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1 INTRODUCTION

The reliability analysis of the highly redundant structure is very 
important for the probabilistic safety assessment of the ultimate limit 
state of large-scaled structures such as an offshore platform or a 
transmission tower. In order to evaluate the plastic collapse probabili­
ty of the whole structure based on the kinematic approach of plastic 
analysis, it is needed to take into account for all possible collapse 
modes of the structure and their mutual effects of correlation. While 
many studies (Moses and Kinser 1976, Yonezawa et al. 1978, Shiraishi et 
al. 1980) have been devoted to the reliability analysis of redundant 
structures, there are a few studies on the highly redundant systems 
having a large number of possible collapse modes.

For example, Ditlevsen and Bjerager (1985) applied the lower bound 
theorem of plastic analysis to evaluate the upper bound of collapse 
probability. Murotsu et al. (1983) proposed the automatic generation 
method to find the most dominant collapse mode by applying the elastic­
plastic analysis technique. However, there are quite a few studies on 
the reliability analysis using optimization technique. Only Ang and Ma 
(1985) suggested a method finding the most probable collapse mode by 
using mathematical programming based on the basic collapse modes. In 
these methods mentioned above tedious -calculations are still required to 
find the collapse probability of the structure and, as such, it will be 
difficult to them to apply to the optimal reliability-based design 
problem of the large structures.

To this end, this paper presents a reliability analysis based on the 
optimization technique using PNET (Probabilistic Network Evaluation 
Technique) method for the highly redundant structures having a large 
number of collapse modes. That is, this approach makes the best use of 
the merit of the optimization technique in which the idea of PNET method 
is used. The analytical process involves the minimization of safety 
index of the representative mode, subjected to satisfaction of the 
mechanism condition and the the positive external work. The procedure 
entails the sequential performance of a series of the NLP (Nonlinear 
Programming) problems, where the correlation condition as the idea of 
PNET method pertaining to the representative mode is taken as an 
additional constraint to the next analysis. Upon succeeding iterations, 
the final analysis is achieved when a collapse probability at the 
subsequent mode is extremely less than the value at the 1st mode. The 
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approximate collapse probability of the structure is defined as the sum 
of the collapse probabilities of the representative modes classified by 
the extent of correlation.

Then, in order to confirm the validity of the proposed method, the 
conventional Monte Carlo simulation is also revised by using the 
collapse load analysis. Finally, two fairly large structures were 
analyzed to illustrate the scope and application of the approach.

2 RELIABILITY ANALYSIS

2.1 Outline of PNET Method (Ang and Ma 1979)

The conventional PNET method has been developed for the analysis of 
activity networks by Ang et al. (1975) and this method is applied to the 
reliability analysis of framed structures (Ang and Ma 1979,1981). In the 
study (Ang and Ma 1979) it is based on the premise that the collapse 
modes that are highly correlated may be assumed to be perfectly corre­
lated, and the other collapse modes that are lowly correlated may be 
assumed to be statistically independent. Then, all collapse modes can be 
divided into some groups, and modes within each group can be "repre­
sented” by the modes which has the largest collapse probability in the 
group. The collapse probability will be approximated by the following 
equation, when all possible collapse modes are known.

where n and Nr are the index and the total number of representative 
modes, respectively.

The calculation procedure by the conventional PNET method is performed 
as follows:
(1) Find all possible collapse modes, and arrange them according to 
their collapse probabilities.
(2) Calculate the coefficient of correlation ( Pnj) between the mode 
with the largest collapse probability (the n-th representative mode) and 
the other mode j.
(3) Classify as the n-th group modes in which Onj is greater than the 
specified demarcating correlation po and evaluate Pfn (n=l,2,...,Nr) of 
the n-th representative modes which has the largest collapse probability 
in the n-th group.
(4) Repeat the steps (2), (3) for the rest modes.
(5) Finally, estimate Pf by Eq.(l).

The collapse probability calculated by PNET method is an approximate 
value, but its simple calculation procedure will be able to extend to 
the design problem of the large scaled structures. However, in order to 
apply to the reliability analysis and design of the large scaled 
structures, it is difficult to find all possible collapse modes and 
their mutual correlations. Therefore, the conventional PNET method will 
be revised and extended by making the best use of the optimization 
technique.

