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SUMMARY

A finite-element method of analysis, based on an exact elasticity solution, including
transverse shearing deformation capability is developed herein for the application to the
bending of plates and shells of any arbitrary configuration. The field equations of Reissner’s
thick-plate theory, which includes the effects of transverse shearing deformation have been
utilized as guidelines in developing a triangular thick shell flat element for a three-dimensional
stress analysis.

The formulation of an orthotropic element, having six nodal points (3 each at top and
bottom), has been modeled herein on the basis of trilinear displacement functions, illustrated
by equation (1b). The element dealt with herein possesses 36 degrees of freedom (3 rotations
and 3 displacements at each node) which represent both membrane and bending (including
shearing) deformations. Whereas shearing deformation is coupled with the bending mode,
the membrane behavior is considered independent of bending and shearing for simplicity of
computations. The procedure for including the shear effects is somewhat similar to other
known elements, however, with some fundamental differences, such as the retention of all the
components of the strain tensor, {s}e, for the stiffness matrix generation and treatment of
proper boundary conditions along an edge.

The method, presented herein, is consistent with Reissner’s assumption of linear bending
stress distribution and considers the nodal displacements at the top and bottom, in a bending
mode, to vary linearly over the thickness of the plate. However, the transverse displacement
does not vary over the thickness of the plate. Further simplification in the development of
stiffness matrix occurs, when the bending mode is assumed to be simulated by an anti-
symmetric deformation of top and bottom sets of nodes in the element about its middle
plane and transverse displacement, is assumed identical at all the nodes.

The preceding considerations and assumptions of Reissner’s theory lead to the following
displacement functions:

Membrane Mode: u,, = (6¢; 2% X 003 ), v, = (a4 +asx+asy) (1a)
Bending + uy = (o7 togx+agy)z’

Shearing vy = (gt ot xtoyay)z (1b)
Mode w =0ty 3o x5

The strain vector may be expressed as

{B}e = {sxx’ eyy’ €225 sxy’ eyz’ sz} (2)
Using potential energy formulation, a 6 X 6 membrane element stiffness matrix, (X,,)°, and
a 9% 9 bending (including shearing) stiffness matrix, (K,)°, are generated independently
and super-imposed linearly to yield a 15 X 15 matrix, which then is expanded to an 18 X 18
stiffness matrix, (X,)°, to include three fictitious twisting totations {,}° (at the top or bottom
nodes). The corresponding nodal displacement vector may be expressed as

{5,}e = {ul’ vy, Wy, 0,", 0,’,, 021}‘,, [= i, j, k. (3)
To test the validity of the proposed analysis, results are compared with those of the Reissner
theory and other example problems in plates and shells. An excellent agreement in displace-
ments and tractions was obtained. Of particular interest is the ability of the finite-element
analysis, based entirely on a displacement formulation, to satisfy the edge conditions and to
accurately represent the distribution of shear stress results along an edge.



I. Introduction

The finite element method of analysis 1s one of the most significant developments of
the last decade, in the field of numerical techniques, for the solution of many complex
problems of continuum mechanics. The method is based upon applying a Galerkin-Rayleigh-
Ritz type solution with plecewise continuous functions expressing the undetermined para-
meters in terms of nodal quantities. Once this 1dea was applied to plane stress-plane
strain problems, its extension to plate bending and shells was a logical step.

The literature is quilte extensive on this subject, and it would be prohibitive to give
a detalled discussion of it here. However, it i1s relevant to discuss briefly three impor-
tant aspects of the general problem of shell analysils, namely, the basic problem of select-
ing the appropriate finite element model, the computational problem of obtaining a practical
and simplified solution for producing analysis results that can be convenlently used for
design purposes, preference of two-dimensional elements to three-dimensional counterparts
for complex analyses and, finally, economic limitations on the cost of analytical solution.
Such economic limitations are of paramount importance, particularly in three-dimensional
analysis, and, at least at the present time, one may not be justified in employing complex
finite element models when, for a similar subdivision, simpler elements with fewer number of
degrees of freedom and less computational effort can be gainfully utilized.

