Abstract

MCLEAN, MICHAEL ALLEN. N-Symplectic Analysis of Field Theory. (Under the
direction of L. K. Norris.)

Two techniques for relating n-symplectic geometry to the jet bundle formulations
of classical field theory are presented.

The tangent bundle of the frame bundle of a manifold M is shown to be a principal
fiber bundle over the jet bundle of the tangent bundle of M. We are able to generalize
this result to symmetric and antisymmetric tensor bundles of rank p. Using this
GL(m) gauge freedom, we interpret the standard free field Lagrangian as a symmetric
type (0,2) tensor on LM.

The adapted frame bundle of an arbitrary fiber bundle 7 is shown to be a prin-
cipal bundle over the jet bundle of m. Using this GL(m) x GL(k) gauge freedom
we generate a modified m + k-symplectic geometry from a lifted Lagrangian. The
modified soldering form is shown to induce the Cartan-Hamilton-Poincaré m-form on
Jim. We derive generalized Hamilton-Jacobi and Hamilton equations on L,FE, and
show that the Hamilton-Jacobi and canonical equations of Carathéodory-Rund and
de Donder-Weyl are obtained as special cases.

These results demonstrate that by introducing additional gauge freedom into the
standard jet bundle formalism one can obtain a great of of additional geometric and
algebraic structure. Such additional structure may be key in achieving a greater

understanding of field theory or in attempts at quantization.
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Chapter 1

Introduction

The Lagrangian and Hamiltonian descriptions of classical mechanics are among the
most elegant achievements of physics. Simple principles which are intuitively sensible
lead to calculatable results and greater understanding. The geometric formulation of
these theories extends this by clarifying certain issues and providing a solid mathe-
matical framework.

The Lagrangian and Hamiltonian descriptions of classical field dynamics are clear
generalizations of those for classical mechanics. However the development of a geo-
metric formulation has been something of a rocky road. Much work has been done,
but no approach has provided all the answers.

The geometric arenas for classical mechanics are the tangent bundle T'M for La-
grangian formalism and the cotangent bundle 7*M for Hamiltonian formalism. Log-
ically, many have tried using various generalizations or extensions of the tangent and
cotangent bundle. Among the many possible generalizations that have been studied,

we are mainly concerned with two:
1. The study of jet bundles
2. The study of n-symplectic geometry on frame bundles

In this work we present two different techniques for relating these two approaches.

In Chapter B, we study how n-symplectic observables on the frame bundle relate to



Chapter 1. Introduction 2

the jets of contravariant tensor fields, and in Chapter f] we study how n-symplectic
geometry on the adapted frame bundle relates to canonical formalism on the jet and

cojet bundles.

1.1 A Brief History of Generalizations

The generalizations of geometric Lagrangian and Hamiltonian formalism seem to fall
into two categories. Omne one hand, some have tried to generalize the geometric
structures of the tangent or cotangent bundles, sometimes arriving at a formalism
pertinent to field theory. Another direction was to fundamentally extend the bundles
themselves and then explore the natural geometry there. The former gives us the
various axiomatic systems such as k-symplectic and almost k-tangent. The latter

gives us such things as the jet bundle and the adapted frame bundle.

1.1.1 Cotangent-like structures

The first step in this direction of generalization was the development of symplectic
geometry which is an axiomatic system based on the the essential properties of the
canonical form € on the cotangent bundle. Later, around 1960, Bruckheimer [{]
introduced the notion of almost cotangent structures. These were further investigated
by Clark and Goel [§] in 1974. In both cases the canonical two form became the model
from which axioms were designed.

Between 1987 and 1991, several independent and closely related generalizations
were developed. Polysymplectic geometry [BF], almost k-tangent structures [B3, B3,
and k-symplectic geometry [|, B] were based around the natural structure of the k-
cotangent bundle. This bundle, which can be thought of as the fiberwise product of
the cotangent bundle k times, has a k-tuple of #s with which one works. Also, the
n-symplectic geometry of the frame bundle (and its R™-valued #) was investigated
in [B9, AJ, E1, [3]. While the development of k-tangent structures and k-symplectic

geometry had purely geometric motivations, polysymplectic geometry was created
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to study field theory and n-symplectic geometry sought to generalize Hamiltonian

mechanics.

1.1.2 Tangent-like structures

Around 1960, the theory of almost tangent structures was developed by Clark and
Bruckheimer [ff] and Eliopoulos [[J] separately. Almost tangent structures are gen-
eralizations of the tangent bundle. The vector valued one-form (J), viewed as the
object of central interest, was axiomatized.

Almost k-tangent structures [B4, BJ] arose around 1988 as a generalization of the
geometry of the k-tangent bundle. This bundle is, among other interpretations, the
fiberwise product of the tangent bundle with itself k times. A section of this bundle
is equivalent to a k-tuple of vector fields. The central geometric object becomes a
k-tuple of Js.

Another version of the tangent structure arises on the jet bundle. This is a very
broad level of generalization since the idea of the jet of a section generalizes and
incorporates the notions of tangent vectors, cotangent vectors, k-tangent vectors,

and k-cotangent vectors. Such geometry has clear importance to field theory since

one can envision any type of field as a section of a fiber bundle.

1.1.3 N-Symplectic Geometry

Although it is possible to write down axioms for n-symplectic geometry and define
an abstract nm-symplectic manifold, in practice one nearly always works on a frame
bundle. The frame bundle of manifold has a great deal of structure. It is a principal
bundle to which many other useful bundles are associated. It has both a cotangent-
like structure and a tangent-like structure because of the natural correlation of frames
and co-frames.

N-symplectic geometry is important because of its wealth of structure. A broad

class of observables are allowed, with the symmetric ones forming a Poisson algebra
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and the antisymmetric ones a graded Poisson algebra [BY, f(].

The powerful geometric structure of LM allows one to connect these algebras to
other spaces. In particular, in [I]] n-symplectic geometry is shown to be a covering
theory for symplectic geometry. Additionally, the major results of chapters B and [

show how n-symplectic geometry is connected with the jet formalism of field theory.

1.2 Jets of Vector and Tensor Fields

Consider a vector field as a section of the bundle 7 : TM — M. In local coordinates,

for a vector field f = f'-2;, the 1-jet prolongation of that section is

azi bl
f (p)>

On the other hand, the Hamiltonian vector field on LM corresponding to that section
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It is apparent that both contain similar information, namely the value of f and its
first derivative. In fact we can demonstrate a direct and purely geometric relation.
If we start with a vector field f, we imagine obtaining its Hamiltonian vector field

by the following steps:
1. generate the tensorial function f on LM from f
2. take the differential of f
3. generate X; from d f via the n-symplectic equation.

Not surprisingly, given the form of X;, each of these steps is reversible. We may

easily obtain d f from X, via the n-symplectic equation

df' = -X;-do
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It turns out (lemma B.2.17]) that for a rank-1 tensorial function
afi(~Ey) = f

where E7 is the Euler vector field on LM. Thus we may obtain f from d f . Finally we
may obtain f from f by using the map v : LM x R™ — T'M which is the standard

projection used to obtain T'M as an associated bundle.

blp {er}, ) = e, = € (u) -2 (u=(p,{e}))

ox’ )

It turns out that

or alternately
o (idpa, f) = foA

where \ is the projection from LM to M.
Having recovered f from X j» We may calculate its 1-jet prolongation, which is
equivalent to simply df. Let us attempt to combine this with previous steps. We

start with

~

df o d\ = dy o d(id s, f)
= di o (idpary, df)

However, we must be careful here. Strictly speaking, since f is a function from LM
to R™, df should be a function from T(LM) to T(R™) = R™ x R™. However, it is
customary with R™ valued functions to drop the function value from the differential,
leaving df : T(LM) — R™. Since what we need is the full differential, we must

instead write

df od\ = d@/} o (idT(LM)7 (f: df))
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Now if we incorporate some of the earlier steps, we obtain

df o d\ = dv o (idp(ar), (—E* 2 df, df))

— o (idT(LM), (— B2 —X;db, —Xf—lde))

—dipo (idT(LM), (x;-6, —Xdee))

where we have used the fact (from lemma B.2.12) that —Eg -df = 6. We now

conclude that starting from the Hamiltonian vector field X; we may define a map
¢:T(LM)— T(TM) by

$u(Y) = diuwo,(x ¥ (V.Y 2 (=X5) 4 d.0)

and that this T'(T'M) valued one-form will be equal to df o d\, which is a horizontal
1-form that projects to df.

At this point something wonderful happens. So far we have been talking only of
Hamiltonian vector fields X > but the formula above can be interpreted pointwise. The
only question is whether or not, for an arbitrary vector X € T, (LM ), the resulting
¢, is horizontal or not. In fact it is (this is proved in theorem B.1.3), and so we obtain
a pointwise map from T(LM), the tangent bundle of the frame bundle, to J'7, the
jet bundle of the tangent bundle, which we denote (rather mundanely) by F.

F:T(LM)— J'r

Having found a map from a higher dimensional space to a lower dimensional one,
the question naturally arises: “is this a fiber bundle?” It turns out the answer is yes,
in fact F'is a principal bundle!

On another note, the structure discovered here (the quotient of a bundle over
a principal bundle) led to the development of the notion of a “weakly associated”
bundle (section R.3.4). It turns out that J'7 can be thought of as a weakly associated
bundle of LM as well.
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1.2.1 Generalizing the Result

The results for the rank one case all generalize nicely to the higher order symmetric
and antisymmetric cases.

In the p-th order case, we study symmetric and antisymmetric type (p,0) tensor
fields on M, which we consider as sections of either T(ps ) ®7(’S)TM — M or 7'(12 )
®7(Ja)T M — M. These fields induce tensorial ®”R™-valued functions on LM, which
in turn produce equivalence classes of @ R™-valued Hamiltonian vector fields on LM.
We consider these vector fields as sections of the bundle @mkl T(LM)— LM.

It turns out that we must restrict @mp_l T(LM) to obtain the desired results. We
choose either the tensorially symmetric subbundle T’(’S_)l or tensorially antisymmetric
subbundle T](Da_)l. With this restriction, we are able to define maps

p . yp—1 1.p
Fly: Ty — 1

and

p . yp—1 1_p
Faoy Ty = J T

which are direct generalizations of the map F' described above.

1.2.2 Application: The Free Field Lagrangian

The standard free field Lagrangian on J'7 can, when pulled up to T'(LM), be inter-
preted as the quadratic form of a symmetric (0,2) tensor on LM. This is an analogue
of the fact that, in particle mechanics, the free Lagrangian can be interpreted as the
quadratic form of a metric tensor.

Starting from the metric A on M, we define We define h on LM as follows
h(Bi, Bj) = —p*h(\Bi, \. B;)
h(B;, E) =0

h(E, EY) = 2hyh — 260]
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where p? > 0 is a constant, the B; are the standard horizontal vector fields induced
by the connection defined by h, and the E’i are the standard vertical vector fields on
LM.

The quadratic form associated with & projects to the standard free field La-

grangian on J'7.
£ = W W Dyt Diathy — w* WMy (1.1)

It turns out that A is not a metric on LM. This suggests that there may be

missing terms in the Lagrangian ([.]).



Chapter 2

Background Material

In this chapter we develop the basic definitions and results that are needed in the
remainder of the work. These primarily concern

e Fiber bundles in general

Specific induced bundles such as frame bundles, jet bundles, and associ-

ated bundles.

The notion of a weakly associated bundle

Types and categories of bundles

N-symplectic geometry

2.1 Fiber Bundles

DEFINITION 2.1.1. A fiber bundle consists of a two (smooth) manifolds, E and M,
and a map between them, w : E— M, with the following properties:
e 7 is a (smooth) surjective submersion.
o 1 1s locally trivial:
For every point p € M, there exists an open neighborhood U of p and a
(smooth) diffeomorphism tr : 7= Y(U) — U x F,, where F, is a (smooth)
manifold and pry otr = m. Such a map is called a trivialization around p.

The manifolds F and M are called the total space and base space respectively. The
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map 7 is called the projection; in this work we will generally refer to fiber bundles by
their projection maps. Then manifold F}, is called the fiber. Throughout this work,
we will assume bundles of constant fiber and drop the index p.

A fiber bundle is a generalization of a product manifold. Perhaps the most com-
mon example would be the tangent bundle of a manifold. Bundles seem to be a
natural extension of manifold structure.

DEFINITION 2.1.2. If two trivializations tr1 and try have overlapping domains Uy

and Us, we define their transition function to be

trlotrgl:(UlﬂUg)xFe(UlﬂUg)xF

When defining a fiber bundle, it is unnecessary to give E any structure a priori,
since it can be induced from the trivialization maps.

DEFINITION 2.1.3. Let E be a set, M and F manifolds, and ® a map from E
onto M. A trivialization atlas for 7 is a collection of maps, tr; : 7Y (U;) — U; x F,
such that

e {U;} is an open cover of M

® pryotr; = |11,

o tr; otrj_1 1s a diffeomorphism.

DEFINITION 2.1.4. Given a trivialization atlas T for E and atlases Ay and Ap
for M and F, we define the induced atlas Ag for E as follows.

For each (tr: m Y U) = M x F) €T, (x:U - R™) € Ay and (y : V — R¥) €
Ap, we construct the chart (z x y)otr: tr " (UNU) x V — R™ x R*. The set of all
such charts is the induced atlas.

In essence, each trivial subbundle 7—'(U7) gets the standard product manifold
atlas. The union of these atlases is an atlas for all of E. Compatibility is guaranteed
because the transition functions of the trivialization are smooth. So a trivialization

atlas, together with the atlases for M and F, generates an atlas for £ and makes 7
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a fiber bundle.

DEFINITION 2.1.5. A smooth bundle morphism from a bundle ® : E — M to
another bundle p : H — N 1is a pair of smooth maps f : E— H and g : M — N with
the property that po f = gom. (See Figure[2.1)

It is worth noting that bundle morphisms preserve fibers. Specifically, the image

a of fiber in the domain will lie within a single fiber in the range.

B / bt

M N
Figure 2.1: A bundle morphism

DEFINITION 2.1.6. Letdim E = m+k andy : U — R™** be a coordinate system

on E. Then y is an adapted coordinate system if
Va,b €U w(a) =m(b) <= pryoy(a) = pr;oy(b)

(where pri : R™E — R™ s the projection.)

REMARK 2.1.7. Adapted coordinates project to coordinates on M. Conversely,
given coordinates x* on M, one can construct adapted coordinates on E that project
to x* from the local product structure. Adapted coordinates will be denoted as a pair
(', y™).

DEFINITION 2.1.8. A section of a bundle 7 : E — M is a map ¢ : M — E such
that wo ¢ =idys. The space of sections of w is denoted I'(7).

DEFINITION 2.1.9. A local section of m at p € M is a map ¢ : U — E where U
s an open neighborhood of p such that mo ¢ = idy. The space of local sections of ™
at p is denoted T',(m).

Sections of bundles arise many places. All vector and tensor fields on a manifold

are sections of some bundle.
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2.1.1 Bundle Construction Theorem

Fiber bundles are often constructed from the top down. That is, first the total space
is specified, then a projection is given and whatever charts, trivializations, or other
structures necessary are demonstrated. For example, one usually defines the tangent

bundle by stating that
TM ={(p,v) |pe M,veT,M},
defining the projection 7 : TM — M by

7(p,v) = v,

giving the induced coordinate charts
z'(pv) =2'(p)  V(p,v) = dya’ (v),

and remarking that these coordinate charts can also be considered as trivializations.
However, sometimes it is useful (or even necessary) to build a bundle from ground
up. That is, we start with a base manifold and tack on the fibers in such a way as
to get the desired bundle structure. The following theorem is a standard result that
allows us to do this.
THEOREM 2.1.10. Let M and F' be manifolds, {U, |« € I} an open covering of
M, and 1,5 : (UyNUg) X F — F a family of smooth maps with the properties that

1. T,5(2, T3y (2,a)) = Toy(z, a) Va,B,v€l; €U, NUzNU,
2. Tap(x) : F — F is a diffeomorphism Vo, B € I;x € U, NUp

Then one can define a fiber bundle 7 : E — M with trivializations t, : 71 (U,) —
U, x F such that t, otgl = Tap-

Proof. We first define S = {(o,z,a) € I x M x F' |z € U, } and an equivalence
relation ~ on S. We say that (a,z,a) ~ (8,y,0) iff = y and 7,4(z,b) = a. The
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properties demanded for 7 ensure that this is an equivalence relation. We denote the

equivalence class of (o, z,a) by [a, x, a] and remark that

la, z,a] =[5, %, Tpa(x, a)] (2.1)

Next we define £ = S/ ~ and denote the canonical projection by 1. We define
7 : E — M by n([o,z,a]) = x which is clearly well defined. Also, we define i, :
Uy x F'— S by ig(z,a) = (a, z,a).

LEMMA 2.1.11. noi, is I-to-1 and onto 7= *(U,)

Proof. noi.(x,a) = [a, x,al

Suppose [a, x,a] = [, y,b], then © =y and Too(x,b) =a =10, so (x,a) = (y,b).