2.2 Formulation by Optimization Technique

2.2.1 The 1st Representative Mode

The 1st representative mode is a mode which has the largest collapse 
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probability among all possible collapse modes. Authors (1986) have 
proposed the plastic analysis for finding the mode with the smallest 
safety index, i.e. the largest collapse probability.

The analysis is formulated by using the kinematic approach of plastic 
analysis as follows:
(1) All possible collapse modes can be devided into the elementary modes 
and combined modes. It should be noted that combined modes can be 
expressed as a linear combination of elementary modes (Cohn et al. 1972) 
because of the assumption of rigid-plastic behavior. That is,

K
0, = C . t (j=l,2,..,J) (2)

J k=i N R
where 0, is the value of relative rotation of section j in the combined 
mode; Ckj is the value of relative rotation of section j in the elemen­
tary mode k; tk is the factor defining the combination of an elementary 
mode k; k and K are the index and the total number of elementary modes.
(2) Collapse probability Pfi of a combined mode i can be expressed as 
the function of the safety index Bias follows:

8.
Pfi =1 - 9Bi) = 1 - Loexp(-t2/2)dt (3)

where Pfi and B i are the collapse probability and the safety index of a 
combined mode i, respectively. The safety index B i can be expressed as:

8, = 2, / 071 = (, - 5,) / (o, + osi ) (4)
where Zi, Ri and Si are the safety margin, the internal work and exter­
nal work of the combined mode i, respectively; X and Ox are the mean 
value and the standard deviation of X, respectively; Therefore, Ri, Si, 

ORi , and O Si can be written as follows:

S. =

h=l 
K

jeh

“Ri ZMV, ph mh

(5b)

( z e, 1) (5c)
jeh •

K _
“si =X*‘ek* (54)k=l

where Mph is the mean value of plastic moment capacity of linked member 
h; ek is the mean value of virtual external work of elementary mode k; 
Vmh and Vek are the coefficients of variation of Mph and ek; h is the 
index of linked members whose strengthes are perfectly correlated.

By using Eqs.(3), (4) and (5) the collapse probability Pfi can be
expressed as the function of unknown tk and 0 j through the safety index 

i. As both Ri and Si are assumed as normal distribution, the collapse 
mode with the maximum collapse probability is equal to the mode with the 
minimum safety index. Consequently, the analysis for the 1st representa­
tive mode with the maximum collapse probability can be formulated as the 
following NLP problem that entails the minimization of the objective 
function 31 of Eq.(4) while satisfying the conditions of collapse 
mechanism of Eq.(2) and of the positive external work of Eq(5b).
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Given: M, e , C.,V,V.
ph K KJ mh ek

Find: 0 . (j=1,2, .., J) , t (k=1,2,..,K)
3 _ _ -1 1

Object: 6 =(R-S)/(02+ 0.2 )2 -> min
1 1 K 1 K1 bl

Subject tore, = (j=1,2,..,0)
• k=l KJ K1

K

(6a)

(6b)

(6c)

In order to enhance the computational efficiency, the NLP problem of 
Eq.(6) can be transformed into the following NLP problem, in which the 
number of unknown variables is decreased by substituting Eq.(6b) into 
Eq.(6a), and the nonlinearlity of the objective function of Eq.(6a) is 
weakened by introducing B, as an unknown variable.

Given: M,,e,C.V.,Vph k kj‘ mh' ek
Find: 6 , t (k=1,2,..,K)

1 K1
Object: 3 —> min (7a)

Subject to: K K

: MK( zIEc t) " ret -8.h=l p jeh k=l N R k=l k k 1
H _ K K (7b)

Z“p Vm '^1% ‘l > * A®v* *2)13=0
K _

A *i > 0 (7c)k=l
where tk1 is the factor defining the combination of the 1st representa­
tive mode by the elementary mode k.

