ABSTRACT

XU, ZEKUN. Modern Methods of Hidden Markov Models and Partially Observable Markov
Decision Processes in Biostatistics. (Under the direction of Eric B. Laber and Ana-Maria
Staicu.)

Hidden Markov models and partially observable Markov decision processes are widely
used to model system dynamics driven by latent states. Those latent states have specific
practical interpretations in different real world problems, like the activity states in wearable
computing and the mood states in bipolar disorder patients. Since the states are not di-
rectly observable, modern techniques are needed in order to estimate the state transitions
and conditional state distributions. This thesis aims to develop novel computational and
inferential methodologies to address scientific questions in biostatistics applications using
hidden Markov model and partially observable Markov decision processes.

In the first part, the motivating wearable computing project comes from a randomized
clinical study to evaluate the effectiveness of a nonsteroidal anti-inflammatory drug in
owned, pet adult domestic cats. Accelerometer is used for collecting high-frequency activity
data on cats and subsequently to study the effects of treatment on pain related activity
patterns. However, activity patterns and the effect of treatment on these patterns can vary
widely across cats; furthermore, the effects of treatment may manifest in higher or lower
activity counts or in subtler ways like changes in the frequency of certain types of activities.
We use a zero inflated Poisson hidden semi-Markov model to characterize activity patterns
and subsequently derive estimators of the treatment effect in terms of changes in activity
levels or frequency of activity type. We demonstrate the application of our model using
data from a naturally occurring feline osteoarthritis-associated pain model.

In the second part, we continue with modeling high-frequency human activity data
collected from wearable devices in the National Health and Nutrition Examination Survey.
However, modeling such data is challenging as they are high-dimensional, heterogeneous,
and subject to informative missingness, e.g., zero readings when the device is removed
by the participant. We propose a flexible and extensible continuous-time hidden Markov
model to extract meaningful activity patterns from human accelerometer data. To facilitate
estimation with massive data we derive an efficient learning algorithm that exploits the
hierarchical structure of the parameters indexing the proposed model. We also propose a
bootstrap procedure for interval estimation.

In the last part, we shift the attention to the estimation of optimal treatment regime in

the observational pathway of the Systematic Treatment Enhancement Program for Bipolar



Disorder. In this observational longitudinal study, no two patients have the same treatment
history even after coarsening clinic visits to a weekly time-scale. Estimation of an optimal
treatment regime using such data is challenging as one cannot naively pool together patients
with the same treatment history; nor is it possible to apply backwards induction over the
decision points. Thus, additional structure is needed to effectively pool information across
patients and within a patient over time. Current scientific theory for many chronic mental
illnesses maintains that a patient’s disease status can be conceptualized as transitioning
among a small number discrete states. We use this theory to inform the construction of a
partially observable Markov decision process model of patient health trajectories wherein
observed health outcomes are dictated by a patient’s latent health state. Using this model,
we derive an estimator of an optimal treatment regime under two common paradigms
for quantifying long-term patient health. The finite sample performance of the proposed
estimator is demonstrated through a series of simulation experiments and application
to the observational pathway of the STEP-BD study. We find that the proposed method
provides high-quality estimates of an optimal treatment strategy in settings where existing

approaches cannot be applied without ad hoc modifications.
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CHAPTER

INTRODUCTION

1.1 Overview

The class of Markov processes and its variants have been widely used to model dynamic
systems in a variety of applications [see Dra67, for an overview on Markov process]. The
simplest form of a Markov process is a Markov chain, which is a stochastic process {S’} >,
with a finite state space S’ € {1,..., M} and satisfies the Markov property for all ¢ > 1:

P(S'=s'S"" =518 =s")=P(S" =s" IS =",

In many real world applications, the states are not directly observable; instead, what we
often observe is some noisy realization of the latent states. For example, when analyzing the
physical activity data collected by wearable monitors, we only observe the activity intensity
for each subject, whereas the actual type of activity (e.g. walking, running, etc.) correspond-
ing to the activity intensity is unknown. Also in the example of estimating an optimal rule
for treating bipolar disorder patients, we do not observe the true mood states but only the
patients’ answers to an inventory of mood-related questions. These applications motivate
the development of hidden Markov models (HMM) and partially observable Markov deci-

sion processes (POMDP), which are useful frameworks in the literature to model dynamic



systems driven by latent states. In this thesis, we will focus on modern methods of hidden
Markov models and partially observable Markov decision processes that are motivated by

various biostatistics applications.

1.1.1 Hidden Markov models

HMM was first introduced in the 1960s [BP66; Bau70]. Since then, there have been many
extensions to the original HMM framework, including hidden semi-Markov model [Fer80;
RMB85; Lev86; BB06; Yul5], factorial hidden Markov model [GJ96; Gae09], Markov-switching
model [Ham89; Ham96; S098], continuous-time hidden Markov model, [Bur03; Liul5] etc..
There have been many successful applications of hidden Markov model to solve real world
problems in the field of speech recognition, computational biology, financial economics,
and activity modeling [see, for example, Rab89; Ham89; Cap09; LZ11; LB17]. In particular,
HMM is a common approach in the analysis of wearable sensor data [He07; ZS09; MS10;
Nic11; LC11; RC14]. In this framework, the human activity is divided into different latent
behavioral states. The observed activity count is dependent on the unobserved latent state.
In the context of treatment evaluation, HMMs have also been used to model latent health
states and subsequently conduct inference for activity patterns in terms of transitions
among these states and activity patterns within each state [Sco05; Alt07; Shil0].

We will use the activity intensity data measured by wearable accelerometer as a concrete
example to illustrate the framework for statistical inference in HMM. This type of data
are often right-skewed integers, with an excessive proportion of zero readings, which
motivates the following zero-inflated Poisson hidden Markov model. Relevant notations
will be defined and theoretical properties will be discussed. We assume that the observed
data are of the form {(X}, Yl.l, . ,Xl.T, YZ.T)}?:1 and comprise n independent replicates of the
trajectory (X!, V..., X", ¥T), where: T €N, ={1,2,...} is a fixed time horizon; X denotes
the subject covariates at time t = 1,...,T; and Y’ e N = {O}UN+ denotes the integer
accelerometer reading at time t =1,...,T. Let Sl.t €{1,..., M} be the latent state at time ¢
for subject i, where M is a fixed integer. This latent state trajectory evolves according to a
Markov model indexed by: (i) an initial state distribution §;(m) = P(Sl.1 =m)form=1,.. M;
(i) the transition probabilities Q;(m, ¢;x") = P(Slf+1 =!IS/ =m,X! =x')form,{=1,..,M.
Assume a multinomial logistic regression model for the transition probabilities to capture
the potential treatment effect on transition probabilities so that

exp(d, , x')

m,l,i

Qi(mrg;xt): ,
224:1 exp (dm.k,ixt) )




whered,, ;. ; are unknown coefficient vectorsform, k =1,...,M, i =1,..., n. Further assume

that ¥;' 1 (X3,S/,. ..,Xf‘l,Si“1)|(le,Slf ) and that the accelerometer activity readings are

14

distributed as

P(¥!=y]s! =1 =x')
{Alf(m,xt)}y exp {/ll?(m,xt)}
} "

:pit(xt)lyeo + {1 _pit(xt)

when the subject is in the first latent state, and

Py = |St_ X =x!)= {/lf(m,xt)}y exp {A!(m,x")}
i _y i y AN = = y'

)

when the subject is in latent states m =2, 3,..., M. Thus, accelerometer readings are mod-
eled a zero-inflated Poisson with intensity functions A} : ¥ x R? x R” — R, and weight
functions pl.t 1 xRIxRP —[0,1]fori=1,...,n, t =1,..., T. Furthermore, for each subject

i, time t, and latent state m, assume that these functions are of the form

pla) | ;L
log{l—p,f(zr,xr) = Poor ¥

log{Al(m,x")} = bymi+b), X,

1,m,i

where by ;, b1 11, K=0,1,...,M are unknown coefficient vectors.

In order to compute the likelihood of the hidden Markov model, we need to utilize
the forward-backward recursion [Rab89] to define the following quantities. For subject
i=1,...,n, define the forward variables for t =1,...,T,and m=1,..., M,

ai(m)=P{Y'=y',. Y =y",S' =m;x!},

1

The initialization and recursion formulas are defined as
ai(m)=6,(m)P[y'|S! = m,x!],

P[yt+1|Sit+1 — m’x;‘],

M
a'*l(m)= lz at(0)Q,(¢, m;x")

(=1

where m =1,...,M and t = 1,..., T — 1. The likelihood for subject i can be expressed as
ZM al (m) with the computation cost of O(M?T). Denote by 8 =[8,,...,8 ], where 8 is

m=1

the parameter vector for subject i. Therefore, the corresponding likelihood for all subjects



becomes

n M
L,(0)= al(m).

i=1 m=1

The maximum likelihood estimator 8 ; = [él,T: . 9,”] is constructed for each subject

i=1,

vy I

The asymptotic consistency and normality of the maximum likelihood estimators for
the hidden Markov modes have been established [Ler92; Bic98; DMO01; Cap09; An13]. The

following are common regularity assumptions in the literature:

(1)

2)

3)

(4)

5)

(6)

()

The dimension of the parameters is dim(8*) = ¢, where c¢ is known. Furthermore, we

assume that 8* is an interior point of ©® which is a compact subset of R°.

There exists 0 < o0_< 0, < oo such that o_ < Py. (St“ :E}St = m)§0+, foralll,me
{1,...,M}and t = 1,...,T—1;andO<Z%ZIPQ*(Yt=y|Sf:m)forally esupp Y’
andr=1,...,T.

For each 0 €0 the transition kernel indexed by @ is Harris recurrent and aperiodic.
The hidden Markov model is identifiable up to label-switching of the latent states.
The transition kernel is continuous in 8 in an open neighborhood of 6*.

The log likelihood function is three times differentiable with respect to 8 and the

derivatives are bounded.

The Fisher information matrix I(8*) = Eg- {[aie log Ln(0)] [5‘9—9 log L,,(a)]T} is positive
definite.

Under assumptions (1) - (5),

0 ; — 0* almost surely as T — oo.

If assumptions (6) - (7) also hold, we have,

VT (0, —0%)5N[0,1(8%) '] as T — oo,

where I(0*) = Ejp- {[8% logLn(0)] [% logLn(ﬂ)]T} .

The mixed hidden Markov model was proposed by [Alt07] to analyze the longitudinal

data, which involves either numerical or Monte-Carlo integration of the random effects.



Those integration can be extremely slow, especially when the number of latent states and
the sample size are large. The previous applications have considered relatively coarse time
scales, e.g., daily or weekly measurements, and subsequently low data volume. In the context
of wearable computing, subject activity is measured at least every minute and subsequently
each has more than one-hundred thousand measurements in the observation period. Such
volume allows for flexible modeling including estimation of distinct parameters for each
subject; this is important as sensor data patterns can vary widely across subjects. Another
advantage of the hidden Markov model approach is that it can not only detect the treatment
effect on the mean activity counts but also on the transitions between lower and higher
level activity states.

The validity of the hidden Markov model depends on the Markov assumption in the
latent state process, i.e., P(S/|S/7', ..., S}) = P(S/|S/ ™). Since the latent states are unobserved,
the magnitude in the deviation from the Markov assumption is hard to check. The number
of latent states can be selected using the minimum BIC criterion. The goodness-of-fit of the

model can be checked by comparing the empirical versus the fitted distribution functions.

1.1.2 Hidden Semi-Markov Model

As is discussed the previous section, HMM is a bivariate discrete time stochastic process
{S},Y,'}]_, fori=1,..,n such that

(1) {S/}is a Markov chain, i.e. P(S/|S/7",...,S!)=P(S}|S/™").

(2) {Y;'}is a sequence of conditional independent random variables given {S/}.
However, the Markovian assumption may be too strong to hold in practice. To overcome
the lack of flexibility of HMM to model the temporal higher order dependence, the hidden
semi-Markov model (HSMM) was proposed [Fer80; RM85; Lev86], which explicitly models
the latent state durations rather than fixing them to be geometrically distributed as in HMM.
So far, the application of hidden semi-Markov model in the context of wearable computing
is for mobility tracking [Lee08; YK03] and activity recognition [NNO7; Tho10].

The HSMM notations and model setup are exactly the same as HMM except that there

is an additional component of latent state duration densities,
(VX)) ZP(S M =m,..., S/t =m,S/ T £ m|Sl.‘ =m,X! =x"),

forv=0,1,..., m=1,...,M. A modified forward-backward recursion is adopted in order
to compute the likelihood function for HSMM. Let 8; be the collection of subject-specific
parameters for i =1,...,n. Foreach t =1,..., T, m=1,...,M and i = 1,...,n define the
forward-variables a}(m;8;) = P, (Yl.l, O AN m) where P, denotes probability under



the distribution indexed by @ ;. We assume there is a finite latent state duration D; any
state durations exceeding D are artificially censored. Then it can be shown [Rab89] that the
forward-variables satisfy the following recursions

a;(m;ei)zém,irm,i(l)P( ills}:m)’

1

2
A(m;0,)=6 i ()] [ POY71ST = m)+
7=1

D a@i(t:0,)Q,(L, m)r,, (DP(YV2IS? = m),

(#m

e

@} (m;0,) =61, 3| | P(Y7IST = m)+

Il
—

T

izai_d(f;eﬂ()i(ﬂ,m)rm,l-(d) ﬁ P(Y*|ST = m),

d=1{#m T=4—d

D
P (m;0,)=6 i1, (D)] | P(Y7IST = m)+
7=1

D
ZZaD W0)Q My d) [ PO;IST=m),
d=1{#m t=D+1—d

where the terms on the right-hand-side of the above equations are dictated by 8; through
the models posited previously. For t =D +1,..., T the forward-variables satisfy

t

M D
al(m;0,)=> > a0, mir, (d) || PO/ IsT=m)|.

(=1 d=1 T=t—d+1

M
m=1

Thus, the likelihood for subject i is £;(0;)=>_
O(M?D?T). Therefore, the corresponding likelihood for all subjects becomes

n M
L(0)=] [ D> af(m;0.).

i=1 m=1

a; T(m; @ ;) with the computation cost of

The maximum likelihood estimator 8 ; = [91,T, . 9,”] is constructed for each subject
i =1,..., nusingeither the Baum-Welch algorithm [Bau70] or some gradient-based approach
like the Quasi-Newton method.

The asymptotic consistency and normality of the maximum likelihood estimators for the
HSMM have been shown in [BL09] and [TL11]. In addition to the regularity conditions (D1)
- (D7), the state duration distribution r,, ;(-) should have finite support for all m € {1,..., M}



(8). Then, under (1) - (5) and (8),

0 ; — 0* almost surely as T — co.

If assumptions (6) - (7) also hold, we have,

VT(0;—0%%5N[0,1(0") ] as T — oo,

where I(0*) = Ep- {[8% logLn(O)] [% log Ln(0)]T} .

In the HSMM framework, no data aggregation or transformation is needed so that there
is no loss of information. The mixture of a zero-inflated Poisson and Poisson distributions
is suitable to model the highly right-skewed activity count data. Moreover, the HSMM is
capable of capturing treatment effects not only on the mean activity counts but also on the
latent state durations and transitions. In this thesis, we will develop the novel framework of
a subject-specific zero-inflated Poisson hidden semi-Markov model (in Chapter 2) and a
continuous-time hierarchical hidden Markov model (in Chapter 3) to characterize activity
profiles from accelerometer data, along with methods for efficient parameter estimation

and theories for statistical inference.

1.1.3 Markov decision processes

In the foregoing discussion of various types of Markov models, the analysis goal is to
estimate the parameters indexing each component in the model, including the transition
probabilities and the conditional distributions of observations. However, if the goal is to
actively engage in controlling the system dynamics of a Markov model so as to maximize
some prespecified outcome, we need to utilize a Markov decision process framework to be
introduced in this subsection.

We begin with the simplest form of a fully observable Markov decision process, which
can be described as a tuple (#,.</,Q,U), where: % = {1,..., M} is a finite set of states;
.o/ ={1,..., L} is afinite set of actions; Q : ¥ x .o/ — P¢(.¥) is a state transition function for
each state and action, where Z2(-) is a probability distribution over states;and U : & x .o/ —
R is a utility function, which is also known as the expected immediate reward obtained
by taking each action in each state. A policy is a sequence of decision rules & = {r/} .,
with 7t/ : & — 2,(.o/), where 2,(-) is a probability distribution over actions. Let E* denote
the probability distribution induced by following the actions given by 7r. We consider the

following two measures of cumulative utility that evaluates the goodness of a given policy:



(i) discounted mean utility

Vao(m) ZE" > (r/7U7),

S

where y €0, 1) is a discount factor; and (ii) average utility

Vye(m) = hm E”( ZU])

These two cumulative measures are used almost exclusively in indefinite decision problems
[Pow07; Bus17; SB18]. Denote by V(rr) without a subscript to generically denote either of
these cumulative utility measures. Then 71°P! is optimal with respect to V if V(z°P') > V()
for all 7.

Define the discounted state-value function vy (,s) = E* (Z i20 yIgtti |St = s) which
does not depend on ¢ because the Markov decision process is assumed to be homoge-
neous. For any distribution R on ., termed a reference distribution, define V. dls(n)

f Vais(77,8)d R(s) then Vg () = V.o o ), where R, is the initial state distribution. Because
R, is unknown, one might take the empirical distribution of §' or some other reference
distribution constructed from historical data [see Luc19]. Define 7°°"* = argmax, .y VX (7),
where IT denotes a class of regimes of interest. In the discounted reward case it can be
shown [e.g., Luc19] that the state-value function satisfies the following recursion
(S

0=FE % (U7 +1v4(71,87) = vae(m,87)} 9(87) |, (1)
for all j and any ¢ : ¥ — R¢, where the ratio 7 4;(S’)/P(A/|S) is an importance sampling
weight.

An estimating equation for the average reward setting is derived using a similar strategy

to the discounted case. For each 7t define the differential value

o(m,s)= lim E™
J—o0

ave

which is well-defined under regularity conditions provided in Chapter 4. Then it can be
shown [e.g., Putl4; Mur16; Lial9] that the V,.(7t) satisfies the recursion
TCpi (Sj)

= —_— j_ JHIy j j
o=k P(AfISj){U Vise) +6(m,87*) = 5(m, )} (8 )], (1.2)



forall j and any ¢ : & — R°.

1.1.4 Partially observable Markov decision process

When the states are not fully observable, POMDP provides an elegant and systematic
method to address this problem. POMDPs have long been studied in the computer science
literature with applications in robotics, scheduling, videogames, and wildlife management
[see, for example, Kae98; Cas98; JP03; Han98b; Ji07; SB18]. The first papers on POMDP
came out in 1960s [How60; Dra62; Ast65]. Earlier research on POMDP focused on exact
solution algorithms, including one-pass algorithm [Son71], policy iteration [Son78], enu-
meration algorithm [Mon82], linear support algorithm [Che88], witness algorithm [Lit94],
and incremental pruning [Z1.96; Kae98; Cas13]. However, as exact solutions quickly become
intractable in POMDP problems with large state spaces, there has been a growing interest in
approximate solution algorithms, including finite state controller policy iteration [Han98a],
grid based value iteration [ZHO01], point based value iteration [JP03], point based policy
iteration [Ji07], heuristic search value iteration [SS12], and Monte-Carlo tree search [SV10;
Bail4].

POMDP can be described as a tuple {., ./, Q, U, %', G}. The definition of ¥, .</, Q, and
U are the same as in a Markov decision process. However, the states are latent and & is the
set of observations available. Moreover, G : & x .o/ — Py(Z’) is an observation function for
each action and resulting state, where %y (-) is a probability distribution over observations.
In the example of estimating an optimal rule for treating bipolar disorder patients, .# is the
set of latent mood states; ./ is the set of treatment options; Q determines the transition of
the latent mood states; U measures the goodness of selecting each action in each state;
Z is the set of answers provided by the patients in the mood-related questionnaire; G
specifies the conditional distribution of answers given mood state and treatment.

Assume the latent state evolves according to a Markov process indexed by (1) an ini-
tial state distribution, 6,, = P{S(T')= m} for m =1,...,M, where T' = 0; (2) treatment-
dependent transition probabilities P, ,(¢;a) = P{S(T/)=£|T/"' =T/ =t¢,S(T/)=m, A’ = a}
form,{=1,...,M,and j=1,..., ] —1. The continuous-time transition probabilities can be

RM*M wwhich is also

known as the 'infinitesimal generator’ [Pyk61a; Pyk61b; Alb62]. The diagonals in the gener-
ator matrix are ¢, ,,(a) = —lim,_o.[P{S(T/™)# m|T/"' =T/ =¢,S(T/)=m,A=a}/t] and
the off-diagonals are g, ((a) = lim,_.[P{S(T/*)=L|T/*' =T/ =¢,S(T/)=m,A=a}/t],
which implies g, ,,(a)=—>, 2m dmt for m=1,..., M. The transition probabilities can be

expressed in terms of the generator matrix by P, ,(¢;a) = [exp{t - Q(a)}],,,, which is the



(m,£)'" entry in the matrix exponential.
Define the overline notation A’ £ {Al,..., A’} and X 2 {X!,...,X/}. Define

N {A?,...,Al} for j >2, where A/ 2 T/ — T/~ Let B € R be a probability distribution
over the latent mood states conditioning on {Zj_l,)_(j ,Zj}, where A' 20,4’ = 0. The B¥’s are
known as belief states in the POMDP literature [Son78; Kae98]. This means B/ = [Blj ,...,B r{q ],
where BJ £ P{S(T/)= m|A” X/, A’}. In the proposed latent Markov process, {B/,X/} is
a sufficient statistic for {4’ ',X’,A’}. This shows that given the current belief state and
observation, no additional data about the past treatment, interarrival times, and obser-
vations would provide further information about the history. Therefore, it makes sense
to construct the policies based on {B/,X’} in the POMDP framework, because the entire
history of disease evolution trajectory can be parsimoniously summarized by the current
belief state and observation. By replacing S/ with {B/,X/} in equations (1.1) and (1.2), we
can obtain the estimating equations that define the value for any arbitrary fixed policy in
the POMDP for both discounted utility and average utility setting. Essentially, the POMDP
problem is reduced to a continuous state Markov decision process problem, where the
redefined partially observable states can be estimated using methodologies in the HMM
literature. This is exactly the estimating equation based approach we develop in Chapter 4
to identify the optimal treatment policy in a bipolar disorder study.

