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ABSTRACT

LISA MORRISSEY LAVANGE. The Analysis of Incomplete Longitudinal Data
with Modeled Covariance Structures. .(Under the direction of RONALD HELMS).

A general linear model formulation is presented that is applicable
to the analysis of incomplete longitudinal data. Other models that have
appeared in the literature in the context of incomplete multivariate
data analysis are shown to be special cases of this general model with
appropriate constraints imposed on the model parameters. Problems of
estimation due to particularly sparse data are reviewed and the concept
of imposing constraints on the model parameters as an alternative is
discussed. Methods of estimation and hypothesis testing assuming covari-
ance models are proposed.

Two covariance models associated with time series data are proposed
for use with a general incomplete model first introduced by Kleinbaum.
Consistent estimation of the variance-covariance matrix is derived for
the incomplete data case assuming an Autoregressive error process of
order one and a finite moving average error process.

A model is proposed for incomplete multivariate data analysis
assuming a time series model for each dependent variable. Estimation is
developed for the regression coefficients and the covariance parameters
associated with each time series model as well as between series. The
autoregressive model of order one and the moving average model of order
one are considered for each dependent variable. The methods are illu-
strated with an analysis of a longitudinal study of spirometry in

children.
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NOTATION AND ABBREVIATIONS

¥ denotes a column vector of specified dimension.
y  denotes the transpose of y.
é:

((ai.)) denotes a matrix of specified dimensions with a;; as the
J : . th .th ]
element in the i~ row and j column.

E(y) denotes the expectation of a vector of random variables y.
Var(y) denotes the variance-covariance matrix of y.

Cov(x, y) denotes the variance-covariance matrix for x and y.

tr (A) denotes the trace of A.

A® B denotes the Kronecher product of A and B given by ((ajj B)).
ip denotes the identity matrix of order p.

y ~ N(u, ) means that y is distributed according to the multivariate
normal distribution with mean g and variance-covariance
matrix 2.

L
X, * Y means that the random vector X, converges in distribution (or law)
to the random vector y

a - a means that the limit of the series of real numbers a, is equal to
a.

6_ > 0 means that en converges in probability to 6, or that On is
consistent for 6.

means that y is distributed according to the central chi-square

distribution with w degrees of freedom.

.. denotes the element in the ith row and jth column of the kth
J(k) submatrix gk where Zk = ((Oij))k'
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INTRODUCTION

This research is concerned with the multivariate analysis of incom-
plete longitudinal data assuming a modeled covariance structure. Estima-
tion is proposed for two classes of covariance models commonly associated
with time series data. The asymptotic properties of estimators of
linear model parameters are discussed and appropriate tests of hypotheses
are presented. The methods are illustrated with the analysis of a
longitudinal dataset from an ongoing study.

Chapter 1 contains a brief review of the literature in two parts.
In the first part, the existing methods of analysis of multivariate data
are reviewed. In the second part, covariance models frequently associ-
ated with longitudinal data are summarized. A brief review of the
analysis of an econometric model with which a variety of time series
covariance models are often associated is provided in this section.

In Chapter 2, linear models that are applicable to incomplete
longitudinal data are reviewed. A general linear model formulétion
(hereafter referred to as the iM) is introduced. It is shown that
several models already reviewed are special cases of the LM when suitable
constraints on the model parameters are imposed. Best asymptotically
normal (BAN) estimation of model parameters is established for a special
case of the LM that is particularly suited for incomplete observation
vectors in a repeated measurements design. The use of Wald statistics
to test hypotheses about these model parameters assuming covariance
constraints is discussed.

In Chapter 3, attention is focused on the general incomplete model

(GIM) introduced by Kleinbaum (1970, 1973). Estimation and hypothesis
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testing for the model assuming a constrained covariance matrix is pre-

sented. Cases for which the GIM analysis suggested by Kleinbaum is not
feasible unless a covariance model is assumed are discussed, and an
example of such a case is presented for illus;ration.

With motivation established for assuming a covariance model in the
GIM, two covariance structures appropriate for the analysis of incomplete
longitudinal data are presented. In Chapter 4 consistent estimation is
derived for the covariance parameters associated with an autoregressive
process of order one (AR(1)) with missing data. Estimation and hypothe-
sis testing for the GIM assuming that each subject's residuals are
generated by an AR(1) process are presented. An example is provided to
illustrate the techniques.

In Chapter 5 the assumption is made that a subject's errors about

the population regression line are generated by a finite moving average
process of order M (MA(M)). Consistent estimation of the variance and
covariance parameters associated with this process is derived and incor-
porated into the estimation procedure for the GIM parameters. An illu-
strative example is provided.

'In Chapter 6 a model formulation is presented for multiple response
variables measured longitudinally on each subject. Estimation of model
parameters is presented assuming the errors associated with each response
variable are generated by individual AR(1) processes énd by individual
MA(1) processes. Thié estimation includes the covariances between -
measurements of a single response variable taken at different times as
well as covariances between response variables measured across time.

In Chapter 7, the methods proposed are illustrated with the analysis .
of a longitudinal study of spirometry in children. Data on three spiro-

metric variables are analyzed separately assuming both an AR(1) and an



MA(4) error process for each subject. The data are then combined for an
analysis assuming multiple AR(1) error processes. Practical aspects of
the covariance model selection process are discussed. Recommendations

for future research are made in Chapter 8.



CHAPTER 1

REVIEW OF THE LITERATURE

1.1 Introduction

The literature review for the analysis of incomplete longitudinal
data is presented in two parts. The first section is concerned with
estimators and hypothesis testing for gemeral multivariate models with
missing data. Covariance models appropriate for the analysis of longi-
tudinal data are reviewed in the second section. The notation establish-
ed here for the general linear multivariate model (GLMM) will be referred
to throughout this review.

The GLMM usually arises from experiments in which p measurements
are taken on a sample of n subjects. The p measurements are univariate
random variables that might represent p distinct characteristics or one
characteristic measured at p time points. Unless otherwise noted, Y

will refer to the (n x p) data matrix where yij represents the jth

response for the ith subject. The GLMM is as follows:
E(Y) = XB
Var(ith row of Y) = X
where
X(n x q) is a known design matrix of rank < q.

B(q x p) is a matrix of unknown model parameters.

2(p x p) is a positive definite symmetric matrix.



If it is further assumed that the rows of Y follow a normal distribution, ‘
then the model is said to be a GLMM with normality.

1.2 Analysis of Incomplete Multivariate Data

Early work in multivariate data analysis with missing values focused
on maximum likelihood estimation of the population parameters. Under )
the assumption of a bivariate normal distribution, Wilks (1932) derived
the likelihood equations for samples with missing values in both vari-
ates. Due to the complexity of finding solutions, he also suggested
estimates based upon a ''complete'" sample in which sample means were
substituted for the missing values.
Anderson (1957) proposed a method for obtaining the maximum likeli-
hood estimates (MLE's) of M and X in. a p-variate normal sample with the

missing data structured hierarchically. Specifically it was assumed

that the likelihood for the data observed on the ith variate was condi-
tional upon the data for the preceding (i-1) variates. An example of -
such a structure to which this method applies is as follows:

X .9 X X
’n)

1 SUOTRRRES =

SAEREREY ATER SUSPRPEN (¥
Zys--erZ)
Assuming that x, y, and z are jointly distributed according to a tri-
variate normal distribution, Anderson's method can be used to produce
MLE's of the population parameters. |

Nicholson (1957) applied Wilks' likelihood equations to the multi-
variate normal (MVN) sample with missing values for one variate only,

giving MIE's for the population mean vector and covariance matrix.

None of the above papers address the issue of observations missing

at random as opposed to missing by design. Trawinski and Bargmann

(1964) derived the likelihood equations for the general multivariate



normal case in which observations are missing by design. An iterative
solution of the likelihood equations was presented.

Several early papers approached the missing data problem via tech-
niques other than maximum likelihood, thus avoiding any stringent distri-
butional assumptions as well as problems of computational feasibility.
Dear (1959) proposed a method for estimating randomly missing values in
the design matrix of a linear model. This technique estimates the
unknown values with the first principal component for the known portion
of the matrix.

Buck (1960) suggested replacing missing values with regression
estimates, which may be described as follows. In the simplest case,
only one missing value for each experimental unit, multiple regression
equations are solved using only those observational units with complete
data. Appropriate predicted values are then substituted for missing
data when needed. The extension of this method to cases where more than
one variable may be missing for some ‘units requires computation of
multiple regression estimates for all possible combinations of missing
data. The authors also gave the resultiﬁg'correction for bias needed in
the estimation of covariance parameters.

Glasser (1965) used an intuitive approach to estimate linear regres-
sion parameters for samples in which at least two subjects have complete
data for each pair of independent variables. His method, often called
"pairwise deletion," uses information from all subjects with non-missing
values for the ith and jth variates to compute the respective covariance.
These estimates combined with sample means and variances yield regression

estimates that are unbiased and consistent.



Timm (1970) published the results of a comparison study of several
of the methods already discussed, namely those of Dear, Buck, and substi-
tution of means due to Wilks. He also included estimation based only on
the complete data vectors, commonly referred to as listwise deletion.
Only estimation of the population variance-covariance and correlation
matrices was evaluated. After varying the number of variates, proportion
of missing data, sample size, and average correlations, the author
concluded that in general the methods of Buck and Dear were preferred,
with Dear's method being computationally more desirable.

Gleason and Staelin (1975) extended Timm's study to include a new
procedure in which missing data are estimated via a transformation of
the largest principal components of the data matrix. This procedure was
compared to three others for estimating missing data values: methods
due to Wilks, Dear, and an extension of the method due to Buck. In
addition, these four techniques plus Glasser's pairwise deletion were
compared with respect to estimation of the population correlation matrix.
In both studies, Gleason and Staelin's principal components method fared
at least as. well if not better than the others under most conditions.
The root-mean-square standardized residual was the criteria used to
measure the accuracy of the various methods.

Two different methods have been proposed recently that yield itera-
tive solutions for maximum likelihood estimates in the general multi-
variate normal case, i.e., no assumptions on the structure of the missing
data. The first of these is due to Hocking and Smith (1968) and Hartley
and Hocking (1971). Hocking and Smith dealt with estimation of X only.
They suggested subsetting the observations into groups with identical
patterns of missing values. Then the MLE's based on the group with

complete data are refined by adjoining linear functions of MLE's from




each group separately until all data has been used. At each stage an
upper bound on the gain in precision from incorporating the additional
information is available. While unable to verify that the final esti-
mates were maximum likelihood. in cases with more than two groups, the
authors did show that the estimates attained large sample properties
similar to those of MLE's.

Hartley and Hocking (1971) summarized the various aspects of the
incomplete data problem. They also defined a procedure which generalized
the method due to Hocking and Smith and illustrated that their estimates
were indeed maximum likelihood. The assumptions are that N observations
sampled from a p-variate normal distribution with mean vector M and
covariance matrix X are divided into T groups, group t having n, observa-
tions, each observation within group t having the same missing variates.
The likelihood equations are developed by noting that the total likeli-
hood is just the product of the group likelihoods, resulting in equations
that are in terms of the t groups of MLE's. The authors then proposed
an iterative solution which is shown to converge quickly in some examples.
The large sample covariance matrices for the estimates are available at
each step of the iteration. The difficulty with.this method is that the

parameters for a group with small n_ may be unestimable. The likelihood

t
equations of Hartley and Hocking can be solved analytically for the
special cases of nested groups considered by Anderson (1957). The
authors also verified that their procedure yields the same likelihood
equations as Trawinski and Bargmann for cases in which the mean vector
depends on other unknown parameters.

The second method of maximum likelihood for the general incomplete

data problem was derived by Woodbury and Hasselblad (1970) and Orchard

and Woodbury (1972) and is based on Woodbury's '"missing information



principle.”" According to this principle, the missing values are random

variables and the likelihood for the sample involves the conditional

distribution of the complete data given the observed data. The resulting
likelihood equations are often more readily solvable than those based

only on the observed data.

In this paper, Orchard and Woodbury applied their principle to
several examples, including a multivariate normal sample. First note
that for the kth (p x 1) observation vector of a GLMM, we could estimate
complete date as

-~ ~

Y = Y0t Yiom

where Xk 0 contains zeros in place of missing values and observed values
b

~

elsewhere, while Xk m contains estimates in place of missing values and
’

zeroes elsewhere. The estimate to be used for Xk o is the expectation
)
of the MVN distribution conditional upon the observed data; i.e.,

~ A A~

- -1 _
Yem = En*2Zno 20,0 Uiyo ™ Ko

Initial estimatesvfor 4 and 2 are based on the group of complete data
vectors. Note that the parameters of the conditional expectation above
will be the same for all observations with equifalent missing data
patterns. The estimated complete data matrix can then be used to refine
estimates of Y and Z for the next iteration.

Dempster, Laird, and Rubin (1976) argued that the algorithm proposed
by Orchard and Woodbury (1972) is a speical case of their two-step
iterative EM algorithm. During the estimation (E) step of a particular

iteration, sufficient statistics of the hypothetical complete data




matrix X are estimated conditional upon the observed data Y. The maximi-
zation step (M) then consists of maximum likelihood estimation of para-

meteré based on X. If ¢.is the parameter set and g(Y|¢) the sampling

distribution for Y, the authors proved that when g(Y|¢) is a member of

the regular exponential family of distributions the EM algorithm con-

verges to ¢* which maximizes [log g(Y|¢)], i.e., ¢* is MLE. The converg-
ence properties for Qn are also given in the paper.' If the EM algorithm

is applied to a MVN (u,2) sample, the sufficient statistics to be com-

puted at the E step are the column sums of X and the sums of squares and

cross-products for the columns of X. The missing components of these

statistics are replaced with the conditional expectations given the

observed data for each row of X. The M step is straightforward using

the sample moments. It is obvious that this algorithm produces the same

estimates as that of Orchard and Woodbury.

Dempster, Rubin, and Tsutakawa (1981) applied the EM algorithm to a
variance components estimation problem with missing‘data. Laird and
Ware (1983) illustrated the use of the EM algorithm with a random effects
model. They proposed a two-stage model for analyzing unbalanced longitu-
dinal data. Iterative estimation of the fixed and random effects was
presented assuming equal correlations between observations on a subject.

Other recent papers approach the missing data problem without
relying on the likelihood of the sample. Kleinbaum (1970, 1973) investi-
gated estimation and hypothesis testing from a '"More General Linear
Model" (MGLM) framework that includes samples with missing data as well
as different design matrices for different dependent variables.

Two unbiased, consistent estimators of X were derived based on

pairwise deletion which can be used to produce nonlinear BAN estimators



for functions of the model parameters. Two iterative procedures were
proposed to refine these initial estimates. In addition, Wald statistics
were constructed from the BAN estimators which can be used to test
linear hypotheses about functions of the treatment parameters. The
author illustrated these methods for several examples. Kleinbaum also
extended the growth curve model proposed by Potthoff and Roy (1964) to
include missing data and developed BAN estimators of the model parameters.
Hosking (1980) examined a special case of the incomplete data
problem. Randomly missing values were assumed to occur in the dependent
variables only of a GLMM with normality. Four techniques for estimation
of the model parameters were considered; listwise deletion and methods

due to

(i) Hocking and Smith (1968) and Hartley and Hocking (1972),
('lm{sn); .

(ii) Woodbury and Hasselblad (1970) and Orchard and Woodbury
(1972), ("WOH"); and

(iii) Kleinbaum (1970, 1973) ("KLN").

Hosking first generalized the methods of HHS and WOH to include
maximum likelihood estimation of P where E(Y) = y = XB. He also present-
ed a derivation of MLE's for § and I based on the work of Trawinski and
Bargmann (1964). Although the maximum likelihood techniques were shown
to be BAN, no relationships were found between those estimators and the
KLN estimators.

The Monte Carlo study included the four techniques above, pairwise
deletion, and estimation of the complete data matrix by standard GLM
methods. ~Sample size, proportion of missing values, and the average
intercorrelation of the dependent variables were varied. For the latter
factor, two correlation strucéures were used for "low" and "high'" respec-

tively. Four matrix-valued measures and three summary (scalar) measures




of accuracy were used. One major result was that the HHS algorithm
failed to work for the general model E(Y) = XB. (Hartley and Hocking

used X =1, B =p(1 x p)). In some cases the subgroup parameters were

inestimable due to small subgroup sizes while in other cases, the algori-
thm simply did not converge, or converged to unacceptable estimates.

The WOH and KLN algorithms converged in all cases and were superior to

listwise deletion with respect to all measures of accuracy. In general,

the KLN technique was preferred slightly for the estimation éf 2 while

the WOH technique was preferred for estimation of f. |

Longitudinal studies designed to contain missing data have also
appeared in the literature. Rao and Rao (1966) recommended a "linked
cross-sectional" study to determine growth norms and rates for Indian
school-age boys. The height and weight of each child aged 5 to 16 years
was measured yearly for no more than 3 years. The following data
patterns could therefore occur: measurements at one age only, at two
consecutive ages, at three ages, and at ages one year apart. The sub-
jects were grouped according to place of residence and regional differ-
ences were studied.

Rao and Rao used univariate weighted least squares theory to produce
estimates of the mean height (weight) at each age (ps,...,plé) by assum-
ing the following:

(i) Equal variances at each age for each subject;

(ii) Equal correlations between observations.
Pooled estimates of 02, p1; and p, over all subgroups were used in the
analysis where Pq signifies the correlation of any two observations i
years apart. The results of the analysis showed linked cross-sectional
designs to be "efficient" in the sense that the standard errors of the

growth norms were almost half the magnitude of those resulting from the
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standard cross-sectional analysis. The savings of such studies are
compared to longitudinal studies with respect to time and cost were also
discussed.

