
ABSTRACT

MIRHELI, AMIR. Network Design and Dynamic Electric Vehicle Charging Management with User
Equilibrium Decisions. (Under the direction of Dr. Leila Hajibabai.)

In this dissertation, we first focused on the management of existing Electric Vehicles (EV) charg-

ing facilities by developing optimization algorithms to obtain demand-driven scheduling scheme.

We proposed a dynamic programming model that minimizes the (i) total travel cost and charging

expenses and (ii) extra charging duration. A stochastic look-ahead technique is proposed that first

models a generalized Nash equilibrium (GNE) to distribute a non-cooperative game-theoretic model

to EV users. A consensus-based coordination scheme is incorporated into the GNE procedure to

push the user-level solutions toward system-level optimality. MCTS algorithm, with an embedded

tree policy and shooting heuristic, is implemented to efficiently capture the uncertainties and

approximate the value function of the dynamic program.

In the second chapter of this dissertation, we further studied the impact of charging facility

location and capacity on EV transportation plans. We developed a hierarchical formulation with

the EV charging network design and demand-driven pricing scheme in the upper level and users’

charging decisions with respect to charging expenses and travel costs in the lower level. Then, the

proposed bi-level program is converted into an equivalent single-level formulation considering the

lower-level objective function as complementary equations. An iterative active-set based solution

technique is implemented to determine the strategic decisions on charging network design. Be-

sides, we evaluated the solution quality of the proposed algorithm with a benchmark solution by

implementing an iterative technique to solve the hierarchical optimization problem that generates

theoretical lower and upper bounds and solves it to global optimality.

In the last chapter, we studied the impacts of integrated electric power distribution and trans-

portation networks plan to facilitate electric vehicle mobility and charging considering the back-

ground traffic flows. Large-scale utilization of EVs will impose significant pressure on power dis-

tribution networks (PDNs) in terms of the amount of electricity allocation to charging facilities.

The main goal is to minimize the total cost of PDN operation, charging facility deployment, and

transportation. A mixed-integer bi-level model structure is proposed with the EV facility location

and PDN energy decisions in the upper level and user equilibrium (UE) traffic in the lower level



under uncertain demand. The proposed problem is solved using a column and constraint genera-

tion (C&CG) algorithm. The proposed methodology is applied to two case study networks, and the

solutions are compared to Benders-dual cutting plane approach as a benchmark.
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CHAPTER

1

INTRODUCTION

1.1 Signi�cance of the Research

Adoption of alternative-fuel vehicles (such as electric, hybrid, natural gas) has become a key solution

to reduce environmental pollutants caused by the transportation sector. Among those, EVs are con-

sidered as promising solutions due to (i) their convenience in electricity generation from renewable

and/ or clean energy resources (e.g., wind, solar) and (ii) wide available storage options. While EVs

and accompanied automation breakthroughs are predicted to trigger a signi�cant transformation

of transportation systems ever, the market share of EVs and plug-in hybrids remains small, i.e.,

2.1% in 2019 [BTS20]. Despite the environmental and economic advantages of EVs, The utilization

of alternative-fuel vehicles adds more complexity in the selection of traversing paths compared

to vehicles with internal combustion engines (ICE). For instance, the lack of wide availability of

charging facilities impacts the routing decisions of EV users and enforce them to make a detour to

recharge. Moreover, the limited on-board battery capacities discourage drivers from the usage of

the existing technology for long trips due to multiple charging attempts and the slow charging rate
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of EVs.

Besides, the market size of charging infrastructure grows slower than the charging demand.

Multiple connections to the electricity grid to charge in parallel, causes a surge in peak loads at

certain times-of-day due to home charging attempts during evenings, end-of-day charging of EV

�eets when returning to their businesses. Consequently, large-scale EV penetration rates can lead

to more frequent load peak occurrence at high magnitudes for long durations.

Using traditional pricing management and classic discrete location models will not capture

the embedded uncertainties to maximize charging facilities utilization under stochastic user ar-

rivals. Moreover, the widely used management strategies cannot be dynamically adapted to satisfy

customers with different perspectives. Most of the developed mathematical models for network

optimization do not consider the dynamic nature of the problem and require deterministic infor-

mation of arrival EV users with their state-of-charge (SOC). Hence, they would not be applicable in

developing a utilization management scheme for the environment with dynamic changes consider-

ing the stochastic nature of EVs' SOC and travel plan, charger availability, and charging rate over

time and space.

In this dissertation, we aim at developing mathematical programming techniques to (i) �nd the

optimal charge scheduling scheme for EV users over time and space given facilities with different

charging types and limited capacities, (ii) incorporate strategic supply chain network design into

charging management framework to facilitate better access to EV chargers, and (iii) apply smart

charging system to balance the load magnitude and support power distribution network. The

proposed model shall include the interactions among different entities (i.e., charging agency and

users) with distinct objectives, where each entity aims to maximize its own bene�ts and it can affect

the future decision of the other. However, the huge combination of all possible decisions along with

unknown uncertainties (i.e., stochastic charging rate), which makes the problem computationally

intractable. Therefore, we have developed hierarchical decision-making processes and iterative

solution techniques to determine the optimal solution for each entity and update the strategy sets

at each time step.
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1.2 Problem Statement

Recent advancements in battery technology have improved EV driving range but the charging rate

of EVs still remains slow. For instance, typical EVs with medium sized battery (i.e., 16� 24kW h )

are fully charged within several hours with level 1 chargers. Fully charging contemporary EVs with

� 50kW h battery would still take � 30min , even with Level 3 fast chargers that bene�t from direct-

current (DC). However, the majority of current EVs are not capable of DC fast charging and need to

park in charging facilities for hours to recharge. Long-term parking and charging periods, especially

with a static cost for each charging attempt, are the immediate consequence of inef�cient charging

facility management that signi�cantly affect the charging network operator businesses and causes

an accumulation of unserved EV users, particularly in high-demand areas. Therefore, it is essential

to develop an ef�cient scheduling scheme to properly manage the available charging network needs

and satisfy the charging demand while minimizing the travel, charging, and waiting costs of each

individual user.

Besides recent engineering breakthroughs to improve EVs' battery performance (i.e., capacity,

reliability, and useful life), deploying additional charging facilities is promising to facilitate better

access to EV chargers and particularly, electric utilities support the charging network expansions.

However, the expansion plan can be very costly, i.e., $50K or more per charger [Xie18]. This affects

the physical capacity of fast charging facilities. On the other hand, EV users preferences in the

selection of charging facilities depend on different factors such as driving range limitation that

leads to range anxiety, the available capacity and waiting time at each facility, and electricity pricing

among other factors. Therefore, it is crucial to incorporate the user perspectives within the integrated

infrastructure design and management framework to support long-distance EV travels.

Furthermore, the increasing trend in EV adoption rate causes a large number of EVs will connect

to the electricity grid to charge. While the excess power needs can be managed during off-peak

hours, the additional evening peak loads caused by EVs will impose signi�cant pressure on PDNs. In

other words, a large-scale EV penetration rate can lead to a more frequent load peak occurrence with

a higher magnitude and longer duration grid. Therefore, it is essential to investigate an integrated

plan for PDN's energy dispatch and EV charging facility design.
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1.3 Research Objectives and Scope

The primary objective of this dissertation is to model the potential interactions between the network

operators and EV users to study the impact of each entity's decisions on the future decisions of others.

In particular, this dissertation �rst investigates the application of an optimal scheduling plan for

existing charging facilities under uncertain demand. Then, we propose a hierarchical formulation

to incorporate infrastructure design into the charging management framework. This dissertation

aimed at �nding answers to the four following fundamental research questions:

1. What is the effect of the dynamic scheduling on the utilization improvements of charging

facilities?

2. How to incorporate different users perspectives in charging management framework?

3. How to expand charging facilities network to reduce the waiting queues while avoiding signif-

icant deployment costs?

4. Where to locate the electricity buses to distribute the power economically ef�cient and ensure

the capacities of PDN links are not violated?

1.4 Research Contributions

An ef�cient algorithm is required to study the behavior of EV users with �exible arrival and departure

times under stochastic charging rates and availability of charging options. However, most of the

existing studies in the literature have developed charging management strategies based on deter-

ministic supply and demand. Therefore, this dissertation proposes a novel EV charging scheduling

scheme to dynamically match user-facility pairs based on the updated information of charging

demand, charger availability, charging rate, facilities occupancy, and users' SOC.

Besides, the trade-off between availability and cost of public charging resources can affect

the large-scale adoption of EV technology. Therefore, an effective resolution would be to locate

suf�cient charging facilities to serve the public charging demand in the transportation network.

On the other hand, managing the charging load over time and space at the facilities will become

very important: as the EV penetration rate grows, a large number of EVs will connect to the PDN to
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charge. Therefore, managing the charging facilities will be crucial to help distribute the charging

load over the utilization periods.

Given the diversity of EV users' preferences (with respect to charger location, charging price,

waiting time to get served), it is bene�cial to develop an integrated plan for network design and

time-variant pricing strategies of charging facilities considering user-equilibrium decisions. The

integrated plan shall locate the optimal location and physical capacity of charging facilities for the

entire planning horizon while the charging price and EV users choices change dynamically. Therefore,

the proposed plan should consider the inter-relationship between strategic-level decisions (i.e., EV

charging facility design) and the operational aspect of the problem (i.e., dynamic pricing scheme

and EV users' decisions given the strategic charging network design).

1.5 Organization

The exposition of this doctoral proposal is as follows.

Chapter 2 summarizes the previous studies on dynamic charging management and infrastruc-

ture design for charging facilities. The existing literature is categorized into two directions to study

the EV scheduling scheme and operations under existing charging stations, and incorporation of

transportation network design.

Chapter 3 provides a dynamic scheduling scheme for EV charging facilities under uncertain

charging demand, charger availability, and charging rate. We have proposed a stochastic look-ahead

technique to distribute a non-cooperative game-theoretic model to EV users. The ef�ciency and

quality of the solutions from the proposed algorithm are provided in this chapter.

Chapter 4 develops a bi-level optimization program to represent the EV charging infrastructure

design and utilization management problem with UE decisions. A hybrid solution technique is

applied to determine the strategic decisions on charging network design and estimate the link travel

times to solve the problem more ef�ciently.

Chapter 5 presents a hierarchical formulation to optimize the network design and utilization

management of charging infrastructure considering the power distribution network as well as EV

users. We applied a column and constraint generation method to reduce the complexity of the

proposed optimization problem. The effects of EV needs on PDN are evaluated and the network
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powers are reported.

Chapter 6 summarizes the accomplishments in this research and highlights the �ndings.
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CHAPTER

2

LITERATURE REVIEW

The network design and dynamic charging management is studied in the literature in three major

approaches: dynamic scheduling scheme for EV operations under existing charging stations, the

network design for EV facilities, and variable charging locations and power supply. The �rst category

includes EV travel and charging scheduling decisions for existing charging facilities, while the second

category aims to further improve the system performance accounting for the charging network

design. The last category focuses on the impact of EV �ow on PDN. We study relevant literature on

dynamic scheduling of EV charging network in Section 2.1. Then, review the studies have focused

on integration of network design and utilization management of charging facilities in Section 2.2.

Finally, Section 2.3 summarizes previous studies on optimal location schemes while consider both

transportation and power distribution networks.

2.1 Dynamic Charging Management

Literature has shown park-and-charge studies that incorporate charging facilities into parking lots

to avoid charging complexities within trip chains. In particular, EVs get charged while parked at
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a destination. For instance, [Kur15] have proposed an optimal recharge scheduling scheme for

parking areas on a daily basis to identify charging spot, time, and amount based on EVs' arrival and

departure time, SOC, and travel range. The proposed model consists aims to maximize the total (i)

parking lot revenue and (ii) number of served EVs (whose charging requirements are satis�ed by the

departure time). The model is formulated as a two-layered problem, where each layer is optimized

independently. Similarly, [Hua12] have implemented various scheduling algorithms (i.e., �rst come

�rst serve, earliest deadline �rst, shortest job �rst, and longest job �rst) to design plug-in hybrid EV

(PHEV) charging schedules, where earliest deadline �rst outperforms the rest. The study assumes a

�xed charging rate to schedule PHEV chargers. [Sas17] has introduced an optimization model to

allocate minimum charging cost tours to EVs. A set of power grid, EV battery capacity, and charging

constraints are enforced in a mixed-integer linear program that is solved using two heuristic methods

(i.e., sequential and global heuristic). The sequential heuristic captures the EVs and allocates tours

to them consecutively. To reach feasible charging schedules, a maximum weight clique problem

is applied. Then, the sequential heuristic determines the optimal charging schedule for each EV

using a minimum cost �ow strategy. The global heuristic �rst applies a feasible assignment of tours

to all EVs and then, implements a global minimum cost �ow algorithm to minimize the charging

cost of the EV �eet. The global heuristic �nds solutions in all case studies while the sequential

technique fails in some cases due to insuf�cient charging schedule information for the following

EVs. While the sequential heuristic computationally outperforms the global due to the smaller

instances in each optimization, it cannot guarantee optimality in larger case studies. [Yao16] have

presented a real-time charge scheduling scheme that accommodates demand response programs in

a parking facility. The response programs restore the balance between charging demand and supply

in a smart grid and optimize the charging schedule. The optimization aims to simultaneously (i)

maximize the number of EVs selected for charging at each time period and (ii) minimize the EVs'

utility payments by choosing proper time slots to charge. The study applies an on / off strategy for

the charge scheduling as a binary optimization problem. A hybrid technique is implemented that

combines a linear programming and a modi�ed convex relaxation. The proposed approach requires

a signi�cant deployment cost to install chargers at all spots and apply the on / off strategy.

Another school of research investigates the impact of network design and availability of different

charging options (e.g., normal or fast chargers) on users' charging decisions. For instance, [Xu17a]
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has developed a mixed logit model to study the impact of revealed preference data on the charging

mode choice and location of BEV users at each time. Three scenarios varying from normal to fast

charging at either private or public locations are studied, which reveal that the battery capacity

and initial SOC are among the main factors to predict users' charging choice. Similarly, [Liu17]

have investigated the network location design of multiple types of BEV charging facilities, including

charging modes (i.e., static versus dynamic wireless charging). The study aims to assist government

decision makers to plan for BEV charging facilities under a limited budget that maximizes social

welfare. User choices are predicted by a logit model that incorporates the government's decisions

on charging locations, “income weighted” price of different types of BEVs, and users' travel costs

given their route choices. The aforementioned studies incorporate a �xed charging demand into

the design of charging network, where EV charging schedules are not optimized.

A number of studies in the literature have evaluated possible uncertainties in EV charging sched-

ules. For example, [Wu17] have proposed a two-stage stochastic optimization model to schedule EV

charging under uncertain EV arrival time, charging price, and charging demand upon arrival. The

study aims to optimize the charging loads by minimizing the expected operational costs and number

of unserved users within a �xed time-window captured from arrival time of each EV to the charging

station. They have applied a Monte Carlo based sample-average approximation technique and an

L-shaped method to solve the problem. The proposed model does not account for the uncertainty

in charging rates as it may increase the number of unserved users due to insuf�cient charge for their

next trips. [Gha16] have developed a stochastic model for charging facility network design that aims

to minimize the (i) deployment and user costs and (ii) number of unserved users under demand

uncertainty. The study develops a pricing scheme to balance the level of service and infrastructure

cost. An inconvenience cost for unserved users for out-of-network charging is incorporated into the

model that is interpreted as lost users in the existing literature. However, the proposed model does

not consider the �exibility of users' travel plans in time slot assignments while minimizing the num-

ber of lost users. [Lu18] have proposed a multi-layer time-space network to schedule a �eet of taxis

including EVs and internal combustion engine vehicles with advanced reservations. The problem is

formulated as an integer multi-commodity network �ow assuming uncapacitated charging stations

that requires signi�cant capital investments. The study assumes a �xed charging time that impedes

EV users to have �exible charging schedules. Furthermore, [Swe17b] have developed a recharging
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policy to determine the optimal energy amount at each charging station. A dynamic model that uses

forward recursion is proposed to minimize total EV charging costs by reducing the number of stops

and avoiding overcharging attempts. This study has implemented heuristic methods for continuous

charging along a path with equally-distant charging stations. Additionally, [Swe17a] have proposed

a dynamic programming (DP) approach to determine the optimal routing and recharging policy

in a network with stochastic charging station availability. The proposed model aims to minimize

travel time, waiting time, and charging costs. The state variables are the location and SOC of EV

users as well as charging station availability at each time period. The optimal policy represents the

amount of charge needed at the current location and the route to the subsequent charging stop.

