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Abstract

We use Greenspan’s lubrication theory approximation to formulate a model for the spread-
ing of a drop that deposits an autophobic monolayer of surfactant on a surface. The model
consists of a Poisson equation on a moving domain with boundary conditions that depend on
the history of the domain motion. We develop a numerical algorithm for solving the model,
using an immersed interface method and a level set method. Numerical solutions of traveling
drops are qualitatively similar to experimental observations of autophobic spreading.

1 Introduction

When a liquid drop of a solution of the surfactant hexadecanethiol (HDT) in hexadecane is placed
on a gold surface, the drop deposits an HDT monolayer on the gold. The surfactant monolayer
affects the wetting properties of the surface, leading to a complicated interaction between the
motion of the drop and the deposition of the monolayer [5].

The static contact angle of a drop on a bare gold surface is zero. As a result, a pure hexadecane
drop wets the gold, spreading out into a thin film, which ultimately breaks up into smaller drops.
The static contact angle of a drop on an HDT monolayer is nonzero. A pure HDT drop deposits
an HDT monolayer on the gold surface, then retracts on its own self-assembled monolayer to an
equilibrium shape. This behavior is called autophobic pinning.

For a wide range of intermediate HD'T concentrations, the drop moves spontaneously over the
gold surface, leaving an HDT monolayer behind it. The shape of the drop is distorted and, at
high HDT concentrations, the drop motion is jerky. The motion of the drop is caused by the
difference between the static contact angles at the front of the drop, where the liquid spreads out
over the gold surface, and the rear of the drop, where the liquid retracts on the HD'T monolayer
deposited during its passage. This behavior is called reactive autophobic spreading, or autophobic
spreading for short. The deposition of self-assembled monolayers of organic films has significant
potential for the preparation of surfaces in a variety of industrial applications [5, 6, 7].

In this paper, we formulate a model, based on Greenspan’s lubrication theory approximation
[9], that describes the coupling between the motion of a drop and the deposition of a surfactant



monolayer. We make the simplest possible assumptions about the hydrodynamics of the drop
and the motion of the contact line. The model consists of a Poisson equation for the drop height
on a moving domain, together with conditions for the velocity of the domain boundary that
incorporate the effect of surfactant deposition. We compute numerical solutions of the model,
using an immersed interface method to solve the Poisson equation, and a level set method to
evolve the moving domain. The numerical solutions include traveling drops that are qualitatively
similar to those observed in experiments.

The methods used here can be adapted to treat other problems in which a liquid drop affects
the wetting properties of the surface on which it moves. For example, a solvent drop on a
polymer surface may solvate or swell the surface, and even non-reactive drops display contact
angle hysteresis [1, 2], in which the contact angle of a drop retracting over a previously wetted
surface is different from the contact angle of a drop spreading over an unwetted surface.

Similar methods may also be useful in the study of cell motion in biology. For example, some
of our numerical solutions for the evolution of a circular drop bear a striking resemblance to the
motile behavior of keratocyte cells in wound healing [11]. These cells deposit an actin network on
the surface over which they move [16], in an analogous way to the deposition of surfactant by a
drop.

2 The model
To model the motion of the drop, we make the following assumptions.

1. The drop has constant mean curvature (t) at each time t.
2. The drop volume () is constant in time.

3. The outward normal velocity V;, of the contact line is proportional to the difference between
the dynamic contact angle 8; and the static contact angle 6.

4. The drop is thin and the dynamic contact angle 8, is small.

The first assumption can be derived from the incompressible Navier-Stokes equations under
certain approximations, including lubrication theory and sufficiently slow motion of the drop [9].
The second assumption follows from the incompressibility of the fluid. The third assumption is
the simplest boundary condition that can be imposed at the contact line. The fourth assumption
is consistent with the lubrication theory approximation.

We denote the region of the surface wetted by the drop at time ¢ by Q(t) C R2. The contact
line, or wetting front, is the boundary 90€Q(t) of Q(t). We let h(Z,t) > 0 denote the height of
the drop at a point & € Q(¢) at time ¢. Since the drop is thin, we may approximate the mean
curvature of the drop surface by —Ah, and the dynamic contact angle 6; by |Vh|. The above
assumptions imply that the wetted region (¢) and the drop height h(Z,t) satisfy the following
equations:

—Ah = (1), 7 e Q)
h =0, 7 € 00(t), (2.1)

Jow 1(E.1) d3 = Q,
Vi, = K (|Vh| —0), %€ oQ(t).



The constant of proportionality K > 0 has the dimensions of velocity. The motion of the contact
line is outward when 8; > @, corresponding to spreading of the drop, and inward when 6, < 6.
These equations are similar in form to the Hele-Shaw equations [17, 19],

—Ah = (%), 7 e Q)
h=0, 7 € 0Q(t), (2.2)
Vi = —hy, 7 € 0Q(t),

where g is a given source function, and h,, denotes the normal derivative of h.

The assumption of constant mean curvature at each time ¢ can be relaxed to allow for larger
deformations of the drop, but the resulting equations are more complicated. In the lubrication
theory approximation, the quasi-static elliptic equation, —Ah = &, is replaced by a degenerate,
fourth order, nonlinear diffusion equation [3, 4, 9], such as

hi +cV - [W3V(AR)] = 0.

Since our main aim is to study the interaction between the drop and the surfactant monolayer,
we will use the simpler elliptic equation.