The increasing use of moderately thick plates and shells in nuclear industry has
necessitated systematic and efficient numerical methods of analysis, particularly in dealing
with structural deformations that include substantial transverse shearing strains as pointed
out by Reissner [1,2] and many other authors.

In the present development, attention is therefore given to many aspects of the three-
dimensional problem by using lower—order polynomial representation of both the membrane as
well as transverse bending of a plate element, and by developing an economical method of
solution. This results in the development of finlte element models that can be applied to
general three-dimensional shell structures, such as pressure vessels and nozzle-vessel

intersections.

II. Behavior of Finite Element Models

A general description of flat triangular elements is furnished by Argyris [3], and
arbitrary shells have been successfully studied with flat triangular elements by Clough
and Johnson [4], Zienkiewicz [5], Key and Beisinger [6], Oden and Wempner [7], and others.
Essentially, the behavior of plates and shells in general has been based on Kirchhoff-
hypothesis, The compatibility requirements for bending displacements of Kirchhoff plates
and shells are indeed difficult to satisfy, since the interelement continuity must be
maintained for the transverse displacement w(x,y) and its derivatives w,x and w,y.

In the analysis of plates and shells, effects of shearing deformation on the bending
behavior, both by classical theory as well as finite element methods, have been considered
by numerous authors [8 through 22]., Both flat and curved finite element models [23] have
been considered and the solution results have been encouraging. However, Kirchhoff-
hypothesis for a compatible element elther complicates the stiffness formulation or intro-
duces a large number of degrees of freedom.

In the present development of finite element formulation, Reissner's [1] approach is

sought after to supplement the existing techniques of including shearing deformations. The
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method uses the exact elasticity solutions and the fileld equatlons of Relssner's widely
accepted thick-plate theory have been utilized as guildelines in developing a flat triangular
shell element for three-dimensional stress analysis.
III, Field Equations

The modified governing fileld equations of Relssner's [1] theory for the bending of

homogeneous, orthotropic plates, represent the following expressions for the average

rotations ¢x(x,y) and ¢y(x,y) of cross-sectlons x=constant and y=constant, respectively.

Q
aw Xz
¢x(x,Y) = ax <1 ( zeh )]x = constant
: . 1)
_ 1 oW _ Yz _
¢y(ny) = [ 3y Ky ( Gyzh )]y = constant

in which k; and k, are numerical shear deflection factors, and where "Gxz" and "Gyz" are

2
shear modulil of an orthotropic element along x=constant and y=constant, respectively. The
above equatlons indicate that straight lines originally normal to the middle surface remain
gtraight but not normal to the deformed middle surface. The above equations may also be

expressed as

- v
¢x(x,Y) =0 ax T K1z &)y o constant

- W : @
¢y(X,Y) =1 Ay + Kzsz(x’y)]y = constant

Referring to Figs. 1(a),(b) and 6, and assuming linear deformed configuration of the original
normal line, one can represent three displacemknts, u, v, and w, within a continuum by the

following expressions

u(x,y,2) = zl % + kY, (6Y)]

ow
z[a—y

v(x,y,2) + KTy, (Y] (3

w(x,y,2z) = wx,y)
which, in view of Eqns. 1 and 2, may be written as

u = 20, (x,y)
v = Z¢y(x,y) 4)
v = w(x,y)

where:
¢x =1 %% + Klez]
o= [+ @
y Ay 2'yz
The preceding equations are based on the assumptions that total rotations ¢x(x,y) and

- v
zz 3z’
dimensional equations of elasticity and in view of Eqn. (4), strain-displacement relations