The optimization problem of Eq.(7) involves the determination of 
safety index B 1 of the 1st representative mode and the factor tk1. The 
SLP (Sequential Linear Programming) algorithm specially devised is used 
to solve Eq.(7) and, as such, the collapse probability of the 1st repre­
sentative mode P£1 is calculated from Eq. (3).

2.2.2 The 2nd Representative Mode

The 2nd representative mode can be realized as the mode that has the 
maximum collapse probability of all modes whose coefficients of correla­
tion with the 1st representative mode are less than the specified demar­
cating correlation po. The coefficient of correlation P(1,n) with the 
1st representative mode and the other mode n is expressed as,

P(l,n) " Cov(Z’Zn) / 0Z1 (8)

where Cov(Z1,Zn) is the covariance between safety margin of the 1st 
representative mode Zi and that of other collapse mode Zn; OZi and OZn 
are the standard deviation of Z1 and Zn, respectively. Cov(Z1,Zn), oZi 
and O Zn can be written as follows:
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Oov(Z ,Z ) i n
H K K

= E(ZZCt)(zIC.t )M2V2 
h=l jeh k=1*j k1 jehk=1*j kn ph 1141

aZi

a
Zn

H
= [ Z M

h=1
H

K
Z | Z ( 

jeh k=l 
K

K
+ Z t. 
k=l - K

= [ E MH‘V‘( ZIZC t|)2 + Z e’V.g’h=l pn mn jeh k=l Nd Kn k=l=

(9a)

(9b)

(9c)
K

where tk1 and tkn are the factors defining the combination of the known 
1st mode and the other mode n by the elementary mode k, respectively.

It should be noted that P(1,n) can be expressed as the function of 
unknown tkn and given tk1, as evidenced in Eqs.(8) and (9).

Therefore, the 2nd representative mode can be obtained by adding ..the 
constraint of correlation to Eq.(7) as follows:

Given: G3r Vhr V*, %r t (*=1,2, .. ,K)
Find: 82‘ *2(k=1,2, . .,K)
Object: 82 —> min (10a)
Subject to: K K

Z.Mh( Z I ZC t|) - ret, -B,"h=l pn jeh k=i "d N- k=l KK2 2
H K K i (10b)

[ Z {MR V CZIZC: t>|)2} + Z (e V.g t3 »*- 0h=l p jeh k=l 3 K2 k=l **x2
K _

E* *k2 *0 (10c)
P(1,2) - Cov(2, 22) / o71 072 < Po (104)

where tk2 is the factor defining the combination of the 2nd representa­
tive mode by the elementary mode k. Solving Eq,(10) by SLP algorithm, 
the collapse probability P£2 of the 2nd representative mode can be found 
by Eq.(3) through the safety index 82.

2.2.3 The N-th Representative Mode

When the 1st, 2nd, .... , (N-l)-th representative modes are known, the 
N-th representative mode with the minimum safety index B N can be ob­
tained by adding the constraints of correlation of the 1st, 2nd, .... , 
(N-l)-th representative modes with other modes to Eq.(7). That is,

Given: "ph‘ ekr Ckj’ Vmh’ Vek’ Por *n(k=1,2.
Find: Bx‘ tN(k=1,2, . .,K)
Object: Bx —> min

,K, n=1,2,..,N-1)

(11a)
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Subject to: K K

EMnQZIEGjtwD -Jh=l - jeh k=l J k=.
H

[Z {MV 2h=1 Ph mh
K

K K (11b)

k=l
P(nrN) 

where tN 
tive mode 

It is

= Cov(Z ,Z)/0 o < n’N Zn ZN
is the factor defining the 
by the elementary mode k.

PQ (n=l,2,..,N-1)
combination of the N-th

(Hd)

representa-

noted that the calculation of Eqs.(7),(10),(11) is very effi-
cient, because 
Therefore, all 
tary modes.

only elementary modes are required as the input data, 
representative modes can be found by using the K elemen-

2.2.4 Evaluation of Collapse Probability

The representative modes can be found by solving Eqs.(7),(10) and (11) 
in succession and their collapse probabilities P fn are calculated by 
Eq.(3). The collapse probability of the new representative mode is 
obviously less than one of the previous mode and,' therefore, the analy­
sis will be terminated when the ratio of the N-th representative mode to 
the 1st mode becomes the following value. START—|

P.fn f1SC (12)

where 
tity,

€ is the small quan- 
for example, € =10

READ : Structure Dimensions,Elementary Modes;C, e. 