To model the effect of surfactant deposition, we suppose that the static contact angle 8 of the
drop on the surface is a function of the time 7 that a point has been wetted by the drop. That is,

0 = 0, F (é) , (2.3)

where the constant 6,, is a typical static contact angle of the monolayer, the constant T, is
a typical timescale for the deposition of the monolayer, and F' is a dimensionless, monotone
increasing function. The timescale T}, and possibly the form of F', depend on the concentration
of the surfactant in the drop, with larger concentrations corresponding to smaller deposition
timescales T,,. The deposition of a monolayer has a negligible effect on the concentration of
surfactant in the drop.

To write an expression for the wetting time 7, we introduce the characteristic function xq()
of the wetted region, defined by

@ 1, if # € Qt), (2.4)
z) = )
X 0, if 7 ¢ Q).
The wetting time 7(Z,t) of a point Z up to time ¢ is given by
t
(@) = (@) + [ xog (@ ds (25)
0

where 79(Z) is the wetting time of Z at ¢ = 0. For example, if the drop is placed on the surface at
t =0, then 75 = 0.

Equations (2.1) and (2.3)—(2.5) are the model. The new feature, in comparison with Greenspan’s
equations [9], is the dependence of the static contact angle on the wetting time. We suppose that
Q, K, 0,,, T,, are given parameters, and F, 7y are given functions. The initial data is the wetted
region (0). We want to find the wetted region (¢) at later times, together with the drop height
h(Z,t), the drop curvature x(t), and the wetting time 7(Z, t). The amount of surfactant deposited
on the surface is determined by the wetting time.



To identify the dimensionless parameters in the problem, let L be a characteristic diameter of
the wetted region Q(t), and H a characteristic height of the drop. As a characteristic timescale,
we use

L2
KH’
which measures the time it would take the drop to spread a distance equal to its diameter on a

wetting surface with § = 0. Denoting dimensionless variables by a bar, and rescaling the static
contact angle, we define

T, = (2.6)

7 7 h L2k 7 Lo T
= — = — R = — = — T = —.
’ T,’ H’ H’ H’ T,

SN
I
&

Transforming (2.1) and (2.3)-(2.5) into the barred variables, then dropping all bars, we find that
the dimensionless problem is
—Ah = k(t), Z € Q(t),
h =0, Z € 00(t), (2.7)
Vo= |Vh| -6, &€ dt).

The height function h satisfies

| m@nai=q (28)
(t)
where ¢ is given by

_Q

The volume parameter ¢ may be set equal to one by the choice H = Q/L?, but it is convenient to
leave q as a free parameter for the numerical experiments. The static contact angle @ is given by

0=7f(r), (2.10)

where 7 is given by (2.5) and the contact angle function f is given by

f(r)=aF (%) .

Here, the dimensionless parameters «, T' are defined by

a=Dm g _In
T
If the dynamic contact angle is of the same order as the typical static contact angle 6,,, then « is
an order one parameter. The most important parameter is 7', which is the ratio a timescale T,
for the monolayer deposition and a timescale T for the spreading of the drop. Higher surfactant
concentrations correspond to more rapid deposition, and therefore to smaller values of T'.

A simple choice of the function F'; which describes a surface that is wetting in the absence of
a monolayer, is given by

t, ifo<t<l,

F(t) = { (2.11)

1, ift>1.



In this case, 0, is the static contact angle of the drop on a complete monolayer, T}, is the time
required to deposit the layer, and

) ar/T, f0<7<T, (2.12)
T) = :
a, ifr>T.
It is useful to introduce a scaled height function 1, defined by
L h(Z, 1)
t) = . 2.13
Wit = 10 (213)
Elimination of A from (2.7)-(2.10) gives the following problem for %,
—Ayp =1, Z € Q(t),
P =0, Z € 0Q(t), (2.14)
Vo = k|VY| —0, T e o),
where k is given by
q
k() = 7573 (2.15)
fQ(t) P(Z,t) dT
and 6 is given by (2.5) and (2.10). The height function A is given in terms of ¢ and Q by
Tt
hi, 1) = — &Y (2.16)

This model provides a description of the reactive autophobic spreading of drops. It does not,
however, provide a satisfactory description of the autophobic pinning of a drop on a wetting
surface. A possible physical mechanism for autophobic pinning, not accounted for in this model,
is the deposition of a monolayer ahead of the macroscopic wetting front by a thin precursor film
[8]. The effects of random thermal or mechanical vibrations and surface contaminants may also
play a significant role in pinning the contact line of the drop. Related mechanisms are probably
responsible for the jerky drop motions observed at high HDT concentrations. An understanding
of phenomena that involve pinning of the contact line requires a detailed analysis of the dynamics
of the solid-liquid-surfactant system at the wetting front, which we do not attempt here.

3 Analytical solutions

In this section, we derive some analytical solutions of the model equations that illustrate the
pinning and spreading of drops, or that are useful in testing the numerical method.
3.1 One space dimension

We consider a one-dimensional wetted region, with left endpoint at z = a(t) and right endpoint
at © = b(t). Equations (2.7)-(2.8) imply that the height function h(z,t) satisfies

—hzz = K, a<x<b,
h(a,t) =0, h(b,t) =0,

b 2
/ h(z,t)dz = @,
a 6

5



where g = hg /6. The solution of this equation for h is

(b—x)(x —a)

h(z,t) = h
( ’ ) 0 (b _ (J,)3 )
corresponding to a parabolic drop. The mean curvature is

2h3
(b—a)®

The drop has the same dynamic contact angle at the front and rear, with
hg
(b—a)?

Equation (2.7) for the normal velocity V;, of the contact line implies that

|hs| = when z = a, b.

