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SUMMARY

Recently the transient thermoelastic problems of a solid finite circular disk due to an
instantaneous point heat source have been solved by Y. Takeuti, Bulletin of JSME, 10-39
(1967), 423, and T.R. Hsu, Trans. ASME, E, 36-1 (1969), 113, independently. The case of an
instantaneous point heat source on a hollow circular disk has been solved by Y. Takeuti
and N. Noda, Nucl. Engng. Design (to be published). On the other hand, recently transient
thermal stresses on a solid finite disk due to a continuous point heat source were evaluated
by T.R. Hsu, Trans. ASME, B, 92-2 (1970), 357.

The case of a hollow circular disk, however, introduces more difficulty into the mathema-
tical analysis owing to the existence of the dislocation problem in a multiply-connected
region,

This paper contains exact solutions for the transient temperature distribution and the
associated quasi-static thermal stresses which arise in a hollow circular disk of finite radius
subjected to a continuous point heat source acting on its arbitrary point. Analysis is devel-
oped by the Laplace transform. The solutions are given in the form of double infinite series,
and graphical representations of the solutions in dimensionless terms are included. The
solutions are applicable to problems which occur in welding engineering and nuclear
technology.



L2/¢

1. Statement of the Problem

The problem of a cylinder subjected to a heat source (or sink) can occur
in nuclear technology. The thermoelastic problems of an instantaneous or a
continuous point heat source in circular disk have been of interest to many
authors [1]-[4]. The present analysis is based on a hollow circular disk
under a continuous point heat source at the arbitrary point in the interior
part of the disk, but this result can be applied to the problem of a long
hollow circular cylinder subjected to a line heat source. The analysis is
approached on the basis of classical linear quasi-static uncoupled thermo-
elasticity, and all physical properties are regarded as independent of temp-
erature. This paper determine the transient temperature and the hoop, radial,
shear stress distributions in a hollow circular disk with a continuous point

heat source of constant strength.
2. Soluiton of the Temperature Problem

The disk is thermally insulated on both its flat faces and is in contact
with a surrounding fluid. The heat-conduction equation of transient state
of disk takes the form:

AT =(1/k ) 9t/3t (1)
inwhich the initial condition is
T (g, 0,0) =0 (2)
where T : temperature rise
t : time

K : thermal diffufivigy ) )
A : Laplacian = 3 /8r +r * 9 /or+r 2 3 /36

Since the convex surfaces of the disk are in contact with the surrounding

2

fluid, the boundary conditions of eq. (l) have the form as

[ 91/8r - hT 1 _ =0, [ 9t/ér + hyt 1 _ =0 (3)

where ha, hb are inner and outer surface heat-transfer coefficients respect-
ively. Further, for the hollow circular disk in the presence of a con-
Tinuous point neat Source Or STrENgtn ¢ On the arpltrary point (r,,U) OT the
disk, as shown in Fig.l, the general solution of the heat conduction equation

can be expressed by [5]:

T (r, 8, t) Tg + Ty (4)
where Tg satisfies both eq. (1) and the condition of
: 3T _ _ Q
%ig Ryg ="«

R = distance between the source and observation points.
Above expression satisfies the finite heat energy at the source point.
Integrating the Green's function of an instantaneous point heat source for
the range (0,t), the derivation of a solution Tg for this problem can be

obtained in the form

. _ &
_ Q 4kt
Tg = 50 IreE © dt (5)
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where R%Z = r? + ri - 2rr; cos ©
We may consider the Laplace transform on Gt:
Gx(r,6,p) =—2— . Ik_(qR) (6)
2mK P
where q? = P/k
P = parameter to Laplace transform
o = the modified Bessel function of order 0
By the Neuman’s addition theorem, eq. (6) is equal to
Q ©
* =
Gt(r,e,P) . ngo EnIn(qr)Kn(qu)cos nd r<ry
TKP
(7)
=9 § EI {gr,)K_(qr)cos nb r>r
2mep NS0 n°n ry ) Bt 1
where In, Kn = the modified Bessel functions of order n
E_ = constants, E_ =1 for n =0 ; E_ = 2 for n>0
n n n
The governing equation for Ty is
9T
=11
Aty = 2 3 (8)
Tl(r,e,O ) =90 at t =0 (9)
Now, the Laplace transform of eq.(8) can be shown as
* = g2T%*
ATl a‘ty (10)
Considering the symmetry for 6=0, the solution of this equation is
* =
o= I, {AnIn(qr)+BnKn(qr)}cos no (11)