¢_(x,y) are small and that the transverse strain, e is negligible. Using three-

may be expressed as
2 Y. 3¢

_du_ 3w Xz | _ X
Cxx = ax - 2¢ ax? + Ky Tax ) =2(57)
* (6)
€ v z 32w + « anz z EEX
yy y 2 2 3y Ay
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= (B vy Xy Y
Exy_(29y+‘c)x) z('dy+'ax)
_ 3w du., _ w (6) Cont'd
exz-(8x+8z) Kl( 3x+¢x)
P U AN
eyz-(8y+8z) |<2( 8y+¢x)
Similarly, stress-rotation relations for an orthotropic element may be expressed as
E 2z a 3¢
X X y
g, = (7= + v )
x Q@ vxvy) 9% y 3y
E z 99 8¢x
P A ( _y __x
g = + v (€))
y (@@ vxvy) 3y x 9x
3¢ ¢
.S 4 )

Txy = nyz ( 3y 9x

where:
E_+E
G = x
xy E_+E (1 + 2v_)
X y Xy (8)

v E =v_E

Xy'y yxy

As customary in moderately thick plates or shells, it 1s reasonable to assume that
effects of normal stress, 9, be neglected in this development. This will therefore enable
one to compute the shear stresses, Tyz and Tyz’ from the following stress equilibrium

equations [9], with body forces neglected. Thus,

asz ch B'rx 3T 2 90, a‘rx
e (m ty S Tt () ©

which, in view of Eqns. (1) and (7), will yileld, upon integration with respect to z, the

following expressions:

2 2
PR J S e SRS O 2. ")+v(33"+.< 21)}+c(2 2y
Xz 2 (l-vxvy) ax3 1 ax2 y Bxayz 2 3xdy Xy 8x8y2
2 2
] Yx 37y
+ Ky _a ) _XBxBy )1+ gy (x,y)
Y 2 2 (10)
z2 EX 33w ® Yx 33w 8 X 83w
T, =-5 [ 7= {(—5 +«k Y+ v_( + K, =)} + G (2
yz 2 1 vxvy) ay3 2 8y2 x axzay 1 9xdy Xy szay
2 2
3 Yx 3%y
+ % oy + Ky -—Xaxz )]+ gy (x,y)

in which 8 and g, are integration constants evaluated from the boundary condition that sz
and ’L'yz vanish at z = + h/2, The moment-stress resultants, as illustrated in Fig. 1(b), can

now be evaluated in the usiial manner by integrating over thickness of the plate to yleld

2 2 3y 3y 3% 3
- - w 8w, _x ¥y = X X
Mx Dx( ax2 + vy 3 2 + ax + vy dy ) Dx( 9x + vy qy )
82w 82w Yy Byx ¢ 3¢x an
L " oy T Vx Tox ="Dy(ay V)

ay
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- 20w X ¥y _x 'y '
Mxy = ny( 3x3y + 3y + Fen ) ny 3y + = ) (11) Cont'd

where orthotropic constants Dx, Dy, ny, Ve and vy are defined in Appendix-II. Also using

equilibrium equations from Ref, [9], 1t may be shown that the shear stress-resultants, sz

and Qyz, can be easily evaluated and may be expressed as

2 9y 2 Y
_ 9 aw X I w y
sz T [Dx( 2 * ax )+ ny ( ay2 + 3y )
] 32w 8y azw an 2
Q, =45 D (5 +5%) +un (= +-%)]
vz y y ay2 dy ¥ sz Ix
which may be simplified as
¢ 9% a9 a9
] X 3 y X
= -2 =X 5 Ly = -2 + —=
sz 9x (Dx x ny 9y )3 Qyz ay (Dy y ny 9x ) a3
The constants, H and H__, may be given as
Xy yX
H_ =H_= (v, +2D ) (14)
Xy yX X'y Xy

The preceding equations are different from analogous equations of classical orthotropic

plate theory, as the effects of transverse shear are included in the plate curvatures. In

order to show similarity of the foregoing expressions to the corresponding equations of

