¢

..’i ‘

SOME ALTERNATIVE MEASURES OF ASYMPTOTIC RELATIVE
EFFICIENCY FOR THE MULTIPARAMETER TESTING PROBLEM~WITH
APPLICATION TO THE GROWTH CURVE PROBLEM .

By
Robert Francis Woolson

Department of Bilostatistics
University of North Carolina at Chapel Hill, N. C.

Institute of Statistics Mimeo Series No. 903

JANUARY 1974



™

SOME ALTERNATIVE MEASURES OF ASYMPTOTIC RELATIVE EFFICIENCY
FOR THE MULTIPARAMETER TESTING PROBLEM WITH APPLICATION

TO THE GROWTH CURVE PROBLEM

by

Robert Francis Woolson

A dissertation submitted to the faculty
of the University of North Carolina at
Chapel Hill in partial fulfillment of
the requircments for the degree of
Doctor of Philosophy in the Department
of Biostatistics -

Chapel Hill

1972

Approved by:

Reader

pzma Q»m Lo

Reader




ABSTRACT

WOOLSON, ROBERT FRANCIS. Some Alternative Measures of Asymptotic

Relative Efficiency for the Multiparameter Testing Problem

with Application to the Growth Curve Problem. (Under the

direction of PRANAB KUMAR SEN.)

Criteria for evaluating the loss in underfitting or overfitting
a growth curve model are proposed. This problem has been formulated
as one of comparing two test statistic sequences which have limiting
chi-square distributions. As the degrees of freedom of the two com-
petitive chi-square distributions may be different, alternative
measures to the standard Pitman asymptotic relative efficiency (ARE)
are considered. Two such criteria are the trace asymptotic relative
efficiency (TARE) and tﬁe curvature asymptotic relative efficiency
(CARE). Each of these quantities is sho&n to be the product of two
factors: the first factor reflécting the degrees of freedom of the
two tests and the common sigﬁificance level, while the second factor
is a function of the two noncentrality parameters. This second factor
for the TARE is the ratio of the traces of the matrices in the non-
centrality parameters while the second factor for the CARE is the qth
root of the ratio of the determinants of the matrices im the non-
centrality parameters, where q is the number of parameters in the
common hypothesis of interest. The CARE selects the test whose power

function has the greater generalized Gaussian curvature at the null

point, and the TARE selects the test with gréater average local power,



where the average is taken as the average over the family of spheres.
The CARE and TARE are applied to the one-sample and multi-sample
growth curve problems. ﬁounds for the TARE similar to the bounds
which exist for the CARE are derived. It is shown that the c-sample
efficiencies are multiples of the one-sample results. Numerical
illustrations of the TARE and the CARE are presented for specific

covariance matrices.
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NOTATION

is a matrix of real elements.
is the determinant of B.
is the Euclidean norm of a vector A.

is the law or distribution of a random vector X.

denote convergence almost surely and in probability
respectively.

is the trace of the matrix B.

is the Kronecker or Direct Product of é and B.
is the Kronecker Delta.

denotes the éet of characteristic roots of B.

denotes Euclidean t-space.

denotes the t dimensional normai distribdtion.
is the identity matrix.

is the matrix of ones.



CHAPTER 1
INTRODUCTION AND REVIEW OF THE LITERATURE

1.1 Introduction

When two or more test procedures are available to test the
same hypothesis we are faced with the problem of deciding which one
‘to use. While the null hypothesis may be parametric or nonparametric,
in most situations one is interested in a specific family of alterna-
tive hypotheses. Hence we assume that this family is parameterized
by a parameter © and, furthermore, that the value of © when the null
hypothesis is true is denoted by 60. For this reason we shall

notationally represent the null hypothesis in this study as:

In this thesis the specific problem of comparing two test
statistic sequenées which have limiting chi-square distributions with
possibly different degrees of freedom is to be studied. The main
purpose of this work is to suggest and justify some measures of
asymptotic relative efficiency (ARE) which may be used in comparing the
two test sequences. Obviously, the measures of efficiency proposed
should be such that, if the efficiency of test 2 relative to that of
test 1 is greater than one, then test 2 possesses a limiting power
function which in some sense is better than the limiting power function

of test 1. 1In addition, it is desirable for any mcasure of ARE




proposed to be free of arbitrary or unknown quantities and, further-
more, 1t should take on a single numerical value when sampling is per-
formed from a completely specified distribution. Another purpose of
this work is to apply the proposed criteria to the comparison of tests
used for growth curve models. Of particular interest is the loss in
efficiency when we underfit or overfit the.true model. We sﬁall see,
however, that the efficiency criteria proposed are applicable to a
larger set of problems and are not restricted to the study of growth

curve problems alone.

1.2 Asymptotic Relative Efficiency
For comparing two o-level tests, ¢l and ¢2, a reasonable measure

-of relative efficiency to use is:

RE(a,B,ea) = Nl/N2

where Nl and N2 are the minimum sample sizes for which ¢l and ¢2 at
level o have power B against the alternative that 9'= Ga, where for
simplicity we take 6 to be scalar. To study this ratio for all values
of (a,B,Ba) is quite an involved study and, as an alternative, we may
consider asymptotic comparisons of the two tests. One asymptotic
approach is to fix ea,ea # 80 and compare the limiting powers of @l
and ¢2 as sample size increases without bound for this fixed alterna-
tive. An obvious shortcoming of this approach is that if ¢1 and ¢2
are both consistent tests then both of the limiting powers are one
and this method of comparison does notrdiscriminate between the two
tests. On the other hand, if the tests are inconsistent they are of

little interest. Bahadur (1960) considers the comparison of the



inverse ratio of the sample sizes in the limit for the two tests to
achieve the same significance level; we shall see in Chapter II that .
this efficiency has serious deficiencies for our problem.

Pitman (1948) [see e.g. Noether (1955)] proposed that rather than
considering a fixed alternative hypothesis, a sequence of alternative
hypothesis depending on the sample size, N, be chosen such that the
limit of this sequence approaches the null point and simultaneously the
power. is bounded away from omne. In the Pitman sense we consider

testing

against the sequence

e =0 +NO2
Hes 9y =%

where A is a fixed but arbitrary nonzero real number and 6§ > 0. The ’

Pitman procedure for obtaining a measure of ARE is to consider two

sequences of sample sizes, {Nl} and {NZ}’ chosen such that the limiting

powers of the two tests through the sequence {GN} , are the same. Then

according to Pitman we have:

Definition: The asymptotic relative efficiency (ARE) of test ¢2
relative to test ¢; is the limiting value of Nl/_N2 where
Nl is the number of observations required by test ¢l forA

the power of test ¢1 to equal the power of ¢2 based on

N, observations while simultaneously N, > and SN > 60.

2
If ¢l and ¢2 are tests based on the statistics tNl and th,
respectively, and if therlimiting distributions of tNi through HN

converge to the normal distribution as N + «, then with suitable

restrictions on the limiting behavior of the first two moments of tNi



we may find the Pitman ARE quite easily. Denote the mean of tNi when

= . . 2 .
6 GN by uNi(GN) and its variance by GNi(GN). Consider'the hypothesis

. . . . _ )
HO' 6 = 60 against the one-sided sequence HN. eN = 60 + N ° X where

A > 0 (<0) and, suppose we have the following three conditions in

addition to the limiting normality of teg!

- dp .(6)" ,
(1.2.1) lim  — 0 5 5 (<o)
do
N &> o
2
. d H; Bg) /1 d g, (B TR
(1.2.2) lim 36 10 = lim 2.6 = 1
N > o N->o "Ni* 0
du . (6.)
(1.2.3) 1m  — =c >0 (<0)
N" oy; (09
2
. Cz
then the ARE of ¢2 relative to ¢l can be seen to be = when
. ¢y 1/¢ 1
‘ "8 =1/2 and in general it is P . The quantity c; is called

1
the efficacy of test ¢i'

Noether (1955) extended Pitman's definition of ARE to the case
where the first (mi - 1) derivatives of uNi(e) at 60 are zero and the

M{Eh derivative is nonzero at 90. With Ml = Mz =M, he found that the

c, 1/M§
ARE of ¢, relative to ¢, is | — where
2 1 ¢y
M
d u,.(6,)
¢, = lin —&_ 0" .

i N+>w g eM

$
e
¥ Iys o)
Although not explicitly pointed out in Noether's article, it should be
observed that if one does not require Ml.= M2 then the ARE is

. indeterminate, depending as it does on the unknown >\1 (or >‘2) raised



'fo a fower of (M2 - Ml). This point causes no practical limitation
since if M1 #'Mz then we are comparing tests which behave quite dif-
ferently.

For the one sided alternative hypothesis, Blomqvist (1950) pro-
posed an asymptotic local relative efficiency defined as the limit of
thelratio of the sample sizes chosen so that the two limiting power
functions have the same slope at 60. Under the conditions M = 1,

§ = 1/2 and

d oNi(e

0
o/ n T oM,

Noether (1955) established the equivalence of this definition and the
Pitman definition. Kendall and Stuart (1963) discuss other cases and
show, for example, for the two sided test with M = 1 that under mild
restrictions the ARE is equal to the limiting ratio of the second
derivatives of the power functions of 60.

It has been observed [see e.g. Puri & Sen (1971)] that the
theory for comparing the two limiting distributioné does not require
asymptotic normality. It is sufficient tﬁat the two power functions
can be made analytically the same by an appropriate choice of the
sample sizes. They present the requisite theory for the comparison of
two test statistics which have noncentral chi-square distributions
both with the same degrees of freedom, p. In this case, since the
noncentral chi-square is a monotonically increasing function of its
noncentrality parameter, they found that when M = 1 and 8§ = 1/2 that
the ARE is simply the ratio of the two respective noncentrality
parameters. They point out that this definition is entirely equivalent

to the Pitman-Noether definition for comparison of tests based on one



degree of freedom.

Turning now to the multiparameter testing problem we consider

o} 0 = 60 and the sequence of alternative hypotheses,

qx1
HN: 6N = 60 + N 8 A where X is a fixed but arbitrary non-null vector

and § > 0. Puri and Sen study the case p = q in their text and when
M =1, § = 1/2 observe that the Pitman-Noether efficiency is the.
ratio ofitwo positive definite quadratic forms in %. Clearly, in this
case, there is no unique answer regarding the ARE since it depends, in
general, on the arbitrary vector é. By application of a theorem due to
Courant on the extrema of the ratio of two positive definite quadratic
forms [Puri & Sen (1971, p. 122)], bounds may be placed on the ARE
over all non-null 5. This is, in fact, done for a number of cases in
their text. The approach of placing bounds on the ARE provides some
information on the ARE. However; some tests may be placed in a mis-
leading position in the spectrum of tests for a given problem since
the minimum bound on the ARE could be Quite near zero, while the
typical or average performance of the test may be better than its
competitors. To develop appropriate average measures free from 5 is
one of the goals of this investigation. In our study we shall consider
a Pitman type of sequence of alternative hypotheses; however, a com-
parison in the sense of Bahadur (1960) is a possibility. Hence, we
shall summarize the necessary points for the Bahadur criterion of
efficiency.

In the Bahadur definition of efficiency it is assumed that we
have a family of probability measures parameterized by g € 2, defined

on the same probability space. The parameter set is denoted by § and



is partitioned into 90 and - QO where QO 1s the single point set .
containing 0 .. Let us suppose that the two competing test statistic
sequences are {TNl} and {TNZ}'

Definition: The sequence of test statistics {TNi} is called a

standard sequence for testing HO if, and only if,
A{TNi} satisfies the following conditions
I. there exists a continuous distribution function Fi(x)

such that 1lim Pr i[T < x] = F,(x) for all
N+ o 60 Ni — i

real x,

II. there exists a constant ais(O,“) such that

a.xz

-ioge 1 - Fi(x)] = —%——-[l + 0(1)] as x + =,

III. there exists a function bi(e) from - Qo to the

positive real line such that for every € > 0 we

have

~1/2
ki

1
(=]

Lim Prol v []K

- b, (®)] > €l
N+ 7 RN ,

for all 6 € Q - QO.

IfA{TNi} is a standard sequence for testing Hy then the quantity
aib;(e) is called the asymptotic slope of the sequence {TNi}. With
this in mind, if both {TNl} and {TNZ} are standard sequences for
testing Ho, then the Bahadur efficiency of test 2 to test 1 is
a,b2(8)

—5775, for all 6 € Q - Q.. It can be shown that the Bahadur
a;bi(0) 0
efficiency is the limit of the inverse ratio of the sample sizes

needed for the two tests to have the same level of significance in

‘large samples. In the later chapters we will show that under mild

assumptions the Bahadur efficiency of ¢2 relative to ¢1 is



ny@ It (@ n,(8) / ni(® ITF (®) 1 (8) for 8 € @ - B, where
both Di(g) and Ei(g) depend on the alternative value of g; The
Bahadur efficiency will also be shown to be insensitive to differences
in degfees of freedom of the two tests.

The measures of ARE we shall propose will be defined using
various notions of test optimality. Hence, we shall review the rele-
vant areas of the theory of hypothesis testing in the following

section.

1.3 Review of Optimal Parametric Tests

Uniformly most powerful tests (or critical regions) are known
to exist in only the rarest situations. In order to derive tests with
uniformly most powerful properties when restricting attention to a
subset of all available tests, Neyman and Pearson (1936) generalized
their fundamental lemma (for testing a simple hypothesis against a
simple alternative) to power functions subject to more than one side
condition. This generalized lemma is stated and proven in several
places (e.g. Lehmann (1959)). For testing the hypothesis HO: 0= 60
against the two-sided alternative Ha: 6 # 60, where 6 is a one-
dimensional parameter, Neyman & Pearson (19365 propose the type A
critical region which may be described as the locally best unbiased
critical region. This test is the one which maximizes the second
derivative of the power function evaluated at 60 subject to size and
unbiasedness restrictions on the power functions. For the two
parameter testing problem, Neyman & Pearson (1938) proposed type C
critical regions; these regions can be constructed if one knows the

relative importance locally of type II errors, since this region is




defined to be the one with best local power along a given family of .
concentric ellipses with the same shape and direction of principal
axes. If the family of ellipses are concentric circles then we say
the type C region is regular otherwise it is said to be nonregular.
Two main objections to type C regions can be raised; in the first
place,rone may not bebable to state the relative importance of type II
errors and, secondly, regular regions are not invariant under one to
one, twice differentiable transformations of the parameter space. The
last point simply means that regular regions can become nonregular
regions even under some elementary transformations of the parameter
space. To overcome these problems Isaacson (1951) proposed a type D
critical region which does not require knowledge of the relative

importance of type II errors. To motivate the type D test Isaacson

observes that the type A power function satisfied an attractive
geometrical property. Namely, if one considers a horizontal chord
drawn at a fixed infinitesimal distance above 60 that the 1éngth of
this chord, for the type A power function is a minimum when compared
to the length of the chord for any other of the power functions
satisfying the stated conditions of size and unbiasedness.

A type D region can be defined in the q parameter testing
problem as that region which maximizes the generalized Gaussian
curvature éf the power function at 90 subject to size and unbiasedness
conditions. In order to be more specific let us denote by B(glw),
the power function of a test with critical region w, and let
B(i)(golw) denote the first partial derivative of B(glw) with respect
g(t

i=1,2,...,9. Further let »3) (Solw) denote the second .

partial derivative of B(G[w) with respect to eiej evaluated at
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0=20,1i, j=1,2,...,q. Letting the determinant of a matrix A be

denoted by IAI, then the following is Isaacson's definition of a type

D region for testing HO: 8 = 60:

Definition: A region wo is said to be an unbiased critical region

of type D for testing HO if:

a. B(8;luy) = ay

b 80 lu) =0 1=1,2,...,q,

c. ((B(i’j)(eolwo))) is positive definite,

a. [c@®P (g ] > (83 (8 || for any other
region w satisfying conditions a, b and c.

In the two-dimensional case it follows that the type D region
minimizes the area of an ellipse at an infinitesimal distance above the
point 90, and in the general q parameter case the type D regiog would
be the one whose power function minimized the volume of a certain
ellipsoid at a given cross-section of the power function. The type D
region is then a generalization of the type A region to more than one
bdimension. Type D regions are characterized by Isaacson by use of the
generalized Neyman-Pearson lemma. We know the generalized Gaussian
curvature of B(glw) at 90 is:

Definition: The generalized Gaussian curvature of B(8|w) at 60 is

e . q ey 2
k=[P glonlra+ 1 88wz
§=1

Thus, if a test is unbiased then K = ,((B(I’J)(Golw)))l. If we
compare two critical regions (tests) then the test with the larger K
has a power function which encloses an ellipsoid of smaller volume

than the other power function along any of a family of infinitesimal
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contours. This presumes, of course, that both of ﬁhe ((B(i’j)(golw))'s '
are positive definite since a lack of definiteness of this matrix would
mean that the intersection of the power function with the fixed hyper-
plane would not be an ellipsoid.

Wald (1943) defines a critical region Wy to have uniformly best
average power with respect to a family ofﬂsurfaces, Kc’ and a weight
function, g(g), if for any other region w the surface integral of the
power function ofrwO times g(g) over Kc is greater fhan the surface
integral of the power function of w times g(0) over the surface K. .
If we define the surface as the unit sphere, i.e. Il%]] = 1, then we
can show that the surface integral of a quadratic form é' B 5 over
||§|l = 1 is proportional to the trace of the matrix B,

That is, J A'BAdA=k tr(B). Using this fact, iﬁ will be

12112 ®

possible to deduce that of two tests the one with a larger trace of

((B(l’j)(golw))) has greater average power locally over the family

of spheres than the other.

1.4 Organization of the Study

Since many of the standard parametric and nonparametric multi-
variate test procedures are based on test statistics which are quad-
ratic forms, we shall consider in the general development in Chapter

II, two sequences of statistics which are quadratic forms in two

~

gx1

sequences of random vectors. When the null hypothesis, HO: 8 = 60,

is true it is assumed that each of the sequences of test statistics

have limiting central chi-square distributions; omne with ty degrees of

freedom, the other with t2 degrees of freedom. Sufficient conditions
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are presented under which we may compute the limiting power of our
statis;ics through the sequence of alternative hypotheses HN. Simpli-
fications of the péwer fﬁnctions are obfained in terms of the parame-
ters. Three new définitions of ARE are proposed in Chapter II.

These are: a) local asymptotic relative efficiency (LARE), b) curva-
ture asymptotic relative efficiency (CARE) and c¢) trace asymptotic
relative efficience (TARE). The precise definitions are presented in
Chapter II. All three criteria depend on the level of significance
of the tests, o, and the degrees of freedom, tl and tz. Tabulations
in Chapter II show the dependence on o is slight while the dependence
on t, - t, is strong. In addition, all three criteria depend on the
noncentrality parameters and the latter two criteria are shown to be
"average' measures of efficiency, independent of the direction of

approach of 61 to 6 The second criterion of ARE is a function of-

~0"
the ratio of determinants of the noncentrality parameters, while the
trace criterion is a function of the ratio of the traces of the non-
.centrality parameters. There is, it seems, an interesting connection
between these criteria and type D and type E optimality in the field
of experimental design. Chapter II is concluded with a brief study

of the Bahadur efficiency and its relationship to the LARE in a linit-
ing sense,

Chapters III and IV are applications of the measures of ARE to
the one-sample and multisample growth curve problems, respectively.
Polynomial models are studied and the efficiency results are presented
for the cases of underfitting and overfitting the correct model.

These efficiency results are presented for the least squares procedures

and the rank scores tests. The least squares and nonparametric



13
procedures are also compared using the curvature and trace criteria.
Bounds using the trace criterion are obtained similar to those known
for the curvature criterion. The use of the higher order polynomial
terms as covariables is also studied and the ARE is evaluated in this
case.

Chapter V contains numerical computatiohs of the results obtained

in Chapters III and IV for some special cases.




CHAPTER II

MEASURES OF ASYMPTOTIC RELATIVE EFFICIENCY FOR THE
MULTIPARAMETER TESTING PROBLEM

2,1 Introduction and Summary

The purpose of this chapter is to propose and study several
competitive measures of asymptotic relative efficiency (ARE) for the
multiparameter testing problem. We shall assume throughout that we
have two sequences of test statistics available for testing the same
hypothesis., It is customary in both parametric and nonparametric
inference to consider a specified type of alternative hypothesis,

e.g. translation alternatives, scale alternatives, etc. We label this
family of alternatives by a parameter 6 and we let 60 be the value of
® when the hypothesis we wish to test is frue. In the text of this
chapter we shall occasionally refer to tﬁe null hypothesis as

HO: B = 60; however, we should keep in mind that the hypothesis may
in fact be much more general. To compare the two test statistic
sequences in large samples we shall consider a Pitman type sequence of
alternative hypotheses and we shallvpresent in the form of a theorem
(Theorem 2.2.1), sufficient conditions under which these test statis-
tics have limiting chi-square distributions through the sequence of
alternative hypotheses. Under the assumptions of Theorem 2.2.1 we
shall study in detail the limiting power functions of the statistics

and obtain several simplifications. To derive these results we shall
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find it useful to prove some results for homogeneous polynomials in
general and then épply these results to the expanded power functions.
In order to compare the t@o test statistics we consider a common
sequence of alternative hypotheses and derive the Pitman ARE of test 2
to test 1 when they both have limiting chi-square distributions with
" equal degrees of freedom. When the degrees of freedom are unequal
we propose a local asymptotic relative efficiency (LARE) for the com-
parison of the two tests. This LARE is found to be equal to a scalar
function, R, multiplied by the ratio of the noncentrality parameters
of the limiting power functions. The function, R, has as its arguments
the common significance level of the tests, o, and the two respective
degrees of freedom of the tests. In the general setting g is a vector
of q parameters and the ith test statistic has a limiting power func-
tion with ti degrees of freedom for i = 1,2, The power depends also
on a positive integer, M, (defined_by the conditions of Theorem 2.2.1).
In considering other measures of ARE we briefly discuss the problems
when M > 1 and then restrict ourselves to the case M = 1. When at
least one ti > q for 1 = 1 or 2 we define a measure of ARE based on the
generalized Gaussiaﬁ curvature of the limiting power of functions at
the null value of 9' We shall show that this criterion of ARE produces
a quantity which is independent of the sequence of alternative hypoth-
eses and furthermore when tl = t2 this criterion reduces to the ratio
of the geometric means of the characteristic roots of the matrices in
the nonéentrality parameters. When t1 < q and t2 < ¢q, the generalized

Gaussian curvatures of the power functions are zero at QO and this

method of comparison is useless. In this situation we propose a
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criterion of comparison based on the average power of the local power
functions over a given family of surfaces. This approach leads to
comparison of the trace of the matrices in the noncentrality parameters
multiplied by the function, R.

We consider at the end of this chapter the efficiency criterion
proposed by Bahadur (1960). We present sufficient conditions under
which the statistics we consider form a standard sequence for testing
the null hypothesis, and obtain the Bahadur efficiency of test 2 to
test 1. It is shown that this efficiency (Bahadur) depends on the
unknown alternative 9 in both the covariance matrix and the location
vectér. The difference in degrees of freedom of the two tests is

|
also not reflected in this efficiency criterion. We discuss briefly
the limiting form of the Bahadur efficiency as 9 > 90 and under certain
assumptions show that this limiting situation is equivalent to the LARE
without the adjustment for degreés of freedom of the tests. The
insensitivity of the Bahadur efficiency to differences in degrees of
freedom of the tests and the complicated manner in which this effi-

ciency depends on the unknown alternative value of & lead us to dismiss

this criterion as a possible mode of comparison of the two tests.