1.2 Contributions and outline

In Chapter 2, the motivating data come from a randomized cross-over study designed to
evaluate the effectiveness of meloxicam, a nonsteroidal anti-inflammatory drug (NSAID),
in owned, pet adult domestic cats with OA-associated pain [Grul5] over an 11-week period.
In this study, cat activity patterns were measured at one minute intervals using an om-
nidirectional accelerometer [see Las08, for accelerometer specifications]. Accelerometer
readings are integers quantifying the intensity of movement over the preceding, pre-defined
epoch. Thus, for each subject, the accelerometer produces high-frequency, integer-valued,
longitudinal data. One common approach for the analyses of such data is to aggregate the
observed accelerometer within each subject and treatment condition and subsequently to
use an ANOVA to compare treatment with control [Las08; Grul5; Grul6]. Alternatively, one
could aggregate the data over a shorter time interval, e.g., a day, and model the aggregated
process using methods for smooth longitudinal data [Grul7]. However such aggregation
can obscure changes in behavior patterns which do not produce a large difference in mean
activity. For example, an effective treatment that reduces pain may lead to higher quality

rest (more zero activity readings) and more high-intensity movement (more high activity
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readings) producing only a small change in mean activity. High volume activity data has
the potential to be a more sensitive outcome measure, but thus far, methods for analysis of
such complex, high-volume multidirectional effects on activity, that takes into account the
wide variation in individual activity patterns, has not been developed in humans or animal
models.

We propose to model the minute-by-minute accelerometer data using a hidden semi-
Markov model. Such a model is scientifically appealing in that the hidden states can be
viewed as corresponding to latent (unobserved) activities, e.g., running, walking, napping,
etc., and state duration corresponds to the length of time a subject is engaged in a given
activity. Latent state-space models are common in the analysis of mobility data measured
using wearable computing [see He07; MS10; Nicl1; LC11; RC14, for related models in the
context of human mobility data]. In the context of treatment evaluation, hidden Markov
models have also been used to model latent health states and subsequently conduct infer-
ence for activity patterns in terms of transitions among these states and activity patterns
within each state [Sco05; Shil0]; however, previous applications have considered relatively
coarse time scales, e.g., daily or weekly measurements, and subsequently low data volume.
In the current application, subject activity is measured every minute and as a result each
subject has more than one-hundred thousand measurements during the observation pe-
riod. Such high volume allows for flexible modeling and estimation of distinct parameters
for each subject; this is important as activity patterns can vary widely across subjects. In
the current example of the spontaneous cat OA model, more than 70% of the observations
are zero and therefore we propose a zero-inflated hidden Poisson semi-Markov model with
patient-specific intensities in each latent state. The proposed model is an extension of
a zero-inflated Poisson hidden Markov model [DB11; OR12] to the hidden semi-Markov
model framework that allows for distinct state duration densities [Fer80; RM85; Lev86].
Furthermore, to facilitate computationally efficient estimation with high-frequency data,
we propose a two stage estimation procedure [Han74; SD97] that can be used with millions
of observations without specialized computing resources.

In Chapter 3, our work is motivated by the physical activity data set from the 2003 -
2004 National Health and Nutrition Examination Survey (NHANES). In this study, human
activity patterns were measured at one-minute intervals for up to seven days using the
ActiGraph Model 7164 accelerometer [Tro08; Met08; Sch15]. Activity for each minute was
recorded as an integer-valued intensity-level commonly referred to as an activity count.
In the study, subjects were instructed to remove the device during sleep or while washing
(to keep it dry). Therefore, the observed data comprise high-frequency, integer-valued

activity counts for each subject with intervals of missing values corresponding to when the
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device was removed. Prior work on modeling activity counts has focused on aggregation
and other smoothing techniques. One common approach is to average the activity counts
over time for each subject and then compare the group means using two-sample t-tests
[Tro08], analysis of covariance [Han12], or linear mixed effects models [Cra04]. However,
in these approaches, averaging focuses on overall activity levels and may obscure trends
in activity type, activity duration, and transitions between activities. Another approach
is to use functional data analysis methods wherein the integer activity counts are first
log-transformed to fix the right-skewedness in the distribution and the transformed activity
modeled as a function of time of day and other covariates [Mor06; Xial4; Grul7]. These
approaches are best-suited for the identification of smooth, cyclical patterns in the data
whereas the observed accelerometer data are characterized by abrupt (i.e., non-smooth)
changes in activity levels. Discrete-time hidden Markov models are another common
approach to the analysis of mobility data measured by wearable devices [He07; Nicl1; RC14;
Wit14]. A technical limitation of the discrete-time approach, is that it assumes that the
observations are equally spaced in time.

We propose to model minute-by-minute accelerometer data using a hierarchical
continuous-time hidden Markov model (HCTHMM). This model is aligned with scientific
models of activity as the latent states represent different types of unobserved physical ac-
tivities. The continuous-time Markov process for the latent states evolution avoids having
to perform imputation for missing yet allows for the possibility that the temporal mea-
surements are irregularly spaced. Furthermore, the proposed model can incorporate both
baseline subject covariates and time-varying environmental factors. The proposed model
is hierarchical in that it is parameterized by: (i) subject-specific parameters to account for
variability between subjects; (ii) subgroup-specific parameters parameters to account for
similarity in activity patterns within groups; (iii) population parameters that are common
across all subjects. This specification allows us to pool information on some parameters
while retaining between-group and between-subject variability. We proposed an estimator
of these parameters that is based on consensus optimization using the alternating direction
method of multipliers (ADMM). There is a vast literature on the convergence properties
of ADMM [Boy11; Shil4; HL17] which can be readily ported to the proposed algorithm.
Finally, we use the nonparametric bootstrap [Efr92] to estimate the sampling distributions
of parameter estimators and to conduct statistical inference.

In Chapter 4, we focus on the methodology for estimating optimal treatment policy in
observational longitudinal studies, which are a common means to study treatment efficacy
and safety in chronic mental illness. In many such studies, treatment changes may be

initiated either by the patient or their clinician and can thus vary widely across patients in
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their timing, number, and type. Indeed, in the observational longitudinal pathway of the
STEP-BD study of bipolar depression, one of the motivations for this work, no two patients
have the same treatment history even after coarsening clinic visits to a weekly time-scale.
Estimation of an optimal treatment regime using such data is challenging as one cannot
naively pool together patients with the same treatment history, as required by methods
based on inverse probability weighting [Rob99; Mur01; Laa06; Rob08], nor is it possible to
apply backwards induction over the decision points, as is done Q-learning and its variants
[Mur05; Moo07; Hen10; Sch14; Mool4a; Son15; Tayl5; Zhal8; Ert19].

Thus, additional structure is needed to effectively pool information across patients
and within a patient over time. Current scientific theory for many chronic mental illnesses
maintains that a patient’s disease status can be conceptualized as transitioning among a
small number discrete states. We use this theory to inform the construction of a POMDP
framework of patient health trajectories wherein observed health outcomes are dictated
by a patient’s latent health state. Using this model, we derive an estimator of an optimal
treatment regime under two common paradigms for quantifying long-term patient health.
The finite sample performance of the proposed estimator is demonstrated through a series
of simulation experiments and application to the observational pathway of the STEP-BD
study. We find that the proposed method provides high-quality estimates of an optimal
treatment strategy in settings where existing approaches cannot be applied without ad hoc

modifications.
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CHAPTER

2

HIDDEN MARKOV MODEL FOR CAT
ACCELEROMETER DATA

2.1 Introduction

To anyone who suffers chronic and persistent musculoskeletal pain, the negative impact on
their quality of life is constant. In the U.S., more than 100 million people (nearly one third
of the population) suffer from persistent pain with an associated economic cost of $600
billion USD annually; this cost exceeds that of cardiovascular disease, cancer, and diabetes
combined [Coull]. OA results in the deterioration of all components of joints [Buc04] and
is often associated with pain. OA-associated pain results in significant morbidity and eco-
nomic costs [Chel2]; these costs, an aging population, and the growing knowledge of the
health and psychological benefits of maintaining mobility and activity, have made the treat-
ment of OA and the associated pain a public health priority [Had85; E1d00; Hoo12; McC16].
However, recent review papers show that the current practice of translational biomedical
research is not producing new therapeutics for pain control in humans [Vie08; Mog09;
Hay14]. While these reviews highlight the lack of translation of basic research into new
approved therapeutics for treatment of persistent pain in humans, they also discuss how

the processes involved could be optimized to improve the chances of successful translation,
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including discussion of improved models and more relevant outcome measures. As OA and
the associated pain affects all mammals, the study of OA in non-human animals is both
important in its own right (to increase the function and quality of life in affected animals)
and for its ability to generate new knowledge about the treatment of OA in humans. Indeed,
recently, the use of naturally occurring OA in pet animals has been suggested as a means of
helping to improve the translational research for the development of analgesic therapeu-
tics in humans [Las17]. A significant advantage of naturally occurring disease in pets as a
model of human conditions is the variation and complexity of the model. Measurement of
spontaneous activity as an outcome measure may be particularly relevant to translational
work as spontaneous activity may relate to spontaneous pain - something that has been
difficult to model in animals [Par18]. Just as the variability in naturally occurring disease is
an advantage, the variability in clinically meaningful outcome measures such as activity is
a challenge. This could be the reason for the lack of use of activity as a functional outcome
measure in pain studies in humans, despite the crucial importance of mobility and activity
to quality of life [McC16]. The work we are reporting is motivated by our involvement in a
study of OA-associated pain and the treatment effects on mobility and activity in a naturally
occurring OA model in domestic cats [Las10; Slil1]. The methodology we propose presents
a significant advance in how such activity data are analyzed when used as an outcome
measure and has relevance to both large animal models and clinical evaluation in humans.

The impetus behind the current work is a randomized cross-over study designed to
evaluate the effectiveness of meloxicam, a nonsteroidal anti-inflammatory drug (NSAID),
in owned, pet adult domestic cats with OA-associated pain [Grul5] over an 11-week period.
In this study, cat activity patterns were measured at one minute intervals using an om-
nidirectional accelerometer [see Las08, for accelerometer specifications]. Accelerometer
readings are integers quantifying the intensity of movement over the preceding, pre-defined
epoch. Thus, for each subject, the accelerometer produces high-frequency, integer-valued,
longitudinal data. One common approach for the analyses of such data is to aggregate the
observed accelerometer within each subject and treatment condition and subsequently to
use an ANOVA to compare treatment with control [Las08; Grul5; Grul6]. Alternatively, one
could aggregate the data over a shorter time interval, e.g., a day, and model the aggregated
process using methods for smooth longitudinal data [Grul7]. However such aggregation
can obscure changes in behavior patterns which do not produce a large difference in mean
activity. For example, an effective treatment that reduces pain may lead to higher quality
rest (more zero activity readings) and more high-intensity movement (more high activity
readings) producing only a small change in mean activity. High volume activity data has

the potential to be a more sensitive outcome measure, but thus far, methods for analysis of
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such complex, high-volume multidirectional effects on activity, that takes into account the
wide variation in individual activity patterns, has not been developed in humans or animal
models.

We propose to model the minute-by-minute accelerometer data using a hidden semi-
Markov model. Such a model is scientifically appealing in that the hidden states can be
viewed as corresponding to latent (unobserved) activities, e.g., running, walking, napping,
etc., and state duration corresponds to the length of time a subject is engaged in a given
activity. Latent state-space models are common in the analysis of mobility data measured
using wearable computing [see He07; MS10; Nicl1; LC11; RC14, for related models in the
context of human mobility data]. In the context of treatment evaluation, hidden Markov
models have also been used to model latent health states and subsequently conduct infer-
ence for activity patterns in terms of transitions among these states and activity patterns
within each state [Sco05; Shil0]; however, previous applications have considered relatively
coarse time scales, e.g., daily or weekly measurements, and subsequently low data volume.
In the current application, subject activity is measured every minute and as a result each
subject has more than one-hundred thousand measurements during the observation pe-
riod. Such high volume allows for flexible modeling and estimation of distinct parameters
for each subject; this is important as activity patterns can vary widely across subjects. In
the current example of the spontaneous cat OA model, more than 70% of the observations
are zero and therefore we propose a zero-inflated hidden Poisson semi-Markov model with
patient-specific intensities in each latent state. The proposed model is an extension of
a zero-inflated Poisson hidden Markov model [DB11; OR12] to the hidden semi-Markov
model framework that allows for distinct state duration densities [Fer80; RM85; Lev86].
Furthermore, to facilitate computationally efficient estimation with high-frequency data,
we propose a two stage estimation procedure [Han74; SD97] that can be used with millions

of observations without specialized computing resources.

2.2 Study of the effect of NSAID-related pain relief in pet

cats with OA-associated pain

The data motivating this work come from a study of the treatment effects of meloxicam (a
non-steroidal anti-inflammatory drug) in a feline model of spontaneous OA-associated
pain [Grul4; Grul5]. This study follows a randomized, double-blind, placebo-controlled,
crossover study to evaluate the effectiveness of meloxicam treatment to improve mobility

in owned, pet cats with OA-associated pain. This study was approved by the Animal Care
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and Use Committee (Protocol # 11-102-0) at North Carolina State University College of
Veterinary Medicine (NCSU-CVM), and written owner consent was granted in each case
following verbal discussion of the study. A detailed description of the study protocol can be
found in [Grul5].

Figure 2.1 displays the daily activity profile for a typical subject. There are multiple
prolonged intervals in which there is no movement. In total, more than 70% of the minute-
by-minute activity counts are zero; furthermore, the non-zero counts are heavily right-
skewed owing to infrequent but high-intensity activities. Thus, such cat accelerometer data
are heavy-tailed with an excessive proportion of zeros.

A total of 66 subjects were enrolled in the study among which 58 had available ac-
celerometer measurements from both arms of the cross-over design. Subjects were given
placebo during the open label baseline period (Weeks 1 and 2). In the first blinded treat-
ment period (Weeks 3, 4, and 5) half of the subjects were randomized to receive meloxicam
and the remainder were randomized to receive placebo. At the end of the first blinded
phase, subjects entered a three week blinded washout (Weeks 6,7, and 8) before switching
treatments for the second blinded phase. All subjects wore an accelerometer (Actical) on
their collar throughout the entire study, with the epoch set at 1 minute, providing an activity
count for every minute of the 11 week study for each subject.

Figure 2.2 displays mean activity counts for each subject across each period of the
study. In this figure, each gray line shows the mean activity count for a single subject
in the study, and the black line shows the overall mean activity count for all subjects in
their associated treatment group. The left panel shows data for the subjects that were
randomized to meloxicam in the first treatment period, whereas the right panel shows
data for the subjects that were randomized to placebo in the first treatment period. In both
panels, one can see that the overall mean activity count is higher under meloxicam than
placebo. However, there is large between-subject variability which we will model using

subject-level effects as described in the following section.
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Figure 2.1 Figure 1: Left: Sample daily accelerometer data for a typical cat in the study of the
treatment effect of meloxicam. There are multiple prolonged intervals in which the cat does not
move at all.
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Figure 2.2 Mean activity count over each period for each subject separated by treatment group in
the study.

2.3 Zero-inflated Poisson hidden semi-Markov model

We assume that the observed data are of the form {(Wl-,Z},X}, Y',...,z[ X, YIT)}n and

i=1
comprise n independent replicates of the trajectory (W,ZI,XI, Y., ZT XT, YT), where:

W € R? denotes baseline (pre-treatment) subject characteristics; T € N, = {1,2,...}isa
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fixed time horizon; Z! € RP denotes environmental factorsat t =1,..., T; X’ € RY encodes
treatment administered at time t =1,..., T;and Y’ e N={0} UN+ denotes the accelerome-
ter activity reading at time ¢ =1,..., T. In our application, Z’ € {0,1}” comprises indicators
coding period of day and weekend versus weekday, and X’ € {0, 1} encodes treatment indi-
cators (active versus placebo). While we develop our models allowing for rather general
environmental factors and treatment processes, having binary factors in our application
makes it simpler to enforce a stochastic ordering on the distributions indexed by latent
states which is important for interpretability and coherence of the fitted models, e.g., if
one wants the latent states ordered by mean activity intensity within each subject and to
have these latent states align across subjects. We model the evolution of the accelerometer
data using a zero-inflated Poisson hidden semi-Markov model which we develop in the
remainder of this section.

Let Sl.t € ¥ =1{1,..., M} denote the latent state, i.e., the unobserved activity type, of
subjecti=1,...,n attime ¢t =1,..., T. This latent state evolves according to a semi-Markov
model indexed by: (i) an initial state distribution, 6, ; = P(S! = m)for m =1,..., M; (ii) state
duration distributions r,, ;(v;x’,z") = P(Slf+1 =m,...,S!*" =m,SIHH £ m|Si‘ =m,X! =
x,Z! = z’) for v >0, m =1,...,M; and (iii) the transition probabilities Q;(m,(;x",z") =
P(S/* =t|S; =m,S/* # m,X! =x',Z! =z') for m,{ = 1,..., M [see Yul5, and references
therein]. We model the initial state distribution nonparametrically using sample frequencies
of the estimated latent states (see below). We assume a multinomial logistic regression
model for the transition probabilities so that

x'+p’ , .7")

ml,i

exp(d’

m,l,i

M )
Zk=1 exp(d/m,k,ixt + Q;n,k,izt)

Q;(m,t;x",z") =
whered,, . ; and g, ; ; are unknown coefficient vectors for m,k=1,...,M,i=1,...,n. We

assume that the state duration distribution follows a latent accelerated failure time model
so that

v+1
Fmi(ViX',2") = exp(c), X' + n:n,l.zf)J Fuilexp(c,, X' +1), 2 udu,
v

where f,, ; is a base-density corresponding to a null treatment condition (coded as x’ = 0)
and c,, ;, 1,,,; are unknown coefficients vectors for m =1,...,M, i =1,..., n. We further as-
sume that Y 1 (Z},X,S/},...,Z7, X!, Sl.f_l)|(Zl?,Xl?, S/) and that the accelerometer activity
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readings are distributed as

P(Y'=y|S/=1,Z{ =2' X! =x")
{Al(m,z',x")} el (m,z',x")}

y!

=p/(z',x")1,i+{1 —pl.t(zt,xt)}

)

when the subject is in the first latent state, and

{Al(m,z' ,x")}Y exp{A}(m,z',x")}

y!

r __ r__ [ t Sl
P(Y'=y|S =m,Z{=2' X! =x')= :
when the subject is in latent states m =2,3,..., M. Thus, accelerometer readings are mod-
eled a zero-inflated Poisson with intensity functions A! : & x RY x R? — R, and weight
functions plf 1 xRIxRP —[0,1]fori=1,...,n,t=1,..., T. Furthermore, for each subject
i, time t, and latent state m, we assume that these functions are of the form

pl(z',x") t
log{m = Do Ty X +7,,2",
log{lg(m,zt»xt)} = bO,m,i +b/1,m,ixt +,)/m,l'Zt’

where by ;b1 x0Tk K=0,1,..., M are unknown coefficient vectors. In our application, in
whichx’ and z* are represented as binary vectors, we impose the constraints by ,,,11.; > Do m.i»
by i1 =2 by, and ¥ 01 = 7 for m=1,...,M —1. These constraints ensure that the
intensity functions of the latent states are monotone increasing, i.e., )Ll?(m +1,z',x") >
Al(m,z',x")forallx’, z',and m=1,..., M —1.

The preceding model describes individual level accelerometer data as a function of
evolving covariate and treatment information. The idea of using the framework of hidden
Markov model to analyze physical activity data can also be seen in the recent work of
[Hual8] and [Kup19]. However, the cat accelerometer data we consider are much more
sparse than the human accelerometer data in their work, which motivates a zero-inflation
component in our model. Moreover, we can include exogenous, time-varying variables like
treatment period, night indicator, and weekend indicator in our model so as to explicitly
address their effects on the activity patterns of cats. Our individual level model is a nontrivial
extension of the zero-inflated Poisson hidden Markov model in the literature [DB11; OR12],
which not only allows for distinct state duration densities but also incorporates covariates
and treatment in both transition probabilities and latent state durations.

To draw more general, i.e., population-level, inferences we model individual-level treat-
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ment effect parameters as functions of baseline subject information as follows. We assume
that E (bl,m,i |W,~ = w,-) =Q,,0+Q,,,w;, where Q,, , €R? and Q,,, ; € R9*? are matrices of un-
known coefficients encoding the treatment effect on the outcome for m =0, 1,..., M. Simi-
larly, we assume that E (cm,i {Wi = wi) =TI, 0+l 1w;andE (dm',gy,- |Wl~ = wl-) =Moot A Wi
whereT,,0,A, 0 €RY andT,, 1, A,,,; € R7*? encode the effect of treatment on state dura-
tion and transition probabilities for ,m =1, ..., M. The idea of aggregating individual-level
models to conduct population-level inference has been applied in other contexts including
longitudinal and growth curve analyses [SD97; Dig02; VM09].

2.3.1 Estimation

We estimate the subject-specific parameters using maximume-likelihood estimation via the
forward-backward recursive representation of the likelihood [Rab89]; the number of latent
states, M, is selected using BIC [Sch78]. Subsequently, the population-level parameters are
estimated by regressing the subject-specific maximum likelihood estimators on baseline
covariates using least squares. This two-stage approach, which will be detailed shortly;, is
computationally efficient for high-frequency data like those collected in the meloxicam
study. Let

;= {(5m» di k> @ mok,i> €oni> M, Do,o,i» bO,m,i’bl,O,i’bl,m,i’TO,i"rm,i)}m,ke{l ..... M}

to be the collection of subject-specific parameters fori =1,...,n.Foreach t =1,..., T, m =
1,...,M and i = 1,...,n define the forward-variables a!(m;0;) = P, (Yl.l,..., VARES m)
where Py, denotes the distribution indexed by 6,. We assume there is a finite latent state

duration D, and any state durations exceeding D are artificially censored. Then it can be
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shown [Rab89] that the forward-variables satisfy the following recursions
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where the terms on the right-hand-side of the above equations are dictated by 8; through
the models posited previously; though we have suppressed this dependence in the notation.
For t =D +1,..., T the forward-variables satisfy

t

aimi0)=3"> | E:0 )0 minm (@) [] POy7Is =m)|.

(=1 d=1 T=t—d+1

Thus, the likelihood for 8, is £;(0;) = ZM a](m;0,) and the likelihood for 6,,...,0,
is ]—L ,-Zi(8;). We construct estimators 0l n of 0 by maximizing the log-likelihood (see
Appendix A for details).

Form=0,1,...,M let BLm,i‘T denote the maximum likelihood estimator of b, ,, ;. Sub-
sequently, define Q,, ¢, 21, = argming, cga o, ,errd Oy ||El,m,i,T —Q,0— 2, W|* to
be the two-stage estimator of Q,, ,€2,,, ;. The estimators T, o ,,, T}, 1.0y Ao, and Ay, 41, Of

rm,O)fm,lr A o0and A, are defined analogously.

2.3.2 Theoretical properties

Throughout we use a star superscript, e.g., 8%, to denote the population analogue of the

maximum likelihood estimator of a parameter indexing the proposed model; if the model
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is correctly specified, then under the conditions stated below, these parameters will corre-
spond to the true parameters indexing the generative model. In order to characterize the
limiting behavior of the proposed estimators, we make the following assumptions for all
i=1,...,nand{,me{l,..., M}.

(A0) The dimension of the subject-specific parameters is dim(8%) = ¢, where ¢ is known;

0% is an interior point of © which is a compact subset of R°.
(A1) The state duration distribution r,, ;(-) has finite support.

(A2) There exists 0 < o_ < 0, < 1 such that o_ < Py (S/*! :£|Slf =m)< o, forall t =
1,...,T—1; andZ%zngi(Yit :y|Slf = m)>0f0rally esuppY'andr=1,...,T.