Reissner's theory, the following additional equilibrium equation for a uniformly distributed

normal load, q, acting on the element, will be considered:

a(:f + a—g;’—z +a(y)] =0 as)
%— - %;’Gyzhvyz, substituting them in

Eqn. (11), and making use of Eqn. (15), will yield the following expressions of stress-—

[

Employing the relations sz = -

thYXZ and sz =

resultants:

2 2
Wo- azw .y azw - th {Ey(l+vx)—vyEx(l+vy)} anz . vxth Ex(1+vv)q
X X 8x2 y 3y2 6Ey(1—vxvy) Ix 6Ey(1—vxvy)
2 2
- b 02y oy 32y - kyh {Ex(1+vy)—vxEy(1+vx)} 9, B \JyKZh Ey(l—vx)q 6
y y ayz X Bx2 6Ex(1-vxvy) oy 6Ex(1—vxvy)
2 2
" I 282w ) th {Ey(l+vx)—vyEx(l+vX)) Bsz ~ th {Ex(l+vy)-vxEy(l+vx)} 3Q 2
Xy Xy 9x3y 6Ey(l—vxvy) Ix 6Ex(l—vxvy) 9y

The preceding equations, for the case of a constant distributed load, are similar to those
of Reissner theory [1] for an isotropic thick plate in which effects of normal stress, O,
have been neglected.
IV. Finite Element Formulation

IV.1 Development of Displacement Models

Solution to the fundamental equations of the Reissner theory, which were presented in
the previous section, can be conveniently obtained by using a finite-element displacement
formulation. The method presented herein 1s consistent with Relssner's assumptions of linear
bending stress distribution in the element and considers nodal displacements at the top and
bottom faces, in bending mode (i.e., anti-symmetric deformation about middle plane) to vary
linearly over the thickness of element as shown in Figs. 4, 6, and 7. However, the nodal
transverse displacement 1s independent of the thickness of the plate and may be assumed to

be a function of in-plane coordinates x and y only.
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The preceding considerations and fundamental assumptions of Relssner's theory lead to
the following displacement functions for the bending mode of the triangular element. In
developing shell element stiffness matrix, [K]e, the membrane and bending deformations are
assumed to be uncoupled. However, in TLRDP-3 element, which 1s similar to TLRDP-1 and
TLRDP-2, additional curvature effects [24] based on shallow shelf theory {14,25] are incor-
porated.

(a) TLRDP-L Element

This element, designated as Tri-LineaR Displacement Plate Linear model (or briefly
TLRDP-L), is a flat plate trilangular element and shown typically in Fig. 4. It is incor-
porated with a five-degree-of-freedom nodal point system. The displacement functions within

the element's continuum, may be expressed as

Bending Mode u, = (al+a2x+u3y)z; vy = (a4+u5x+u6y)z; wy = (a7+u8x+u9y)

= . - 17)
Shearing Mode Yy = (alo+allx+u12y), Yy = (a13+a14x+alsy)

where Ups Vis Wps Yy and y_ are defined in Appendix-II. These functions may be conveniently
evaluated at the top and bottom nodes and the development of bending stiffness matrix,
[Kb]e, which 1s 15x15, is shown in the following section. The TLRDP~L shell element stiff-
ness may be obtained by static condensation of Yy and yy at the element level into a 9x9
matrix, which is then systematically combined with a 6x6 membrane stiffness matrix, [Km]e,
available in the literature [26].

(b) TLRDP-Q Element

The TLRDP-Q element, illustrated typically in Fig., 5, is a flat plate element and

developed also specifically for the analysis of thick plates. This element, unlike TLRDP-L
model, possesses 4 nodal points each at the top and bottom faces and a displacement field
for bending and shearing deformations within its continuum may be expressed as

Bending Mode u, = (al+a2x+a3y+a4xy)z; vy = (u5+u6x+a7y+u8xy)z; Wy, = (a9+u10x+ully+a12xy)

Shearing Mode v, (ay gty xboygydag xy)s vy = (o p%0) grtay gyha, gxy) (18)
The bending stiffness matrix, [Kb]e, which is 20x20, may be easily reduced to 15x15 by means
of statilc condensation at the inner nodes. Similarly, TLRDP-Q shell element may be easily
obtailned by further static condensation (elimination of Yy and Yy) to yleld a 9x9 bending
stiffness matrix, which can be readily combined with a 6x6 membrane stiffness matrix, [Km]e.

