
 
 

ABSTRACT 

 

CRILL, JOHN WESLEY.  Ad-hoc Solutions for Capturing Electronic Structure Details in 

Classical Dynamics Simulations.  (Under the direction of Prof. Donald W. Brenner. and Prof. 

Douglas L. Irving.) 

 

 Traditional empirical potentials used in molecular dynamics (MD) simulations 

replace an explicit treatment of the electronic structure with an appropriate interatomic 

potential energy expression.  This enables MD simulations to model atomistic processes, 

such as dislocation dynamics and plastic deformation, which typically require size and time 

domains exceeding what is currently feasible with computationally-demanding first 

principles techniques.  However, discarding the electronic degrees of freedom prevents MD 

simulations from properly resolving certain phenomena which are dominated by electronic 

interactions.  One example is thermal transport in metals, which is often underestimated by 

orders of magnitude in MD simulations.   A recently-developed multi-scale simulation 

approach, allowing ad-hoc feedback from continuum heat flow solutions to thermostat atoms 

in an MD simulation, is used to model Joule-heating in nano-scale metallic contacts under 

electromagnetic stress.  The simulations are carried out under conditions representative of 

contact surfaces in Radio Frequency Electromechanical Switches (RF MEMS) and 

rail/armature components of Electromagnetic Launchers (EMLs) and are used to speculate on 

the mechanisms for experimentally-observed material transfer. 

 Another phenomenon that is typically neglected in MD simulations is charge transfer  

between atoms of dissimilar electronegativity.  A common approach to incorporating a 

dynamic treatment of charge in a classical potential simulation is to solve atomic charges 

using an equalization of electronegativity in the charge equilibration (QEq) method.  The 

current work studies the effectiveness of the QEq to mimic the charge distribution properties 



 
 

of f-center defects in a sodium chloride crystal.  The results indicate that the QEq is able to 

replicate some of the electrostatic energy features of an f-center, which include an extremely 

localized potential well in the vicinity of the defect.  
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CHAPTER 1 – MOTIVATION 

 

1.1 Classes of atomistic simulations 

Atomistic simulations can be conveniently divided into two general classes: 1) quantum 

mechanical methods that account for electronic structure and 2) classical dynamics methods 

that replace the electronic structure with appropriate empirical potentials.  Each class has its 

strengths and weaknesses, making the choice of simulation method entirely dependent upon 

the problem being studied.  While the goal of all simulations is to achieve physical accuracy, 

no model is perfect, and performing theoretical calculations is therefore a task of managing 

compromises. 

Quantum mechanical approaches often include first principles techniques which, as 

the name suggests, involve the most basic principles of quantum mechanics without 

introducing empirical parameters.  These approaches attempt to solve the electronic energy 

levels of atoms to predict physical properties not easily observed, such as binding energies.  

But solving these energy levels is difficult; an exact solution for Schrödinger’s equation only 

exists for hydrogen.  As the problem expands to multiple atoms multiple interacting nuclei 

and electrons, approximations must be made to allow for more tractable calculations.  The 

Born-Oppenheimer (BO) approximation
1,2

 uses the huge nucleus/electron mass ratio to treat 

the nuclei as stationary relative to the electrons.  This allows the electronic wavefunctions to 

be solved without considering the nuclear degrees of freedom.  

Within first principles methods, there are different approaches to solving the many-

body quantum mechanical problems.  The Hartree-Fock method
3
 approximates the true N-
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body wavefunction using N single electron orbitals.  The orbital wavefunctions form a Slater 

determinant
4
, or matrix of the wavefunctions whose products must satisfy certain physical 

conditions, namely anti-symmetry with respect to the interchange of electron positions. 

While the Hartree-Fock method approaches the quantum mechanical problem through 

the lens of molecular orbits, an alternative approach is to model energy levels and bonding 

characteristics using electron density.  The Hohenberg-Kohn
5,6

 theorems state that the 

physical properties of a many-body system are a functional of the ground-state electron 

density.  This is the basis for density functional theory (DFT)
 5,6

.  DFT calculations are one of 

the more widely used first principles techniques, and can be carried out by downloadable 

packages, such as the Vienna Ab Initio Simulation Package (VASP)
 7

 and 

QuantumEspresso
8
. 

Although often powerfully accurate, first principles calculations are extremely 

computationally demanding with processing power typically scaling with the cube of the 

system size.  In other words, an eight-fold increase in processing resources only nets a two-

fold increase in the number of atoms that can be simulated.  Because of this, first principles 

methods are generally restricted to systems containing 10
2
-10

3
 atoms.  The size and time 

scales of many materials science phenomena cannot be captured on such a restricted scale.  

These processes, including dislocation dynamics and plastic deformation, are better served 

by simulations using models with more simplistic approximations of electronic structures. 

 Classical empirical potentials attempt to model interatomic forces that arise from the 

quantum mechanical interactions using relatively simple functions of the positions of the 

atoms.  Forces on each atom can be computed analytically using derivatives of the potential, 
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and accelerations and trajectories can then be determined by solving classical equations of 

motion.  Empirical potentials allow for much larger simulation scales in terms of size and 

time, because the electronic degrees of freedom have been discarded.   

Because explicit calculation of electronic states is omitted, construction of suitable 

empirical potentials is a balancing act between accuracy and transferability.  The former 

entails reproducing physical properties that are consistent with experimental measurements.  

To accomplish this, empirical potentials are typically fitted to experimental parameters.  

However, a good empirical potential function must also exhibit transferability, or the ability 

to reproduce properties to which it was not fitted.  Furthermore, these qualities must be 

achieved while preserving the computational efficiency that makes such potentials attractive.  

The pursuit of these objectives has led to great advances in the state of the art in empirical 

potentials; the challenges faced and the solutions that have been developed are detailed in the 

next section.   

 

1.2 Evolution of empirical potentials 

Beginning in the 1980s, many-body interatomic potentials begin to emerge which permitted a 

description of atomic interactions beyond a simple pair-additive relation.  Pair potentials 

were qualitatively useful in chemistry and physics for describing local configurations
9
, but 

were deficient in applications studying deformation in materials.  This is because energies 

associated with dislocation dynamics and plastic deformation in materials require large 

volumes of material to be accurately modeled.  Additionally, by virtue of describing pairwise 

interactions only, pair potentials do not include contributions from the local environment.  
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This results in difficulty in modeling the diminishing energetic benefits of forming additional 

bonds because the weakening of bond strength due to over-crowding, a consequence of 

Pauli’s principle, is not captured.   

The first step towards a many-body representation of atomic bonding energy came in 

the form of effective medium approximation
10

.  Starting from the result that the energy of 

hydrogen impurities was primarily dependent on the local environment, Norskov developed 

an expression for the energy of embedding a defect that treated the “host” material as a gas 

with density equivalent to the host material, illustrated schematically in Figure 1.1.  This 

gave rise to new understanding of interatomic bonding that would later be utilized in many-

body potential energy expressions such as the Finnis-Sinclair (F-S)
 11

, Embedded Atom 

Method (EAM)
 12

, and glue potentials
13

.   

Although derived from different approaches, the F-S, EAM, and glue potentials have 

the appeal of containing elements of DFT.  Recall the Hohenberg and Kohn statement that 

energy is a functional of electron density.  This contribution to potential energy is apparent in 

the functional form shared by the F-S, EAM and glue potentials.  Each is constructed 

similarly from two terms: a two-center pair potential, and a cohesive energy “density” term.  

The latter is rooted in the tight-binding description of bonding.  When the valence orbitals of 

two atoms overlap, the band of potential energy states for the electrons broadens, as depicted 

in Figure 1.2.  The bond energy of an atom can therefore be approximated by the width, or 

second moment, of the density of states.  Empirically, the density of states is proportional to 

the number of nearest neighbors
14

.  This simple, yet elegant, “second moment 

approximation” allows much of the essence of quantum mechanical bonding characteristics 
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of atoms to be modeled using only the Cartesian coordinates of its neighbors and thus being 

much less computationally expensive than explicitly solving electronic energy states.  

The functional form of these potentials and that of the Tersoff potential
15-17

 are 

essentially the same
18

.  Tersoff developed interatomic potentials for Si and other covalent 

materials using the energy expression of Abel
19

, which gives the binding energy as sum of 

near-neighbor pair interactions modified by the local atomic environment.  The local 

environment term is a function of the local coordination; since nearest-neighbor density 

changes with the order of a covalent bond, this approximation is successful in describing 

single-, double- and triple-bond energies in hydrocarbons.  However, this environment term 

encounters difficulties with intermediate bonding systems.  Two examples are illustrated in 

Figure 1.3: graphite and (CH3)2C=C(CH3)2.  The atoms in red have the same local coordination 

in each molecule, but the bond between them has much different characteristics in one 

molecule compared to the other.  The bond in graphite, due to the conjugated double bonds, 

has 1/3 double-bond and 2/3 single-bond character; in contrast, the bond in (CH3)2C=C(CH3)2 

is purely double-bond in character.   

Brenner addressed this deficiency of the Tersoff formalism in developing the reactive 

empirical bond order (REBO) potential
20

 through a correction factor to the local environment 

term that couples atomic coordination to bond energy.  The coupling parameter for each bond 

is given by an average of terms associated with each atom in the bond, with additional terms 

for the number of carbon, hydrogen, and conjugated bonds that provide a more complete 

description of the local atomic environment.  The REBO potential was able to correctly 

predict π-bonded reconstruction as the most stable for the (111) surface of diamond. 
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Pettifor subsequently developed an analytic bond order potential
21

 that circumvented 

the ad hoc correction terms used by the REBO.  Although these corrections eliminated the 

spurious “averaging” of bond strengths, they added many parameters to the fitting process.  

Transferability of classical potentials generally suffers as the number of fitting parameters 

increases.  Pettifor’s solution was to explicitly treat π-bonding by going beyond nearest 

neighbors and including higher moments of electronic bond energy.  The second moment 

describes only the width of an energy distribution (or density of states); the third and fourth 

moments describe the skewness of the distribution and the tendency to form a gap in the 

middle of the distribution, respectively.  From the standpoint of bond energy, this involves 

including the contributions of atoms beyond the first shell of nearest neighbors.  The 

moments theorem states that the nth moment of the local density of states is determined by 

the sum of all paths around neighboring atoms that begin and end at the same atom.  The 

fourth moment approximation includes all neighbors of an atom that can be hopped to and 

back in four atom-hops or less.  

Pettifor would later expand his bond order potential to encompass up to six 

moments
22

 in an effort to model magnetism in transition metals.  The Stoner model 
23

 

describes magnetism using density of states concepts.  When filling orbitals, it is 

energetically preferable for electrons to reside in the lowest possible energy level.  An 

electron can change its spin in order to share a lower, already-occupied orbital; this is the 

result of a balance between achieving the lowest possible quantum number and the energy 

required to flip spins.  In most materials, the energy reduction associated with entering a 

lower orbital dominates.  However, some transition metals such as iron have d electron 
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valance bands that span a very narrow range of energies; the energy reduction from 

occupying a lower orbital does not offset the exchange energy penalty of changing spin.  The 

result is electrons with aligned spin, giving these metals ferromagnetic properties.   

The magnetic contribution to binding energy results in iron taking the bcc phase as its 

ground state, in contrast to the transition metals ruthenium and osmium, which assume an 

hcp structure.  Therefore, constructing an interatomic potential that captures the quantum 

mechanical forces behind magnetism is essential for successfully modeling ferromagnetic 

elements.  Pettifor’s higher-moment approximation bond order potential effectively predicts 

the structural preferences of iron as well as the trend in crystal structures (hcp  bcc  hcp 

 fcc) that is observed across the non-magnetic 4d and 5d transition metal series.   

The success of classical potentials comes from the use of approximations that allow 

for energy expressions to reflect the underlying quantum mechanical principles of bonding.  

Indeed, as the potentials incorporate more components of the electronic structure, as is the 

case with higher moment approximation potentials, greater capabilities in predicting and 

reproducing physical properties follow.  But the increasingly detailed electronic structure 

approximation comes at a cost of computational resource demands.  For instance, although 

several orders of magnitude faster than standard tight-binding calculations, fourth-moment 

approximation potentials are still at least an order of magnitude slower than second-moment 

approximation based models
24

.  Further, while increases in the number of moments allows 

for the capture of more of the physics in electronic bonds, it does not aid in describing effects 

that are primarily driven by electronic degrees of freedom.  In some cases these effects can 

be recovered using multiscale schemes designed to compensate for the lack of explicit 
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treatment of electrons.  These approaches and their applications are discussed in the next 

section. 

 

1.3 Multiscale approaches to atomistic simulations 

Atomic simulations sufficiently large to model plastic deformation typically require replacing 

energies from explicit electronic states with some effective inter-atomic potential. The 

embedded-atom method (EAM) potentials, for example, have proven to reproduce many of 

the structural, energetic and vibrational frequencies of a wide range of metals, from which 

reasonable thermodynamic properties (such as melting temperature) can follow
12

.  At room 

temperature, however, the thermal transport properties of metals are dominated by electrons, 

and therefore thermal transport coefficients are not typically reproduced by analytic 

potentials. In addition, in a typical large-scale atomic simulation, vibrational modes and 

phonon states are populated classically, and therefore quantum heat capacities and phonon 

propagation are not properly treated, again regardless of the quality of the potential energy 

function.  

Schall et al. demonstrated the significance of neglecting electronic degrees of 

freedom in treating thermal transport coefficients
25

.  Modeling the flow of heat from a 

constant temperature surface through the bulk using EAM potentials, Schall et al calculated 

the implied thermal diffusivities for several metals by fitting a continuum heat flow equation 

to the simulation temperature profile.   The thermal diffusivities from the EAM were far 

smaller than experiment, up to three orders of magnitude too small in the case of silver and 
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gold.  The resulting temperature profile implies excessively localized heating; the net result 

will be a tendency to overstate thermally-induced deformation effects. 