(A3) For each @ €0 the transition kernel indexed by 0 is Harris recurrent and aperiodic.
[see ALO6; MT12, for details and additional discussion].

(A4) The transition kernel is continuous in @ in an open neighborhood of 8%.

(A5) The hidden semi-Markov model is identifiable up to label-switching [see All09; Gas13,
for discussion of label-switching].

These assumptions are standard in latent-state models [Ler92; Bic98; LGM00; DMO01; Dou04].
Assumption (A0) avoids non-regularity occurring at boundary points; the assumption
of a fixed dimension could be relaxed, for example, to the assumption that one has a
strongly consistent estimator of ¢. Assumption (Al) is common in semi-Markov models
and simplifies asymptotic arguments; if the finite support condition does not hold, one can
use a nested sequence of finite approximations at the expense of more delicate asymptotic
arguments [BL09; TL11]. Assumption (A4) is a regularity condition that avoids non-standard
asymptotic behavior associated with non-smooth functionals [VDV91; PP13]. Assumptions
(A2), (A3), (A5) ensure that the model is well-defined; we show that (A5) holds for the
zero-inflated Poisson semi-Markov model in Appendix A.

This result is anticipated by previous work on hidden Markov models [Ler92; Bic98;
LGMO00; DMO01; Dou04].

Lemma 2.3.1. Under (A0) - (A5), the MLE for the subject-specific hidden semi-Markov model
in the first stage is strongly consistent, i.e., @LT — 0% almost surely as T — oo for all i =
1,...,n.

Define @, = [ Q% ] and the corresponding estimator Qn = Qo> Lmrnl Let,

m,0’
re, fm'n, A*;n, o and Km,g,n be defined analogously. Further, define the augmented design
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matrix W e R”(+1) whose i'" row is W; =[1, W] € R?*!. Then the second stage regression
models can be equivalently written as vec(ToLmyT) =(I® W)vec(Q,,)+v,,, vec(Cp,r)=(I®
Wvec(T,,)+1,,, vec(dAm_g,T) =(I ®W)vec(Am,g)+§ m.¢» Where vecis the vectorization operator,
and v,,,n,,, &, areindependent mean zero residuals. Define BZ£I®@W e R9"™ 4@+ whose
i'" rowis B;.

Theorem 2.3.1. Assume (A0) - (A5), and further that H = n~! lim W W isa positive def-
inite matrix. Then, provided T,n — oo withn/T — 0, each 0}?]22 following converges in

distribution to a Gaussian distribution with mean zero and identity covariance:

([22] " [48 diag{{veo(By ) — B; vecifh, '} B [—])/ x
Vi {vec(@,, ) —vec(;,)}

([252] ' [4B" diag{{vect 1) — B vecT.n, 7} B[ ]_1)_1/2 x
v {vec(T,, ,)—vec(T*,)}

([B;B | '[£B" diag {[vec(d ;1) — B| vec(R,;.)F} B] [BTTB]_I)_UZ x

ﬁ{vec(xm,l,n) —vec(A”;n’e)} ’

[+-]}

forallm,t €{1,...,M}.

In the preceding theorem, the requirement that T /n — 0 is natural in applications using
high-frequency accelerometer data where the number of observations per subject can be
several orders of magnitude larger than the number of subjects.

2.4 Simulation experiments

We study the finite sample performance of the proposed two-stage estimator using a suite of
simulation experiments. Across these experiments, we consider three different pathways for
the treatment effect: (Scenario I) a change in the state-dependent means and the proportion
of zeros; (Scenario II) a change in the latent state durations; and (Scenario III) a change in
the state-transition probabilities. In each scenario, we simulate minute-by-minute activity
counts during a two week period for n =10 and n = 20 subjects. Each simulated trajectory
is divided into an initial one-week baseline phase followed by a one-week treatment period;
thus, each patient has 10,080 observations per period. The activity counts are generated
using a three state zero-inflated Poisson hidden semi-Markov model, with the maximum

latent state duration set to be 20. The initial state probabilities are distributed as follows: let
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U,, U, ~; ; 4 Uniform(0, 1) and set 6, = min(U;, U,), 0, = max(U;, U,)—0,,and 65 =1—0,—0,.
We generate subject covariates so that half of the subjects are male, and set the baseline
Poisson means for the male subjects to be 5% less than the female subjects while the
baseline zero proportion is 5% larger than the female subjects. Furthermore, for all subjects
(regardless of sex) the Poisson means are 5% less at night than during the day and the zero
proportions are 5% larger at night than during the day. These proportions are consistent
with the accelerometer data collected in the study of the treatment effect of meloxicam.

In Scenario I, treatment increases the log mean activity in all the latent states by 10%
and decreases the log odds of zero in state 1 by 10%, so that

t(pyt t

p/(z',x") ; ot

log i <[ = by,,; +0.05 x I{Male}; —0.1 x I{Trt}; +0.05 x I{Night},,
— pi (Zt’xt)

log{A!(m,z",x")} = by, —0.05x{Male}; +0.1 x I{Trt}! —0.05 x I{Night}/,

for m =1,2,3, where byo; ~ N(0,0.12), by, ; ~ N {10g(50),0.12}, by,; '~ N {log(300),0.12},
and by ; YN {log(700),0.1%}. Let Ny, ,j(u, o) denote a normal distribution with mean
@ and variance o2 truncated to [a, b]. In this scenario, we assume that both the transi-
tion probabilities and the latent state durations are unaffected by the treatment and that
Qi(1,2) ¥ N1 (0.5,0.01), Q;(2,1) ¥ Ni,1(0.7,0.01), Q;(3,1) '~ Ny 11(0.7,0.01), so that the

transition matrix for subject i is

0 Q:(1,2) 1-Q(1,2)
Qi(2,1) 0 1-Q;(2,1)
Qz(srl) l_Qz(s’l) 0

This setup mimics the real accelerometer data where state 1 (lowest activity level) dominates
the other latent states. We do not allow transition back to the same state as the latent state
durations modeled separatetly; in Scenario 1, the latent state durations are uniformly
distributed on {1, 2, ..., 20} for each state.

In Scenario II, we assume that the treatment increases the log mean activity in state 3
by 10% but decreases the log mean activity in state 1 and 2 by 10%. Further, the treatment
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increases the log odds of zero in state 1 by 10%, such that
p/(z',x’) ; o
logy ————= = byo;+0.05xI{Male}; +0.1 x I{Trt}; +0.05 x I{Night},
1—p/(zt,xt) " ! !
log{A!(1,2',x")} = by, ;—0.05xI{Male};, —0.1 x I{Trt}! —0.05 x I{Night},
log{A!(2,2',x")} By.5,i —0.05 x [{Male}; —0.1 x I{Trt}! —0.05 x I{Night}’,
log{A!(3,2",x")} bos,i —0.05 x I{Male}; +0.1 x I{Trt}! —0.05 x I{Night}/,

where by, '~ N(0,0.01), by, ; < N(log(50),0.01), by, < N(log(300),0.01),
by 3,; YN (log(700),0.01). In this scenario, treatment will increase activity in the highest level
state but make the subject less agitated in lower level activity states. In this scenario, both
the transition probabilities and the latent state durations are unaffected by the treatment
and match the settings of Scenario I.

In Scenario III, we assume that treatment accelerates the duration time by 10% in each
latent state, so that subjects are more likely to actively switch between states when they are

on treatment, i.e.,

v+1
Tmi(v5x',2") = exp (0.1 x I{Trt}f)J Fri {exp (0.1 x HTrt}! ) ut du,

for m =1,2,3, where f,;, f>;, f;; are the exponential densities with rate parameters &, ;,
&sir &3, such that & I N(5,0.12), Ea.i Y N(3,0.12), and &3 ¢ N(2,0.1%). This setup also
mimics the study of the treatment effect of the meloxicam in that the expected duration
in state 1 is longer than in other states. We assume that the treatment does not affect the

state-dependent Poisson means and zero proportion so that

log] LX) L 0,05 x L{Male}, +0.05 x I{Night}!
Sli=pixnf — T L o

log{lf(m,z’,xt)} = by, —0.05 x I{Male}; —0.05 x I{Night},
forall m =1,2,3, by, £ N(0,0.1%), by ; i

iid
bo,s,i ~

N {log(50),0.12}, by,,; '~ N {10g(300),0.12},
N {log(?OO), 0.01} . The transition probabilities are the same as in Scenario I.

In Scenario IV, we assume that treatment affects the state transition probabilities by
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increasing the odds of moving to the next most active state by 10% so that

1 1»3) t} !
log{u}:nl,i+0.1xl{ﬁt}f,

Q;(1,2;xt,zt)
Qi(2,3;x”,zf)} t
log] =222 2 L — ) +0.1 x I{Trt}?,
Og{Qi(Z,l;xt,zt) M2,i x I{Trt}!
Qi(3,2;xt,zt)} t
_ o\ = . 0.1 I T t L
Og{Qi(?),l;xt,zz) N3, +0.1 x I{Trt};

where 1), ; " N(0,0.12), Na.i " N(—0.5,0.1%), N "¢ N(—0.5,0.12). The latent state duration

arer,,; (v)= f:ﬂ fmilu}du,for m=1,2,3, where f ;, f,;, f3; are the exponential densities
with rate parameters & ;, &, ;, &3 ; Tespectively, such that & ; £ N(5,0.1%), &, £ N(3,0.1%),
&3 UN (2,0.12). The state-dependent Poisson means and zero proportion are as in Sce-
nario III.

We compare the proposed estimator with the baseline treatment effect estimator con-
structed using a generalized estimating equation (GEE). This is equivalent to the repeated-
measures ANOVA model used in Gruen et al. [Grul5] and Gruen et al. [Grul6] as the data
are complete and balanced. In the GEE model, denote the new response variable in the
model by Yif, which is the average activity count for subject i on day 7 =1,...,14. Define
¥, 2[Y!, ..., Y] Let E(¥,|X;) =X, and var(¥,|X;) =V,, where X; € R whose 7" row is
[1,I{Trt};, I{Male};]; B =[Bo, B1, B.] so that 3, represents the treatment effect; the working
covariance V; is assumed to be compound symmetric.

Table 4.1 shows the mean and standard error for the estimated treatment effect esti-
mators in the proposed method using 500 Monte Carlo replications. The estimators are
approximately unbiased in all four scenarios and the standard error is small even with
a moderate number of samples owing to within-subject pooling across observations. A
summary of the simulation runtimes is included in Appendix A. Table 2.2 shows the mean
and standard error for the estimated treatment effect in the baseline GEE model. The GEE
method manages to detect the treatment effect in Scenarios I and IV, where there is an
increase in the marginal mean activity counts under treatment; however, it fails to detect
the nonzero conditional treatment effect in different latent states using an a = 0.05 level
test in Scenario II and III because there is only a small difference in the marginal mean

activity counts.

27



Table 2.1 Mean (standard error) of the treatment effect estimators from the proposed hidden
semi-markov model in Scenarios [, 11, III, and IV for each latent state based on 500 Monte Carlo
simulations.

Parameter True effect n=10 n=20
Estimated effect (s.e.) Estimated effect (s.e.)

Scenario I

State 1: Qo,o -0.1 -.0997 (.0159) -.0994 (.0113)
State 1: ﬁl,o 0.1 .0999 (.0015) .0999 (.0011)
State 2: ﬁz,o 0.1 .1000 (.0007) .1000 (.0005)
State 3: ﬁglo 0.1 .1000 (.0007) .1000 (.0005)
Scenario 11

State 1: ﬁo,o 0.1 .0994 (.0159) .1002 (.0116)
State 1: QLO -0.1 -.1000 (.0017) -.1001 (.0012)
State 2: ﬁz,o -0.1 -.1001 (.0008) -.1000 (.0006)
State 3: 53,0 0.1 .0999 (.0007) .1000 (.0005)

Scenario II1

State lz’fw 0.1 .0931 (.0177) .0931 (.0131)
State 2: fz,o 0.1 .0931 (.0216) .0920 (.0158)
State 3: f3,0 0.1 .0935 (.0222) .0952 (.0167)

Scenario IV

State 1: A, 50 0.1 .1006 (.0414) .1022 (.0290)
State 2: A, 5 0.1 .0983 (.0486) .1006 (.0346)
State 3: Ay, 0.1 .0995 (.0447) .1001 (.0321)
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Table 2.2 Mean (standard error) of the treatment effect estimators from the baseline GEE model
for Scenario I, 11, III, and IV via 500 Monte Carlo simulations.

Scenario n=10 n=20

Estimated treatment effect (s.e.) Estimated treatment effect (s.e.)

I 19.77 (1.86) 19.57 (1.26)
II 0.46 (1.94) 0.54 (1.24)
III 1.21 (1.91) 1.16 (1.33)
v 6.02 (2.08) 5.88 (1.48)

2.5 Results

We applied the proposed zero-inflated hidden semi-Markov model to the longitudinal
accelerometer data from the study of the treatment effect of meloxicam. The primary
hypothesis is that meloxicam reduces OA-associated pain which will manifest through
increased activity during the treatment period relative to the placebo period owing to
increased intensity of movements in active states.

In the first stage model we included as covariates: treatment status, weekend (yes/no),
and night (yes/no). We choose the number of latent states to be six using minimum BIC
as our selection criterion. In the second stage model, we included as covariates: sex, Body
Condition Score (BCS), age, total OA score, and treatment sequence. Continuous covariates
were centered before fitting the model.

Table 2.3 displays the estimated treatment effects in terms of mean activity counts within
each latent state. There are significant effects (p < 0.05) in latent states 4-6 suggesting that
cats treated with meloxicam may have increased mean activity while engaged in more
intensive activities (e.g., running, jumping, etc.). The effect size of the treatment on those
more intensive activities ranges from 7.28% to 9.14%. Table 2.4 shows the mean proportion
of time spent in each latent state estimated using the Viterbi algorithm [Vit67]. It can be
seen that the proportion of time spent in each activity is similar across the treatment and
placebo periods. Figure 2.3 shows a QQ-plot of the estimated quantiles using the fitted
model and the observed quantiles. It can be seen that they follow each other closely and

that there are no indications of serious lack-of-fit.
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Table 2.3 Summary of treatment effects (meloxicam vs. placebo) in each latent state. The primary
hypothesis is that meloxicam reduces OA-associated pain which will manifest through increased
activity during the treatment period relative to the placebo period.

Parameter Estimate Robusts.e. P-value
State 1 (zero) -0.0299 0.0433 0.4899
State 1 (mean)  0.0222 0.0181 0.2187
State 2 (mean) 0.0444 0.0311 0.1538
State 3 (mean) 0.0524 0.0318 0.0990
State 4 (mean) 0.0914 0.0351 0.0091
State 5 (mean) 0.0819 0.0235 0.0005
State 6 (mean) 0.0728 0.0260 0.0051

Table 2.4 Mean proportion of activities in each decoded latent state estimated by Viterbi algo-
rithm [Vit67] in the fitted zero-inflated Poisson hidden semi-Markov model.

State meloxicam Placebo

1 83.6% 84.5%
2 5.5% 5.3%
3 4.5% 4.3%
4 3.4% 3.3%
5 2.1% 1.9%
6 0.9% 0.8%
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Figure 2.3 Estimated quantiles of activity counts based on the fitted zero-inflated Poisson hidden
semi-Markov model versus observed quantiles.

2.6 Discussion

We proposed a zero-inflated Poisson hidden semi-Markov model for activity data captured
by accelerometer readings in a naturally occurring model of OA-associated pain. The
proposed model can be used to characterize the impact of treatment on activity including
changes in activity duration, intensity, and frequency. In the context of OA-associated
pain, understanding such impacts is critical to fully understanding the effects of treatment
on patient mobility and therefore quality of life. In the study of the treatment effect of
meloxicam, our model found that meloxicam significantly improves the mobility of cats
in more intensive activities, while the activity patterns did not change in less intensive

activities.
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CHAPTER

3

HIERARCHICAL CONTINUOUS TIME
HIDDEN MARKOV MODEL, WITH
APPLICATION IN ZERO-INFLATED
ACCELEROMETER DATA

3.1 Introduction

The development of the wearable technology has given rise to a variety of sensing devices
and modalities. Some of these devices, e.g., Fitbit or Apple Watch, can be worn continu-
ously and thereby produce huge volumes of high-frequency human activity data. Because
these data present little burden on the wearer to collect and provide rich information on
the in situ behavior of the wearer, they have tremendous potential to inform decision
making in healthcare. Examples of remote sensing data in healthcare include elder care,
remote monitoring of chronic disease, and addition management [Bar05; Mar07; Han12].
Accelerometers are among the most commonly used and most widely studied types of
wearable devices, they have been used both in randomized clinical trials to evaluate treat-

ment effect on activity-related impairment [Nap10; Kan18] and in observational studies to
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characterize activity patterns in a free-living environment [Mor06; Han12; Xial4]. However,
despite rapidly growing interest and investment in wearable devices for the study of human
activity data, a general and extensible class of models for analysis of the resulting data is
lacking.

We propose a continuous-time hidden Markov model for the modeling human ac-
celerometer data that aligns with scientific (conceptual) models of human activity data; in
the proposed model, latent states correspond to latent (unobserved) activities, e.g., resting,
running, jumping, etc., that are shared across the population yet the accelerometer signa-
tures within these activities are allowed to vary across subjects. Furthemore, differences
across subgroups, e.g., defined by sex, age, or the presence-absence of a comorbid condi-
tion, can be identified by aggregating individual-level effects across these groups. This work
is motivated in part by the physical activity data set from the 2003 - 2004 National Health
and Nutrition Examination Survey (NHANES). In this study, human activity patterns were
measured at one-minute intervals for up to seven days using the ActiGraph Model 7164
accelerometer [Tro08; Met08; Sch15]. Activity for each minute was recorded as an integer-
valued intensity-level commonly referred to as an activity count. In the study, subjects were
instructed to remove the device during sleep or while washing (to keep it dry). Therefore,
the observed data comprise high-frequency, integer-valued activity counts for each subject
with intervals of missing values corresponding to when the device was removed.

The goal of paper is to use the observed data to characterize activity patterns of each
subject, subjects within pre-defined subgroups, and the population as a whole. This is
important because the estimated physical activity model can potentially serve the following
three purposes. On the subject level, the estimated activity model can be used both for
the prediction of future activities and the imputation of missing activity readings. On the
subgroup level, the estimated activity patterns provide useful insights into clustering people
based on their activity profiles. On the population level, public policies can be designed
based on the estimated activity model so as to encourage everyday exercise and healthy
life style.

Prior work on modeling activity counts has focused on aggregation and other smoothing
techniques. One common approach is to average the activity counts over time for each
subject and then compare the group means using two-sample t-tests [Tro08], analysis of
covariance [Han12], or linear mixed effects models [Cra04]. However, in these approaches,
averaging focuses on overall activity levels and may obscure trends in activity type, activity
duration, and transitions between activities. Another approach is to use functional data
analysis methods wherein the integer activity counts are first log-transformed to fix the

right-skewedness in the distribution and the transformed activity modeled as a function

33



of time of day and other covariates [Mor06; Xial4; Grul7]. These approaches are best-
suited for the identification of smooth, cyclical patterns in the data whereas the observed
accelerometer data are characterized by abrupt (i.e., non-smooth) changes in activity levels.

Discrete-time hidden Markov models are another common approach to the analysis of
mobility data measured by wearable devices [He07; Nic11; RC14; Wit14]. In these models,
activity is partitioned into different latent behavioral states and the observed activity count
is dependent on the unobserved latent activity. The latent states evolve according to a
discrete-time Markov process and a primary goal is the correct classification of the latent
activity. To construct and validate these models requires training data that are labeled by
latent activity. However, the NHANES data, like many accelerometer studies, are not labeled
by activity. Furthermore, our goal is to identify the dynamics of a patients evolution through
these latent activities including activity duration, activity intensity, and transitions between
activities. Discrete-time hidden Markov models have been used to model latent health
states and subsequently conduct inference for activity patterns within each state [Sco05;
Alt07; Shil0], but the time scales in these applications are rather coarse (daily or weekly).
By contrast, the physical activity in the NHANES data is measured for each minute; this
results in a much larger data volume and the ability to provide are more complete picture
of activity dynamics.

A technical limitation of the discrete-time approach, is that it assumes that the observa-
tions are equally spaced in time. Continuous-time hidden Markov models (CTHMM) have
been used to analyze the irregularly-sampled temporal measurements [Nod12; Wan14;
Liul5]. The flexibility of the CTHMM comes at the expense of increased computational
cost, which makes it infeasible for large datasets without modification. [Liul5] developed
an efficient learning algorithm for parameter estimation in the CTHMMs. However, this
algorithm is only suitable for either the completely pooled or unpooled cases wherein all
subjects are assumed to be either completely homogeneous so that they share the same
parameters, or completely heterogeneous so that all parameters are subject-specific. More-
over, the algorithm cannot estimate the effects of subject covariates and environmental
factors on activity counts.

We propose to model minute-by-minute accelerometer data using a hierarchical
continuous-time hidden Markov model (HCTHMM). This model is aligned with scientific
models of activity as the latent states represent different types of unobserved physical ac-
tivities. The continuous-time Markov process for the latent states evolution avoids having
to perform imputation for missing yet allows for the possibility that the temporal mea-
surements are irregularly spaced. Furthermore, the proposed model can incorporate both

baseline subject covariates and time-varying environmental factors. The proposed model
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is hierarchical in that it is parameterized by: (i) subject-specific parameters to account for
variability between subjects; (ii) subgroup-specific parameters parameters to account for
similarity in activity patterns within groups; (iii) population parameters that are common
across all subjects. This specification allows us to pool information on some parameters
while retaining between-group and between-subject variability. We proposed an estimator
of these parameters that is based on consensus optimization using the alternating direction
method of multipliers (ADMM). There is a vast literature on the convergence properties
of ADMM [Boyl1; Shil4; HL17] which can be readily ported to the proposed algorithm.
Finally, we use the nonparametric bootstrap [Efr92] to estimate the sampling distributions

of parameter estimators and to conduct statistical inference.

3.2 Model Framework

We assume that the observed data are of the form {W;, Y;(T;),X;(T;)}!_ |, which comprise
n independent copies of the trajectory {W, Y (T),X(T)}, where: W € R” are baseline subject
characteristics; Y(T) ={Y(T)),..., Y(T)} are the non-negative integer activity counts at
times T =(T,,..., Tx) €[0,1]%; and X(T) = {X(T;),...,X(Tx)} are concurrent environmental
factors such that X(-) € R7. Both T and K are treated as random variables as the number
and timing of observations vary across subjects. We model the evolution of the observed
data using a hierarchical continuous-time hidden Markov model (HCTHMM), which we
will develop over the remainder of this section.

Let S;(t)€{1,..., M} denote the unobserved latent state for subject i =1,...,n at time
t €[0,1]. The latent state evolves according to a Markov process indexed by: (i) an initial
state distribution 7;(m) = P{S;(0) = m)} for m = 1,...,M such that Z%zl m;(m) = 1; (ii)
transition rate matrix, also known as the infinitesimal generator matrix, describes the rate of
movements between states in a continuous-time Markov chain [Pyk61a; Pyk61b; Alb62]; the
transition probabilities are derived from the transition rates through a matrix exponential
operation such that for k = 1,...,K —1and ¢ > u, P/~*(m,{) = P{S,(t) =1|S;(u) = m} =
fel=wQi} .