where An and Bn are unknown coefficients to be determined from the boundary
conditions. Substituting egs.(7) and (11) into eq. (3), we can determine the

coefficients An and Bn' Thus, we have

T*=

Z:KP.%T q{IO(qr)Kl(qa)+Il(qa)Ko(qr)}+ha{Io(qr)Ko(qa)—Io(qa)Ko(qr)}]
o

x [al1, (ar) K, (ab)+T) (@bIK, (ary) Y=y (T, (ar; ) K (gb) -T (ab)K, (axp) }]

Q0 7 1 n
+;;; nzl BE[?{In(qr)Kn_l(qa)+In_l(qa)Kn(qr)}+(ha+a){In(qr)Kn(qa)

—In(qa)Kn(qr)}] [-q{In(qu)Kn_l(qb)+In_1(qb)Kn(qu)}+(hb—g){In(qu)Kn(qb)

-In(qb)Kn(qu)}] cos nb for r<r; (12)

T*=2iKPniT E{Io(qu)Kl(qa)+Il(qa)Ko(qu)}+ha{Io(qu)KO(qa)—Io(qa)Ko(qu)}]
o

0 7 1

x[q{IO(qr)Kl(quIl(qb)Ko(ar)}—hb{Io(qr)Ko(qb)-Io(qb)Ko(qr)}]*'E LT
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X [q{In (ary)k,_;(qa)+I _,(ga)kK (qry) }+(ha+g) {r, (ar;)K, (ga)-I (qa)K (qr;) }J

x[—q{In (ar)K, _q (gb)+I _, (ab}K {qr)}+ (hb'l%) {1 (ar)K {gb)-I (gb)K_(qr)} J

Xcos nb for r>r1

where
Dc'>=q2 {11 (gb)K, (ga)-I, (qa) K, (gb) }+qha{I0 (qa)k; (gb)+I; (ab) K, (qa) }

+qhb{Il(qa)Ko(qb)+Io(qb)Kl(qa)}+ha hb{Io(qb)Ko(qa)—Io(qa)Ko(qb)}

Dy=(h_+3) (h ~B) {I_(qa)K_(ab)-I_(ab)K (qa)}-q(h +2) {1 (qa)k__, (gb)
+In_1(qb)Kn(qa)}—q(hb—g){In_l(qa)Kn(qb)+In(qb)Kn_l(qa)}

+q2{In_l(qa)Kn_l(qb)—In_l(qb)Kn_l(qa)}

(13)

From the inversion of the Laplace transform of egs (12) and (13), we obtain

$ I _KB;mt
= I, F (rlcos nb + I 2 e F..(£)cos no
where
Folr)=— b 1n 2y Ly 10 ) rer;
2TK Do bhb ry aha a
r
=2 (i Ly lynh -
2tk D_ ah a bh r
o “a b

r
For =2 L -2 (B2 BBy (5Poa- D) ()

2Tk Dn bhb b bhb ry aha aha
Q0 1 n Tin n a n n rn n n
2mK Dn aha a aha ry bhb bhb
D°= 1 +<_£__+ 1n g
aha bhb
_ _n _n ayn_ n n ,,bn
Dn—n{(l —) (1-—) (§) (1+—) (1+—) ()7}

bhb aha aha bhb

(14)

(15)

<
rrl

(16)

(17)

(18)

L2
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Q[{Jl(Bomb)Yo(Bomrl)_Jo(Somrl)Yl(Bomb)}/bhb+{Jo(Bomrl)Yo(Bomb)
F (r)=-
om 2% 8 )
(om
ha'bhb ag

