ABSTRACT

BROUGHTON RACHEL ANN. Uncertainty Quantification for Crystallographic Refinement of
Full Profile X-ray Diffraction Patterns with a Bayesian Inference Metfidrader the directiomf
Dr. Jacob Jongs

PowderX-ray diffraction (XRD) is a powerful, nedestructive materials characterization
technique foexamning crystal structuresf materiab. This crystallographic information is
extracted by fitting a physical modelaaliffraction pattern via the Rietveldethod.
Traditionally, refinements dfiffraction data with the Rietveld method are performed with least
squares minimizationWhile the least squares approach has been effectively employed for over
50 years, theres still room for growth in area®latedto poor uncertainty quantification,
susceptibility to local minima, and difficulties with highly correlated paramdtethis work, a
Bayesian inference method is applied to perform crystallographic refinement of powder XRD
patternsThe alternative statical framework provides enriched uncertainty informattaips
to ensure local minima are avoidédkthers the understanding of parameter relationshipg is
intuitive with a scientific interpretatioi.he Bayesian method éescribed and theapplied to
four case studies of different material systefsariety ofcapabilities of thdayesiarmethod
for crystallographic refinememtre demonstrated throughouaich case study.

First, the impacts of the instrumental contribution todifieaction profile of a LaB
NIST standard and a Ti@&nalyte are investigated with the Bayesian mefbodefinementIn
the next study, satellite peaks observed innegolution synchrotron XRD of a
40% Sn(ll)-substituted BazrsTio.sO3 compoundaremodeled with a supercelAtom positions
within the supercelire determined through refinementhe Bayesian frameworkext, the
synthesis of &0.5NaysNbOs piezoelectric system was studied through refinementssifun

high temperature XRD data witioth the Bayesian and Rietveld methaalsapture and model



thechemically inhomogeneousehavior of the systenm the final studyatruncatedirichlet
process mixture mode incorporated into the Bayesian metho@iderto promote a data
drivensekction of the number of phases in thifraction model This approach is demonstrated
on simulated patterraf CoO and NiOijn-situ hightemperature data ofi¢ formation of a solid
solutionCao sNio.s0 rock saltstructure, and the ¢éNaosNbOs system Through these four case
studies, the Bayesian inference method for crystallographic refinenexansglified across a

variety of material systems and compared to the Rietveld method.
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CHAPTER 1: Introduction

1.1 Powder Diffraction

X-ray diffraction (XRD) is a powerful materials characterization technique for
determining the atomic structures of crystalline materfisXRD pattern contains unique,
characteristic peaksom reflectionsdetermined by therystaline structure andassociated
symmetriepresent in the materidlvithin these peaks, the diffraction profile contains rich
amounts of information about the material parameters, sample information, and unit cell.
Advancements in technology have enabled vast improvementshméata collection and
analysis for XRD patterns. This work focuses on poweeyxdiffraction which is a versatile
technique for characterizing a wide array of material structures.

The first powder diffraction pattern was collected 912 by FriedrichKnipping, and
von Laue'? Also in 1912, W. L. Bragg published the famdis a g g éhatdefinastihe
relationship between diffraction angle and interplanar lasfieeing® Peter Debyand Paul
Scherrer developed the methods of powder diffraction in 1916 by understandirgayhgoxirce
which enabled them to determine the lattice parameters of lithium fluoride and.$fidoound
the same time, and unbeknownst to eattier, Albert Wallace Hull was also developing powder
diffraction method$y examiningron at General Electric Research Laboratory in 1317
Structural determination with powdeiffdaction was revolutionary for the field of materials
characterization as overcame the need for single crystal samples wéreloften difficult, and
sometimes even impossible, to make. However, structural refinement from powder diffraction
patternsexhibited severalveaknessesuch agheloss of information fronoverlapping

reflectionsand theinability to move beyondnanual and graphical analysis methbds



The developmentf whole powder pattern fittingeginning in thel 9 6 Befped tackle
the problems of peak overlap and improve the quality of structural information that could be
obtained from powder diffraction patternslugo M. Rietveld published the highly influential
work AA Profile Refinement Method anhdthe Nucl ear
whole pattern structure refinement method described withen tetcame known abké Rietveld
method® The Rietveld method usesast squares minimization techniqte$t a calculated line
profile to an experimentglowder diffraction patterm order toobtaina physical,
crystallographic modellhe model incorporates a rangestfictural, sample, and instrumental
parameterghat are refined to determine the optimized calculated diffraction profike
widespread implementation of the Rietveld method was masi&ble with the development of
computers and increased computational power. Inagip Rietveld widely distributed his
refinement program written in Algol and later converted to FORTRAN

Since its initial conception, the Rietveld method has been rigorstigljed and
continually developetly the communit and applied to both neutron anday diffraction with
numerousrersions ofpeak shapes and physical parameters that can be incorgotattok
model'® There are several computer programs for conducting refinements with the Rietveld
method using differemhodel definitions and minimization routines few of the most popular
crystallographic refinement programs imgé: TOPASY, FullProf?, GSASII'3, Jand* and
MAUD *°. The workpresented in this dissertation exclusively uses the GiBA&tware
package (General Structure and Analysis System Il). GIb#8s selectedbecauseét is open
source, free, and implementedAython These criteria were important to consittarthis wok

becausét was necessary to tailor the diffraction modeanexistingRietveld refinement



softwareto suit the needs for applyiran alternative Bayesiastatistical framework to

crystallographic refinement.

1.2 Uncertainty Quantification for Diffraction A nalysis in the Rietveld Method

Uncertainty quantification is important for interpretation of the parameters that result
from the diffraction model obtained by the Rietveld method. Some examples of common
parameters include lattice constants, phase fractions, atomic site occuparucestrain,and
crystallite sizeThe refined model parameters provide valuable information about the sample
behavior and crystal structuiéis alsoimportant toappropriatelyunderstand the uncertainties
associated with the model parameters in ordee¢ognizethe range of outcomeassess the
reliability and accuracy of the model, and effectively communicate the results.

The Rietveld method traditionallyrgloysa frequentist approach to uncertainty analysis.
In the Rietveld method, an uncertainty estimate for the data is defined as a standard uncertainty.
The statistical uncertainty in thetensity values of the datas determinetfom counting
statisticsis extrapolated to standard uncertainties for the model paramébese standard
uncertainties areometimes called estimated standard deviasmlsarederived from the least
squares varianeeovariance matrix.The standard uncertainty estimates are only veahdyood
fit to the model is achieveédlt is important to note thahé parameter standard uncertainties
includethe minimum possible error arisiogly from random error&® The uncertainty values of
refined model parameters offer information about precjdiohnot accuracyand are often
under estimated and inaccurately determined, especially in the presence of model inadequacy or
systematic error§’As an alternative approach, Bayesian statistical metfaydscertainty
guantification can help tovercome these challengag expressing uncertainties in parameters

as probability distribution®



1.3Bayesian Inference for Diffraction Analysis

Traditionally, least squares minimization frequentist techniques have been applied to
crystallographic refinemesof diffraction patterns through the Rietveld method. More recently
however, Bayesian analysis methods have begun to be adopted more frequently in the context of
diffraction patternsNew-f ound computati onal powmaeasing t he 19
popularity of Bayesian analysis techniques as posteriors can be evaluated through Markov chain
Monte Carlo (MCMC) sampling with computers rather than through complicated int€grals
When conducting a crystallographic refinemenkBD data, 8Bayesian framework provides a
more scientifically intuitive interpretation as compared to the frequentist countémpart.
Bayesiampproachprior beliefs about the material system are updassgd upothe
information from the data. The model parameters are treated as random variakles and
expressed with subjective uncertainty and directly assigned probaBiifieis is in contrast
with a frequentist approach where the model parameters are treated as fixed unknowns with no
probability and the data are treated as random. In a Bayesian analysis, posterior results are
reported as distoutions of parameters which propagate to distributions of model solutions for
the data. This representation provides a more accurate depiction of crystal structures which are
inherently inhomogeneous within a given material sample.

The Bayesian method foefinement of crystal structures from diffraction patterns offers
several advantages. First of all, the method provides enriched uncertainty information with full
probability distributions on the parameters. The Bayesian framework allows for incorpofation
prior information known about the material system and constrains the parameters to be limited to
exist in a physically reasonable space as determined by the user. Additionally, the Bayesian

method is independent af individual refinement sequence aimdcombination with



convergence diagnostics, can help ensure that local minima are avoided in the sdlutions.
Furthermore, parameter selection techniques can be performed along with the Bayesian method
through analysis of parameter relationships from postsaimples. This can help to overcome
setbacks with highly correlated parameters. Finally, Bayesian analysis offers an intuitive
interpretation of results in the scientific workflow.

There is a body of literature supporting the advantages of using a Bayesian frameework
performcrystalographicanalysisfor different materials and contextSverall alvantages of the
Bayesian inference approach to structure refinement were summayiPadeoson edl.?
lamsasri et al. implemented a Bayesian analysis for single peak fitting of ferroelectric lead
zirconate titanate diffractioreflections?? Gagin and Levin used a Bayesian statistics approach
to incorporate corrections for systematic errors into structural refinéfieamcher et al.
proposed a method for use of Bayesian inference in crystallographic refinememalfrprofile
diffraction patterns, analogous to the lesgtiares Rietveld methpout with instead a Bayesian
statistical framework?* This Bayesian method was further detailed by Singh et al. and several
Markov chain Monte Carlo sampling algorithms were tested for implementat@ther
implementatios of Bayesian analysis for diffraction data include the software package
BLAND 2, Gibbs sampling and DREAM(D) MCMC sampling for steel diffractograms with low
signatto-noise ratio€?’, phase identification from posterior probabilit&sind atermination
of crystallite size frm nanopowders.

In this dissertation, a Bayesian inference method is applied to the refinement of
crystdlographic structures on fuprofile x-ray diffraction patterns. Bayesian analysis is
implemented with a delayed rejection adaptive Metropolis (DRAM) samplemé&tigodwas

originally developed by Fancher et al. and Singhwaasl modified an@xemplifiedthrough



several case studies in this wirk’. The Bayesian method for refinement has been organized
into aPython software entitled Quantitative Uncertainty Analysis for Diffraction (QU&2)
interfaces with the physical diffraction model integrated into GEBAfd is publicly available
on GitHuk®® In this work, QUADIs applied to several different material systdors

invesigation of their structural bekiiors and propertie® explorethe capabilities of the

Bayesian approach to crystallographic refinement.

1.40verview

This work exemplifies the application of the Bayesian inference method feraiile
crystallographic renement through four case studiesQhapter 2, the methods for conducting
and evaluating a refinement with the traditional Rietveld method and with the Bayesian inference
methodare explained and comparékhe physical parameters that define the diffraction model
are also described.

Chapter 3 details the first case study for the implementation of the Bayesian method in
determining the instrument profitd a laboratory xay diffractometer from a Laistandard
The impacts of using a fixed instrument profile predetermined from the standard versus varying
the instrument parameters wenaaluaedby structural refinement adrutile TiO2 analyte The
Bayesian results allow for a detailed investigation ofntioelel parameter correlations and
posterior parametric uncertainties.

Chapter 4 investigates satellite peaks that are observed in 40% So@$tituted
BaZnsTios0s (BZT). The difficulties in synthesis of this composition with?Ssubstituted on
the Asite of the BZT perovskite have been recently overcome with a novel molten flux
exchangethereby creating a compound with an unknown struchaeked bythe presence of

satellite peak8! Refinement with the Bayesian inferermmethod resulted in the first definition



of a most probable unit cell with tin atomic displacements for this comptutids chapter, the
Bayesian methots utilized as an alternative fitting routine for its abilities to sample parameters

of only reasonable values inside defined prior bounds and to successfully refine highly correlated
parameters simultaneously.

An analysis of irsitu hightemperature Xay diffraction (HTXRD) patterns of the
chemically inhomogeneous perovskite systesdsNG.sNbOz (KNN) is conducted irChapter 5.

The development of the perovskite structure and movement of alkali ions during synthesis was
tracked with both the Rietveld method and the Bayesian inference method. A model selection
process was performed with information criteria computed from the Bawypssterior samples.

A threephase model was found to be the best representation with each of the phases having
different KiNaw.xNbOs compositions and lattice parameters. It was found that once the
chemically distinct regions form, they remain in thetegsduring heating. The Bayesian
framework provide an intuitive representation for a material system that contains multiple
chemically inhomogeneous regions acohsequentlynonuniform crystal structures.

Chapter 6 demonstrates theffectiveness of enodifiednonparametric Bayesian analysis
through the application of a Dirichlet process mixture motlee method successfully identified
the number of phases and associated lattice parameters in a simulation study of cgaitt rock
structure CoO and NiO + CoO. The mixture model was then applieesttuirl TXRD patterns
of the formation of a GgNio.sO3 solid solution and provided a good representation of the data
with a reasonable number of rorgligibly weighted phases. The KNN system from Chapter 5
was revisited with refinements usittte Dirichlet process mixture model and the results were

found to k& comparable to those of the model selection procedure. Here, the Bayesian methods



allow the data to determine the number of phases necessary to achieve the best fitheodel.

results are summarized along with a discussion of future outld®kapter 7.
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CHAPTER 2: Methods for Refinement of Diffraction Patterns

2.1X-ray Diffraction Data Collection

X-ray diffraction (XRD) is a common materials characterization method used to observe
structure of crystalline materialslt is a nordestructive techniquiat provides information rich
with details about the crystal structure and sample behawes work exclusively employs bulk
powder XRD, though other diffraction methods exist such as sang&al XRD, grazing
incidence XRD for thin films, and neutron diffraction. In this wavko diffractometer
configurations are considered: BraBgentandaboratory XRDin reflection modeandDebye
Scherreihigh-resolution synchrotron XRIh transmission mode
2.1.1 Laboratory Xray Diffraction

Laboratory XRD was collected at the Analytical Instrumentation Facility at NCSU using
two different diffractometers. The data@apter 3vas collected on the Rigaku Smarthélray
diffractometer. The laboratory data presenteGapters 5 and Wwerecollected on the
PANalytical EmpyreanX-ray diffractometerLaboratory XRDwas collected in Brag@rentano
geometry or reflectionmode.In-situ heating experimentgere performed orhe PANalytical
EmpyreanX-ray diffractometer with a Anton PaaHTK 1200N Hgh-Temperature Oven

Chamber.

2.1.2 Synchrotron Xay Diffraction

Synchrotron XRD was collected at the Advanced Photon Source, Argonne National
Laboratory. Highresolution synchrotron powder XRD was collected on beamlin@M in
DebyeScherrer geometry configation or transmission mod&his beamline offers extremely

high resolution in the collection of powder diffraction data (< 1.4x40Q/ Q) .
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2.2 Diffraction Model sfor Crystallographic Refinement

An XRD pattern exhibits a set of character

structure. Through visual inspection of XRD data, the general material phases and structures can
be identified. This is done by comparing to a previous XRD pattern evrkstructure and
confirming that your material exhibits the same peaks. More rigorously, a phase identification
can be performed. In this work, phase identificatigpeiformed irHigh Score Plusvith the
PDF4+ database of structures from the Internaid@entre for Diffraction Datalhis program
is used to identifyeflectionpositions and then perform a peak search and niairsh, he user
selects the elemenpsesent in the sample to constrain the search to compounds in the database
containing onlythose elementd he searclsoftwarethen suggests possible phases from the
structure files in thelatabase thahay besmatch the reflections in the patteFRinally, the user
selects thenaterialphaseghat are most likely present in the diffraction patteased on the
results. The possible results are limited to previously existing structures in the PDF card
database. While phase identification is helpful, egbigdn the case of known or expected
structures, it can sometimes yield no feasible matches if the structure is not yet in the database or
has not ever before been characterized. Additionally, a common problem with structural
identification with XRD is pek overlap. It is difficult to distinguish between overlapping
reflectionsor peaks that arelose togethe particularly when theeflectiors are low in intensity.
This issue is especially prevalent when there are impurities present in the samplehdaseis, p
identification can yield incomplete, incorrect, or no results when overlapping peaks are
incorrectly identified.

Beyond phase identificatioiRD patterns are rich with information about the structure

and materialFor example,tte peak positions arelated to the unit cell lattice constaritse

13



peak widths can indicate microstrain broadenmthe samplend crystallite sizeand gak
intensities are related to parameters such as atom fractional occupancies, atomic site positions,
and atomic displeement parameterall of this information about theneasuredample and
more can be extracted from ttiéfraction peak profilesOne approach is to create a model to fit
the entire XRD pattern, also known as a-fuibfile refinement. This is commonpeformed
with the Rietveldmethod In the Rietveld method diffraction model that represents thul
diffraction profileis defined andhenfit to the datahrough a leastquares minimization. There
are numerous softwapFogramshat exist to performefinements with th®ietveldmethod.In
this work,the General Structure and Analysis Syst&8AS|I) crystallographic refinement
packagés used as it is free, publicly available, and compatible Rjthon® Themodel
parameterghat determine the diffraction profilre described ithe next section, specifically in
the context of the GSAS8 program
2.3 Diffraction Model Parameters

The parameters that define the diffraction model are discussed here in the context of the
GSASII implementation. That is, the equations and parameter definitions that follow are a direct
translation of the open source GSAy t hon and Fortran code (to
ability). The parameters are divided into categories, but ultimately at together in the
definition of the calculagtpeak profile, ya. Only the most commonly refined parameters are
discussed here, though GSA$as the capabilities to implement other, more complex structural
models. The refinable parameters are boldetlerequations that follow. The discussed GSAS

diffraction model parameters are summarizedable 21.
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2.3.1 Parameters that Impact Pe&ositions

The peak position is defined interoit wi ce t he angle of diffrac

related to the interplanar spacings 2het ween a
€ _ Qi Q¢ — )
Here,<is the wavelength of the incidenta y s, d i s the angle of incioc

betweerparallellattice planealled dspacing and n is an order that must be an integer for

constructive interference to occur. I n practi
reportedandissed to define the peak positions here.
reflection positions are calculated via Bragg
determinethed paci ngs. This theor et i ctelpar@wbterstal ue i s
determine the cal gag!| otfed hpeako dpedsi dddinend,ul 2 d eq

BraggBrentano geometry used in GSASs presented in Eq. 2.2

8

z

p mamy I HT 11 HZIOHE] "Ho; HHI T (2.2)

Here,2 ¢k is the theoretica2 dralue of the peak position forgavenhkl diffraction plane
refl ection calcul at ed b3gpadngsadgtgriireed dy thevlattic&aeq. 2. 1
parameters. The |l attice parameters are refina

unit cell dimensions are depictedrigure 21.
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Figure2l. Unit cell with defined |l attice par amegteer s of a,

The symmetry of the unit cell constrains which lattice parameters are enabled to refine
and which are forced to be equivalent or fixed to certain values. For a cubic unit cell, the lattice
constants are constrained as a=b=c and the lattice angles constrained to be
GSASIHI, refinement of the lattice parameters is handled through the reciprocal metric tensor

elements ABGA5 by calculating the @pacing for each reflection as

Q Qtom Qitop atdég ANUo6o Uatdtr ot Xov8 C®

The other terms in Eq. 2.2 for calculated peak positions are defined as fdlleZero
term is the instrument zero. This parameter is hardly ever redimg:thstead fixed to a value of
zerobecause of ithigh corrdation with the theoretica®? dralues in the equatio&hift is the
sample displacement and is almost always refined for BBaggtano geometry. The
Transparencyt e r m eriinscm. THisgerm is notzero only for lowZ samples. If the sample
is heavy enough to not be transparent-tays, then this term is not necessary to include. The
GR term is the goniometer radius and is not refinable. This value should be fixed by the user at

the goniometer radius setting of the diffractometer in millinseter
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DebyeScherrer mode is a different diffractometer geometry involving transmission
through the sampl e. The -Schelrar gebnzetryea sirildr apseen i t i o
in EQ. 24.