The proposed DP-based approach uses an optimal priori policy for a grid network that reduces the

computational burden by dropping the station availability state from the value function to simplify

�nding the feasible paths. However, the problem is still intractable and suffers from a large state

space as the set of feasible paths dynamically changes due to the charging station availability that af-

fects the routing decisions. [Sch14] have introduced a recharging station and routing problem under

time-window constraints. This study aims to minimize the number of employed EV drivers and total

distance traveled for last-mile delivery carriers. A hybrid heuristic approach integrating a variable

neighborhood search and a tabu search is proposed to �nd near-optimal solutions. [Tan19] have

incorporated the driving range constraints and charging station capacity into a scheduling problem

for electric buses. A static model is introduced as a buffer-distance strategy to address the trip time

stochasticity and reduce the en-route breakdown rate of electric buses. Additionally, a dynamic

model is used to update the road traf�c condition and continuously schedule the electric bus �eet.

However, the proposed branch and bound is unable to solve large-scale cases, especially for the

dynamic scheduling strategy. [Hua19] have developed a joint long-term infrastructure planning and

real-time �eet operations for one-way EV sharing services under time-varying uncertain demand.

A tree search algorithm that incorporates a Monte Carlo sampling technique is proposed to solve

certain scenarios based on demand levels and facilitates �nding solutions. Furthermore, a study by

[Wan16a] aims to �nd the optimal location of EV charging facilities and charging schedules with

minimum installation and operational costs. The model is formulated as a mixed-integer program

and solved using a cutting plane procedure considering different scenarios (e.g., setting an upper

bound for the number of charging attempts). The study assumes unlimited charging outlets at each
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facility that yields signi�cant capital costs as demand increases. On the other hand, [Nou16] have

further considered the impact of vehicle-to-grid (V2G) technology on power distribution network

operators that impose changes in trip schedules when the V2G payments are high. The scheduling

problem is formulated as a bi-level optimization program with the equilibrium activity patterns the

lower level as a result of the upper-level pricing and AC power distribution. The problem is solved

using the method of successive averages to �nd the local optimum. The proposed non-convex

formulation has imposed challenges on �nding system-level optimal solutions.

The introduction of uncertainties impose additional complexity to the problem. Literature has

presented research efforts on the implementation of DP approaches with discrete state and action

spaces[God02; Put14; Qia17; Mir20c]. However, such models often cannot predict the impact of

decisions on future outcomes in large-scale problems. To reduce the computational complexity,

possible outcomes with respect to uncertainties can be simulated using Monte Carlo methods

[Ber96; Sut98; Jia20]. For instance, [Cho11] have developed a DP model to quantify the value of

�exibility for deferral or performing network expansions that help evaluate different network design

investment strategies under uncertain demand. The proposed model aims to solve a DP with network

design sub-problems using a least squares Monte Carlo simulation method (LSM) to reduce the

computational efforts. The LSM uses least squares regression to predict the option values based

on the results of future time steps in a backward DP. However, exploring of viable options in all

simulation steps reduces the ef�ciency of the algorithm in large-scale case studies. [AK16] have

implemented a sampled MCTS algorithm in a stochastic look-ahead policy. The study has developed

a partial tree to capture the unspeci�ed events in a vehicle routing problem for emergency storm

response operations. The partial tree predicts the value function for a limited number of time

periods to simplify the look-ahead model. Additionally, existing efforts utilize shooting heuristic

(SH), introduced by Newell [New93; New02], to solve boundary value problems in DPs [Bet10]. This

approach aims to reach a targeted �nal boundary state following a dynamic system. For instance,

[Mur16 ] have utilized SH in a facility location and capacity acquisition problem on a line with

dense demand. The study presents a DP with two-point boundary values and solves it with SH.

[Zho17] have also applied a parsimonious SH algorithm to smoothen the vehicle trajectories moving

toward a signalized intersection by controlling their acceleration pro�les. In this variation of SH,

each in�nite-dimensional vehicle trajectory is introduced by a few segments of analytical quadratic

11



curves. The method builds a large number of vehicle trajectories with physical restrictions, traf�c

signal timing, and car following safety. Similarly, [Guo19] have proposed a DP-SH algorithm for an

integrated problem, including a connected automated vehicle (CAV) trajectory optimization and an

intersection control, in a mixed traf�c stream of CAVs and human-driven vehicles. The SH algorithm

constructs near-optimal trajectories for vehicles in a platoon, while the DP approach adjusts the

traf�c signals for a given trajectory.

Another category of research has approached the scheduling problems using game-theoretic

models. In particular, a generalized Nash equilibrium (GNE) studies the inter-relationships between

system users as a Nash game, where the strategy set of each player relies on the other players'

strategies [Suw87; Fac07a; Meu10]. For example, [Wri10] have formulated a revenue management

strategy for airline alliances as a Markov game model, where the decision of one airline in interline

itineraries may result in a sub-optimal revenue for the alliance. While the Markovian transfer price

fails to coordinate an arbitrary alliance, the equilibrium acceptance policy is derived using the value

functions from each airline's dynamic model. The proposed methodology does not incorporate

customer feedback on airline pricing strategy. Furthermore, [Cor20] have proposed a microscopic

railway traf�c optimization model to simultaneously control railway traf�c in real-time while mini-

mizing passenger travel time. A Nash equilibrium is achieved given the availability of information

on train and customer arrivals (e.g., �rst come �rst serve and timetable with no delays). The pro-

posed methodology does not consider the stochasticity involved in information about future railway

states. Literature has shown the relationship between GNE and quasi-variational inequalities (QVIs)

[Ben74]. For instance, [Zho05] have proposed a bi-level transit fare equilibrium model, where the

upper level represents a non-cooperative game between multiple transit operators, formulated as a

QVI, who adjust the fare aiming to maximize their own pro�ts. The lower level problem formulates

a stochastic user equilibrium transit assignment model.

Nevertheless, the aforementioned studies have overlooked the uncertainties in EV charging

rates and availability of charging options for EV users with �exible arrival and departure times. This

study aims to solve the dynamic EV charging scheduling considering the uncertainties in charging

demand, charger availability, and charging rate.
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2.2 Charging Infrastructure Management

Existing literature on the EV charging presents two major modeling directions: EV operations under

pre-de�ned versus unknown charging locations. While the �rst category considers EV travel and

charging decisions solely with existing charging facilities, the latter aims to further improve the

system performance accounting for the charging network design.

2.2.1 Pre-de�ned Charging Location

This review �rst begins with the impact of pre-de�ned charging network design on the EV operations

considering different scenarios and modeling challenges. A series of studies have incorporated

the driving range limitation into their formulation. For example, [Adl16] have divided their study

network into several sub-trips, de�ned as the maximum length that each EV can travel with a full

battery capacity. The study aims to �nd the shortest walking and travel lengths assuming each

vehicle can be charged in a sub-trip only once. [He12] have solved a distributed scheduling problem,

where each local controller obtains the (i) predicted load of the day and (ii) real-time EV information

from local charging stations and aims to minimize the EVs' charging cost. The distributed strategy

can handle the large population of EVs. This study assumes the same charging price in each time

interval regardless of the location of charging stations. Furthermore, [Kes16] have analyzed partial

EV recharge strategies using an adaptive large-neighborhood search and a set of update procedures

(i.e., including charging station removal and insertion mechanisms) to �nd the partial recharge

solutions. The study assumes that chargers are available at all times and travel times are �xed

without incorporation of traf�c conditions into the routing decisions. Rather than trip-based models,

[Wan16b] have proposed a distance-constrained traf�c assignment with the focus on trip chains,

visiting a series of candidate charging stations, to effectively capture the impact of EV travel range

anxiety. An iterative linear approximation strategy is applied to the problem with an embedded

decomposition scheme, based on origin-destination (OD) pairs and activity sequences, to solve the

sub-problem. The sub-problem seeks to �nd the shortest path on a given OD through an activity

node sequence, using a labeling method. On the same topic, [He14] have developed mathematical

models to explore route selection and battery recharging plans with considerations on BEV energy

consumption and charging duration. The models aim to minimize individual BEV travel times / costs
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under network equilibrium �ows while ensuring trip completions without running out of charge.

2.2.2 Charging Location Design

Another category of research is devoted to incorporating the charging network design (i.e., location

and capacity) into EV route optimization models. The network design models generally capture the

impact of facility location and capacity on transportation plans in the context of supply chain man-

agement. For instance, [Ber85], [Dre91] and [Das11] have studied the impacts of limited distances or

queuing on facility locations. The reviewed literature in the EV domain cover both deterministic

and stochastic model variations.

2.2.2.1 Deterministic Location Models

Literature mainly presents research efforts on deterministic EV charging location models. For

example, [Zhe17b] have developed a bi-level model structure with charging facility deployment in the

upper level and UE traf�c assignment subject to travel range limitation in the lower level. Feasibility

of all paths are checked based on the suf�ciency of battery level to complete all travels using range

auxiliary variables. This study de�nes the cost function based only on the length of traversing

paths, where user-centric factors (e.g., charging price) are overlooked. Similarly, [Zhe17a] have

introduced an auxiliary network based on the EV travel range limitation, with arc lengths less than a

de�ned threshold. The problem aims to �nd the optimal charger locations that minimize the total

facility installation costs considering �xed demand and station capacity. A Benders decomposition

is applied to �nd the solution with a small optimality gap. Later, [Li18] have implemented the

government strategy to promote the EV use by minimal infrastructure development using a bi-level

model structure. The upper level captures the government's infrastructure decisions, while the lower

level aims to minimize the operating cost of EV companies through their optimal �eet composition

and route plan. A hybrid heuristic approach is used to solve the problem that includes (i) a variable

neighborhood descent to select charging facility locations and (ii) a scatter search to determine the

route plan. The traf�c conditions are not incorporated into the routing decisions and the system-

level optimality of scatter search is not veri�ed. Additionally, [He13] have developed a strategic

planning model to determine the optimal plug-in hybrid electric vehicle (PHEV) charging facility

locations. The study shows that PHEV interactions, for travel time and charging cost minimization,
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results in an equilibrium condition on traf�c �ow, charging price, and power �ow distribution.

An active-set algorithm is employed to solve the problem. The strategic charging facility design

does not fully satisfy the time-variant demand, particularly in high-demand neighborhoods. [He15]

have also proposed a bi-level tour-based formulation to optimize the charging network design.

The network equilibrium model also accounts for BEV users' risk-taking attributes given their SOC

and limited driving range. To calculate the required energy on each path, the traversing distance is

used independent of traf�c �ow. An iterative approach based on genetic algorithm is used to tackle

the model complexity due to tour enumerations. A series of studies has focused on �ow-capturing

location models (FCLMs) that aim to install a �xed number of charging facilities to maximize the

�ows on paths with charging stations [Hod90; Ber95; Hod97; Shu11].

Furthermore, [He18] have developed a bi-level program to determine the optimal charging

network design considering the driving range limitation and required charging duration by a path-

based equilibrium traf�c assignment. Rather than the amount of �ow captured by charging facilities,

the objective function models the maximum �ow that can use charging facilities en-route. The

proposed model does not consider multiple charging attempts in long-distance trips. [Ars16] have

introduced a charging facility location problem for PHEVs as a generalization of the �ow re-fueling

location problem. Their arc-cover model aims to maximize vehicles-miles-traveled (VMT) using

electricity considering both EV and PHEVs. A benders decomposition is used to solve the problem

that is improved by Pareto-optimal cut generation schemes. [Lee17] have extended the �ow re-

fueling location model using a probability function that captures the impact of various factors such

as road conditions on travel range. The model is solved by a combined Bender-and-Price method

that integrates benders decomposition and column generation techniques. This study does not

account for the impact of traf�c congestion on network travel times. Similarly, [Bra20] have proposed

an integer linear program to �nd the optimal location and capacity of charging stations for an EV

sharing system that aims to maximize the expected revenue with EV battery capacity and budget

constraints. The proposed model is solved using path-based and �ow-based heuristic approaches.

The proposed techniques outperform a sequential approach that separately solves for the network

design decisions and EV user charging assignments. This study does not account for user-centric

criteria such as charging price and traf�c congestion for demand assessments.

A number of studies have also investigated the charging network design for EV battery swap
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stations. For instance, [Sch18] have developed a dynamic program to determine the number of

charging bays and total number of required batteries as well as periodic battery swap decisions. An

approximate dynamic programming algorithm using Monte Carlo sampling technique is imple-

mented to estimate the network-level battery swap operations cost. The results show that battery

exchange between stations decrease the equipment purchase costs signi�cantly.

2.2.2.2 Stochastic Location Models

Literature also presents studies that capture the impact of stochasticities (e.g., random demand

or stochastic user behavior) on network design models. For instance, [Rie15] have identi�ed the

location of wireless charging facilities and incorporated stochastic UE in a FCLM. Besides, [Jin17]

have formulated a bi-level model to maximize the demand coverage of BEVs in the upper level and

analyze a stochastic UE in the lower level. Later, [Li16] have formulated the EV sharing locations

with corresponding EV �eet size into a stochastic model under the dynamic demand and non-linear

vehicle charging duration. A continuum approximation approach is used that splits the problem

into smaller neighborhoods and approximates each by an in�nite homogeneous plane. In addition,

[Far17] have developed a two-stage stochastic model, where the �rst stage determines the location

and number of charging stations and the second stage assigns the EVs to their preferred charging

lots (based on their willingness to walk) to maximize the expected access to public charging facilities.

The model includes uncertainties in EV demand �ows, charging patterns, arrival and departure

times, travel purposes, and preferred walking distances. A sample average approximation method is

used to generate a large number of scenarios (i.e., location and capacity of charging stations) in the

two-stage stochastic program. Large-scale cases are solved using heuristics, where their solution

quality is not veri�ed. Later, [Xie18] have proposed a multi-stage chance-constrained model to

�nd the location and number of chargers considering the actual trip demand. The model aims to

minimize total cost including the (i) �xed and variable charging facility installation and (ii) penalty

cost if BEV trips are not completed due to the range limitation. A genetic algorithm is applied to

solve the problem, where the system-level optimality is not guaranteed.
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2.3 Charging Infrastructure and Power Distribution Network Design

This section summarizes the existing research on (i) transportation network design, (ii) capturing

stochastic demand, and (iii) PDN design, particularly in the context of EV charging facility logistics.

2.3.1 Transportation Network Design

Literature has widely studied the optimal deployment of public charging infrastructure on urban

transportation networks using various facility location schemes. Fundamentals of classic discrete

location models can be found in [Dre95] and [Das95]. Besides, the impact of facility location and

capacity on transportation plans are extensively investigated in the context of supply chain man-

agement. For instance, [Haj13; Haj14] have studied the inter-relationships among facility location,

shipment plans under congestion, roadway capacity expansion, and maintenance decisions in the

context of biofuel supply chain design. Furthermore, [Haj19] have developed a patrol routing model

for incident response �eet considering dispatching facility scenarios to minimize the expected

maximum response time to incidents. Besides, [Haj16] have integrated the resource replenishment

facility location with service truck routing considering the background traf�c. On the other hand, the

impact of travel time (e.g., congestion) has been incorporated into the EV facility location context to

account for the reliability of decisions. For instance, [Jia12] and [Zhu16] have studied optimization

of both location and capacity (i.e., number of chargers) of charging facilities.

A category of research has focused on the location models for re-charging EVs or re-fueling

ICE vehicles that (i) captures the need for re-visiting facilities to replenish charge or fuel and (ii)

introduces the range limitation / anxiety concept to charging facility location problems. For example,

[Bah17] have also formulated a constrained shortest path problem under EV travel range limitation.

Besides, [Zha17] have developed a �ow refueling location model to �nd the optimal level-3 EV

charging locations, including the number of charging modules at each station. The problem is

solved heuristically utilizing a forward strategy over multiple time periods considering dynamic

demands and capacity constraints. Similarly, [Hof17] have studied a capacitated location-routing

problem considering battery swap stations to minimize the total cost of facility construction and

routing. An adaptive variable neighborhood search algorithm (originally designed for vehicle routing

problems with intermediate stops) is used to solve the problem. On the other hand, several studies
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have analyzed the impact of incentives on BEV adoption rates [Nie16] and EV routing decisions

[He14; Xu17b].

2.3.2 Capturing Stochastic Demand

Another line of research on the EV infrastructure design focuses on the inter-relationships between

speci�c destinations and demand variation of EV facilities. For instance, [Mom12 ] have studied

a coordinated clustering technique to identify appropriate charging locations based on several

factors (e.g., residential ratios, electricity loads, and charging needs of each facility) to address the

EV user demand from speci�c population groups (e.g., income levels and geographical locations).