(c) TLRDP-1 Element
The TLDRP-1 model, based on tri-linear deformations, consists of a flat plate
shell element, which is obtained from the following uncoupled membrane and bending displace-
ment functions within the continuum:

Membrane Mode u = (a1+a2x+u3y); Vo = (a4+a5x+a6y) (19)

Bending & Shearing Mode u, = (a7+a8x+a9y)z; v, = (a10+ullx+a12y)z; wb=(u13+ﬂ14x+ﬂ15y)(20)

in which membrane and bending displacement terms have been defined earlier. The shearing
strains,exz and € o> are incorporated in the element strain vector {e}e in developing bending
stiffness matrix, [Kb]e. However, these straln components are suppressed as independent
degrees of freedom, Yy and y_, in the above displacement functions. This element, which is
shown in Figs. 2 and 4, consists of 3 nodes each at the top and bottom faces, and only an

_upper half of the triangular prism is needed to develop [21] a bending stiffness matrix,

M 3/7
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[Kb]e, by means of an anti-symmetric deformation. The membrane stiffness matrix, [Km]e, may
then be directly combined to [Kb]e to yleld a 15x15 shell element stiffness matrix, [K]e, as
1llustrated in Ref. [27].
(d) TLRDP-2 Shell Element
The TLRDP-2 shell element, which is shown in Figs. 2(b) and 5, has been modelled
to include "xy" terms in the displacement functions. The element, which has 4 nodes each at
the top and bottom faces, possesses following displacement functions for uncoupled membrane
and bending deformation states:

Membrane Mode u = (a1+a2x+a3y+a4xy); Vo = (a5+a6x+a7y+a8xy) (21)

Bending & Shearing Mode u = (a9+ulox+ally+a12xy)z; vy = (al3+ﬂl4x+alsy+al6xy)z

- (22)
W, = (@5t gxta, gy+a, 4xy)

in which the shearing strains, S and eyz’ are incorporated in the strain vector {é}e. The
sub-elemental approach (16) of static condensation is adopted to develop an overall element
membrane and bending stiffness matrices, [Km]e and [Kb]e, respectively. [Km]e 15 a 6x6
matrix and [l(b]e is a 9x9 matrix. They may be systematically combined to yleld a 15x15
shell element gtiffness matrix, [K]e, as outlined in Ref. [21].
(e) TLRDP-3 Shell Element
The TLRDP-3 element is similar to TLRDP-1 element except curvature effects are

incorporated into the former. This element 1s essentially modelled on the basis of shallow
shell theory [14] and method of including curvature effects into its stiffness matrix 1is
outlined in reference [17]. To obtain an overall shell element stiffness matrix (See

Fig. 2(c)), additional curvature stiffness terms are added on to the bending stiffness
matrix, [Kb]e, which is then linearly combined with membrane stiffness matrix, [Km]e, as
discussed earlier.

IV.2 Assembled System Stiffness and Method of Analysis

The method of analysis consists in idealizing (Fig. 3) an arbitrary plate or shell
gtructure by a network of flat plate trilangular elements. Each element 1s isolated and 1its
stiffness and load matrices are then derived [5] based on foregoing assumed admissable
deformation patterns. In the present case, the membrane stiffness, [Km]e, and the bending
stiffness, [Kb]e, are uncoupled and one way to minimize interlement incompatibility is to
express the membrane and bending displacements in terms of like polynomial functions of the
same order as has been done in the present analysis.

