
Abstract

MCLEAN, MICHAEL ALLEN. N-Symplectic Analysis of Field Theory. (Under the

direction of L. K. Norris.)

Two techniques for relating n-symplectic geometry to the jet bundle formulations

of classical field theory are presented.

The tangent bundle of the frame bundle of a manifold M is shown to be a principal

fiber bundle over the jet bundle of the tangent bundle of M . We are able to generalize

this result to symmetric and antisymmetric tensor bundles of rank p. Using this

GL(m) gauge freedom, we interpret the standard free field Lagrangian as a symmetric

type (0, 2) tensor on LM .

The adapted frame bundle of an arbitrary fiber bundle π is shown to be a prin-

cipal bundle over the jet bundle of π. Using this GL(m) × GL(k) gauge freedom

we generate a modified m + k-symplectic geometry from a lifted Lagrangian. The

modified soldering form is shown to induce the Cartan-Hamilton-Poincaré m-form on

J1π. We derive generalized Hamilton-Jacobi and Hamilton equations on LπE, and

show that the Hamilton-Jacobi and canonical equations of Carathéodory-Rund and

de Donder-Weyl are obtained as special cases.

These results demonstrate that by introducing additional gauge freedom into the

standard jet bundle formalism one can obtain a great of of additional geometric and

algebraic structure. Such additional structure may be key in achieving a greater

understanding of field theory or in attempts at quantization.
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Chapter 1

Introduction

The Lagrangian and Hamiltonian descriptions of classical mechanics are among the

most elegant achievements of physics. Simple principles which are intuitively sensible

lead to calculatable results and greater understanding. The geometric formulation of

these theories extends this by clarifying certain issues and providing a solid mathe-

matical framework.

The Lagrangian and Hamiltonian descriptions of classical field dynamics are clear

generalizations of those for classical mechanics. However the development of a geo-

metric formulation has been something of a rocky road. Much work has been done,

but no approach has provided all the answers.

The geometric arenas for classical mechanics are the tangent bundle TM for La-

grangian formalism and the cotangent bundle T ∗M for Hamiltonian formalism. Log-

ically, many have tried using various generalizations or extensions of the tangent and

cotangent bundle. Among the many possible generalizations that have been studied,

we are mainly concerned with two:

1. The study of jet bundles

2. The study of n-symplectic geometry on frame bundles

In this work we present two different techniques for relating these two approaches.

In Chapter 3, we study how n-symplectic observables on the frame bundle relate to

1



Chapter 1. Introduction 2

the jets of contravariant tensor fields, and in Chapter 4 we study how n-symplectic

geometry on the adapted frame bundle relates to canonical formalism on the jet and

cojet bundles.

1.1 A Brief History of Generalizations

The generalizations of geometric Lagrangian and Hamiltonian formalism seem to fall

into two categories. One one hand, some have tried to generalize the geometric

structures of the tangent or cotangent bundles, sometimes arriving at a formalism

pertinent to field theory. Another direction was to fundamentally extend the bundles

themselves and then explore the natural geometry there. The former gives us the

various axiomatic systems such as k-symplectic and almost k-tangent. The latter

gives us such things as the jet bundle and the adapted frame bundle.

1.1.1 Cotangent-like structures

The first step in this direction of generalization was the development of symplectic

geometry which is an axiomatic system based on the the essential properties of the

canonical form θ on the cotangent bundle. Later, around 1960, Bruckheimer [5]

introduced the notion of almost cotangent structures. These were further investigated

by Clark and Goel [8] in 1974. In both cases the canonical two form became the model

from which axioms were designed.

Between 1987 and 1991, several independent and closely related generalizations

were developed. Polysymplectic geometry [26], almost k-tangent structures [32, 33],

and k-symplectic geometry [2, 3] were based around the natural structure of the k-

cotangent bundle. This bundle, which can be thought of as the fiberwise product of

the cotangent bundle k times, has a k-tuple of θs with which one works. Also, the

n-symplectic geometry of the frame bundle (and its Rn-valued θ) was investigated

in [39, 40, 41, 43]. While the development of k-tangent structures and k-symplectic

geometry had purely geometric motivations, polysymplectic geometry was created
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to study field theory and n-symplectic geometry sought to generalize Hamiltonian

mechanics.

1.1.2 Tangent-like structures

Around 1960, the theory of almost tangent structures was developed by Clark and

Bruckheimer [6] and Eliopoulos [15] separately. Almost tangent structures are gen-

eralizations of the tangent bundle. The vector valued one-form (J), viewed as the

object of central interest, was axiomatized.

Almost k-tangent structures [34, 35] arose around 1988 as a generalization of the

geometry of the k-tangent bundle. This bundle is, among other interpretations, the

fiberwise product of the tangent bundle with itself k times. A section of this bundle

is equivalent to a k-tuple of vector fields. The central geometric object becomes a

k-tuple of Js.

Another version of the tangent structure arises on the jet bundle. This is a very

broad level of generalization since the idea of the jet of a section generalizes and

incorporates the notions of tangent vectors, cotangent vectors, k-tangent vectors,

and k-cotangent vectors. Such geometry has clear importance to field theory since

one can envision any type of field as a section of a fiber bundle.

1.1.3 N-Symplectic Geometry

Although it is possible to write down axioms for n-symplectic geometry and define

an abstract n-symplectic manifold, in practice one nearly always works on a frame

bundle. The frame bundle of manifold has a great deal of structure. It is a principal

bundle to which many other useful bundles are associated. It has both a cotangent-

like structure and a tangent-like structure because of the natural correlation of frames

and co-frames.

N -symplectic geometry is important because of its wealth of structure. A broad

class of observables are allowed, with the symmetric ones forming a Poisson algebra
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and the antisymmetric ones a graded Poisson algebra [39, 40].

The powerful geometric structure of LM allows one to connect these algebras to

other spaces. In particular, in [41] n-symplectic geometry is shown to be a covering

theory for symplectic geometry. Additionally, the major results of chapters 3 and 4

show how n-symplectic geometry is connected with the jet formalism of field theory.

1.2 Jets of Vector and Tensor Fields

Consider a vector field as a section of the bundle τ : TM →M . In local coordinates,

for a vector field f = f i ∂
∂xi

, the 1-jet prolongation of that section is

j1
pf = dpx

j ⊗

(
∂

∂xj

∣∣∣∣
f(p)

+
∂f i

∂xj
∂

∂vi

∣∣∣∣
f(p)

)
On the other hand, the Hamiltonian vector field on LM corresponding to that section

is

Xf̂ (u) = f i ◦ λ(u)
∂

∂xi

∣∣∣∣
u

+
∂f i

∂xj

∣∣∣∣
λ(u)

vjk
∂

∂vik

∣∣∣∣
u

It is apparent that both contain similar information, namely the value of f and its

first derivative. In fact we can demonstrate a direct and purely geometric relation.

If we start with a vector field f , we imagine obtaining its Hamiltonian vector field

by the following steps:

1. generate the tensorial function f̂ on LM from f

2. take the differential of f̂

3. generate Xf̂ from df̂ via the n-symplectic equation.

Not surprisingly, given the form of Xf̂ , each of these steps is reversible. We may

easily obtain df̂ from Xf̂ , via the n-symplectic equation

df̂ i = −Xf̂ dθi
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It turns out (lemma 3.2.11) that for a rank-1 tensorial function

df̂ i(−
∗
Ea
a) = f̂ i

where
∗
Ea
a is the Euler vector field on LM . Thus we may obtain f̂ from df̂ . Finally we

may obtain f from f̂ by using the map ψ : LM × Rm → TM which is the standard

projection used to obtain TM as an associated bundle.

ψ(p, {ei}, ξ) = ξiei = ξivji (u)
∂

∂xj

∣∣∣∣
λ(u)

(u = (p, {ei}))

It turns out that

ψ(u, f̂(u)) = f ◦ λ(u)

or alternately

ψ ◦ (idLM , f̂) = f ◦ λ

where λ is the projection from LM to M .

Having recovered f from Xf̂ , we may calculate its 1-jet prolongation, which is

equivalent to simply df . Let us attempt to combine this with previous steps. We

start with

df ◦ dλ = dψ ◦ d(idLM , f̂)

= dψ ◦ (idT (LM), df̂)

However, we must be careful here. Strictly speaking, since f̂ is a function from LM

to Rm, df̂ should be a function from T (LM) to T (Rm) ∼= R
m × Rm. However, it is

customary with Rm valued functions to drop the function value from the differential,

leaving df̂ : T (LM) → R
m. Since what we need is the full differential, we must

instead write

df ◦ dλ = dψ ◦ (idT (LM), (f̂ , df̂))
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Now if we incorporate some of the earlier steps, we obtain

df ◦ dλ = dψ ◦ (idT (LM), (−
∗
Ea
a df̂ , df̂))

= dψ ◦
(

idT (LM),
(
−
∗
Ea
a −Xf̂ dθ,−Xf̂ dθ

))
= dψ ◦

(
idT (LM),

(
Xf̂ θ,−Xf̂ dθ

))

where we have used the fact (from lemma 3.2.12) that −
∗
Ea
a dθ = θ. We now

conclude that starting from the Hamiltonian vector field Xf̂ we may define a map

φ : T (LM)→ T (TM) by

φu(Y ) = d(u,θu(Xf̂ ))ψ
(
Y, Y (−Xf̂ ) duθ

)
and that this T (TM) valued one-form will be equal to df ◦ dλ, which is a horizontal

1-form that projects to df .

At this point something wonderful happens. So far we have been talking only of

Hamiltonian vector fields Xf̂ , but the formula above can be interpreted pointwise. The

only question is whether or not, for an arbitrary vector X ∈ Tu(LM), the resulting

φu is horizontal or not. In fact it is (this is proved in theorem 3.1.3), and so we obtain

a pointwise map from T (LM), the tangent bundle of the frame bundle, to J1τ , the

jet bundle of the tangent bundle, which we denote (rather mundanely) by F .

F : T (LM)→ J1τ

Having found a map from a higher dimensional space to a lower dimensional one,

the question naturally arises: “is this a fiber bundle?” It turns out the answer is yes,

in fact F is a principal bundle!

On another note, the structure discovered here (the quotient of a bundle over

a principal bundle) led to the development of the notion of a “weakly associated”

bundle (section 2.3.4). It turns out that J1τ can be thought of as a weakly associated

bundle of LM as well.
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1.2.1 Generalizing the Result

The results for the rank one case all generalize nicely to the higher order symmetric

and antisymmetric cases.

In the p-th order case, we study symmetric and antisymmetric type (p, 0) tensor

fields on M , which we consider as sections of either τ p(s) : ⊗p(s)TM → M or τ p(a) :

⊗p(a)TM → M . These fields induce tensorial ⊗pRm-valued functions on LM , which

in turn produce equivalence classes of ⊗pRm-valued Hamiltonian vector fields on LM .

We consider these vector fields as sections of the bundle
⊕mp−1

T (LM)→ LM .

It turns out that we must restrict
⊕mp−1

T (LM) to obtain the desired results. We

choose either the tensorially symmetric subbundle Υp−1
(s) or tensorially antisymmetric

subbundle Υp−1
(a) . With this restriction, we are able to define maps

F p
(s) : Υp−1

(s) → J1τ p(s)

and

F p
(a) : Υp−1

(a) → J1τ p(a)

which are direct generalizations of the map F described above.

1.2.2 Application: The Free Field Lagrangian

The standard free field Lagrangian on J1τ can, when pulled up to T (LM), be inter-

preted as the quadratic form of a symmetric (0, 2) tensor on LM . This is an analogue

of the fact that, in particle mechanics, the free Lagrangian can be interpreted as the

quadratic form of a metric tensor.

Starting from the metric h on M , we define We define h̃ on LM as follows

h̃(Bi, Bj) = −µ2h(λ∗Bi, λ∗Bj)

h̃(Bi,
∗
Ej
k) = 0

h̃(
∗
Ej
k,
∗
E j̄

k̄
) = 2ĥkk̄ĥ

jj̄ − 2δj
k̄
δj̄k
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where µ2 > 0 is a constant, the Bi are the standard horizontal vector fields induced

by the connection defined by h, and the
∗
Ej
k are the standard vertical vector fields on

LM .

The quadratic form associated with h̃ projects to the standard free field La-

grangian on J1τ .

L = haāhbb̄D[aψb]D[āψb̄] − µ2hkk̄ψkψk̄ (1.1)

It turns out that h̃ is not a metric on LM . This suggests that there may be

missing terms in the Lagrangian (1.1).



Chapter 2

Background Material

In this chapter we develop the basic definitions and results that are needed in the

remainder of the work. These primarily concern

• Fiber bundles in general

• Specific induced bundles such as frame bundles, jet bundles, and associ-

ated bundles.

• The notion of a weakly associated bundle

• Types and categories of bundles

• N -symplectic geometry

2.1 Fiber Bundles

Definition 2.1.1. A fiber bundle consists of a two (smooth) manifolds, E and M ,

and a map between them, π : E →M , with the following properties:

• π is a (smooth) surjective submersion.

• π is locally trivial:

For every point p ∈ M , there exists an open neighborhood U of p and a

(smooth) diffeomorphism tr : π−1(U) → U × Fp, where Fp is a (smooth)

manifold and pr1 ◦ tr = π. Such a map is called a trivialization around p.

The manifolds E and M are called the total space and base space respectively. The

9



Chapter 2. Background Material 10

map π is called the projection; in this work we will generally refer to fiber bundles by

their projection maps. Then manifold Fp is called the fiber. Throughout this work,

we will assume bundles of constant fiber and drop the index p.

A fiber bundle is a generalization of a product manifold. Perhaps the most com-

mon example would be the tangent bundle of a manifold. Bundles seem to be a

natural extension of manifold structure.

Definition 2.1.2. If two trivializations tr1 and tr2 have overlapping domains U1

and U2, we define their transition function to be

tr1 ◦ tr−1
2 : (U1 ∩ U2)× F → (U1 ∩ U2)× F

When defining a fiber bundle, it is unnecessary to give E any structure a priori,

since it can be induced from the trivialization maps.

Definition 2.1.3. Let E be a set, M and F manifolds, and π a map from E

onto M . A trivialization atlas for π is a collection of maps, tri : π−1(Ui) → Ui × F ,

such that

• {Ui} is an open cover of M

• pr1 ◦ tri = π|π−1(Ui)

• tri ◦ tr−1
j is a diffeomorphism.

Definition 2.1.4. Given a trivialization atlas T for E and atlases AM and AF
for M and F , we define the induced atlas AE for E as follows.

For each (tr : π−1(Ũ) → M × F ) ∈ T , (x : U → R
m) ∈ AM and (y : V → R

k) ∈
AF , we construct the chart (x× y) ◦ tr : tr−1(U ∩ Ũ)× V → R

m ×Rk. The set of all

such charts is the induced atlas.

In essence, each trivial subbundle π−1(Ũ) gets the standard product manifold

atlas. The union of these atlases is an atlas for all of E. Compatibility is guaranteed

because the transition functions of the trivialization are smooth. So a trivialization

atlas, together with the atlases for M and F , generates an atlas for E and makes π
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a fiber bundle.

Definition 2.1.5. A smooth bundle morphism from a bundle π : E → M to

another bundle ρ : H → N is a pair of smooth maps f : E → H and g : M → N with

the property that ρ ◦ f = g ◦ π. (See Figure 2.1)

It is worth noting that bundle morphisms preserve fibers. Specifically, the image

a of fiber in the domain will lie within a single fiber in the range.

E

π

��

f // H

ρ

��
M

g // N

Figure 2.1: A bundle morphism

Definition 2.1.6. Let dimE = m+k and y : U → R
m+k be a coordinate system

on E. Then y is an adapted coordinate system if

∀a, b ∈ U π(a) = π(b) ⇐⇒ pr1 ◦y(a) = pr1 ◦y(b)

(where pr1 : Rm+k → R
m is the projection.)

Remark 2.1.7. Adapted coordinates project to coordinates on M . Conversely,

given coordinates xi on M , one can construct adapted coordinates on E that project

to xi from the local product structure. Adapted coordinates will be denoted as a pair

(xi, yA).

Definition 2.1.8. A section of a bundle π : E → M is a map φ : M → E such

that π ◦ φ = idM . The space of sections of π is denoted Γ(π).

Definition 2.1.9. A local section of π at p ∈ M is a map φ : U → E where U

is an open neighborhood of p such that π ◦ φ = idU . The space of local sections of π

at p is denoted Γp(π).

Sections of bundles arise many places. All vector and tensor fields on a manifold

are sections of some bundle.



Chapter 2. Background Material 12

2.1.1 Bundle Construction Theorem

Fiber bundles are often constructed from the top down. That is, first the total space

is specified, then a projection is given and whatever charts, trivializations, or other

structures necessary are demonstrated. For example, one usually defines the tangent

bundle by stating that

TM = {(p, v) | p ∈M, v ∈ TpM } ,

defining the projection τ : TM →M by

τ(p, v) = v,

giving the induced coordinate charts

xi(p, v) = xi(p) vj(p, v) = dpx
j(v),

and remarking that these coordinate charts can also be considered as trivializations.

However, sometimes it is useful (or even necessary) to build a bundle from ground

up. That is, we start with a base manifold and tack on the fibers in such a way as

to get the desired bundle structure. The following theorem is a standard result that

allows us to do this.

Theorem 2.1.10. Let M and F be manifolds, {Uα |α ∈ I } an open covering of

M , and ταβ : (Uα ∩ Uβ)× F → F a family of smooth maps with the properties that

1. ταβ(x, τβγ(x, a)) = ταγ(x, a) ∀α, β, γ ∈ I; x ∈ Uα ∩ Uβ ∩ Uγ

2. ταβ(x) : F → F is a diffeomorphism ∀α, β ∈ I;x ∈ Uα ∩ Uβ

Then one can define a fiber bundle π : E → M with trivializations tα : π−1(Uα) →
Uα × F such that tα ◦ t−1

β = ταβ.

Proof. We first define S = {(α, x, a) ∈ I ×M × F |x ∈ Uα} and an equivalence

relation ∼ on S. We say that (α, x, a) ∼ (β, y, b) iff x = y and ταβ(x, b) = a. The



Chapter 2. Background Material 13

properties demanded for τ ensure that this is an equivalence relation. We denote the

equivalence class of (α, x, a) by [α, x, a] and remark that

[α, x, a] = [β, x, τβα(x, a)] (2.1)

Next we define E = S/ ∼ and denote the canonical projection by η. We define

π : E → M by π([α, x, a]) = x which is clearly well defined. Also, we define iα :

Uα × F → S by iα(x, a) = (α, x, a).

Lemma 2.1.11. η ◦ iα is 1-to-1 and onto π−1(Uα)

Proof. η ◦ iα(x, a) = [α, x, a]

Suppose [α, x, a] = [α, y, b], then x = y and ταα(x, b) = a = b, so (x, a) = (y, b).

Suppose [β, y, b] ∈ π−1(Uα), then [β, y, b] = [α, y, a] for some a so η ◦ iα(y, a) =

[β, y, b]

Finally we define tα = (η ◦ iα)−1 : π−1(Uα)→ Uα × F and we note that

tα ◦ t−1
β (y, b) = tα([β, y, b]) = tα([α, y, ταβ(y, b)]) = (y, ταβ(y, b)) (2.2)

which is the promised result.

2.2 Categories of Bundles

There are many types of fiber bundles. Often these spaces arise with additional

properties. This section explores the notion that in some cases, these different types

of bundles actually form categories.

A category consists of spaces and maps (or objects and arrows if you prefer).

The category Man consists of the smooth manifolds and smooth maps between them.

Fiber bundles live in a related category, called Bun.

For any category C, one can define the arrow category of C, denoted C2. The

objects of C2 are the arrows of C. The arrows of C2 are the commutative squares of

C (see Figure 2.2). In other words, for two C2 objects f : A→ B and g : Â→ B̂, an
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arrow in C2 from f to g is a pair of arrows in C, s : A→ Â and t : B → B̂, such that

g ◦ s = t ◦ f .

A

f

��

s // Â

g

��

B
t // B̂

Figure 2.2: The arrows of C2 are the commutative squares of C

Fiber bundles and bundle morphisms form a subcategory of Man2. This is a

subcategory because the objects are restricted; not all arrows in Man are fiber bundles.

We will refer to the category of fiber bundles as Bun.

Many of the different types of bundles define subcategories of Bun. For example,

vector bundles and their morphisms. In this section, we develop a method for gener-

ating such subcategories. In section 2.3 we use this method to determine the category

of associated and weakly associated bundles.

2.2.1 Types of Bundles

Many of the standard types of bundles form categories.

Definition 2.2.1. A vector bundle is a fiber bundle where the fiber F is a vector

space and the trivialization atlas has the additional property that

• tri ◦ tr−1
j |{p}×F is a linear isomorphism.

Definition 2.2.2. A vector bundle morphism is a smooth bundle morphism be-

tween two vector bundles which, when restricted to a single fiber, yields a linear map.

Vector bundles and vector bundle morphisms form a subcategory of Bun.

Definition 2.2.3. An affine bundle is a fiber bundle where the fiber F is an affine

vector space and the trivialization atlas has the additional property that
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• tri ◦ tr−1
j |{p}×F is an affine linear isomorphism.

Definition 2.2.4. A affine bundle morphism is a smooth bundle morphism be-

tween two affine bundles which, when restricted to a single fiber, yields a affine linear

map.

Affine bundles and affine bundle morphisms also form a subcategory of Bun.