Several groups have sought to incorporate electronic heat transfer into molecular 

dynamics simulations using a two temperature model (TTM) 
26-32

.  The TTM decouples 

electronic and lattice temperatures, and expresses the time evolution of temperatures using 

nonlinear different equations of continuum heat flow. Solutions to the heat flow equations are 

typically obtained by finite difference method.  When combined with the MD simulation, the 

lattice temperatures of the TTM are replaced by those calculated from the MD potential, and 

the electronic temperatures are coupled to the lattice using an electron-phonon scattering 

mechanism.  In an extensive set of studies
26-28

, Zhigilei and co-workers, for example, have 

used this concept to model laser interactions with metals.  In laser super-heating of metals, 

where electron temperatures can instantaneously exceed several thousand K, electrons below 

the Fermi level can be excited and increase the electron-phonon coupling.  This makes it 

difficult to specify a functional form of heat capacity, and heat capacity thus requires density 

of states calculations.  

Rather than using the fine grain two-temperature model to improve thermal transport, 

one alternative is treat the heat flow dynamics at a scale separate from the atomistic 

dynamics.  This is conceptually analogous to the multiscale nature of the quasicontinuum 

(QC) method
33

.  The QC method was developed in order to simulate mechanical properties at 

longer length scales than what was afforded by atomistic-only simulations, but still 

incorporate the influence of atomistic-level structures.  This was accomplished by adapting 

the mesh size of a finite element simulation in environments where stress gradients are 
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particularly high (e.g. near a point defect); as the mesh size decreases to atomistic 

dimensions, force calculations are handed off to an interatomic potential.  This methodology 

was later used to model nanoindentation into a solid with a subsurface grain boundary
34

. 

A potential issue with the QC method is that, while there are multiple size scales 

simulated, both scales are limited to the time step size of the atomistic simulation.  Therefore, 

stringent limits will be imposed on the material processes that can be simulated.  For 

example, simulating strain in a crystal will require extremely high strain rates that may not be 

physically relevant.  A multiscale method was developed
35

 to directly address this limitation 

by separating the atomistic and continuum simulations.  A continuum simulation is run 

across the entirety of the material volume, while an atomistic simulation is carried out only in 

a localized region of interest, such as a dislocation.  The atomistic forces are then projected to 

the continuum simulation, allowing for a bridging of the two size scales.  And because the 

two simulations are independent, separate time steps can be used as appropriate for each 

scale. 

  The concept of incorporating electronic temperatures combined with a two-scale 

concurrent simulation approach treating both the atomistic and continuum scales forms the 

foundation of the methodology developed by Schall et al
25

.  This scheme uses a parallel 

continuum calculation of heat flow carried out on a grid that is a coarse grained 

representation of the atomic simulation. A major advantage of using a continuum simulation 

of heat flow compared to the TTM-MD method is the ability to use experimental thermal 

diffusivity (or, equivalently, thermal conductivity and heat capacity), providing a great 

degree of flexibility in simulating materials.  Using an ad hoc feedback between the grid and 
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atom simulation, the thermal transport in the latter is effectively corrected. This methodology 

was first implemented in simulations of a spherical metallic tip sliding on a silver surface.  

Without the thermal transport correction from the continuum simulation, the sliding 

resistance for the tip was exaggerated due to non-physical localized heating that resulted in 

melting of the tip. 

Describing electronic effects on a continuum scale using experimental input 

parameters opens up doors for other capabilities to be introduced into atomistic simulations.  

Building on this coarse graining approach, Padgett and Brenner
36

 developed a method in 

which grid regions are connected by electrical resistors with resistances that are determined 

from the density and temperature profiles of the atomic simulation.  Heat generated from 

current flow through these resistors is then coupled into the simulation via velocity scaling 

combined with a local thermostat.  Together with the thermal transport corrections, this 

method is able to introduce Joule heating into a simulation.  In addition, because a current 

flow through the system is known, other effects such as magnetic forces due to current 

constriction can in principle be included in a simulation.  

Another phenomenon that plays an important role in the properties of some materials 

but which is neglected in most empirical potentials is the role of Coulombic forces arising 

from atomic charges.  Most engineering metals form oxides quite readily, and the 

electrostatic interactions between the cations and anions is one of the dominant sources of 

energy in oxides.  As another example, intermetallic compounds formed by the mixing of 

two species at an interface such as aluminum-copper result in charge transfer due to 
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electronegativity differences.  Modeling the charge distribution therefore plays a critical role 

in the simulating metal/metal-oxide interfaces and intermetallic compounds.   

An obvious starting point would be to assign fixed charges to atoms at the beginning 

of a simulation and incorporate the electrostatic energy into the potential function as a 

constant.  However, atomic charges cannot be considered constant for an evolving system.  

On-site charges in a metallic system containing a surface oxide, for example,  will range 

from near-zero in the bulk metal to nearly fully ionic in the oxide.  Hence, accurately 

describing the Coulombic energy contributions requires the charge states to be continuously 

solved. 

Rappe and Goddard
37

 developed a method of predicting atomic charges using a 

method of Charge Equilibration (QEq).  The QEq scheme starts from the basis of atoms 

minimizing chemical potential energy with respect to the addition of charge.  The chemical 

potential for each atom is the derivative of energy with respect to charge, and is a function of 

empirical parameters derived from atomic data, and an appropriate Coulomb interaction 

term.  This scheme was successfully used to calculate charges on atoms in a variety of 

organic, inorganic, biological, and polymer systems.   

Several groups have incorporated QEq into empirical potentials.  Streitz and 

Mintmire
38

 combined the QEq methodology with the EAM to simulate aluminum systems 

containing oxides.  The resulting potential accurately described the cohesive, structural, and 

elastic properties of both fcc aluminum and α-alumina, and the properties of alumina 

interfaces were in good agreement with first principles calculations.  Given the functional 

similarity between EAM and bond order potentials, it follows that the QEq has also been 
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incorporated into the latter.  The charge optimized many-body (COMB) potential
39

 was 

developed to simulate Si/SiO2 systems, and was found to effectively predict structures and 

parameters for silicon and five polymorphs of silica.   

The QEq scheme is an approximation of the redistribution of charge, and is not 

appropriate for all systems. The model allows transferal of partial charges across long 

distances.  For example, when the chemical bond of a HF molecule is broken, the atoms 

become neutral as the ionization potential of hydrogen exceeds the electronegativity of 

fluorine. This non-local charge transfer also results in inaccurate polarizability of alkane 

chains
40

.  This has led to the formulation of charge transfer mechanisms based on pairs of 

atoms rather than individual atoms.  An example is the atom-atom charge transfer (AACT)
 40

 

model that circumvents non-physical long-range charge transfer by constraining transfer of 

charge to atoms which are directly bonded.  The AACT scheme effective fixes some of the 

problems associated with the entire atomic system being treated as a single conductor.  

However, the AACT utilizes parameters that are fitted using small structures that are 

assumed to be representative of larger and more complex molecules.  But this discards one of 

the more attractive features of the QEq formalism, and that is the use of parameters that are 

motivated by first principles calculations that likely enhance its transferability.     

 

1.4 Context of current work 

One of the key advantages to the multiscale FD/MD methodology used by the Brenner group 

is that it offers an extremely flexible platform for studying a wide variety of atomic systems.  

This provides the opportunity to continually expand its reach to investigate atomistic 
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processes where the ability to model Joule heating captures physics that would otherwise be 

inaccessible to an MD simulation.  The current work applies the methodology to simulate 

asperity tips between contacts of various metals in the presence of electromagnetic stress.  

The multi-scale approach is especially suitable for “hot” metallic contacts, because some of 

the experimentally-observed deformation effects, such as adhesion and material transfer, are 

exacerbated with Joule heating.  Building back in the thermal physics will allow the 

simulations to capture the atomistic detail that eludes typical continuum simulations while 

still preserving the continuum descriptions of heat flow and electrical current.  These 

“tribological” wear simulations comprise Chapter 3 of the present work. 

The other topic investigated and presented in Chapter 4 is the transferability of the 

QEq methodology.  Although this scheme has proven to successfully mimic the equilibrium 

charges in ionic bonds of oxides, it is unclear whether it would be able to accurately mimic 

the redistribution of charge that occurs when an F-center anion vacancy is formed in bulk 

sodium chloride.  The influence on electrostatic energy of a NaCl crystal is analyzed using 

the equilibrated charges and compared to first principles data.   
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1.6 Tables and Figures 

 

 

Figure 1.1 Schematic illustration of host atoms’ (black dots) electron density (red cloud) 

contributing to the binding energy of an “embedded” atom (blue dot).  
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Figure 1.2 Schematic illustration of the broadening of density of states as the orbitals of two 

atoms transition from far apart (a) to overlapped (d). 
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 (a) (b) 

 

Figure 1.3 Illustration depicting the different bonding characteristics of atoms (red) with the 

same coordination (three) but different bond character in two different molecules: (a) 

graphite; (b) (CH3)2C=C(CH3)2  
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CHAPTER 2 – THEORY AND MODELING METHODS 

 

In this chapter, the underlying principles of the methodologies utilized in Chapters 3 and 4 

are reviewed in detail.  The purpose of this chapter is to proceed through the background of 

each modeling technique to provide a theoretical justification for their present 

implementation.  The computational details, parameters, and obstacles of typical simulations 

are outlined for each application.  

 

2.1 Embedded Atom Method 

Early classical dynamics simulations often used two-body pair potentials which express the 

energy for a collection of bodies as pair-wise additive.  Different functional forms of this 

interaction have been specified.  For example, the Lennard-Jones
1
 potential gives the two-

body energy as 

  ( )    [(
 

 
)   (

 

 
) ] (2.1) 

where r is the distance between the atoms, ε is the equilibrium energy minimum for the pair, 

and σ is the distance at which V(r) is equal to zero.  The first term in the bracket describes the 

energy contribution from Pauli repulsion which occurs at short ranges due to overlapping 

electron orbitals; the second term in the brackets represents the long-range, cross-atomic 

attractive contribution.  The Morse potential
2
 similarly expresses pair interaction using 

competing repulsive and attractive components,  

  ( )       (   )     (   )   (2.2) 
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where ρ and ε are equilibrium bond length and dislocation energy, respectively, and β is an 

inverse length scaling factor that endows the Morse potential with more intermediate range 

of interaction.  The exponential-6 potential
3
 modifies the Lennard-Jones potential by 

substituting a repulsive term with exponential form 

   ( )        
 

   (2.3) 

where A, B, and C are constants.  The exponential term more appropriately captures the 

decay of intermolecular repulsions. 

Pair potentials of these forms have severe limitations in predicting properties of 

crystalline solids stemming from the inability to capture the influence of local atomic 

environment on bonding.  Intuitively, the energetic favorability of atomic bonding should 

diminish with increasing atomic density, and this is ignored in typical pair potentials.  Pair 

potentials also do not account for directionality in bonding, as the interaction terms are 

dependent only on the distance between two atoms.  Consequently, covalent bonding is not 

properly captured by pair potentials.  These two limitations can result in highly inaccurate 

cohesive energies and elastic constants in metals.  

One solution proposed
4
 to capture atomic environment contributions was to augment 

a pair potential expression with a volume term, such that  

      (    
⁄ )∑  (  )  (2.4) 

where    is the undeformed atomic volume and   is the potential energy function for two 

atoms separated by the vector   .  The volume-dependent energy term imparts some local 

environment effects, but is an unsatisfactory method for doing so because it requires a 
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definitive quantity for the volume to be known.  This poses potential problems for systems 

with ambiguities in the total volume, as is the case for surface relaxations, point defects, and 

fracture surfaces. 

The EAM
5
 is an expression for energy that combines a pair interaction term with an 

embedding term that more explicitly treats the local environment dependence of atomic 

energy. This approach essentially treats all atoms as impurities, and a contribution to energy 

is obtained from each impurity disturbing the electron density of the local environment.  The 

functional form for the energy of atom i due to j neighbors is 

   ∑  (  )  
 

 
∑    (   )     (2.5) 

where F is the embedding energy of atom i,    is the electron density at site i, and     is the 

pair interaction for neighbor j at a distance    .  This has the appealing characteristic of being 

philosophically rooted in density functional theory (DFT) principles, since the energy is 

being described as a functional of the atomic-like electron density
6
.  

The embedding energy function and pair potential are determined empirically from 

physical properties of the solid.  Foiles et al
7
 derive these for several fcc metals, including 

Au, Cu and Ni, using the lattice constant, elastic constants, vacancy-formation energy, and 

sublimation energy in fcc and bcc phases.  The embedding energy can be uniquely specified 

by fitting the energy from Eq. 2.5 to Rose’s equation of state
8
 

  ( )       (    )    
 (2.6) 

where     is the absolute value of the sublimation energy at zero temperature and pressure, 

and     is the deviation from equilibrium lattice constant given by 
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    (
 

  
  ) (

    

   
)     (2.7) 

where B is the bulk modulus,   is the equilibrium volume per atom, and a and a0 are the fcc 

lattice constant and equilibrium lattice constant, respectively.  Then, all one needs to specify 

for the embedding function is the electron density, which is obtained from atomic densities 

computed from the Hartree-Fock wave functions by 

   ( )      ( )      ( )  (2.8) 

where    and    are the number of s and  d electrons (the bonding electrons for transition 

metals), respectively, and    and    are the densities associated with the s and d wave 

functions.  The sum       is fixed for a given metal, and    is varied for the fitting 

procedure.  The pair potential is expressed as 

  ( )    (     )      (2.9) 

where    is the number of outer electrons, and  ,  , and   are fitting parameters. The 

parameters are determined primarily by the shear moduli and vacancy-formation energy; the 

ones used for the Au EAM potential are given in Table 2.1. 