Suppose [3,y,b] € 7Y (U,), then [3,y,b] = [o,y,a] for some a so noiy(y,a) =

18,y,b] []
Finally we define t, = (noi,)~' : 7 (U,) — U, x F and we note that

ta otz (y,0) = tal([B,9,0]) = ta([, ¥, Tap(y. 0)]) = (¥, Tas(y, b)) (2.2)

which is the promised result. []

2.2 Categories of Bundles

There are many types of fiber bundles. Often these spaces arise with additional
properties. This section explores the notion that in some cases, these different types
of bundles actually form categories.

A category consists of spaces and maps (or objects and arrows if you prefer).
The category Man consists of the smooth manifolds and smooth maps between them.
Fiber bundles live in a related category, called Bun.

For any category C, one can define the arrow category of C, denoted C?. The
objects of C? are the arrows of C. The arrows of C? are the commutative squares of

C (see Figure P.9). In other words, for two C2 objects f: A — B and g: A — B, an
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arrow in C? from f to ¢ is a pair of arrows in C, s : A — A and ¢ : B — B, such that

gos=tof.

A

B L B

Figure 2.2: The arrows of C? are the commutative squares of C

Fiber bundles and bundle morphisms form a subcategory of Man®. This is a
subcategory because the objects are restricted; not all arrows in Man are fiber bundles.
We will refer to the category of fiber bundles as Bun.

Many of the different types of bundles define subcategories of Bun. For example,
vector bundles and their morphisms. In this section, we develop a method for gener-
ating such subcategories. In section B.J we use this method to determine the category

of associated and weakly associated bundles.

2.2.1 Types of Bundles

Many of the standard types of bundles form categories.
DEFINITION 2.2.1. A vector bundle is a fiber bundle where the fiber F' is a vector
space and the trivialization atlas has the additional property that
o tr; otrj_1 \(pyxF 18 a linear isomorphism.
DEFINITION 2.2.2. A vector bundle morphism is a smooth bundle morphism be-
tween two vector bundles which, when restricted to a single fiber, yields a linear map.
Vector bundles and vector bundle morphisms form a subcategory of Bun.
DEFINITION 2.2.3. An affine bundle is a fiber bundle where the fiber F' is an affine

vector space and the trivialization atlas has the additional property that
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® tr; otrj’1 ]{p}xF s an affine linear isomorphism.

DEFINITION 2.2.4. A affine bundle morphism is a smooth bundle morphism be-
tween two affine bundles which, when restricted to a single fiber, yields a affine linear
map.

Affine bundles and affine bundle morphisms also form a subcategory of Bun.

The definition of an affine bundle given above differs from the standard definition
M9, EG]. Usually an affine bundle is defined relative to a vector bundle on which
it is modelled. In the following theorem we show that this vector bundle can be
constructed given the structure above.

THEOREM 2.2.5. Let (A, 7, M) be a fiber bundle with an affine linear trivialization
atlas. Then m is an affine bundle in the usual sense and the vector bundle on which
it s modelled can be constructed.

Proof. The idea of the proof is simple. We build the new bundle from three parts
1. The base manifold M

2. The model space of the affine fiber

3. The linear part of the transition functions for an affine trivialization of 7

First let the typical fiber of 7 be F'. This must of course be an affine vector space.
Let F' be modelled on the vector space V.

Let {(Ua,ta) | € I'} be the affine trivialization atlas of 7. Define Tog(x,a) =
pry oty © tgl(x,a). Top(x) : F — F is an affine linear map; let 7,45(x) be its linear
part. Construct £ from M, V, and 7,3. E will then be the vector bundle that 7 is
modelled on. To show this we need to demonstrate the difference map.

If (u,v) € A xp A, choose an a € I such that 7(u) € U, and define §(u,v) =
[, 7(u), Pry ot (1) — pry ot (v)]

We must show this is independent of the choice of a. Let 3 also have the property
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that m(u) € Ug. Then

Tap(T(u), pryotg(u) — pryotg(v))
= Tap(m(u))(pry ots(u) — pryots(v))
m(u))(pry otg(u)) — Top(m(u))(pry ots(v))
m(u), pry otg(u)) — Tap(m(u), pry otg(v))
= Tap(ts(u) — Tap(ts(v))
= pry oty © tg (ts(u)) — pryot, o tgl(tﬁ(v))
= pry oty (u) — pry ot (v)
where we have used the fact that 7,4(z) is the linear part of Thg(x), and the definition

of Tag.

Therefore, we have that

(v, w(u), pry ota(u) — pry ota(v)) ~ (3, 7(u), pry ot 3(u) — pry ots(v))

[ov, w(w), pry ota(u) — pry ota (v)] = 3, 7(w), pry ot 3(u) — pry ot(v)]
[]

Definitions B.2.]] (vector bundles) and B.2.3 (affine bundles) are remarkably similar,
as are the definitions of their respective morphisms. It is easy to see within these
definitions a template that one could apply to other types of manifolds. This template
can be stated formally in terms of categories.

DEFINITION 2.2.6. For any subcategory C' of manifolds, we define the associated
subcategory C of fiber bundles, as follows.

The objects ofé are the fiber bundles whose fiber F' is in C' and whose trivialization
atlas T has the property that

tr; otrj’1 |(pyxF 15 an isomorphism in C' Vtr;,tr; € T,pe M (2.3)
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The morphisms ofC' are the smooth bundle morphisms that, when restricted to a

single fiber, yield morphisms of C'.

2.2.2 Principal Bundles

DEFINITION 2.2.7. A principal bundle is a fiber bundle with a free right Lie group
action such that the orbits are exactly the fibers.
This global structure is a level beyond ordinary fiber bundles and makes principal

bundles a nice place to work for several reasons.

e Local sections yield local trivializations
e Associated bundles can be generated
e Connections can be described more simply

e Canonical vertical vector fields can be defined

Principal bundles do not fit as neatly into the scheme described earlier.

We can say that a principal bundle with structure group G is a fiber bundle where
the typical fiber F' has a free right transitive G-action and whose trivialization atlas
has the additional property that

e tr;o trj_1 |(pyxF is a diffeomorphism that commutes with the G-action.

The subcategory implicit here is that of manifolds with a free right transitive

G-action where the morphisms satisfy the condition

flu-g)=f(u)-g

This category doesn’t quite give the category of principal bundles. This is partly

because of the fixed G, but also because we get the wrong notion of morphisms.

2.3 Spaces of Interest

Here we briefly discuss several specific bundles and their properties in order to clarify

our terminology an notation.
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2.3.1 Jet Bundles

When studying the dynamics of sections of a bundle 7 : E — M, one frequently
encounters functions that depend on the derivatives of those sections. Lagrangians
involve the (first) derivative, and any differential equation involves derivatives up to
its order. The domains of such functions are jet bundles. The notation we use here
follows that of [[q].

DEFINITION 2.3.1. We define two local sections at p € M to be (1, p)-equivalent

if, in some adapted coordinate system,

o(p) = ¥(p) (2.4)
et oA
ox? p: ozt |, (2:5)

The equivalence class of ¢ at p is denoted j;gb.
DEFINITION 2.3.2. The first jet bundle of 7w, J'm, is the set of (1,p) equivalence

classes of local sections.

J'r={jyo|peM,pel,(M)}

The projection from J'7 to E is m10(jy¢) = ¢(p).

The projection from J'm to M is m1(j,¢) = p.

If (2°,y*) is an adapted coordinate system on U C E, then we induce coordinates
on Wié(U) by

' (j,¢) = 2'(p)
v (jro) =y ()

apy _ 007

p

REMARK 2.3.3. The second condition in the equivalence relation can be stated in
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VATI0US WaYS.

dpo = dptp E3)
dp¢(TpM) = p¢(TpM) (En)

This leads us to the three major ways of describing 1-jets:
1. Equivalence classes of sections of .

2. Linear right-inverses to d,m.

3. Non-vertical m-dimensional subspaces of T, E.

Ji7 is a fiber bundle two ways:

mo 't = E  jo¢— ¢(p)

i — M j;(;ﬁHp

Jir

T
1,0 m

E e M

Figure 2.3: J'7 is a fiber bundle two ways

The bundle 7 o is an affine bundle. The bundle 7; has no particular structure in
general. However we note two special cases. First, if 7 is a vector bundle, m will
inherit a vector bundle structure. Second, if 7 is a trivial bundle, 7 o can be given a

vector bundle structure.
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2.3.2 Frame Bundles

DEFINITION 2.3.4. The frame bundle of an m-dimensional manifold M, LM, is a

principal bundle that encodes M ’s coordinate invariance.
LM = {(p,{e:}%y) |p € M, {e;}}~; is a basis for T,M }

The structure group of LM is GL(m).
We denote the projection from LM to M by A, which is defined by A(p, {e;}™,) = p.

The right action of GL(m) on LM is given by
(p, {eidity) - g = (0. {eids i) (2.6)

REMARK 2.3.5. From this this point on, we will omit the braces and range in
{e;}, for convenience, instead writing just e; with a free index.

DEFINITION 2.3.6. We can define two different sets of coordinates on LM, the

frame coordinates
$i(p, er) = xi(p) U;'(pa er) = dxi(ej)

and the co-frame coordinates

Fe) =2 ) me) =)

DEFINITION 2.3.7. The R"™-valued soldering form on LM is defined by
0u(X) = e (d N X))ri = 0°.(X)r;

where u = (e, e;) € LM and {r;} is the standard basis for R™.

In local coordinates,

0" = rida? (2.7)
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2.3.3 Associated Bundles

THEOREM 2.3.8. The associated bundle (P x F)/G will be of the category C induced
from the category C' of F iff the action of G on F consists of morphisms in C.

Proof. Every trivialization of P induces a trivialization of (P x F)/G. From
the transition functions of these induced trivializations, we can see whether or not
(P x F)/G is of the category C.

The induced trivialization is given by

trp((u, f)G) = (p,g- f) where (p,g) = tr(u)

The inverse is given by

trz!(p,h) = (tr(p, ), g~ - h)G  for any g € G
= (tr ' (p,e),h)G

The induced transition function is
trpotry'(p,h) = (p,g-h) where (p,g) =frotr'(p,e)

]

So if the action of G on F consists of linear maps then (P x F')/G will be a linear

bundle. An affine action would yield an affine bundle, and so forth.

2.3.4 Weakly Associated Bundles

To make an associated bundle one attaches a fiber with a group action to a principal
bundle having the same group and then passes to the quotient space. In short, by
going to a weakly associated bundle we are allowing the group action on the fiber to
vary.

THEOREM 2.3.9. Let wp : P — M be a principal fiber bundle with group G,
and let T« H — P be a fiber bundle over P with fiber F' and a right G action that
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projects to the action of G on P, i.e.
mu(h-g) =mu(h)- g

Then H/G can be given the structure of a fiber bundle over M with fiber F.

Proof. We will prove this theorem by a series of definitions which we will prove
to be well-defined.

DEFINITION 2.3.10. The projection p : H/G — M is given by

plh-G) =mpomy(h)
This is well defined since

npomy(h-g)=mp(mu(h)-g)

:7TPO7TH(h)

DEFINITION 2.3.11. Let trp be a trivialization of wp around m € M defined
over U C M. Let tryg be a trivialization of Ty around u, = tr;l(m, e) defined over
W C P. Let S = tr;l(U x{e}) TP, V=WnNS, and U = 7p(V). Finally, define
tr:p ' (U) = UXF by

tr(h-G) = (mpomy(h),pryotry (k- (pryotrpomy(h))™")) (2.8)
We need to check a few things to ensure that tr is a well-defined trivialization.

1. mp o g (h) is well-defined because it is just p(h - G) which was shown to be

well-defined above.

2. We need to show that U is open in M. To do this, consider the image of V'
under the diffeomorphism trp.
trp(V) =trp(W N .S)
=trp(W)N (U x {e})
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Now U X {e} is a closed submanifold of M x G, but given the subset topology
it is homeomorphic to U under projection. Since trp(W) is an open subset of
M x G, we see that trp(V) is an open subset of U x {e} in the subset topology.
This then implies that pr; otrp(V) = 7p(V) = U is an open subset of U and
hence of M.

3. We need to make sure that mg(h) is in the domain of trp for any choice of

representative h.
h-Gep ' (U) = mpomg(h) €U
= 7y(h) € 75" (V)
— 7y(h) € 75" (U) = dom(trp)

where we have used the fact that U C U , shown above.

4. We need to make sure that h - (pryotrpomg(h))~! is in the domain of try.

Because of the construction of U, we have that
U x {e} =trp(V)
trpl(Ux {e})) =V CW

So let trpomy(h) = (u,g), where we are assured that v € U. Then let us

consider the image under the trivialization map.

trp oy (h - (pryotrp OWH(h))il) =trpomy (h . gil)
= trp(mu(h) - g7")

We can now conclude that

T (h- (pryotrpomy(h)™) C trp' (U x {e})
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Or
h-(pryotrpomy(h))™ C a (W) = dom(try)

5. We need to make sure that tr is invertible. We do this by explicit construction

of the inverse.
tr=t(m, f) = tryg (trp' (m,e), f) - G (2.9)

Suppose that h = trj; (trp'(m, €), f), (a representative of tr=(m, f)) then we

have

pryotrpomg(h) = pryotrpomy(h)
= pryotrpotrp'(m,e)

=e¢
So we see that
tr(h- G) = (mp o mu(h), pryotry (h- (pryotrpomm(h))™"))
= (m7 pry 0 trH<h))

= (m, [)

This proves that trotr~' = id. Next consider the reverse composition. First

consider

pryotry (h- (pryotrpmu(h))™) =ay(h- (pryotrpmy(h))™")
=my(h) - (pryotrp WH(h))_l

Now let trp omp(h) = (m, g) or 7y (h) = trp'(m, g).
=trp'(m.g) - (9)”

= trp' (m, e)

= trp' (np o mu(h),e)
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Then the formula for the reverse composition becomes
trtotr(h-G) = try <tr1_31(7rp ormg(h),e),
pryotry (h- (pryotrp OWH(h))_l)) -G
= try <pr1 otry (h- (pryotrpmg(h))™),

pryotry (h- (pryotrp OWH(h))_l)) -G

h - (pryotrp WH(h))*l) -G
h-G

6. Lastly, we need to make sure that the transition functions are smooth. First we

write

tr(h-G) = (mpomy(h),pryotry (k- (pryotrpomy(h))™")) (2.10)
tr(m, f) = try (frp (me), f) - G

Now note that if h = t~r;11 (‘Ei;l (m,e), f), we have

Tp O 7TH(h) =m
pryotrpomy(h) = pryotrpomy o ’ch;Il(’uNr;l(m, e), f)
~—1
= pryotrp(trp (m,e))

= ¢p(m)

where we note that ¢p(m) = pryo trp(ﬂr;l (m, e)) is just the transition function
for the principal bundle P, thought of as a map from the base to the group.
Substituting these into (E.I(]), we obtain

tr oﬂ"il(m7 f)= (m,pr2 otry (&;(ﬁ;(m,e), f)- (qsp(m))_l)) (2.11)

Which, although cumbersome, is clearly smooth.
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This concludes the proof of Theorem P.3.9. []

In the case of associated bundles, the properties of the group action on the fiber
determine what sort of structure is inherited by the associated bundle. We will see
that the same is true in the case of weakly associated bundles, at least for the structure
that can be cast in terms of trivializations.

DEFINITION 2.3.12. We say that an action of a group G on the total space of a
fiber bundle w : H — M preserves fibers if the image of each fiber under the action is

also a fiber. In other words

Vpe M Yge G Jqge M pu,(n ' (p))=7""(q)

If a group action preserves fibers then it projects to a group action on M via

~

fig(p) = m o pg(m ' (p)) (2.12)

We can see that this action will inherit the appropriate differentiability properties.
For any p and ¢ = fi,(p) in M let tr, be a trivialization around p and tr, be a

trivialization around ¢. Then for x in some neighborhood of p we have

fig(x) = pry otrgopgotr Mz, f) VfeF (2.13)

So in particular, if the bundle is smooth and the action p is smooth, then i will be
smooth also.