Woolson, Leeper, and Clarke (1978) and Woolson and Leeper (1980)
suggested analyzing the data arising from a linked cross-sectional study
in the framework of Kleinbaum's MGLM. It was assumed that the covariance
matrix for each subject's responses had the form °2£j for a known, symme-
tric, positive definite matrix Ej and unknown 02. The problem then
reduced to one in‘which univariate least squares theory applies. For
the special case where XB = y, the resulting equations are equivalent to
the least squares equations solved by Rao and Rao.

Woolson, et al. applied their technique to a linked cross-sectional
study, here referred to as a "mixed longitudinal design.'" Growth data
were collected from all 12 grades of a school system for five consecutive
years, covering ages from six to 18 years. It was of interest to esti-
mate growth norms and rates at each age. Thus some measurements are
missing due to the design of the study and some due to attrition.
Following the above model, two separate analyses were performed. For
the first analysis, Ej was assumed to have a fixed, known structur¢ and
for the second, pooled estimates of correlations across ages were used.
In addition, a standard cross-sectional analysis was carried out.
Little differences in the parameter estimates was observed for the two
estimates of Ej’ however, the mixed longitudinal analysis yielded consid-
erable reduction in standard errors of the estimates when compared to

the cross sectional analysis. In conclusion the authors indicated that

strong justification is needed for the choice of Lj in the analysis.
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Schwertman and. Allen (1979) examined the problem of estimation
with Kleinbaum's MGLM when the estimate i is non-positive definite.
The authors proposed an iterative smoothing procedufe that produces a
positive semi-definite estimate that is "closest" to %. A simulation
study was carried out to investigate the reliability of the Wald statis-
tics computed with this smoothing procedure. The results indicated that
smoothing was frequently needed with small sample sizes and particularly
sparse data, and that the sﬁoothing process seemed to stablize the Wald
statistics to reasonable values.

Leeper and Woolson (1982) performed a simulation study to determine
the small sample properties of the Wald statistics pfoposed by Kleinbaum
(1970) using three estimators of 2. The pairwise deletion estimator
originally proposed by Kleinbaum, the smoothed estimator of 2 proposed
by Schwertman and Allen, and a second smoothed estimator developed by
the authors were compared. The smoothed estimators eliminated the
problem of negative test statistics but greatly affected the distribution

of the test statistics.

1.3 Covariance Models Associated with Longitudinal Data

Modeling of the population covariance matrix is often employed in
conjunction with the analysis of longitudinal data. Potthoff and Roy
(1964) suggested specifying a structure for I in the analysis of growth
curve data. In their example, four measurements on a subject were
presumed to be serially correlated and the following model for X was

applied:
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P 2 -
1 p P P
2
, P 1 e p
1= |,
P p 1 p
3 2

where p is estimated from a separate but similar experiment.

Machin (1975) assumed this same general structure for X in a com-
parison of two longitudinal designs. Instead of measuring n subjects on
the same p occasions,»he proposed taking fewer measurements on each
subject and compensating by following more subjects such that the total
number of observations remained unchanged. Not all measurements in the
second study were taken on the same occasions. Assuming a GLMM with
normality and known 2, expressions for the variances of the model para-
metefs, B, were derived. The relative efficiency of the two designs
with respect to B was examined for a specified structure of Z (the
serial correlation matrix described above). The second study proved
more efficient whenever p was positive.

Morrison (1972) considered the analysis of repeated measurements in
the presence of constraints on the covariance matrix.. His primary
consideration was testing the equality of the elements of the mean
vector, Y, from a multinormal sample. The model assumes p responses not
necessarily ordered in time, as in the GCM. The hypothesis of interest

is then

For a general, positive definite X, Ho can be tested with Hotelling's T2
statistic. If the "symmetric variance-covariance'" model is assumed for
2, i.e., cov(xi, xj) = p02 and var(xi) = 02 the generalized likelihood

ratio test due to Wilks (1946) applies. Morrison developed two different.
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test statistics suitable for a class of "reducible" covariance matrices.
This class includes matrices such that C3C' is diagonal for some C,
(p - 1)x p, of rank (p - 1) whose elements are independent of I. One

example is the covariance matrix associated with a Wiener stochastic

process:
= g% . -
I=o0 Fty ety
t] ty..ty
Lty tyeet, ]

Another class of matrices considered are those reducible to a "compound

symmetry pattern."” The successive serial correlation matrix is an
example:
§=02- 1 p 0...0
p 1 p...0
0 0 0...1

The information statistic due to Geisser (1963) can be used to test the
repeated measures hypothesis for this class. Mofrison proposed a likeli-
hood ratio test developed by Bhargava (1962) for longitudinal studies
with hierarchically missing data. The gains in sensitivity of the tests
that follow from assuming a structure of X are illustrated by comparing
the average squared lengths of the simultaneous confidence intervals.
Modeling of covariance matrices also appears extensively in the
analysis of econometric data. Longitudinal data consisting of responses
measured at T time points on A cross-sectional units are often analyzed
in the field of econometrics with a cross-sectional time series (CSTS)

model. The general definition of the CSTS model is as follows:
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X <X B + u, , 1=1,...,A,
where xl = (y11) yizi L ’yiT) -

is a vector of responses for the ith cross-sectional unit taken at T dis-
tinct time points, X is a known (T x q) design matrix, B is the (q x 1)
vector of unknown model parameters, invariant over time, and v, is the
(T x 1) vector of residuals. Several methods of estimation for this
model have been proposed in the literature and are briefly reviewed
here. Each method differs with respect to the assumptions made about
the behavior of the .. For a more comprehensive review of the litera-
ture on pooled cross-sectional time series data the reader is referred
to Dielman (1983).

Early work in this area relied heavily on the method of "seemingly
unrelated regressions" due to Zellmer (1972). To apply this method, the

following assumptions for the CSTS model must be made:

(1) EQg) = o,

(ii) E(gi 2{) Gij Iy 1,3=1,...,A.

Zellner suggested estimating the {Oij} via ordinary least squares (OLS)

regression, i.e.,

Ao _ 1 o,
Uij T T-q (Xi X, 20) (Xj gj Eo)

-~

where B is the OLS estimator of B. The weighted least squares (WLS)

0
estimator of B computed using the aij is shown to be unbiased and to
follow the same asymptotic distribution as T>® as the WLS estimator of B
when the Oij are known.

Zellner's method does not allow for correlations among measurements

on a given cross-sectional unit, which is often unreasonable in econome-

tric analyses. Several methods have been proposed that incorporate
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various correlation structures with respect to time in the CSTS model.
Parks (1967) developed a three-stage estimation procédure assuming that
the X follow an autoregressive process of order ome, AR(1), namely

= + =
Uy TP Y ey Y&y 2T

where
E(eit) =0

g.. if t=s
E( )-{”

€it %38’ °
J 0 otherwise
assuming the usual initial conditions it can be shown that

t-s|

E(u;, u, ) = 9;Pi /(1 - pipj)-

js
The p;, are estimated in the first stage, the Uij are estimated in the
second stage, and the third stage consists of computing the WLS estimator
of B with these estimates. Let X = (51, ;52,...;5A)'. Then assuming
X'X/T approaches a positive definite matrix as T>» and E(B) exists,
Parks' estimator of B is unbiased and has the same asymptotic distribu-
tion as the WLS estimator when all variance-covariance parameters are
known. |
Kmenta (1971) simplified Parks' assumptions and thereby proposed a
two-stage estimator of B. By assuming oij =0 if i # j the model reduces
to one in which the A cross-sectional units are heteroscedastic but
autocorrelations are present only within each subject with respect to
time, i.e.,
lt-s|

2 2 i e s o
E( _ {01 pi /(1 Pl) 1f1_.]

u.t u. -
it Js 0 if i #j

Kmenta's estimator enjoys the same asymptotic properties as Parks'
Joy

estimator but can be computed in two steps.
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Fuller and Battese (1974) considered estimation for the CSTS model
with a "crossed-error" covariance structure instead of specifying a time
series model. The residuals are assumed to have the form

uij =a, + bj + eij
where a,; is the cross-sectional unit effect, b. is the time effect, and
eij is the residual effect. It is assumed that a., b., and eij are
independently distributed with mean zero and variances Gi, 0%, and 02,
all positive.

Fuller and Battese suggést estimating the variance components with
the "fitting-of-constants" method (e.g., Searle, 1971). The WLS estima-
tor of B computed with the estimated variance components is then shown
to be unbiased and asymptotically distributed as the WLS estimator of B
when all variance components are known. The authors describe a computa-
tional scheme involving OLS regressions of transformed data with minimal
matrix manipulations.

Da Silva (1975) introduced a model more general than those describ-
ed above. He claims that a major limitation of the methods due to
Zellner, Parks, and Kmenta is the assumption of a fixed number of cross-
sectional units. The resulting asymptotic theory holds only as the
number of time points increases to infinity. It is often desirable in
econometric analysis to assume that the cross-sectional units are a
sample from a population of interest. To solve this short-coming, da
Silva's model incorporates a random cross-sectional unit effect, a
random time effect, and a finite moving average model for residuals. He
argues that while most econometric analysis is carried out under the
assumption of an AR(1) residual model, an infinite moving average method
is the most general model for stationary processes and can be closely

approximated with a finite moving average model, MA(q).
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It is assumed that

u., = a. +b,_+e
1 t

‘e ,i=1,...,A, t=1,...,T,

it
where a; and bt are as specified above in the crossed-error model due
to Fuller and

e SOy L t o B Gty &y M < T-1.

The {8t} are iid random variables with E(si) = 02 > 0. We have

Cov(eit, eis)

_ { y(lt-s]) ,  lt-s| <M

0 , Jt=s|] > M.

Da Silva formulates the variance of y = (xl,...,zA)', V, in terms of

the M + 3 unknown variance components. He then applies a method due to
Seely (1969) for estimating the components and computes i. A method

due to Hannan (1963) can be used to transform i into a matrix, V¥,

with a known -spectral decomposition. The WLS estimate of B computed
using V¥ is then shown to be unbiased and asymptotically normal and
efficient due to the properties of these Hannan estimators.

Andersen (1981) applied time series covariance models to a two-way
analysis of variance design. Under the assumptions of an autoregressive
error process and a moving average error process, both of order one, the
authors derived an approximate F test for testing row gnd column effects.

Their work relies heavily on that due to Box (1954, 1958) and Anderson

(1971).



CHAPTER 2

MODEL FORMULATIONS AND RESULTS

2.1 Model Definitions

In this section the various multivariate linear models in the
literature are reviewed for application to incomplete longitudinal data-
sets. Each model that is introduced is shown to be a special case of a
general linear model, defined below, with suitable constraints imposed.

Consider the following, very general definition of a linear model

(LM):

(2.1.1) Elyl = Z y

Var([yl Q

where y is an (N x 1) vector of observations,

Y is a (q x 1) vector of unknown model parameters,

N

is an (N x q) design matrix corresponding to Y with full column
rank (= q), ’

O

is an (N x N) positive definite symmetric covariance matrix.
One can add the normality assumption (optional):
LV NEZ Y Q.
In this most general case Q consists of N x (N + 1)/2 unknown elements.
By imposing constraints on these elements, the model reduces to other

well-known models. For example, suppose

2 . . . .
where 0° is an unknown variance parameter. Then the observations in y
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are independent, assuming a normal distribution, and homoscedastic. The
Gauss-Markov Theorem guarantees that best linear unbiased estimates of ¥

exist and are given by

A~

1= @ !

’

A AR

The General Linear Multivariate Model (GLMM) defined in Chapter 1
is also a special case of the LM (2.1.1). Given a data matrix Y arising
from an experiment in which p responses were measured on n subjects,

suppose Y ~ GLMM (X B, 2) where X, B, and I are as defined in (1.1.1).

Let
Y = [lpeeoxl”
np x 1
z = [1 ®x,
£ 1
np X pg P
L®x
-
¥ = |k
pq x 1 .
b
| ~P
Q =1 ®2
np X np
where

X denotes the ith row of Y, i

H
[y
-
~
=]
-

~

X denotes the ith row of X, i =1,...,n,

Ej denotes the jth column of B, 3 = 1,...,p.

With these definitions and constraints on the structure of Z and @, the
linear model given in (2.1.1) reduces to the GLMM with parameters B and

.
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Kleinbaum (1970, 1973) expanded the GIMM into a more general frame-
work, which he called the More General Linear Model (MGLM), in order to
allow for missing data as well as different design matrices for different
dependent variables. In the MGLM it is assumed that each of p response
variates was measured on some subset of n experimental units. For the
sth response variate, s = 1,...,p let

s denote the (Ns X 1) vector of observations,

QS denote the (qs x 1) vector of model parameters,

QS denote the (Ns X qs) design matrix.

The "vector-version" of the MGLM given by Kleinbaum is equivalent to the

LM with
2.1.2) gy =[xy , P )
Nx1 . Qx1
b
LXP ~P
-
z =3 0 :
NxQ .
0 A
L~ P
Q =[o, Ly ... o U
NxN . 1 P =P :
u;, ... o1
| "1p ~1p pp ~Np

£= (050, U= (),

~rs ij’’rs

: , h .
and u.. = 1 if the ith observation on the rt variate and

. th ,
the jth observation on the s variate are on
the same subject -

0 otherwise.
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Thus the LM formﬁlation of (2.1.1) encompasses the MGLM when the
above definitions and constraints are applied. The MGLM allows a great
deal of freedom in model assumptions. The number of observations on a
response variate (Ns) is allowed to vary as well as the number of model
parameters (qs) used to predict each response.

The General Incomplete Model, GIM, was introduced by Kleinbaum
(1970) as a special case of the MGLM in which the vector of model para-
meters, QS, is of dimension (q x 1) for all response variates,
s=1,...,p. Missing observations are allowed, however, and the subjects
are grouped according to patterns of missing data. For the jth missing

data group, j = 1,..., u, we have the model:

E[Y.] = D. BK.
~] ~J ~~]
Var[ith row of Y.] = K, 3 K.
where
Xj is the (nj X mj) matrix of observations,

B is the (q x p) matrix of model parameters,
D. is the (nj x q) design matrix,

K. is the (p x nj) incidence matrix defining the variates observed

. .th . -
in the j = group, i.e., Kj = ((kﬁi))j where

1 if the ith variate measured on the jth group

li(.; th
J corresponds to the £ variate in the complete

data matrix, i = 1,...,mj, 2=1,...,p,

k

0 otherwise.
To see that the GIM is a special case of the LM, consider the
"vector-version' of this model. Let xj denote the (njmj x 1) vector of
columns of Xj (i.e., Xj "rolled out by columns"). Then the GIM is

equivalent to the LM with



22

=y Y =Tk
Nx1 . pq x 1 .
A 2,
-
Z = | K/ D
N x pq 1 CP ~1
* 1 s
5 ® D,
Q =[K kK ® I 0
NxN 1== . ~
* b
0 2K ® L
u
N = 2 nm
j=1 J ]

The GLMM, MGLM, and GIM include the assumption that responses
measured on a subject are a subset of a well-defined set of p response
variates. It is often the case in longitudinal data that responses for
an individual are measured at arbitrary or even unique time intervals.
The following definitions will adapt the LM to such a situation.

For the jth individual, j =1, ..., n, let

xj denote the (mj x 1) vector of measurements or responses,
Yy denote the (q x 1) vector of model parameters,
Zj denote the (mj X q) design matrix.

The following individual model can be defined:

(2.1.4) E [y;] =2, x
Var[y,] = ¥,
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where it is assumed that X; is independent of ¥ for j#j°. The n

individual models can be combined into the following version of the LM:

(2.1.5) Elyl =2y,
Var[yl = Q ,
where : I =7y , zZ = %1 ,
Nx1 . Nxq .

O
]
<l
O
=z
I
nmMmpg
=]

WO
3<

This model will be referred to as the linear model for individual obser-
vation times, LMI.

Laird and Ware (1983) considered the use of a two-stage random
effects model for the analysis of longltudlnal data with arbitrary
observation times for each subject. Their model is a special case of
the LMI in which each covariance matrix, Yj’ is assumed to havé a parti-

cular form. At the first stage, the jth subject's responses are modeled

as
2.1.6 .= 2. + X. a, +
( ) zJ ~J > ~J ~] ~J
where
Var(e.) = V,
~ ~J
and

Here y and gj are assumed to be fixed effects. At the second stage, the

distribution of gj across individuals is introduced:
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Var(a.) = U,
~J ~
Cov(gj, gj') =0 for j#ji,

Cov(g,, £) = 2,

where U is a positive definite, symmetric matrix. Assuming a normal

distribution for xj and gj, we have

]
&<

(2.1.7) E(xj)

’

V. + X. U X.
~] ~l T

Var(xj)

This is just the model formulation for the LMI with a particular struc-
ture imposed on the individual variance matrices.

A simple example of the model given in (2.1.7) often used for

longitudinal data is the variance components model given by

y'j = 02 ~m
J
and )
y =90, - 1 p p

p . .. 1

Here 02 is called the error variance component and oi the individual
variance component.

It should be noted that the GIM is a special case of the LMI in
which gj consists of the rows of Xj and yj = 55 2 Kj for each subject
in the jth data group. Since multiple design matrices for each subject

are not being considered here, the LMI and GIM afford most of the gene-

rality needed for this research.
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2.2 Estimation for the LM

In this section the results on estimation for the models defined in
2.1 are reviewed for the case in which the covariance parameters are
known. In addition, questions of estimability of the model parameters
are discussed.