2 : 2
a:—(bfioap +6(a, ), bz(bf—"a)Q—e(b,t), (3.1)

where the dot denotes a derivative with respect to time.
We denote the radius of the wetted region by r(¢) and the location of its center by m(t), so
that

") =5b-a),  m()=5(b+a)

Use of these expressions in (3.1) gives a pair of ordinary differential equations for r and m,

2
P L0 O0,], =g [0(a,t) — 00, 1)]. (32

We will consider two solutions of these equations that incorporate the effect of surfactant, and
which illustrate autophobic pinning and autophobic spreading, respectively

First, we suppose that the drop is placed initially on a bare surface with a nonzero static
contact angle 6, and that the initial dynamic contact angle of the drop is less than or equal to 6.
The drop deposits surfactant on the surface and retracts. Assuming that the center of the wetted
region does not move, we set a(t) = —r(t) and b(t) = r(¢). For a retracting drop, the wetting
times at the front and rear contact lines are given by

T(r(t),t)=t,  7(-r(t),t) =t
From (2.10), the static contact angles are given by
0(r(t),t) = f(t),  O(=r(t),t) = f(2),
where f(t) is a monotonic increasing function of ¢, with
f(0) =6, f(+00) = Op,.

Here, 0,, > 0, is the static contact angle of the drop on a fully deposited monolayer
Equation (3.2) implies that

_n

=l — 1)
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The solution of this ordinary differential equation is a decreasing function of ¢, consistent with
our previous assumption that the drop retracts. Moreover, we have r(t) — r,, as t — +o00, where

203/2

Tm

is the equilibrium radius of the drop on the surfactant monolayer. Thus, the drop pins.

If the initial contact angle of the drop is strictly greater than 6, or if s = 0, then the drop
spreads. The wetting time at the contact line is therefore zero, and the model does not describe
pinning in this case.

Next, we give a solution that describes a traveling drop whose wetted region has constant
radius R and which moves with constant velocity V' > 0. The drop passage time 7" is

and the drop endpoints are located at
a(t) =V (t-T), b(t) = V. (3.3)

The surface ahead of the drop is unwetted, while the surface behind the drop has been wetted for
time T'. Thus,

7(a,t) =T, 7(b,t) = 0.
From (2.10), we therefore have
0(a,t) = f(T), 0(b,t) = f£(0). (3.4)
The use of (3.3)—(3.4) in (3.1) implies that V, T satisfy the algebraic equations

hy
v

hg

+/(T), V + £(0).

For example, if the bare surface is completely wetting, so that f(0) = 0, then the elimination of
V from these equations implies that

T23 (T = 2h2/3.
Since T?%/3 f(T) is a strictly increasing function of T, there is a unique solution T' = T, (hg) of this
equation for any hg > 0. The corresponding drop radius R, and velocity V, are given by

1 1
R, = ZT*f(T*)a Vi = gf(T*)

3.2 Circular drops

Equations (2.14) have an exact equilibrium solution for a drop with a circular wetted region
on a surface with constant static contact angle 6y > 0. We use polar coordinates (r,). The
equilibrium radius of the wetted region is r = ag where

ao = (4—‘1)1/3. (3.5)

7'('90
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The scaled height function of the drop is 1 = 1(r), and the mean curvature is kK = kg, where

W) =g =1, mo= (3.6)

As shown by Greenspan [9], this solution is linearly stable. It is convenient to summarize
the linearized stability analysis here, since we will use some of the results to construct traveling
wetted regions in the next section. We consider a small perturbation of the circular wetted region
of size ¢ < 1. We write the perturbed location of the contact line as

r = ag + eb(9, ) + O(e?),
and look for an asymptotic expansion of the solution of (2.14) for 1 of the form
Y = o(r) + epr(r,9,t) + O(e?).
Expansion of (2.15) for x implies that
K = ko + er1(t) + O(€2),

where

_8ko / QW / 1 rdrdd. (3.7)

7Ta0

By Taylor expansion about r = ag, we also find that

1 1
|V¢|T:a0+€b = 5ao + € <§b — ¢1T|,_a0> + 0(62),
Vi = eby + O(€%).

Expansion of the boundary condition in (2.14) for the velocity of the contact line then gives the
following equation for b(4d,t),

1 1
by = ilﬁ'l()b + 5&0#&1 — Ko ’l,blr|7,:a0 . (38)

Taylor expansion about r = ag of the boundary condition,
2
('lpO + 6¢1)|r:a0+eb = 0(6 )’
implies that
llp1|7':a0 = _b 'llbo”'|'r:a0 -
The function ¢ therefore satisfies the boundary value problem
Ay =0, r < ag

1
’lﬁl = §a0b(19,t), r = ap. (39)

To close equation (3.8) for b, we need to compute the map from the Dirichlet data 1 |r=q, = aob/2
to the Neumann data 1, |p=q, -



We expand b(¥, 1) in the Fourier series
b(d,t) = > bu(t)e™.
n=—o0o

The solution of (3.9) for 1; is given by

00 N
wl(r,ﬁ,t):%ao > balt) (%> oin? (3.10)

n=-—oo

It follows from (3.10) that

Yirlymag = K1 (3.11)

where the operator K is defined by

K [Z bneim?] = Z |n2|bre™?. (3.12)

Use of (3.7), (3.10), and (3.11) in (3.8) gives a nonlocal evolution equation for b(1,t),
1
bt = 5%0 (b - K[b] - 4b0) .

The Fourier coefficients by, (t) of b(¥,t) satisfy the ordinary differential equations

. 3

by = —Eﬁoboa

. 1

bn = _5'%0 ("n" - 1) bn, "n" Z 1,

where the dot denotes a time derivative. All the Fourier coefficients decay exponentially except
for those with |n| = 1, which remain constant. The constancy of the coefficients with |n| =1 is
a consequence of the fact that any translation of the equilibrium solution is another equilibrium
solution. Specifically, the polar equation for a circle of radius ag centered at (x,y) = (d,€) may
be written as

r = (a§ + 207 cos? + 2er sin®d — §° —62)1/2.