P S

om){Jo(soma)Yl(Bomb)—Jl(Bomb)Yo(Boma)}+ o on

-Jo(somb)yo(ﬁomrl)}/bsom}{FJl(B ma)Yo(Bomr)_Jo(Bomr)Yl(Boma)}/aha

O

1 1
X{Jl(Soma)yl(Bomb)‘Jl(somb)Yl(Bom.a)}+(a_h— - =) {7 (B @)Y (B b)
b

#0958 Yo (Bon) =34 (8n) Yo (Bop) 128y )

B8
om 1
o (BomP) Yo (Bora) 1+ =21~ o T (B Yo (8] =T (B b) ¥y (B2 )
a ' b om (19)

n
. B1+;ﬁ;9{Jn‘snma’Yn‘Bnmr"Jn‘snmr)yn‘ﬁnma’}
an(r) 3

“a (1+2-) (1--2+ "o
aPm -

aha bhb hahb

M (B @)Y (B b)=J (B, b)Y (B a)}

Snm

{Jn—l(Bnma)Yn(Bnmr)_Jn(Bnmr)Yn—l(Snma)}]

n n a n b n
Han (2 (-2 - -2y (1+-") 1T (B, b)Y (B a)

aha bhb ha bhb hb aha

n
x[(l-gﬁg){Jn(snmb>yn(snmrl)—Jn(snmrl>yn(snmb)}
1 1

_Jn(snma)Yn(Bnmb)}+ab8ém&—____—_9{Jn—l(Bnma)Yn-l(Bnmb)
bhb aha

8
nm
+hb {Jn—l(snmb)Yn(Bnmrl)

3

-3 _ (B b)Y (B a)l+{b (1+—E—)<1——9—J+EEEE—}{J ( Y (B b
n-1""nm n-1 Bnma Bnm n Bnma) n-1 Bnm )
aha bhb hahb

‘Jn(snmrl)yn—l(snmb)}]

T B Y (B a) )

(20)

and Bom for each value m is the root of the equation

B B
(g, Tp(8a) + 3 (Ba) Mp- vy (8D) - ¥, (8D))
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] by - i - (21)
{hb J, (Bb) JO(Bb)}{ha Y, (Ba) + Y (Ba)} = 0
and Bnm for each value of m is the root of the equation
((+ )5 (Ba)-B o (B l(-Pyy (eb)+E v (8B }-1(1-2) 3 (BDb)
n n-1 n n-1 n
aha ha bhb hb bhb
£ em a2y (a)-Py___(Ba))=0 (22)
E’ n-1 ;E“ n E‘ n-1
b a a

and Jn and Yn are the Bessel functions of order n. For the convenience of
the foregoing treatment, we may express the steady terms in (14) by the

following form:

_Q ® n -n B
TO—E__{a +b° 1n r+n§1(anr +bnr ycos n6- 1ln R} (23)
TR
where
1 1,1
a=(1ln b+—)( ln——+_—)/D
© bh a ah °
b a
b=(1nP+Llym
°© r, bh °©
1 b
n n rl n n a \ny 1
an=(l————){(l+———)0——) -(1-—) (£
bhb aha a aha ry ann
r n
p =1 (a2 G-y (A
ah bh r bh b D
a b 1 b n

Then, the exact solution of temperature distribution for this problem is

3. Transient thermoelastic problem
The fundamental equation in quasi-static two-dimensional thermoelasticity

is
ALY = =kAT (24)
where
X stress function
k material constant, i.e., k=atE for plane stress problems and

k=atE/(l—v) for plane strain problems
coefficient of thermal expansion
E Young'’s modulus

Poisson’s ratio
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The thermal stresses can be expressed as;

045 = (8558 = 859X i, = %,y (25)
(when i=j not to be summed)
Where Gij is Kronecker’s delta.