In the analysis of data which satisfy the GLMM assumptions, nota-
tion, and structure, it is usually of interest to estimate the parameter
matrices B and X as well as functions of the form C B U for constant
matrices C and U of conforming dimensions. As is well-known, best
linear unbiased estimation (BLUE) is possible in this setting (e.g.,
Morrison, 1976). The BLUE estimates for B are the ordinary least squares
estimates given by

= (x’ X)-l g

~ A

W >

Y .

For both the MGLM and the GIM, estimation of the parameter vector b
is of interest, as well as estimation of functions of the form H Db for

known H. In MGLM notation these functions can be written as

P
Hb= 2 ¢ b
~ ~ ~s ~s
s=1
for constant vectors S Kleinbaum (1970) illustrated that linear

functions of the form C B U are special cases of (2.2.1) where b is the
vector-version of B (i.e., E "rolled-out by columns'"). In particular,
when H = U x g' the two expressions are identical. Similarly, in the
LM setting it is of primary concern to estimate Y and linear functious
of the form H Y.

Under the LM assumptions with normality, y ~ N(Z Y, Q) where Z is
of full rank q. Therefore all linear functions 6 = H y are estimable in

the sense that an unbiased linear estimate exists for 8, viz.,
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(2.2.2) =E @ D72y

D >

and E(8) = 8. However these estimates may not be best in that they may
not achieve minimum variance among all linear estimates of 6. Of Q is
known, then Gauss-Markov theory can be applied to produce weighted least

squares (WLS) estimates of 0 which are BLUE (e.g., Rao, 1973)

(2.2.3) 0=Hy=8@ ¢ 'z 9y
with
(2.2.4) var(8) =H (2" @' 2"t 1°

In practice it is usually the case that Q is not known. While it
is not possible to obtain BLUE estimates in this case, one can compute
best asymptotically normal (BAN) estimates of H Y under additional
assumptions. Kleinbaum (1970) considered BAN estimation for the MGLM
and GIM. The discussion that follows presents BAN estimation procedures
for the LMI.

2.3 BAN Estimation for the LMI

~In this section, the asymptotic properties of weighted least squares
(WLS) estimates are presented for the model parameters, Y, in the LMI
when the covariance matrix, Q, is unknown. Since it has been shown that
the GIM is a special case of the LMI in which subjects can be grouped
according to like missing data patterns, the results presented for the
LMI parameters apply to the GIM parameters also.

For the LMI given in (2.1.5) with normality, y ~ N (Z y, Q) with

log likelihood function given by

(2.3.1) 1log L = -g log 2 - % log 19| - % (y-2y° 9'1 x-2y

The Fisher information matrix with respect to Y, En (y), is given by
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]
tx1

(2.3.2) En (y)

after applying several well-known rules of matrix differentiation. The
Cramer-Rao lower bound for the variance of an unbiased estimator of Y is

given by

-1

—- ’ -1
(2.3.3) E " =(2

Q' 2)

provided En is positivé definite. A best asymptotically normal (BAN)
estimator for Y satisfies

0 L
(2.3.4) E*(y - Y > NQ D-

A

Thus X, is "best'" in the sense that the lower bound for the variance
matrix is achieved asymptotically. Clearly, any estimator that is a
BLUE is also a BAN estimator.

Before continuing, it is necessary to define a consistent matrix
estimator. A matrix estimator is said to be consistent for a parameter
matrix if each element is a consistent estimator of the corresponding

element in the parameter matrix. For example, 2 is consistent for 2 if

we have

v o

Q@

L. g..
1] 1]
where 2 = ((oij)).

A Lemma concerning continuous functions of consistent estimators is
presented below. Although this result is well-known, a proof is provided
for completeness.

Lemma 2.3.1. Given a random sample ) AERREEY A with X; v G(8), let

In(zl""’xn) be a consistent estimator of 6, 6 € O, the parameter space.



28

Let g(8) be a continuous function defined on ©. Then B(In) is a con-
sistent estimator of g(g).
Proof. Since In is consistent for 8 we have
Pr {IT -8]>¢} »0asn-~>o»
or - '
Pr {IIn -0l <e} >1asn-~>o
For any ¢ > 0, the continuity of g guarantees that there exists ann > 0

such that {IZn - 8] < n} implies {Ig(In) - g(B)| <& }. Therefore
1 > Pr{ |g(En) - g(8)] <&} > Prf IIn -6l <n} -1

as n > ®,

Pr{ Ig(T) - g(8@)I > e} > 0asn~>o
q.e.d.

For the model formulation given in (2.1.5) the following assumptions
are made:

(2.3.5) (i) The vector y consists of n independent random vectors,
X each of dimension (mi x 1) with m, < p where p is

a fixed positive constant, and X N(gix, yi).

~ (ii) The elements of V. are continuous functions of a vector
of parameters, Q,lthat does not depend on i for
i=1,...,n; i.e. the parameters are common across the
vectors of observations, X

(iii) If Nk denotes the total number of vectors contributing

to the estimation of Y (i.e., vectors with,zik £ 0)

then as n > ®, N > ® also for k =1,...,q.

k

" Assumption (ii) above is made to ensure the estimability of
whenever ¢ is estimable. Assumption (iii) is made to ensure the esti-
mability of Y. In a repeated measurements design, this assumption is
equivalent to requiring an adequate number of measurements at each of

the response times while allowing for missing data.
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The following Theorem establishes a BAN estimation procedure for Y
under the assumptions specified above. The sample of n random vectors
is divided into two subsequences of equal length. Consistent estimators
of ¢ are produced using the first subsequence, and consistent estimators
of Yy are computed using the second subsequence. Without loss of general-
ity it is assumed that n/2 is an integer. An additional assumption must
first be made.

(2.3.6) (iv) There exists consistent estimates of ¢, and hence of Q,
based on the subsequence of n/2 odd-numbered vectors,

{ xZi-l}’ i=1,...,n.
Under assumptions (i) - (iv) above, the following result can be estab-

lished.

Theorem 2.3.2. For the model given in (2.1.5) and assumptions (i) -

-~

(iv) in (2.3.5) and (2.3.6), let Q = Diag (21,...,2n) denote the con-

sistent estimate of Q based on the subsequence of odd-numbered random

vectors, ¥;, ¥g»--sXp-q1- Let

_ n/2 ~_1 -1 n/2 ~_q
(2.3.7) Ay = 121 Z 2i L2i £y 21 Z21 L2i X2i

denote the WLS estimate of Y based on the independent subsequence of
even-numbered vectors, IAYID FAREREY AT If, as n > ®,
n/2

(2.3.8) (n/2)"} z z;
1

-1

Zy; ¥oj %95~ &

~

where C is a constant positive definite symmetric matrix, then X, is a
BAN estimator of Y based on a sample of n/2 random vectors.

Proof. For simplicity of notation, let all summations range over
i=1,...,n/2. Let x: denote the BLUE of y based on the even-numbered

subsequence when  is known; namely

* 1 -1

xn [ 2 Z21 Z21 gZ ] 2 Z

21 ~21 x21 :
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Then

V72 (- =R 13 25 o1 By5)T 25 y !

21 ~21 ~21 Roi

where Y = %i Xty By assumption (i), n,ov N(O, yi) for i =1,...,n, -
therefore

W72 (- P~ N, (0/2) [E 255 Ui Zp51 ™)

L -1
> N, &) .

Consider

Jn/2 (1: - x) =72 {[z Zy, —1 Zy5 1! 2 Zy ~21 %24

vy g7l RET

i ~2i 2 )

- [z Zz 21 Xoi Xoi

vl 170 g5 27 vl
=072 (2 Z5; Vo5 ZBp3)  £2 291Vpi%0s

~ A

- 1 -1 » -1
- 122y y-21 2,,) 225 %p 35,1 7 2 25 Yy %58
o P -1 P -1
By assumption, Yi > yi; therefore !i > Yi and
A p )
.t -1 . -1
(gi y'i gi) > (Zl ~1 Zi) )
~ We have
a7 (o -y =477 2z izt ool -l
I " X, Zy; Yoi %o 29i Wi T X2i’ B2 -
Let i
_ -1 -1
én = (0/2) [2 Z 2i y'21 £21] .
and
. e I
By = (0/2) * 2 Zy; (Uy; = Npy) By; -
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Then én > g'l. Since ¢ was computed from an independenf subsequence,

221 is independent of Loso i=1,...,n/2. Therefore

E(B] = (/2)™ 125 (Y51 - ElY,;1) E(,))

and

Var[gn] = Eé [Var(gn | ;)] + Vari [E (En | i)]

- -1 =1 N
= E~ [(n/2) Z Var[Z 21 221) Y. | ¢]
9
= E~ [(a/2)"} Wl -uh . @l - uh 2z
N 21 ~2i ~2i "~2i ~21 ~2i °
c-1 P :
Since gi >V ~ Var(gn) > 0 as n > ®. This implies that
14 | 1 P P
B »E(B)=0and sinceA »C  and B >0, then A B > 0.
~n ~n ~ ~n =~ ~m ~ ~n ~n ~

% ~ P
Thus n/2 (xn -y > 0.

A~

In order to establish xn as a BAN estimator of Y it remains to be
shown that

(x22. vz 1% ) " N(Q, I)-
~2i ~2i ~21 xn b
Let

A . = (n/2) % [ 2 z21 ~;1 £21]%'

- 1
Then én% > C2%. We have seen that

% -1
W7z (o - ENE, T
By a Theorem due to Sverdrup (Puri and Sen, 1971), if yn/2 (x; - gn) >0,

then Jn/2 (Y, = ¥) has the same asymptotic distribution as yn/2 (x; - ¥);
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L
namely +n/2 (jn - ¥) »> N(O, g-l).

A

Therefore X, is a BAN estimator of Y based on a sample of n/2 random
vectors as n »> ®, q.e.d.

It should be noted that although the procedure just described
relies on independent estimation of the variance-covariance parameters,
¢, and the mean parameters, Y, it is arguable that the use of the entire
sample for the estimation of both sets of parameters is also a good
procedure. However, the asymptotic properties of the resulting estima-
tors have not been readily attainable.

One requirement for BAN estimﬁtion of model parameters in the LMI
with normality is a consisﬁent estimate of ¢. For the GIM, this require-
ment is equivalent to a consistent estimate of X. Kleinbaum (1970)
suggested using an estimate of I computed via pairwise deletion. In
this procedure, each covariance parameter, Grs’ is estimated using only

those subjects with measurements for both the rth and sth response

~

variates. This estimate, O.g9 is equivalent to the usual covariance

estimate for the GIMM with two dependent variables. Similarly, the

~

variance estimates, o> are computed as the usual estimate of variance
. . . . th

in a univariate model by using all measurements on the r response
variate. Each parameter estimate must be divided by the appropriate

degrees of freedom. Sufficient conditions for the existence of this

~

pairwise deletion estimator, £ = ((Ors)), are given by

(2.3.9) Nrs > 2, r,s =1,...,p

, th th
where Nrs is the number of subjects with measurements on the r = and s

~

response variates, and £ is of dimension (p x p). Furthermore, 2 is

unbiased and therefore consistent for X in the GIM provided
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(2.3.10) 1lim Nrs/n exists and # 0, . r,s = 1,...,p

n>o
where n is the total number of subjects (ref. Kleinbaum, 1970, Theorem
2.4.1 and Corollary 2;4.3).

In analyzing data that satisfy the GLMM assumptions, it may not be
possible to compute covariance estimates with pairwise deletion techni-
ques due to missing values (i.e., conditions (2.3.9) and (2.3.10) may
not be satisfied). One approach to computing reasonable covariance
estimates is to impose constraints on the p(p + 1)/2 unknown parameters
of 2. For example, assume =2 (¢) where ¢ is a (t x 1) vector of
unknown parameters with t < p(p + 1)/2. Then it may be possible to
consistently estimate I based on a suitable estimate of ¢.

This method can be illustrated with aisimple example. Let

X =

Va4 |

where "+" denotes a missing value, and assume Y ~ GLMM (X B, 2). Clearly
if 2 = ((oij)), 019 and 0,4, are not reasonably estimable from this data.

However, suppose the following model is assumed for 2:

s =0¢ [1 p o »p

p e . »

Then ¢ = (02, p) can be estimated by considering the four observations
as independent bivariate normal random vectors and computing the sample
variance and correlation. Assuming a model for the covariance structure

enables an estimate of 2 to be computed.
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Clearly the result of Theorem 2.3.2 applies when a model is assumed

for 2 in the GIM provided that the elements of 2 are continuous functions
of ¢, and that consistent estimates of ¢ are available from the appropri-
ate subsequence. The topic will be considered in detail in Chapters 3
through 6. : N

2.4 Testing Hypotheses in the ILMI

In addition to deriving WLS estimators for the MGLM parameters,
Kleinbaum also suggested creating Wald statistics based on these estima-
tors for use in testing hypotheses about the parameters. A brief review
of the theory of Wald statistics is given in this section (ref. Wald,
1943).

Given a random sample of size n, ) ATRERE) A whose distribution

depends on a parameter vector §, suppose g(£) is a (w x 1) continuous

vector function of g with continuous first partial derivatives. Let

gngg) denote the Fisher Information matrix for § and define -

2587 ., [28®
(2.4.1) Cn = W En (g) —a-g— .
If é is a consistent estimate of § and g(g) is BAN for g(£) then

A . A-l ~
(2.4.2) (g(§) - g(8)1" C = [g(§) - g(§)]
has asymptotically a central chi-square distribution with w degrees of
freedom, X2, where C = C (§). Based on this result, the statistic
w “n ~n
suggested by Wald (1943) to test the hypothesis

(2.4.3) Hy: g(8) =0

is given by
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- ()] &1 [a(
(2.4.4) AN A R P

When Ho is true,
(2.4.5) W X as n > ®,
In the LMI it is of interest to test hypotheses of the form

(2.4.6) Hy: Hy=0

where H is a (w x q) constant matrix. The following theorem provides a

test for Ho.

Theorem 2.4.1. For the LMI with normality, assume that the conditions

of Theorem 2.3.2 are met. Let Q@ = Q(¢) denote the consistent estimator

-~

of Q based on the odd-numbered subsequence, and let X, be as defined in
(2.3.7). Then if H in (2.4.6) is of full column rank, w, and if (2.4.6)
is true,

(2.4.7) wn

-~ A_ - -‘ -~
@y) @ DT ET @YY

has a limiting central chi-square distribution, as n - o, with w degrees
of freedom.
Proof: From Theorem 2.3.2, H Yy is a BAN estimator of H y. The Fisher

information matrix for X is

» -1
F(Y=2"2" 2,
d Hy
and — =H.
2y ~

Thus Wn is a Wald statistic with the desired limiting distribution.
q.e.d.

Here again, the technique of estimating ¢ and Y from independent
subsequences has been employed to guarantee that Wn follows an asymptotic
chi-square distribution. Although Wald test statistics can be computed
using the entire sample for estimation of both ¢ and y, the test statis-

tics may not follow an asymptotic chi-square distribution.



CHAPTER 3

THE GIM WITH COVARIANCE CONSTRAINTS

3.1 Introduction

In this chapter the analysis of incomplete longitudinal data with
covaraince constraints is considered for cases in which the dataset
satisfies the GIM assumptions. A numerical example is given to illu-
strate the methods of analysis.

The data are assumed to arise from an experiment in which p
responses were measured on n subjects but some of the responses may be
missing. Let {vl,...,vb} denote the p response variates. The ith
subject's response vector consists of m, < p measurements where
{Vl""vm.} £ {vl,...,vp}. It was shown in section 2.1 that Kleinbaum's
GIM is a];uitable model for this data configuration. Recall that with
this model the subjects are grouped according to similar patterns of
observed variates. Let j=1,...,u index these data groups. Then, repeat-
ing the notation of section 2.1 for convenience, we have the following

model for the jth group:

(3.1.1) E(XJ-)

It
=

H
Y
=
-
[
1}
—
-
-
=
-

Var(ith row of Xj)

Cov(ith row of Xj’ 27" row of Xj) =0, i# 2,
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where Xj’ Qj B, Kj’ and I are as defined in (2.1.3). It was shown that

this model is a special case of the LM with the vector of model para-
meters, Y, equal to the vector-version of B ("rolled out by columns™).
Kleinbaum's estimator of Y, and hence of B, can be computed using any
consistent estimator of X. This estimator is expressed in terms of the

u groups' parameters as follows:

A

(3.1.2) y= @ otz

-1
-1 ,
Lzl (K, @D ) (~J z 15J®;,n ) (53-@93-)] .

3
u

J= .
J

d S -1 T -1
=l 5 k. ® zk) K. ®D;D. s K. (K’ XK. D’ v.
j &5 2 Ky K;®Dy R; o1 &5 Z X;) ®2; 15

where xj is the vector-version of Xj'

From a computational point of view, this expression is more desir-
able fhan the expression for the general LM estimator. For large data-
sets, since Q is an (np x np) matrix, its inversion could require large
amounts of computer time and storage. If (3.1.2) is used to compute
estimates, the data can be processed one group at a time and the summa-
tion termé accumulated over groups. The dimension of 55 3 Kj is
(mj X mj) which is never larger than (p x p).

Expression (3.1.2) defines a BAN estimtor provided that é is con-
sistent for Z and the conditions of Theorem 2.3.1 are satisfied.