DEFINITION 2.3.13. Let C be a subcategory of manifolds and let m : H — M be
a fiber bundle in the associated subcategory C (see Definition ) Let G act on H
such that it preserves fibers. We will say that the action of G on H preserves fiber

structure if for any g € G and any trivializations tr and tr of H the map

trougo‘&_l:UxF—%?xF
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when restricted to a single fiber, yields a morphism in C.
REMARK 2.3.14. If an action of G on H preserves fiber structure then for any
trivialization tr of H and any g € G, tropug, is an admissible trivialization.
THEOREM 2.3.15. Let P be a principal bundle with group G. Let C' be a subcat-
egory of manifolds and let m: H — P be a fiber bundle in the associated subcategory

C. Finally, let G act on H such that

1. the action projects to the action on P

2. the action preserves fiber structure

Then the weakly associated bundle H/G will also be of category C.
Proof. To prove this, we need to show that the transition functions have the

right properties. We recall the transition of two induced trivializations from equation

(1),
trofr (m, f) = (m, pry oty (fry (frp (m.e), f) <¢p<m>>-1>)
or, alternately
ot (m.f) = (m. b1y 0 a1 5 ' (m.). 1) )

We must show at tr ot}fl, when restricted to a single fiber, yields a morphism in C'.
Note that by restricting tr ofr ' to {m} x F, the factor of trg ofi(gpm)) -1 oﬁ"; in the
formula is restricted to {u} x F' where u = ﬁ";l (m, e). And note also that (¢p(m))~!
becomes a fixed group element. Hence the restriction of trg ofi(gp(my)-1 © &1—11 must

. . . . . .. ~—1,
be a morphism in C' which implies that the restriction of trotr — is also. []

2.4 N-Symplectic Geometry

N-symplectic geometry arises on the frame bundle LM when one takes the exterior

derivative of the soldering form (definition B.3.7), df, as a vector-valued generalized
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symplectic form. We give a terse overview of the subject here; the curious reader is

recommended to references [BY, {0, [, (2, ] for greater detail.

2.4.1 The First Order Case

In the simplest case, we work with vector valued observables using the equation

df' = -X;-do' (2.14)

~

which we call the first order n-symplectic structure equation. In this equation, f is
an R™-valued function on LM and X; is a vector field on LM. We call X; the
Hamiltonian vector field associated with f.

Not all functions f are compatible with equation (R.14). The set of functions f
for which a solution exists is denoted HF' and it is know [BY, iJ] that

HF'=T'® C®(M,R™)

where C°°(M,R™) represents the lifts of smooth functions on M to LM and T*

represents the R™-valued functions on LM that transform tensorially according to

Rif=g-f (2.15)

where we use the natural left action of GL(m) on R™ in the right hand side. When
a solution X 7 exists, it is unique.

For any vector field f on M, we can define its associated tensorial function f by

fip,er) = €'(f) (2.16)

where ¢’ represents the coframe of e;. Such a function f will be an element of HF*

and its Hamiltonian vector field is given locally by

o Off , 0

. [ —
oxt  Oxl Z@W}“

o of ;0

90 901 "k Dol

f or f (2.17)

where we use f! for the components of f in the z basis.
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2.4.2 The p-th Order Case

In the higher order case we allow more indices and find that unique solutions no longer
exist. We isolate two cases: symmetric and anti-symmetric ®”R™-valued observables
on LM. The more general structure equation for n-symplectic geometry takes the

form

dfirizin — —p!Xf(iliz---ip_1 _dpi») (2.18)
or

dfiriz-ie = _p!Xf[ilh'"ipA 1 qp! (2.19)

depending on the symmetry of the observable. Here we use round brackets (paren-
theses) for symmetrization on indices and square brackets for antisymmetrization. In
both cases the introduction of brackets prevents us from obtaining unique solutions.
We note that X 7 now represents a ®@P~IR™-valued vector field on LM.

The set of functions f%%2 for which equation (R.1§) is solvable is described in
B9, EQ). For our purposes, it suffices to say that it includes the symmetric tensorial

functions of rank p,
ST? = {f : LM — QFR™ ‘ flu-g) =g f(u) Vg e GL(m)} (2.20)

Likewise, the set of functions fi2"# for which equation (R.19) is solvable includes

the antisymmetric tensorial functions of rank p,
ATP = {f . LM — @PR™ ‘ Flu-g)=g"' flu) Vg e GL(m)} (2.21)

For any rank p contravariant tensor field f on M, we can define its associated

tensorial function f : LM — @PR™ by

Firie(peg) = fe, ... ew) (2.22)
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If f is a symmetric tensor field then f € ST? and the resulting solution space of
equation (R.1§) is described by

T 91 ofnn A o o
G dp—1k i1 | ip—1 - i1, -1 b i1-ip—1b
(p — 1)'f 1 Jp—1 ji jZ—l 3$k p' Dza 7TJ1 sz_lﬂ'jp + Tal p—1 )—aﬂ_g (223)
where T satisfies the condition 70" #'® = 0 but is otherwise arbitrary. We say that

f determines an equivalence class of Hamiltonian vector fields.
Likewise if f is an antisymmetric tensor field then f € AT? and the resulting
solution space of equation (B.I9) is again described by equation (B.23) but with T

satisfying the alternate condition Tgl'"i”’lb} =0.
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Jets of Tensor fields

3.1 A special case: Vector Fields

Consider a vector field as a section of the bundle 7 : TM — M. In local coordinates,

for a vector field X = X* ai“ the 1-jet of that section is
0 oxt . 0

dr* @ — -~z : 1

x®8xk+8xﬂx®8vz (31)

On the other hand, the Hamiltonian vector field on LM corresponding to that section
is
0 ox’ B

0
_ S
oxt  OxJ i 87T§-c

o 0X' 0

i v
ort  Oxi * vy,

%

(3.2)

It is apparent that both contain similar information. In this section we will demon-
strate a projection that takes Hamiltonian vector fields to the corresponding jets.

We make much use of the following function.

DerFINITION 3.1.1. The map ¢ : LM x R™ — T'M is the standard projection

used to obtain T'M as an associated bundle.

. (e, = e =€) 5| 33)

31
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In local coordinates, we have

vt o(u, &) = 2'(u, §) = 7' (u) (3.4)
v o, €) = (v (v) (35)
where we use t* for the standard coordinates on R™.
The differential of ¢ will be useful to us.
dy : T(LM) x T(R™) — T(TM)

0
oxt

- 0
+ diue)(v o) ® —

iyt = diugy (2" 0 ) ®

P(u,€)

+ (E(©)dwev! + vl (Wdugt') ® =

= dwer' ©
Bwg) v

oxt
or in shorthand

drie O g 1 i) @ L
diﬂ—dﬂ?@@‘i—(tdvi—i-vidt)@w

where we use vf for the frame coordinates on L M.

DEFINITION 3.1.2. Given any X € T,(LM), define ¢px : T,(LM) — Ty \x)(T'M)

by
Ox (V) = diwp ¥ (Y, YV 2 (=X) 2 d.0) (3.7)
= duo,cx)? (Y, du8(Y, X)) (3.8)

where Y : LM x R™ — T'M 1s the standard projection to the associated bundle.

Since ¢x is a linear map, we consider it a T'(T'M)-valued one-form at v € LM.

THEOREM 3.1.3. For any X € T,(LM), ¢x is a horizontal 1-form and is there-
fore projectible to a T (T M)-valued one-form éx on M (equivalent to an element of
Jim).

Proof. Let Y be a vertical vector at u € LM, Expand Y and X locally as

-~ 0

Y = vy :
9 9

X=X . X, — 1
ox’ u+ k o}, (3.10)
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Using the formula df® = —7intdv? A dz* we find that
d,0'(Y,X) = —miab Ve Xt — 0 (3.11)

Substituting this into (B.7) and using the formula for di» (B.g), we obtain

- ‘ g S o
U7 1 (u,0u (X))
o S )
= (miX*Y! —olrimYext) @ — (3.13)
OV |y, ()
L o o
= (M XY —§rYeXh) @ — (3.14)
OV |y ,(x))
o g o
= (M X*Y? — 1Y XM @ — (3.15)
OV |y ,())
=0 (3.16)

DEFINITION 3.1.4. For any X € T,(LM) and any Y € TywM, define
F(X)(Y) = ox(Y) (3.17)

where Y is any vector at u that projects to Y.

Since F(X) is a linear map from Tyu)M to Tynx)(TM) that projects to the
identity, it defines a 1-jet of a vector field. So, F' itself is a map from the tangent
bundle of the frame bundle to the 1-jet bundle of the tangent bundle.

F:T(LM)— J'r

The existence of this map is very intriguing, as it provides a connection between
n-symplectic geometry on LM and the jet bundle formulations of field dynamics.
Now we will calculate a formula for F' in local coordinates. Since the vertical

components of Y are irrelevant to the calculation, we will choose them to be zero.
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T(LM)—ZE Jir
_— h
LM TM
\ .

M

Figure 3.1: Commutative Diagram for F

0
ort|,

0

X =X + X =
k@viu

ort|,
d,0 (Y, X) =0+ miat Xpy*

From (B.17), (B-g) and (B.1) we obtain

0 o - )
FX)(Y)=YF — + (0 + vl mim Xevh) —
oxk LX) ( kb > ovJ
., 0
=Y* + XY —
0z* |45 O |4, 7(x)
- 0
=Yk | — + ¢l
<a k<*b a j X))
So
F(X) = dywz" ® 0 + b X) —
Auw) Ok L) b av]

A(X)>

34

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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From this formula it is easy to see that, in coordinates,

ol =g
ol =g/

vl o F = mbiy] (3.24)

Clearly F'is a smooth function.

THEOREM 3.1.5. Let f be a vector field on an open subset U of M (a local section
of 7), i AHU) — R™ its tensorial function on LM, and X the corresponding
Hamiltonian vector field.

FipAe™) =€'(fp)  and  df' =-X;-db’ (3.25)

Then

F(X3(u)) = jawf (3.26)

for allu € \7Y(U).

Proof. In local coordinates, we have

0

Dk

of’ " 0
Oza Uy (U)

Xjw) = (f* o N(w) RO

+

u

(3.27)

u

Note that d,A(X ) = (f o A)(u) (X; projects to the vector field f).
So using formula (B-23),

F(X}) = dywa" @ ik + 70 (u) of ] v (u) i (3.28)
O duA(X;) Ox A(u) v duA(X})
0 of’ 0
Toforw) @ Iaw) Y forw)
This is exactly j)l\(u)f. []

THEOREM 3.1.6. F : T(LM) — J'7 is a fiber bundle.
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Proof. Consider the coordinate representation of F' (eqn. B.24)

o F =z v/ o F =i’ vl o F = mbv]

F' is clearly a smooth function.

We will use the following induced coordinates

i

(z*,v)) and (2", 7)) on A\~ 1(U) (3.30)

(z',07) on 7 Y (U)CTM (3.31)

(2%, vl, 4" o)) and (2%, 7], 3", 7)) on 7, AN (U)) € T(LM) (3.32)
(2%, 07, v]) on 7 1(U) (3.33)

Define the functions @ on 775, 0o AHU) by #(X) = 72 o 700(X)0(X). The
functions (2%, v, 4%, #7) form local coordinates on 755, 0 A=1(U). (The overlap func-
tion is (a,b,c,d) — (a,b,c,db™'), which is a smooth diffeomorphism). Because their
domains span entire fibers, these adapted coordinates actually define a local trivial-

ization. Hence F' is a fiber bundle. []

DEFINITION 3.1.7. Using the right action of GL(m) on LM (denoted u - g or
R,(u)), we define a right action of GL(m) on T(LM) in the obvious way.

(u, X) - g = (u- g, Rgu(X)) (3.34)
or simply,

X g =Ry (X) (3.35)

Let us consider how this looks in coordinates.

duRg = du(l’i o Rg) ® + du(v;- o Rg) ® F
Ry(u) Y

ot

Rg(u)

7 9 ik 9

u-g J

u-g

u-g J

— duZEZ@ i

- (3.36)
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or alternately,

, , o
2 —1\% k
duRy = du' ® = | + (97" idum; @ g (3.37)
u-g Jlug
Or, in another form,
2'(X - g) = 2'(X) (X - g) = '(X)
V(X - g) = gui(X)  0H(X - g) = gun(X) (3.38)

THEOREM 3.1.8. F : T(LM) — J'7 is a principal bundle under the given action

(def. B17).
Proof. As we have already shown that F' is a fiber bundle, what remains is to

show that
1. The action is free
2. The equivalence classes are exactly the fibers.

To prove ([l]), suppose (u, X) - g = (u, X). This implies u - ¢ = u, which implies
g = e, since the action on LM is free.

To prove (B), recall the coordinate form of F' (eqn. B.24).

z' o F((u, X) - g)
v o F((u, X) - g) = &' ((u, X) - g) = &' (u, X) = v’ o F((u, X))

v'(u-g) =2'(u) = 2" o Fu, X) (
(
v, 0 F((u, X) - g) = mi(u- 9)0)((u, X) - g) (3.41
(
(
(

= (97 )omi(w) g5l (u, X)
= 7 (w) 0] (u, X)
-oF((u,X))

So,

F((u,X)-g) = F(u, X) (3.45)
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This proves that the equivalence classes are subsets of the fibers. To show the

reverse inclusion, suppose that F(u, X) = F(p, Z).

v o F(u,X)=a"o F(p,Z) = a'(u) = 2'(p)

— dg

u-g=p = v(u)g; = vi(p)

= m(u)(g™); =
vVoF(u,X)=voF(p,7) = i’'(u,X) = i’(
vl o F(u,X) =v]oF(p,Z) = m(u)vd(u, X

— 7o (u)0] (u, X

= ggi)g(u,X) =)

Using (B.4@) and we can conclude that

P (1, X) ) = a'(u-g)
= '(p)
= :Ui(pa Z)
v;-((u,X) -g) = U;(U - g)
= v}(p)
= U;‘(pv Z)
From (B.47) and (B.3§) we have
#'((u, X) - g) = 2'(p, Z)
From (B.48) and (B:38) we have

# ((u, X) - g) = 3 (p, 2)
Finally, we conclude

(u,X)-g=(p,2)

(3.46)

(3.47)

(3.48)
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This proves the reverse inclusion. []

THEOREM 3.1.9. The bundle J'7 is bundle isomorphic to the weakly associated
bundle obtained from T(LM) with the given action.

Proof.

We recall the notion of weakly associated bundles from section E234. Since the set
T(LM)/ GL(m) is readily identified with J'7 via the map F/GL(m), what remains
to be shown is that the bundle structure is the same. To do this we will need to
consider the trivialization maps for A\ : LM — M and 775 : T(LM) — LM.

For any point my € M, let z° be local coordinates around mg with domain U. We

will use the trivialization of LM given by

trp' : U x GL(m) — A(U) C LM
oy

i
ort|

trp' (m, g) = (m, {g]

Secondly, we use the trivialization of T'(LM) given by

tr  ATHU) x (R™ x R™) — 7, L, (A"H(U)) € T(LM)

) ;0
0|, P 5|

trl_{l(u, (A,B)) = (u, A°

u

where (z',v]) represent the standard frame coordinates on LM induced by the ¢
coordinates.

We recall that the inverse of the induced trivialization map is given by Equation

(B.9).
tr’l(m, f)= tr;f(tr;l(m, e), f) G
Which under our identification becomes

trt(m, f) = Fo trl_{l(tr;l(m, e), f)
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Now from the formula for F' in equation (B.23) we see that

0
Fotry'(u, (A, B)) = dywa" @ o

.0
b J
+m(u)By 55
(Y Al 9
A(u) ozt

i _0
g -
A ozt

A(u)

Finally we obtain

tr=H(m, (A, B)) = F o trj]' (trp' (m, e), (A, B))

0 0
=dmt* @ | 35 + 6B 5
ozt Im ozt Im
0 )
—d, " Y 3.49
oz Im ozt Im

which is exactly the expected trivialization of J'7. Since we can cover M with
such trivializations all other induced trivializations will have smooth overlap. There-

fore we have proven that J'7 is bundle isomorphic to the weakly associated bundle

T(LM)/GL(m). ]

THEOREM 3.1.10. The bundle J'7 is vector bundle isomorphic to the weakly
associated bundle obtained from T'(LM) with the given action.

Proof.  Since the group action on T(LM) is linear on fibers we conclude, by
Theorem B.3.T9, that the weakly associated bundle will inherit the vector bundle
structure of T'(LM). As such, all of the transition functions will be linear on fibers.
Now we note that the induced trivialization given in equation (B.49) is the usual linear
trivialization of J'7. Hence all other induced trivializations will be admissible linear

trivializations of J'7. This demonstrates vector bundle isomorphism. []

3.2 Symmetric Tensor Fields

Consider a type (p,0) tensor field as a section of the bundle 77 : T°PM — M. In
local coordinates, for a tensor field X (u) = X% () -2 L& ® ai > the 1-jet

ozl P
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prolongation of that section is

OXhv
X(u) oxJ

0

duxj®<— 0

, Oviri

oxI

mw) (3.50)

If X is symmetric, the equivalence class of Hamiltonian vector fields on LM corre-

sponding to that section is represented by

1 o 1,0X0n

Jrgp—tk ir | tp—1 _ T W?pflﬂ.b + Tzl"'lpflb
(p _ 1)[ J1 Jp—1 8£Uk p! &ra J1 Jp—1""Jp a )871'3
(3.51)
where T satisfies the condition Téil"'i”*lb) = 0 but is otherwise arbitrary.

A similar formula applies in the anti-symmetric case. Either way, it is again
apparent that both contain similar information, namely the value of X and its first
derivative. It turns out that all the results of the previous section will generalize nicely
to the p-th order symmetric and anti-symmetric cases. This section will demonstrate
the details of this generalization.