¢f i Ti"H"IT;g?;EZ7Ri TN HRHHE ¢ HHTT
AL T HOHERR ¢ HOHTT (2.4)
DisplaceXis the sample xlisplacement and is usually refin&@isplaceYis the sample-y
displacement and is only refined forvemy de 2d ranges, such as in ¢
diffraction.
2.3.2 Parameters that Impact Pe&kidths

The width of the reflections is described by defining a full width at half maximum
(FWHM) for each peak, or the total width of the peak at half the maximtensity. The
FWHM of every peak is attributed tbe combination ofn instrumental contribution and a
sample contribution. Both contributions are defined by a Gaussian distribution component and a
Lorentzian distribution component (E2&}5 and Eq2.6). The Gaussian FWHM component is
related to the standard deviation of the distributiom asc ¢, 1 i¢ and the Lorentzian

FWHM component is defined directly from the distributiorsas [ 8

s N~ sz A oA -
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The Gaussian contribution to instrumental peak width is defined by the Caglioti equation,

Equation 27.2 The Lorentzian instrumental contribution is defined in Equati8nBbth

equations exhibit the d dependence of the ins
. Az0AT—  AzO0Afl f <-
. 1 fz0AL  H &y
Al ©

The coefficientdJ, V, W, X, Y, andZ are the instrument profile terms. These instrument terms
are commonly determined by refining a standard with known material and sample parameters
and fixed for subsequent refinements of data collected on the diffractc¥h&tes instrument
profile detemination process is discussed furtheCimapter 3TheZ parameter in the
Lorentzian contribution is typically fixed at a value of z&ro.

In addition to the instrument contribution to peak width, there is also a material
contribution from the sample mg measured. The Gaussian component of sample width is

defined in Equation 9.and the Lorentzian component is defined in Equatiaf. 2.

p paL _
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TheSizeparameter refers to crystallite size broadening. Crystallite size has an inverse

relationship with peak broadening: smaller crystallites produce broader peaks. The Scherrer

equation was first published by Paul Scherrer in 1918 4y -¢—

: for analyzing

the effect of crystallite size on XRD peaks for powder matetiaBrystallite size is defined as

the effective length along which diffraction is coherent, which could be particles, grains, or
domains within the particles with diffareorientations. K is known as the Scherrer constant and
depends on the crystallite shape, the definition of peak width, and the definition of tfie size.
This term is only sensitive to small crystallite sizes as crystallites are effectively infinite on th
diffraction scale for larger sizes.

Microstrain is the strain that occurs within the sample on a microscsopie between
or within grains. These strains cause local regions to have slightly different lattice spacings
which broadens the diffraction reflectiohMi cr ostrain broadening has
the profile!® Different methods for determiimy microstrain are applied across the field and are
still widely studied!

LG sizeandLG mustrain are the fractions of Lorentzian contribution to broadening from size
and microstrain respectively. Likewise; ILG is the fraction of Gaussian contribution torgple
broadening. These fractions can vary from 0 to 1, but are commonly fixed at 1 as they are often
Lorentzian in charactéf.Especially for crystallite size broadening, Flosrentzian shapes are
only observed in specific physical cases.

The equationsliscussed abovare for constant wavelength, isotropic size, and isotropic
microstrain only. GSASI has capabilities to implement different equations for anisotropic

sample broadening models, but they are not discussed here.
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2.3.3 Parameters that Impact Peakd®ile Shape

There are several functions that can be used to model the peak shape in a diffraction
patternt? GSASII implements one of the most common of these functions called PS@migo*
The Pseudd/oigt function is acombination ofa Gaussian and kentzian peak shape and has
been defined in the context of powder diffracttéf Defining the peak profile incorporates the
calculated peak positions and peak widths that bireadybeen described.

The Gaussian FWHM is defined@as ¢ ¢, 1 Ic and theLorentzian FWHM is
defined ag | 8The totalFWHM, 3, of the Pseud&oigt function is defined in E2.11and

the Pseudd&/oigt mixing parameter is defined in Eg2.12.

3 3 CHWCHW B YIy T XPHIT WYX YPYIX 3 PP
3 3 3
- PEQOTES TB XXP® THPPPY P ¢

Putting all the pieces together, the total Pseudgit profile for diffraction peakss written in

Eqg. 2.13.
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Here,lpreti S t he cal cul at ed ogspodtienarsl2 gicis thadalcumted obser ve
Bragg angleor calculated peak positioftom Eq. 2.2 or Eq. 2.
This Pseude/oigt profile function is modified with &ingerCox-Jephcoat axial

divergence correctiot?. Axial divergence causes asymmetry in the peak profiles, particularly at

l ow 2d angl es. The axllisadefinadl asrewhegre2s s the samplem i n G
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height, 2H is the detector heightdal is the sampho-detector distance as depicted by Van
Laar and Yelort® The axial divergence term ef— is refined as one value in GSAB labeled
as OSH/ L6. This asymmetry correction is appli
portion of the GSASI routine.
2.3.4 Parameters that Impact Pe&ktensities
The intensities of the peak profiles are adjusted based on the structure factor and the
intensity correction factor. The intensity correction factey)lis definedn Eq. 2.14.
0 GGG toel ORES G HUE 6 H T T BT ATHEANE T TTUH HT ) "HHT
taoao QNtARIDQA G 1 1 | AOWd VHDIOME ¢ 061 | QuafE ¢
Thefirst term is the reciprocal metric tensor volume and is equal&rse the glume of
the unit cell Next, the Lorentz factor is applied to account for the fact that both the Ewald sphere

of diffraction and the reflection points are not infinitesimatijntand instead have some finite

spreac’. The Lorentz correction factor is definad

N
COER AT O

DET Q¢ 8 ¢pu
A polarization correction is required because-poitarized incident xxays become
polarized when scattered by timaterial whichimpacsthe diffraction intensitie$’ The

polarization correction is defined as in Equatior62.1

nNéadl @— p "El T HITEDT Hi © P o
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The refinable parameter Bolariz which can take on values from G.3 where 0.5 is for
completely unpolarized-rays and 1 is for fully polarize@&Equation2.16is only valid wtenthe
azimuthal angle is fixed at zero.

The product oPhase FractionandHistogram Scalesets the scatteringpntribution for
each phase defined in the model. The phase fraction is proportional to the relative number of unit
cells of that phase in the sample. If there is only one phase in the model, the phase fraction is
fixed at 1 and only the histogram scadetbr is refined to determine the scattering power. For
models with multiple phases, the phase fractions can be converted to weight fractions using the
molecular weights of each phase.

The multiplicity is the number of permutations of tii¢ indices for dentical planes as
determined by the crystal symmetry.

TheAbsorption factor in GSASII is included for DebyeScherrer diffractometer
configuration and i mpacts the intensity depen

The extinction effect results in decreased intensity of some reflections from nearly perfect
crystals instead of completely randoragiented and evenlgized crystallites. Extinction is
negligible or norexistent in finely ground polycrystalline sampfes.

The structure factor defines which reflections are present based on the symmetry and
atoms within the unit cell. The structure factor incorporates material symmetry, atom types, and
atom positions as defined in the unit cell and is written out in Equatil3.

"0 "QzE'HH 16HE ® zQ O & & P X
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The index indicates eactf atom defined in the unit cell with a total fatoms. The atomic
scattering factorfy, is a function of—— and is determined by the atomic element of each atom

as tabulated by Waasmaier and KitfeT.he atomic coordinates of each atom are refinable and
are defined in terms of fractional posits within the unit cell ax{, yn, z»). Occupancy
denotes the atomic site occupancy fractions and can be used to modelsidesped by
multiple element®r vacancies. Vibrations of atoms around their mean positions are modeled
through atomic displacement parameters, also known as thermal displapanaemeters ddiso
values 1° Here, only isotropic factordso values) are considered, but it is also possible to model
anisotropic atomic displacement parameters.
The squared modulus of the structure factor is employed in the calculated diffraction
model asO "0 O SO s. Combining everything together, the calculated intensity of
the pattern over al/l 0 b 8. ®VhenmsuttipleZodaseis existwthiei t t e n |

calculated diffraction profile ¢4cis computed separately for each phase and then summed.

G  OE00EI VOMBETL 1ZDHEVE KfOOHOET W
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Table 21. A selection of commonly implemented diffraction model parameters in @EAArameters are
organized bsed orhow they impact the diffraction profile.

Impact on Parameter Parameter description Comments/Units
pattern name
a, b, Unit cell lattice parameters !engths in [A], angles
in [deg.]
Shift BraggBrentano sample displaceme [ € m]
Sample transparency in used for low Z
Transparency
BraggBrentano geometry samples [cm]
Peak : Sample xdisplacement in
Position DisplaceX DebyeScherrer geometry [e m]
. Sample ydisplacement in refined only for very
DisplaceY DebyeScherrer geometry wide 2dnra
Zero Instrument zero position usuallyfixed at0
GR Goniometer radius fixed parameter [mm]
Lam Incident Xray wavelength [A]
Mustrain | Sample microstrain >0
Size Sample crystallite size 0.001< Size <10¢g[ m
Fraction of contribution to Must be between-@
LGmustrain | LOrentzian microstrain profile 1=100% Lorentzian,
] - : . 7000 :
PeakProfile/ (1 LG_mustram Ga_uss!an fraction) 0=100% Gaussian
EWHM Fractlon of cpntrlbut_lon to Must be betweer)-m
LGsize Lorentzian size profile 1=100% Lorentzian,
(1-LGsize = Gaussian fraction) 0=100% Gaussian
U Vv, W InstrumentGaussian profile
X, VY, Z Instrument Lorentzian profile
SH/L Axial divergence (S+H)/L >0.002
Scale Histogram scale >1E-12
Phase Frac Phgse fractl_on, can be converted tg S1E-12
weight fraction
Absorption DebyeSch_errer sample absorption
correction= g Ar
Between (-1
Polariz Polarization correction 0.5 = fully unpolarized
Peak TensTTy FEuiED 1.0 = fully polarized
I ntensity I(L2)/1(L1) X-rays Typically 0.5
. - Must be >0 and
Isotropic atomic displacement .
Uiso arameters typical values are
b 0.001- 0.05 [AY]
x - Atomic positions defined as fractior g:ogrsnt;atlrne?a?]ye of
n Y, in the unit cell O}ll Y. rang
Occupancy | Atomic site occupancy (or fraction) | Range of €1
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2.4 Refinement with theRietveld Method

The Rietveld method employs a leaguares minimization approach to determine a
optimizedfit to the diffraction intensities defined by the parameter set. A Leverarquardt
leastsquareslgorithm is implemented for minimization in @S-11. Refinement with this
method results in point estimates for parameters with associated standard uncertainties that are
extrapolated from the statistical uncertainty of the data and derived from thegearsds
variancecovariance matrix%2°

Thefirst step in conduing a refinement with the Rietveld method is to identify the
phases present in the pattern. A structure aidefinedsymmetry, approximate lattice
parameters, angpproximateatorric positions must be known to begin the refinements T
most easily dfinedby loading an existing crystallographic information file (@ifjo the
program If there ardbackground phases the pattern with low intensities, it is best to start with
a refinement of just the main phase or most prominent phases.

Once the model is set upet parameters should be refined one by one in a sequence. This
isdone by turningp ar amet er f amebnementaahdahen tarming theyparameter
Aof fo again. This is because parameters can
unreasonable values when refined simultaneoMghen the refinement is completemay be
possible to refine some, even all, parameters simultaneously after they have settled in to
reasonable and stable val@e®l is best practice to do.skhe parameter refinement sequence is
userdependent, but some general guidelines should be folloMrede are a variety of
recomnendations on how to perform a refinement with the Rietveld meéthdote GSASII
refinements performed in this work were generally executed in the afrtiez stepslescribed as

follows.
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1. Refine histogram scale factor and backgroun@h&bychevl polynomal background
functionwas predominantly used in this woirkhe number of terms should be adjusted
by visual inspection of the fit. All the background should be captured, but the fit should
neitherdisplay wavy behavior nor should it invade the intensitihe diffraction peaks.
When the background does not initially refine well, the fipethts methoatan be
applied In this case, background points are selected by the user by hand and a
polynomialis calculatedbased on those fixed points. Oftentimegjally unstable
backgroundermscan be refineduccessfullyafter the full fit is performed and the other
parameters have settled into stable values.

2. Refine lattice parameterlf the initial lattice parameter valgarevery far off from the
true value then this will need to be adjusted by hand to start at a more reasonable initial
value and obtain a good refinement.

3. Refine microstrain broadening.

4. Refine crystallite sizeCaution is requiretiere microstrain and size are highly correlated
and can tragachother into local minima. The model is sensitive to the crystallite size
parameter only for samples with smaller particle sizes.

5. Refine sample displacement.

6. Refine Usovalues. These values are generally very unstable, especially if there are a
smallnumber of peaks and so may need to be fixed. The backgroundsandllies
should not be refined together as they are highly correlated. It is also possible to have
anisotropic atomic displacement parameters, but they should only be used if. tieisded

best practice talwaysstarta refinementith the isotropic version.

26



7. At this point, a good refinement may be achieved and additional paraeatdre added
such as atomic site positions, site fractional occupancies, and Lore@G&imsian peak
shape from microstrain and size. The parameters are adjusted until all seem to be stable.

8. Once a stable refinement with each individual parameter is\ahithe parameters are
all turned on simultaneously and corefined, at least those that are able and within the
limitations of a reasonable model. This is done not only to ensure that all included
parameters are well refined, but also to obtain unceytastimates on the parameters as
accurately as possible. Few refinements are great and no refinement is perfect, but a good
refinement can generally be achieved. The best way to judge the fit quality is by visual
inspection of the model fit to the patteclose examination of the fit to the peaks and
the overall difference curve can reveal deficiencies in the model fit and suggest areas
where improvements can be made.

9. More likely than obtaining a good refinement at this point, the model may look terrible
and not provide a good match to the diffraction proffleo, it is necessary to restart the
refinement and reconsider the parameterpoor refinements, it is possible to obtain
unreasonable parameter values such as a negate lattice constanstallaesize of
0.00>m. The model is a simplification of thmderlyingreal physial systemand the
goal is to achieve the best model with the available information. It will likely take several
iterations to produce a good model fit with reasonablenpetier values. The best way to
expedite that process is to fully understand the model parameters so that they can

appropriately be managed to help improve the final fit.
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2.5Refinement with a Bayesian Method

A Bayesian inference method for refining crystallographic structures is applied

throughout this work. The GSAB diffraction model and parameters are used to implement the

Bayesian inference methodRython through a program called Quantitative Uncetyain

Analysis for Diffraction (QUADY! The selection of the Monte Carlo sampling algorithm was

rigorously evaluated by Singh et al. and a Delayed Rejection Adaptive Metropolis (DRAM)

algorithm was determined to be the most appropriate foafigkcation® The algorithm and

interpretation of Bayesian results are described in this section. The method is adapted from

Smith?3 and applied in the context of diffraction data.

2.5.1 Bayesian ModeDefinitions

Variable Definitions

= =42 -0_9_9_9_45_24_-2_-2._--2-

=

i = index of data point in the diffraction pattern
n = total number of data points
2d = independent variable of diffraction angle
yi = observed intensities at eaatf 2
Ysm= Smoothed intensity values at each 2
U=[U, &} = physicalparameters of the diffraction modé@lefined as in GSAH
p = number of parameters in dét
f(2di|U) = calculated values of intensity from model with set of paraméters
z=[z, &)],= MCMC latent sampling parameters mappetlto
& = model variance of observed intensityeact2d;
§ = model precision = fif
o Design parameters acg= 0.1 anddy=0.1
b(2dijo) = modeled background intensity
o0 L =20 = number of cubic Bpline functiongo model thebackground
o 9= spline coefficients governed by background intensity
o0 B =cubic Bsplines evaluated at eacti data point
W = background model precision
o0 Design parameters acg= 0.1 anddg = 0.1.
Adaption parameters
0 ko= adaption interval (set by user, default is 50 iterations)
0 s = 2.4 =scaling parameter for adaptive covariance
0 2 = shrinkage (set by user, default is 0.2)
0 T = 1x10*= constant to prevent singularity of adaptive covariance
m = number of MCMC simulations
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Uniform priors are used for all diffraction model parameters with bounds [a, b] defined
by the usem parameter spac&he uniform distributions in parametgrace are converted to
normal distributions in-space through a latent transformation to convert to a continuous,
unbounded distributioThe prior is denoted & & withéx 0 * h, ,° M, and,, p.
Likelihood:

The likelihood is a multivariate normal for every data point indiffeaction pattern

2/, yi) with 'Q pf8 .
w ‘ Q P w

Here, the meanis "Q¢—& ®¢—S7 where'Qc—s» s the calculated intensity value

from thediffraction model at & given the set of diffraction parametétand® c—s# is the
background function as describeddq. 2.5. The treatment of the error term, is further

defined in Eq. 2.24The data are assumed to be independent and uncorrelated, so the-variance
covariance matri¥ is a diagonal matrix with the model variance at each data point along the

diagonal. This simplifies thikelihood distribution to
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Posterior
The posteriors proportional to the product of the likelihood and the prior armtfsed

as* »sl inEq.2.21.

« sl —T & p

The denominator is a constant that can be ignored in this case. In this wosetive

log-posterior distributionswhichis calculatedas
Ficrsht 1171 cle ii“<c» 8 & ¢
Writing Eq. 2.2 in terms oftheassigned likelihood and pridistributions, the logposterior

simplifies to Eq. 2.3.

- o - B a °
| TCosl ciw Qc—$  ©¢—s§ — & o

Model Errors:
The observation errors of the powder diffraction data are heteroscedastic, so we assume
theobservation errors are normally distributed as

oMt p oy 8 8 T

The precision of this distributiorf , is scaled by the smoothetiservedntensity values ani$
controlledby a gamma distributiowritten inEq. 2.27. Written in terms of variance,

» Tt p 0 .
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Background:

The background of the pattern is calculated separately from the modeled peaks, as is done

in GSASII. The background is modeled using a basis function expansion

we—§ Ac—=a lgc—r h & v

where’A ¢— is amatrixof LcubicBs pl i nes e v alandr toatdinghetassecatedh 2 d
coefficients. The coefficients have the standard prior distributioh [t & where a
gamma distribution controls the precisjdn, as definedn Eq.2.26.
2.5.2 Diffraction Initialization and Estimated Covariance

The leassquares results obtained from the GSA&finement are used as the initial
parameter values , for the Bayesian implementation.

The initial estimated covariands computed from the sensitivity matrix and Fisher
information matrix of the leastquares results convertedztspace » . The sensitivity matrix is

an¢ 1) matrix defined as

"0
> — » 8
a

Thepatrtial derivatives are computed for each compoattite sensitivity matx with finite
difference methodfor the calculated intensity at eai®hdata point with every perturbgtl
parameterThen ) Fisher information matrix is then computed as
€ 8
Then 1) estimated covariance matrix is defirfedim the Fisher information matras
nooi ) )
where #° is the initial variance estimate
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, B ® "Qc—» ®Cc—=
i - - 8
€ 1N

Starting with a good estimated covariance matrix greatly improves the sampling and
convergence behavior in DRAM. The local parameter behavior, such as identifiability and
relative influence, of each of the parameters irlsein be evaluated befoperforming

iterations by examining the eigenvalues and eigenvectors of the Fisher information matrix.

2.5.3 DelayedRejection Adaptive Metropolis (DRAM) Algorithm as implemented in QUAD

1. Begin with an initial guesy ¢, for themodelparameters in the set fraiime leastsquares
results of a GSAS Rietveld refinement.
Convert the parameters from physical space to candidate space taZbbtain
Set the design parametdrdto HQ At FoAQ QA | A Ao .
Construct an initial covariance estim&teVo (as previously described).
For iterationsQ pF8 ha
a. Construct a&andidate from a multivariate normal distributién 0 & Fj .
Compute the logosterior ofz*and 2,1 1T € vl 1 T iglsy i« ¥
ComputeY 1 TCrsl 17 @ 1L
Samplesx | T §1 EigE .
If u< Ry, accept the candidate and 38t » and translate back tdto update
the parameter space with the accepted candidate
If u ORy, continue to the Delayed Rejection step
i. Construct a candidate from the multivariate normial 6 ¥ f n .
i. Calculate the logosteriod T ‘C» gl .
iii. Compute Ras
Y O v & B

Ly vdre p TEIPR—T
i E #ph ’ ~
“« |§ A * )2 |§ P I’Eipm o

o
wheret » & O & .
iv. Samplex | | &1 EdpE .
v. If u< log(/), accept the candidate and $8t » and translate back to
Uto update the parameter space with the accepted candidate
vi. If v PR, reject the candidate and oft &  Returnto step (a)
g. Ifkis a multiple of the adaption interval,kupdate the proposal covariance
matrixiiy | AT ©h B & | 7§,
h. Update the design parameters
i. The background precision is updatechagamma distribution:

abrwn

co o o

-
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L N o p
X
tx3 OEADPA n&uhOAAlm8 & o
ii. The model precision is updatedaagamma distribution:
Lo Cw o s p
X
tx3 OEAPA n&ahOAAlm & X
where the weighted suwof-squares is
. ® "Q—  OC—Ss
() ; 8
P W j

lii. Updatebackground Bspline coefficientss, as a multivariate normal
distribution:

ﬁl’jéiddﬁd‘EFﬁ ] Y
where
Bt ATAEACa, s A T&
and

... A QcP
E t AfAEAC—2 g
Cyo
6. Once the algorithm is complete, a bummperiod,bp, is defined and the fir§p samples
are deleted as buin. The remainindgp, & parameter samples are kept as the

posterior distribution results. This helps to ensure that convergence is achieved in the
posterior samples.