Kleinbaum introduced a pairwise deletion estimator for the MGLM that is
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unbiased and consistent for X. The form of this estimator simplifies

somewhat for the GIM. Let

(3:1.3) 9y = %5 1 - By@y )~ Byl X,
J
and
u
(3.1.4) §= % K.Q.K’
j=1 477

-~

Then the pairwise deletion estimator, EPD = ((sz)) is given by

A

(3.1.5) Opp = skzl(Nkz-q) , k,2=1,...,p,
where
§ = ((549)),
- . . th th
Nk2 = the number of subjects on which both the k™ and £
response variates are observed,
q = rank (Qi Qj) for any j=1,...,u.

This estimator is consistent for Z in the GIM provided Nk2 > ® as n > ®

for k,2=1,...,p (Kleinbaum, 1970).

A

Kleinbaum also suggested an iterative refinement of Y. Note that

the pairwise deletion estimator EPD is computed using ordinary least
squares (OLS) residuals. Given an estimate of Y, residuals could be
computed and a new estimate of 2 produced by a method similar to that
described above. Briefly, let i(l) denote the estimate computed by

substituting EP in (3.1.2). Let

D
(3.1.6) R. =Y. -D. BV k.
~ ~ M1 ~J
“(1) . . o(1)
where ¥y has been reshaped into the (q x p) matrix B "7, and let
u

1.7 Ss= 2 K.R:R.K:
G ) ~ ~)] ~3 "~ )

j=1



39

Then a second estimate of Z can be computed as in. (3.1.5) and, in turn,

*(2)

used to produce a refined estimate, Y The steps defined by (3.1.6),
(3.1.7), (3.1.5), and (3.1.2) can be repeated until the estimates con-
verge. Note that at each step, (3.1.6), (3.1.7), and (3.1.5) define
another pairwise deletion estimation of 2.

As will be illustrated in the next section, it may not always be
possible to estimate X with pairwise deletion techniques due to the
sparseness of the data. In such cases, a constrained formulation of z
will be required. If this formulation defiqes 2 as a function of para-
meters which can be consistently estimatéd from least squares residuals,
then iterative estimation of the parametefs as described here will still
be possible.

Kleinbaum indicated satisfactory convergence properties for the
iterative procedure defined by (3.1.2)-(3.1.7) for several example
datasets. Provided that the formulation of Z as a function bf ¢ is a
valid assumption and that consistent estimation of ¢ is possible from
the Bj’ similar convergence properties would be expected. Hosking
(1980) suggested using the maximum relative change in the elements of

~ A

B and I as the convergence criterion. In the constrained case it is

A A~

only necessary to examine the changes in B and §.
3.2 An Example

In this section the analysis of a dataset satisfying the GIM assump-
tions is illustrated. It will be shown that due to sparseness of the
data, Kleinbaum's proposed estimation proéedﬁre based on the pairwise
deletion estimator was not possible. Several alternative models for 2
were considered. Thus this eiample serves as additional motivation for

pursuing estimation with a constrained formulation of 2.
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The covariance models used in the analysis are based on the assump-
tion that Z is a function of two parameters, a common variance for each
response and a common covariance between adjacent (in time) response
variates. Let X = g(gj and ¢ = (02, p) where the elements of Z are
continuous functions of the elements of ¢. By Lemma 2.3.2, if ;2 and P
are consistent estimators of 02 and p respectively, then g(&z, p) is
consistent for Z (02, p).

One model of this form often used in analyzing repeated measurement

data is the equi-correlation model:

(3.2.1) gEQ =d? - 1 p...p
p
p . .. 1

Rao and Rao (1966) and Woolson, et. al. (1978) assumed this model

in analyzing linked cross~-sectional data. Consistent estimates of 02

A

and 02p can be defined in terms of the elements of ZPD' Let

(3.2.2) o 5 / 5N
.2, o = s - q
| oy Sk |2 kk
and
2 5 3|3 %o
ap = s q
k=1 2=1 ¥ k=1 =1 K
K2 k2
where

~ A

s is defined in (3.1.4). The consistency of 02 and Uzp is obvious

k2
since the average of consistent estimates is also consistent.
Another covariance pattern commonly associated with measurements

collected over time is the tri-diagomal matrix
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_ 2,
(3.2.4) ETR =0 | ; ? g ; g
o‘ -
o . . .1

Under this model the assumption is made that correlation exists only

between responses that are adjacent in time. Computing 02 as in (3.2.2)

and

(3.2.5) é@b = p;l S / [p;l N -q]

k=1 k,k+1 k=1 k,k+1
produceé a consistent estimate for iTR' Note however that this is not
a particularly good estimate of ZTR since it makes no use of the fact
that the remaining off-diagonal elements are equal to zefo. Discussion
of estimation under this model will be considered in detail in Chapter
5. It should be noted that iterative refinement of X is possible under
both of these models simply by computing § as in (3.1.7) at each step.

A covariance model that appears frequently in growth curve analyses

is the serial correlation model:

(3.2.6) Z = o - 1 p p2 ... ppﬂ_1
p
.p-l
p L1
| -

Under this model, the correlation between measurements is assumed to
decrease with time. Consistent estimation assuming this model is dis-
cussed in detail in Chapter 4. It will be assumed for the subsequent
example analysis that consistent estimates are available for 02 and p.

To illustrate the use of the GIM with covariance constraints for
analyzing incomplete data, 20% of the measurements from a longitudinal

experiment were deleted at random. The original dataset, taken from
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Danford, et. al. (1960) contéined responses from 45 subjects suffering
from cancerous lesions. The subjects were divided into a control group
and three treatment groups. Varying amounts of whole-body x-radiation
were administered to the treatment groups. The subjects were trained on
a psychomotor device and a baseline score was recorded. Average daily
scores were then taken on 10 consecutive days. For ease of matrix
manipulaton only five post-treatment scores were used in this example.
A listing of the dataset with observations deleted at random is given in
Table 3.2.1. The observations have been rearranged into groups with the
same missing data patterns.

The purpose of the analysis was to determine if there were any
significant differences in test scores among the four treatment groups
after adjusting for the pre-treatment measurement. In order to use the
GIM for the analysis, subjects were grouped according tolmissing data
patterns. There are 16 such data groups, with complete observation
vectors for 16 subjects and from one to four subjects in the remaining
groups.

Since measurements were deleted at random, it is possible to compare
the results from the proposed incomplete data analysis with those from a
standard linear model analysis of the complete data. Separate intercepts
and a common slope were fit for the four treatment groups using the
complete data. If yijk denotes the jth response for the kth subject in
the ith treatment group and xijk denotes the corresponding pre-treatment

score, then the model parameters are:

[N

(3.2.7) E[yijk] = bij + ij xijk’

. e e
. . .
-

B e

and
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Table 3.2.1. Payne Data with 20% of Observations Randomly Missing

GROUP PRE Y2 Y4 Y6 Y8 Y10
1 155 191 219 237 252 245
1 85 201 224 246 255 281
1 15 24 38 46 62 74
2 33 50 44 45 50 52
2 179 206 221 224 246 229
2 30 37 48 64 83 90
2 51 131 - 181 195 158 215
2 137 172 168 190 211 221
3 94 169 182 188 181 152
3 69 67 43 55 73 76
3 69 137 95 : 129 133 91
3 51 76 72 107 128 133
4 86 75 71 157 173 156
4 131 183 206 197 226 240
4 172 263 276 267 283 298
4 224 248 257 260 299 300
3 190 224 249 293 295 d
3 188 235 265 263 285 .
4 183 217 241 229 233 .
1 64 81 92 126 . 140
2 16 45 37 51 . 45
3 148 202 184 207 . 163
4 71 107 101 78 . 71
1 106 214 265 282 . .
2 121 188 224 230 . .
2 84 97 47 . 110 187
1 191 242 266 . 286 .
3 109 102 135 d . 171
3 127 149 . 207 220 219
4 201 229 . 217 244 246
4 113 159 . 162 167 195
4 246 269 . 306 295 311
3 156 198 . 217 219 .
3 181 199 . 232 . 250
4 115 168 . . 194 212
2 53 . 105 122 93 132
2 92 . 148 146 148 169
3 178 . 255 251 254 275
2 108 . 29 57 47 .
3 99 . 130 153 144 d
2 114 . 155 . 208 173
2 188 . . 260 286 296
3 140 . . 228 245 262
2 205 . . 282 298 .
3 207 . . 279 307
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o.., if i=i' and k=k'
1]

COV(yijk’ yi'j'k') i { 0 otherwise

Estimates of B = ((bij)) and Z = ((Uij)) computed from the complete data
are given in Table 3.2.2. The p(p + 1)/2 = 15 covariance parameter
estimates are given above the diagonal Qnd the estimated correlations
are given below the diagonal. The general linear hypothesis of no group
differences on any of the five days was tested as follows:

le 91 BU=0

where ) 91 = 1 -1t 0 0 O
1 0 -1 0 O
1

1 0 0 - 0

and U is the identity matrix. The multivariate test statistic is given
in Table 3.2.2, along with univariate test statistics for no group
differences on each of the five days separately (H2-H6). The hypothesis
of no average differences between the groups was tested with El defined
above and |

u=1/5[11111]" .
The results for this test are also given in Table 3.2.2 (H7).

Four separate analyses were run on the incomplete dataset corre-
sponding to different assumptions about 2. The first analysis was
carried out via a linear models software package (LINMOD) that uses
listwise deletion for incomplete datasets. Therefore only 16 subjects
were included in the analysis. The parameter estimates and standard
multivariate test statistics are given in Table 3.2.3.

The GIM with an unconstrained covariance structure was assumed for
the second incompléte data analysis. For the jth data group, j=1,...,16,

we have the model:
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Table 3.2.2 Analysis of Complete Dataset (n = 45)
Estimates
é:
Y, Yq Ye Yg Y10
X4 36.09 42.35 65.17 65.16 78.11
Xs 25.90 18.72 42.32 39.86 55.15
X3 32.04 23.99 45.62  43.91 47.78
X4 33.19 15.96 33.54 32.74 47.12
PRE 1.029 1.187 1.115 1.196 1.182
Z/R
Y, Yq4 Yo Yg Y10
Y, - 1069 1128 1003 964 953
Y4 .864 1596 1286 1230 1331
Yg .821 .862 1394 1332 1337
Yg .756 .789 .915 1521 1435
Yi0 .677 774 .831 .855 1855
Tests of Hypotheses:
B  H,  Hy  Hy  Hs  He  H
F Value .672 .171 .627 .907 .901 .801 .670
Degrees of Freedom 15/125 3/40 3/40 3/40 3/40 3/40 3/40
(NUM/DEN)
p-value .807 .915 .601 446 .449 .501 .576

.

&Approximate F for Wilk's Lambda.
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Table 3.2.3 Analysis of Incomplere Data with Listwise Deletions (n = 16)

Estimates
B:
Y, Yq Y Ysg Y10
X4 40.30 59.27 87.11 92.42 112.24
Xz 19.68 30.14 53.33 51.21 72.61
X3 30.38 13.88 45.49 47.80 39.96
X4 14.91 20.28 59.39 69.91 90.28
PRE 1.157 1.189 1.050 1.144 1.032
3/R:
Yo Ty Ye Yg Y10
Ys 1635 1966 1681 1241 1602
Y4 .940 2676 2250 1620 2230
Ye .844 .883 2426 1800 2217
Yg .806 .822 .959 1451 1749
Yio .787 .856 .894 .912 2536
Tests of Hypotheses:
Hl* Hy Hj Hy Hg Hg Hy
F Value .781 .244 .490 447 .981  1.234 .585
Degrees of Freedom 15/26 3/11 3/11 3/11 3/11 3/11 3/11
(NUM/DEN)
p-value .686 .864 .696 .725 .437 .344 .637

e

"Approximate F for Wilk's Lambda.
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E[Y.] = B
Var[Y.] = I K. Z K.
J
where Qj is the (nj X 5) design matrix,

B is defined above,
Kj is the incidence matrix (5 x qj).
For example, the last data group contains scores from days six and eight

on two subjects. For this pattern we have

K. =[0 07,
J 0 0
1 0
0 1
0 0
D, = [o 1 0 0 285]
J 0 0 1 0 287

The 15 unknown elements of 2 were estimated using pairwise deletion
techniques. The resulting estimate, EPD was non-positive definite, thus
no tests of hypotheses were performed. The parameter estimates are
given in Table 3.2.4. Note the estimated correlation coefficient equal
to 1.039. The eigenvalues of EPD are also presented in this table.
Since this analysis proved unsatisfactory, the next two analyses incor-
porated constraints on 2.

It is reasonable to assume for this experiment that the correla-
tions among the dependent variables decrease with the time separation.
For example, we would expect scores for days two and four to be more
highly correlated than scores taken on days two and 10. The estimates
of £ based on the complete data tend to support this assumption (Table

3.2.2). Therefore, the second analysis of the incomplete data was

carried out assuming a serial correlation structure with the GIM, gSE'
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Table 3.2.4 Analysis of Incomplete Data with Pairwise Deletion

Estimates

B:
Y
X, 35.99
X, 26.68
Xq 32.28
X, 33.07
PRE 1.029
5/R:
Y2

Y, 884
Y4 .912
Ye 771
Yg .652
Yi0 .624

43.22
18.03
20.26
24.91

1.180

1209

1986

1.039
.973
.672

64.55
42.16

©50.20

36.13

1.103

869
1755
1438
1.000

0.884

73.26
37.36
48.52
36.49

1.189

712
1594
1394
1351
.767

81.38
53.24
43.58
45.29

1.178

767
1238
1386
1166

1710

Eigenvalues of 2:

6501.87
690.849
370.141
-19.513

-174.901
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Estimation of 02 and p was incorporated into the iterative algori-
thm described in section 3.1 and used to produce estimates of B and ZSE’
A relative change of less than 10-5 in the parameter estimates was the
convergence criterion. The final estimates are given in Table 3.2.5
along with Wald test statistics for the seven hypotheses described
earlier. This analysis appears to be more efficient than the analysis
with listwise deletion comparing the two sets of variance-covariance
estimates. This would be expected since that analysis was based on only
16 subjects.

The fourth incomplete data analyis was carried out assuming a
tri-diagonal covariénce structure, ETR’ with the GIM. Based on the
estimate of 2 from the complete data, this model appears unreasonable.
Positive correlations exist between all measurements on a subject, and
not just those adjacent in time. In fact the estimates of B and zTR
failed to converge.

This example is one in which an analysis of the incomplete data
could not have been carried out with the GIM unless some constraints
were imposed on the structure of 2X. Assuming a serial correlation
structure appears to be a reasonable way to efficiently analyze the
data. Estimation of the serial correlation parameters is the topic of

the next chapter.
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Table 3.2.5 Analysis of Incomplete Data with a Serial
Correlation Structure (n = 45)

Estimates
B:
Yo Y4 Yg Ys Yio0 :
X, 35.86 42.18 65.81 69.44 82.60
Xo 26.25 18.36 41.18 36.83 56.41
X3 33.56 19.08 50.25 46.46 44.17
X4 32.90 18.52 35.15 33.69 47.28
PRE 1.030 1.188 1.105 1.199 1.166
Z/R:
Y, Y4 Ye Yg Yio0
Y, 1475 1345 1227 1119 1021
Yy 912 1475 1345 1227 1119
Ye .832 .912 1475 1345 1227 -
Yg .759 .832 .912 1475 1345
Yio .692 .759 .832 .912 1475
Tests of Hypotheses:
H, H, Hj Hy He Hg L
Wald Test 22.40 .33 1.94 2.74 3.70 4.06 2.22
Degress of Freedom 15 3 3 3 3 3 3

p-value .098 .954 .585 .433 .296 .255 .528




CHAPTER 4

GIM ANALYSIS WITH AUTOREGRESSIVE COVARIANCE MODELS

4.1 Introduction

The analysis of longitudinal data is typically concerned with
characterizing population trends in one or more response variables.
From these trends tests about subgroups in the population can be carried
out as well as predictions of future growth or behavior. Associated
with the responses of an individual is a set of residuals about the
population trend or regression equation. When autocorrelations appear
to be present in the subjects' residual values, a reasonable assumption
that can be made is that the residuals arise from a statiomary Gaussian
process, and thus their behavior can be modeled with a suitable time
series model. The advantages of such an assumption are that estimation
of covariance parameters is relatively straightforward for some classes
of time series, and asymptotic theory is often available for these
estimates.

The use of time series models to explain residual behavior appears
extensively in the field of econometrics. The most common model used by
econometricians to analyze repeated measurements or longitudinal data is
the cross-sectional time series model (CSTS). A brief review of the
literature concerning estimation for the CSTS model is given in section
1.3. This model differs from the classical GLMM in that the vector of
regression coefficients is assumed to be the same at each time point or

for each response variable.
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In this and the following chapters, methods of covariance parameter
estimation often used in conjunction with CSTS models are adpated for
use in the GLMM with missing data. Estimation is presented in this
chapter for the GIM assuming that the residuals follow an autoregressive
process of order one. An illustrative example of the methods is given.

4.2 Estimation of Model Parameters

In this section analysis of the GIM is developed under the assﬁmp-
tion that the residuals for each subject are generated by an autoregres-
sive process of order one, AR(1). This assumption is reasonable for
some classes of longitudiﬁal data since it implies that the correlation
between two responses decreases with time.