The map 1 that was so useful in the last section generalizes as follows

DEFINITION 3.2.1. The map ¢ : LM x (Q"R™) — TPM is the standard

projection used to obtain TPM as an associated bundle.

WP(p,{e:}, T) = ¥P(u,T) (3.52)
=T e @ Q e, (3.53)
o ; 0 0
— it e - R . 3.54
U“ (U,) Uzp (U) O Au) ® ® Oxr Aw) ( )

where the T are the components of T in the standard basis of R R™.

In local coordinates, we have

atoy? = g (3.55)

VI o P = el .Ug': (3.56)

where the %% are the standard coordinates on ®” R™ defined by ¢ (T) = T,
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The map 9P has the interesting ability to recover a p-tensor field from its tensorial
function.

LEMMA 3.2.2. Let f be a (p,0) tensor field on M andf its tensorial function on
LM. Then we have

~

VP (u, f(u) = faw

or, alternately

~

Q/JPO (ldLM,f) = fo)\

Proof. The tensorial function of f is given by
f: :f:il.wip Til ® e ® Tip (357)
with

i (u) = fru (e, ... e”) (3.58)

where we have used {r;} for the standard basis of R™ and {e;} for the basis vectors

that comprise u. In light of this and equation (B.53), it is clear that

0 (u, () = P (u, () ry @ - @7
— fi1--~ip(u) €i, R ® ei,
— f/\(u)(eﬁ’ o ,eip) e ® - Qe

= faw)

REMARK 3.2.3. If we differentiate the result of Lemma [7.2.3, we obtain

A

dy? o d(idpa, f) = df o dX
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or

dy? o (idg(Lary, df) = df o dX

So just as ¥ allows us to recover the tensor from its tensorial function, the differential

of y? allows us to recover the differential of the tensor field, which is readily identified
with the 1-jet of the tensor field. Clearly diy? will prove useful to us. In the following
we calculate its coordinate form. Starting from the coordinate form of ¥? given in
(B5H) and (B.50), we differentiate to obtain:

dy® : T(LM) x T(é)Rm) — T(TPM)

. o o 0
d(u,T)qu)p - d(u,T) (ZEZ © ¢) ® i + d(u7T) (vhm]p © ¢) ® i
02" |y (u,7) OuIe |y,
, 0
= d(u,T)l'Z ® ?
Ly (u,1)
4 (til...z‘p (T)d 1) (Ufll . Uzj:)
‘ : o )
T (w) - - v () d gyt — 3.63
o) e ) Qo w(u,T) 0
or in shorthand
P = dot ‘ (tn-"%pd I L ?pdtu--~zp> g
v o o' ¥(u,T) ! “h UZP) T, © Qv ip $(u,T)
(3.64)

where we use ¢ for coordinates on ®”R™, and v] for the frame coordinates on

LM.

3.2.1 The bundle @™ T(LM)

For a rank p observable in n-symplectic geometry, we obtain an mP~!-tuple of vector
fields. For the moment, we consider these as sections of the bundle @mp_l T(LM),

which is the Whitney sum of the tangent bundle m?~! times.
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The standard tangent bundle coordinates induced from the frame coordinates on

LM are given by

2'(u, X) = ' (u)
v (u, X) = vj(u)
x'il“'ip(u,X) _ i,ip(Xiynipfl)
= i (X
_ Xil..~ip71§’l:p
O (u, X)) = o (X
— ol (i)
— X1 (3.65)

J

We use the unusual notation X -1 and X -1 f;” for the local basis components
of the multivectors. This notation is chosen to distinguish the global multivector
indices 4; - - - 4p—; from the local coordinate basis indices.

DEFINITION 3.2.4. The following alternate set of coordinates will also prove

useful. For reasons that will become apparent later, we will call these Lagrangian

coordinates.
w' =z’
wy, = v,
Jidp J1 Jp—1 :d1-ip_1]
w P_(p_l)!vil...vipil’% P P
Jidp J1 Jp—1_b t1ip—1Jp
wy P = plufl ol im, (3.66)

DEFINITION 3.2.5. Define a right action of Gl(m) on @mlﬂ T(LM) as follows.

(1, X701 g = (- g, Ry (XY (g7 (g7)2 ) (3.67)

Ji J'pfl

For clarification, we use the notation R, only for the action on LM.
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We recall that, in coordinates.

; 0 0
Dbl = dut' ® 55+ g5 ® 5
or alternately,
0 N
, T :
ori . + (g )k 7T] ® ot
So we have
' g) = 2"(X)
vi(X - g) = gjui(X)

=X)L 07
= gt e (X (g (97

UE(X - g) el (X - g (X )
g!?vﬁ(X)
D () o ()3 He ()
X)

)
E
—_

gl (O (X (g

45

(3.68)

(3.69)

(3.70)

—1\ip—1
(9 )l§_1
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1,,J1 kp—1, jp—1 - c
= plgi ol (X) - g o L (X) (g eme(X)
'll“‘lp—l -p —1\¢ — ip—l
gzilvd ’ (X)(g 1)11 (g 1)l,,,1
= ploph (X) - - o) (X) g (X ol =1 (X)

_ () (3.71)

wil]p(X ) g) _ p' 'Ufll (X . g) . ,Ug::ll (X . g)ﬂ'b(X . g)Ulep—l]p(X . g)

3.2.2 The Tensorially Symmetric Subbundle Y7 N

(s)
mpP—1
DEFINITION 3.2.6. For any positive integer p and X € @ T(LM) we define the

tensor projection of X to be T(X), where the map T : @ T(LM) — T?M s given
by

T(u, X) = (p — 1)!*(u, 0,(X))
= (p— DI (X i) e, @ Qe

Note that we are hooking X into € and not df. Also note the lack of any sort
of symmetrization on the indices. One might be tempted to change this definition
and thereby force a symmetry condition on the tensor projection. However, it turns
out to be necessary to have a symmetry condition on the vector X itself, making any
symmetrization in this definition redundant. We make this restriction in Definition
B2, and see its necessity in Theorem B.2.T7.

Recall that ' = W}dxj . If we calculate the coordinate form of T we find

T(u, X) = (p— D! X0 mr(y) e @~ @ ey (3.72)
L . . ) )
— (p — 1) Xt ki () T () - _
=(p— 1) X" g (w) vl (u) v (u) T ® - ® 5 "

(3.73)
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L , o o
— (p— 1) X tp—1ik gl du iy L gt : :
(b=1) ¢ v () (W) 5 A(u) 9 o A(u)
(3.74)
e ; 0 0
— (i — 1) X1 g1 () . . g
(p—1'X v (u) - () 027 | ®- - ® 8% | (3.75)
So we see that
2o T(u, X) = 2" o \u)
= 7' (u, X)
VI o T(u, X) = (p — 1)1 X130 o (1) .. -vfl’)’j (u)
= (p— D)V (X) ol () -0l () (3.76)

Comparing (B.70) to (B.60), we see that in the w coordinates T appears trivial.

FoT — W o T — gt (3.77)
@™ T(LM)—— "M
TLM TP
LM ; M

Figure 3.2: Commutative Diagram for T

mP—1

T is linear over the fibers of @ T(LM). Or stated another way, the pair (T, \)

is a vector bundle morphism. We note in the p = 1 case that T is equal to dA.
mpP—1

DEFINITION 3.2.7. We define the tensorially symmetric subbundle of @ T(LM)

to be those multivectors whose tensor projections are symmetric.

mP—1

Tl(”;)l ={X e @ T(LM) | T(X) is symmetric }

=T (1, (M))
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mp—1
Since (T, \) is a vector bundle morphism, T?_l

s s avector subbundle of @ T(LM)
THEOREM 3.2.8. The following are equivalent:

1L Xey)
2. O (X1ie-1) = QUp (X T1ip-1))
3. mir X1k = 7Ur xiri0) ik in some canonical coordinate system.
4. X0 = X(in-139) 4n some canonical coordinate system.
Proof.
(1) <= (2) This follows directly from the definition of T and the linearity of 7.

(2) <= (3) The local coordinate expansion of (2) is (3). Since we are working at a

single point, the two statements are equivalent.

(3) <= (4) Since the matrix (v) is nonsingular

piv Xtk = plp xpinip )ik o] e xiipaik 0 gl xrinip o) i
k k ip Tk ip Tk
— G xeik — Uy

= X = xleie)

]

THEOREM 3.2.9. Restriction to T’Zs_)l forces the kernel of the n-symplectic equa-

tion to be vertical.

Proof. Suppose that X satisfies

X(i1--.ip,1 _|d9ip) -0
eip (Xil...ip_l) — e(ip (Xil'"ip—1))
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Then using Lemma B.2.13, we obtain

0= EZ 1 x (aip—1 _J ggiv)
— _x(ip-1 Zjlaa\ 1 dgi»)
— x(irip—1 1 gip)
— i1 g

which implies that X is vertical. []

THEOREM 3.2.10. The Hamiltonian vector field corresponding to any symmetric
(p,0) tensor is a section of T’()S_)l.
Proof. If f is a symmetric (p, 0) tensor field on M, then the corresponding Hamil-

tonian vector field on LM is given by

| » L0
Xl = o™
afjl I i1 ip—1 b 3141 b 8
pl( o1 7rj1.”7r]il Jp +T1 m 6—7TZ

Ta(lilmipflb)

where T satisfies the condition = 0 but is otherwise arbitrary. According

to theorem B2°8 we need to show that

Jigp—ikin ip—1
f .71 7T];D—l

is symmetric in the indices (i - - - 4,-1k). So we consider the following reduction

le...zp_lk :f(ll dp-1k) f]llg dp-1k - f]l(lQ dpe 1k7T§1)
J1
J1jels-lp—1k 11 22 G1j2(lz-lp—1k, i1, _12)
f T s f T i1 s
s firedp-tkpin ip—1 _ pii-jp— (ki ip—1)
f J1 Tjp1 f Jl M1

where each step collapses to the previous upon multiplication by a nonsingular matrix

I,
U L]
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It will turn out that the tensor projection of the Hamiltonian vector field of sym-
metric tensor field is again the tensor field. To prove this succinctly, we will need
results of the following lemmas.

LEMMA 3.2.11.

(L) =

Proof. Start with the local coordinate formulas

fil"'ip — (fjl"'jp o )\) ﬂ-ﬁ R 71-;5 (378)
and
* 0
Ea [ ('1 .
- o (3.79)
Then
dfiriv = (frie o \) d(n Tl .W;P) + W;i . .ﬂ;zd(fjl"'jp o)) (3.80)
1 dp i1 Zp i1 ip (8fj1---jp ° >\) k
= (PN dmy ) 4w S A (381)
This leads to
Piyip( 1 1 dp im1_i O
Aft i (LED) = (P o N d(xl) - ) (b2 ) (3.82)
j
1 JieJ ik 0 i”
5f P o)) Zw dn! (]aﬂ) mr (3.83)
1 ; i
];fh 9 o \) ZW W;iﬂjz (3.84)
= (fird o)l W;Z (3.85)
= fiiy (3.86)
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LEMMA 3.2.12.

_ES 40 = §i6°

Proof.

_E g = w;% 1 (dri A da®)
J

= 196]0pda’
I
= 5,0°
L]

REMARK 3.2.13. In particular we have —E® - d0" = '
THEOREM 3.2.14. If fis a symmetric p-tensor field with tensorial function f and
Hamiltonian vector field X ;, then

T(u, Xf) = fa

Proof. By using the results of the preceding lemma and the n-symplectic equation,

we obtain
dfiie = —pl X gy (3.87)
- %Eg Sdfri = (p— 1)1 EL X g (3.88)
Jre = (p— )L ) (3.89)
frro = (p— LXG T g (3.90)

where we have used the result of Theorem B.2Z.10 in the last step. So if we now
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consider the tensor projection of X 7 we get

T(u, X;) = (p — D!'P(u, 0,(X;)) (3.91)
= ¢"(u, f) (3.92)
= faw) (3.93)

]

And now we return to the problem of relating the Hamiltonian vector fields to
1-jets. The truly surprising thing is that we can do this pointwise, obtaining purely
geometric results.

DEFINITION 3.2.15. Given any X € T?S_)l, define gzﬁg?) : TW(LM) — Trx) (TP M)

by
O (V) = duup-1po,00)d? (V.Y 2 (=p! X0r1) 1d,07)) (3.94)
= diu(p- 160 )P (Y, P! 4,007 (Y, X71ir-1)Y) (3.95)

Since gbg?) is a linear map, we consider it a T'(T? M )-valued one-form at u € LM.
We should emphasize that ¢§§’ maps into Tp(x)(TPM). This is because we take the
differential of ¥ at the point

(u, (p— DO (Xr1)) € LM x Q" R™

We could have defined gbg?) for all m? multi-vectors, but to show that gbg?) is horizontal,
we will need X € ng)l. This is our next step, but we will need the following lemma.

LEMMA 3.2.16.

. . o o Y e
LG [ R D AR AR

Proof. We prove this by direct calculation, explicitly expanding the symmetriza-
tion and the product rule. The crucial step is the introduction of a second sym-

metrization, initially over p — 1 terms, in equation (.99).
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d@gl G
0

Z virt .. Jw)(_) (3.96)
pl = ovd

Z Z ]71-1 . ]Wk 8 ) e varp (397)
p'ﬂES k=1 8va !
p| Z Z Jr1 6]7rk65 . i}’:” (3.98)

eSSy k=1

With a slight feat of legerdemain, we introduce symmetrization over the p — 1 terms

—

(R VAR vf:"” where the hat indicates that the term in left out. Since we are

permuting identical factors, we are not changing the formula. By summing only over

{o € Sy|lop = k} the two factors of § remain unchanged.

]71'0'1 . Jﬂ'd( 1) ]Trap Cc
p' Z Z | ZUl o’(ppl) 5 6ZUP (399)

eSSy k=1 o€Sp
op= k

And now the sums over ¢ and k collapse to a single sum.

Jro Jﬂ'd( 1) Sjrop SC
p' Z Z Zall e g(ppl) 52 6zap (3100)

TSy UES

Now we absorb the os into the 7s in the upper indices. This is allowable since m and

o are summed over all of S,,.

]w .]7r( 1) $in
o Z Yol N Al (3.101)

TSy UES
o €] 1 ¢Jp) se
= pv(ill . 15 . 5|§| 5Zp (3'102)
)
= poti J2 .. .U;?;’_I(Sip) (3.103)

]
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THEOREM 3.2.17. For any X € Tz(”s_)l, gbg?) 15 a horizontal 1-form and is therefore

projectible to a T(T{, M)-valued one-form égﬁ) on M (equivalent to an element of

1D
I ()
Proof. Let Y be a vertical vector at u € LM, Expand Y and X locally as
y e 2 (3.104)
- o, '
i = it O i O (3.105)
oxt|, " oul
Using the formula df’ = —7wintdvi A dz* we find that
4,00 (Y, X"y = Y b lie X i) ik (3.106)
Substituting this into (B.99) and using the formula for dy? (B.63), we obtain
¢?@ﬁ=0+(@—Jﬂ%ﬂX“%*M@£~wﬁxﬁ
J1 Jp (ip (V/ i1-ip_1) d
+olt o pld 0 (Y, X)) @ ——— (3.107)
L P Ovirip T(X))

Now we introduce symmetrization on 6(X). This is valid since X € Ti’;)l

i D
= (= erees el )

—pl Ufll . .Ug:ﬁaﬁzﬁéip)(ir--ip—l);’f) ®--- (3.108)
Next we move the symmetrization from the ¢ indices to the j indices.

S )
= (= D B ) )

11
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With a bit of factoring and the application of Lemma B.2.10, the formula becomes

more manageable.

= m Xty ((p = NP0 ol 0 = Pl o )
(3.110)

— pl b Xirin-1ibya (&jlvﬁ . Jp ) 55 — Wl vfﬁ‘jdﬁ“éi) ®--+  (3.111)

= plab xivip- ke <5gj1v‘g§1 . -viffléz‘j) — gz 'U3:)15§) ®---  (3.112)

The last trick, and the one that truly requires X € T’(gl, is to remove the symmetriza-
tion on the indices i1 - - -4, 1b in the first term. We can do this because 72X -1k

is symmetric in those indices (Theorem B.2.§).

ip—1 a i

= pl b Xirip-aikya (5((Ijlvg12 ) 58 — oLyl .. 11, 15b) . (3.113)
—0 (3.114)

]

Since ¢§) is a horizontal form, we can make the following definition.

DEFINITION 3.2.18. For any X € T,(LM) and any Y € Thw)M, define
() =R (V) (3.115)

where Y is any vector at u that projects to'Y .