The definition of an affine bundle given above differs from the standard definition

[19, 46]. Usually an affine bundle is defined relative to a vector bundle on which

it is modelled. In the following theorem we show that this vector bundle can be

constructed given the structure above.

Theorem 2.2.5. Let (A, π,M) be a fiber bundle with an affine linear trivialization

atlas. Then π is an affine bundle in the usual sense and the vector bundle on which

it is modelled can be constructed.

Proof. The idea of the proof is simple. We build the new bundle from three parts

1. The base manifold M

2. The model space of the affine fiber

3. The linear part of the transition functions for an affine trivialization of π

First let the typical fiber of π be F . This must of course be an affine vector space.

Let F be modelled on the vector space V .

Let {(Uα, tα) |α ∈ I } be the affine trivialization atlas of π. Define Tαβ(x, a) =

pr2 ◦tα ◦ t−1
β (x, a). Tαβ(x) : F → F is an affine linear map; let ταβ(x) be its linear

part. Construct E from M , V , and ταβ. E will then be the vector bundle that π is

modelled on. To show this we need to demonstrate the difference map.

If (u, v) ∈ A ×M A, choose an α ∈ I such that π(u) ∈ Uα and define δ(u, v) =

[α, π(u), pr2 ◦tα(u)− pr2 ◦tα(v)]

We must show this is independent of the choice of α. Let β also have the property
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that π(u) ∈ Uβ. Then

ταβ(π(u), pr2 ◦tβ(u)− pr2 ◦tβ(v))

= ταβ(π(u))(pr2 ◦tβ(u)− pr2 ◦tβ(v))

= Tαβ(π(u))(pr2 ◦tβ(u))− Tαβ(π(u))(pr2 ◦tβ(v))

= Tαβ(π(u), pr2 ◦tβ(u))− Tαβ(π(u), pr2 ◦tβ(v))

= Tαβ(tβ(u))− Tαβ(tβ(v))

= pr2 ◦tα ◦ t−1
β (tβ(u))− pr2 ◦tα ◦ t−1

β (tβ(v))

= pr2 ◦tα(u)− pr2 ◦tα(v)

where we have used the fact that ταβ(x) is the linear part of Tαβ(x), and the definition

of Tαβ.

Therefore, we have that

(α, π(u), pr2 ◦tα(u)− pr2 ◦tα(v)) ∼ (β, π(u), pr2 ◦tβ(u)− pr2 ◦tβ(v))

or

[α, π(u), pr2 ◦tα(u)− pr2 ◦tα(v)] = [β, π(u), pr2 ◦tβ(u)− pr2 ◦tβ(v)]

Definitions 2.2.1 (vector bundles) and 2.2.3 (affine bundles) are remarkably similar,

as are the definitions of their respective morphisms. It is easy to see within these

definitions a template that one could apply to other types of manifolds. This template

can be stated formally in terms of categories.

Definition 2.2.6. For any subcategory C of manifolds, we define the associated

subcategory Ĉ of fiber bundles, as follows.

The objects of Ĉ are the fiber bundles whose fiber F is in C and whose trivialization

atlas T has the property that

tri ◦ tr−1
j |{p}×F is an isomorphism in C ∀ tri, trj ∈ T , p ∈M (2.3)
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The morphisms of Ĉ are the smooth bundle morphisms that, when restricted to a

single fiber, yield morphisms of C.

2.2.2 Principal Bundles

Definition 2.2.7. A principal bundle is a fiber bundle with a free right Lie group

action such that the orbits are exactly the fibers.

This global structure is a level beyond ordinary fiber bundles and makes principal

bundles a nice place to work for several reasons.

• Local sections yield local trivializations

• Associated bundles can be generated

• Connections can be described more simply

• Canonical vertical vector fields can be defined

Principal bundles do not fit as neatly into the scheme described earlier.

We can say that a principal bundle with structure group G is a fiber bundle where

the typical fiber F has a free right transitive G-action and whose trivialization atlas

has the additional property that

• tri ◦ tr−1
j |{p}×F is a diffeomorphism that commutes with the G-action.

The subcategory implicit here is that of manifolds with a free right transitive

G-action where the morphisms satisfy the condition

f(u · g) = f(u) · g

This category doesn’t quite give the category of principal bundles. This is partly

because of the fixed G, but also because we get the wrong notion of morphisms.

2.3 Spaces of Interest

Here we briefly discuss several specific bundles and their properties in order to clarify

our terminology an notation.
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2.3.1 Jet Bundles

When studying the dynamics of sections of a bundle π : E → M , one frequently

encounters functions that depend on the derivatives of those sections. Lagrangians

involve the (first) derivative, and any differential equation involves derivatives up to

its order. The domains of such functions are jet bundles. The notation we use here

follows that of [46].

Definition 2.3.1. We define two local sections at p ∈ M to be (1, p)-equivalent

if, in some adapted coordinate system,

φ(p) = ψ(p) (2.4)

∂φA

∂xi

∣∣∣∣
p

=
∂ψA

∂xi

∣∣∣∣
p

(2.5)

The equivalence class of φ at p is denoted j1
pφ.

Definition 2.3.2. The first jet bundle of π, J1π, is the set of (1, p) equivalence

classes of local sections.

J1π =
{
j1
pφ | p ∈M,φ ∈ Γp(M)

}

The projection from J1π to E is π1,0(j1
pφ) = φ(p).

The projection from J1π to M is π1(j1
pφ) = p.

If (xi, yA) is an adapted coordinate system on U ⊂ E, then we induce coordinates

on π−1
1,0(U) by

xi(j1
pφ) = xi(p)

yA(j1
pφ) = yA(p)

yAi (j1
pφ) =

∂φA

∂xi

∣∣∣∣
p

Remark 2.3.3. The second condition in the equivalence relation can be stated in
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various ways.

dpφ = dpψ (2.5’)

dpφ(TpM) = dpψ(TpM) (2.5”)

This leads us to the three major ways of describing 1-jets:

1. Equivalence classes of sections of π.

2. Linear right-inverses to duπ.

3. Non-vertical m-dimensional subspaces of TuE.

J1π is a fiber bundle two ways:

π1,0 :J1π → E j1
pφ 7→ φ(p)

π1 :J1π →M j1
pφ 7→ p

J1π

π1,0

��

π1

!!BBBBBBBBBBBBBBBBBBBBBB

E π
//M

Figure 2.3: J1π is a fiber bundle two ways

The bundle π1,0 is an affine bundle. The bundle π1 has no particular structure in

general. However we note two special cases. First, if π is a vector bundle, π1 will

inherit a vector bundle structure. Second, if π is a trivial bundle, π1,0 can be given a

vector bundle structure.
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2.3.2 Frame Bundles

Definition 2.3.4. The frame bundle of an m-dimensional manifold M , LM , is a

principal bundle that encodes M ’s coordinate invariance.

LM = {(p, {ei}mi=1) | p ∈M, {ei}mi=1 is a basis for TpM }

The structure group of LM is GL(m).

We denote the projection from LM toM by λ, which is defined by λ(p, {ei}mi=1) = p.

The right action of GL(m) on LM is given by

(p, {ei}mi=1) · g = (p, {eigij}mj=1) (2.6)

Remark 2.3.5. From this this point on, we will omit the braces and range in

{ei}mi=1 for convenience, instead writing just ei with a free index.

Definition 2.3.6. We can define two different sets of coordinates on LM , the

frame coordinates

xi(p, ek) = xi(p) vij(p, ek) = dxi(ej)

and the co-frame coordinates

xi(p, ek) = xi(p) πij(p, ek) = ei(
∂

∂xj
)

Definition 2.3.7. The Rn-valued soldering form on LM is defined by

θu(X) = ei(duλ(X))ri = θiu(X)ri

where u = (e, ei) ∈ LM and {ri} is the standard basis for Rn.

In local coordinates,

θi = πijdx
j (2.7)
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2.3.3 Associated Bundles

Theorem 2.3.8. The associated bundle (P ×F )/G will be of the category Ĉ induced

from the category C of F iff the action of G on F consists of morphisms in C.

Proof. Every trivialization of P induces a trivialization of (P × F )/G. From

the transition functions of these induced trivializations, we can see whether or not

(P × F )/G is of the category Ĉ.

The induced trivialization is given by

trF ((u, f)G) = (p, g · f) where (p, g) = tr(u)

The inverse is given by

tr−1
F (p, h) = (tr−1(p, g), g−1 · h)G for any g ∈ G

= (tr−1(p, e), h)G

The induced transition function is

t̂rF ◦ tr−1
F (p, h) = (p, g · h) where (p, g) = t̂r ◦ tr−1(p, e)

So if the action of G on F consists of linear maps then (P ×F )/G will be a linear

bundle. An affine action would yield an affine bundle, and so forth.

2.3.4 Weakly Associated Bundles

To make an associated bundle one attaches a fiber with a group action to a principal

bundle having the same group and then passes to the quotient space. In short, by

going to a weakly associated bundle we are allowing the group action on the fiber to

vary.

Theorem 2.3.9. Let πP : P → M be a principal fiber bundle with group G,

and let πH : H → P be a fiber bundle over P with fiber F and a right G action that
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projects to the action of G on P , i.e.

πH(h · g) = πH(h) · g

Then H/G can be given the structure of a fiber bundle over M with fiber F .

Proof. We will prove this theorem by a series of definitions which we will prove

to be well-defined.

Definition 2.3.10. The projection ρ : H/G→M is given by

ρ(h ·G) = πP ◦ πH(h)

This is well defined since

πP ◦ πH(h · g) = πP (πH(h) · g)

= πP ◦ πH(h)

Definition 2.3.11. Let trP be a trivialization of πP around m ∈ M defined

over Ũ ⊆ M . Let trH be a trivialization of πH around ue = tr−1
P (m, e) defined over

W ⊆ P . Let S = tr−1
P (Ũ × {e}) ⊆ P , V = W ∩ S, and U = πP (V ). Finally, define

tr : ρ−1(U)→ U × F by

tr(h ·G) =
(
πP ◦ πH(h), pr2 ◦ trH

(
h · (pr2 ◦ trP ◦πH(h))−1

))
(2.8)

We need to check a few things to ensure that tr is a well-defined trivialization.

1. πP ◦ πH(h) is well-defined because it is just ρ(h · G) which was shown to be

well-defined above.

2. We need to show that U is open in M . To do this, consider the image of V

under the diffeomorphism trP .

trP (V ) = trP (W ∩ S)

= trP (W ) ∩ (Ũ × {e})
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Now Ũ × {e} is a closed submanifold of M ×G, but given the subset topology

it is homeomorphic to Ũ under projection. Since trP (W ) is an open subset of

M ×G, we see that trP (V ) is an open subset of Ũ ×{e} in the subset topology.

This then implies that pr1 ◦ trP (V ) = πP (V ) = U is an open subset of Ũ and

hence of M .

3. We need to make sure that πH(h) is in the domain of trP for any choice of

representative h.

h ·G ∈ ρ−1(U) =⇒ πP ◦ πH(h) ∈ U

=⇒ πH(h) ∈ π−1
P (U)

=⇒ πH(h) ∈ π−1
P (Ũ) = dom(trP )

where we have used the fact that U ⊆ Ũ , shown above.

4. We need to make sure that h · (pr2 ◦ trP ◦πH(h))−1 is in the domain of trH .

Because of the construction of U , we have that

U × {e} = trP (V )

tr−1
P (U × {e}) = V ⊆ W

So let trP ◦πH(h) = (u, g), where we are assured that u ∈ U . Then let us

consider the image under the trivialization map.

trP ◦πH
(
h · (pr2 ◦ trP ◦πH(h))−1

)
= trP ◦πH

(
h · g−1

)
= trP (πH(h) · g−1)

= trP (πH(h)) · g−1

= (u, g) · g−1

= (u, e) ⊆ U × {e}

We can now conclude that

πH
(
h · (pr2 ◦ trP ◦πH(h))−1

)
⊆ tr−1

P (U × {e})

⊆ W
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Or

h · (pr2 ◦ trP ◦πH(h))−1 ⊆ π−1
H (W ) = dom(trH)

5. We need to make sure that tr is invertible. We do this by explicit construction

of the inverse.

tr−1(m, f) = tr−1
H (tr−1

P (m, e), f) ·G (2.9)

Suppose that h = tr−1
H (tr−1

P (m, e), f), (a representative of tr−1(m, f)) then we

have

pr2 ◦ trP ◦πH(h) = pr2 ◦ trP ◦πH(h)

= pr2 ◦ trP ◦ tr−1
P (m, e)

= e

So we see that

tr(h ·G) =
(
πP ◦ πH(h), pr2 ◦ trH

(
h · (pr2 ◦ trP ◦πH(h))−1

))
=
(
m, pr2 ◦ trH(h)

)
= (m, f)

This proves that tr ◦ tr−1 = id. Next consider the reverse composition. First

consider

pr1 ◦ trH
(
h · (pr2 ◦ trP πH(h))−1

)
= πH

(
h · (pr2 ◦ trP πH(h))−1

)
= πH(h) · (pr2 ◦ trP πH(h))−1

Now let trP ◦πH(h) = (m, g) or πH(h) = tr−1
P (m, g).

= tr−1
P (m, g) · (g)−1

= tr−1
P (m, e)

= tr−1
P (πP ◦ πH(h), e)
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Then the formula for the reverse composition becomes

tr−1 ◦ tr(h ·G) = tr−1
H

(
tr−1
P (πP ◦ πH(h), e),

pr2 ◦ trH
(
h · (pr2 ◦ trP ◦πH(h))−1

))
·G

= tr−1
H

(
pr1 ◦ trH

(
h · (pr2 ◦ trP πH(h))−1

)
,

pr2 ◦ trH
(
h · (pr2 ◦ trP ◦πH(h))−1

))
·G

=
(
h · (pr2 ◦ trP πH(h))−1

)
·G

= h ·G

6. Lastly, we need to make sure that the transition functions are smooth. First we

write

tr(h ·G) =
(
πP ◦ πH(h), pr2 ◦ trH

(
h · (pr2 ◦ trP ◦πH(h))−1

))
(2.10)

t̃r
−1

(m, f) = t̃r
−1

H (t̃r
−1

P (m, e), f) ·G

Now note that if h = t̃r
−1

H (t̃r
−1

P (m, e), f), we have

πP ◦ πH(h) = m

pr2 ◦ trP ◦πH(h) = pr2 ◦ trP ◦πH ◦ t̃r
−1

H (t̃r
−1

P (m, e), f)

= pr2 ◦ trP (t̃r
−1

P (m, e))

= φP (m)

where we note that φP (m) = pr2 ◦ trP (t̃r
−1

P (m, e)) is just the transition function

for the principal bundle P , thought of as a map from the base to the group.

Substituting these into (2.10), we obtain

tr ◦t̃r−1
(m, f) =

(
m, pr2 ◦ trH

(
t̃r
−1

H (t̃r
−1

P (m, e), f) · (φP (m))−1
))

(2.11)

Which, although cumbersome, is clearly smooth.
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This concludes the proof of Theorem 2.3.9.

In the case of associated bundles, the properties of the group action on the fiber

determine what sort of structure is inherited by the associated bundle. We will see

that the same is true in the case of weakly associated bundles, at least for the structure

that can be cast in terms of trivializations.

Definition 2.3.12. We say that an action of a group G on the total space of a

fiber bundle π : H →M preserves fibers if the image of each fiber under the action is

also a fiber. In other words

∀p ∈M ∀g ∈ G ∃q ∈M µg(π
−1(p)) = π−1(q)

If a group action preserves fibers then it projects to a group action on M via

µ̂g(p) = π ◦ µg(π−1(p)) (2.12)

We can see that this action will inherit the appropriate differentiability properties.

For any p and q = µ̂g(p) in M let trp be a trivialization around p and trq be a

trivialization around q. Then for x in some neighborhood of p we have

µ̂g(x) = pr1 ◦ trq ◦µg ◦ tr−1
p (x, f) ∀f ∈ F (2.13)

So in particular, if the bundle is smooth and the action µ is smooth, then µ̂ will be

smooth also.

Definition 2.3.13. Let C be a subcategory of manifolds and let π : H → M be

a fiber bundle in the associated subcategory Ĉ (see Definition 2.2.6). Let G act on H

such that it preserves fibers. We will say that the action of G on H preserves fiber

structure if for any g ∈ G and any trivializations tr and t̃r of H the map

tr ◦µg ◦ t̃r
−1

: U × F → Ũ × F
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when restricted to a single fiber, yields a morphism in C.

Remark 2.3.14. If an action of G on H preserves fiber structure then for any

trivialization tr of H and any g ∈ G, tr ◦µg is an admissible trivialization.

Theorem 2.3.15. Let P be a principal bundle with group G. Let C be a subcat-

egory of manifolds and let π : H → P be a fiber bundle in the associated subcategory

Ĉ. Finally, let G act on H such that

1. the action projects to the action on P

2. the action preserves fiber structure

Then the weakly associated bundle H/G will also be of category Ĉ.

Proof. To prove this, we need to show that the transition functions have the

right properties. We recall the transition of two induced trivializations from equation

(2.11).

tr ◦t̃r−1
(m, f) =

(
m, pr2 ◦ trH

(
t̃r
−1

H (t̃r
−1

P (m, e), f) · (φP (m))−1
))

or, alternately

tr ◦t̃r−1
(m, f) =

(
m, pr2 ◦ trH ◦µ(φP (m))−1 ◦ t̃r

−1

H (t̃r
−1

P (m, e), f)

)
We must show at tr ◦t̃r−1

, when restricted to a single fiber, yields a morphism in C.

Note that by restricting tr ◦t̃r−1
to {m}×F , the factor of trH ◦µ(φP (m))−1 ◦ t̃r

−1

H in the

formula is restricted to {u}×F where u = t̃r
−1

P (m, e). And note also that (φP (m))−1

becomes a fixed group element. Hence the restriction of trH ◦µ(φP (m))−1 ◦ t̃r
−1

H must

be a morphism in C which implies that the restriction of tr ◦t̃r−1
is also.

2.4 N-Symplectic Geometry

N -symplectic geometry arises on the frame bundle LM when one takes the exterior

derivative of the soldering form (definition 2.3.7), dθ, as a vector-valued generalized
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symplectic form. We give a terse overview of the subject here; the curious reader is

recommended to references [39, 40, 41, 42, 43] for greater detail.

2.4.1 The First Order Case

In the simplest case, we work with vector valued observables using the equation

df̂ i = −Xf̂ dθi (2.14)

which we call the first order n-symplectic structure equation. In this equation, f̂ is

an Rm-valued function on LM and Xf̂ is a vector field on LM . We call Xf̂ the

Hamiltonian vector field associated with f̂ .

Not all functions f̂ are compatible with equation (2.14). The set of functions f̂

for which a solution exists is denoted HF 1 and it is know [39, 40] that

HF 1 = T 1 ⊕ C∞(M,Rm)

where C∞(M,Rm) represents the lifts of smooth functions on M to LM and T 1

represents the Rm-valued functions on LM that transform tensorially according to

R∗gf̂ = g−1 · f̂ (2.15)

where we use the natural left action of GL(m) on Rm in the right hand side. When

a solution Xf̂ exists, it is unique.

For any vector field f on M , we can define its associated tensorial function f̂ by

f̂ i(p, ek) = ei(f) (2.16)

where ei represents the coframe of ei. Such a function f̂ will be an element of HF 1

and its Hamiltonian vector field is given locally by

f i
∂

∂xi
− ∂f i

∂xj
πki

∂

∂πkj
or f i

∂

∂xi
+
∂f i

∂xj
vjk

∂

∂vik
(2.17)

where we use f i for the components of f in the x basis.
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2.4.2 The p-th Order Case

In the higher order case we allow more indices and find that unique solutions no longer

exist. We isolate two cases: symmetric and anti-symmetric ⊗pRm-valued observables

on LM . The more general structure equation for n-symplectic geometry takes the

form

df̂ i1i2···ip = −p!Xf̂
(i1i2···ip−1 dθip) (2.18)

or

df̂ i1i2···ip = −p!Xf̂
[i1i2···ip−1 dθip] (2.19)

depending on the symmetry of the observable. Here we use round brackets (paren-

theses) for symmetrization on indices and square brackets for antisymmetrization. In

both cases the introduction of brackets prevents us from obtaining unique solutions.

We note that Xf̂ now represents a ⊗p−1
R
m-valued vector field on LM .

The set of functions f̂ i1i2···ip for which equation (2.18) is solvable is described in

[39, 40]. For our purposes, it suffices to say that it includes the symmetric tensorial

functions of rank p,

ST p =
{
f̂ : LM → ⊗psRm

∣∣∣ f̂(u · g) = g−1 · f̂(u) ∀g ∈ GL(m)
}

(2.20)

Likewise, the set of functions f̂ i1i2···ip for which equation (2.19) is solvable includes

the antisymmetric tensorial functions of rank p,

AT p =
{
f̂ : LM → ⊗paRm

∣∣∣ f̂(u · g) = g−1 · f̂(u) ∀g ∈ GL(m)
}

(2.21)

For any rank p contravariant tensor field f on M , we can define its associated

tensorial function f̂ : LM → ⊗psRm by

f̂ i1···ip(p, ek) = f(ei1 , . . . , eip) (2.22)
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If f is a symmetric tensor field then f̂ ∈ ST p and the resulting solution space of

equation (2.18) is described by

1

(p− 1)!
f j1···jp−1kπi1j1 · · ·π

ip−1

jp−1

∂

∂xk
− 1

p!