By applying the hierarchical clustering method, [Ip10] have determined the demand clusters of

BEVs, representing road traf�c information, to allocate the charging stations over an urbanized area

under budget constraints. Simulation-based optimization methods have also been extensively used

to identify appropriate deployment of charging facilities under certain criteria. For instance, [Xi13]

have presented an integer programming model that aims to maximize the EV service level using

slow-charging technologies for privately-owned EVs. They have analyzed the impacts of EV driving

patterns and charging locations on traf�c �ows by simulating the inter-relationships between EV

facility locations and associated service levels. Moreover, [Jun14] have developed a model in a bi-

level simulation optimization form that integrates multiple EV charger allocation problems. The

model aims to minimize the queuing delay under EV charger capacity constraints in the upper level

while minimizing the passenger waiting time in a taxi dispatch simulation subject to EV driving

range and passenger detour length in the lower level problem. [Don14] have utilized GPS-based

travel survey data in the greater Seattle area and applied a genetic algorithm to �nd the location

of charging stations while maximizing electric miles and minimizing the number of missed trips

(i.e., when the required battery level to reach a destination exceeds the remaining level). [Swe11]

have presented an agent-based decision support system, with underlying interactions between

agents, that adopts the patterns observed in residential EV ownerships and driving activities to

identify the best strategy for the deployment of charging facilities. Similarly, [Asa16] have described

another agent-based decision support system that captures the charging demand of EV taxis to

deploy fast-charging facilities. This study uses a variant of the maximum coverage facility location

problem in an MILP to maximize the sum of covered taxi trip counts.
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2.3.3 PDN Design

The literature presents a rich category of studies on PDN, e.g., variations of optimal power �ow

problem, which often aims to minimize the electric power generation cost or power loss, power

balance, and voltage / power �ow constraints. Power �ow equations are quadratic, and hence, such

problems are formulated as quadratically constrained quadratic programs that generally impose

non-convexity and NP-hard structures [Low14]. Thus, many approximation and relaxation tech-

niques are proposed in the literature to tackle the aforementioned complexities. For instance, [Ove04]

and [Als90] have applied a direct current (DC) optimal power �ow approximation by linearizing the

power �ow equations to solve the problem. Compared to the DC optimal power �ow technique

that assumes �xed voltage magnitudes, a linearized branch power �ow (BPF) scheme offers simple

boundaries on the branch power and voltage magnitude that can capture voltage �uctuations in

PDNs [Low14]. Besides,[Li12] have developed an exact convex relaxation technique to solve the

optimal power �ow problem (OPF) using a BPF model in a radial network. Similarly, [Far12] have

further developed a two-step relaxation technique to apply the OPF model on mesh as well as

radial networks. The �rst step eliminates the voltage and current angles, while the second step

approximates the simpli�ed problem by a conic program. Nevertheless, very limited studies have

investigated the inter-relationships between the infrastructure design of EV charging facilities and

the energy dispatch of PDNs. The most relevant study is, perhaps, [He13] that has investigated the

deployment of public charging stations adopting a DC model for power transmission networks.

Considering the variable voltage magnitude in BPF equations, the AC power �ow model is accurate

enough to represent PDNs. Furthermore, [Wei17b] have applied the results of relaxation techniques

to develop a two-stage robust convex optimization problem for the energy dispatch of PDN coupled

with urban transportation network.

2.4 Summary

Charging facility scheduling problem is highly dynamic considering the stochastic nature of EVs'

SOC and travel plan, charger availability, and charging rate over time and space. Nevertheless, the

literature have overlooked (i) uncertainties in EV charging rates and (ii) availability of charging
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options for EV users with �exible arrival and departure times. Moreover, strategies for optimizing

charging station locations still have limitations, largely due to (i) insuf�cient estimation of charging

demand considering societal perspectives, (ii) introduction of simplifying assumptions, e.g., �xed EV

demand and traf�c conditions, or (iii) inadequate solution techniques to ef�ciently solve problems

with guaranteed solution quality (e.g., frequent use of meta-heuristics when dealing with complex

multi-level models). Since EV travel range limitation affects users' decisions on the EV adoption,

long-distance travel, and charging / routing decisions (e.g., [Jia12; Zhu16; Sch17; Koç19]), there is a

need to optimize the EV charging locations along with a time-variant utilization management of

charging facilities accounting for user perspectives. Furthermore, the problem of integrated charging

infrastructure and PDN design under the travel range limitation of EVs has not been fully addressed.

It is essential to develop a framework that simultaneously consider PDN's energy dispatch and EV

charging facility design under travel range limitation and UE traf�c. The framework determines

PDN's optimal energy dispatch and the location of charging facilities under budget while they stay

accessible for all EV users.
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CHAPTER

3

DYNAMIC SCHEDULING OF ELECTRIC

VEHICLE CHARGING FACILITIES

3.1 Introduction

This chapter develops a user-adaptive framework to dynamically schedule the utilization of existing

charging facilities. The optimal schedule shall satisfy the charging demand while minimizing the

travel, charging, and waiting costs of each individual user. The optimal charger allocation plans will

help share real-time data on the occupancy and waiting time of charging facilities and expand their

usage.

This chapter proposes a dynamic EV charging scheduling procedure under uncertain charging

demand, charger availability, and charging rate. The proposed problem is formulated as a DP with

dynamic user behavior and mixed-integer decisions that aims to minimize the total user costs

including (a) charging costs, walking from charging spots to destinations, and waiting time to start

the service and (b) charging expenses. An integrated GNE-MTCS technique with an embedded
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consensus-based coordination and shooting heuristic is implemented to determine the optimal

schedule of EV chargers (i.e., the required number of charging time steps) in parking areas and

optimally assign users to charging spots at each time period. In particular, the methodology employs

a stochastic look-ahead technique that �rst models a GNE to distribute the problem to EV user-

level models. A consensus-based coordination scheme is incorporated into the GNE procedure to

push the user-level solutions toward system-level optimality. Then, an MCTS algorithm, with an

embedded tree policy and shooting heuristic, is implemented to reduce the expanded search and

approximate the value function of the dynamic program. The tree policy evaluates the available

actions and estimates the value functions over time, while the shooting heuristic predicts the value

of recently added tree nodes to the tree to determine optimal charging schedules (i.e., number of

time periods to charge and charging spot assignments at each time period). The numerical results

reveal that the proposed algorithm can solve the problem ef�ciently.

The exposition of the chapter follows. Section 3.2 presents the proposed model formulation.

Section 3.3 illustrates the methodology that integrates GNE and MCTS with embedded tree pol-

icy and shooting heuristic. The numerical results are detailed in Section 3.4. Finally, Section 3.5

summarizes the concluding remarks.

3.2 Model Formulation

This section proposes a dynamic scheduling plan for EV charging facility utilization that assigns EV

users to charging spots based on their arrival time and subsequent travel plans. Currently, charging

facilities are able to show the real-time occupancies and offer reservations to users using a website or

smartphone app to ensure that a spot is available when a user arrives. The objective is to minimize

total user costs including (i) travel time from origins to charging facilities and beyond to �nal

destinations, (ii) waiting time at charging facilities, and (iii) charging costs. Since the charging

rate generally slows down as SOC reaches battery capacity, users are discouraged from staying for

long hours for a full charge. In fact, EV users are encouraged to leave chargers with enough SOC

according to their travel plans so that other users can utilize the chargers. The proposed formulation

incorporates EV user reactions toward charging price and waiting time at facilities into the dynamic

scheduling framework based on users' subsequent travel plans. Table 3.1 illustrates the de�nition of
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sets, variables, and parameters used in the model formulation.

We �rst introduce the physical and temporal elements of the problem. Let T be the number

of discrete time periods in the planning horizon and � = f 0,1,� � � ,T � 1gdenote the times at which

users make charging decisions. We let J represent the set of physical parking spaces, where each lot

j 2 J offers a set of charging spots of type k 2 K = f 0,1gover time. A charger type k = 0 represents a

slow charger, while k = 1 indicates a fast charger. We de�ne c j k to represent the capacity of each

charger of type k 2 K at parking lot j 2 J.

Table 3.1 De�nitions of sets, decision variables, state variables, and parameters.

Sets

� Set of all time steps 0,1, . . . , T � 1

J Set of physical parking spaces in an urban neighborhood

K Set of charger types

O Set of EV travel origins

� Set of EV travel destinations

Decision Variables

yi j k Binary variable; 1 if user i charges with charger type k in lot j , or 0 otherwise

n i j k Charging duration of user i with charger type k in a charging spot at parking lot j

a t Actions at each time t

States

cJ t
j k Number of charging spots with charger type k at j that �rst become available at t

cJ t Spatial distribution of all newly realized charging spots at time t

J t
j k Number of charging spots with charger type k already available in lot j at time t

J t Total number of charging spots that are already available at time t

J t +
Total number of available charging spots in time period t

P t Set of charging prices at time t

p t
j k Charging price of a spot with charger type k in lot j at time t

ÒD t Set of users that �rst arrive at parking lots in time t

D t Set of existing EV users at time t before the new EV arrivals in the system

D t +
Set of available EV users at time t , including the new users just arrived
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Table 3.1 (continued).

States (continued)

cB t Set of SOCs of EV users that �rst arrive at time t

B t Set of SOCs of available EV users at time t

b t
i SOC of EV useri at time t

� t
j k Occupancy of charger type k located in lot j at time t

	 t Set of parking durations of EV users at time t

cL t
j k Expected average waiting time of users targeting lot j with charger type k at t

cL t Set of newly perceived waiting times at time t

W t Stochastic information process with realization W t (! ) = ! t at each t

S t State of the system at each time t

Ṽ t Approximated value function

fS t , t 0
State of the system at time t and t 0 in the look-ahead model

fA t , t 0
Set of actions at time t and t 0 in the look-ahead model

e
 t , t 0
Set of outcomes at time t and t 0 in the look-ahead model

N (eSt , t 0
) Number of visiting states eSt , t 0

in the tree search

N (eSt , t 0
, ea t , t 0

) Number of times a decision ea t , t 0
is made when state is eSt , t 0

during the tree search

Cb t ,t 0
i

Quadratic cone of b t ,t 0

i

Parameters

vo j Driving cost from origin o 2 O to charging spot located in lot j

� j � Driving cost from charging spot located in lot j to �nal destination �

ej k Average time spent to �nd an un-occupied charging spot of type k at lot j

� j k Reaction of users to shared occupancy info; � j k = 1 if users are aware,

or 0 otherwise

c j k Capacity of charger type k 2 K at lot j 2 J

� Coef�cient to convert travel time to monetary value

� 0 Coef�cient to convert waiting time to monetary value

� Coef�cient that weighs the impact of charging expense

� 0 Overcharging penalty factor

� Charging rate in K w per time period

M A suf�ciently large number
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Table 3.1 (continued).

Parameters (continued)

Qi SOC threshold of user i before leaving the charging facility

� z Positive increasing parameter at iteration z

u i ,z
j k Lagrangian multiplier corresponding to user i with charger type k in lot j

at iteration z

N Number of iterations n 0of the MCTS algorithm

H A limited time horizon as a threshold for tree expansion

t 0 The iteration in the look-ahead model, where t 0= t , . . . , t + H � 1

t 00 Maximum allowed SOC update in the look-ahead model; t 002 [t 0,max n i j k )

� Maximum number of actions in the set of possible actions

� Iteration counter to update the SOC prior to the end of charging session

� Number of iterations in the SH algorithm


 The iteration counter in the SH algorithm

e! 
 Sample charging rate at iteration 


� Balancing parameter of exploration and exploitation in UCT

� Updated value function of each state in the tree

� (1), � (2), � (3), � (4), � Lagrangian multipliers of constraints (3.2b)-(3.2f)

Let cJ t
j k denote the number of charging spots with charger type k at j 2 J that �rst become

available at time t 2 � . Accordingly, cJ t =
S

j 2 J,k 2K
cJ t

j k represents the spatial distribution of all

newly recognized charging spots at time t . Additionally, J t
j k denotes the number of charging spots

with charger type k already available in parking lot j at time t before any new spot availability.

Similarly, J t =
S

j 2 J,k 2K J t
j k represents the total number of charging spots that are already available

at time t . Hence, J t +
denotes the total number of available charging spots at time period t , where

J t +
= J t + cJ t that includes all existing as well as newly recognized charging spots. We introduce

p t
j k to represent the charging price of a spot with charger type k in lot j at time t . Accordingly, P t

represents the set of charging prices at time t .

To monitor the EV user activities, we de�ne ÒD t for each t 2 � to denote the set of users that

�rst arrive at parking lots (i.e., cruise for available charging spots) in time period t . Accordingly, D t
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denotes the existing users at time t before the new EV arrivals, i.e., ÒD t , are included in the system.

Similarly, D t +
indicates the set of available EV users at time t , including the new users that just

arrived; i.e., D t +
= D t [ ÒD t . Let cB t represents the set of SOCs of EV usersi 2 D t that �rst arrive at

time period t who cruise to �nd an available charging spot given the occupancy � t
j k of charger type

k 2 K located in their preferred parking lot at j . Accordingly, B t denotes the SOC of available users

at time t . Additionally, b t
i denotes the SOC of EV user i at time t . We also de�ne 	 t to illustrate

the set of parking durations (i.e.,  i ) of EV users i 2 D t at time t . Furthermore, cL t
j k denotes the

expected average waiting time of EV users targeting lot j with charger type k at time t . Similarly,

cL t =
S

j 2 J,k 2K
cL t

j k represents the set of newly perceived waiting times at time t . The state of the

system St at time t is captured by the distribution of available users along with their current SOC

and parking durations, available charging spots, and accompanying charging price and expected

waiting time; i.e., St =
�
J t ,P t ,D t ,B t , 	 t ,L t

	
.

We de�ne the decision variables as follows. At each time period t , EV user i 2 D t makes a

decision yi j k on the location and type of charger they plan to target. In other words, yi j k = 1 if user

i charges with charger type k in lot j , or 0 otherwise. Additionally, n i j k represents the decision

variable on maximum allowed charging duration to be determined at time period t based on the

users' current SOC and subsequent travel plan. Thus, n i j k de�nes the charging duration of user i

with charger type k in a charging spot at parking lot j .

We let O and � respectively de�ne the set of EV travel origins and destinations. EV user i 2 D t

from origin o 2 O may arrive at a charging spot located in parking lot j at time t 2 � and take another

trip to destination � 2 � . Hence, the EV charging demand is de�ned by their travel origin and

destination, given their arrival time. EV users experience a driving cost vo j from origin o to charging

spot located in parking lot j as well as a driving cost � j � to �nal destination � 2 � to complete their

trip remainder. Note that � j � can also be the driving cost of going back to travel origin (e.g., home).

Besides,� j � can be zero if parking lot j is close enough to the �nal travel destination. The impact of

charging facility occupancy on waiting time is captured as follows [Hor13].

L t
j k = ej k � j k (1 � c � 1

j k (� t
j k +

X

i 2D t

yi j k ))� 1, 8 j 2 J, k 2 K , t 2 � , (3.1)

where ej k represents the time spent to �nd an un-occupied charging spot of type k at lot j . Parameter
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� j k is a constant that represents the reaction of drivers to the shared information on charging facility

occupancies, where � j k = 1 when users are fully aware of the updated occupancies, or 0 otherwise.

The proposed mathematical model optimizes total user costs at time t , as follows.

minimize
y ,n

� t
i (y ,n ) =

X

k 2K

X

j 2 J

�
� (vo j + � j � ) + � 0 cL t

j k

�
yi j k + � p t

j k n i j k + � 0( i � n i j k ) (3.2a)

subject to
X

k 2K

X

j 2 J

yi j k � 1,8i 2 D t , (3.2b)

n i j k � M yi j k , 8i 2 D t , j 2 J, k 2 K , (3.2c)

b t +1
i � b t

i + � (k + 1)yi j k , 8i 2 D t , j 2 J, k 2 K , (3.2d)

b t
i +

X

k 2K

� (k + 1)n i j k � Qi , 8i 2 D t , j 2 J, (3.2e)

yi j k +
X

� i 2D t

y� i , j k � c j k � � t
j k , 8 j 2 J,k 2 K . (3.2f)

Objective function � t
i (y ,n ) in (3.2a) aims to minimize the total costs imposed to user i 2 D t at time

t 2 � to travel from origins to destinations with charging attempts en-route. Given user i selects

a charger of type k at lot j , the �rst term de�nes (i) driving cost vo j to parking lot j as well as � j �

from charging spot at lot j to destination d , where coef�cient � converts travel times to monetary

values and (ii) waiting cost for chargers to become available, where � 0converts the expected average

waiting time to monetary value. The second term indicates charging expense obtained by price

p t
j k for the duration n i j k of parking, where � is a positive coef�cient that weighs the impact of

the charging expense in total costs imposed to EV users. Finally, the last term de�nes a penalty

for staying longer than charging demand for the subsequent travel (i.e., overcharging penalty),

where � 0represents the overcharging penalty factor, and  i is the parking duration of user i 2 D t .

Note that if user complies with the maximum allowed charging duration n i j k (i.e.,  i = n i j k ) there

will be no penalty. We observe an additional cost if  i > n i j k when user i stays longer than their

charging demand. Constraints (3.2b) ensure that each EV user can only choose one charger at t .

Constraints (3.2c) state that the charging opportunity is only available at parking lots selected by

users. Constraints (3.2d) update the SOC, i.e., b t
i , of user i 2 D t at time t , where � represents the
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charging rate in K w per time period. Constraints (3.2e) ensure that the SOC of user i exceeds a

certain threshold Qi before leaving the charging facility, given the subsequent travel plan of user i .

