AN EVALUATION OF TWO PROCEDURES TO ESTIMATE GENETIC
AND ENVIRONMENTAL PARAMETERS IN A SIMULTANEOUS SELFING
AND PARTIAL DIALLEL TEST CROSSING DESIGN

Andi Hakim Nasoetion

Institute of Statistices

Mimeagreph Series No. 425
1965



TABLE OF CONTENTS

LIST OF TABLES « « + « o « o o o o o o o o o

LIST OF HG[JRES . . L ° L o L » * o o . ° o L
0. INTRODUCTION e s+ s e & s s s & & e e s
l. REVIEW OF LITERATURE « =« =« + s o o o o o o
l.1 The Mating Design . . « + o o o & o
1.2 Genetic Interpretation of Design Components
of Variance . . + + &« ¢ ¢« o & o o .
1.3 Estimation of Genetic and Environmental

Variances from Experimentel Data . . . .

2. ESTIMATION OF THE GENETIC AND ENVIRONMENTAL PARAMETERS

2.1 Methods of Estimation . . . . . . . . .
2.2 The Design Matrices Cl and CQ o e s e s
A ~

2.3 The Covariance Matrices of Mi and Mé e e e e
2.4 Point Estimators Generated by Method I . . .
2.5 Point Estimators Generated by Method II . . .
2.6 Point Estimators Generated by Method III . . .
2.7 The Generalized Form of the Point Estimators .
2.8 The Covariance Matrix of the Estimators . . .

3. NUMERICAL EVALUATION OF THE COVARIANCE MATRIX

OF THE ESTIMATORS - « + « « o o o o« o« o
3.1 Nature of the Variances and Covariances

of the Estimators . . . . . + .+« . . .
3.2 Programming of the Covariance Matrix

of the Estimators . . . . .+ .« .+ .« . .
3.3 Choice of the Parameter Points . . . . . .

!+ L] DISCUSS ION L] ° * ° ° L) L ] ° ° ] L) @ L] . L]

4.1 Conservation of Pattern of the Covariance

Matrix of the Estimators e ¢ s o e e a
4.2 Evaluation of the Numerical Results . . . .
k.3 Allocation of the Design Parameters . . . .
k.4 The Variance of oi e e e e e e e e e

Page
vii

ix

11
11
12
15

17
21
25
23
2l

2>

2
25

50

50
52
23

53



TABLE OF CONTENTS (continued)

~

4.5 The Variance of U% e e e e e e e e

4.6 The Variance of UiA e e e e e e
. ~2 ~2

4.7 The Variances of e and Opg * * = + =

4.8 'The Covariesnce of the Estimstors o o e

4.9 The Generslized Variance . . . .« =« .

4.10 Estimation of Parameters for Small

Values of 02 and 02

A AA - L) - ° ® L) L]
4.11 Influence of Block Size on the Magnitude of
Environmental Variance . . . .« o .

5. SUMMARY AND CONCLUSIONS = « « « + o o o o
6. LISTOFREFERENCES « ¢ + ¢ o o o o o
7. APPENDIX: THE MEAN PRODUCT OF SELF AND BIPARENTAL

PROGENY MEANS e e s s e e e s e s s



l.l.
1l.2.
1030
3.1.

3.2,

3.3,

5.’4‘.

LIST OF TABLES

Analysis of variance of self progenies

Analysis of variance of biparental progenies

Analysis of covariance of biparental and
self progeny means
Relative magnitudes of the genetic and environmental

variances, selected as representatives of the

parameter space .

Possible allocations of
Variances of estimators
I, IT and IIT and the

variances for various

3.3.1.
3.3.2.
3.3.3.
3.3.4.
3:.3.5.

Covariances of the estimators by Methods I, II and III

(p,
(py
(p,
(p;
(py

for various

3.4.1.
3.4.2.
3.4.3.
3.0,
3.4.5.

Choice of estimation

=

i

1/2,
1/2,
1/2,
1/2,

= 1/21

. . . 3

Py = 1, P3
Py =0, Py
Py = 1, P}
Py =0, Py =
Py = 0, Py

. .

=1, Py,
=1, By,
=O,
0, P,
=0, By

parametric combinations

(p, =

(p,
(p,

(p, =
= 1/2,

(p,

1/2,
1/2}
1/2,
1/2,

Py = 1, P3
1% 0, P3
Py = 1, PB
P2 = 0, P5
Py = 0, PB
method and

its corresponding

allocation of design parameters . .