2.5.4 Reporting Bayesian Analysis Results
The accepted parameter values from the DRAM algorithm can be visualizadegddts
and an example is shownhigure 22. Evaluating the traceplotsf all refined parameters can
help determine if the model is exhibiting good sampling behavior and if convergence has been
achieved. Traceplots should look like fuzzy caterpillars and should not drift after themburn

period is removed.
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Figure 2.2. Example traceplot of accepted parameter values from the DRAM algorithm for a demonstration example
of cubic lattice parametefhe accepted parameter values are plotted versus iteration number.

To evaluate the resultdd chains oposteriomparameter samples are plotted as
histograns called parameter posterior distributions. The value of the parameter is plotted on the
x-axis and the frequency of occurrence of that vayotted on the yaxis. The shape of the
histogamis approximated via a kernel density estimate (KDE) with the parameter values along
the xaxis and the normalized density along thaxys. InFigure 23, the blueshadedars
represent the histogram of sampled parameter values and the black line is the KDE. Keep in
mind that the histogram binning of the samples can impact the perceived shape of the posterior
distributions thus, it is important todjust the bin size. Beyond visual inspection, additional
information can be obtained from the posterior parameter distributhdmsn the distribution is
approximately normalhtecenter can be summarized by thean, modegr medianof the
distribution.The width can be summarized by the standard deviation or a credible interval.

A credible interval is defined a$,(u) where Protd(< W) =<1i cfor a (1i )%
interval. Equattailed credible intervals on the parameters are approximated from theqoosteri
samples in this work by using th&2) and (1- ¢/2) quantiles of samples. The interpretation of

these intervals is intuitive in the experimental context. For example, for a 95% credible interval
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(buy for a parameter U, it can be |aduagivtenttte t hat
prior ard data2* This is different than the frequentist confidence interval, which can be

calculated as +1.96*s.u. around the estimated parameter where s.u. is the standard uncertainty of
the leassquares values from the Rietveld method and the parametersamedso have

Gaussian behavioThe interpretation of 85% confidenceés thatif the analysis is repeated on

many different datasets, the true value of the parameter will be captured 95% of the time.

400 :
—=- Least Squares I
Bayesian :
3001 :
I
> I
-
2200-
]
0 |
|
100-

3.992 3.995 3.998
Lattice Parameter [A]

Figure 2.3. Example posterior parameter distribution for lattice parameter. The posterior samples are plotted as a
histogram in blue. The shape of the posterior distribution is estimated lgtmeldensityestimate (KDE) which is

shown as a black solid line. For comparison, the estimated parameter value from the Rietveld method is plotted as a
vertical dashed red line with the 95% confidence interval shown with a red crossbar.

For the Bayesian results, the parametric uncertaiatepropagated through to the
model by computing a credible interval on the model. A 99% credible interval is plotted in dark
blue inFigure 24. Predction intervals incorporate the model variance in addition to the

parameter uncertainties. Given the data, future observations will fall within the 99% prediction
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interval region with 99% probability. An example prediction interval is plotted in ligtet iiblu

Figure 24.
Observed Data
—— Mean Difference Curve
Il 99% Credible Interval
99% Prediction Interval
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Figure 2.4. Example 99% credible interval shown in dark kdunel 99% prediction interval shown in light blue

plotted for model data of kdNay sNbOs; shown as black data points. The difference curve, in gray, between the mean
modelfrom the Bayesian methahd the data is also plotted.

The Bayesian approach providésscriptive information about parameter relationships
and parameter behaviors in the model. For multivariate models, ergrpairwise correlation
plots provides insight othe relationshipbetween parameters. When the samples between two
parameters fan a bloblike shape, as is depictedkigure 25(a), they are thought to be
uncorrelated as there is no relationship between the parameters. Parameter samples may exhibit a
linear relationship, shown iRigure 25(b), or other shaped relationship. This indicates that a
correlation exists between the two parameters. If good sampling is still achieved and the pairwise
plot is spread out, then the Bayesian inference approach effectively overcame rtetgrara
correlation and still resulted in a good model refinement. However, if the pairwise samples have

little to no width and appear as a single line, as depictedyure 25(c), then the two parameters
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may bevery highly correlatedr even dependeand one parameter will need to be fixed or
redefined to avoid issues with identifiabiltyUnidentifiability means that multiple different
pairs of paameter values produces identical outputs.

Pearson correlation coefficients may also be computed between pairs of parameters to
summarize the relationships. A coefficient value close to zero indicates no correlation, a value
close to-1 indicates &trong negative linear correlation, and a value close to +1 indicates a

strong positive linear correlation between pairs of parameters.

Figure 25. Pairwise parameter correlation plots faj uncorrelated parametel®) paranetes with a negative
linear correlation, an¢t) parametersvith a large positive correlatiolzxample plots are from Chapter 3.

2.6 Refinement Fit Criteria

The best way to determine the fit quality of a model to the data is through a close visual
examination of the diffraction peak fits and difference curve across the pattern. However, it is
useful to summarize the fit quality from the Rietveld method resuitgigh agreement factors
called Rfactors. The most commonly reported agreement factor with the Rietveld method is the

weighted profile Rfactor:

. BO w { o j
Y — 8
Bow g

The weightwi, is related to the standard urte@nty of the observed intensity,
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, W5 0w 5 @ O Gandis defined a8 —ﬁ.20'25The|e d u c?¢Cti- 6

squaredyalueis also evaluated often and is defined as

Here,n is the number of data poin{sjs the number of parameters, dRgpis the statistically

—3The r e?alueshalld always be greater than 1 and

h

expected Ractor'Y

approaches avalueoflam@ del with no systemat i?caluesrrors i s
indicated that the uncert ai niisyelateditothehgeodribsst a i s

of fit (GOF) term as

00 'O ...8
In Bayesian inference, model performance can be evalusitegl fit criteria. These
criteria can be compared across similar models for a given datapstorm a model selection
Lowerfit criteria valuesndicate better quality of fifThe criteria evaluated in this work include
thedevianceinformationcriterion (DIC) and thavidely applicable information criterion
(WAIC), also known as the WatanaB&aike information criteriort* The deviance is defined as
twice the negative lotikelihood of the data given the parameters:
D=deviance = cti 1"'Qls
The DIC is then defined as the posterior mean devidbceO 1  summed with the effective
number of parametergp:

000 O n 8
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The effective number of parameters is defined as the difference between the posterior
mean deviance and the deviance evaluated with the posterior mean parameter values,
ols 4

N O 08
The WAIC is another commonly used information critema is defined as

w606 ¢ 11°Q «c¢n

where the first term is associated with the posterior mean of the likelihood from the posterior
parameter samples evaluated at ectlidata point,

N % Qe 9
and the second term is taffective number of parameters determined by the variance of the log

likelihood evaluated from the posterior as
N 6 AT Qws 18

While a single factor cannot evaluate the complete model behavior, keeping track of the
agreement values from tieetveld method results and the fit criteria from the Bayesian method
can help to understand the quality of refinement for a given data set. When in the process of
conducting a Rietveld refinement, agreement factors are useful for determining whettel a mo
is converging to a good solution or becoming wovgih the Bayesian method for
crystallographic refinement, information criteria are especially useful for model comparison and

parameter set selection for similar models employed on a given data set.
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CHAPTER 3: Uncertainty in Powder X-ray Diffractometer Instrument Parameters

3.10verview

When performing a Rietveld refinemeittis important to deconvolute tlsample and
instrument contributions to the diffraction pattern. @ammon approacto handling the
instrumental contributiors predeterminng a set of fixed instrument parameters through an
instrument profile refinement using a known certified standard. In this section, the impacts of
fixing versus refining the instruemtal contributions of one diffractometer are examined through
studying parametric uncertainty with the Bayesianudifile refinement approach. The
instrument profilavas investigated for the Rigaku SmartLab laboratory diffractometer located in
the NCSUAnalytical Instrumentation Facility (AIF). Instrument profile determinatias
performed using a LapNIST certified 660a standard and then tested with a rutile dinalyte.
Since the material and instrument parameters are known to be highly coresaeameter
selection was performed based on the pairwise posterior relationships from the Bayesian
inference method. Furthermore, the Bayesian approach enabled the joint refinement of material
and instrument parameters for the Tattern which was nopossible with the traditional
Rietveld methodlt was found that the posterior parameter uncertainties of microstrain and
instrument Lorentzian profile Y coefficient were most impacted by the difference of fixing
versus refining the instrument contributid@ he differences in using higduality and poor
guality diffraction datavere also examined with the Ti@nalyte.
3.2Introduction

Observed powder diffraction peak profiles are a combination of instrument broadening
and sample broadenidd.In structural nedels ofpowderdiffraction, such as those implemented

in a Rietveld refinement, the contribution of the instrument to the peak profile is represented by a
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set of instrument parameteér$he instrument profilgredominantlimpactsdiffraction peak
widths,but alsocan impacpeak positions and intensities.

Isolating the instrumental contributions from the sample contributions is approached in
the diffraction community through a variety of ways. A recommended best practice is to
determine thénstrumental profile from a standard, known material before attempting refinement
of an unknowrf. The National Institute of Standards and Technology (NIST) has created several
standard reference materials (SRMSs) for diffraction instrurcaitiration® Theinstrument
parameters can be determined from a Rietveld refinement of a diffraction pattern of a NIST SRM
with known lattice parameter, crystallite size, and microstrain broadening. A round robin study
was conducted to test the determination of instrurpeaftles by scientists using a variety of
standard reference materiél®nce the instrument parameters are determined, they are then
considered to be fixed constants and can be usedimements obther diffraction patterns of
unknown sampleas longas theinstrumentoptics remain the santdn the absence of a standard
refinement, default instrument parameters can also be used. Kaduk and Reid compiled typical
values of instrument parameters for different diffractométérsother method of determirgn
the instrument contribution is through a fundamental parameters approach where the physical
description of the diffractometer determines the instrurpsaftle.>:®

In the Rietveld refinement program GSAISthe instrumental contribution is completely
decoupled from the sample parameters amdnsmonlyfixed after being determined from a
standard. Theinstrument profile includes the Gaussian full widttalf maximum (FWHM)
terms U, V, andW, defined by the Caglioti equation and the Lorentzian FWHM tekny,
andz.2'% Additional instrument parameters for laboratory BrBygntano geometry Xay

diffractometers include axial divergence (SH/iQJarization correction (Polariz), instrument
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zero, and the i nt e# KiWavwlengtlast Theoinstoument parameters qrep e r
defined and further discussgdChapter 2

There are numerous challenges associated with determining an indtpuofie.

Instrument parameters are highly correlated and thus difficult to refine when performing a
standard calibration refinement. This complication is particularly difficult for individuals new to
Rietveld refinement and increases the activation dyatoi starting the process. The best
recommended practice is to collect and refine a standard pattern before every diffraction
experiment. Some even suggest mixing in an SRM with the sample of interest when collecting
data. However, these methods are totoasuming and not always feasible with a given sample
and laboratory workflow. Common practice in many facilities is to use one instrument profile
that is updated only periodically because the instrument profile data collection and determination
process ixtremely slow, tedious, and often frustrating. This is especially true for shared
diffractometers with large numbers of users and frequent new users. Furthermore, instrument
profile parameters are often treated as fixed even thaugkality, they condin a level of
uncertainty and may change with time.

To mitigate some of these challenges, it is important to investigate how muchyproper
determining thénstrument profileandtreating the instrument parameters as fixed impacts the
sampleinformation resultsin aRietveld refinement. In this work, the impacts of fixing versus
refining the instrumental contributions afediffractometer are examined through studying
parametric uncertainty with the Bayesian approach. Instrument proétesnvestigatedor a
laboratory diffractometer in Brag§rentano geometry, the Rigaku SmartLab diffractometer. A
LaBs NIST SRM was used to determine the instrument profile and a rutilepbi@der sample

was used to evaluate the impacts of the instrument profile onateziah and structural results
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Since the instrument and material parameters are highly correlatadhgter selection was
conducted with the Bayesian posterior results to determine the refinable paramétesraset.
found that the instrumenptofile for TiO, changed significantly from that of the LaBtandard
Additionally, microstrainwasthe material parameter most impachgdwhether or not the
instrument parameters were refined in parallel with the sample parameterther study on
the impacts of the quality of diffraction data om trefinedparameter resulisas also performed

through theevaluaton of TiO> patterns collected at different scan rates.

3.3Methods
3.3.1 Data Collection

Diffraction patterns were measured on the Rigaku Smartl-BayDiffractometer at the
Analytical Instrumentation Facility (AlIF) at North Carolina State University. The instrument
profile for the diffractometer was determined using the NIST certified StiRizference
Material (SRM) 660a. Tis SRM is made of lanthanum hexaboride (kp&nd is certified for
determining line position and line shape for powder diffraction. This standard sample is certified
to have a lattice parameter of 4.1569162 A + 0.000¢0Bvspace grounBm. The NIST
homogeneity test results indicate that this SRM displays no microstrain broadening and has a
domain size of 2m and crystallite sizes of2>m. The titanium(IV) oxide, utile, 99.9%6 was
purchased from Alfa Aesar CAS # 138@-2. The structuraused for refinementsf rutile TiOy,
space groupP4./mnm was obtained from Crystallography Open Database #9004141.
The LaB scan was collected from462 5A 2d with a step size of
speed ofl.216seconds (0.75 degrees per minute) for a total scan time of 2 hours, 26 minutes,
and 54 seconds. The TiGcan was collected from®0 A 2d wi t h a ndaseap si ze
speed of 3 seconds (0.6 degrees per minute) for a total scan time of 1 hour, 46 minutes, and 18

seconds. The short scan Ti@attern was collected from265 A 2d with a step si
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a scan speed of 0.5 seconds (6 degrees per minute)dta scan time of 8 minutes and 35
seconds.The LaB standardand TiQ analytediffraction patterns were collected on the same

Rigaku diffractometer 3 months apart.

3.3.2 Pattern Refinements

Refinements with the Rtveldmethodwere performed in GSA8° andrefinements with
the Bayesiamethodwere performed in the program QUADThe six different refinements
performed in this study are summarized able 31 and may be referred to by the labeled
refinement numbeEach listed crystallographic refinement was performed with both the least
squares Rietveld method and the Bayesian metiiddss otherwise mentioned

For Refinement #1, the LaBtandardefinement, a peak fit of the individual peaks was
first performed in GSASI to determine initial estimates for the instrument profile parameters.
Then,theRietveld and Bayesiamethods fofull-profile refinements were sequentially
performed. The matexi parameters of microstrain and size were fixed at the standard values of O
and 2>m respectively. The lattice parameter of ka#s refined as allowing it to refine greatly
improved the fit to the datavhich isaddresed further in the discussion sectid@he lanthanum
Uiso value, boron i, valug and boron atomic-koordinate were fixed at 0.004%,4.0035 £,
and 0.198 respectiveliff hese three parameter values were obtdnoaa the webpublished
standard refinements performed on the higgolution XRD synchrotron beamline-BM at the
Advanced Photon Source, Argonne National Laboratofne following parameters were
sequentially refined: background function terms, histogram scale factor, sample displacement, U,
V,W, X, Y, axialdiverga ce, pol arization, thel Kiiedkeandi ty r a
the LaBs cubic lattice parameterhe transparency term does not apply here becausgid aBt

a low-density sampleThe instrument zero was kept fixed at a value of zero as itisatiypnot
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refined and is highly correlated with the lattice constant and sample displacement and only
makes a noticeable contribution when the sample displacement is veryisimalso standard
practice to keep the Z coefficient of the Lorentzianipgdixed at zero for Braggrentano

XRD. For this data and parameter set, the Bayesian method was rurOvigshrinkage 50
adaption interval200,000 samplesnd100,000 bursin period

Note that when instrumentodépianameiterstadyg, r-
fixed at instrument parameter resudtsm the GSASII Rietveld refinemenof the standard
reference LaBmaterialwith fixed material parameters (referred to as Refinement #1) as is
typically done inpractice With the Rietveldmethod parameters were sequentially refined until
a stablesolutionwas obtainedr-orthe Bayesiasampling all parameters in the set were refined
simultaneously. In the results section, the results and pairwise relationships are only shown for
themost relevant model parameters of interest.

For Refinement #2, the LaBnaterial parametemsere vared with the fixed instrument
profile. The refined parameters included background function terms, histogram scale factor,
lattice parameter, sample displant, microstrain, crystallite size, lanthanurg,Uboron Uko,
and boron xcoordinate. For Refinement #3, the leaBstrument and material parameters were
both refined sothe same parametset was usedsin Refinement #1but this time includdthe
material parameters refined in Refinement #2. This was with the exception of crystallite size,
whichwasf i x e d , aad pol@rizationwhich was fixed at 0.53Vith the Bayesiainference
approach of both Refinement #2 and #3, 300,000 samples were h20@j000 treated as burn
in with a shrinkage of 0.04 and an adaption interval of 50.

Refinement #4vas conducted on the diffraction patterrtrad rutile TiQ. In this case,

the TiQ parameters were refined atigk instrument parameters were fixedha&tvalues
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determined byhe LaB standarcRietveld method result3herefinedparametesetincluded
background terms, histogram scale factor, a and c tetragonal unit cell parameters, sample
displacement, microstrain, titaniumsg)and oxygen xand ycoordnate positions. The
crystallite size was fixed ag5mand the oxygen &b was fixed at 0.01Ain order to obtain stable
refinements. The Bayesian method was run with a shrinkage of 0.01 and adaption interval of 50
for 200,000 samples with 100,000 of thosdeted as burim. Refinement #6 was performed in
the same way, but on a lowguality diffraction scan of the material.

Refinement #5 included the same sample and material parameters as Refineiment #4
also included the instrumeparameters of U, V, W, X, Y, and axial divergence. The intensity
rati o of 4 hdeaksavasdixed at thetheoretical value of 0.Baisnuch
variability is expected in this parameter and there is not enough resolution in the profile peak
intensties to determine this valuAdditionally, the polarization correction was fixed at 0.55
based on parameter selection results. The Bayesian sampling was performed with a shrinkage of
0.01 and an adaption interval of 50 for 300,000 samples with 200,00Mnb¥Vhen attempted,
a Rietveld refinement was too unstable to be performed on the rutidgdit@rn using th
material plus instrumentarameter set.

The Pearson correlation coefficients between each pair of parameters were computed
using the dpeaxrtsom in the scipy.stats package
samples. A value close to zero indicates no correlation, a value cldsmtlicates a negative

correlation, and a value close to +1 indicates a positive correlation betweeofg@rameters.
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3.4Results
In order to evaluate the material and instrument parameter behaviors along with their
relationships, the refinemenistedin Table 31 were performed with both the Bayesian and

Rietveld approaches.