In addition to the Au potential, the present work also models aluminum-copper 

systems using the Al-Cu potential developed by Liu et al
9
.  This potential combines separate 

EAM potentials for Al
10

 and Cu
11

, and derives a Al-Cu pair interaction term by fitting to the 

dilute heats of solution of each species in the other, as well as the heats of formation of the 

Al2Cu and AlCu3 phases.  The data for the fitting procedures are sourced from DFT 

calculations.  
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Since its introduction, the EAM has been an important tool in atomistic simulations of 

nanoscale metallic properties.  For example, Landman et al used the EAM to simulate the 

deformation of asperity tips to obtain a better understanding of how macroscopic scale 

contact mechanics apply to interfaces when the size scale is sufficiently small
12

.  The 

indentation and pull-off of Au and Ni pyramidal asperity tips was modeled using tips with an 

effective radius of about 30 angstroms.  A “jump to contact” phenomenon during indentation 

was noted in which adhesion occurs by displacement of tip atoms, with a deformation 

method and pressure distribution similar to those predicted by contact mechanics theories.  

Pull-off of the asperity tips resulted in a “neck” that maintained crystalline structure, and the 

normal force through the neck was relatively constant during deformation, which is 

consistent with what would be predicted at the continuum level.   

Kelchner et al. 
 13

 explored the capability of the EAM to resolve atomistic details of 

nanoindentation processes by treating the asperity tip as a purely repulsive element.  This 

prevents the adhesive forces between tip and substrate that produce a “jump to contact” 

phenomenon, an effect that is not necessarily realistic because real indenters have unclean 

surfaces and hence much lower adhesion energies than clean metallic surfaces.  The 

simulations by Kelchner showed that the nanoindentation force initially follows the 

continuum Hertzian solution for elastic deformation as     
 

 ⁄ , where K is a fitted elastic 

constant and d is displacement.  Beyond this elastic region, the force-displacement curves 

experience abrupt notches that the simulations reveal to be associated with the emanation of 

dislocation loops beneath the surface in the substrate opposite the indenter.  An illustration of 

these sub-surface dislocation structures is presented in Figure 2.1.   
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2.2 Molecular Dynamics Simulations 

Atomistic simulations with interatomic potentials use integration of classical equations of 

motion to determine the accelerations, velocities, and positions of atoms from the potential 

energy. At each time step in the simulation, the forces on the atoms are evaluated, and the 

system is evolved one timestep using a numerical integration scheme; for the current work, 

the numerical integration is completed using a Gear predictor-corrector algorithm.  This 

algorithm uses up to fourth order time-derivatives of the current atomic positions to predict 

the positions of atoms at the next time step.  The atoms temporarily “step” to these predicted 

positions, and forces computed from the potential at these positions are compared to the 

forces from the prediction stage.  The differences between the new forces and the predicted 

forces are then used to correct the trajectory, and the positions are the next time step are then 

determined.   

An alternative to the predictor-corrector algorithm is to integrate the equations of 

motion using the velocity Verlet algorithm.  The velocity Verlet uses velocities and 

accelerations from the current time step to calculate velocities half way through the next time 

step.  The half-step velocities are used to predict positions at the end of the time step.  Forces 

on atoms at the next time step’s positions are calculated from the potential, and the velocities 

are then updated from the mid-time step values using the new forces.  However, the velocity 

Verlet algorithm allows more energy fluctuation than the predictor-corrector since it includes 

lower order time-derivatives of position
14

. 
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The time step used for the integrator is one femtosecond.  The selection of time step 

size for the integrator is system dependent, as it is required to be at least ten times shorter 

than the duration of the fastest motion in the system.  Vibrations in molecules can have 

periods as short as ~10
-14

 s. This sets the upper bound for the time step size in a typical 

molecular dynamics (MD) simulation to ~10
-15

 s.  The MD simulations reported here are 

typically run for a duration of ~100 picoseconds, or 100,000 time steps.   

Basic MD simulations run in NVE, where the number, volume, and total energy are 

constant throughout the simulation.  Consequently, the atoms experience fluctuations in 

temperature defined by average kinetic energy.  However, it is often desirable to maintain a 

specified temperature in the system based on prescribed conditions or, as we will see later, 

feedback from external degrees of freedom.  The simplest method of fixing atomistic 

temperatures is by re-scaling the velocities
15

 to “correct” the current temperature to the 

desired temperature.  Although appealing from the standpoint of coding difficulty, velocity 

scaling potentially introduces non-physical effects, including localized, correlated motion.  In 

addition, since the temperature is fixed over time, it does not produce fluctuations in 

temperature as required by statistical mechanics.   

Alternatively, MD thermostats can be based on forces of constraint in the equations of 

motion.  The Hoover thermostat
16

 is based on Gauss’ Principle of Least Constraint which 

essentially states that classical trajectories, such as those followed by atoms in an MD 

simulation, will minimize deviations from unconstrained trajectories.  In other words, a 

system will tend to minimize the constraints applied through external forces.  The thermostat 

is implemented through a frictional force term that is derived from a least-squares 
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minimization of differences between free and constrained accelerations.  The term is 

incorporated into the equations of motion as follows: 

   
 

 
   , (2.10)  

   
∑  

∑   ⁄  (2.11)  

where F, v, and m, are the force, velocity, and mass, respectively.  The frictional term,  , can 

be negative or positive for atoms depending on what is required to maintain constant 

temperature.  The summation is typically over all atoms, but as will be shown later, the 

thermostat can be used in local regions of an MD simulation.   

 

2.3 Continuum Principles of Current Flow at Metal-Metal Contacts 

The physics for electrical contacts has been studied extensively
17

. The roughness of 

contacts creates groups of separate contact spots, known as a-spots.  When an electrical 

current is present, the current flow lines distort to enter a contact spot.  This creates a 

resistance, because the flow line constriction dictates that only a finite amount of electrical 

current may pass through a given contact spot. This is known as the constriction resistance, 

and for a circular contact with radius a much larger than the electron scattering length, it can 

be calculated as  

 Rc = ρ/2a (2.12) 

where ρ is the material resistivity.   

An important phenomenon with electrical contacts is the relationship between 

potential and temperature
17

.  The heat flow lines in a conductor follow the same path as the 
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current flow lines.  An increase in the Joule heating due to a higher current density through 

an asperity is accompanied by a commensurate increase in heat flow due to a larger thermal 

gradient.  Hence, the temperature increase is a function of the voltage applied, giving rise to 

the voltage-temperature relationship.  Assuming the thermal conductivity and electrical 

resistivity, λ and ρ, respectively, are linearly dependent on temperature, the expression for 

temperature increase in a conductor with potential V applied is 

  (2.13) 

where β and α are, respectively, the temperature coefficients of thermal conductivity and 

electrical resistivity. The quantity T1 represents the bulk temperature of the conductor, and Tm 

is the maximum superheated temperature at steady state for the given voltage.   

A simplified version of this V-T relation may be attained by exploiting the 

Wiedemann-Franz Law.  This law expresses the temperature variations of thermal 

conductivity and electrical resistivity as 

  (2.14) 

where L is the Lorentz constant 2.45x10
-8

 V
2 

K
-2

.  This law applies well to many conducting 

materials, and allows Equation 2.13 to be reduced to  

  (2.15) 

This relationship underscores an important corollary of the overlap of heat flow lines and 

electrical current lines.  Reduction in the size of an electrical contact produces a higher 

current density for a given voltage, but does not increase the equilibrium temperature at the 

contact because the heat flow lines also become denser and consequently produce steeper 
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thermal gradients.  The by-product of this is that the voltage required to melt (or boil) an 

electrical contact is an intrinsic material property without regard to the contact scale at 

equilibrium.  Gold, for instance, melts at 1,337 K, which equates to an electrical potential 

drop of 0.43 V.       

Although the maximum steady-state temperature in a conductor is fixed given the 

applied voltage, the time needed to reach this temperature is not, and is highly dependent on 

the voltage itself.  The reduced time (μs/μm
2
) for reaching steady state can be expressed as

17
 

   
 

 
[
 

 
  [  

     

      
]]

 

 (2.16) 

where V is the applied voltage, Teq is the equilibrium temperature from Equation 2.13, T0 is 

the bulk temperature of the conductor, and α is a constant equal to 41.7852 μm/[V μs]
0.5

.  The 

time needed to reach the steady-state temperature is thus inversely proportional to the applied 

voltage, and proportional to the contact area. 

 

2.4 Continuum-Atomistic Thermostat  

MD simulations are a powerful way to simulate large atomic systems consisting of 10
6
 or 

more atoms.  MD simulations use analytic potentials that replace the electronic degrees of 

freedom with analytic forces to reduce the computational burden.  However, heat conduction 

in metals at room temperature occurs primarily via electrons.  Discarding the electronic states 

results in the thermal transport coefficients that are underestimated by several orders of 

magnitude when using the embedded atom method (EAM) potentials
18
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There have been many other approaches in the past to build back in electronic effects 

that are not well described by empirical potentials.  Zhigilei and others
19-21

 have combined 

the two-temperature model (TTM) with MD simulations in study laser heating of materials.  

This is a challenging application to model, because there are disparate sets of physics 

involved.  For instance, the laser interaction in metals produces extremely rapid heating that 

exceeds the pace at which thermal energy can be transferred from electrons to phonons, 

requiring a description of electronic temperatures.  On the other hand, the thermal energy 

deposition potentially induces microstructural changes, such as phase transformations, that 

are well-suited to atomistic simulation.  The hybrid TTM-MD model by Zhigilei de-couples 

the lattice and electronic temperatures, allowing the former to be modeled by the MD 

simulation and the latter by the TTM.  An electron-phonon scattering mechanism allows 

coupling between the electron temperatures and the lattice.   

 Wagner developed a continuum-atomistic technique
22,23

 motivated by the desire to 

extend the thermal boundaries of a system beyond what is computationally feasible for an all-

atomistic system.  This scheme allows thermal energy to be passed back and forth between a 

small atomistic system and a surrounding continuum body, as illustrated schematically in 

Figure 2.2.  Heat flow in the continuum region is governed by Fourier’s heat law, and uses 

experimental density, heat capacity and thermal conductivity, and is conveyed to the 

atomistic region by augmenting the interatomic potential energy used for the molecular 

dynamics simulation.   

The continuum-atomistic method developed by the Brenner group
18,24-26

 takes a 

different approach to the multi-scale problem.  This scheme utilizes ad hoc feedback from a 
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continuum simulation to project continuum heat transfer properties onto a concurrent 

atomistic simulation.  In this ad hoc technique, a network of static, cubic grids is 

superimposed over the atomistic system. The grids contain continuously updated 

temperature, density and composition profiles determined by the atomistic simulation. The 

temperature of each grid section, for example, is equated to the average kinetic energy 

(minus the center of mass velocities) of the atoms in that grid section.  Using this temperature 

distribution, new temperatures for the grid regions are then calculated by numerically solving 

the continuum heat flow equation of the form 

 
  

  
  

   

   
 (2.17) 

where T is the temperature derived from the MD simulation, and D is the experimental 

thermal diffusivity. 

In the original implementation of this methodology
18

, Equation 2.17 was evaluated 

explicitly via Euler’s method, using a forward difference time derivative with a step size on 

the order of the MD simulation time step (~1 femtosecond).  To preserve stability in the time 

derivative, the time step size is bounded by a maximum governed by the size of the finite 

difference grids and the value for D as 

         
 

  (
 

           )
  (2.18) 

For gold at 300 K, the experimental thermal diffusivity is 1.283 x 10
-16

 Å
2
/s.  For a gold 

system with cubic grids with dimensions of 10 Å, this leads to a maximum stable time step 

for the continuum simulation of approximately 1.2 femtoseconds.   
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A more recent version of the methodology uses thermal resistors for heat flow to 

circumvent the time step limitations induced by numerical instability.  The use of thermal 

resistor-capacitor (RC) circuits is a common way of solving continuum heat transfer
27

.  

Resistance, the product of voltage drop and current in electrical terms, can be analogously 

defined in thermal terms by replacing voltage drop with temperature differential, ΔT, and 

current flow with heat flow, q.  Thermal resistance for the grid boxes is thus defined as   

       (   ) (2.19) 

where L is the length of the box whose thermal resistance is defined ,   is the thermal 

conductivity, and A is the area of the box.  Thermal capacitance of the grid is given by cp x ρ 

x V, where cp is the heat capacity of the material, ρ is the density, and V is the grid volume.  

Using these definitions, heat flow within the thermal circuit can be solved using Kirchoff’s 

laws.  Once the continuum temperatures in each grid are determined, they are communicated 

to the atoms by rescaling the atomic velocities. The integration of the atomic equations of 

motion is stepped forward in time one step while applying a Hoover thermostat locally to 

each grid region.  The grid profiles are then recalculated and this feedback process between 

the atomic and continuum simulations is repeated as the simulation progresses.  

A Hoover thermostat applied locally to each individual grid region in the atomic 

simulation was found to be necessary to create atomistic thermal profiles that match expected 

continuum results using experimental heat capacities and thermal conductivities
18

.  The 

reason is that, while the temperature scaling alters the kinetic energy of each atom, part of 

this kinetic energy converts into potential energy of the system as required by the 

equipartition principle.  The Hoover thermostat maintains an exact kinetic energy, thus 
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allowing heat to flow into the potential energy modes while maintaining an appropriate 

thermal profile.  While perhaps unsatisfactory from a formal viewpoint, this is a pragmatic 

approximation for the simulations.  