2.2 The Test Statistics and Their Limiting Distributions

For testing a specified null hypothesis against a parametric
family of glternatives we have two tests of size o available, ¢l and
¢2- The family of alternative hypotheses is parameterized by the
vector 9, which has q elements. When the null hypothesis is true the
value 6f 9 is denoted by 90; for this reason we sometimes denote the

null hypothesis as:
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(2.2.1) HO: 9 = 90
and the alternative by
Ha: ga # 0

The tests, ¢l and ¢2, are functions of the statistics {Q(l)}
'and'{Qéz)}, respectively. These statistic sequences are further
assumed to be quadratic forms in random vector sequences {T( )} and
A{T( )}, respectively. Each vector {T( )} is composed of t; elements

and the test statistics are written as:

-1
(1) _ ppr)_ (@) g yye 2

where /N u(i) (60) is the mean vector of /N Téi) when 6 = 90 and

Zéi) is some consistent estimator of the covariance matrix of
N Tél). The tests would reject the null hypothesis for large Qél)
and accept the null hypothesis for small Q( ). We may assume that

(1)

the discriminant of Q is of full rank, since if it is not it is
always possible to express Q( 1) as a quadratic form in fewer variables
whose discriminant would be nonsingular. To illustrate this point more
clearly let us consider the multivariate multisample location problem.

One statistic in common use is the Hotelling- Lawley Trace which is

defined as:

c PP gy (1Y s 0y s ' g
(2.2.3) 1= 2 a5 1 sHGEDE)ED D)) ghere (M)
K=l Si=1 j=1
[ .
- (@0 B @2 6P E0NT Ly 1
K=1 2= l
c
N= I n,




Tﬁ is used to test the null hypothesis:
(2.2.4) H.:

[ T A

le px1 pxl

(=]

where My is the location vector of an observation from population K.

We can rewrite |, as

~K
M= B+ ¥
" where
[ n
K
T =—— v, =0.
k=1 Y K~

With this restriction the hypothesis (2.2.4) can be written equiva-

lently as

(2.2.5) H Yl=12="'=Y 1=9_

If Xp1r +*+» Xg o are independent and identically distributed
~ ~K,
_ K

p-variate normal vectors with mean Mg and covariance matrix I,

symmetric and positive definite, then

n

K
- -1 -1
=n { {
Xy g Qil Xe is distributed NP(EK’ nK E)
and
I cfg 1
x=N"1 ny Xg is distributed NP( X —E-UK,N .

As a result we see that for each K = 1,2,...,c we have

\

(%K-;E) is distributed Np(EK'E’ (nI;l—N_l) z).

‘ The covariance of (;LK-;) (§K,-;) Y- N_lz and consequently the joint
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distribution of [(gK-;); K=1,2,...,c] is pc-variate normal with

mean [(EK—E), K=1,2,,..,c] and covariance matrix defined by:

§

K 1
(2.2.6) I @ -3

K

K,q = 1,2,..0,(: -
c - -
with the restriction I n (xK—x) = 0, we see that the rank of this
| k=1 KK~ |

distribution is p(c-1), which means the quadratic form in (2.2.3),
if viewed as a quadratic form in [(§K-;); K=1,2,...,c], has a dis-
criminant of rank p(c-1). On the other hand if we consider the

p(c-1) vector;

(2.2.7) [G&ex)s K = 1,2,...,e-1],

this is p(c-1) variate normal with mean
[(BK_B); K=1,2,...,c-1]

and covariance matrix given by

’ _ 6K
(2.2.8) pX @ nJ. -
- K

= J=

The inverse of (2.2.8) is

n $ Ny n
(2.2.9) 1@ | e A
¥ c Kyq = 1,2,.0.,c-1

Since we have sampled from normal populations we know from the strong
laws of large numbers that S = ((sij)) a;s. Y as N+ ®, So a con-
sistent estimate of (2.2.9) is provided when we subst:i.tute,S-1 in

place of Z-l in (2.2.9). With some algebra, and using the restriction
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c 2 2
n —x) =

X K(EK §) 9, we see that T

N’ defined by (2.2.3), can be written
K=1

equivalently as:

(2.2.10) [/N(x ~x),K=1,2,...,c-1]"(S @ (i%"— - ) THRGD,

' K=1,2,...,c-1]
But (2.2.10) is a quadratic form whose discriminant is of full rank,
so we see that quadratic forms can be written in a "full rank" form.
In the theory presented in this chapter, we may, therefore, consider
without loss of generality that the quadratic forms, which we use as
test statistics, to have nonsingular distributions. We now present a
theorem which allows us to compute the limiting power of our statistics
through a sequence of alternative hypotheses.

Theorem 2.2,1., For testing a specified hypothesis H, against a

0
sequence of alternative hypothesis HN’ defined by:

- -8 |
Het Oy = S+N 2,
qX]_ qX]_ qxl
where § > 0, k is a fixed non-null vector and 80 is the value of 6
MS ~ MS
when HO is true; we have a t- vector N TN with mean N uN(G) and

positive definite covariance matrix I(8). Suppose the following

five conditions are true:

0 E B g0 0 for - L2
(2.2.11)
6 M
b) M'( ZlN Ay aek) My, 4 (64) # 0 izzsiozieM > 1 and at

je (1,2,...,t)
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A ., P
a) chI. Z (SN) > 1 as N » »
(2.2.12)

b) ch () I (8) ~1  as 66,

(2.2.,13) the Mth partial derivatives of uNj(B) are continuous at

0, for each j = 1,2,...,t
q 5 M

(2.2.14) lim (I X, 2 p(8) = ¢
Noow g1 0% RO~

Mé .
(2.2.15)=°[N (EN - EN(gN))] > Nt(g,g(go)) as N > o uniformly in X, and

the distribution is non-degenerate, then

M8

(2.2.16)FIN (T, = 1B ' It (T = w8 )] > 32 (£,8) as N » =,

where X?(t,A) is a noncentral chi-square with t degrees of
freedom and noncentrality parameter A and

c' E_I(QO) ¢
mHz

(2.2.17) _ A=

Proof:
For each j = 1,2,...,t by (2.2.11) and (2.2.13) we can write

by Taylor's theorem and the mean-value theorem:

S
TN
g=1 3

iy (B = g3 () + 2 6™

where

0 =0 +h N'5

%o A; hoe (0,1),

- therefore
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MéS M
N Dy (O - iy @Gl = —(£zlxz 3%) by (0 + ey (989
where
* M * M
eNj(g,go) = ( Zl Az 36 =75) My ©) - ( 21 Az 862) Hy3 (6 0)

* , *
But gNj (6,6 ) = 0o(1l) as N + © because 6 =~ f,as N + »; hence by

(2.2.13) €y (6 90) = 0o(1). So

MO 1 5 M
(2.2.38) N [y @ - iy(@p)) = §7CE Ay )

£

u (8,) + 21

*
Let us define QN and QN by the following

oM ~y
Q=N Gy - W@ Iy Ty - iy@))
% 28 -1 :
= ' - -
Qp = N (T = BB " 70 (T - 1y (80

%
We first shall show that cZO(QN) > xz(t,A) as N »> o, hence it would
: *
follow that-éf(QN) > Xz(t,A) as N - o, as we shall show ]QN-QN[ E 0
M3 M§ Mé
N = - -
ow N (I - U (90)) N (IN EN(QN)) + N (EN(QN) EN(QO))

and by (2.2.18) we have as N > o,

. M M6
(2.2.19) N (I u (90)) (EN - BN(QN))
q 5 M
( LA, a w.(8.) + o(1)
oq (238, N0
M6 -1
) - )
By (2.2.15) and since N (SN - EN(QN)) g (90) (EN EN(QN)) is
M6
a continuous function of N (TN N(GN)) we have that
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M0
' -1 -> > o
KON (T = (O I7(80) (Ty - we(8))) > x2(t) as N

but by (2.2.12b) and the fact that 6 + 6, as N + © we also have that

248 1 :
PN (T = e (00)" ITT(E) (T - (8] > X2(E) as N > o,

Let
M8

Py = N (Ty - iy G’ §-1(9N) (IN = Hy ()

N

%*
by (2.2.19) we can write QN as
F 2, 2 1 T e E 2 23 0] 4 o)
NSRS R TR A LR DT

oy = By + [r( -

2
By (2.2.12b) we can replace Z_l(GN) by z‘l(eb) + T where
' =0(l) as N > ® hence

M

§, 9
Moy i’

- 1,9
Q=P + (N
A L TR

M

5. 9
) 'a‘@;) (81 + o(1)

-1 1, 3 -
I8y iy( I ¥

lfl
, _r
But by (2.2.14) the 2nd term becomes A as N = « hence C"\(QN) - Xz(t,A)

as N = oo,

*
To show the asymptotic equivalence of QN and QN we first note
* . .
that QN is bounded in probability since it has a ¥? distribution; to
be more explicit for any € > 0 there exists a K(N,e), depending on

N and e_such that
7 *
P[QN S K(N,e)] > 1 - € for every N > Ne,

We denote this property by writing

Q;A= Op(l) as N = o,
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* :
Consider |QN - QNl' There exists an N0 such that for all N > NO

*
we have QN > 0. So we may write for N > N0

* Q *
log - oyl = |5 - 1] q
QN

Now by Courant's theorem on the ratio of two positive definite

quadratic forms we know that

; O =
inf % = Yl,N where
QN

(Ty = uy(Bp)) # 0

smallest root of ZN 2_1(6N)’ and

Yi,n T .
QN o]
sup =% = Yt,N where
QN
(T - Hg(8p) # 0
Y = largest root of I 2_1(6 ). So we obtain
t,N <N = NN

g - ul <max []y; - 1] 0% | v, - 1] of
N T Q! 2 Y1,N N | Yexn N

but by (2.2.12a) we know Y1y and Y, y converge stochastically to one
H L)

* *
IQN - QNI f_op(l) Op(l) = op(l) as N > @ and we see that QN and Qy are

asymptotically equivalent and the theorem is proven. Q.E.D.

We observe that if we have 2 sequences of test statistics {Qél)}
&
1

(

Nz)}-and a common sequence of alternative hypotheses:

2

and {Q

Byt Oy = 8o+ N2

where {Nl} and {Nz} both depend on N and furthermore if there exist

constants Py and Py defined by:

N,

lim i : .
N p; € (0,1] i =1,2

(2.2.20) P = N+
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then Theorem 2.2.1 could be seen to yield the conclusion that
M. 6
17, (1) (i) '
2.2.21) oy ot - pg )

-1
s (1) (1) . M. 6§
Iy (EN -y (1) (o 1

By G > x*(t,ey T A,

This fact will be used in later sections to obtain some
efficiency results.

The only value of M which we consider in the applications in the
later chapters is M = 1; no practical situations are known to us in
which M > 1. With regard to § we note that for the multivariate
location problems and the growth curve application that § = 1/2;‘for
tests of independence one would require § = 1/4 in order to keep the
limiting power bounded away from zero and one.

Since M = 1 for the cases we study we present in the form of a
theorem, an observation concerning the noncentrality parameter when
t < q.

If t, q, &, ¢, M and §<9 ) are as defined in Theorem 2.2.1 we

have the following theorem:

Theorem 2.2.2., If t < g and M = 1 then there exists at least one

A # 0 such that ¢ = 0.

~

Proof:

If M=1 then A = A' D! Z-l (90) D A where D is defined

~

Ixq gqxt txt txq qx1
by ¢ = D A, Since t < q we know that rank (D) < t < q and further
rank (D' 2—1(60) D) < t<q. So the matrix D' 2_1(6 ) D of size

q X q has rank s where s < q.
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By the symmetry of D'Z-l(eo) D there exists an orthogonal matrix

P such that

P' (D' §'1(90>9) P = diag(r,,T,,.4s_,0,0,...,0) = R

where R has the roots of (D' 2-1(60) D) on the diagonal.

Define the full rank transformation -

*
P'A = A
13
therefore A=P2A and
- *x!
A p sy pa=aF ra¥

) ’ *
Let the first s elements of A be zero and at least one of the

remaining (q-s) elements be nonzero, then '

'
A" R =0

but P 5* = A and ,Bl # 0 therefore A ¢ 0 and the result is proven.
Q.E.D.
We see that if t < q there will exist directions for which A
will be zéro and hence our test will have power ¢ in those directions.
If t > q and if D has rank q then it follows that P' §—1(go) D is
positive definitg and for any é # 9 we would have A > 0.
We now study the asymptotic power function of our statistics

under the conditions of Theorem 2.2.1.
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2.3 The Asymptotic Power Function of'{QN}

2,3.1 Taylor Series Expansion of the Power Function

Under the assumptions of Theorem 2.2.1 and the uniform conver-

gence in A we may write the limiting power function P()) as:

| -t L z 0 _y" I ll ll
(2.3.1) P(A) = I (ZX, x5 POV)I,_~ VA3|[A]] <K
e r=0 r! 0=1 2 axz ~ &-0 ~ ~

If we are going to use a Taylor series representation of P())

3'P())
we need to evaluate terms of the form —Eﬁr————jir— .

21 Qr B 9

Since P(A) is .a function of A one could evaluate the partial

>

derivatives by application of the chain rule of differential calculus.
Proceeding with this idea we get the following:

oP(A)  9P()) 3A
a) ) iy > wa for K, = 1,2,...,9q
1 X1

as the first partial derivatives, and

BZP(é) azp(é) 3 3A 3P (1) 924
— 4 had

b)

S oX 2 . o 58 B on
Kl K2 oA" . Klv K2 Kl K2
for Kl’KZ =1,2,...,q as the second partial derivatives,
3300 33p)  sa aa aa . ofr(y 9% aa
c) = = = + = '
3 B A 3 3 T TN 7
AKl K2R, 24 Ry Ok, Ry aa® oA aa, aa
~ 1 K Ky
32p (1) 3% M 3%y 9% A
+ 3 t—
302 . BA. 8 9A° 9. A A
Kl K3 K2 K2 K3 'Kl
5P (M) 33
+ ~
3A  9A. A B
KK AK3
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for K =1,2,...,q as the third partial derivatives. Con-

10 K0 X3
tinuing in this fashion will lead to complicated expressions to evalu-
ate so we seek alternative methods of computing these derivatives.
Since we see that each term in the series represéntation of P(é) in
(2.3.1) is a polynomial of degree r in the Ai’ we will derive some

results for homogeneous polynomials in general and with these results

obtain a reduction of (2.3.1).

2.3.2 Results on Homogeneous Polynomials

Definition: A function h(zl, ceey zq) is said to be homogeneous of

degree n in a region E C RY if and only if for every positive number g

and (zl, cvey zq) with both (zl, ceny zq) and (le, N qu) in E we
have h(Bz), ..., Bz.) = S VTR 2,

We remark that if h is a polynomial in (zl, cees zq) then we
would say h is a homogeneous polynomial of degree n if it satisfied
the condition of thé above definition. Denoting a homogeneous poly-
nomial of degree K as hK = hK(zl, ceey zq) we now state and prove
some results concerning hK.

3
Lemma 2,3.1 3z is a homogeneous polynomial of degree

s

K_l(K-—.l’z’oo-, ),S-—'l’ ey ql
Proof:

Fix an arbitrary s ¢ (1,2,...,q). We can represent hK as

q 1,
hK = X a; i I sz
(il,...,iq) € IK 1°°°°*7q j=1
where IK is the set defined as:
q

L = {(il,...,iq): 1j =0,1,...,K; § =1,2,,..,q L i, = K}



and a ; @re real numbers (could possibly be zero). Now hK is

1,".’ q

a finite sum so there 1is no pfoblem in exchanging the derivative and

i

sumnation operators, so we get that

3__ q i, i
a:K ) > iS % i I oz, J2 s-1 _ h;
s (ipseeeni) eIy 120°ig =1 J %
! j#s
IK—l = {(ll’.."iq): (il’...,iq) € IK and is Z.l}

let i; = iS -1 then we see that

Iy, = {(il,...,i;): ij = 0,...,K; 3 =1,2,...,q; § # s;

i; = 0,...,K~1; i, + iS = K-1}

q
z
j=1
jts
®
So we see that hK is a polynomial of degree K-1 in addition

note that

* K-l %
hK(le,.-o,qu) - B hK(Zl,ooo,zq)
so it is a homogeneous polynomial of degree K-1. Since s was arbi-

trarily the result holds for s = 1,2,...,q.

Q.E.D.

It is worth noting that if h is a homogeneous polynomial of

degree 1 then each of its partial derivatives are themselves constants;

hence the derivatives would be identically zero.
Lemma 2.3.2 Any tth partial derivative of hK(zl,...,zq), K=12,...
is:

i).a homogeneous polynomial of degree K-t for t <K

ii) zero for all t > K.
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Proof :
. i) follows immediately from repeated application of Lemma 2.3.1
at the Kth stép the homogeneous polynomial of degree 0 would
also be a constant so all further derivatives would be zero
so ii) fqlloﬁs.
Q.E.D.

- Lemma 2,3.3 For any two positive integers a and b we have:

1) ha hb = ha+b’
ii) ha + ga;= ha’

iii) cha = ha where ¢ is a nonzero real number.

Proof:
i) The product of 2 polynomials is a polynomial of degree
equal to the sum of the degrees of the individual poly- .
‘ v nomials; the homogeneity follows since:

ha+b(les° o aqu> ha(les cen ,qu) hb(le’ o0 squ)

_ patb
=8 ha+b

ii) The sum of 2 polynomials is a polynomial of degree less
than or equal to the maximum degree of the individual
polynomials, hence ha + 8, is a polynomial of degree < a

and

hy(Bzys...5B2) + g (Bz),...,82.) = 8%n) = 8%n,

iii) follows trivially,

Q.E.D.
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Lemna 2.3.4 Let f(hK(zl,...,zq)) be a function of hK, a homogeneous
polynomial of degree K, possessing Kth partial derivatives

with respect to z and continuous in z, then for any

s =1,2,...,K we have

55¢ 8 ajf (s,3)
5 5 = L —% h, , where the superscripts
Xi LI Y Xi j-‘-_-l a J JK“'S

s 1 hK

on th—s are just to indicate that these homogeneous
polynomials are in general distinct for

10 cees i e (1,2, ony @

Proof:
of of ahK of (1,1)
i) axi, = BhK . 3hK hK—l by Lemma 2.3.1
i
1 1 ,
for i, = 1,2,...,q
2 2
5% 2t (1,1 o, or oY
ii) = + =
9%, Bxi 3 2 hK—l 9%, BhK ox,
iy 4y oy iy i
2
9 £ (2,2) of (2,1)
-—75 h2K—2 + gﬁg hK-Z by Lemmas 2.3.2 and
Bn.K
2,3.3
= —_— h,_ for i.,i, = 1, 3 seey g
j=1 Shi jK-s 1’72
Similarly we find
2
¥r 9k 5°F 2%s
iii) = h +—= h +— h
0%, 0X, OX, 3 3x-3 2 T2x-3 2 T2K-3
137y 74 Oy ohy ohy
of 3 o3
+ 2= L ——h, . by 2.3.2 and
B K3 T 2 ond %3

2.3.3
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for i i, =1, 2, ..., q and in general we see the result follows

1 1 13
with repeated application of Lemmas 2.3.2 and 2.3.3.
Q.E.D.
If we define hr = 0 for all r < 0 then the same formula
Lemma 2.3.4 will hold if f has more than Kth continuous partial deriva-
“tives. It should be noted that Lemma 2.3.4 gives us no idea as to the
precise homogeneous polynomials on the right hand side but for the

reduction of the power function this is no limitation.

Lemma 2.3.5 hK(O, ees3 0) =0 V K> 1.

Proof:
q i
hK = ] a; i il z,j

I ,"'!K j=l J

K
Now if ail""’iK =0 V’(il,...,lK) then of course hK = 0. On
the other hand if a, . # 0 for at least one K-triple

Ipseeesiy _

(i,5...,1,) then i, > 0 for at least one j and hence the terms
1 K j

with nonzero a, ., are multiplied by zeroces hence
ll’...’lK

he (0,...,0) = 0
Q.E.D.

2.3.3 A Simplification of the Power Function

In this section we shall substantially simplify (2.3.1) in terms
of the parameter M in Theorem 2.2.1.
Lemma 2.3.6 Under the assumptions of Theorem 2.2.1 the noncentrality
parameter A is a homogeneous polynomial of degree M,

Proof:

A= 1

= c'Z-l(e Je  where
1) T

2 <~ <
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- .
. cl
Cc
= 2 & = z A L I 3 A d ’
< . 3 I, % B 3 Rpeeaty §=1,...,t
c, !
_ M
IM={(2,1,...,2.M): JZ,S=O,1,...,M; s =1,...,M; )} ,Q,S=M}
, , s=1
M
d d 11 : s =0
an N = m
J:zl,.-.,,Q/M N’)w aell-ooaeg‘M

clearly for each j =1, 2, ..., t we see that ¢, is a homogeneous
, _ o
polynomial of degree m. Let I 1(60) = ((GJj M.

1 t £ g o .
z Tz odd cj cj. by Lemma 2.3.3 we see that A is a

M2 §=1 §'=1

homogeneous polynomial of degree 2M,

So A =

Q.E.D.
Lemma 2,3.7 Under the assumptions of Theorem 2.2.1 all of the first
(2M-1) partial derivaﬁives of the limiting power function
with respect to the A;'s are zero at A = 0. That is

*r )

BA ...aA
zl zs 5 =0

Proof:

P(A) = P(AQA Aq)) and by Lemma 2.3.6 A is a homogeneous

1,".,
polynomial of degree 2M, furthermore P is continuous in its
partial derivatives of all order so by Lemma 2.3.4 we can

represent the partial derivatives as:

35P(\) s 3P  (s,3) Tl
57— = L ——h,.,  ,V A3 [|A]| <Kand s =1,2,...,24-1
3%21...3A£S j=1 apd 2jM-s ~ ~
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(s,3)
Now for 2jM-s > 1 we know by Lemma 2.3.5 that h (0,...,0) =0
2jM-s
but j > 1 and s < 2M so Mj > s therefore we see that 2Mj - s > 1 for

alls =1, 2, ..., 24-1, So we obtain the required result.

Q.E.D.

The preceding theorem yields a substantial reduction of the
power function. We see that (2.3.1) can now be written as:
. o r
(2.3.2) P(A) =a+ I ( Z A, =) P(A) where o is
~ L BA
=24 T g=1 \=0

the significance level of the test. We now reduce the expansion by

the following theorem.

%P (V)
Lemma 2.3.8 —mm™M— = 0 if s is not an integer multiple of
Blz ...BAQ :
1 s |A=0

2M; i.e. if there does not exist an integer b éuch that
= 2Mb.

 Proof:

By Lemma 2.3.4 and the comment after it we can take derivatives

higher than the 2M and use the representation
3°P (V) alp

s
= I h
oA ...3%2 3=1 aAJ 2Mj-s

! s |A=0 A=0

where it is understood that hK = 0 if X < 0.

But h = 0 if 2Mj -~ r # 0 by Lemima 2.3.5 so the

2M . -s
17 |amo

- result follows.

Q.E.D.
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So we can write the power function in its simplified form as

() ¥

l [+ ]
(2.3.3) P(é) =a+ IZ () ! le..‘AQZM Skz ...SAR * rzz
M 1 MiA=0 v
. 3?50y
z "'("ZM ) ' )\2, e o)\z ax ~8A
r I s A
IZMr 1 2Mr gl £2Mr A=0

We now give an alternative representation for the power function and
then proceed to use these simplifications in discussing the proposed

efficiency criteria,

2.3.4 An Alternative Representation of the Power Function

If we denote the ith derivative of P()) with respect to A by

P(l) (A) then we can write P(A) in a power series about A = 0 as:

T
o A
= —_— (r) -
P(A) = X T P (0
r!
r=0
where '
@) = 2@ )
: A=0
but A itself is a function of Al’ ces Aq and can be written in a power
series in A about A = 0 as
Ay = £ (3 oA, iy A
v a0 S 2y
A=0
1,49 5 .\ ° r
oo{z_"(z}\—-—-)A }
1 =
So P () —n 8! o_1 & oA é 9 P(r)(O) .

fl
n o
4]
o
)
t
=
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Proof:
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2.3.9

1 (1 a2 )ZMA r
w { R DI A=0}
PA) = % (2M) | 2-12 2 ~ P(r)(O)
r=0 r
under the conditions of Theorem 2.2.1.