Expansion of this equation as §,e — 0 gives
r=ag+ 6 cosd + esind + O(6%, €?),

which shows that the Fourier modes with |n| = 1 correspond to an arbitrary small translation of
the drop. Similar conclusions hold for a drop spreading onto a wetting surface [9, 20]. Thus, the
equilibrium solution for a drop with a circular wetted region is linearly stable, and, in contrast
with the sink case g < 0 of the Hele-Shaw problem (2.2), the drop problem does not have fingering
instabilities.

Two other exact solutions for circular wetted regions given in [9] are useful for testing our
numerical code. First, suppose that the static contact angle 6y is constant, and the initial shape
of the wetted region is a circle whose radius r¢ is different from equilibrium radius ag in (3.5).
The solution is a circular wetted region of radius a(t), with

gb:%(aZ—'rQ), K=—7 h=—(a®—1r%). (3.13)



The radius a(t) of the wetted region satisfies the ordinary differential equation,

a =0 [(‘2—0)3 - 1] . a(0) = 7o (3.14)

If 7y < ag, the wetted region expands, while if 7y > ay the wetted region contracts, and a(t) — ag
as t — oc.

A second exact solution describes a circular wetted region moving across a surface whose static
contact angle depends linearly on a Cartesian coordinate z. That is,

0 =06p(1—Az), (3.15)

where 6y and A are constants. We assume that 6 > 0 in the wetted region. A solution of (2.7) is
then given by a circular wetted region of radius a(t), whose center is located at (z,y) = (s(t),0),
where

ag

3
a =6 [(;> 1+ )\s] . 5= \a. (3.16)

Here, ag is defined in (3.5). For small A, the radius approaches a value close to ag and the circle
then moves slowly to the right with velocity § ~ A@gay.

3.3 Traveling drops

A natural question concerning the model is the existence of traveling drop solutions that move
at a constant velocity without change of shape. In this subsection, we formulate a free boundary
value problem for the shape of the wetted region of a traveling drop, and we use the perturbation
method of Greenspan [9] to solve this problem in the case of a nearly circular wetted region.

We denote the wetted region in a reference frame moving with the drop by 2. We use Cartesian
coordinates ¥ = (z,y) or £= (¢,7m) on the surface, and suppose that the drop velocity is V = V&,
where V > 0 and €} is the unit vector in the z-direction.

Given a point F € R?, we define A\ (%) to be the length of the horizontal segment to the right
of Z which intersects 2. That is,

Ao (@) = L' (Infd]) , (3.17)
where £! denotes one-dimensional Lebesgue measure and In[Z] is the set defined by

Inl(z,y)] ={(&n) €Q:{>xand n=y}.

The wetting time 7(Z) at a point # in the reference frame moving with the drop is given by

() = 202,

From (2.10), the static contact angle at 7 is

0(z) = f (AQ‘@) : (3.18)

The unit outward normal 7 to the wetted region is given in terms of the scaled height function
by

_ V¥
IVl

n=

(3.19)
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It follows that the normal velocity of the contact line is given by

Ya
g
|Vl

Using (3.18) and (3.20) in (2.14), we find that 1 and 2 satisfy the free boundary value problem,

Vn = (3.20)

_A’lp = ]-a T € Qa
3 =0, 7 € oQ, (3.21)
Yg )\Q(f) -
= Q
h;0|V¢|—|—V|V¢‘ f( v , T € 09,

where kg is the constant mean curvature of the traveling drop.

When the bare surface is non-wetting and the effect of the surfactant is weak, we can obtain
a solution of this free boundary value problem by perturbing off the circular, equilibrium solution
in (3.5)—(3.6). We cannot obtain a solution for traveling drops on a wetting surface in this way,
because there is no equilibrium solution in that case.

We suppose that the contact angle function f in (3.21) is given by

f(1) =6y + €F(er), (3.22)

where 6 is a strictly positive constant, € is a small parameter, and F'(¢) is an increasing function
of ¢t with F/(0) = 0. We use polar coordinates (r,9). When e¢ = 0, an exact solution of (3.21) is
given by Q = Qq, ) = ¢o(r), and V = 0, where

_ %

Qo ={(r,9) : 7 < ao}, Po(r) = 1 (a§ —r?), ap = o (3.23)
For small €, we write the equation of the perturbed contact line 02 as
r = ag + eb(¥) + O(e), (3.24)
and look for an asymptotic solution of (3.21) of the form
¥ = to(r) + 1 (r,9) + O(e"),
V = €Vi + 0(e?), (3.25)

Aa = Ao + O(e).
Here, )\ is the length function (3.17) of the circular domain Qg, which is given by

—2qpcosd, ifw/2 <9 <3m/2,

M) = { 0, if —m/2 <9 <7/2. (3.26)

We use (3.22)—(3.25) in (3.21), Taylor expand the result with respect to ¢, and equate coefli-
cients of e. After some algebra, we find that

—Ap =0, inr < ag,
1
1 = Saob, on r = ag, (3.27)
1 A
K)()'g[)h» = Elﬁ}ob - V1 cosd — F (%) y on r = agp.