Recall that for the complete data case we have the model

Y=XB+U
where U is the (n x p) matrix of errors. The vector of errors for the

ith subject, u. = (u ..,uip)' is said to follow an AR(1) process if

il
(Anderson, 1971)

(4.2.1) Uie TP Y a1t 8t ’

™
inn
e
-
-
=]
-

where

2
e ™ N(O, Ge),

Cov(eit, eis) =0,

Cov(ui ) =0.

,e-1 Cit

By successive substitution, u,, can be expressed as a linear combination

it
of all previous terms in the series, namely

t t-1
(4.2.2) u, =P U, +p e;1 v - - +pe. t+ e,

Assuming the initial condition

]
—
-
.

2 2 .
u,y v N(O, o /(1 - p7)) i S
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it can be shown that (Anderson, 1971)

2 2, 2
(4.2.3) var(uit) S Oe/(l pe)
and
(4.2.4) cov(uit, uis) = p't-sI 02/(1 - p2), i=1,...,n,
t,s = 1,...,%.

Converting to matrix notation, the assumption of an AR(1) process yields
a variation of the serial correlation matrix introduced in Chapter 3 as

the variance-covariance model, i.e., we have Y ~ GLMM (X B, Z ) with

-1
o p* ... o

N

(4.2.5)

(1-p7)

©

-1

'%ooo'op—l

Kmenta (1971) proposed a three-stage estimator for the CSTS model
which is described in section 1.2. The following estimation process for
the GIM assuming an AR(1) error process is an adaptation of the method
proposed by Kmenta to the multivariate missing data case.. It is impor-
tant to note that, unlike the CSTS model, the vector of model parameters,
ht’ t=1,...,p, varies with time in the GIM.

Recall that to apply the GIM the response vectors are first grouped
according to like patterns of missing data, and each group is therefore
"complete'" in a subset of the p responses or time points. Repeating the
notation for convenience, we have the following model for the jth data
group:

Y. =D. BK. + U.
et EEREAA Hiadhac BN

where Xj’ Qj’ B, and Kj are defined in (2.1.3) and Qj denotes the (nj X mj)
matrix of errors. Assuming that the rows of gj were generated by inde-

pendent and identical AR(1) processes, we have
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where zs is defined in (4.2.5).

As seen in Chapter 2, BAN estimation of B in this model is possible
provided a consistent estimate of Zs is available and the conditions of
Theorem 2.3.2 are met. Equation (3.1.2) gives the simplified form for
this estimator in terms of the vector version of the model (i.e., Xj and
B are "rolled out" by columns). The following procedure defines a WLS
estimator, és’ computed in two stages. At the first stage, ordinary
least squares (OLS) estimates of B are used to generate estimates of the
covariance parameters. The weighted least squares (WLS) estimate of B
is then computed at the second stage.

First some additional notation must be established. Let Bj denote

the (nj X mj) matrix of residuals for the jth

A

an estimate, B, as follows:

data group computed using

(4.2.7) R. =Y. -D. BK. .
Let L. denote the tth column of Bj’ t=1,...,mj. Let Tj denote the
()

set of indices of the time points for which the jth

group has complete
responses. Suppose that there are aj pairs of consecutive time points
in Tj' Let Aj denote the set of indices of time points for which the
preceding time point is also in Tj' For example, if group j consists of
responses measured at the first, second, third, fifth, and sixth time

points, then Tj = {1,2,3,5,6} , ay = 3, and Aj = {2,3,6}. Let

Nt denote the the total number of responses at time t, t < p. Then
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With these definitions consider the following estimation procedure.

(4.2.8) (i) Compute OLS estimates g(l) from (3.1.2).

(ii) Compute residual matrices Bj by substituting g(l)

in (4.2.7).

P
(iii) Compute S = X K. R. R. K: .

>
i~

. 2 _ )
(iv) Compute o, = til stt/(N q) where

S = ((stw)) and q = rank (ngj) for any j=1,...,u.

(v) Compute p as follows:

u
S 3 r r
~t ~t-1
~ .=1 t A' . 0
0=l By @ W
u
3 I r° r

i=1 teA, t-1,.y t-1,.

] i Yl Yo

(vi) Compute Zs from (4.2.5) with oi and p.

(vii) Compute WLS estimates Es from (3.1.2) with gs'

This estimator differs from that proposed by Kmenta (1971) due to
the presence of missing values. In addition, the data transformation
proposed by Kmenta for the estimation of 02 is not feasible with incom-
plete data. A consistent estimate of 02 can be computed using 8§ and p
as follows:

"2 _ 2.0 a2
o, = ou(l 7).

The estimator gs does not enjoy the small sample properties of Kmenta's
estimator. Furthermore, because the number of model parameters in the

GIM depends upon the number of time points, the asymptotic properties

established for estimators of CSTS model prameters as the number of time
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points becomes infinite are not relevant here. The following theorem ‘

establishes és as a consistent estimator of Zs as the number of subjects

with éonsecutive responses increases for a fixed time period, t=1,...,p.

Sections of the proof are similar in spirit to a proof due to Theil

(1971). v

A

Theorem 4.2.1. The estimator Zs is a consistent estimator of ZS in the

GIM with normality when the errors associated with each subject's re-
sponses are assumed to follow independent and identical AR(1) processes.
Proof. For t=1,...,p, Stt/(Nt - q) is the usual mean square estimate
for the variance of the responses at time t resulting from a univariate
OLS analysis. Assuming normality, this estimate is known to be unbiased
and consistent as Nt + ® (e.g., Anderson, 1971). Under the assumptions
of the model, the responses are homoscedastic acfoss time with common

variance given by oi = 02/(1 - p2

). Therefore, as N»® such that Nt/N

-~

does not vanish, the estimate oﬁ defined in step (iv) is consistent for

0'2.
u

To see that p is consistent for p, recall that the error terms

follow an AR(1) process and thus satisfy

(4.2.9) u, =pu, + e, R i=1l,...,n.,
. ,t=1,. t,.

T LEYGY O YT teA,, I

j=1%...,u,

where gj = ((uit))j and the e, are independent random variables dis-

i)

tributed as N(O, Gi). Note that (4.2.9) specifies a set of precisely

¢

Na regression equations. Letting Bj = ((rit))j’ p can be expressed as

u ' nJ.
z Z 0 r, r. __
j=1 tea, i=l lt(.) 1t 1(.)
(4.2.10) b= ] ] 1
u

n. 2
2 2 5] o1
j=1 taAj i=1 ()
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By definition,

- 3 g,

4.2.11 R, = Y.
( ) TS A
=u. -p. 8 - BK.

where B is the true (unknown) matrix of model parameters. g(l) is the

~ ) u
OLS estimator of B and therefore g(l) + Basn= [ 2 n%}* © provided
j=1

that the usual regularity conditions hold; viz., as n > ®, Qj gj/nj con-

verges to a positive definite matrix for j = 1,...,u. If we require that

n > ©, then equation (4.2.11) implies that r. converges to u, in
it,. it,.
) (j)
distribution for i=1,...,nj, teAj, and j=1,...,u.
Let
u n,
: 2 2 u, u,
t i,t-1
4.2.12 j=1 teA, i=1 ‘.. .
¢ ) R e B (i) (i)
u n,
DI
§=1 teA; i=1 G)
Then p converges in distribution to z as n*®. Replacing u in

()
(4.2.12) with the right hand side of (4.2.9) and multiplying both the
numerator and denominator by 1/Na we get

(4.2.13)

B - p—
u n' u n.
iz : 33 2 + L s s sd o o
a j=1 teA. i=1 i,t-1 . Na i=1 teA. i=1 i,t-1 it
gep | =2 G) . i @ Q)
g n, u n,
L i 2 1 i 2
= 2 2 27 ul =— 3 3 53w
| Y2 j=1 e, i1 T e | Ya j=1 tea, im0 MF 1(3)

= p+ 21/22.
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P P P

To show that p > p it suffices to show that zy > Oandz, >

where ¢ is any positive constant. Dropping the subscript limits for con-

venience, we have

1
E(z,) =53 2 2 X2 E(u. e, ) .
1 . S . t-1,. t,.
ajti LR O -
From (4.2.2), u, can be written as a linear combination of
AR ¢)
e. y €, etc. The independence of the e, implies that
i,t-1,. t-2,.5? .
NG PTG (6D

E(zl) = 0.
By Chebyshev's Inequality (e.g., Cramer, 1946) if Var(zl) + 0, then

z, > E(zl). Due to the independence of subjects we have

1 2
(4.2.14) Var(z,) = 5 ZZEQ@Eu, ,_ e, )
VoMo PG T
1 2 2
=L ss@Eszse?, | €
Myt T T
+2E2 2 u, e. u, e. ]
t,seA., i,t l(j) lt(j) i,s l(j) 1S(j)
t<s
=Lsspead | )EE, D
Nejioe o 2EhG) (3)
+ 2 2 2 E(e, ) E(u, u, e. )].
s B PG PG TtG)

The last equality in (4.2.14) holds because e. is independent of

M)

ui,t-l » as noted above, and eis is independent of ui,t-l o

(i) ) - (i)
u, , and e, for t<s. However E(e, = ) = 0, therefore i

i,s~1,, it,. is,.
(i) (i) (i)
_1
Var(zl) == (Na Var(eit - ) Var(ui’t__1 . )
N (3 (3)
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1

It remains to be shown that z, converges to a constant as nj > ®

If Na > o, then Var(zl) + 0 and thus z, > 0.

for all j. We have

1 2 °§
E(z,)) =+ 22 ZE(u; __ ) =
2 Na jit i,t l(j) 1_p2
1
Var(z,) = = Z Z Var(Z u; , _ ) .
S A R )
Letting oi = oil(l-pz), we have
(4.2.15) Var(zul | ) =3E@E - d}?
t 7 7(5) t " R(3)
2 2 2 2
+2 2ZE(u;  _ -0) E(u; __ - 07)
t<s i,t l(j) u i,s l(j) u
4 4
=2 (Eu, __ -0)
t i,t 1(.) u
+ 23 (E u? u2 - oﬁ)

S O I €)

To simplify the second term on the right-hand side of (4.2.15) note

that u, can be expressed as a function of u,

for t<seA..
-1,. t-1,.
'8 1(J) T (3) J

If s-t = k, then by successively substituting in (4.2.9) we get

K ks
ui,s-l(j) =P ui,t-l(j) * 251 P ei,t-1+2(j) ’
and
2 2 _ 2k 4 ko 2(k-2) 2
ui,t-l( ) ui,s-l(.) =P ui,t-l(j) ¥ 251 ui,t-l(j) P ei,t-1+2(j)
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2 k-£ k-m
+22u; p e, e.
t-1,. -1+, -1+m, .
2m BTN Lt=1+l gy Lhemlim g,
2k-2 3
+2 2 p u; e, . -
Taking the expectation, we get ’
k
E(“g t-1 “i 1,0 = 0 E(“g t-1,. 0t 2 p2(78) °l21 °§

TG 7T @) G D) 2=1

because Ui pep,, . s independent of € t-144, for £ > 0 and E(ei,t-1+2 )
) () (j)

= 0. We have

1 4 4 2k 4 4
Var(z,) = —= 2 2 (E u; ,_ ~0)+2Z2[p™ (Eu, __ -0g)

2 | Ni JI E i,t l(j) u t<s i,t l(j) u
K ok-2) 2 2
+ X p o, oe]
2=1
The assumption of normality guarantees that the u.. have a finite
()

fourth moment; thus Var(zz) is of the order 1/Na. If Na > oo, Var(zz) + 0,

P 2
and therefore z, E(zz) =0 > 0.

P P
Finally, z,/z, > 0 and thus p > p.

Let 3 =3 (P, 62). By Lemma 2.3.1, Z is consistent for I .
=s ~ %s u <s Zs q.e.d.

The estimate p defined in step (v) of (4.2.8) is computed using
only complete pairs of responses at consecutive time points. Implicit
in the use of this estimator is the assumption that the autocorrelation
among the unobserved responses is identical to the observed responses.

If the process that generated the missing data is suspected to be non-

random, this estimator should be used with caution, for the properties
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of p would then depend on the missing data process. In particular the
estimator may not be consistent for the population autocorrelation.
From Theorm 2.3.2, és will be a BAN estimaﬁor if independent sub-
sequences of the sample are used to estimate Zs and gs' For small sample
sizes it may be more practical to use the entire sample for estimation
of both parameter matrices, although the asymptotic properties are not
guaranteed. The WLS estimator can also be refined through iterative
estimation of the covariance parameters. Let éék) denote the WLS estimate

h

at the end of the kt iteration. Then estimates for oi and p can be

computed using

in step (iii) of (4.2.8) for the (k + 1)st iteration.

The consistent estimate, ;s, defined in (4.2.8) can be used to

A

estimate the asymptotic variance-covariance matrix of Bs as discussed in

section 2.4. If hs denotes the vector-version of Es then

~ -~ u A
» "1 ” - _1
4.2.16) Var(b ) =] z K. (K. 2_ K. K.(x)D. D.

Note that if all subjects have responses at time t then

A~ A A u
(4.2.17) Var(y, ) =0, X (DD 1
(s) j=1
where bt is the tth column of Es' Thus estimates of model parameters
(s) ‘

corresponding to time points with complete data will have identical
standard errors under these model assumptions. This is illustrated in
the next section. The expression in (4.2.16) can also be used to gene-
rate Wald statistics for testing hypotheses about the model parameters,

provided that the conditions of Theorem 2.4.1 are met.
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4.3 An Example

To illustrate the estimation process described in the previous
section, 150 observation vectors consisting of five responses each were
generated for analysis. First error vectors were generated via an auto-

regressive process as follows:

=

-

o

H

QNI
(1

e

(=]

e

u,, = pu, + e i=1,...,150
t t-1 t ’ i
t L . t=2,...,5

where 2

g~ = 0.25,
e

p = 0.70,

e =V N(0,0.25) .

The e, are pseudo-random variables generated with the SAS function
NORMAL (Barr, et. al, 1979). Descriptive statistics for the generated
errors at the five time poin£s are given in Table 4.3.1. The dependent
variables were then generated accofding to the following model:

I=XB

where X = (X, X,) is the design matrix, X, = 1 and X, consists of ele-

1

ments ranging from 10 to 50, and

[1.0 1.5 2.0 2.5 3.0]
B = _
~ 0.2 0.6 0.8 0.9 1.0

. Thus the model parameters correspond to an intercept and a slope with
respect to a covariate at each time point.

For ‘computational simplicity, only two patterns of missing data
were introduced. The responses at time t = 2 were deleted in 50 observa-
tions énd the responses at time t = 3 were deleted in 50 observations.

We have the following GIM parameters:
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Table 4.3.1 Descriptive Statistics for Generated Errors
(N = 150) ‘at Times 1 - 5

MEAN 'S.D.

u -0.0135 0.6834

u, 0.0290 0.6879

uy 0.0354 0.6964

u, -0.0565 ' 0.7101

ug | 0.0288 0.6987

Correlation Matrix
l.:l1 u2 u3 u4 l.l5

1 0.6883 0.5415 0.3998 0.3268
0.6883 1 0.7367 0.4564 0.3567
0.5415 0.7367 1 0.6479 0.4034
0.3998 0.4564 0.6479 1 0.6831

0.3268 0.3567 0.4034 0.6831 1
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u = 3,
nj = 50 for j=1,2,3,
K, = L
1 0 0.0 1 0 0 O
01 0 0 01 0 O
x =00 10 , K = 00 10 ’
~2 0 0 0 O ~3 0 0 0 1
0 0 0 1 0 0 0 O
T, = £1,2,3,4,5}, T, =1{1,2,3,5}, T,={1,2,4,5},
Al = {2’3’5’5}, A2 = {2’3}’ A3 = {2)3)4} .
Initial estimates, 2(1)’ were produced with software developed for

analyzing GIM data. Residuals about these OLS estimates were then pooled

as described in steps (ii) - (iv) to produce the estimates

ﬁ = 0.689
and 2
07 = 0.494 .
u

The estimate of p is based on 450 pairs of consecutive responses and the
estimate of oi is based on 650 responses.

Second stage estimates, és’ were computed by employing the GIM soft-
ware with Zs = zs (p, oi).

The eétimated model parameters and the corresponding estimated
standard errors are given in Table 4.3.2. Note that the standard errors
corresponding to the first three time points are identical. This is due
to the fact that responses at those times are complete and (4.2.17)
holds.

For comparison purposes, results from a GLMM analysis bf the com-
pleté dataset, prior to deléting responses at random, are given in Table

4.3.3. Confidence intervals constructed about the estimates in Table

4.3.2 contain both the population parameters and the complete data
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estimates. The standard errors in Table 4.3.2 compare favorably with
those from the complete data analysis in Table 4.3.3. Although the

entire sample was used to estimate Es’ this procedure yields reasonable

results.



Table 4.3.2 Estimates and Standard Errors for Es
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o >

B: Y2 Y3 Y4 Y5
Intercept 1.09 1.81 2.26 2.39 2.93
Slope 0.20 0.59 0.79 0.90 1.00

SE (ES):

Intercept 0.1597 0.1597 0.1597 0.1745 0.1833
Slope 0.0050  0.0050 0.0050 0.0054 0.0057
Table 4.3.3 GLMM Estimates from the Complete Dataset
gsz Y1 Y2 Y3 Y4 Y5
~ Intercept 1.09 1.81 2.26 2.40 3.08
Slope 0.20 0.59 0.79 0.90 1.00

SE (B,):

Intercept 0.1557 0.1549 0.1576 0.1620 0.1593
Slope 0.0048 0.0048 0.0049 0.0050 0.0049




CHAPTER 5

GIM ANALYSIS WITH MOVING AVERAGE COVARIANCE MODELS

5.1 Introduction

The covariance structure associated with a moving average process
is frequently used in the analysis of econometric data. This covariance
model, which is not as restrictive as that associated with an autoregres-
sive process, is useful in analyziﬁg longitudinal data when it is known
that the errors are correlated but the analyst is reluctant to specify
the exact nature of the autocorrelation.