(∂f j1···jp
∂xa

πi1j1 · · ·π
ip−1

jp−1
πbjp + T i1···ip−1b

a

) ∂

∂πba
(2.23)

where T satisfies the condition T
(i1···ip−1b)
a = 0 but is otherwise arbitrary. We say that

f̂ determines an equivalence class of Hamiltonian vector fields.

Likewise if f is an antisymmetric tensor field then f̂ ∈ AT p and the resulting

solution space of equation (2.19) is again described by equation (2.23) but with T

satisfying the alternate condition T
[i1···ip−1b]
a = 0.



Chapter 3

Jets of Tensor fields

3.1 A special case: Vector Fields

Consider a vector field as a section of the bundle τ : TM →M . In local coordinates,

for a vector field X = X i ∂
∂xi

, the 1-jet of that section is

dxk ⊗ ∂

∂xk
+
∂X i

∂xj
dxj ⊗ ∂

∂vi
(3.1)

On the other hand, the Hamiltonian vector field on LM corresponding to that section

is

X i ∂

∂xi
− ∂X i

∂xj
πki

∂

∂πkj
= X i ∂

∂xi
+
∂X i

∂xj
vjk

∂

∂vik
(3.2)

It is apparent that both contain similar information. In this section we will demon-

strate a projection that takes Hamiltonian vector fields to the corresponding jets.

We make much use of the following function.

Definition 3.1.1. The map ψ : LM × Rm → TM is the standard projection

used to obtain TM as an associated bundle.

ψ(p, {ei}, ξ) = ξiei = ξivji (u)
∂

∂xj

∣∣∣∣
λ(u)

(3.3)

31
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In local coordinates, we have

xi ◦ ψ(u, ξ) = xi(u, ξ) = xi(u) (3.4)

vj ◦ ψ(u, ξ) = ti(ξ)vji (u) (3.5)

where we use ti for the standard coordinates on Rm.

The differential of ψ will be useful to us.

dψ : T (LM)× T (Rm)→ T (TM)

d(u,ξ)ψ = d(u,ξ)(x
i ◦ ψ)⊗ ∂

∂xi

∣∣∣∣
ψ(u,ξ)

+ d(u,ξ)(v
j ◦ ψ)⊗ ∂

∂vj

∣∣∣∣
ψ(u,ξ)

= d(u,ξ)x
i ⊗ ∂

∂xi

∣∣∣∣
ψ(u,ξ)

+
(
ti(ξ)d(u,ξ)v

j
i + vji (u)d(u,ξ)t

i
)
⊗ ∂

∂vj

∣∣∣∣
ψ(u,ξ)

(3.6)

or in shorthand

dψ = dxi ⊗ ∂

∂xi
+ (tidvji + vji dt

i)⊗ ∂

∂vj

where we use vji for the frame coordinates on LM .

Definition 3.1.2. Given any X ∈ Tu(LM), define φX : Tu(LM)→ Tduλ(X)(TM)

by

φX(Ỹ ) = d(u,θu(X))ψ
(
Ỹ , Ỹ (−X) duθ

)
(3.7)

= d(u,θu(X))ψ
(
Ỹ , duθ(Ỹ , X)

)
(3.8)

where ψ : LM × Rn → TM is the standard projection to the associated bundle.

Since φX is a linear map, we consider it a T (TM)-valued one-form at u ∈ LM .

Theorem 3.1.3. For any X ∈ Tu(LM), φX is a horizontal 1-form and is there-

fore projectible to a T (TM)-valued one-form φ̃X on M (equivalent to an element of

J1π).

Proof. Let Ỹ be a vertical vector at u ∈ LM , Expand Ỹ and X locally as

Ỹ = Ỹ a
b

∂

∂vab

∣∣∣∣
u

(3.9)

X = X i ∂

∂xi

∣∣∣∣
u

+Xj
k

∂

∂vjk

∣∣∣∣∣
u

(3.10)
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Using the formula dθi = −πiaπbkdvab ∧ dxk we find that

duθ
i(Ỹ , X) = −πiaπbkỸ a

b X
k − 0 (3.11)

Substituting this into (3.7) and using the formula for dψ (3.6), we obtain

φX(Ỹ ) = 0 + (θiu(X)Ỹ j
i + vji duθ

i(Ỹ , X))⊗ ∂

∂vj

∣∣∣∣
ψ(u,θu(X))

(3.12)

= (πikX
kỸ j

i − v
j
iπ

i
aπ

b
kỸ

a
b X

k)⊗ ∂

∂vj

∣∣∣∣
ψ(u,θu(X))

(3.13)

= (πikX
kỸ j

i − δjaπikỸ a
i X

k)⊗ ∂

∂vj

∣∣∣∣
ψ(u,θu(X))

(3.14)

= (πikX
kỸ j

i − πikỸ
j
i X

k)⊗ ∂

∂vj

∣∣∣∣
ψ(u,θu(X))

(3.15)

= 0 (3.16)

Definition 3.1.4. For any X ∈ Tu(LM) and any Y ∈ Tλ(u)M , define

F (X)(Y ) = φX(Ỹ ) (3.17)

where Ỹ is any vector at u that projects to Y .

Since F (X) is a linear map from Tλ(u)M to Tdλ(X)(TM) that projects to the

identity, it defines a 1-jet of a vector field. So, F itself is a map from the tangent

bundle of the frame bundle to the 1-jet bundle of the tangent bundle.

F : T (LM)→ J1τ

The existence of this map is very intriguing, as it provides a connection between

n-symplectic geometry on LM and the jet bundle formulations of field dynamics.

Now we will calculate a formula for F in local coordinates. Since the vertical

components of Ỹ are irrelevant to the calculation, we will choose them to be zero.
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T (LM)

τLM

��

dλ

""FFFFFFFFFFFFFFFFFFFFFFFF

F // J1τ

τ1,0

��
LM

λ

##FFFFFFFFFFFFFFFFFFFFFFFF TM

τ

��
M

Figure 3.1: Commutative Diagram for F

Ỹ = Ỹ i ∂

∂xi

∣∣∣∣
u

X = X i ∂

∂xi

∣∣∣∣
u

+Xj
k

∂

∂vjk

∣∣∣∣∣
u

(3.18)

duθ
i(Ỹ , X) = 0 + πiaπ

b
kX

a
b Ỹ

k (3.19)

From (3.17), (3.6) and (3.7) we obtain

F (X)(Y ) = Ỹ k ∂

∂xk

∣∣∣∣
duλ(X)

+
(

0 + vjiπ
i
aπ

b
kX

a
b Ỹ

k
) ∂

∂vj

∣∣∣∣
duλ(X)

(3.20)

= Ỹ k ∂

∂xk

∣∣∣∣
duλ(X)

+ δjaπ
b
kX

a
b Ỹ

k ∂

∂vj

∣∣∣∣
duλ(X)

(3.21)

= Ỹ k

(
∂

∂xk

∣∣∣∣
duλ(X)

+ πbkX
j
b

∂

∂vj

∣∣∣∣
duλ(X)

)
(3.22)

So

F (X) = dλ(u)x
k ⊗

(
∂

∂xk

∣∣∣∣
duλ(X)

+ πbkX
j
b

∂

∂vj

∣∣∣∣
duλ(X)

)
(3.23)
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From this formula it is easy to see that, in coordinates,

xi ◦ F = xi

vj ◦ F = ẋj

vjk ◦ F = πbkv̇
j
b (3.24)

Clearly F is a smooth function.

Theorem 3.1.5. Let f be a vector field on an open subset U of M (a local section

of τ), f̂ : λ−1(U) → R
m its tensorial function on LM , and Xf̂ the corresponding

Hamiltonian vector field.

f̂ i(p, {ek}) = ei(f(p)) and df̂ i = −Xf̂ dθi (3.25)

Then

F (Xf̂ (u)) = j1
λ(u)f (3.26)

for all u ∈ λ−1(U).

Proof. In local coordinates, we have

Xf̂ (u) = (fk ◦ λ)(u)
∂

∂xk

∣∣∣∣
u

+
∂f j

∂xa

∣∣∣∣
λ(u)

vab (u)
∂

∂vjb

∣∣∣∣∣
u

(3.27)

Note that duλ(Xf̂ ) = (f ◦ λ)(u) (Xf̂ projects to the vector field f).

So using formula (3.23),

F (Xf̂ ) = dλ(u)x
k ⊗

(
∂

∂xk

∣∣∣∣
duλ(Xf̂ )

+ πbk(u)
∂f j

∂xa

∣∣∣∣
λ(u)

vab (u)
∂

∂vj

∣∣∣∣
duλ(Xf̂ )

)
(3.28)

= dλ(u)x
k ⊗

(
∂

∂xk

∣∣∣∣
f◦λ(u)

+
∂f j

∂xk

∣∣∣∣
λ(u)

∂

∂vj

∣∣∣∣
f◦λ(u)

)
(3.29)

This is exactly j1
λ(u)f .

Theorem 3.1.6. F : T (LM)→ J1τ is a fiber bundle.
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Proof. Consider the coordinate representation of F (eqn. 3.24)

xi ◦ F = xi vj ◦ F = ẋj vjk ◦ F = πbkv̇
j
b

F is clearly a smooth function.

We will use the following induced coordinates

(xi, vjk) and (xi, πjk) on λ−1(U) (3.30)

(xi, vj) on τ−1(U) ⊂ TM (3.31)

(xi, vjk, ẋ
i, v̇jk) and (xi, πjk, ẋ

i, π̇jk) on τ−1
LM(λ−1(U)) ⊂ T (LM) (3.32)

(xi, vj, vjk) on τ−1
1 (U) (3.33)

Define the functions ṽjk on τ−1
TM ◦ λ−1(U) by ṽjk(X) = πbk ◦ τLM(X)v̇jb(X). The

functions (xi, vjk, ẋ
i, ṽjk) form local coordinates on τ−1

TM ◦ λ−1(U). (The overlap func-

tion is (a, b, c, d) → (a, b, c, db−1), which is a smooth diffeomorphism). Because their

domains span entire fibers, these adapted coordinates actually define a local trivial-

ization. Hence F is a fiber bundle.

Definition 3.1.7. Using the right action of GL(m) on LM (denoted u · g or

Rg(u)), we define a right action of GL(m) on T (LM) in the obvious way.

(u,X) · g = (u · g,Rg∗(X)) (3.34)

or simply,

X · g = Rg∗(X) (3.35)

Let us consider how this looks in coordinates.

duRg = du(x
i ◦Rg)⊗

∂

∂xi

∣∣∣∣
Rg(u)

+ du(v
i
j ◦Rg)⊗

∂

∂vij

∣∣∣∣
Rg(u)

= dux
i ⊗ ∂

∂xi

∣∣∣∣
u·g

+ du(v
i
kg

k
j )⊗ ∂

∂vij

∣∣∣∣
u·g

= dux
i ⊗ ∂

∂xi

∣∣∣∣
u·g

+ gkj duv
i
k ⊗

∂

∂vij

∣∣∣∣
u·g

(3.36)
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or alternately,

duRg = dux
i ⊗ ∂

∂xi

∣∣∣∣
u·g

+ (g−1)ikduπ
k
j ⊗

∂

∂πij

∣∣∣∣
u·g

(3.37)

Or, in another form,

xi(X · g) = xi(X) ẋi(X · g) = ẋi(X)

vij(X · g) = gkj v
i
k(X) v̇ij(X · g) = gkj v̇

i
k(X) (3.38)

Theorem 3.1.8. F : T (LM)→ J1τ is a principal bundle under the given action

(def. 3.1.7).

Proof. As we have already shown that F is a fiber bundle, what remains is to

show that

1. The action is free

2. The equivalence classes are exactly the fibers.

To prove (1), suppose (u,X) · g = (u,X). This implies u · g = u, which implies

g = e, since the action on LM is free.

To prove (2), recall the coordinate form of F (eqn. 3.24).

xi ◦ F ((u,X) · g) = xi(u · g) = xi(u) = xi ◦ F (u,X) (3.39)

vj ◦ F ((u,X) · g) = ẋj((u,X) · g) = ẋj(u,X) = vj ◦ F ((u,X)) (3.40)

vjk ◦ F ((u,X) · g) = πbk(u · g)v̇jb((u,X) · g) (3.41)

= (g−1)baπ
a
k(u)gcb v̇

j
c(u,X) (3.42)

= πak(u)v̇ja(u,X) (3.43)

= vjk ◦ F ((u,X)) (3.44)

So,

F ((u,X) · g) = F (u,X) (3.45)
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This proves that the equivalence classes are subsets of the fibers. To show the

reverse inclusion, suppose that F (u,X) = F (p, Z).

xi ◦ F (u,X) = xi ◦ F (p, Z) =⇒ xi(u) = xi(p)

=⇒ ∃g u · g = p (3.46)

u · g = p =⇒ vik(u)gkj = vij(p)

=⇒ πbk(u)(g−1)ab = πak(p)

vj ◦ F (u,X) = vj ◦ F (p, Z) =⇒ ẋj(u,X) = ẋj(p, Z) (3.47)

vjk ◦ F (u,X) = vjk ◦ F (p, Z) =⇒ πak(u)v̇ja(u,X) = πak(p)v̇
j
a(p, Z)

=⇒ πbk(u)v̇jb(u,X) = πbk(u)(g−1)ab v̇
j
a(p, Z)

=⇒ gab v̇
j
a(u,X) = v̇ja(p, Z) (3.48)

Using (3.46) and we can conclude that

xi((u,X) · g) = xi(u · g)

= xi(p)

= xi(p, Z)

vij((u,X) · g) = vij(u · g)

= vij(p)

= vij(p, Z)

From (3.47) and (3.38) we have

ẋi((u,X) · g) = ẋi(p, Z)

From (3.48) and (3.38) we have

v̇ja((u,X) · g) = v̇ja(p, Z)

Finally, we conclude

(u,X) · g = (p, Z)
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This proves the reverse inclusion.

Theorem 3.1.9. The bundle J1τ is bundle isomorphic to the weakly associated

bundle obtained from T (LM) with the given action.

Proof.

We recall the notion of weakly associated bundles from section 2.3.4. Since the set

T (LM)/GL(m) is readily identified with J1τ via the map F/GL(m), what remains

to be shown is that the bundle structure is the same. To do this we will need to

consider the trivialization maps for λ : LM →M and τLM : T (LM)→ LM .

For any point m0 ∈M , let xi be local coordinates around m0 with domain U . We

will use the trivialization of LM given by

tr−1
P : U ×GL(m)→ λ−1(U) ⊆ LM

tr−1
P (m, g) = (m, {gij

∂

∂xi

∣∣∣∣
m

})

Secondly, we use the trivialization of T (LM) given by

tr−1
H : λ−1(U)× (Rm × Rm2

)→ τ−1
LM(λ−1(U)) ⊆ T (LM)

tr−1
H (u, (A,B)) = (u,Ai

∂

∂xi

∣∣∣∣
u

+Bj
k

∂

∂vjk

∣∣∣∣∣
u

)

where (xi, vjk) represent the standard frame coordinates on LM induced by the q

coordinates.

We recall that the inverse of the induced trivialization map is given by Equation

(2.9).

tr−1(m, f) = tr−1
H (tr−1

P (m, e), f) ·G

Which under our identification becomes

tr−1(m, f) = F ◦ tr−1
H (tr−1

P (m, e), f)
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Now from the formula for F in equation (3.23) we see that

F ◦ tr−1
H (u, (A,B)) = dλ(u)x

k ⊗

 ∂

∂xk

∣∣∣∣
Ai ∂

∂xi
|
λ(u)

+ πbk(u)Bj
b

∂

∂vj

∣∣∣∣
Ai ∂

∂xi
|
λ(u)


Finally we obtain

tr−1(m, (A,B)) = F ◦ tr−1
H (tr−1

P (m, e), (A,B))

= dmx
k ⊗

(
∂

∂xk

∣∣∣∣
Ai ∂

∂xi
|
m

+ δbkB
j
b

∂

∂vj

∣∣∣∣
Ai ∂

∂xi
|
m

)

= dmx
k ⊗

(
∂

∂xk

∣∣∣∣
Ai ∂

∂xi
|
m

+Bj
k

∂

∂vj

∣∣∣∣
Ai ∂

∂xi
|
m

)
(3.49)

which is exactly the expected trivialization of J1τ . Since we can cover M with

such trivializations all other induced trivializations will have smooth overlap. There-

fore we have proven that J1τ is bundle isomorphic to the weakly associated bundle

T (LM)/GL(m).

Theorem 3.1.10. The bundle J1τ is vector bundle isomorphic to the weakly

associated bundle obtained from T (LM) with the given action.

Proof. Since the group action on T (LM) is linear on fibers we conclude, by

Theorem 2.3.15, that the weakly associated bundle will inherit the vector bundle

structure of T (LM). As such, all of the transition functions will be linear on fibers.

Now we note that the induced trivialization given in equation (3.49) is the usual linear

trivialization of J1τ . Hence all other induced trivializations will be admissible linear

trivializations of J1τ . This demonstrates vector bundle isomorphism.

3.2 Symmetric Tensor Fields

Consider a type (p, 0) tensor field as a section of the bundle τ p : T pM → M . In

local coordinates, for a tensor field X(u) = X i1···ip (u)
∂

∂xi1

∣∣
u
⊗ · · · ⊗ ∂

∂xip

∣∣
u
, the 1-jet
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prolongation of that section is

dux
j ⊗

(
∂

∂xj

∣∣∣∣
X(u)

+
∂X i1···ip

∂xj

∣∣∣∣
u

∂

∂vi1···ip

∣∣∣∣
X(u)

)
(3.50)

If X is symmetric, the equivalence class of Hamiltonian vector fields on LM corre-

sponding to that section is represented by

1

(p− 1)!
Xj1···jp−1kπi1j1 · · ·π

ip−1

jp−1

∂

∂xk
− 1

p!

(∂Xj1···jp

∂xa
πi1j1 · · ·π

ip−1

jp−1
πbjp + T i1···ip−1b

a

) ∂

∂πba

(3.51)

where T satisfies the condition T
(i1···ip−1b)
a = 0 but is otherwise arbitrary.

A similar formula applies in the anti-symmetric case. Either way, it is again

apparent that both contain similar information, namely the value of X and its first

derivative. It turns out that all the results of the previous section will generalize nicely

to the p-th order symmetric and anti-symmetric cases. This section will demonstrate

the details of this generalization.

The map ψ that was so useful in the last section generalizes as follows

Definition 3.2.1. The map ψp : LM × (
⊗p

R
m) → T pM is the standard

projection used to obtain T pM as an associated bundle.

ψp(p, {ei}, T ) = ψp(u, T ) (3.52)

= T i1···ip ei1 ⊗ · · · ⊗ eip (3.53)

= T i1···ipvj1i1 (u) · · · vjpip (u)
∂

∂xj1

∣∣∣∣
λ(u)

⊗ · · · ⊗ ∂

∂xjp

∣∣∣∣
λ(u)

(3.54)

where the T i1···ip are the components of T in the standard basis of
⊗p

R
m.

In local coordinates, we have

xi ◦ ψp = xi (3.55)

vj1···jp ◦ ψp = ti1···ipvj1i1 · · · v
jp
ip

(3.56)

where the ti1···ip are the standard coordinates on
⊗p

R
m defined by ti1···ip(T ) = T i1···ip .
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The map ψp has the interesting ability to recover a p-tensor field from its tensorial

function.

Lemma 3.2.2. Let f be a (p, 0) tensor field on M and f̂ its tensorial function on

LM . Then we have

ψp(u, f̂(u)) = fλ(u)

or, alternately

ψp ◦ (idLM , f̂) = f ◦ λ

Proof. The tensorial function of f is given by

f̂ =f̂ i1···ip ri1 ⊗ · · · ⊗ rip (3.57)

with

f̂ i1···ip(u) = fλ(u)(e
i1 , . . . , eip) (3.58)

where we have used {ri} for the standard basis of Rm and {ei} for the basis vectors

that comprise u. In light of this and equation (3.53), it is clear that

ψp(u, f̂(u)) = ψp(u, f̂ i1···ip(u) ri1 ⊗ · · · ⊗ rip) (3.59)

= f̂ i1···ip(u) ei1 ⊗ · · · ⊗ eip (3.60)

= fλ(u)(e
i1 , . . . , eip) ei1 ⊗ · · · ⊗ eip (3.61)

= fλ(u) (3.62)

Remark 3.2.3. If we differentiate the result of Lemma 3.2.2, we obtain

dψp ◦ d(idLM , f̂) = df ◦ dλ
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or

dψp ◦ (idT (LM), df̂) = df ◦ dλ

So just as ψp allows us to recover the tensor from its tensorial function, the differential

of ψp allows us to recover the differential of the tensor field, which is readily identified

with the 1-jet of the tensor field. Clearly dψp will prove useful to us. In the following

we calculate its coordinate form. Starting from the coordinate form of ψp given in

(3.55) and (3.56), we differentiate to obtain:

dψp : T (LM)× T
( p⊗

R
m
)
→ T (T pM)

d(u,T )ψ
p = d(u,T )(x

i ◦ ψ)⊗ ∂

∂xi

∣∣∣∣
ψ(u,T )

+ d(u,T )(v
j1···jp ◦ ψ)⊗ ∂

∂vj1···jp

∣∣∣∣
ψ(u,T )

= d(u,T )x
i ⊗ ∂

∂xi

∣∣∣∣
ψ(u,T )

+

(
ti1···ip(T )d(u,T )(v

j1
i1
· · · vjpip )

+ vj1i1 (u) · · · vjpip (u)d(u,T )t
i1···ip

)
⊗ ∂

∂vj1···jp

∣∣∣∣
ψ(u,T )

(3.63)

or in shorthand

dψp = dxi ⊗ ∂

∂xi

∣∣∣∣
ψ(u,T )

+
(
ti1···ipd(vj1i1 · · · v

jp
ip

) + vj1i1 · · · v
jp
ip
dti1···ip

)
⊗ ∂

∂vj1···jp

∣∣∣∣
ψ(u,T )

(3.64)

where we use ti1···ip for coordinates on
⊗p

R
m, and vji for the frame coordinates on

LM .