A is a homogéneous polynomial of degree 2M therefore, all of

h with respect to the A's

its derivatives less than the 2M%
must vanish at A = 0. On the other hand all derivatives
greater than the 2Mth are zero since the 2Mth derivative itself
is a constant in é so the result follows.

Q.E.D.

We now give a result which provides a representation of P(r)(A)

in general.

Lemma

Proof:

2.3.10

(r) 1.7« s

P = I DT R+ 20 - 8),0),
s=0
r=1, 2, ...

where t is as defined in Theorem 2.2.1 and

P(t + 2j,4) = Pr[x®(t + 23,4) > X )

t

i.e. the probability that a noncentral chi-square random
variable with noncentrality parameter A and t + 2j degrees
of freedom is greater than or equal to the (1-0) 100%
point of a central chi-square random variable with t
degrees of freedom.

We know that
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=]
P(t,A) = e E =T pj, pj = P(t + 2j,0). S .
j=0
Now the infinite series converges absolutely so there is no .

problem in exchanging the derivative operator and the infinite summa-

tion operator so we get

A ad A adt
p(W ) 232 _ 1 -3 °Z° & ) ;’ )
35" 72 gm0 317472 jop GDT P
Therefore
(1) 1 101t 4 08
P (8) = SP(t42,8) - P(£,)] = () I ()(-1) P(t+2(1-s),0)
s=0
We shall prove the result by induction:
Assume the result of the lemma is true for r = n, i.e. ‘
(n) 1 n oo s -
V) = ) I (D (-1 P(t2(n-s) ) —
s=0
. (n), n n s
(n+1) _ 0P () L ny 0P (t+2(n-s),L)
(2o s 4 .
=G ()¢ {-Z-(P(t+2(n-5)+2,A) - P(t+2(n-s),0))}
s=0
ntl

(%-) {(p(t+2042,0) - (P(t+20,8) - (PP (t+2n,8)

+ (?)P(t+2n-2,A) + (g)P(t+2n—2,A) - (‘z‘)p(t+2n-4,A)

i n n+l )
- (’;)P(t+2n-4,A> + oo F (2)(-1) P(t+z,A)+(§) (-1) P(t,A)} .
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n+l n+l n-1 s+l

= Q) (QP(eR2a),0 + G D Q)+ ()]

1 ntl n+l
P(t+2(n-s),A) + (39 (~1) P(t+2(n-n),A)

n n, _ [stl4n-s] n! _ ,n+l
but (s) + (s+l)__ (n=-s)! (s+1)! . (s+l)

therefore we have

ntl ntl 1 nt+l n-1 s+l

1 n+l
TQ () RERE-0.M + Q) T ED ()

1 n+l n+l
P(t+2(n-s),A) +(§9 (-1) P(t+2(nt+l -~ (n+l),A)

let s' =g + 1

n+l : ntl

1 n+l
P(t+2(n+1l-s'),A) + (59 P(t+s(nt+l) - (n+l),A)

1 n+l ntl a1
639 z ( s
s=0

s
) (1) P(t+2(n+l-s),q).

So by the principle of mathematical induction the result holds

for allr =1, 2, ... .
Q.E.D.
In the next section we compute the Pitman ARE of test 2 to test 1

when tl = t2; in the following sections we make use of the reductions

we have obtained in this section.
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2.4 Pitman ARE when t1 = t2

We consider now the problem of comparing the performance of

'{Qéz)} to {Qél)} for large samples. We assume that both sequences of

test statistics satisfy the conditions of Theorem 2.2.1 with parameters

tis q!A Mi

s O Héi); A, E(i) = E(i) (90) and.s(i) for i =1, 2, We
denote the limiting power functions by Pi(éj for i = 1, 2. We first
notice tﬁat if Ml # M2 then one sequence‘of test statistics is behaving
differently from the other. For example if ti > q and M1 = 1, M2 > 1
then test 1 has a limiting power function which attains a relative
minimum at 9 while £est 2 is chaﬁging'so rapidly at 90 that we cannot
guarantee that it has an extremum at g . TFor this reason we restrict
consideration to M, = M, = M in all the sections to follow.

1 2

Since it involves a slight extension of existing work (since

q, tl and t2 are general) we now derive the Pitman ARE of ¢2 with
respect to ¢l in the situation t1’= t2' For convenience we denote the

Pitman ARE df‘¢2 with respect to ¢1 as ez 1°
]

Theorem 2.4.1, If {Qél)} and {Qéz)} satisfy the conditions of

Theorem 2.2.1 with parameters ti and Ai respectively and if t, =ty

then
2,1 Al *
Proof:
N, (M)
Recall that we require the 1lim v where {N,(N)} and
Now Ny 1

{NZ(N)} are chosen such that the two tests {Qél)} and'{Qéz)} have the
T 1 2

same limiting power against the same Heq
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Since t, = t, we know that the limiting powers are the same when

the noncentralities are the same so if pi are defined in (2.2.20) we

see by (2.2.21) that

oe"(czlﬁi)

and

<

therefore we require

hence,

lim

N = «

We remark that if exactly one Ai is zero the other test is

M8
HN) > X,z(t,pl Al) as N > »

2 M8
HN) + X (t9p2 AZ) as N> «

oy B, 1/2M6

- = { Er'}

P2 1

n . um N B VA
N N K

2/N N > N2 1

Q.E.D.

clearly superior; if both Al and AZ are zero then both are useless for

that particular direction A.

A common set of values for the parameters M, § are 1, 1/2

respectively, and then

€2,1

' -1
A 9(2) g(2) 13(2)1\

' -1
A" 2(1) E(l) P(l)é
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where P(i) is defined by g(i) = E(i) 5. In this form we have a general
representation of the Pitman ARE for q and t arbitrary. If q > t then
eg,l will be indeterminaﬁe for some & and care must be taken in the
interpretation of eP If g < t then one can apply Courant's theorem

2,1°

and place bounds on eg 1 for all A # 0. If q = 1 no problem arises in
s ~

the evaluation of eg 1 since it would not depend on A in this case.
s ~

2.5 Local Asymptotic Relative Efficiency (LARE)

In general tl#t2 then the preceding section's aéprbach of com-
puting the Pitman ARE does not work since for tl # t, the powers are
not the samg when Al = Az. In this section we propose an alternative
criterion of comparison in which we compare the limiting powers
locally, i.e. when 5 is in some arbitrarily smali neighborhood of the
origin, To be precise we adopt the following:

Definition: The local asymptotic relative efficiency (LARE) of ¢2

N

with respect to ¢, is defined to be the lim ﬁl'where {Nl} and {Nz}
o . N » 2

are chosen such that the two tests have the same limiting power locally

through the same sequence of alternative hypotheses. Local power is

the power function expansion up to the (ZM)th,derivative terms.

- Theorem 2.5.1. The LARE of ¢2 with respect to ¢1 when {Qél)} and
{Qéz)} satisfy the conditions of Theorem 2.2.1 each with Xz(ti,Ai)

(1 =1,2) as N » « through HN where

_ -8
Byt Oy =8+N "2
is
P,(£,+42,0) - o AZ] 1/248
LARE = —= .
Pl(tl+2,0) -Q Al




42
Proof: From section 2.3.4 we know that each power function, Pi(k)

can be written as

© A" (1)
Pi(é) =0 + E ey Pi= (Ai)
r=1 A,=0
i
r
o A
—a+ap D)+ 2 27 (a))
r=2 % Ai=0
-] Ar
but I ;% Pir)(Ai) is the tail of a convergent series
r=2 ) A.=0 '
i

so we know that it is bounded by a finite number K.

In particular if A is sufficiently small then

. A p(T)
r e =00 M as 22 0
r=2 A,=0
i
where )\ = max A seeisd).
max 2=1,2,...,q 1 q

So for ||§l| < €, a small number, we see that

. ¢))
Pi(é) =a + Ai P (Ai)

A.=0
i

So if we define local power as o + Ai Pil)(Ai)

A.=0
i
then we require the equality of terms like A P(l)(A ) and
' - A.=0
1
A P(l)(A ) in the limit. Now choose {N,(N)} and {N,(N)} such
272 )y o . 1 2
9 .
that
M8, (1) _oMs, (1)
0 08, 21 0, 0 s, P2 B2Fp (P 0,0y 28, _o
P1 41 Py 427
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but by Lemma 2.3.10 we know .
Mgy = &L -

and we see

1/2M8
El ) [P2(t2 + 2,0) - a] EZ
Py [Pl(t1 + 2,00 - o] Al
and hence
01 N, (0) N ) IByCe, + 2,0 - o] 4, | /P
— = lim = lim — = —=
Py N > NZ(N) Nl > o N2 [Pl(tl + 2,0) - a] Al
Q.E.D.
Let us define
P2(t2 + 2,0) - a
R(tl,tz,a) =

Pl(t1 + 2,0) - o

In the case where M = 1, § = 1/2 we get

~1
L@@ @),
R(tl’tZ’a) %, D E D &"'
. 1 -1

Ap® 57wy

~ o~

(2.5.1) LARE

It can be seen that we now have a measure of ARE which takes into
account (a) the difference in degrees of freedom and (b) the difference
in the noncentrality parameters for 5 near the origin. Furthermore,
these two components are factored so that their product is the effici-
ency. The second quantity is the same as we get when we compute the
Pitman ARE for t, = t2, and we could proceed to place boun&s on this

1
ratio by Courant's theorem. The comments that were made in the ‘
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previous section on the relationship of q and t, should be kept in mind
since either of these quadratic forms in (2.5.1) may be positive semi-
definite. The scalar factor R(tl,tz,a) is given in Tables 2.5.1 to
2.5.5 for tl,t2 = 1(1)10 and a = .10, .05, .01, .005 and .00l. We
note that the scalar adjustment can be quite large for large values of
]tz—tl , but this factor varies little with the value of o unless
lt2~tl| is large.

One major drawback of this LARE is that it depends on the arbi-
trary vector &, even though we have assumed the vector to have arbi-
trarily small elements. This is an undesirable feature of this
measure of ARE. We now propose a measure of ARE, based on the general-
ized curvature of the power function at the null point, which avoids

this drawback.
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TABLE 2.5.1

VALUES OF THE ADJUSTMENT FACTOR, R(t;,t,,0),

FOR o = ,10
£2 !
1 2 3 4 5 6 7 8 9 10

1 100 147 1.86 2.19 2.49 2.77 3.02 3.26 3.48 3.65
2 .68 1,00 1.26 1.49 1.69 1.88 2.05 2.21 2.36 2.51
3 .54 .79 1.00 1.18 1.34 1.49 1.62 1.75 1.87 1.99
4 .46 .67 .85 1.00 1.14 1.26 1.38 1.49 1.59 1.68
5 40 .59 .75 .88 1.00 1.11 1.21 1.31 1.40 1.48
6 .3 .53 .67 .79 .90 1.00 1.09 1.18 1.26 1.34
7 33 .49 .62 .73 .83 . .92 1,00 1.08 1.15 1.22
8 Bl 45 .57 .67 .77 .85 .93 1.00 1.07 1.13
9 29 .42 .53 .63 .72 .79 .87 .94 1.00 1.06

10 .27 .40 .50 .59 .67 .75 .82 .88 .94 1.00

Note: The entriés in the table are

2 -
Pr[Xt:2+2 2 xtz,a] o

R(t,,t,,0) = 2
1°72° 2 -
Pr.[Xt:+23-Xt ol @

1 1’




VALUES OF THE ADJUSTMENT FACTOR, R(tl,tz,a)

TABLE 2.5.2

46

FOR o = .05
t2
1 2 3 4 5 6 7 8 9 10
1 1.00 1.53 1.96 2.34 2.68 2.99 3.27 3.54 3.80 4,04
2 .65 1.00 1.28 1.53 1.75 1.95 2.14 2.32 2.48 2.64
3 .51 .78 1.00 1.19 1.36 1.52 1.67 1.81 1.94 2.06
4 .43 .65 .84 '1.00 1.14 1.28 1.40 1.52 1.62 1.73
5 .37 .57 . .73 .87 1.00 1.12 1,22 1.32 1.42 1.51
6 .33 .51 .66 .78 .90 1.00 1.10 1.19 1,27 1.35
7 .31 .47 .60 .71 .82 .91 1.00 1.08 1.16 1.23
8 .28 .43 55 .66 .76 .84 .92 1.00 1.07 1.14
9 .26 .40 .52 .62 .70 .79 .86 .93 1.00 1.06
10 .25 .38 .49 .58 .66 .74 .81 .88 .94 1.00
Note: See note for Table 2.5.1.
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TABLE 2.5.3

VALUES OF THE ADJUSTMENT FACTOR, R(tl,tz,a)

FOR o = .01
t t
1 2 3 4 5 6 7 8 9 10
1 1.00 1.62 2.13 2.58 2.99 3.37 3.72 4.05 4.36 4.66
2 .62 1.00 1.32 1.60 1.85 2.08 2.30 2.50 2.69 2.88
3 .47 .76 1.00 1.21 1.40 1.58 1.74 1.90 2.05 2.18
4 .39 .63 .83 1.00 1.16 1.30 1.44 1.57 1.69 1.80
5 .33 .54 .71 .86 1.00 1.13 1.24 1.35 1.46 1.56
6 .30 .48 .63 .77 .89 1.00 1.10 1.20 1.29 1.38
7 .27 .46 .57 .69 .80 .91 1.00 1.09 1.17 1.25
8 .25 .40 .53 .64 .74 .83 .92 1.00 1.08 1.15
9 .23 .37 .49 .59 .69 .77 .85 .93 1.00 1.07
10 .21 .35 .46 .55 .64 .72 .80 .87 .94 1.00

Note: See note for Table 2.5.1.
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TABLE 2.5.4

VALUES OF THE ADJUSTMENT FACTOR, R(tl,tz,a)

FOR o = .005
) Y
1 2 3 4 5 & 7. 8 9 10

1 ©1.00 1.64 2.18 2.66 3.09 3.49 3.86 4.22 4.55 4.87
2 61 1.00 1.33 1.62 1.88 2.12 2.35 2.56 2.77 2.96
3 .46 .75 1.00 1.22 1.42 1.60 1.77 1.93 2.08 2.23
4 .38 .62 .82 1.00 1.16 1.31 1.45 1.58 1.71 1.83
5 .32 .53 .71 .86 1.00 1.13 1.25 1.36 1.47 1.57
6 .29 .47 .63 .76 .89 1.00 1.11 1.21 1.30 1.39
7 .26 .43 .57 .69 .80 .90 1.00 1.09 1.18 1.26
8 .24 .39 .52 .63 .73 .83 .92 1.00 1.08 1.15
9 .22 .36 .48 .59 .68 .77 .85 .93 1.00 1.07

10 .21 .34 .45 .55 .64 .72 .79 .87 .93 1.00

Note: See note for Table 2.5.1.
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TABLE 2.5.5

VALUES OF THE ADJUSTMENT FACTOR, R(t,,t,,0)

FOR o = .001
t Y
12 3 4 5 6 7 8 9 10
1 1.00 1.69 2.28 2.81 3.29 3.73 4.15 4.53 4,91 5.27
2 .59 1.00 1.35 1.66 1.94 2.20 2.45 2.68 2,90 3.11
3 44 .74 1,00 1.23 1.44 1.63 1.82 1.99 2,15 2.31
4 .36 .60 .81 1.00 1.17 1.33 1.48 1.62 1.75 1.88
5 .30 .52 .69 .85 1.00 1.14 1.26 1.38 1.49 1.60
6 .27 .45 .61 .75 .88 1.00 1.11 1.22 1.32 1.41
7 .24 .41 .55 .68 .79 .90 1.00 1.10 1.18 1.27
8 .22 .37 .50 .62 .72 .82 .91 1.00 1.08 1.16 ®
9 .20 .34 .46 .57 .67 .76 .84 .92 1.00 1.07
10 ..19 .32 .43 .53 .62 .71 .79 .86 .93 1.00

Note: See note for Table 2.5.1.
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2,6 Curvature Asymptotic Relative Efficiency (CARE)

We consider now another new measure of ARE for the special case
Ml = M2 = 1. At the end of this section we discuss briefly the case
where Mi > 1 and point out problems in the interpretation of this case.

We recall from Chapter I the definition of generalized Gaussian
“curvature of a function in several variables. We propose now as a
measure of efficiency a criterion based on the generalized Gaussian
curvature of the two limiting power functions, Pi(é) at the origin.
Definition: The curvature asymptotic relative efficiency (CARE) of

N

test ¢, with respect to ¢, is the 1lim L Ghere {N.} and {N,}
2 1 N 1 2
l .

are chosen éuch that the two tests have limiting power functions with
the éame generalized Gaussian curvature at 5 = 9 through the same
sequence of alternative hypotheses.

Of course this definition of efficiency, denoted by (CARE), is

not meaningful if M, and M2 are both greater than one since one can

1
then show by application of Lemma 2,3.7 that the two generalized
Gaussian curvatures must be zero at & = 9. Let us now derive the
generalized curvatures (we omit the adjective Gaussian for convenience)
of the limiting power functions at A = 9.

~

Theorem 2.6.1. Under the conditions of Theorem 2.2.1, when Mi =1

e \ i
the generalized curvature of the limiting power function of {Qé )} at

é =0 is:

q .|."'l.
6; = [P, (t; +2,0) - al 9(1) §(1) 9<1)

24

where D(i) is defined by g(i) = D(l) 5.
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Proof: By definition of Gi in Chapter I we have

3% ()
(i =01/ [ ak
g 12=0 q [o2, (1)
=1 2 |r=0
L J

by Lemma 2.3.7 the denominator is one so

azpi(x)
G, = | ||z
i BkzakK §=0
and we know that
232 () 3%p. () 8A, 3A. POV 3%
i‘s it~ i i it~ i

'BAQBAK A=0 3A BAK

+
2 BAQ BAK | BAi BAZ

[y

A=0

But by Lemmas 2.3.9 and 2.3.10 we get

a2 : '
7P, (\) [P,(t, + 2,0) - a] N P

14 R e T (L)1) (1)
— = 5 (P § 9 )RK

where the second term on the right is the %K element of the matrix

.'.-1.
D(l) Z(l) D(l). Therefore we get

i [P (t, + 2,0) - qa] Ny -1 ,,
Gi = i i > P(1) §(i) 13(1)

Q.E.D.
Now we observe that if q > ti with Mi = 1 then Gi = 0 by

Theorem 2.2.2; on the other hand if q < t, then Gi > 0 if we assume .
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(1)

that D is of rank q which we do throughout. We are now in a posi-

tion to find the CARE.

Theorem 2.6.2. 1If {Qél)} andA{Qéz)} satisfy the conditions of

= 1, then

Theorem 2.2.1 and if q f_ti(i = 1,2) with_Ml = M2

. -1

CARE = R(t,,t,,0)
v P @)

Proof: We must determine {Nl} and {N2} such that Gl =G, where Gy

is the generalized curvature of the limiting power function of

'{Qél)} through HN as N -+ « yhere
i

Bt 6 = 8+ NS A

By (2.2.21) we have
(1) 20
c{D(QN HN) > X2(ti,pi Ai) as N » o
i

and 0y is defined in (2.2.20) and since M = 1

b, = @' g7 @

1 ~ o~ ~

By Theorem 2,6.1

. A
_ [P, (£,42,0) - a 28q

P,

NCIRINEI e
i 24 i ~ ~ ~

G

Setting Gl = G2 we obtain
-1 1/268q
1
N, (M) N, 1725 |p® '3 D(Z)I
= 1lim =" lim == = R(t,,t,,q) ~ - -
L N0 N 1272 L -1
N - 2 N, > 2 IP(l) §(1) 13(1)]

i
2 1

and the proof is complete. Q.E.D.
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We now give a result for the special case of tl = tz.
Theorem 2.6.3. Under the conditions of Theorem 2.6.2 with tl = t,

the CARE is the geometric mean of the roots of the product matrix,

[ _l Y. _1 -
(D(Z) 2(2) D(z))(D(l)’ Z(l) D(l)) 1, of the Pitman ARE.
Proof: From section 2.5 we know that when q 2t = ty) Ml = M2 =1
we have

’ ' ~1 1/26
é'D(z) 2(2) D(z)%

€2,1 \ -1

[ —1 1 _l
Since both D(z) Z(2> D(z) and D(l) Z(l) D(l) are positive definite

-1
1
we can find a nonsingular F such that F'D(z) 2(2) D(Z)F =

' -1
F'D(l) Z(l) D(l)F = I where r

diag (rl,...,rq), .,rq are the roots

l’l‘

. -1 ' -1
of (9(2) 2(2) 9(2))(9(1) Z(l) P<l))_1. If we let A\ = F 5 then we

P, ‘
can represent 62 1 in A space as
, 2

-1
*! 2)'.(2 2 *

€2,1°7 1 N
’ ! ! - J =

Now the geometric mean of rl,...,rq is. given by .

1oyt o (r@ @@y @ @@y

{|F'D F||F'D

.

' -1 ' -1 1/q
{lD(Z) 2(2) D(Z)I / ID(l) Z(l) D(l)l}

So the CARE is the geometric mean of the roots of the product
matrix. We also note that the CARE is equal to the ratio of the two

geometric means of the roots of the individual matrices
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W' 0™ @)
D/ pr.
Q.E.D.
Thus the efficiency using the curvature provides us with a
typical or average efficiency of our tests over all A # 0 and in the
case tl = t2 considerably simplifies the Pitman ARE since we have an
alternative to simply placing bounds on the efficiency. Theorem 2.6.3

is a generalization of Bickel's (1965) result when he considered the

multivariate one sample location problem with q=ty ='t2.

We can see.that if ¢q f-ti for one i but q > t, for the other that
the latter power function has zero curvature at the origin while the
former has positive curvature so we could conclude that the former test
is unquestionably superior to the other when using this efficiency
criterion. If on the other hand both ti < q (i = 1,2) then both curva-
tures are zero and this method of comparison is not able to discrimi-
nate between the tests. In this latter case we consider an alternative
measure of ARE in a later section. Returning to the conditions of

Theorem 2.6.2 let us define an equi-power contour as the set of A such

that Pi(A) =a+c (0<ec<1-a)where ¢ is arbitrary. Consider the
power function as written in equation (2.3.3) at the end of section

2.3.3; with Mi = 1 we find that an equi-power contour is equal to:

azpi(x) )
o+ A |z Al A
o axzaxK §~9 ~
J
[
o Azl...Azz a2r P.(\)
+ I |Z 2 = =0+ c
. (DT Bh. ...on .
r=2 I2r 21 er
A=0
\
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Now if we choose A sufficiently small so that we can ignore

infinitesimals in AZ of order 4 and higher we see that the equi-power .

contour reduces to

3%, (\)
M e A=
- £77K A=9 ~

The matrix in this equation is positive definite when q f-ti and

hence this contour is an ellipsoid. Now the volume of this ellipsoid

is given by
q 2%, ()
V= 221 dkz where Ai = 5};51£—
A'Aik=c A=0

s3K=1l,...,q .