The three~dimensional method of analysis used herein is a direct extension of two-
dimensional analysis including transverse shearing deformation. A brief description of the
procedure is given here. Once the displacement fileld, {fa}e, 1s specified, the element
stiffness, [Kq]e, can be easily obtained by the procedure outlined in Ref. [5]. The result
1e a nodal force-displacement relationship, for a typical finite element, of the following

form;
{F}® = [K]® (6)° (23)
or, more explici
e e e
{r ) [k, 1°[0] [0] {6}
(F}°r = [0 [k1°[0] {6,3° (24

e
{Fg}® [0} [o] [0] {85}
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where {Fm}e, [Km]e and {Gm}e refer to the membrane force vector, stiffness matrix and dis-
placement vector, respectively. The bending quantities {Fb}e, [Kb]e and {Gb}e are similarly
identified. The twisting quantities {Fe}e and {Ge}e correspond to ficticious nodal torque
and rotation vectors, respectively [5] and are introduced for completeness only. These
quantities and corresponding stiffness terms appear as a result of transformation into
global system. The nodal displacement vector, {Gu}e = {ui,vt,w;,yi,yi, etc....}, evaluated
at the top (or bottom) nodes in Fig. 7 from Eqn. (17) may be easily shown to be related to
{Gb}e as

16,3 = [e1" £53° 6)
in which [@ﬂ is a transformation matrix. Similarly, it may be shown that

(£, 1% = [og] {F)° @7
In developing the bending stiffness matrix, [Kb]e, of an element, use has been made of

minimization of potential energy which ylelds

e _ e, T e e
[K,1% = 7, (B;1" [D,1(B 1d(Vol) . (28)
in which element strain-displacement matrix, [Bb], is related to nodal displacement vector
{Gb}e as
e - e e
(e, = [Bp1{6,} (29)

e _
where {eb} = {Ex’ey’sz’sxy’eyz’ezx

an orthotropic elasticity matrix, [DS], is obtained from stress—strain relations as

}, can easily be obtained by using Eqn. (6). Similarly,

e _ ne e

{0,3° = [D;1{ey} (30)
y’oz’Txy’Tyz’sz}e’ is a three-dimensional stress vector within a
continuum. The equilibrium equations of the overall system are formed by assembling the

e_
where {cb} = {ox,o

force-displacement relation, {r}® = [K]e{d}e, of each individual element through coordinate
transformations from the element (See Fig. 3) coordinate system (x,y,z) to global system
(X,Y,Z) and finally into curvilinear coordinate system (£,n,z). This method 1s elaborately
discussed and adopted in Ref. [21], in which a large capacity computer program, capable of
handling three-dimensional shell analysis, is incorporated. The formulation of an overall
shell element stiffness matrix from its component deformation states may be expressed as

(K1® = [K 1+ [K,]% + [K 1 + [K]° (1)
in which [K]e, [Km]e, [Kb]e, [KS]e and [Kc]e are element, membrane, bending, shearing, and
curvature—-effects stiffness matrices, respectively.
V. Numerical Examples

To test the validity of the proposed analysis, a few numerical problems are solved and
their solution results are compared with those of Reissner theory and other known exact
methods. Due to limitation of space, only a few types of elements are dealt with herein to
bring out their effectiveness in analyzing the complex problems. Proper boundary conditions
are enforced on the degrees of freedom, incorporated in each model of the proposed method,
along each edge.

v.1 mnlv—Qunnartad Sanare Plate With IIniform Load

The first problem analyzed herein consists of an isotropic simply-supported square
plate (shown in Fig. 8) subjected to uniform transverse load, q, and discretized with

TLRDP-L element using (4x4), (8x8) and (16x16) mesh sizes on a quarter plate. The boundary
conditions are taken as
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(1) along the edge - uy + 0, vy = 0, W, = 0, Yy # 0, Yy =0 (32)
(i1) along the continuous boundary - uy = 0, v, = 0, wy 0, Y = 0, Yy =0 (33)

I'he comparison of tinite element analysis with Reissner theory, for non-dimensionalized
deflection results, is illustrated in Fig. 8, in which the influence of thickness-ratio,
h/a, on deflection coefficient,"q' 1s presented. The comparison of numerical results is
seen to be very favorable and there is an excellent agreement.