Table 31. Listing of refinemerd performed for the Rigakdiffractometerinstrument study

RefinementNumber | Sample material | Parameters refined
1 LaBs instrument
2 LaBs material
3 LaBs instrument + materia
4 TiO2 material
5 TiO2 instrument + materia
6 TiO2 1 short scan material

First, the optimal parameter set to refine was selected for the models. While most
parameters demonstrated good sampling behaxibrthe Bayesiainference methodnd were
able to be adequately minimizedth the Rietveldnethod a fewparametersequired further
trials for closer evaluation to determine if they should be fixed or included mefihedset. One
parameter taken into consideration whaespolarizationcorrection which describes the amount
that the incoming<-rays are polarizedA polarizationvalue of 0.5corresponds toompletely
unpolarizedncidentX-raysand a value of 1.08orresponds toompletely polarizedrigure 31
shows the parameter results of including polarizati@amedPolariz in GSAS) in the LaBs
standard refinement with (a) material parameters fixed (Refinement #1) and (b) material
parametersorefinal. The Bayesian pairwise correlation plotg-igure 31(b) reveal very strong
positive correlatioabetween theolarization and thea and Batomic isotropic displacement
parameters (lb) with Pearson correlation coefficients of 0.99 and 0.89. The pairwise plot
between the polarization correction and L& tésemblesa line with little widh. Such tight

relationship behaviosuggest that the parameters are highly correlated, or eveposebility of
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the presence of amidentifiable parametein order to avoid issuesith strongly related
parameteri subsequent refinements, either the polarizationigvBlues must be fixed in the
parameter sefhe LaB standard is not certifiefbr Uiso values, atomic positions, or atomic site
occupanciesThus, it is difficult to determine a properly minimized polarization value as the
atomic values for LaBare not known to a high degree of accuracy. Because the diffraction
pattern was collectewithout a monochromator, therays are expected to be predominantly
unpolarized with a polarization value close to & Refinement #bf instrument profile
determinationthe atomic information was fixed at reported, though not certif@des and
resulted in good convergence of the polarization in both the Bayesian and Rietveld results at
values between 0.53.56 (igure 31(a)). After considering the results of the trial refinements
and the experimental informatiptie polarization parameter was fixed at 0.55 for the final

refinements #5 reported in this work.
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Figure 3.1. (a) Polarizatiorparameter posterior distribution in blue with black kernel density estimate and Rietveld
estimate and 95% confidence interval in red from diaBtrument parameter refinement. (b) Pairwise relationships
for parameters that most impact profile peak intéessirom a trial refinement with polarization corefined with

LaBs material parameters.

The other parameter thatesented potential issues andvasfurtherinvestigated was

crystallite size. Crystallite size can have a significant impact on the peédk fsosmall particle
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sizes. However, neither the LaBor the TiQ materials in this study are expected to have
crystallite sizes less than>Pn. XRD patternswith crystallite sizes from 0:10>m were

simulated in the GSAS program to gauge the influence of the size parameter on the model at
different values, shown iRigure 32. It was obgrved that the peak shapes and widths were not
significantly different for crystallite sizes fromII0>m by visual observation. The results of
crystallite sizes for trial refinements of the BiRRD pattern are displayed Figure 33 with (a)
instrument parameters fixed and (b) instrument parameters refined. The bounds of the uniform
prior were set to 0.0010c mThe size parameter postergamples did not converge to a mean
value and instead bounced betweese Infor the fixed instrument case andl@e nfor the
corefined material + instrument case. This suggests that the size parameténfisential

meaning that varying the value of th@arameter does not impact the model results, in this case
specifically when the value is greater thanrh This agrees with the visual observations of the
simulated pattesthat, for this instrument and resolution, large crystallite sizes do not have a
noticeable impact on the XRD pattern. Thus, all size parameter values were fixedfar 2

LaBs and & nfor TiO2 in subsequent refinements. All other parameters of interegtrefined

and converged well in the Rietveld and Bayesian resdtsheydid not require further

investigation to evaluate their behaviors with trial refinements.
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Figure 3.3. Posterior parameter distributions in blue with kernel density estimates in black and Rietveld estimates
and 95% confidence interval in red for crystallite size of,T{@) Refinement performed with fixed instrument and
refined material parameters afi refinement performed with corefined material and instrument parameters.

Once the final parameter set was determined, refinements were conducted as listed in

Table 31. The Rietveld and Bayesian resulting fit criteria jpresenéd inTable 32 for each

refinementLower information criteria indicate better fits to the d&tar. the Bayesian solutions,

traceplots were evaluated to ensure good sampling was achieved and exampigstraeep

presented ifrigure 34 for Refinement #1 anBigure 35 for Refinement #5For Refinement #1,

an instrument profile determination was performed for the Rigaku diffractometer with LaB
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NIST SRMparameters fixed at the standard values. The instriupnefile, determined by an

initial peak fit, was refined through a Rietveld refinement of the full profile and an analogous
Bayesian refinement. The Bayesian model fit to the data is displayéglure 36(a) and the

relevant instrument parameter posterior distributions and Rietveld estimates are shown in orange
in Figure 37. For Refinement #2 of LaBthe instrument parameters were fixed at the Rietveld
refinement results from Refinement #1 and the material parameters were varied, plotted in red in
Figure 38. Both the instrument and material parameters were refined to fit thepadt@rn in
Refinement #3, which is plotted Figure 36(b) with parameter results displayed in bine

Figure 37 andFigure 38. The parameter relationshipg Refinement #are plotted irFigure 39

as a pairwise correlation plot of the Bayesian results.

Rwp GOF DIC | WAIC

Refinement #1| 16.07 1.34| 23192, 23216
Refinement #2| 15.86 1.22| 23015, 23028
Refinement #3| 15.80 1.21| 23022, 23047
Refinement #4| 14.95 1.54| 14139, 14183
Refinement #5 - --- | 14062| 14152

Refinenent #6 26.02 1.17| 4773 4789
Table 32. Model fit criteria for the refinement results. Rietveld results are evaluated by the weighted pattern
residuals (Rp) and goodness of fit (GOF). The Bayesian approach results are evaluated with deviance information
criteria (DIC) and thevidely applicablenformation criteria (WAIC).
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Figure 3.6. Bayesian full profile fit results to LaBtandard for (a) Refinement #1 with standard material parameters
fixed and instrument parameters refined and (b) Refinement #3 with material and instrument parameters
simultaneously refined. The 99% credible and prediction intervals are plotted comptrediata.
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Figure 3.7 Instrument profile parameters compared for the refinement of smBdard with fixed material
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cross baras95% confidence intervals. The Bayesian refinement posterior parameter distributions are displayed as
histograms. No Ritveld results are shown for the Tif@finement because material and instrument parameters were
not stabk whencorefined withthe Rietveld methad
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The rutile TiQ diffraction pattern was analyzed in order W@kiate the impact of using a
fixed instrument profile that is pr@etermined from a standaoa the reported material sample
results. In this work, the standardh® previously evaluated LaBata. Refinement #4 was
performed with the instrument paramet fixed at the Rietveld estimated parameters from the
LaBs standard (Refinement #1). The Bayesian profile fit is showigare 310(a) and the
resulting material parameters are displayed in purpiegare 311. To compare the effects of
fixing the instrument profile versus allowing it to vary, Refinement #5 was performed with the
TiO2 material and instrument parameters both refined. The Bayesian profile fit can be seen in
Figure 310 and the Bayesian results are shown in green for the instrument paramEetgusen
3.7 and the material parametershigure 311. Additionally, the Refinement #5 parameter
relationships are plottad a pairwise correlation plot iRigure 312 for the Bayesian resulté.
stable least squares Rietveld refinement was not able to be completed for Refinement #5 because
of the high correlations between material and instrument parameters; however, the Bayesian
approach was successfalcomparison of the calculated instrumendfile FWHM of the
Gaussian and Lorentzian contributions from the instrument pararobtaised with the

Bayesian method fdRefinements #1 and #5 are plottedrigure 313.
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Figure 3.10. Bayesian full profile fit results tdiO, for (a) Refinement #with material parametergfined and
instrument parametefixed at the values determined from the standendi (b) Refinement3with material and
instrument parameters simultaneously refined. The 99% credible and prediction intervals are plotted.
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Figure 3.12. Pairwise correlation plots for select param@&ayesian resultsom Refinement 8 of TiO, with
material+ instrument parametersrefined. Pearson correlation coefficiemnotationsummarize theelationships
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In addition to the impacts of instrument profile determination, another metriccoé st

for diffraction refinements is how the quality of data impacts the model results. Diffraction data

of TiO2 collected for shorter scan times was compared to the originals€ah collected for a

longer time on the same instrumenfigure 314. Increased scan times allow for more

diffracted intensity to be collected on the deteatdrich in turn provides higher quality data

with better resolution and ratio of signal to background noise. Material parameter results of

refinements performed with fixed instrument parameters for both short and long scan data sets

are reported ifrigure 315.
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Figure 3.15. Refinement results of sample parameters for rutile; €@nparing a long XRD scabrown) and a
short XRD scandreer), both collected on the Rigaku.

3.5Discussion

We will first discuss the instrument parameters from thegltaBhnement, which are
presented ifrigure 37. Common practice is to determine the instrument profile from a standard
with fixed material parameters as was done in Refinement #1, shown in ord&ngera37 for
a LaBs standard. Comparing the instrument profile parameters from thestafdard
refinements with material parameters fixed in Refinement #1 and refined in Refinement #3,
which is plotted in blue, we see that the posterior parametebdifons and Rietveld estimates
are nearly identical. This is with the exception of the Bayesian posterior results for Y, one of the
Lorentzian broadening terms, which is the only parameter that noticeably changes between these

two refinements. Lookingtdahe pairwise correlation plots in
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Figure 39, there is a noticeable relationship between the Y instrument parameter and

microstrain material parameter with a Pearson correlation coefficie@t8# This parameter

relationship is like the underlying cause of the mean Y value changing between Refinement #1

and Refinement #3 he relationship between Y and microstrain is expected because both
contribute to the Lorentzian shape of the peak profésle microstrain can sometimes exlibi
as a Gaussian or LorentziarGaussian peak shape, it is most commonly Lorentzian and is
usually fixed to only have a Lorentzian contributidime other strongly related parameters are
able to overcome their correlations and achieve good sampling wiBayesian methoibr
diffraction refinement. For exampléhe U, V, and Winstrument broadening terms are known to
be strongly related as asemple displacemerfalso known ashift) and lattice parametebut all
these parameters achieve good sampthirtyé Bayesian resulté/e are even able to visually
observehe expected relationshipsthie U, V, and Wparameterérom the Caglioti equatioim
the pairwise correlation plat§

Considering the material parameters-igure 38, the resulting Bayesian posterior

parameter distributions are nearly identical for the d/aBterialrefinement with instrument

parameters fixed (red) and instrument parameters refined (blue). The exception is the microstrain

parameter. The uncertainty in microstrain is much greater when the instrument parameters are

corefined than when they are fixed.eTimean also shifts to be greater th@rzero value

reported in the standard certification, but is still small and very close to zero at a value of 175.

This increase in uncertainty is likely due to the aforementioned relationship between microstrain

andthe instrument parameter Y. Realistically, a sample with perfectly zero microstrain is
difficult to achieve, even for a certified standard, and a wider uncertainty is more physically

feasible. Based on the fit criteria reported able 32, the quality of fit of the Bayesian results is
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not significantly impacted by allowing the instrument parameters to refine with the material
parameters. Thus, the two different microstrain émdeans and uncertainties do not have a
clear impact on the resulting fit.

Note that the lattice parameter was varied in all of the models for thediatd
including Refinement #1 for the standard instrument profile determination. Even though the
standad reference material lattice parameter is certified to be 4.1569162 A + 0.00000@7 A,
capabilities of the instrument dominate the uncertainty contribution in determining the lattice
parameterThe instrument uncertainty has been shown to contributeetdetermination of
lattice parameters and is a combination of random and systematic'&tforsus, it is
reasonable to refine the lattice parameter of the standard material and obtain values outside the
certified uncertainty range.

For the rutile TD2 Refinement #5 with corefined material and instrument parameters, the
instrument parameter posterior distributions shift to notably different centers as seen in green in
Figure 37. The uncertainties in the instrument parameters also increase. The instrument
parameter posterior samples from this Bayesian refinement create a markedly different
instrument profile forinstu ment contri bution to FWHM of the
range, plotted ifrigure 313. This could be due to the fact that the instrumentilerbfs
physically changed over the time between the measurement of the standard and aof the TiO
material sample. This is the most likelyusa as the LaBand TiQ diffraction were collected
three months apart. It is also possible that theslpaern collecteavas insufficient for
determining an accurate instrument profile. Further diffraction scans in immediate succession
using several different standard reference materials and material samples of interest would be

necessary for further evali@n. In any case, the instrument and material parameters from-a non
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certified standard were able to be simultaneously refined with the Bayesian approach even with a
significant increase in uncertainty.

The question of most interest still stands; how $iggmt is the impact of a fixed
instrument profile on the material parameter results? Allowing the instrument parameters to
corefine in Refinement #5 improved the DIC by about 80 and the WAIC by about 30 for the
Bayesian results when compared to RefinergdnTable 32). While this is not a large
improvement to the fit, we can conclude that allowing the instrument parameters to refine results
in a fit equivalent to or slightly better thanmodel withinstrument parametefixed at the
standard determined values.Higure 311, the rutile TiQ material parameter posterior
distributions that are most noticeably different between Refinement #4 and Refinement #5 are
that of microstrain and sample displacement. All the other material parasmiktsarevery
similar in both meanrad distributionwidth. The microstrain exhibits a similar behavior to that
observed in the LaBefinements where the mean value shifts and the uncertainty drastically
increases when the instrument parameters are corefined. Looking at the pairwisearoplelist
in Figure 312, the microstrains correlated with the instrument Lorentzian profile parameters X
and Y. However, the correlation between Y and microstrain is not as high as in the LaB
Refinement #3. The sample displacement parameter (shift) exhibits a comparable level of
uncertainty tween the refinement with the instrument parameters fixed and varied. The mean
sample displacement is different between the two refinements, likely due to high correlations
with axial divergence (SH/L) and both the a and c lattice parameters. Thefdataoeeter
posterior results, which are of interest for determining the structure of the material, remain
largely unimpacted by the effects of fixing versus refining the instrument pi©fikrall, the

material parameters of interest were largely unimpllsyethe varied instrument parameters and
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were able to overcome the instrumsample correlation behaviors using the Bayesian method
for crystallographic refinement with the exception of microstrain.

Finally, the comparison between the refinement of hdrquality and lowemquality
diffraction profile was made for the rutile Ti@ata The collected intensity amount was
significantly | ess and the step size in 2d wa
long scan as seen ligure 314. Usually, it is recommended to perfothe Rietveldmethod
only on highquality data with the best resolution and highest intensity counts that are g@ossibl
given the available instrumentation. However, these higher quality refinements require much
longer scan times and are not always possible within the limitations of the sample, the
instrument, or the workflow. The level of uncertainty from both the Bapgsosteriors and the
Rietveld results are larger for the short scan refinement for every parameter. These larger
uncertainties come from the higher measurement error in the data and are propagated to the
parameter results. The mean parameter values éarrefinement are not too far away from
agreement with each other. Furthermore, the confidence intervals and Bayesian posteriors
overlap for all parameters. The only parameter that is not in good agreement for the short and
long scan results is the Bayeasiaosterior for microstrainVhile the parameter uncertainties are
greater for the short scan as expected, the estimated parameter values and intervals are in decent
agreement for the short and long scan
3.6 Conclusions

In this study, the Bayesian fyplrofile refinementapproach was successfully applied and
compared to the Rietveldethod least squaressults of the determination and testing of an
instrument profile from a certified standard. Observed relationshipgbatparameters using

this approach enabled the selection of the optimum parameter set to use in refinements. The
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Bayesian method was also able to overcome the difficulty of highly correlated instrument and
material parameters and allowed the refinemeatigfarameters within prior bounds of
reasonable values. The mean instrument parameters and associated uncertainties changed
significantly between the LaBtandard and the Ti®naterial refinement, likely due to changes
in the instrument over time. Fordimaterial parameters, the biggest difference between
refinements with fixed and varied instrument parameters was in the results of microstrain, but the
uncertainty was found to change more than the mean value. This was because of a strong
relationship tahe Y Lorentzian instrument profile parameter. It was also found that refinement
of a faster, poorequality diffraction pattern resulted in larger parameter uncertainties, but did
not inhibit the determination of the parameter values in this Tasecajpbilities for indepth
understanding of parameter relationshipstefaing highly correlated parameters, and
investigating parametric uncertainties were critical for this study and were facilitated by the

application of the Bayesian method for crystalégahic refinement.
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CHAPTER 4: Satellite Reflections in 40% Sn(Il) A-site-substituted BaZro.sTi0.503
Perovskite

4.1 Overview

Tin(ll) perovskite oxides are promising for leride ferroelectric applications because
Sn(ll) is isoelectronic to Pb(ll)'lhough typically difficult to synthesize, extensive research
efforts have recently been performed to synthesize a metastable persiakiigre of barium
zirconate titanate (BZT) witBn(ll) substituted on the-Aite in the latticeln this study, a
structural investigation is performed on 40% Skglipstituted BZT with high resolution
synchrotron xray diffraction. The main diffractiopeaks of the cubic perovskite persist even
afterthe 40% tin substitution. Additionally, satellite peaks are observed inth2 dw r e gi o n
the diffraction pattern at-dpacings that are multiples of the main perovskite peaks. A possible
explanation of therigin of these satellite peaks is attributed to atomic displacements of the tin
and Bsite atoms. Th8ayesiannferencemettod is applied t@onduct a refinement e
satellite diffraction peaks with atom displacements in a supercell that has no defined symmetry
constraints (i.eP1 symmetry setting). In absence of a known structure and symmetry, th
Bayesian methodllows fa all atoms to simultaneously displace during refinement without
getting caught in unreasonable solutionsrderto determine the most probable configurations
of atoms. Through this model, it is found that the tid B-site atoms move in all directions

within the unit cell with a preference to shorten theSBimearest neighbor distasce

4.2 Introduction

Perovskite oxides with $Shon the Asite arecompound®f technologicalnterest
because of their potential to exhibit ferroelecmioperties equivalent or better than the
pervasivetoxicleadbased perovskites, such as Phsla@d Pb(Zr, Ti)@. However, Sfil) -

containing perovskites have repeatedly proven difficult to synth&¥iteen considering these
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tin-basedperovskites, it is important to study their structures and, specifically, the
experimentally unknown behavior of the’?Spations in the structure. First principles
calculations studies predict that Sni&hd SnZssTio.sOs would exhibit a perovskite strture
with a tetragonal distortion analogous to their Pb equivafertsan experimental studizaurita
et al.found that the presence @small amount o8r?* dopant in Baz¢Can.16Sr.0sTiOs and
Shh.sSry.1TiOs influenced the local structure of the compounds to be similar to that of PbTiO
Still, it has proven difficult to study the experimental structural behaviors of predominantly,
much less purely, Sn(ased perovskites given the complexity of synthesis.

Recently, the ability to substitute Bron the Asite of perovskite oxides to form
metastable Sn(H}ubstituted Ba(Zr,Ti)@and BaHfQ compounds has been demonstrated by
collaboratorOd Donnel | et al 3 ThesydtheSsawas dchiemaitioa nevel a |
application of a molten salt flux exchange and opens the doors to investigating the structures of
Sn(ll)-substituted perovskitén the present work, the structure of 40% Sn(H3ife substituted
BaZrnsTios0s3 (BZT) is studied via high resolution synchrotromay diffraction. In contrast to
the predicted tetragonal structure, a perovskite structure with cubic cell metrics and
superstructure reflections is observed in the XRD patRravious tudiesin literaturehave
shown that perovskites undergo octahedral tilting, cation displacements, and distortions,
especially when the structures are intermediate or frusftdtiedse displacive variations often
give rise to superstructure peaks that can be observed-ath meutron, or electron diffraction
techniques.In this chapter, e presence of the observed superstructure peaks is attributed to
perovskite distortions, specifically of the?Sand Zf*/Ti** cation displacements. These atomic
displacements are modelasing a supercell approach with a Bayesian refinement method to

determinghe most probable configuration of ator#timately, a symmetnfess unit cell is
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determined that captures the behavior of the satellite peaks observed in the 40% Sn(ll)

substitutedBZT.

4.3 Methods
4.3.1 Synthesis

The powder BazisTiosOs and 40% Sn(IBsubstituted BaztsTiosOs were prepared in
the same way as previ ou8PlysundneayibepretusaBZTomas O6 Do n
first prepared through a flux synthesis procedure to conBa@:; (Alfa Aesar, 99.8%), Ti@
(J.T. Baker, >99%), and Ze@®BeantownChemical, 99.5%). The Sn(ll)-Aite substitution was
performed through a fluassisted synthesis with SaCAlfa Aesar, 99% min) and SpFAlfa

Aesar, 97.5%) under an inert argon atmosphere.

4.3.2 Characterization
High resolution synchrotron powdesray diffraction data were collected on beamline

11-BM at the Advanced Photon Source (APS), Argonne National Laboratory. An average
wavelength 0.457929% was used and scans wer eb0°wihlal ect ed
step size of 0.001° at room temperature.