In addition to the thermal resistors connecting the continuum grid boxes, an electrical 

resistor network is implemented to model electrical potential drop and current flow.  This 

differentiates the current methodology from the previous multi-scale techniques that 

primarily dealt with heat flow properties, and builds in the capability to model Joule heating 

through a continuously evolving atomistic system.  As with the thermal properties, the 

electrical resistance of each grid region is calculated using information from the atomistic 

simulation.  Based on the density profile of the grid, a resistivity is computed using the 

temperature-dependent experimental bulk resistivity for the material.  For regions containing 

more than one species of atom, averaged bulk properties are used, while for regions that are 

devoid of atoms, the resistance of air is used.  The virtual electrical resistors that connect 

neighboring grid regions then are assigned a resistance taken as the average resistance of the 

grid regions that they connect.  An illustrative example of resistor grid construction is 

illustrated in Figure 2.3
24

. 

The potential drop and current flow through these resistors is calculated from a user-

specified external applied voltage using Kirchoff’s law assuming Ohmic behavior, and the 

velocities of the atoms in each grid region are appropriately scaled according to the Joule 

heating from the current flow.  Like the virtual heat flow resistors, the virtual current flow 

resistor network is re-established as the atoms move so that the Joule heating and temperature 

profile tracks the evolution of the system.  To maintain a constant current, the current is 



38 

calculated first for a given voltage without coupling to the atoms.  The voltage is then 

adjusted and the current is recalculated.  This procedure is continued until the desired current 

is attained within some pre-specified error.  The coupling with the atomic dynamics is then 

resumed as detailed above.  The experimental thermal and electrical transport values in the 

continuum simulations are taken from Slade
28

. 

A key advantage to the methodology utilized in this work is the flexibility it affords 

in system configurations.  When the atomic and continuum simulations are carried out 

concurrently, the same step size is used to solve the atomic equations of motion as is used to 

numerically solve the current and heat transport equations via the resistor networks.  

However, a larger time step size can also be used with the virtual resistor system.  This 

becomes particularly important in the case of Joule heating at a small contact, where the 

steady state thermal conditions are preceded by a transient period of heat flow. The rate at 

which the thermal transients give way to steady state conditions is determined by the thermal 

time constant, which is directly proportional to the heat capacity of the material and the 

thermal resistance.  As Equation 2.19 implies, a narrow dimension (i.e. a small electrical 

contact) produces a large thermal resistance, which in turn lengthens the period of time 

before steady state thermal conditions.  This necessitates a continuum-only “run-in” period of 

~10-100 nanoseconds to determine the steady state thermal conditions.  These conditions are 

then coupled to the atoms for the beginning of the atomistic simulation. 

Similarly, the finite difference grid can extend well beyond an atomistic region, and 

by using larger grid sizes outside of the atomic region non-equilibrium heat flow determined 

from macroscopic-scale boundary conditions can be directly coupled to the atomic 
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simulation.  Flow lines for electrical current and heat contort to enter a constriction point 

such as an asperity contact.  Upon exiting the constriction, the flow lines spread out to 

ultimately re-attain geometry perpendicular to the contact.  Figure 2.4 illustrates this for the 

simulations of Joule heating through aluminum-copper asperity contacts carried out by 

Irving
25

.  The darkened portions near the contact comprise the volume treated by the 

atomistic simulation and amount to approximately 15 nm in the contact direction.  The 

lighter regions represent continuum volumes for the respective materials and have 

thicknesses five times greater than the contact substrates.  As one can see from the flow lines 

represented by the black lines, the influence of the constriction on the spread of the flow lines 

extends well beyond the atomistic region.  Therefore, applying the same boundary for both 

the continuum and atomistic simulations would introduce unphysical effects into the 

continuum solutions.  In the case of a fixed temperature boundary, as utilized by Irving, the 

effect would be one of an artificially high thermal gradient.  Therefore, the finite difference 

grid for the continuum simulation is typically displaced far from the atomistic region.   

 

2.5 Charge Equilibration 

Atomic charges in MD simulations are typically fixed.  For systems with interfaces or phases 

with ionic bonding characteristics, this potentially introduces unrealistic treatment of the 

bond energies.  The charge equilibration (QEq) approach taken by Rappe and Goddard
29

 

computes the optimum charge distribution of a system by minimizing the total energy with 

respect to on-site charges.  The QEq scheme serves as the basis for the treatment of charge in 

simulations using the EAM
30

 and bond order
31

 potentials.  
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The on-site energy of an atom with respect to charge can be expanded as a Taylor 

series as follows
32

: 

   (  )        (
  

  
)    

 ⁄   
 (

   

   
)    (2.20) 

When   =-1, the energy is equivalent to the electron affinity; when   =+1, the energy is the 

ionization potential.  Using these solutions, the first and second-order derivatives become 

 (
  

  
)    

 ⁄ (     )    
   (2.21) 

 (
   

   )          (2.22) 

The first derivative term is the electronegativity; the second derivative is known as a 

hardness, or self-Coulomb
33

, and represents repulsion between two electrons in a valence 

orbital.  The local atomic energy can thus be expressed as
29,30

 

  (2.23) 

where   
  is the electronegativity of atom i and   

  is the self-Coulomb.  The total electrostatic 

energy can then be described as 

  (2.24) 

with Jij the Coulomb interaction between centers i and j resulting from overlapping charge 

distributions. 

The optimum charge distribution corresponds to the equilibrium at which the atomic 

chemical potentials, or change in each atom’s energy with respect to its charge, are 

equalized:  

0 0 21
( )

2ii i i i iE q q J q 

1
( )

2ies ij i j

i i j

E E q J q q


  
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  (2.25) 

   

where χA is the chemical potential of atom A.  Under the constraint that the N atom charges 

must sum to the total system charge, 

        ∑   
 
    (2.26) 

one is left with N simultaneous equations of the form      where Q  is a vector of all the 

charges, the components of C are 

       (2.27) 

               for I ≥ 2 (2.28) 

and the components of D are 

           (2.29) 

       
    

    for I ≥ 2 (2.30) 

Rappe and Goddard proposed a method for constraining the charge solutions within a 

prescribed range.  For instance, the charge on a lithium atom is required to be greater than -7, 

but less than +1.  To enforce this constraint, the charge solutions obtained from Equations 

2.27 – 2.30 are compared to the permitted range.  A charge falling outside the range is set to 

the boundary limit.  The equations are then re-solved for N – p atoms, where p is the number 

of atoms for which charge has been fixed.  The components of D from Equations 2.29 and 

2.30 then become 

           ∑   
 
    (2.31) 

      
     

     for I ≥ 2 (2.32) 
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where  

   
     

  ∑      
 
      for I ≥ 2 (2.33) 

and the charges on the non-fixed atoms are then solved.  While charges for the NaCl crystals 

in the present work do not move outside of reasonable boundaries, this reduced equation 

methodology later will be shown to be important for modeling the extra electron of an f-

center. 

The values for   
  and   

  are derived from atomic data
29

; the two-center Coulomb 

interaction, Jij, on the other hand, requires an assumption about the atomic charge densities.  

Assuming point charge interaction proportional to 1/R (Coulomb’s law) is valid for atoms at 

large separation but approaches infinity for atoms that are closely spaced.  Slater-type
29

 and 

Gaussian-type
30

 orbitals have been implemented in the QEq, which correct for overlapping 

charge densities.  However, computing these orbitals continuously for a large number of 

atoms is impractical from a computational resource standpoint.  A less computationally-

demanding alternative is to express the Coulomb interaction using an approximation.  Oda 

and Hirono
34

 compared several forms for this approximation; the present work utilizes the 

form for     that was found to be the most accurate and transferable, the DasGupta-Huzinaga 

(DH) equation
35

 

     
 

    
 

   
 

 
       

   
 

 
      

 (2.34) 

where     is the distance between the atoms.   

The QEq scheme is not appropriate for all systems.  It provides a good approximation 

of the equilibrium charges in materials that are close to homogenous, but struggles to 
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accurately model charge transfer in long-chain polymers, for example, or molecules that 

undergo broken bonds.  This is because the QEq scheme treats the entire atomistic system as 

one large conductor, resulting in potential non-physical charge transfer.  Therefore, it is 

important to benchmark the charge distribution predictions of QEq against relevant data, 

such as first principles calculations, to determine the appropriateness of the scheme’s 

application.   
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2.7 Tables and Figures 

 

Table 2.1 Parameters used for fitting the pair interaction in the Embedded Atom Method 

potential for Au
7
. 

Parameter Value for Au 

Z0 11.0 

α 1.4475 

β 0.1269 

ν 2 

ns 1.0809 

Atomic 

Configuration 5d
10

 6s
1
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Figure 2.1 Image from Kelchner et al
13

depicting subsurface dislocation loop formation 

during nanoindentation. 
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Figure 2.2 Multi-scale scheme of Wagner
23

 in which the molecular dynamics simulation is 

embedded within a finite element domain, and continuum heat flow solutions are conveyed 

to the atoms at the nodal points.   
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Figure 2.3 Illustration of the FD/MD multiscale approach
24

 in which a network of resistors is 

superimposed over an atomistic system, allowing finite difference solutions of continuum 

thermal and electrical current equations to be determined.   
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Figure 2.4 Illustration of the increase in current density and heat flow (black lines) and 

thermal gradients (white lines) as a contact area broadens from left to right
25

.   
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CHAPTER 3 – ASPERITIES UNDER ELECTROMAGNETIC STRESS 

 

3.1 Nanotribology 

The surfaces of contacting metals contain nanoscale protrusions, or asperities, through which 

contact forces are transmitted.  In an electrically conducting interface, the asperities become 

the conduits of current.  It is known that plastic deformation of the asperities influences the 

contact area
 1

, which in turn alters contact resistance.  Therefore, understanding the 

mechanisms of asperity wear is critical to ensuring the integrity of electrical contacts 

The role of asperities in nanotribology is well-studied
 2

, particularly in the domain of 

modeling.  Nanoindentation of metals, in particular, has been the subject of many molecular 

dynamics (MD) simulations.  Li et al
 3

 modeled the indentation of a flat <111> Al surface 

using a spherical indenter and witnessed glide loops emanating on three equivalent 

{111}<110> slip systems.  A similar simulation of the indentation of a (111) Au surface by 

Kelchner and colleagues
 4

 also produced dislocation loops, but without the same three-fold 

symmetry witnessed by Li.  The presence of surface steps during nanoindentation of (100) Al 

was found by Hirel et al
 5
 to strongly influence the critical size for a stable dislocation half-

loop, below which a dislocation will retreat back to the surface. Indentation of a (111) Au 

surface with steps performed by Zimmerman
 6

 indicated that close proximity to a surface step 

resulted in a greater dependence on the crystallographic orientation for dislocation 

morphology.   

Adhesion and dynamic frictional wear are important components in the contact area 

between two conducting interfaces.  Macroscopic phenomena in tribological wear are known 
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to break down when examined on the asperity scale
 7

.  A review of the recent progress made 

in this area has been published by Dedkov
 8

.  Landman and Luedtke
 9

 carried out an MD 

simulation of a tapered Au tip brought slowly into contact with a Ni (001) substrate, and 

revealed “flattening” of the tip was accomplished by rearrangement of peripheral atoms to 

form an interstitial defect core region.  Buldum et al
 10

 found the contact area increase during 

asperity tip flattening to be discontinuous.  This affects the conductance measured at the 

asperity contact, which increases with area as more electronic states fall under the Fermi 

level.  Contact area increase during sliding was also witnessed by Nieminen
 11

 for a Cu 

asperity on a Cu substrate.  A paraboloid asperity tip was reduced in height by the climb of 

two successive edge dislocations.  The interlayer sliding was always found to be within the 

asperity rather than at the tip/surface interface, so that the frictional force was found not to 

increase despite an increase in contact area.  

The friction encountered by a sliding asperity can give rise to the phenomenon of 

stick-slip. This erratic stop-start motion of the tip results from the competing components of 

static friction and inertia
 12

.  The disparity between macroscopic and microscopic velocity 

limits of stick-slip
 13

 calls for an atomistic-scale analysis.  Luan and Robbins
 7

 found that the 

critical velocity, beyond which stick-slip ceased to occur, increased with sliding mass.  A 

comprehensive review of this area has been published by Braun
 14

. 

Adhesion in asperity contacts has been tackled extensively.  The Srolovitz group 

performed Embedded Atom Method (EAM) simulations of a gold asperity contacting and 

separating from a flat substrate
 15

 to determine the evolution of the force and conductance 

through the asperity.  Srolovitz also used a version of the EAM modified to vary the 
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interfacial (and therefore, adhesive) energy
 16

; higher strength of adhesion was found to be 

associated with more material transfer when an asperity contact was separated.  Work by the 

Robbins group demonstrated the breakdown of continuum mechanics equations when applied 

to asperities with varying atomic structures and adhesion
 7

. 

In short, prior research on asperities has contributed great insight into asperity 

adhesion and contact force.  However, there are still many unanswered questions, primarily 

in regards to Joule heating effects that exist with an applied electrical potential.  In each of 

the aforementioned MD simulations the electronic degrees of freedom have been course-

grained to allow for large systems, because determining energies via quantum mechanics in a 

first principles approach would impose too great a scale limitation in both size and time 

domains.  This loss of electronic detail is manifest in the inaccuracy of thermal transport 

coefficients for a metallic system.  Heat conduction in metals occurs primarily via electrons; 

without an explicit treatment of the electrons, analytic potentials cannot accurately treat heat 

flow in a metal. The importance of this omission comes down to the engineering application 

for which the asperity contact is being studied.  In the following sections, two applications 

are highlighted for which neglecting electronic effects in asperity contacts prevents succinct 

analysis.  