Finally, constraints (3.2f) ensure the capacity of charging facility with charger types k at parking lot

j is not violated.

3.3 Solution Technique

This section presents a hybrid solution technique that incorporates a (i) generalized Nash equilib-

rium, (ii) Monte Carlo tree search, and (iii) shooting heuristic into a stochastic look-ahead technique

to �nd the optimal charging duration and spot assignment for each EV user over the planning

horizon, given their subsequent travel plans and reactions toward charging prices and waiting time

to get served.

3.3.1 Generalized Nash Equilibrium

The proposed problem in (3.2a)-(3.2f) suffers from a huge state space St , particularly when the

number of EV users searching for available charging spots increases. Each EV user seeks to minimize

its costs in �nding an available charging spot, while the charger availability continuously changes

due to the actions (a.k.a. strategies) of other users in selecting charging location and duration. The

interaction among EV users (i.e., system players) represents a non-cooperative game-theoretic model

in which the players aim to maximize their own bene�ts individually without setting any agreement

on optimal solutions. A Nash equilibrium is de�ned as a condition if no player can maximize

their reward by unilaterally changing their strategy. According to the literature, this problem can

be formulated as a �nite-dimensional variational inequality (VI) [Fac07b; Har90]. In particular, a

GNE model de�nes the proposed non-cooperative game as quasi-variational inequalities (QVIs)

to address the state-dependent strategy sets of other players [Fac07a]. The GNE distributes the

proposed problem into univariate EV user level optimization problems. Hence, each user solves a

convex optimization problem given the strategy set of other EV users as exogenous information.

Therefore, the problem can be solved very ef�ciently.

The strategy set of system players is subject to dynamic changes; e.g., un-occupied charging

locations vary over time. We apply a sequential penalty VI approach for QVIs, proposed by [Pan05],
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to address the complexities involved in the dynamic strategy sets. We relax the general constraints

(3.2f) that include the decision variables of all users and incorporate them as a penalty term into

the objective function (3.2a) and then, solve a sequence of penalized VIs, as follows. We let � z

be a positive increasing parameter that satis�es � z < � z+1 and u i ,z
j k as a weight vector for relaxed

constraints g(y ) for each user i at lot j with charger type k , where z is the iteration number of GNE.

Then, problem (3.2a)-(3.2f) can be reformulated for each user i , given �xed (y ,n ) for other users, as

minimize
y ,n

' t
i (y ,n ) =

X

k 2K

X

j 2 J

�
� (vo j + � j � ) + � 0 cL t

j k

�
yi j k + � p t

j k n i j k + � 0( i � n i j k )

+ � � 1
z u i ,z

j k e(� z g i
j k (y� i , j k , yi , j k )), (3.3a)

subject to (3.2b) � (3.2e).

The objective function ' t
i aims to minimize the total costs (i.e., driving time to a charging spot,

waiting time to get an available charger, and charging expense) of each user at each t , given an

initial state S0; i.e., minimize y ,n ' 0
i (y ,n ) + Ef

P
t 2� nf0gminimize y ,n ' t

i (y ,n )g.

Now, we propose a consensus-based coordination scheme to push the user-level solutions

toward system-level optimality. To this end, a penalty term u + �g (y ) with an associated Lagrangian

multipliers (� , u ) is de�ned that represents the violation of constraints (3.2f) based on other EV

users' selected strategies. The proposed approach updates the strategy set of users and estimates

the Lagrangian multiplier u as follows.

u i ,z+1
j k � max

€
0, u i ,z

j k + � z g i
j k (y� i , j k )

Š
. (3.4)

EV users form a consensus on the location and duration of charging attempts by exchanging infor-

mation on available spots.

3.3.2 Monte Carlo Tree Search

This section applies a DP technique to obtain the minimum total cost for each user in an equilibrium

condition. While the GNE procedure described in Section 3.3.1 distributes the problem into user-

level programs, the newly constructed problems de�ned for each user still experience a huge state
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space due to unknown uncertainties (i.e., stochastic charging rate) that occur over the planning

horizon. The main source of complexity arises in the value function estimation, where we shall

estimate the value of being in a particular state. Literature shows various techniques to tackle the

intractability; for instance, [God01; Mir18; Mir20b ] exclude a state variable from the set of state

variables and approximate the value function with the remaining ones. There are also studies that

consider a limited number of time periods to simplify the look-ahead model in the dynamic program;

e.g., [Mir19; AK16; Nir20 ]. In this study, set of current waiting time L t in the state space is obtained

by equation (3.1) using the occupancy � t
j k at each parking lot j for available users i 2 D t . Then,

the approximated value function Ṽ t +1(B t +1,J t +1) only captures the impacts of available charging

spots and SOC of each EV. The decision at each time t is made as

A � t (St ) = argmin
y ,n 2A t (St )

(' t
i (B t ,J t ,y ,n ) + Ṽ t +1(B t +1,J t +1)) (3.5)

subject to (3.2b)-(3.2e).

To ensure that equation (3.5) is not unbounded, Theorem 1 denotes that the value function Ṽ t
a (St

a )

is con�ned by a lower bound (i.e., the objective value of each user will not converge to �1 ), and

actions (y ,n ) are attainable at each time t .

Theorem 1. Given the initial state S0, a lower bound for value function Ṽ t
a (St

a ) will be de�ned as

E[min a ' t
i (B t ,J t ,a)], 8 t 2 � .

Proof. See Appendix 7.1

We now de�ne a tree policy to evaluate the available actions and approximate the value function at

each time t . Afterwards, a shooting heuristic is de�ned to estimate the value of the recently added

node in the tree search. These steps ful�ll the MCTS procedure, as follows.

3.3.2.1 Tree Policy

The huge state space in the proposed problem, caused by the combination of feasible actions and

exogenous information at each time t , imposes an exponential growth rate to the tree that makes the

computation of value function at each branch interactable. Therefore, we apply an MCTS algorithm
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[AK16] with a look-ahead policy to (i) ef�ciently estimate the value function and (ii) effectively

capture the uncertainties.

The MCTS algorithm generally consists of four steps [Bro12; Mun14 ]: selection, expansion,

simulation, and back-propagation. In this study, we �rst assign each user i to every parking lot j

with available charging spot to generate the �rst level of the tree. We solve (3.2b)-(3.2e), and (3.5) in

the selection step to (i) select the best charging allocation and duration actions from the pool of

possible actions and (ii) estimate their value functions over iterations until we reach an expandable

state. In each leaf node, if user is still not assigned to any spot, all parking lots that are not fully

occupied will be added to the action set, where each is represented by a newly added branch in the

tree. We assume that EV users do not switch between parking lots after the assignment, where one

state is added to the tree with the same charging spot of the same type. Then, in the simulation step,

the value of added state is calculated using SH to observe the impact of uncertain charging rates

on SOC through subsequent time periods (see Section 3.3.2.2). Finally, the back-propagation step

updates the value functions of predecessor states based on the estimated value of recently added

states.

We acquire the exogenous information on unexpected average waiting time at the beginning

of each time period t 2 � , where the stochastic information is added to the tree to capture the

uncertainties. In the look-ahead model, all variables are indexed with t , t 0 to identify the time

iteration t in the main model and t 0= t , . . . , t + H � 1 in the look-ahead model, where H represents

a limited time horizon as a threshold for tree expansion (i.e., inner tree iterations). For notation

simplicity, we let a t represent all actions (i.e., charging spot, charger type, and length of charging

session) in each time t 2 � . We apply a two-stage look-ahead model to (i) �rst update the estimation

of value function eV t ,t 0
(eSt ,t 0

) with the selected actions and (ii) then compute the post-decision

eV t ,t 0

a (eSt ,t 0

a ) value functions that include the effects of adding exogenous information, where eSt =

fB t , J t , P t g. Additionally, at state eSt ,t 0
, we let fA t , t 0

(eSt ,t 0
) denote the set of decisions, where

fA t , t 0

e (eSt ,t 0
) de�nes the set of decisions explored in the tree at time t 0 and its complement set

fA t , t 0

u (eSt ,t 0
) represents the unexplored decisions. Once the action space (i.e., decision on charging

spot, type, duration) is set for time t 0, a sample of possible outcomes e! 2 e
 t , t 0+1(eSt ,t 0

a ) will be

generated and fed into (3.1) to compute the expected average waiting time of available users in

each parking lot j , which is unknown prior to time t . For the possible outcomes, we let e
 t , t 0+1(eSt ,t 0

a )

31



represent all possible random events that can take place at time t 0+ 1, where e
 t , t 0+1
e (eSt ,t 0

a ) and

e
 t , t 0+1
u (eSt ,t 0

a ) denote the explored and unexplored possible outcomes, respectively.

Algorithm 2 details the proposed stochastic MCTS framework with the computational budget of

N iterations. At each time t , the current state St is captured to generate a state eSt , t 0
as a root node

of the tree, generate the MCTS algorithm, build a look-ahead model to estimate the value functions

eV t +1, and return the vector of near-optimal actions A � t
at time period t . In the selection step,

there is a trade-off between exploiting the high-reward states and exploring the states frequently

ignored during the search, until we reach a threshold of suf�cient possible actions � . Therefore,

in the selection step, we follow upper con�dence-bounding (UCT) for trees, de�ned in [Bro12], as

follows

ea � t , t 0

= argmax
ea t ,t 02 fA t ,t 0

e (eSt ,t 0)

€
� ( e' t (eSt ,t 0

, ea t ,t 0
) + eV t ,t 0

a (eSt ,t 0

a )) + �

v
u
t ln N (eSt ,t 0)

N (eSt ,t 0, ea t ,t 0)

Š
, (3.6)

where � is an adjustable parameter to balance exploration and exploitation, N (eSt , t 0
) represents the

number of visiting states eSt , t 0
, and N (eSt , t 0

, ea t , t 0
) identi�es the number of times a decision ea t , t 0

is

taken from state eSt , t 0
during the tree search process. Once decisions ea t , t 0

are made, the state of the

system will be updated, i.e., eSt , t 0

a , where we add a sample realization of exogenous information to

reach the next pre-decision state eSt , t 0
= ST ,a (eSt , t 0

a , fW t , t 0+1). Here, ST ,a represents the transition

function between the evolution of each two consecutive state variables. In the simulation step, we

develop a SH-based approach to obtain an initial estimation for the newly added tree nodes. In this

step, we �rst generate a sample path e! 2 e
 t , t 0
(eSt , t 0

) to determine the level of information provided

for the users at time t . More details follow.

3.3.2.2 Shooting Heuristic

This section describes an SH to estimate the value of recently added node in the tree search. After

adding the node by allocating the charging facility or identifying the charging duration at each

time period t , we generate a sample path of charging rates for each EV that will be followed in the

subsequent time periods. Accordingly, the SOC of each EV is updated by the average value of sample

charging rates. An infeasible solution is reported when the EV cannot receive the required charge by

the time of leaving the facility (i.e., if  i < n i j k is observed). We de�ne � as the number of iterations
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in SH. Figure 3.1 depicts all attempts generated by sample charging rates over 
 = 1, . . . ,� iterations.

Figure 3.1 Shooting heuristics with stochastic charging rates.

Given b t ,t 0

i as the SOC of user i 2 D t at time t and look-ahead time t 0, the sample path e! 


denotes the charge amount offered by the charging facility for (t , t 0) at iteration 
 . The SOC of each

EV (i.e., b t ,t 0

i ) is updated based on e! 
 values until we reach the parking duration  i of user i 2 D t

(i.e., users i leaves the charging spot after  i duration). The proposed heuristic is described in

Algorithm 1 as follows that is embedded in the MCTS framework in Algorithm 2. Figure 3.2 shows

the general framework for GNE with an embedded consensus-based coordination scheme and

incorporated MCTS-SH to solve the optimization problem (3.2b)-(3.2e), and (3.5) under charging

rate uncertainties.

Proposition 2 denotes that SH develops a feasible set of SOC levels for an arbitrary path of

charging rates, given feasible values of b t ,t 0

i . De�nition 1 supports Proposition 2 by introducing the

quadratic cone of SOC values.

De�nition 1. The quadratic cone of b t ,t 0

i de�nes the set of sample SOCs based on variant charging

rates following the initial SOC as Cb t ,t 0
i

= f b t ,t 00

i jb t ,t 00� 1
i + � yi j ,0 � b t ,t 00

i � b t ,t 00� 1
i + 2� yi j ,1g, where

t 002 [t 0,max n i j k ) is generated from e! 
 .

Proposition 2. Given a feasible starting SOC value of b t ,t 0

i , the quadratic cone Cb t ,t 0
i

is not empty if

and only if  � 1
i (Qi � b t ,t 0

i ) 2 [� ,2� ].
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Algorithm 1 The SH procedure.

procedure SH(b t ,t 0

i )

Collect b t ,t 0

i ,n i j k ,Qi

Set � , b t ,t 0

i ,
  b t ,t 0

i , and � = 1
while 
 < �
Generate e! 
 for the required session length n i j k

for � � n i j k

Update b t ,t 0+�
i ,
  b t ,t 0+�

i ,
 + � (k + 1)yi j k

end
if b t ,t 0+n

i ,
 < Qi

remove b t ,t 0+n
i ,
 from the generated SOCs

end
end
Averageb t ,t 0+�

i  b t ,t 0+�
i ,
 for all �

Proof. See Appendix 7.1

Figure 3.2 GNE-MCTS general framework.
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Algorithm 2 The proposed integrated MCTS algorithm.

procedure MCTS(St )

Create root node eSt ,t with state St

set the iteration number n = 0 and t  t 0

while n 0< N

Tree policy

while t 0< t + H

if j fA t ,t 0

e (eSt ,t 0
)j < �

choose ea � t ,t 0

by solving (3.5)

eSt ,t 0

a = ST (St ,t 0
, ea � t ,t 0

)

fA t ,t 0

e (eSt ,t 0
)  fA t ,t 0

e (eSt ,t 0
) [ f ea � t ,t 0

g, fA t ,t 0

u (eSt ,t 0
)  fA t ,t 0

u (eSt ,t 0
) � f ea � t ,t 0

g

else

ea � t , t 0

= argmax ea t , t 02 fA t , t 0
e (eSt , t 0)

€
� ( e' t (eSt , t 0

, ea t , t 0
) + eV t , t 0

a (eSt , t 0

a )) + �
r

ln N (eSt , t 0)
N (eSt , t 0, ea t , t 0)

Š

eSt ,t 0

a = ST (St ,t 0
, ea � t ,t 0

)

end if

Add exogenous information of average waiting time based on updated occupancies

eSt ,t 0+1
(ea t ,t 0, fW t ,t 0+1)

= ST ,a (eSt ,t 0

a , fW t ,t 0+1)

t 0 t 0+ 1

end while

Value function estimation

SH (B t ,t 0
)

Back-propagation

while eSt ,t 0
6= ;

N (eSt ,t 0
)  N (eSt ,t 0

) + 1, eSt ,t �

a  predecessor ofeSt ,t 0

N (eSt ,t �

a , ea t ,t �
)  N (eSt ,t �

a , ea t ,t �
) + 1, �  e' t (eSt ,t �

, ea t ,t �
) + eV t ,t �

a (eSt ,t �

a )

eV t ,t �
(eSt ,t �

)  eV t ,t �
(eSt ,t �

) +
� � eV t ,t �

(eSt ,t �
)

N (eSt ,t � )
t 0 t �

end while

end while

return a � t
= argmin ea t , t 2 fA t , t

e (eSt , t ) e' t (eSt , t , ea t , t ) + eV t , t
a (eSt , t

a )

end procedure

The distribution of a central optimization problem into EV user level optimizations may intro-
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duce infeasible solutions due to the relaxation of the user connection constraints. Given charging

location and duration decision pair (y z ,n z ) is bounded, Proposition 3 shows that the solution ob-

tained by GNE with an embedded consensus-based coordination scheme converges to the solution

of (3.2a)-(3.2f) for suf�ciently large z.

Proposition 3. Given a non-empty Cb t ,t 0
i

, suppose the relaxed constraintsg(y ) is continuously dif-

ferentiable and convex for each charging location and duration decision pair (y ,n ). Let y 1
i j k be the

convergence subsequent at iteration z. Then, y 1
i j k is the solution to GNE with an embedded consensus-

based coordination scheme for sequence of� z and u z , if the following hold:

X

k 2K

X

j 2 J

¦
� j k r g i

j k (y 1
i j k , y 1

i j k ) � M � (2)
j k + � (3)

j k � (k + 1)
©

+ � (1)j JjjK j = 0, (3.7a)

X

k 2K

X

j 2 J

� (2)
j k �

X

j 2 J

� (4)
j � jK j = 0, (3.7b)

� j k g i
j k (y 1

i j k ) = 0, 8 j 2 J, k 2 K , (3.7c)

� (1)(
X

k 2K

X

j 2 J

yi j k � 1) = 0, (3.7d)

� (2)
j k (n i j k � M yi j k � 1) = 0, 8 j 2 J, k 2 K , (3.7e)

� (2)
j k (b t

i + � (k + 1)yi j k � b t +1
i ) = 0, 8 j 2 J, k 2 K , (3.7f)

� (3)
j k (Qi � b t

i �
X

k 2K

� (k + 1)n i j k ) = 0, 8 j 2 J, (3.7g)

� j k � 0, 8 j 2 J, k 2 K , (3.7h)

� (1) � 0, (3.7i)

� (2)
j k , � (3)

j k , 8 j 2 J, k 2 K , (3.7j)

� (4)
j � 0, 8 j 2 J, (3.7k)

where � (1), � (2), � (3), � (4), and � denote the Lagrangian multipliers of constraints (3.2b)-(3.2f).