In situ heating xay diffraction patterns were collected at beamlind[1AC at the
Advanced Photon Source, Argonne National Laboratory. A 40% Subitituted
BaZnsTiosOssample was prepared and seated fused silica capillarin a glovebox under an
argon atmospherd@ hot air blower was used to heat the sample from room temperature to
800°C at a rate of 5°C/min. The sample was held for 2 hours at 800°C and then cooled back to
room temperature at ateaof 5°C/min. During heating and cooling, tdonensional diffraction
patterns were collected on an area detector every 60 seconds with an average wavelength of

0.1173 i (106 keV enels5yTheareadiractioaim®dyeswerange of
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integrated to line diffraction patterns using the program G3Afd a LaB standard for
calibration of the samplto-detector distanc¥.
4.3.3 Analysis

Phase identification was performed through the program High Score plus by using the
Search & MatcHunction with the International Centre for Diffraction Data (ICDD) Powder
Diffraction File (PDF) database.

Initial structures were refined using the Rietveld method on therbgghiution
synchrotron data using GSAB!! Generally, refinements were pernfoed in the following
approximate parameter tuom sequence: background, histogram scale, lattice parameters,
sample xdisplacement, microstrain, size, atomic displacement parametgjs gtdmic
occupancy fractions, and phase fractions. Parameterseguentially refinedne at a time
while turning all other parameters off. Then, stable parameters were corefined simultaneously
while lessstable parameters were fixed until a reasonable result was achieved.

A Bayesian inference method for crystallograpstructure refinemermtf atomic
positions in a supercalNas applied to the higresolution synchrotron data through the python
packageQuantitative Uncertainty Analysis for Diffraction (QUAEA*The DRAM sampling
algorithm was run for 200,000 iteratis with 100,000 burm, an adaption interval of 100, and
a shrinkage of 0.JFor each Bayesian refinemerirde independerhainswith different initial
parametewvalues were run simultaneouslypd convergence behavior was evaluated by
comparing the trace plots and the three individual solutions. Initial parameters were taken as the
nondisplacedriginal atom positionsoriginal positions plu§.001A and original positions
minus 0.001ATheres | t s of échain 16 runs with initial

positions are presented in the main text.
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4.4Results and Discussion
4.4.1 Phaseddentification inHigh-ResolutionPowderX-ray Diffraction Profiles

To examine the structure of the precursoZBaTio.s0Os (BZT) and 40% Sn(1H
substituted BazrsTio sO3 (BSZT), highresolution synchrotron-ray-diffraction (XRD)
measurements wemeeasure@ndarepresentedn Figure 41. The monochromated beam in this
technique allows for high resolution of phases with slight differences, reflections with low
intensity, and peak splittind he high-resolutionXRD pattern othe precursor BZT material
plotted in black irFigure 41, shows the characteristic peaks of a cubic perovskite structure
space grouplo. 2210 6od . There is a small amount of impurity ZrBaddeleyite phasspace
group No. 14)¢ Ta Additionally, a perovskite BaZrg&impurity phase was observed via
diffract on peaks present as shoulders on the main
The structural effects of the Sn(ll) substitution can be studied through the BSZT high
resolution XRD pattern, which is plotted in redrigure 41. The main peaks observed in the
BSZT pattern are also characteristic of a cubic perovBkiied structure, at least as observed
in the lack of peak splitting which would otherwigdicate a lower symmetry polymorph. The
presence of cubic peaks indicates that the structure of precursor BZT perovskite phase persists
even with the 40% tin substitut i°>Ceaksfremsthedi scus
secondary phases presenthe precursor remain in the pattern, still in minor fractions. A small
amount of SnO, spacegroupNo. 1297t 6§ i s seen by a small peak
(equivalent to an interplanar spacing of 2.99A) which corresponds with the most intense
expected SnO peak. SnO is a decomposition product of metastablecBn{éining perovskite
phases; thus, the low presence of SnO in the diffraction pattern indicates that negligible
decomposition has occurred within the sample. The phase and weigongaif all phases

present in the pattern obtained through Rietveld refinements are reporiduem3.
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Figure 4.1. High resolution synchrotron XRD patterns of Béilack)and 40% Sn(IBsubstituted E:Z'I(red) The
main peaks observed in both compositions are characteristic of a cubic perovskite (spaoecgiip

In the diffraction pattern of the BSZT, we also observe unexpected peaks at low
intensities. After a phase identification procedure was attempted, it was found that these
additional diffraction peaks could not be attributed to the cubic perovskite phseidentified
ZrO., BaZrQ, andSnO secondary phases or any other chemically possible phases in the
database. These unexpected peakse parti cul arl y pr onrenmamnt
visible in thepattern a2 dngles up te-18°as shown irFigure 42. Thed-spacingor interplanar
spacingvalues which are the distances between parallel planes of atmmesponding tthe
unidentified peaks in the o w re@aharelisted inTable 41, Interestingly, most of the-d
spacings of the unidentified peaks areltiples of tle dspacingof the main perovskite peaks

Therefore, thespeaks are identified as superstructure reflections. Superstructure peaks in

perovskite structures have been generally indicative of the presence of oxygen octahedral tilting,

octahedral distortions, and cation displacemé&hts.
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Figure 4.2. High resolution XRD zoomed in to low relative intensitiesa)f>-18A 2 d

to

highlight

of satellite peaks that are present in the BSZT (red) anith tio¢ precursor BZT (blackyb) Further zoomed in
view of 2-10A 2 d gsithie snpst paoyninent superstructure peaks. Visible superstructure peaks are marked by

asterisks*) and impurity phases are denoted by colored tick marks.

Table 4.1. Most prominent satellite peak positions listed aspdicing values. Many of the extra reflections are
related to the main cubic perovskite peak reflections by a factor of four.

d-spacing main reflection unit cell
[A] relation multiple
11.67 4*110 H K Hc|
9.48 4*111
8.2 4*200 2*ac
6.69 4*211
5.45 4*221, 4*300 KHE
5.23 --
4.94 4*311
4.73 4*222
4.38 4*320
3.34 4*422
3.21 4*431, 4*510
3.15 4*333, 4*511
2.77 4*531
2.73 4*442, 4*600

4.4.2 In-situ High-TemperatureXRD Decomposition Experiment

The satellite peaks were studied through asitim igh-temperature XR2xperiment to

observe the thermal decomposition of the 40% Ss(Ihstituted BSZT phase. Area detector

patterns, later integrated to line scans, were aedus the sample was heated from room

temperature up to 800°C, held at 800°C, and cooled back to room temperaturesitine in
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diffraction patterns for the heating segment are plotted across temperatures with reflection
intensity plotted as a colormapHigure 43. Inthe initial pattern at the start of the experiment,
boththe primary diffractiorreflectionsevidencing cubic cell metrics and the sateli@iectiors
previously described are consistent with that observed in tMLhigh-resolution XRDdata.

The decomposition of the BSZT, which occurs when Sn(ll) leaves the structure as the sample is
heatedis indicated by the emergence of SraDaround 550°C. The satellite peaks disappear
during the decomposition of the BSZT compound into BZT andSnkich is evident when the
pattern i s zoo me dFigure44tDhriag cboting, th2 BZT anel §r@basesi n
remain prominent, but the satellite peaks do not return as s€eguine 45 by comparing the

room temperature starting pattern plotted imgeaand ending pattern after heating and cooling
back to room temperature plotted in blti@e irreversibility of the satellite peaks upon cooling
suggests that thebservedsatellite peaks are unique to the metastabledirtaining phase

present at thedginning of the experiment.

i l | ll |

i

) ‘

10 15 20 25 30 35 40 45 50 55 60
20 [°]

Figure 4.3. In situ XRD decomposition of 40%Sn@{fubstituted BaztsTi0.50;. The main cubic perovskite

reflectionsare consistently present throughout heatirfitge emergence of SaQndicated by the black arrows,
signifies that the perovskite has decomposed and thenSsexitedthe perovskite structure.
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Figure 4.4. In-situ XRD decomposition of 40%n(ll)-substitutedBZTz o omed i n to |l ow 2d regior
examine the most prominent satellite peaks in the pattstarisk symbols*) indicated satellite peaks. The

satellitereflections are present in the beginning and begin to fade as the material decomposes. After complete
decomposition (around 600°C), the satellite reflections are no longer visibly present and do not return upon cooling.
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Figure 45. The startingandendingXRD patterrs after heating and coolindpe 40% Sn(ll}substitutedBZT.
Starting pattern at room temperature in orange, ending pattern at room temperaturelindbfiaellite peaks do
not return in the system during cooling.
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4.4.3 Tolerance Factor Calculation
The Goldschmidt tolerance factor is often calculated for perovskites to predict the
expected stability and oxygen octahedra tilting gtructure at room temperatit&he tolerance

factor, t, is defined as

where K, s, andro are the ionic radii of the Aite atoms, Bsite atoms, and oxygen atoms
respectively. The Bite atoms are classified as those in the center of the oxygen octahedra.
Shannondés i onic radid.@ o fTable #2evere wsedgdoe thettalexamece at o ms
factor calculatiort>'®The ionic radius of Sfiwas not reported in Shannoi
because of irregular bond distances from distorfRecently, the ionic radius of Srwas
derived using methods analogous to the Shannon radii spst&mSidey’ This Sri* ionic
radius in 12fold coordindion of 1.38A from V. Sidey was used in the tolerance factor
calculations.

The ionic radius of St is predicted to be smaller than that ofBahus the tolerance
factor of SZT is lower than that of BZThe Goldschmidt tolerance factor of Ba£Fio.sOz is
t = 1.03 and that of SnZgTio 503 (with Sre* fully occupying the Asite) is t= 0.95. When
0.985<t < 1.06, the perovskite is expected to be untilted and undistorted whereas when
0.71<t<0.964, the perovskite is predicted to exhibit bothpduatse and kphase octahedra
tilting.® The BZT value of £ 1.03 is in agreement with the undistorted, untilted cubic perovskite
structure observed in the XRD profile for BZT. SZT, on the other hand, with a tolerance factor of
t =0.95, may be susceptiltie tilting or other distortions to stabilize the structure, which would
be consistent with the appearance of satellite peaks in the XRD profile. For a mexed A

Bao.sSv.4Zro.sTi0.503, the stoichiometrically average value is t =, ivich suggestsin
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undistorted perovskite. However, Biah and Srrich zirconate titanate phases were shown form

separately within the systeas a core and nanoshell configuratiomrior work on BSZ°. The

observation of satellite reflections in the BSZT diffractiongratis consistent with the presence

of Snrich regions that would have a tolerance factoresids t = 0.95.

Table42.Shannonos

ionic radii.

val ues®yysed

for calcul ati on

lon | Coordination| Shannon's ionic radii
Sret 12 1.38

Ba* 12 1.61

PR+ 12 1.49

r 6 0.72

T+ 6 0.605

Hf* 6 0.71

oz 6 1.4

4.4.4 Distorted Perovskite Structures in Literature

Perovskitematerialsare known to exhibit small, yet transformational, changes in their

crystal structures. Possible changes to the structure include oxygen octahedral tilting, cation

displacements, octahedral distortions, or a combination of thesefilee observation of

satellite peaks in the diffraction patteran be onéndication ofsuchoccurrencein the

perovskite Characteristic satellite peaks from perovskite structures have been observed in

literature in several material systearsd a several examples are described in this section

One example of a distorted structure is PleZrhich is an orthorhombic structure in the

0 @ d3pace group with lattice parameteisdd

QU

¢® whered denotes the

undistorted cubic perovskite lattice paramétet The structural distortions include

displacements of the Pb ions andabetdral tilting?? Nd-substituted BiFe@also exhibits

superstructure peaks, as studied by Karimi et al. and Levin et al. through difffdéfibor Nd-

modified compositions, e.g. BiNdkFeGwi t h 0.

15 O «x

O 0.20,
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and are consistent with orthorhombic PbZe@dPbamsymmetry. Additionally, superlattice

peaks ar@resentt- 1 T , indicating a quadrupling of theaxis of the original cubic unit cell

with lattice parametergic®d ¢lg®d  T® . A hypothesis presented by Levin et al. to explain
this quadrupled structure is an NaNH(@®e octahedra tilting combined with Bi antipolar

displacements witRPbnmsymmetry?*2*NaNbQ; is also a distorted perovskite with an

orthorhombic unit cell in space gro®bmawith lattice parameter$ic®d 10 WK .2°
Structural refinements of sirgtrystal XRD and neutron diffraction determined that there are
displacements of Na, displacements of Nb, and octahedra tilting within the structure at room
temperaturé®?’Khalyavin et al. studied the structural distortions of the {pigfssure stabiled
perovskite system BiFgScOs using neutron and-say powder diffractiorf®?° A BiFep 7S 303
composition was found to havePamalattice with a unit cell ofic®d T  ¢UC® with Bi
displacements and unusual octahedral tilting. BiSe&s also found to haveRmmasymmetry,
but with acic®d T& W and different structural distortionslany of these perovskite
variations are similar to the PbZs&ructure and generally share common elements.
4.4.5 Refinements with the Rietvétkethod and3tructure Determination

Structural refinements using the Rietveld method of the BZT and BSZT samples were
performedwith the highresolution XRD data. Thmain peak®f both patterns weri# using a
onephase model with a single cubic perovskiiedpd phase as well as the identified impurity
phases. In addition to the eplase model, the BSZT pattern was fit to a-phase model with
separate cubic Bad#TiosO3 and SnZssTiosOs phases. This model was inspired by previously
published TEM images thahowed the Snich perovskite phase forms a shell around aiBa
circular perovskite core, suggesting that the SZT is stabilized on the surface of the BZT as a

separate phasé The fit results are displayed Figure 46 and the refined values of lattice
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parameters, atomic occupancies, and phase fractions are repdradeidl3. Parameters

refined that are not listed include atomic displacement parametejs iticrostrain, size,

histogram scale, sampledisplacement, absorption, and background. The Zr/%i{@ Uiso

values were constrained to be eqaradl the total Bsite occupancy fraction was constrained to

sum to one in all refinements. Analogous constraints for the Ba/Sn ondite ere applied for

the onephase BSZT refinement. The phase fractions in all refinements were constrained to sum
to one. The phase and weight fractions are reported for each phase in the three refinements
Table 43; note how the total weight fraction of all thepuority phases combined is less than

0.075 in each refinement. These low values quantify the negligible fractions of thesBaZrO

ZrOo, and SnOmpurities in the samples. The cubic lattice constant of thepbhase BSZT

model (4.09306+0.00003) is slightly less than that of the precursor BZT (4.09585+0.00004)
which is likely due to the smaller size of’5nompared to B4 (Table 42) and supports the
hypothesis that, on average ?Sions are substituting for B&in the BZT lattice. The twghase
BZT+SZT model has a BZT lattice constant (496+0.00005kimilarto that of the BZT

precursor refinement and an SZT lattice constant (4.08643+0.00008) noticeably smaller than the
BZT. Additionally, the weighted residual of the twahase BZT+SZT model, 10.074%, is

slightly less than that of thenephase model, 11.103%, which suggests that theptvase

model better fits the experimentidta.
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Figure 4.6. Refinement®of high resolution XRD ofa) precursor phase BagiTios0s, (b) 40% Snl{) A-site
substituted BZT modeled as a single phBagsSy.4ZrosTios0s, and () 40% Sn(lisubstituted BZT modeled as

two phaseBaZrsTiosOsand SZrosTiosOs. Phases included in the models are indicated with colored tick marks,
including impurityphases.
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Table 43. Refinement results from the Rietveld method for parameters of most interest for BZT, BSZTowéth a
phase modebnd BSZT with awo-phase BZT+SZT model. Refined parameter values and assosiatethrd
uncertainties (s.u.) are listed with weighted residual valRgg. Parameter values that were fixed are marked with

asterisks (*).

Parameter Name \ Value \ S.U.
BZT
Lattice parameter [A] 4.09585| 0.00004
Zr fraction 0.429 0.003
BZT phase/wiraction 0.97/0.96 *
BaZrQ@ phase/wt fraction 0.02/0.02 *
ZrQ phase/wt fraction 0.01/0.02 *
Rup [%0] 16.2
BSZT phase
Lattice parameter [A] 4.09306| 0.00003
Sn fraction 0.349| 0.004
Zr fraction 0.413 0.003
BSZT phase/wt fraction | 0.952/0.926 *
BaZrQ phase/wt fraction | 0.018/0.020 *
ZrQ phase/wt fraction 0.025/0.049 *
SnO phase/wt fraction | 0.005/0.005 *
Rup [%0] 11.10
BZT + SZT-thase
BZT
Lattice parameter [A] 4.09596| 0.00005
Zr fraction 0.575 0.006
BZT phase/wiraction 0.607/0.624| 0.007
SZT
Lattice parameter [A] 4.08643| 0.00008
Zr fraction 0.110 0.008
SZT phase/wt fraction | 0.345/0.301| 0.006
Impurities
BaZrQ phase/wt fraction | 0.0180.020 *
ZrQ phase/wt fraction 0.0250.048 *
SnO phase/wiraction 0.0050.005 *
Rup [%0] 10.07

Multiple refinement trials with the Rietveld method using known distorted perovskite
structures from literature were performed in an attempt to identify a match, or near match, to

better describe the experimental pattern with a focus on accounting supiestructure
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reflections. It is necessary to find a configuration with a unit cell and symmetry that matches the
positions of the extra reflections, keeping in mind that a quadrupling of the cubic perovskite unit
cell in at least one direction is necaydaasedn Table 41. Of the distorted perovskite

structures found in literature and detailed in the section abovBjRbg7S®.203 structure from
Khalyavin et al. was found to best match the satellite peaks in the BSZT diffraction pattern.
Results of the refinement with the crystallographic information file of that structure is shown in
Figure 47. Peak positions account for masdtthe peaks, but notably the first and fourth satellite
peaksmeasured experimentally are not present in theB&a :0s structural modelFor the

peaks that are present in the refined pattern, the intensities do not well match the experimental
intensities of the superstructure reflectiofisus, this structurahodel isinsufficient,and the

symmetry must be lowered and the atomic positions must be refined to improve the fit.
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Figure 4.7. Rietveld refinement to 40% Sn(@ifubstituted BZT data modeled with BZT + SZT plsadde SZT
space group and atomic positiomere fixed at the values from the BiE&q 203 cif created by Khalyavin et 4f
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A structural determination can be performed when no known structure exists, which can
sometimes be completed successfully ypitwvder XRD information alon&.The program
EXP02014 was used to index the unit cell from the XRD pattéFhough there were several
possible results, one of the most likely set of unit cell parameters resulting frasadhtbwvas
a=16.37 A, b=5.87AA pp8¢em Bh 4Thisdefinition of tattioc® palameteis
approximately a ¢ I heiged perovskite unit cell wher® 18 B. The lattice parameters
agree with the unit cell dimensions of the Bl .03 and also the PbZrrthorhombic
perovskite structure doubled along one axiwugh the a, b, anddefinitionsare in different
orders Among other attempted structure determination technigpaseggroup determination
was not possiblevithin EXPO2014due to the relativg low intensities of the satellite peaks and
peakoverlap with both impurity phases and the main perovskite B#&ctiors. Thus, structure
determinatiorwas constrained to indexing and determining the most likely set of unit cell
dimensions.

4.4.6 StructuralSolution with the Bayesian Inference Method

Given the absence of known phases, we explore an alternative neethxaaine the
crystalstructure hatmodek all the superstructure reflections in the XRD pattern. When
considering the construction of the new unit cell moskeleral possible perovskite distortions
can be eliminated givathe factghatthe superstructure reflections are visibjex-raysand ae
commensurate with four times the cubic perovskite unit Esdim the tolerance factor
calculations and what we know of perovskigpe structures, tilting of the oxygen octahedra is
likely present in the structure. However, XKBtaare less sensitive toxygen atoms in the
presence of heavier elements, so the oxygen tilting pattern cannot be detected and determined

from this information alonéVe also dismiss Bite cation ordering of the zirconium and
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titanium because in work currently under reviewaonSn(ll}substituted PbHfesystem, similar
satellite peaksvere observed with only the Hf occupying thesBe. Additionally, an even
distribution of Zr and Ti throughout individupérticles of the 40%n(ll)-substituted

BaZrn sTios0O3 was observed bynergy-dispersive xray spectroscopy (EDS) measurements
collected via transmission electron microsg¢pEM) methodsn a previous studipy

06 Do n n e'9Aksiteecdtionandering of the Ba and Sn atoms is also unlikely because, in the
sameTEM imagingst udy by O6 D axnshosvh that tketBSZT lforms in & ¢steiv
structure with a Baiich core and aeparaté&nrich shell Thus, the BZT and SZT are two
separate phases that can be modeled independently as opposed to a mixeddga/$m A
agreement with the previously discussed Rietveld refinemEntthermore, since $hhas a
smaller ionic radius than Baand a lone pair electron lil?*, the SA*ions are expected to
experience larger displacememtsereas B is less susceptible ttistorting from its
centrosymmetric positiof.hus,it is hypothesized thahe primary contributiosto the
intensities of th@bservedXRD satellite peakareattributed tadisplacement®f the SR* or the
Zr*[Ti** B-sitecations.