Now Ai is symmetric positive definite so there exists an orthogonal

matrix B such that B'A,B = R = diag (r,.,...s7, ), r,, = roots of A,.
~ ~ ~i~ il iq ij ~1

*
1/2 and let A cA

let C = BR

V P 9 « -
therefore V = [ |BR 1/2| I AQ = |BR 1/2| s9¢c) where s%(c) is
~~ =1 ~~
*

AxTd= ¢

~

the volume of the gq-dimensional sphere of radius vYc. Since

-1/2

-1/2 -1/2 IBR

R B' A, BR = I we notice that ]Ail-l/2 = | and
. -1/2 S (e)
consequently V = IAiI Sq(c) = TQ—TEYZ. The volume of the equi-
, ~ A
~1

power contour is thus inversely proportional to the square root of the
generalized curvature of the power function at the origin. We see

that to increase the curvature is to decrease the volume of a certain '
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' infinitesimal ellipsoid. 1In comparing the power functions of test 2
and test 1 along an equi-power contour, we see that if CARE > 1 then
the power function of test 2 encloses an ellipsoid of smaller volume
than test 1 along the same contour; intuitively the second test seems

to satisfy an attractive property of faster average growth locally

than test 1.

Under the assumptions of Theorem 2.6.2 both tests are unbiased,
and we see that if CARE >1 then test 2 is more nearly optimum in the
type D sense described by Isaacson (1951). If CARE > 1 we may say that
test 2 has faster average growth locally when compared to test 1 but
we should keep in mind that there may be some directions for which
test 2 has lower power than test 1. This type of deficiency is almost
certain to exist in any single quantity which attempts to measure

‘ multivariate efficiency.

If we consider the case where Ml = M2 =M with M > 1, neglecting

terms in 5 of power greater than the ZMth and higher than the equi-

power contour of each power function, reduces to

2
2 Mpi(g)ézg

| 1
Z A ...A

g Mo TADT BN, ..o
IZM 1 2 Zl lZM

= ¢ for c £ (0,1-a] .

For general values of M it is not clear to me what type of
contour this is or what conditions (similar to the positive definite-
ness assumed when M = 1), are needed on the

2™, ()

BX, ...0
1 b

‘ to ensure a region which encloses an interior. Consequently attempts
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generalize the arguments on minimizing the volume of ellipsoids fail. .
One should anticipate problems in handling this for general M since

even sufficient conditions to ensure a relative minimum of the power

function at 5 = 0 are not generally available. A sufficient condition

for M = 1 is, of course, the positive definiteness of the an partial
derivative matrix. The tests considered iﬁ this work have M = 1 so we

discuss the case M > 1 no longer.

2.7 Trace Asymptotic Relative Efficiency (TARE)

Again confining ourselves to the case M1 = M2 we propose another
measure of ARE whose range of applicability extends to a wider class of
problems than does the CARE. The criterion we propose is as follows:

Definition: The trace asymptotic relative efficiency (TARE) of test ¢2

N .
with respect to ¢; is the lim E]; where {Nl} and {Nz}' are chosen .
N, > » 2

1
such that the two tests have the same limiting average power locally

over the unit sphere through the same sequence of alternative hypoth-
eses.

Again as in section 2.6 we define locally to involve the terms
up to the ZMth derivatives in the limiting power function, and we
assume negligible terms beyond the ZMth derivatives. We expect this
ARE to be an avéfage efficiency since we are taking the average local
power over all possible directions with respect to the surface area

element on the q~dimensional sphere. When Ml = M2 = 1 we can write

1 4
o+ —-Ai[Pi(ti 4+ 2,0) -a] + o(Amax)

P Q) )

. =1 ,.




58

So ignoring higher order terms we obtain a local power of
.1 @' @)
(2.7.1) Pi(l) = 0 +-§[P£(ti+2.0) - o] A'D X DN,

Let J f(A)dA denote the surface integral of the function f£(\) over

q
K(R)

the surface Kq(R). Then we obtain the following theorem for the TARE

of test 2 to test 1.

Theorem 2.7.1., If {Qél)} and {Qéz)} satisfy the conditions of

Theorem 2.2.1 and Ml = M2 = 1 then

, -1 1/28
e @D @

~

TARE = R(t st sa) |
v W' W™ ) |

~ )

Proof: We are required to choose {Nl} and'{NZ} such that the two

tr D

tests have the same average local power over the surface |lkll = 1 and
we must choose the sample sizes to guarantee this condition through
the sequence HN: 6. =0, + N_GA. By (2.2.21)
(1)
e{o Q 2 28
N, IHN) > X (t1,0,70,) as N > o

W' (1)
where Py is defined in (2.2.20) and Ai = A'D I DA,

So by (2.7.1) we require that

| o
(2.7.2) 3P (£,42,0) - a] j o, BT, g,

[1All=1

. . -1
= %{Pz(t2+2,0) - o) J pzzsé'g(z) 2(2) g(z)édA.

[Al]=1
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But by a result in differential geometry [Weyl (1939)]

tr B

—~ Area (S%I%)

(2.7.3) f A'B ) dA =
HAll=1

so (2.7.2) becomes

' -1 1/26
N tr(D(Z) z(2) D(Z))
— = | R(t,,t,,0) - - — .
P 1’72 , -1
2 tr(g(l) §(l) P(l))

Recalling how the p; are defined we see the result follows.
Q.E.D.

The trace of a matrix is equal to the sum of its roots so using
this definition of ARE we find that we get a quantity which is equal
to the arithmetic mean of the roots. Hence, if we had defined the
TARE as the limiting ratio of sample sizes such that the tests have
the same arithmetic mean of the roots of the an partial derivative
matrix at the origin then we would have arrived at the same result.
- We see that if TARE > 1 then test 2 is more nearly optimum in the sense
of Wald (1943) for sufficiently small %, since it has greater average

local power over the unit sphere.

2.8 Bahadur Efficiency

To be consistent with the notation in Chapter I we let {) be the
parameter set consisting of the values of g and let QO be that subset
of the parameter set consisting of the single point 9 . We consider
in the Bahadur method of comparison, a fixed alternative hypothesis,

Ha: 6 = Ga e - QO; the statistics we compare are

-~



thi) N(T(l) (1)(e ))'2(1) (T(i) (i)(eo))’ i=1,2.

-~ ~

We give sufficient conditions under which {3 (1 } is a standard

sequence for testing H.:

0"
Theorem 2.8.1. Suppose that to test the hypothesis 9 8, we have

~0
(l)}, and {Q( )}, satisfying

the two sequences of test statistics, {Q

the following three conditions:

(2.8.1) a) Q( )

has a central x? distribution with ti.degrees of

freedom as N + « when 6 = 60.

2.8.2 b @ - 1w 2 1D (0) as n > w

~ ~

for all 6 £ Q - 90 where n(i)(e) is a fixed non-null

vector of ti-components.

where E(i)(g)

>

(2.8.3) «¢) zéi) 2.8. 5(1) gy 4 N > for 6 ¢ Q ~ 2

is positive definite.

+ r
Then the sequence {V Qél)} is a standard sequence for testing

. -1 s
Hywith a, = 1, 52(0) = ' @) £ @) 1P (o).

Proof: Let (1) _ $ Qé1> . We must now verify the three conditions

for a standard sequence as indicated in the definition in Chapter I.

I. aXKQ( )) > Y (t ) implies

Jf(Réi)) > X (ti)’ where x(ti) is a chi-distribution with
(1)

ti degrees of freedom, for 6 ¢ QO since RN is a

(1)~

continuous function of QN . Hence we see there exists a

60



II.

since Fi(X)

61
continuous distribution function Fi(X) such that

Prl (1)

< X] = Fi(X) V¥ X and 9 € QO.

N-)-oo
For each X and 6 ¢ 90 we notice that

Pr [RN < X] = Pre[Q(i) < X2] therefore from I we see that

= Pr[xz(ti) §_X2] that

“ & £,-2
1-F,(X) - f (22”2_1))-1 22,2 dz
X2
t,-2
i
let u = 2 z dv = e—z/2 dz
ti—A
t,-2
du = i z 2 dz v -2 e-Z/2 -
So for each X
2
: ‘ ti/z 1. —X7/2 (ti-2)
(2.8.4) 1- Fi(X) = (2 F(ti/Z)) [2e X
o &2
-z/2 ti_z 2
+ 2 j e C—E——bz dz]
X2
let w = 2/2 then (2.8.4) becomes
t /2 S S R )
(2.8.5) 1 - Fi(X) = (2 P(ti/2)) 2[e X
2 2 -
=1
dw].

+ 2 (t -2) f
.X_.
2




Now we know that

ti—2 2 t.-2

therefore as X = « (2.8.5) is

t -2 . _Xti'z t,~2 x%/2, f17
1-F,(X) = (27 T(t, /D) ™ 2[e + 2 (t;-2) OCe )]
So as X > »
2 .t.—2 t,/2
1-F,0 =X 2x 22t re/2)t + o)
2
-X"/2 ti—2 ti/2 -1
= e X 2(2 F(ti/Z)) [1+ 0(1)] as X > =,
Hence,
X2 )
log e(1 - Fi(X) = - —E-+ (ti-2) loge X + log cti + 0(1) as X » «.
t/2 -1
where ¢, = 2(2 T(ti/Z)) and we see
i
XZ 2(ti—2) log, X
(2.8.6) log (1-F, (X)) = - == [1 - +0(l)] as X » »
e i 2 XZ
2

log (1-F, (X)) = - -X—z-[l + 0(1)] as X - o,

So condition II required for a standard sequence is satisfied

for Réi)

with a. = 1.
i

III. Since (1$) - ulgi)_ ) L5 1P @veea-an

~

Oasl\A]—)OO

and

62
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S(i)a.s._(4 ' :
EN _*E )(g)gsN+m,V6€Q-Qo .

therefore we see that

' | . -1
N"lQIgi) a.S. B(l) (9) E(l) (g)n(i)(g) as N + o .

-

- As a result, we have

.a.s. oy -1 .

So if n(l)(e) # 0 for 8 € Q - 2, then by the assumed positive

0
definitiveness of 2(1)(9) V 8; the result of the theorem follows.
QIE.D.

As a result if we assume that our statistics satisfied the

conditions of Theorem 2.8.1, which they do for all the applications

considered, then the Bahadur effiéiency of ¢2 with respect to ¢l is
simply
2 @' @ (@
a,by(8) 0 (I (0N T (®)

B ~ ~
2,1 '3 2 -1 2 0

We notice that (2.8.7) depends on the parameter g in a most
complicated fashion; primarily we notice that the covariance §(i)(9)
depends on the fixed alternative value chosen. For some problemé
E(i)(g) would not of course depend on g, for example, in the'standard
nmultivariate one samplé problem when the data represent observations
from a normal population with specified location 9 under the null
hypothesis and location 9 for the alternatives. For other problems

this dependence of the covariance on 6 is real, for example, if in .
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the above problems we conéider nonparametric tests constructed under
an appropriate invariance structure wé would find that E(i)(g) would
depend on g. So we see ghis dependence of the matrix g(i)(g) on g
creates a problem in the evaluation of this efficiency. We should also
notice by (2.8.6) that the measure of efficiency, which was constructed
for large X, is not sensitive to the degrees of freedom of the test,
as the dominant terms in (2.8.6) do not involve ti as X > «», TFor these
reasons we find the Bahadur criterién an unattractive measure of
efficiency for our problem,

Bahadur (1960) established sufficient conditions under which the
Pitman ARE is equal to the limiting value of the Bahadur efficiency
wvhen the univariate parameter 0 approaches the null value 60. We

~

now establish a relationship between the limiting Bahadur efficiency

as 6 > 6, and the LARE which we proposed earlier

~ 0

o 0 = 90 we have the two sequences

i = 1,2, each sequence satisfying the

Theorem 2.8.2., If for testing H

of test statistics {Qél)}

conditions of Theorem 2.8.1, and

(2.8.8) a) Eél)(e) has first partial derivatives with respect to

the elements of 6 and uniformly continuous in a small

open neighborhood of 60; for every N,

8 B(i)(9 ) 1)

3 0 exists

(2.8.9) b) 1lim

N = «

=D
. -1
(2.8.10) o) zP @)z (8 + L as 8> 8

.81 1P = 1 w{P @ - w1
N =+ o ~

then
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(8-89"2 P 2 " (00® (8-6) 11 + 0(1)]

(2.8.12) e ,(9) =

' -1
<9-90>'P(1) 1@ <90>9(1)(9—90>[1 + 0(1)] )

as 6~ 8,

where D(i) is defined by (2.8.9).

Proof: By Theorem 2.8.1

' -1
B @ e (o)
e, 1(8) = —~ —— — — for every § € - Q-

s~ ' -1 '

But by (2.8.11) we have for every 6 € Q - Qo

-1
2.8.13) & @ = 1 iy @ €15 ? @ 1? @-1( 01
.8.1 e = lim .
2,1

~ -1 :
N> o (D) (D) g yqp(D) (1) gy_ (1)
g @-uy” G T'Z™ (@) [y (©)-uc™ (8]

But by (2.8.10) there exists matrices r(i)(e) defined by

1 -1 .

where

P(i)(e) g(l) as 9 > 90 . i

So for each i we see that forle close to 90 we have for each N:

. . -1 . .
2.8.18) [{” @ 1P P @1 + 0w,

~

Now choose 6 such that

ou (6) . ,
AN M _ @) (1)
55 @8 =iy @ -uy @

but by (2.8.8)
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i) ,5 (1)
™ (0) ~ g (8g)

56 030

[1 + 0(1)] as 9 > 90 .

So we see that (2.8.14) becomes for each i

) [y
(2:819) @-8" 1755 | I Q9 |~ | @8 + o

as 9 > 90.

Now this is true for each N hence we have that as 6 - 60 that

PENE ] . "'l . 1 . "l .
@D @@ @ = @9 1 0p® g3 + o).
Hence the result (2.8.12) follows.
Q.E.D.

We notice that if we let A = (6 - 6,.) then A\ > 0 as 6 + 6. and

~ =0
we see that the quantity (2.8.12) is similar to the LARE. In short if
the {Qéi)} satisfied the conditions of Theorem 2.2.1 with M = 1 we see
that the LARE and the'limiting Bahadur we have considered here would
be nearly identical. The limiting Bahadur efficiency in (2.8.12) even

though simple to compute does not account for differences in degrees of

freedom.



CHAPTER III

-

APPLICATION OF TARE AND CARE TO THE ONE SAMPLE

GROWTH CURVE PROBLEM

3.1 Introduction

In this chapter we apply the measures of ARE proposed in

Chapter II to evaluate the efficiencies of some common procedures used
in the study of polynomial growth curve models. The general statis-
tical model aiong with its reduction for the one sample growth éurve
model is given in Section 3.2. While the results of this chapter are
easily extended for other hypotheses, the hypothesis we study is the
hypothesis of a constant growth curve over time. 1In Section 3.4 we
discuss the reduction of the basic data to estimates of the assumed
model. Once a given model has been decided upon a common procedure to
follow in practiéevis to estimate the growth curve parameters by
unweighted least squares. This basic reduction is assumed throughout
this chapter. After obtaining this set of summary stétistics for each
observation vector Qe’apply the Hotelling T2 test to test the nullv
hypothesis:. We then evaluate the TARE and CARE of an incorrect speci-
fication of the model to the correct specification of fhe number of
parameters. - Similar results are obtained in Section 3.5 for the cor-
responding nonparametric rank scores procedure. A brief summary of
the one sample rank scores procedure is presented iﬁ Section 3.5.2.

Section 3.6 is devoted to a comparison of the parametric and
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nonparametric procedures based on the trace and curvature criteria of
ARE. Bounds for the TARE are derived similar to those available for
the CARE. The chapter is concluded with a brief section on the use of
covariance adjustment of the statistics with the higher order poly-

nomial coefficients.

3.2 The Statistical Model

The model given in this section is sufficiently general to
encompass the c-sample problem and more complicated designs and will
be used in a later chapter on the c-sample problem. We consider two

index sets, I and T where

(3.2.1) I ={1= (i},..esip: liijin(ﬂjfm:j=lp.”M}
and

(3.2'2) T =' {tll LI ) th} Where tl < e s < tho

We notice that I contains KlKZ"'KM distinct points and we may
think of I as specifying the design across individuals. T is the set
of distinct time points. Corresponding to each i € I and tz e T we

have a set of n(i) random vectors of b elements, namely

- Y
(3'2-3) ?ES(‘ViStQ’) - 3 S = 1,2,...,11(3)-
1xb L Xop (E5t0) |

In addition, let the hxb matrix
(3.2.4) X (1) = .
X (1,t)

wn
f

=1,2,...,n(i).



We assume that XS(i) is a collection of independent stochastic
matrices from a bh-variate continuous distribution function G(X;i)
for X ¢ Rbh.

For the normal theory, we would assume

GQGL) = N, M(D, I )
bhxbh
where the location vector
nii,t,)
M(i) = . i €1 and
H(i,ty)

I does not depend on i. We note that with this specification
?"(S(‘%) - ;‘}(}') v th(g’g) S = 19""n(i-)

that is, the distribution of Xs(i) - M(i) does not depend on i.
To eliminate the normality assumption, in the nonparametric approach

we assume that

G(X;i) = G(§ + M(1)) iel.

In this way XS(i) - M(i) is distributed independently of 1.
For the g:owth curve model one assumes that the u(i,tz) can be
written as a function of certain parameters 6(i) and the time point,

t For example we may assume that

2,.

(3.4.7) Mt = (8, £) fel
1<j<b
1<2<h

where Gj(i) is a vector of r elements (r < h). Since the Gj(i) are

69
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assumed to be unknown we can consider problems in testing hypotheses

concerning the Gj(i) and the estimation of 0,(i). If we let

(3.2.8) B(1) = (8,(D),...,8,(1)) i€l
rxb

then we wee that we have a reparameterization from g(i) to 8(i) which
is dimension-reducing. In this chapter we are interested in evaluating
the loss . in the incorrect specification of 9(%) for the one sample
problem.

We shall consider only polynomial functions of t2 where gj(z) are
the coefficients of these polynomials. To be explicit, we require the
functions Yj defined by (3.2.7) to be polynomials in t- The set T
corresponds to h distinct abscissae and it is well known that corre-
sponding torthis set T there exists a unique set of h orthogonal poly-
nomials Po(t), cees Ph_l(t) satisfying the conditions:

) .

(3.2.9) z Pi(t
3=1

1 i=K
0 K

)Pk(tj) = { i

S|

J

and Pi(t) is a polynomial of exactly degree i in t. We denote by the

vector bi the value of Pi(t) for each tz,'k 1, ..., h; that is

Py (£) |
(3-2010) bi = : i = O,l’no-’h“'lo
' hx1
By (tp)

We shall consider in this study only the case b = 1. We observe
that for the one sample problem I consists of only one element so we
omit the subscripts i in the remaining discussion of the one sample

case. In the one sample problem with b = 1 we have: .



X1 ()
Xg = | . S =1,2,...,0 @
hxl L ] -
Xsn (ty)

which are independent and identically distributed as G(X).

3.3 Comments on Data Reduction
Since we consider only polynomial models we see that u(t) can

be any of the following:
(3.3.1) uiey) = oy Polty) + @, Piley) + ..+ Oy g Ppog (tp)
(3.3.2) u(tz). = 0 P‘ (tz) + o Pl(tz) + oe. + %o Ph-z(tz)

(3.3.3) u(t,) = % PO(tK) + oy Pl(tz) for each ¢ = 1,2,...,h .

2)

With each of these models one could construct a test of the

hypothesis that the growth curve is constant with respect to tz. For

example, for the model (3.3.1) the appropriate hypothesis to test is

i roal )
(3.3.4) HO: % =0 3 a unspecified.
%h-1 0
\ J \ J

While under the assumption of model (3.3.3) the appropriate

hypothesis to test is:

(3.3.5). HO: o, =0, 0, unspecified

- -

Given what maximum degree of the model is assumed then we can

determine which parameters to test for equality to zero. Once it has

been decided how many parameters we wish to estimate we then have the
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problem of reducing each observation vector of h-elements to a vector
of t-elements which represent the estimates for the individual's
growth curve. One reducfion technique is the method of unweighted
least squares, which amounts to choosing for each individual the

vector o which minimizes the quantity
(3.3.6) (Xg - Bo)' (X - Bo)

where Ba is the assumed growth curve model. The estimate for each

is denoted by Y_. and is equal to (B‘B)—lB'XS, i.e.

X S

-1
= ' !

Now if B is the matrix of orthogonal polynomials P satisfying (3.2.9)

then,

(3.3.7) YS = §'§

SI
Under the assumption of the Gauss-Markov theorem this is the minimum

variance linear unbiased estimator for o if the covariance matrix of

X. assumed to exist) is equal to o1 . "When this covariance pattern
q P
~ hxh

is incorrectrthen the estimator XS is not the best linear unbiased
estimator (BLUE), which in this case is given by the method of general-
ized least squares.

In the absence of information on the true covariance E, the
estimator (3.3.7) is the estimator suggested by several authors,
[e.g. Potthoff and Roy, 1964]}. Other estimates have also been pro-
posed which introduce stochastic weights [e.g. Grizzle and Allen, 1969];

however, we explore estimators of the form (3.3.7) since these are also

used frequently in practice.



The estimators needed to test the null hypothesis would not

involve the first element of YS

since this estimates ao.

mators for testing the null hypothesis are:

= n'
(3.3.8) Ys1 = By Xg

wheregi

S = 1,...,1’1

correspond to the orthogonal polynomials bl,..., {

The esti-

to be
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used to test that al,az,...,ai are zero. We now consider the standard

parametric analysis which is applied to these reduced data.

3.4 Parametric Procedures

In the standard parametric analysis we assume that G(X) is

N(u,Z); however, if one assumes that G(X) has finite moments up to

order 2 4+ § for some § > 0 then the parametric procedure in large

samples will still yield the same probability distributions.

To be

more explicit, we suppose that G(X) is an h-variate continuous distri-

bution function with location vector

E:

and dispersion I , positive definite.

hxh
XS’ S=1,,..,0 and define
X =
~n
hx1
Nn

by the arguments presented in Puri and Sen (1971, p. 173) we see that

, u(t,)

L n(ty) J

1 n
n- z X
S=1

n
E%i4n-l z
S=1

Consider now the random sample




Ll/? X) > NI ify =0 and

~

P
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S L asn > o, In addition for a sequence of alternative hypotheses

~N >

n-l/Z A where A is fixed and non-null

czfinllz i_lHn) +> N(é,g) as n > @

therefore,
= 1= 2 ro=1
°z0(nx S. 7 X ) »>x“(h,A'Z "A) as pn > =
~n1 n ~n ~ o~ o~
Clearly, if we now consider the function defined by

= B, X,; for each § = 1,...,n

Yg5 = By Xg3

then we can apply the same logic to the random variables §n to find

1/2

the distribution of n ?n for large n. In particular consider now

~

the special problem of comparing a linear to a quadratic model when

the true model is linear.

3.4.1 Parametric Procedure - True Model Linear

If U(t2> is linear in tys then to test the null hypothesis we

consider the following:

= b X

(3.4.1) XSl by Xg3

s=1’lﬁl’n

and if we (incorrectly) tested for the quadratic also we consider the

transformation:
1
b1
(304.2) :st2 = b' XS; S = 1,.-', n.



| Since we know
Reg) = o Poltg) +oFy (5p),

it follows that E(YSl) = o, and its covariance matrix is given by

1

o
1
] : = .
El § Pl' Similarly E(XSZ) (0 ) and the covariance matrix of st i
given by

Consider the sequence of alternative hypotheses,

(3.4.3) B o = Y25, 040 .

Then the usual parametric one sample estimates are

- -1 B
zi =n E gSi 3 i=1,2.