Proof. See Appendix 7.1

36



3.4 Numerical Experiments

The solution technique proposed in Section 3.3 is applied to a hypothetical and a real-world case

study to assess the computational performance and solution quality. The methodology is coded in

Java and run on a desktop computer with octa-core 3.1 GHz CPU and 64 GB of memory. A Poisson

distribution is used to generate the initial charging demand pattern (i.e., users i 2 D t ) for �ve

different time-of-days in a business day, i.e., early AM, AM peak, mid-day, PM peak, and evening.

Additionally, we assume that the length of charging follows an exponential distribution [Ali13]. It

is also assumed that the charging rate at each facility follows a normal distribution with the mean

of nominal rate � (i.e., 6.2 K w for slow chargers and 12.5 K w for fast chargers per time period)

and the standard deviation of 10 %. The value of � is set to the charging rate of slow chargers, i.e.,

6.2 K w . We call CPLEX library in JAVA to solve the optimization model in (3.2b)-(3.2e), and (3.5) at

each iteration.

3.4.1 Hypothetical Dataset

To proposed model in (3.2a)-(3.2f) and hybrid solution framework is applied to a hypothetical

network shown in Figure 3.3. The network dataset includes 18 nodes and 58 links, where charging

facilities are deployed on nodes 6,7,15, and 16 with 5 chargers at each node. EV travel origin is

assumed to be from node 1 while nodes 8 and 11 are the destination nodes. We have assumed a

planning horizon from 8 AM to 5:30 PM with 30 min time periods. The average vehicle arrivals

over different time-of-days is respectively assumed to be 20, 25, 20, 15, and 30 for early AM, AM

peak, mid-day, PM peak, and evening for a medium demand level. Accordingly, the low and high

demand levels are assumed to be half and twice the medium demand, respectively. It is assumed

that EV users start their travels from origin o 2 O, stop in parking lot j 2 J, and leave chargers (i)

after reaching to a suf�cient SOC for their subsequent trips or (ii) when their maximum allowed

charge duration is reached. We assume parameter � in the objective function to be 1. Additionally,

the weight � 0of charging expense for staying longer at charging facilities is set to 0.1. We also assume

that EV users are charged twice as the regular charging price if they stay in the charging facility

longer than needed for their subsequent travels.

Figure 3.4 presents the sum of objective values (3.2a) of all EVs choosing to charge over all

37



Figure 3.3 Hypothetical network.

time periods. We can observe a decreasing trend in the total objective value with respect to the

GNE iterations that indicates EV users keep forming consensus on optimal solutions. We observe

considerable reductions in the objective value when the number of iterations increases from 1 to 4.

However, the solution does not improve signi�cantly after iteration 4. As computational time has a

direct relationship with the number of iterations to reach consensus, we use the iteration 4 results

as a base for the remainder of the algorithm, since no signi�cant improvement (i.e., less than 0.5%)

is observed in the objective value afterwards.

Figure 3.4 The change in the objective value.

We study the impact of the information exchange among EV users toward reaching consensus

in the proposed scheduling technique. To this end, we assess the charging facility occupancy over

iterations of the algorithm. Figure 3.5 presents the marginal occupancy of a facility located in the
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parking lot at node 7 in consecutive iterations. We can observe that the changes in occupancy is

signi�cant at the beginning of the algorithm, while the marginal occupancy reaches a steady state

with zero changes toward the end, due to the users' agreement on the optimal scheduling actions.

Figure 3.5 Marginal occupancy of consecutive iterations in the hypothetical dataset.

Figure 3.6 indicates the frequency of selecting charging methods considering various average

charging rates (i.e., k = 1,2) for 100 iterations of MCTS over the network. EV users tend to choose (i)

low-occupancy charging facilities with more available service time periods left for charging per spot

due to the stochasticity involved in charging rates at facilities or (ii) switch to faster charger types to

secure enough SOC before their subsequent trips.

3.4.2 Real-world Dataset

The proposed methodology is applied to a real-world case study in North Carolina. The network

includes 42 nodes, 451 links, and 13 parking lots with charging facilities in North Carolina State

University campus as shown in Figure 3.7. The �gure indicates the facility locations that EV travellers

(i.e., faculty, staff, students, and visitors) tend to charge on campus. The origins and destinations are

located in Raleigh, Durham, and Chapel Hill. The values for time-to-monetary value coef�cient � ,

charging cost coef�cient � , and overcharging penalty factor � 0are set to 0.1, 10, and 0.1, respectively.

We assume that the number of chargers at each charging facility is 10. The demand in this dataset

is distributed over time as 140, 210, 170, 120, and 230 for early AM, AM peak, mid-day, PM peak,
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Figure 3.6 Average charging rate and frequency for various available charging time periods in MCTS.

and evening time-of-days. Similar to the hypothetical dataset, the low and high demand levels are

assumed to be half and twice of the medium demand level, respectively. With a 20-time period

dynamic scheduling scheme, the real-world dataset includes 1,120,560 decision variables given an

average of 174 users in each time period. To generate results for the real-world case study, we run the

algorithm up to 10 iterations for GNE, since the solution will not improve signi�cantly afterwards

(i.e., the change in the objective value sum of all users is below 0.5%).

Figure 3.7 (a) Travel origins / destinations, NC; (b),(c),(d) Charging facility locations on North Carolina
State University campus. [Map source: Google, accessed November 25, 2020].
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Figure 3.8 represents the value of travel cost and charging expense in the objective function over

iterations. As illustrated, EV users choose the nearest parking lot to their destinations due to lack

of information from other users in the �rst iterations of the algorithm. However, the exchange of

information over iterations improves the perception of EV users about the occupancy and demand

of each charging facility for which, they may experience slightly higher travel costs. On the other

hand, we can observe a decreasing trend in the charging expenses due to the newly perceived

penalty costs when the occupancy of all parking lots are updated. Therefore, EV users tend to stay

in a charging facility to secure just enough SOC for their next trips and avoid the extra penalty cost

through over-time stays.

Figure 3.8 Objective value over 10 GNE iterations.

Figure 3.9 presents the average charging rate as well as the standard deviation for EV users

who are realized at time period 18 (i.e., 4:30-5:00 PM) in the medium demand case. The standard

deviation captures the reaction of users in choosing the charger types. EV users begin to select slow

charging spots as they are less expensive. However, overcharging attempts lead to extra waiting costs

for incoming users. Therefore, they will choose fast chargers to avoid the overcharging penalty. Based

on the exchanged information over 10 iterations of GNE, EV users will charge at facilities with higher

charging rates as more appealing facilities (e.g., with lower rates and consequently lower costs)

continue to get occupied by other users. Although the average charging rate approximately follows

an increasing trend, its standard deviation �uctuates until all users receive updated information on

charging spot occupancy.
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Figure 3.9 Average and standard deviation of charging rates over 10 GNE iterations.

Figure 3.10 illustrates the average SOC of EV users who select charging facility 4 in medium

demand case. As observed, users (with suf�cient SOC to reach facility 4 before their SOC falls below

1 K w h ) need to stay in the charging spots at node 4 to be able to ful�ll their upcoming trips. Note

that the maximum distance to �nal destinations is assumed to be 48 mi l e s , which requires 16.7

K w h for an average EV (i.e., with 2.91 mi l e =K w h ) in time period 3 (9:00-9:30 AM) and time period

12 (1:30 - 2:00 PM).

Similar to the hypothetical case study, we analyze the occupancy over iterations. Figure 3.11

presents changes in the occupancy of charging facility located in parking lot at node 4 for the

medium demand scenario. We can observe signi�cant changes in each two consecutive iterations

over the �rst iterations of the algorithm. Similarly, the exchange information among users leads to a

steady state with zero changes toward the last iteration. The CPU time of this scenario is 3.1 hr . The

results are obtained in real-time as the optimal solutions are found within the duration of each time

period that is 30 min .
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Figure 3.10 SOC changes of EV users during charging at facility 3.

The solutions of the proposed consensus-based approach is compared to those of a benchmark

strategy that prioritizes EV users upon their arrivals. Let us describe how the benchmark works. At

each time period, the users are assigned to available charging spots following a �rst-come-�rst-

serve scheme given the updated system state (e.g., charger availability, charging demand). If the

capacity of a charging facility is reached, EVs will form a queue to get served without a look-ahead

consideration. In particular, the upcoming charging demand and charger availability is ignored in the

user assignments to chargers at each time period. This implies that the queue length does not affect

the user assignments. Figure 3.12 shows The comparison of objective value ( $) in consensus-based

and prioritize scheduling schemes.

Moreover, Table 3.2 presents the objective values obtained by our consensus-based (with look-

ahead policy) versus priority-based scheduling after 10 iterations over the entire planning horizon.
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Figure 3.11 Marginal occupancy of consecutive iterations.

Figure 3.12 The comparison of objective value ($) in consensus-based and prioritize scheduling schemes.

Table 3.2 Comparison with benchmark solutions.

Consensus-based Priority-based Difference (%)

Objective value ($) 1.79� 105 2.10� 105 17.58
CPU time (h r ) 2.83 2.07 -26.85
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3.4.3 Sensitivity Analyses

We have also conducted a sensitivity analysis to evaluate the impact of the overcharging penalty

factor � 0on the objective value (3.2a), considering (1) total travel cost and (2) combined charging and

penalty costs, imposed to each user i . As Figure 3.13 indicates, higher values of � 0change the charging

pattern: some EV users leave charging facilities with suf�cient charge to avoid the overcharging

penalty. Therefore, we see a slight increase in the travel cost corresponding to movements from

charging spots to regular parking spots. Moreover, we can notice that penalty cost signi�cantly

decrease as users tend to avoid the increasing penalty while the increase in charging cost shows the

engagement of more EVs in charging process.

Figure 3.14 presents changes in the occupancy of charging facility located in parking lot at

node 4 for the high demand scenario. As expected, we can observe signi�cant changes in each two

consecutive iterations compared to the medium demand scenario as the occupancy of charging

facility has reached to the nominal capacity. However, the exchange information among users leads

to a steady state with negligible changes toward the last iteration.

Figure 3.13 Objective value ($) versus coef�cient of penalty term ( � 0).
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Figure 3.14 Marginal occupancy of consecutive iterations in high demand level.

3.5 Conclusions

This study develops a charge scheduling scheme for EV users over time and space given facilities

with different charging types and limited capacities. EV users obtain information on the charger

availability at each facility. Additionally, EVs' SOC, subsequent travel plans, and departure times are

shared with the network operator upon their arrival to the facility. The objective is to determine

the optimal charging schedule for each user that minimizes the (i) total travel costs and charging

expenses and (ii) overcharging penalty. The problem is formulated as a DP model that captures the

state of the system (i.e., EV arrivals at facilities, SOC, available chargers, pricing scheme, and waiting

times) and takes actions using a stochastic look-ahead technique. The model is �rst distributed to

user-level optimizations using a GNE approach that relaxes the coupling constraints connecting

users. A consensus-based coordination scheme is incorporated into the GNE procedure to push

the user-level solutions toward system-level optimality. Then, a Monte Carlo tree search algorithm

with an embedded tree policy and a SH is proposed to ef�ciently capture the uncertainties and

approximate the value function. Numerical experiments on a hypothetical and a real-world dataset

con�rm the solution quality and ef�ciency of the proposed methodology. The results show that
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EV users tend to choose charging facilities with more available service time periods left to reduce

the uncertainty involved in charging rate and guarantee enough SOC before leaving the charging

facility.

47



CHAPTER

4

DYNAMIC PRICING AND NETWORK

DESIGN OF ELECTRIC VEHICLE

CHARGING FACILITIES

4.1 Introduction

Recent engineering breakthroughs to improve EVs' battery performance (i.e., capacity, reliability, and

useful life), strategic supply chain network design shall be incorporated into charging management

framework to facilitate better access to EV chargers. Given the diversity of EV users' preferences (with

respect to charger location, charging price, waiting time to get served), it is bene�cial to develop

an integrated plan for network design and time-variant pricing strategies of charging facilities

considering user-equilibrium decisions. The optimal plan shall satisfy the charging demand and

regulate the utilization of charging facilities to accommodate both users' and charging network

operators' objectives and help expand the market share of EVs.

This chapter investigates the infrastructure design and dynamic pricing of charging facilities

under user-equilibrium decisions. The problem is formulated as a bi-level optimization program,
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where infrastructure and operating costs are modeled in the upper level and user perspectives are

captured in the lower level. The objective is to minimize (i) facility installation and operating costs

and (ii) user costs including travel and charging expenses. An active-set technique is implemented

to determine the EV charging facility allocation plan iteratively, where the binary location variables

are rede�ned as continuous variables. The bi-level program is then converted into an equivalent

single-level problem using KKT conditions and transforming the lower-level objective function to

complementary equations. A macroscopic fundamental diagram (MFD) concept, incorporated into

the method of successive average (MSA), is applied to estimate the arc travel times that reduces the

complexity imposed by non-linear arc performance functions. Furthermore, a stochastic queuing

theory is utilized to establish a linear relationship between each facility's occupancy and physical

capacity. The proposed methodology is applied to a hypothetical and an empirical case study to

evaluate its performance and draw managerial insights. The numerical experiments con�rm the

solution quality of the proposed algorithm in comparison to an exact benchmark approach.

The remainder of this chapter is organized as follows. The next section presents the mathematical

model formulation for dynamic charging facility location problem. Section 4.3 explains the proposed

approach to solve the problem and Section 4.4 presents the numerical results. Finally, Section 4.5

summarizes the �ndings and discusses future research directions.

4.2 Model Formulation

This section introduces a bi-level model structure, where the upper level aims to minimize the

costs associated with charging network design and maximize the revenue obtained from chargers.

The lower level aims to minimize the user-centric costs on travel and charging expenses. Table 4.1

illustrates the de�nition of sets, variables, and parameters used in the model formulation.

We �rst introduce the spatial and temporal elements of the problem, as follows. Let T denote the

number of discrete time steps in the planning horizon and � = f 0,1,� � � ,T � 1grepresent the set of all

time steps at which charging decisions are made. The transportation network is de�ned as G(N ,A),

where N denotes the set of all nodes, including the candidate nodes for charging facilities. Besides, A

represents the set of arcs, where A�
i � A and A+

i � A de�ne the set of inbound and outbound network

arcs to and from node i 2 N , respectively. We de�ne decision variable yi = f 0,1gto represent the
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charging facility deployment decisions at node i 2 N . Accordingly, decision variable � i 2 Z denotes

the physical capacity (i.e., number of EV chargers) of a facility installed at node i . The decision

variable p t
i determines the charging price of facility i at each time t . We let state variable f t

i capture

the occupancy of each charging facility at node i 2 N over time t 2 � . Besides, we let x t ,od ,i
a represent

the EV �ow, visiting charging facility at node i 2 N at time t 2 � , on arc a = (i , j ) 2 A from o 2 O to

d 2 D , where O and D denote the sets of origins and destinations, respectively. To capture the UE

traf�c �ow, a non-negative variable z t ,od
a is de�ned to represent the �ow of arc a on od 2 OD at

time t . Besides,v t
a denotes the aggregated �ow on arc a at time t .

Table 4.1 De�nitions of sets, decision variables and parameters.

Sets

� Set of all time steps; i.e., f 0,1, . . . ,T � 1g

N Set of nodes

A Set of arcs

A�
i , A+

i Set of inbound and outbound network arcs to / from node i 2 N

OD Set of origin-destination

� t
od Set of users with od 2 OD at time t 2 �

R Set of regions in an urban network

M od Set of paths among od 's

Decision variables

yi Binary variable, 1 if there is a facility at node i 2 N , or 0 otherwise

� i Number of chargers at node i 2 N

p t
i Price of getting charge at node i 2 N at time t 2 �

� t
od Equilibrium disutility identical for users on od 2 OD at t 2 �

x t ,od ,i
a Flow of arc a 2 A on od 2 OD to charge at node i 2 N at time t 2 �

z t ,od
a Flow of arc a 2 A on od 2 OD at time t 2 �

v t
a Aggregated �ow of arc a 2 A at time t 2 �

R t
a (v t

a ) Travel time of arc a 2 A at time t 2 �

e t ,od
a Binary variable, 1 if arc a 2 A is on a feasible path for EV users on od 2 OD at time

t 2 � , or 0 otherwise
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Table 4.1 (continued).