To refine the cation displacements using the experimpotatler XRDdata, me
approach is to create a supercell based on the cubic perovskite precursfinartieatom
positionsusing the Rietveld metho&ince the space group is unknown, no symnelgnents
weredefined, which allowdatoms to move in any directioHowever, using traditional least
squaresninimization in the Rietveld method to refine atomic positions supercell ld to
unstable refinements, poor fits to the satellite peaks, arehlistic values for atomic
coordinatesAlternatively, applying a Bayesian inference method to the refinemehné of

structurecanprovide a more robust fitting routine fdetermining atomic positiongVith this
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Bayesian method, all refinement parameters are sampled simultaneously until a converged
solution is obtained. The method results in a distribution of solutions for parameter values, and
consequently the model, which can be summarized to obtain a modblprobafiguration of
atom positions. Atoms are constrained through prior information to displace only within a
reasonable radius of their nondisplaced positions to avoid local minima and unreasonable
solutions.

To implement the Bayesian method, the ugelt of SZT was first created by generating a

supercellusing a transformation dlfie parentundistorted perovskiteubic unit cell

(® & & toanorthorhombicsetting(Vig®® ¢UC®  T®). The transformation was
performed in Crystal Maker as
+ B W
L S
TR
Here ao, bo, andco are the orthorhombic unit cell vectors aq bc, andcc are the cubic
perovskite unit cell vectordhis unit cellsettingis the same as the wedhownPbZrQ; distorted
perovskitedefinition with the eaxis doubledA space group dP1l was used, such thab n
symmetry was assigned to the c&he lattice parameter of the cubic perovskite that
transforms into the orthorhombic supercell was first approxchiom the singkphase
refinement of the BSZT data. This value was adjusted until all the expected reflection positions

aligned with the |l ow 2d satellite peaks by

Il. Since no peak splitting was obseniadhe main perovskite peaks, the orthorhombic lattice
parameter ratios were maintained atifggd c¢Uc® 1. The lattice parameters used for

refinement wereg wPp @ w@p & B. All atom positions, including those of the oxygen,
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titanium/zirconium, and tin, were fixed at their rdisplaced positions. The-8te atoms were
all defined at 50% Zr and 50% Ti occupancy and constrained to be an equivalent mixed site.

To set up the gqerstructure refinemenhe twephase refinement of the BZ3ZT
structurefrom Figure 46(c) andTable 43 was used to initialize the setting$he cubic SZT
phasdrom that previous refinememtas replaced with théefinedSZT P1 supercell. The phase
fractiors of the BZTandSZT phases ereadjusted to maintain a weight fraction of
approximately 0.6 BZBnd0.4 SZT. ARietveld refinementin GSABusi ng t he compl e
rangefrom24 5A 2d was performed to refine microstra
displacement, backgund, and the BZT structural information. The SZT lattice parameters and
atomic positions remained fixed. AI I par amet e
constrainedto . 75A 2d, which is the region of the mc
pe&ks. This region excludes all except one of the main perovskite peaks so that the refinement is
predominantly influenced by the satellite reflections instead of the cubic perovskite. Only the
ZrO- impurity phase was included in the refinement as the attygurrity phases in the sample
do not exhibit refl ect i o-hrefinament gethp, tevo dffefent e gi o n .
structuralrefinements with the Bayesian inference method were performed: (Model 1) varying
only the Sn X, y, and z atomic positionordinates and (Model 2) varying both the Sn and Zr/Ti
B-site X, y, and z atomic position coordinates. Aside from the atpasitionsand background
parametersall other parameters remained fixed in the Bayesian refinement. Three parallel
sample chaingere run with different initial atom positions for each model and obtained similar
resulting atom relationships. Example trace plots to demonstrate good sampling behavior and
convergence can be foundkigure 48. Results for the chain with the nalisplaced atom

centers as the initial positions for each model are reported here.
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Figure 48. Example traceplos f one atomdés x, y, and z positional <coorc
Traceplots indicate decent sampling is achieved and the positions are each converging to a single center value.

The 99% credible and prediction intervals resulting from the 8ageefinement of the
atom positions with Model 1 (only Sn displacemeaitswed) is shown ifrigure 49(a) and with
Model 2 (both Sn and Zr/Etoms displacements allowed)kigure 49(b). The results for both
models capture all the observed satellite peak positionararid good agreemewith the
intensities. The means of the posterior parameter distributions for the X, y, and z atomic
coordinates are used to summarize the results and were taken as the values of each displaced

atom position.
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Figure 4 9. Predictionand crediblantervak showing model fit to data in the le® dangefor (a) Sn displacement
model and (b) Sn + Zr/Ti displacement moddie predictionintervak for both modelsover that data welmatch
all the satellite peak positioysndroughly fit the intensities. Inset shows a zoomed in view of the first four peaks.

The resulting Sn positions from Model 1 are depicted as a crystal struckigeiia 410.
The original nondisplaced positions are shown by the intersections of the guidelines for
reference. The tin atoms displace in many directions at varying amplitudes, but there is a strong
preference for displacement along thexs and yaxis ([001} and jpp e directionsof the
original cubic unit ce)l Minimal displacement of the tin atoms is observed along-dndsx The
resulting Sn and Bite positions from Model 2 are depicted asyastal structure ifrigure 411.
The Zr/Tiatoms displace in all directions, but predominantly along tlaaa yaxes ([001d and

[pp tedirections). The tin atoms also move from their original positions in all direcsongar
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to the displacements observedindel 1.In Model 2, the magnituel of atomic displacements of

the Sn Asite atoms is more pronounced than that of the Zrf3it@atoms.

@
‘S-\
OZlL

Figure 4.10. Visual representation ahetin atom displacemestninimized with the Bayesiamethod The(a) full
unit cellandprojectons along thdb) x-, (c) y-, and (d) z axes are displaye®Redatomsarethe displaced tig)
orange atomarethe fixed Bsite Zr/Ti atomsprange polyhedrarethe oxygen octahedra surrounding thsit,
and blue atomarethe fixed oxygen atomdJhe dotted lines in (a) show theske SaSn atom distances. The
intersections of the gray guidelines in (c) and (d) shovetlgnal nondisplaced atom positions.
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Figure 4.11 Visual representation dhetin and Bsiteatom displacemestminimized with the Bayesiamethod
The (a) full unit cell andprojectons along the€b) x-, (c) y, and (d) z axes are displaye®Redatomsarethe
displaced tis, orange atomarethe displaced Zr/Ti atomsrange polyhedrarethe oxygen octahedra surrounding
the B-site, and blue atonarethe fixed oxygen atom3he dotted lines in (a) show thesite SASn atom distances.
The intersections of the gray guidelines in (c) and (d) showrigaal nondisplaced atom positions

The distances between the nearest neighbors from the Bayesian minimized positions are
plotted as a kernel density estimaté-igure 412 for Model 1 and Figure 413for Model 2. This
representatiors similar toa pair distribution function in that the distances between every pair of
atoms are displayed, except the plots represent an average structure of a supercell rather than a

local structure. Thén to tin bond distance distributions of the Model 1 solutiBualized in
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Figure 412(a), broadens out in the Bayesian solutimetauséin atoms displace and some pairs

of tin atoms move closer together ariders further apart. The first two peaks, which represent
the first two tin nearest neighbors, broaden on both sides from thaispglaced positios

indicating that pairs of tin atoms neighboring along the cubic unit cell axes and cubic face
diagonals diglace both towards and away from each other. The third peak at around 7.1A shifts
to a higher average center, meaning that tin atoms separated by the distance of the cubic
perovskite body diagonal are consistently further apart than their original n@aoeeégglositions.

In general, the average original cubic distance is maintained between tin atoms, but the tin atoms
distort to shorten sonte to tin distances and consequently lengthen others. Frotimthe
oxygenandtin to B-sitedistance distributioplots inFigure 412(b-c), there is no relative
directionality preference within the supercell as the peaks generally broadeithioub

preferred stit to higher or lower separatiaistances
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Figure 4.12. Kernel density estimates bbnd distancebetween(a) tin nearest neighborgb) tin and oxygen atoms,
and (c) tin and Bsite atoms foModel1 with only tin displacements allowelack linerepresentshe original
orthorhombic structure with no tin displacemefaisreferenceRed line iscalculated fronthe mean tin atomic
positions obtained with the Bayesian refinemeith only tin displacements allowed.
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Thepeaks in théin to tinbond distance distribution plot of tivodel 2 solution in
Figure 413(a) also broaden on either side of the original center pos8iaghtly less broadening
is observed than in the Model 1 results because some of the atomic displacement behavior is now
attributed to tlke Zr/Ti sites.Tin nearest neighbors distort towards and away from etierwith
no clear preference along a given directiBroadening is also observedthre Zr/Ti to Zr/Ti
nearest neighbor distancesHigure 413(c) and Zr/Ti to oxygen distanc&sgure 413(d). Again,
no preferential direction in the displacements is observed, rather atoms exhibit general

distortions from their centrosymmetric positions.
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Figure 4.13 Kernel density estimates bbnd distancebetween(a) tin nearest neighbargb) tin and oxygen atoms,
(c) B-site nearest neighbor atoms, and (ebi®@ and oxygen atoms for model with tin and zirconium/titanium site
displacements allowedlack linerepresentghe original orthorhombic structure with atomicdisplacementfor
referenceRed line ixcalculated fronthe mean atomic positiorfiiom theBayesiarmethod resultsvith both tin and
B-site displacements allowed.

Finally, a refinement with the Rield method was performed with the structure defined

from the Bayesian posterior mean atomic positiondoth modelsAll unit cell structural
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parameters were fixed while histogram scale, microstrain, and background were fifamed

resulting model fifor the unit cell with only Sn displacements allowsglotted inFigure 414.

This model provides a good fit to the reflect
with the Bayesian approach. As 2d i nctheeases,
peaks near the background level and the main perovskite pétaksteria are listedh Table 44

and similar fit qualities are found for Modebhhd Model 2In this context, neither model is

deemednore suitableéhan the other and either displacing just the Sn or both the Sn and the Zr/Ti
adequately fits the datBy utilizing the mean posterior atomic positions from the Bayesian

method, a good fivas achieved for the observed satellite reflect@mmd an initial unit cell for

the new SZT material was defined

a) Phases & Data
obs
calc
— bkg
aff

| 8zT H

P1_SZT_ortho_chainl

2702

Intensity

b)

20000 {

15000 4

Intensity

1) UULE) UL
L 1

SR N g gy
1 DAL RUMAN RILRIN
10 15 20

20
Figure 4.14. Leastsquares Rietveld refinement of BSZT data with two phase BZT+SZElmtite SZT phase is

thesupercelwith atomic positiorfrom theBayesian methodith only Sn displacemen{a) Zoomed to thg d
region refined with the Bayesian approach and (b) full pattérefinement with insetoomed to background level.
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Table 44. Fit criteria forsupercelimodels with Sronly displacement and Sn +di#te displacements alloweHit
criteria include deviance information criteria (DIC) from the Bayesian refinement approach and weaditesd
residualgRwp) from the least squares approagith the mean valuefrom the Bayesian results fixed.

22y T pCc H2YyPTpC H2-HPC H'
DIC Rwp [%0] Rwp [%0]
Sn displacement 59320 9.92 15.35
Sn + Zr/Ti displacement 60670 9.73 15.68

4.5Conclusions

The crystal structure of metastable 40% Srglipstituted BZT has been studied through
the examination and modeling of high resolution synchrotron XRD. The underlying cubic lattice
of the precursor BZT is maintained throughout the tin substitution. Esepce of satellite
peaks in the XRD indicates that Sn(ll) atoms are distorting within a supercell of the perovskite
structure. Applying a novel Bayesian refinement approach enabled all atoms to simultaneously
displace without getting caught in unreasoralutions to determine the most probable
configuration of atoms and the relationships between atom displacements. The Bayesian
approach helps to overcome the challenges of structure determination from low intensity
superstructure peaks and overlappingmpeerovskite and impurity reflection$his is
accomplishedby theincorporaion of prior information that constrains the allowable atom
positions and enriched uncertainty quantification. Within the cubic lattice, it is found that the
Sn(ll) atoms prefeto displace off of the Aite and the Zr/Ti atoms may displace off theit.

These displacements disrupt the cubic unit cell symmetry and create a superstructure. This

superstructure can be appropriately representedigéa 1t ¢WC® orthorhombic it cell
with no symmetry constraintBlo clear pattern to this displacement has yet been identified,
except it can be noted that the neighboring tin atoms move closer together and further apart
throughout the superstructure. In the model allovBrgjte displacements, the Zr/Ti atoms also
move in multiple directions. Ultimately, wedlefined structural models enable the improvement
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of synthesis procedures and further the understanding of expected properties, specifically in

regards to structural stortions.
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CHAPTER 5: PhaseAnalysisDuring Calcination of Ko.sNao.sNbO3 through In-situ X-ray
Diffraction

5.10verview

Ko.sNao.sNbOs (KNN) is a promising leadiree ferroelectric material because of its
exceptional electromechanical properties. However, the applications of KNN are limpedty
reproducibility and material inhomogeriegthat occur during synthesis. In this study th
Bayesian inference method was used to perform refinementssin imeating xray diffraction
patterns to monitor the reaction of perovskite KNN from starting oxides and carbonates. The
Bayesian results offer additional information in tracking the bienaf the structural changes
and phases that evolve during calcinatinriched uncertainty informatiomnas obtained in the
descriptions of the lattice parametefae optimal number of phases needed to represent the
inhomogeneous KNN system was detemlithrough a model selection process by evaluation of
information criteria from the Bayesian posterior samplésmately, thisnew Bayesian
inference method for crystallographic refinemprdvides amoreintuitive and robust
representation for this inhmogeneous material systexampared to the least squares
minimization of the Rietveld method
5.2Introduction

Piezoelectric ceramics have a wide range of technical applications, such as sensors,
actuators, multilayer capacitors, and other devide=ad zirconate titanate (PZT) is the most
widely implemented functional material, but there is a push in the piezoelectric community to
move away from toxic leabased systems and convert to ke, environmentallyfriendly
materials'2 Potassium sodium niobatexMa;-xNbOs (KNN), is a promising candidate as a lead
free piezoelectric system because of its excellent electromechanical projfariegever, KNN

systems areontinuously reported to have issues with processingeprdducibility>® One
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underlying cause ohese issues is chemical inhomogeneities that occur during the solid state
synthesis of the KNN perovskite. It is thought that the sample homogeneity depends on the phase
of the NbOs precursor and the particle size distribution of the starting powd&scently,

Thong et al. studied the synthesis @fsKao.sNbOs with monoclinic and orthorhombic NOs
precursors through an-situ heating experiment and hypothesized that chemical
inhomogeneities were a result of tib,Os particle size and competition among the reactahts

In this study, they alssuggested a calcination temperature of 950°C based on analysis of the in
situ XRD dataCalcination temperatures between 750°C and 950°C are typically reported with
multiple calcination steps often suggested for reaction compfelihase reported calcination
temperatures are relatively high and inconsistent between studies considering the melting
temperature is around 12@and volatilization can occur starting at 1000n KNN-based
systemg®1 Thus, it iscritical to thoroughly understand the phase formation and diffusion
behaviors that occur during KNN synthesis so that the underlying reasons for the difficulties in
creating a homogenous phase and determining a reliable calcination temperature can be bett
understood and mitigated.

An excellent technique for studying solid state reactions$itinhightemperature Xay
diffraction (HTXRD). With this technique, Xay diffraction patterns are collected at designated
increments while the sample is beirgpted on a higkemperature furnace stage. In this way, the
structural behavior of the sample during heating can be monitored in real tiorey et al.
measured HTXRD data for several KNfdsed systems; however, the patterns were analyzed
only qualitativéy and with single peak fittingIn the present study, the-gitu heating data of
the synthesis dfo.sNapsNbOs made from the orthorhombic MBs precursor from the worky

Thong et al. was analyzed more comprehensively using two methods and various quantitative
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models. This composition was chosen because it was found to form a cleaner, more homogenous
phase than the monoclinic equivalénthe same Thong et al. studg this work, models were

refined to the fulprofile XRD data vieboththe traditional Rietveld method with least squares
minimization and the novel Bayesian inference method. Specifically, this study focuses on the
development of the higtemperature cubilattice parameter during the formation of the

perovskite KNN phase with an emphasis on the parametric uncertainties. The development of the
perovskite was studied via Rietveld and Bayesian refinement with bothghase and three

phase model with phasef distinctchemicalcompositions. It was found that a more

homogenous perovskite KNN phase forms after 1000°C, but that the alkali ions volatilize and
form secondary phases at this high tempera@verall, the results of the Rietveld method and

the Bayesian method for crystallographic refinement for the HTXRD KNN synthesis data are
compared. It was found thdte Bayesian modeling approach provides an intuitive and robust

representation for the inherent chemical inhomogeneities in the KNN system.

5.3Methods
5.3.1 Data Collection

The HTXRD data of the solid state synthesi&efNaosNbOs with the orthorhombic
Nb2Os precursor fronThonget al. was analyzed in thigork.® The details of the sample
preparation and data collection are reported in the original work, but are summarized here for the
materialsystem adopted in the present w@karting powders of ¥COs, N&CO;3, and
orthorhombic NbOs were calcined together to from the cubic perovskite phase of
Ko.sNao.sNbQOs. The calcination was monitoréatsitu while heating from room temperature to
1100°C in the PANalytical Empyrean diffranteterwith a hightemperature stage (HTK 1200N
Anton Paar)Patterns were collected every 3°C from room temperature to 650°C and every 10°C

from 650°G1100Covera 2d r a® @A wift R0a 2d step size of
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5.3.2 Refinements with the Rietveld Method

Rietveld refinements were performed diffraction patternst individual temperatures
during heatingrom 450°C-1100°C in the program GSAIS.*? For every50°C incrementthe
full profile patternwasindependentlyit with a single cubic perovskitéxNai;xNbOs (KNN),
space group 6od hwith Nb on the Bsite and a shared K/Na-gite. This symmetry was chosen
for the phase because at elevated temperatures, KNN exisésparaelectric cubic perovskite
phaseRefined parameters included the cubic lattice parameter (a), microstrain, crystallite size, K
occupancy on the Aite, sample displacement, histogram scale factorCaethyschexd
background terms. The sum of theakd Na occupancies on thesie was constrained to equal
1. All atomic displacement parameterssdtierms) werdixed at0.01 A for model simplicity.
Through several refinement trials, it was found that refining thevblues does not significantly
improve the model fit and creates more unstable refinements in some cases, thus these terms
were fixed to simplify the model. For refinementgla@’C, 500°C, 550°C, and 6@°C, when the
precursomaterialsare still present in the diffraction pattern, an orthorhombigphase was
included in the refinement (space grdeipam PDF card 06027-1313 from the International
Centre for Diffraction Data database RB#. In this case, the total sum of the phixaetions of
KNN and NkOs were constrained to sum to one. For the error bars associated with the Rietveld
results, the 95% confidence interval was calculated frorpah@metestandard uncertaintigs 0 )

~

outputted fromthe GSA81 program as N1.9640.
5.3.3 Refnements with the Bayesian Method

Crystallographiagefinementswith the Bayesian inference methadre performeah
Python using the program QUABfor the sameaforementionedhdividual diffraction patterns

of 450°C-1100°Cat 50 C i n c r euhie petowskite KNN phase,antiherhombic
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Nb2Os phase at temperaturéS0°C-600°C, an parameter setere implementedsdescribed
for the Rietveld refinement3he parameter estimates from least squagdtswere used to
initialize the Bayesian algorithnsamplingwasrun for 100,000terationswith the first50,000
sampls as thédurnin period 0.1 shrinkage value, and adaption interval of 50. The uniform
prior bounds set faall refinedparametes are listed inTable 51. Traceplots and acceptance rates
were evaluated to ensure good convergence was achieved. The model parameters minimized
with the Bayesian approach are represented as kernel density estimates of the posterior parameter
distributionsfrom histograms of the accepted samples
5.3.4 ThreePhase Refinements

Both least squares and Bayesian minimization approaches were empl@getbrm
refinements using threseparat&xNai;xNbOz phases each with distinct cubic perovskite unit
cells analogous to tHephase implementatiofRefinement parametetisat were allowed to vary
differently for each phasacluded lattice parameter, microstrain, size, phase fracaodK
occupancy on the Aite The Uso values for the K and Na atomere also refined, butere
constrained to be equivaléior the A-site atomof all three phase§heNb and O W, values
were fixed at 0.01 Afor all three phases fanodel simplicityand stability The KandNa
occupancies on the-site wereconstrained to sum to of@ each phaserhe total sum othe
phase fractionwas also constrained to equal obike the previously described ophase
refinements, thefOspr ecur sor phase was included for pat
Other refinenent parameters included histogram scale factor, sample displacement, and
background termd’he parameter chains were run for 100,000 iterations with the first 50,000 of
thosetreated aburrin, ashrinkagevalue of 0.1and an adaption interval of 50. ifbrm prior

bounds for each model parameter are listethinle 51.
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Table 51. Refined model parameters and th@iior bounds for the Bayesian figrofile refinements.