V.2 Simply-Supported Square Plate With Concentrated Central Load

The second problem presented herein also consists of an isotropic simply-supported
square plate subjected to a concentrated central load, P, and discretized with TLRDP-L
element, using (4x4), (8%8) and (16x16) mesh sizes on a quarter plate. The boundary con-
ditions prescribed are simllar to those 1in the previous problem., No known solution based on
Relssner's theory is available for this problem; however, available finite element solution
results [10] compare very favorably with the proposed method. Such a comparison is shown
in Fig. 9, which represents the influence of dimenslonless parameter, h/a, on deflection co-
efficient, "B", including shearing effects. As expected, there is a marked increase in
deflection due to shear for a corresponding increase in dimensionaless parameter h/a.

V.3 Simply-Supported Rectangular Plate With Uniform Load

The third problem, which consists of an isotropic simply-supported rectangular plate
subjected to transverse uniform load, q, was selected to bring out essentially an accurate
distribution of shear stress-resultants, Qx, Qy, and Mxy as shown in Fig. 10 and 11. Both
TLRDP-L and TLRDP-Q elements were utilized in discretizing a quarter plate, using (4x4),
(8x8) and (16x16) mesh sizes. The prescribed boundary conditions are the same as those of
previous examples. An excellent agreement between the proposed method and Reilssner theory
is obtained for the distribution of stress-resultants Qx, Qy, and Mxy, as observed. How-
ever, a striking difference between the finite element analysis and classical theory results
is found along the supported edge.

V.4 Line-Loaded Long Circular Cvlinder

The fourth problem deals with a line-loaded long isotropic Circular Cylinder for which
a closed-form solution is avallable in Ref. [9]. This problem (Fig. 12) was analyzed to
predict a response of finite element solution to a three-dimensional analysis, using
TLRDP-1, TLRDP-2 and TLRDP-3 elements. Due to symmetry of the problem and bending of local
character [9] within a finite length, only a small sliced sectlon (3"xm/32), was chosen [21]
for mesh idealization. Proper boundary conditions were enforced on the sliced section in
curvilinear system as follows:

(1) along symmetrical section 6=0 uE#O, vn=0, w;#O, 65=0, en#o, 9C=0 (34)
(1i) along the sliced section 6=m/32 uE#O, vn#O, wC#O, eg#o, en¢0, 6;#0 (35)
(111) alone the sliced section x=3" uE=0, vn#O, WE#O, SE#O, en=o, 6;=0 (36)

The finite element solution results compare very favorably with those of Ref. [9]

V.5 Nozzle-Cvlinder Subiected to Hydrostatilc Pressure

The fifth problem, that is of utmost importance in the nuclear industry and analyzed by
only a few investigators [28,29], consists of an experimental model of a nozzle-to-cylinder
intersection problem, analyzed experimentally at ORNL by [28]. Figure 14 illustrates the
model, which is subjected to an internal pressure of 202 psi. Both TLRDP-1 and TLRDP-2

elements were employed in the finite element analysis on the discretized section shown in
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in Fig. 14. Because of extremely large size of problem, modified versions of computer codes
"SANSHL" [21] and "SAP" [30] were utilized to include TLRDP-1, TLRDP-2, and TLRDP-3 finite
elements in analyzing the chosen problem. It may be observed that finite element results by
the proposed method compare very well with the experimental and analytical results of Refs.
[28,29]. The analytical results yielded by both TLRDP-1 and TLRDP-2 are found to be very
close to each other in thils problem. Nozzle and cylinder stresses are shown in Figs. 15 and
16, respectively.
VI. Conclusions