We assume that the conditional distribution of the activity counts is homogeneous in
time given the current latent state and environmental factors (to streamline notation, we
include baseline characteristics in the time-varying environmental factors). Fori =1,...,n
and m=1,...,M define g; ,,(y;x) = P{Y;(t) = y|S;(t) = m,X;(t) =x}. Because longitudinal
activity count data are zero-inflated, we set g; 1(;X) to be the probability mass function for

a zero-inflated Poisson distribution with structural zero proportion 6; and mean A, ; for
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state 1 such that

(M@} exp{A;,x)}

8i1(y;%)=6,x)1,-+{1—6;(x)} 7

For m =2,..., M we model the activity counts using a Poisson regression model so that

Aim®@} exp{d; )}

8im(y;X)= )i :
For each subject 7, and latent state m, we assume that functions 6;(x) and A; ,,(x)are of the
form
0,(x)
log { m} = bigo+xbig),
log{)ti,m(x)} = bi,m,O +x/bi,m,1r
where b; og,...,b;p0andb;g;,...,b; ), are unknown coefficients.

In the foregoing model description, all parameters are subject-specific so that each
subject’s trajectory can be modeled separately. However, in the HCTHMM, some of the
parameters are shared among pre-defined subgroups of the subjects. We assume that
subjects are partitioned into J such subgroups based on their baseline characteristics
W. For example, these groups might be determined by age and sex. Subjects within the
same group are though to behave more similarly to each other than across groups. Let
G; €{1,..., ]} be the subgroup to which subject i belongs, and let n; denote the number of
subjects in group j=1,...,J.

The HCTHMM is a flexible multilevel model in that it allows for three levels of of param-
eters: (i) subject-specific, (ii) subgroup-specific, (iii) population-level. For example, one
might let the intercepts in the generalized linear models for state-dependent parameters
be subject-specific to account for the between-subject variability; let the initial state prob-
abilities and the transition rate parameters depend on group-membership, i.e. 7; = 7;,
and Q; =Q,, for all i}, i, such that G; = G;,; and let the slope parameters in the generalized
linear models for state-dependent parameters be common across all subjects.

If all the observed time points are equally spaced and all the parameters are subject-
specific, the HCTHMM reduces to the subject-specific zero-inflated Poisson hidden Markov
model. If there are no covariates and all parameters are common for all subjects, the HC-
THMM reduces to a zero-inflated variant of the continuous-time hidden Markov model
[Liul5]. The extension from the previous models to the HCTHMM better matches the sci-
entific goals associated with analyzing the NHANES data but also requires new methods for
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estimation. Because of the hierarchical structure in the parameters, joint parameter estima-
tion is no longer embarrassingly parallelizable as it would be in the case of its completely

pooled or unpooled counterparts.

3.3 Parameter Estimation

3.3.1 Forward-Backward Algorithm

For subject i =1,..., n, leta; € RM~! be the M —1 free parameters in the initial probabilities
7;, and let ¢; € RMM-V be the M(M — 1) free parameters in the transition matrix Q. To
simplify notation, write b; o =[b; o, ..., b0l €ERY™ and b;; =[b]  |,..., b}, | ]€ RIMH
to denote the parameters indexing the generalized linear models for the activity counts in
each state. Define the entire vector of parameters for subject i to be 8; =[a, c/, b:',o’ b’i’l] €
RWM+DM+4)_ The likelihood function for subject i is computed using the forward-backward
algorithm [Rab89] as follows. For subject i =1, ..., n, define the forward variables for k =

L,....K—l,and m=1,...,M,
af (3 0:) 22y, | () V(TR ST = [ X(T) =,
...,Xi(Tk):ka}.
The initialization and recursion formulas are defined as
i (m; 0,)=m,(m;0,)g; m{ V(1) Xs,, 0},
a; " (m; 0,~)=[§j a; (¢ oi){e(Tkﬂ—Tk)Qf}g,m]g,-,mm(TkH);
(=1
X T 0},

where m =1,...,M and k = 1,...,K — 1. The negative log-likelihood for 8, is therefore
fi(0;,)=—log {Z%zl aiTK(m; 0,-)}. Define the joint likelihood for 8 =(8,,...,0 ,)tobe f(0)=
Z:‘lzl fl(0 i)-

To compute the conditional state probabilities in the HCTHMM, we need to generate a

set of auxiliary backward variables analogous to the forward variables defined previously.
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For subject i =1,..., n, define the backward variables for k =1,...,K,and m=1,..., M,

B30, 2P0 { (T (T S() = m,

X i(Tis1) :XT,CH’---’Xi(TK) :XTK}'
The initialization and recursion formulas are
Tx
ﬂi (m! 0 i) :1)
M
T; — .
Blim;0,)=> (e g, (Vi(Tipn)ixy,,, 0}
=1
B(£6:0,),

where m =1,..., M. The probability of state m for subject i at time ¢ is

! (m;0;)% Py {S,(t) = m|Y{(T,), .., Yi(Tx)}
_ ali(m; 0B/ (m;0))
M al(m;0,)BL(m;8;)

where t =T,,...,T;, m=1,...,M,and i = 1,..., n. The mean probability of state m among
subjects in group j is thus

1 )
¢j(m’a):_ nt(myol)) ]:1)’])
i iG=j)
1 K
. — T . i —
where n;(m; 0 ;)= K;Tik(m’a’)’ m=1,...,M.

The mean state probabilities ¢ ;(m; 8) can be interpreted as the mean proportion of time
spent in latent state m for subjects in group j, whereas n);(m; @ ;) represents the mean
proportion of time spent in state m for subject i.

3.3.2 Consensus Optimization

If all sets of parameters are subject-specific, then the maximum likelihood estimates for the
parameters can be obtained by minimizing f(8) using the gradient-based methods which
can be parallelized across subjects. However, in the general setting where parameters are
shared across subgroups of subjects, such paralellization is no longer possible. Instead, we
use the consensus optimization approach to obtain the maximum likelihood estimates
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in the HCTHMM, which is performed via the alternating direction method of multipliers
(ADMM) [Boyl1]. We use the Bayesian Information Criterion (BIC) to select the number of
latent states M.

Let D denote a contrast matrix such that D@ =0 corresponds to equality of subgroup-
specific parameters within each subgroup and equality of all population-level parameters

across all subjects. The maximum likelihood estimator solves
rr%)inf(B) s.t. DO =0.

For the purpose of illustration, suppose that: (i) the intercepts in the generalized linear
models for state-dependent parameters are subject-specific; (ii) the initial state probabilities
and the transition rate parameters are subgroup-specific; (iii) the slope parameters in the
generalized linear models for state-dependent parameters are common across all subjects.
Then DO =0 is the same as restricting (i) a; = a;, forall G; = G,,; (ii) ¢; =¢;, forall G; = G,;;
(iii) b; ; =b;.

In our illustrative example, the maximum likelihood estimator solves

minf(0)

0,z
S.t.A,ﬂi:BiZ, i:1,...,n,

where z represents the set of all subgroup-specific and common parameters in @ so the
linear constraint A; 0 ; = B,z is equivalent to D@ = 0. The corresponding augmented La-

grangian is

L,(0,2,8)=f(0)+E (A0 —Bz)+ gqu — Bz’
(f(8)+57(A,0,~B2)+L1A,0,~Bz2),

i=1

where §=[&",...,§],

A, 0 0] B,
: 0 :
0 0 - A, B,

Here & are the Lagrange multipliers and p is a pre-specified positive penalty parameter. Let
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9(1/)

n’n’

g be the v'" iterates of 6 ,Z,§. Then, at the iteration v + 1, the ADMM algorithm

updates are

0 —update: V£(8'"")+ATE" + pAT(A8" —BZ V) =,
z—update: B” § +pBT(A0 UH)—Bz(n”)):O,
& —update: %’n —%’n —p(AO(nUH)—BZ(n”“)):O,

where the most computationally expensive @ -update can be programmed in parallel across
eachi=1,...,nas

(v+1) ~(v) ~ v+1

0;—update: Vf;(0, ) +A[E,  +pA/ (A, 0 B,z")=0.

The gradients V f;(-) for subject i’s HMM parameters can be computed using Fisher’s identity
[Cap05] based on the efficient EM algorithm proposed in [Liul5]. The details are included in
Appendix B. The use of gradients is needed in our model both due to the ADMM update and
the covariate structure. Even when there are no covariates and all parameters are shared
across subjects, the gradient method is still faster than the EM algorithm because M-step is

expensive in the zero-inflated Poisson distribution.

3.3.3 Theoretical Properties

Define 0 ,, to be the maximum likelihood estimator for 8 and let 8* denote its population-
level analog. The following are the sufficient conditions to ensure: (i) almost sure conver-

N * . . A (v) N
gence of @, to 8" as n — oo, and (ii) numerical convergence of 8 " to 8, as v — co.

(A0) The true parameter vector @ for the unconstrained optimization problem mﬂin f(9)

is an interior point of ©, where O is a compact subset of R4m ¢

(A1) The constraint set 6 = {# € ©;D0 = 0} is nonempty and for some r € R, the set
{0 € C; f(0) < r} is nonempty and compact.

(A2) The observed time process (7} : k € N) is independent of the generative hidden
Markov process: the likelihood for the observed times do not share parameters with
0.

(A3) There exist positive real numbers 0 < k~ < k* < 1 such that for all subjects i =1,..., n,
Kk~ < Pl.T"“_T’“(m,K) <k*tfork=1,...,K—1and m,l =1,...,M, almost surely and

8im(y;x)>0forall y € supp Y forsome m=1,...,M.
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(A4) For each @ €0, the transition kernel indexed by @ is Harris recurrent and aperiodic.
The transition kernel is continuous in 8 in an open neighborhood of 8*.

(A5) The hidden Markov model is identifiable up to label switching of the latent states.

(A6) Denote by e,,;,(0) and e,,,,(8) to be the smallest and largest eigenvalues of V2 f(8).
There exist positive real numbers € and p_ < ¢ such thatinfy,;g_g.|,<c émin(€) = 0_>0
and supg,g_g-|,<c emax(#) < 0+ < 0.

Assumption (A0)-(A2) are mild regularity conditions whereas (A3) - (A5) are standard in
hidden Markov models [Dou04]; together they ensures that the model is well-defined.
Assumption (A4) avoids non-standard asymptotic behavior associated with non-smooth
functionals. Assumption (A6) states that the smallest and largest eigenvalues for the Hessian
of the negative log likelihood function are bounded away from 0 and infinity in an open
neighborhood of the true parameter values, indicating the local Lipschitz differentiability
and convexity, which are used in [Shil4] to establish the numerical convergence in the
ADMM algorithm.

Theorem 3.3.1. Under assumptions (A0) - (A5), as T; — oo fori=1,...,n,
(i) 0 . converges to 0" almost surely as n — oo,

(i) suppose (A6) also holds, then @ (nv) converges numerically to 8 ,, in an open neighborhood
of 0" as v — oo.

The first part of Theorem 1 states the almost sure convergence of the constrained maxi-
mum likelihood estimator @, to the true parameter value 0”. This can be shown using the
uniform convergence results of the log likelihood [Dou04] for each subject-specific hidden
Markov model, along with the feasibility assumption (A1) and identifiability assumption
(A5). The second part of Theorem states the numerical convergence of the ADMM algo-
rithm. This is anticipated by [Boy11] which identifies general conditions for the numerical
convergence of the residual, the dual variable, and the objective function. [Shil4] extended
the convergence to the primal variable by adding the Lipschitz continuity and convexity
assumptions. The details for those assumptions, as well as the proof for Theorem 1, are
included in Appendix B. For i =1, ..., n, define the estimator for the mean proportion of
time in state m in group k as ¢3j,n(m),j =1,...,],m=1,...,M, and the estimator for the
mean proportion of time in state m as 7); ;, where k; is the number of observed time points
for subject i. The following result characterizes the limiting behavior of the estimated time

in each state.
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Theorem 3.3.2. Under (A0) - (A5), ask; — oo fori=1,...,n,n; — o0 forj=1,...,],

(i) (,Z;j,n(m; 0,) converges to u.j(m; 0") almost surely,
P (i )1 (m;0 1)
U?(m;gn)/nj
where u;(m;8,) = E[1); ,(m; 0 ,)], a?(m;ﬂn) =Var[n,(m;0,)] for all i such that

Gi = ]

(ii)

converges in distribution to a standard normal random variable,

A proof of the preceding result is given in Appendix B, which follows from the almost sure
convergence of a bounded continuous function and the central limit theorem. In principle,
ui(m; 0 ,) can be obtained from the limiting distribution of a stationary continuous-time
Markov chain, which is determined by the transition as a function of 0 .- However, it is
generally not easy to compute the standard error analytically for the estimated mean state
probabilities. Instead, we use a stratified nonparametric bootstrap [Efr92] in which we

resample subjects with replacement from each subgroup.

3.4 Simulation experiments

We study the finite sample performance of the proposed estimator for the state probabilities
using a suite of simulation experiments. We simulate minute-by-minute activity counts of
length T ~ Uniform(500,2500) for n =20 and n = 200 subjects, where half of the subjects
are male (Group 1) and the other half female (Group 2). The intervals between consecutive
time points are independently drawn from {1,2,..., 10} with equal probabilities. For each
subject, we assume 2/5 of the observations are from weekends and 3/5 of the observations
are from weekdays.

The activity counts are generated using a three state continuous-time zero-inflated
Poisson hidden Markov model. We assume that during the weekend the log mean activity
decreases by 10%, 20%, 30% in states 1, 2, 3 respectively, while the log odds of zero in state
1 increases by 10%, so that

6;(x)
log{m} = b0 +0.1 xI{Weekend},

log{A;,(x)} = bi;0—0.1xI{Weekend}’,
log{Ai,(x)} = bise—0.2x{Weekend}!,
log{A;s(x)} = bis0—0.3xI{Weekend}’,

iid

id ' N {10g(50),0.12}, by, " N {log(300),0.12},

where bi,0,0 ~ N(_1y012)r bi,l,O ~
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iid
bi,3,0 ~

N {log(?OO), 0.12} are subject-specific intercepts; the weekend effect is assumed to
be common across all subjects.

The initial probabilities for male are (U,, U,,1— U, — ), U;, U, £ Uniform(0.2,0.4); for
female, the initial probabilities are (U;, U,, 1 — U; — U,), Us " Uniform(0.6, 0.8),

jid - . . . .
U, '~'Uniform(0.1,0.2). The transition rate matrix for male is

—Us;—Us Us Us
U; —U;— Uy Us )
Uy Uo  —U—Uyy

jid < . . ..
where U, ..., U, ' Uniform(0.05, 0.15); for female, the transition rate matrix is

U, — U, Un Urp
Uis —Uiz— Uy Uis )
Uss Use —U;s—Ug

where Uyy, Uy, % Uniform(0.05,0.1), Uys, Uss % Uniform(0.3,0.4),
and U, Ujg Y Uniform(0.1,0.2).

Table 3.1 The bias and standard error for the estimated population and subgroup-specific pa-
rameters in HCTHMM. The metric is Euclidean norm for population parameters, and Frobenius

norm for subgroup-specific parameter vectors.

Parameter

n=20

Bias (s.e.)

n=200

Bias (s.e.)

Population parameters:

Slope for State 1 zero odds
Slope for State 1 Poisson mean
Slope for State 2 Poisson mean

Slope for State 3 Poisson mean

Subgroup-specific parameters:
Initial probabilities (Male)
Initial probabilities (Female)
Transition rates (Male)

Transition rates (Female)

.0021 (.0422)
.0001 (.0034)
.0016 (.0053)
.0036 (.0120)

.0169 (.0022)
.0152 (.0069)
.0038 (.0029)
.0099 (.0089)

.0032 (.0134)
.0001 (.0011)
.0019 (.0018)
.0046 (.0044)

.0165 (.0008)
.0284 (.0038)
.0011 (.0006)
.0016 (.0012)
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Figure 3.1 Average runtime (seconds) using eight cores on a Unix cluster for each ADMM itera-
tion in different configurations (number of subjects, length of each series).

Table 3.2 Comparisons on the mean coverage probability for the 95% and 99% bootstrap con-
fidence intervals for the mean proportion of time in each latent state between subject-specific
HMM and HCTHMM (n = 200).

State Subject-specific HMM HCTHMM
Male  Female Male  Female

95% C.1.

1 .942 .942 .942 .950
2 .944 .938 .950 .960
3 .946 .936 .960 944
99% C.I.:

1 .982 .988 .986 .994
2 .986 .984 .986 .988
3 978 .980 994 992

Table 3.1 shows the bias and standard error of the estimators for different hierarchies of
parameters in the HCTHMM via 500 simulations. In both cases, the biases are small due to
the fact that the length of each individual series is large. As the sample size increases, the
standard errors become smaller which is expected. Figure 3.1 shows the average runtime
(seconds) for each ADMM iteration scales linearly with the number of subjects. It generally
takes some 30 to 100 iterations for the algorithm to converge. Table 4.2 compares the mean

coverage probability of the 95% and 99% bootstrap confidence intervals for the mean
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proportion of time in each latent state between a baseline subject-specific HMM and the
proposed HCTHMM when the sample size is 200. As we can see, the baseline subject-
specific HMM suffers undercoverage (coverage probability smaller than nominal level),
while the proposed HCTHMM recovers the nominal level on average in both the 95% and
99% cases.

3.5 Application

The motivating application is a human physical activity data set from the 2003 - 2004
National Health and Nutrition Examination Survey (NHANES), which is publicly available
at the National Center for Disease Control (CDC) website https://wwwn.cdc.gov/Nchs/
Nhanes/2003-2004/PAXRAW_C.htm. There are 7,176 participants in the study, and for
each participant we have minute-by-minute activity counts for up to seven days. As the
subjects were supposed to remove the accelerometer when washing, there are prolonged
intervals during the day when accelerometer readings are zeros. We further impose the

following two inclusion / exclusion criteria,
* Subjects whose age is between 20 and 60 are included.
 Subjects with very few measurements are excluded.

The first criterion specifies the scope of inference. The second criterion exclude subjects
with very few non-missing data available (< 500 minutes out of 7 days). There are 2,467
subjects who satisfy both conditions, which constitute more than 95% of those whose age is
between 20 and 60. Further, we split those subjects by their baseline characteristics (gender,
age) into 4 subgroups. Subgroup 1 consists of 608 male subjects with age from 20 to 40;
subgroup 2 consists of 557 male subjects with age from 40 to 60; subgroup 3 consists of 712
female subjects with age from 20 to 40; and subgroup 4 consists of 590 female subjects with
age from 40 to 60.
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Table 3.3 The definition of missing interval in terms of consecutive minutes of zeros in the litera-
ture on human activity.

Literature Definition of missing

[Cra04] 30 minutes
[Cat05] 20 minutes
[Tro08] 60 minutes
[Rob10] 20 minutes
[Evell] 20 minutes
[Sch15] 60 minutes
[LG16] 20 minutes

Table 3.3 summarizes the related work on the length of an extended period of zero
activity counts to be defined as missingness. In this paper, we choose to define missingness
as a sustained interval of greater than or equal to 20 consecutive zero activity counts, which
is the most commonly used criterion in the literature. Most missingness occurs between
10 pm to 8 am, which is the sleep time for most of the subjects. There is still sporadic
missingness during other periods of time in the day, which may correspond to activities like
swimming or bathing. The missingness periods are removed during the data preprocessing.
The average proportion of zeros after removing the missingness is around 25%, so that
zero-inflation is still an issue to be considered in the modeling. In the data preprocessing,
activity counts greater than 1,500 (< 5%) are truncated at 1,500 to ensure the numeric
stability of the fitting algorithm.

Table 3.4 Summary of BIC from model selection. In type I models, all parameters are subject-
specific. In type Il models, all parameters are subject-specific except the slopes, which are pop-
ulation parameters. In type IIIl models, the intercepts are subject-specific; the slopes are pop-
ulation; the initial probabilities and transitions are subgroup-specific. In type IV models, all
parameters are subgroup-specific except the intercepts, which are subject-specific.

Model specifications BIC

5 states, type I 248,009,082
6 states, type I 202,804,081
7 states, type I 203,261,150
6 states, type II 200,457,217
6 states, type III 198,949,672
6 states, type IV 198,807,080
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To apply the HCTHMM model on the activity counts data, we need to select the number
of latent states as well as the hierarchy for different sets of the parameters. The weekend
effect is adjusted for in the Poisson and zero-inflated Poisson regression on the activity
counts in each latent state. By the minimum BIC criterion as shown in Table 3.4, we select
the type IV HCTHMM with 6 latent states, where the intercepts in the state-dependent
generalized linear models for logit zero proportion in state 1 and log Poisson means in
the all states are subject-specific, while the initial probabilities, transition rates, and the
slopes in the state-dependent generalized linear models are subgroup-specific. This final
model indicates the baseline zero proportion and mean activity counts in each latent state
vary across subjects. For all the other parameters, the between-subgroup variability is
more prominent than the within-subgroup variability. Figure 3.2 shows the 99% confidence
interval for the estimated proportion of time spent in latent activity states for each subgroup
in 03 - 04 NHANES. There are several interesting findings. First, younger men spend less
time in the low intensity activity states (state 1, 2) than older men and women. Second, men
spend less time than women in the medium intensity activity states (state 3, 4). Third, men
spend more time than women in the high intensity activity states (state 5, 6). To validate
the results, we apply the HCTHMM methodology to 05 - 06 NHANES, which has the same
study setup and data structure as the 03 - 04 NHANES. Figure 3.3 shows the 99% confidence
interval for the estimated proportion of time spent in latent activity states for each subgroup
in 05 - 06 NHANES, which has a similar pattern as seen in 03 - 04 NHANES.

State 1 & 2 State 3 & 4 State 5 & 6
0.21
0.59 0.20
0.25 '
058 0.19
9
5
2 0.18
.
10_57 0.24
0.17
0.56
0.16
0.23
0.15
1 2 3 4 1 2 3 4 1 2 3 4

Group — 1.Male [20,40) — 2.Male [40,60) — 3.Female [20,40)  4.Female [40,60)

Figure 3.2 The 99% bootstrap confidence intervals for the estimated proportion of time spent in
latent activity states by subgroup in 03 - 04 NHANES.
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0.235
0.17
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0.230
0.16
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0.225
1 2 3 4 1 2 3 4 1 2 3 4

Subgroup — 1.Male [20,40) — 2.Male [40,60) — 3.Female [20,40)  4.Female [40,60)

Figure 3.3 The 99% bootstrap confidence intervals for the estimated proportion of time spent in
latent activity states for each subgroup in 05 - 06 NHANES.