Specified Demarcating Correlation ; P

Finally, the collapse pro­
bability of the structure is 
evaluated by Eq.(l) as fol­
lows:

SET : n = 1

P£

where 
of 
found

N
= Z P.

i fn n=l
: N is the total
representative

by Eqs.(7),

(13)

PERFORM : The n-thReliability Analysis 

for the n-th Representative Mode

I

(11), and N is less than 
total number Nr when 
possible collapse modes 
known.

number 
modes 

(10),
the 
all 
are

2.3 Calculation Procedure

The 
the

calculation procedure of 
proposed method is per-

formed by using Eqs.(7), 
(10),(11) and the flow chart 
is shown in Fig.l.

On the other hand, as for

SOLUTION : twnlk=1.2,"K,)en-th Representative Mode 

Pfn = Collapse Probability at the n-th Mode

IF : Pfn
Pf 1

.No
n ♦ 1

YES

ADD
I

The new constraint of the correlation 
with the n-th representative mode

J

WRITE : Pf s X Pfn = Collapse Probability

STOP

Fig. 1 Flow Chart of Caluculation Procedure
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the value of the demarcating correlation Po, it is used as 0.6 by Ang 
et al. (1979), but it should be noted that in general the value of Po 
( Po<1) should be taken as larger one (e.g., PO=0.9-0.95), if the colla­
pse probability Pf is smaller (e.g., Pf<103) from the results of the 
1st representative mode by Eqs.(7).

3 MONTE CARLO SIMULATION

3.1 Conventional Monte Carlo Simulation

The reliability analysis procedure by conventional Monte Carlo simula­
tion is performed as follows:
(1) Random variables i.e., strength of section and external loads which 
are assumed to be probabilistic values are initially sampled according 
to the normal distribution function.
(2) Then, it is judged whether the structure is in the collapse state or 
not for each set of sample.
(3) Repeat steps (1),(2) until enough number of trial will be performed. 
(4) Evaluate the collapse probability as the proportion of the struc­
tural collapse number to all trial number.
It should be noted that the judge of step (2) needs generally the value 
of safety margin of all possible collapse modes, because it is judged 
whether the safety margin of all modes is positive or not. However, it 
is very difficult to find all possible collapse modes for the highly 
redundant structures with the great number of collapse modes.

3.2 Revised Monte Carlo 
Simulation Using Collapse 
Load Analysis

This paper also proposes the 
revised method of Monte Car­
lo simulation using collapse 
load analysis by linear pro­
gramming in order to find 
the exact collapse probabi­
lity of the large-scaled 
structures. The procedure is 
performed as follows (See 
Fig.2);
(1) First, it is assumed 
that a set of probabilistic 
sample values in the s-th 
trial is the plastic moment 
Mph(s) and the external load 
ek(s).
(2) Then, the collapse load 
analysis for a set of sample 
whose values are determinis­
tic is performed by the 
following LP problem.

I Read : Structure Dimensions

I SET : 1 -- 1 ,C:0 1 1 ___________
GENERATE i Sample of Random Variables of Member

Strength and External Force,according to 

their Distribution Function

I " ---------------
PERFORM I LP Collapse Load Analysis

_______________ for the Generated Sample
I

| SOLUTION : Collapse Load Factor d |

| IS ; Trial Number 1 is large enough Yes 

No

| 11.1 |

I CALCULATE : Pf= C

[ STOP

Given: Mph(S), ek(s)- % Fig. 2 Revised Monte Carlo Simulation

Find: 0^01,2,..^), tkk=1,2,.:,K)
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H
Object: a= Z M (s) (Z 0,1) — > min 

h=l P jeh J
K

Subject to: 6. = Z C. • t (j=1,2,..,J)
3 k=l N
K
Z e (s) t = 1

k=l

(14a)

(14b)

(14c)

where a is the collapse load factor for a set of sample s and it plays 
a role of judgement whether the structure is in the collapse state or 
not. That is, if the value of a is larger than the specified ultimate 
load factor &o the structure is strong in the load carrying capacity. 
However, if the value of a is less than ao( a < a o), the structure is 
weak in the whole strength and, therefore, it will form the collapse 
mechanism.
(3) By repeating the performance of steps (1) and (2), the collapse 
probability of a structure can be evaluated by the proportion of the 
total collapse number (C) to the total trial number (I), i.e., Pf=C/I.