Decision variables (cont.)

u od
i Maximum distance traveled from the last visited charging facility located at

node i 2 N with od 2 OD

u
0od
i Dummy variable, 0 at charging facility located at i 2 N

U Host set of all upper-level variables (y , � ,p)

L Host set of all lower-level variables (x ,z ,v )

v 0t
r Number of accumulated users in region r 2 R at time t

� r (v 0t
r ) Production rate in region r 2 R at time t

� t
r Trip completion rate in region r 2 R at time t

l t ,od
r ,m Total trip length on path m across region r

Parameters

Ci Unit cost of building charging facility at node i 2 N

f t
i The occupancy of charging facility at node i 2 N at time t 2 �

�̂ t
i Available capacity of charging facility at node i 2 N at time t 2 �

M Large positive constant

B Available budget

l i Lower bound for charging price at node i 2 N

u i Upper bound for charging price at node i 2 N

� Driving range of the EVs

g t
od Linear demand curve's intercept for EV users with od 2 OD at time t 2 �

b The elasticity coef�cient of the demand function

� ma x Maximum physical capacity

� Average charging duration

� t
i EV users' arrival rate in node i 2 N at time t 2 �

da Length of arc a 2 A

q,w BPR function parameters

� Time window for �nding an available charger

ca Traf�c capacity of arc a 2 A

� Lower bound for the probability of �nding an available charger


 i The slope of the linear waiting function at node i 2 N

� The update factor in subroutine

V t
r Average speed in region r 2 R at time t
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The user-centric demand � t
od follows a H (� t

od ) form that is an inverse demand function of the

equilibrium disutility � t
od for demand on od 2 OD at time t . Thus, j� t

od j = H (� t
od ) represents the

set of users who travel from o 2 O to d 2 D at time t [Mac15; Mir20a ]. Finally, we let function � de�ne

a relationship between each facility's physical capacity � i and occupancy f t
i at time t . We de�ne

a probability function � for waiting duration at each facility i to �nd a vacant charger, based on

Erlang C formula of queuing theory [Xie18]. The integrated charging facility design and management

scheme is modeled into a bi-level mathematical optimization program, where charging facility

manager's perspective is formulated in the upper level, as follows.

minimize
y ,� ,p

X

i 2N

�
� i Ci � �

X

t 2�

X

a2A

X

od 2OD

p t
i x t ,od ,i

a

�
, (4.1a)

subject to l i yi � p t
i � u i yi , 8i 2 N , t 2 � , (4.1b)

f t
i = f t � 1

i �
X

od 2OD

X

a2A+
i

x t ,od ,i
a +

X

od 2OD

X

a2A�
i

x t ,od ,i
a 8i 2 N , t 2 � , (4.1c)

X

od 2OD

X

a2A�
i

x t ,od ,i
a � � i � f t � 1

i , 8i 2 N , t 2 � n f0g, (4.1d)

f t
i � � i , 8i 2 N , t 2 � , (4.1e)

� t
od = H (� t

od ) = g t
od � b � t

od , 8od 2 OD , t 2 � , (4.1f)

X

i 2N

� i Ci � B, (4.1g)

� i � M yi , 8i 2 N , (4.1h)

� i � � ma x , 8i 2 N , (4.1i)

� (� (f t
i , � i ) � � )ti � � , 8i 2 N , t 2 � . (4.1j)

The upper-level objective function (4.1a) simultaneously (i) minimizes the EV charging facility

installation cost and (ii) maximizes the revenue gained by charging payment collections. Parameter

Ci represents the unit installation cost for a single EV charger deployed at node i 2 N and � is a

positive coef�cient. Constraints (4.1b) de�ne a lower bound and upper bound for charging price at

time t , if a charging facility is available at node i . Constraints (4.1c) represent the �ow conservation,

i.e., state transition functions on facility occupation. Constraints (4.1d) show that demand �ow
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should not exceed the available capacity at node i , calculated by excluding the existing occupancy

prior to time t from physical capacity at node i . Constraints (4.1e) ensure that the occupancy of

each facility at node i at time t is less than the facility's physical capacity. Constraints (4.1f) represent

the inverse demand function, obtained from [Pra13], that capture the impact of charging prices on

the charging demand. The equilibrium disutility � t
od represents the minimum cost imposed to EV

users due to (1) charging price p t
i at charging facility i 2 N and time t and (2) travel time from origin

o 2 O to charging facility i and beyond (i.e., �nal destination d 2 D ). Note that � t
od is identical for

all EV users on the same od 2 OD at time t . The term g t
od is the intercept of the demand curve.

Constraints (4.1h) ensure that EV chargers can only be available at node i if there is an open facility

at i . We let M be a large positive constant. Constraints (4.1i) de�ne a limit � ma x for physical capacity

of each charging facility at i . Besides, budget constraints on EV charger installations are shown

by (4.1g). Finally, constraints (4.1j) de�ne a lower bound � for the probability of �nding a vacant

charger at i within � duration. Function � (f t
i , � i ) represents the waiting time as a function of facility

i 's occupancy and physical capacity.

The lower-level problem represents the EV user reactions to total costs (i.e., travel time and

charging expenses) that affect their facility selection. Travel time on arc a 2 A follows an increasing

function of aggregated EV �ow v t
a , i.e., R t

a (v t
a ). We de�ne non-negative auxiliary variables u od

i and

u 0od
i at each node i to represent the driving range constraints. The feasible travel paths are de�ned

based on the EV driving range. Binary variable e t ,od
a identi�es the arcs located on feasible paths.

To address the EV driving range limitation and ensure that the users travel on feasible paths, i.e.,

within their maximum driving range unless there is (at least) a charging facility en-route, we use the
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following equations (see [Zhe17b]).

z t ,od
a � M e t ,od

a , 8a 2 A, od 2 OD , t 2 � , (4.2a)

u od
j � u 0od

i + da � M (1 � e t ,od
a ), 8a = (i , j ) 2 A, od 2 OD , t 2 � , (4.2b)

u od
i � D , 8i 2 N , od 2 OD , (4.2c)

u 0od
i � u od

i � M yi , 8i 2 N , od 2 OD , (4.2d)

u 0od
i � u od

i + M yi , 8i 2 N , od 2 OD , (4.2e)

u 0od
i � M (1 � yi ), 8i 2 N , od 2 OD , (4.2f)

u od
i � 0, u 0od

i � 0, 8i 2 N , od 2 OD , (4.2g)

where da > 0 represents the length of arc a 2 A. Finally, user behaviors on the choice of charging

facilities are captured by

minimize
v ,x ,z

X

a2A

‚ Z v t
a

0

R t
a (! )d ! + 


X

i 2N

X

od 2OD

p t
i x t ,od ,i

a

Œ

(4.3a)

subject to (4.2a) � (4.2g) and

v t
a =

X

od 2OD

z t ,od
a , 8a 2 A, t 2 � , (4.3b)

x t ,od ,i
a � z t ,od

a , 8a = (i , j ) 2 A, od 2 OD , t 2 � , (4.3c)

X

a2A+
i

z t ,od
a �

X

a2A�
i

z t ,od
a =

8
>>>>><

>>>>>:

� t
od , 8i 2 O

� � t
od , 8i 2 D

0, o.w.

8od 2 OD , t 2 � , (4.3d)

x t ,od ,i
a � 0, z t ,od

a � 0, 8a = (i , j ) 2 A, od 2 OD , t 2 � , (4.3e)

v t
a � 0, 8a 2 A, t 2 � . (4.3f)

The lower-level problem aims to minimize the individual users' costs, including their travel time

and charging expense following an equilibrium condition. It shows that users choose shortest routes

that include charging facilities en-route. Parameter 
 is the cost-to-monetary value conversion
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factor. Constraints (4.2a)-(4.2g) represent EV driving range limit to ensure users drive on paths that

are within their maximum range given their SOC. Constraints (4.3b) de�ne the aggregated arc �ows

at each time t . Constraints (4.3b)-(4.3f) represent an equilibrium traf�c assignment for EV users on

sub-networks with feasible paths, where destinations are within EVs' maximum driving range unless

there is at least a charging facility en-route, for each origin-destination pair. Therefore, the lower-level

problem represents the routing and charging behavior of EV users by tracking their SOC. In particular,

constraints (4.3c) show the �ow feasibility; they ensure that the charging demand at node i , i.e., the

start node of arc a = (i , j ), does not exceed the �ow passing through arc a at time t . Constraints

(4.3d) illustrate the conservation of user �ows at each node i ; i.e.,
P

a2A+
i

z t ,od
a =

P
a2A�

i
z t ,od

a unless

i is either the origin or destination of user demand. Finally, constraints (4.3e) and (4.3f) show the

non-negativity of travel �ows.

Let us further explain how the lower-level problem functions: Given the charging network

design (i.e., the location and capacity of charging facilities), the lower-level problem (4.3a)-(4.3f) is

formulated as an integrated distribution and assignment model [She85]. The charging facilities are

assumed as destinations with the utility of p t
i , where EV users aim to access charging facilities that

yield minimum travel time, cruising time, and charging expenses. If we let u t
o i denote the travel time

of the minimum EV path from origin o 2 O to charging facility at node i 2 N at time t 2 � , EV users

will try to access charging facilities that yield the minimum net travel impedance u t
o i + p t

i . Note that

EV users cannot unilaterally improve the net travel impedance by switching to other paths and / or

charging facilities. This condition represents a UE distribution and assignment model, where the

objective of each user is optimized individually.

4.3 Solution Technique

The proposed formulation (4.1a)-(4.1j), (4.2a)-(4.2g), and (4.3a)-(4.3f) has a bi-level form and con-

tains mixed-integer decision variables and non-linear terms. To tackle the complexities, an inte-

grated solution technique is developed that includes (i) a charging spot waiting time de�nition, (ii)

an active-set algorithm, and (iii) an MFD representation. The details are illustrated in Sections 4.3.1,

4.3.2, and 4.3.3, respectively.
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4.3.1 Waiting time estimation

We �rst treat the waiting time at each charging facility, as follows. Finding a vacant charger at each

node i within � duration can be presented by an Erlang C formula in queuing theory as a stochastic

chance logic, similar to [Xie18]. The Erlang C formula expresses the probability of being served in

a pre-de�ned time-window by forming a queue. Each charging facility (with � i chargers) serves a

queue of EV users with an expected service time � and EV users' arrival rate � t
i at time t 2 � . Hence,

the left-hand side of constraints (4.1j) can be written as

� (� (f t
i , � i ) � � )ti = 1�

(� t
i � )� i

� i !

€(� t
i � )� i

� i !
+(1�

� t
i �

� i
)

� i � 1X

q=0

(� t
i � )q

q !

Š� 1
e � (� i � � t

i � )�� � 1
, 8i 2 N , t 2 � , (4.4)

which establishes a non-linear relationship among � i , � t
i , � , � , and � . Equation (4.4) can be inter-

preted as a step function using the available information on targeted service level � (� (f t
i , � i ) � � )ti �

� and average charging duration � , as follows. The feasible region of charging facility capacities

(e.g.,0 � � i � � ma x ) are divided into n 02 N 0separate segments. We de�ne �
0n 0

i to divide the feasible

region � i into small regions, i.e., 0 < �
0n 0

i < �
0n 0+1
i < � ma x , 8n 02 N 0. We then introduce  

0n 0

i 2 f 0,1g

that is 1 when � i 2 [�
0n 0

i , �
0n 0+1
i ). Let F (� i ) = B0

i represent the maximum occupancy of charging

facility i with physical capacity � i , where B0
i 2 Z. The step function is formulated as

� M  
0n 0

i � � i � �
0n 0

i � M (1 �  
0n 0

i ) � " , 8i 2 N ,n 02 N 0, (4.5a)

� M (1 � ( 
0n 0+1
i �  

0n 0

i )) � F (� i ) � B0
i � M (1 � ( 

0n 0+1
i �  

0n 0

i )), 8i 2 N ,n 02 N 0, (4.5b)

where equations (4.5a)-(4.5b) enforce the maximum occupancy F (� i ) to be B0
i when � i 2 [�

0n 0

i , �
0n 0+1
i ).

Figure 4.1, hypothetically, shows the relationship between each facility's maximum occupancy

and physical capacity with 95% probability to �nd a vacant charger within 10 min . The step function

presented in Figure 4.1 can be de�ned as piece-wise linear functions by (4.5a)-(4.5b). However, it

introduces additional binary variables  
0n 0

i to the problem that makes it more challenging to solve.

Without loss of generality, we utilize a linear function to capture the impact of waiting time on

maximum occupancy that could be met by decreasing the physical capacity of charging facilities. In

other words, we apply the impact of waiting time on maximum occupancy assuming that waiting
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Figure 4.1 Relationship of maximum charging station occupancy and the number of chargers.

time can be decreased if there is always a vacant charging spot. Therefore, Figure 4.1 introduces a new

upper bound for maximum occupancy based on the capacity of charging facility. Note that the newly

de�ned upper bound is less than the right hand side of equation (4.1e) by de�ning 
 i � 1, 8i 2 N ,

which limits the number of served users to restore the vacant charging spot at all time steps. Finally,

we include the impact of waiting time on maximum occupancy (4.1j) as follows.

f t
i � 
 i � i , 8i 2 N , t 2 � , (4.6)

where 
 i represents the slope of linear approximation function that provides an upper-bound on

facility i 's occupancy.

4.3.2 Active-set technique

The proposed mixed-integer non-linear program (MINLP) is computationally interactable given

the integer physical capacity � , due to additional branching at each integer solution. Hence, it is

bene�cial to rede�ne the integer variables as follows. We �rst de�ne the physical capacity � i of
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charging facility at i as a combination of new binary location variables y 0
i k :

� i =
KX

k =0

2k y 0
i k , 8i 2 N , (4.7a)

y 0
i k 2 f 0,1g, 8i 2 N , k 2 K , (4.7b)

where K =
�
log2 � ma x

�
, and � ma x represents the maximum number of chargers at i . Therefore,

constraints (4.1i) can be relaxed given a pre-determined upper bound for K . Furthermore, y 0
i k can

relax the need for binary network design decision variable yi :

yi � y 0
i k , 8i 2 N , k 2 K , (4.8a)

yi �
KX

k =0

y 0
i k , 8i 2 N . (4.8b)

Literature has widely shown the relaxation of binary decision variables y 0
i k 2 f 0,1g, 8i 2 N , k 2 K

to continuous variables 0 � y 0
i k � 1, using complementary constraints y 0

i k (1 � y 0
i k ) = 0. An active-set

based technique relaxes the need for the complementary constraints and tackles the associated

complexities, as also shown in [Zha09; He13]. We can reformulate the proposed bi-level MINLP (4.1a)-

(4.1i), (4.2a)-(4.2g), (4.3a)-(4.3f), (4.6), (4.7a)-(4.7b), and (4.8a)-(4.8b) as an equivalent single-level

program using KKT conditions, similar to [Mir20b ]. We introduce parameter � t ,od
i as a minimum

cost to get to node i 2 N from origin o 2 O to destination d 2 D at time t . Hence, the lower-level

objective function (4.3a) will be transformed into complementary equations, similar to [Far11],

as 0 � R t
a (v t

a ) + 
 p t
i x t ,od ,i

a � � t ,od
i + � t ,od

j ? z t ,od
a � 0, 8a = (i , j ) 2 A, od 2 OD , t 2 � , that can be

re-written to linear equations, using (4.2a), as illustrated below.

R t
a (v t

a ) + 
 p t
i x t ,od ,i

a � � t ,od
i + � t ,od

j � M (1 � e t ,od
a ), 8a = (i , j ) 2 A, od 2 OD , t 2 � , (4.9a)

R t
a (v t

a ) + 
 p t
i x t ,od ,i

a � � t ,od
i + � t ,od

j � 0, 8a = (i , j ) 2 A, od 2 OD , t 2 � . (4.9b)

Consequently, variable � t ,od
i is added to the upper-level objective function (4.1a) to capture the
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total cost of individual users. The equivalent single-level MINLP formulation follows.

A : minimize
y ,� ,y 0,p ,v ,z ,x ,�

X

i 2N

�
� i Ci � �

X

t 2�

X

a2A

X

od 2OD

� t ,od
i

�
(4.10a)

subject to (4.1b) � (4.1g), (4.2a)� (4.2g), (4.3b)� (4.3f), (4.6), (4.7a)� (4.7b),

(4.8a)� (4.8b), and (4.9a) � (4.9b).

Note that the impact of charging price p t
i is captured in the calculation of � t ,od

i in constraints

(4.9a)-(4.9b); hence, objective function (4.10a)does not include a separate term to account for the

network operator's revenue.