 

3.2 Radio Frequency Micro-Electromechanical Systems 

Micro-electromechanical systems (MEMS) comprise a burgeoning industry of signal 

processing and communications, impelled by industry trends towards miniaturization.  The 

technology allows batch fabrication of microscale devices, with consequent reductions in 
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cost and size as well as improved performance as corollaries.  MEMS components have 

myriad arenas of use, such as accelerometers, pressure sensors, and ink-jet nozzles.  Another 

such application for MEMS is the radio frequency (RF) switch, which is the subject of great 

interest because of its many inherent advantages over solid state switches.  Among these are 

high linearity and low power consumption (since the switch does not draw current when 

disengaged)
 17

.  RF MEMS switches also have low insertion loss, wide temperature 

applicability and low cost
 18

.  These switches have slower switching speeds than solid state 

devices, and, because they operate mechanically, are subject to contact physics which further 

complicate usage.  While the former is a design consideration, the latter can be a major 

impediment to commercial use. 

RF MEMS switches fall into essentially two different classes: resistive and 

capacitive.  Resistive switches feature metal-to-metal series-configured ohmic contacts (i.e. 

Au-Au or Au-Ni)
 19

.  Capacitive switches are parallel-configured and contain a thin dielectric 

film and an air gap separating metallic contact surfaces (e.g. silicon nitride on Au)
 19

.  

Schematic illustrations of both designs are shown in Figure 3.1
 18

.  For the series switch, 

electrostatic actuation pulls the upper electrode in contact with a lower electrode, allowing 

RF signals to pass.  In the capacitive switch, the electrostatic actuation modulates the 

capacitance between the pull-down electrode and the membrane above.  This capacitance 

increases greatly when the bridge is pulled down, restricting the flow of an RF signal.  For 

both types, the pull-down electrodes are typically
 19

 ~100x100 μm
2
 with a gap of 1 μm, and 

the two contacting areas are ~3x3 μm
2
.  
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Resistive and capacitive switches have different frequency response behavior in 

accordance with their dissimilar electrical circuits, which ultimately dictates their suitability 

for a given application.  As shown by Brown
 20

, the isolation of a series switch degrades with 

the square of frequency, whereas that of a parallel-configured switch remains relatively 

constant at high frequencies, but drops off significantly at lower frequencies (below 1Ghz).   

The two classes of RF MEMS switches also have different obstacles to their long-

term reliability.  In capacitive switches, the high-ε materials needed for the pull-down 

electrodes are prone to charging when an applied voltage is present
 21

, which over time can 

cause a drift in device performance.  Still, without an ohmic contact, capacitive switches 

typically have much greater lifetimes than series contact switches that are subject to 

adhesion, material transfer and surface damage.  These phenomena all conspire to increase 

device resistance, which is crippling for a MEMS switch.   

As discussed in the continuum heating section of Chapter 2, a small amount of 

voltage will significantly increase the temperature of an electrical contact.  With such 

localized temperature elevation occurring at the asperities in a contact, the potential for a 

variety of failure incidents becomes a large concern with RF MEMS.  In an experiment using 

a nanoadhesion apparatus to simulate switching, Patton and Zabinski
 22

 tested the effect of 

electrical current on adhesive failure.  The results at high current (~1mA) suggested the 

presence of melting and re-solidification, with post-failure SEM images (e.g. left image of 

Figure 3.2) showing the remnants of nanowires.  A schematic illustration in the right of 

Figure 3.2 highlights the formation of nanowires between the contacts.   
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Patton and Zabinksi also found material transfer between contacts, which was in 

accordance with findings
 23

 by Hyman and Mehregany, who witnessed cathode-to-anode 

material transfer and asperity melting/flattening.  The latter is also evidence that, prior to 

melting, contact heating can soften the asperities sufficiently for them to be compressed, 

which reduces resistance by creating more contact surface area.  Work by Kruglick revealed 

explosive failure of a MEMS switch with a voltage of 5 V
 24

.  The author surmised that a thin 

bridge formed between contacts had sublimated, but could not be sure of the exact 

mechanism.   

While the theoretical and experimental evidence both point to material transfer at 

asperity contacts, the experiments also strongly suggest that the mechanisms are exacerbated 

by Joule-heating during current transfer.  This is an element that is beyond the resolution of 

traditional empirical potentials.  Capturing the deformation of asperity contacts while 

considering the electromagnetic components of the stress are therefore of great interest in RF 

MEMS research. 

 

3.3 Electromagnetic Launchers  

The desire for non-volatile ordnance and the concomitant advantages in transportation and 

storage safety has led to the adoption and development of the electromagnetic launcher 

(EML) or railgun, the schematics of which are displayed in Figure 3.3
 25

.  By running a 

current in a loop through Cu rails and an Al armature, an EML can exploit an immense 

Lorentz force to propel a projectile up to 5 km/s.  A laboratory device as used by Gee
 26

, for 
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example, comprised a 7m-long rail with a 40mm square “bore” (or displaced cross-sectional 

width).   

Accelerating the armature down the rails produces an extreme amount of friction, and 

the operational principle dictates that electrical contact must be maintained, preferably for 

multiple firings.  Therefore, contact materials must be able to withstand very high 

temperatures generated by power dissipation comparable to laser surface melting
 27

 in 

addition to the frictional heating effects of sliding.  The deformation mechanisms of railguns 

include armature melting and erosion (Figure 3.4
 28

), intermixing of Cu atoms with molten Al 

atoms, and arcing due to loss of electrical contact.  All of these can conspire to reduce 

longevity of the launcher and reliable operation in naval applications.  

Continuum models have been developed to couple the electromagnetics and solid 

mechanics of the rail and armature, providing insight into the engineering design of EMLs
 

29,30
.  However, the problems of premature rail wear have remained mostly unsolved.  Irving 

et al
 31

 simulated compression of an asperity in an Al-Cu contact.  It was reported that for an 

applied potential of 0.3V (greater than the melting voltage of Al but less than that of Cu) the 

molten Al formed a meniscus around a Cu asperity, and the ensuing change in contact 

geometry dictated current fluctuations.  There was also substantial atomic intermixing of Cu 

into Al, consistent with findings by Dutta et al
 32

.  A critical next step would be to include 

sliding dynamics into the simulation in order to better understand the effects of friction on tip 

erosion and substrate deformation. 
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3.4 Pull-Apart of Gold RF MEMS Asperity Contacts 

The aim of the RF MEMS portion of the current study is to extend the analysis of previous 

research on the separation of asperity contacts by introducing the non-steady state thermal 

effects of Joule heating from an electrical current.  The intended contributions to the RF 

MEMS literature are two-fold.  The first is to better understand the effects of Joule heating 

on the plastic deformation processes during contact de-adhesion.  The second goal is to 

potentially gain insight as to the mechanisms responsible for the experimentally-observed 

material transfer across contacts.  The following sections outline the atomistic systems used, 

the simulation setup details, and the results from pulling apart the asperity contacts. 

 

3.4.1 Multiscale asperity tip construction – From device to atomistic  

Recent continuum simulations of gold RF MEMS switches constructed using fractal model 

geometry
 33

 have resulted in new insights into the topography of asperity contacts.  For the 

RF MEMS asperity simulations reported here, we use the surface topography generated by 

this continuum-level research to inform our atomistic geometry.   The progression from 

continuum to atomistic is summarized using sequentially magnified images in Figure 3.5.  

The highest of many asperities from the continuum system is selected, and, using its 

geometry, the very top was carved out of a block of fcc gold atoms oriented with the [111] 

direction normal to the asperity tip.  It can be seen in the resulting atomic structure that the 

asperity curvature is reduced to three layered monolayers at the atomistic scale, much flatter 

than the asperity tips simulated in previous research such as the Srolovitz studies
 15,16

.   
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Constructing a 1:1 scale asperity from the fractal data would require a contacting 

monolayer of 565 nm
2
 and a substrate of 7500 nm

2
.  Abiding by these dimensions, equipping 

the substrate with adequate depth for subsurface plastic events to propagate would result in 

an atomic system approaching ~10
8
 atoms, which is presently beyond our computing 

capabilities.  To build systems that are more tenable, a sharpening factor was applied to the 

raw fractal data that uniformly scales the dimensions of the asperity tip while preserving the 

geometric features.   This decreases the substrate area, reducing the required number of 

atoms to 10
6
-10

7
.  All future references to this scaling factor will be in the form of “nx,” 

where n is the integer factor by which the fractal data is scaled; contact area changes by 1/n
2
.  

 The fully-constructed atomistic system for the gold RF MEMS contact is illustrated in 

Figure 3.6.  Crystallographic directions for the system are labeled and atoms colored by a 

local symmetry parameter
 4

, which formulates the extent to which an atom is distorted from 

an ideal bulk lattice point by analyzing nearest neighbor distances.  In this figure, the blue 

atoms are bulk and red atoms denote a surface.  The contacting monolayer is bulk because it 

is in the correct fcc stacking sequence of its opposing flat substrate.  Periodic boundaries are 

applied in each of the three directions.    The dimensions of the contact and substrate vary 

with the aforementioned sharpening factor.  Table 3.1 reports the dimensions for the four 

sharpening factors used in this study.  

 

3.4.2 Simulation details 

The atomic forces for all gold simulations were calculated using the embedded atom method 

potential for gold developed by Foiles
 34

.  Numerical integration of the forces uses a Gear 
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predictor-corrector algorithm and a time step of one femtosecond.  Each system began with 

an equilibration at 300 K for three picoseconds using a Langevin thermostat.  The atoms 

were allowed to relax via zero-pressure conditions at the boundaries, during which time the 

lattice parameter expanded from gold’s zero K value of 4.08 Å to 4.095 Å.   To simulate 

contact pull-apart, a constant engineering strain rate of 0.0043 picosecond
-1

 was applied in 

the direction perpendicular to the asperity contact.   

For the simulations that include an applied electrical potential, the finite difference 

grid for the continuum portion of the simulation is superimposed on the atomistic system 

with boundary lengths matching the atomistic system in the directions parallel to the contact, 

but twice the substrate length in the transverse direction.  Since the atomistic system 

terminates in periodic boundaries in the asperity direction, this will result in phononic heat 

transfer from one end of the simulation to the other as atoms move across the periodic 

boundary.  This is inconsistent with the continuum solution, as finite difference grids on 

opposite ends of the atomistic system are not connected by thermal resistors.  However, this 

issue is justifiable given that the electronic heat transfer dominates the phononic transfer in 

metals.  Since the continuum thermostat is correcting the atomic temperatures, the atomic 

movement across the period boundaries in the asperity direction will not influence the overall 

heat transfer dynamics.  

The first section consists of simulations of “cold” gold contacts (without an applied 

voltage) pulling apart, and investigates the deformation mechanisms at work during the pull-

apart process.  The simulations are run with varying contact areas to ascertain if molecular 

dynamics can capture the experimentally-observed material transfer between contacts, and 
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whether this can be “scaled” to device level in order to agree with experiment.  This is where 

the utilization of asperity geometry derived from continuum modeling is potentially 

advantageous, in that the modeling process inherently assumes a multiscale approach. 

The second section of pull-apart simulations with current flow seek to shed light on 

the effect of Joule heating on the deformation mechanisms observed in the cold simulations.  

This is the primary topic of interest here that has yet to be addressed in modeling of RF 

MEMS contacts.  The “hot” gold contact simulations are also used to further explore the 

material transfer and wear mechanisms, including melting and boiling of nanowires, which 

appear from the experimental research to be among the main culprits of premature RF 

MEMS device wear. 

 

3.4.3 “Cold” contact pull-apart 

Our analysis begins by pulling apart a “cold” asperity contact (“null” or zero voltage) using 

the constant strain rate on the 4x gold system.  A sequence of snapshots from the null-voltage 

simulation is illustrated in Figure 3.7.  The atoms are colored by the aforementioned local 

symmetry parameter, and all atoms of bulk symmetry are removed, leaving only those 

associated with a surface (red) or defects/thermal noise (white).  As the contact begins to pull 

apart, partial dislocations nucleate at the step edges surrounding the contacting monolayer, 

and the resultant stacking faults (SFs) grow into the bulk substrates along the preferred slip 

systems.  The stacking faults intersect to form a Thompson tetrahedron, shown in close-up 

detail in Figure 3.8, at which point the SF planes must slice through one another to continue 

growing.  At this point, it becomes preferable for the stress to be taken up within the material 
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between the contact surfaces.  This transferal of load begins the drawing of material into a 

wire, simultaneously reversing the direction of SF growth, because the contact surfaces snap 

back as a result of contact yielding and wire drawing.  Therefore, substrate stress that was 

once tensile becomes compressive.  The wire continues to lengthen until it fractures at a 

monatomic cross-section.    

 If nanowires formed during pull-apart are among the primary contributors to material 

transfer in RF MEMS switch contacts, then the volume of atoms comprising the wire must be 

an appreciable portion of the transferred volume that is observed in experimental MEMS 

switches.  Of course, the atomistic systems constructed for the present work represent only a 

single asperity of a vast population residing on a real contact surface.  Therefore, to make any 

statement about whether nanowires might constitute a major material transfer mechanism, we 

must extrapolate from our atomistic contact scale up to device contact scale.  This requires us 

to estimate a relationship between contact size and the size of the nanowire formed.  To 

accomplish this, the null-voltage pull-apart simulations were carried out for the four 

atomistic systems that result from varying the sharpening factor, and the number of atoms 

taken up into the wire was measured for each system.  

A number of assumptions are required to extrapolate from the atomistic results to the 

device scale.  The first is that we assume the relationship between contact area and nanowire 

size is linear.  Although a small sample size, our results for the four atomistic systems seem 

to support this.  In addition, a linear relationship intuitively follows from the fact that the 

nanowire volume is composed of the monolayers forming the initial contact.  As the area of 

the monolayers increases, so too should the nanowire volume.  A linear relationship also 
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poses the implicit assumption that the myriad asperities in a contact can essentially be treated 

as a single asperity with contact area equivalent to the sum of individual asperity contact 

areas.  In a homogenous contact material, it seems reasonable to expect that the asperity 

deformation mechanisms illustrated in Figure 3.7 will be common to all contacting asperities 

regardless of size, supporting this assumption.  And finally, given the highly disordered 

nature of the nanowire volume, we make the assumption that the atoms have no tendency to 

remain attached to either contact, meaning the atoms will be divided roughly in half between 

the two surfaces upon fracture. 