S=1

Since G has moments of order 2 + § (§ > 0), the conditions of
Theorem 2.2.1 are satisfied; the first four conditions are obvious

and the fifth follows from the Berry-Esseén Theorem. Therefore
. vt ' -1z 2 o
2 (nY] (b3S by) 7 ¥y) > X*(1,4y) as n >
where
Ay = A [b! Z b 17t
1 11 < < 1°

In a similar fashion the test based on

) 1 1
| PaSpd P15nB2 _
/n ¥} /n Y,
~% | bls b b!S b ~

'
~2-n.l ~2~-ni2
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has a limiting x2(2,A2) as n + «, yhere
-1
' 1 '
bIb bIb | (1)
A2 = Al(l,O) ' : o | 1°
bp b byIb

This reduces to

-1
A—A(b'sz)[(b'Zbe'Zb) (b3 £ b)(by Z b1 A

1.
If we let ¢1 be the test based on the correct model and ¢2 the

test on the quadratic model; we see that the ARE of ¢2 with respect to

¢1 using trace, curvature or local criteria becomes:

(b} T b (b] I b))
(3.4.4) ARE = R(1,2,0) =2z
[(B Z BBy ZBy) - (b Z BBy E Dyl

Continuing with the parametric procedure let us derive the

efficiency for the general case of overfitting the model.

3.4.2 Parametric Procedures - General Case of Overfitting

Suppose that the correct model is:

q
(3.4.5) u(tk) = (t ) + Zl aij(tg).

Make the transformation

( 3
1
P
(3.4.6) Yp=|: [¥% =B %X S=1...n
le b|
~q
\ J

Now we see that under the model (3.4.5)

1

s D(Y r B, .

Sl) ~l ~ ~1
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Consider now the sequence of alternative hypotheses

o
In 1 :
He: | & = n-'l/2 . [ A#0,
o A
qn q

Then similarly to the previous section we see that

_]_ ;
v/n Y

1 '
=vn¥ (8] S By) o

~S1

will have xz(q,Al) distribution as n > ® where

-1

A = A (B' z Bl) A

If we incorrectly assumed that

P
p(ty) = agP(ty) + Z an(t£)+ z aP (tz), p < (h-1).
j=1 j=q+l
Denote
( 3
|
Eq+l
L .
27
b!
n~p /
and the accompanying transformation to YS2 by
1
5
XSZ = . §S S=1,2,...,0.
~2
We see that
¢ 3
%
E(¥gy) =

a0

OQere O R ese

~



and the covariance of YS2 is

1 [

B, LB B, LB,
1 ]

By LBy B, LB,

r

1
Bn(al aq) =1:
o
q
0
0
\ J
thus [ I T
g%q
p® - | %
(p-d)xq

- a

We observe that in the notation of Theorem 2.2.1

\

in the notation of Theorem 2.2.1. Clearly, the limiting distribution

of Qéz) is Xz(p,Az) as-n + «©, where

-1
1 1
(2) _ §l §n El El §n §2
- 1 v
TP B!''S B B! S_B =2
~2 ~n ~1 ~2 ~1n ~2
and
- B! I B B I, |
: ‘ ~1 -~ ~1 ~l ~ ~2
]
~ 2 . , bt L
Bp)LB  ByIB,

By Theorem 8.2.1 of Graybill (1969) we have:

78
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-1
1 1 ] :
B, 2B B) LB,
(3.4.7)
1 L
B, LB, B' L B,
-1
T 1
(B Z By -3B;ZB,(B;ZLB,) ?2 z Bl , *

%
*

- where * indicates other terms in Bi z Bj which are eliminated by

t
multiplication by 9(2) . Hence using (3.4.7) we obtain
-1 -1
= AI[R! - m! ' 1
by =A'IB} Z By - B I By(By By "By Z B0 ).

Again designating the test with the correct number of parameters
as ¢1 and letting ¢2 be the overfit we obtain the following efficien-

cies of ¢2 relative to ¢l:

B! £ B | 1/q
(3.4.8) CARE = R(q,p,0)
|Bi Z B, - B IB,(B)LB,) B' LB )l
q=sp
and
1 -'1
tr[B] L B, - 1 L B,(B) ZB ) B L B,]
(3.4.9) TARE = R(q,p,®) -~ R

tr(§1 LB )~

3.4.3 Parametric Procedures — General Case of Underfitting

For this situation we consider the same model 3.4.5 and suppose

(1)

¢1 is again based on the test Q

(2)

of Section 3.4.2 but ¢, is based

on Q » a quadratic form in p variables, where p < q. We define
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by

Y52
]
by
= = ! : =
(3.4.10) XSZ . §S § §S’ each S 1,...,n0,
px1 év
~P
Notice that ( 3
. N B'
]
Bi = bp+1 .
{,'
q
\ P

In the context of Theorem 2.2.1 we have unj(ul,...,aq) = aj,

j=1,...,p, and

@ -1 s 0 .

pXq PXp px{(q-p)

The conditions of Theorem 2.2.1 are satisfied again and the limiting

distribution of Qéz) where
(2) _ =35 (ar -l ~5
Qn =va XSZ(g §n E) n XSZ

is Xz(p,Az) where A2 = é' 9(2)'(§' E g)—l P(z) %. As pointed out in
Chapter II this is a situation in which the test has powef o in (q-p)
principal directions and hence the generalized Gaussian curvature is
zero. We can consider the trace criterion which yields TARE of ¢2 with

respect to ¢l:

()" -1

tr 0 @z 0@

TARE = R(q,p,0) = )
tr(Bi L B,)
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which reduces to

_tr(B' L B)"l -

~ s for q > p.

(3.4.11) TARE = R(q,p,)
tr(B! I Bl)

This quantity will also be numerically evaluated for some

specific covariance structures in Section 5.3.

3.5 Nonparametric Procedures

When using nonparametric methods for growth curve analysis two
approaches suggest themselves. The first is to estimate each indi-
vidual's growth curve parameters using some robust procedure and
then apply a nonparametric test to these estimates.
The second approach is to use a least squares reduction
of each observation as in the previous section and then apply a .

standard nonparametric test to these least squares estimates. The

1atterAapproach is taken in this section,

3.5.1 Data Reduction

The observationé gS - U S=1,...,n are assumed to have been
selected from an h—var?Z%e continuous distribution function G(%),
diagonally symmetric about 9 where u(tz) is represented by one of the
models (3.3.1), (3.3.2) or (3.3.3). As we did in the parametric case
we shall first consider the specialrcase where the model is linear
and evaluate the efficiency by overfitting this linear model. The
tests we compare will be rank order tests applied to XSl and XSZ
defined by (3.4.1) and (3.4.2) respectively.
Since §s - U is assumed to be from G which is continuous and Tl

XS - U is diagonally symmetric about zero it follows from the symmetry ‘
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alone that the characteristic function of XS - M is real. If B is

any hXq matrix of rank q(q < h) and we define
i ) - é
"= ! -
Zg = B'(Xg -1)

then the characteristic function of Zg» Y(t), is also real since

: ' it'ZS - At'B' (X, -W)
W) = ECe ~ ™) = E(e ) = ¢(BL)
where ¢ is the characteristic function of (X, - M). But ¢ is real

for all t therefore ¢t 1is real for all Bt, hence V¥ is real and Z
is diagonally symmetric about 0., If we let H be the distribution

then we can think of Z

function of Z S

~5?

H and hence letting YS = B' XS; YS can be assumed to be from a

S=1,...,n as a sanple from

gq-variate continuous distribution function, F, diagonally symmetric
about E'E. We are now in a position to apply the multivariate one
sample tests as outlined in Puri and Sen (1971). We conclude from
this section that we have a reduction of the data to a set of data to
which we may apply the nonparametric multivariate one sample test
procedures., We shall discuss, as in the parametric case, the problem
of overfitting a linear growth curve model but first we briefly

summarize the multivariate nonparametric results which we shall use.

3.5.2 One Sample Procedures

Let V §=1,...,n be a random sample from a diagonally

~S °?
gx1l

symmetric continuous distribution function F. Under the null hypoth-
esis we assume the location vector of V_, is 0 and for large sample

~S ~
study we have Hn: Gn = n_l/2 I' « We denote by Rn’ the rank matrix
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of the absolute values of VSk; i.e.
( 3
R =1+
~N .
qu v an v
| J

where Rjk

= Rank of lVSkl among ]Vlkl, coey lvnkl

Ties can be ignored, at least in theory, by the assumed con-
tinuity of F. A transformation of the ranks is made to a matrix of

rank scores, En’ where

~

{ 3
E ’ LN X 4 E
n Ry % Rin
E = . .
~n .
En.R s se0 En R
ql .Tqn
. 7/ -~
The transformation is defined by the score function, J , defined by .

Eo = J (@/(ntl)) 1<ag<mn

where Jn is required to satisfy the following conditions:

I. lim Jn(u) = J(u) exists for 0 < u < 1 and J(u) is not

n <> ®
constant
n . - -1/2
II. J [3, 5 By 01 = I B GO1] dF (0 = 0 (a7'5)

* 00

j=1,2,...4q

where for each j = 1,2,...,q

-1
H (0 =n [# of Ivsjl < X; 8 =1,2,...,n]

ati) —1/2+ 8

d u1

I1I. E_K[u(l-uS]_i i= 0,1 for some § > 0
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1

IV. 1lim J [3_() - Jw1? du=0.
) _

n->o.

Also define CSa to be

+1 V. >0
o) st

Sa l . .
1 if VSa <0 .

Under the basic sign invariance structure a class of con-
ditionally distribution free tests for the null hypothesis exists
and is characterized in Puri and Sen (1971). We shall use from their

1/

text, corollary 4.4.31, for the limiting distribution of n 2(Tn -v)

through a sequence of alternatives Hn' To summarize their result:

If
n .
T .= L E C, for j = 1,2,...,q
nj o=1 n Rju jo
and
(1 1
J 73 (u)du
Yy =% >
~ 2 1.
STI()du
L 0 )
then through Hn the vector nl/Z(Tn - Y) has a g-variate normal distri-

bution as n + «© with mean

Iy 4 (Fp

N

. where Aj(Fj) = J ax J (Fj(X))dFj(X)
' A (F) ~ '
-9 9 q J )

o)
i
[CY[=Y

j = l’oo-,q

and covariance matrix

1 ' =
D=0, 51 = Lea.
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' Lk *
0541 = I: J (Fj(X)) J (Fj.(y)) dF, s (X,y)

-0

The additional assumptions have been made that En o is the
. ]
expectation of the ath smallest observation from a sample of size n

drawn from a distribution wj(X) with

2xp;'(x) -1 X>0

VU, (X) = _
J 0 X <0
w;(x) + w’;(-x) =1 vV ox
So J(0) = 0 and
I(u) = w—l( ) = w*-l(l—"“‘i) - oty 0<uc<1
u 3 3 V2 2 u

each j = 1,...,q

and we assume that

*'
fj(X) J (Fj(X)) is bounded as X » % o,

1/

We see that we may comstruct quadratic forms in n 2(Tn - Y),

A
with Zn a consistent estimate for ¥ and test HO. Alternatively, one
may use the test statistic (quadratic form) constructed under the
permutation group generated by the sign invariance structure and use

these test statistics. In large samples these two statistics are

power equivalent through the sequence Hn'

3.5.3 Application of the One Sample Test

For our problem we started with an original h-variate continuous
distribution function, diagonally symmetric about B o where B is the
portion of the orthogonal polynomial matrix needed for the model. To

test constancy of the growth curve model we must test
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[«

Q e

hence we transform from X, to YS by (3.3.8).

By our previous discussion Y, is diagonally symmetric about

N

o
0
EiE E » | which in the orthogonal polynomial representation is
o
q )
%
o
q J
We observe that if §1 and B are orthogonal polynomial matrices
that

Bi B =[0 :1] .
gXh hx(q+l) gx1 qXq

We note that a sufficient condition for YS to have a distribution

which does not depend on ao is that the first column of B!B is the zero

vector, If in this more general situation we let

(R - « Rt
BjB =10 =:BiB)]
qx1
then
%1
Ry = R! .
BiBa=58y |+ |
o
q
Denoting
%
=' M
9=33 | :
o



we complete our connection between this problem and the multivariate

nonparametric one-sample problem by noting that

al 0
a 0
q

implies O = 0 and the sequence of alternative values

o A
1In 1
. = n-l/2 .
o A
qn q
in terms of 6 is
Xl Fl
6 = n_l/2 (B'BZ) : = n-l/2 :
T A T
q q
where
Al
= BIB ] : j = 1,2,...,(1.
Fy= (& 225 Ay

Hence we may test HO by testing the hypothesis 6 = 0 and the
In

Q

sequence . in terms of the test on 0 is equal to Gn. Hence in
o
qn

the notation of Section 3.5.2 if we consider general rank scores

applied to the YS then the test statistics constructed would be non-

central X" with q degrees of freedom and noncentrality A-defined by

A=c Z-l c

where

87
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-— ]
¢ = | (BiBpdp A A (Fp
B'B.) A A (F
(B]3) ) A ()

L is as defined in Section 3.5.2, and F, is the marginal distribution

J

function. Thus if we let

L]
It

((TJK)) joK=1,..4,q

- UK
& T B EDA G

T

where GjK is defined in Section 3.5.2.

Then we see

A= A"(BjB)" T (B]BA
and we see that (§'§2) corresponds thérefore to the P(i) of
Theorem 2,2.1.

The effect of testing the hypothesis with too few or too many
parameters i.e., underfitting or overfitting respectively, simply
changes gfgz to a non-square matrix. For example, if we had tod few
statistics, say p, (p < q) then Eigz is pxq and hence A is positive
semidefinite. We now discuss the linear growth curve model and compute

the efficiency of a quadratic assumed model to the test with the

correct number of parameters.

3.5.4 True Model Linear

If the model (3.3.3) is the true one then the hypothesis to be
tested is (3.3.5) against the sequence of alternatives (3.4.3 ).

Letting XSl be as in (3.4.1) and st as in (3.4.2) then XSl can be
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viewed as a sample from Fl (a univariate continuous distribution func-

tion symmetric about al) and YSz can be viewed as a sample from F

2
(a bivariate continuous distribution function, diagonally symmetric
o
about (01)). On applying rank scores to YSl and YSz as described in

(1)

Section 3.5.2 and letting Qn

be the quadratic form in the rank

statistics of Y i (i = 1,2), we see that

S
2 - ans
as n > o«
2@y > x? 2,8,
where y -1
B 1,11
Al - )‘1 Az(F ) A1
V1
and
-1 ,1
A, = A1(1,0) T, (0) A
where
_ _ * 2 _ d *!
Vipin = 0] 3 (F X)) AR T 5 4 (F) = | 5T (F(X) dF (X)
AV
2,iK .
T, = = (T, .,) J,K=1,2
2 Aj(sz) A (Fy ) 2,3K

F2 3 is the jth marginal distribution function of FZ'
3

v | | 5w, 000 e, o0 e, ans g1

=00 =00
We observe that we have used the same score function for each
test procedure and each variate. Obviously we want to use the same

score function for the common variates in the competitive tests;
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however one may be interested in using a different score function for
the extraneousrvariates (in the case of overfitting). These points are
other possibilities which could be explored; however, we continue in
our discussion under the assumption of a common score function.

We note that Fl = F2,l and hence

AV =V

1,11 © V2,11 >

and

Ay (F)) = A (Fy 49).

The ARE of ¢2 with respect to ¢1 using any of the three criteria,

curvature, trace, or local is:

. T T
2,11 2,22 |
(3.5.1) ARE = R(1,2, ) ¢ 11 .

T - T T
2,11 2,22 2,12 2,21)

We now consider the general case of overfitting in order to

obtain results comparable to the parametric results.

3.5.5 Nonparametric Procedures - General Case of Overfitting

For the general case of overfitting we let ¢l be the test which
is based on the rank scores applied to Yy, defined by (3.4.6), i.e,
qx1 '

= ' i i 3 =
XSl §1 §S' In the context of Section 3.5.3 we see that §2 gl’
q%h

hence the test based on Qél) (the quadratic form in Tél)) through the

sequence
*1n 12 ot
(3.5.5.1) H:|: |=n :
o A
qn q

would be xz(q,Al) as n >
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with
-1
= \]
by=2"12
where Tliis defined as T in Section 3.5.3. On the other hand if we
, ocq +1 0
tested for an additional (p-q) parameters | = | . | by reducing
o 0
p.
1
El Eq+l
= = | B hd
§S to XSZ by XSZ o §S S 1,...,n where § . .
~3 b!
~pP
(2)

We then see that Q ', the quadratic form in the rank scores of Y

n ~52?°

has through the same sequence of alternative hypotheses, a limiting

xz(p,Az) as n > o, with

I
-1 {7
Az = é [T ¢« O ] O I U
Ixq gXq  qx(p=q) 0
We denote the.null distribution functions of YSl and YS2 by Fl

and F2 respectively. The corresponding marginals (bivariate and

univariate) are denoted by F and Fz’z; F2,2m’ where

1,3 F1,5K
j,K=1,...,q9 while ¢,m = 1,...,9, q+l,...,p. It is apparent by the

construction of XSl and st that

F =F, .

1,j 2,3
F1.9x = F2,5x

and by equality of the score functions we therefore have that

T where

17 %3211
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r Yy
To,11 2,12
qxq q%(p-q)
’[ =
12,21 T2,22
(p-q)xq (p-q)x(p-q) J
and
- *
1. (3,11 - T2,12 12,22 Ta,00 » *
I2
* *

Thus the ARE of ¢2 with respect to ¢1 using the curvature criterion is:

1l/q
[1,1
(3.5.5.1) CARE = R(q,p,0) ) - q<p
T2,11 712,12 T2,22 32,21I
Using the trace criterion the ARE is:
. 1 -1
tr(t -T T T ]
~2,11 ~2,12 ~2,22 ~2,2
(3.5.5.2) TARE = R(q,p,0) 212 = 1 q<p
tr T

~1

3.5.6 Nonparametric Procedures - General Case of Underfitting

We let ¢1 be the test in the previous section for the same
hypothesis and we let ¢2 be the corresponding rank test when we have
based the test on only the first p of the (al,...,aq)' where p < q.

Letting XSZ = ga §S S=1,...,n, We note El = [§4sgp+l,"'sgq]

px1 pxh hxl
From the previous discussions the quadratic forms constructed in the

(2)

n have a limiting

rank order statistics of the Y.. denoted by Q

~52
XZ(P9A2) as n *> ® ,

where



nev [ Jgteree 1
PXp pXp  px(q-p)
0
(g-p)*p
L -~

The ARE of ¢, with respect to ¢, using the trace criterion is
2 1

therefore:
tr Tgl

(3.5.6.1) - TARE = R(q,p,0) ——7~ ; P<q
tr Tl

3.5.7 Reduction for Wilcoxon Signed Rank Test

In the notation of Section 3.5.2 the Wilcoxon score or signed

a o

rank defines Ena = Jn(;;ib =y o= l1,...,n. Then T = ((TjK))
j,K=1,...,q9 is equal to
2
1/12 (S £,(X) dF,(0)] K=3=1,...,q

(3.5.7.1) 1, = '
JjK 2 [
o ® e
i / 12007 85 G0 dR 00 TLLL £ (0 () ]}

j#FK=1,..4,q

where F is the distribution function of Y

g .
g and ij is the grade

correlation, i.e:
g _ _ L rr ey -2
olx = 12 r r [F () = 31 [Fe(y) = 31 dF g (X,y)
-00 00 .
jsKk=1,...,q9 .

Further if G is multivariate normal then F is multivariate

normal and
1/2 -1
(3.5.7.2) waj(x) dFj(X) = [2 /7 Yij ] j=1,...,q

93
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where ij is the variance of the jth component of Y.
Denoting ij as the correlation of the jth and Kth variates of

XS we have

6 . -1 Pk :
& = 7 sin (—%—0 3isK = 1,..0,q.

We note that if we assume that G has a covariance matrix 2

then v,. = b! £ b,. We see that
i~ ~ =3 _
1/2}'2

1/12{2/7 [b} I bj] j=K=1,...,q

(3050703) TjK

1 P
P s 01120 7 b A2/ 5 5t

j#K=1,...,q.

Ih general
1/12(4m b! I bj)‘l;  §=K=1,....q

(3.5.7.4) TjK =

1 . 1/2,., 1/2, .6 . -1 Pk, ..
Tp0mby I b by I bp) ™ I sin T
J#EK=1,2,...,q9
where
o , 1/2,., 1/2 —_
Pig = by I Be/(by I )™ by I by) 3K = 1,2,...,q.

Obviously, the additional subscript (1 or 2) needs to be added

for the comparison of the two tests.

3.6 Comparison of Nonparametric to Parametric Procedures

In this section we consider a comparison of the nonparametric
procedures available for the one sample problem to the standard
parametric procedure. The results in this section have applications

to the general one sample shift problem so we shall first present
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results for the general one sample problem. We then discuss the
extension of these results to the comparison of the two procedures when .
applied to the growth curve problem when
a) the model is correctly specified;
b) the model is overspecified; and

¢) the model is underspecified.

3.6.1 One Sample Location Problem

In this case we shall let ¢l be the test based on the parametric
2
(Tn) test and ¢2 be the nonparametric (rank scores) procedure. We can
have either of the two measures of ARE in this case, the curvature or

the trace; i.e.

1/q
/1))

(3.6.1) CARE =
or \
(3.6.2) TARE = tr T L/tr I L.

We shall want to place bounds on (3.6.1) and (3.6.2) over suitable
subclasses of the entire class of distribution functioms, ~. The class,
., for the one sample location problem, is the class of g-variate
absolutely continuous distribution functionms, diagonally.symmetric
about its median, g, and possessing moments of order 2 + § for some
> 0.

Bounds for (3.6.1) are well knqwn since (3.6.1) is nothing more
than the efficiency of the rank scores estimator to the least squares
estimator using the Wilk's criterion of asymptotic generalized vari-

ance; this fact was noted by Bickel (1965). Bounds on (3.6.1) over

subclasses in & are presented in Puri and Sen (1971) and Bickel (1964). .



We summarize these results briefly:

If ¢2 is the normal scores estimator and

a)
b)
If ¢,
(3.6.3) a)
b)
(3.6.4)
c).

F is q-variate normal then CARE = 1

’

q
F(X) = T F,(X,) then CARE > 1.
~ j=1 j J

is the Wilcoxon scores estimatqr then
: 1/q
CARE > .864 [ lij[ / lijl ]  for all F in 3;

If F is g-variate normal then

1/q

%m=%[bﬂ|/$smdmﬂﬂﬂl

If F is bivariate normal then
1/2
2 . =1 2
cart = 21(1-0%) | (@ - 28 (stn 22y
T

and if we find the maximum and minimum with respect to
p(-1 < p <1) we find .91 X CARE < .95 where the lower
bound is reached when Ipl + 1 and .95 is the value at

p=0.

d) If F is pairwise independent then (3.6.3) has a lower

bound of .864 and (3.6.4) has a lower bound of 3/m.

We now shall find bounds similar to the above bounds when we

use the trace criterion of efficiency.

Let us consider the normal scores test, i.e. ¢2 is the normal

score procedure. We first note that if F is g-variate normal then

~

Z = T and therefore TARE = 1.

96
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q
Theorem 3.6.1. If F(X) = 1 F (X ) and if F (X,) has density

j=1 ]
£f.(X,) with f1n1te variance 02 and if == 4_ -l(F.(X)) is bounded as
ivg h| dX h|
X + * © then TARE > 1. .
Proof:

For all j,K = 1,2,...,q9 we know that

f f o (F (X)) ¢ (F (y))dF g Xs¥)

T

T S E @) @) (] 5 8 EO) dR o))

is zero by the diagonal symmetry of
-1

but for j # K the numerator of TjK

F(X) and the symmetric nature of the score function ¢
Let

1,2,...,9.

(3N
]

A(Fj) [w'- o (F (X)) dFj(X),

Therefore

0 j#K

T, 00
JK_ J [<1>'1(Fj(X>)]2 dFj(X)/Az(Fj) j=K=1,2,...,q.