Since F(’;) (X) is a linear map from TyM to Trx) (T(ps)M) that projects to the
identity, it defines a 1-jet of a symmetric tensor field at a point. So, F (ps ) itself maps
from the tensorially symmetric m?~! multi-tangent bundle of the frame bundle to the

1-jet bundle of the symmetric (p, 0)-tensor bundle.
FLy 00—

Now we will calculate a formula for F' in local coordinates. Since the vertical

components of Y are irrelevant to the calculation, we will choose them to be zero.
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FP

Tl ',
U T 1,0

LM TyM

\ ()

M

Figure 3.3: Commutative Diagram for F (Z; )

- 9 .0 ;0
Y=Y"_— X =X"_— X — 3.116
aZL'l ” aZL‘l ” k 87}% ( )
d, 00 (Y, X1 1)) = 0+ mpalle Xt )iy R (3.117)
From (B.119), (B.:63) and (B.93) we obtain
9] : 9]
Fo(X)0) =Y* ) (0 plodt bl iyt
(s) 0% | ! e .
(] oy
al’ T(X) L = 1 av‘jl ]P T(X)
=Y* 0 +plodt b X i 1.;” 8 .
0¥ | x) e QU Ir |y
So
: 9]
F(X) = dya* @ | m | +plol ol el X i) 2
( ) 6 k ']T(X) 1 P a/UJI'”]p T(X)
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From this formula and the formula for T in equation (B.7@) we can see that, in

coordinates,
roF=2"0T
— (3.119)
Ve o o= ItIe o T
= (p— 1)l e (3.120)
Uil o | =plol - vf; lﬂzvéll ip-1dp) (3.121)

Clearly F'is a smooth function.
THEOREM 3.2.19. Let f be a symmetric (p,0)-tensor field on an open subset U
of M (a local section of 7, ), f AN U) — @ R™ its tensorial function on LM,

and X; the corresponding Hamiltonian vector field.
f““’(u) = fA(u)(e“, S,e) and dfivie = —p!X](:lmi”’1 Jdg»)  (3.122)
Then
F(Xj(w) =g, f (3.123)

for allp € U and u € X7 (p).
Proof. In local coordinates, we have [[{]

]_ k ) a

Xf(u) = (p_ 1) fjl Ip 7TJ1 o Ji 1axk
afjl r 7 i b 311 b a
pl( Ox Wji" ﬂ-]pijp—i_Tl v (97Tb

(i1-+ip—1b)

where T satisfies the condition T, = 0 but is otherwise arbitrary. However,

we will need this vector in the v basis instead.

— 1 le Jp—1k L ip-1 9

(p _ 1) 31 Jp—1 axk

1 /afir 0
. 'L'l . 'Lp 1_b 11+ ’Lp 1b a,d
o\ g T iy T (Feevt) g
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1 i1 Gp—1k 1 ip—1 0
oo T g
L /ofne ip— a | rpiripo1b, a 0
i H( T TP v+ T Pl%cvgl> 5o (3.124)
First recall that the tensor projection of X; is f.
So using formula (B.119),
o . : L B
P _ k o 11 ... J0p=1 b (i1 —1:Jp)
Fo(X) = dywz" @ ( T | x) TPy v T AT Quir v T(X))
(3.125)
0
FP (X;) = dywa* @ ( —
@)\ f oxk )
A , 1 /oflb i o A
+ p! UZJII .. .Ugﬁ:llﬁzﬁ ( ];xa 7Tl(11 .. .71-[::115[]:)1}5 + Ta(z1...2p1|c|U(J:p)Ug)
0
— ) (3.126)
Ovirp T(X)

Now T1ir-19) = () implies T4 =142 = 0 since the two expressions differ only by

multiplication by the nonsingular matrix 7r§?p. So we are left with

0 6fll"'lp . . A o
— k (1 Jp—1 £ip) sa
= d,\(u)l‘ &® ( @ ) Ora 5l1 s 6lp_1 5lp 6k m 0 (3127)
jl"'jp
= dyuyz" ® ( ik of - 8 ) (3.128)
ox T(X) oxF  Quiriv T(X)
which is exactly jy,,f- ]

THEOREM 3.2.20. F : T(LM) — J'7 is a fiber bundle.
Proof. As noted earlier, F' is a smooth function. The coordinate representation of

F (eqn. B-I21)) becomes, in the w coordinates:
o F =uw' VI o o= gt Ip vl o F = w,gjl"'jp) (3.129)

Because their domains span entire fibers, these coordinates actually define a local
trivialization. Since we can easily cover F' with such trivializations, it is a fiber

bundle. The w coordinates are then adapted coordinates. []
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THEOREM 3.2.21. F': TI(’; — JIT(}';) 15 a principal bundle under the action given

wn Definition [F.2.3.
Proof. We have already shown that F' is a fiber bundle; what remains is to show

that:
1. The action is free
2. The equivalence classes are exactly the fibers.

To prove ([ll), suppose (u, X) - g = (u, X). This implies u - ¢ = u, which implies
g = e, since the action on LM is free.

To prove (B), recall the w coordinate form of F' from equation (B.129).

o F(X -g)=w'(X g)

— w(X)
=12'0 F(X)

pIIe g F(X-g)= wj1~~jp(X - 9)
— iIp (X)
=i o F(X)

oo F(X - g) = w (X - g)
_ ) ()
=" o F(X) (3.130)

So,
F(X -g) = F(X) (3.131)

This proves that the equivalence classes are subsets of the fibers. To show the reverse
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inclusion, suppose that F(u, X) = F(p, Z).

g oF(u,X)=a"0oF(p,Z) = w'(u,X)=w'(p,2) (3.132)
— 2'(u) = 2'(p)
= Jgu-g=p
u-g=p = w,i(u,X)gf:wj-(p,Z) (3.133)
VI o Fu, X) = v o F(p, Z) = w I (u, X) = w I (p, X) (3.134)
VT o Flu, X) =0l P o F(p, Z) = w7 (u, X) = w7 (p, X)) (3.135)

And using (B:133), (B-133), (B-134), (B.133), and (B.71]) we see that

Fu,X)=F(p,Z2) = (u,X)-g=(p,2) (3.136)

This proves the reverse inclusion.

3.3 Anti-Symmetric Tensor Fields

The case of antisymmetric tensor fields progresses, expectedly, in a similar fashion.
However, also expectedly, there are some calculations that acquire an additional layer
of complexity.

Since the map ¢? (Equation B.53) is defined without reference to symmetry, we

will again find it useful.

3.3.1 The Tensorially Antisymmetric Subbundle Tl(’a_)l

We recall the tensor projection from Definition B.2.G.
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mP—1

DEFINITION 3.3.1. We define the tensorially antisymmetric subbundle of @ T(LM)
to be those multivectors whose tensor projections are antisymmetric.

mp—1

Tfa_)l ={X ¢ @ T(LM) | T(X) is antisymmetric }
=T (1, (M))

mP—1

Since (T, \) is a vector bundle morphism, T](”[;)l is a vector subbundle of @ T(LM)
THEOREM 3.3.2. The following are equivalent:

1L X ey’
2. O (X1ie-1) = Qliv (X 7rwip-al)
3. WlipXil"'ipflfk = WE”Xil"'iP*ﬂfk i some canonical coordinate system.
4. X3 = Xl 4n some canonical coordinate system.
Proof.
(1) <= (2) This follows directly from the definition of T and the linearity of ¢?.

(2) <= (3) The local coordinate expansion of (2) is (3). Since we are working at a

single point, the two statements are equivalent.
(3) <= (4) Since the matrix (v) is nonsingular

pip Xivipuih = gl yivcipalih o ple yriveipoaih g0 plie rineipoalik
k k ip Tk i Tk
= Xk = 5,9)(“"'“’*1]5’“

e Xiried = Xl ]

]

THEOREM 3.3.3. Restriction to Tfa_)l forces the kernel of the n-symplectic equa-

tion to be vertical.
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Proof. Suppose that X satisfies
Xliip—1 1 ggiel —
gip(Xi1-~ip—1) — g[ip(Xh--~ip—1])
Then using Lemma B.2.T3, we obtain
0= Eg 1 xliip—1 1 ggl
— _ xliip1 Elaa\ 14!
— Xxlirip—1 1 gis]
— Xie-1 i

which implies that X is vertical. []

THEOREM 3.3.4. The Hamiltonian vector field corresponding to any antisymmet-
ric (p,0) tensor is a section of Tﬁ:)l.

Proof. If f is an antisymmetric (p,0) tensor field on M, then the corresponding
Hamiltonian vector field on LM is given by [i(]

1 k Zp 1 a

Xf(u) _ mf]l Jp—1 le T 131"“
o fir jpﬂi,l.. i1 b b 0
p‘ 81‘“ Ji Jp—1 J aﬂ'b

[11 “ip—1 b]

where T satisfies the condition 75 = 0 but is otherwise arbitrary. According

to theorem BZ32 we need to show that

Jidp—rk il pip-t
f Jl 7.‘-‘7;771

is antisymmetric in the indices (i - - - i,—1k). We consider the following reduction

fll“'lp—lk — f[ll'“lp—lk] 2 s fj1l2 lp 1k Z1 f]l[lz lp 1k Zl]
]1

s g1j2l3-lp—1k, i1, _i2 J1ge(lz-lp—1k, i1 i)
f 7T317Tj2 f 71-.717.(.72

Jredp—tk v i1 Jrdp-ilkgin i)
f Jl Jp—1 f ]1 7ij—1
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where each step collapses to the previous upon multiplication by a nonsingular matrix

lx
U L]

It will turn out that the tensor projection of the Hamiltonian vector field of an
antisymmetric tensor field is again the tensor field. To prove this succinctly, we will
need results of the Lemmas B2ZT1 and BZ2XTA.

THEOREM 3.3.5. If f is an antisymmetric p-tensor field with tensorial function
f and Hamiltonian vector field Xj, then

T(u, Xf) = faw

Proof. By using the results of the lemmas and the n-symplectic equation, we

obtain
dfirie = —plX [ S dg) (3.137)
—%Eg Hdfrri = (p— 1)1 BE X g (3.138)
forte = (p— DX 2 (3.139)
firie = (p—1)! Xf‘ g (3.140)

where we have used the result of theorem B:3.4 in the last step. So if we now consider

the tensor projection of X ; we get

T(u, X;) = (p — 1)1 4P(u, 6,(X)) (3.141)
= P (u, f) (3.142)
= ) (3.143)

]

And now we return to the problem of relating Hamiltonian vector fields to 1-jets.

The truly surprising thing is that we can do this pointwise, obtaining purely geometric
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results.

DEFINITION 3.3.6. Given any X € TI(’a_)l, define g?) : TW(LM) — Tpxy(TPM)

by
(V) = Al p-1)10a oW (Y, Y = (—pl X i1y 4, 07]) (3.144)
= d(u,p-1)10.0) 0" (Y, pl d, 00 (Y, X7l (3.145)

Since gbg?) is a linear map, we consider it a T'(T; (’; )M )-valued one-form at u € LM.
We should emphasize that (bg?) maps into T X)(T(’; M ). This is because we take the
differential of ¢/* at the point

(u, (p— DO (X71)) € LM x Q" R™

We could have defined gbg?) for all mP multi-vectors, but to show that ¢§?) is horizontal,
we will need X € T?a_)l. This is our next step, but we will need the following lemma.
LEMMA 3.3.7.

d(v[jl .. Uﬂp])(i) _ pé*[jpvh . ,Ujpfl]éc

i1 N Oyl a “ig ip—1 " ip]
c

Proof. We prove this by direct calculation, explicitly expanding the antisym-
metrization and the product rule. The crucial step is the introduction of a second

antisymmetrization, initially over p — 1 terms, in equation (B.149).

el )G
1 T Jrl Jrp 9
== Z(_l) R )(w) (3.146)
p: TESY €
1 - ™, Jrl Jrk 9 Jrp
= D DT vl () (3.147)
" weSy k=1 ¢

1 ) . ,
== YO (=0Tl g ) (3.148)

" meSy k=1
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With a slight feat of legerdemain, we introduce symmetrization over the p — 1 terms

— o ‘
vlret -l 0l where the hat indicates that the term in left out. Since we are

permuting identical factors, we are not changing the formula. By summing only over

{o € S,lop = k} the two factors of § remain unchanged.

1 - _ 1 7, Jnol Jra(p=1) Sjrop cC
] Z Z (p _ 1)[ (_1) Uio-l T /Uio<p71> 60, p(s@'o_p (3149)

And now the sums over o and k collapse to a single sum. We also replace (—1)™ with

(—1)™(—1)7, which is effectively multiplying by ((—1)7)% =1
— l Z B Z (_l)wa(_l)avjmn . vjﬂ"’(i”*l)(sjﬂap(sc (3 150)
- ' iol io'(pfl) a iUP )

Now we absorb the os into the 7s in the upper indices. This is allowable since 7 and
o are summed over all of S,. Notice how this step introduces the factor of (—1).
1 p T o, Jjn Jrn(p—1) o
= > ;. > (=1 (=)l AN AL (3.151)
TES) oE€S)

— )l Jp—1 gdp] sc

= pv[fj “ 'Uij,llé\j; Oi | (3.152)
(3.153)

Jr=1ge

_ ip oyJ
o p(s‘[ljpv[ill Y Ulpfl ip]

]

THEOREM 3.3.8. For any X € Tfa_)l, ¢§?) 1s a horizontal 1-form and is therefore

projectible to a T(T(, M)-valued one-form qgg?) on M (equivalent to an element of

le(Ijl))-
Proof. Let Y be a vertical vector at u € LM, Expand Y and X locally as
-~ 0
Y =Y" 3.154
Xieip—1 = et 2| i1 i (3.155)
oxt|, F o,
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66
Using the formula df® = —7intdv? A dz* we find that

4,00 (Y, X)) = —Yembyle X0t lik (3.156)

Substituting this into (B.I4H) and using the formula for dy? (B.63), we obtain
) =0+ (0= D18 CE o))
TR [ i1-ip_1] 9
+ ol v”p'd@%Y,X1 ) | @ —— (3.157)
QUi | )

Now we introduce antisymmetrization on #(X). This is valid since X € 7!

= (= DroOx el )T )

J1

—ploll - .vgizawzwgp)(h"'iplhk) ®--- (3.158)

Next we move the antisymmetrization from the 7 indices to the j indices.

—_ ((p_ 1)|7TPX11 Up—1° kYad( [Jl . vﬂp])(@?}a)

o p' [jl . Jp]Yaﬂ.kﬂleil'“ip—lfk> X - (3159)

With a bit of factoring and the application of Lemma B.3.7, the formula becomes
more manageable.

ip—1 ip] G

= WZXil"-ipli’“ﬁ“((p— )1y pobevdt vl ge ) — plolt .ol g )

(3.160)

—p! Wszl dp—1: kYa (5[3,7%11 . UJp 1} b] ,U[Jl .. _Ulj:ll(ggp](;g) ®---  (3.161)

= plmp X" lkya(csbpv{;l-- vl g — obrolt - ol ”50) o (3.162)

Zpl
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The last trick, and the one that truly requires X € T?a_)l, is to remove the anti-
symmetrization on the indices 7; - - -4,_1b in the first term. We can do this because

7 X1k §g antisymmetric in those indices (Theorem B.3.9).

= plap X by (&fpvf; g — ool - -vZ:-;](S;) ®--  (3163)

~0 (3.164)
L]

Since gbg?) is a horizontal form, we can make the following definition.

DEFINITION 3.3.9. For any X € T,(LM) and any Y € TywM, define

F2O(X)(Y) = (V) (3.165)

(a)

where Y is any vector at u that projects to 'Y .

Since F(Z) (X) is a linear map from Ty, M to TT(X)(T(Z)M) that projects to the
identity, it defines a 1-jet of a antisymmetric tensor field at a point. So, F (’; ) itself
maps from the tensorially antisymmetric m?~! multi-tangent bundle of the frame
bundle to the 1-jet bundle of the antisymmetric (p, 0)-tensor bundle.

D . yp—1 1_p
Fay: Ty = I 7

Now we will calculate a formula for F (’; ) in local coordinates. Since the vertical

components of Y are irrelevant to the calculation, we will choose them to be zero.

0 -0
. X=X .
or'|, oxt

Yy =Y' + X7 9 (3.166)
u o,

u

d, 00 (¥, X7ivl) = 0 4 mllio Xivaliay (3.167)
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T ————7'
o™ T a0
LM T M
\ T
M

Figure 3.4: Commutative Diagram for F (]; )

From (B.169), (B.63) and (B.144) we obtain

0 ; ; e . 0
P — vk _ 101 .. . .00 b_[i i1-+ip—1]iay/k
iy (X)) = Y* o= . (0+prof: - wlapmle Xty ) e
=Y* —8k + p! vfl o -vfp’lw,l;é([lj"X“”'ip‘ﬂf‘; 8 .
T l(x) 1 o QUILIr |y
—YF _3 + p! plt .l i) 78
[Bk T(X) " tr—1 k (91}]13;0 T(X)
So
; ; i 0
FP (X) = dyp 2" plodt gl Xl
(a)( ) A(u) ® (a k T(X) D vy, ip—1 Tk b Ovirip %)

(3.168)
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From this formula and the formula for T in equation (B.7@) we can see that, in

coordinates,

'oF =x2"0T
— (3.169)
I o =it o T
=(p— 1) .Ugﬁ;lylmipfljp (3.170)
vil o F =pl vfll . vfzf 17?,21)1[)“ ip-1ds] (3.171)

Clearly F'is a smooth function.
THEOREM 3.3.10. Let f be a antisymmetric (p,0)-tensor field on an open subset
U of M (a local section of 7, ), AN (U) — @ R™ its tensorial function on LM,

and X; the corresponding Hamiltonian vector field.
f“lp(u) = f)\(u)(e“, L,e?) and dfirir = —QD!X][fl"'i”’1 ddgl  (3.172)
Then
F(Xj(w) =g, f (3.173)

for allp € U and u € X7 (p).
Proof. In local coordinates, we have [[{]

]_ k ) a

Xf(u) = (p_ 1) fjl Ip 7TJ1H Ji 1axk
afjl Ir i ip—1_b 311 b a
pl( Ox Wji" ﬂ-]zljp—i_Tl v (97Tb

[i1-+ip—10]

where T satisfies the condition Ty = 0 but is otherwise arbitrary. However, we

will need this vector in the v basis instead.