The boundary conditions are given by

X = C,xtc,y+cC

1 2 3 ;} at r=a (26)
Brx = ¢y cos (n,x)+c2 cos (n,y)
X =29x=0 at r=b (27)

The Michells conditions are

2T _ 2™
[&" 8, (bx+kt)rde=0 T

(r cos Sar—sin 939)(Ax+kr)rd0=0

(28)
J2T (r cos 85_+sin 83y) (Ax+kT) rd6=0

In the present problem, it is convenient to split the solution of eq. (24)
into the bi-harmonic function and the particular solution; these will
denoted by Xe and ¥_, respectively. A particular solution, Xp of

p
Ax = =kt (29)
is also a particular solution of eq.(24). Thus the required solution of
eq. (24) may be written,
X=Xt X (30)

Considering the form of egs.(14) and (23), Xp is expressed to this problem:

KQp 2 e Bt
X =—=R?> In R+ §] | e —Fop (¥) cos né (31)

P gk n=o0 m=1 am

The problem is symmetrical about the x-axis. The general solution of
bi-harmonic equation Xg in plane polar coordinates can be represented as

- 2 2 -1 3
XC—A0+BOr +Co 1n r+Dor 1n r+(Alr+B +C, ¥ +Dlr In r)cos 6§

1t 1

n n+2

+n22 (Anrn+Bnr_ +Cr +Dnr_n+2)cos no (32)

Substituting egs. (31), (32) and (14) into egs. (28), we obtain

kQb kQb
D, = - __ % ° (33)

L 4MK e 8mK
The unknown coefficients are now determined by satisfying the boundary
conditions of egs. (26) and (27). Comparing the coefficients of equivalent
terms in these equations of boundary conditions, we can determined the
remaining unknown coefficients. Therefore the final form of the stress
function may be determined after substituting these values of the
constants. The thermal stress components are



2 2
"rr:l_'—a X"% x, °ee=_'3 - : "re:'a—'(% 2% (34)
r? se? or or? ar = 36

The components of the thermal stresses for this problem can thus be derived
by the differentiation of the function x in eq.(30) in accordance with
egs. (34).

For simplicity and generality, the temperature and stresses distribution
in the cylinder or disk obtained from the above analysis will be expressed
in dimensionless quantities. Thus by defining the dimensionless quantities
as follows:

p = xr/a, Po = b/a, oy = rl/a, td = kt/a?
(35)
Ha = aha' Hb = ahb' %am ~ asnm
and the quantities
T=mkT/Q , §§=ﬂKoee/kQ , 6b=ﬂKorr/kQ , 5§=NKore/kQ (36)

The final solutions in dimensionless terms for temperature, and stresses in
the cylinder are given as follows:

1= = = n,= -n _ 5
T(p,e,td)—z{ao+b° in p+nZl(ahp +b p ")cos né- 1n R}

-kB2 t
@ ® nm-d =
+ L mi1 © an(p)cos né (37)

where
ao=( in p0+1/ppo)( 1n pi+l/Ha)/DO

b0=( 1n po/pi+l/ppo)/Do

a = (-2 taely, - a-ny Lty 1

pH H H n _ n=
b a apy Py Dn

P 0.
Dy OP-a-P) M

_ _n
b =(1-—) {(1+

1 1
D =—+___+ 1ln po

e}
Ha ppo

B onf(1-2) -2 L -+ Dyl )p ™)
ppo Ha pon ppo H

n

a

B2_n2 2_
R*=p +pi 2ppi cosf

F_(p) n‘BJl(aompo)Yo(uompi)-Jo(aompi)Yl(aompo)}/ppo+{Jo(aompi)yo(aompo)
om
2 o
om 1 .
%;';‘E;+;__){Jo(uom)Yl(aompo)_Jl(aompo)Yo(aom)}
a"o om