3.2.1 The bundle
⊕mp−1

T (LM)

For a rank p observable in n-symplectic geometry, we obtain an mp−1-tuple of vector

fields. For the moment, we consider these as sections of the bundle
⊕mp−1

T (LM),

which is the Whitney sum of the tangent bundle mp−1 times.
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The standard tangent bundle coordinates induced from the frame coordinates on

LM are given by

xi(u,X) = xi(u)

vij(u,X) = vij(u)

ẋi1···ip(u,X) = ẋip(X i1···ip−1)

= dux
ip(X i1···ip−1)

= X i1···ip−1
...ip

v̇
i1···ip
j (u,X) = v̇

ip
j (X i1···ip−1)

= duv
ip
j (X i1···ip−1)

= X i1···ip−1
...
ip
j (3.65)

We use the unusual notation X i1···ip−1
...ip and X i1···ip−1

...
ip
j for the local basis components

of the multivectors. This notation is chosen to distinguish the global multivector

indices i1 · · · ip−1 from the local coordinate basis indices.

Definition 3.2.4. The following alternate set of coordinates will also prove

useful. For reasons that will become apparent later, we will call these Lagrangian

coordinates.

wi = xi

wjk = vjk

wj1···jp = (p− 1)! vj1i1 · · · v
jp−1

ip−1
ẋi1···ip−1jp

w
j1···jp
k = p! vj1i1 · · · v

jp−1

ip−1
πbkv̇

i1···ip−1jp
b (3.66)

Definition 3.2.5. Define a right action of Gl(m) on
⊕mp−1

T (LM) as follows.

(u,X i1···ip−1) · g = (u · g,Rg∗(X
j1···jp−1)(g−1)i1j1 · · · (g

−1)
ip−1

jp−1
) (3.67)

For clarification, we use the notation Rg only for the action on LM .
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We recall that, in coordinates.

duRg = dux
i ⊗ ∂

∂xi

∣∣∣∣
u·g

+ gkj duv
i
k ⊗

∂

∂vij

∣∣∣∣
u·g

(3.68)

or alternately,

duRg = dux
i ⊗ ∂

∂xi

∣∣∣∣
u·g

+ (g−1)ikduπ
k
j ⊗

∂

∂πij

∣∣∣∣
u·g

(3.69)

So we have

xi(X · g) = xi(X)

vij(X · g) = gkj v
i
k(X)

ẋi1···ip(X · g) = ẋj1···jp−1ip(X)(g−1)i1j1 · · · (g
−1)

ip−1

jp−1

v̇
i1···ip
l (X · g) = gkl v̇

j1···jp−1ip
k (X)(g−1)i1j1 · · · (g

−1)
ip−1

jp−1
(3.70)

Or in the w coordinates,

wi(X · g) = xi(X · g)

= xi(X)

= wi(X)

wjk(X · g) = vjk(X · g)

= gikv
j
i (X)

= gikw
j
i (X)

wj1···jp(X · g) = (p− 1)! vj1i1 (X · g) · · · vjp−1

ip−1
(X · g)ẋi1···ip−1jp(X · g)

= (p− 1)! gk1
i1
vj1k1

(X) · · · gkp−1

ip−1
v
jp−1

kp−1
(X)ẋl1···lp−1jp(X)(g−1)i1l1 · · · (g

−1)
ip−1

lp−1

= (p− 1)! vj1k1
(X) · · · vjp−1

kp−1
(X)ẋk1···kp−1jp(X)

= wj1···jp(X)
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wj1···jpa (X · g) = p! vj1i1 (X · g) · · · vjp−1

ip−1
(X · g)πba(X · g)v̇

i1···ip−1jp
b (X · g)

= p! gk1
i1
vj1k1

(X) · · · gkp−1

ip−1
v
jp−1

kp−1
(X)(g−1)bcπ

c
a(X)

gdb v̇
l1···lp−1jp
d (X)(g−1)i1l1 · · · (g

−1)
ip−1

lp−1

= p! vj1k1
(X) · · · vjp−1

kp−1
(X)πca(X)v̇k1···kp−1jp

c (X)

= wj1···jpa (X) (3.71)

3.2.2 The Tensorially Symmetric Subbundle Υp−1
(s)

Definition 3.2.6. For any positive integer p and X ∈
mp−1⊕

T (LM) we define the

tensor projection of X to be T(X), where the map T :
mp−1⊕

T (LM) → T pM is given

by

T(u,X) = (p− 1)!ψp(u, θu(X))

= (p− 1)! (X i1···ip−1 θipu ) ei1 ⊗ · · · ⊗ eip

Note that we are hooking X into θ and not dθ. Also note the lack of any sort

of symmetrization on the indices. One might be tempted to change this definition

and thereby force a symmetry condition on the tensor projection. However, it turns

out to be necessary to have a symmetry condition on the vector X itself, making any

symmetrization in this definition redundant. We make this restriction in Definition

3.2.7, and see its necessity in Theorem 3.2.17.

Recall that θi = πijdx
j. If we calculate the coordinate form of T we find

T(u,X) = (p− 1)!X i1···ip−1
...kπ

ip
k (u) ei1 ⊗ · · · ⊗ eip (3.72)

= (p− 1)!X i1···ip−1
...kπ

ip
k (u) vj1i1 (u) · · · vjpip (u)

∂

∂xj1

∣∣∣∣
λ(u)

⊗ · · · ⊗ ∂

∂xjp

∣∣∣∣
λ(u)

(3.73)
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= (p− 1)!X i1···ip−1
...kδ

jp
k vj1i1 (u) · · · vjp−1

ip−1
(u)

∂

∂xj1

∣∣∣∣
λ(u)

⊗ · · · ⊗ ∂

∂xjp

∣∣∣∣
λ(u)

(3.74)

= (p− 1)!X i1···ip−1
...jp vj1i1 (u) · · · vjp−1

ip−1
(u)

∂

∂xj1

∣∣∣∣
λ(u)

⊗ · · · ⊗ ∂

∂xjp

∣∣∣∣
λ(u)

(3.75)

So we see that

xi ◦ T(u,X) = xi ◦ λ(u)

= xi(u,X)

vj1···jp ◦ T(u,X) = (p− 1)!X i1···ip−1
...jp vj1i1 (u) · · · vjp−1

ip−1
(u)

= (p− 1)! ẋi1···ip−1jp(X) vj1i1 (u) · · · vjp−1

ip−1
(u) (3.76)

Comparing (3.76) to (3.66), we see that in the w coordinates T appears trivial.

xi ◦ T = wi vj1···jp ◦ T = wj1···jp (3.77)

⊕mp−1

T (LM)

τLM

��

T // T pM

τp

��
LM

λ
// M

Figure 3.2: Commutative Diagram for T

T is linear over the fibers of
mp−1⊕

T (LM). Or stated another way, the pair (T, λ)

is a vector bundle morphism. We note in the p = 1 case that T is equal to dλ.

Definition 3.2.7. We define the tensorially symmetric subbundle of
mp−1⊕

T (LM)

to be those multivectors whose tensor projections are symmetric.

Υp−1
(s) = {X ∈

mp−1⊕
T (LM) | T(X) is symmetric }

= T−1(T p(s)(M))
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Since (T, λ) is a vector bundle morphism, Υp−1
(s) is a vector subbundle of

mp−1⊕
T (LM)

Theorem 3.2.8. The following are equivalent:

1. X ∈ Υp−1
(s)

2. θip(X i1···ip−1) = θ(ip(X i1···ip−1))

3. π
ip
k X

i1···ip−1
...k = π

(ip
k X i1···ip−1)...k in some canonical coordinate system.

4. X i1···ip−1
...j = X(i1···ip−1

...j) in some canonical coordinate system.

Proof.

(1) ⇐⇒ (2) This follows directly from the definition of T and the linearity of ψp.

(2) ⇐⇒ (3) The local coordinate expansion of (2) is (3). Since we are working at a

single point, the two statements are equivalent.

(3) ⇐⇒ (4) Since the matrix (vij) is nonsingular

π
ip
k X

i1···ip−1
...k = π

(ip
k X i1···ip−1)...k ⇐⇒ vjipπ

ip
k X

i1···ip−1
...k = vjipπ

(ip
k X i1···ip−1)...k

⇐⇒ δjkX
i1···ip−1

...k = δ
(j
k X

i1···ip−1)...k

⇐⇒ X i1···ip−1
...j = X(i1···ip−1

...j)

Theorem 3.2.9. Restriction to Υp−1
(s) forces the kernel of the n-symplectic equa-

tion to be vertical.

Proof. Suppose that X satisfies

X(i1···ip−1 dθip) = 0

θip(X i1···ip−1) = θ(ip(X i1···ip−1))



Chapter 3. Jets of Tensor fields 49

Then using Lemma 3.2.12, we obtain

0 =
∗
Ea
a X(i1···ip−1 dθip)

= −X(i1···ip−1
∗
E|a|a dθip)

= X(i1···ip−1 θip)

= X i1···ip−1 θip

which implies that X is vertical.

Theorem 3.2.10. The Hamiltonian vector field corresponding to any symmetric

(p, 0) tensor is a section of Υp−1
(s) .

Proof. If f is a symmetric (p, 0) tensor field on M , then the corresponding Hamil-

tonian vector field on LM is given by

Xf̂ (u) =
1

(p− 1)!
f j1···jp−1kπi1j1 · · ·π

ip−1

jp−1

∂

∂xk

− 1

p!

(
∂f j1···jp

∂xa
πi1j1 · · ·π

ip−1

jp−1
πbjp + T i1···ip−1b

a

)
∂

∂πba

where T satisfies the condition T
(i1···ip−1b)
a = 0 but is otherwise arbitrary. According

to theorem 3.2.8 we need to show that

f j1···jp−1kπi1j1 · · ·π
ip−1

jp−1

is symmetric in the indices (i1 · · · ip−1k). So we consider the following reduction

f l1···lp−1k = f (l1···lp−1k) ⇐⇒ f j1l2···lp−1kπi1j1 = f j1(l2···lp−1kπ
i1)
j1

⇐⇒ f j1j2l3···lp−1kπi1j1π
i2
j2

= f j1j2(l3···lp−1kπi1j1π
i2)
j2

· · ·

⇐⇒ f j1···jp−1kπi1j1 · · ·π
ip−1

jp−1
= f j1···jp−1(kπi1j1 · · ·π

ip−1)
jp−1

where each step collapses to the previous upon multiplication by a nonsingular matrix

vlziz
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It will turn out that the tensor projection of the Hamiltonian vector field of sym-

metric tensor field is again the tensor field. To prove this succinctly, we will need

results of the following lemmas.

Lemma 3.2.11.

df̂ i1···ip(−1
p

∗
Ea
a) = f̂ i1···ip

Proof. Start with the local coordinate formulas

f̂ i1···ip = (f j1···jp ◦ λ)πi1j1 · · ·π
ip
jp

(3.78)

and

∗
Ea
a = −πaj

∂

∂πaj
(3.79)

Then

df̂ i1···ip = (f j1···jp ◦ λ) d(πi1j1 · · ·π
ip
jp

) + πi1j1 · · ·π
ip
jp
d(f j1···jp ◦ λ) (3.80)

= (f j1···jp ◦ λ) d(πi1j1 · · ·π
ip
jp

) + πi1j1 · · ·π
ip
jp

(∂f j1···jp ◦ λ)

∂xk
dxk (3.81)

This leads to

df̂ i1···ip(−1
p

∗
Ea
a) = (f j1···jp ◦ λ) d(πi1j1 · · ·π

ip
jp

)(1
p
πij

∂

∂πij
) (3.82)

=
1

p
(f j1···jp ◦ λ)

p∑
k=1

πi1j1 · · · dπ
ik
jk

(πij
∂

∂πij
) · · ·πipjp (3.83)

=
1

p
(f j1···jp ◦ λ)

p∑
k=1

πi1j1 · · ·π
ik
jk
· · ·πipjp (3.84)

= (f j1···jp ◦ λ)πi1j1 · · ·π
ip
jp

(3.85)

= f̂ i1···ip (3.86)
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Lemma 3.2.12.

−
∗
Ea
b dθi = δibθ

a

Proof.

−
∗
Ea
b dθi = πaj

∂

∂πbj
(dπik ∧ dxk)

= πaj δ
j
kδ
i
bdx

k

= δibπ
a
kdx

k

= δibθ
a

Remark 3.2.13. In particular we have −
∗
Ea
a dθi = θi.

Theorem 3.2.14. If f is a symmetric p-tensor field with tensorial function f̂ and

Hamiltonian vector field Xf̂ , then

T(u,Xf̂ ) = fλ(u)

Proof. By using the results of the preceding lemma and the n-symplectic equation,

we obtain

df̂ i1···ip = −p!X(i1···ip−1

f̂
dθip) (3.87)

−1

p

∗
Ea
a df̂ i1···ip = (p− 1)!

∗
Ea
a X

(i1···ip−1

f̂
dθip) (3.88)

f̂ i1···ip = (p− 1)!X
(i1···ip−1

f̂
θip) (3.89)

f̂ i1···ip = (p− 1)!X
i1···ip−1

f̂
θip (3.90)

where we have used the result of Theorem 3.2.10 in the last step. So if we now
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consider the tensor projection of Xf̂ we get

T(u,Xf̂ ) = (p− 1)!ψp(u, θu(Xf̂ )) (3.91)

= ψp(u, f̂) (3.92)

= fλ(u) (3.93)

And now we return to the problem of relating the Hamiltonian vector fields to

1-jets. The truly surprising thing is that we can do this pointwise, obtaining purely

geometric results.

Definition 3.2.15. Given any X ∈ Υp−1
(s) , define φ

(s)
X : Tu(LM) → TT(X)(T

pM)

by

φ
(s)
X (Ỹ ) = d(u,(p−1)! θu(X))ψ

p
(
Ỹ , Ỹ (−p!X(i1···ip−1) duθ

ip)
)

(3.94)

= d(u,(p−1)! θu(X))ψ
p
(
Ỹ , p! duθ

(ip(Ỹ , X i1···ip−1))
)

(3.95)

Since φ
(s)
X is a linear map, we consider it a T (T pM)-valued one-form at u ∈ LM .

We should emphasize that φ
(s)
X maps into TT(X)(T

pM). This is because we take the

differential of ψp at the point(
u, (p− 1)! θipu (X i1···ip−1)

)
∈ LM ×

⊗p
R
m

We could have defined φ
(s)
X for all mp multi-vectors, but to show that φ

(s)
X is horizontal,

we will need X ∈ Υp−1
(s) . This is our next step, but we will need the following lemma.

Lemma 3.2.16.

d(v
(j1
i1
· · · vjp)

ip
)(

∂

∂vac
) = p δ(j1

a vj2(i1
· · · vjp)

ip−1
δcip)

Proof. We prove this by direct calculation, explicitly expanding the symmetriza-

tion and the product rule. The crucial step is the introduction of a second sym-

metrization, initially over p− 1 terms, in equation (3.99).
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d(v
(j1
i1
· · · vjp)

ip
)(

∂

∂vac
)

=
1

p!

∑
π∈Sp

d(vjπ1

i1
· · · vjπpip

)(
∂

∂vac
) (3.96)

=
1

p!

∑
π∈Sp

p∑
k=1

vjπ1

i1
· · · dvjπkik

(
∂

∂vac
) · · · vjπpip

(3.97)

=
1

p!

∑
π∈Sp

p∑
k=1

vjπ1

i1
· · · δjπka δcik · · · v

jπp
ip

(3.98)

With a slight feat of legerdemain, we introduce symmetrization over the p− 1 terms

vjπσ1

iσ1
· · ·̂vjπσkiσk

· · · vjπσpiσp
, where the hat indicates that the term in left out. Since we are

permuting identical factors, we are not changing the formula. By summing only over

{σ ∈ Sp|σp = k} the two factors of δ remain unchanged.

=
1

p!

∑
π∈Sp

p∑
k=1

 1

(p− 1)!

∑
σ∈Sp
σp=k

vjπσ1

iσ1
· · · vjπσ(p−1)

iσ(p−1)
δjπσpa δciσp

 (3.99)

And now the sums over σ and k collapse to a single sum.

=
1

p!

∑
π∈Sp

p

p!

∑
σ∈Sp

vjπσ1

iσ1
· · · vjπσ(p−1)

iσ(p−1)
δjπσpa δciσp (3.100)

Now we absorb the σs into the πs in the upper indices. This is allowable since π and

σ are summed over all of Sp.

=
1

p!

∑
π∈Sp

p

p!

∑
σ∈Sp

vjπ1

iσ1
· · · vjπ(p−1)

iσ(p−1)
δjπpa δciσp (3.101)

= pv
(j1
(i1
· · · vjp−1

ip−1
δ
jp)

|a| δ
c
ip) (3.102)

= pδ(j1
a vj2(i1

· · · vjp)
ip−1

δcip) (3.103)
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Theorem 3.2.17. For any X ∈ Υp−1
(s) , φ

(s)
X is a horizontal 1-form and is therefore

projectible to a T (T p(s)M)-valued one-form φ̃
(s)
X on M (equivalent to an element of

j1τ p(s)).

Proof. Let Ỹ be a vertical vector at u ∈ LM , Expand Ỹ and X locally as

Ỹ = Ỹ a
b

∂

∂vab

∣∣∣∣
u

(3.104)

X i1···ip−1 = X i1···ip−1
...i

∂

∂xi

∣∣∣∣
u

+X i1···ip−1
...jk

∂

∂vjk

∣∣∣∣∣
u

(3.105)

Using the formula dθi = −πiaπbkdvab ∧ dxk we find that

duθ
(ip(Ỹ , X i1···ip−1)) = −Ỹ a

b π
b
kπ

(ip
a X i1···ip−1)...k (3.106)

Substituting this into (3.95) and using the formula for dψp (3.63), we obtain

φ
(s)
X (Ỹ ) = 0 +

(
(p− 1)! θipu (X i1···ip−1)d(vj1i1 · · · v

jp
ip

)(Ỹ )

+ vj1i1 · · · v
jp
ip
p! duθ

(ip(Ỹ , X i1···ip−1))

)
⊗ ∂

∂vj1···jp

∣∣∣∣
T(X))

(3.107)

Now we introduce symmetrization on θ(X). This is valid since X ∈ Υp−1
(s)

=

(
(p− 1)! θ(ip

u (X i1···ip−1))d(vj1i1 · · · v
jp
ip

)(Ỹ a
c

∂

∂vac
)

− p! vj1i1 · · · v
jp
ip
Ỹ a
b π

b
kπ

(ip
a X i1···ip−1)...k

)
⊗ · · · (3.108)

Next we move the symmetrization from the i indices to the j indices.

=

(
(p− 1)!π

ip
k X

i1···ip−1
...kỸ a

c d(v
(j1
i1
· · · vjp)

ip
)(

∂

∂vac
)

− p! v(j1
i1
· · · vjp)

ip
Ỹ a
b π

b
kπ

ip
a X

i1···ip−1
...k
)
⊗ · · · (3.109)
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With a bit of factoring and the application of Lemma 3.2.16, the formula becomes

more manageable.

= πbkX
i1···ip−1

...kỸ a
c

(
(p− 1)! δ

ip
b pδ

(j1
a vj2(i1

· · · vjp)
ip−1

δcip) − p! v
(j1
i1
· · · vjp)

ip
δcbπ

ip
a

)
⊗ · · ·

(3.110)

= p! πbkX
i1···ip−1

...kỸ a
c

(
δ(j1
a vj2(i1

· · · vjp)
ip−1

δcb) − v
(j1
i1
· · · vjp−1

ip−1
δjp)
a δcb

)
⊗ · · · (3.111)

= p! πbkX
i1···ip−1

...kỸ a
c

(
δ(j1
a vj2(i1

· · · vjp)
ip−1

δcb) − δ(j1
a vj2i1 · · · v

jp)
ip−1

δcb

)
⊗ · · · (3.112)

The last trick, and the one that truly requires X ∈ Υp−1
(s) , is to remove the symmetriza-

tion on the indices i1 · · · ip−1b in the first term. We can do this because πbkX
i1···ip−1

...k

is symmetric in those indices (Theorem 3.2.8).

= p! πbkX
i1···ip−1

...kỸ a
c

(
δ(j1
a vj2i1 · · · v

jp)
ip−1

δcb − δ(j1
a vj2i1 · · · v

jp)
ip−1

δcb

)
⊗ · · · (3.113)

= 0 (3.114)

Since φ
(s)
X is a horizontal form, we can make the following definition.

Definition 3.2.18. For any X ∈ Tu(LM) and any Y ∈ Tλ(u)M , define

F p
(s)(X)(Y ) = φ

(s)
X (Ỹ ) (3.115)

where Ỹ is any vector at u that projects to Y .