— 1 le Jp—1k | 9
(p _ 1) 31 Jp— 1(933k

1 afjlmjp i ip—1 b 311 b a,d a

o H( axa ’/Tji . ’/TJZ 1 Jp +T1 o ( Ucvb) 'Ugl
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" (1) P
1/ . o
+H( faxa om0 vl T lbvavl‘f)w (3.174)
First recall that the tensor projection of X s f.
So using formula (B.169),
0 ; ; i 0
FP(X)=d " k s [PT AN Jp—1 bX[zl---zp_1:Jp] -
(a)( ) A(u) ® (axk %) +p Uiy vzp,lﬂ-k b Ouir-ip x)
(3.175)
FP(X;) = dywr* @ ( o
(@)\ 2 f ok (%)
. a ll l 7,
+plog) - vfﬁ 572p|< J;xa, 7711 ST 15]’7] + Tl iealely ey, a)
0
— (3.176)
Oyt T(X)

Now Tliv+ir-18 = () implies 70"~y = 0 since the two expressions differ only by

multiplication by the nonsingular matrix 7T . So we are left with

Il
= dy\wr" @ 0 of (5, : (5]” 1(5]" o7 0 (3.177)
Oxk T(X) Jxe M Qvirir T(X)
0 O firip o
= dyuyz" ® ( - ! - " ) (3.178)
ox () oxF  Quir-iv T(X)
This is exactly j)l\(u)f. ]

THEOREM 3.3.11. F( : 17, 1 J1 (1) 15 a fiber bundle.
Proof. As noted earher, F(a) is a smooth function. The coordinate representation

of I,y (eqn. B-IT)) becomes, in the w coordinates:
zio F =uw' VIt o = It Ip Uil o F = w,[gjlmj”] (3.179)

Because their domains span entire fibers, these coordinates actually define a local
trivialization. Since we can easily cover F' with such trivializations, it is a fiber

bundle. The w coordinates are then adapted coordinates. []
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THEOREM 3.3.12. F(Z) : T%l — JlT(pa) is a principal bundle under the action
giwen in Definition B2

Proof. We have already shown that F’ {; ) is a fiber bundle; what remains is to show

that:
1. The action is free
2. The equivalence classes are exactly the fibers.

To prove ([ll), suppose (u, X) - g = (u, X). This implies u - ¢ = u, which implies
g = e, since the action on LM is free.

To prove (B), recall the w coordinate form of F' from equation (B.I79).

o F(X-g)=w'(Xg)

= w'(X)
=12'0 F(X)

pIIe o F(X-g)= wj1~~jp(X - 9)
— qiIp (X)
= v o F(X)

oo F(X - g) = w (X - g)
= w0
=" o F(X) (3.180)

So,

F(X - g) = F(X) (3.181)
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This proves that the equivalence classes are subsets of the fibers. To show the reverse

inclusion, suppose that F(u, X) = F(p, Z).

WP (4, X) = wi I (p, X) (3.184)

o F(u,X)=12"0F(p,Z) = w'(u,X)=w'(p, 2) (3.182)
— a'(u) = 2'(p)
= Jgu-g=p
u - — w}i(u,X)gf = wi(p, Z) (3.183)
—
—

g=>nr
pIIe g Flu,X) = vItde o F(p,2)
F(p,2)

v o Flu, X) = vl o wl M u, X) = w7 (p, X)) (3.185)

And using (BT53), (ET83), (BT), (BI83), and (BT) we see that

Fu,X)=F(p,Z) = (u,X)-g=(p,2) (3.186)

This proves the reverse inclusion. []

3.4 Application: The Free Field Lagrangian

In the following calculation, we assume that M is a Riemannian manifold with metric
tensor h.

DEFINITION 3.4.1. We define the type (0,2) symmetric tensor h on LM as follows

h(Bi, Bj) = —p*h(\Bj, \.B;)
= _M2ﬁij
W(B:, E}) =0

h(EL EY) = 2hyhT — 26207

= 2haahbbvkvk7rb7r — 25]c5]

where u? > 0 is a constant, the B; are the standard horizontal vector fields induced

by the connection defined by h, and the Ei, are the standard vertical vector fields on
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LM.

THEOREM 3.4.2. The tensor h is invariant under GL(m), i.e.

hug(X -9, Y -9) =h(X,Y)  Vue LMVge CL(m)VX,Y € T,(LM)

Proof. First let us recall that

dyRy(Bjw) = Biwa)(g™ )" (3.187)
dyR (E (u)) _ggE”(ug>( —1)a (3.188)

2

First we consider the horizontal diagonal term.

Since the group action moves horizontal vectors to horizontal vectors, we can say

hug(Biw + g, Bjw - 9) = =1 ha)(dug N(du Ry (Biw)), dug\(du Ry (Bjw)))
= 12 ha@w)(du(A © Ry)(Biw), du(X 0 Ry)(B;w))
= — 12 hag (duA(Biw), duA(Bjw))

= hy(Biw), Bjw))

For the off-diagonal terms we have

hug(Biw) - g, Flw) - g) = 0 = hy(B;w), Ew)

This is true because the group action preserves the connection.

Finally, for the vertical diagonal terms we have

Fog (B0, ELw-9) = hug (02 Elwa)(g™ )i 2B (7))
— g (971G} Py (B, Bl
= gl(g gl g}
(2haah?0% (:g)0% (:0) T} ()T (g) — 20707
= 2haah® (37 (w9) (97300 ) (g2 () (971 )E02 ()

—2¢2 (g7 )5gk (g™ h)50n0r
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REMARK 3.4.3. The tensor h is, unfortunately, not a metric on LM
We can see that this is true by demonstrating a vector X such that lNL(X, Y)=0

for all Y. One such vector is

With this choice of X, we have

(X, B)) = 0*h(EL, B;)

and

= 26" hyh?? — 2545167
— 20, B — 20%5]

= 280 — 261

=0

THEOREM 3.4.4. The quadratic form associated with h projects to the standard

free field Lagrangian on J'T.

L = h*h Dby Dby — >
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Proof. Let w be the induced connection on LM. Then we have

w=w.E] (3.189)
wh = m,(dvf + T8 whda™) (3.190)
Given a vector tangent to LM, X = X' ail +X ,i Bl we write the vertical projection
X, = w(X)
- Xﬁ(aii) +X@‘*(£ )

= X'rk Tl Bl + Xink B
= (Xinf + X'7k Dl )Eﬂ
T (X7 + X' T ’)Eﬂ (3.191)

zl]

And the horizontal projection as
X, = X' B, (3.192)

The quadratic form }NL(X , X) splits into two terms because horizontal and vertical

vectors are orthogonal with respect to h.

WX, X) = h(Xy + Xo, X + X,)
= W(Xp, Xp) + h(Xy, X0)
If we consider these terms in local coordinates, we obtain
7(Xn, Xn) = h(XI7 By, X7 By)

= XImi XIrth(B;, By)

= —Xjﬂ';-Xjﬂ'z,uzh()\*Bia A DB;)

— X X (o) % ?%)

= —Xjﬂ';-’l}fXjﬂgvg 12 hg

= 1 X* Xy, (3.193)
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and
R(Xo, X,) = B (X 4+ XTol) B o (X7 4 XTIl ED)
(X7 + Xk (X7 + X h( B, i)

o
= mh (X7 + XTobyrk (X + XTRl) (2 haah®vfvtlml — 26167
= 78 (X" + X Tl rh (X 4 XT200) (2heahPvfvmim))
—2mk (X + XTIl )rh (X + X T g)(éw)
= (7% vk)(Xmﬂg + X FZL’U] )(7T vk)(Xmﬂj + Xll"l?vjﬂb)@hwhbb)
— 27k (X 4+ X Tyl (X + XTTT))
= 60 (X' + X'T6,) 08 (meﬂ + XTT6L) (2R, h")
— 2(X;-”7T£h + X F“fvlﬂ] N(Xrk 4+ X0 Fmvfgﬂk )
= (X9 + X'T%) (X0 + X'T%)(2heah)
— (Xl + XIS (X, + XTI
= (Xom) + XT8) (X7 + XT%)(2hyah™)

— 2(X'mh, + XTI ) (Xrh + XTTT) (3.194)
So combining (B.193) and (B.194) we have finally that
WX, X) = —p2X X g + (X0 + XT%) (X0 + XT%) (2heah)
(3.195)

— 2(X"mh, + XTI ) (X rk + XTT)
Now recall from (B.24) the coordinate form of the projection,

o =21
ol =g’

J _ o byJ
v, o F' = m vy
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It is not hard to see that if the vector X projects to j'4) we obtain

~ k aq/}a iTa aq/}a
h(X,X) = _NthE¢k¢k + (8mb + 9T )( b
™ ) o™ =

2O ) (S Ty

= 2h4ah? Dyp® Dytp™ — 2D 0™ Dypt)™ — 12 hygab* e

+ 'T%) (2haah™)

which with a little work reduces to

— BB Dy Digtlyy — 12

This is exactly the desired Lagrangian. []



Chapter 4

Jets of Arbitrary fields

This chapter was published as [B7]. Some slight revisions have been made to blend

it with the rest of the work.

4.1 Introduction

The Cartan-Hamilton-Poincaré (CHP) m-form is the central object in covariant La-
grangian field theory. The ingredients which go into the construction of this m-form

are:

1. A Lagrangian L : J'7m — R, on the bundle of 1-jets of sections of 7 : E — M,

where F is the configuration manifold of the theory,
2. A volume on the m-dimensional parameter space M,
3. The contact structure of Jir.

It is the contact structure [[if] in this mixture of ingredients that provides the geomet-
rical foundation of the theory. In this chapter we give a new geometrical formulation
of the covariant field theory on J'7 by lifting it to the bundle of vertically adapted
linear frames L, FE of E. We will show that the full depth of Lagrangian and Hamilto-

nian field theory on J'7 has a useful geometrical representation on the bundle L, E.

78



Chapter 4. Jets of Arbitrary fields 79

In this representation the role of the contact structure of Jlm is taken over by the
canonical vector-valued soldering 1-form on L, FE. Introduction of a Lagrangian leads
to the definition of a modified soldering form, and this vector-valued 1-form plays
the role of the CHP-m-form. These structures pass to a certain quotient of L, F to
give the standard structures on J'7. The advantage gained by this reformulation is
that it allows us to utilize the natural geometry that is supported on L, FE, namely
n-symplectic geometry, to further develop covariant field theory.

If F is an arbitrary n-dimensional manifold, then the bundle of linear frames
A LE — FE supports a canonically defined R"-valued 1-form, the “soldering” 1-
form. n-symplectic geometry on LF is the generalized symplectic geometry that
emerges upon taking the soldering 1-form 6 as the generalized symplectic potential.
This geometry, including the notions of n-symplectic observables, the correspond-
ing generalized Hamiltonian vector-valued vector fields, and generalized Poisson and
graded Poisson brackets, has been developed in a series of papers [0, B, B9, E0, [,
AF. A sketch of the basic structure of the theory can be found in section [L.3, but let
us point out here that in [[I]] it was shown that the fundamentals of the canonical
symplectic geometry on the cotangent bundle T*FE can be constructed entirely in
terms of the n-symplectic geometry on LE.

When F has extra structure, in particular when 7 : £ — M is a fiber bundle as it
is in Lagrangian field theory, then the n-symplectic geometry likewise inherits extra
structure on LFE. In particular, the fiber structure of 7 : £ — M leads to a reduction
of LE to the subbundle of vertically adapted linear frames L, FE, with a corresponding
reduction in the generality of n-symplectic observables. The structure group G, of
L. E is the subgroup of GL(n) that is block lower triangular, corresponding to the
convention that the last £ = n — m vectors in each linear frame are required to be
vertical. Following the model construction given in ] Lawson showed [B1], BT] that
the multisymplectic geometry R3] on the affine cojet bundle J**r can also be derived

directly from the n-symplectic geometry on L, F.
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Turning our attention in this chapter to the covariant field theory on J'7, we will
show that the geometrical foundations of the theory, namely the contact structure on
Ji7r, follows directly from the n-symplectic structure on L, E, while the CHP-form
follows from a modified soldering form. The central idea on which the analysis is
based is the following theorem.

THEOREM 4.1.1. Let m: E— M be an m + k dimensional fiber bundle over the
m-dimensional manifold M. The vertically adapted frame bundle L, E is a principal
H = GL(m) x GL(k) bundle over J'z. In particular, J'm = L,E/H.

As a consequence of this theorem, which we prove in section 3, the canonical sol-
dering forms on L, E pass to the quotient to define the contact structure of J'm (see
section [L.5).

A simple picture of the main ideas can be sketched out as follows. Let (x?) be local
coordinates on M and let (y*) be fiber coordinates on E, so that (%) = (2, y?) are
adapted local coordinates on F. With respect to such coordinates a general vertically
adapted linear frame at a point in E will be of the form

(e1,e4) = (v 5 + VB 50, v )

i,j=1,....m, A B=m+1,... m+k
The first m vectors (e;) are non-vertical while the last k vectors (e4) are vertical
with respect to 7. The matrices (v/) and (v5) are necessarily non-singular, while the
matrix (vP) € R¥™ is arbitrary. Hence we may take the collection (2%, y*, v/, vB v5)

as local coordinates on L,FE. We can represent an arbitrary adapted linear frame in

terms of these local coordinates as the (m + k) x (m + k) matrix

J
( o )
B ,B
Ui Uy

Using the notation 7 = (v?)~" and 7% = (v5)~", this matrix can be decomposed as

vl 0 5, 0 vk 0
= (4.1)
?JZB UE ngf 5g 0 vg

follows:
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The first factor is H invariant and defines a natural projection to J*«. We thus obtain

the decomposition
L.E=J7n x5 (LVE x5 LM)

where LV E denotes the bundle of vertical frames of E.

These results suggest that it may be useful to lift the covariant Lagrangian field
theory on J'7 to L,E. In particular on L,E we have available the n-symplectic
geometry to use in studying the structure of field theories. We show in section .4
that for a lifted Lagrangian £ = p*(L), the n-symplectic Hamiltonian vector fields
defined by vertical vector fields on £ may be thought of as variational vector fields.
If X is such a vector field then X (L) gives the Euler-Lagrange operator to within a
total divergence.

In section . we turn to the problem of constructing, on L, FE, a lifted version of
the CHP m-form. We show that in fact one can use a lifted Lagrangian to define an
R™-valued CHP-form using the canonical R™-valued soldering form 8. The key to the
construction is to use the fundamental vertical vector fields on L, FE together with the
Lagrangian to give a global, invariant definition of the covariant momentum, which is
essentially a frame bundle version of the Legendre transformation of classical theory.
The result is that the R™-valued CHP-form is a modified, or non-canonical soldering
form 6,. This new vector-valued CHP-form 6, passes to the quotient to define the
standard CHP-m-form on J'r.

As an application of the general formalism we derive in section .7 a generalized
Hamilton-Jacobi differential equation and generalized Hamilton equations. Under
appropriate assumptions these equations reproduce the Hamilton-Jacobi equations
and Hamilton equations of the de Donder-Weyl [[4, 3] and Carathéodory-Rund [[Z,
A7) theories.

We recall that there is a certain degree of arbitrariness in Rund’s [IJ] canonical for-
malism for Carathéodory’s theory. We find that by identifying the canonical variables

introduced here with the canonical variables in Rund’s formalism, the undetermined
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features of the Carathéodory-Rund theory can be given a natural interpretation on
L. E, namely as the variables defining linear frames for M. Looking again at the
decomposition ([L.T]) we see now that the entries in the right-hand-factor represent a
linear frame for M (the (v/) factor) together with a linear frame for the fibers of E
(the (v¥) factor). Section [I.g contains concluding remarks together with plans for

applications and extensions of the results presented in this chapter.

4.2 The Vertically Adapted Linear Frame Bundle
L. E

Let 7 : E — M be a fiber bundle where M is m-dimensional and E is n = m + k-
dimensional. Lower case Latin indices are assumed to range over 1...m, upper case
Latin indices over m+1...m+k, and Greek indices over 1...m-+k. This convention
will be used throughout the chapter.

