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ABSTRACT 

16” pipe elbows are used in the primary heat transport (PHT) system of Indian Pressurised Heavy water 
Reactors (PHWRs). Cracking at crown of elbows under bending is an important consideration in design. The 
structural integrity assessment of elbow requires knowledge of fracture parameters like Stress intensity factor, 
J-integral, crack mouth opening displacement etc. In earlier experimental studies, a full scale 16-inch carbon 
steel (SA 333 Gr. 6) elbow used in the PHT system, was subjected to fatigue loading. As a consequence, the 
elbow had a through wall axial crack at crown having a length of 104 mm. In the present study, the behaviour of 
this axially cracked 90-degree, long radius nuclear pipe elbow under in-plane closing moment was studied using 
3D non-linear finite element analysis with WARP3D software. Limit load, load line displacement, crack mouth 
opening displacement and J-integral were evaluated for this elbow. The FE model consists of elbow with 
extended straight pipes and the geometry and thickness are exactly same as that used in the experiment 
(measured). The comparison of predicted FE results with experimental values were found to be good. This paper 
presents the details of the FE study and the results obtained, along with the comparisons. 
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1. INTRODUCTION 
Nuclear power plants are required to have safety related structures, systems and equipments designed to 

maintain the intended function. High energy carbon steel pipes and elbows are extensively used in piping 
systems of power plants. Elbows exhibit significant material and geometric non-linear behavior, when subjected 
to severe loadings. When a thin-walled (diameter to thickness ratio > 10) 90° long radius elbow (Rb/Rm = 3.0) is 
subjected to an in-plane moment, ovalisation of the circular section into an elliptical one introduces high bending 
stress (circumferential component) at the crown and a crack may initiate at the crown. This has been confirmed 
by analytical (Kano et al., 1997) and the experimental work (Muller et al., 1985). A pipe bend failure experiment 
conducted by Diem et al., (1989), for in-plane bending moment, developed longitudinally oriented cracks in the 
elbow crown and  the final crack length was around 67% of the elbow centerline. Sixteen inch pipe elbows are 
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used in the primary heat transport (PHT) system of Indian Pressurised Heavy water Reactor (PHWR). Cracking 
at crown location of piping elbows under bending moment is considered as important from the design point of 
view. The structural integrity assessment of elbows requires a knowledge of fracture parameters like Stress 
intensity factor, J-integral, crack mouth opening displacement etc. Hence it is important to study the behaviour of 
axially cracked elbows under in-plane bending moment. In many of the finite element based studies the 
computed results have not been confirmed by experimental data. Hence, in this present study attempt is made to 
compare the results with the available experimental data. 

2. NEED AND SCOPE OF THE PRESENT WORK 
Griffiths (1979) performed some experiments on healthy and cracked elbows, to find the effect of cracks on 

limit loads. It was summarized by him that for short radius elbows with axial defects, the limit loads do not 
reduce substantially; but significant reduction can occur for long radius bends with large cracks. Behaviour of 
elbows in the plastic regime is quite different under in-plane closing and opening moment due to the large 
deformations involved and the difference in geometric stiffness of the elbow cross section. Solutions for limit 
loads for long radius healthy elbows under opening and closing moment are given by Shalabay et al. (1997, 
1998) and Chattopadhyay et al. (2000). Similarly for long radius cracked elbow the limit load solutions are 
provided by Zahoor (1991). Ductile fracture experiments were conducted by Naoki et al. (1997) on through wall 
cracked elbows under high temperature. 

In an earlier experimental study (Seetharaman et al., 1999), a full scale carbon steel (SA 333 Gr. 6) elbow 
(16” SCH. 120) used in the Primary Heat Transport (PHT) piping system, was subjected to fatigue loading. As a 
consequence, the elbow had a through wall axial crack at crown having a length of 104 mm. As described above, 
even though much research have been performed on elbow under in-plane bending moment, the problem of 
simulating the test results with finite element analysis accurately has not been fully solved. This paper presents 
the details of a finite element study performed on an axially cracked 16-inch elbow and comparison of the 
prediction with experimental results.  