 Will these caveats out of the way, Figure 3.9 plots the nanowire atom count versus 

initial contact area for each “nx” atomisic system.  A linear regression line fit to the data is 

extrapolated to the experimentally observed device-scale contact area, obtained from a recent 

investigation
 35

 in which SEM images were used to estimate material transfer in an 

accelerated RF MEMS contact simulator.  The units of the plot are shown on logarithmic 

scales for expositional clarity.   The linear extrapolation to this area (1x10
6
 nm

2
) predicts ~25 

million atoms in a wire, or ~12.5 million amenable to transfer.  This is an upper bound, as not 

all the atoms will necessarily transfer for a given cycle, but the figure agrees well with the 

contact simulator experiment in which a volume of 1.19x10
-4

 μm
3
 was transferred per cycle

 

35
, equivalent to approximately 7 million atoms. This doesn’t provide a definitive statement 

about the mechanisms involved in material transfer, but rather makes a case that, at the very 

least, nanowires formed between metallic contacts during separation contain enough atoms to 

serve as a source for much of the volume transferred. 
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3.4.4 Effect of Joule heating during contact pull-apart 

The next question we study is the how the deformation mechanisms that one observes in the 

null-voltage simulations are affected by Joule heating from current flow.  Three separate 

simulations were carried out using the 4x system: two were performed under constant applied 

electrical potentials of 0.1 V and 0.2 V, while another was completed with constant current 

fixed at 0.01 A while allowing the voltage to vary up to a chosen cutoff value (0.43 V in this 

case, corresponding to the melting voltage of gold).  As discussed in the continuum heating 

section of Chapter 2, the constant voltage conditions will produce steady-state temperature 

elevations at the contact predicted by the voltage-temperature relation (Equation 2.10).  The 

superheated temperatures determined by the finite difference thermostat during the 

simulation runs for 0.1 V and 0.2 V were 430 K and 684 K, respectively, which are in close 

agreement with V-T relation predictions of 438 K and 706 K.  The voltage drop in the 

constant current simulations changes as the contact area evolves, thereby dynamically 

altering the temperature.    

Figure 3.10 reports sequential snapshots of the constant-voltage simulations.  The 

snapshots are taken at 15, 25 and 25 picoseconds of simulation time for each voltage, and the 

atoms are colored by local symmetry as described previously.  It is apparent from the 

symmetry-colored images that the stacking faults which are generated from the partial 

dislocations formed at the contact step-edges grow far larger than in the absence of electrical 

current.  The Joule heating enhances dislocation nucleation and stacking fault mobility, 

leading to greater plastic damage as the voltage increases.   
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Another feature witnessed in these snapshots is the aspect ratio of the wire 25 

picoseconds into the simulations.  Increasing voltage slows the drawing of the wire, which 

can be traced to the deformation mechanism detailed in the previous section.  Where the 

stacking faults became pinned in the null-voltage pull-apart, transferring load to the contact 

which then pulled the wire, Joule heating in the “hot” contact pull-apart enhances dislocation 

motion and allows the stacking faults to slice through one another.  This continues the stress 

accommodation in the bulk and delays the contact yielding. The net result is slower wire 

drawing compared to the null-voltage pull-apart. 

While the constant voltage conditions slow the wire-pulling process, applying 

constant current has the opposite effect.  Figure 3.11 presents a comparison of the nanowires 

after 15 picoseconds for all three of the simulations with Joule heating.  The simulation with 

constant current has drawn a longer wire than the simulations with constant voltage, while 

the plastic deformation in the substrate is less and bears closer resemblance to that of the 

null-voltage simulation.  The explanation for this disparity in behavior can be traced to the 

voltage evolution, which is scaled to maintain the constant 0.01 A of current.  As a result, the 

initial potential drop consisted of only millivolts, and the contact temperature remained at 

300 K as in the null-V run.  Thus, the initial plastic deformation with constant current closely 

resembles that of the null-voltage simulation.  The contact resistance increases during 

straining, which causes the voltage to increase commensurately to maintain the current.  This 

resulting surge in the voltage, up to the cutoff, is plotted in Figure 3.12.   The resultant 

heating at the contact enhances its ductility; when the stacking faults interact at the summit of 
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the tetrahedron, the impediment to their motion transitions the strain accommodation to the 

now-ductile contact spot, drawing out a wire rather than continuing stacking fault growth.     

A comparison of the temperature-colored snapshots from the 0.2 V and 0.01 A 

simulations in Figure 3.13 illustrates the effect different electrical conditions have on the 

temperature evolution of the contact.  The entire substrate in the constant voltage simulation 

is elevated to above 400 K early in the simulation, with local superheating of greater than 

600 K at the contact slowly spreading from the center.  Under constant current, both substrate 

and contact remain near 300 K until a sudden spike in resistance quickly produces asperity 

temperatures above 600 K after 15 ps, and above melting (1070 K for this potential) by 17.5 

ps.   

  

3.4.5 Material transfer mechanisms 

As detailed in Section 3.4.3, the wires between contacts appear to provide ample volume of 

atoms amenable to material transfer when scaled to the device-size.  The mechanism(s) that 

may contribute to the transfer are still unclear and require further analysis.  Among the most 

likely candidates are: 1) atoms comprising a liquefied wire that, upon wire severance, 

solidify upon the surface to which they are still attached; 2) sublimation if voltage broaches 

the boiling limit; and 3) evaporation of atoms due to a high electric field created between 

fracture surfaces of the wire.  While the former two may be captured by the finite difference 

thermostat, the latter is not a phenomenon which this methodology is currently capable of 

simulating.  To explore the feasibility of field evaporation in this system, exploratory 

calculations have been performed using kinetic Monte Carlo simulations based on the image-
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hump model, a first-principles description
 36

 of the energy barrier resisting the pull-away of a 

charged atom from an electric field.  This preliminary work indicated that, short of colossal 

electrical potentials which could not be sustained through an intact contact, the time scale of 

evaporation events would exceed the switching times of RF MEMS contacts, precluding field 

evaporation from being a plausible mechanism of material transfer.   

Melting certainly occurs for the asperities subjected to constant-current, as well as 

any constant voltage exceeding 0.43 V.  If the voltage cutoff of the constant current 

simulations were much higher than 0.43 V, the wire between contacts would ultimately be 

expected to boil.  This was the case when the constant current simulation was repeated with a 

voltage cutoff of 2.0 V.  As shown in Figure 3.14, after 16 picoseconds the entire nanowire is 

above the boiling point of gold (3239 K).  With the nanowire vaporized, an electrical field 

would form between the contacts from the applied voltage.  Collisions among vapor phase 

atoms could potentially produce ions that would then follow the field to the positively 

charged contact.  The results from the RF MEMS contact simulator strongly suggest that the 

direction of material transfer is dictated by the electric field and not by device orientation
 35

.  

Nanowire formation and vaporization, not melting, would seem to be the mechanism most 

consistent with directional material transfer.  
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3.5 Sliding of Asperity Contacts in Electromagnetic Launchers (EMLs)  

The next application for the continuum/atomistic multiscale methodology is asperities in 

aluminum-copper contacts representative of the interfaces between the armature and rail of 

an electromagnetic launcher (EML).  The simulations are intended to extend the analysis of 

Irving
 31,37

 by including the effects of sliding wear into the analysis.  As with the gold 

simulations, the atomistic systems used and simulation setup details are outlined, followed by 

results and analysis. 

 

3.5.1 Asperity tip construction and simulation details 

Two different atomistic systems are used, each containing approximately 1.9 million atoms.   

Both systems contain two opposing substrates, one each of copper and aluminum, with 

thickness 7.2 nm and cross-sectional area 1,720 nm
2
.  The “top” substrate contains a 

truncated trapezoidal asperity tip of area 196 nm
2 
and height 1.9 nm.  Both the substrates and 

the asperity are [100]-oriented; the facetted sides of the asperity are (111) planes.  The 

atomistic systems differ by the choice of materials for the top and bottom substrates.  An 

illustrative example of the geometry is shown in Figure 3.15.  Each system is periodic in the 

non-asperity dimensions and free surface boundaries in the direction of the asperity. 

The atomic forces were calculated using the embedded atom method (EAM) potential 

developed by Liu
 38

 for Al and Cu, with a Gear predictor-corrector algorithm and a time step 

of 1x10
-15

 s.  The bottom substrate is attached to a rigid plane, and the top substrate is 

brought into contact by compressing using a plane under constant force (σ11=55MPa) for a 

duration of 10 picoseconds.  During this indentation phase a Hoover thermostat is used to 
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maintain a constant 300K.  The top substrate is then accelerated to a velocity of 500 ms
-1

 

over 10 ps while still under constant compressive force.  Sliding is maintained at a constant 

500 ms
-1

 for at least 20 ps. 

  Due to the high sliding rate and consequent frictional heating, the continuum finite 

difference grid is implemented both with and without an applied voltage. The grid is 

superimposed on the atomistic system with boundary lengths matching the atomistic system 

in the periodic directions, but extended to three times the atomic thickness in the 

compression (asperity) direction for the reasons described in Section 3.4.2.  An illustration of 

the atomistic and continuum construction is presented in Figure 3.16. 

The following section contains the results from simulations of compression and 

sliding of the Al/Cu asperity contacts, both “cold” and with 0.2 V applied.  The goal is to 

better understand the effect of Joule heating on the deformation mechanisms associated with 

a sliding asperity tip in an aluminum/copper contact.  The results from Irving’s Al/Cu 

simulations
 31

 corroborated at the atomistic level experimentally-observed effects, such as 

intermixing of Cu and Al atoms, which are exacerbated by the presence of Joule heating.  

The present work extends that analysis with the inclusion of sliding dynamics.   

 

3.5.2 Al/Cu sliding simulations 

Figure 3.17 shows asperity tip sliding for the system with an Al top substrate and asperity tip 

on a Cu substrate.  Sequential snapshots taken at sliding times of 5, 10, and 15 picoseconds 

are displayed from top to bottom; the left and right columns are the results with 0 and 0.2V 
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applied, respectively. The images contain only atoms with non-bulk configurations as 

determined by their local symmetry parameter.   

The sliding force in the asperity produces a shear strain which is taken up in the 

asperity tip.  The result of this strain in the absence of voltage is deformation by the 

successive slip of atomic planes within the tip as partial dislocations are nucleated at edges of 

contact between the asperity and bottom substrate, shown in Figure 3.18.  This mechanism 

was also reported by Nieminen et al
 11

.  The bottom asperity layer remains in contact with the 

Cu substrate, and the pyramid shape of the tip is distorted.  The partial dislocations grow 

through the substrates on the favorable {111} planes, leaving behind stacking faults.   

Applying a potential of 0.2V across the contact changes the results, as the images in 

the right column of Figure 3.17 depict.  The Joule heating produces a contact temperature of 

730 K, enhancing the ductility of the Al which melts at 939K (with this EAM potential).  The 

resulting softness of the Al asperity allows it to slide on the Cu substrate without inducing 

dislocations within the Cu substrate.  Partial dislocations and stacking faults are still present 

in the Al substrate, although obscured by thermal noise in Figure 3.17.   The asperity 

deformation still contains a component of planar slip, but the strain is no longer 

accommodated homogenously as the tip itself begins to disorder.  The bottom two images in 

Figure 3.17 show that the deformed asperity tip preserves its symmetry with respect to the 

compressive direction in the absence of voltage, but not in the presence of Joule heating.  As 

the asperity tip erodes, it begins to leave behind Al deposits on the substrate, consistent with 

experiment.    
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Figure 3.19 presents snapshots from a similar set of simulations, but this time with a 

Cu top substrate/asperity and Al bottom substrate.  As with Figure 3.17, the left and right 

columns are 0V and 0.2V, respectively, and the top to bottom progression shows sliding 

durations of 5, 10, and 15 picoseconds.  The Cu substrate incurs more stacking fault 

generation than the Al top substrate in Figure 3.17.  This is likely a combination of two 

factors: First, the higher stiffness of Cu reduces asperity tip wear and accommodates the 

shear strain by nucleating and growing more stacking faults; Second, the higher stacking 

fault energy in Al makes it more averse to growing stacking faults.    

The application of 0.2 V to the contact during sliding softens the Al so that molten 

material is piled up in front of the moving Cu asperity.  In contrast to the 0V simulation, the 

Cu asperity with current flowing undergoes some internal slip and shape change.  The 

elevated contact temperature also dissolves Cu atoms into the disordered Al surface (Figure 

3.20), an effect not witnessed with an Al asperity under current.  The plowing of the Al 

substrate and intermixing of species are experimentally-observed
 32

 phenomena that are also 

consistent with the previous asperity compression modeling
 31

.  
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3.7 Tables and Figures 

 

 

 

Table 3.1 Atomistic system size and dimensions for the gold asperity contacts. 

 

 

Sharpening Factor 

  3x 4x 5x 6x 

Dimensions (nm) 

    [1  1  1] 46.1 46.1 46.1 46.1 

[1 -2  1] 52.1 40.2 32.6 27.1 

[1  0 -1] 23.7 23.2 20.2 12.7 

Contact area (nm
2
) 69.7 39.8 25.6 17.2 

Number of atoms 3,286,949 2,464,476 1,751,599 915,460 
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Figure 3.1 Schematic illustration of basic classes of RF MEMS switches. Left: Series-

configured resistive; Right: Parallel-configured capacitive. 
 18
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Figure 3.2 Left: SEM image of nanowires on failed gold contact surface; Right: schematic 

illustration of theoretical mechanism for nanowire formation.
 22
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Figure 3.3 Schematic illustration of railgun components (top) and operation (bottom).
 25
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Figure 3.4 Top: Wear on contact surface of armature; Bottom: molten Al accumulated in 

throat of armature. 
28
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Figure 3.5 Scale progression of a gold RF MEMS contact surface from (a) fractal model
 33

 

μm-level topography to (b) nm-level single asperity to (c) atomistic tip with Å-level detail. 