Since F p
(s)(X) is a linear map from Tλ(u)M to TT(X)(T

p
(s)M) that projects to the

identity, it defines a 1-jet of a symmetric tensor field at a point. So, F p
(s) itself maps

from the tensorially symmetric mp−1 multi-tangent bundle of the frame bundle to the

1-jet bundle of the symmetric (p, 0)-tensor bundle.

F p
(s) : Υp−1

(s) → J1τ p(s)

Now we will calculate a formula for F in local coordinates. Since the vertical

components of Ỹ are irrelevant to the calculation, we will choose them to be zero.
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Υp−1
(s)

⊗mp−1
τLM

��

T

!!CCCCCCCCCCCCCCCCCCCCCC

F p(s) // J1τ p(s)

τp(s)1,0

��

LM

λ

""DDDDDDDDDDDDDDDDDDDDDDDDD
T p(s)M

τp(s)

��
M

Figure 3.3: Commutative Diagram for F p
(s)

Ỹ = Y i ∂

∂xi

∣∣∣∣
u

X = X i ∂

∂xi

∣∣∣∣
u

+Xj
k

∂

∂vjk

∣∣∣∣∣
u

(3.116)

duθ
(ip(Ỹ , X i1···ip−1)) = 0 + πbkπ

(ip
a X i1···ip−1)...abY

k (3.117)

From (3.115), (3.63) and (3.95) we obtain

F p
(s)(X)(Y ) = Y k ∂

∂xk

∣∣∣∣
T(X)

+
(

0 + p! vj1i1 · · · v
jp
ip
πbkπ

(ip
a X i1···ip−1)...abY

k
) ∂

∂vj1···jp

∣∣∣∣
T(X)

= Y k

(
∂

∂xk

∣∣∣∣
T(X)

+ p! vj1i1 · · · v
jp−1

ip−1
πbkδ

(jp
a X i1···ip−1)...ab

∂

∂vj1···jp

∣∣∣∣
T(X)

)

= Y k

(
∂

∂xk

∣∣∣∣
T(X)

+ p! vj1i1 · · · v
jp−1

ip−1
πbkX

(i1···ip−1
...
jp)
b

∂

∂vj1···jp

∣∣∣∣
T(X)

)
So

F p
(s)(X) = dλ(u)x

k ⊗

(
∂

∂xk

∣∣∣∣
T(X)

+ p! vj1i1 · · · v
jp−1

ip−1
πbkX

(i1···ip−1
...
jp)
b

∂

∂vj1···jp

∣∣∣∣
T(X)

)
(3.118)
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From this formula and the formula for T in equation (3.76) we can see that, in

coordinates,

xi ◦ F = xi ◦ T

= xi (3.119)

vj1···jp ◦ F = vj1···jp ◦ T

= (p− 1)! vj1i1 · · · v
jp−1

ip−1
ẋi1···ip−1jp (3.120)

v
j1···jp
k ◦ F = p! vj1i1 · · · v

jp−1

ip−1
πbkv̇

(i1···ip−1jp)
b (3.121)

Clearly F is a smooth function.

Theorem 3.2.19. Let f be a symmetric (p, 0)-tensor field on an open subset U

of M (a local section of τ p(s)), f̂ : λ−1(U) →
⊕p

R
m its tensorial function on LM ,

and Xf̂ the corresponding Hamiltonian vector field.

f̂ i1···ip(u) = fλ(u)(e
i1 , . . . , eip) and df̂ i1···ip = −p!X(i1···ip−1

f̂
dθip) (3.122)

Then

F (Xf̂ (u)) = j1
pf (3.123)

for all p ∈ U and u ∈ λ−1(p).

Proof. In local coordinates, we have [40]

Xf̂ (u) =
1

(p− 1)!
f j1···jp−1kπi1j1 · · ·π

ip−1

jp−1

∂

∂xk

− 1

p!

(
∂f j1···jp

∂xa
πi1j1 · · ·π

ip−1

jp−1
πbjp + T i1···ip−1b

a

)
∂

∂πba

where T satisfies the condition T
(i1···ip−1b)
a = 0 but is otherwise arbitrary. However,

we will need this vector in the v basis instead.

=
1

(p− 1)!
f j1···jp−1kπi1j1 · · ·π

ip−1

jp−1

∂

∂xk

− 1

p!

(
∂f j1···jp

∂xa
πi1j1 · · ·π

ip−1

jp−1
πbjp + T i1···ip−1b

a

)
(−vac vdb )

∂

∂vdc



Chapter 3. Jets of Tensor fields 58

=
1

(p− 1)!
f j1···jp−1kπi1j1 · · ·π

ip−1

jp−1

∂

∂xk

+
1

p!

(
∂f j1···jp

∂xa
πi1j1 · · ·π

ip−1

jp−1
δdjpv

a
c + T i1···ip−1b

a vac v
d
b

)
∂

∂vdc
(3.124)

First recall that the tensor projection of Xf̂ is f .

So using formula (3.118),

F p
(a)(X) = dλ(u)x

k ⊗

(
∂

∂xk

∣∣∣∣
T(X)

+ p! vj1i1 · · · v
jp−1

ip−1
πbkX

(i1···ip−1
...
jp)
b

∂

∂vj1···jp

∣∣∣∣
T(X)

)
(3.125)

F p
(a)(Xf̂ ) = dλ(u)x

k ⊗
(

∂

∂xk

∣∣∣∣
T(X)

+ p! vj1i1 · · · v
jp−1

ip−1
πbk

1

p!

(
∂f l1···lp

∂xa
π

(i1
l1
· · ·πip−1

lp−1
δ
jp)
lp
vab + T (i1···ip−1|c|

a vjp)
c vab

)
∂

∂vj1···jp

∣∣∣∣
T(X)

)
(3.126)

Now T (i1···ip−1b) = 0 implies T
(i1···ip−1|c|
a v

jp)
c = 0 since the two expressions differ only by

multiplication by the nonsingular matrix πbjp . So we are left with

= dλ(u)x
k ⊗

(
∂

∂xk

∣∣∣∣
T(X)

+
∂f l1···lp

∂xa
δ

(j1
l1
· · · δjp−1

lp−1
δ
jp)
lp
δak

∂

∂vj1···jp

∣∣∣∣
T(X)

)
(3.127)

= dλ(u)x
k ⊗

(
∂

∂xk

∣∣∣∣
T(X)

+
∂f j1···jp

∂xk
∂

∂vj1···jp

∣∣∣∣
T(X)

)
(3.128)

which is exactly j1
λ(u)f .

Theorem 3.2.20. F : T (LM)→ J1τ is a fiber bundle.

Proof. As noted earlier, F is a smooth function. The coordinate representation of

F (eqn. 3.121) becomes, in the w coordinates:

xi ◦ F = wi vj1···jp ◦ F = wj1···jp v
j1···jp
k ◦ F = w

(j1···jp)
k (3.129)

Because their domains span entire fibers, these coordinates actually define a local

trivialization. Since we can easily cover F with such trivializations, it is a fiber

bundle. The w coordinates are then adapted coordinates.
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Theorem 3.2.21. F : Υp−1
(s) → J1τ p(s) is a principal bundle under the action given

in Definition 3.2.5.

Proof. We have already shown that F is a fiber bundle; what remains is to show

that:

1. The action is free

2. The equivalence classes are exactly the fibers.

To prove (1), suppose (u,X) · g = (u,X). This implies u · g = u, which implies

g = e, since the action on LM is free.

To prove (2), recall the w coordinate form of F from equation (3.129).

xi ◦ F (X · g) = wi(X · g)

= wi(X)

= xi ◦ F (X)

vj1···jp ◦ F (X · g) = wj1···jp(X · g)

= wj1···jp(X)

= vj1···jp ◦ F (X)

v
j1···jp
k ◦ F (X · g) = w

(j1···jp)
k (X · g)

= w
(j1···jp)
k (X)

= v
j1···jp
k ◦ F (X) (3.130)

So,

F (X · g) = F (X) (3.131)

This proves that the equivalence classes are subsets of the fibers. To show the reverse
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inclusion, suppose that F (u,X) = F (p, Z).

xi ◦ F (u,X) = xi ◦ F (p, Z) =⇒ wi(u,X) = wi(p, Z) (3.132)

=⇒ xi(u) = xi(p)

=⇒ ∃g u · g = p

u · g = p =⇒ wik(u,X)gkj = wij(p, Z) (3.133)

vj1···jp ◦ F (u,X) = vj1···jp ◦ F (p, Z) =⇒ wj1···jp(u,X) = wj1···jp(p,X) (3.134)

v
j1···jp
k ◦ F (u,X) = v

j1···jp
k ◦ F (p, Z) =⇒ w

(j1···jp)
k (u,X) = w

(j1···jp)
k (p,X) (3.135)

And using (3.132), (3.133), (3.134), (3.135), and (3.71) we see that

F (u,X) = F (p, Z) =⇒ (u,X) · g = (p, Z) (3.136)

This proves the reverse inclusion.

3.3 Anti-Symmetric Tensor Fields

The case of antisymmetric tensor fields progresses, expectedly, in a similar fashion.

However, also expectedly, there are some calculations that acquire an additional layer

of complexity.

Since the map ψp (Equation 3.53) is defined without reference to symmetry, we

will again find it useful.

3.3.1 The Tensorially Antisymmetric Subbundle Υp−1
(a)

We recall the tensor projection from Definition 3.2.6.
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Definition 3.3.1. We define the tensorially antisymmetric subbundle of
mp−1⊕

T (LM)

to be those multivectors whose tensor projections are antisymmetric.

Υp−1
(a) = {X ∈

mp−1⊕
T (LM) | T(X) is antisymmetric }

= T−1(T p(a)(M))

Since (T, λ) is a vector bundle morphism, Υp−1
(a) is a vector subbundle of

mp−1⊕
T (LM)

Theorem 3.3.2. The following are equivalent:

1. X ∈ Υp−1
(a)

2. θip(X i1···ip−1) = θ[ip(X i1···ip−1])

3. π
ip
k X

i1···ip−1
...k = π

[ip
k X

i1···ip−1]...k in some canonical coordinate system.

4. X i1···ip−1
...j = X [i1···ip−1

...j] in some canonical coordinate system.

Proof.

(1) ⇐⇒ (2) This follows directly from the definition of T and the linearity of ψp.

(2) ⇐⇒ (3) The local coordinate expansion of (2) is (3). Since we are working at a

single point, the two statements are equivalent.

(3) ⇐⇒ (4) Since the matrix (vij) is nonsingular

π
ip
k X

i1···ip−1
...k = π

[ip
k X

i1···ip−1]...k ⇐⇒ vjipπ
ip
k X

i1···ip−1
...k = vjipπ

[ip
k X

i1···ip−1]...k

⇐⇒ δjkX
i1···ip−1

...k = δ
[j
kX

i1···ip−1]...k

⇐⇒ X i1···ip−1
...j = X [i1···ip−1

...j]

Theorem 3.3.3. Restriction to Υp−1
(a) forces the kernel of the n-symplectic equa-

tion to be vertical.
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Proof. Suppose that X satisfies

X [i1···ip−1 dθip] = 0

θip(X i1···ip−1) = θ[ip(X i1···ip−1])

Then using Lemma 3.2.12, we obtain

0 =
∗
Ea
a X [i1···ip−1 dθip]

= −X [i1···ip−1
∗
E|a|a dθip]

= X [i1···ip−1 θip]

= X i1···ip−1 θip

which implies that X is vertical.

Theorem 3.3.4. The Hamiltonian vector field corresponding to any antisymmet-

ric (p, 0) tensor is a section of Υp−1
(a) .

Proof. If f is an antisymmetric (p, 0) tensor field on M , then the corresponding

Hamiltonian vector field on LM is given by [40]

Xf̂ (u) =
1

(p− 1)!
f j1···jp−1kπi1j1 · · ·π

ip−1

jp−1

∂

∂xk

− 1

p!

(
∂f j1···jp

∂xa
πi1j1 · · ·π

ip−1

jp−1
πbjp + T i1···ip−1b

a

)
∂

∂πba

where T satisfies the condition T
[i1···ip−1b]
a = 0 but is otherwise arbitrary. According

to theorem 3.3.2 we need to show that

f j1···jp−1kπi1j1 · · ·π
ip−1

jp−1

is antisymmetric in the indices (i1 · · · ip−1k). We consider the following reduction

f l1···lp−1k = f [l1···lp−1k] ⇐⇒ f j1l2···lp−1kπi1j1 = f j1[l2···lp−1kπ
i1]
j1

⇐⇒ f j1j2l3···lp−1kπi1j1π
i2
j2

= f j1j2[l3···lp−1kπi1j1π
i2]
j2

· · ·

⇐⇒ f j1···jp−1kπi1j1 · · ·π
ip−1

jp−1
= f j1···jp−1[kπi1j1 · · ·π

ip−1]
jp−1
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where each step collapses to the previous upon multiplication by a nonsingular matrix

vlziz

It will turn out that the tensor projection of the Hamiltonian vector field of an

antisymmetric tensor field is again the tensor field. To prove this succinctly, we will

need results of the Lemmas 3.2.11 and 3.2.12.

Theorem 3.3.5. If f is an antisymmetric p-tensor field with tensorial function

f̂ and Hamiltonian vector field Xf̂ , then

T(u,Xf̂ ) = fλ(u)

Proof. By using the results of the lemmas and the n-symplectic equation, we

obtain

df̂ i1···ip = −p!X [i1···ip−1

f̂
dθip] (3.137)

−1

p

∗
Ea
a df̂ i1···ip = (p− 1)!

∗
Ea
a X

[i1···ip−1

f̂
dθip] (3.138)

f̂ i1···ip = (p− 1)!X
[i1···ip−1

f̂
θip] (3.139)

f̂ i1···ip = (p− 1)!X
i1···ip−1

f̂
θip (3.140)

where we have used the result of theorem 3.3.4 in the last step. So if we now consider

the tensor projection of Xf̂ we get

T(u,Xf̂ ) = (p− 1)!ψp(u, θu(X)) (3.141)

= ψp(u, f̂) (3.142)

= fλ(u) (3.143)

And now we return to the problem of relating Hamiltonian vector fields to 1-jets.

The truly surprising thing is that we can do this pointwise, obtaining purely geometric
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results.

Definition 3.3.6. Given any X ∈ Υp−1
(a) , define φ

(a)
X : Tu(LM) → TT(X)(T

pM)

by

φ
(a)
X (Ỹ ) = d(u,(p−1)! θu(X))ψ

p
(
Ỹ , Ỹ (−p!X [i1···ip−1) duθ

ip]
)

(3.144)

= d(u,(p−1)! θu(X))ψ
p
(
Ỹ , p! duθ

[ip(Ỹ , X i1···ip−1])
)

(3.145)

Since φ
(a)
X is a linear map, we consider it a T (T p(a)M)-valued one-form at u ∈ LM .

We should emphasize that φ
(a)
X maps into TT(X)(T

p
(a)M). This is because we take the

differential of ψp at the point(
u, (p− 1)! θipu (X i1···ip−1)

)
∈ LM ×

⊗p
R
m

We could have defined φ
(a)
X for all mp multi-vectors, but to show that φ

(a)
X is horizontal,

we will need X ∈ Υp−1
(a) . This is our next step, but we will need the following lemma.

Lemma 3.3.7.

d(v
[j1
i1
· · · vjp]

ip
)(

∂

∂vac
) = p δ[jp

a vj1[i1
· · · vjp−1]

ip−1
δcip]

Proof. We prove this by direct calculation, explicitly expanding the antisym-

metrization and the product rule. The crucial step is the introduction of a second

antisymmetrization, initially over p− 1 terms, in equation (3.149).

d(v
[j1
i1
· · · vjp]

ip
)(

∂

∂vac
)

=
1

p!

∑
π∈Sp

(−1)πd(vjπ1

i1
· · · vjπpip

)(
∂

∂vac
) (3.146)

=
1

p!

∑
π∈Sp

p∑
k=1

(−1)πvjπ1

i1
· · · dvjπkik

(
∂

∂vac
) · · · vjπpip

(3.147)

=
1

p!

∑
π∈Sp

p∑
k=1

(−1)πvjπ1

i1
· · · δjπka δcik · · · v

jπp
ip

(3.148)
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With a slight feat of legerdemain, we introduce symmetrization over the p− 1 terms

vjπσ1

iσ1
· · ·̂vjπσkiσk

· · · vjπσpiσp
, where the hat indicates that the term in left out. Since we are

permuting identical factors, we are not changing the formula. By summing only over

{σ ∈ Sp|σp = k} the two factors of δ remain unchanged.

=
1

p!

∑
π∈Sp

p∑
k=1

 1

(p− 1)!

∑
σ∈Sp
σp=k

(−1)πvjπσ1

iσ1
· · · vjπσ(p−1)

iσ(p−1)
δjπσpa δciσp

 (3.149)

And now the sums over σ and k collapse to a single sum. We also replace (−1)π with

(−1)πσ(−1)σ, which is effectively multiplying by ((−1)σ)2 = 1

=
1

p!

∑
π∈Sp

p

p!

∑
σ∈Sp

(−1)πσ(−1)σvjπσ1

iσ1
· · · vjπσ(p−1)

iσ(p−1)
δjπσpa δciσp (3.150)

Now we absorb the σs into the πs in the upper indices. This is allowable since π and

σ are summed over all of Sp. Notice how this step introduces the factor of (−1)σ.

=
1

p!

∑
π∈Sp

p

p!

∑
σ∈Sp

(−1)π(−1)σvjπ1

iσ1
· · · vjπ(p−1)

iσ(p−1)
δjπpa δciσp (3.151)

= pv
[j1
[i1
· · · vjp−1

ip−1
δ
jp]

|a| δ
c
ip] (3.152)

= pδ[jp
a vj1[i1

· · · vjp−1]
ip−1

δcip] (3.153)

Theorem 3.3.8. For any X ∈ Υp−1
(a) , φ

(a)
X is a horizontal 1-form and is therefore

projectible to a T (T p(a)M)-valued one-form φ̃
(a)
X on M (equivalent to an element of

j1τ p(a)).

Proof. Let Ỹ be a vertical vector at u ∈ LM , Expand Ỹ and X locally as

Ỹ = Ỹ a
b

∂

∂vab

∣∣∣∣
u

(3.154)

X i1···ip−1 = X i1···ip−1
...i

∂

∂xi

∣∣∣∣
u

+X i1···ip−1
...jk

∂

∂vjk

∣∣∣∣∣
u

(3.155)
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Using the formula dθi = −πiaπbkdvab ∧ dxk we find that

duθ
[ip(Ỹ , X i1···ip−1]) = −Ỹ a

b π
b
kπ

[ip
a X

i1···ip−1]...k (3.156)

Substituting this into (3.145) and using the formula for dψp (3.63), we obtain

φ
(a)
X (Ỹ ) = 0 +

(
(p− 1)! θipu (X i1···ip−1)d(vj1i1 · · · v

jp
ip

)(Ỹ )

+ vj1i1 · · · v
jp
ip
p! duθ

[ip(Ỹ , X i1···ip−1])

)
⊗ ∂

∂vj1···jp

∣∣∣∣
T(X))

(3.157)

Now we introduce antisymmetrization on θ(X). This is valid since X ∈ Υp−1
(a)

=

(
(p− 1)! θ[ip

u (X i1···ip−1])d(vj1i1 · · · v
jp
ip

)(Ỹ a
c

∂

∂vac
)

− p! vj1i1 · · · v
jp
ip
Ỹ a
b π

b
kπ

[ip
a X

i1···ip−1]...k
)
⊗ · · · (3.158)

Next we move the antisymmetrization from the i indices to the j indices.

=

(
(p− 1)!π

ip
k X

i1···ip−1
...kỸ a

c d(v
[j1
i1
· · · vjp]

ip
)(

∂

∂vac
)

− p! v[j1
i1
· · · vjp]

ip
Ỹ a
b π

b
kπ

ip
a X

i1···ip−1
...k
)
⊗ · · · (3.159)

With a bit of factoring and the application of Lemma 3.3.7, the formula becomes

more manageable.

= πbkX
i1···ip−1

...kỸ a
c

(
(p− 1)! δ

ip
b pδ

[jp
a vj1[i1

· · · vjp−1]
ip−1

δcip] − p! v
[j1
i1
· · · vjp]

ip
δcbπ

ip
a

)
⊗ · · ·

(3.160)

= p! πbkX
i1···ip−1

...kỸ a
c

(
δ[jp
a vj1[i1

· · · vjp−1]
ip−1

δcb] − v
[j1
i1
· · · vjp−1

ip−1
δjp]
a δcb

)
⊗ · · · (3.161)

= p! πbkX
i1···ip−1

...kỸ a
c

(
δ[jp
a vj1[i1

· · · vjp−1]
ip−1

δcb] − δ[jp
a vj1i1 · · · v

jp−1]
ip−1

δcb

)
⊗ · · · (3.162)
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The last trick, and the one that truly requires X ∈ Υp−1
(a) , is to remove the anti-

symmetrization on the indices i1 · · · ip−1b in the first term. We can do this because

πbkX
i1···ip−1

...k is antisymmetric in those indices (Theorem 3.3.2).

= p! πbkX
i1···ip−1

...kỸ a
c

(
δ[jp
a vj1i1 · · · v

jp−1]
ip−1

δcb − δ[jp
a vj1i1 · · · v

jp−1]
ip−1

δcb

)
⊗ · · · (3.163)

= 0 (3.164)

Since φ
(a)
X is a horizontal form, we can make the following definition.

