, such as the 

potassium sodium niobate system investigated in Chapter 5 for example. In order to determine 

the optimum number of phases needed to fit a given diffraction pattern, a model selection 

process can be performed to compare different user-determined models via information criteria, 

discrepancy indices, or other quality of fit metrics. However, model selection is full of 

difficulties, such as selection bias, underfitting and over fitting, and the wide variety of different 

methods that could be employed.4ï6 In the case of selecting a model based on Bayesian 

information criteria, implementation involves obtaining the posteriors of all models under 

consideration. This is a tedious process with long computation times as each model must be set 

up and computed individually. Model selection is particularly difficult in the context of the 

Rietveld method, as the agreement factors are not suitable as a universal metric for the quality of 

fit .7,8  
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The models utilized in an information criteria model selection process are parametric in 

the sense that they are defined with a fixed and finite number of parameters. In contrast, 

Bayesian nonparametric models offer an approach that allows for infinitely many prior beliefs, 

which enables the data to determine the complexity of the posteriors rather than the user. 

Implementation of these models can help to avoid issues of overfitting and underfitting.  One 

such nonparametric approach is that of Dirichlet process mixture models, also known as infinite 

mixture models.9 The Dirichlet process constrains the mixing contributions of infinitely many 

components to be between 0-1 while all summing to a total of one through a stick-breaking 

process. Furthermore, this such mixture model can be truncated for ease of implementation and 

speed without impacting the quality of performance. In the context of diffraction patterns with 

multiple coexisting crystallographic phases, applying a Dirichlet process mixture model enables 

the phase identification and quantification to be less user-influenced and instead predominantly 

governed by the data. 

In this chapter, a truncated Dirichlet process mixture model is implemented within the 

Bayesian method for crystallographic refinement. The mixture model was employed to 

determine the number of cubic phases with slight variations due to compositional differences 

needed to model powder X-ray diffraction patterns. A CoO-NiO rock salt system was used to test 

the method, first with simulated datasets and then with in-situ heating XRD data of the formation 

of a CoNiO solid solution phase. The mixture model was also applied to the KNN in-situ 

patterns from Chapter 5 and the results were compared to that of the previously performed model 

selection. Taking a more data-influenced approach to identifying the number of crystallographic 

phases and phase quantification is demonstrated in this chapter to further promote the trend 

towards more autonomous diffraction techniques. 
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6.3 Methods 

 

A truncated Dirichlet process mixture model was applied in this work. The model was 

based on the PyMC3 implementation10 and the description by Li et al.11 and written into the 

QUAD program in Python as a modification to the Bayesian method for crystallographic 

refinement. Each component of the model is a crystallographic phase with an associated mixture 

weight represented as a Dirichlet process. The individual contribution of each phase was 

determined using a one-phase diffraction model as described in Chapter 2. Since it is physically 

unrealistic for an infinite number of crystallographic phases to exist within a sample, the number 

of possible components was truncated at some reasonable value K to make a finite model for 

ease of implementation. As long as K is large enough to capture all of the mixture weight, this 

finite model is sufficient as some components will have negligible mass. 

The weights, wi, of each component are defined through a stick-breaking process,9  

ύ ‍ ρ ‍ Ȣ 

In this implementation, the ɓ-terms are assigned priors of Beta distributions, 

‍ȟȣȟ‍ ͯ "ÅÔÁρȟσȢ 

To compute the full  diffraction model, the weighted components are summed, 

Ὢς—ȿ♪ .ÏÒÍÁÌύ◐╬╪■╬ς—ȿ♪░ "'ȟ†  Ȣ 

Note that only the means of the likelihood are computed from the different weighted 

components and each component is a crystallographic phase with a different parameter set. The 

weights, wi, are essentially treated as a modified phase fraction term as they multiply the 

modeled diffraction intensities just like the intensity correction factor. So, the phase fraction 



   

135 

 

terms in the GSAS-II diffraction model are fixed to be 1 for all phases to allow the Dirichlet 

process weights to act as the phase fractions. The model precision, Ű, is kept constant across all 

of the weighted phases and is the same scaled precision defined in Chapter 2 (Űy[1+ysm]). The 

background is also treated as one value for all the different phases and added only once. The 

parameter set, Ŭi, is the same selection of parameters for each phase but allowed to uniquely 

refine for each ith component. This is with the exception of histogram scale and sample 

displacement, which are constrained to be equivalent across all phases.  

6.3.1 Simulation Study 

 

Patterns were simulated in GSAS-II to replicate experimental data with known phases 

present. A pattern with a single CoO phase was simulated and a 2-phase pattern with both NiO 

and CoO rock salt phases was simulated, both over a 2ɗ range of 40-80° with a 0.03° step size. 

The CoO and NiO have rock salt structures in space group Ὂάσά. Lattice parameters of the 

simulated phases were set at 4.2891Å for CoO and 4.25 Å for NiO12. The instrument parameters 

were set to those of the Empyrean PANalytical diffractometer with zero sample displacement. 

Microstrain was set at 10,000, crystallite size was 1m˃, and the histogram scale factor was 1.     