This approach has the merits that only elementary modes are required 
as the input data and it can be also applied to the highly redundant 
structures, although it consumes more CPU time.

4 EXAMPLES

4.1 Example 1: 2-Story 1-Span Frame P3
The 2-story 1-span frame as shown in Fig.3 
is to be analyzed to illustrate the validity 
of this approach. This frame has 8 elementa­
ry modes (K=8) shown in Fig.4, where Ckj and 
ek are also identified. The demarcating P, 
correlation is herein assumed as Po=0.9.

Initially, performing the analysis to find 
the 1st representative mode by Eq.(7), the 
safety index 81=3.49 and the 1st represen­
tative mode are found to be shown in 
Fig.5(a). Therefore, the collapse probabi­
lity of the 1st representative mode is cal­
culated by Eq.(3) as P£1=0.239*10-3 .

Then, the analysis to find the 2nd repre­
sentative mode is performed by adding the 
constraint of correlation with the 1st rep­
resentative mode to Eq.(7), as formulated by 
Eq.(10). The results are obtained as B2= 
3.76 and the 2nd representative mode shown 
in Fig.5(b).

Successively, performing the analyses for 
the 3rd, 4th and 5th representative modes by 
using Eq.(11), the results are found to be 
shown in Fig.5.It is noted that P£5=0.91*1057 
is extremely less Than P£ 1=0.239*10-3 and, as 
such, the analysis is terminated.

Finally, the collapse probability of the 
structure Pf=O.403*10 -3 is evaluated by Eq.(13).

MP4

Mp3 Mp3
P2

Mp?

T
15ft

MPI MPI
15ft

MP1 = N (549.708,27.4 8 5)kft 

MPZ = N 1689.707,34.485)kft 

Mp3=N (326.431,16321kft 

MP=N (351.616,1 7.581)k-ft

P =N160,12 }kips

Pa = N< 60.12) kips

P =N(5,9) kips

P, = N< 45 , 9) kips

Fig. 3 Example 1:

2-Story 1-Span Frame
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(1)

(2)

(a) 1st (b) 2nd (c) 3rd

-2

Pf,=0.239x10

(d) 4th

Pf2= 0.850 x 10

Sth

Pf,= 0.661x10'

2

2

2

-2
2 1

-2 /
2

(4) Pf, =0.132 x 10 Pf-0,912x10

Fig. 4 Example 1: Elementary Modes Fig. 5 Example 1: Representative Modes

This result is very close to the one obtained by Yonezawa’s method 
(1978) as shown in Table 1, which considers 19 dominant collapse modes 
and their mutual correlations.

Furthermore, the conventional Monte Carlo simulation (100 000 trial) 
which considered 60 all possible collapse modes and the revised Monte 
Carlo simulation (100 000 trial) by collapse load analysis have been 
performed by too-much time consuming. That is, it takes 1.7min. and 
3.2min. in CPU time, respectively. The latter method takes about 2 times 
of the former method in CPU times, but the input data of the latter 
method only requires elementary modes. It should be also noted from 
Table 1 that both Monte Carlo simulation results are completely coin­
cided with each other and the proposed method which takes CPU 
time=45sec. is very near to these results by the conventional and re­
vised Monte Carlo simulation.

_____________ Table 1 Example 1; Analysis Results_________________________________ 
Pf CPU time

Proposed Method 0.403*10 -3 45 sec.
Yonezawa's Method 0.410*10 ~3 --

Conventional Monte Cairo Simulation 0.440*10 -3 1.7 min.
Revised Monte Cairo Simulation 0.440*10 -3 3.2 min.