]

m, d and r for t = 480

corresponding generalized

parametric combinations

of genetic variances by Methods

vii

Page

30
32

33

3k
35
36

37
38

39

Lo
4o
4l
L6

6L



viii

LIST OF TABLES (continued)

Page
7.1. Analysis of variance of self progeny means . . . . . . 67
7.2. Analysis of variance of biparental progeny means . . . . 68



LIST OF FIGURES

1.1. Simultaneous selfing and partiasl diallel test

crossing mating design (m=4) . . . .

ix

Page



0. INTRODUCTION

In 1960, a combination design was introduced by Matzinger, Mann
and Robinson [137], designated as a simultaneous selfing and diallel
test crossing design. It allows estimation of additive, dominance and
additive by additive genetilc variance, together with early generation
evaluation of selfed progeny.

Several methods of estimation, applied to data obtained from this
design, will, under the assumption of & limited genetic model (i.g.
absence of third and higher order epistatic variances) lead to unbiased
estimators of the genetic variances, which are not necessarily equally
efficient. Moreover, variation of the design parameters influences
the magnitude of the sampling variances of the estimators.

The present study is an attempt to evaluate the efflciency of two
estimating procedures, assuming normelity of the data obtained from

the experiment.



1. REVIEW OF LITERATURE

1.1 The Mating Design

The current procedure to estimate genetic variances starts by
generating relatives through some system of mafing, the mating design
[S;h]. A review on commonly used mating designs in relation to
genetic variance estimation is given in [h].

The combination design introduced in [(13] and to be studied in
this dissertation, 1s basically an amalgamation of Comstock and
Robinson's Design II f5;6] -~ called a factorial mating design in

[h] -- and a selfing design. An advantage of using this design in

comparison to Design II is the possibility of estimating UiA in
addition to oﬁ and ag. Moreover, simulteneous selection of pure lines

is also possible [11]. The interpretation and analysis of this design
for a special case are given by Matzinger and Cockerhem [127.

The description of the experiment for the general case can be
summarized as follows: Rendom individuals from the reference popu-
lation are chosen as parents. The mating design is composed of
multiples of 2m parent plants; m are desigpated as male parents,
numbered 1 through m, and m as female parents, numbered (m+l) through
2m. Each of these parental plants 1s selfed to give self progeny,

Xi or XJ' At the same time all possible crosses are made between the
two sets of m parental plants ylelding bilparental progenies or full-
sib families designated C; 3 (Figure i.l). From additional samples of

2m parental plants d sets of these mating designs are formed.
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Figure 1.1. Simultaneous selfing and partial diallel test crossing
mating design (m=4)

In the field each set 1s assigned to a block at random, each
block consisting of the m? full-sib families, 2m self families, the 2m
parents of the original cross and their Fi and F2 generations. Each
block is comprised of r replications. The inclusion of the original
parents and the Fi and Fé generations is to provide information on
heterosis and inbreeding depression and to aid in masking block ad-
Justments to compensate for soll heterogenelty among blocks preparatory
to making selections of parents for advanced generations.

In this design separate analyses of variance of the two groups of
materials are cobtained. The model for self progenles is

+d,, +r + 8 (1.1.1)

Yiige =M1 T %1 T Tua5 T Sk T C11gk

where Hy = the mean for self progenies,
dli = the ith block effect for self progenies,
rlij = the jth replicate effect in the ith block for self

progenies,



s = the effect of the kth self progeny grown in the ith

1ik

block and

®113k

observation.

The components of variance of interest are

02
le

2
crls

= gelf progeny error varlance and

= variance of effects of self progenies.

= the experimental error associated with the yiijk

The analysis of variance associated with this model is given in

Table 1.1,
Table 1.1. Analysis of variance of self progenies
Source of Degrees of
variation freedom Expectation of mean square
_ 2 2 2 2
Blocks d-1 Mil = 07e + emalr + ro, o + Ermuld
2 2
Reps/Blocks da(r-1) M, =07, *amo,
_ .2 2
Selfs/Blocks d(2m-1) M13 = o5, *+TO0,
_ .2 2
Males/Blocks d(m-1) M), = 07 * TO,
2 2
Females/Blocks d(m-1) Mi5 = 07, * T0),
M vs F/Blocks a =02 + ro°
M6 = 91 * Tnr
_ 2
Error d(r-1)(2m-1) Mi7 =07,
Total 2drm-1




The model for biparentel progenies is

(1;1.2)

Yorgg = M2 t 921 * oy tUagk t Tor, T ®ogx, 13k,
where u2 = the mean for biparental progenles,
dai = the ith block effect for biparental progenies,
rEiJ = the effect of the jth replicate in the ith block

for biparental progenies,.