11



The first two equations of (3.27) imply that 11, |,—q, is given in terms of b by (3.11). The use of
this equation in the third equation of (3.27) implies that b satisfies

%mo (b— K[} = G(9, V1), (3.28)
where
G(¥,V1) =Vicosd + F ()\(;/(119)> . (3.29)

We expand b and G in Fourier series,

b= Y b, G= D Gpe™, (3.30)
n=—oo n=—oo
where (3.26) and (3.29) imply that G_, = G,, and
1 1 (™2 (2aq
11 F (2% 31
G 2V1 7r/0 (VI cosﬁ) cos ¥ d, (3.31)
—1)» /2 )
G = u/ F (ﬂ cos 19) cosnd di, if |n| # 1.
T 0 ‘/1
The use of (3.12) and (3.30) in (3.28) implies that
1
50 (1 —|nl) by, = Gy. (3.32)

Thus, equation (3.28) is solvable for b if and only if G; = 0. From (3.31), the drop velocity V;
satisfies the equation

2 (™2 (2
V= —/ F (ﬂ cos 19) cos ¥ do. (3.33)
m™Jo Vl

The solution of (3.28) is not unique, since b; is arbitrary. This Fourier coefficient corresponds to
a small translation of the drop, and we set it to zero for simplicity.

Since the right-hand side of (3.33) is a decreasing function of V7, the equation has a unique
solution for V;. From (3.30) and (3.32), the location of the contact line is given by (3.24) with

o
pr) = 250 25 G
0 ko =51

9.
7 cosm

For example, suppose that the contact angle function f is a linear function of the wetting
time,

f(r) =60 + €. (3.34)

This function is a Taylor approximation of more general contact angle functions in a slow depo-
sition limit on a non-wetting surface. The corresponding function F' in (3.22) is

F(t) =t. (3.35)

12



Using (3.35) in (3.33) and solving the resulting equation, we find that V; = a(l)/2

(3.25), the velocity of the traveling drop is

. Thus, from

V = ea? + O(e?). (3.36)
The square-root dependency of the drop velocity on the radius is a consequence of the following
scalings: (a) the drop velocity is proportional to the difference between the static contact angles at
the rear of the drop and the front of the drop; (b) the static contact angle difference is proportional
to the passage time of the drop; (c) the drop passage time is proportional to the radius of the
wetted region and inversely proportional to the drop velocity.
When F is given by (3.35), the perturbation b of the contact line is given by

1/2 00
8ay, 1 (=)™
= — 2 . .
b(19) p— {2 + mEZI @m 1)@ =) cos mﬂ} (3.37)
From (3.24) and (3.37), the z-diameter d; and the y-diameter d, of the wetted region are given

by

86(11/2 86&1/2
dy = 2a9 + —2—(142D) + O(€%),  dy = 2a9 + —2—(1+28) + O(¢?), (3.38)
TKQ Ko
where
D= = :
mzzl (2m —1)(4m? — 1)’ 5 mzzl (2m —1)(4m? — 1)

The numerical values of D and S are D =~ —0.315 and S =~ 0.366. Thus, the mean diameter of
the wetted region is larger than the equilibrium diameter of the circular wetted region of a drop
with the same mean curvature on a surface with uniform static contact angle 6y, and the drop
is elongated in the direction orthogonal to its direction of motion. In Sec. 5.3, we compare this
asymptotic solution with a numerical solution for a nearly circular traveling drop (see Fig. 12 and
Table 3).

4 The numerical method

We represent the moving contact line 0€2(¢) as the zero level set of a two-dimensional level set
function ¢(Z,t), such that

Q) ={7Z: (F1t) <0}, oNt)={Z: ¢(F,t)=0}.

Given the level set function at some time, we solve the Poisson equation in (2.14) for the scaled
height function 9 by means of an immersed interface method, compute the normal velocity V,, of
the boundary from 1, and update the level set function ¢ by solving a Hamilton-Jacobi equation,

ot + Va|Ve| = 0. (4.1)
An outline of one time step of the algorithm is as follows.

1. Compute the drop height

13



e Use a modified fast immersed interface method, described in the next subsection, to
solve the Poisson equation for 1,

—Ay = 1, in Q(t),
v = 0, on 09(t).

e Compute the mean curvature x from volume conservation,

q
fn(t) W dzdy’

K =

where ¢ is the drop volume. If there is more than one drop, then k is evaluated
separately for each connected component of the set on which ¢ is negative.

e The height of the drop is h = k.
2. Compute the normal velocity at the boundary

e Use a weighted least squares interpolation algorithm to compute VA near the boundary.
¢ Evaluate the static contact angle 6(Z,¢) at the boundary.

e Compute the normal velocity of the boundary, V,, = |[Vh| — 6.

3. Ewolve the contact line by use of a local level set method, and re-initialize if necessary.

We now give a more detailed description of the immersed interface method and the level set
method.

4.1 Fast Poisson solvers on irregular domains

In order to compute the drop height, we need to solve a Poisson equation on an irregular domain
whose shape varies in time. We use a Poisson solver based on the the fast immersed interface
method (IIM) developed in [14] and a modified version developed in [10]. The main idea of the
IIM is to extend a Poisson equation on an irregular domain €2 to a Poisson equation on a larger,
rectangular domain R D (2. This procedure allows the use of fast Poisson solvers on a fixed
Cartesian grid that does not depend on the shape of the irregular domain. The extension of the
irregular domain 2, which may have several connected components €;, is illustrated in Fig. 1.
We extend the source term in the Poisson equation by zero outside €2, and impose zero Dirichlet
conditions on the boundary OR of the rectangle. We require that the normal derivative of the
solution 1) is continuous across the immersed boundary 02 of the irregular domain, but we
allow a finite jump v in the solution itself. In the language of potential theory, this requirement
is equivalent to the introduction of a double-layer source on 9€2. This extension leads to the

following interface problem,
-1 ifZeQ,
Ay =

0 ifT¢Q,
[n] = 0, on 09, (4.2)
[¢] = v, on 01,
=0, on OR,
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where 1), denotes the normal derivative of 1 on 912, and [-] denotes the jump across 9Q2. We
choose v so that the solution 9 of (4.2) satisfies the Dirichlet boundary condition

$p~ =0,  on dQ, (4.3)

where 9~ is the limiting value of ¥ on 02 taken from the inside of €.