1 Phase Model 3 Phase Model
Parameter lower | upper Parameter lower | upper
K occupancy 0 1 Phasel fraction 0 0.6
Microstrain 5000 | 50000] Phasel K occupancy 0 1
Crystallite | O 10 | Phasel Microstrain 1000 | 30000
Lattice Parameter [A] 385 | 41 |Phasel Size [em]| O 5
Histogram Scale 1 100 | Phasel Lattice Parameter [A] | 3.85 4.15
Sampl e Displ {-1000| 1000 | Phase? fraction 0 0.6
Phase? K occupancy 0 1
Phase? Microstrain 1000 | 30000
Phas2 Si ze [ & m] 0 5
Phase2 Lattice Parameter [A] | 3.85 | 4.15
Phase3 K occupancy 0 1
Phase3 Microstrain 1000 | 30000
Phase3 Si ze [ &€ m] 0 5
Phase3 Lattice Parameter [A] | 3.85 | 4.15
A-site Uiso [X] 0.009 | 0.05
Histogram Scale 25 50
Sampl e Displ aq -1000| 1000

5.4Results
5.4.1 In-situ Data

The diffraction patterns as a function of temperataigected durindneatingfrom room
temperature to 1100°@re shown irFigure 51, wherediffractedintensity is plotted as a color
heatmapThe starting powders ak>COz, NaoCOs, andorthorhombic NBOs; however, onlythe
orthorhombic NbOs phasecan be seehy laboratory XRD The cubic perovskite phasefirst
visible ataround 450°C and is fully fared by 650°C amdicated by the presence of only the
perovskite reflections and no secondary or starting phase reflections at this tempEnéetuse
in accordance with the decomposition of carbonates that is known to occur between 400°C
700°C* Increasing crystallinity of the KNN perovskite is observed fi@B0°G1100C through
the increased intensity of the perovskite diffraction peaks and decreased peak broadening.

Beginning around 950°C, the formation of secondary phases is obsEnese. peakare most
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likely due to common intermediate nperovskite producidut a precise phase identification
was not possible due to the small number of observable reflections and low intetisityetiat
are present In this work, the development of the cubic perovsiststudied after its formation

and during homogenization between 48(M0°C.
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Figure 5.1. Calcination of k sNay sNbOs; monitoredwith HTXRD during heating from room temperature to
1100°C.Starting phases are;€0; + NaCOs + orthorhombic NBOs. Formation of the KNNeubico doa

perovskite occurat~ 4 5 Ophasé€ indicated b¥). Increasing crystallinity of the cubic perovskite phase is seen
~6501100 . Secondaiaty 9p Oiadicdtest be)ner g e

5.4.2 SinglePhase Refinements

Refinements with a single cubic perovskite phasexdfakxNbQOs, space group 6od ,
were performed with both a traditional Rietveld method and the alternative Bayesiarofildi
method. Examples of these refinements at the 650°C temperatsiean inFigure 52 and fit
criteria for the models are listed Trable 55. As an example, traceplots are shown for the refined

parameer set of the onphase model for the 650°C diffraction patterrrigure 53.
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Figure 5.2. Profile fitting results of cubic perovskite:kNaNbOs; with the onephase model using (a) a traditional
least squares Rietveld refinement technique and (b) a Bayesian full profile refinement approach.
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Figure 5.3. Traceplotdndicate good convergence for parameters ofimese model for the 650°C diffraction
pattern.

The results for the progression of cubic lattice parameter during heating from450°C
1100°C are displayed frigure 54 for bothrefinementechnique resultdeastsquares Rietveld
results are plotted as red points with error bars and Bayesian results are plotted as black kernel
density estimates'he Rietvell parameter estimates and Bayesian posterior distributions exhibit
the same general trends with increasing temperature, but do not overlap within uncertainty at all
temperature pointsindicating thasomesolutiors may be caught in local minienThe
temperaturedependent behavior of the lattice parameter can be observed in three regions. The

first region is from 450°€00°C, during which the carbonates are decomposing and the
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perovskite phase is formingn this regionthe lattice parameter value rapidihcreases. The
Shannono6s Table32iodicateatlat Naions are smaller than*ons!® This size
difference is reflected in lattice constant values gfi#& xNbOs reported in literature, listeid
Table 53 for x = 0, 0.5, and 1, which demonstrate that Nahlh&s a smaller lattice constant
than KNbQ. In our material system, the fact thia¢ lattice constant starts at a smaller value
when the perovskite is first formed and then increases rapidly fror83IBC suggests that Na
the smaller ion, is incorporated into the perovskite first and thethK larger ion, enters after.
This is in ageement with a diffusion couptet u d y [etyal. tMaafound the reaction rate of
KNN to be governed by the slower diffusion of the potassium¥a@msl also with the findings of
Thong et al. that N&€Os decomposes before;RO; in this reactior?. The second region is from
650-1000°C where the lattice parameter value remains relatively constant. At around 650°C in
the insitu data Figure 51), the NbOs precursor is no longer present in the diffraction pattern
which indicates that the perovskite phase is fully formed and no other phaseshexisiird
regionis from 1000°G1100°C where the lattice parameter valdecrease. As discussed
previously, a smaller lattice constant (or unit cell volume) implies that more Na and less K is
incorporated into the perovskite lattice. This reduction of K occupancy etioeskite can be
attributed to volatilization of alkali ions in addition to the previously mentioned formation of
secondary phases. A study conducted by Popinal. found that the vapor pressure of
potassium over KNN was greater than that of sodium KXN at 990°C!! This means that the
potassium ions volatilize before the sodium ions at high temperatures which explains the

decreased lattice constant.
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Figure 54. Lattice parameteresultsas a function of increasing temperature from single cubic phase model.
Rietveld refinement from least squares results with mean values and 95% confidence interval bar shown in red.
Bayesian resultsfgosterior parameter distribution are shoagmkernel density estimatleg a black solid line.

Table 52. lonic radii of potassium and sodium ions for theisife coordination in the perovskite unit cell. Values
are from Eleaonic Table of Shannon lonic Radii, J. David Van Horn, 2001, downloaded 06/15/2022 which is a

compilation of iShannonés ionic radi
lon CN lonic radius
K* 12 1.64 A
Na- | 12 1.39A

Table 53. Lattice constants dfxNa..xNbOsreported in literature.

Composition Reported lattice constant Source
KNbO3; 4.024 A ICDD PDF card 04083-3855
NaNbQ; 3.951 A ICDD PDF card 060191221
Ko.sNao.sNbOs 3.994 A [17]

Insight can also be obtained by examining the uncertamssciated with the lattice

parameter residtLarger uncertainty in lattice parameter indicates more inhomogeneity in the
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diffraction reflection positionstesulting fromincreased inhomogeneity in the material structure.
As the system undergobsating there is a general trend of decreasing magnitude of uncertainty
for both the least squares and Bayesian results as candreazbgFigure 54. A closer look at

the lattice parameter uncertainties is displaydeiguire 55 at 650°C, 950°C, and 1050°The

widths of the leassquares confidence gnvals and the Bayesian posterior distributions decrease
slightly as the perovskite phase homogenizes between 650°C and 950°C. At,1086¢k is a
significant decrease in uncertairithat can be attributed the formation of a distinctly more
uniform KNN phase with a more homogenous lattice constant. However, at this high of

temperature, secondary phases have fomnedons havékely vaporized.
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Figure 55. A closer comparison of the refined lattice constant valuestaiduncertainties for the-ghase cubic
model at temperatures of 650{@lue), 950°C(orange) and 1050°Cgreen) Rietveld estimates are shown as
vertical lines with cross bars representing the 95% confidence interval. Bayesian results are showri@s pos
parangter distributions with kernel density estimates.

In addition to the lattice constant, it is also of interest to look at some of the other

refinement parameters that are related to the KNN unit cell. The results for microstrain,
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crystallite siz, and potassium occupancy for the 650°C, 950°C, and 1050°C temperatures are
displayed inFigure 56. Both the value and uncertainty of microstratig(re 56(a)) decrease

with increasig temperature for the Rietveld and Bayesian results. This consistent defrease
microstrainvalueagrees with the hypothesis that after the perovskite first forms, the system
becomes more homogenous with increasing temperature as microstrain desalbesitons

in lattice planespacing'® The value of crystallite sizshown in Figure 56(b), stays relatively
constatat ~0.06- 0 . 1 which s comparable to the grain size from the SEM image results of
Thong et aP Thecrystallitesize uncertainty widths decrease withreasing temperature in the
Bayesian posteriors and increase in the Rietveld resuksgure 56(c), the potassium

occupancy reachesoundthe naminal 0.5 value a850°C and 80°C, but decreasés be

notably less than 0.5 at 1050°The potassiuneccupancy uncertainty widths decreakghtly

with increasing temperature in tReetveld leassquares results and decrease nmateceablyin

the Bayesianposteriors
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Figure 5.6. Bayesian posterior parameter distributions and Rietveld point estimates and 95% confidence intervals
plotted as dashed lines with error bars for parameters or (a) microstrain, (b) size,patds&ym occupacy for the
onephase model.

Closer inspection of the diffraction data and refinemehtavsthat theone phase cubic
perovskite model does not best represent the data, particularly at lower temperfaiares
hypothesiss exemplified bythe significantly greater breadth of the diffraction peaks at 650°C
when the perovskite is first fully forming as compared to a higher temperature of 1050°C in

Figure 57(a). InFigure 57 (b-d), a close look at the fit reveals that the sifgfi@se model is
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insufficient to capture the fulidth, position, and shape of the peakdditionally, the Rietveld

point estimates and Bayesian mean posterior parameter values of lattice parameter do not overlap
within error at every temperature as seeRigure 54 andFigure 55. The different parameter

results obtained by the two minimizatiorethodspoint to thepossibility that one or both
solutionsarestuck in a local minimum. The multimodal posterior lattice parameter distribution
obtained at 1000°C also indicates the existence of a local ommans the solution is unable to
convergeTaken collectively, theevidence suggests that a model with a single cubic phase

perovskite may be inadequate in representing the full behavior of the system.
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Figure 5.7. Comparison of nomormalized 200 and 210 reflections6&0°C and 1050C are shown in (a;nd
display thathe crystallinity and uniformity of the perovskite peaks increase with increasing temperaingle
phase fit for the 85 C pattern is shown fdb) the 100,c) the 110, andd) the 200, 210, and 2X&flections

It is well known that KNNcan bea rather inhomogeneous system with the existence of

regions in the material with varying K and Na concentratiohss, the irsitu xray diffraction
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data may be better represented by a model with multiple phases to capture more of the
inhomogeneity within the lattice constants. To mmmprehensivelgapture théehavior of the
KNN system and its evolution with temperature, adeiavith multiple coexisting cubic
perovskitephasess necessary. In this model, the multiple distinct phasedediged by unit
cells with different Asite K/Na occupancies ancbnsequentlyslightly different lattice
constants.

Before implementing ik multi-phase model, the appropriate number of phases required
to represent this inhomogeneous KNN system must first be determined. The optimal number of
phases was decided through a model selection privcesgschthe fit criteriawere compared for
similar modelswith different numbers ddlistinctphases. The different phases were defined as
cubic perovskites ¥Na;-xNbOs with varying K-occupancy on the -Aite (i.e., x) for each phase
and the total K+Na occupancy constrained to sum to 1. The unit tek labnstant, crystallite
size, and microstrain were allowed to refine for each of the different phases:siieello,
value was also refined, but constrained to be equivalent for the K and Na atoms of all the phases.
Refinements were performed with thiaditional Rietveld approach and the Bayesian approach.
The fit criteria evaluated were the weighigwfile agreement factor (fg) and the goodness of
fit (GOF) for the Rietveld method and the deviance information criterion (DIC)rendidely
applicalbe information criterion (WAIC)for the Bayesian inference method. The results of the
model selection process are repoitedable 54 for the XRD patern at 650°C with up to 5
different phases anfdr the pattern at 1050°C with up to 3 phases. For the 650°C refinements,
which is the temperature at which the perovskite is first fully formed and no precursors remain,
all fit criteria significantly decrese when going from a-fthase to phase model and then again

to a 3phase model. When another phase is added inpi@gle model, a small improvement in
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the fit is observed, but much less notable when compared te dmel 2phase modeldt is also
important to consider that using too many phases can result in overfitting with excess
parameters. The DIC and WAIC penalize models for effective number of parameters to help
avoid overfitting.For the models using 4 and 5 phases, the effective number ofgtararinom

the DIC calculation (g) is negative, which can indicate that the mean posterior parameter
values do not provide a good estimate for the diatdne 1050°C refinements, the temperature at
which the lattice parameter uncertainty significantly decreased inphade model approach,

an improvement to the fit is observed by adding more phases. However, the impact is not as
significant as that obsead by adding phases to the 650°C model. The {bih@se model was
ultimately selectedhs the best representation of the ddth the fewest number of phases
implementedhat could still adequately represent the datanultiple temperaturet the

following section, temperatwdependent refinemenémalogous tohe previously described

onephase modeaire analyed, but instead with three distinct cubic perovskite phases.

Table 54. Comparison of fit criteria for models with3distinct cubic perovskite phasesyw,Rnd GOF are reported
for the Rietveld refinemenbIC andWAIC are reportedor the analogous Bayesian refinement. Thegnd puaic
arethe effective number of parameters thed computed as part of the DIC and WAIC calculations.

# of phases| Ruwp GOF DIC WAIC Pdic Pwaic

650°C

1 5.31 1.36 14870 | 14880 27 32

2 4.43 1.14 14480 | 14480 30 33

3 4.17 1.07 14340 | 14350 28 33

4 4.12 1.06 14260 | 14340 | -37 37

5 4.17 1.07 14240 | 14330 | -54 37
1050°C

1 4.82 1.23 14700 | 14710 28 36

2 4.70 1.20 14580 | 14580 30 31

3 453 1.16 14540 | 14540 32 30
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5.4.3 ThreePhase Refinements

Refinements of the thrgghase model were implemented for XRD pattavery 50°C
during heating from 500°Q050°C. Refinements were performed with the traditional Rietveld
refinement approach and the Bayesian approach with 3 coexisting cubic perovskite phases,
KxNaw-xNbQOs, with varying fractions of potassium occupanthie tree phasearedescribed as
K-rich, Narich, and K/Na mied. This modelreported herés justone representation to best
approximate the underlying chemical inhomogeneiiiés fit criteria of R for the Rietveld
results and WAIC for the Bayesian resulteported imable 55, show that the phase model
results in lower fit criteria, and thus provides a better fit, than4hleate model for both
refinement approaches. The improvement in fit is especially signifioattté650°G950°C
datawhere the decrease inyRs greatethan 1 and the decrease in WAIC is greater than 500 for
each temperatur&xample model fits at 650°C areoswn in Figure 58 andexampletraceplots

are shown irFigure 59.

a) + Observed b) - Observed Data
—— Calculated Mean Difference Curve
Difference BN 99% Credible Interval
| K-rich 99% Prediction Interval

| K/Na mixed
| Na-rich

Intensity (a.u.)
Intensity [a.u.]

20 25 8 35 40 45 50 H e 2 R RV B 4 B A 2 W

20 (°)
Figure 5.8. Profile fitting results of cubic perovskite:kNa,NbO; with the thregphase model using (a) a traditional
least squares Rietveld refinement technique and (b) a Bayesian full profile refinement approach.
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Figure 59. Traceplots for parameters refined with the tiphase model using the Bayesian method on the 650°C
data.

Table 55. Fit criteria for refinements of KNN at increasing temperatures witlihlease and-phase modsl
Rietveld refinements are evaluated with the weightedile agreement factor or R factorR Bayesian
refinements are evaluated with thaely applicabldnformation criterion (WAIC) rounded to the nearest 10.

Temperature| 1-Phase Model | 3-Phase Model

[°C] Rup WAIC | Rp | WAIC
450] 4.31 14580 - --

500| 4.44 14600 4.13 14430

550| 4.45 14540 3.99 14300

600| 5.05 14840 4.23 14480

650| 5.31 14900 4.17 14350

700| 5.56 14990 | 4.20 14350

750| 5.61 15100 4.19 14400

800| 5.69 15100 | 4.21 14370

850| 5.43 14960 4.16 14340

900| 5.75 15100 4.28 14420

950| 5.57 15120 4.46 14540

1000 4.99 14820 | 4.93 14660

1050]| 4.83 14760 4.53 14540
1100] 5.50 14730 -- --
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The Bayesian anRietveld lattice parameters for thgpBase model are plotted in
Figure 510. We see now thahost ofthe Rietveld point estimates aBdyesianrmean posterior
parameter values are in goagreement with each other and, for the most part, the uncertainty
intervals are overlappin@he lattice parameter results that do not agree between the two
methods can most likely be attributed to parameters caught in local minima, especially given the
complexity of the 3phase modelThree distinct regions of lattice constant valaesseen across
all temperatures: the-Kich phase with the largest lattice constant highlighted in green, the Na
rich phase with the smallest lattice constant highlightddua, and the K/Na mixed phase with
a lattice constant in between the other two highlighted in yellow. In conjunction with the
evolution of the lattice constants, we also examine the refined weight fractieigsiie 511
and the refined potassiumgie occupancy ifrigure 512 of each phase. Several interesting
behaviors are observed in the progression of the three phases during synthesis.

At 500°C, a K/Namixed phase has ngétformed as evidenced by a weight fraction of
zero and the extremely large uncertainty of the lattarestanfor the intermediate phaséhe
contributions to the perovskite reflections in the pattern argiaiKphase at ~0.45 weight
fraction and an Naich phase at ~0.2 weight fraction. At this temperature, the precursor phases
still coexist with theforming perovskite phases and 2ds makes up the remaining weight
fraction contribution in the XRD pattern. After 550°C, a new kiNiaed phase has formed
which constitutes the thirdntermediatgohase. The refinement results suggests that kNbO
NaNbQ, and KosNa-0.sNbOs phases form separately rather than combining into a single cubic
perovskitefrom the startOnce the three discrete phases are formed, the system remains in this

configuration even as the temperature increases. In this sense, theatmbbmogeneities
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resultingfrom composition gradients that occur during the formation of the perovskite are
trapped in the lattice.

The K/Namixed phase is of most interéstexamineas the desired nominal perovskite
composition is KsNap.sNbOs. At 550°C and 600°C, the K/Naixed perovskite isloser toan
Na-rich perovskite with measodiumoccupancies greater than OT8ie Narich composition
early in the processupports the hypothesis that the NaNi@®ms first andserves as a host for
thepotasgum ions to enter the perovskite latticodiumionsaresmaller and more mobiknd
thus more easily diffusescompared to the potassium io@ther features of interest in the
K/Na-mixed phase include: ihe A-site occupanchecomes morpotassiurrrich with
temperature and eventualgaches the nominal value of x=@&0th900°C and 950°Cii) the
potassiunoccupancyrom Rietveld and Bayesiamethodsdo not agree at every temperature
and iii) relative to the Naand K-rich phases, thereight fraction ofthis mixed phase increases
during heating, but never reaches 100%.