3.6 Conclusions

We propose HCTHMM to be valid inference strategy for the longitudinal activity data. Within
this framework, we can estimate the mean state probabilities for different subgroups of
subjects as well as quantify the uncertainty. Our findings are consistent with previous
literature on human physical activity [Met08; Tro08; Han12; Xial4], which indicated that
the physical activity can be classified into different categories by intensity, and that the
activity level decreases as a result of aging. Moreover, women tend to spend more time in
lighter intensity activity, whereas younger men tend to have periods of higher intensity
activities.
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CHAPTER

4

LATENT STATE MODELS FOR PRECISION
MEDICINE

4.1 Introduction

A treatment regime is a set of decision rules that determines a personalized treatment plan
based on evolving treatment and covariate history [Mur03; CM14; Tsi19]. An optimal treat-
ment regime maximizes the mean of some cumulative measure of patient health across a
target population. Thus, there is keen interest in the development of statistical methodology
for the estimation of optimal treatment regimes both to inform clinical practice and to
generate new hypotheses about heterogeneous treatment effects [AI16; WA18]. Seminal
methods for estimating optimal treatment regimes from observational or randomized
studies included g-estimation [Rob97; Mur03; Rob04], Q-learning and its variants [Mur05;
Moo07; Hen10; Sch14; Moo1l4a; Son15; Tayl5; Zhal8; Ert19], inverse probability weighting
for the estimation of treatment effects of treatment regimes [Rob99; Mur01; Laa06; Rob08].
More recently, there has been a surge of research on extending these methods to make
them more flexible, e.g., through the use of machine learning methods [Zhal2b; Zhal2a;
RL12; Mool4a; Zha09; Zhal5; LZ15; LL16; Xul6; WA18; Tao18; Jial9; Lucl9; Liul9] or to

allow them to work with high-dimensional feature spaces or other complex data struc-
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tures [Lul3; MQ14; Tial4; Son15; Cial5; Cial6; LS17; Shil8; Ert19; Wal19; Shil9]. While
the literature on treatment regimes is rich and growing rapidly, the type of data to which
these methods applies is restrictive. Existing methods for finite-time-horizon decision
problems require that one be able to align patient treatment decisions in time and that the
conditional average treatment effect at each decision point can be estimated either using
regression or weighting methods. For indefinite-time-horizon problems, existing methods
for estimating optimal treatment regimes require that the data-generating distribution have
sufficient structure to allow pooling of data over time points and extrapolation to future
decisions, e.g., the data might be assumed to follow a contextual bandit or a homogeneous
Markov decision process [TM17; Ert19; Lucl9; Lial9]. Thus, existing methods do not apply
to observational data when there are frequent and irregularly spaced treatment changes as
patients cannot be properly aligned nor can the data be reasonably assumed to be Markov.
For an example of such data, see Figure 4.1 which displays patient treatment histories for a
subset of patients from the STEP-BD observational care pathway.

We propose a method for estimating an optimal treatment regime in the indefinite-
time-horizon setting when data are irregularly spaced, contain multiple treatment changes,
and cannot be assumed to be Markov. Motivated by the underlying clinical science of
bipolar disorder and other episodic chronic illnesses, we assume that a patient’s health
status is dictated by a latent (unobserved) state and a subset of their observable data;
we assume that conditional on current patient information and their latent state, the
evolution of a patient’s health status is Markov. Treatment is allowed to affect the transition
dynamics of the latent process as well as patient observables. We show that under this
model the optimal treatment regime is determined by the so-called information state which
comprises the conditional distribution of the latent state and current patient measurements.
We subsequently derive estimators of the optimal treatment regime and establish their
asymptotic operating characteristics.

The proposed model is an example of a partially observable Markov decision process
[POMDP Mon82]. POMDPs have been studied extensively in the computer science literature
with applications in robotics, scheduling, videogames, and wildlife management [see,
for example, Kae98; Cas98; JP03; Han98b; Ji07; SB18]. The primary contributions of this
work include: a theory-driven construction of the latent-process model, the application of
POMDPs to episodic chronic mental illness, and the development valid statistical inference
for clinically relevant estimands in this context. The proposed methodology is extensible
and could be ported for estimation and inference with optimal treatment regimes in other
contexts having complex treatment and observation patterns, e.g., mobile-health.

The remainder of this manuscript is organized as follows. In Section 2, we formally
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introduce the latent state model and prove that the information state is sufficient for the
optimal treatment regime. In Section 3, we review estimation of optimal treatment regimes
under a Markov Decision Process model. In Section 4, we derive estimators of the optimal
treatment regime based on a data-driven transformation of the observed process which
makes it approximately Markov and thus amenable to the methods reviewed in Section 3.
In Section 5, we derive the asymptotic distributions of the proposed estimators. In Section 6,
we study the finite sample performance of the proposed methods through an extensive suite
of simulation experiments. In Section 7, we provide an illustrative application using the
observational care pathway of the STEP-BD bipolar disorder study. We provide a concluding

discussion in Section 8.

4.2 Setup and preliminary results

We use uppercase letters, e.g., X, T and A, to denote random variables, and lower case letters,
e.g., x, t and a, to denote instances of these random variables. The symbol ‘=’ is used to
distinguish definitions from equalities. The observed data are assumed to comprise 7 i.i.d.
copies, one per patient, of the trajectory {[ Tf,A(Tf),X(Tf)]};ZI, where J € Z, is the number
of clinic visits, 0= T' < T? < --- < T’/ < 1 encode clinic visit times, A(T’) € .« ={1,...,L}
denotes the assigned treatment during period [T/, T/™1), and X(T/) € R? denotes a patient’s
health status at time T/, j=1,..., J. Thus, both the number and timing of clinic visits are
treated as random quantities. Let H' = {71, X(T")} and H/ = {H/}, T/, A(T/"),X(T/)} so
that H/ contains the patient history available to the decision maker at clinic visit 7/.

Let 2 denote the space of probability distributions over .¢/ (i.e., the L-dimensional
probability simplex). We encode elements d € & vectors in [0, 1]" so that d, represents
the probability of selecting action a € .¢/ under d. A treatment regime in this setting is
a sequence of decision rules IT = {nf }j21’ one per clinic visit, with 77/ : suppH’/ — 2 so
that under IT a patient presenting with H’ = h; at clinic visit j would receive treatment
recommendation a with probability 7t/ (h ;) While the observed data comprise finite patient
trajectories, we are interested in estimating treatment regimes that can be applied indefi-
nitely; that is, they can be used to provide treatment recommendations for as long as the
patient is receiving care. To this end, we consider treatment regimes composed of decision
rules 7/ = p o f/, where f= {ff}j21 are summary functions f/ : suppH’/ — . C RY so that
S/ = fi(H/) is a summary of patient history H/, and p : . — % is a stationary decision rule
acting on patient summaries. Write 7t = p of to denote the composed regime 7/ = p o f/ for
all j > 1. We shall show below that restricting attention to composed regimes of this type

incurs no loss in generality. Furthermore, because p remains fixed in this representation,
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the regime can be vetted for clinical validity by domain experts when the summary func-
tions provide ‘qualitatively similar’ summaries of patient history (we show that the natural
choice of summary function in our domain produces such summaries).

The immediate utility associated with history H/ and treatment A/ is U/ = %(S/,A/) e R
and is assumed to depend on the history only through its summary. Note that this incurs no
loss in generality as the summary function can always be chosen so that this assumption
holds. Let E” denote the probability distribution induced by following the treatment rec-
ommendations given by I1. We consider the following two measures of cumulative utility:

(i) discounted mean utility

Vas(m) ZE™ > (171 U),

=1

where y €0, 1) is a discount factor; and

1,
Vaelm) 2 Jim E* (72 Uf).
j=1

These two cumulative measures are used almost exclusively in indefinite decision problems
[Pow07; Bus17; SB18] though the proposed methods could be extended to hyberbolic
discounting or other notions of cumulative utility [Fed19]. We write V (rt) without a subscript

(ii) average utility

to generically denote either of these cumulative utility measures. We say that 7°P* is optimal
with respect to V if V(z°Pt) > V(77) for all 7. Without imposing additional structure on the
data-generating model, it is not possible in general to identify 7°P* from data collected over
a finite time-horizon even as n — oo.

We assume that there exists a (latent) Markov process M(t) € {1,..., K} for all + which
represents a critical component of a patient’s health status, e.g., in bipolar disorder this
might represent whether the patient is in a depressive, manic, hypo-manic, mixed, or stable

episode. Furthermore, we assume that:
(AD) X LT ATY[XT, AT, M(TY),

so that the process is conditionally Markov given the latent state. The following the result
shows that the conditional distribution of the latent state given the available history is

sufficient for the optimal regime.
Lemma 4.2.1. Assume (Al) and for j > 1 lerB’ €[0,1]X be such that sz =P{M(T/)= €|Hf}

fort=1,...,K.Define fI(H/) = (B/,X/) and writeS’ = fI(H/) with & = supp$S’. IfU/ depends
on(H/, A7) only through (S’, A7) then:

! As noted previously, the utility should be a function of observables and thus X/ can always be defined so
as to include U/.
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@ {(s’,A7, U’ )}j>1 is a homogeneous Markov Decision Process;

(it) sup,.,_q, V(p of)=supy V(II).

Remark 4.2.1. The summary$’ is minimally sufficient in that there exists generative models
in which any further reduction of the history, e.g., learning a strategy which depends on
R/ = g/(S/) where||Cov(S/|RY)||>0w.p.1, leads to degradation in the value of the learned
strategy. See the Supplemental Material for a precise statement and example.

Using the preceding result, we can characterize the optimal regime in terms of the
Markov Decision Process (MDP) {(Sj VAT U )}j>1. Because the states S/, j =1 are not fully
~ivJ .
observed, we first construct estimators {Sfl} . of {SJ };_1, and subsequently construct a
j= -

plug-in estimator of the optimal regime.

4.3 Characterizing an optimal regime in an MDP

Recall that our approach is to transform the observed data so that (asymptotically) it is
equivalent to a homogeneous Markov decision process (MDP). Thus, we briefly review two
established methods for estimating an optimal treatment regime in an MDP. Our develop-
ments closely follow Murphy et al. [Murl6], Ertefaie [Ert19], and Luckett et al. [Luc19]. For
a more general treatment of MDPs see Sutton & Barto [SB18] and Wiering & Van Otterlo
[WVO12]. For the purpose of describing these methods, assume that the observed data are
{(S{ ,A{ , Ul.j yji=1,..., ],-}?:1, which consist of n independent trajectories from a homoge-
neous MDP. We assume that the states S/ € ¥ C R7 and, as in the previous section, there are
a finite number of treatment options coded so that A’ € {1,..., L} and the utilities U/ € R
are coded so that higher values are better. We present estimating equations for the optimal
treatment regime with both the discounted and average reward criteria. Technical condi-
tions needed for unbiasedness of these estimating equations and asymptotic normality of
L aALUD =1, ) are
i=1

n,i’

the resultant estimators applied to the transformed data, {(§
provided in Section 5.

Define the discounted state-value function vy (7m,s) = E* (Z j20 Yyt |St = s) which
does notdepend on ¢ because the MDP is assumed to be homogeneous. For any distribution
R on ./, termed a reference distribution, define Vdﬁ(ﬂ,') = f Vais(7T,8)d R(s) then V() =
VdI;"(ﬂ), where R, is the initial state distribution. Because R, is unknown, one might take
the empirical distribution of $* or some other reference distribution constructed from
historical data [see Luc19]. Define 7°P*® = argmax,; Vdfs (), where IT denotes a class of

regimes of interest. In the discounted reward case it can be shown [e.g., Luc19] that the
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state-value function satisfies the following recursion

()
0=E % (U7 +7 v, S — vaio(m, 1)} (87, 4.1)
for all j and any ¢ :. — R¢, where the ratio 74;(S’)/P(A/|S) is an importance sampling
weight. Let ¥ = { WS;a): @aeQC Rd} be a parametric class of continuously differentiable
maps from . into R<. For each « € II, define a*(t) to be the solution to (4.1) at 7. An
estimator @ ,(7t) of @*(rt) is given by the solution of the sample analogue of (4.1) with ¢(Sj )=
Ve WS’; @), i.e., the solution to

o3l

where P, denotes the empirical measure. The estimated optimal regime is obtained by

j + Y Vdis(sj+l; a) - Vdis(sj; a)} Va Vdis(sj; (l) ’ (4.2)

P(AJ |Sf

maximizing the estimated integrated state-value function over the class of regimes so that

ﬁgis n = argmaXJ Vdis {S’ ZZ\n(ﬂ:)} dR(S)
’ mell

Properties of this estimator—applied to data from a homogeneous MDP—are provided in
Luckett et al. [Luc19]. We assumed for simplicity that P(A/|S/) was known, e.g., if the data
were from a randomized clinical trial; if these were unknown, they could be estimated from
the observed data, e.g., using a multinomial logistic regression [see also JL15; TB16; Han18,
for related ideas and discussion].

An estimating equation for the average reward setting is derived using a similar strategy
to the discounted case. For each 7 define the differential value

J

6(m,)2 lim E7 | > {U7~ Vu(m)}|S'

j=1

=s

which is well-defined under regularity conditions provided in Section 5. Then it can be
shown [[]e.g.,][][puterman2014markov,murphy2016batch,liao20190ff that the V. (7) satis-
fies the recursion

0=E L@{U!’— (m)+6(r, ST —8(n sf)}w(sf)l (4.3)
P(AJ|Sf) Vave ’ ’

for all j and any ¢y : & — R°. Let # = {5(8;/3): peB gRe} be a class continuously
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differentiable maps from . into R°. An estimator T/\ave'n(ﬂ) of V,,.(m) is obtained by jointly
solving the sample analog of (4.3) for f and V,,.(7) with y(s) = (1,Vg V(s; B)T)T so that

vave,n(ﬁ); ﬁn(ﬂ') solve

J—1
[TCA]

0=P,
AJ|SJ)

— Viwe( )+ 6(7, 87 B)—6(m, Sf;/i)}( (4.4)

1
Vﬁ5(3j:/3’))]'

j=1
The estimated optimal regime is thus given by 7. , = argmax,y T/;V&n(n).

Remark 4.3.1. The remainder of this manuscript is focused on constructing the transformed
process and examining the theoretical and empirical properties of the foregoing two esti-
mators when applied to the transformed data. However, these are but two of many possible
methods for estimating an optimal regimes with MDPs; these were chosen because they
have been used previously in clinical applications and furthermore are simple, extensi-
ble, and amenable to statistical inference [[ [for alternative approaches seej[and references

therein/szepesvari2010algorithms,powell2007approximate,suttonl1998reinforcement.

4.4 Estimating sufficient summary functions

Recall that the sufficient summary functions are given by f; = (B/,X/) for j > 1. As X/ is
observed, constructing an estimator of f/ is tantamount to constructing an estimator of B/,
the conditional distribution of the latent state given history H/. We develop an estimator of
B’ under the assumption that the observables X/ evolve under a latent-state-dependent
autoregressive process. This choice is motivated by the clinical theory underpinning bipolar
disorder as well as its robustness and utility in modeling chronic illness [for additional
discussion on time series and mechanistic models for bipolar disorder, see Dau09; Bon11;
Moo12; Mool4b; Bon15; Holl6, and references therein].

We assume that the dynamics of the latent state M(¢) are described by the rate matrix

(a)= {qk,g(a)}u:l  €EREK foreacha €{l,...,L}, where

.....

Gei(a) = —}irgt_lP{M(Tf+l)¢k|Tj+1 T/ =t,M(T)=k,A=a},
Grola) = l}irg PM(T! ) =0T/ =T/ =, M(T))=k,A=a}, k #£¢,

from which it can be seen that g ;(a) = ZH,C gre(a) for k = 1,...,K [see Liul5]. The
transition rate matrix, also known as the infinitessimal generator [e.g., Pyk61a; Pyk61b;
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Alb62], induces the following transition probabilities
P{M(¢)=tIM(t)=k,A=a}=[exp{(t'—1)-Q(a)}r,

for k,¢ =1,..., K. To identify the transition rate matrix, we need to link the observed data

to the latent state process. This link is established by the following assumption:
(A2) X/ L M(:rl),Al,xl,...,M(:rf—l),Af—l|M(:rf'),xf—1 forall j>1.

Furthermore, we posit parametric models for the dynamics of the observed data and that
these models have densities with respect to some dominating measure of the following
form: the density of X' given M(T"') = m' is pxipr1y(x'|m';©) which is indexed by © €
and the density of X/ given M(T/)=m/ and X/ ' =x/ is pxijpyri)xi-1 (x/|m7,x/1;T) which is
indexed by 7 €T'. For example, a Gaussian autoregressive model with linear mean models

would take the form:

_ 1 _
P 1m'50) o< [ Pexp| 36! 1, T E 0~

.....

pXj|M(Tj),Xj71 (X]|m],x]_l;r) (0@
1 . ; . .
|2, exp {—E(xf — W, L () —\I‘mjle_l)} ,
where I'={(¥,,, 2,,)} =1

tion to the data from the STEP-BD trial.
Let @ =(0,7) € " x" denote the unknown parameters indexing the latent Markov process.

x - We use this model in our simulation experiments and applica-

It can be seen that B is determined by H/ and p, i.e., B/ =b’/(H/, o) where b’ is a determinis-
tic map from dom H/ x (© xT') into the L-dimensional probability simplex. We construct an
estimator g, via maximum likelihood implemented using the forward-backward algorithm
[fora review see Rab89] and subsequently compute the plug-in estimator ﬁfl =b/(H/,p )
so that §fl = (ﬁfl,Xf )- The preceding estimator is used to convert i.i.d. trajectories of the form
{[ Tij,A,-(Tl.j),X,-(Tf)]}f:1 fori=1,...,n to trajectories drawn from an (approximate) homo-

in’

7 ; Y/
geneous MDP {(S]. A{ , Ul.’ )} . for i =1,..., n which can then be used with the estimators
]:

of an an optimal regime described in the previous section.
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4.5

Theoretical properties

4.5.1 Consistency of estimated state probabilities

Consistency of the estimated latent state distribution is central to characterizing the large

sample behavior of estimators of the optimal treatment regime constructed by solving

the MDP estimating equations of Section 3. Consistency follows from existing results on

maximum likelihood for latent Markov models and the continuous mapping theorem. We

make the following assumptions.

(B1)

(B2)

(B3)

(B4)

(B5)

(B6)

(B7)

(B8)

(B9)

Both the time process (T’ : j € N) and the number of time points J are independent
of the latent process {M(t) : t > 0}.

The true parameter vector g* is an interior point of © xI', where © x I is a compact

subset of R4me,
Forall m'€{1,...,K}, P{M(T")=m'}>0.
There exist non-trivial measures v,, v, on & with
P (lm') = v, () forall m' €{1,..., K},
pxj|M(Tj),Xj—1(-|mj,xj_1) >uv,()forallm’/ e{l,...,K},x¥ eZ,j>1,
where 2" =domX/, j > 1.

For each g € © xT, the transition kernel indexed by g is stationary, Harris recurrent,
and aperiodic [see AL06; MT12, for additional discussion of this assumption and its

implications].
The transition kernel is continuous in g in an open neighborhood of p*.

The latent Markov process is identifiable up to label switching of the latent states [see
All09; Gas13, for discussions of label-switching].

The loglikelihood is twice continuously differentiable in g and the Fisher information
I(g) is positive definite in an open neighborhood of p* [see Bic98; JP99; Dou04, for

equivalent assumptions].

Forany g, @,€0xI, ||bj(hj,g1)—bj(hj,gz)|| < gf(hj)llgl—gzll, for some integrable
function g/ :domH’ - R, j>1.
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The preceding assumptions are relatively mild and standard in hidden Markov models.
Assumption (B1) ensures that the distribution of the visit times factors out of the likelihood
for g, i.e., the time process and latent process do not share parameters. Assumptions (B2)-
(B8) ensure that the model is well-defined and that the maximum likelihood estimators are
regular [Ler92; Bic98; JP99; LGM00; DMO01; Dou04]. Consistency and asymptotic normality
of the maximum likelihood estimators in general autoregressive hidden Markov models
have been established under the preceding conditions [Dou04]. Moreover, we will show
that Assumption (B9) holds for the Gaussian autoregressive hidden Markov model in the
Supplementary Material, which ensures the class is Donsker and thus consistency of the
estimated state probabilities follows immediately.

Lemma 4.5.1. Assume (Al) - (A2), (B1) - (B8), as n — oQ:
Vn(g,—o)~ ¥/{0,1(g*) '},
Vn{b/(h/;,)—b/(h/; 0*)} ~ N {0,V, b/ (h; 0")(0*) 'V, b/ (b/; 0"},
foreach h/ e domH’. Furthermore, if (B9) holds, then for each fixed j =1,...,],asn — o0,

sup \bf 9,)—-b/(h,p |—>0

h/edomH/

4.5.2 Asymptotic properties in the discounted utility setting

We consider linear working models for the state-value function 1(s; @) = ¢ (s)"a, where ¢ is
a finite-dimensional set of basis functions; these basis functions might comprise custom
features informed by domain expertise as well as nonlinear expansions such as b-splines or
radial basis functions. Using this functional form, the population-level estimating equation
for the state value-function, i.e., (4.1) from Section 4.3, is given by

AdlS 7, a) ]EZ

let a@*(7t) denote the solution to Ay;s(7t, @) = 0. The sample analog using the estimated states

TEAJ
P(Ai |SJ

T+ypS™a—¢(8)a} ¢(sf)];

is thus

— . 1 ﬂAi(gi) . it INT T i
Adis,n(n,a):]P’n; W{U’lj+y¢(si+) a—¢(si) a}(,b(Si,) ,
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where ﬁnf =U (§2,Af ); let @,,(7t) denote a solution to Kdis’n(rc, a)=0. For linear estimators,
such a root always exists, however, below we require the weaker condition that @, () is an

approximate root. Let ||-|| » denote the Frobenius norm. We make the following assumptions.

(C1) Foreach m €11, a*(7r) solves Agys(7T, @) = 0, where a*(rt) is an interior point of 2 and Q2
is a compact subset of R4m ¢,

(C2) For each &t € II, there exists a sequence of @,(7r) € Q2 such that Kdis,n{rc,&n(n)} =
0,(n~1/2).

(C3) Define Vdﬁ(n) = f ¢(s)Ta*(m)d R(s), which attains its supremum at 7}, € 1L
(C4) There exists a sequence of 7y , € IT such that V;ﬁvn(ﬁdi&n) > Sup,.cq V;ﬁ A7) —0,(1).
(C5) There exists a constant ¢ > 0, such that

ﬂAf(Sj) ; . T ,
wTE[P(A—j'Sj)Qb(S]){(p(SI_ygb(SI )} ]wZCIIwIIZ,
forall j > 1 and w #0.

(C6) ¢ :.# — R% is uniformly continuous, where ¥ =dom$’, j =1,..., J, is compact, and
] is finite almost surely. Furthermore, E||S’||> < x for some k >0 and all j > 1.

(C7) Foreachae.o/,s€.¥, j>1, P(Al =alS/ =s)> ¢, for some € > 0.