3. DETAILS OF THE STUDIES PERFORMED 
In the present study, the behaviour of this axially cracked 90-degree, long radius nuclear pipe elbow under 

in-plane closing bending moment was studied. The dimensions of the elbow were exactly same as the one used 
in the experiment. A three-dimensional non-linear finite element analysis was carried out using WARP3D 
(Gullerud et al., 2001) software. Limit load, load line displacement, crack mouth opening displacement and 
J-integral were evaluated for this elbow. The finite element analysis was performed by assuming the material to 
follow the Ramberg-Osgood relation. The predicted finite element results were compared with the experimental 
values. The behaviour of load-load-line displacement and crack mouth opening displacement are also presented. 
Apart from these, analyses were also performed for the evaluation of J-integral and the behaviour of the elbow 
was also studied. 

4. GEOMETRY OF THE ELBOW 
In the present study an actual 16” elbow with through wall crack (TWC) at the crown subjected to in-plane 

closing moment was considered. The finite element study simulated the exact geometry and loading of the 
experiment performed earlier (Seetharaman et al., 1999). The actual thickness values of the elbow measured 
during the experiment were found to be varying from 35.47 mm to 41.52 mm. The measured variation of the 
elbow thickness during the test is shown in Table-1. The loading setup for the experiment is shown in Fig. 1. The 
elbow was connected to the loading frame through extended pipes on both sides, having a length of 500 mm 
each. The finite element model consists of elbow with extended straight pipes where the geometry and thickness 
are exactly the same as that used in the experiment. The crack angle considered was 9.77° (i.e. crack length of 
104 mm). The geometrical details of the elbow are given below, 

 
Elbow size = 16 inch NB SCH 120. 
Outer Diameter = 406.0 mm 
Thickness (min), t = 35.47 mm 
Thickness (max), t = 41.0 mm 
Axial Crack length = 104.0 mm 
Extended pipe length = 500.0 mm 
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Material properties of SA 333 Gr. 6 are as follows 
 

Young’s Modulus, E = 203 GPa 
Yield Stress, σy   = 302 MPa 
Ultimate Tensile Stress, σu   = 450 MPa 
Elongation ( % over 25 mm GL) = 36.7 

 
Chemical composition of SA 333 Gr. 6 carbon steel material used in the present studies (Singh et al., 1998) is as 
follows, 
 
Specification C Mn Si Ni Cr Al Cu P S N 
ASTM < 0.3 < 1.35 0.15-0.30 < 0.4 < 0.25 < 0.04 < 0.3 < 0.025 < 0.025 < 0.013
Present Material  0.14 0.9 0.25 0.062 0.081 0.1 0.054 0.016  0.01 
 

Table -1 Measured thickness (in mm) of Elbow at different locations 
Location 1 2 3 4 5 6 7 8 9 10 
AB 39.16 37.62 37.09 36.49 36.6 36.20 35.59 35.85 37.71 38.16 
CD 36.88 36.89 36.75 36.16 35.47 35.51 36.10 36.32 35.71 35.56 
EF 35.95 37.1 39.11 39.75 40.21 39.58 40.23 40.03 40.03 38.27 
GH 37.93 38.54 38.25 37.90 37.41 37.60 37.57 37.69 38.44 38.37 
IJ 40.69 41.33 40.38 39.01 37.95 38.26 38.75 40.03 40.69 40.65 
KL 38.95 39.95 39.98 38.97 38.46 38.60 38.79 39.48 40.02 39.62 
MN 37.67 39.34 40.56 41.12 40.62 40.91 41.52 41.05 39.98 39.06 
OP 38.76 38.36 38.03 37.78 37.46 37.29 37.29 37.23 37.42 37.92 