Definition 3.3.9. For any X ∈ Tu(LM) and any Y ∈ Tλ(u)M , define

F p
(a)(X)(Y ) = φ

(a)
X (Ỹ ) (3.165)

where Ỹ is any vector at u that projects to Y .

Since F p
(a)(X) is a linear map from Tλ(u)M to TT(X)(T

p
(a)M) that projects to the

identity, it defines a 1-jet of a antisymmetric tensor field at a point. So, F p
(a) itself

maps from the tensorially antisymmetric mp−1 multi-tangent bundle of the frame

bundle to the 1-jet bundle of the antisymmetric (p, 0)-tensor bundle.

F p
(a) : Υp−1

(a) → J1τ p(a)

Now we will calculate a formula for F p
(a) in local coordinates. Since the vertical

components of Ỹ are irrelevant to the calculation, we will choose them to be zero.

Ỹ = Y i ∂

∂xi

∣∣∣∣
u

X = X i ∂

∂xi

∣∣∣∣
u

+Xj
k

∂

∂vjk

∣∣∣∣∣
u

(3.166)

duθ
[ip(Ỹ , X i1···ip−1]) = 0 + πbkπ

[ip
a X

i1···ip−1]...abY
k (3.167)
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Υp−1
(a)

⊗mp−1
τLM

��

T

!!CCCCCCCCCCCCCCCCCCCCCC

F p(a) // J1τ p(a)

τp(a)1,0

��

LM

λ

""DDDDDDDDDDDDDDDDDDDDDDDDD
T p(a)M

τp(a)

��
M

Figure 3.4: Commutative Diagram for F p
(a)

From (3.165), (3.63) and (3.145) we obtain

F p
(a)(X)(Y ) = Y k ∂

∂xk

∣∣∣∣
T(X)

+
(

0 + p! vj1i1 · · · v
jp
ip
πbkπ

[ip
a X

i1···ip−1]...abY
k
) ∂

∂vj1···jp

∣∣∣∣
T(X)

= Y k

(
∂

∂xk

∣∣∣∣
T(X)

+ p! vj1i1 · · · v
jp−1

ip−1
πbkδ

[jp
a X i1···ip−1]...ab

∂

∂vj1···jp

∣∣∣∣
T(X)

)

= Y k

(
∂

∂xk

∣∣∣∣
T(X)

+ p! vj1i1 · · · v
jp−1

ip−1
πbkX

[i1···ip−1
...
jp]
b

∂

∂vj1···jp

∣∣∣∣
T(X)

)

So

F p
(a)(X) = dλ(u)x

k ⊗

(
∂

∂xk

∣∣∣∣
T(X)

+ p! vj1i1 · · · v
jp−1

ip−1
πbkX

[i1···ip−1
...
jp]
b

∂

∂vj1···jp

∣∣∣∣
T(X)

)
(3.168)
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From this formula and the formula for T in equation (3.76) we can see that, in

coordinates,

xi ◦ F = xi ◦ T

= xi (3.169)

vj1···jp ◦ F = vj1···jp ◦ T

= (p− 1)! vj1i1 · · · v
jp−1

ip−1
ẋi1···ip−1jp (3.170)

v
j1···jp
k ◦ F = p! vj1i1 · · · v

jp−1

ip−1
πbkv̇

[i1···ip−1jp]
b (3.171)

Clearly F is a smooth function.

Theorem 3.3.10. Let f be a antisymmetric (p, 0)-tensor field on an open subset

U of M (a local section of τ p(a)), f̂ : λ−1(U)→
⊕p

R
m its tensorial function on LM ,

and Xf̂ the corresponding Hamiltonian vector field.

f̂ i1···ip(u) = fλ(u)(e
i1 , . . . , eip) and df̂ i1···ip = −p!X [i1···ip−1

f̂
dθip] (3.172)

Then

F (Xf̂ (u)) = j1
pf (3.173)

for all p ∈ U and u ∈ λ−1(p).

Proof. In local coordinates, we have [40]

Xf̂ (u) =
1

(p− 1)!
f j1···jp−1kπi1j1 · · ·π

ip−1

jp−1

∂

∂xk

− 1

p!

(
∂f j1···jp

∂xa
πi1j1 · · ·π

ip−1

jp−1
πbjp + T i1···ip−1b

a

)
∂

∂πba

where T satisfies the condition T
[i1···ip−1b]
a = 0 but is otherwise arbitrary. However, we

will need this vector in the v basis instead.

=
1

(p− 1)!
f j1···jp−1kπi1j1 · · ·π

ip−1

jp−1

∂

∂xk

− 1

p!

(
∂f j1···jp

∂xa
πi1j1 · · ·π

ip−1

jp−1
πbjp + T i1···ip−1b

a

)
(−vac vdb )

∂

∂vdc
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=
1

(p− 1)!
f j1···jp−1kπi1j1 · · ·π

ip−1

jp−1

∂

∂xk

+
1

p!

(
∂f j1···jp

∂xa
πi1j1 · · ·π

ip−1

jp−1
δdjpv

a
c + T i1···ip−1b

a vac v
d
b

)
∂

∂vdc
(3.174)

First recall that the tensor projection of Xf̂ is f .

So using formula (3.168),

F p
(a)(X) = dλ(u)x

k ⊗

(
∂

∂xk

∣∣∣∣
T(X)

+ p! vj1i1 · · · v
jp−1

ip−1
πbkX

[i1···ip−1
...
jp]
b

∂

∂vj1···jp

∣∣∣∣
T(X)

)
(3.175)

F p
(a)(Xf̂ ) = dλ(u)x

k ⊗
(

∂

∂xk

∣∣∣∣
T(X)

+ p! vj1i1 · · · v
jp−1

ip−1
πbk

1

p!

(
∂f l1···lp

∂xa
π

[i1
l1
· · ·πip−1

lp−1
δ
jp]
lp
vab + T [i1···ip−1|c|

a vjp]
c vab

)
∂

∂vj1···jp

∣∣∣∣
T(X)

)
(3.176)

Now T [i1···ip−1b] = 0 implies T
[i1···ip−1|c|
a v

jp]
c = 0 since the two expressions differ only by

multiplication by the nonsingular matrix πbjp . So we are left with

= dλ(u)x
k ⊗

(
∂

∂xk

∣∣∣∣
T(X)

+
∂f l1···lp

∂xa
δ

[j1
l1
· · · δjp−1

lp−1
δ
jp]
lp
δak

∂

∂vj1···jp

∣∣∣∣
T(X)

)
(3.177)

= dλ(u)x
k ⊗

(
∂

∂xk

∣∣∣∣
T(X)

+
∂f j1···jp

∂xk
∂

∂vj1···jp

∣∣∣∣
T(X)

)
(3.178)

This is exactly j1
λ(u)f .

Theorem 3.3.11. F p
(a) : Υp−1

(a) → J1τ p(a) is a fiber bundle.

Proof. As noted earlier, F p
(a) is a smooth function. The coordinate representation

of F p
(a) (eqn. 3.171) becomes, in the w coordinates:

xi ◦ F = wi vj1···jp ◦ F = wj1···jp v
j1···jp
k ◦ F = w

[j1···jp]
k (3.179)

Because their domains span entire fibers, these coordinates actually define a local

trivialization. Since we can easily cover F with such trivializations, it is a fiber

bundle. The w coordinates are then adapted coordinates.
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Theorem 3.3.12. F p
(a) : Υp−1

(a) → J1τ p(a) is a principal bundle under the action

given in Definition 3.2.5.

Proof. We have already shown that F p
(a) is a fiber bundle; what remains is to show

that:

1. The action is free

2. The equivalence classes are exactly the fibers.

To prove (1), suppose (u,X) · g = (u,X). This implies u · g = u, which implies

g = e, since the action on LM is free.

To prove (2), recall the w coordinate form of F from equation (3.179).

xi ◦ F (X · g) = wi(X · g)

= wi(X)

= xi ◦ F (X)

vj1···jp ◦ F (X · g) = wj1···jp(X · g)

= wj1···jp(X)

= vj1···jp ◦ F (X)

v
j1···jp
k ◦ F (X · g) = w

[j1···jp]
k (X · g)

= w
[j1···jp]
k (X)

= v
j1···jp
k ◦ F (X) (3.180)

So,

F (X · g) = F (X) (3.181)
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This proves that the equivalence classes are subsets of the fibers. To show the reverse

inclusion, suppose that F (u,X) = F (p, Z).

xi ◦ F (u,X) = xi ◦ F (p, Z) =⇒ wi(u,X) = wi(p, Z) (3.182)

=⇒ xi(u) = xi(p)

=⇒ ∃g u · g = p

u · g = p =⇒ wik(u,X)gkj = wij(p, Z) (3.183)

vj1···jp ◦ F (u,X) = vj1···jp ◦ F (p, Z) =⇒ wj1···jp(u,X) = wj1···jp(p,X) (3.184)

v
j1···jp
k ◦ F (u,X) = v

j1···jp
k ◦ F (p, Z) =⇒ w

[j1···jp]
k (u,X) = w

[j1···jp]
k (p,X) (3.185)

And using (3.182), (3.183), (3.184), (3.185), and (3.71) we see that

F (u,X) = F (p, Z) =⇒ (u,X) · g = (p, Z) (3.186)

This proves the reverse inclusion.

3.4 Application: The Free Field Lagrangian

In the following calculation, we assume that M is a Riemannian manifold with metric

tensor h.

Definition 3.4.1. We define the type (0,2) symmetric tensor h̃ on LM as follows

h̃(Bi, Bj) = −µ2h(λ∗Bi, λ∗Bj)

= −µ2ĥij

h̃(Bi,
∗
Ej
k) = 0

h̃(
∗
Ej
k,
∗
E j̄

k̄
) = 2ĥkk̄ĥ

jj̄ − 2δj
k̄
δj̄k

= 2haāh
bb̄vakv

ā
k̄π

j
bπ

j̄

b̄
− 2δj

k̄
δj̄k

where µ2 > 0 is a constant, the Bi are the standard horizontal vector fields induced

by the connection defined by h, and the
∗
Ej
k are the standard vertical vector fields on
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LM .

Theorem 3.4.2. The tensor h̃ is invariant under GL(m), i.e.

h̃u·g(X · g, Y · g) = h̃u(X, Y ) ∀u ∈ LM ∀g ∈ GL(m)∀X, Y ∈ Tu(LM)

Proof. First let us recall that

duRg(Bj(u)) = Bk(u·g)(g−1)kj (3.187)

duRg(
∗
Ej
i (u)) = gjb

∗
Eb
a(u·g)(g−1)ai (3.188)

First we consider the horizontal diagonal term.

h̃u·g(Bi(u) · g,Bj(u) · g) = h̃u·g(duRg(Bi(u)), duRg(Bj(u)))

Since the group action moves horizontal vectors to horizontal vectors, we can say

h̃u·g(Bi(u) · g,Bj(u) · g) = −µ2hλ(u)(du·gλ(duRg(Bi(u))), du·gλ(duRg(Bj(u))))

= −µ2hλ(u)(du(λ ◦Rg)(Bi(u)), du(λ ◦Rg)(Bj(u)))

= −µ2hλ(u)(duλ(Bi(u)), duλ(Bj(u)))

= h̃u(Bi(u)), Bj(u)))

For the off-diagonal terms we have

h̃u·g(Bi(u) · g,
∗
Ej
k(u) · g) = 0 = h̃u(Bi(u),

∗
Ej
k(u))

This is true because the group action preserves the connection.

Finally, for the vertical diagonal terms we have

h̃u·g(
∗
Ej
k(u)·g,

∗
E j̄

k̄
(u)·g) = h̃u·g(g

j
r

∗
Er
s(u·g)(g−1)sk, g

j̄
r̄

∗
E r̄
s̄(u·g)(g−1)s̄k̄)

= gjr(g
−1)skg

j̄
r̄(g
−1)s̄k̄ h̃u·g(

∗
Er
s(u·g),

∗
E r̄
s̄(u·g))

= gjr(g
−1)skg

j̄
r̄(g
−1)s̄k̄

(2haāh
bb̄vas (u·g)vās̄ (u·g)πrb (u·g)πr̄b̄ (u·g)− 2δrs̄δ

r̄
s)

= 2haāh
bb̄
(
gjrπ

r
b (u·g)

)(
(g−1)skv

a
s (u·g)

)(
gj̄r̄π

r̄
b̄ (u·g)

)(
(g−1)s̄k̄v

ā
s̄ (u·g)

)
− 2gjr(g

−1)skg
j̄
r̄(g
−1)s̄k̄δ

r
s̄δ
r̄
s
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= 2haāh
bb̄πjb (u)vak (u)πj̄

b̄
(u)vāk̄ (u)− 2gjr(g

−1)rk̄g
j̄
s(g
−1)sk

= 2haāh
bb̄vak (u)vāk̄ (u)πjb (u)πj̄

b̄
(u)− 2δj

k̄
δj̄k

= h̃u(
∗
Ej
k(u),

∗
E j̄

k̄
(u))

Remark 3.4.3. The tensor h̃ is, unfortunately, not a metric on LM

We can see that this is true by demonstrating a vector X such that h̃(X, Y ) = 0

for all Y . One such vector is

X =
∗
Ek
k = δkj

∗
Ej
k

With this choice of X, we have

h̃(X,Bi) = δkj h̃(
∗
Ej
k, Bi)

= 0

and

h̃(X,
∗
E j̄

k̄
) = δkj h̃(

∗
Ej
k,
∗
E j̄

k̄
)

= 2δkj ĥkk̄ĥ
jj̄ − 2δkj δ

j

k̄
δj̄k

= 2ĥkk̄ĥ
kj̄ − 2δkk̄δ

j̄
k

= 2δj̄
k̄
− 2δj̄

k̄

= 0

Theorem 3.4.4. The quadratic form associated with h̃ projects to the standard

free field Lagrangian on J1τ .

L = haāhbb̄D[aψb]D[āψb̄] − µ2hkk̄ψkψk̄
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Proof. Let ω be the induced connection on LM . Then we have

ω = ωijE
j
i (3.189)

ωij = πik(dv
k
j + Γkmlv

l
jdx

m) (3.190)

Given a vector tangent to LM , X = X i ∂
∂xi

+Xj
k
∂

∂vjk
, we write the vertical projection

Xv =
∗
ω(X)

= X i ∗ω(
∂

∂xi
) +X i

j

∗
ω(

∂

∂vij
)

= X iπkmΓmil v
l
j

∗
Ej
k +X i

jπ
k
i

∗
Ej
k

= (X i
jπ

k
i +X iπkmΓmil v

l
j)
∗
Ej
k

= πkm(Xm
j +X iΓmil v

l
j)
∗
Ej
k (3.191)

And the horizontal projection as

Xh = XjπijBi (3.192)

The quadratic form h̃(X,X) splits into two terms because horizontal and vertical

vectors are orthogonal with respect to h̃.

h̃(X,X) = h̃(Xh +Xv, Xh +Xv)

= h̃(Xh, Xh) + h̃(Xv, Xv)

If we consider these terms in local coordinates, we obtain

h̃(Xh, Xh) = h̃(XjπijBi, X
j̄π īj̄Bī)

= XjπijX
j̄π īj̄h̃(Bi, Bī)

= −XjπijX
j̄π īj̄µ

2h(λ∗Bi, λ∗Bī)

= −XjπijX
j̄π īj̄µ

2h(vki
∂

∂xk
, vk̄ī

∂

∂xk̄
)

= −Xjπijv
k
iX

j̄π īj̄v
k̄
ī µ

2hkk̄

= −µ2XkX k̄hkk̄ (3.193)
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and

h̃(Xv, Xv) = h̃
(
πkm(Xm

j +X iΓmil v
l
j)
∗
Ej
k, π

k̄
m̄(Xm̄

j̄ +X īΓm̄īl̄ v
l̄
j̄)
∗
E j̄

k̄

)
= πkm(Xm

j +X iΓmil v
l
j)π

k̄
m̄(Xm̄

j̄ +X īΓm̄īl̄ v
l̄
j̄)h̃(

∗
Ej
k,
∗
E j̄

k̄
)

= πkm(Xm
j +X iΓmil v

l
j)π

k̄
m̄(Xm̄

j̄ +X īΓm̄īl̄ v
l̄
j̄)(2haāh

bb̄vakv
ā
k̄π

j
bπ

j̄

b̄
− 2δj

k̄
δj̄k)

= πkm(Xm
j +X iΓmil v

l
j)π

k̄
m̄(Xm̄

j̄ +X īΓm̄īl̄ v
l̄
j̄)(2haāh

bb̄vakv
ā
k̄π

j
bπ

j̄

b̄
)

− 2πkm(Xm
j +X iΓmil v

l
j)π

k̄
m̄(Xm̄

j̄ +X īΓm̄īl̄ v
l̄
j̄)(δ

j

k̄
δj̄k)

= (πkmv
a
k)(X

m
j π

j
b +X iΓmil v

l
jπ

j
b)(π

k̄
m̄v

ā
k̄)(X

m̄
j̄ π

j̄

b̄
+X īΓm̄īl̄ v

l̄
j̄π

j̄

b̄
)(2haāh

bb̄)

− 2πkm(Xm
j +X iΓmil v

l
j)π

j
m̄(Xm̄

k +X īΓm̄īl̄ v
l̄
k)

= δam(Xm
j π

j
b +X iΓmil δ

l
b)δ

ā
m̄(Xm̄

j̄ π
j̄

b̄
+X īΓm̄īl̄ δ

l̄
b̄)(2haāh

bb̄)

− 2(Xm
j π

j
m̄ +X iΓmil v

l
jπ

j
m̄)(Xm̄

k π
k
m +X īΓm̄īl̄ v

l̄
kπ

k
m)

= (Xa
j π

j
b +X iΓaib)(X

ā
j̄ π

j̄

b̄
+X īΓāīb̄)(2haāh

bb̄)

− 2(Xm
j π

j
m̄ +X iΓmil δ

l
m̄)(Xm̄

k π
k
m +X īΓm̄īl̄ δ

l̄
m)

= (Xa
j π

j
b +X iΓaib)(X

ā
j̄ π

j̄

b̄
+X īΓāīb̄)(2haāh

bb̄)

− 2(Xm
j π

j
m̄ +X iΓmim̄)(Xm̄

k π
k
m +X īΓm̄īm) (3.194)

So combining (3.193) and (3.194) we have finally that

h̃(X,X) = −µ2XkX k̄hkk̄ + (Xa
j π

j
b +X iΓaib)(X

ā
j̄ π

j̄

b̄
+X īΓāīb̄)(2haāh

bb̄)

− 2(Xm
j π

j
m̄ +X iΓmim̄)(Xm̄

k π
k
m +X īΓm̄īm) (3.195)

Now recall from (3.24) the coordinate form of the projection,

xi ◦ F = xi

vj ◦ F = ẋj

vjk ◦ F = πbkv̇
j
b
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It is not hard to see that if the vector X projects to j1ψ we obtain

h̃(X,X) = −µ2hkk̄ψ
kψk̄ + (

∂ψa

∂xb
+ ψiΓaib)(

∂ψā

∂xb̄
+ ψīΓāīb̄)(2haāh

bb̄)

− 2(
∂ψm

∂xm̄
+ ψiΓmim̄)(

∂ψm̄

∂xm
+ ψīΓm̄īm)

= 2haāh
bb̄Db̄ψ

aDbψ
ā − 2Dm̄ψ

mDmψ
m̄ − µ2hkk̄ψ

kψk̄

which with a little work reduces to

= haāhbb̄D[aψb]D[āψb̄] − µ2hkk̄ψ
kψk̄

This is exactly the desired Lagrangian.



Chapter 4

Jets of Arbitrary fields

This chapter was published as [37]. Some slight revisions have been made to blend

it with the rest of the work.

4.1 Introduction

The Cartan-Hamilton-Poincaré (CHP) m-form is the central object in covariant La-

grangian field theory. The ingredients which go into the construction of this m-form

are:

1. A Lagrangian L : J1π → R, on the bundle of 1-jets of sections of π : E → M ,

where E is the configuration manifold of the theory,

2. A volume on the m-dimensional parameter space M ,

3. The contact structure of J1π.

It is the contact structure [46] in this mixture of ingredients that provides the geomet-

rical foundation of the theory. In this chapter we give a new geometrical formulation

of the covariant field theory on J1π by lifting it to the bundle of vertically adapted

linear frames LπE of E. We will show that the full depth of Lagrangian and Hamilto-

nian field theory on J1π has a useful geometrical representation on the bundle LπE.

78
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In this representation the role of the contact structure of J1π is taken over by the

canonical vector-valued soldering 1-form on LπE. Introduction of a Lagrangian leads

to the definition of a modified soldering form, and this vector-valued 1-form plays

the role of the CHP-m-form. These structures pass to a certain quotient of LπE to

give the standard structures on J1π. The advantage gained by this reformulation is

that it allows us to utilize the natural geometry that is supported on LπE, namely

n-symplectic geometry, to further develop covariant field theory.

If E is an arbitrary n-dimensional manifold, then the bundle of linear frames

λ : LE → E supports a canonically defined Rn-valued 1-form, the “soldering” 1-

form. n-symplectic geometry on LE is the generalized symplectic geometry that

emerges upon taking the soldering 1-form θ as the generalized symplectic potential.

This geometry, including the notions of n-symplectic observables, the correspond-

ing generalized Hamiltonian vector-valued vector fields, and generalized Poisson and

graded Poisson brackets, has been developed in a series of papers [20, 21, 39, 40, 41,

42]. A sketch of the basic structure of the theory can be found in section 4.2, but let

us point out here that in [41] it was shown that the fundamentals of the canonical

symplectic geometry on the cotangent bundle T ∗E can be constructed entirely in

terms of the n-symplectic geometry on LE.