-0

But by the boundedness assumption and general properties of the
normal distribution it has been shown [see e.g. Gastwirth and Wolf

(1968)] that

2 2 _
A (Fj) Z_l/Gj i 1,2,...,q9.
We know that
-1 2 _ )
fw[¢ (Fj(X))] dFj(X) = 1.

Therefore
-1 2
Tl = diag (WC(FD, ..o, AZ(Fq))
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-1 2 '
9 o090y

I = diag (l/G1 1/0q2)
and the result follows.
Q.E.D.
We note that if the distribution function, F, has a diagonal
covariance matrix then the above theorem still follows since each
diagonal element of I-l is greater than or equal to 1/A2(Fi)' Hence
the result of the theorem is valid for a wider class of distributionms.

If ¢2 is the Wilcoxon score then from Puri and Sen (1971, p. 175) we

have:
1/12(J, £,() dFj(X))z; j=K=1,2,...,q
Tix ~
g ® o .
ij/lz([ob fj(X) aF, (®)) (L, X)) dF (X)), § # K,
where
g - o0 (+.0]
Pk = 2/ 7. [Fj (x) - 1/2] [FK(Y) - 1/2] dFjK(X,Y)-
Let

AGE)) = L, £5(0) dF, ().

In general tr T-l/tr Z—l is not easily evaluated for arbitrary

F(X). We consider some special cases.

Theorem 3.6.2. If X is an interchangeable random vector then

122202 (1=p) (1 + (g=2)08) (1 + (q-1)p)
(1 - 0% (1 + (g=2)p) (L + (g-1)p®)

where a=A®F) = [ £5(X) dF () = [o£(x) dF(R).

3
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Proof: R N
. .l p LN 2 p
Since L = 02 1 cee
\ p 1 L
and p?K = o® . J#K=1,2,...,q
then
1 =K
S 12aZ J
JjK o8 j#K
12a
1 pg cee pg
S | :
~ 12a? *
o8 1
Denote J = 1 then we represent £ & T and their inverses are
q*Xq  gxq

glven by the following four equations:

I = [6°(1-p) I+ 0% pJ]
T = [ror (1-p%) 1 +-—257 J]
~ = 12 %) I F 12a7 2
1 = @ -t L - oPerte? + (a-1o%) g1
-1 1 g\ \~1 o8 1 &
T = (G-I - 15/ Gopr + (D) T 3

hence the result follows.

Q.E.D.




Theorem 3.6.3. If F(X) has covariance matrix I which is diagonal'

then
TARE > .864.
Proof:
We know that
-1 q ' ’ 2 q 2
tr T >12 I ( fj(X) dFj(X)) =12 %I A (Fj)
=1 o j=1 :
. and
- Qa
tr 3l = 1 1/02
~ 4= J
therefore
q
r 12 o2 A%(r.) /0%
q q i
2 2
TARE > 12 I A“(F)/( L 1/0)) = q 2
j=1 S E R I 1/o]
, =1
but_120§ A2(Fj)_3 .864 [Hodges and Lehmann (1956)].
Thus, ‘ TARE > .864 .

100

Q.E.D..

Theorem 3.6.4. If F(X) is g-variate normal with pairwise independent

coordinates
TARE > 3/7 .
Proof:

When F is normal we have

_ -1
A(Fj) = (2 fﬁ.dj)
and
p?K ='% sin~t (ijlz)

hence we have the following
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r02 el sin-l( ) 50 sin—l( )’
1 Pia72? =+ P1q/2
T=2 '
~ 3 . .
symmetric
. i 9
o}
. q J

Pairwise independence implies ij = 0 thus O?K = 0.
Therefore,

-1
T

~

3 2 2
= diag(l/ol, cens l/Gq)

Z—l

diag(l/cZ?, ..., 1/03)

and the result follows.

Q.E.D.

We now establish a result for the trace criterion which parallels ‘

the curvature result when F is gq-variate normal (q > 3).

Theorem 3.6.5. For q > 2 then

inf TARE = 0
¢ €Q
where Q is the class of nonsingular q-variate normal distribution.

Proof:
As in Bickel (1964) it is sufficient to establish the result for
q = 3. Consider the covariance matrix:
1 0 (1-0) /VZ

L@ =o®| o 1 @I,
(1-0) /Y2 (1-0) /Y2 1




Hence

PR

er 2 1(w)

tr §' (o)

(o) =

where

>

NE]

02 (-(1-0) %)

[o?(1=(1-0) %]

Clearly we have

Notice that

since

-1

-1
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( 1 (1-0) 2 (1—qj2 1-0) |
- 2 ] 2 H
‘9 9 V2
(1-a) 1 (1-0) (1-0)
2 2 /5
_ (1-0) _(1-a 1
/z sz J

[34(14a)2] and we see as 0 -+ 0 that

© , On the other hand,
1 0 %-sin 1|ie
\ ﬁ)
( 3
QZ 0 1 ;;-?-sinm1 1o
| V2,
6 -1 {1-a 6 . -1 (1l-a
T si —_— T sin — 1
\ /E /E J
(12 b% b))
-1 3 2 2,71 2 2
T () = Pl (1-2b7) b 1-b -b
-b -b 1
\ J
b = %-s gl E .
V2
1 3 2 2 ~1 2
tr T (a) = Py (1-2b7) (3-2b%).
2 -1
3%— (1-269)  (3-2b%) » o2 .42
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2 2
b? = -,-?-r-sin-l ELC1) ég' sin ™t (221 5 525 ag o » 0,
' V2 ™ V2
2.~1
therefore (1-2b") ~ » -,29

3 - 2b2) + -1.50.

So we see that tr I-l(a) > 42 02 # °°-as o > 0. So TARE - 0 as
0. > 0 and the theorem follows.
Q.E.D.
Hence the same type of degeneracy occurs using the trace
criterion és occurs with the curvature and the smallest root criterion.
Let us now study the bivariate normal distribution function and derive
bouhds on the TARE,

Theorem 3.6.6. If F is bivariate normal with mean (g) and

2
o] p 0,0,

Pl o]
i

and positive definite then

2
) 9y

—

a) TARE is independent of ci and og;

b) .87 < TARE < .95 where the lower bound is reached as o]~ 1
and the upper bound is reached at p = 0.

Proof:

Since F is bivariate normal we know

( 60.0 )
_ 2 : 2 ., -1
) _m 01 —— sin (p/2)
~ 3 *
60.0 2
% sin l(0/2) Oy J
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In the 2X2 case we know that for a nonsingular matrix A that

tr A7 = e a/|a]

Hence,
2
-1 7,2 2,, 2 27° 36 .. -1 2
tr T 7 = 3(01 + 02)/01 Ty 3 (1 2 (sin “(p/2))7)
-1 2 2.,2 2 2
and
-1 -1 3 36 -1 2,71 \ 2
TARE = tr T ~/tr I =-1;(1-—§(sin ®/2))7) @ - p%
m

which proves part a of the theorem. We first notice that the TARE is
symmetric about p = 0 since if we denote h(p) = TARE we see
-1

(1 - Fsin ™ -0/2)% T @ D) = nip).
m .

3

h(-p) = p

For 0 < p 5_1,sin_1(p/2) is increasing, therefore, [sin_l(p/Z)]2
is increasing, similarly, for 1 < p 5_0,sin-l(p/2) is decreasing, and
Vtherefore, (sin_l(p/Z))2 is increasing, tﬁus [sin—l(p/?.)]2 is
increasing as |p| increases. Bickel (1964) has shown that

pg

il

3(1 - -,;'Z‘T"cos“'l 0/2)

hence
’ -1

TARE % a - pz)(l - 9(1 - —ﬁ- cos™t p/2)2) .

Further Bickel (1964, p. 1087) demonstrated that this function
has a maximum at p = 0 and is monotonically decreasing in |p|. Hence
the maximum of the TARE is at p = 0 which is 3/7 or .95. For the

lower bound consider the monotonic transformation

sin"t (p/2)

o
il

2 sin u = p,
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thus
2
TARE=%(l-g6S,i; u) |
Q-
T
and
3 (109 | 2
lim 2 0 1im 3 (1-0) )
ld»l"(l-—@m /% hl*gﬂ(l—%m%
i

» Applying L'Hospital's rule we obtain T -
8 sing cos ¢

1im 3 (-8 sin u cos u) _3
T o288 T 2(§§
Iul i ﬂ2 ™
=‘Z§ = ,866 = .87.

Q.E.D.
We see the trace leads to slightly wider bounds than the curva-
‘ture criterion does; but we have the same basic result that the |
efficiency decreases as lp| increases. 1In any case we see that‘
using curvature or the trace is likely to produce similar results

for the efficiency for an underlying bivariate normal distribution.

3.6.2 Growth Curve Model Correctly Specified

In the notation of Chapter II we have tl = t2 = q and if ¢2 is
the nonparametric procedure and ¢l the parametric procedure then the

efficiencieé of ¢2 relative to ¢1 are: -

(3.6.6) - aare = (3} 1 B |/]zh?e

(3.6.7) . TARE = tr T L er(a 1 ihere B = [b b J.

l~~1) l’lnl,
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L is the covariance matrix of the original observations from the

parent distribution function G, an h-variate absolutely continuous

distribution function diagonally symmetric about zero with moments

of order 2 + § for some § > 0. F is, in this problem, the distribution.
_function of the reduced quantities XS’ defined by §i §S' The least
squares procedure and the rank procedures are applied to the Yoo
Practically speaking, the bounds attained in the general one sample
problem applyrto this problem as well. The only point of interest

is to determine what set of circumstances in the growth curve problem
lead to theée bounds. Consider the normal scores procedure., If F is

g-variate normal then the efficiency using either criterion is 1; if

F has pairwise independent components it follows that
b!Zb, =0 V j#K.

One case where this héppens is when E = QZ.I, hence the CARE and TARE
are bounded below by unity.

Turning now to the Wilcoxon scores we see that if F has pairwise
independent components then the efficiency (trace and curvature) is
bounded below byA.864 and if F is normal the bound is 3/m, again pair-
wise independence necessitates that'Ej Zb, =0V i} # K. If F is
bivariate normal then using curvature efficiency the lower bound of

+91 is reached when

/2(95 % b )1/2} > 1

1
] 1
SHERPUCHPRIY )

while the trace criterion achieves a lower bound of .87 for the same

limit. The upper bound is attained for both when p = 0. One case
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where p= 0 is I = 02 I, so the upper bound is attained for this

situation. The lower bound for the growth curve model cannot in
general be reached for the bivariate case (i.e. linear and quadratic).

To see this point more clearly, we know there exists a nonsingular D

such that
(n’l)' FpY=1
~ therefore I =D'D
let a, =Db, i=1,2
thus

= af ' 1/2 ' 1/2
p = a3,/(aja)) (a52,)

and this can be one only if there is a nonzero constant c¢ such that

81752 .
which implies that
bp=¢h )

which we know cannot happen since for h time points, the elements of
b, are monotonically increasing while the elements of b ‘are not mono-
tonic. Thus the correlation coefficient of the linear and quadratic

cannot be 1 so the lower bound in general cannot be reached.

3.6.3 Growth Curve Model Overspecified

In the notation of the previous sections we have tl and t2 both

equal to t which is greater than q. We denote

. 08 =
(3 6 ) gl [El’ AR | P'q] -
52 3 [Eq+l, «0 0y Pt] .

where the underlying model is given by B, o and B, corresponds to the . '
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orthonormal polynomials we have overfit. The rank scores and least
scores procedures are applied to the

B

5
Under the assumptions of Theorem 2.2.1 the quadratic forms constructed

in the rank statistics have a chi-square distribution with t degrees of

freedom and noncentrality parameter

AMM[I 0 ] I
1xq g¥q gx(t-q) 0
through HN where
%1y
He: | - = N2y,
an

Each term of T is the corresponding covariance of the rank scores of
the Y, divided by the A(Fj) A(FK) defined earlier in this section.
The corresponding parametric_teét would also have chi-square distribu-

tion with t degrees of freedom and noncentrality

Bi -1
AT[I:0] ~  (B.,B,) A
~ ~ N 1 ~ ~l ~2 ~
' B,y / 0

through + The efficiency of ¢, relative to ¢, is therefore given by:
y 2 » 1

1l/q
(3.6.9) CARE

: 1 - R ' =1 - -1
{]BjZB, - BT, (B)ZB)) "ByIB) [/]1T19715)T59To; 1}

and

(3.6.10) TARE

- . _l "'1 [ - 1 [ -1 1 -1
tr(Tyy = T95TppTpy) /tr(BiZB; - BB, (ByIB,) "B,IB))

~ Lo
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where Tij is the portion of T due to the covariance of the rank scores

applied to B! X and B! X, for 1,j = 1,2.

3.6.4 Growth Curve Model Underspecified

In this case t < q and we let B be the first t rows of B,. The
hxt

" least squares procedure and nonparametric procedure are applied to

Yo = B' Xg S=1, 2, ..., n.

The curvature criterion cannot be applied in this case so we consider

the trace criterion which yields the efficiency of ¢2 relative to ¢1

as:
Itxt -1 S, -1
TARE = tr 0 T [I:0)/¢tr 0 (B' £ B) “[1:0] .
This reduces to:
‘ -1 i -1
(3.6.11) TARE = tr T ~/tr(B' I B) ~ .

3.7 Covariance Adjustment

In this section we investigate the effect of the use of the
higher order polynomial terms as covariables on the TARE and CARE. We
computé the efficiencies of the procedure with covariance adjustment
with respect to the procedure without covariance adjustment when the
model has been a) correctly specified, b) overspecified, and c) under-
specified. In cases a and c we are able to show that you always gain

by covariance adjustment.

3.7.1 Model Correctly Specified

The hypothesis of interest in this problem is
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HO: (U.l, ve sy aq)' = 9'
(3.7.1)

against HyCgygs -oes B = -1/2 (Al, SIS SRE

~ From the previous sections we know that the parametric test

based on

Yo, = B X3 S=1, 2, ..., n
qx1

will have noncentral xz(q,Al) through HN as N » o yhere

Al = A'(gi L B )-l A. While the nonparametric test using rank scores
would also have limiting noncentral Xz(q,Az) through HN where

A2 = &' 311 &. El is defined by (3.6.8). We assume that we shall

use r of the higher degree terms as covariables in the analysis, i.e.

we let
XSZ = Eé §S S=1, 2, ..., n
r*xh
where
=[b ETERY 9q+r] r=1,2,...,(h=q)-1.

- The expected value of Y1 given Y 2 is

!
o+ (8] 2By IBYT T, ,

and its covariance matrix is

Bl I B

By LB -B IB,(B)ZB )7t

The residuals are thus

v - - ] 1 -1
Yy -a=- (B) ZBy))(B) LBy

~1 XZ’
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and under HO are , ‘
-1
- '
Y, - (BIIBIB,LB) " Y,
with covariance matrix
' - ' =
[B; Z B - B] L B,(B) LB, ~§§] 5.2

Hence,

s _ a Copgl g .
L(/alT; - (8] LB,y LB T,1) > N(O,Z; ,) as N >

and through HN

c.f(»/'[af-(B'ZB)(B'):B) Y /A])+N(A212)asN—>w.

In a similar fashion [see e.g. Sen and Puri (1970)] the test
based on the rank scores procedure would have noncentral xz(q,A3)

through HN as N = « with

g
it
>

3= A Ty A

where

_ -1
19.2% 011 7 T12 To0 Tpp

We then see that the efficiencies of the test with covariables.

relative to the test without covariates for the parametric procedure

are.;
-1 1/q
= 1 ' - n! 1
GARE = (|B] Z B,|/|B] Z By - B] £B,(B; EB)7 B} 2B
and
= 1 ] ] -1 ] ]
TARE = tr[B1 E El §l E § (E § § ) §2 E §l] /tr[B Z Bll

The corresponding efficiencies for the nonparametric procedures are:
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- 1/q
CARE = (|19, ]/17); = 19,1581,, 1)
and
L -1 -1 -1
TARE = tr(T)) = Ty5TppTpy) /tr 777 -
We know B' LB (B LB )-l é z B, is symmetric positive semi-
1 1 "l~v
~definite while El § El and §l E Bl ~l % B (B ) g ) §2 § B, are

symmetric positive définite.
Hence by Theorem 1.44 of Graybill (1961) we see that

B. 3B , (B

IB] 2 8,] > [B 2B, - By L By(By ZB,) E' Z Bl

A similar argument shows that

ITyal 2 173y - 13575575, 1
Therefore, using the curvature criterion of ARE we see that the
efficiency of the érocedures using covariance adjustment to the cor-
responding procedure without covariance adjustment is bounded below
by unity. |
Using the trace criteriqn we also find that the ARE is bounded
below by unity. To deﬁonstrate this we consider the following argu-

ment. There exists a nonsingular matrix C such that

' = '
(3.7.2) i §1 § gl E 9 and

' - nt 1
Bl LB - B LB,

[l ne}
o]
~—

where A = diag(yl, ceay Yq% Y5 is a characteristic root of

ZB )"1 B! I B )(B I B )

'
(B; L By - B 2 B3 By 2 BBy 2 By
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Each Yi is between zero and one since the roots of

1 ) [ "1
TEERICEEN

L B (B Z E ) B, 1

(B LB ~B L

are the same as the roots of

I - L B (B Z B

I-B¢L £ B, (B ZB )~

2) 2

i.e. the solution of

’

| , | _
|T -3 2B, 2B ) By ZBi(B I §1) -v1Il -
for y or the solution of
' - ' -
(3.7.3)  [B] I B,(B; LB 7 By LBy - A(BIB)|=0

for A where A = 1 - y are the same. The roots of (3.7.3) are greater
than or equal to zero, i.e. 1 - y > 0, therefore vy < 1. Clearly

each Yy is between zero and one. So we see that from (3.7.2)

] ]
tr[B] Z B, - Bj I B,(B) LB, B)IB ™
str ¢ Attt e ticent

_ -1,., -1 ' -1
=tr A () I By) "2 tr(® LB
since each element of the diagonal matrix A_l is greater than or equal

to one. Therefore

\ “1,, oy -1 |
Z B, EEEH /tr[B; L B,1 ™ 2 1.

TARE = tr[B! 2(~ LB 2

l
528 -5 LB
A similar argumeht'cén be applied to the nonparametric procedure.

Covariance adjustment does improve both the CARE and TARE in this case.

3.7.2 Model Underspecified

In this situation the hypothesis is (3.7.1); however, we have one

test with t statistics (t < q) and zero covariables and the second test
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with t statistics and r covariables. We let

gﬂ [El’ ey Et : Et‘*’l’ seey Bq] = [§1 : §2]
and assume the least squares reduction

= B! X_;

B, Xg3 $=1, 2, ..., n.

Y1
£x1

~

From the previous sections the parametric procedure based on the YSl

will have noncentral xz(t,Al) through HN as N » « yhere

~ txt
and
o= ezt o )
txt tx(gq-t)
0 0
| (g-t)xt (g-t)*(q-t) ]

The nonparametric procedure with rank scores applied to the

Ya1

By

= A'

T-l
~11

txt
0

0 A
tx(q-t)
0

would result in a limiting xz(t,Az) through HV with
&

(@=D)%t  (q-t)x(q-t)

-

We wish to compare these test to the tests which use r of the higher

order terms as covariables. We let
- ' = - -—
st - §3 -}V(S r 1, 2, LECIE Y (h t) l
rxh
where
§3 - [Et+1’ Et+2’ Tt Pt+r]'

We notice that B, will contain terms from B, and in fact may actually
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equal B,. The expected value of ¥, given ¥, is given by
~2 1 2

%
. ] ] 14
. +(B Zg)(B 283) :12
o
t
with covariance matrix
5 B! I B, - B IB,(B} B ylszs
1.3 7 l ~3 ~ ~ ~3 < 21

The residuals are

- -1 =
- ' 1
(¥; - (a+ (B] Z B3)(B3 2 B3) ™ ¥p))
with the same covariance matrix. Under similar assumptions as before

we have that

v - v - n!
NG, - B} T By(B) Z BT 1) 17,(F - B] I BBy % B T,
is noncentral xz(t;A3) through HNAas N =+ oo where
= 3! '
By =" | [B] I By =B EBy(By LBy ~3 LB 0
0 H 9

In a like fashion the ndnparametric procedure with covariables
would have a noncentral Xz(t,AA) through HN as N - o yhere

-1 -1
= 1! !
By = A" | [T39 = T35 T33 T31d s

4 i A L]

~

1O

0 s

-~

1O

We thus have the following as the efficiency of the test using
covariates to the test without the use of covariates for the parametric

procedure:

, -1, -1 , -1
TARE = tr(Bj I By - Bj I B,(By 2 By) "By X By] “/tr[By I B)]°7,
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and for the corresponding nonparametric procedure is:

/tr T -1

TARE = tr[Ill Ti11 *

113 33 3l]

The trace criterion is the only method of comparison which we
can use in this case since the curvature of the power function of
each test is zero. We also note these efficiencies are bounded below
by one from the arguments in section 3.7.1. Even if we have under-

specified the model we always do better to use covariance adjustment.

3.7.3 Model Overspecified

In this situation the hypothesis is again given in (3.7.1);
however, we have one test with t statistics (t > q) and no covariables

and the second test with t statistics and r covariables. We let

B = [bl, cens bq, bq+l’ ooy bt] and assume the least squares
reduction
XSl = g' §S; §s=1, 2, ..., n.
‘ tx1

From the previous sections the parametric procedure based on the YSl

will have noncentral Xz(t,Al) through HN as N -+ » yhere

-BJIB ,(B) L B -1

Ay = A'[B) LBy - ZB)) " B)ZB]

1 < 1

The nonparametric procedure with rank scores applled to the YSl would

result in a limiting Y (t,Az) through HN as N » o, yhere
o ) -1 -1 |
By = AMMTy1 = Typ Top Tppl T A
The partitioned matrices are defined by B = [ Bl’ B2 ] and Tij
hxq hx(t-q)

are the covarlances of the rank scores of B' XS and B' S We wish
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to compare these tests to the tests which use r of the higher order

terms as covariables we let

Y, = Bl X, r=1,2, ., (h0)-1
where - rxh
53 - LI R Bt+r]'
The expected value of gl given 22 is
o
NERIAIORE D

with covariance matrix

z

1.3 " B'ZB-B'"IB (BB )'l B! I B

3% =

The residuals as

=

with the same covariance matrix and through HN we assume that

A
Lﬁkl-@'E%N%§§>*§-n*”[;”}+mu

~

QR

] 1 -1z
] + (B' L BBy LBy Y, ] }

1O

4 1.3

o >
[N—
™
[——

as n > «,

We denote
éij = E;_ E Ej i’j = 19‘233’

and

A . =A . ~-A. AYTA . i,5=1,2

2133 T 243 T 243 233 233 M T o
Also let

* All A12

A = and

A A

21 22
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w | M11.3 Ar23
Bars A .
We know that
400 = 213 233 Anl = 1871718y

~and

-1 Rk
A11.3 = A10.3 8555 Ayp 5l = 14 17145, 51

Thus using the curvature criterion we get

-1 * :
(3.7.4) CARE < |4 - Ay, 8457 89 AT Ay,
ol = -1 = K&
1801.3 = A12.3 8255 Ay gl 18T |4,,]

for the efficiency of the test with covariates relative to the test
without covariates. The first ratio in (3.7.4) is at least unity,
however, the second term is less than or equal to one. It does not
seem obvious whether the CARE is greater than or equal to one. Using
the nonparémetric rank scores procedures we have for the efficiency of

the test with covariates to the test without covariates:

lIll TS

CARE = = i

T12.3 22.3 T21.3

11113 -
As in the parametric case it is not clear if this quantity can

. be less than unity.

3.8 Comments

It should be observed that the hypothesis

o
Q

HO: R - with .