Estimation of the GIM'parameters under the assumption of a moving
average model for the errors is presented in section 5.2. A two-stage
estimation for B is proposed. Variance components are estimated in the
first stage and then used to compute a WLS estimate in the second stage.
An illustrative example is presented in section 5.3.

5.2 Estimation of Model Paramters

Let U denote the (n x p) matrix of residuals for the hypothetical
complete data matrix. The error vector u, = (uil,...,uip)' for the ith
subject is said to follow a moving average process of order M, MA(M),

(ref. Anderson, 1971) if

- + .

(5.2.1) u; =e; taje g ta e Ay €4 t-M
i=1,...,n,
te ("°° °°)a
M <p-l

where
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2
e ™ N(O,oe) for t € (-», ®)

and Cov(eit, eis) =0 fort#s.

Thus we have

E(uit) =0,
_ A2 2 2
Var(uit) = oe(l + aj + + aM)’
- 2
Cov(uit, ui,t-s) = { o, (as + a; a4 + ...+ g aM), Is| <M
0 , Is] > M.

Without loss of generality, the covariance structure of 4. can be
formulated as follows:
.2, . . = <
(5.2.3) Cov(ult, ul,t-s) { Y|S| , Isl <M
0 R Is| > M.
There are M+1 unknown variance-covariance parameters. The dispersion

matrix for each 19 is given by

(5.2.4) TrL=r" Yo yl cer Yy 0 ... 0
Y Yo Ypoe- Y1 Wy 0
- 0 . . . Yy J

A decomposition suggested by da Silva (1974) reduces the problem of

estimating ' to the estimation of M+l variance components. Let

(5.2.5) Y = L
and y‘k = ((Vrs))k ’ k=1, M, )
where . A = {1 , lr=s] =k
(k) 0 , lr=-s| # k
Then
(5.2.6) Var(gi) = 2 Yy gk
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Since the V, are known matrices, several methods of variance compon-

K
ents estimation are available in the literature (e.g., Searle, 1971) for
estimating the Y- Da Silva (1974) proposed a method due to Seely
(1969) for estimating variance components in the CSTS model. Since this
method produces consistent estimates, it is adapted here for use in the
GIM.

Seely's method can be summarized briefly as follows. Suppose z is
an (n x 1) vector such that E(z) = X a for some full-rank matrix X and

vector of unknown parameters . Assume that the variance of z is given

by (5.2.6). Let Q=1 - g(z'g)-l X°. Let g be a solution to the equa-

tion

(5.2.7) Hg=¢
where H = ((hij)) R hij = trace(Q gi Q gj), i,j =0,...,M,
and c=(c.) , c; = z° Q Y Qz ,Jj=0,...,M

Then g is an unbiased estimate of (yo, yl,...,ym)'. Of course a unique
solution will exist if and omly if H is non-singular. The solution of
(5.2.7) is also the minimum norm quadratic unbiased estimate (Rao,
1972), or MINQUE, when no a prior information about the Yy is available.
This estimation procedure has many desirable properties.

To apply this variance estimation procedure to the GIM, let X
denote the vector version of the incomplete (nj X mj) data matrix

Xj’ j=1,...,u, in which Xj is rolled out by columns. We have

(5.2.8) B(yy) = K] @) &

and

Var(XJ) (KJ’ Z KJ)®’I’D ’ j=1)"'9u)
J
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where b is the vector version of B and Ej is the matrix indicating
complete response times for the jth data group. Assuming a moving
average process for the errors, X has the form given in (5.2.6). The

variance of xj can be simplified as follows:

(5.2.9) Var(xj)

il
N
M
=

®
—t

- ‘s 1
Let W =KV Kj ® I - Then the ¥ are known and Seely's

. . k,.

(3 j ()
method can be applied to estimate y = (yo y,...yM)'

Consider the model for a data group with at least one missing

response, i.e., Ej # l?

of the columns of Lp 53' contains at least one row whose elements are

Recall that the mJ. columns of KJ. are a subset

all zero. The design matrix, KJ' @QJ., is therefore less than full rank.
Rather than employing a generalized inverse in the estimation of Y, an
alternate formulation for E(IJ'-) can be derived. Let

5.2.10 B. = B K.
62200 B, = BX,
and let Qj denote the vector-version of EJ..' Then it is easily seen that

B = & ® D) b= (L, @ D)k
J

Clearly I~ (®) D. is of full rank when D, is.
~m;i ~3 ~J




71

Let
(5.2.11) Q=1 - [, ®R) (L, x ®D »! (I, ®2)7]
i'i j j j
-1 -
= @ (@; D D]
~nJ ; i %) D

Then an estimate of the vector of. unknown variance components is given

by the solution to the following equation:

5.2.12) H.y. = c.
( ) ~JXJ ~J
where .= ((h,,)). , h = trace(Q. W Q. W )
~ . ~k,. ~L. .\
3T Ty %) T g
c. = (c,). , ¢ =y: Q. ¥ Q. Y.
~ k,. ~k,.
3 k7j Gy 373 7ky A
and Ek is defined above for k = 0,...,M. Because of the patterns of
()
the Wk , the off-diagonal elements of gj vanish. To see this first
()

consider the terms hOk , k=1,...,M.

(3)
h = trace (Q. W Q. W )
0k, . 20,.\Rj ~k,.
() I G W
= trace (Q. W )
37
. _ . 2 _
since EO = En.m. for all j and Qj = Qj' We have
i) NN
trace(Q, W, ) = trace[K] ¥ K. ®I - @1, @; ")
I ~kehy ~j ~k ~j B, ~J Y %5 ~J ~J ~j

» » - -1 ”
= trace(gj Yk Kj) trace(lnj) - trace(Kj Xk gj) trace(Qj (Qj D.) " D).

By definition, (5.2.5), all diagonal elements of gk'are zero. Further-

more, premultiplying by gj and post-multiplying by gj is equivalent to
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deleting the ith row and column of Xk if the ith response variate was

not observed in the jth group, for a total of p - m. such deletions.

Thus the diagonal elements of Kg Xk Kj are a subset of the diagonal

elements of Xk and are all equal to zero. This implies that the trace

(Qj ¥, J)=0.

(3)
Now consider the terms hkﬂ y kb2 =1,...,M and k # £. We have
(3
(5.2.13) h = trace (Q. W Q. W )
ke, . ~k . . L..
) %G A A
= trace (Ej Vi 53' KJ' Vo .ISJ' ®£n

- K. V, K. D. ;
SRILRS i Yo J® (~J ~J "’J)

N
trac K K. -t D.(D. D.) "D.)).
race (K, ¥ K, K. Y, K;) (o, - trace (D,(D; D) "D.))

If ¥4 denotes the ith row (or column) of gk then from (5.2.5) it is
(k)

clear that y/ v, = 0. Let y, denote the i} row of K v, k..
(k) “H(2) (k) (3) !

Then it is also clear that v = 0. Thus

(k) (J) ") ()

(5.2.14) trace (gk 22) = trace (Kj !k gj Kj 22 gj) = 0, ﬁ,

Similar arguments can be used to verify that the diagonal elements

hkk are not necessarily zero. In particular, since g{ v, #0,

(i) (k) “t(k)

h # 0 for the complete data group, i.e., K. = I . However, it is
G N

possible that K. and zk are such that v = 0 for
] (k)(J) ONE)

i= 1,...,mj. In this case, it will not be possible to estimate Yy from

the jth data group. Let 6§k equal 1 if y can be estimated from group j

and zero otherwise, i.e., if trace (55 gk gj) = 0. Then if 6§k = 1 define
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(5.2.15) § c / h j=1 .,u
k.. . kk, . ’ ] [ Rk ]
(3) k(J) (3) k=0,...,M,
and
u
* ~
J'il e Yk
?k= (Jl y k=0,-..,M.
u
2z 6%
j=1 ik

Because the ?k were computed via Seely's method, they are unbiased for
Y - The following theorem will establish the Yy 28 consistent estimators

also. Let
- M
B = 2 Y

Then (3.1.2) can be used to produce a weighted least squares estimate,

~ -~

EM’ for the GIM with a moving average error process by substituting ZM

for 2. As with the autoregressive model, the asymptotic theory for

the number of time points increasing to infinity is not relevant in the

~

context of the GIM. The following Theorem establishes EM as a consist-
ent estimator of EM as the number of subjects in each data group, nj,
increases.

~

Theorem 5.2.1. The estimator EM is a consistent estimator for EM in the

GIM with normality when the errors associated with each subject's respon-

ses are assumed to follow independent and identical MA(M) processes with

M<p-~-1.
Proof. Each ?k is computed using Seely's method, thus
(i)
E(?k RERT provided 6§k =1 and E(?k) = Ypr k=0,...,M.
3)
It remains to be shown that Var(?k) > 0 as o, +® j=1,...,u. We have,

for 6§k =1,
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A

Y =c / h
k,. k,. .
G W
where.
(5.2.16) h = trace (Q. W Q. W ) )
kk, . ~k. . ~k,.
() 3 %) T RG)
) . g’ 2 ‘
= trace (Kj gk Ej ®£n3 53' Yk l(.j ®)*Sj)
= trace [(K Y X; K. Y ~J@I ) - (K Y Ko KoY ~J®x )]
= trace (Kj Xk KJ K, ~ ) (n - trace(Xj))
and -1
X. =D. (D D.) D .

~J ~] ~1 ™) ~J
Note that gj is an indempotent matrix and therefore the trace (Xj) is

equal to the rank (Xj)’ which is equal to q for all j =1,...,u. Note

also that the usual regularity conditions are assumed to hold for each

data group, i.e., D 2 2 /n converges to a positive definite matrix as nj
> @ j=1,...,u. We have
hkk = trace(gj Yk EJ K, ~ )(n - q)
)
An explicit form for the variance of Sy is available since K .
) (1)
is abquadratic form in Xj and by assumption, xj ~v N(I DJ ZO Yk W ).
3 k= ()
We have (e.g., Morrison, 1976)
M
2
(5.2.17) Var(c ) =2 trace (Q. W Q. X y. W, )
*(3) 7RGy im0 FIG) -
M
+ 4(1 @D.) B.) Q. W Q. (Z vy, W, ) Q. Wk Q. (I @D.) B..
~j’ ~ ~ . . ~k,. A, SR~
i R M e DI B T B D B Tl 6 DI B R

Noting that
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C (1 D.)" Q. = B, -
{1 '(;[,nj@,l?,j)[},nj X QJ-) (,I,nj®DJ)] @D-) }
= BJ [%_@Qj) - ('I'n.®2j) ]
J J
=0
we have
(5.2.18)
M M
Var(c ) =2trace [ 2 Z Y. Y,Q. W Q. W. Q. W, Q. W ]
k,. . 2 ~Kk, . ~i,, ~k,. ~8 .
() i=0 g=0 * &3 TRy T M) T TGy T PG
M M
=2t zZ Z K. K. V. K. I - X,
race {1=0 o Y; Yy [~J Ve X5 %5 X5 Ry ® (ﬁnj ~J)]
K. K. K.V I - X.)
(K ~k~J~J~£J®( ; ~J]}
M M
= . - t )3 . K. V. K. K.V K. KV, K.
(nj - ) trace [ i=0 2.;20 Yi Yp X ~k B %3 4 %5 %y X Ry 2 % K;]
The variance of ?k is then given by
(i)
(5.2.19) Var(?k ) = Var(ck ) / h12<k
(3) (J) (i
M M

| gm0 e o gl H Y K G K K v, K K Y K KDY K

2 .
n. - trace(K. V. K.
( ; Q)" [ e(NJ Y X5 K5 Y ~J)]

For a fixed number of observation times in the jth group, mJ., as nJ. > o,
~ A p A
then clearly Var(y ) > 0 and thus ¥ > E(Y} ) = y,. Since
k,. k,. k,. k
(i) (j) )
?k is a simple average of consistent estimators of y, ?k is also con-

sistent for Yy By Lemma 2.3.1, % is consistent for EM

q.e.d.
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In the definition of EM’ a simple average of the ?k is used to
G)

estimate Yy - If some of the data groups contain a small number of sub-

jects, then it may be more reasonable to take a weighted average of the

A

Vi since the estimates based upon large n. should be more reliable.
€)) J
/ u 2 U,
Two possibilities would be to'use n./ £ n, or n,/ X n’ as weights.
J j=1 J J j=1 J

It is obvious from the proof that ?k will be consistent for Vi if any
positive weight is used.

As for the AR(1) model, B, will be a BAN estimator if independent

~M
subsequences are used to estimate EM and §M' For small sample sizes,
iterative estimation is possible. The hkk are the '"degrees of free-
()
dom" available for estimating ?k in the jth data group and will not
() -
vary from step to step, but ke is a function of the residuals. To
)
see this note that .
. -1 ...
5.2.20 .y, = [I D. (D. D. D. .

J

which is just the vector of OLS residuals for Xj‘ Given an estimate of

EM’ WLS residuals can be computed as in (3.1.6) and used to produce

refined estimates of Ck and Yy by substituting the vector of resi-
() ()

duals for ijj in the definition of Ck(j). This précess can be repeated
until the estimates converge.

The consistent estimate, éM’ can be used to estimate the asymptotic
variance matrix of éM as discussed in Chapter 2. If EM denotes the

vector-version of QM then

A

- PN u ‘
. -1 _. - -1
= : © D, .
(5.2.21) Var(hy) = [ = K.(KS Z, K. K @gJ D.]

=1 ~J .



77

Wald statistics can be computed from (5.2.21) to test hypotheses about
the model parameters, EM’ in the GIM with a moving average error process
provided that the conditions of Theorem 2.4.1 are met.
5.3 An Example

In this section estimation for the GIM assuming a moving average
error structure is illustrated. For this purpose, observation vectors

consisting of three responses were generated for 150 hypothetical sub-

jects. A moving average model of order two was assumed as follows:
(5.3.1) u., e + 0.9 ei,t-l + 0.5 ei,t-2’ i=1,...,150, t=1,2,3,
where ey ™ N(0, .25)
and E(eit eis) = 0.

The population variance components can be computed as follows:

2 4 0.5%) = 0.515

(5.3.2) Yo = Var(uit) =0.25 (1 +0.9
)

)

Descriptive statistics for the generated errors are given in Table

¥, = Cov(u, 0.25 (0.9 + 0.9(0.5)) = 0.3375

£’ Yi,t-1

Y, = Cov(ui 0.25 (0.5) = 0.125

t? %i,t-2

5.3.1.
Responses at the three time points were generated according to the

linear model

=

Y= [X1 X2 13] =XB+
where X = [X; 52] is the design matrix, §1 =1, §2 consists of elements
ranging from 10 to 50, and

1.0 2.0 3.0
§=
0.2 0.8 1.0
The model parameters can be interpreted as an intercept and a slope

(with respect to XZ) at each time point.
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Table 5.3.1 Descriptive Statistics for Errors at Three Time Points

Generated from an MA(2) Process with a, = 0.9 and
a, = 0.5 N
2
N Mean Std. Deviation
u1 150 0.021 0.726
u2 150 0.001 0.693
u, 150 0.029 ' 0.743
cov
Corr u1 u2 u3
uy 0.5274 0.3232 0.0900
u, 0.6419 0.4806 0.3309
u 0.1668 0.6422 0.5523
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‘ The variance of each row of Y has the form specified in (5.2.6),
i.e., |
M
2= 2 vV
k=0 k ~k
where
Yo =13
[0 1 07
21 = 1 0 1 ,
o 1 o]
[0 0 1]
v, =10 0 o
L1 0 0

For computational simplicity, only two patterns of missing data
were introduced. The responses at time t = 2 were deleted in one-third
' of the observations, and the responses at time t = 3 were deleted in

another third of the observations. The GIM parameters are given by

u =3,
nj=50,j=1,...,3,
Ki =13

1 o
K.=}o0o o ,

2 Lo 1]

1 01
Ky = [0 1

[ 0 0]

It is clear from the definition of gj’ j=1,2,3, that Y, can be

estimated from data groups 1 and 3 only, and that Y, can be estimated

. from groups 1 and 2 only. A software package written to compute Seely's
estimates of the variance components for the vector-version of the GIM

. was used to produce estimates of Y, pooled across the data groups. We

have
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Yo = 0.5497 ,
Y, = 0.3442
Y, = 0.1720 .

The weighted least squares estimate of BM was computed with the GIM soft-
ware substituting éM = ZM(i). These estimates and their estimated stand-
ard errors are given in Table 5.3.2.

For comparison purposes, a standard GLMM analysis was performed on
the complete dataset prior to deleting responses. The results of this
analysis are given in Table 5.3.3. Both the population parameters and
the complete data estimates are within 95% confidence intervals of the
two-stage WLS estimator proposed herein. As with the AR(1) model, use
of the entire sample for estimation of ZM and BM produced reasonable

results.