When E has extra structure, in particular when π : E →M is a fiber bundle as it

is in Lagrangian field theory, then the n-symplectic geometry likewise inherits extra

structure on LE. In particular, the fiber structure of π : E →M leads to a reduction

of LE to the subbundle of vertically adapted linear frames LπE, with a corresponding

reduction in the generality of n-symplectic observables. The structure group Gv of

LπE is the subgroup of GL(n) that is block lower triangular, corresponding to the

convention that the last k = n − m vectors in each linear frame are required to be

vertical. Following the model construction given in [41] Lawson showed [31, 21] that

the multisymplectic geometry [22] on the affine cojet bundle J1∗π can also be derived

directly from the n-symplectic geometry on LπE.
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Turning our attention in this chapter to the covariant field theory on J1π, we will

show that the geometrical foundations of the theory, namely the contact structure on

J1π, follows directly from the n-symplectic structure on LπE, while the CHP-form

follows from a modified soldering form. The central idea on which the analysis is

based is the following theorem.

Theorem 4.1.1. Let π : E → M be an m+ k dimensional fiber bundle over the

m-dimensional manifold M . The vertically adapted frame bundle LπE is a principal

H = GL(m)×GL(k) bundle over J1π. In particular, J1π ∼= LπE/H.

As a consequence of this theorem, which we prove in section 4.3, the canonical sol-

dering forms on LπE pass to the quotient to define the contact structure of J1π (see

section 4.5).

A simple picture of the main ideas can be sketched out as follows. Let (xi) be local

coordinates on M and let (yA) be fiber coordinates on E, so that (zα) = (xi, yA) are

adapted local coordinates on E. With respect to such coordinates a general vertically

adapted linear frame at a point in E will be of the form

(ei, eA) = (vji
∂
∂xj

+ vBi
∂
∂yB

, vBA
∂
∂yB

)

i, j = 1, . . . ,m, A,B = m+ 1, . . . ,m+ k

The first m vectors (ei) are non-vertical while the last k vectors (eA) are vertical

with respect to π. The matrices (vji ) and (vBA) are necessarily non-singular, while the

matrix (vBi ) ∈ Rk×m is arbitrary. Hence we may take the collection (xi, yA, vji , v
B
i , v

B
A)

as local coordinates on LπE. We can represent an arbitrary adapted linear frame in

terms of these local coordinates as the (m+ k)× (m+ k) matrix(
vji 0

vBi vBA

)

Using the notation πij = (vij)
−1 and πBA = (vBA)−1, this matrix can be decomposed as

follows: (
vji 0

vBi vBA

)
=

(
δjk 0

πakv
B
a δBC

)(
vki 0

0 vCA

)
(4.1)
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The first factor is H invariant and defines a natural projection to J1π. We thus obtain

the decomposition

LπE = J1π ×E (LV E ×M LM)

where LV E denotes the bundle of vertical frames of E.

These results suggest that it may be useful to lift the covariant Lagrangian field

theory on J1π to LπE. In particular on LπE we have available the n-symplectic

geometry to use in studying the structure of field theories. We show in section 4.4

that for a lifted Lagrangian L = ρ∗(L), the n-symplectic Hamiltonian vector fields

defined by vertical vector fields on E may be thought of as variational vector fields.

If X is such a vector field then X(L) gives the Euler-Lagrange operator to within a

total divergence.

In section 4.6 we turn to the problem of constructing, on LπE, a lifted version of

the CHP m-form. We show that in fact one can use a lifted Lagrangian to define an

R
n-valued CHP-form using the canonical Rn-valued soldering form θ. The key to the

construction is to use the fundamental vertical vector fields on LπE together with the

Lagrangian to give a global, invariant definition of the covariant momentum, which is

essentially a frame bundle version of the Legendre transformation of classical theory.

The result is that the Rn-valued CHP-form is a modified, or non-canonical soldering

form θL. This new vector-valued CHP-form θL passes to the quotient to define the

standard CHP-m-form on J1π.

As an application of the general formalism we derive in section 4.7 a generalized

Hamilton-Jacobi differential equation and generalized Hamilton equations. Under

appropriate assumptions these equations reproduce the Hamilton-Jacobi equations

and Hamilton equations of the de Donder-Weyl [14, 45] and Carathéodory-Rund [12,

45] theories.

We recall that there is a certain degree of arbitrariness in Rund’s [45] canonical for-

malism for Carathéodory’s theory. We find that by identifying the canonical variables

introduced here with the canonical variables in Rund’s formalism, the undetermined
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features of the Carathéodory-Rund theory can be given a natural interpretation on

LπE, namely as the variables defining linear frames for M . Looking again at the

decomposition (4.1) we see now that the entries in the right-hand-factor represent a

linear frame for M (the (vji ) factor) together with a linear frame for the fibers of E

(the (vBA) factor). Section 4.9 contains concluding remarks together with plans for

applications and extensions of the results presented in this chapter.

4.2 The Vertically Adapted Linear Frame Bundle

LπE

Let π : E → M be a fiber bundle where M is m-dimensional and E is n = m + k-

dimensional. Lower case Latin indices are assumed to range over 1 . . .m, upper case

Latin indices over m+1 . . .m+k, and Greek indices over 1 . . .m+k. This convention

will be used throughout the chapter.

An adapted frame at e ∈ E is a frame where the last k basis vectors are vertical.

Note that coordinate frames that come from adapted coordinates are adapted frames.

The adapted frame bundle of π, denoted LπE, consists of all adapted frames for E.

LπE = {(e, {ei, eA}) : e ∈ E, {ei, eA} is a basis for TeE, and duπ(eA) = 0}

The canonical projection, λ : LπE → E, is defined by λ(e, {ei, eA}) = e.

LπE is a reduced subbundle of LE, the frame bundle of E (Lawson [31]). As such

it is a principal fiber bundle over E. Its structure group is Gv, the nonsingular block

lower triangular matrices.

Gv =

{(
A 0

C B

)
: A ∈ GL(m), B ∈ GL(k), C ∈ Rkm

}
Gv acts on LπE on the right by

(e, {ei, eA}) ·

(
A 0

C B

)
= {(e, {eiAij + eAC

A
j , eAB

A
B})
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4.2.1 Coordinates

If (xi, yA) are adapted coordinates on an open set U ⊆ E, then one may induce

several different coordinates on λ−1(U). First consider the coframe or n-symplectic

momentum coordinates (xi, yA, πij, π
A
j , π

A
B) on λ−1(U) defined by

xi(e, {ei, eA}) = xi(e) πij(e, {ei, eA}) = ei(
∂

∂xj
)

πAB(e, {ei, eA}) = eA(
∂

∂yB
)

yA(e, {ei, eA}) = yA(e) πAj (e, {ei, eA}) = eA(
∂

∂xj
)

Here (ei, eA) is the dual frame to (ei, eA). We have as is customary retained the same

symbols for the induced horizontal coordinates.

Secondly consider the frame or n-symplectic velocity coordinates (xi, yA, vij, v
A
j , v

A
B)

on λ−1(U) defined by

xi(e, {ei, eA}) = xi(e) vij(e, {ei, eA}) = ej(x
i)

vAB(e, {ei, eA}) = eB(yA)

yA(e, {ei, eA}) = yA(e) vAj (e, {ei, eA}) = ej(y
A)

The v coordinates, viewed together as a block triangular matrix, form the inverse of

the π coordinates above. The blocks have the following relations:

vijπ
j
k = δik vAj π

j
k + vABπ

B
k = 0 vABπ

B
C = δAC

Lastly consider the following coordinates which are constructed from the previous

two.

Define (xi, yA, uij, u
A
j , u

A
B) on λ−1(U) by

xi(e, {ei, eA}) = xi(e) uij = πij uAj = vAi π
i
j = −vABπBj

yA(e, {ei, eA}) = yA(e) uAB = πAB

It will turn out that the uAj coordinates are pull-ups of the standard jet coordinates

on J1π. As such, we will refer to these coordinates as Lagrangian coordinates.
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Later in the chapter we will need the following formulas for the fundamental

vertical vector fields
∗
Eα
β on LπE in Lagrangian coordinates.

∗
Ei
j = −uik

∂

∂ujk

∗
EA
B = −uAC

∂

∂uBC

∗
Ei
A = uikv

B
A

∂

∂uBk
(4.2)

4.2.2 n-symplectic structure

n-symplectic geometry arises naturally on the frame bundle LE of any n-dimensional

manifold E. LE supports a canonically defined Rn-valued 1-form θ, the soldering

1-form, and n-symplectic geometry is the geometry on LE when one takes dθ as a

vector-valued generalized symplectic form. We present here a sketch of the structure

of the theory and refer the reader to the literature [20, 21, 39, 40, 41, 42] for more

details. See also the works of de León, Salgado et al. [13] and Awane [1].

The intrinsic definition of the soldering 1-form θ parallels the definition of the

canonical form on T ∗M .

θu(X) = eα(duλ̄(X))rα = θαu(X)rα (4.3)

Here u = (e, {eα}) ∈ LE, λ̄ : LE → E is the canonical projection, and {rα} is the

standard basis for Rn. In canonical coordinates,

θα = παβdx
β

The above formula parallels the local coordinate formula ϑ = pidq
i for the canonical

1-form on T ∗M .

Because the soldering 1-form θ is vector-valued, the natural structure equation for

n-symplectic geometry takes the generalized form

df̂α1α2···αp = −p!Xf̂
α1α2···αp−1 dθαp (4.4)

Here f̂ = (f̂α1α2···αp) : LE → ⊗pRn is a vector-valued function on LE and Xf̂ =

(Xf̂
α1α2···αp−1) is the corresponding set of Hamiltonian vector fields. (Each super-

script αk, k = 1, 2, . . . , p, runs from 1 to n). Moreover, since the soldering form
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is equivariant under the free right action of the structure group GL(n,R) on LE,

the class of functions that can satisfy (4.4) is restricted. They divide naturally into

vector-valued functions that map to either the symmetric tensor spaces (⊗s)pRn or

the anti-symmetric tensor spaces (⊗a)pRn, where ⊗s and ⊗a denote the symmetric

and anti-symmetric tensor products, respectively. There is a naturally defined Poisson

bracket for both sets of observables, and the complete set of symmetric observables is

a Poisson algebra with respect to the bracket, while the set of anti-symmetric observ-

ables is a graded Poisson algebra with respect to the bracket. These brackets, when

restricted to the subsets of tensorial observables, are the frame bundle versions of the

Schouten-Nijenhuis brackets [42]. On LπE the allowable tensorial observables [31]

correspond to contravariant tensor fields that are projectible to E.

As a reduced subbundle of LE, LπE has the n-symplectic geometry obtained by

restricting the soldering form. Since this soldering form is Rm+k-valued, we will denote

it (θi, θA). Let u = (e, {ei, eA}) be a point in LπE. If λ : LπE → E is the canonical

projection and X ∈ TuLπE, then θ defined as in (4.3) above splits naturally into the

two terms

θu(X) = θi(X)ri + θA(X)rA

where (ri, rA) is the standard basis for Rm+k. In local momentum coordinates,

θi = πijdx
j θA = πAj dx

j + πABdy
B

4.3 The Relationship between LπE and J1π

We will demonstrate three useful facts relating LπE and J1π.

1. J1π is an associated bundle to LπE [31].

2. LπE is a principal fiber bundle over J1π.

3. LπE is a pull-back bundle over J1π [31].
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4.3.1 A special case

Consider the case where π is a trivial bundle. Let M = R
m and E = R

m × F with

F a k-dimensional manifold. Let π : Rm × F → R
m be the standard projection. It is

known that for this bundle each 1-jet corresponds to an m-tuple of tangent vectors

to F .

J1π ∼= R
m × (TF ⊕ · · · ⊕ TF )

It is clear that such a bundle is associated to LπE.

Let us examine LπE in this case. We will make use of the other projection mapping

π̄ : Rm×F → F . For each frame (u, {ei, eA}) in LπE, we decompose each vector into

ei = (vi, wi) eA = (vA, wA)

where vi = duπ(ei), wi = duπ̄(ei), vA = duπ(eA), and wA = duπ̄(eA). Note that

vA = 0 by the definition of LπE, so we have

ei = (vi, wi) eA = (0, wA)

The k vectors {wA} form a basis for Tπ̄(u) F, and the m vectors {vi} form a basis for

Tπ(u)R
m. The m vectors {wi} are simply an m-tuple of vectors in Tπ̄(u) F.

Decomposing all of LπE in this way, we obtain

LπE ∼= J1π ×E (LRm × LF)

This is a bundle isomorphism over E = Rm×F . From this decomposition, it is clear

that LπE is a pull-back bundle over J1π. Furthermore, the fiber is the Lie group

GL(m)×GL(k).

4.3.2 The general case

Consider an arbitrary fiber bundle π : E → M . In this more general setting, a 1-jet

is no longer simply an m-tuple of tangent vectors. There are three major ways of

describing 1-jets, each with its own charm:
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1. Equivalence classes of sections of π.

2. Linear right-inverses to duπ.

3. Non-vertical m-dimensional subspaces of TuE.

One quick way to define the projection from LπE to J1π is to map each adapted

frame to the span of its non-vertical elements.

(u, {ei, eA}) 7→ (u, span{ei})

However, we will benefit from starting with J1π as an associated bundle.

As stated earlier, the structure group of LπE is Gv, the nonsingular block lower

triangular matrices. This group Gv can be decomposed [31] into the product of two

of its subgroups, H and J , where

H =

{(
A 0

0 B

)
: A ∈ GL(m), B ∈ GL(k)

}

and

J =

{(
I 0

C I

)
: C ∈ Rkm

}

Note that J is Lie group isomorphic to the additive group Rkm.

We will show that J1π is a bundle associated to LπE with fiber Gv /H. Although

H is a closed Lie subgroup of Gv it is not normal. As such Gv /H does not have

a natural group structure; it is a manifold with a left Gv-action. For each coset

gH ∈ Gv /H, we select the unique representative in J .(
A 0

C B

)
∼

(
A 0

C B

)(
A−1 0

0 B−1

)
=

(
I 0

CA−1 I

)

By choosing these representatives, we identify Gv /H with J and hence Rkm. These

identifications are diffeomorphisms.
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Consider how the left Gv-action looks for our selected representatives.(
A 0

C B

)(
I 0

ξ I

)
=

(
A 0

C +Bξ B

)
∼

(
I 0

CA−1 +BξA−1 I

)

So the Gv-action appears affine when Gv /H is identified with Rkm. Therefore it is

prudent to use this identification to define an affine structure on Gv /H modelled on

R
km. This Gv-invariant structure will pass to the fibers of the associated bundle,

making it an affine bundle.

Theorem 4.3.1. LπE ×Gv (Gv /H) ∼= J1π

Proof. The isomorphism maps each equivalence class [(e, {ei, eA}, ξ)] to the linear

map φ : Tπ(e)M → TeE defined by φ(êi) = ei + ξAi eA, where we use the basis êi =

deπ(ei).

Corollary 4.3.2. LπE is a principal fiber bundle over J1π with fiber H.

Proof. This fact follows directly from proposition 5.5 in reference [30].

We will denote the projection from LπE to J1π by ρ. It is given by

ρ(e, {ei, eA}) = (e, τ) where τ(êi) = ei

We now show that the uAj -coordinates defined earlier are the pull-ups of the jet coordi-

nates. If (xi, yA) are adapted coordinates on an open set U ⊆ E and u = (e, {ei, eA}) ∈
λ−1(U) then

yAi ◦ ρ(u) = yAi (e, τ) = dey
A ◦ τ(

∂

∂xi

∣∣∣∣
π(e)

) = dey
A(ej ê

j(
∂

∂xi

∣∣∣∣
π(e)

))

= dey
A(ej)e

j(
∂

∂xi

∣∣∣∣
e

) = vAj (u)πji (u) = uAj (u) (4.5)

What remains to be shown is that LπE is a pull-back bundle over J1π. To see

this, we will decompose each adapted frame in a manner similar to the trivial case

covered earlier. We can split each adapted frame (u, ei, eA) into three pieces:

1. A point in LM , (π(u), ẽi), where ẽi = duπ(ei)
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2. A point in LV E, (u, eA), where LV E is the bundle of vertical frames over E

3. A point in J1π, (u, φ), where φ : Tπ(u)M → TuE is defined by φ(ẽi) = ei

Theorem 4.3.3. LπE ∼= J1π ×E (LV E ×M LM)

Proof. The isomorphism is given by (u, ei, eA) 7→
(
(u, φ), (u, eA), (π(u), ẽi)

)
. The

inverse map is quite nice:
(
(u, φ), (u, fA), (p, fi)

)
7→ (u, φ(fi), fA)

4.4 Prolongations of Vector Fields to LπE

Definition 4.4.1. A Lagrangian on LπE is a function L : LπE → R. A Lagrangian

on LπE is lifted if it satisfies the auxiliary conditions

∗
Ei
j(L) = 0

∗
EA
B(L) = 0

Remark 4.4.2. Using (4.2) one can show that these conditions imply that L is

constant on the fibers of ρ : LπE → J1π, and thus is the pull up of a function on J1π.

For the remainder of this chapter we will assume that our Lagrangians are lifted.

In order to see the role played by the canonical n-symplectic structure on LπE

in Lagrangian field theory, we consider a variation of a local section φ : M → E.

The variation of φ can be defined by a vector field f on E that projects to the zero

vector field on M , so that in adapted local coordinates f has the form f = fA∂A.

The associated tensorial function f̂ : LπE → R
m+k is given in local coordinates on

LπE by f̂ = f̂αr̂α, where

(f̂α) = (f̂ i, f̂A) = (0, fBπAB)

The n-symplectic Hamiltonian vector field Xf̂ determined by f̂ is the unique solution

of equation (4.4) with p = 1. Thus Xf̂ is defined by

df̂α = −Xf̂ dθα
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and in local coordinates it has the form [39]

Xf̂ = fA∂A −
∂fA

∂xj
πBA

∂

∂πBj
− ∂fA

∂yC
πBA

∂

∂πBC

Transforming to Lagrangian coordinates we find

Xf̂ =

(
fA∂A + (

∂fA

∂xj
+ uBj

∂fA

∂yB
)
∂

∂uAj

)
− (

∂fA

∂yC
uBA)

∂

∂uBC

=

(
fA∂A +

dfA

dxi
∂

∂uAj

)
− (

∂fA

∂yC
uBA)

∂

∂uBC
(4.6)

Lemma 4.4.3. Let f be a vertical vector field on E. The projection of the asso-

ciated Hamiltonian vector field Xf̂ on LπE to J1π is the prolongation j(f) of f to

J1π.

Proof. The vector fields ∂
∂uBC

are vertical with respect to ρ, and ρ∗(
∂
∂uAj

) = ∂
∂yAj

.

This lemma shows that the Hamiltonian vector field Xf̂ on LπE is a lift of the

prolongation of f to J1π. That Xf̂ actually has the properties of the prolongation of

f with respect to Lagrangians follows from the following lemma. We let

EA(·) =
∂(·)
∂yA
− d

dxi

(
∂(·)
∂uAi

)
denote the Euler-Lagrange operator in local coordinates on LπE.

Lemma 4.4.4. If Xf̂ is the n-symplectic Hamiltonian vector field on LπE of a

vertical vector field f on E, and if L is a lifted Lagrangian on LπE, then

Xf̂ (L) = fAEA(L) +
d

dxi
(fApiA) (4.7)

Proof. The proof is a straightforward calculation using (4.6).

After introducing the CHP 1-forms in the section 4.6 we will use (4.7) to lift the

variational principle to LπE.



Chapter 4. Jets of Arbitrary fields 91

Remark 4.4.5. As mentioned in section 4.2.2 there are other observables in n-

symplectic geometry on LπE beyond those corresponding to vertical vector fields on

E. In particular there is the Poisson algebra of all vertical symmetric contravariant

tensor fields on E, as well as the graded Poisson algebra of all vertical antisymmetric

contravariant tensor fields on E. The associated (equivalence classes of) vector-valued

Hamiltonian vector fields on LπE also project to tensor fields on J1π. Since these

vector-valued Hamiltonian vector fields generalize the natural lift of a vector field from

E to LπE, their projections to J1π can be taken as the prolongation of the tensor fields

on E to J1π. These ideas will be elaborated in more detail elsewhere.

4.5 The Contact Structure

The contact structure on J1π amounts to a natural splitting of the tangent and

cotangent spaces to E. For every (e, τ) ∈ J1π there is a natural splitting of TeE and

TeE
∗ into horizontal and vertical subspaces. This is usually encoded via the linear

projections onto the vertical and horizontal. Saunders [46] envisions the contact

structure as linear endomorphisms of the pullback vector bundles J1π ×E (TE) and

J1π ×E (T ∗E). These maps can be defined invariantly as follows. For (e, τ) ∈ J1π,

X ∈ TeE, and ω ∈ T ∗eE.

h(X) = τ ◦ deπ(X) v(X) = X − h(X)

ht(ω) = ω ◦ τ ◦ deπ vt(ω) = ω − ht(ω)

Guillemin and Sternberg [25] prefer to think of the contact structure as TE-valued

1-forms on J1π. To achieve this, they compose the h and v above with d(e,τ)π1,0,

where π1,0 : J1π → E.