+§n(n+l)np

+2pfsin® 6/R?)/8+ §

-n-2

—9_

2
® e 0‘nmtd 1

) —

o m=1 2

o
n

P
m

+5n(n+1)(n—2)pn+]3n(n—l)(n+2)p_n

dp

}cos né+(2 1n R +1

=2 (D)}cos né

o(a )Yo(aompl)}/poaoml[{Jl(aom)yo(aomp)—Jo(u mp)Yl(a )}/Ha
1
+ﬁ; a ){Jl(aom)Yl(uompo)-Jl(uomoo)Yl )}+ - H_ o (%om’
a Po'b b Po
+{JO(uom)Yo(aomp)—Jo(aomp)
Otom
xYo(aompo)—Jo(uomoo)Yo(uom)}+(H )3y la )Y, (o e )
a b p %om
XYo(uom)}/aom]
_Jo(aompo)Yl(aom)}
—[(1+“){J( )Y (o 0)=3_(a_0)Y (o )I-Mig (o )Y (o p)
m H_ n'%m’ *n %nmP n ' %amP’ *n %nm ;—_ n-1"'%nm’ *n %amP
- a a
Fonip)= oo
n n o nm
{OLom(l"'__)(l-'___')+ }{Jn—l(anm)yn(unmpo)—Jn(anmpo)yn—l(anm)
H p H H_H
a o'b a’b
_Jn(anmp) n- l ] Bl_ nmpo)Yn(anmpi)_Jn(anmpi)yn(unmp
n n 0anz n poanm2 n
X{ 2n(1+—) (1- ) - (1~ )+ l+——)}{Jn(unmpo)Yn(anm)
Ha Dpo Ha ppo Hb Ha
nm
+__—{Jn—l(mnmpo)yn(O‘nmpi)
H
b
A L L B N e | AV R L AN RIS B A O
n " %nam’ *n %mPo Po%nm T/ "n-1"%m’ *n-1"%*nmPo n-1"'%nm?
ppo Ha
-J (unmpi)yn—l(anmpo)}]
n n
Yn_l(anm)}+{poanm(l+g—0(l— : ) - Ho (o DY (e o)
a Pty a'b
_Jn—l(anmoo)Yn(unm)}
§p=2B_+C_ 0 %-B (2 1n o+1)/8+(~28,0"+2C p-b o ! /4) cos 6- & (n-1)n

(38)

RE

[e]

(39)

(40)

L2/6
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o= = -2 o = -3,.= . -1 % (= n-2
69—2B0 CoP bo(2 1n p+3)/8+{2Blp +6C;p blp /4}cos 6+n§2{Ann(n—l)o

+§nn(n+l)o_n_2+5n(n+l)(n+2)pn+5n(n—2)(n—l)p_n}cos ne+{ (2 1ln R+1)
-a? t azF__ (p)
+2(p-p,aos 8)2/R2}/8+ £ § e PMALl _ DM Toog ne (41)
i n=o0 m=1 0l ap?
nm

58=(-28p 3428, p-b,p"t - ¢ (3 1y D2 5 -n-2, = n
pO=(-2B;p “+2C;p-byp "/4)sin 0+ 2,{A n(n-1)p B n(n+l)p +C n(n+1)p
-D_n(n-1)p “}sin né-2(p-p.cos 6) sin 8/8R2+ ¥ % ‘—a;mtd n
n P (el 0y nio mi1 © =
nmp
-1F _(p)¥sin no (42)
pP” nm

where

(& ,B,C D) = (& B ,C ,D )mk/kQ
The foregoing solution will be illustrated numerically by solving a hollow
circular cylinder under a continuous point heat source specified by the
following values:

Po= 34 p;=2

Fig.2 shows the non-dimensional temperature variation for dimensionless
time. The variations of hoop stresses are shown in Figs. 3-4 for various
times. Figs5 and 6 illustrate the variations in {§p and Y respectively
along the x-axis.
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\ / 2 Pi(n,0)

Fig.l Continuous point heat source on the arbitrary
point (rl,D) on the hollow circular disk

tg= QO
t4=0.

d* 0.5 'd
0.05 d=00

=7 ©=0

Fig.3 Variation in e along  the
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tg= 00
14=0.1
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1¢=0.0
2 2 3
e=1t 9 $ =0

Fig.2 Temoerature distribution for various times.
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d= 0

Fig 4 Variation in &p alona the # = n/2
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e=7t/2

t4=0.5
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Fig.5 Variation in 8 along the 8 = n/2
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Fig.§ Hoop stress distribution round the edge of a hole.
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