(C8) Foreach j=1,...,J, m€ll, define

. {bi(h'; 0)}
P{ailbi(h/;0)}

Gl (m b, als0) > (b (Wie).a'} 9 [ (Wse)),
there exists a linear operator Wéis(ﬂ, h’,a’; p) such that EllWéiS(n, H/,Al; )|y < 00

and, for allh/ € domH/ and a’ € .¢/, the following expansion holds
Ggis (7,b/,a’;9,) —Géis (7,h/,a’;0%)= Wéis(n,hj, a;0")@,—@")+o0,(n"?).

These conditions are standard for Z-estimators [VDVW96; Kos08]. Conditions (C1), (C2),
(C6), and (C7) are used to establish the consistency of @, (), while the addition of (C5)
and (C8) are used to establish asymptotic normality. A sufficient condition for (C8) is that
Gl (7, h/,a’; g)is almost everywhere differentiable in g in which case W/ (s, h’, a/; 9) can
be chosen to be the gradient operator. We use (C3) and (C4) to show V:ns,n(ﬁdis,n) LR Vais (705:),
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. . ~ p ~
which is a weaker but more general result than 7 , — 73, . Convergence of 7 4; ,, generally
requires that 7t is a unique and well-separated maximizer of Vj;,(7t), which need not hold

for some commonly used classes of regimes [see Zha18].

Theorem 4.5.1. Assume (Al) - (A2), (C1) - (C7), and thatll is finite. Then as n — 00:
1. for any fixed regime 7, d () LN a*(m);
2. Vaisn(Raisn) 2z Vais (705;)-

To define the limiting distribution of the estimated optimal value we make use of the

following quantities:
J—1 T
Uz i ji+1
) E[, P(AJIS’ (/)(S] {4)(8]) ro® )} ]
= TAi(S ]) ]+1
Cya(m) =P, — ¢(S N oS,)—ro(S,
. [Zp '|s’) { }]
o Al (SRS [ : .
Gyl 7) E[ lﬂ“P( AZ’;, ){ ’+r¢(SJ“)Ta*(n)—¢{SJ}Ta*(n)}
Jj=
{Uf+r¢(sf“)Ta*(ﬁ)—¢(SJ)Ta( )}f/)(S’)rp(Sf)T],
Vi j Aj i §j — ~j+ ~j
o, 7) P[Z ”’*}f ,iﬁs () ){U,Hm(si I)Tan(n)—msiran(n)}

{07 +70(8)") @@ 96 a,} 9606

Cy(m) E[dels m,H/ Al p* )]

\II

J

—1

Cy () AIP’n[ wgls JH/ AJ,Qn)]
] 1

Theorem 4.5.2. Assume (Al) - (A2), (C1) - (C8), and that " is finite. The following results hold
asn—oo:

1. yu{V. s, n(n) ?S(n)} ~s B(7t), where B(rt) is a mean zero Gaussian process indexed by
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7 with covariance
E{B(7)B J P(s)dR(s)| C () Colm, ) + Gy(m)I (%) CJ ()]

oy T(%) J ¢(s)dR(s)

2. 1/_’O.\dlls/i ﬂ'){ dlsn dlS ﬂ')} M’/V 0 1) where
1/2
To2(m)=|Pu{p O} C (M Cyn(m, 1)+ Co ()L, (,)CF, (MIC, N (M), {h(8))

4.5.3 Asymptotic properties in the average utility setting

We derive the limiting distribution of the value function under a linear working model for
the differential value 6(s, B) = ¢(s)"B, where ¢ is a vector of features constructed from
s as in the preceding section. Further, define &(rr) = {Vave(rc),[}}, Y, (s) = {1, ¢(s)}T, and
Yy(s,8) = {1, o(s), q/)(E)}T. The population estimating equation for the average utility, i.e.,
equation (4.3) in Section 4.3, under the posited model is

—1

A {7, 40D} 2 E Z[ S U =SS ) (5

define £*(rr) as the solution to Ay, {rc, 4 (H)} =0. The sample analog is

L 7,(8) §ly
aven{n g(”} P Z[—{U] lpz(sn’s

;(n)}zpl(ﬁi;)],
P

where U/ = % (§fl,Af); define Zn(n) as the solution to Ay, {7,4(7)} = 0. As in the dis-
counted setting, one can always find an exact root to the sample estimating equation under
a linear model; however, the theory permits approximate roots as well.

To study the large sample properties of Zn(n) we make use of the following regularity

conditions.

(D1) There exists a non-trivial measure v on . with
Psijsi-1 ai-1 (s, a) = v() forallse &,a €./,

where pgjsi-1 41 denotes the density of §/ given $/~' and A/~L.
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(D2)

(D3)

(D4)

(D5)

(D6)
(D7)

(D8)

(D9)

Forall telland s€.”,

1 <& . 1 <& .
. s jiQl — 1 . s jiQl —
lim sup E (_N E U’|S —s)—thlngoE (— ]E_IU |S —s).

N—o00o =1

Forallse ., lim, [ Vais(77,8) — Viwe(7) /(1 —7/)] =0(1).

For each 7w €11, {*(7) solves A (7, §) = 0, where {*(x) is an interior point of %, and
% is a compact subset of R4™¢,

For each © € II, there exists a sequence of Zn(n) € % such that Kave'n{n,gn(n)} =
0,(n~1/3).

Vave(77) attains its supremum over I at 7} .
There exists a sequence 7, , € II such that T/:We,,,(ﬁave'n) > SUP e nge,n(rc) —0,(1).

There exists a constant ¢ > 0, such that

WE { TCAj (Sj)

j | QJt1 2
P(Ajlsj)wl(sf)wz(S’,S’ )T}WZ cliwlly,

forall j >0and w#0.

Foreach j=1,...,J, n€ll, define

m. (b7 (05 0)}

j la’;0)%
Goolmbalie)® S o]

ave

% (b’ (W;0),a’}y (b (b5 0)},

there exists a linear operator We{ve(rc,hj, a’; ¢) such that, E||W/_(7,H/, A/; 0*)||r < 00,
and for allh/ e domH’ and a’ € .¢/,

G/ (mh,a’;9,)-G! (n,h/,a’;0*)=W! (m,h/,a’;0*)(@,—0")+0,(n""?).

ave ave ave

Assumption (D1) is a common recurrence condition for the generative model in the av-
erage utility MDP [see Yam75; Kur86; CC88; HL91, for variants of this assumption]. This

assumption ensures that there is a nonzero transition density from any starting state to

any other state under all feasible regimes. A consequence is that V,.(sr) does not depend

on the starting state. Assumption (D2) guarantees the existence of V,,.(n) as the limit of

the expected average potential utility for all = €I1. Assumption (D3) requires the system
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dynamics be such that as y T 1, V(7 s) behaves like the expected total utility starting from
s while V,.(7r)/(1—7) behaves like the expected total utility averaging across initial states.

The remainder of the assumptions are standard regularity assumptions for Z-estimators.

Theorem 4.5.3. Assume (Al) - (A2), (C6) - (C7), (D1) - (D8), and that]1l is finite. Then as

n—oo:

1. For any fixed regime nt €11, gn(rr) LR {*(m), asn — oo.

17 ~ p
2. Vave,n(ﬂave,n) - Vave(ﬂ* ) asn— oQ.

ave

The following quantities will be used defining limiting distribution of Zn(n):

J—1 ij ' o
D) éE{ S s )T},
]:

< (gi) S\ (& @Y
ooy BT

A (S87) i (87 , o
R (Ef;j() )

[U7=y. (8’8 ¢ s s/ |

Corollary 4.5.1. Assume (Al) - (A2), (C6) - (C7), (D1) - (D9), and that]1l is finite. Then for

eachmell,asn — oco:
VI{ ()} { Ve n(71) — Viyel(70)} - A0, 1),
where w(m) is the element at entry(1,1) of

D, (#)[ D7, 7)+ D o (7)K, (@ ) D ()1 D1 (7).
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4.5.4 Confidence intervals for value of an optimal treatment regime

The preceding results establish consistency and asymptotic normality jointly over any fixed
set of regimes under the estimated MDP. We now illustrate how these results can be used
to construct a confidence interval for the value of the optimal regime within a (possibly
infinite) class of regimes. We present only the discounted utility case as the approach for
the average utility is essentially the same. The strategy we follow here is in the same spirit
as projection confidence intervals, which are commonly used for non-smooth functionals
[see BB94; Rob04; Lab14]. Let ) € (0, 1) be arbitrary. An overview of the basic approach is as
follows: (S1) specify a parametric class of regimes; (S2) construct a (1—n) x 100% confidence
region for the parameters indexing the optimal regime; mapping each element in this region
to its corresponding regime thus defines a confidence region in the space of regimes; (S3)
for each regime in the confidence region, construct a (1 —n) x 100% confidence interval for
its value using the asymptotic normality of the estimated value for a fixed regime (derived
in the previous section); and (S4) take a union of all the intervals in the preceding step. It is
easily shown that if the region constructed in (S2) is a valid confidence region and each
interval in (S3) is also (marginally) valid then the union is a valid (1—21) x 100% interval for
the optimal value. For additional discussion see Tsiatis et al. [Tsi19].

Our goal is to derive a confidence interval for the optimal value, sup .. V,%(7), when IT
is a parametric class of regimes. We make the following assumptions.

(C9) The class of regimes I1={n(-;&): & € E} is indexed by &, where = is a compact subset
of R4m¢,

(C10) Themap §—V,

at £ =&”, which is an interior p01nt of E.

3 f @ 7(s)a*(§)d R(s) has a unique and well-separated maximum

(C11) There exists a sequence of § € Z such that Vdi n(g )2 sup:e= Vo n(.g )-

(C12) The map & — f ¢)T(s *(g d R(s) is twice continuously differentiable in a neighbor-
hood of §* and & f PT(s)a*(£)dR(s)

s is positive definite.
Corollary 4.5.2. Assume (Al) - (A2), (C1) - (C12). Thenasn — oQ:

1. theresults in Theorem 4.5.2 hold over all t €11;

2. Y&, —&)~ N(0,°;), where®; = Ii;zgflg—,

e = f gzczﬂ(s “(€)AR(S)._..,
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*

°z,5=f{%¢T(s)a*(§)H;§ PT(s)a* (€)}TdR(s) et

Corollary 4.5.3. Assume (Al) - (A2), (C1) - (C12). Letn €(0, 1) be arbitrary. Define

gl—r)n {g I’l(g g g g <Xd1m£l T)}

where"’\g n 1S the sample analog of °:. Let z,,,(§) and z,_,,;,(§) be the (1)/2) x 100 and (1 —
1/2)x 100 percentiles of a Gaussian distribution with mean-zero and variance o dl/ 2(§ ). Then
it follows that

ZinplS)
Jn

p[ inf { Zel8) +les,,(g}_vd{?(g)_ sup {

+ Vi )}]21—2 .
565’1—77,11 '\/_ geglfr],n disn § n

While projection intervals can be extremely conservative in some settings [see Lab14],
in our simulation experiments, which are based on the STEP-BD study data, the degree of
conservatism was relatively mild. Thus, these intervals appear to be suitable for application
with data like STEP-BD.

4.6 Simulation experiments

We study the finite sample performance of the proposed point and interval estimators using
a series of simulation experiments. The data-generating models we consider are designed
to mimic salient features of the STEP-BD trial. We consider a follow-up period of one year.
At each visit, j > 1, we observe three patient covariates, X/ e R?%, and a treatment is chosen
from among three candidates A’ € {1,2,3} so that

10git{ (4 ]_1)}:—02+01Xj—01Xj+01Xj
P(Ai =3) R

. [P(A ]_2) _ j j j
loglt{ AT = )} =—0.2—0.1X] +0.1X/ —0.1X/.

We consider five latent states intended to encode the health states: depression, mania, mixed
type, hypomania, and stable; thus, B/ is an element of the five-dimensional probability
simplex. The j" interarrival time between visits follows an exponential distribution with
rate ele; + 0.1(Blj + sz)— 0.1(B3j + B4j)}, where e, i Uniform(—3,—2) is a subject-specific
random effect. We assume that the conditional distribution of X/ given M/,X/~! follows a
Gaussian autoregressive model (see Section 4 for the form of the density) indexed by the
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following parameters:

State 1: w,=(2,2,2)T U =+1s X =15l5s+ 1515,
State2: w,=(2,1,—2) U=l T = 15las+ 15 1as,
State 3 : ,u3 =(—2,1,2)T Uy=—ils,s Y3= EI3X3 — 14,3,
State4: p,=(—2,—2,—2)1 U,=—15s ¥,=2ls—5lss,
State 5: =(0,0,0)T W =05, 5 Y5 =133,

where ., >, and ¥, k =1,2,...,5, are state-dependent mean, covariance, and autoregres-
sion coefficients; 05,5 is a 3-by-3 matrix of zeros and 15,5 is a 3-by-3 matrix of ones.

In the first scenario, we consider the case where the evolution of latent disease status
follows a first-order Markov process, i.e., the generative model is correctly specified. We
consider the following utility function

Ul =21 -1x7";

thus the utility is larger when X; and Xj; are close to 0. In these simulation experiments, we
might think of X; and X; as symptom severity measures represented as deviations from a
stable condition (coded as zero). The off-diagonals in the transition rate matrix {g,, ,(@)} 4

are

logitg,,=e;+5-1(A=1) for (k,£)€{(1,5),(4,5),(2,3),(3,2)},
logitg,,=e;+5-1(A=2) for (k,£)€{(2,5),(3,5),(1,4),(4,1)},
logitg,,=e;+2-1(A=1)+2-1(A=2) for (k,¢)€{(5,1),(5,2),(5,3),(5,4)},
logit g, = e; otherwise,

where e; i Uniform(—7,—6) are subject-specific random effects. The diagonals are thus
Gk = _Zz 4k Gkt for k=1,...,5. In this setup, treatment 1 will: (1) increase the probability
of transitioning to state 5 when the current state is either 1 or 4; (2) increase the probability
of transitioning between state 2 and 3; (3) and increase the probability of transitioning out
of state 5.

In the second scenario, we consider the case where the generative model is misspecified.
Atvisit j, the latent disease states are distributed according to a multinomial distribution
with parameters (py, p», P3, s, Ps), which are drawn from a Dirichlet distribution with pa-
rameter (1,1, 1,1, 1) so that the latent disease state distribution is randomly drawn at each
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visit. We consider the utility function of the form
U’ =(B{ + B)){21(A’ =1)—1} + (B} + B)){21(A’ =2)—1} + B/ {21(A’ =3)—1},

which indicates: treatment 1 is the optimal treatment when the current state is either 1 or 4;
treatment 2 is the optimal treatment when the current state is either 2 or 3; and treatment
3 is the optimal treatment when the current state is 5. Because this utility is not directly
observed, the estimated optimal regime is constructed with the estimated utility; however,
evaluations are made and reported for the true utility.

We evaluate the mean and standard error of the value (marginal mean outcome) of
candidate regimes under sample sizes 100 and 200. We consider both stochastic and de-
terministic regimes; when estimating stochastic regimes we used an L, penalty tuned to
ensure that each treatment is selected with (estimated) probability at least 0.05 across all
observed states. The stochastic regimes we consider include the data-generating regime,
the proposed POMDP regimes in the form of multinomial logistic regression using both lin-
ear and quadratic basis functions, and their MDP regime counterparts, which do not utilize
latent state information. The deterministic regimes we consider include the optimal regime,
the proposed POMDP regimes with linear policies indexed by linear and quadratic basis
functions, and their MDP regime counterparts, which do not use latent state information.
All results are based on 500 Monte Carlo replications.

Table 4.1 shows the mean and standard error for the estimated values in scenario
1, where the generative model is correctly specified. The proposed POMDP estimators
outperform the baseline MDP estimators in both deterministic and stochastic regimes.
The results are consistent in both the discounted reward and average reward settings. The
POMDP estimators have higher mean values and smaller standard errors than their MDP
counterparts. Indeed, the values from the estimated POMDP regimes are close to those of
the true optimal deterministic regime. In Table 4.2, where the POMDP model is misspecified,
the estimated values from the POMDP regimes still significantly outperform the observed
and MDP regimes. This result suggests that the linear model may be robust to moderate
misspecification. The inclusion of quadratic terms did not greatly affect performance. Table
4.3 shows the coverage probability and half width of the proposed confidence interval
for the optimal value under linear regimes when the model is correctly specified. The
confidence intervals attain nominal (95%) coverage, although they are a bit conservative as

expected.
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Table 4.1 Mean (standard error) for the estimated values for stochastic and deterministic regimes

in scenario 1.

Stochastic regimes

Deterministic regimes

n Ve GG VIR T v v

Discounted reward

100 -4.602 -5.978 -5.888 1.015 1.037 -5.878 -5.886 1.213 1.158 1.144
(.684) (3.517) (3.465) (.882) (.851) (3.527) (3.508) (1.060) (1.054) (1.076)

200 -4.622 -5321 -5355 1.106 1.062 | -5.390 -5.422 1.265 1.248 1.285
(.527) (3.273) (3.279) (.584) (.606) | (3.393) (3.359) (.701) (.703) (.689)

Average reward

100 -0.481 -0.951 -0.954 0.032 0.014 | -0.892 -0.893 -0.079 -0.085 -0.063
(.076) (.494) (.500) (.169) (.164) | (.448) (.445) (.186)  (.181) (.218)

200 -0.483 -0.881 -0.882 0.053 0.051 | -0.808 -0.807 -0.066 -0.066 -0.017
(.052) (.516) (.518) (.110) (.116) | (.444) (.442) (.144) (135 (122)

Table 4.2 Mean (standard error) for the estimated values for stochastic and deterministic regimes

in scenario 2.

Stochastic regimes

Deterministic regimes

n Ve GG VIR R T v v

Discounted reward

100 -2.921 0.412 0.399 3.007 3.009 | 0478 0.466 3.660 3.657 3.804
(.168) (.152) (.154) (.153) (.156) | (.154) (.157) (.162) (.164) (.091)

200 -2.909 0.420 0.420 3.026 3.024 0.482 0.491 3.671 3.672  3.807
(.112)  (.107) (.103) (.085) (.083) (.101) (.103) (.076) (.078) (.066)

Average reward

100 -0.343 0.021 0.021 0.262 0.263 0.033 0.031 0.368 0.370 0.418
(.020) (.026) (.024) (.046) (.048) (.025)  (.026) (.074) (.074) (.011)

200 -0.342 0.024 0.024 0.270 0.271 0.033 0.034 0.384 0.384 0.418
(.014) (019) (019) (036) (.035) | (.020) (.021) (.057) (.057) (.008)
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Table 4.3 Coverage probability and half width of the confidence intervals at 0.05 nominal level for
the linear POMDP regimes when the model is correctly specified.

Coverage probability Half width
Criterion n Stochastic Deterministic Stochastic Deterministic
Discounted 100 0.986 0.986 1.378 1.451
Discounted 200 0.988 0.984 0.966 1.010
Average 100 0.982 0.980 0.238 0.225
Average 200 0.978 0.990 0.184 0.185

4.7 Case study

The data used in our case study are derived from the standard care pathway of the STEP-BD
clinical trial [Sac03]. Inclusion criteria required that patients be (i) at least 18 years old
and (ii) diagnosed with bipolar type I or bipolar type II disorder at screening. Treatment
decisions at each clinic visit were made based on doctor-patient preference and thus the
data are observational. Validity of the proposed methods thus requires additional causal
assumptions. As these assumptions are standard, we have relegated them to the technical
details at the end of the chapter.

Figure 4.1 shows the treatment histories for a sample of patients in the STEP-BD obser-
vational pathway. It can be seen that the timing, number, type, and dosage of treatment

varies widely across patients.
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Figure 4.1 Treatment histories for a sample of patients in the STEP-BD observational pathway.
The timing, number, type, and dosage of treatment varies widely across patients.

We group the medications into two groups: (A) antidepressants and (M) mood sta-
bilizers, the dose levels of which are divided into three levels: low, medium, and high.
The categorization of antidepressants and mood stabilizers as well as the corresponding
dose levels are provided in the Appendix. Table 4.4 enumerates the 15 potential treatment

combinations.
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Table 4.4 List of potential treatment combinations. A = antidepressants, M = mood stabilizers.

Treatment ID Treatment combinations

low A

medium A

high A

low M

medium M

high M

low A + low M

low A + medium M
low A + high M

medium A + low M

© 0 N OO g b~ W N =

[UE——
= o

medium A + medium M
medium A + high M
high A +1low M

high A + medium M
high A + high M

—
G s W N

We assume that there are five latent states corresponding to: depression, mania, mixed
type, hypomania, and stable moods. At each stage, a patient’s state is constructed using the
latent state probability vector and observable patient covariates: age, bipolar disorder type,
sum of depression score (SUMD), sum of mania score (SUMM), percent of days depressed,
percent of days low interest in most activities, and percent of days with abnormal mood
elevation. SUMD and SUMM are aggregates of multiple items on a questionnaire. In the
study protocol, both SUMD and SUMM are defined to be missing when an answer to
any of the inventory questions is missing, which results in 19% and 36% missing entries,
respectively. Multiple imputation [Rub04] is used for missing items, and aggregated scores
are recalculated using the imputed data. Besides the inventory questions in SUMD and
SUMM, other variables used in multiple imputation include the three other continuous
patient covariates as well as patient baseline characteristics (details and code are provided
in Supplemental Materials). We imputed five complete data sets, and to each imputed
data set we applied the proposed methodology to estimate the optimal treatment regime.
Parameters indexing each estimated optimal treatment regime were then averaged and
used in the final estimated optimal treatment regime. The utility at each stage is defined
as 2—SUMD —SUMM, where both SUMD and SUMM are standardized to fall between 0
and 1. A higher utility implies a lower SUMD and SUMM, which corresponds to a more
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desirable clinical outcome. [Wul5] used SUMD as the clinical outcome in estimating the
optimal treatment regime in the randomized arm of STEP-BD, where there were only two
decision stages. However, an effective long-term treatment regime for bipolar disorder
should alleviate depression symptoms without inducing mania episodes, which is why we
opted for a composite outcome.

Table 4.5 shows the mean and standard error of the estimated mood state probabilities
using the proposed latent Markov model. The results are promising in that they largely
agree with the reported clinical status on the clinical monitoring form. The model had
some difficulty delineating between mania and hypomania; however, this is not surprising
as (clinically) these abnormal states differ only in severity.

Table 4.6 shows the value under the observed regime and under the estimated regime
for average utility and discounted utility (y = 0.95) setup. In both cases, the lower bound
of the 95% confidence interval for the value of the estimated regime is higher than the
observed regime.

Figure 4.2 shows the estimated optimal treatment regime obtained by maximizing the
average utility, which is projected onto a decision tree for ease of interpretation. The pre-
dicted optimal treatment is either mood stabilizers or a combination of mood stabilizers
and antidepressants, i.e., it never recommends antidepressants alone. Such recommenda-
tions are anticipated by the clinical belief that prescribing antidepressants alone for bipolar
disorder patients may increase the risk of inducing a manic episode [Pat15]. The estimated
optimal regime also prescribes antidepressants only as a supplement for the mood stabi-
lizer either when there is some evidence of depression (SUMD is large or probability of
depression is large) or there is little evidence of mania (SUMM is small or probability of
mania is small). The estimated optimal treatment regime for the discounted utility (y = 0.95)

is included in the Appendix and is qualitatively similar.