 
Note: Measurements as per the locations given below. 
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5. METHOD AND FINITE ELEMENT MODEL 
Three-dimensional non-linear finite element method (FEM) analysis using WARP3D (Gullerud et al., 2001) 

code was used to study the elbow. The model included the elbow and the 500 mm extended pipes on both sides. 
The full size finite element model was generated using the in-house software ELBOWGEN (Prabhakaran et al., 
2002) using three dimensional 20 node solid elements available in the computer code (Gullerud et al., 2001). The 
model includes full elbow along the length and 360 degrees in the circumferential direction. The elbow was 
divided into 12 divisions along axial direction and 22 divisions along the circumference. Twenty-two division 
along the circumference is considered in order to take care of the varying measured thickness of the elbow. The 
crack tip region was modelled by ‘spider-web’ mesh configuration, having 32 wedge shaped elements. The 
wedge-shaped elements were constructed by collapsing one face of the twenty-node solid element to a line along 
the crack front. The length of the edge of the collapsed element, i.e. at crack tip is less than 7% of the half crack 
length. Fourteen point integration order has been used in the study. One end of the extended pipe was applied 
with a moment, which was increased in each step of the analysis. The other end of the elbow was completely 
restrained, as in the experiment. 

To check the adequacy of the finite element model, a mesh convergence study has been performed with one 
and two elements along the wall thickness. The maximum variation of  load-line displacement and crack mouth 
opening displacement for the case of one element as compared to two elements along the elbow wall thickness 
was found to be very less. Similarly  J-integral variation for the two cases mentioned above is less than 7%. 
The applied load at this condition was 84.3% of the limit moment given by Chattopadhyay et al. (2000). 
Moreover, in the present study, the integration order used for the present model (20 noded element) is 14 point 
integration which gives more accurate  prediction than the 2x2x2 integration order. The  J-integral was 
evaluated for 7 rings around the crack tip. The level of path independence of J-integral for this model was 
confirmed.. This path independence in J-integral for different domains is one measure of the adequacy of mesh 
refinement and convergence to equilibrium (Baker, 1983). For the domains very close to the crack tip full path 
independence may not be observed (Hutchinson, 1968). Hence the first path, which is very close to the crack tip, 
was not considered. The accuracy of the J-integral solutions obtained with different domains is estimated to be 
of the order of 2%. Hence it was decided to consider only one element through the elbow wall thickness.  The 
final model consisted of 3226 nodal points and 640 elements. The finite element model is shown in Fig. 2. 
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Fig. 1 Test Setup of Elbow with axial TWC at Crown (Seetharaman et al., 1999) 

 
The geometric and material non-linearities were included in the study. The material was assumed to follow 

the stress-strain response represented by the well-known Ramberg-Osgood model, given as,  ε/ε0 = (σ/σ0) + 
α(σ/σ0)n . Here ε and σ are true strain and true stress, and σ0 is a normalising stress, E is the modulus of elasticity, 
ε0 = σ0/E is a normalising strain and α and n are model parameters usually chosen from a best fit of actual test 
data. The properties considered were α = 19.826, n = 3.887, σ0 = reference stress (taken as flow stress)  i.e. σ0 = 
(σy + σu )/2, E = 203 GPa, σy = 302 MPa, σu = 450 MPa. The above mentioned values were taken from the results 
of the experimental studies performed by Singh et al. (1998). 

6. LOADING 
The elbow was subjected to in-plane closing load, applied in monotonically increasing order with definite 

steps, at the end of the extended straight pipe. The closing load was applied by distributing the load equally at all 
the nodes at the end of the straight pipe.  
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Fig. 2   Finite Element Model of the Elbow with axial TWC at Crown 

7. RESULTS AND DISCUSSIONS 
A non-linear finite element analysis was performed using the WARP3D (Gullerud et al., 2001) code. The 

material was assumed to follow the Ramberg-Osgood relation. The constants used for the above relation are 
given in paragraph 5 above. Monotonic incremental in-plane closing load was applied as mentioned above. The 
load line displacement at the end of the extended straight pipe and the applied moment are used to generate the 
load-load line displacement curve. From this curve, the limit load is evaluated. The limit load mentioned herein 
is obtained by using the double slope of linear response method (twice elastic slope method). This is evaluated 
by drawing a line at a slope two times that of the elastic portion of the load-load line displacement curve, as 
shown in Fig. 3. The load with load-line displacement is plotted in a graph and the limit load was evaluated. Fig. 
4 shows the variation of the load-line displacement with applied load for this elbow. From this graph, the limit 
load evaluated from the finite element results as per the twice-elastic slope method is 1452.03 KN. The limit 
load predicted experimentally gives 1463 KN. The result shows excellent agreement for the limit load with an 
error of 0.75%. Fig. 4 also shows the comparison of the load-line displacement with applied load for both 
experiment and the finite element prediction. It can be seen form the graph the load-line displacement of the 
finite element analysis agrees very well with the experimental results. 