The approach generates the charging facility network design (i.e., location and physical capacity)

and modi�es it iteratively. Given the charging network plan, the problem can be converted into

integrated distribution and assignment models [She85], solvable using commercial solvers, e.g.,

CPLEX[IBM18]. The information on charging facility locations and network geometry identi�es the

arcs located on feasible paths.

We de�ne active sets � 1, � 0, and � , where � 1 contains selected network nodes to install charging

facilities, � 0 includes nodes with no charging facility, and � = (i ,k ),8i 2 N , k = 0, . . . ,K . Note that

� 0 \ � 1 = ; and � 0 [ � 1 = � . We re-formulate A based on the active sets as

minimize
y ,� ,y 0,p ,v ,z ,x ,�

X

i 2N

�
� i Ci � �

X

t 2�

X

a2A

X

od 2OD

� t ,od
i

�
(4.11a)

subject to (4.1b) � (4.1g), (4.2a)� (4.2g), (4.3b)� (4.3f), (4.6), (4.7a), (4.8a)� (4.8b),

(4.9a)� (4.9b), and

y 0
i k = 0, 8(i ,k ) 2 � 0, (4.11b)

y 0
i k = 1, 8(i ,k ) 2 � 1. (4.11c)

At iteration n , the allocation plan of network nodes to � n
1 and � n

0 will be updated to ensure optimal

charging locations will be found over a �nite number of iterations; also see [Zha09]. The active-set

procedure follows.

Step 0 Initialize the active sets: set n = 1, � 1
0 = � , and � 1

1 = ; (i.e., assume no charging facility is

installed on nodes i 2 N ).
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Step 1 Determine the solution to decision variables � ,y ,y 0,p, f ,x ,v ,z , and � using (� n
0 , � n

1 ). Find

! n
i k and � n

i k , the smallest and largest values of KKT multipliers associated with constraints

(4.11b)-(4.11c). SetEn as the total cost (4.11a) associated with the current allocation plan.

Step 2 SetQ = �1 and adjust the active sets:

Step 2.1 Solve the following knapsack problem to determine w � and b� .

minimize
w ,b

X

(i ,k )2� n
0

! n
i k w i k �

X

(i ,k )2� n
1

� n
i k bi k (4.12a)

subject to
X

(i ,k )2� n
0

Ci 2k w i k �
X

(i ,k )2� n
1

Ci 2k bi k � B �
X

(i ,k )2� n
1

Ci 2k (4.12b)

X

(i ,k )2� n
0

! n
i k w i k �

X

(i ,k )2� n
1

� n
i k bi k � Q, (4.12c)

w i k , bi k 2 f 0,1g. (4.12d)

Obtaining w i k = 1 from the knapsack formulation implies that node i shall be moved

from � n
0 to � n

1 to modify the node allocation plan; otherwise, bi k = 1 leads to shifting

(i ,k ) from � n
1 to � n

0 (i.e., no need to deploy charging facility at i ). Terminate the algorithm

if the optimal objective value (4.12a) is zero (i.e., the allocation plan cannot be further

improved) and set the current solution as optimal. Otherwise, go to Step 2.2to update

the plan y00based on (�
0

0, �
0

1).

Step 2.2 Set

U =
X

(i ,k )2� n
0

! n
i k w �

i k �
X

(i ,k )2� n
1

� n
i k b �

i k , (4.13a)

�
0

0 =
�
� n

0 �
�
(i ,k ) 2 � n

0 : w �
i k = 1

��
[

�
(i ,k ) 2 � n

1 : b �
i k = 1

�
, (4.13b)

�
0

1 =
�
� n

1 �
�
(i ,k ) 2 � n

1 : b �
i k = 1

��
[

�
(i ,k ) 2 � n

0 : w �
i k = 1

�
. (4.13c)

Step 2.3 Evaluate the quality of the updated plan: solve problem (4.11a)-(4.11c) using (�
0

0, �
0

1)

and compare the objective value (4.11a) to En . Go to Step 2.4if total infrastructure and

operating cost (4.11a) using (�
0

0, �
0

1) is less than En . Otherwise, set Q = U + � , where

� > 0, and return to Step 2.1.
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Step 2.4 Set � n +1
0 = �

0

0, � n +1
1 = �

0

1, and n = n + 1. Go to Step 1.

Proposition 4. Given binary vector ȳ0, compatible with complete and budget-feasible active pairs

(� n
0 , � n

1 ) at iteration n , we have: ȳ 0
i k = 0, 8(i ,k ) 2 � n

0 , and ȳ 0
i k = 1, 8(i ,k ) 2 � n

1 . We let (z̄, v̄) be the

solution to the UE problem: 0 � R t
a (v t

a )+ 
 p t
i x t ,od ,i

a � � t ,od
i + � t ,od

j ? z t ,od
a � 0, 8a 2 A. Then, (ȳ0, z̄, v̄)

is the optimal solution to (4.11a)-(4.11c).

Proof. See Appendix 7.2.

Furthermore, pairs (� n
0 , � n

1 ) at iteration n are complete partitions and every feasible solution to

problem (4.11a)-(4.11c) is also feasible to original problem A .

Theorem 5. If ! i 0k 0 < 0 for some (i 0,k 0) 2 � n
0 and � i 0k 0 > 0 for some (i 0,k 0) 2 � n

1 at iteration n , then

the solution to A will be improved by adjusting � n
0 = � n

0 � (i 0,k 0) and � n
1 = � n

1 � (i 0,k 0), respectively.

Proof. See Appendix 7.2.

Theorem 5 indicates that the adjustment plan in Step 2.1will suggest the optimal modi�cation

of active sets (� n
0 , � n

1 ), which will minimize the costs imposed to the charging network operator.

4.3.3 Travel time estimation

This section introduces an MFD-based method to estimate travel times imposed to EVs traveling

on each arc. Note that while most studies in the literature capture the impact of traf�c �ows on

arc travel times using the performance function developed by Bureau of Public Roads [BPR70], the

fourth-degree polynomial form of the monotonic BPR function imposes additional complexities to

the problem. MFD estimates the travel times by constructing a relationship between traf�c �ow,

density, and speed in the transportation network [Yil14], which is still applicable to regions (e.g.,

arcs) of an urban network with homogeneous distribution of traf�c congestion [Yil15]. Figure 4.2,

hypothetically, presents (i) an urban network divided into different homogeneous regions r 2 R and

(ii) several paths m 2 M od that connect origin o 2 O to destination d 2 D . The region boundaries are

de�ned based on the geometry of network and distribution of congestion. A unique trip production

rate � r (v 0t
r ) corresponding to the accumulated number of users v 0t

r in region r at time t is de�ned,

which shows total VMT by EV users in each region in unit time. The accumulated number of users
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on path m 2 M od in region r at time t is denoted by v 0t ,od
r ,m that can be updated based on �ow z t ,od

a ,

as follows.

v 0t ,od
r ,m = z t ,od

a ja2A+
r \ a2m

� z t ,od
a ja2A�

r \ a2m
+ 1o (r )� t

od ,m , 8 r 2 R , m 2 M od , od 2 OD , t 2 � , (4.14)

where A+
r and A�

r represent the inbound and outbound arcs to region r , respectively. 1o (r ) is 1 if the

origin is located in region r , or 0 otherwise. We let � t
od ,m denote the share of user-centric demand

� t
od who choose path m . Let � t

r denote the trip completion rate that represents the number of EV

users who leave region r at time t . We represent total trip length on path m across region r by

l t ,od
r ,m . Similarly, � t ,od

r ,m denotes the trip completion rate in region r for users traveling on path m with

od 2 OD at time t , as follows [Yil14]:

� t ,od
r ,m =

� r (v 0t
r )

v 0t
r

v 0t ,od
r ,m

l t ,od
r ,m

= V t
r

v 0t ,od
r ,m

l t ,od
r ,m

, 8 r 2 R , m 2 M od , od 2 OD , t 2 � , (4.15)

where V t
r denotes the average speed in region r . Note that (4.15) establishes a relationship between

speed V t
r and density

v 0t ,od
r ,m

l t ,od
r ,m

to compute trip production rate � t ,od
r ,m in region r at time t . Hence, travel

time on each arc a 2 R can be estimated by

R t
a (v t

a ) = v t
a

� X

od 2OD

X

m 2M od

� t ,od
r ,m

� � 1
, 8a 2 R , t 2 � . (4.16)

Figure 4.2 A multi-region urban network.
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According to (4.15), trip completion rate is obtained by the (i) accumulated number of users

v 0t
r and (ii) average trip length in each region r at time t . The accumulated number of users v 0t

r in

each region r can be obtained from (4.14) by incorporating the solution to A (using the active-set

technique in 4.3.2). Note that total trip length l t ,od
r ,m on path m across region r indirectly represents

the traf�c condition on path m in region r . We implement an iterative algorithm to estimate the

total trip length in each region r over iteration � , keeping the same trip completion rate (to reach a

traf�c equilibrium) on each od at time t . We �rst set the total trip length l t ,od ,1
r ,m to the length of arcs

on path m in region r . Then, we solve (4.11a)-(4.11c) using the proposed active-set method to �nd

the traf�c �ow on each arc. We then �nd the accumulated number of users v 0t
r and trip completion

rate � t ,od
r ,m using (4.14) and (4.15), respectively. Afterwards, the average trip lengths will be adjusted

as follows.

l t ,od ,� +1
r ,m = l t ,od ,�

r ,m + (� + 1)� 1(l
0t ,od
r ,m � l t ,od ,�

r ,m ), 8r 2 R , m 2 M od , od 2 OD , t 2 � , (4.17)

where l
0t ,od
r ,m represents the adjustment of total trip length for users with od 2 OD on path m . To

achieve traf�c equilibrium, the average trip completion rates �̄ t ,od
r ,m are calculated as follows.

�̄ t ,od
r ,m =

P
m 2M od � t ,od

r ,m

jM od j
, 8 r 2 R , m 2 M od , od 2 OD , t 2 � , (4.18)

where the variance of each path from the average trip completion rate is obtained as � t ,od
r ,m � �̄ t ,od

r ,m .

Then, the adjustment of total trip length l
0t ,od
r ,m is formulated as an inverse function of the variances

at iteration � (i.e., l
0t ,od
r ,m = V t

r v 0t ,od
r ,m (� t ,od

r ,m � �̄ t ,od
r ,m )� 1). The problem (4.11a)-(4.11c) is solved again

until the difference of trip production rate in two consecutive iterations is within a pre-de�ned

threshold " 0. Figure 4.3 presents the proposed algorithm to �nd the charging facility location along

with the UE traf�c assignment.

The aforementioned iterative MFD-based algorithm utilizes the MSA method, where the arcs'

travel times R t
a are updated at each iteration � until the algorithm converges. We introduce l � t ,od

m =

min f l � t ,od
r ,m , 8 r 2 Rg as the optimal total trip length for EV users with od 2 OD on path m 2 M od .

The main objective of the MSA method is to �nd l � t ,od
m through an iterative procedure using the

step size � � = 1
� +1 , as presented in (4.17). [Pow82] have presented the convergence proof of MSA
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approach [Mou15 ].

Figure 4.3 Flowchart of the proposed algorithm.

4.4 Numerical Experiments

The solution technique proposed in Section 4.3 is coded in Java and run on a desktop computer with

quad-core 3.6 GHz CPU and 16 GB of memory. A Poisson distribution is applied to generate the initial

demand pattern for �ve different time-of-days in a business day, i.e., early AM, AM peak, mid-day,

PM peak, and evening. Commercial solver LINDO [Lin09] is utilized to solve model (4.11a)-(4.11c)

and �nd the multipliers associated with constraints (4.11b)-(4.11c).

4.4.1 Hypothetical Dataset

To verify the applicability of the proposed methodology, we �rst apply our model (4.1b)-(4.1g), (4.2a)-

(4.2g), (4.3b)-(4.3f), (4.6), (4.7a)-(4.7b), (4.8a)-(4.8b), (4.9a)-(4.9b), and (4.10a)and hybrid solution

framework to a hypothetical network. The planning horizon is assumed to be from 8 AM to 5:30 PM

with the time interval of 30 min . The network dataset includes 12 nodes and 32 arcs. We assume EV

users need one time period (e.g., 30 min ) to get charged. The average vehicle arrivals over different
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time-of-days is respectively assumed to be 20, 25, 20, 15, and 30 for early AM, AM peak, mid-day,

PM peak, and evening for a medium demand level. Accordingly, the low and high demand levels are

assumed to be half and twice the medium demand, respectively. The available budget is assumed

to be $500K and the deployment cost of each charger is $50K . An arc elasticity coef�cient for the

demand function is assumed to be b = � 0.3 to capture the impact of disutilily on charging demand.

The value of objective function parameter � is set to 365 that represents the number of days in

a year assuming the same demand distribution in different days. Note that a series of sensitivity

analysis has been conducted to show the impact of � on the objective value (see Section 4.4.3).

Besides, the maximum driving range is set to 200 mi l e s to study the impact of driving range

limitation on the solutions. Finally, we assume that a maximum of �ve chargers can be installed

at each selected facility. We also assume u i = 10.0($=v e h) and l i = 0.1($=v e h),8i 2 N , which

respectively represent the maximum and minimum charging prices at chargers per time step.

4.4.1.1 Results

Figure 4.4(a) shows the selected locations of charging facilities originated from node 1 with destina-

tions at nodes 10 and 12 within a day starting from 8 AM to 5:30 PM for medium demand case in the

hypothetical dataset. We have assumed that 70% of the demand originates from node 1 and goes to

node 10, and the rest moves towards node 12. The results indicate the essence of having charging

facilities at nodes 5 and 7 with the capacity of 5 and 3 chargers to satisfy the medium demand (and

reduce the number of lost users due to the range anxiety concern). Besides, Figure 4.4(b) shows the

maximum distance traveled from the last visited charging facility. Figures 4.4(a) and 4.4(b) both

show that the charging facilities are selected in a way that EV users do not exceed the travel range of

200 mi l e s in this network.

Figure 4.5 shows the distribution of charging prices for the selected facilities at nodes 5 and 7

with respect to EV users' arrivals over the planning horizon. Facility at node 5 offers a higher charging

price compared to facility at node 7 due to higher demand from node 1 to node 10. As shown in

Figure 4.5, charging prices are responsive to the EV arrivals. It can be observed that a high demand

in the morning (e.g., 9 AM - 11 AM) and evening (e.g., 4 PM - 5:30 PM) causes a surge in charging

prices as EV users have to wait to �nd a vacant charging spot. We also notice a decrease in prices in

periods with less EV arrivals, where more chargers are available.
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Figure 4.4 (a) Selected charging facilities (demand from node 1 to nodes 10 and 12); (b) Maximum dis-
tance traveled from the last visited charging facility.

Figure 4.5 Charging price at facilities 5 and 7 over the planning horizon.

Figure 4.6 presents the average price of charging facilities within a day starting from 8 AM to

5:30 PM for the low, medium, and high demand levels in the hypothetical dataset. As indicated,

charging prices vary with respect to the users' arrivals and facilities' occupancy. At the beginning

of the planning horizon, prices are close to their minimum values since charging facilities are not

fully occupied. As users from previous time steps as well as newly arrived users occupy the available

spots, prices tend to increase. As Figure 4.6 indicates, the average and standard deviation of charging

prices increase by 4.5% and 13.5% in the medium demand case compared to the low demand case.

The standard deviation captures the reaction of charging facility agencies to the number of EV users

who search for vacant chargers over time. Moreover, the �uctuation of charging prices increases

over the time steps with more EV arrivals, which shows the capability of the proposed approach to

adjust the charging prices based on the observed demand.
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Figure 4.6 Average charging price at candidate facilities over the planning horizon.

Figure 4.7 presents the number of required chargers for various demand distributions. As in-

dicated, charging network operator shall install a charging facility at node 5 to serve EV users in

all demand levels, although the number of chargers depend on the demand intensity. The same

trend is observed regarding facility at node 7. However, facility at node 4 is installed only when high

demand is experienced.

Figure 4.7 Number of chargers for the low, medium, and high demand cases.

4.4.1.2 Benchmark

To theoretically evaluate the solution quality of the proposed algorithm, an alternative solution

technique is implemented to solve the bi-level problem (4.1a)-(4.1i), (4.3a)-(4.3f), and (4.6) over the
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entire planning horizon. The system-level bi-level optimization method [Mit08 ] generates theoretical

lower and upper bounds to the proposed bi-level problem. To �nd the lower-bound, a system-level

optimization problem is solved that includes the upper-level objective function (4.1a), constraints

of both upper-level and lower-level problems (4.1b)-(4.1i) and (4.3b)-(4.3f), and parametric upper-

bound of the optimal solution to the lower-level problem. The parametric upper-bound can be

improved iteratively by adding new constraints to the system-level optimization problem through the

following steps. First, the lower-level problem (4.3a)-(4.3f) is solved to system-level optimality given

the value of upper-level decision variables (y , � ,p, f ) from the previous iteration. Then, admissible

values of the lower-level decisions (x ,z ,v ), given the optimal objective value of lower-level problem

(4.3a)-(4.3f), developed in the �rst step, are found. Finally, a tighter bound among all feasible-region

bounds for upper-level decisions, i.e., (y , � ,p, f ), is obtained that satis�es the constraints of the

lower-level problem. To �nd the upper-bound, similar system-level optimization problem is solved

under constraints of the lower-level problem (4.3a)-(4.3f), given the values of upper-level decision

variables (y , � ,p, f ) found in the lower-bound procedure.