An analytical method, based on finite-element displacement formulation as well as
Reissner's theory, 1s presented here. These triangular finite elements, which include
membrane, bending and shearing deformation states, are used for the analyses of several
example problems. The proposed method 1s well-suited for pressure vessel and nozzle-
cylinder intersections as well as for a general three-dimensional analysis. The utilization
of consistent and compatible displacement fields in membrane, bending and shearing states
allows meaningful idealization of three-dimensional structures. The additional transverse
shearing degrees of freedom on shearing effects enable one to prescribe the most realistic
boundary conditions. It may be conmcluded that the proposed method as well as formulation
offer a convenlent and conclse method for including transverse shearing effects for the
analyses of both two- and three-dimensional problems.
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Appendix II - Notations

The following notatlons are used in this paper:
A,B,C = dimensions of a finite element
a,b = dimensions of a rectangular plate
(8%} = strain-displacement matrix of an element

[De] = constitutive stress-strain relation matrix
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,D_ = bending rigidities of an orthotropic plate in x and y directions
torsional rigidity of an orthotropilc plate
= gsuperscript denoting a finite element

e
E_,E_ = moduliil of elastlcity in x and y directions

(£ 3¢ = displacement field of a finite element in which o=m (membrane) or a=b (bending)
{F}® = vector of nodal forces for a finite element

{F,}¢ = vector of bending nodal forces of an element

{Fm}e = vector of membrane nodal forces of an element

{Fu}e = vector of nodal forces at the top or bottom set of nodes

{Fe}e = vector of ficticlous twistlng nodal forces of an element

g, (x,¥), g(x,y) = Integration constants

G ,Gyz = shear modulii of sections x = constant and y = constant

Xz
ny = shear modulus of an orthotropic plate
ny,ny = effective torsional rigidities of an orthotropic plate

h = thickness of plate
[K.b]e = bending stiffness matrix of a finite element in x,y,z system
[Km]e = membrane stiffness matrix of an element in x,y,z system

e
[K,]

[K]e = an overall finite element stiffness matrix in x,y,z system

curvature stiffness matrix of an element in x,y,z system

Mx’My’Mxy = moment stress resultants 1n x,y,z system
[0] = null matrix

P = a concentrated central load

q = transverse uniform distributed load

Q. _,Q = transverse shear stress resultants

Qx’Qy = transverse shear forces

T = superscript denoting transpose of a matrix

u,v,w = displacements at a point along x,y,z directions

Upy s VW = displacements of a point of a finite element along x,y,z directions
UysV,wWy S generalized displacements at node "1i'" along x,y,z axes

vy = in-plane displacements of a point in x,y system

uE,vn,w = displacements along £,n,Z axes

X,¥,2 = local coordinate system of plate element

X,Y,Z = global coordinate system of the structure

OpsBy58g... = nodal displacement parameters

o = a dimensionless constant} a subscript

B = a dimensionless constant

Yx’Yy = average transverse shear strains along sectlons x = constant and y = constant
sz’sz
{6}% = vector of nodal displacements of an element

= transverse shear strains of sections x = constant and y = constant

{Gb}e = vector of bending nodal displacements of an element
{Gm}e = vector of membrane nodal displacements of an element
{Ge}e = vector of twisting nodal displacements of an element
(Gu}e = vector of nodal displacements at the top or bottom set of nodes

{e}® = strain matrix of a finite element

M 3/7
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{eb}e =bending strain matrix of an element

Exx’eyy’ezz’exy’eyz’ezy = components of the strain tensor in x,y,z system
ei,e;,e: = generalized rotations at node "i'" about x,y,z axes

V.,V = Poisson's ratio of an orthotropic material

Xy" yx

vx,vy = Poisson's ratio in the direction of x and y

Kysky = shear deflection factors along sections x = constant and y = constant

{o}e = stress matrix of a finite element

0,50,50 = components of the stress temsor in x,y,z system

y Z,Tx}"T}'Z,TZX
¢x’¢y = total rotation of sections x = constant and y = constant
{¢,} = transformation matrix

£,n,¢ = curvilinear coordinate system of the surface