The Dirichlet process mixture model was run in QUAD for 100,000 iterations for the 

CoO simulation and 200,000 iterations for the CoO+NiO simulation. Of those samples, 50,000 

and 100,000 were treated as burn-in respectively. A shrinkage of 0.1 and an adaption interval of 

50 were used. The model was cut off to contain a maximum of K=5 components where each 

component was a cubic CoO phase for the 1-phase simulation and Co0.5Ni0.5O phase for the 2-

phase simulation. The parameters varied within each phase were microstrain, lattice parameter, 

and the Dirichlet weights. The remaining parameters were fixed at their simulated values. 
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6.3.2 CoO-NiO Rock Salt In-Situ Study 

 

The starting powders to create Co0.5Ni0.5O were prepared by ball milling 1 gram of 

cobalt(II) oxide, 95% from Alfa Aesar CAS# 1307-96-6 and 1 gram of nickel(II) oxide, 99%, 

325 mesh powder from Alfa Aesar CAS# 1313-99-1 in ethanol for 24 hours. The in-situ XRD 

patterns were collected on the PANalytical Empyrean diffractometer with a HTK 1200N High-

Temperature Oven Chamber sample stage. Patterns were measured from room temperature up to 

1100ÁC every 10ÁC at a heating rate of 5ÁC/minute for a 2ɗ range of 40-80° at a step size of 

0.025Á 2ɗ.  

Refinements were performed on the in-situ patterns at 850°C and 1100°C. The Dirichlet 

process mixture model was conducted with K=5 possible components of cubic CoxNi1-xO phase 

in space group Ὂάσά. The parameters refined for each phase included lattice parameter, 

microstrain, cobalt atomic site occupancy, and the Dirichlet process mixture weights. All 

crystallite sizes were fixed at 2˃m and Uiso values were fixed at 0.01Å2 for model simplicity. The 

parameters of background, histogram scale, and sample displacement were refined, but were 

constrained to be equivalent for all components. The mixture model was run in QUAD for 

200,000 iterations with 100,000 burn-in, shrinkage of 0.05, and an adaption interval of 50. 

6.3.3 Potassium Sodium Niobate (KNN) System 

 

The in-situ XRD patterns of the formation of perovskite K0.5Na0.5NbO3 from Chapter 5 

were analyzed with the Dirichlet process mixture model. The data at every 50°C from 550-

1050°C are refined in this section. The mixture model was truncated at K=5 components. Each 

component was defined as a cubic perovskite phase KxNa1-xNbO3 with space group ὖάσά. At 

elevated temperatures, cubic symmetry best represents the KNN perovskite as it exists in the 
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paraelectric phase. The parameter set for each individual phase included microstrain, crystallite 

size, potassium A-site occupancy, lattice parameter, and Dirichlet process weights. All Uiso 

values were fixed at 0.01 Å2 for model simplicity. The parameters of background, histogram 

scale, and sample displacement were refined, but were constrained to be equivalent for all 

components. For the 550°C and 600°C datasets, the Nb2O5 precursor phase and its lattice 

parameters were included in the refinement, but the associated phase fraction was not included in 

the consideration of mixture component weights. 

6.4 Results 

6.4.1 Simulation Study 

 

A simulation study was first performed to test and evaluate the truncated Dirichlet 

process mixture model. The mixture model results for the simulated data are depicted in Figure 

6.1(a) for the CoO 1-phase and in Figure 6.1(b) for the CoO+NiO 2-phase. Both simulated data 

sets are modeled well, particularly in regards to determining the correct number of peaks and 

peak positions. The posterior parameter distributions are depicted in Figure 6.2 for the CoO 

pattern and Figure 6.3 for the CoO+NiO pattern and are compared to the simulated values shown 

as red dashed lines. For the CoO results, only one weight was identified as non-negligible, 

making up the entirety of the pattern, whereas all the other weight values were effectively zero. 

Thus, the implemented Dirichlet mixture process was capable of identifying that only one phase 

was present in the system. The distinction of ñnon-negligibleò phases throughout this study was 

determined by examining the credible intervals and how close the lower bound was to zero. The 

credible intervals will never actually cover the value zero in this model because the weights are 

bounded between 0-1. The lattice parameter and microstrain means are also in good agreement 

with the simulated values. For the CoO+NiO 2-phase results, two phase components were found 

to have non-negligible contributions with posterior means and standard deviations for the weight 
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parameters of 0.46 ± 0.09 and 0.43 ± 0.11. These two values do not sum to one, but the 

remaining weight contribution to the pattern that is unaccounted for can be attributed to the 

parameter uncertainty ranges and the negligibly weighted phases. The lattice parameter means 

were also in good agreement with the simulated values within error for both phases as seen in 

Figure 6.3(b) and (c). Like the 1-phase CoO-model, the Dirchlet mixture process was successful 

at correctly identifying the number of phases in the 2-phase CoO+NiO system. 

 
Figure 6.1. Model 99% credible and prediction intervals on the simulated data for the (a) CoO 1-phase and (b) 

CoO + NiO 2-phase, zoomed in on one reflection in inset.  

 

 
Figure 6.2. Mixture model results for simulated 1-phase CoO of (a) weights, (b) lattice parameter of weighted phase 

with simulated value indicated by red dashed line, and (c) microstrain of weighted phase with simulated value 

shown with red dashed line. 
