  

(a) 

(b) (c) 
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Figure 3.6 Illustration of atomistic system for the gold RF MEMS asperity contact 

simulations.  Atoms colored by local symmetry.  Blue indicates bulk, and red represents a 

surface.  Crystallographic directions are labeled. 
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 10 ps 15 ps 20 ps 

 

          

 25 ps 35 ps 40 ps 

 

Figure 3.7 Sequential snapshots of a null-voltage simulation of nanowire formation and 

fracture during pull-apart of a gold asperity contact.  Simulation time is noted in picoseconds.  

Atoms colored by symmetry; bulk atoms removed. 

  



88 

 

Figure 3.8 Snapshot of Thompson tetrahedron forming under the surface after 15 

picoseconds of pull-apart in a gold asperity contact simulation.  Atoms colored by local 

symmetry; bulk atoms removed. 
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Figure 3.9 Log-log plot of the number of atoms comprising the wire drawn for each initial 

contact area (blue points) during simulation of pull-apart for gold contacts.  A linear 

regression line fitted to the data is used to extrapolate out to the device-scale contact area of 

1x10
6
 nm

2 
(one square micrometer). 
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  15 ps     20 ps      25 ps 

 

Figure 3.10 Sequential configurations from two gold asperity contact pull-apart simulations. 

Top row:  0.1 V; bottom row: 0.2 V.  Atoms colored by local symmetry; bulk atoms (blue) 

present, but transparent. The apparent disorder in the 0.2 V simulation is from thermal noise. 
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 0.1 V 0.2 V 0.01 A 

 

Figure 3.11 Comparison of wire-drawing and deformation after 15 ps of strain for the three 

gold asperity contact simulations with Joule heating contribution.  Atoms colored by local 

symmetry. 

  



92 

 

Figure 3.12 Electrical potential drop across contact as a function of time during gold contact 

pull-apart simulation with constant current of 0.01 A and 0.43 V cutoff. 
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   10 ps     15 ps        17.5 ps 

       

 

 

Figure 3.13 Temperature evolution during simulation of gold asperity contact pull-apart.  

Top: 0.01 A; bottom: 0.2 V.  Atoms colored by temperature as indicated in scale. 
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Figure 3.14 Snapshot from simulation of gold asperity contact pull-apart with constant 

current of 0.01 A after 16 picoseconds with two-volt cutoff employed.  Atoms colored by 

temperature as indicated in scale; all atoms in red are above gold’s boiling point of 3239 K. 
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Figure 3.15 Details for atomistic asperity contact used in aluminum/copper sliding 

simulations.  
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Figure 3.16 Illustration of continuum and atomistic domains for aluminum/copper asperity 

sliding simulations. 
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Figure 3.17 Snapshots of Al (light gray) asperity sliding on Cu (orange) substrate with 0 V 

(left) and 0.2 V (right) taken at 5, 10, and 15 picoseconds (top to bottom, respectively).  

Atoms with bulk symmetry removed. 
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Figure 3.18 Close-up view of stacking faults emanating from the base of an Al asperity 

inside the Al substrate as the asperity slides on Cu.  Atoms with bulk symmetry removed. 
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Figure 3.19 Snapshots of Cu (orange) asperity sliding on Al (silver) substrate with 0 V (left) 

and 0.2 V (right) taken at 5, 10, and 15 picoseconds (top to bottom, respectively).  Atoms 

with bulk symmetry removed. 
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Figure 3.20 Close-up snapshot of Cu (orange) atoms dissolving in Al (light gray) during 

sliding of a Cu asperity on an Al substrate with 0.2 V applied.  Atoms with bulk symmetry 

removed.  Al atoms made transparent. 
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CHAPTER 4 – MODELING AN F-CENTER WITH THE CHARGE 

EQUILIBRATION SCHEME 

 

4.1 F-Centers 

Color centers, also known as F-centers (“F” standing for Farbe, German for color), are 

produced when an anion is replaced with an extra electron in an alkyl halide crystal.  These 

charge-neutral defects absorb radiation in the visible spectrum and emit the energy as color. 

F-centers can be formed in multiple ways1. Alkyl halide crystals can be subjected to alkali 

metal rich atmospheres; halide atoms in the crystal bond with the excess alkali atoms, and 

anionic vacancies are left behind.  They can also be formed by X-ray radiation, which 

produces self-trapped exciton pairs consisting of an anionic vacancy and a halide interstitial2.  

A major engineering application of F-centers is tunable lasers. Such lasers require materials 

that have strong and broad optical transitions.  Alkyl halides fulfill this requirement.  Due to 

the variety of defect types and host materials possible, color centers may have optical 

transitions which cover wavelengths ranging from 0.3 to 4 μm 3.   

 Spectroscopy4 and Raman scattering5 techniques have revealed a wide spectrum of 

optical absorption energies for F-centers in alkyl halides, ranging from 1.705 eV for RbI to 

5.083 eV for LiF, with NaCl F-centers about in the middle at 2.746 eV.  The absorption 

energy depends on the size of the vacancy site; as the lattice parameter increases, absorption 

energy decreases and the wavelength of emitted light increases, a relationship known as the 

Mollwo-Ivey Law
6
.   
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 F-centers typically exhibit large Stokes shift (1-2 eV)  4 resulting from strong electron-

phonon coupling. Energy levels of the F-center have been measured using the Stark effect7,8, 

with the results suggesting the defect to be extremely localized.  The charged vacancy has a 

1s ground state and first excited states of 2s and 2p, leading to F-center defects being 

described as analogous to a hydrogen-like atom.  

 Computational techniques have also been used to study F-centers.  Some early studies 

treated F-centers as a single electron trapped in a field of point-charge representations of 

ions.  Gourary and Adrian9 and Wood and Korringa10 used a variational approach starting 

with a vacancy-centered function to solve the Hartree Fock equation for an F-center vacancy 

in, respectively, LiF and LiCl.  Both found energy levels that agree well with experiment, 

with Wood and Korringa demonstrating that replacing the wavefunctions of the ions 

surrounding the vacancy with a Coulomb potential from point charges was an accurate 

approximation.  

 Murrell and Tennyson11 were critical of treating the ions surrounding F-centers as 

point charges and asserted that the agreement with experimental data was simply fortuitous.  

They sought to obtain the true potential imparted by the surrounding ions of an F-center in 

LiF using LCAO cluster calculations.  However, their more detailed treatment of the ions 

resulted in less accurate energy level calculations, in particular, underestimation of the 2s  

2p transition.  The proposed culprit for the inaccurate energy levels was inadequate system 

size due to computational limits; these size limitations preclude modeling contributions from 

non-nearest neighbors.  Kung, Kunz and Vail12 similarly postulated that absence of 
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wavefunctions for distant neighbors results in underestimated optical absorption energies, 

specifically obtaining 3.54 eV versus 5.14 eV experimentally for LiF F-centers.  

Density functional theory (DFT) calculations have also been used to study F-centers.  

Because DFT approaches the electronic structure problem using electron density rather than 

electron wavefunctions, it offers the potential for a larger simulation scale than LCAO 

calculations, although still limited to ~10
3
 atoms depending on computational resources and 

various approximations in the calculations.  However, DFT calculations are known to 

underestimate bandgap energies; the predicted values for NaCl are 4.5-5.0 eV
13,14

 compared 

to the experimental value of 8.5 eV
15

.  This handicap arises from the functionals used in 

DFT, which essentially separate the energy expression into contributions from classical 

Coulomb and non-classical electron interactions.  The classical component contains an 

electron-electron repulsion in which every electron is repelled by the total charge in the 

system.  Therefore, each electron will experience repulsion from its own charge, a spurious 

effect known as a self-interaction error.   

 The self-interaction error is in principle canceled out by the exact exchange-correlation 

(XC) functional, but DFT calculations typically use approximation functionals, such as the 

local density approximation (LDA) or generalized gradient approximation (GGA), which do 

not completely compensate for the error.  This has inspired the development of hybrid 

functionals that augment the local or semi-local exchange functional with the exact Hartree-

Fock exchange functional, reducing the self-interaction energy.  Chen et al
16

studied an NaCl 

F-center using a hybrid functional approach in which a Thomas-Fermi screened exchange 

operator was combined with the LDA XC interaction, and compared the calculations to those 
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carried out with LDA only.  The hybrid functional was much more accurate in predicting 

bandgap energy of bulk NaCl (8.47 eV calculated), and produced relaxations in the Na atoms 

surrounding a Cl vacancy that were not predicted using LDA only.  The hybrid functional 

improved upon the LDA approach in its predictions of optical absorption and emission 

energies and Stokes and anti-Stokes shifts, although the values were still pretty low 

compared to experiment.  

 Fang and de Groot17 studied the character of the wavefunction in an NaCl crystal using 

DFT calculations carried out with the local spherical-wave method.  The LSW method uses 

local truncated basis sets which allows for simulation of a 2,744-atom system, larger than the 

capacity of traditional DFT.  They found that the density of states for a crystal containing an 

F-center was nearly identical to that of the bulk crystal, except for a peak at the vacancy 

associated with a 1s band for the trapped electron. Madelung energies for Cl atoms 

neighboring the F-center showed a dip in the electrostatic energy that extended to about 1.2 

nm from the vacancy site, while the rest of the crystal preserved its bulk electrostatic energy 

profile. 

 Molecular dynamics simulations are quite suitable for modeling defect structures, but 

must be modified or augmented to describe electronic charge behavior due to the course-

graining of the electronic degrees of freedom in constructing the interatomic potentials.  

Landman et al
18

 used quantum path-integral molecular dynamics to study alkyl-halide 

clusters with a vacancy interacting with an excess electron.  This method combines an MD 

treatment of atoms with path-integrals that model an electron’s trajectory by integrating over 

many possible trajectories rather than the classical description of a single one.  The 
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simulations indicated an excess electron to be localized in the vacancy of the NaCl crystal, in 

agreement with experimental evidence.  

 An alternative method of analyzing F-centers is proposed here in the form of the 

Charge Equilibration (QEq) scheme19,20.  This approach seeks to calculate optimal charge 

distributions based upon the equalization of atomic chemical potential driven by 

electronegativity differences between atoms.  A key advantage of the QEq method is its 

scalability and thus suitability for incorporation into large-scale MD simulations.  If QEq is 

able to mimic the charge distribution properties of an F-center, it could be helpful in 

modeling systems such as intermetallic compounds, where a standard MD treatment neglects 

the electrostatic energy contributions. 

 

4.2 Charge Equilibration (QEq) Scheme 

The QEq scheme requires a description of the energy of an atom as a function of its charge.  

The on-site energy of an atom with respect to charge can be expanded in a Taylor series as 21: 
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The first derivative term is the electronegativity; the second derivative is known as a 

hardness, or self-Coulomb22, and represents a repulsion between two electrons in a valence 

orbital.  The expression for local atomic energy can thus be expressed as19,20 

  (4.2) 

where   
  is the electronegativity of atom i and   

  is the self-Coulomb.  The total electrostatic 

energy can then be described as 

  (4.3) 

with Jij the Coulomb interaction between centers i and j resulting from overlapping charge 

distributions. 

 The optimum charge distribution corresponds to the equilibrium at which the atomic 

chemical potentials, or change in each atom’s energy with respect to its charge, are 

equalized: 

  (4.4) 

  (4.5) 

where χA is the chemical potential of atom A.  Under the constraint that the N atom charges 

must sum to the total system charge, 

        ∑   
 
    (4.6) 

one is left with N simultaneous equations of the form      where Q  is a vector of all the 

charges, the components of C are 

       (4.7) 
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               for I ≥ 2 (4.8) 

and the components of D are 

           (4.9) 

      
    

    for I ≥ 2 (4.10) 

Rappe and Goddard proposed a method for constraining the charge solutions within a 

prescribed range.  For instance, the charge on a lithium atom is required to be greater than -7, 

but less than +1.  To enforce this constraint, the charge solutions obtained from Equations 4.7 

– 4.10 are compared to the permitted range.  A charge falling outside the range is set to the 

boundary limit.  The equations are then re-solved for N – p atoms, where p is the number of 

atoms for which charge has been fixed.  The components of D from Equations 4.9 and 4.10 

then become 

           ∑   
 
    (4.11) 

      
     

     for I ≥ 2 (4.12) 

where  

   
     

  ∑      
 
      for I ≥ 2 (4.13) 

and the charges on the non-fixed atoms are then solved.  While charges for the NaCl crystals 

in the present work do not move outside of reasonable boundaries, this reduced equation 

methodology later will be shown to be important for modeling the extra electron of an f-

center. 

The values for   
  and   

  are derived from atomic data23; the values of   
 for Na and 

Cl are 2.853 and 8.564, respectively, and the values of   
  are 4.592 and 9.892, respectively 
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for Na and Cl. The form for the two-center Jij interaction requires an assumption about the 

charge distributions for the atoms.  Slater19 and Gaussian orbitals20 have been used, but Oda 

and Hirono24 showed the charge equilibration scheme to work well using less 

computationally intensive empirical approximations of the two-center integrals.  The present 

work utilizes the form for     that Oda and Hirono found to give the most accurate results, the 

DasGupta-Huzinaga25 (DH) equation 

     
 

    
 

   
 

 
       

   
 

 
      

 (4.14) 

where     is the distance between the atoms.   

 The matrices used to solve the simultaneous potential energy equations are 

implemented as described above, apart from one small difference.  To reproduce bulk Na/Cl 

charges close to the +/- 0.828 e obtained from the Bader method26, the C matrix terms for i>1 

are scaled by a constant factor of 0.48. 