To numerically compute the solution of (4.2)—(4.3) for ¥ and v, we discretize the immersed
boundary 9€2. This boundary is given as the zero level set of the level set function. We determine
the irregular grid points (z;,y;) at which the level set function has a different sign from at least
one of its neighbors. We then compute the projections (z*,y*) of the irregular grid points onto the
boundary, as illustrated in Fig. 2. The detailed algorithm for finding the projections is explained
in [10, 15].

We denote the vector of the discretized values of 1 on R by ¥, and the vector of the discretized
values of the jump v at the projections of the irregular grid points that lie inside the wetted region
by V. On an N x N grid, the number of components Ny of ¥ is approximately N2, while the
number of components Ny of V' is of the order N. Using the IIM [12, 13] to discretize the interface
problem (4.2), we get a system of Ny linear equations of the form

AT + BV = F, (4.4)

where A is the discrete Laplacian matrix, using a five point stencil, B is a sparse matrix, and the
vector F} is a source term, whose components may differ from the values of f at the irregular grid
points. Discretizing the Dirichlet condition (4.3) on the immersed boundary 02, we get a system
of Ny linear equations of the form

CT + DV = F,. (4.5)

Thus, we obtain a system of equations for the solution ¥ and the jump V on the boundary,

A B )\ 13
= ) (4.6)
C D |4 Fy
The Schur complement of (4.6) is
(D—-CA™'B)V =G, (4.7)

where
G=F,— CA_IFl.

Equation (4.7) for V is a much smaller system than equation (4.6) for (¥,V). We solve (4.7)
by the generalized minimum residual (GMRES) method. Each iteration of the GMRES method
involves one matrix-vector multiplication by A~!, which we compute by means of a call to a fast
Poisson solver for (4.4) with a specified jump V' in the solution. Each iteration also involves one
call to the interpolation scheme to evaluate the residual R = CV + DV — F5 of the boundary
condition (4.5) for the iterate.

This Poisson solver for irregular domains is second order accurate. The number of calls to the
fast Poisson solver on the rectangular domain is equal to the number of GMRES iterations, and
is almost independent of the mesh size, although it may depend on the geometry of the domain.
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We illustrate these statements with a numerical example. We solve the Poisson equation
—Ay =4, in 2, (4.8)
P =z% +y% + e cosy, on 012,
on an elliptical domain
Q= {(z,y): 2*/a® + y*/b* < 1}. (4.9)
The exact solution is
Y(z,y) = 2% + 3 + e cosy.

In Table 1, we show the maximum norm error e(N) of the numerical solution on an N x N grid for
various values of N. We also show the number of irregular grid points n1, the number of irregular
grid points inside the boundary of the ellipse ng, which is equal to the dimension of (4.7), and the
number of GMRES iterations k. The ratio 7 = e(N)/e(2N) appears to approach 4 as N — oo,
which indicates second order convergence. The number of GMRES iterations decreases slightly
as N increases.

N e T ni ng
32 | 4.21465 1073 68 | 36
64 | 8.1371107% | 5.1795 | 132 | 68
128 | 1.7614 10~* | 4.6196 | 268 | 136
256 | 3.8196 10~° | 4.6116 | 532 | 268
512 | 8.5548 10~ | 4.4649 | 1068 | 538

[SaF R Y BN | I )

Table 1: Results of a grid refinement study for the numerical solution of (4.8) on the domain (4.9)
with ¢ = 0.5 and b = 0.15. Here, N is the number of grid lines in the z and y directions, e is
the maximum norm error of the numerical solution, r is the ratio of successive errors, n; is the
number of irregular grid points, ne is the number of irregular grid points inside the ellipse, and k&
is the number of GMRES iterations.

4.2 A modified level set method

We use a level set method [10, 18] to compute the motion of the wetted region associated with a
drop. In the usual level set method, there is no need to keep explicit track of topological changes
in the moving region. In our problem, however, if several drops are present then they move
independently of each other. We therefore need to modify the usual level set method so that we
can detect the splitting and merging of drops. The identification of separate drops is not required
when we solve the Poisson equation for 1, but it is required when we use the volume constraint
to calculate the mean curvature of the drops. The use of a single mean curvature for the whole
collection of drops would allow the transfer of fluid volume between physically disconnected drops.
Our modified level set method preserves the volume of each individual drop. When a new drop is
formed by the merging or splitting of old drops, the shape of the new drop immediately adjusts
to one with constant mean curvature and an appropriate volume.

We use the following algorithm to identify the wetted regions associated with the drops.
Suppose that the grid points are (z;,y;) and the values of the level set function ¢(z;,y;) are
positive in the unwetted region of the surface.
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1. Choose any seed grid point (z;,y;) with ¢(z;,y;) < 0. Find all points among its four
neighboring points (2;+1,y;+1) whose level set function value is nonpositive, and tag them.
These points are in the same region as the seed point.

2. Use the newly tagged points as an expanding boundary. Tag their connected but untagged
neighbors whose level set function values are nonpositive.

3. Continue this expansion process until no new neighboring points can be tagged. If all
untagged grid points have positive values for the level set function, then there is only one
drop, and we are done. Otherwise, choose any untagged grid point that has a nonpositive
value for the level set function and repeat the process until no untagged point has nonpositive
level set function values.