5.4 An Alternate Estimator

A~

In cases of particularly sparse data, computation of EM as proposed

in section 5.2 may not be possible. The estimation of ?k requires

()

the computation of an inverse for the matrix gJ’@QJ If nJ. is small
this matrix may be less than full rank. In the extreme case of unique
times for each subject (nj =1 for j =1,...,u), this estimation process
is not practical. In this section an estimation is introduced that
involves pooling informatidn from all subjects in the computation of hkk
and S before computing ?k’ thereby eliminating the problem of,small
sample sizes among the missing data groups. Let

(5.4.1) P AT A

3
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Table 5.3.2 WLS Estimates for the GIM with Moving Average Errors

By: 1.062 1.991 2.923
0.199 0.800 1.004

SE(B,,): 0.169 0.186 0.197
0.005 0.006 0.006

Table 5.3.3 GILMM Estimates for the Complete Dataset

B : 1.062 2.030 . 3.006

SE(B ): 0.166 0.158 0.170

0.005 0.005 0.005
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, 4 0 |
K, ’f D, ) (J').
X = : ¥ = -
K’ x D 0 W
~1 ~ ~ ~k
. (u)
Then y satisfies the following model:
(5.4.2) E(y) =X}
M
Var(y) = k‘:- Yo ¥y

where b is the vector-version of B and Kj’ Qj’ gj, and Ek are as
)

specified in (5.2.3) - (5.2.9). Seely's method of variance component

estimation can be used to estimate the Vi For this model, the elements

of ¢ in (5.2.7) are given by
-1

- i - ’ -1 4 - ’ ,
(5.6.3) ¢ =y (Iy - XD XD B Uy - 3D XD ¥

where N =
h|

The matrices in this expression can become quite

nmMe =

n.m,.
1 J73
large. However, some simplification is possible. Let EO denote the OLS

estimate of B and §, the OLS predicted values, i.e.,

Y=§§0= ¥




The elements

(5.4.5) h

where

Due to the structure of Ek’ the argument given

that hk2

(3

elements hkk’

k2

Q

= 0 for k # £ applies to hk£ in (5

k =
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of the matrix H in (5.2.7) are given by

trace (Q W, Q ¥,)

I

-, "1 -,
L-x @ty

in section 5.2 showing

.4.5). The diagonal

0,...;M, can be expressed in terms of the u data groups

to lessen the computational burden.

Note that
_ - P S
(5.4.6) Q=1 -XE® X
- — » - P ) ». ‘1 » . P -1 ’
= I - 5E07% L@E0TX L B ERTK
X&) x; .
x x1) % x x5 %
Tt hadiad ~1 ~cs AT M|
where X. = Kj X Qj , j=1,...,u, and
1 [ -1
(5.4.7) XX) " = 2 gj gj
| j=1
C u
= | 3 K, K.®D; Q.] 1
| j=1 N3 R
[ u u -
=l kx|t ® |zt
21~ ™ I
] i
Expanding (5.4.5) yields
- - - 'l », - - "1 ,
(5.4.8) hkk = trace [Ek Ek Xk XX'X) "X Ek XXX) "X Ek Ek
- -1 » - ‘1 P
+ XX B XED X ]
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Substituting the expression for g(g'g)'l X" in (5.4.6) into (5.4.8),

after much simplifying, we get

u
(5.4.9) h,, = Z trace W W
kk . Ak, .\ ~k,.
j=1 (i) k(J)
u -1
- 2 trace(X.(XX) " X W W )
= 3 3 7kG) K

u
- 5 trace(, X ED XY W )

=1 Gy I 1 TRy Ry
u u _1 _1

+ I 3 trace(gi(g'g) X: W X.(XX) g{ W )
i=1 j=1 I ¥ (i)

Estimates of Yy are then given by

(5.4.10) y =c, / h k=0,...,M

kk ° .
The computation of these estimates is independent of nj, j=1,...,u.
Repeating the argument given in the proof of Theorem 5.2.1 it is easily
seen from the above expression that hkk and ¢, are of the order (N - q)
and therefore the variance of ?k is of the order 1/(N - q). As the
number ,of subjects increases to infinity for a fixed number of time
points, ?k converges in probability to Yy k=0,...,M. Thus this
estimation procedure provides an alternative to that presented in section
5.2. However, it should be noted that the burden of computing ?k is
much greater than that of computing ?k . for j = 1,...,u. Due to
the form of the hkk it is impossibléJio_process one data group at a
time. Direct computation using the matrices defined in (5.4.3) and
(5.4.5) will typically require a large amount of core for storage, while

accumulation of the various components over the u data groups in (5.4.4)

and (5.4.9) will require a large amount of computing time. Thus if




85

sample sizes permit, the estimation method given in section 5.2 is
preferred. The data analysis presented in Chapter 7 is an example of a
study design for which the techni‘ques,presetited in this section are

required.



CHAPTER 6

MULTIPLE RESPONSE VARIABLES

6.1 Introduction and Model Formulation

It is frequently the case in longitudinal studies that more than
one measurement is taken on a subject at a given test date. The measure-
ments may all be related to some biological or psychological process and
therefore highly correlated. In this chapter, linear model analysis of
incomplete longitudinal data is considered in which multiple dependent
variables are measured through time on each subject. We have seen in
Chapters 4 and 5 that the assumption of a time series model for the
error terms with respect to a single response variable is not only a
reasonable assumption but also provides a method of analyzing particular-
ly sparse data. The logiéal extension of those estimation methods is to
combine several time series models on each subject in such a way that
the estimation of linear model parameters takes into account both the
correlations across time for a given response variable and the correla-
tions between two response variables measured on a given subject. It
will be seen that the-assumption of the particulér time series models
selected for each response variable necessarily determines the between-
response-variable correlation structure through time.

First the GIM notation must be extended. Assume that v dependent
variables are measured at p time points on n subjects in the hypothetical

complete data case. The model for the kth response variable, k = 1,...,v,
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is assumed to be the GLMM (Xk; D gk’ Zkk)' Note that the same design
matrix, D, is assumed for each dependent variable for simplicity.

Observations on the v dependent variables can be combined as follows:

(6.1.1) [y, %, --- L1 =DIB B, ... BJ+ 1[4 U ... U]

where Qk denotes the matrix of error terms for the kth variable. The n

rows of the matrix on the left are assumed to be independent with covari-

ance structure given by

.th -
(6.1.2) Var(i =~ row of [Xl cen Xv] =Q
= [ 2n 22 - Ay ]
212 .
- glv Zvv -

The (p x p) matrix Zkﬁ consists of the covariance parameters for the
kth and Rth dependent variables across time. For example, if gkﬂ =

((0,.))y, and Y, = ((y;,)), then

(6.1.3) cov(yit(k), yit'(z)) = ott’(kz)

To incorporate missing data in this model, additional notation must
be specified. As in the GIM, it is assumed that the subjects are grouped
according to missing data patterns with respect to the v response vari-
ables. - Let ij denote the (nj X mjk) matrix of obsgrvations on the kth
dependent variable for the jth missing data group, k = 1,...,v,

j=1,...,u. Let xj denote the vector version (rolled out by columns)

of [le ij v va]. Then the following model can be defined for xj:
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6.1. = = -
( 4) E(ZJ-) Z,j b I.(jl ® 21
K, ® D by
and
(6.1.5 Var(y.) = Q.
) (1) = &
= K1 21 5j1®£nj - Ky 2y Kjv@mj
¢ b
Sjv Zlv 5j1®£nj I Kjv z'vajv®Lnj

where

Ek denotes the (pq x 1) vector of columns of gk’
denotes the (nj x q) design matrix for the jth group,
denotes the (p x mjk) matrix indicating the missing data

pattern for the jth data group with respect to the kth

dependent variable, j =1,...,u, k=1,...,v.

This model notation simplifies somewhat if the only cause for missing
data is a missed interview or examination in which case all response
variables are missing for that time point. Then Kjk = Kj for k=1,...,v.

If an unconstrained formulation is assumed for Zkz’ k,2 =1,...,v,
the estimation of b requires the estimation of approximately vzp(p + 1)/2
variance and covariance parameters, with the exact number depending on
the missing data patterns. As in the GIM, pairwise deletion techniques
could be employed based on the OLS residuals to consistently estimate
these parameters. However, if v or.p is large relative to n and there
is missihg data, it may be necessary to impose constraints on the struc-
ture of Zkz in order to guarantee the estimability of all parameters
involved. If, for k,2 = 1,...,v, gkﬁ = Zkz-(ﬁkz) such that the elements

of Zkﬂ are continuous functions of the elements of Qkﬂ’ then by Lemma
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2.3.1, if consistent estimates of ka exist, they can be substituted in
(6.1.5) to produce a consistent.estimate of Qj.

Clearly the model defined in (6.1.4) and (6.1.5) satisfies the
assumptions of the LMI. If consistent estimates of ¢k£ can be computed
from one subsequence of the subjects, then estimates of b computed from
an independent subsequence will be BAN estimaﬁes by Theorem 2.3.2. For
small sample sizes it may be more desirable.to compute WLS estimates of
b from the entire sample. The estimator is defined as

- 5 -1 -1 2 -1
(6.1.6) b= | 2 Z:Q." Z. 2 Z.Q. Y.
j=1 9N R jzp 3R

A

where Qj is a consistent estimator of Qj.

-~

An estimate of the variance-covariance matrix of b is given by

6.1.7) Var (b) = z- 9l 2z,

J

nmMme

As in the GIM, Wald statistics can be computed to test hypotheses about
the model parameters b based on this estimate of the variance-covariance
matrix for b. If the conditions of Theorem 2.4.1 are met, the Wald

statistics will follow an asymptotic chi-square distribution.

6.2 Multiple Autoregressive Models

We have seen in Chapter &4 that an autoregressive process of order
one is often a reasonable model for a subject's series of residuals
about the population regression line. Furthermore, consistent estimation
of the process parameters is possible in the presence of missing data.
In this section, a model is proposed that assumes an AR(1) process for
the errors of each respomse variable observed on a subject and includes

between response variable correlations across time.
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Referring to the model specified in (6.1.1) for the complete data

case, let u, denote the vector of errors for the ith subject's mea-
(k)
surements on the kth response variable. If v ~ AR(1) then for
‘ (k)
k = 1, )v’
(6.2.1) u, =p, u, + e, , i=1,...,n,
t t- t
Tay O BElay o t=2,...,p,
where
(6.2.2) e. ~ N(0,¢,,),
lt(k) kk
cov(ei )y=0 t #t°.

y €., -

t
RONERARS
Assuming the following initial condition,

(6.2.3) wvar(u.

_ 2 o
10 ) - ¢kk / (1 pk) ’ 1 1)"')“)

(k)

it was shown in section 4.1 that

(6.2.4) ¢ -
Var(gi ) = kk 5 1 Pk pﬁ 1 , i=1, , 0.
(k) 1 - pk
?k *
.p-l
LR 1

In order to incorporate between response variable correlations into
the model and at the same time minimize the number of covariance para-

meters that must be estimated, the following additional assumptions are

made:
(6.2.5) (i) cov(e, , €. ) = ¢k£ if t = s,
1t(k) 18(2)
0 if t # s, i=1,...,n,
k,2 =1,...,v,
t,s =1, <P
(ii) cov(u, u. ) =0¢ / (1 -p. Py) i=1,...,n,
O’ 0" R S S
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For a fixed time t > 0, the covariance between any two response variables

is then given by

(6.2.6)
cov(u, , W, ) = E[(p, u, + e, )(p, u. + e, )]
t - - ’
i (k) 1t(2) | k "i,t l(k) ,lt(k) 2 it 1(2) 1t(2)
i=1,...,n,
‘k,2=1,...,v.
By assumption (i) above, u. is independent of e, , therefore
i,t-1 it
77 (k) “(2)
(6.2.7)
covlugy up ) =l (L ey vEMR U L, Py o, )
) () B €3 N A €)

By successively substituting in this manner for the U o
’

right hand side becomes the expansion of the series for ¢k2/(1 - Py pz),

terms, the

thus giving the rationale for assumption (ii) in (6.2.5). Note that the
covariances between response variables at the same time point are assumed
to be constant over time.

The covariance between two response variables at different times

can be derived in a similar manner. For s > t,

(6.2.8) cov(u, , U, ) = Efu, (py u, __ t+ e, )]
lt(k) 15(2) 1t(k) 2 "i,s 1(2) 15(2)
= E[p, u, u, __ ]
2 1t(k) i,s 1(2)
If s -~ 1 > t another substitution can be made for u. . Noting that
1,s-1(2)
ei,s-l(z) is independent of uit(k)’

(6.2.9) cov(ui , u

. ).
twy W

- 2 :
) = Epy Yit g U182y

If s - m = t for some positive integer m, then exactly m substitutions
can be made for u, . The general form for the covariance is then

(2)
given by



(6.2.10)

cov(u, , u, ) = pm ¢, / (1 - p, py) ,
lt(k) 1s(£) ﬁ ke k "¢ s
pk ¢k2/ (l-pk pz) " t
i
k,2
m

v i
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This implies that the covariance between response variables decreases

with time at the same rate as the covariance for measurements on a

single variable.

In terms of the matrix notation in (6.1.2),
(62.11) Zk,Q = Zki (pk, 02, ¢k2)
— 2 2 ~1-
1§ P H
-2
. N p?
kg 2
= - | oy S R

1=pPy

e

A consistent estimate of zkz can be produced if consistent estima-

tors of Per Pg» and ¢k£/(1 - pkpz) are available. The kth autocorrela-

tion parameter can be estimated from the data on the kP response vari-

able by the formula given in step (v) of (4.2.8), since that data satis-

fies the assumptions of a GIM with an AR(1) error process. Let ﬁk

denote this estimate.

estimate
(6.2.12) o =¢,,/(1 - p.p,) t=1,
tt(kﬂ) kg k"2 K,g =1,
.th
For the j data group, let
= (0)
6.2.1 .. =Y. =D, K.
(6.2.13) SRR
where EiO) denotes the OLS estimate of gk' Let

Pairwise deletion techniques can then be used to

"p)
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n.
u J
(6.2.14) w,.= 2 X r. K’ K. r. / N
k2 . , ~i, ~ ~ ~i., 2
=1 i=1 g e e Mgy K
where r’ denotes the ith row of R., and N denotes the number of
~1(jk) ~jk ~kL

pairs of observations on the kth and Rth response variable taken at the
 same time. Then Vig is the sum over time (t = 1,...,p) of pairwise

deletion estimators of Opr . As the number of subjects on which the
(kL)

th t . . .
k™ and 2'h response variable were observed at the same time increase,

W, 1S consistent for ¢k£ /(1 - pkpz). Substituting gkz = Zkz (ﬁk’ﬁZ’ka)

for Z , in (6.1.6) yields WLS estimates for b when multiple AR(1) error

k2

models are assumed.

6.3 Multiple Moving Average Models

As discussed in Chapter 5, the assumption of a moving average
process is often reasonable when modeling the errors on a subject's
observations with respect to a single response variable. When multiple
moving average error processes are considered jointly in a model with
multiple response variables, the variance component estimation procedure
presented in section 5.2 is not feasible due to the complex covariance
structures involved. In this section a model is proposed that assumes
an MA(1) process for the errors of each response variable observed on a
subject and includes between response variable correlations. Consistent
estimators for the covariance parameters are presented. Results for
multiple higher order moving average processes have not been readily
attainable.

.th .
Let u. denote the vector of errors for the i subject's responses

T(k)

on the kth dependent variable. If u ~ MA(1) then
(k)
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(6.3.1)

u, = e, ta e, __ s i=1,...,n,
Ta Ta K Bl K=1,...0v,
t € (~», ®),
It is usually assumed that |a,| < 1. This guarantees that u. is
k lt(k)
expressible as a convergent infinite series in u, ,m=1,2,...,®
1,t-m(k)
(e.g., Box and Jenkins, 1976). Assuming that e, ~ N(0, ¢,.) and the
lt(k) kk
ey are independent, we have from (5.2.2) that
(k)
(6.3.2) var(u ) =9¢,, (1+ a2)
it kk k
(k)
and

cov(u, , u, ) = a ¢
lt(k) 1s(k) { k Tkk

0 otherwise.

if |t - s| <1,

In order to incorporate between response variable correlations the

following additional assumption is made:

(6.3.3) cov(e. , €. ) = ¢ if t =s
ke i
lt(k) 1s(£)
0 if t # s.
Then the following relationships can be derived:
(6.3.4) cov (u, , u, ) = ¢, (1 +a, a,)
t t .3 k “27°
RO RS
cov (u, y U, ) = ¢k2 I
lt(k) i,t 1(2)
cov (ui,t-l(k)’ uit(z)) = ¢k£ ay,
cov ( = 0 , It - s] > 1,

uit(k)’ uis(ﬂ)

In termsbof the parameter matrices defining Q in (6.1.2), we have

(6.3.5) Zkﬂ = ¢k2 . Fl taa, ay 0 ... 0
ak 1+ aka2 ay - 0
0 .

| 0 1+ akaz B
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Under this model, the first order autocorrelation is given by

(6.3.6) P = a /(1 + ai),_ k=1,...,v.

The restriction that Iakl < 1 implies that ka| < 0.5. An estimate of

Py can be computed from data on the kth response variable by the formula

given in step (v) of (4.2.8). This estimate is consistent and, provided
Iﬁkl < 0.5, can be used to produce a consistent estimate of a, as follows:

1:J1-46§

(6.3.7) a, = R k=1,...,v.
k 2p,

"The estimate Wy defined in (6.2.14) is a consistent estimate of

¢k£/(1 + akaz), k,2 = 1,...,v, under this model as well as the AR(1)

model. Thus 2 a,, w,) is consistent for 2, , defined in

ke = Zre3p

(6.3.5). Substituting X , in (6.1.6) yields a WLS estimate of b for

k?
models with multiple MA(1) error processes. If kal > 0.5, no real solu-

tion exists for ay, by this method.