Table 4.5 Mean estimated mood state probabilities within each of the five clinical status cate-
gories. The standard errors range from 0.0001 to 0.01.

Clinical status P (Depress) P(Mania) P(Mixed) P(Hypomania) P(Stable)

Depression 0.85 <0.01 0.14 <0.01 0.05
Mania <0.01 0.55 0.05 0.47 <0.01
Mixed 0.13 0.09 0.84 0.08 <0.01
Hypomania <0.01 0.34 0.09 0.44 0.02
Stable 0.02 <0.01 <0.01 <0.01 0.92
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Table 4.6 Comparison of the value under the observed regime and the value under the estimated
regime for average utility and discounted utility (y =0.95).

Criterion Observed value Value under estimated regime (95% C.1.)
Average utility 1.66 1.81 (1.75, 1.87)
Discounted utility 14.40 33.76 (20.66, 45.71)
Yes SUMD >=1-------- [ ;
BIPOLAR_TYPE =1 --------- BIPOLARiTVPE =M
SUM:VI<3 —————— 1 AGE >=29 SUMnd >=3 -, 1
H v —_— Y
AGE>=28 -, PR_MANIA <0.05 PR DEPRESS>=005 > No
| I
4 4 1 4 1 5 5:medium M
21231/21334 6950/7412 831/1312 998/1196 1756/1898 80/89 582/601 249/417 130/132 5652/8092

11:medium A + medium M

Figure 4.2 Estimated optimal treatment regime obtained by maximizing average utility, which
is projected onto a decision tree for interpretation. Each tree node shows the splitting criterion,
majority treatment label, and its proportion.

4.8 Conclusions

We developed a framework for estimation of an optimal treatment regime using data from
long-term observational or randomized clinical studies. A key contribution of this work is
incorporation of a patient’s latent health status, e.g., their true mood state in the context
of bipolar depression. We showed that using this structure can lead to estimated optimal
regimes that are clinically meaningful and that significantly outperform methods that fail
to use this structure.
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CHAPTER

5

CONCLUSIONS

In Chapter 2, a two-stage subject-specific hidden semi-Markov model is proposed to model
longitudinal, intensive accelerometer data with excessive proportions of zeros. An alterna-
tive to the proposed two-stage fitting procedure is to use a mixed hidden Markov model
[Alt07]. The primary advantage of the proposed approach is its computational tractability
and efficiency. The fitting of a mixed hidden Markov model involves integration of multiple
nested random effects in each hidden state, which makes computing the log-likelihood
prohibitively burdensome. Our refinement of the analysis of high-volume activity data in
this naturally occurring model of pain provides a clinically relevant outcome measure that
can be used in naturally occurring models of arthritis in companion animals to provide
highly relevant data on the potential efficacy of putative drugs prior to Phase II and III
efficacy studies in humans, thus improving the translational paradigm by optimizing the
critical go/no-go decision prior to Phase II. Such sophisticated approaches to high-volume
activity data have not been applied to humans and our approach also has relevance to the
analysis of activity data in humans to better understand the impact of therapeutics in a
more refined manner.

In Chapter 3, we used a hierarchical continuous-time hidden Markov model to estimate
the human physical activity profile measured by wearable monitors. In the future, this frame-

work can be further extended to the controlled clinical studies to estimate certain treatment
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effects in a specific cohort of patients. We can also allow for time-varying covariates in
the transition rates. Moreover, when some model parameters are truly subject-specific or
subgroup-specific, it may be more powerful to model them as random so that tests based
on variance components can be constructed to test their effects. Another modification is to
extend the latent continuous-time Markov process to a semi-Markov process. This will be
scientifically interesting because it is reasonable to assume that the current latent state not
only depends on the most recent past state but also on the history of the state trajectory.
However, all these changes are computationally expensive, especially on such large-scale
high-frequency data. Corresponding estimation methods have to be developed before the
application becomes feasible.

In Chapter 4, we propose a method for estimating an optimal treatment regime in
the indefinite-time-horizon setting when data are irregularly spaced, contain multiple
treatment changes, and cannot be assumed to be Markov. A key contribution of this work is
incorporation of a patient’s latent health status, e.g., their true mood state in the context of
bipolar depression. Other contributions of this work include: a theory-driven construction
of the latent-process model, the application of POMDPs to episodic chronic mental illness,
and the development valid statistical inference for clinically relevant estimands in this
context. The proposed methodology is extensible and could be ported for estimation and
inference with optimal treatment regimes in other contexts having complex treatment and
observation patterns, e.g., mobile-health. An alternative view of this work (divorced from
any clinical impact) is as a method for transforming non-Markov decision processes so that
they are approximately homogeneous and Markov and thus amenable to analyses using
existing tools for MDPs. In this line, one could generalize the proposed methodology to
include continuous latent processes. Such an approach is aligned with existing work in
POMDPs in the computer science and engineering literature. We leave such extensions to

future work.
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APPENDIX

A

SUPPLEMENTARY MATERIALS FOR
CHAPTER 2

A.1 Technical details and proofs

A.1.1 Maximum likelihood estimation for ZIPHSMM

The EM algorithm [Bau70] is the most commonly used approach to fit HMMs. However,
the EM algorithm is known to suffer from slow convergence especially when the likelihood
function is flat [Tur08]. Further complicating computation is that we would have to embed
an additional layer of EM algorithm for the zero-inflated Poisson regressions where the
M-step would be the Newton-Raphson update, which is rather cumbersome. Instead, we
perform parameter estimation by directly maximizing the log-likelihood from the forward
algorithm using a Quasi-Newton method. This method is straightforward and enjoys the
local superlinear convergence. To avoid local maxima, three different sets of initial values
are used for the ZIPHSMM parameters.

To carry out the fitting procedure, we reformulate ZIPHSMM as ZIPHMM with an ex-
panded state space [LZ11]. This is done by redefining the latent states as the tuple of latent

states and state durations. The prior probabilities are reparameterized using generalized
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logits with state 1 as the reference; the latent state durations are parameterized by acceler-
ated failure time models; the transition probabilities are reparameterized as multinomial
logistic regressions; the state-dependent zero proportion and Poisson means are param-
eterized by generalized linear models with logit and log links. These specifications are
consistent with the description of the ZIPHSMM in the paper.

A.1.2 Identifiability of the zero-inflated hidden Markov model

Proof. According to Proposition 2.1 in [Gas13], if the state-dependent probability measures
are linearly independent and the weight matrix has full rank, then the parameters in the
hidden Markov model are identifiable up to label switching of the hidden states as soon as
the transition matrix has full rank. In our case, define the M state-dependent probability

measures U, ..., Uy by
k
¥ =Z¢jl¢, for j=1,..,M,
I=1

where ¢, is a point mass at zero, ¢, (I=2,...,M+1) are the M different Poisson distributions,
and ¢ = [y ;] is the weight matrix. Denote the structural zero proportion for the zero-
inflated Poisson distribution in state 1 by p. Then the M x (M + 1) weight matrix v is

(» 1-p 0 0 ... 0]

0 0 1 0 .0
Y= ,

0 i e e 1

where each row represents a latent state; column 1 represents the probability measure of
the structural zeros; column 2 - column M+1 represent the M distinct Poisson distributions.
It can be seen that ¢ has rank M.

A.1.3 Proofof Lemma 2.3.1

Define the conditional log likelihood function for the subject-specific hidden semi-Markov

model given initial state S? as
T
170,87 2log P(Y},..., YT, 0,)="> log P(Y,'|Y?",..., ¥,/ 57, 6;)
t=1

for subject i =1, ..., n. Under (A1), this is equivalent to the conditional log likelihood for a

correspondingly reparameterized hidden Markov model with an expanded state space.
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Under (A0) - (A4), the uniform convergence of the normalized log likelihood is proved
in Proposition 2 in Douc et al. [Dou04], i.e.,

supsup [T7'1/(6;,8))—1;(0;)] = 0a.s.as T — oo fori=1,..,n,
0; s

where [;(0;) is a deterministic asymptotic function such that
zi(ei)égirﬁlogg; [log P(Y'|Y,75,..., v, 71,87™,6,)].
To show that /;(6;) is maximized at §; = 0 fori =1, ..., n,

1,(6;)—1,(6;)
P(Yit|Yiikn--) Yitil)siimlei)
P YK, LY 8™, 0r)

. P(Yitlyi_k)---) Yit_lysi_m’gi)
=1lim Ejy: { Ep- |log k .
k—oo i i P(YH Y, 5,.., V7,877,060

= klim Ep- [log

JAL AR 0;”»,

where the inner conditional expectation is the Kullback-Leibler divergence and is maxi-
mized at 0; = 0.

By the identifiability assumption (A5), Bl.* is the unique maximizer of /;(0;). Therefore, it
follows that

argmax T'1(6;,S") — argmax [;(6;) with probability 1 as T — oco.
0,‘ ei

Because argmax T7'17(6;,S°) is the MLE 0, 1, we have
0;

A

0; r — 0. with probability 1 forall i =1, ..., n.

A.1.4 Proof of Theorem 2.3.1

It suffices to proof the theorem for ﬁm,n, which can then be naturally extended to lA“m,n and
Km’g,n using the exact same approach, where m, ¢ =1, ..., M. By Assumptions (A0) - (A5), we
have Lemma 1, which implies that the MLEs for subject-specific treatment effects I;Lm,T

from the first-stage fitting are strongly consistent; this implies that

Var[vec(ELm,T),-] —0 foralli=1,..,gn, m=1,..,M as T — oo0.
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Recall that the linear regression model we fit in the second stage is of the form
vec(b, 1) = B;VEC(QM)+ Upifor m=1,..,.M,i=1,...qn

where B £ I ® W € R7"*(@+D the j'" row of which is Bj; v,,; = U, + €y.i; €, and is
independent across all indices with mean 0 and variance o?; u,, ; and furthermore is inde-
pendent across all indices with mean 0 and variance Var[vec(ToLm,T),-]. In the corresponding
matrix notation,

vec(b, . )= Bvec@,,)+v,, for m=1,..,M.

Consider the true linear model for b, ,, as
vec(b,,,)=Bvec )+e, for m=1,..,M,

where vec(E 1.m,r)=vec(b,,)+u, such that u,, , mimics the measurement error process
depending only on the first-stage fit. We want to show vec(ﬁm'n) 2, vec({): ) as n — oo.
Because the first-stage subject covariates and environmental factors are not correlated with
the second-stage baseline characteristics, we have u,, L e,,, u,, L B,and e,, L B, so that
E(B"u,)=0EB"e,)=0form=1,..,M.

. =T o= . <y . . .
We also assume that lim ~W" W = H where H is a positive definite matrix. Since

n—oo

=T =T =N 14
E (B—m) —F (M) —0and E(v2 )= E(u?, )+ E(e? )= Var[vec(Dy . 1)1+ 0% 25 02,

then Var(v,, ;)< go?foralli=1,..,nq when T is large, where g > 1 is some fixed positive
constant. Then

B'v,\ B'var(v,)B go?B'B go? 1 7.
Var = < = I®—W W|—0 asn— oo,
n n2 n n n n

=T
which implies that B% ", 0. Therefore, we can show

BTB)_I BTvec(ELm,T)
n

vec(Q,, ,) = (
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-~

form=1,...,M as n — oo. Thus, vec(Qm,n)i»vec(Q’;?) form=1,..,.M as n — oo.
By Lindeberg-Feller Central Limit Theorem, \/ﬁ(vec(ﬁm'n) —vec( )) converges in dis-
tribution to a multivariate Gaussian distribution with mean 0 and covariance

(IeH)™ [%BTdiag{E(vjl,i)}B] IeH)™,

where diag{E (vrf“.)} is a diagonal matrix with elements {E (vfn’l.)}.

By the consistency of the sandwich variance estimator,

(

—(IeH)™ [%BTdiag{E(v )}B]a@H)—l

B'B|
n

1
1. - - -
[Z Tdiag{[vec(bl,mj)i—BZVGC(Q;)]Z}B]

2
m,i

Thus, by Slutsky’s Theorem, the following quantity converges in distribution to a multi-

variate Gaussian distribution with mean zero and identity covariance,

o aN1/2
( BTB] 1)
— X
n

vn {Vec(ﬁm,n) —vec(Q’:n)} .

-1

~T =
B B 1. =~ - -
| B diag{[vec(b.,, 1)~ B vec(®,,)} B

n

A.2 Runtime evaluation of the ZIPHSMM

Figure A.1 shows the computational cost associated with the proposed two-stage estimator
under the generative model in Scenario I as described in the simulation experiments. We
simulated 10, 20, and 40 independent series of minute-by-minute activity count data for 8
weeks, 16 weeks, and 32 weeks. It can be seen that the algorithm scales linearly with the
length of the series and the number of subjects. However, there is a universal caveat in the
scalability for the forward-backward algorithm in hidden semi-Markov models, which is
that the computational cost scales quadratically with the number of hidden states (M) and
the maximum latent state duration (D). Based on the results in [Rab89], the computational
cost of a single hidden semi-Markov model would be O(M?2D?T), where M is the number
of latent states, D is the maximum latent state duration, and T is the length of the observed
series. Because our model is fit seperately for each of the n subjects in the first stage, the
total computational cost is of order O(nM?>D?T).
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T fweaak)

Figure A.1 Runtimes of fitting the subject-specific ZIPHSMM for 10, 20, and 40 subjects with the
length of series equal to 8, 16, and 32 weeks. The algorithm scales linearly with the length of the
series and the number of subjects.
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APPENDIX

B

SUPPLEMENTARY MATERIALS FOR
CHAPTER 3

B.1 Technical details and proofs

B.1.1 An Example of Constraint Matrices in ADMM

Suppose: (i) the intercepts in the generalized linear models for state-dependent parameters
are subject-specific; (ii) the initial state probabilities and the transition rate parameters
are group-specific; (iii) the slope parameters in the generalized linear models for state-
dependent parameters to be common across all subjects. The problem of minimizing the

negative log likelihood with respect to linear constraints is specified as follows,

min(6)

S.t.Aiﬂi = BiZ, i= 1,..., n.
Here z represents the set of all group-specific and common parameters in @ such that

A 1 K 1 K’ v/ M+1)(KM—-K+
z=[a,..,a ,c,..cC ,bl]eR( X D,
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where the superscript stands for the group index. The constraint matrices
A; € RM+DM+g-1)x(M+1)M+q) and B; € RM+D)M+q-1)x(M+1)KM=K+q) angure that the group-
specific parameters and common parameters share the same values within group and

across all subjects respectively. For example, if subject i belongs to group 1, then

/ /
ol- = [am, veey al"M_l, Ci,l,Z’ veey Ci,M,M—l! veey bi,0,0’ veey bi,M,O’ bi,O,l’ veey bi,M,l]’

Z=[A), gy Ay sy @ sy Oy eeey Qg1 €l oyenny Cop 1 eees Cgs s Cag g1 D) e B 1,
A= L vy Oy m—1)xv+1) O+ m—1)xg(v+1) ’
0 v rnxmrni-1)  Ogrrnyxv+1) | prgvany)
Iy Or—ixk—1m—1)  Ow—xmi—1)  Or—nxx—vmi-1)  Oai—1)xgm+1)
B = [Onr—1xvi—1)  Omur—1yx(x—1)i—1) L1 0r1v-nx(xk—mr-1) Or—n)<qa+1)
0,0+1xm—1)  Oga+nxk—n =) Ogrsnxm—1)  Ogav+nx(xk—1mv—1) | PSYasy

B.1.2 Gradient computation for the CTHMM

The computation of the gradients in HMM is based on the Fisher’s identity [Cap05]. Here
we are omitting the subscript i in the notation because the derivation is done in the same
fashion for all subjects i = 1,...,n. Denote # to be the HMM working parameter for a
generic subject. Denote the observed data loglikelihood function by /(y|@), i.e., the marginal
density of % = Y(T;),..., Y(Tx). Denote by u(s,y|@) the complete data likelihood, i.e., the
joint density of Y(T;),..., Y(Tx) and S(T;),...,S(Tx). Also, let p(s|@,y) be the conditional
density of S(T),...,Si(Tx) given Y(T),..., Y(T). Similar to the EM algorithm, define

Z(0,0%)=Ey-[logu(s,y|0)|¥]= f log u(s,y|@)p(sly, 0")ds, (B.1)

along with

H(0,0%)= —f log p(sly, 8)p(sly, 07)ds. (B.2)

Using equation (B.1) and (B.2), we can derive that
Z(0,0")=1(y|l0)—H(0,0"). (B.3)
Since H(@, 0%)is minimized as a function of 8 at 8*, we have

0
ﬁH(ﬂ,H*)l,,:g* =0. (B4)
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Therefore, we have the identity that

d 0

55 10107)=552(0,0 -0 ®.5)

The intuition behind the Fisher’s identity is the fact that Z(8, 8*) minorizes /(y|@) at
0 = 07, which makes their derivatives equal provided that both functions are differentiable.
Therefore,

70,07 :Eg*{log[u s,y|0) ]Iéy}

Eg~ {logP(sI@ } + Ej- {logP(yls)IQZ/}

M K M
> rimlogm [+ DDy Hmloggal V(1% 0,]

1 k=1 m=1

Il
| — |

m=
M

+ Z{Z[logq m, {)Ey- (nmzw)] q(m, m)Eg*(le@/)}, (B.6)
{#m

where y/(m)is the state probability derived from the forward-backward algorithm; Eg«(n,,,|%)

is the conditional expectation for the number of transitions from state m to state ¢, and

Eg+(7v,,|%) is the conditional expectation for the total duration in state m, both of which

can be computed using the efficient Expm algorithm proposed in [Liul5].
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Finally, the gradients of the working parameters can be derived using the chain rule,

ol
M:yn(m)—ﬂm, m=1,....M—1,

ol
0Cmy
ol
d by,

:[1_q(mre)][Eﬂ*(nmflgy)_EH*(leg)q(m)g)]) m= 1’-"’M’ l 7& m,

:—Zyt(l){ﬁ[X(t)]ﬂ[Y(t)>0]+

S[X(1)1{1 —oIX()He = M[X(1)) -1}
O[X(1)]+{1—-o[X(1)]}el —A,[X(1)])

:—Zyt(l){5[x(l‘)]f[y(t)>0]"‘

t:tl

ﬂ[Y(thO]},

S[X(H){1—6[X()He = A [X(1)])— 1}
o[X(1)]+{1—o[X(1)]}el — A, [X(1)])

=er(1){[Y(r)—al(xm)]ﬂmt)>01+

{61X()]—1}A,[X(#)le! — A, [X(2)])
O[X(1)]+(1—o[X(1)])el—A,[X(1)])

f[Y(t)=0]}X(r),

f[Y(r)zm},

:ny(l){[Y(t)—Al(X(t))]f[Y(t) > 0]+

{61X(1)]— BAX(2)]e = M [X(2))])
o[X(1)]+(1—o[X(1)])el—A,[X(1)])

3201,,” :ZTYf(m){ Y(t)—Am(X(t))}, m=2,...,M,

t= l’]

f[Y(r)=01}X(r),

aill :ZTM’"){ Y(f)—lm(X(t))}X(t), m=2,...,M.

t=l’1

B.1.3 Proof for Theorem 3.3.1

We first show the almost sure convergence of the constrained maximum likelihood estimator
0 , to the true parameter value 8. This follows from the uniform convergence results of
the log likelihood [Dou04] for hidden Markov model, along with the feasibility assumption
(A1) and identifiability assumption (A5).

Define the conditional log likelihood function for the subject-specific hidden Markov
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model given initial state S as
ll-T(Hi,S-O)élOgP( (1), ..., Yi(Tx)IS:(0), 0 ;)

_Zlogp (TIYH(0),...., Yi(T), 5,0, 8,),

for subjecti =1, ..., n. By assumption (A2), the observed time process and the generative
hidden Markov process are independent and do not have common parameters. Under
(A0), (A3), (A4), the uniform convergence of the normalized log likelihood is proved in
Proposition 2 in [Dou04], i.e.,

sup sup |[K™* liTK(Hi, S;(0))—1,(0;)] —0a.s.as K — oo
0; S0

fori=1,...,n, where [;(8;) is a deterministic asymptotic function such that
1(0,) Jim Ey|log POG(T (=T Y(Th 1) S/-Ti0, 8,
To show that /;(@ ;) is maximized at @, =0’ fori=1,...,n

1,(0:)—1;(07)

:hmE*[lOg P(Y(TN Y (=T, -, YTy, Si(— TK)B)]

K=o i 7° PV T Yi(—Tx), .., Y(Tiy), Si(—Tx), 0°)
P(YA(TIYi(=Tx), .., Yi(Ti1), Si(—Tx), 0

=i B B 108 4 v T, (T, ST 07)

|Yz(_TK)) ) (Tk l)rst( TK) 0*]};

1

where the inner conditional expectation is the Kullback-Leibler divergence and is max-
imized at 0; = 0;. By the identifiability assumption (A5), 8 is the unique maximizer of
1;(0 ;). Therefore, it follows that

argmax K '1/%(8;,S;(0)) — argmax [;(8 ),
0,’ ai

with probability 1 as K — oo.
Since argmax T~'17(8;,S?) is the MLE 0 ; x, we have

i

9“( — 07 with probability 1 forall i =1,...,n
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Thus, the unconstrained problem is minimized at 8 ,, = [0 LKyr e+ 0 nx, ] with the mini-
mum value f = Z?:l £:(8,). By assumption (A1), the constraint set ¢ = { € ;D@ = 0} is
nonempty. And there exists some r € R such that the set {0 € 6; f(0) < r} is nonempty and
compact. Therefore, by Weierstrass theorem, the optimal set for the constrained problem
is nonempty, with the optimal function value f*€[f, r].

Next, we will show the numerical convergence of the ADMM algorithm in the hierarchi-
cal hidden Markov model. The numerical convergence properties discussed in a general
ADMM problem setting include:

(i) Residual convergence. A@ (nv) —Bi(n") —0as v— 00.

(ii) Dual convergence. g’ :}) — % ,as v — 00,

v)

(iii) Objective convergence. f (9; )— f(@,)as v— oo.

. . (v) A~ ~
(iv) Primal convergence. 8, "~ — @, 7z — Z, as v — 00.

In order to guarantee the (i) residual convergence, (ii) objective convergence, and (iii)
dual convergence as stated above, we need the following two standard assumptions as
stated in [Boy11],

(B1) The objective function f is closed, proper, and convex.
(B2) The unaugmented Lagrangian L, has a saddle point.

Furthermore, in order to show the (iv) primal convergence, two additional assumptions

are proposed in [Shil4],

(C1) f(@)is strongly convex,

(C2) Vf(0)is Lipschitz continuous.

In the HCTHMM context, we only need (C1) and (C2) to hold in a local neighborhood of
the true parameter values. Thus, the proof for the second part of Theorem 1 boils down to
showing how assumptions (A0) - (A6) can be used to establish assumptions (B1), (B2), (C1),
and (C2).