7
it
O v
1%
D
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unspecified (£ < h) could have been the hypothesis tested in this
chapter in place of the hypothesis given in (3.3.4). To test this
hypothesis we would apply the parametric or nonparametric one sample

procedure to

Y, =B'X S=1,2, e, n

~S ~S?
where '
B = [Bgpys +oes byl

The bounds attained in this chapter would not change; however, the
actual efficiency formulae would change to reflect the E matrix. In
general the results of this chapter are applicable to tests for tﬁe
one sample problem. In Chapter IV we find that the TARE and CARE
reduce to sgalar multiples of the corresponding one sample results for
the hypothesis that the intercept is a fixed number and the curve is

stationary.

Py




CHAPTER IV

APPLICATION OF TARE AND CARE TO THE MULTI-SAMPLE

GROWTH CURVE PROBLEM

4.1 Introduction

We shall present results in this chapter for the c-sample prob-
lem (c > 1) similar to the results obtained in Chapter III for the one-
sample problem. As in Chapter III we shall restrict attention to the
polynomial growth curve model. The hypothesis of interest will be the
hypothesis of the equality of the c growth curves, under various |
assumptions of what the model is, we shall see that this test of homo-
geneity will giVe rise to different test statistics. The unweighted
least squares reduction will be used for reduction of each observation
vector to the estimates for the assumed model. We shall apply the
general rankrscores statistics to these reduced vectors and also shall
applyrthe Hételling—Lawley trace statistics to test the null hypothesis.

Efficiency formulae are presented for each procedure.

4.2 The Statistical Model and Data Reduction

The model for the multi-sample (c-sample) problem is a special
case of the general model presented in Section 3.2. The index set, I,
is the set of c indices 1,2,...,c. The index set, T, is the same as
in (3.2.2) and the data are characterized'by (3.2.3) and (3.2.4). TFor

notational ease, we write n, in place of n(i) since i = 1,2,...,c.
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Restricting attention to the case b = 1 we see that we have the follow-

ing for the multi-sample problem, .
xsi(tl) i = 1,2,...,(‘.
(4.2.1) X = : S = 1,2,...,ni -~
~Si X (t.)
hx1 Si‘h

where for each i the XSi are i.i.d. as G(X;i) an h-variate absolutely

hx1
continuous distribution function. The location vector of XSi is M(1i)
where
H(i,t))
M(i) = . i=1,2,...,c
u(i,t)

and in the orthogonal polynomial models which we consider, we have that

(4.2.2) M@i) = Pl gi ' i=1,2,...,c
hXr ©x1 ‘

where Bl are the orthogonal polynomials of degree O to r-1 satisfying

(3.2.9) and (3.2.10). Hence, we have again a dimension reducing trans- .

formation from M(i) to ai. The assumption
(4.2.3) G(X;i) = G(§ + g(i)) i=1,2,...,c

is made so that XSi - M(i) is distributed independently of i. In the

' )
normal theory we assume

(4.2.4) v G(§;i) = Nh(g(i), E) i=1,2,...,c,

if M(i) is given by (4.2.2). The hypothesis of homogeneity of the

ol

growth curves is given by

(4.2.5) H.: a

0 =0, = .0 =0 =0 (unspecified).

1
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Defining bj j=20,1,...,h~1 as in (3.2.10) we shall consider

the unweighted least squares estimate of o, for each observation; hence

~

denoting B1 by

By = [bgsbyseeesb 4]

then consider the transformation

]

- (4.2.6) Y., = B! X o i

~8i 21 <si 1,2,...,c

S = 1,2,...,ni.
In the next sections we compute the efficiencies of the parametric and
nonparametric procedures for the overspecified and underspecified

growth curve models.

4.3 Parametric Procedure

Under the assumption that XSi are from a multivariate normal

~

distribution defined by (4.2.4) it follows that XSi defined by (4.2.6)
has a multivariate normal distribution. Hence, to test the null
hypothesis (4.2.5) we could follow any of several procedures, for
example, the likelihood criterion which reduces to Wilks lambda, the
Hotelling-Lawley trace, or Roy's largest root. Under the assumption
of normality the Hotelling-Lawley trgce criterion (denoted Tg) and
the likelihood ratio criterion are asymptotically equivalent, in fact,
~ both would.lead to noncentral chi-square statistics for large samples.
On the other hand if the parent distribution is not necessarily normal
but has moments of order 2 + § for some 8§ > 0 then Tg still has a
central chi-square under the null hypothesis and a noncentral chi-

square through an appropriate sequence of alternatives. We shall use

2 . . . cls
the TO statistic, but the equivalence of the two criteria in large



123

samples for normal distribution functions is noteworthy. We consider

the data characterized by (3.2.3) and (3.2.4) and define w
X, =n E X.. i=1,2,...,C .
~1 i g=1 ~5i

_ ¢ ng_
X = X N §i i=1,2,...,c
i=1 : :
c
where N= I n
. i
i=1
n,
-1 ¢ 1 - -
S = (N-c) (2 Ko, - X)X, -XON.
~ i=1 S=1 ~Si ~i7 581 ~1
Assume there exist c¢ constants, Yl’ Yé, sesy VE’ each in the open

interval from zero to one such that

n, c ) , =
i
lim = = v, i=1,2,...,cand I vy, = 1.
N-—)OON i i=1 i

Since the parent distribution function of XSi has moments of

order 2 + & for some § > 0, it follows from the central limit theorem

that
(4.3.1) P@? @ -ER)) 2N (0,5) as n, »
-3 1 E T EL ‘o5t 17

Furthermore we know that S 3 L by the laws of large numbers.

From (4.3.1) it follows that

o 1/2 o 3
4.3.2)  Z@’? @ -ET)) +N (0,8 I B) asn >

as Yi is a continuous function of ii' In addition it is obvious from

t

(4.3.2) that
V2§ _BT);4=1,2,000,0) *N_(0,(B'ZBYQ® T)
~1 ~i”? 1yt re's?t ~ S -

rxr cXc ‘

(4.3.3) (N
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where
- -
Lo
r=| 1, :
0 1
: Ye ]
c
Writing o, as B + 6, where Z v, 6, =0 we observe that only

¢ - 1 of the Gi are linearly independent; hence the null hypothesis

implies that 61 = 92 = ... = 61 = 0. The sequence of alternative

hypotheses, HN’ is defined by

(4.3.4) et B = W25 i=1,2,...,c

i

where Ai is non-null for at least one i,
To test HO, we may define TS in its symmetric, less than full

rank, form of

n
2 _ . - s 51LE o

Or we may consider the statistic in one of its full rank forms, for

example:

2_—_—_._ ~111 1
(4.3.6) To = N[’gi X), i=1,2,...,c-1] (§1§ gl)

8, 0N -1
Q9 n -1 [(Xi—Z); i=1,2,...,c-1].

1,1=1,2,...,c-1

By (4.3.3) and computation of the covariance we know, under HO,

that
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ozf([/ﬁ'(zi -Y); 1i=1,2,...,c-1] ( —l)- 9 (~1§ E ) .
B 840 -
® -1 as N +> o, .
Y .
i i,i=1,2,...,c-1

Furthermore through Hy we see that

(4.3.7) TORE, - D3 1 =1,2,...,0-1] » N (e-1y [ [A47D)58=1,2,.0 00 0105

~

ags N >

GBI

i,i’=1,2,.. .,C-l

where A = I Yg A Without loss of generality we may assume A is
i=1 ~t ~

b4

zero because of the r restrictions. Clearly, by virtue of (4.3.7) Tg

has a limiting Xz(r(c-l), A ) through HN as N » o yith

o S, .,
(4.3.8) A; = [Ny 4 =1,2,..0,e-1]" [(B]Z §1)® ;1 -1
i i,i=1,2,...¢c-1

[éi; i = 1,2,...,(:-1]-
Written in a symmetric form in the Ai’ i=1,2,...,c Al becomes

by =

™Mo

: -1
t 1

o Yy Ay (By 2B A

We shall need to compute the trace and determinant of the discriminant

in (4.3.8) so we reduce this discriminant to a simpler form. Noting

that
(4.3.9) B i (o
;— 0...0 1
YR § 1 1 %
[;1 - 1} = 1o + (D) T |A,L,...,1)
* 1,i'=1,2,...,e-1 |, :
. 1 1 .
0 — \ J
i Ve-1]
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thus by Theorem 8.3.3 in Graybill (1969) the inverse of (4.3.9) is

3 o 3
fyy 0...0 Yy |
0 .
. ) + K ) (yl, teey Yc-l)
0 Yc-l { Yc—lj
\ P,
where
c-1 -1 -1 -1
K== (-D(Q + (-1) £ Y, o= @- (1-v))) = Y.
i=1
Consequently, we have
A : Y:Yan
(4.3.10) [ == - 1] = [6..4Y. ot .
Yy . ii''i Yo
i,1'=1,2,...,c~1 i,i'=1,2,...,c~1

Furthermore, since the inverse of a direct product is the direct

product of the inverses, it follows from (4.3.10) that
G,i, -1
|

(E' §§1)® Y

\ -1 Yi¥y .

1,i'=1,2,...,c-1

In addition, by Theorem 8.8.10 and 9.1.11 in Graybill (1969) it

is apparent that:

. -1 YiYi'
1,i'=1’2, R ,C-l
c-1 (x)
Y:Ys
- ' -1 i'i
(B, By) Si3Ys + Y

i,i'=1,2,...,c-1
and
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Y:¥:u

' -1 ' i'i
(4.3.12)  tx| B2 BT ® 6ii'Yi+_yc ®
' ' 1,1'=1,2,...,c~1 «
( Y.Y .
= ) -1 i i'
tr(BiZ By) © tr |18,y + Y, .
\ i,i'

Let us define

YiYi t
Y

(4.3.13) A= |[8 v, +

~

[

i,i'=1,2,o.o,c-1‘

4.3.1 Parametric Procedure - Overfitting

If we had incorrectly assumed that the polynomial model was of

degree (t-1) in each group (t>r) then we would make the transformation:

i=1,2,...,c
= '
(4.3.14) XSi [Eo,kl,...,br_l,...,Et_l] §Si

~

S = 1,2,...,ni

and for notational convenience we let B =_[Bl:B ]

gl = [Eo,.oogér_ll
[
By ety

Following, the same reasoning as in (4.3.6) and (4.3.7) we see that

through HN
A,
- - ~1 2 - .
(4.3.15) oz"(fﬁ(gi—g); i=1,2,.0.,c-1) > Nt(c__l) [(9 y,i=1,2,...,c-1];

(B'Z B) ® -1 as N » o

i,i'=1,2,...,c-l

where for each ij )\i is rx1 and 0 is (t-r)xl. Therefore, the statistic ‘

~
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Tg, defined as the quadratic form in the t(c-1) vectors in (4.3.15)

would have limiting noncentral,xz(t(c-l),Az) as N + « yhere

2 ) YV
= -1
= [(7)51=1,2,.000-1] | (B'ZB) @ (8,4, + i'4
" ¢ J1,1'=1,2,...,c-1
A

[(51); i=1,2,...,c-1].

By (3.4.7) and the fact that the last (t-r) elements of each

A
(ai) vector are zeroes we have
' , -1
A2 = [éi’ i=1’2,""c—1] ([§1§§1 l§§ (B B ZBl] ®A)

[éi; i=1,2,...,c-1].

As in (4.3.11) and (4.3.12) we have the determinant and trace of

the discriminant of A2 as

-1 -1,F c~1
18] 28 - By 28,3 287 By 2 817 |4
and
tr [B! - BT B (BT B) LB 5B tra
1 ~ ~l ~l <22 L X ~2 < =1 ~?
respectively.

Representing the test based on the correct number of parameters

as ¢1 and the overfitted procedure as ¢2 we easily find the following

efficiencieé of ¢2 relative to ¢l: 1
(c-1) r(c~1)
|8, zB, |
CARE = R(r(c-1),t(c-1),q) o
1 1 (C'l)
|B)ZB, - B1ZB, (B1ZB,)" §zz§1l

which becomes
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1/r

|B,28, | ()

' - mn! v -1 :
|BjZB, - BIZB,(BJIB,) "BIB.|

(4.3.16) CARE = R(r(c-1),t(c-1),a) l

for t > r.

Using the trace criterion we obtain ]

1 - n! 1 =1, "12
trB28,- B,IB,(BIB,) ByIB,0

tr 328,17

(4.3.17) TARE = R(r(c-1),t(c-1),n)

for t > r,

We see therefore that the c-sample efficiencies for overfitting
are the one sample efficiency, in both cases adjusted by a scalar
function. The equations (4.3.16) and (4.3.17) do illustrate the fact

that the loss in efficiency may be more severe for the c-sample problem

than it was for the one-sample problem. ' I

4.3,2 Parametric Procedure - Underfitting

If we had assumed that the polynomial growth curve was of degree

t-1(t<r) in each group then we would make the transformation

(4.3:18) XSi = [BO’El,‘..’Bt—ll %Si i . l,ooo,c
' S = 1,2,...,ni

Let

-]

= [Eo’Ezs L ’P't"'l]
and
%

% * %
By = [B5bg,eeesb, ] = (BB,

- Then through HN we see that

[y = - *
(4.3.19)~ (/ﬁ(gi - V)3 1=1,2,...,c-1) > Nt(c_l)(_[}:i, i=1,2,...,c-1]1;

%' % :
(8" 2B) @A) as N » o,
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*
where Ai s defined by &i = | tx1 . Hence, the quadratic form in

: )\i(t+l)

A (r)

Ly

~the statistics /ﬁ(?i - ¥) would have xz(t(q-l),AB) as N » » through

HN where
*

: *1 % -1 %
= e q= - ! ) i= -
by = D5 i=1,2,...,e-1]1" [(B" ZB) " @A) [A,1=1,2,...,c-1].

Using the trace criteria the ARE of the underfitting procedure,

¢2, to the procedure with the correct numbers of parameters, ¢l, is:

%! * -1
tr[B I B ]
(4.3.20) TARE = R(r(c-1),t(c-1),0) L)
tr[B, I B.] —

4.4 Nonparametric Procedures

We shall present efficiency formulae in this section for the
genéral rank scores procedures for the multivariate multisample problem
as outlined in Puri and Sen (1971). Since the XSi have been observed

from a continuous h-variate distribution function G(X,i) with location

vector M{(i) where M(i) = Bl c o it is obvious that the B, X 5 have
hxr rx1

a continuous r-variate distribution function with location vector .
Hence, the multisample rank scores procedure may be applied to the
Bl XSi' The procedure is simply to rank each coordinate of Y 5 in the

set of all the Y

i and apply a score function to these ranks. Mean

scores are computed for each sample and to test the null hypothesis of
equality of location vectors; a set of r(c-1) contrasts in the mean

scores is constructed. A quadratic form in these r(c-1) contrasts is
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constructed. A quadratic form in these r(c-1) contrasts is defined to | .
.be the test statistic; numerically large values of this statistic lead 7 »
to rejection of the null.hypothesis. Referring specifically to

Section 5.6 of Puri and Sen (1971, we note through the sequence HN

defined in (4.3.4) that the quadratic form would be noncentral chi-

- square with r(c-1) degrees of freedom with noncentrality Al as N » o,

- The noncentrality Al is defined by

(4.4.1) A, =
1 i

nm~Mmo

] —1
L Yi A TP A

where Y; are defined in the previous section i = 1,2,...,c and

O..9

N s K A
Ty1(F) = c(F )c(F,,)
3 51,2,

and ij' is vjj,(F) defined by (5.4.28) of Puri and Sen (1971) and
- .d._. . 1 =
C(Fj) = fm X J(Fj(X)) dFﬁ(X), for j = 1,2,...,r.

We have again assumed that A= 0, which is no loss of generality. We

~

observe that (4.4.1) can be written in its full rank form as:
. -1, o .
(4.4.2) Al = [éi; 1=l,2,...,c—l]'[£ll(F)(g;é][bi; i=1,2,...,c-1]"

where A is defined by (4.3.13). Hence, we have

. -1 -1 c-1 r
(4.4.3) 7 ® @4l =™ a]

and

(bt tr(I;i(F) ® A) =tr r‘ﬁ(g) tr A,
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4.4.1 Nonparametric Procedures - Overfit

If we had overfit the polynomial model in each group with poly-
nomials of degree t-1 then we would apply the rank scores procedures
to the variables defined by (4.3.14). The quadratic form in the t(c-1)
contrasts in rank scores would have noncentral chi-square distribution
with t(c-1) degrees of freedom and noncentrality A2 through HN’ where

A,

(465 By = [GH3 1= L,2,000,e-11 [72E) @ Al
9 \
(G5 1=1,2,...,c-1]
and N
| T31(P) T12(F)
T(F) = ’
) Ty (B Ty (E)

the covariance matrix of the entire set of t scores. In an obvious

way we have

A=A, 1=1,2,...,0-1] [Ty, (P)

2 ~1

"l _1 S .
- 212(F>222(F)’521(F)] @é[z\'i,l;l,z,...,c—l]-

The efficiencies of the incorrect test ¢2 to ¢l’ the test based

on the correct number of parameters using curvature criterion is:

r -~

; 1/r

| 1311<F>| /
(4.4.5) CARE = R(r(c-1),t(c-1),q) / Ysor<t

llIll(F)—IIZ(F)I;;(F)321(F)E

and using trace criterion we obtain:

trly) (-1, (O 153 (7, ()17

(4.4.6) TARE = R(r(c-1),t(c-1),a) o1

r<t.
tr Tll(F)

~
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We note the similarity to the one-sample results and observe that
the scalar adjustment, R(r(c-1l),t(c-1),a) may result in large reduc-

tions when comparing many samples.

4.4,2 Nonparametric Procedure — Underfitting
Underfitting the model leads to applying the rank scores to the
VYSi defined by (4.3.18). The quadratic form in the t(c-1) contrasts of

the mean rank scores would lead to a limiting noncentral chi-square

distribution with t(c-1) degrees of freedom and noncentrality parameter

A3 through HN where,

* %! * - * .
By = D, 151,2,000,e-11' " 2 BN I @41 D 171,2,00000010,

* %
Ai and B are defined as in Section 4.3.2. The efficiency of the
underfitted procedure to the correctly fitted procedure is:

K
tr T r)

(4.4.7) TARE = R(r(c-1),t(c-1),0)

tr 7,7 (F)

*
when T (F) is the portion of Tll(F), corresponding to the upper tXt

portion of zll(F).

4.5 Comments

We conclude from Sections 4.3 and 4.4 that for large values of ¢,
the adjustment of the one-sample efficiencies to obtain the c-sample
efficiencies, may be quite large. The loss in efficiency in over-
fitting is greater for the c~sample problem than the corresponding
one sample problem. On the other hand, the loss in efficiency in
underfitting the correct model is not as great for the c-sample problem

as it is for the one-sample problem.
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A comparison of the parametric and nonparametric procedures would
obviously lead to the same formulae as presented for the one-sample
problem. This fact is de&uced by simply observing that the function,
R(q,t,0), is 1 when q = t and the ratio of the determinants or traces
of the noncentralities would be independent of the matrix é. Hence,
the one-sample bounds obtained in Chapter III are applicable to the
; c-sample problem.

Adjustment of the statistics with the higher order terms as
covariables would also lead to identical results as preseﬁted in
Section 3.7 and the bounds attained in that section would apply for

the c-sample problem as well.



CHAPTER V

NUMERICAL ILLUSTRATIONS OF THE CARE AND TARE

5.1 Introduction

The purpose of this chapter is to provide some numerical illus-
trations of the CARE and TARE in specific situations. We have seen in
Chapters III and IV that the CARE and TARE for the polynomial growth
curve model depend in general on: a) the covariance matrix, §,

b) the number of parameters in the model, q, c) the number of time
points, h, d) the use of covariates and e) the score function. We

concern ourselves in this chapter with the parametric procedures only.

We shall find, however, that the results in Section 5.3 for the para-
metric tests are similar to the results obtained for the Wilcoxon
score. Sections 5.3 and 5.4 are devoted to the evaluation of the

TARE and CARE for the problem of underfitting and overfitting,
respectively. Particular attention is paid to the situation where the
data vectors are observations at five equally spaced time points.
Section 5.2 is included fo show the redution of the TARE and CARE for
the uniform correlation model, and a tabulation of the TARE in this
case is given. The covariance matrix defined in (5.2.6) is the one

which is used to provide numerical examples of the values of TARE and

CARE.
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5.2 Special Covariance Patterns

If the covariance matrix is uniform, for example,

( ’ )
21 : 2 1 o o ‘e o]
(5.2.1) = O o 1
0 : 1
\ /

then the TARE and CARE for the test of stationarity studied in detail
in Chapter III do not depend on 02 or p. To demonstrate this we let

bt]’ be the orthonormal polynomials of degrees 1 to t,

B' T B = 02(l-p) I.
Consequently, the TARE and CARE for overfittihg with t statistics

relative to the test with q statistics are:

TARE = R(q,t,0) t/q

(5.2.2) ' for t > q.
CARE = R(q,t,qa) -

If t < q then

(5.2.3) TARE = R(q,t,0a) t/q.

The quantity (5.2.3) is tabulated in Table 5.2.1 with q = tys and
t=t, in the notation used in that table. The entries in Table 5.2.1
are valid for all values of the number of time points, h, and are
valid for both the parametric and Wilcoxon procedures discussed in
Chapter III. Inspection of the table reveals that the efficiency is

not greatly reduced for underfitting the model by 6n1y one or two

parameters but is quire low for underfitting by a great deal.
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As we pointed out in Chapter III in the concluding comments, the
results of that chapt;ar are applicable to other hypotheses of interest; .
e.g., we may test the hyp;thesis that the intercept is a fixed
quantity, say aOO and that the curve is stationary. In this case fhe E
matrix is augmented by EO' This hypothesig is of special-interest - —
since the c~sample efficiencies have been shown to bermultiples of the
corresponding one-sample efficiencies of that particular test.

‘Defining B as B = [EO’ E

10 e Eq], we find that

r RN
| 1-pthp 0 0 o0

(5.2.4) B' I B = g 0 I=p 00

R . o . .
: L] 0
0 0 1-p

\ J

Hence, the TARE and CARE are independent of 02; however, the TARE
depends in general on p. Inspection of (5.2.4) and its determinant
readily show that the CARE would be independent of p. In fact, the
quantity (5.2.2) would define the CARE for this problem. We remark
also that covariance adjustment by the higher order polynomial esti-
mates does not alter the,results discussed'ﬁp to this point in this
section since §' E g is diagonal in both cases. While the CARE does
not depend on p for the second hypothesis, the TARE does depend on p.
With some algebra the TARE of the test with t statistigé to the test

with q statistics can be shown to be:
(5.2.5) TARE = R(q,t,a) [t(1-p) + h(t-1)p]l/[q(1-p) + h(q-1)p].

We have not tabulated values of (5.2.5) but it may be of interest .

to do so in future work. The point to be made is that we get different
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efficiency results by including the intercept in the hypothesis.
A model considered in time series analysis is the first order

auto-regressive model, with covariance structure defined by (5.2.6).

{ LN
2 3 h-1

1 p P p cee P

, p 1 o .
(5.2.6) L= 02 p2 p 1 ' . .