An adapted frame at e € E is a frame where the last k basis vectors are vertical.
Note that coordinate frames that come from adapted coordinates are adapted frames.

The adapted frame bundle of 7, denoted L, FE, consists of all adapted frames for F.
L.E ={(e,{ei,ea}) : e € E,{e;,ea} is a basis for T,F, and d,m(eq) =0}

The canonical projection, A : L,E — E, is defined by A(e, {e;,ea}) = e.
L. FE is a reduced subbundle of LE, the frame bundle of E (Lawson [B]]). As such
it is a principal fiber bundle over E. Its structure group is G,, the nonsingular block

lower triangular matrices.

((e0) "}
G, = : A € GL(m), B € GL(k),C € R*™
C B

Gy acts on L, FE on the right by

A 0

(67 {eiveA})' ( C B

) = {(e, {eiAé- + eACJA, eaB3})
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4.2.1 Coordinates

If (2%, y”) are adapted coordinates on an open set U C FE, then one may induce
several different coordinates on )\_1(U ). First consider the coframe or n-symplectic

momentum coordinates (z', y*, 7}, ', m5) on A7} (U) defined by

(e few ea) = a'(0) e, (e eal) = (o)
A B 0
7TB<67 {6i7€A}) =€ (é?y—B)
Plefevea) =p'e) e feea)) =X (50)

Here (¢!, e?) is the dual frame to (e;,e4). We have as is customary retained the same

symbols for the induced horizontal coordinates.

Secondly consider the frame or n-symplectic velocity coordinates (¢, y*, vi, v4, vi)

30050

on A71(U) defined by

z'(e, {ei,ea}) = 2'(e) vi(e e eal) = ej(a")

Ug(ev {eiv eA}) = eB(yA)

yA<e7 {6,‘, eA}) = yA(e) U?(‘?? {61-, 614}) =€ (yA)
The v coordinates, viewed together as a block triangular matrix, form the inverse of
the 7 coordinates above. The blocks have the following relations:

vjvri =4 v T+ v =0 varh = 64

Lastly consider the following coordinates which are constructed from the previous

two.

Define (z', y*, uf, u, ugs) on A7'(U) by

z'(e,{ei, ea}) = 2'(e) uy = ut = UZA’/T;- = —véﬂf
y'(e{eieat) =y (e) up =75

It will turn out that the uf coordinates are pull-ups of the standard jet coordinates

on Jlmw. As such, we will refer to these coordinates as Lagrangian coordinates.
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Later in the chapter we will need the following formulas for the fundamental

*
vertical vector fields Ej on L. E in Lagrangian coordinates.

* .0 * 0 * , 0
7 7 A A i _ 1 B
E: = —u,— Ep=-— By = upvy

| 9 7 4.2
/ Ous, U oub (4.2)

4.2.2 n-symplectic structure

n-symplectic geometry arises naturally on the frame bundle LE of any n-dimensional
manifold E. LFE supports a canonically defined R"-valued 1-form 6, the soldering
1-form, and n-symplectic geometry is the geometry on LE when one takes df as a
vector-valued generalized symplectic form. We present here a sketch of the structure
of the theory and refer the reader to the literature [0, BT, BY, £, {1, {7 for more
details. See also the works of de Leén, Salgado et al. [[J] and Awane [].

The intrinsic definition of the soldering 1-form 6 parallels the definition of the

canonical form on T*M.
0.(X) = eo‘(duj\(X))ra =00 (X)rq (4.3)

Here u = (e,{e,}) € LE, A : LE — E is the canonical projection, and {r,} is the

standard basis for R™. In canonical coordinates,
0% = nglﬁ

The above formula parallels the local coordinate formula 9 = p;dg’ for the canonical
1-form on T*M.
Because the soldering 1-form 6 is vector-valued, the natural structure equation for

n-symplectic geometry takes the generalized form
dfrer oy = —plX erer g (4.4)

Here f = (f*1®2~ %) . LE — @PR" is a vector-valued function on LE and X; =
(X fo“a?"'apfl) is the corresponding set of Hamiltonian vector fields. (Each super-

script oy, kK = 1,2,...,p, runs from 1 to n). Moreover, since the soldering form
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is equivariant under the free right action of the structure group GL(n,R) on LE,
the class of functions that can satisfy ([.4) is restricted. They divide naturally into
vector-valued functions that map to either the symmetric tensor spaces (®;)PR™ or
the anti-symmetric tensor spaces (®,)PR", where ®, and ®, denote the symmetric
and anti-symmetric tensor products, respectively. There is a naturally defined Poisson
bracket for both sets of observables, and the complete set of symmetric observables is
a Poisson algebra with respect to the bracket, while the set of anti-symmetric observ-
ables is a graded Poisson algebra with respect to the bracket. These brackets, when
restricted to the subsets of tensorial observables, are the frame bundle versions of the
Schouten-Nijenhuis brackets [[J]. On L.FE the allowable tensorial observables [B]|
correspond to contravariant tensor fields that are projectible to E.

As a reduced subbundle of LE, L,FE has the n-symplectic geometry obtained by
restricting the soldering form. Since this soldering form is R™**-valued, we will denote
it (07,04). Let u = (e,{e;,ea}) be a point in L E. If A\ : L,E — E is the canonical
projection and X € T, L, F, then 6 defined as in (f.J) above splits naturally into the

two terms
0u(X) = 6'(X)ri + 6*(X)ra
where (r;,74) is the standard basis for R™**. In local momentum coordinates,

0" = ’/T;dil?j 04 = Wfd:l:j + mady®

4.3 The Relationship between L. E and J'w
We will demonstrate three useful facts relating L, E and J'x.

1. J'm is an associated bundle to L, FE [B1].

2. L,FE is a principal fiber bundle over J'x.

3. L, F is a pull-back bundle over J'7 [BI].
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4.3.1 A special case

Consider the case where 7 is a trivial bundle. Let M = R™ and F = R™ x F' with
F' a k-dimensional manifold. Let 7 : R™ x F' — R™ be the standard projection. It is

known that for this bundle each 1-jet corresponds to an m-tuple of tangent vectors

to F.
JIm 2R x (TF&---®TF)

It is clear that such a bundle is associated to L. FE.
Let us examine L, F in this case. We will make use of the other projection mapping

7 :R™x F — F. For each frame (u, {e;,e4}) in L, E, we decompose each vector into
ei = (v, wi) ea = (va,wa)

where v; = dym(e;), w; = dy7w(e;), va = dym(es), and wa = d,7(ea). Note that

v4 = 0 by the definition of L, FE, so we have
€, = (Uia wz) €A = (07wA)

The k vectors {w,} form a basis for Tz, F, and the m vectors {v;} form a basis for
Trw) R™. The m vectors {w;} are simply an m-tuple of vectors in Trw) F.

Decomposing all of L, FE in this way, we obtain
L.E = J'7m xg (LR™ x LF)

This is a bundle isomorphism over £ = R™ x F'. From this decomposition, it is clear
that L,E is a pull-back bundle over J'w. Furthermore, the fiber is the Lie group
GL(m) x GL(k).

4.3.2 The general case

Consider an arbitrary fiber bundle 7 : ' — M. In this more general setting, a 1-jet
is no longer simply an m-tuple of tangent vectors. There are three major ways of

describing 1-jets, each with its own charm:
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1. Equivalence classes of sections of .
2. Linear right-inverses to d, .
3. Non-vertical m-dimensional subspaces of T, F.

One quick way to define the projection from L,E to J'm is to map each adapted

frame to the span of its non-vertical elements.

(u,{ei, ea}) = (u,spanfe;})

However, we will benefit from starting with J'm as an associated bundle.

As stated earlier, the structure group of L, FE is G, the nonsingular block lower
triangular matrices. This group G, can be decomposed [BT]| into the product of two
of its subgroups, H and J, where

o {(41) rccrimcoun)

(2 eord

Note that J is Lie group isomorphic to the additive group R¥™.
We will show that J'7 is a bundle associated to L, E with fiber G, /H. Although

and

H is a closed Lie subgroup of G, it is not normal. As such G, /H does not have
a natural group structure; it is a manifold with a left G,-action. For each coset

gH € G, /H, we select the unique representative in J.

(o)) ) -(en )

By choosing these representatives, we identify G, /H with J and hence R¥™. These

identifications are diffeomorphisms.
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Consider how the left G,-action looks for our selected representatives.

A0 ro\ A 0 I 0
C B ¢ 1) \c+B¢ B CA-' 4+ BEA™' |

So the Gy-action appears affine when G, /H is identified with R*™. Therefore it is
prudent to use this identification to define an affine structure on G, /H modelled on
RF™  This Gy-invariant structure will pass to the fibers of the associated bundle,
making it an affine bundle.

THEOREM 4.3.1. L.E xq, (G, /H) = J'r

Proof. The isomorphism maps each equivalence class [(e, {e;, ea},£)] to the linear

map ¢ : TreyM — T.E defined by ¢(é;) = e; + £e,, where we use the basis é; =

dem(e;). L]

COROLLARY 4.3.2. L.E is a principal fiber bundle over J'm with fiber H.
Proof. This fact follows directly from proposition 5.5 in reference [B(]. []

We will denote the projection from L,E to J'm by p. It is given by
ple,{e;,ea}) = (e,7) where 7(&;) =e¢;

We now show that the uf—coordinates defined earlier are the pull-ups of the jet coordi-
nates. If (2%, y?) are adapted coordinates on an open set U C E and u = (e, {e;,ea}) €

A~Y(U) then

0 0
A e =dautor(L| ) = dyAled
Yi Op(u) Yi (6’7—) dey” o 7( ox’ 7r(€)) ey (6]6 (8xi w(e)))
9 .
= day(e)€ (= | ) = v ()l () = ' (w) (1.5)

What remains to be shown is that L,FE is a pull-back bundle over J'mw. To see
this, we will decompose each adapted frame in a manner similar to the trivial case

covered earlier. We can split each adapted frame (u,e;,e4) into three pieces:

1. A point in LM, (7(u),é;), where é; = d,m(e;)
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2. A point in LVE, (u,e4), where LV E is the bundle of vertical frames over E

3. A point in J'm, (u, ), where ¢ : TryM — T,E is defined by ¢(¢é;) = e;

THEOREM 4.3.3. L.E = J'n x5 (LVE x 3 LM)
Proof. The isomorphism is given by (u,e;,ea) — ((u, ), (u,e4), (7(u),&;)). The
inverse map is quite nice: ((U, ¢)a (U, fA)a (p7 fz)) = (U, ¢(fz)a fA) I:‘

4.4 Prolongations of Vector Fields to L E

DEFINITION 4.4.1. A Lagrangian on L. E is a function L : L,E — R. A Lagrangian

on L, E 1is lifted if it satisfies the auziliary conditions
ENL)=0 EX(L) =0

REMARK 4.4.2. Using ({.3) one can show that these conditions imply that L is
constant on the fibers of p : L.E — J'r, and thus is the pull up of a function on J'r.

For the remainder of this chapter we will assume that our Lagrangians are lifted.

In order to see the role played by the canonical n-symplectic structure on L, FE
in Lagrangian field theory, we consider a variation of a local section ¢ : M — FE.
The variation of ¢ can be defined by a vector field f on E that projects to the zero
vector field on M, so that in adapted local coordinates f has the form f = f40a.
The associated tensorial function f : L. E — R™* is given in local coordinates on

L. E by f = fafa, where
(f*) = (', f*) = (0, fPr5)

The n-symplectic Hamiltonian vector field X ; determined by f is the unique solution
of equation ([£4) with p = 1. Thus X} is defined by

N

df* =—-X;-do*
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and in local coordinates it has the form [BJ]

off p 0 Off 5 0

7 — s
0zi A onB  9yo A onk

Xp=f104—

Transforming to Lagrangian coordinates we find

ofA oft. o ofA 0
. = A B _ B

i (f 8A+(8xj i 8y3)8uf (8yCuA>8ug
dei) _(afA 5. O

i ot ) 9y " guE

- ( FA04 + (4.6)

LEMMA 4.4.3. Let f be a vertical vector field on E. The projection of the asso-
ciated Hamiltonian vector field Xj on LE to Ji7 is the prolongation j(f) of f to
Jir.

Proof. The vector fields % are vertical with respect to p, and p, (52 2.

ur) = 57
]

J

This lemma shows that the Hamiltonian vector field X jon L. FE is a lift of the
prolongation of f to J'w. That X j actually has the properties of the prolongation of

f with respect to Lagrangians follows from the following lemma. We let

Ea() = % - dilci (%>

denote the Euler-Lagrange operator in local coordinates on L, F.

LEMMA 4.4.4. If X; is the n-symplectic Hamiltonian vector field on LrE of a
vertical vector field f on E, and if L is a lifted Lagrangian on L. FE, then

d .
XH(£) = PEAL) + () (@)
Proof. The proof is a straightforward calculation using ([.§). []

After introducing the CHP 1-forms in the section [I.q we will use (f.7) to lift the

variational principle to L, FE.



Chapter 4. Jets of Arbitrary fields 91

REMARK 4.4.5. As mentioned in section [[.2.3 there are other observables in n-
symplectic geometry on L. E beyond those corresponding to vertical vector fields on
E. In particular there is the Poisson algebra of all vertical symmetric contravariant
tensor fields on E, as well as the graded Poisson algebra of all vertical antisymmetric
contravariant tensor fields on E. The associated (equivalence classes of ) vector-valued
Hamiltonian vector fields on L.E also project to tensor fields on Jlmw. Since these
vector-valued Hamiltonian vector fields generalize the natural lift of a vector field from
E to L, E, their projections to J'm can be taken as the prolongation of the tensor fields

on E to J'w. These ideas will be elaborated in more detail elsewhere.

4.5 The Contact Structure

The contact structure on J'm amounts to a natural splitting of the tangent and
cotangent spaces to E. For every (e,7) € Jlm there is a natural splitting of T, E and
T.E* into horizontal and vertical subspaces. This is usually encoded via the linear
projections onto the vertical and horizontal. Saunders [[f] envisions the contact
structure as linear endomorphisms of the pullback vector bundles J'7 x g (T'E) and
J'm xg (T*E). These maps can be defined invariantly as follows. For (e,7) € J'm,

X €T.E, and w € T*E.

hX)=rodm(X)  o(X)=X—h(X)

h'(w) =woTod.r V(W) = w — h(w)

Guillemin and Sternberg [BJ] prefer to think of the contact structure as 7'E-valued
1-forms on Jlm. To achieve this, they compose the h and v above with d(er)T1,0,
where o : J'r — E.

In local coordinates, the contact structure looks like a pair of (1,1) tensor fields

on E, except that they depend on jet coordinates.

0 0 ‘ 0
ok A _ (1B __ B
h = dx ®(—8x’“ + y; —8yA) v=(dy” — vy, dq:ﬂ)@g)—ayB
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Depending on interpretation, the expressions above can be the horizontal and vertical
projections for either J'w xg (TE) or J'm xg (T*E). They can also be interpreted

as T E-valued 1-forms on J'7.

4.5.1 The Contact Structure viewed from L, F

The contact structure arises on J'7 because each 1-jet (e,7) allows us to decompose
T.E into a direct sum. Similarly, the soldering form arises on L,FE because each
adapted frame u = (e, e;,e4) allows us to represent T,E as R™*k. So the contact

structure is analogous to the soldering form. Recall that
0.(X) = €' (duNX))r; + e (duNX))ra = 0, (X)ri + 0, (X)ra
and that in local coordinates,
0" =rida! 0% =nllda + Thdy”
Consider the following T'E-valued one-forms on L, FE
0n(u) = 0"(u) ® e; 0,(u) = 04 (u) ® ey

In local coordinates,

0

, 0 0 0
- k l A o k A
Op = mpdx ®U¢(%+Uz W)—da? ®(%+uk@)
6 = AdB Bd] C 0 _ dB Bd] 0
=y = Pl @ o = O i) 5

These objects are strikingly similar to the contact structure of J'm. In fact, they pass
to the quotient to give the contact structure on J'mr. The contact structure is known
to appear in “various guises” [[A{]; the soldering form on L,E is another, perhaps
more potent, version.

We also remark that the contact structure falls trivially from the following theorem
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THEOREM 4.5.1. Let A : P — E be a principal fiber bundle with structure group
G, let H C G be a closed lie subgroup, and let F' be a manifold with a left G-action.
Then

PXHFg(P/H) XE(PXGF)

Proof. First note that by Proposition 5.5 in reference B0], P/H = P x¢ (G/H)
and p: P — P/H is a principal bundle. So P x g F is a bundle associated to p. This
makes sense—if F' has a left G-action then it has a left H-action. The isomorphism

map is

(p, f)H = (pH, (p, [)G)

It is well-defined and a smooth diffeomorphism. []

COROLLARY 4.5.2.

L.ExyR"r ~ Jln o TE
L:E xy (R™™)* = Jlr xp T*E

The natural splitting of the fibers R™** and (R™**)* is H-invariant and passes to

the quotient to form the contact structure.