By assumptions (AO) and (Al), the objective negative log likelihood function f(.) is
closed and proper. Together with assumption (A6), we can see that f(.) is a locally convex,
closed, proper function. Thus, assumption (B1) holds in the neighborhood of the true
parameter value.

To establish assumption (B2), we need to resort to the saddle point theorem (Lagrange,
1797), which indicates that if @ is a solution to the constrained optimization problem, then

there exists d > 0 such that (8, d) is a saddle point the Lagrangian L(.). Since we already
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showed the feasibility of the constrained maximum likelihood estimation in the first part
of the proof under (A0) - (A5), assumption (B2) holds.

As (B1) and (B2) are established above, we can claim the (i) residual convergence, (ii)
objective convergence, and (iii) dual convergence in the ADMM updates. To further claim
the (iv) primal convergence, we will prove that both (C1) and (C2) hold given assumption
(A6). By assumption (A6), for all ||@ — 8°||, < €, the eigenvalues of V2 f(0) are between p_
and g, where 0 < p_ < p, <09, such that

IV2F(@)ll,, = sup [V f(O)Vll, < 0.

llvll=1

By Taylor series expansion on the gradient of the log negative log likelihood function,
VI(0)=Vf(0)+Vf(0)0—0")
where  is between # and 6*. Then

IVf(0)—=Vf(0)l=1V*f(8)(0—8"),

*

_ 09— .
=V f(0) 7112110 — 07|

10 —07|;
<[V £(0)ll,p 110 — 0”1l
<0410 —07l,.

Therefore, the gradient V f(8) is Lipschitz continuous in a neighborhood of 8~ so that (C1)
holds.
Also by Taylor expansion on the negative log likelihood function,

f(0)=f(01)+Vf(0°)0—07)+(0—0")V°f(8)0—0")
> f(0)+Vf(0)O0—0")+0_[160—0],

so that (C2) holds, i.e., f is strongly convex in the neighborhood of 8".
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B.1.4 Proof for Theorem 3.3.2

The estimated mean probability of state m among subjects in group j is defined as

A s 1
Pinlmi0,)=— > Nix(m;0), j=1,..,J, (B.7)
i)
1
Whereﬁi,Ki(m;én):?erk(mrén)y m:l, ;M
i k=1

By assumptions (A0) - (A5) for a well-defined stationary continuous-time hidden Markov
model, the limiting state distribution exists and is determined by the transition kernel as
a function of 8. In fact, u;(m; 0,)= E[N); x,(m; 0 )] is the limiting probability of state m
for subjects in group j, which is a continuous function of 8, bounded between 0 and 1.
Since §, =% 0* by Theorem 1, we have u ;(m; 9n)ﬁ>,uj(m; 0 )asK;—oofori=1,...,n,
nj—>ooforj: 1,...,J.

Since the subjects are independent with the same transition rate matrix within group,
then qaj,n(m; 0, 2 u(m; 0,)as n; — oo by Law of Large Numbers. Thus, (,zaj,,,(m; 0, £
uj(m;0%) as T, — oo and n; — oo.

Furthermore, by the Lindeberg-Lévy Central Limit Theorem,

G;n(m;0,)—u;(m;0,)

4, (0,1,

asK;,—oofori=1,...,n, nj—>c>of0rj=1,...,].
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B.2 Additional information on 03 - 04 NHANES

Group 1: Male [20,40) Group 2: Male [40,60)

Daily profiles

Group 3: Female [20,40) Group 4: Female [40,60)

Bam 12pm 6pm 12am Bam 12pm 6pm 12am
Time of day

Figure B.1 The missingness (in white) pattern for each daily profile by subgroup.

Figure B.1 shows the missingness pattern in each subgroup, where the majority of the
missingness happens during the sleep time (midnight to early morning). There are still
sporadic missingness during other periods of time in the day, which may correspond to
activities like swimming or bathing. Among those subjects, the average proportion of zeros
after accounting for the missingness is around 25%, so that zero-inflation is still an issue to

be considered in the modeling.
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Figure B.2 The estimated quantiles using the fitted model versus the observed quantiles.

Figure B.2 shows a QQ-plot of the estimated quantiles using the fitted hierarchical
continuous-time hidden Markov model and the observed quantiles. It can be seen that

they follow each other closely and that there are no indications of serious lack-of-fit.
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APPENDIX

C

SUPPLEMENTARY MATERIALS FOR
CHAPTER 4

C.1 Technical details and proofs

C.2 Prooffor Lemma4.2.1

Since U/*! depends on H/*! through (§/*', A/+!), where A/*! depends on S/*!, it is sufficient
to show that S/*! depends on (H/, A/) only through (S, A/). Since X/*! depends only on
(B/*!,X/) in a Gaussian autoregressive hidden Markov model, then the proof boils down to
showing B/*! depends on (H/, A7) through (S/, A7), where 8/ = [B/,X/].

By definition of belief states,

BIF' £ p{M(T'*")=m|A/,H'}
S PAM(T/M)=m, M(T/)= k|A,H'}
- D2 PIM(TH) =0, M(T)= k|Ai, HI}
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By iterative conditioning, we can show that

P{M(T/*YY=m,M(T/)=k|A’,H}
=P{M(T"™"Y=m|M(T/) =k, A/}P{M(T/)=k|A7  H'™}}
=P{M(T/"" )= m|M(T?)=k, A’} B/,

where the distribution of M(T/) is summarized in B/. Thus, we've shown B/™! depends on
(H/, A7) through (B/, A7), which means $/*! depends on (H/, A/) only through (S/, A).

C.3 Comments on Remark 4.2.1

Remark 4.2.1 states that there exists a generative model such that any deterministic function
R/ = g(S’) with ||Cov(S/|R/)|| > 0 w.p.1. implies sup, o, V(7g) <Sup,q V(m), where II, =
{ry : SuppR/ — .o/} and I1={m: Supp ' — .&//}.

To construct such an example, consider a two-state MDP with a binary action and binary
reward. Let the state of the MDP be S/ = X/ € {0, 1}. Suppose that the transition dynamics
are P(S/*! = 1|S/ = 5,A/ = a) = 0.5 for all (s,a) € {0,1}? and the utility, U(s, a) satisfies:
U(0,0)=1,U(0,1)=0,U(1,0)=0, and U(1,1) =1 so that the optimal regime is 1°P(s) = s.
Any deterministic function g(s) such that Var {S g8/ )} > 0 w.p.1. must be constant and
thus any deterministic regime based on R/ has value V (7°P)/2.

C.4 Proof and comments for Lemma 4.5.1

Under (Al) - (A2), (B1) - (B8), the asymptotic normality of g, has been shown for general
hidden Markov models [Bic98; JP99; LGM00; DMO01; Dou04], and in particular for the
Gaussian autoregressive hidden Markov model in Theorem 4 in [Dou04]. Since b’(h’; Q)
is a bounded, continuous function in g for each h/ e domH/, j=1,..., ], wehave point-
wise convergence results for b’(h/; p,) and vr{b/(h; @n)—bj(hj; %)} as n — oo for each
h’/ e domH/. Along with Assumption (B9),

(B9) Forany p,,0,€0xT, Ib’(h’, Ql)—bj(hj, 2, < gf(hj)llgl—gzll, for some integrable
function g : domH’ - R, j>1;

which is equivalent to a Donsker class condition, so the process convergence results im-
mediately follow. Therefore, the key point here is to show Assumption (B9) holds in the

Gaussian autoregressive hidden Markov model. Since b’ (hj , @) is differentiable in g, it is
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sufficient to show that each component in the derivative of b’(h’, ) with respect to g is
integrable. Then at each fixed j =1,...,/,forany p,,0, €0 xT,

o o ](h] =
Ib’/(h’, @,)—b’(h/,@,)ll < sup

BEOXT

— 0|

In a Gaussian autoregressive hidden Markov model with K latent states, we have

= ([qk.ﬁ,a]lc,[zl,...,K;ae;z{’ [u’k]Ik(:p VeC[Zk]f:pvec[lI}k]szl)’

which consists of components in the transition kernel for each treatment, along with mean,
covariance, and autoregression coefficients in the state-dependent conditional multivariate
normal distributions.

We show the proof by induction. Assume some fixed initial state probability vector
[B),..., by]. For convenience, define the operator:

o/ A 1/ — 1 / — /
ﬁ,k(a)5’b ,X,X): b eXp{ao(a)}Z,k|Zk| l/zeXp{—E(X—le—\IlkX )Tzkl(x—‘uk—lpkx )}»

where Q(a) = {qx¢.a}ki=1,..x-
Then at decision point j =1, foreach k=1,...,K,

K
bi(h',@)oc > fir(A', A", b,0,X")

3 fre(AL,ALB),0X)) I 2 fi (AL,ALB,0X1)

1l
To show ||%l;”-’)|| is integrable, it is sufficient to show || i II,

9k,
0 0 1
I aﬁ"c(AléAZl];bf ’°’X1)|| [ aﬁ"c(Al’aAl;k’bf 0X )|| are integrable foreach k,{ =1,...,K,a € <.
d fyk(AY, AL, bP,0,X! 1
H S22 B DR P exp{ A QUA i 2 explms X! — T 0 — )|
aqk,l,a 2

where b Alexp{A'Q(A")}, |=,|7"/? is bounded because A’ €(0, 1], &y is a positive definite
covariance matrix, and g has a compact support by Assumption (B2); also, exp{—%(X1 —

1 130 1
,qu)TZ;l(X1 — )} is bounded between [0, 1]. Thus, sup ,co.r || %ﬁo'x) || is integrable.
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Next,

) Z )

oy

3 f, (AL A, b°,0,X") B 1 B
H o b)exp{A'Q(A"}, 1T ”ZeXp{—z(Xl—.uqc)TZ,cl(Xl—uk)}

xon)

<G

ZEI(XI _Mk)H’

for some positive constant C;. Since X' follows a multivariate normal distribution, |- " (Xt —

d fr,k(A1,AL, 0,0 X!

W)l is integrable. Thus, sup eOXT l| s ) || is integrable. Next,

’

EI
Haf&k(Al,Al b°,0,X")

H aﬁ,k(Al! AI) bgo) O!Xl)

) Z)
ay,

L 1
:H5bfo‘”‘f’{AlQ(Al)}z,k|zk|—”2exp{—§(x1 — )" (X — )

= 2 X )X =)=

<G| X — )X — )T

where |5, =3 (X! — (X' — )T Y| is integrable since X! follows a multivariate normal

11
= é‘; 0| such that

distribution. Putting things together, we can define g'(h') = sup ocoxr |

forany @,,@, €0 xT, |Ib'(h’, g,)—b'(h’, g,) < g'(h")l@,— g,
At decision point j =2, the component-wise derivatives are

exp{AZQ(A*)}y X

Hﬁfe,k(Az,Az, bl(h',0),X",X?)

_” ob)(n',g)
94k t.a

O t,a

1
exp{—E(Xz — . — XS (X -y — X+

b/ (h', @)A?exp{A*Q(A")} &[T

1
exp{—E(Xz — . — XN (X -y — U X}

b/ (h',0)
<Gl|l——||+Cs
9k t.a
. C e . ab)m,e)|| . .
for some positive constants Cs, C,, which is integrable since || Z7=—=|| is integrable. By the
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same arguments,

H 0 fix(A%, A%, b}(h', 0), X", X?)

3 8be1(h1,g)
o, B

P eXp{AzQ(AZ)}z,MZH_UZ
Yy

1
exp{—E(Xz — . — XS (X -y — X+
b)(h', 0)exp{A*Q(A*)} |y

1
exp{—E(Xz — . — X (X -y — U X}

X~y — XY

ob'(h',p)
{ ) —1y2 1
<G| ——|| + G| |2, (X = — U X)),
5 2 H 6|25 ( Yy X)
1
for some positive constants Cs, C;, where abf;(::k’g) is integrable and Z;l(X2 — . — U XY

is integrable because (X', X?) follows a multivariate normal distribution. Next, we have

similar integrability results for

eXP{AzQ(AZ)}e,HZkrl/Z

H 0 fi (A%, A%, bl(h', 0),X",X?)

_||ebln’, @)
oY, B

EpN

1
exp{—E(Xz — e — I X)L (X -y — U X
b/ (h', @)exp{A*Q(A")} ||

1
eXp{—E(X2 — e — U XS (X -y — 0 X}

(=) =2 (X — = I XX — py — U XS

=7

ob)(h', ) N
EpN

Cy

=Xy — XX — e — 0 XS
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and

0 f (A%, A%, b}(h', 0), X", X?) _

_||ob}n, 0)
oW, B

o,

1
EXP{—E(X2 —wy — X (X -y — XD+
b} (', 0)exp{A?Q(A)} x| Tk~

1
exp{—E(Xz — =X (X -y — U X}

=X (X -y — U X

db'(h',p)
<Gy %TH—'_CIO IXI( — W — ‘I’kxl)

for some positive constants C;, Cg, C, Cj. So, we can define g?(h®) = SUP peoxr [| o’ h ’-’)II,

such that forany g, 0, €© I, [b2(h?, @,)—b(h?, 0, < g2(h?)lle, — @,-

Suppose Assumption (B9) holds for decision point j, then it will also hold for decision
point j + 1 using the same methodology shown for decision point j = 2 since A/ €
(0,1], and (X/,X/*!) follows a multivariate normal distribution. Therefore, we can define
g/(M) = sup e, [ 2282)||, such that for any @, @, € © x T, [Ib/(h/,0,)—b/(h/, 0,)]| <

gih)lg,— el

C.5 Proofof Theorems 4.5.1 and 4.5.2

To show @ ,(7) LA a*(rt) (pointwise) for each 7 €Il as n — oo, we first show {Ay(77, @) : @ €
Q} is a Glivenko-Cantelli class. From Assumptions (C6), (C7), and the Cauchy-Schwarz

a,—a;

inequality, it follows that

Adis(ﬂ’aZ) AdlS , al)

H []Z: AJ|SSJJ){ SH)“P(S])}T —al)(p(sl]

[ 7 41(S7)

P(AJ|S))
300”“2_“1”»

S {re sﬁl)—qs(sf)}Hqu(sf)

|

=1

for some constant ¢, > 0. Thus, {A4(77, @) : @ € Q} is a Lipschitz continuous class on compact
support and thus Glivenko-Cantelli. Using assumptions (C1), (C2), and Theorem 2.10 of

[Kos08], it follows that @ ,(7) LR a*(rt) foreach m eIl as n — oo.
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Using the continuous mapping theorem a,(m) LR a*(z) implies f ¢(s)a,(mw)dR(s)— P
f o(s)Ta*( d )d R(s), or equivalently, les o) LR Vjis(7r) for each ﬁxed 7 €1I1. In order to show
les 2(Fdisn) LA Vais(705,), it is sufficient to show sup, Vdis,n( ) LA sup . Vais(7r) which fol-

lows immediately as I is finite.

We want to derive the limiting distribution of v/n (V. s, n( mT)— Vdﬁ (m)} jointly over &t € 11.
First, define the auxiliary quantity

—1

Ad1s n(n a é IEDn Z

j=

Uun . . , .
Ultrp () a—¢ (8) a} ¢ (87)];
AJ|S, 10 (8" =g () a} o5
Note thatin /N\disyn(n, a) differs from /A\disyn(n, @) in that the true summaries $’/ are used instead
of the plug-in estimators §il ; it also differs from Ag4;s(7t, @) in that empirical measure P,, is
used instead of expectation E. Subsequently, let @,(7t) be a solution to Xdis,n(ﬂ’ a)=0, and
let Vdfs (m)= [f ¢(s)dR(s)"d, (). Let Il = {m,,..., 7, } and define:
Vo = V() oo Vi (1,

Vi = Vg (m)s - ‘Gi(ﬂL)}T
Vi ZLVR (), Vb ()},

dis,n
a,(m)T a¥(m,)T a,(m,)
a,= : eRY?, a* = : eRY?, @, = : eRYP,
a,(m,)T a¥(m,)T a,(m)T
Since we can decompose 1/ﬁ(V§iS ,—Vh)= ﬁ(V:iSyn —Vgi on)T \/ﬁ(Vﬁi on— Vi), we will show

VLA

dis,n dis,n

)~ Z,, which is the variability induced by estimating g ,,, and v'n (VR

disn

VA ) ~ Z,, which accounts for the remaining variability independent of estimating g,

where Z, and Z, are mean zero normal random variables with respective covariances. Then,
the finite-dimensional joint distribution of | VR v VR —V& )]is established

dis,n dis, n dis,n dis

by Cramer-Wold device, and the final result follows from the continuous mapping theorem
and Slutsky’s theorem.
First, we study the term ﬁ(VR

dis,n

V-:IS n) ﬁ(d - an)Tf ¢ dR Since

an(n)=(Pn[]_lL“j,)¢(sf){¢(SJ ~rots}]) e [ZGdISan,Af;g*)],

< p(AT]S))
an(n)=(m[§ ;T(A]ls 068, Ho®)-106," }T])_lpn[icgis(n,Hf,Af;@n)].
j= j=
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Then by Lemma 4.5.1, Assumption (C8), weak law of large numbers and dominated conver-
gence theorem, for each 7 €11,

Vi@, (7)—a,(n)} = C (MG(r)vn(@, —e*)+o,(1),
which implies

(@,— 0" Cy(m)) Ci(7)) " [ @(s)dR(s)
vn(a,—a) fgb(s JAR(s)=+vn : +0,(1).
(@,— 0 Cs(m,)TCi(7,) " [ @(s)dR(s)
V—gis,n
Gaussian random variable with covariance ¥; whose the (i, j)'" element is

By the multivariate central limit theorem, /7 (VR

dis,n )~ Z,, where Z, is a mean zero

fcb dR(s CH ()G )T ()G fq& s)dR(s)
Next, we study the quantity v/7{ dlsn( n)—Vim}=vn@,—a) f ¢ (s)d R(s), where
vni{a,(n)—a(n)}=C(n)vV/n(P,—P) [Zcms 7, Hf,Af;g*)]+o,,(1),

which implies,

> Gl HY, AT )T Cy (7)) [ p(s)d R(s)
V@, —a) f ¢(s)dR(s)= vn(P,—P) : +0,(1).
> Gl W, AT 0 Ci ()T [ p(s)dR(s)

By the multivariate central limit theorem, /7 (VR

disn dls ~s 7,, Where Z, is a mean zero

Gaussian random variable with covariance X, whose the (i, j)'" element is

T
[ J PEIAR(S)| € () Calmy )6y )| f P(S)AR(s)
By the Cramer-Wold device, we can show the finite-dimensional joint convergence:

Vgls " Vﬁls ) Vﬁis " —Vgls)] ~> [Zy,Z,). The rest of the theorem follows from the
continuous mapping theorem and Slutsky’s theorem.
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C.5.1 Additional causal assumptions in case study

We review them here only briefly [see Tsi19, for a full development]. Define al 2 (al,...,al)e
/', where o/’ is the set of all possible treatment trajectories in the first j visits. Define the
set of potential outcomes

w2 {sl, $2(al),s%@),...,s"@ foralla e’ ‘1},

where S*/ (_j _1) is the potential summary that would have been observed if the patient had
followed treatment sequence a’ By the same token, the potential utility under treatment
sequence a’ is defined by U*/(a’). Accordingly, the potential utility under a regime 7 is
U*(m)=> U @) j _ I[EY{S* (@ ")} = a”], where {£]} 5, is a sequence of indepen-
dent random variables deﬁned on & such that £/(s/) € .¢/ and P{§ ] (sf )=a}=m,(s)).
Formally, the three causal assumptions are: (Consistency) S’(A ( ) S+ (A] ) for j >2;

(Positivity) P{A/ = a|S’ =s} >0 for all a € ./ and s € .¥; (Ignorability) W* L A/|S/ for j > 2.
Under these assumptions, the state-value function in the discounted utility setting can be

written as:

K
Vdis(ﬂ?,sj) = lim E{ZTV U*(j+v)(ﬂ)|sj _ Sj}

o
/= v=0

= lim ZE{)/ Uty 7'5)|SJ =s'}

J—oo

=11m { Z U*]+v —]1 j “’aj+l/)

.....

]+U

]_[E(I[i (@)= a“’]|Sf—sf)}
:}HEOZY Z U*]+v —j— 1 j “’aj+v)

]+V

ALl oy PL@ 1S (@ )}
*W w—1
n[n“”{s (@ )}P{aWIS*”’(E”’_l)}]

]+U

o i)

w=j
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where the last equality follows from the consistency assumption and the ignorability as-
sumption. Therefore, it follows that

ﬂAf(Sj)

) N 22—
des(n’s ) E|:P(A]|S])

{U] +7’Vdis,7(n’ S]+l)}{sj = S]]

This indicates that for any function ¢ : ¥ — R¢, we have

ﬂAj(Sj)
P(Ais/)

{U7 +7vas(7,87) = vgso(7,$)} 9 (8 )],

which is the same estimating equation as equation (1) in Section 3 of the paper. Similarly,
we can also show that the estimating equation for the average utility setting is still equation
(3) in Section 3 of the paper. Thus, the rest of the theoretical properties of the proposed
estimator carries through.

C.6 Tables for medications in STEP-BD

Table C.1 List of common antidepressants in STEP-BD. The dose is divided into 3 levels: low,
medium, and high.

Medication name Low dose (mg) Medium dose (mg) High dose (mg)
Deseryl <200 200—400 > 400
Serzone <200 200—400 > 400
Citalopram <20 20—40 > 40
Escitalopram Oxalate <10 10—20 > 20
Prozac <20 20—40 >40
Fluvoxamine <100 100—200 > 200
Paroxetine <20 20—40 >40
Zoloft <50 50—100 > 100
Venlafaxine <75 75—150 > 150
Bupropion <150 150—300 > 300
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Table C.2 List of common mood stabilizers in STEP-BD. The dose is divided into 3 levels: low,
medium, and high.

Medication name Low dose (mg) Medium dose (mg) High dose (mg)

Tegretol <400 400—800 > 800
Valproate <1000 1000—2000 > 2000
Olanzapine <10 10—20 > 20
Quetiapine <400 400—800 > 800
Clozapine <200 200—400 > 400
Lithium <900 900—1800 > 1800
Risperdal <2 2—4 >4
Geodon <80 80—160 > 160
Abilify <15 15—30 > 30
Lamictal <100 100—200 > 200

Estimated optimal treatment regime for discounted utility

SUMD >=1 -------- (R —

v
PR_MANIA <0.25 ----, SUMM<1

—— Yes

v v
SUMD >=3 ----, |— BIPOLAR_TYPE =1l BIPOLAR_TYPE =1l

v v
BIPOLAR_TYPE =1l AGE>=39 -, PR_DEPRESS >= 0.05
H |7 H H 4:lowM

5: medium M

() 6:highm

1 4 6 1 5 4 6
29025/29880 635/836 96/124 ‘zsmu‘ 1144/1209  851/981 | 99/100  4431/7149  303/398 1233/1392‘ 11:medium A+ medium M

Figure C.1 Estimate optimal treatment regime by maximizing total discounted utility (y = 0.95),
which is projected onto a decision tree for interpretation. Each tree node shows the splitting
criterion, majority treatment label and its proportion.
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