In local coordinates, the contact structure looks like a pair of (1,1) tensor fields

on E, except that they depend on jet coordinates.

h = dxk ⊗ (
∂

∂xk
+ yAk

∂

∂yA
) v = (dyB − yBj dxj)⊗

∂

∂yB
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Depending on interpretation, the expressions above can be the horizontal and vertical

projections for either J1π ×E (TE) or J1π ×E (T ∗E). They can also be interpreted

as TE-valued 1-forms on J1π.

4.5.1 The Contact Structure viewed from LπE

The contact structure arises on J1π because each 1-jet (e, τ) allows us to decompose

TeE into a direct sum. Similarly, the soldering form arises on LπE because each

adapted frame u = (e, ei, eA) allows us to represent TeE as Rm+k. So the contact

structure is analogous to the soldering form. Recall that

θu(X) = ei(duλ(X))ri + eA(duλ(X))rA = θiu(X)ri + θAu (X)rA

and that in local coordinates,

θi = πijdx
j θA = πAj dx

j + πABdy
B

Consider the following TE-valued one-forms on LπE

θh(u) = θi(u)⊗ ei θv(u) = θA(u)⊗ eA

In local coordinates,

θh = πikdx
k ⊗ vli(

∂

∂xl
+ uAl

∂

∂yA
) = dxk ⊗ (

∂

∂xk
+ uAk

∂

∂yA
)

θv = πAB(dyB − uBj dxj)⊗ vCA
∂

∂yC
= (dyB − uBj dxj)⊗

∂

∂yB

These objects are strikingly similar to the contact structure of J1π. In fact, they pass

to the quotient to give the contact structure on J1π. The contact structure is known

to appear in “various guises” [46]; the soldering form on LπE is another, perhaps

more potent, version.

We also remark that the contact structure falls trivially from the following theorem
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Theorem 4.5.1. Let λ : P → E be a principal fiber bundle with structure group

G, let H ⊆ G be a closed lie subgroup, and let F be a manifold with a left G-action.

Then

P ×H F ∼= (P/H)×E (P ×G F )

Proof. First note that by Proposition 5.5 in reference [30], P/H ∼= P ×G (G/H)

and ρ : P → P/H is a principal bundle. So P ×H F is a bundle associated to ρ. This

makes sense–if F has a left G-action then it has a left H-action. The isomorphism

map is

(p, f)H 7→ (pH, (p, f)G)

It is well-defined and a smooth diffeomorphism.

Corollary 4.5.2.

LπE ×H Rm+k ∼= J1π ×E TE

LπE ×H (Rm+k)∗ ∼= J1π ×E T ∗E

The natural splitting of the fibers Rm+k and (Rm+k)∗ is H-invariant and passes to

the quotient to form the contact structure.

4.6 The Cartan-Hamilton-Poincaré Forms

One associates [25, 22] with a given Lagrangian L on J1π the Cartan-Hamilton-

Poincaré (CHP)-m-form θL, which one may use to re-express the action integral of

the Lagrangian. This form can be defined directly [25] on J1π, or it can be defined [22]

on J1π as the pull back of the canonical multisymplectic form on J1∗π, the affine dual

of J1π. Although the CHP-form on LπE can be defined in terms of the n-tangent
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structure on LπE, we will define this form directly in terms of invariant quantities

on LπE. We will first define CHP-1-forms, from which the CHP-m-form will be

constructed.

The fundamental vertical vector fields
∗
Ei
A are given in Lagrangian coordinates in

(4.2). If L : LπE → R is a lifted Lagrangian on LπE, then it is the pull-up under ρ

of a Lagrangian L on J1π. Hence, since ρ∗(
∂
∂uAi

) = ∂
∂yAi

, we have

∗
Ei
A(L) = uikv

B
A

∂L
∂uBk

= uikv
B
A

∂ L

∂yBk

This leads us to the following definition:

Definition 4.6.1. Let L : LπE → R be a Lagrangian on LπE. The covariant

momenta of L are

P iA =
∗
Ei
A(L) = (uikv

B
A)pkB

where pkB = ∂L
∂uBk

denotes the canonical momenta of the Lagrangian.

Remark 4.6.2. Notice that the covariant momenta (P iA) are globally defined

tensorial objects on LπE, while the canonical momenta (pkB) = ( ∂L
∂uBk

) are only defined

locally.

We are now in a position to give a global definition of the CHP-form on LπE. We

first define the related 1-forms.

Definition 4.6.3. Let L : LπE → R be a lifted Lagrangian on LπE, and τ(m)

a positive function of m, the dimension of M . The CHP-1-forms θαL on LπE are

θiL = τ(m)Lθi +
∗
Ei
A(L)θA (4.8)

θAL = θA (4.9)

Remark 4.6.4. The positive function τ(m) in this definition is included to allow

for various theories to occur as special cases. We will see that the choice τ(m) = 1
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yields the canonical theory of Carathéodory-Rund, and τ(m) = 1
m

yields the canonical

theory of de Donder-Weyl.

Remark 4.6.5. The collection of forms (θαL) = (θiL, θ
A
L), where θAL = θA, is

a modified, or non-canonical soldering form if L > 0. This follows from the easily

verifiable properties X θαL = 0 for all α = 1, 2, . . . , n if and only if X is vertical with

respect to λ : LπE → E and R∗gθL = g−1 · θL.

Working out the local coordinate form of the CHP-1-forms in Lagrangian coordi-

nates we find

θiL = −H i
jdx

j + P i
Ady

A (4.10)

θAL = PA
j dx

j + PA
B dy

B (4.11)

where

H i
j = uik(p

k
Bu

B
j − τ(m)Lδkj ) (4.12)

P i
B = uikp

k
B (4.13)

PA
j = −uABuBj (4.14)

PA
B = uAB (4.15)

We will refer to the H i
j as the components of the covariant Hamiltonian, and to the

P i
B as the components of the covariant canonical momentum. If we define symbols hkj

by the formula

hkj = pkBu
B
j − τ(m)Lδkj (4.16)

then the covariant Hamiltonian (4.12) can be expressed as H i
j = uikh

k
j . Setting

τ(m) = 1 we find that hij has the form of Carathéodory’s Hamiltonian [12, 45] ten-

sor. Similarly, setting τ = 1
m

we find that h = hii yields the Hamiltonian in the de

Donder-Weyl theory [14, 45].

Finally we show how the CHP-1-forms can be used to construct the CHP-m-form

on J1π.
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Proposition 4.6.6. Let (Bi, BA) denote the standard horizontal vector fields of

any torsion free linear connection on λ : LπE → E, and let vol denote the pull up to

LπE of a fixed volume m-form on M . Set voli = Bi vol. Then when τ(m) = 1
m

the

m-form

θL := θiL ∧ voli

passes to the quotient to define the CHP-m-form ΘL on J1π.

Proof. The vector fields Bi have the local coordinate form Bi = vαi
∂
∂zα

+ V where

V is vertical with respect to λ : LπE → E. Using this and formulas (4.8) through

(4.13) one can show that

θL = −(pjBu
B
j − L) vol + pjAdy

A ∧ (
∂

∂xj
vol)

The right-hand-side is constant on the fibers of ρ : LπE → J1π and is in fact the

pull-up ρ∗(ΘL) of the CHP-m-form ΘL on J1π.

Remark 4.6.7. The above geometrical construction of the CHP-m-form is anal-

ogous to the geometrical construction given by Guillemin and Sternberg [25].

4.6.1 The Variational Principle on LπE

We now lift the variational principle from J1π to LπE. This is a simple procedure

since we are using a lifted Lagrangian and only varying a section of π. Let φ : M → E

be a section of π and jφ its 1-jet prolongation to J1π. For any section ξ : J1π → LπE

we have that u = ξ ◦ jφ : M → LπE is a section of π ◦ λ : LπE →M .

The action integral on J1π lifts nicely since L = L ◦ρ.∫
M

jφ∗(L)vol =

∫
M

u∗(L)vol

We recall [22] that the action integral is extremized by φ iff jφ∗(W dΘL) = 0 for all

vector fields W on J1π. However, this condition can be weakened to jφ∗(j(f) dΘL) =

0 for all vertical vector fields f on E.
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Now for any such vertical vector field f , consider its J1π prolongation j(f) and its

n-symplectic Hamiltonian vector field Xf̂ on LπE (also a kind of prolongation). From

(4.4.3) we know ρ∗(Xf̂ ) = j(f). From proposition (4.6.6) we now have Xf̂ dθL =

Xf̂ ρ∗(dΘL). It follows that

u∗(Xf̂ dθL) = jφ∗(j(f) dΘL)

We conclude that the action integral is extremized by φ iff u∗(Xf̂ dθL) = 0 for all

vertical vector fields f on E.

4.7 The Generalized Hamilton-Jacobi Equation

As an application of our general formalism we derive the Carathéodory-Rund and

de Donder-Weyl Hamilton-Jacobi equations. By analogy with the time independent

Hamilton-Jacobi theory (see, for example, reference [49]) we seek Lagrangian sub-

manifolds of LπE. However, since the dimension of LπE is in general not twice the

dimension of E, a new definition is needed. For our purposes here we will consider

n = m+ k dimensional submanifolds of LπE that arise as sections of λ. In particular

we consider sections σ : E → LπE that satisfy

σ∗(dθαL) = 0 (4.17)

We will refer to this equation as the generalized Hamilton-Jacobi equation.

Since σ∗(dθαL) = d (σ∗(θαL)) the condition (4.17) asserts that the 1-forms σ∗(θαL)

are locally exact, and we express this as

σ∗(θαL) = dSα (4.18)

in terms of m + k new functions Sα defined on open subsets of E. For convenience

we will denote objects on LπE pulled back to E using σ with an over-tilde. Thus, for
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example, H̃ i
j = H i

j ◦ σ and P̃ i
A = P i

A ◦ σ. Then we get from (4.12)–(4.15) and (4.18)

(a) H̃ i
j = −∂S

i

∂xj
, (b) P̃ i

A =
∂Si

∂yA
(4.19)

(a) ũABũ
B
j = −∂S

A

∂xj
, (b) ũAB =

∂SA

∂yB
(4.20)

Recalling that H i
j = P i

Bu
B
j − τ(m)Luij and P i

A are functions of the coordinates xi, yA,

uij and uAi , equations (4.19) can be combined into the single equation

H i
j(x

a, yB, uab , u
B
a ,
∂Si

∂yB
) ◦ σ = −∂S

i

∂xj
(4.21)

Similarly combining equations (4.20) we obtain

dSA

dxj
= 0

We next consider special cases of these generalized Hamilton-Jacobi equations.

4.7.1 The Theory of Carathéodory and Rund

We note from (4.12), (4.13), and (4.16) that H i
j = uikh

k
j and P i

A = uikp
k
A, where

the matrix of functions (uij) is GL(m)-valued. Using the notation P i
j = −H i

j and

ũij = uij ◦ σ we may rewrite (4.12) and (4.13) in the form

P̃ i
j = −ũikh̃kj , P̃ i

A = ũikp̃
k
A (4.22)

If we take t(m) = 1 then these equations are the equations defining the canonical

momenta in Rund’s canonical formalism for Carathéodory’s geodesic field theory (see

equations (1.22), page 389 in [45], with the obvious change in notation). In this

situation equation (4.21) can be identified with the Rund’s Hamilton-Jacobi equation

for Carathéodory’s theory (see equation (3.29) on page 240 in [45]). We recall [45]

that one can derive the Euler-Lagrange field equations from this Hamilton-Jacobi

equation.

In (4.22) we have the result that the arbitrary non-singular matrix-valued func-

tions (ũij) that occur in Rund’s canonical formalism for Carathéodory’s theory have a
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geometrical interpretation in the present setting. Specifically they correspond to the

coordinates for linear frames for M . These defining relations are derived from Rund’s

transversality condition, and this condition has the elegant reformulation here as the

kernel of (θiL).

We will say that a vector X at e ∈ E is transverse to a solution surface through e

that is defined by a given Lagrangian L, if X = dλ(X̂), where X̂ ∈ Tu(LπE) satisfies

X̂ θiL = 0, for some u ∈ λ−1(e). X̂ thus satisfies the equations

0 = −H i
jX

j + P i
AX

A = uik
(
−hkjXj + pkAX

A
)

Xj = X̂(xi) , XA = X̂(yA)

from which we infer

0 = −hkjXj + pkAX
A (4.23)

This is Rund’s transversality condition for the theory of Carathéodory when we take

t(m) = 1 (see equation (1.10), page 388 in [45]). The canonical momenta P i
j and P i

A

are defined by Rund to be solutions of

0 = P i
jX

j + P i
AX

A (4.24)

when (Xj, XA) satisfy (4.23). Rund’s solutions of these equations are given in (4.22).

Looking at (4.22), (4.23) and (4.24) we see that the introduction of the uij in (4.22)

amounts to the introduction of the GL(m) freedom for linear frames for M .

4.7.2 de Donder-Weyl Theory

Returning to (4.21) let us reduce this equation by making several assumptions. We

suppose that L is regular (in the usual sense on J1π), that the section σ is such that

ũij = δij, and we make the choice t(m) = 1
m

. Now summing i = j in (4.21) we obtain

h̃(xi, yB,
∂Si

∂yB
) = −∂S

i

∂xi
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where h̃ = p̃iAũ
A
i − L̃. This equation is the Hamilton-Jacobi equation of the de

Donder-Weyl theory, as presented by Rund (see equation (2.31) on page 224 in [45]).

We recall [45] that one can derive in this case also the Euler-Lagrange field equations

from the de Donder-Weyl Hamilton-Jacobi equation.

4.8 Hamilton’s Equations

The structure of equations (4.10) - (4.13) suggests that one should be able to derive

generalized Hamilton equations if the canonical momenta piA = ∂L
∂uAi

can be introduced

as part of a local coordinate system on LπE. Part of the original philosophy used in

developing n-symplectic geometry in reference [39] was to switch from scalar equations

to tensor equations, motivated by the fact that the soldering 1-form is vector-valued.

In particular, the basic structure equation (4.4) in n-symplectic geometry is tensor-

valued. We show next that

u∗(η dθiL) = 0 (4.25)

where u : M → LπE is a section of π ◦ λ, and η is any vector field on LπE, yields

generalized canonical equations that contain known canonical equations as special

cases. We consider here only dθiL since by Proposition (4.6.6) it alone is needed to

construct the CHP-m-form on J1π.

We need the following definition in order to introduce the canonical momenta as

part of a coordinate system on LπE.

Definition 4.8.1. A Lagrangian L on LπE is regular if the (m + k) × (m + k)

matrix (
∗
Ei
A ◦

∗
Ej
B(L)

)
is non-singular. Working out the terms of this matrix in Lagrangian coordinates

using (4.2) we obtain

∗
Ei
A ◦

∗
Ej
B(L) = ujau

i
bv
E
Bv

D
A

(
∂2L

∂uEa ∂u
D
b

)
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It is clear that this definition is equivalent to the standard definition of regularity on

J1π.

We now consider the transformation of coordinates from the set (xi, yA, uij, u
A
k , u

A
B)

to the new set (x̄i, ȳA, ūij, p
j
A, ū

A
B) where

x̄i = xi , ȳA = yA , ūij = uij , ūAB = uAB , piA =
∂L
∂uAi

Computing the Jacobian one finds that the new barred functions will be a proper

coordinate system whenever the Lagrangian is regular. For the remainder of this

section we shall assume that L has this property, despite the fact that many important

examples (see [22]) have non-regular Lagrangians. Moreover, for simplicity we will

drop the bars on the new coordinates.

In the generalized canonical equation (4.25) we now take η = ∂
∂piA

. We find the

result

0 =

(
∂Hj

k

∂piA
◦ u

)
+ (uji ◦ u)

(
∂(yA ◦ u)

∂xk

)
Using Hj

k = ujih
i
k and the fact that (uij) is a non-singular matrix valued function, this

last equation reduces to

∂hjk
∂piA
◦ u =

∂(yA ◦ u)

∂xk
δji

This is our first set of generalized Hamilton equations. Notice that by summing j = k

in this equation we obtain

∂h

∂piA
◦ u =

∂(yA ◦ u)

∂xi
(4.26)

Upon setting t(m) = 1
m

we obtain half of the de Donder-Weyl canonical equations.

Under suitable but complicated conditions these equations, with t(m) = 1, will also

reproduce part of Rund’s canonical equations for the theory of Carathéodory.
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In the generalized canonical equation (4.25) we now take η = ∂
∂yA

. We find

0 = u∗

(
d(uikp

k
A) + uik

∂hkj
∂yA

dxj

)

Using an “over bar” notation to denote objects pulled back to M by u we may write

this as

∂

∂xj
(
ūikp̄

k
A

)
= −ūik

(
∂hkj
∂yA

)
◦ u (4.27)

This is our second set of generalized Hamilton’s equations.

Notice that what is non-standard in (4.27) is the appearance of the derivatives of

the functions ūij = uij ◦ u. If, however, the section u : M → LπE is such that the ūij

are constants, then these equations reduce to

∂(p̄kA)

∂xj
= −

∂hkj
∂yA
◦ u

Setting τ(m) = 1
m

and summing k = j in this equation we obtain

∂(p̄iA)

∂xi
= − ∂h

∂yA
◦ u

These equations, together with equations (4.26) when τ(m) = 1
m

, are the complete

canonical equations in the de Donder-Weyl theory.

4.9 Conclusions

In this chapter we have reformulated covariant field theory for sections of π : E →M

on the bundle of vertically adapted linear frames LπE. The advantage gained by this

reformulation is that it allows us to utilize the natural geometry that is supported

on LπE, namely n-symplectic geometry, to further develop covariant field theory.

We have concentrated on demonstrating that LπE with its canonical n-symplectic

structure provides an appropriate arena for formulating covariant field theory, leaving



Chapter 4. Jets of Arbitrary fields 103

aside the development of the modified n-symplectic geometry defined by the Cartan-

Hamilton-Poincaré (CHP) 1-forms to future papers.

To this end we showed that covariant field theory on J1π lifts in a natural way

to LπE. The analysis was based on the theorem, presented in section 4.3, that J1π

is a principal fiber bundle ρ : LπE → J1π over the bundle of 1-jets of sections of

π. This theorem was used to show that the soldering 1-forms θα on LπE play the

role of the contact structure on J1π. The soldering 1-forms and a lifted Lagrangian

L = ρ∗(L) were then used to construct modified soldering 1-forms θαL on LπE, the

CHP 1-forms. These CHP 1-forms were shown to pass to the quotient to define the

standard CHP m-form on J1π. Further we used the CHP 1-forms to derive general-

ized Hamilton-Jacobi and generalized canonical equations on LπE, and then showed

that the Hamilton-Jacobi and canonical equations in the theories of Carathéodory-

Rund and de Donder-Weyl are contained as special cases. What we did not do was

develop the explicit structure of the modified n-symplectic geometry, including allow-

able observables, Hamiltonian vector fields, and Poisson and graded Poisson brackets,

that one should be able to define using the CHP 1-forms. Nor did we develop the

variational principle on LπE for a Lagrangian that is not lifted from J1π. These

problems we leave to future publications.



Chapter 5

Conclusions

The overall them of this work has been to introduce additional freedom into the

standard formalisms for field theory, lifting them to higher dimensional spaces with

additional geometric and algebraic structure. This sort of trick is a standard way

of taming a difficult problem; in a sense we are creating “room to maneuver.” We

have presented two approaches: one for (anti)symmetric contravariant vector fields

and another for arbitrary vector fields.

These two approaches share many similarities. Both cases revolve around a frame

bundle, and in both cases the new projection becomes a principal bundle, hence we

use the term gauge freedom. Also in both cases, we interpret the jet bundle as an

associated bundle, which itself is a powerful relationship. Even the coordinate form

of our projections share similarities; compare (3.24) with (4.5).

On the other hand there are significant differences. In chapter 3 we lift to the

tangent bundle of the frame bundle and in chapter 4 we lift to the adapted frame

bundle. The significance being that the adapted frame bundle clearly has n-symplectic

structure, whereas the tangent bundle of LM is not yet known to possess such struc-

ture. On the other hand, T (LM) has a vector bundle structure which LπE lacks. In

particular this vector space structure allowed for the interpretation of the free field

Lagrangian as symmetric type (0, 2) tensor.

104
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5.1 Future Work

The relationship between these two approaches needs to be explored further. Al-

though we have the result from chapter 4 that

LτTM ∼= J1τ ×TM (LV (TM)×M LM)

∼= J1τ ×TM (LM ×M LM)

it is unclear how this related to T (LM).

Also there is much development yet to be done in the approach of chapter 3.

Dynamical equations have not been written. This will probably require lifting the

soldering form to T (LM), which will give it n-symplectic, or perhaps k-cotangent,

structure. A Legendre transformation needs to be defined. One expects this to be a

map to T ∗(LM), but which one is unknown.

The result for the free field Lagrangian may yet lead to a metric. It is possible

that the addition of more terms will do the trick. Also, Lagrangians for higher rank

observables have yet to be explored.

Additionally, there are a number of side topics that have arisen in this work. In

[39, 40], a certain symmetry is demanded of Hamiltonian vector fields. In chapter 3,

we were forced to demand a slightly different symmetry. The full relationship between

these restrictions in not know and it is worth exploring. It would be interesting to

study n-symplectic geometry using the symmetry of chapter 3 only.

The notion of a weakly associated bundle presented in chapter 2 may be new to

the literature. If so, there are many details to work out regarding it. Many of the

statements about associated bundles should generalize.
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