The crack mouth opening displacement (CMOD) was obtained for the applied loads. When the elbow is 
subjected to in-plane closing bending moment, it was noticed that the outer surface of the crown was opened and 
the inner crack surface was closed. The crack opening displacement can be characterised by two components. 
The first component is the net opening displacement of the centre line of the crack surface. The second 
component is generated due to the rotation of the crack faces with respect to centre line. The net displacement of 
any point on the crack surface is the superimposition of these two components. In the present case it has been 
observed that the rotation is such that the net inner surface displacement is very low and they are in contact with 
each other at high loads. The crack opening behaviour from the deformed shape at crack surface indicates that 
the response of elbow was a combination of mode I and mode III. The CMOD at the outer surface is positive and 
at the inner surface it is very less or negative depending upon the load. The crack mouth opening displacement 
mentioned herein is the maximum displacement at the outer surface of the crown. Fig. 5 shows the variation of 
the crack mouth opening displacement with the applied load. This figure also shows the comparison of the 
results of experiment and the finite element predictions. It can be seen that here also the results of the finite 
element analysis agree well with the experimental values. 

As the inside crack surface faces at crown get closed and touch each other, the crack opening displacement 
at the inner surface is negative. The contact of the two crack faces is a non-linear boundary condition and is not 
considered in the present finite element model. The present study allows inter penetration of the two closing 
faces at the inside surface of the elbow. From the analysis performed,  J-integral for the elbow was also 
evaluated. Even though there are no experimental results available for comparing J-integral, the finite element 
evaluated results are shown in Fig. 6 for completeness.  
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Fig. 3  Twice Elastic Slope Method for Evaluation of Limit Load 
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Fig.  4  Variation of Load line displacement with the applied load 
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Fig. 5  Variation of CMOD with the applied load 
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Fig. 6  Variation of J-integral with the applied load 

8. CONCLUSIONS 
This paper presents the results of the finite element results performed on a 16-inch carbon steel elbow. The 

model was generated using the actual measured dimensions of the elbow which was tested earlier. Both 
geometric and material non-linearity were considered in the study. The non-linear finite element analysis was 
performed by assuming the material to follow Ramberg-Osgood relation. The predicted finite element results 
were compared with the experimental values. The limit load prediction showed an excellent agreement with the 
experiment, the error being only 0.75%. The load line displacement and crack mouth opening displacements 
were evaluated and the predictions obtained also compare very well with their respective experimental values. 
Apart from these, analyses were also performed for J-integral evaluation and also the behaviour of the elbow 
under in-plane bending. The finite element predictions agree very well with the experimental results. The present 
study is a useful addition in the area of fracture behaviour of a cracked elbow with applied in-plane bending 
moment. 

The following conclusions can be drawn from the analyses performed for the elbows with axial 
through-wall crack at crown, subjected to in-plane closing bending moment. 
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a) The results shown above prove that for the elbow under monotonic in-plane bending, the finite 
element procedure is capable of providing quite accurate prediction of the pipe bend behaviour. 
This three-dimensional FE analysis is an alternative for performing the very expensive tests. 

b) When the elbow is subjected to in-plane closing bending moment, it was noticed that the outer 
surface of the crown was opened and the inner crack surface was closed. It has been observed that 
the inner surface displacement is very low and the crack faces are in contact with each other at high 
loads. The deformed shape at the crack surface indicates that the crack opening behaviour of the 
elbow is a combination of mode I and mode III. 
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