Since we only need to check each point once, the complexity of this algorithm is linear in the
number of grid points. The array of the expanding boundary points which we use to tag new
points is one dimension lower than that of the computational domain. To make the algorithm
more efficient, we only track topological changes for the grid points (z;,y;) near the contact line
that satisfy —Az < ¢p(z;,y;) <0, where Az is the grid size. The CFL condition for the level set
equation ensures that we do not miss any topological changes.

When we detect that a drop has split into two, we use the above algorithm to identify the
wetted regions 1 and 9 of the two new drops. Solution of the Poisson equation gives the scaled
height function % on = Q1 U 5. We then decompose the volume ¢ of the original drop into
two separate volumes ¢g; and g2 such that g; + g2 = ¢ in the following way,

q Jo, ¥(@) q [y, »(&)di

N @ T @

This splitting of the volume is based on the assumption that the mean curvature x and the height
h are continuous with time. Therefore the volume of the i¢th drop is proportional to fﬂl (%) dZ.
When two drops merge we simply identify them as one drop and set the volume of the new drop
equal to the sum of the volumes of the old drops.

After these modifications, we use a standard level set method to update the moving boundary,
as follows.

1. Evaluate the normal velocity of the contact line from

— _ — 7q

at the projections of the irregular grid points for each individual drop.

2. Extend the velocity off the front to a neighboring computational tube that contains the
contact line.

3. Re-initialize the level set function if necessary.

4. Adjust the time step according to the computed velocity.
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5 Numerical solutions

In our numerical simulations, we embed the wetted region in a square, —2 < z, y < 2, or
—15 <z, y<1bh or 0 <z y<1. The spatial step size Az is the same in both the £ and y
directions. Most of solutions are computed on a 100 x 100 grid and the time step At in the level
set method is At = Az/(8.1), unless stated otherwise. Most of the experiments were performed
on an Ultra-1 Sun workstation.

5.1 Circular drops

In Fig. 3, we show two numerical solutions of a circular wetting region approaching its equilibrium
radius on a uniform surface with a static contact angle of 8 = 0.2. The drop volume is ¢ = 0.057
and the equilibrium radius in (3.5) is ap = 1. The analytical solution is given in (3.13)—(3.14). In
Fig. 3 (a), the initial radius is greater than one, and the drop contracts, while in Fig. 3 (b), the
initial radius is less than one, and the drop expands.

To check the order of accuracy and correctness of the code, we carried out a grid refinement
study for the final state of the expanding wetted region shown in Fig. 3 (b). We summarize the
results in Table 2. where we show the maximum error F in the radius, defined as follows. Let
S be the set of irregular grid points and let (z7;,y;;) denote the projection of (z;,y;) € S on the

boundary. Then
B = max{ | /(a2 + () — a0 | }, (5.1)

where ag is the equilibrium radius. We also define an order of convergence parameter O by
log [E(h)/E(h/2)]
log 2 )

0= (5.2)

The results in Table 2 confirm that the computed final equilibrium position is accurate to the
order (Az)?.

N E [9)
40 | 1.1039 103
80 | 1.3798 10~* | 3.000
160 | 3.5897 10~° | 1.9426
320 | 9.3392 107 | 1.9425

Table 2: A grid refinement study for an expanding circle. Here, N is the number of z and y
grid lines, E is the maximum error in the radius at ¢ = 5, defined in (5.1), and O is the order of
convergence parameter, defined in (5.2).

In Fig. 4, we show a numerical solution of the motion of a circular wetted region on a surface
whose static contact angle has a constant gradient. The radius of the circle increases towards the
equilibrium value ag = (0.2)!/3 = 0.585--- and the circle moves in the z-direction, in agreement
with the analytical solution (3.16).

5.2 Splitting and merging of drops

In this subsection, we present numerical solutions of drop splitting and merging. There are many
physical, mathematical, and numerical issues involved in the change of topology of the wetted
region, which we do not investigate in detail here.
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We counsider drops on a uniform surface with static contact angle § = 0.2. First, we suppose
that the initial shape of the wetted region is a dumbbell, as shown in Fig. 5 and Fig. 6. Depending
on the drop volume ¢ and geometry of the contact line, the wetted region may expand or contract.
In Fig. 5, we show a solution with ¢ = (0.05)7(0.5)3, when the equilibrium radius of a circular
wetted region is ag = 0.5. The wetted region expands outward, and kinks develop in the contact
line. In Fig. 6, we show a solution with the same initial shape, but with a smaller volume
g = (0.05)7(0.2)3, when the equilibrium radius of a circular wetted region is ay = 0.2. The wetted
region contracts near the thin neck and the dumbbell splits into two parts that contract further.
Preservation of the volume of the individual drops, as described in Sec. 4.2, appears to lead to
a stable and physically reasonable evolution process for the wetted region, even after the drop
splits into two.

Next, we suppose that the initial wetted region consists of the interiors of two separate ellipses,
as shown in Fig. 7. The equations of the ellipses are

(x—035) (y—05°_  (2-065)° (y—05” (5.3)
0.22 0.142 7 0.122 0.242 7 '

If the volumes of the associated drops are large enough, then the ellipses expand and merge. Fig. 7
shows the evolution of the wetted region in such a case. Kinks appears to form in the contact
line when the ellipses merge, and then disappear at a later time as the wetted region continues to
expand.