CHAPTER 7
THE ANALYSIS OF A LONGITUDINAL STUDY OF

SPIROMETRY IN CHILDREN

7.1 Description of the Data

Spirometric measurements were taken on young black and white child-
ren over a period of eight years as part of a longitudinal study conduct-
ed at the Frank Porter Graham Child Development Center, UNC, Chapel Hill,
N.C. Subjects for the study were selected prior to birth from e#pectant
parents living in the area. Six to 12 subjects were recruited per year.
The children were trained to perform forced vital capacity (FVC) maneuvers
as early as two and one-half years of age. At the satisfactory conclusion
of the training period, spirometry was planned to be performed on each
subject at set time intervals. Three of the measures obtained from
spirometry are forced vital capacity (FVC), peak expiratory flow rate
(PEF), and the maximum expiratory flow rate after 75% of the FVC has
been exhaled (ﬁmax7s%). The FVC is measured in liters and the flows in
liters per second. |

The dataset available for analysis at the time of this research
consisted of spirometric measurements on 72 children collected from
Nov. 1, 1972 through Dec. 31, 1980. The subjects ranged in age from
three to 12 years and consisted of 29 black females, 26 black males,
nine white females, and eight white males. The data had been carefully
examined by a pulmonary physiologist and only tecﬁnically acceptable

spirbgrams from non-obese, non-asthmatic children were included.
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7.2 Analysis Strategies

The analysis of the spirometry data was performed using the method
of estimation and hypothesis testing proposed iﬁ this research in order
to illustrate the application of samé- to an incomplete longitudinal
dataset. Of primary interest to the principal investigat§rs was to
predict population values of each spirometric measure for the four race
and sex groups, to determine if significant growth occurred with respect
to these measurements, and to determine if any significant differences
existed between the groups.

The data collection was fairly haphazard with respect to calendar
time. As a result, the data for each subject at each year of age from
three to 12 years were used for this analysis. If several examinations
were conducted on a subject in one year, only the examination occurring
nearest to a birthday was included. |

As described above, children were continually entering the study by
design. In addition the study was subject to a fair amount of attrition
due to families moving from the area. Once in the study, most children
had examinations at least once a year until they left. However in
several cases, entire years were missed due to illness or other causes
of absence. For these reasons the analysis was complicated by a large
amount of missing data. For one spirometric measure the hypothetical
complete data matrix would comsist of 10 yearly observations on 72
subjects. The actual dataset analyzed contained only 317 observations
per spirometric measure.

Plots were produced of values of each spirometric measure versus
age. Due to significant heteroscedasticity, a logarithmic transformation

of the data was required. A listing of the logarithmic values of FVC at
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ages three to 12 years (LFVC3 - LFVC12), log values of PEF at ages three
to 12 years (LPEF3 - LPEF12), and log values of Vmax75% at ages three to
12 years (LVI5M3 - LV75M12) are given in Appendix A. The subjects have
been grouped according to missing data patterns in these tables.

As a first step, the measurements on each spirometric parameter
were analyzed separately. vDue to the missing'dafa, a GIM analysis was
employed. There were 36 gfoups of like missing data patterns, many
consisting of only one subject. For the kth spirometric variable, the

following model was assumed:

= k=1,2,3
~ ~kk ’ , yeydy
J(k) j=1,...,36,
where th
Zj is the (nj X mj) matrix of responses on the k
(k) spirometric variable for the jth data group,
D. is the (n. x 4) design matrix for Y. ’
~J J ~J(k)
gk is the (4 x 10) matrix of model parameters,
,gj is the (10 x mj) missing data indicator matrix.

The model parameters correspond to four race by sex means at each year
of age.

It was decided that sufficient data did not exist to produce reli-
able estimates of the 55 unknown variance and covariance parameters in
gkk by pairwise deletion. Preliminary analyses of ordinary least squares
residﬁals were conducted to determine reasonable covariance models for
Zkk' Examination of the OLS residuals revealed that measurements on a
subject were highly correlated over ﬁime, as would be expected. This

was particularly true for FVC. 1In order to determine the adequacy of

the AR(1) covariance model, plots of individual residuals were produced.
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T [T

Figure 7.2.1 Plot of Hypothetical Residuals Illustrating a Typical
AR(1) Process
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Figure 7.2.1 illustates a typical hypothetical rgsidual plot from an
AR(1) process. Note that most of the information required to prediét
the residual at time t is contained in the residual at time t - 1.
Several example plots of adjacent log FVC OLS residuals are given in
Figure 7.2.2 for selected subjects. It can been seen from this figure
as well as from the remainder of the 72 plots, that an autoregressive
process of order higher than one would probably provide a better fit.
Nevertheless, an AR(1l) process was assumed for the first model fit to
the data, since an AR(1) procesé is often a good approximation of an
AR(p) process for p > 1 (e.g., Kmenta, 1971).

Finite moving average covariance models were also considered. The
largest lag that could be estimated from the data was seven. No subjects
remained in the study for longer than seven years. Furthermore, the
number of subjects with data lags of five, six, and seven years were 16,
nine, and eight respectively. Estimates of moving average parameters
for lags larger than four or five years would probably be unreliable.
Thus it was decided that a GIM would be fit to the data with an AR(1)
process and then with an MA(4) process for the errors.

The second step of the analysis consisted of combining the three
dependent variables into one model as described in Chapter 6. The MA(1)
error model appeared totally unsatisfactory, so multiple AR(1) processes
were assumed. The purpose of this analysis step was to examine the
correlations among response variables.

7.3 Results

Estimates.of the autocorrelation and variance parameters for an

AR(1) process were produced according to (4.2.8) for each of the three

spirometric variables. These estimates are given in Table 7.3.1. The
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Table 7.3.1 AR(1) Process Parameter Estimates

Log FVC Log PEF Log Vmax75%
p 0.79 0.57 0.46
&2 ©0.045 0.046 0.166

autocorrelation estimates were based on 167 pairs of consecutive resi-
duals, and the variance estimates were based on all 317 obsefvations,
thus the asymptotic properties established for these estimators in
Theorem 4.2.1 should be valid. A GIM was then fit to the data for each
of the three dependent variables assuming an AR(1) error process. Esti-
mates of the model parameters, ;s and és, were computed according to
(4.2.8) and are given in Tables 7.3.2 - 7.3.4.

Although there were observations on subjects at age three, only one
of these was a white female and one a white male. Thus the estimates of
these two cell means are unreliable. All hypotheses will be tested
using only the parameter estimates for ages four through 12. For nota-
tional convenience, it will be assumed in defining the test statistics
that elements of B corresponding to age three have been deleted.

The first hypothesis of interest is that of no differences émong

the four race by sex groups for any age, namely

(7.3.1) H.: C

1° S 7 0

1

where
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In addition, hypotheses of specific two-way comparisons between groups

were tested as follows:

(7.3.2) H2 (WF vs. BF) : QZ Es gl =0 )
where 92 =[1 -1 0 0],
(7.3.3) Hy (WF vs. W) : €38, 4, =20 :
where EB =1 o -1 0],
(7.3.4) H, = (BF vs. BM) : C, B U, =0
where g4 =0 1 o0 -1],
and
(7.3.5) HS (BM vs. WM) : ES Es 91 =0
where C5 =[0 0 1 =-1].
Each of these pairwise differences between groups were also tested at
each year of age by setting U equal to the tth column of £9 for the tth
test, t =1,...,9.
The hypotheses described above were tested by constructing a Wald .

statistic and comparing the result to a central chi-square distribution
with w degrees of freedom, where w equals the number of rows in g'@g.
It should be noted that because the entire sample was used to-éstimate
gs and gs’ the conditions of Theorem 2.4.1 are not met. Although the
resulting test statistics are only approximately distributed as chi-square
random variables, it was decided that this procedure was good practice.
For testing H: CBU=0, let
(7.3.6) §=Q'®g .

Then

(7.3.7) W= (Eb)" (EVar() ED7' E by

A ~

where Var(hs) is given in (4.2.16). Approximate probability levels for
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the tests of the ‘hypotheses céncerning race and sex differences are
presented in Tables 7.3.5 - 7.3.7 for each of the three spirémetric
variables.

Significant differences (p > 0.05) in mean log FVC between white
and black males were detected for most age groups. With respect to log
PEF, differences were found between young (four and five years) black
and white males. Only seven-year-old black and white males differed
with respect to log Vmax75%. No other significant differences were
found.

It was also of interest to determine if any growth occurredbwith
respect to the three spirometric variables and to test for different
profiles of growth among the four race and sex groups. To determine if
any growth occurred, define the hypothesis

(7.3.) H, :

|
-

where

COOOO O MmO

[}
QOO MmOOOO
]

QO OOOOO

O~ OO0OO0OO00OO0

QOO OOCOO =
OO OOHHOO
]

QOO HRLHOOO
HHOOOOOOO

=

|

The four group-specific hypotheses of zero growth are then defined by
. .th .
H6i' E6i Es g6 where Eﬁi is the i~ row of g6’ i=1,...,4.
The hypothesis of equal growth profiles among the four groups

(i.e., no growth by group interaction) is given by

(7.3.9) Hy: € B U
where 91 is defined in (7.3.1). Repeating (7.3.2) through (7.3.5),

substituting EG for El defines the hypotheses of equal growth profiles
for the four pairwise group comparisons. The results of tests of hypo-

theses are given in Table 7.3.8.
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Table 7.3.8 Approximate p-values for Tests of Growth

(vs. (Age) for Each Race and Sex Group and Differences

in Growth Profiles Between the Groups Assuming an AR(1)
Error Model

Log FVC Log PEF Log Vmax75%
Growth:
Overall 0.00 0.00 0.03
WF 0.00 0.00 0.35
BF 0.00 0.00 0.11
WM 0.00 0.01 0.02
BM 0.00 0.00 0.38
Differences in
Growth:
Overall 0.25 0.53 0.55
WF vs. BF 0.18 0.11 0.81
WF vs. BM 0.56 0.98 0.21

BF vs. BM 0.83 0.35 0.99

WM vs. BM 0.15 0.90 0.09
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Significant growth (p < 0.01) as defined by (7.3.8) was detected
for all race by sex groups with respect to log FVC and log PEF, and only
for white males with respect to log 6max75%. The only significant
difference (p = 0.09) between growth profiles occurred for white males
versus black males with respect to log ﬁmax75%.’

Assuming a moving average process of order four for the errors in
the GIM, estimates of variance components were produced using the estima-
tion procedure described in section 5.4. It was noted earlier that many
of the missing data groups consisted of only one subject, thus it was
not possible to compute ?k __as in (5.2.15) for all 36 groups. The
moving average parameters(Jiere therefore computed from the formulae
given in (5.4.4) and (5.4.8).

A GIM was fit to the data for each of the three spirometric vari-
ables assuming an MA(4) error model. Estimates of the model parameters,

~

ZM and EM’ and the standard errors of QM-are given in Tables 7.3.9 -
7.3.11 for these spirometric varibles. The estimate of EM for log FVC
was nonpositive definite, thus producing wunreliable standard error
estimates for four of the race and sex cell means. These are indicated
by dashed lines in Table 7.3.9. Typically the moving average process
provides a good fit for data with autocorrelations less than 0.50 (see
section 6.2). As a result, no hypotheses were tested for log FVC with
this model.

The hypotheses specified above were each tested under the MA(4)
model assumptions for log PEF and log ﬁmax75%. Results for the tests
concerning differences in age-specific means among the race by sex

groups are given in Tables 7.3.12 and 7.3.13. Results for the tests

concerning growth profiles are given in Table 7.3.14.
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Table 7.3.14 Approximate p-values for Tests of Growth (vs. Age)
for Each Race and Sex Group and Differences in Growth
Profiles Assuming an MA(4) Error Model

Log PEF Log \./max75% i
Growth:
Overall 0.00 0.08
WF 0.00 0.28
BF 0.00 0.21
WM 0.00 0.03
BM 0.00 0.55
Differences in Growth: _ 0.00 0.71
WF vs. BF 0.90 0.35
WF vs. WM 0.00 0.98 -
BF vs. BM 0.92 0.14
WM vs. BM 0.00 0.66

A comparison of the results from these two models indicates that
while the estimation of B is not very sensitive to the choice of covari-
ance model, the hypothesis test results are. In particular, significant
differences between white feﬁlales and black females and between black
females and black males were detected with respect to log PEF assuming ‘ .
an MA(4) model, while no significant group differences were detected
with respect to log PEF assuming an AR(1) model. The tests with respect

to \.lmax75% yielded similar results under the two covariance models, '

however. The fact that the Wald test is very sensitive to the estimation
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of an unconstrained covariance matrix has been documented recently in
the literature (e.g., Leeper, et. al., 1982). The results of this
analysis indicate that the choice of the covariance model, in addition
to the computational stability of the estimate, have a large impact on
the test results produced.

As a second step, th data for the three spirometric vafiables were
analyzed jointly by the methods described in Chapter 6. It was obvious
from the previous analyses that an MA(1) model for the errors would not
be adequate since positive correlations appear to exist between measure-
ménts separated by more than one year of age. Thus a model was fit to
the data assuming multiple AR(1) error processes.

Estimates of autocorrelation parameters for each dependent variable
were available from the previous analyses. The between measurement
covariance parameters were estimated as described in (6.2.14). These
estimates are given in Table 7.3.15. Referring to the notation in

(6.1.2), 2 k = 1,2,3, are given by the estimates of Zs in Tables

kk’
7.3.2. - 7.3.4. Estimates of 212, 213, and 223 are given in Table 7.3.16.
Table 7.3.17 contains estimates of B.

Log FVC and log PEF appear to be highly correlated (612 = 0.56) as

do log PEF and log Vmax = 0.35). A slight positive correlation

75% (623
was found between log FVC and log Vmax75% (ﬁ13 = 0.13). The estimates
of B for the joint model are similar to those computed for the three
variables modeled separately, as are the standard errors of B.

For the most part, the results from the analysis are consistent
with physiological explanations of pulmonary function in children. The
analysis has provided an illus;ration of the application of modeled

covariance matrices to incomplete longitudinal data. The major advan-

tages of the methods employed are the ability to formulate the problem
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Table 7.3.15 Estimates of Covariances and Correlations Between
Spirometric Variables for Fixed Time

Cov. Log FVC Log PEF Log Vmax75
Corr. "
Log FVC 0.045 0.026 0.006
Log PEF 0.56 0.046 0.031
Log Vmax75% 0.14 0.35 0.166

in terms of a reasonable number of estimable parameters and the use of
all available information in the estimatibn process.

Several disadvantages are also apparent. The selection of a covari-
ance model is subjective and often a result of trial and error. Examina-
tion of residual plots and preliminary pairwise deletion estimates can
be useful in this choice. It would also be helpful to have some underly-
ing biological or physiological model upon which to base the selection.
The AR(1) model is often preferrable due to the small number of covari-
ance parameters involved and the fact that correlations do not necessari-
ly vanish with time under this_model. Fewer assumptions are reqhired
for the MA(M) model, but often the cdvariance parameters corresponding
to the different lags are estimated using sample sizes that differ
dramatically. In this particular example, 68 subjects contributed to
the estimation of Yy while only eight would have contributed to Yq if
the MA(7) model had been assumed. It may be preferabie, as in this
example, to assume 2zero correlations.for measurements separated by long

lags than to assume that the consistency properties of the estimators
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established in Theorem 5.2.1 are valid for small sample sizes. This
problem is likely to arise in any longitudinal study due to-attrition.

Another disadvantage of the MA(M) model assumption is the computa-
tional burden of the variance component estimation.‘ The software devel-
oped as part of this research is executed under SAS PROC MATRIX. The
computation of Ck and hkk in (5.4.4) and (5.4.8) proved to be costly
with respect to both storage and computing time. Gains in efficiency

would probably be realized if these computations were programmed in PL/1

or Fortran and thenAlinked to the SAS GIM software.



CHAPTER 8

SUGGESTIONS FOR FUTURE RESEARCH

Methods have been presented here for two classes of covariance
models thought to be frequently occurring in longitudinal data. One
obvious extension of this research is to consider other suitable models
for the error structure. The model formulation and estimation theory
established in Chapter 2 should be easily adapted to other time series
models as well as to general patterns of covariance matrices appearing
in the literature for which consistent estimation is possible. For
example, small sample estimation of the parameters of an AR(2) process
exists for complete data on a single time series (e.g., Box and Jenkins,
1976). Although the covariance structure associated with this model is
more complicated than that of an AR(1) process, it may be possible to
incorporate this model into the GIM.

Another extension of these methods is to determine maximum likeli-
hood estimation of the covariance parameters for the models proposed
here that are applicable to the missing data case. The EM algori;hm may
provide a suitable framework for such a procedure.

Further work is also needed in deriving suitable covariance con-
straints for the joint model described in Chapter 6. This problem
involves minimizing the number of elements in Q that must be estimated

while keeping the underlying assumptions to a reasonable set.
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Only large sample methods have been proposed here. ‘A thorough
study of the small sample properties of the estimators and test statis-
tics is therefore suggested. Two simulation studies are particularly
needed. The first would examine the reliability of the estimation and
efficiency of the test statistics when one covariance model is assumed
and another covariance model is actually present. A second study would
determine the distribution (small sample) of the Wald statistic assuming
that the covariance model is correct. It is hopefully the case that the
imposition of covariance constraints will lessen the problems documented
in the literature for the Wald tests in the unconstrained model (e.g.,

Leeper, et. al., 1982).
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