To estimate the travel time on arc a 2 A, we use an increasing function R t
a of aggregated EV �ow

v t
a , captured by Bureau of Public Roads' performance function [BPR70], represented by

R t
a (v t

a ) = R̂ t
a

�
1+ w

�
v t

a

ca

� q �
, (4.19)

where R̂ t
a represents the free-�ow travel time on arc a at time t . In addition, w and q are the

BPR function parameters, and ca is the traf�c capacity of arc a . We �rst introduce the underlying

de�nitions and assumptions, and then describe the iterative exact algorithm to solve the proposed

bi-level optimization program.

4.4.1.2.1 De�nitions and Assumptions

For notation simplicity, we let F u and F l represent the objective function of upper- and lower-level

problems, respectively. We �rst de�ne the host sets, parametric optimal solution function, and

candidate upper-level points as follows. The host set of all upper-level variables (y , � ,p) is de�ned as

U � (f 0,1g � f 0,1, . . . ,� ma x g � [min i 2N l i , . . . ,maxi 2N u i ]). Similarly, we de�ne the host set of lower-

level variables (x ,z ,v ) as L � ([0, . . . ,xma x ] � [0, . . . ,zma x ] � [0, . . . ,vma x ]). Let F l � (y , � ,p) denote the
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parametric optimal value of the lower-level problem as a function of upper-level variables. We let

F l � (y , � ,p) = + 1 if no feasible solution is found to the lower-level problem. We de�ne U 1 � U

that is applicable to both upper- and lower-level problems, where

U 1 =
�
(y , � ,p) 2 U : 9(x ,z ,v ) 2 L : (4.1b) � (4.1i), (4.2a) � (4.2g), (4.3b)� (4.3f), (4.6), and(4.19)

	
.

(4.20)

Similarly,

U  (F̄ u ) =
�
(y , � ,p) 2 U : 9(x ,z ,v ) 2 L : (4.1b) � (4.1i), (4.2a) � (4.2g), (4.3b)� (4.3f),

(4.6), and(4.19),F u (y , � ,p,x ,z ,v ) � F̄ u
	
, (4.21)

where F̄ u 2 R represents an upper bound for the upper-level objective function F u .

The following assumptions are made to ensure convergence of the algorithm in solving the

proposed problem. We �rst assume that all variables should be de�ned with explicit bounds. The

assumption will be satis�ed by de�ning variables (y , � ,p,x ,z ,v ). Second, all functions de�ned in the

proposed bi-level program (4.1a)-(4.1i), (4.2a)-(4.2g), (4.3a)-(4.3f), (4.6), and (4.19) are assumed to

be continuous for the given values of upper-level integer variables (y , � ) 2 f 0,1g � f 0,1, . . . ,� ma x g. By

the continuity of the proposed constraints (4.1b)-(4.1i), (4.2a)-(4.2g), (4.3b)-(4.3f), (4.6), and (4.19)

and the compact host sets fU ,Lg, we do not observe any non-continuity in the proposed constraints

for known values of integer variables. Third, for each vector of �xed upper-level values (ȳ , �̄ , p̄) 2 U 1 ,

there is a lower-level vector (x̃ , z̃ , ṽ ) 2 L, 8" l
F 1 � 0, such that:

(4.2a)� (4.2c), (4.2g), (4.3b)� (4.3f), (4.19), and

ũ od
i � M ȳi � ũ 0od

i < 0, 8i 2 N , od 2 OD , (4.22a)

ũ 0od
i � ũ od

i + M ȳi < 0, 8i 2 N , od 2 OD , (4.22b)

ũ 0od
i � M (1 � ȳi ) < 0, 8i 2 N , od 2 OD , (4.22c)

X

a2A

‚ Z ṽ t
a

0

R t
a (! )d ! + 


X

i 2N

X

od 2OD

p̄ t
i x̃ t ,od ,i

a

Œ

� F l � (ȳ , �̄ , p̄) + " l
F 1, (4.22d)

where " l
F 1 represents the maximum interval for the parametric optimal solution of the lower-level
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program F l � (ȳ , �̄ , p̄), to avoid infeasibility. Given values of upper-level decision variables (y , � ,p)

help sketch the feasible network (satisfying (4.2a)-(4.2g) equations) that determines lower-level

decision variables (x ,z ,v ). The lower-level problem de�nes an equilibrium traf�c assignment for

EVs driving on feasible paths and the solution always exists as there will be a feasible path for each

od 2 OD . Therefore, the lower bounding procedure �nds feasible solutions based on the recently

added cuts, declared by (4.24b). We will later see in Proposition 6 that the algorithm will lead to

convergence given a feasible solution at each iteration.

4.4.1.2.2 The Global Optimization

In this section, we generate theoretical lower and upper bounds to the original bi-level program

(4.1a)-(4.1i), (4.2a)-(4.2g), (4.3a)-(4.3f), and (4.19) through an iterative algorithm to solve it to exact

optimality. We �rst start the solution technique with a lower bounding procedure. The proposed

bi-level problem can be re-written based on the de�nitions introduced in Section 4.4.1.2.1 [Mit10 ],

as follows.

F u � = min
y ,� ,p ,x ,z ,v

X

i 2N

�
� i Ci � �

X

t 2�

X

a2A

X

od 2OD

p t
i x t ,od ,i

a

�
, (4.23a)

subject to (4.1b) � (4.1i), (4.2a) � (4.2g), (4.3b)� (4.3f), (4.6), (4.19), and

X

a2A

‚ Z v t
a

0

R t
a (! )d ! + 


X

i 2N

X

od 2OD

p t
i x t ,od ,i

a

Œ

� F l � (y , � ,p), (4.23b)

y 2 f 0,1g, � 2 f 0,1, . . . ,� ma x g, p 2 [min
i 2N

l i , . . . ,max
i 2N

u i ], x 2 [0, . . . ,xma x ],

z 2 [0, . . . ,zma x ], v 2 [0, . . . ,vma x ], (4.23c)

where F u � represents the optimal objective value of the bi-level problem. We replace the right-hand

side of (4.23b) with the parametric upper bound of the lower-level problem and solve problem

(4.1b)-(4.1i), (4.2a)-(4.2g), (4.3b)-(4.3f), (4.6), (4.19), and (4.23a)-(4.23c) by adding cuts iteratively.

Each cut includes sets U k � U and points (x k ,zk ,v k ) 2 L, 8k 2 K , where K is an index set that

represents the collection of obtained cuts. In other words, we add a new cut to the problem in each

iteration k utilizing the de�ned subsets U k � 1 and points (x k � 1,zk � 1,v k � 1) obtained in the previous

70



iteration k � 1. Therefore, the problem can be relaxed, i.e., 8k 2 K ,

LBD = min
y ,� ,p ,x ,z ,v

X

i 2N

�
� i Ci � �

X

t 2�

X

a2A

X

od 2OD

p t
i x t ,od ,i

a

�
, (4.24a)

subject to (4.1b) � (4.1i), (4.2a) � (4.2g), (4.3b)� (4.3f), (4.6), (4.19), (4.23c), and

y , � ,p 2 U k )
X

a2A

‚ Z v t
a

0

R t
a (! )d ! + 


X

i 2N

X

od 2OD

p t
i x t ,od ,i

a

Œ

� F l (y , � ,p,x k ,zk ,v k ), 8k 2 K ,

(4.24b)

where LBD represents the lower bound and is obtained from (4.24a). Iterative generation of sets

U k and points (x k ,zk ,v k ) can ensure convergence of the lower bound through the following steps.

First, the lower-level problem (4.2a)-(4.2g), (4.3a)-(4.3f), and (4.19) is solved to global optimality

given the value of upper-level decision variables (ȳ , �̄ , p̄), i.e.,

F̄ l � = min
x ,z ,v

X

a2A

‚ Z v t
a

0

R t
a (! )d ! + 


X

i 2N

X

od 2OD

p̄ t
i x t ,od ,i

a

Œ

, (4.25a)

subject to (4.2a) � (4.2c), (4.2g), (4.3b)� (4.3f), (4.19), and

u 0od
i � u od

i � M ȳi , 8i 2 N , od 2 OD , (4.25b)

u 0od
i � u od

i + M ȳi , 8i 2 N , od 2 OD , (4.25c)

u 0od
i � M (1 � ȳi ), 8i 2 N , od 2 OD , (4.25d)

x 2 [0, . . . ,xma x ], z 2 [0, . . . ,zma x ], v 2 [0, . . . ,vma x ], (4.25e)

where p̄ t
i and ȳ t

i represent the �xed values of p t
i and yi , 8i 2 N , respectively.

The second step is to �nd a triple of lower-level variables (x k ,zk ,v k ) 2 L given the optimal value
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of upper-level variables (ȳ , �̄ , p̄) , 8 " l
F 2 � 0, as follows.

� � = min
x ,z ,v

� , (4.26a)

subject to (4.2a) � (4.2c), (4.2g), (4.3b)� (4.3f), (4.19), (4.25e), and

X

a2A

‚ Z v t
a

0

R t
a (! )d ! + 


X

i 2N

X

od 2OD

p̄ t
i x t ,od ,i

a

Œ

� F̄ l � + " l
F 2, (4.26b)

u od
i � M ȳi � u 0od

i � � , 8i 2 N , od 2 OD , (4.26c)

u 0od
i � u od

i � M ȳi � � , 8i 2 N , od 2 OD , (4.26d)

u 0od
i � M (1 � ȳi ) � � , 8i 2 N , od 2 OD , (4.26e)

where � represents an auxiliary variable to minimize the right-hand side of (4.26c)-(4.26e).

The �nal step is to �nd subsets U k using the bounds of upper-level decision variables (y , � ,p)

that satisfy the constraints of the lower-level problem (4.2a)-(4.2g), and (4.3b)-(4.3f), and(4.19).

Therefore, we implement a sub-routine applied by Oluwole et al. [Olu06] and Mitsos [Mit10 ]. For a

given point (ȳ , �̄ , p̄), a point (x̄ k , z̄k , v̄ k ) and U , we calculate the bounds of box U k =
�
ȳ k ,l , ȳ k ,u

�
�

�
�̄ k ,l , �̄ k ,u

�
�

�
p̄k ,l , p̄k ,u

�
and construct smaller boxes through interations to �nally obtain a conser-

vative estimate of lower-level constraints, as described in Algorithm 3. For simplicity, the upper-level

decision variables (y , � ,p) are shown by !̂ in the following subroutine.
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Algorithm 3 Subroutine

Set � 0 = 1

Loop � = 0, . . . ,T 0

(a) for m = 1, . . . ,j� j + jN j

if ¯! m � � �

2 ( ˆ! u
m � ˆ! l

m ) < ˆ! l
m , then set ˆ! k ,l

m = ˆ! l
m , ˆ! k ,u

m = ˆ! l
m + d ( ˆ! u

m � ˆ! l
m ).

else if ¯! m + � �

2 ( ˆ! u
m � ˆ! l

m ) > ˆ! u
m , then set ˆ! k ,l

m = ˆ! u
m � � � ( ˆ! u

m � ˆ! l
m ), ˆ! k ,u

m = ˆ! u
m .

else set ˆ! k ,l
m = ˆ! u

m � � �

2 ( ˆ! u
m � ˆ! l

m ), ˆ! k ,u
m = ˆ! u

m + � �

2 (! u
m � ˆ! l

m ).

(b) for m = 1, . . . ,jN j

Set y k ,l
m = dy k ,l

m e,� k ,l
m = d� k ,l

m e, y k ,u
m = by k ,u

m c, � k ,u
m = b� k ,u

m c.

(c) Check lower-level constraints (4.2a)-(4.2g), (4.3b)-(4.3f), and (4.19), given ¯! k on U k

if the constraints are satis�ed, then Terminate

elseset � � = � � +1.

End.

We now resume the exact solution technique through an upper bounding procedure. The upper

bound of the proposed bi-level program is obtained by solving the following problem that includes

the constraints of lower-level problem given the values of upper-level decision variables, i.e., points

(ȳ , �̄ , p̄) found in the lower bounding procedure.

UBD = min
x ,z ,v

X

i 2N

�
�̄ i Ci � �

X

t 2�

X

a2A

X

od 2OD

p̄ t
i x t ,od ,i

a

�
, (4.27a)

subject to (4.2a) � (4.2c), (4.2g), (4.3b)� (4.3f), (4.19), (4.25b)� (4.25e), and

f̄ t
i = f̄ t � 1

i �
X

od 2OD

X

a2A+
i

x t ,od ,i
a +

X

od 2OD

X

a2A�
i

x t ,od ,i
a , 8i 2 N , t 2 � , (4.27b)

X

od 2OD

X

a2A�
i

x t ,od ,i
a � �̄ i � f̄ t � 1

i , 8i 2 N , t 2 � n f0g, (4.27c)

� t
od = H (�̄ t

od ) = g t
od � b �̄ t

od ,8od 2 OD , t 2 � , (4.27d)

X

a2A

‚ Z v t
a

0

R t
a (! )d ! + 


X

i 2N

X

od 2OD

p̄ t
i x t ,od ,i

a

Œ

� F̄ l � + " l
F , (4.27e)

LBD �
X

i 2N

�
�̄ i Ci � �

X

t 2�

X

a2A

X

od 2OD

p̄ t
i x t ,od ,i

a

�
. (4.27f)
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where " l
F represents the maximum violation of the lower-level objective value F̄ l � . The proof of

convergence of the proposed exact algorithm is described below, based on Mitsos [Mit10 ].

Proposition 6. Based on Theorem 1 in Mitsos [Mit10 ], the proposed exact algorithm terminates

�nitely if the optimality gap of the mixed-integer non-linear problem (MINLP), i.e., "̃ and " l
F 2, satis�es

0 < "̃ � min f " u
F =2, "̄ u

F , " l
F 1gand

0 < " l
F 2 < " l

F � "̃ .

Proof. See Appendix 7.2.

Figure 4.8 shows the convergence of upper and lower bounds with a gap of 4.5% for the bi-

level optimization program, while the objective value obtained from the proposed methodology in

Section 4.3 is 200,160.5 (i.e., within a tight gap). The CPU time for the exact benchmark approach

and the proposed algorithm is 173.1 hr and 2.3 hr , respectively, which indicates the computational

ef�ciency of the proposed algorithm.

Figure 4.8 Convergence of upper bound and lower bound ($) for the solution of bi-level optimization
model.
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4.4.2 Real-world Dataset

The proposed formulation and solution technique are applied to a real-world case study in North

Carolina. The network includes 42 nodes, 451 arcs, and 13 candidate locations for charging facility

deployment, each with a 8-charger capacity, in North Carolina State University campus as shown in

Figure 4.9. The �gure indicates the origin and destination nodes of EV travellers (i.e., faculty, staff,

students, and visitors) who tend to charge at a facility on campus for one time step. The origins and

destinations are located in Raleigh, Durham, and Chapel Hill. We set � = 365. The charging price is

assumed to vary between a minimum of l i = 0.1($=v e h) and maximum of u i = 10.0($=v e h),8i 2 N ,

per time step. The maximum driving range is assumed to be 200 mi l e s . The demand in this dataset

is distributed over time as 70, 105, 85, 60, and 115 for early AM, AM peak, mid-day, PM peak, and

evening time-of-days. The initial SOC of EVs follow a normal distribution with an average of 50

mi l e s and standard deviation of 20 mi l e s . Similar to the hypothetical dataset, the low and high

demand levels are assumed to be half and twice of the medium demand level, respectively.

Similar to the hypothetical dataset, Figure 4.10 indicates the average price of charging facilities

with respect to EV arrivals within a day starting from 8 AM to 5:30 PM for the medium demand case.

As illustrated, the proposed dynamic pricing policy increases the charging prices when the facilities

are occupied by users from previous time steps and / or new EV arrivals. The prices decrease when

the charging facilities offer available spots. Besides, Figure 4.10 presents the impact of charging

facility locations on the pricing scheme. For example, facility at node 12 is located in the parking

facility close to the main library. As expected, this charging facility experiences a high demand for

EV charging throughout the day and hence, it offers the highest charging price in most time steps

compared to other facilities. However, charging facility at node 3 (located near the student center

building with generally less demand) is priced close to facility at node 2 and even higher in time

step 17 due to excessive demand during the evening hours. An average demand of 87 users will be

assigned to 13 facilities each with an 8-charger capacity (i.e., 104 charging spots) in 20 time steps

that results in 7,539,121 decision variables. The proposed iterative active-set algorithm completes

within 263 iterations for the given travel times in MSA.
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