5.3 Drop motion with surfactant

In this subsection, we present numerical solutions that include the effect of surfactant deposition.
First, we suppose that the static contact angle is given by

where Z = (z,y), and
t
r@t) = [ xow @ s (5.5)
- {1 B0gen =

The addition of the effect of surfactant onto an independent gradient in the static contact angle is
not physically realistic, but this problem provides a useful test of the numerical method. Initially,
the contact line is a circle. In the absence of surfactant, corresponding to T — oo, the wetted
region is an expanding circle that moves to the right, as shown in Fig. 4. When the effect of
surfactant is included, the shape of the wetted region distorts, as shown in Fig. 8. The distortion
of the wetted region increases as the deposition timescale 7" decreases. Once T becomes sufficiently
small, the monolayer at the rear of the drop is fully deposited, and a further decrease in 7" has
little effect on the shape of the wetted region.
Second, we show numerical solutions for a static contact angle given by

0(z,t) = f (r(Z,1)), (5.7)

where f is given by (5.6), and



The initial location of the contact line is a circle. In order to break the circular symmetry of the
problem, and set the drop in motion, we suppose that the left half plane x < 0 has been wetted
slightly, with an initial wetting time given by

. { —Az, ifz <0,

- 5.9
() 0, itz >0, (5.9)

Numerical solutions are shown in Fig. 9 for A = 0.1, and various values of T

For smaller values of T', see Fig. 9 (a)—(c), the wetted region moves to the right and distorts.
After some time, the distortion stabilizes, and the drop moves with an approximately constant
velocity and little further change in shape. The final shape of the wetted region does not depend
on the value of A that is used in the initial wetting time (5.9). In Fig. 10, we show a plot of
the drop height at different times for 7' = 5, and in Fig. 11, we show a colormap of the wetting
time. The distortion of the wetted region into a traveling crescent shape is qualitatively similar to
experimental observations of autophobic spreading [5]. When T is sufficiently large, see Fig. 9 (d),
the wetted region expands and we do not see the formation of a traveling drop on the timescale
of our numerical computations.

Finally, in Fig. 12, we show a solution with a contact angle function f given by (3.34) with
6o = 0.2 and € = 0.05, and 7 is given by (5.8) with

. Mz —=z.), ifz—2z,<0,
T0(F) = : (5.10)
0, ifzx—xz,>0,
where z, = —0.585 is the z coordinate of the center of the initial circle. The parameters are

chosen in a such a way that the circle is close to a traveling drop.

The wetted region approaches a fixed, approximately elliptical shape that travels with constant
velocity. In Table 3, we compare the numerically computed values of the drop velocity and
diameters of the wetted region with the values computed in Sec. 3.3 by perturbation theory. We
compute the asymptotic values from (3.36) and (3.38), neglecting the order €2 terms, using the
numerically computed curvature of the traveling drop, which is kg = 0.79 with associated radius
ag = 0.506 defined in (3.23). There is excellent quantitative agreement.

14 dy dy
Asymptotic | 0.0356 | 1.055 | 1.211
Numerical | 0.0364 | 1.06 1.22

Table 3: A comparison of the asymptotic values of the velocity V and the z and y diameters d
and dy of the wetted region with values obtained from the numerical solution shown in Fig. 12.
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AYp =0

Figure 1: A sketch of the extension from an irregular to a rectangular domain. In this illustration,
there are two drops with corresponding wetted regions €21 and s.
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Figure 2: The projection (z*,y*) of an irregular grid point (z;,y;) on the boundary, where
o(z,y5) <O.
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Figure 3: The evolution of a circular contact line on a uniform surface with static contact angle
0 = 0.2. The drop volume is ¢ = 0.057 and the equilibrium radius is ap = 1. (a) A contracting
circle with an initial radius of o = 1.5. (b) An expanding circle with an initial radius of ry = 0.75.
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Figure 4: A circular drop of volume ¢ = 0.017 and initial radius 7o = 0.5 moving on a surface
with a constant static contact angle gradient. The static contact angle 8 is given by (3.15) with
0y = 0.2 and € = 0.5. The circle expands and shifts to the right. It approaches the equilibrium
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Figure 5: The evolution of a dumbell shaped wetted region on a uniform surface with static
contact angle § = 0.2 and volume g = (0.05)7(0.5)3. The region expands outward.
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Figure 6: The evolution of a dumbell shaped wetted region on a uniform surface with static
contact angle § = 0.2 and volume g = (0.05)7(0.2)3. The region contracts and splits.
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Figure 7: The merging of the two ellipses in (5.3). The surface has a constant static contact angle
6 = 0.2, and the total volume of the two drops is volume g = 0.057.
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Figure 8: The motion of the contact line for a static contact angle given by (5.4)—(5.6) with
6o =02 and A = 0.5 for: (a) T =1; (b) T = 5; (¢) T = 50; (d) T = 100. The volume of the
drop is ¢ = 0.017, and the initial location of the contact line is a circle centered at (—0.5, 0) with
radius 0.5.
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Figure 9: The motion of the contact line on a surface whose static contact angle is given by
(5.7)—(5.9), where f is given by (5.6), with A = 0.1 for: (a) "= 0.5; (b) T =1, (¢) T = 5,
(d) T = 50. The initial location of the contact line is a circle in the left-half plane centered at
(—0.5, 0) with radius 0.5, and the volume of the drop is ¢ = 0.017. The contact line moves from
left to right, or expands. The times at which the contact line is plotted are shown in the figures.
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t=0 t=4.4481

t=5.5593 t=7.7815

Figure 10: The height h of the drop at different times for the solution in Fig. 9 (c) with 7" = 5.
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Figure 11: A colormap of the wetting time 7, defined in (5.9), for the solution in Fig. 9 (c) T' = 5.
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Figure 12: The motion of the contact line on a surface with static contact angle (5.7)—(5.8), where
f is given by (3.34), with 6y = 0.2 and ¢ = 0.05. The initial wetting time is given by (5.9) with
A = 6.538. The volume of the drop is ¢ = 0.017, and the initial location of the contact line is a
circle in the left-half plane centered at (—0.585, 0) with radius 0.585.

35