. 1 *

h-1
L p LI N ] L R 4 o e p 1 J

In section 5.3 and 5.4 we shall evaluate the TARE and CARE for
this correlation pattern for various values of p and h. The value of
,02 is, of course, immaterial since the TARE and CARE are independent

of 02. It is known that the inverse of I, defined by (5.2.6) is:

r 3
1 "p 0 s e 0
-p 1+p2 -p 0 ... 0
-1 .2, 2.7t
L7 =[o"(1-p7)] 0
0 -p 1
\ J

which is useful in computing the covariance matrix of the weighted

least squares estimates. This covariance matrix is, of course, given

-1 B)_l. When the underlying distribution function is normal,

, . -1 _.-1 . . . .
the covariance matrix (B' I B) is identical to the covariance

~

by (B' Z

matrix for the maximum likelihood estimates. Hence, we see that

(B* E-l B) is the matrix in the noncentrality parameter of these
statistics. In Section 5.3 we compare the underfitting procedure

based on the unweighted least squares estimates to the trace of
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VALUES OF TARE FOR UNDERFITTING FOR UNIFORM COVARIANCE PATTERNS

2
&% 1 2 3 4 5 6 7 8 .9 10 11 12 13 14
1
2 .76
3 .65 .86
4 .58 .76 .89
5 .54 .70 .82 .92
6 .50 .65 .76 .85 .93
7 .47 .61 .72 .80 .87 .94
8 .44 .58 .68 .76 .83 .89 .95
9 .42 .55 .65 .72 .79 .85 .90 .95 ‘«
10 .40 .53 .62 .69 .75 .81 .86 .91 .96
1 .39 .51 .59 .66 .73 .78 .83 .88 .92 .96
12 .37 .49 .57 .64 .70 .75 .80 .85 .89 .93 .96
13 .36 .47 .55 .62 .68 .73 .77 .82 .86 .90 .93 .97
14 .35 .46 .54 .60 .66 .71 .75 .79 .83 .87 .90 .éa .97
Note: Enfries ih test with t

degrees of

the table are TARE of the incorrect

2

freedom to the test specifying the correct number of

statiétics, ty. Values in the table were computéd with a = .05.




140

5.3 Underfitting

Because of the relationship between the multi-sample problem and
the one-sample problem fo} the hypothesis of a specified intercept and
a stationary or constant response over time, we shall consider this
hypothesis in this section. This section specifically considers the
evaluation of the TARE of the unweighted least squares procedure which
~underfits the model with respect to the unweighted least squares pro-
cedure which specifies the correct number of parameters. We also con-
sider the TARE when covariance adjustment has been used in the under-
fitting procedure. These two comparisons are analogous to two possible
procedures one may follow in practice; the first procedure simply being
an unweighted least squares with no covariables, while the second is
the unweighted least squares estimates with all remaining higher order
polynomial estimates used as covariables. In addition to comparing
these two underfitting procedures to the unweighted least squares pro-
cedure based on the correct number of parameters, we also compare them
to the weighted least squares procedure based on the correct number of
parameters. The covariance matrix (5.2.6) was used for the covariance
matrix of the original observations. Tables of the ratio of the trace
of the noncentrality parameters were generated for p = *.1, +,5, .9
and *.95 for five and also ten equally spaced time points. - For five
time points these figures are found in Tables 5.3.1 - 5.3.8, two illus-
trations for ten time points are given in Tables 5.3.9 and 5.3.10. To
compute the TARE one only needs to obtain the value of R corresponding
to the a~level and the number of samples and multiply by the appropriate
number selected from the tables. Values of R are found in Chapter II.

While the numerical results in Tables 5.3.1 - 5.3.10 are for the
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parametric test procedures, the corresponding tabulation for the

Wilcoxon score yields nearly identical results for the figures below -
the diagonals. The maximum difference was, in fact, .0l. Each |
figure below the diagonal is the ratio of the trace of the matrix in
the noncentrality parameter of the test based on the unweighted least
squares procedure with too few parameters to the corresponding trace
for the unweighted least squares test with the correct nuﬁber of
parameters., For this problem tl,in the tables is the number of
parameters in the true model while t2 is the number of parameters
assumed. In the upper triangle of the tables, we compare the under-
fitted tests to the test using the weighted least squares reduction.
The roles of tl and t2 are thus reversed in this comparison. The

entries above the diagonal in the 'a' tables are therefore:

(5.3.1) (s LB, )‘1/tr(B;: g1 B, )
R T | i ~-2

and below the diagonal are:

(5.3.2) tr(8] I B, )-1/tr(Bt': LB, y~ L,
s T | T2 T T2

The entries in the 'b' tables have identical denominators, but

the covariance matrices in the numerator have been changed to:

' -1 -1
(5.3.3) tr(B! IB_.-B' IB (8! B ) "B TB_) .
Bh—t is used to denote the matrix of orthonormal polynomials of
B |

degree tl to (h-1).
Examining the tables we see that for p = *,1 covariance adjust-
ment does not change the ratio of traces of the underfit to either “

procedure. For all tl and t2 the ratio of traces is quite low when ’ .
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h = 5. When h = 10 the ratio is near .90 if the degree of the true
model is high'and the degree of the incorrect test is only one less.
For p = .5and h = 5 or iO slight improvements are observed using
covariance adjustment; these are small, however. The ratio of traces
improves by as much as .07 with covariance adjustment for p = -.5.

"If p is .9 or .95 the ratio of traces is eitremely small whether
covariance adjustment is used or not. Nearly all of the ratios of
traces are less than .50 in this case and many are near zero. Hence,
for large positive correlations the loss in the TARE in underfitting
the model is substantial. For large negative values of p we see that
covariance adjustment greatly improves the efficiency results. For
example, in éomparing the test based on the unweighted least squares
with two parameters to the test based on unweighted squares with three,
we see that the ratio of traces is .44. Adjustment of the former test
with the three higher order terms as covariables increases the ratio
of traces to 1.06. This is not a su;prising result since the test with
covariance adjustment is providing information about the underlying
covariance matrix which the unweighted least squares procedure does not
obtain. Marked improvements are also noted for the adjusted test as
compared to the weighted least squares procedure. When adjustment is
made for the factor R, one will find that thevTARE will in several
cases be greater than one for the test based on fewer degrees of
freedom relative to the test based on a larger number of degrees of
freedom. This can be explained by one of two possibilities in the case
of comparing the ‘unweighted least squares tests: either the covariance
is such that not weighting causes a reduction in the trace of the

matrix in the expression for the noncentrality or the increase in the
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size of the trace of the test with more degrees of freedom is too small
to account for the loss in sensitivity of a test with more degrees of
freedom. The interpretation of this must be made in light of the fact
that we have considered the local power functions which means the
alter;atives are close to the null point. No generalization to
alternatives at a greater distance from the null point should be made

. since the fruncated power function is not an adequate approximation to
the entire power function for these alternatives. A fuller discussion
of the relationship bétween the degrees of freedom and the noncentrality
parameter is found in Krishnaiah (1966, pp. 91-92). The interpretation
of the increase in the TARE of the test with fewer degrees of freedom
relative to the test with more degrees of freedom based on the weighted
least squares procedure lies simply in the fact that the gain in degrees
of freedom of the latter test has not been accompanied by a sufficiently
large increase in the trace of the matrix in its ncncentrality. The
weighted least squares procedure which is equivalent to the maximum
likelihood procedure in the normal theory‘case is the uniformly most
powerful test in the class of invarignt tests for the one-sample prob-
lem. Underspécifying the true model results in choosing estimates

which are singular transformations of the estimates for the correct
number of parameters. Hence, tests constructed for the underfitted
model do nét belong to the same invariant class as the weighted least
squares test statistics. According to a result of Wald (1943) the test
based on the maximum likelihood statistics (weighted estimates) has

best average power over the family of ellipsoids defined by equating

its noncentrality parameter to a constant. Integration over the family
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of spheres for local alternatives weights all the parameters equally,
while in using the ellipsoids as the surface of integration the
weights are determined by the covariance matrix. Since the likelihood
criterion provides the best test in the sense of best average power
on a given family of ellipsoids, it may not perform as well when the
surfaces of integration are spheres and the information matrix is not
proportional to }.

Care must be used in the interpretation of the efficiency results
presented in this section because we have compared the tests in a very
restricted manner. First, we have allowed only local alternatives and,
second, we have taken average power in this local sense. While the
test based on fewer degrees of freedom may have better average local
power, it is at the same time inferior in those directions which have
not been fit.

In conclusion, we see the numgrical results show that we never
lose by using covariance adjustment of the brimary variates with the
higher order polynomial terms. Furthermore, there are covariance
matrices that show great improvements in tﬁe TARE by use of the
covariance technique. While underfitting the model is not desirable,
the results in this section seem to suggest that the loss in the
average local power is not large for certain covariance matrices. For
others, the loss is severe and we see that the decision to include or
exclude higher degree pélynomial terms depends to some extent on the

underlying covariance pattern.
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* TABLE 5.3.1

RATIO OF TRACES OF NONCENTRALITY PARAMETERS FOR UNDERFITTING:
FIRST ORDER MODEL p = .1, h = 5

a. Without Covariance Ad{justment

£
e 1 2 3 4 5
1 .48 .30 .22 .17
2 .48 .64 .46 .35
3 .31 .64 72 .55
4 .22 .46 .72 .77
5 .17 .35 .55 .77
b. With Covariance Adjustment .
2
‘1 1 2 3 4 5
1 48 .31 .22 .17
2 .48 .64 46 .35
3 31 .64 .72 .55
4 .22 46 .72 .77
5 | .17 .35 .55 .77

Note: Entries are defined by (5.3.1), (5.3.2) and (5.3.3).




RATIO OF TRACES OF NONCENTRALITY PARAMETERS FOR UNDERFITTING:
FIRST ORDER MODEL p = -.1, h =5

TABLE 5.3.2
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a., Without Covariance Adjustment

t

2
1 '2 3 4 5
.52 .36 .28 .23
.52 .69 .54 .45
.36 .69 .78 .65
.28 .54 .78 .83
.23 .45 .65 .33
b. With Covariance Adjustment
£
1 2 3 4 5
.52 .36 .28 .23
.52 .69 .54 45
.36 .69 .78 .65
.28 .54 .78 .83
.23 .45 .65 .83

Note:

See note for Table 5.3.1.



RATIO OF TRACES OF NONCENTRALITY PARAMETERS FOR UNDERFITTING:
FIRST ORDER MODEL p = .5, h =5

TABLE 5.3.3
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a. Without Covariance Adjustment

t

2
Y 1 2 3 4 5
1 .34 .16 .09 .06
2 ~ .35 .46 .26 .17
3 .16 47 .56 .36
4 .09 .27 .56 .64
5 . .06 .17 .36 .64

b. With Covariance Adjustment

"2
! 1 2 3 4 5
1 .35 .17 .09 .06
2 .36 47 .27 .17
3. .17 48 .57 .37
4 : .09 .27 .57 .64
5 .06 .17 .37 .64

Note:

See note for Table 5.3.1.




RATIO OF TRACES OF NONCENTRALITY PARAMETERS FOR UNDERFITTING:
FIRST ORDER MODEL p = -.5, h =5

TABLE 5.3.4
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a., Without Covariance Adjustment

£
1 2 3 4 5
.52 .39 .33 .31
.59 .67 .57 .52
.43 .73 .78 .72
.34 .59 .81 .89
.31 .52 .72 .89
b. With Covariance Adjustment
to
1 2 3 4 5
.57 .43 .37 .34
.65 .75 .64 .59
.47 .82 .85 .78
.38 .66 .88 .92
.34 .59 .78 .92

Note:

See note for Table 5.3.1.
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TABLE 5.3.5

RATIO OF TRACES OF NONCENTRALITY PARAMETERS FOR UNDERFITTING:
FIRST ORDER MODEL p = .9, h = 5

a. Without Covariance Adjustment

t

2
t 1 2 3 4 5
1 .09 .02 .01 .01
2 .10 .25 .11 .06
3 .03 .26 .43 .24
4 ' .01 .11 .43 .56
5 | .01 .06 .24 .56
b. With Covariance Adjustment
2
1 1 2 3 4 5 -
1 .09 .03 .01 .01
2 .10 .27 .12 .07
3 .03 .27 b4 .25
4 .01 .12 Jbb .57
5 .01 07 .25 .57

Note: See note for Table 5.3.1.




TABLE 5.3.6
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RATIO OF TRACES OF NONCENTRALITY PARAMETERS FOR UNDERFITFING'

FIRST ORDER MODEL p = -.9, h = 5

= ————
a. Without Covariance Adjustment
)
Y 1 2 3 4 5
1 .19 .15 .13 .12
2 «45 .32 .28 .27
3 .20 <44 .64 .61
4 .14 .32 .72 .84
5 ‘ .12 .27 .61 .84
b. With Covariance Adjustment
£2
Y 1 2 3 4 5
1 .61 .48 W41 .39
2 A 1.48 .78 .68 .65
3 .65 1.06 .87 .83
4 47 77 .99 .95
5 .39 .65 ,8$ .95

Note:

See note for Table 5.3.1.
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TABLE 5.3.7

RATIO OF TRACES OF NONCENTRALITY PARAMETERS FOR UNDERFITTING:
FIRST ORDER MODEL p = -.95, h = 5

a. Without Covariance Adjustment

Y 1 2 3 4 5
1 .10 .08 .07 .06
2 .32 .24 .21 .20
3 | .11 .33 | .62 .59
4 .07 .24 .71 | .83
5 ' .06 .20 .59 .83

b. With Covariance Adjustment
t

2
! 1 2 3 4 5
1 .61 . .48 4240
2 2,01 .78 .68 .65
3 .67  1.10 .87 .83
4 | .48 .78 .99 .95
5 .40 .65 .83 .95

Note: See note for Table 5.3.1.




RATIO OF TRACES OF NONCENTRALITY PARAMETERS FOR UNDERFITTING:
FIRST ORDER MODEL p = .95, h = 5

TABLE 5.3.8
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a. Without Covariance Adjustment

t

2
t 1 2 3 4 5
1 .05 .01 .01 .00
2 .05 .23 .10 .06
3 .01 .24 41 .23
4 .00 .10 42 .56
5 .00 .06 .23 .56
b. With Covariance Adjustment
£
! 1 2 3 4 5
1 .05 .01 .01 .00
2 ’ '.05 .24 .10 .06
3 | .01 .25 42 .24
4 .01 .10 .43 .56
5 .00 .06 .24 .56

Note:

See note for Table 5.3.1.



TABLE 5.3.9

RATIO OF TRACES OF NONCENTRALITY PARAMETERS FOR UNDERFITTING:
FIRST ORDER MODEL p = .1, h = 10
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a. Without Covariance Adjustment

t

2
! 1 2 3 4 5 6 7 8 9 10
1 49 .32 .23 .18 .15 .12 .11 .09 .08
2 .49 .65 .48 .37 .30 .25 .22 .19 .17
3 .32 .65 73 .57 .47 .39 .33 .29 .26
4 .29 .48 .73 78 .64 .53 .46 .40 .35
5 .18 .37 .57 .78 .81 .68 .58 .51 .45
6 .15 .30 .47 .64 .81 .84 .72 .62 .55
7 .12 .25 .39 .53 .68 .84 .86 .75 .66
8 1 .22 .33 .46 .58 .72 .86 .87 .77
9 .09 .19 .29 .40 .51 .62 .75 .87 .88

10 .08 .17 .26 .35 .45 .55 .66 .77 .88

b. With Covariance Adjustment
£y

t 1 2 3 4 5 6 7 8 9 10
1 49 .32 .23 .18 .15 .12 .11 .09 .08
2 .49 .65 .48 .37 .30 .26 .22 .19 .17
3 .32 .65 73 .57 .47 .39 .34 .29 .26
4 .23 .48 .74 78 .64 .53 .46 .40 .35
5 .18 .37 .57 .78 .81 .68 .59 .51 .45
6 15 .30 .47 .64 .82 84 .72 .63 .55
7 13 .26 .39 .53 .68 .84 .86 .75 .66
8 11 .22 .34 .46 .59 .72 .86 .87 .77
9 .09 .19 .29 .40 .51 .63 .75 .87 .88

10 .08 .17 .26 .35 .45 .55 .66 .77 .88

Note:

See note for Table 5,3.1.




TABLE 5.3.10

RATIO OF TRACES OF NONCENTRALITY PARAMETERS FOR UNDERFITTING:
FIRST ORDER MODEL p = -.95, h = 10
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a, Without Covariance Adjustment

2
t 1 2 3 4 5 6 7 8 9 10
1 234,25 .20 .17 .15 .14 .13 .13 .12
2 .85 .29 .23 .20 .18 .16 .15 .15 .15
3 45 .53 .44 .38 .33 .31 .29 .28 .28
4 27 .32 .60 .63 .56 .51 .48 .46 .46
5 .20 .24 .45 .75 74 .68 .64 .62 .61
6 17 .19 .37 .62 .82 .83 .78 .75 .75
7 .15 .17 .33 .54 .72 .88 .88 .85 .84
8 14 .16 .30 .50 .66 .81 .92 .93 .92
9 13 .15 .28 .47 .63 .77 .87 .95 .97
10 .12 .15 .28 .46 .61 .75 .84 .92 .97
b. With Covariance Adjustment
t
£y 1 2 3 4 5 6 7 8 9 10
1 55 .40 .32 .27 .24 .22 .21 .20 .20
2 1.37 73 .58 .49 .44 .40 .38 .37 .36
3 .72 1.31 .80 .68 .60 .55 .52 .50 .50
4 .43 .79 1.08 .85 .75 .69 .65 .63 .62
5 .33 .59 .82 1.02 .89 .81 .76 .74 .73
6 .27 .48 .67 .83 .98 .92 .86 .83 .82
7 26 .43 .59 .73 .86 .98 94,91 .90
8 .22 .39 .54 .68 .79 .90 .98 .97 .96
9 .21 .37 .51 .64 .75 .85 .93 .99 .99
10 .20 .36 .50 .62 .73 .82 .90 .96 .98

Note:

See note for Table 5.3.1.
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5.4 Overfitting |

. We present numerical results for the CARE of the paramétric test . -
that overspecifies the médel relative to the parametric test which
correctly specifies the model for h equal to five. We consider the
unweighted least squares procedure for both tests. We restrict atten-
tion to the first order auto-regressive model and the hxpothesis
~ discussed in Section 5.3. In Tables 5.4.1 - 5.4.4 we have tabulated
the tlth root of the ratio of the determinants above the diagonal, |
while below the diagonal we have the CARE of the overspecified test to
the test based on the correct number of parameters for the one sample

problem (or two sample problem) for o = .05. Hence, above the

diagonals are:
(5.4.1) D= {|B" z3B_|/|B' B

l/t
-B' B (B S B ) B! |}
~tl -~ ~t2-tl ~t2"tl ~ ~t2_tl tz_tl ~ ~t s

and below the diagonal are:

(5.4.2) CARE = R(t 05)D.

(£p5Eps -
We have tabulated the results fqr p=,5, £,90, The tables were
generated for other values of p; however, the results for intermediate
values of p are between the values listed in the tables. Small values
of |p| result in D, defined by (5.4.1), being very close to one. The
comparison to the test based on the welghted least squares reduction

yields similar values of the CARE for lpl < .5, For larger values of

|p| the CARE for comparison to the weighted least squares procedure

is much lower (see Table 5.4.4). We note that for p = +.5 the CARE for
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overfitting is about .40 for fitting five terms when only one is
.needed. If we overfit a four parameter model by a five parameter model
the CARE is about .90. When p = +.9 we obtain résults identical with
the case where p = +.5, while for p = ~.9 we see that overfitting in
most cases produces a CARE greater than one. This most probably is
caused by the fact that the overfitting yields information about the
covariance matrix not used in the unweighted least squares procedure
which specifies the correct number of parameters. Comparison to the
weighted least squares procedure based on the correct number of
parameters for p = -.9 produces rather low values of the CARE. On the
other hand, with underfitting in this same case we have a loss in the
ratio of the traces of the noncentralitiés; however, a large portion
of this loss is recovered by covariance adjustment (see Table 5.3.6).
Furthermore, all the numbers in Table 5.3.6 will increase when the
adjustment is.made for R. This suggests that overfitting has mbre
loss associated with it than does underfitting for certain covariance

matrices.
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TABLE 5.4.1

VALUES OF D AND CARE FOR OVERFITTING p = .5

)
t 1 2 3 4 5 )
1 1.00 1.04 1.04 1.04
2 - .65 1.02 1.04  1.04
3 .53 .79 1.01 1.02
4 | b .68 .85 1.00
5 .39 .59 .75 .88

Note: Entries above diagonal are defined by (5.4.1)..
Entries below diagonal are defined by (5.4.2).

TABLE 5.4.2

VALUES OF D AND CARE FOR OVERFITTING p = —.5

t

2
Y 1 2 3 4 5
1 1.00 1.10 1.10 1.11
2 .65 1.05 1.13 1.13
3 | .56 .82 1.05 © 1.12
4 47 74 .88 1.05
5 A .65 .82 '.91

.Note: See note for Table 5.4.1.
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P TABLE 5.4.3
- VALUES OF D AND CARE FOR OVERFITTING p = +.9
. 5
5 1 2 3 4 5
1 1.00 1.03 1.03 1.03
2 s 1.02 1.04 1.04
3 .53 79 1.02 1.02
4 b .68 .85 1.01
5 .39 .59 .75 .88

Note: See note for Table 5.4.1.

: ' TABLE 5.4.4

VALUES OF D AND CARE FOR OVERFITTING p = ~.9

t

2
1 1 2 3 4 5
1 1.00 3.15 3.15 3.25
2 .65(.20) 1.77 2.34 2.38
3 1.60(.58) 1.38(.49) 1.20 2.19
4 1.35(.46) 1.53(.64) 1.01(.41) 1.56
5 1.22(.87) 1.36(.73) 1.60(.57) 1.37(.37)

Note: See note for Table 5.4.1. Numbers in parenthesis are the CARE
of the overfit with respect to the weighted least squares test.



CHAPTER VI .
SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH

We have considered in this study two measures of ARE which may
be used when comparing two statistics with limiting chi-square distri-
butions. The two quantities, the CARE and TARE, may be used when the
chi-square distributions have different degrees of freedom. The CARE
selects that test of the two competing tests whose power function has’
fhe greater generalized Gaussian curvature at the null point. On the
other hand, the TARE selects the tést whose power function ﬁas the

greater average local power over the family of spheres. Both the CARE .

and TARE depend on the degrees of freedom of the tests, the significance
level and the néncentrality parameters. The CARE and TARE computing
formulae have been derived for the one-sample and the multi-sample
polynomiai growth curve problems. Particular attention has been paid
- to the formulae for the underfitting and overfitting problems. Numeri-
cal examples of the CARE and the TARE have also been computed to pro-
vide some idea of the efficiency results for some special cases. |
Several areas of future work may be'suggested. In the area of
applications it would be useful to study the CARE and TARE for examples
otﬁer than the ones chosen in Chapter V. 1In addition, the work of
Chapters III and IV should be generalized to include more complicated

designs. Hopefully, these results would reduce to the one~sample prob-

lem as the multi-sample problem did so the same bou.ds on the TARE and
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CARE would apply, excepting the factor R. It seems reasonable that the
noncentrality parameters for the more complicated models would factor
as the noncentrality parémeters for the multi-sample problem did.

In addition to the growth curve problem it would be desirable to
study other applied problems. The results of Chapter II are in no way
" restricted to the study of growth curve mo&els, but may be applied to
viftually any situation where a reduction to a set of summary statis-
tics is made and we want to determine the efficiency of the reduction.
For example, if the course of a disease is characterized by a sto-
chastic process and it is of interest to compare different groups of
persons in this disease process then maybe certain summary statistics
define or describe the process. One way to compare them is to reduce
each person's observations to the basic summary statistics by some
suitable estimation procedure then compare the summary statistics of
the different groups. A natural question arises as to whether the
reduction is a 'good' reduétion to use. The basic approach used in
this study would be helpful in this problenm,

Another area of possible future work is to consider other
efficiency criteria. From the results obtained in Chapter V for the
underfitting prqblem, we see that it may be meaningful to define the
TARE as the ratio of the average local powers where the average is
taken over the family of ellipsoids defined by the noncentrality of
the likelihood ratio test.

In addition, the restriction of local alternatives makes the

TARE a somewhat restricted measure of ARE.
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