 

4.3 Convergence of lattice sums 

The QEq method requires summation of charge terms (e.g. Equation 4.4).  These summations 

are notoriously difficult to converge.  A simple illustration of this involves computing the 

Madelung constant for electrostatic energy.  The electrical potential felt by an ion due to the 

charges of all other ions in the crystal can be calculated as 

    
 

    
∑

  

   
    (4.15) 
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where     is the distance between the ions and    is the number of charges on ion j.  A 

Madelung constant can be extracted from this expression as 

    
 

      
∑
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   (4.16) 

where the    is the Madelung constant, 

    ∑
  

   
  

⁄
  (4.17) 

and   is the nearest neighbor distance, or one-half the lattice parameter.   

 Consider the case of the NaCl lattice illustrated in Figure 4.1.  The Madelung constant 

of the center Cl atom can be broken down into contributions from sequentially more distant 

sets of neighbors.  The first set of neighbors, the 6 closest Na atoms at distances <001> 

relative to the Cl atom, contribute +6 units of charge to the energy (for simplicity, we will 

assume the Na and Cl atoms have +/- 1q of charge).  The next set of neighbors, 12 Cl atoms 

at relative distances <110>, contribute 12/√2 units of charge.  In an infinite bulk seeded from 

the NaCl lattice in Figure 4.1, the Madelung constant will take the form of the series: 
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√ 
             (4.18) 

However, this series is very slow to converge.  Figure 4.2 illustrates the system size 

dependence for a bulk Madelung constant computed for a NaCl lattice seeded by the Na14Cl13 

cube. Even with nearly 3.5 million atoms, the Madelung constant is not fully converged to 

the accepted value of 1.74756.  Given the matrix operations required to solve Equations 4.7 – 

4.10, simulations of Na14Cl13-seeded lattices that obtain convergent atomic charges using the 

QEq method will impose a considerable computational burden. 
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 There have been many solutions proposed for this convergence problem.  One of the 

earliest, the Ewald method
27

, assumes two components of the electrostatic energy: a short-

range component, which converges at very short distances from the atom while diverging at 

long distances, and a long-range component, which converges at long distances but diverges 

near the atom.  The energy summations are carried out separately to produce two convergent 

series.  However, the Ewald method uses various error functions that can be computationally 

demanding to implement
28

. 

A simpler methodology for getting convergent lattice sums is proposed by Harrison
29

.  

Summing charges in sequentially larger spheres, as in Equation 4.18, is not rapidly 

convergent because the summation is occurring over non-charge-neutral sub-sections.  As the 

sphere over which charge is calculated expands outward, its charge fluctuates, de-stabilizing 

the total summation.  Harrison’s solution was to apply a thin shell of compensating charge at 

the edge of each sequential sphere.  Using this method, the Madelung constant of a rock salt 

structure could be computed using ~1/200
th

 of the volume required without the compensating 

charge. 

Baker and Baker30 note that charge corrections are only necessary because the 

expanding volumes over which charges are summed are not charge-neutral.  By extension, if 

the atomic volume is discretized into charge-neutral sub-entities, convergent summation of 

charge can be accomplished without correction.  Equivalently, if the entire system is 

constructed using a charge-neutral seed, charge summations over the whole lattice will thus 

be convergent.  Baker and Baker demonstrate that the calculated Madelung constant of a Na 

atom in a Na4Cl4 cube with just 8 atoms is within ~0.2% of the accepted value. 
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 Using the 8-atom Na4Cl4 cube, illustrated in Figure 4.3, as the repeat structure for 

NaCl crystals, one can see the improvement in convergence for the Madelung constant in 

Figure 4.4.  The value computed for 216 atoms is within 0.03% of the accepted value; by 

1,000 atoms, the error is on the order of one-thousandth of a percent. The calculations that 

follow use a system with 1,728 atoms.  This cube has 12 atoms per side (6 Na, 6 Cl) for side 

length 3.10 nm. 

 

4.4 Charge distribution with an anionic vacancy 

The first sets of calculations are for the case of an anionic vacancy produced by removing a 

chlorine atom from a sodium chloride crystal.  The removal of the chlorine atom results in a 

net charge of +1; however, f-center defects are charge-neutral due to the localized electron 

that replaces the ion.  The charge constraint in Equation 4.9, used to solve the set of 

simultaneous equations, is thus set to zero for a meaningful comparison to prior f-center 

calculations.  

 Figure 4.5 reports the distribution of charges for sodium and chlorine atoms for the 

ideal bulk NaCl crystal (blue) and the crystal with the vacancy.   Charges in the figure are 

averages by radial distance from the location of the removed chlorine atom.  The levels of 

charge for both sodium and chlorine dip markedly in the vicinity of the vacancy.  The six 

sodium atoms comprising the nearest neighbors of the missing chlorine atom have the largest 

reduction in charge.  For both sodium and chlorine, the disturbance in charge stretches 

between 1.0 and 1.5 nm radially outward from the vacancy, where the charges then level off 

to bulk values (+/- 0.832).   
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 Fang and de Groot
17

demonstrated the effect of an F-center on electrostatic energy, 

showing a valley in Madelung energy about 12 angstroms (1.2 nm) in radius with a 

pronounced dip to 0.19 eV less than bulk for the chlorine atoms closest to the defect.  Inside 

the potential valley, a large peak in electrostatic energy (~0.55 eV higher than bulk) appears 

due to the presence of the extremely localized charge.  Figure 4.6 reproduces this analysis for 

the QEq model, illustrating the electrostatic energy of the chlorine atoms using the solved 

charges.  Because the defect system in this case contains an anionic vacancy without a 

corresponding localized charge, there is no energy value for the defect site.  The electrostatic 

energy dip at the nearest chlorine atoms is about 2.0 eV lower than bulk, an order of 

magnitude higher than the first principles result.  In addition, the radius of the potential well 

is more than 2.0 nm, again exceeding the previous computational evidence.  It is clear that 

the localized charge in the vacancy has an important influence on the overall energetics of 

the system. 

 

4.5 Charge distribution with an f-center 

The next step is to incorporate a charge at the site of the vacancy.  But an f-center charge 

cannot be included in the set of electronegativity equalization equations used to solve 

charges.  The prior evidence on f-centers indicates the charge is extremely localized; 

however, the QEq treats the whole system as a conductor and redistributes any charge in the 

system accordingly.   A better approach is to exclude the f-center’s charge from the QEq but 

include the influence of the fixed charge on the remaining atoms. 
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 The framework outlined above for restricting charges within a prescribed range 

provides a way to implement an f-center charge.  After fixing the charge at the vacancy site, 

the other charges can then be solved using Equations 4.11 – 4.13, which results in a total 

charge neutral system.  Charge transfer to and from the f-center is prevented, but the effect of 

its charge is transmitted to the other atoms through the modified electronegativity parameter.  

Figure 4.7 reports the average charges on chlorine atoms surrounding the defect with 

different values of charge assumed for the f-center.  Fixing the charge to zero reproduces the 

charge distribution obtained in the anionic vacancy calculation.  Using the bulk Cl charge (-

0.832, shown in purple) essentially reproduces bulk-like conditions for the surrounding 

atoms, resulting in a flat charge distribution.  This intuitively follows from the fact that the 

QEq doesn’t “know” the f-center isn’t an atom; it only “sees” the f-center’s charge.  A charge 

between zero and the bulk results in a dip in neighboring chlorine charges, but the dip is not 

as pronounced as for the case of a vacancy.  Fang and de Groot
17

 obtained a charge of about -

0.6 e at the location of the f-center; using this charge in our model introduces only a slight 

disturbance to the surrounding charge.   

 The electrostatic energy spatial profile for the defect crystal is illustrated in Figure 4.8 

for the f-center fixed at -0.6 e; the energy data from [17] are included for comparison.  To aid 

the comparison, the Fang and de Groot data have been scaled by a factor of 0.945 to account 

for the lower bulk energies in the first principles calculation.  The energy potential valley is 

now much shallower than in Figure 4.6.  The chlorine atoms closest to the f-center have 

Madelung energies that are on average about 0.5 eV lower than bulk; while still overstating 

the dip observed in the first principles calculation, this is much closer than for the case of the 
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uncharged vacancy.  The width of the potential well is also narrower than in Figure 4.6.  

Electrostatic energies level off to bulk values between 1.2 and 1.4 nm away from the f-center, 

compared to over 2.0 nm.  This model thus seems capable of mimicking some of the 

characteristics of the f-center’s effect on local energy even if the absolute dip in energy is 

overstated.   

 Figure 4.9 illustrates the total Madelung energy and self-energy, summed for all ions 

within 1.5 nanometers of the f-center, as a function of charge at the f-center.  Each atom’s 

Madelung energy is the sum of Coulombic potentials from all other ion sites (Equation 4.15); 

self-energy for each atom is computed using the second-order Taylor expansion of energy 

with respect to on-site charge (Equation 4.2).  The crystal’s self-energy in the vicinity of the 

defect has positive concavity with a local minimum around -0.4 e, while the total local 

Madelung energy is increasing with charge.  The sum of the two energy components, 

Σ(Madelung) + Σ(Self), reported in the bottom panel of Figure 4.9, is minimized for the 

surrounding ions when the f-center charge is approximately -0.6 e.  In other words, the self-

energy terms drive the QEq model to favor an f-center charge that agrees well with the first 

principles calculation. 

 

4.6 Conclusions 

 The purpose of this work was to study the capability of the charge equilibration method in 

reproducing some of the basic characteristics of f-centers in alkyl halides.  These properties, 

observed both experimentally and computationally, include: 1) a nearly-bulk charge centered 



115 

at the vacancy; 2) an electrostatic energy valley surrounding the f-center, and; 3) disturbance 

of surrounding charges that is restricted to within a few lattice positions of the defect.   

A limitation of the QEq method is that it treats the entire atomic system as a single 

conductor, allowing charge to flow freely across all atoms.  As such, a localized charge 

cannot be directly input into the model.  An “f-center” modeled as a charge-neutral anionic 

vacancy results in charge distributions that produce a dip in electrostatic energy that is 

unrealistically large compared to a true f-center.  A better approach is to include the f-center 

charge indirectly by incorporating the fixed charge into the equations used to equalize 

electronegativity of the atomic charges.  A model using a fixed f-center charge based on first 

principles enables the QEq to mimic the electrostatic energy characteristics of the f-center to 

a reasonable extent.       

 Further opportunities for this methodology could include additional point defect 

simulations.  In addition to f-centers, alkyl halides can contain h-centers, or halide 

interstitials.  Formed during irradiation, h-centers consist of a neutral halogen atom that 

forms a chemical bond with the nearest halogen ion to produce a dumbbell-shaped X
-

2 

molecule, where X is the halide species.   

 DFT calculations of h-centers have provided evidence that the charge concentration 

around the defect is lattice orientation dependent.  An X
-

2 molecule formed along the <111> 

direction has a higher electron concentration between the two atoms than the same molecule 

formed along the <110> direction
31

.  It would be interesting to simulate this with the QEq 

model.  In this system, two distinct fixed charges would be assumed at the defect site, with 

the interstitial location being varied to represent the differing bond orientations.  One 
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question for this model would be whether the defect should be treated as non-reactive (no 

self-energy term, as was the case for the f-center simulation), or whether charge can be 

transferred to and from the h-center. 

 On a larger scale, the QEq methodology could be incorporated into MD simulations 

of intermetallic compounds, such as the omega phase formed in aluminum-copper alloys.  

The omega phase is a hexagonal, disk-like Al2Cu precipitate produced during the aging of 

Al-Cu, and imparts high strength and toughness to the alloy.  Using the QEq method to 

assign charges to the Al-Cu interfaces and incorporating the resulting electrostatic energies 

into interatomic potential could help capture the influence of Coulombic interactions on the 

physical properties of aluminum-copper alloys. 
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4.8 Tables and Figures 

 

 

 

Figure 4.1 Illustration of Na14Cl13
1-

 seed structure.  Sodium atoms in red; chlorine atoms in 

blue. 
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Figure 4.2 Calculated bulk Madelung constant for center sodium atom as a function of the 

number of atoms in a NaCl lattice seeded by the Na14Cl13 cube.  Experimental value of 

1.74756 is denoted in black
32
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Figure 4.3 Illustration of Na4C4
0
 seed structure.  Sodium atoms in red; chlorine atoms in 

blue. 
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Figure 4.4 Calculated bulk Madelung constant for center sodium atom as a function of the 

number of atoms in a NaCl lattice seeded by the Na4Cl4 cube.  Experimental value of 

1.74756 is denoted in black
32
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(a) 

 
(b) 

 

Figure 4.5 Average charge, in electrons, by radial distance from center site of NaCl cube for 

(a) sodium atoms and (b) chlorine atoms.  Charges labeled in blue refer to the ideal bulk 

crystal; the red points denote system with an anionic vacancy.   
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Figure 4.6 Average Madelung energy of chlorine atoms by radial distance from the anionic 

vacancy in NaCl.   
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Figure 4.7 Average charges, in electrons, for chlorine atoms by radial distance from the f-

center in NaCl as a function of fixed charge localized in the anionic vacancy.     

  

-0.840

-0.838

-0.835

-0.833

-0.830

-0.828

-0.825

0 0.5 1 1.5 2 2.5

Distance (nm) 

q=0 q=-0.4 q=-0.6 q=bulk Cl q=-1.6



129 

 

Figure 4.8 Average Madelung energy of chlorine atoms by radial distance from the f-center 

in NaCl.  Points in green are from [17] and have been scaled by a factor of 0.945 for 

comparison to current data to account for the lower bulk charges computed in [17].  
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Figure 4.9 Top: Sum of Madelung energies and self-energies for all ions within 1.5 nm of 

the f-center.  Bottom: Total energy (Madelung + self) as a function of f-center charge.  The 

energy summations are reported as a function of fixed charge in the f-center.   
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