Theamount of theNarich phasehat is present in the systeemains relatively constant
during the entire measurement timeaintaining a weight fraction less than 0.35 and asite
occupancy of almost 100%0dium The weight fraction of the ich phase decreases during
heating until it eventually reaches approximately zero at-103D°C.Similar tothe Narich
phase, the Kich phaseA-site occupancy also remains relativebnstant near ~100%
potassiumWhile theweightfractions of the Krich and Narich phases do decreaséh
increasing temperaturthey neveicompletelyreachzeroand, likewise, the total system is not
completely comprised of the K/Naixed phase at artgmperatureThus, a singl@hase,
uniform perovskite of KNNwith no areas of chemical inhomogeneity or secondary pleses

never achieveavhile gradually increasing the temperature during thisitun test. Holding at
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elevated temperatures may allow aginphase to form, but that approach was not tested in this

study.
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Figure 5.10. Lattice parameter results for the refined unit cells of three coexisting cubic perovskite phases. Rietveld
point estimates and 95&6nfidence intervals are shown in red. Bayesian posterior parameter distributions are
shown as black lines. Posterior distributions are normalized and sthke#:rich phase is highlighted in green, the
K/Na-mixed phase is highlighted in yellow, and tia-rich phase is highlighted in blue.
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Figure 5.11. Weight fractions of perovskite phases ipl8ase model for (€§-rich, (b) K/Namixed, and (c) Naich
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Figure 5.12. Refinement results of potassium occupancy fraction on teefas a function of increasing
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normalized and scaldglayesiarposterior kernel density estimatw® shown as black lines. The Rietveld refinement
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fixed at O or 1 for refinement stability, ontlge point estimate is shown.

Additionally, the threephase refinement lattice parameter results are overlayed with the
in-situ development of the 100 reflection in the diffraction pattern and plotted as lattice spacings,
or d-spacing, over temperatuireFigure 513. The dspacing is equivalent to the cubic lattice
parameterThis figure visualizes hovhediffracted intensity profile of the 100 reflection(s) of

the phaseare captured well wit this thregphase modeds a function of temperature
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Figure 5.13. Cubic lattice parameter results from theeephase refinement overlayed on @0 perovskite

reflectionfor a comparison of the experimentally measured and calculegpdaingsThe colormap is the intensity

of the 100 diffraction reflection. The refinement results from the Rietveld method are plotted as point estimates in
black and the Bayesian resulte glotted as posterior distributions in black.
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Therefined parameters of thdNa-mixed phasewere further examined to improve the
understanding of this phaseost representative of vl¥NaosNbQOs. A closer look at the lattice
parameter results and asstethuncertainties is plotted Figure 514 (a). The lattice parameter
uncertainty widths remain relatively constant and broad for the iXad phasérom 650G
950°C. This observatiocontrasts witlthe onephase refinement results where a noticeable
decrease in uncertainty is observed because only the average behavior was being modeled. At
1050°C, the uncertainty in lattice parameter drops significaimidicating that a more
homogenous KNN phase has been formed. The microstrain value and uncertainty both decrease
with increasing temperature, though the differences are more apparent in the Bayesian results as
shown inFigure 514 (b). The decrease in microstraralue means that the sample is becoming
more locally homogenous with increasing temperature within the compositionally distinct
regions.The crystallite size ifrigure 514 (c) decreases with increasing temperature in the
Bayesian results as do the associated uncertainties, but remain around the expected grain size of
100 nm from a previous SEM stuéifhe mismatch of the Rietveld and Bayesian results at
650°Cfor crystallite size and microstraguggests that ése twgparametes may have
difficulties convergingunder the assigned conditioiws this data seand the peameter results

may be local minima
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The increase in lattice paramet@iuesduring heating for each of the phases may be
attributedin partto chemical diffusion occurring in theructuresut canalsobe a result of
thermal expansiorfhermal expansion of a cubic unit cell can be matiblelinear thermal
expansiorof the lattice constant in Equation 1.

A | Az4 % R

Her e, -duolisthe chainge in temperature in °C from the starting temperaguse, a
the initial lattice parameter at temperatuse T pa & is thechange in lattice parameter from
t he st ar t icmed the eéfficient of taenshl expansion in units oft°C
To explore the contribution of thermal expansioteast squarelinearregressiorwas
performed on théattice parametevalues for each of the three phases for the full temperature
range and from 65050°C.Experimentatoefficients of thermal expansigndte) were
extractedrom the slopes ofhese linear fitas in Equation 5.1 arate reported ifable 56. The
Ubte from the fit of the650-950°Cbest match the expected values found in literature, likely
because less cation diffusion is occurring in this temperature range as the perovskite phase has
fully formed and no s econ dtafrop fitiinh thesBayesiahav e yet
mean pogrior parameters fall within the ranges of values reported in literature fortich K
and Narich phaseaegions. InFigure 515, the linear fit rest$ from the 65850°C of the
posterior means are plotted for the three phases, extended across the full temperature range. The
fit lines to all the phases capture the behaviors of the changes in lattice paranggtesting
that the increases in latticanametes are predominantly due to thermal expansion. There are
some slight deviations for the-ch and K/Namixed phase which also report higher RMSE
values than the Nach phase, meaning that it is possible that some of the change in lattice

parametem this region may be due to occupancy changes of thelllanons in the unit cells.
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When diffusion of ions is notably contributing to the lattice parameter variationsche ealud)
cannot be directly extracted from the slope of the best fit linghargdis not accurately
represented by the resultsTiable 56. In the temperature regions outside that of the displayed
fits from 500600°C and 10001050°C, the slope from the thermal expansion fit does not match

the data well, suggesting that changes are instead dominated by diffusion of K and Na cations.

Table 56. Coefficients of thermal expansion (CT&lculated from linear regression of the Rietveld and Bayesian
lattice constantesultsacross the full 50A050°C and limited 65050°C temperature ranges. Values include the
calculated CTHvith standard error and are comparedatuesreported in literture. The root mean squared error
(RMSE) of the linear regression is also reported.

K-rich phase K/Na mixed phase Narich phase
here std. err. RMSE here std. err. RMSE here std. err. | RMSE
(1os°cy | (roe°cy | (109 | osecy | @osecy | (109 | @os°cy | (108°Cy | (109
500-1050°C| Least Square 15.0 2.6 6.1 19.0 2.2 5.2 24.4 20| 4.6
fit Bayesian 8.6 33| 78 13.6 12| 2.9 19.8 16| 37
650-950°C | LeastSquares 8.0 24| 25 14.3 40| 42 15.0 36| 37
fit Bayesian 6.7 27| 29 11.9 30| 32 14.4 23| 24
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Figure 5.15. Linear thermal expansion fits to each of the three phase regions determined by least squares linear
regression. Fit lines adetermined for the Bayesian mean parameters oveB880C and plotted across the full
temperature range.
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5.5Conclusions

In this study, it was first exemplified how tBayesian minimization approach is
comparable to the traditional least squares metfweh both solutions have converged to global
minima.However, he Bayesian refinement offers enriched uncertainty information and an
alternative fitting method when the Rietveld refinement is unstBidagreement of solutions
from the Bayesian methodaompared to those from tirietveld methodeveals when
parameters are stuck in local mininBy closely examining the behaviors of lattice parameter
uncertainties, both the ofpdhase and threghase models were successful at indicating the
formation of ahomogenous, uniform phase by the significant reduction in uncertainty. It was
foundthat a homogenous-o sNa-0.sNbOs phase forms after 1000°C; howevalkali ions have
alreadyleft the perovskite latticat this high temperature through secondary phase formation and
volatilization Through the application of a thrgghase model withepresentativi&-rich, Na
rich, and K/Namixed phasg it was found thatmce the multiple chemically inhomogeneous
phasesdrm during the KNN synthesis, they remain in the system even with increasing
temperatureThus, the preparation of the precursor materials tartirgy particle size
distribution is criticafor evendiffusion andthe formation of a homogenous #ao sNbOs
phaseTo summarize the diffusion behavior, the sodium ions enter the perovskite lattice first and
then theNarich phase remains relativetablewith temperaturavhile the amount oK-rich
phase decreaseBhe nixed K/Na phasebeginsashighly Na-rich and then becomes slightly- K
rich as the potassium diffuses which correlates with the amount ofrikCh phase decreasing.
Ultimately, thechemically distinct regionform separately anlttle diffusion is observed
between them after formati@s most bthe change in lattice constant values can be attributed to

thermal expansiann this chapter,ite Bayesian inference method provided an enriched
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structural description of the phase, structure, and compositional evolution as a function of

temperature ansetthe framework for an effective model selection process.
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CHAPTER 6: PhaseAnalysis with Dirichlet Process Mixture Modek

6.1 Overview

Nonparametric Bayesian techniques allowdshift towards datalriven determination
of model complexityas opposed to more standard tisésrmed methoddn this chapter, a
truncatedDirichlet process mixture model is implemented in the Bayesian method for
crystallographic refinement for modeling the number of phases present in inhomogeneous
material systems. A simulation studhgs first conducted to evaluate the effectiveness of this
mixture model with simulated patterns of CoO and NiO rock salt structures. Next, the mixture
modelwas applied to irsitu hightemperature XRD patterns of the formation @@ sNios0
rock salt solil solution from CoO and NiO starting powdeksalysis with he Bayesian mixture
modelwas per formed on diffraction patterns at
distinct CoO+NiO phases to a solid solution. TheMaosNbOs system studied in l@apter Swas
revisited and modeled at temperatures from55D 5 0 with the mixture
that the mixture model results are generally comparable to thephase model performed in
Chapter 5With the Dirichlet process mixture modglyasnot necessary to define a pre

determined number of phases through a model selection process. At some temperatures, a

presence of four distinct phases were identified in the sample as opposed to the fixed number of

three. Through these studies, the BayeBigichlet processnixture modelwas found to be
applicable to irsitu systems that evolve with increasing temperature as well as to
inhomogeneous systems that contain multiple similar phases with slight differences.
6.2 Introduction

When considering a difiction pattern, it is usually of interest to first identify the

85

mo d

crystallographic phases present in the sample and then the fraction of each phase. Determination
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of the existing crystallographic phases is accomplished through a phase identificatiomand the
the structures can be refined through the Rietveld method. A quantitative phase anattigsis is
performed to determine how much of each phase is present in the sahpihés care
determined with the Rietveld method througfinement othe phaserad weight fraction
parameters'3

For systems with overlapping reflections or phases with similar structures, it can be
challenging to identify the presence drattionof crystallographic phases in the sample flam
powderdiffraction pattern. These di€ulties are especially relevant for-gitu diffraction studies
where the crystallographic phases develop gradually with temper@hamically
inhomogeneous systemeesent similar challenges #ey cancontain multiplephases with
chemical variationghat result irslight structuratlifferencesin-situ techniques and
inhomogeneities are prevalent in oxides synthesized with solid state approachestiseich as
potassium sodium niobate system investigated in ChapterexampleIn order to determine
the optimum number of phasesededo fit a given diffraction pattern, model selection
process cabe performed to compadifferent userdetermined modelgia information criteria
discrepancy indices, or other quality of fit metrid®wever, nodel selection is full of
difficulties, such as selection bias, underfitting and over fitting, anevitie varietyof different
methods that could be employ&8lin the case of selecting a model base®apesian
information criteria, implementation inlxe@s obtaining the posteriors of all models under
considerationThisis a tedious procesgith long computation tingas eacimodelmust be set
up and computed individuallyodel selection is particularly difficult in the context of the
Rietveld methodas the agreement factors are not suitable as a universal metric for the quality of

fit.”8
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The models utilized inrainformation criteriamodel selection process are parametric in
the sense that they are defined with a fixed and finite number of paranteteontrast,
Bayesian nonparametric models offer an approach that allows for infinitely many prior, beliefs
which enables the data to determine the complexity of the posteriors rather than the user.
Implementation of these models can help to avoid ssetieverfitting and underfittingOne
such nonparametric approach is that of Dirichlet process mixture models, also known as infinite
mixture model$. The Dirichlet process constrains the mixing contributions of infinitely many
components to be betweerL@vhile all summing to a total of one through a stickaking
processFurthermore, this such mixture model can be truncated for ease of implementation and
speed without impacting the quality of performaringhe context of diffraction patterns with
multiple coexisting crystallographic phases, applyirgikchlet process mixturenodel enables
the phase identification and quantification to be lessinfielenced and instead predominantly
governed by the data.

In this chapter, &runcatedirichlet proess mixture modes implemented within the
Bayesian method for crystallographic refinemdifite mixturemodelwas employed to
determine th@umber of cubic phases with slight variatiehe to compositional differences
needed to model powd&rray diffractionpatterns A CoO-NiO rock salt system wassed to test
the methodfirst with simulated datsetsand then with irsitu heating XRD data of the formation
of a CoNiO solid solution phas&he mixture modelvas also applied to the KNN -isitu
patterns from Chapter 5 and the resulégse compared to that of the previously performed model
selection.Taking a more datanfluenced approach tdentifying the number of crystallographic
phases anghase quantificatiois demonstrated in this chapterfurther promote the trend

towardsmore autonomous diffraction techniques
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6.3Methods

A truncated Dirichlet process mixture moaes applied in this work. The model was
based on the PyMC3 implementafiband the description by Li et &l andwritten into the
QUAD programin Pythonas a modification to the Bayesian method for crystallographic
refinement Each component of the model is a crystallographic phase with an associated mixture
weight representeas a Dirichlet process. The individual contribution of each pWwase
determined using a ofghase diffraction model as described in Chapter 2. Since it is physically
unrealistic for an infinite number of crystallographic phases to exist within a saheteymber
of possible componentsas truncated at some reasonable value K to make a finite model for
ease of implementation. As long as K is large enough to capture all of the mixture weight, this
finite model is sufficient as some components will havdigibte mass.

The weightswi, of each component are defined through a diigkaking proces$

I n this i mpl-ermeanetassignedpniqrs of Beta didributions
I BH x " AQs8
To compute théull diffraction model, the weighted components are summed

e . T OLATO 4rugrey " W 8

Note that only the means of the likelihood are computed from the different weighted
components and each component is a crystallographic phasa aiiterent parameter set. The
weights,wi, are essentially treated as a modified phase fraction term as they multiply the

modeled diffraction intensities just like the intensity correction factor. So, the phase fraction

134



terms inthe GSAS|I diffraction malel are fixed to be 1 for all phases to allow the Dirichlet

process weights to act as the phase fract.i

of the weighted phases and is t hB+yg|pThe scal

background is also treated as one value for all the different phases and added only once. The
parameter set}, is the same selection of parameters for each phase but allowed to uniquely
refine for eacht component. This is with the exceptionti$togram scale and sample
displacement, which are constrained to be equivalent across all phases.
6.3.1 Simulation Study

Patterns were simulated in GSASo replicate experimental datvith known phases
present. A pattern with a single CoO phass simulded and a hase pattern with both NiO
and CoO rock salt phases was simulatedho v e r a2 d-80F vatim ay0ed3° atép sidel
The CoO and NiO have rock salt structures in space gtgax . Lattice parameters of the
simulated phases were set#taé?891A for CoCand 4.25A for NiO'2 The instrument parameters
were set to those of the Empyrean PANalytical diffractometer with zero sample displacement.
Microstrain was set at 10,000, crystallite size wa®,land the histogram scale factor was 1.

The Dirichlet process mixture model was run in QUAD for 100,000 iterations for the
CoO simulation and 200,000 iterations for the CoO+NiO simulation. Of those samples, 50,000
and 100,000 were treated as burmespectively A shrinkage of 0.1 and an adaptimterval of
50 were used. The model was offtto contain a maximum of K=5 components where each
component was a cubic CoO phase for tphdse simulation and @éNiosO phase for the-2
phase simulation. The parameters varied within each phaseniecstrain, lattice parameter,

and the Dirichlet weights'he emaining parameters were fixed at their simulated values.
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6.3.2 CoO-NiO Rock Salt I¥5itu Study

The starting powders to createdelio.sO were prepared by ball milling 1 gram of
cobalt(Il) oxide 95% from Alfa Aesar CAS# 13696-6 and 1 gram of nickel(ll) oxide, 99%
325 mesh powder from Alfa Aesar CAS# 1321 in ethanol for 24 hours. The-gitu XRD
patterns were collected on the PANalytical Empyrean diffractometer with a HTK 1200N High
Tempeature Oven Chamber sample stage. Patterns were measured from room temperature up to
1100AC every 10AC at a heati ngo°atastepsizedf 5 AC/ mi
0. 025A 2d.

Refinements were performed on thesitu patterns at 850°C andd@°C. The Dirichlet
process mixture model was conducted with K=5 possible companfenibic CaNi1.xO phase
in space groufOdod . The parameters refined for each phase included lattice parameter,
microstrain, cobalt atomic site occupanand the Diriblet process mixture weightall
crystallite sizes were fixed atgh and U, values were fixed at 0.024or model simplicity. The
parameters of background, histogram scale, and sample displacement were refined, but were
constrained to be equivalent fali components. The mixture model was run in QUAD for
200,000 iterations with 100,000 buim shrinkage of 0.05and an adaption interval of 50.
6.3.3 Potassium Sodium Niobate (KNN) System

The insitu XRD patterns of the formation of perovskitesKagsNbOs from Chapter 5
were analyzed with the Dirichlet process mixture model. The datzeay 50°C fronb50
1050°Care refined in this section. The mixture model was truncated at K=5 components. Each
component was defined as a cubic perovskite phase:KNbOs with space group 6od . At

elevated temperatures, cubic symmetry best represents the KNN perovskite as it exists in the
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paraelectric phase. The parameter set for each individual phase included microstrain, crystallite
size, potassium Aite occupancyattice parameter, and Dirichlet process weights. A U

values were fixed at 0.042 for model simplicity. The parameters of background, histogram

scale, and sample displacement were refined, but were constrained to be equivalent for all
components. Fahe 550°Cand 600°Clatases, the NkOs precursor phase and its lattice

parameters were included in the refinement, but the associated phase fraction was not included in
the consideration of mixture component weights.

6.4 Results
6.4.1 Simulation Study

A simulation study was first performed to test and evaluateuheatedDirichlet
process mixture model. Thmeixture model results for the simulated data are depictédgare
6.1(a) for the CoO 3Iphase and ifrigure 61(b) for the CoO+NiO Zphase. Both simulated data
sets are modeled well, padlarly in regards to determining the correct number of peaks and
peak positions. The posterior parameter distributions are depidteglire 62 for the CoO
pattern andrigure 63 for the CoO+NiO pattern and are compared to the simulated \sioes
asred dashed lines. For the Co€sults, only one weight was identified as magligible
makingup the entirety of the patterwhereas all the other weight valueere effectively zero.
Thus, the implemented Dirichlet mixture process was capable of identifying that only one phase
waspresent in the systneem!| iTghieb Ide os tpi hnacstei so nt horfo uig
determined by examining the credible intervals and how close the lower bound was to zero. The
credible intervals will never actually cover the value zero in tlidehbecause the weights are
bounded betweenD. The lattice parameter and microstrain means are also in good agreement
with the simulated values. For the CoO+Ni@l2ase results, two phase components were found

to have nomegligible contributions with gsterior means and standard deviations for the weight
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parameters dd.46+ 0.09 and 0.43 0.11.These two values do not sum to one, but the

remaining weight contribution to the pattern that is unaccounted for can be attributed to the

parameter uncertapntangesand the negligibly weighted phases. The lattice parameter means

were also in good agreement with the simulated values within error for both phases as seen in

Figure 63(b) and (c)Like the Xphase Co@nodel, the Dirchlet mixture process was successful

at correctly identifying the number of phases in2kghase CoO+NiQystem.
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Figure 6.1. Model 99% credible and prediction intervals on the simulated data for the (a)-gio&3d and (b)

CoO+ NiO 2-phasezoomed in on one reflection in inset

Figure 6.2. Mixture model results for simulatedphase Co@f (a) weights, (b) lattice parameter of weighted phase
with simulated value indicated by red dashed line, ahthicrostrain of weighted phase with simulated value
shown with red dashed line.
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