4.6 The Cartan-Hamilton-Poincaré Forms

One associates [, B4 with a given Lagrangian L on J'm the Cartan-Hamilton-
Poincaré (CHP)-m-form 6y, which one may use to re-express the action integral of
the Lagrangian. This form can be defined directly [BH] on J', or it can be defined [R7]
on J' as the pull back of the canonical multisymplectic form on J*, the affine dual

of Jl'w. Although the CHP-form on L,E can be defined in terms of the n-tangent
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structure on L, FE, we will define this form directly in terms of invariant quantities
on L.FE. We will first define CHP-1-forms, from which the CHP-m-form will be
constructed.

The fundamental vertical vector fields E; are given in Lagrangian coordinates in
(B2). If £L: L EF — R is a lifted Lagrangian on L. F, then it is the pull-up under p

of a Lagrangian L on J'mw. Hence, since p*(au%) , we have

— 0
= 5
* . g oL ; pOL
EY(L) = Uk”f% = Uk“f@

This leads us to the following definition:
DEFINITION 4.6.1. Let L : L,E — R be a Lagrangian on L.E. The covariant

momenta of L are
P = Ey(L) = (uvl)pj

oL

where pk, = P denotes the canonical momenta of the Lagrangian.

REMARK 4.6.2. Notice that the covariant momenta (P%) are globally defined

oL
8ukB

tensorial objects on L. E, while the canonical momenta (p%) = (%) are only defined

locally.

We are now in a position to give a global definition of the CHP-form on L, E. We
first define the related 1-forms.

DEFINITION 4.6.3. Let L : L E — R be a lifted Lagrangian on L.E, and T7(m)
a positive function of m, the dimension of M. The CHP-1-forms 0} on L.E are

6. = T(m)LH + E\(L)6 (4.8)
07 = 04 (4.9)

REMARK 4.6.4. The positive function T(m) in this definition is included to allow

for various theories to occur as special cases. We will see that the choice T(m) = 1
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yields the canonical theory of Carathéodory-Rund, and 7(m) = + yields the canonical

theory of de Donder-Weyl.

REMARK 4.6.5. The collection of forms (0%) = (0%,07), where 02 = 64, is
a modified, or non-canonical soldering form if L > 0. This follows from the easily
verifiable properties X 10% = 0 for alla = 1,2,...,n if and only if X is vertical with
respect to A : L, — E and R;Qﬁ =g 1-0,.

Working out the local coordinate form of the CHP-1-forms in Lagrangian coordi-

nates we find

0, = —Hida' + Pydy” (4.10)
0 = Pida’ + Pgdy” (4.11)
where
H; = uZ(p%uf—T(m)E(ﬁ“) (4.12)
Py = upl (4.13)
PJA = —u‘guf (4.14)
P = ug (4.15)

We will refer to the Hj as the components of the covariant Hamiltonian, and to the
P} as the components of the covariant canonical momentum. If we define symbols hf
by the formula

h* p%uf —7'(m)£5;.C (4.16)

j:

then the covariant Hamiltonian ([E.1J) can be expressed as H, = wujh¥. Setting
7(m) = 1 we find that h} has the form of Carathéodory’s Hamiltonian (I3, [if] ten-
sor. Similarly, setting 7 = % we find that h = h! yields the Hamiltonian in the de
Donder-Weyl theory [[4, {3

Finally we show how the CHP-1-forms can be used to construct the CHP-m-form

on Jlm.
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PROPOSITION 4.6.6. Let (B;, Ba) denote the standard horizontal vector fields of
any torsion free linear connection on A : L, E — FE, and let vol denote the pull up to
L. E of a fized volume m-form on M. Set vol; = B;-! vol. Then when 7(m) = % the
m-form

0, = 02 A vol;

passes to the quotient to define the CHP-m-form ©, on J'x.
Proof. The vector fields B; have the local coordinate form B; = vf‘% + V where

V is vertical with respect to A\ : L,F — E. Using this and formulas (f.§) through
(ET13) one can show that

A
O, = —(pfguf — L) vol + p’ydy”™ A (% —vol)

The right-hand-side is constant on the fibers of p : L,E — J'm and is in fact the
pull-up p*(0y,) of the CHP-m-form Oy, on J'x. ]

REMARK 4.6.7. The above geometrical construction of the CHP-m-form is anal-

ogous to the geometrical construction given by Guillemin and Sternberqg [2]].

4.6.1 The Variational Principle on L, F

We now lift the variational principle from J'7 to L.E. This is a simple procedure
since we are using a lifted Lagrangian and only varying a section of 7. Let ¢ : M — E
be a section of m and j¢ its 1-jet prolongation to J'm. For any section & : J'nr — L, E
we have that u=§o0j¢p: M — L, FE is a section of mo X\ : L, E — M.

The action integral on Jlr lifts nicely since £ = L op.

/M jo" (Lol = /M o (L)vol

We recall 7] that the action integral is extremized by ¢ iff j¢*(W <d©y,) = 0 for all
vector fields W on J'mr. However, this condition can be weakened to jo*(j(f)-dOr) =

0 for all vertical vector fields f on F.
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Now for any such vertical vector field f, consider its J'm prolongation j(f) and its
n-symplectic Hamiltonian vector field X; on L L (also a kind of prolongation). From
(F-4-3) we know p.(X;) = j(f). From proposition ([£.6.4) we now have X;-df; =
X;-p*(dOy). It follows that

u(X;dbe) = jo"(i(f) - dOL)

We conclude that the action integral is extremized by ¢ iff u*(X; - df) = 0 for all

vertical vector fields f on F.

4.7 The Generalized Hamilton-Jacobi Equation

As an application of our general formalism we derive the Carathéodory-Rund and
de Donder-Weyl Hamilton-Jacobi equations. By analogy with the time independent
Hamilton-Jacobi theory (see, for example, reference [9]) we seek Lagrangian sub-
manifolds of L, FE. However, since the dimension of L, F is in general not twice the
dimension of F, a new definition is needed. For our purposes here we will consider
n = m+ k dimensional submanifolds of L, FE that arise as sections of A. In particular

we consider sections ¢ : E — L. F that satisfy
o*(dfz) =0 (4.17)

We will refer to this equation as the generalized Hamilton-Jacobi equation.
Since 0*(d0}) = d(c*(0%)) the condition (E.I7) asserts that the 1-forms o*(6%)

are locally exact, and we express this as
o*(07) = ds“ (4.18)

in terms of m + k new functions S defined on open subsets of E. For convenience

we will denote objects on L, F pulled back to E using o with an over-tilde. Thus, for
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example, Hi = Hio o and P} = P} o o. Then we get from ([..19)-(f.1§) and ([.13)

- a5 -, 05!

(a) H; = e (b) Py = ayA (4.19)
A 0S54 . 0S4

(a) apuy = 7 (b) ap = E (4.20)

Recalling that H! = Phu? —7(m)Lu} and P} are functions of the coordinates x*, y*,
u; and v, equations () can be combined into the single equation

oS¢ o5
B N —
“ 5yB) 7 = "o

H;(:Ea,yB,ug,u (4.21)

Similarly combining equations ([L.20) we obtain
ds4
— =0
dz?

We next consider special cases of these generalized Hamilton-Jacobi equations.

4.7.1 The Theory of Carathéodory and Rund

We note from ([13), (E13), and (f1G) that H} = wjhl and Py = ujph, where

the matrix of functions (uf) is GL(m)-valued. Using the notation P; = —H and

i = u} o o we may rewrite ([.13) and ([L.13) in the form

B = it P = (1.22)

If we take t(m) = 1 then these equations are the equations defining the canonical
momenta in Rund’s canonical formalism for Carathéodory’s geodesic field theory (see
equations (1.22), page 389 in [[[f], with the obvious change in notation). In this
situation equation ([.21]) can be identified with the Rund’s Hamilton-Jacobi equation
for Carathéodory’s theory (see equation (3.29) on page 240 in []). We recall [fJ]
that one can derive the Euler-Lagrange field equations from this Hamilton-Jacobi
equation.

In ({.23) we have the result that the arbitrary non-singular matrix-valued func-

tions (%) that occur in Rund’s canonical formalism for Carathéodory’s theory have a
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geometrical interpretation in the present setting. Specifically they correspond to the
coordinates for linear frames for M. These defining relations are derived from Rund’s
transversality condition, and this condition has the elegant reformulation here as the
kernel of (6%).

We will say that a vector X at e € E' is transverse to a solution surface through e
that is defined by a given Lagrangian £, if X = dA(X), where X € T, (L, E) satisfies

X 46 =0, for some u € A"}(e). X thus satisfies the equations

0=—HIX7+ PiX* =uj (—h*X7 + phX4)

~ . A

XT=X('), X*=X(y"

from which we infer
0=—hbX7 + phix4 (4.23)

This is Rund’s transversality condition for the theory of Carathéodory when we take
t(m) =1 (see equation (1.10), page 388 in [f]). The canonical momenta Pj and P}
are defined by Rund to be solutions of

0= PX7+PyXx" (4.24)

when (X7, X4) satisfy (.23). Rund’s solutions of these equations are given in ([£.29).
Looking at ([£.23), (f£23) and (f.24) we see that the introduction of the v} in ([f.23)

amounts to the introduction of the GL(m) freedom for linear frames for M.

4.7.2 de Donder-Weyl Theory

Returning to (f.21]) let us reduce this equation by making several assumptions. We
suppose that £ is regular (in the usual sense on Jl7), that the section ¢ is such that
@} = 0%, and we make the choice t(m) = --. Now summing ¢ = j in (£21) we obtain

5 O oS

B($Z7y ) 0yB) = _81'1
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where h = pyal — £. This equation is the Hamilton-Jacobi equation of the de
Donder-Weyl theory, as presented by Rund (see equation (2.31) on page 224 in [[J]).
We recall [T} that one can derive in this case also the Euler-Lagrange field equations

from the de Donder-Weyl Hamilton-Jacobi equation.

4.8 Hamilton’s Equations

The structure of equations (.10) - (.13) suggests that one should be able to derive
generalized Hamilton equations if the canonical momenta p'; = i—ﬁ, can be introduced
as part of a local coordinate system on L, FE. Part of the originaf philosophy used in
developing n-symplectic geometry in reference [B9) was to switch from scalar equations
to tensor equations, motivated by the fact that the soldering 1-form is vector-valued.
In particular, the basic structure equation (f.4) in n-symplectic geometry is tensor-

valued. We show next that
u*(n-db.) =0 (4.25)

where v : M — L, FE is a section of m o A\, and 7 is any vector field on L, F, yields
generalized canonical equations that contain known canonical equations as special
cases. We consider here only df’. since by Proposition (f.6.6) it alone is needed to
construct the CHP-m-form on J'x.

We need the following definition in order to introduce the canonical momenta as
part of a coordinate system on L, FE.

DEFINITION 4.8.1. A Lagrangian L on L. E is regular if the (m + k) x (m + k)

matriz
(4o Eic)
1s non-singular.  Working out the terms of this matrix in Lagrangian coordinates

using ([.9) we obtain

E'y o BL(L) = wuivbvl (7)

£, D
oufouy
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It is clear that this definition is equivalent to the standard definition of regularity on
JiT.

We now consider the transformation of coordinates from the set (2, y4,

j’A A)

U, Up

to the new set (z¢, 4, ﬂ;'-,pil, %) where

Computing the Jacobian one finds that the new barred functions will be a proper
coordinate system whenever the Lagrangian is regular. For the remainder of this
section we shall assume that £ has this property, despite the fact that many important
examples (see [2J]) have non-regular Lagrangians. Moreover, for simplicity we will

drop the bars on the new coordinates.

In the generalized canonical equation (f.2H) we now take n = -2-. We find the

apil'
_ (o] j O(y" ou)

Using H} = u!hi and the fact that (u}) is a non-singular matrix valued function, this

result

last equation reduces to

ahi«' ou = M(;J
op"y ozk

This is our first set of generalized Hamilton equations. Notice that by summing j = k

in this equation we obtain

oh _ Oyt ou)
, U= =53 (4.26)

Upon setting t(m) = % we obtain half of the de Donder-Weyl canonical equations.

Under suitable but complicated conditions these equations, with ¢(m) = 1, will also

reproduce part of Rund’s canonical equations for the theory of Carathéodory.
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In the generalized canonical equation ({1.2H) we now take n = ayiA' We find

Using an “over bar” notation to denote objects pulled back to M by u we may write

this as
0 i ~i Oh;
5 (ayphy) = — (#) ou (4.27)

This is our second set of generalized Hamilton's equations.
Notice that what is non-standard in ([.27) is the appearance of the derivatives of
the functions @} = v o u. If, however, the section u : M — L. E is such that the @}

are constants, then these equations reduce to

owh) _ ohy
O’ oyA

Setting 7(m) = L and summing k = j in this equation we obtain

o) oh

oxi — OyA

These equations, together with equations (.2G) when 7(m) = =, are the complete

canonical equations in the de Donder-Weyl theory.

4.9 Conclusions

In this chapter we have reformulated covariant field theory for sections of 7 : £ — M
on the bundle of vertically adapted linear frames L, FE. The advantage gained by this
reformulation is that it allows us to utilize the natural geometry that is supported
on L.FE, namely n-symplectic geometry, to further develop covariant field theory.
We have concentrated on demonstrating that L,E with its canonical n-symplectic

structure provides an appropriate arena for formulating covariant field theory, leaving



Chapter 4. Jets of Arbitrary fields 103

aside the development of the modified n-symplectic geometry defined by the Cartan-
Hamilton-Poincaré (CHP) 1-forms to future papers.

To this end we showed that covariant field theory on J'n lifts in a natural way
to L.E. The analysis was based on the theorem, presented in section [L.3, that Jlm
is a principal fiber bundle p : L,E — J'm over the bundle of 1-jets of sections of
7. This theorem was used to show that the soldering 1-forms 8% on L, FE play the
role of the contact structure on J'z. The soldering 1-forms and a lifted Lagrangian
L = p*(L) were then used to construct modified soldering 1-forms 6% on L, E, the
CHP 1-forms. These CHP 1-forms were shown to pass to the quotient to define the
standard CHP m-form on J'7. Further we used the CHP 1-forms to derive general-
ized Hamilton-Jacobi and generalized canonical equations on L, FE, and then showed
that the Hamilton-Jacobi and canonical equations in the theories of Carathéodory-
Rund and de Donder-Weyl are contained as special cases. What we did not do was
develop the explicit structure of the modified n-symplectic geometry, including allow-
able observables, Hamiltonian vector fields, and Poisson and graded Poisson brackets,
that one should be able to define using the CHP 1-forms. Nor did we develop the
variational principle on L,E for a Lagrangian that is not lifted from J'w. These

problems we leave to future publications.



Chapter 5

Conclusions

The overall them of this work has been to introduce additional freedom into the
standard formalisms for field theory, lifting them to higher dimensional spaces with
additional geometric and algebraic structure. This sort of trick is a standard way
of taming a difficult problem; in a sense we are creating “room to maneuver.” We
have presented two approaches: one for (anti)symmetric contravariant vector fields
and another for arbitrary vector fields.

These two approaches share many similarities. Both cases revolve around a frame
bundle, and in both cases the new projection becomes a principal bundle, hence we
use the term gauge freedom. Also in both cases, we interpret the jet bundle as an
associated bundle, which itself is a powerful relationship. Even the coordinate form
of our projections share similarities; compare (B.24) with (L.3).

On the other hand there are significant differences. In chapter B we lift to the
tangent bundle of the frame bundle and in chapter @] we lift to the adapted frame
bundle. The significance being that the adapted frame bundle clearly has n-symplectic
structure, whereas the tangent bundle of LM is not yet known to possess such struc-
ture. On the other hand, T(LM) has a vector bundle structure which L. F lacks. In
particular this vector space structure allowed for the interpretation of the free field

Lagrangian as symmetric type (0,2) tensor.

104
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5.1 Future Work

The relationship between these two approaches needs to be explored further. Al-

though we have the result from chapter f] that

L, TM = J'r xpp (LV(TM) X 3y LM)
>~ J'7 xqpar (LM X3 LM)

it is unclear how this related to 7'(LM).

Also there is much development yet to be done in the approach of chapter B.
Dynamical equations have not been written. This will probably require lifting the
soldering form to T(LM), which will give it n-symplectic, or perhaps k-cotangent,
structure. A Legendre transformation needs to be defined. One expects this to be a
map to T*(LM), but which one is unknown.

The result for the free field Lagrangian may yet lead to a metric. It is possible
that the addition of more terms will do the trick. Also, Lagrangians for higher rank
observables have yet to be explored.

Additionally, there are a number of side topics that have arisen in this work. In
B9, E0], a certain symmetry is demanded of Hamiltonian vector fields. In chapter J,
we were forced to demand a slightly different symmetry. The full relationship between
these restrictions in not know and it is worth exploring. It would be interesting to
study n-symplectic geometry using the symmetry of chapter g only.

The notion of a weakly associated bundle presented in chapter ] may be new to
the literature. If so, there are many details to work out regarding it. Many of the

statements about associated bundles should generalize.
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