4.2 Example 2: 2-Story 4-Span Frame

The 2-story 4-span frame as shown in Fig.6 is analyzed in order to 
illustrate the application of the approach to the large structure. The 
value of demarcating correlation p0=0.95 is herein used.

It is identified by the degree of freedom of joint displacement that 
the elementary modes with their relative rotation are shown in Fig.7. 
Performing the reliability analysis by the proposed method, the 1st, 
2nd,....,6th representative modes and their collapse probabilities are 
found to be shown in Fig.8. Therefore, the collapse probability of this 
frame is evaluated as Pf=0.73*10 "3 shown in Table 2. It should be noted 
from Table 2 that this value is fairly close to the one obtained by the
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revised Monte Carlo simulation 
analysis. It is also noted from 
proposed method is extremely less 
Carlo simulation.

It is recognized that this large 
conventional Monte Carlo simulation, 
be identified. Therefore, the 
large structure by the simple

only proposed 
and efficient

(150 000 trial) using collapse load 
Table 2 that the CPU time by the 
than the one by the revised Monte 

frame can not be analyzed by the 
because all possible modes can not 

method can be applied to the 
calculation.

P P,R Po
R

P

hi
Mp 

"e]
MAp

Mp3 4 MPMAp
M Mp

Mp2 MP2 Mp2 Mp2

Mp1 Mpr Mp MP1 MP1

77T 77

92 1 22

h2

22 । J

Mpi= N (80,8) t-m 
Mp2= N (60,6) t-m 
MP3=N (40,4) t-m 
Mp= N (30,3) t-m 
hi =2.0m , h2= 2.4m 
2, =1.2 m , 22=1.8 m

Pi = N (100,16 )t

P2 = N (120,18) t
P = P=N(40,4)t
R = P6=N(60,6)t 
P7 = R= N(20,2) t 
P8 = Po=N(30,3)t

Fig. 6 Example 2: 2-Story 4-Span Frame

o2 o 
(2)

-1 2 -1

o 20
(3)

-1 2-1

2 o

(7.

(5). (6) (7) (8)

2

42 3

(12) -12(13)-(11 (14) (15)

(16) (17) -19(18) 19) (20)

Fig. 7 Example 2: Elementary Modes
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(a) 1st (b) 2nd (c) 3rd

Z777.7
Pf 1= 0.604 x 10
(d)4th

Pf2= 0.481 x 10

(e) 5th
Pf, = 0.355 x 104
(d) 6th

2

-1

2-2 -2

Pf, = 0.1 59x10 Pf5=0.122 x 10 Pf= 0,561 x 10

Fig. 8 Example 2: Representative Modes

Table 2 Example 2: Analysis Results__________________________  
Pf CPU time

Proposed Method 0.73*1033 160 sec.
Revised Monte Cairo Simulation 0.82*10-3 13.5 hour 

(150 000 trial)_____ _________ _________ _________

5 CONCLUSIONS

The following conclusions are drawn from this study.
(1) The proposed method makes the best use of an optimization technique 
and, as such, the method can be applied to the large-scaled structures 
in which all possible collapse modes can not be easily identified by 
hand task.
(2) The proposed method can take into account for the correlation of 
collapse modes without considering all possible collapse modes and, 
furthermore, its calculation is very efficient, because only elementary 
modes are required as input data.
(3) The validity of this proposed method has been confirmed numerically 
by comparing with the conventional and the revised Monte Carlo simula­
tions and the other available results.
(4) The revised Monte Carlo simulation by collapse load analysis is also 
verified by the conventional Monte Carlo simulation which needs to 
consider all possible collapse modes. This approach needs only elementa­
ry modes and, therefore, the simulation can apply to the highly redun­
dant structure, but its calculation requires more CPU time consuming.
(5) The proposed method is extremely efficient in computer time and in 
simple calculation rather than the revised Monte Carlo simulation and, 
therefore, the proposed method can be easily extended to the optimal 
reliability-based design for the large-scaled structures.
(6) This study dealts with only flexural frames, but the proposed method 
will be applied to the skeletal structures such as offshore platform or 
transmission tower in the future.
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