LN = the effect of the kth male parent,

f2iz = the effect of the gth female parent,

meikz = the interaction effect of the kth male and the pth
female parents and

eQiJkg = the experimental error associated with the yEisz

observation.
The analysis of biparentel progenies has been described by Comstock
and Robinson [5], and interpreted in detail by Cockerham [37. A
presentation of the analysis of variance of biparentel progenies is
glven in Table 1.2. In this case, the components of variance of

interest are

Uge = blparental progeny error variance,

Ugmf = variance due to interactions of effects among male
and female parents and

cgp = gverage varlance of male and female parental effects.

A co-analysis is also maede of the self and biparental progenies.
The mean product is computed as r,/m times the covariance of half-sib

family means from the same parents, and i1s an estimate of r,/m Cov(HS,S)



Table 1.2. Analysis of variance of biparental progenies
Source of Degrees of
variation freedom Expectation of mean square
' 2 22 2 2 22
- + +
Blocks d-1 Mél 02e+-m 02r+~r02mf 2rmo2p O,
_ 2 22
Reps/Blocks d(r-1) My, = 05 +mo,
Parents/Blocks 24(m-1) = 02 +ro° _ + rmoc
Moz = O onf 2p
Males/Blocks a(m=1) M, = 0> +roo _ + rmo-
" M21+ 2e omf 2m
Females/Blocks d(m-1) M. = 0> +r0° . + rmo
25 2e 2mf 2f
2 _ 2 2
MxF/Blocks d(m=1) My = 05 * TO5 o
Error d(r-l)(me-l) = o2
Mé? 2e
2
Total drm =1
Table 1.3. Analysis of covariance of biparental and self progeny means
Source of Degrees of Expectation of
variation freedom mean product
Parents/Blocks 2d(m-1) Mys = r,/f Cov(HS,S)
Males/Blocks d(m~-1) My, = ruﬁICov(HS,S)m
Females/Blocks d(m-1) Mo = r,Jﬁ'Cov(HS,S)f




. (see Table 1.3).

stated in 7.l.

Reasons for this definition of the mean product are

1.2 Genetic Interpretation of Design Components of Variance

Under the assumptions of:

1)
2)
3)
4)
5)

and the validity of the following relationships:

@ %y

Cov(HS,S)

normal diploid segregation,

no maternal or paternal effects,

gene frequency of 0.5 for all segregating loci,

no linkage,

no epistatic variability except

U2
AA

s 1.e. the total genetic

variance consists only of additive, dominsnce and additive by

additive genetic variance

"

fl

covariance of self-sibs (self offspring from the same

parent ),

covariance of half-sibs (biparental offspring with one

parent common),

covariance of full-sibs (biparental offspring with both

parents common) minus twice the covariance of half-sibs and

covariance of biparental and self-sibs,

the design components of variance can be translated into components of

genetic variance [3;12].

p—

2
c"ls
2
02p

2
o

amf

—

Cov(HS,8)

1

=l

'mlk' o

1

L

O

o &=+

'_l

Fi ol e

—

i

With non-inbred parents the translation is:

(1.2.1)



1.3 Estimation of Genetic and Envirommental Variances from Experi-
mental Data

A msting design supplies the experimenter with data in the form
of variances or covariances of metrical characters. Let M be a
vector of observed values supplied by the experiment. Then M can

generally be expressed as

h=»

=CR+ g (1.3.1)
where E € = 0, R i1s the vector of genetic and envircmmental components
of variance to be estimated and C is a matrix determined by the mating
design and the physical layout of the experiment [97.

The earliest attempt to estimate R based on ﬁ was done by Mather
[107 who suggested an unweighted least squares approach, l.e. assuming
E EE' = U2I, which is usually not true. Using another mating design,
Nelder [157 advocates weighting with the Inverse of the variances of ﬁ.
This type of estimation will be referred to as the weighted least
squares method. DBecause the variances are unknown, this method i1s an
iterative method, which is also the case with Hayman's maximum likeli-
hood method [9]. The latter is in fact also a weighted least squares
method, but taking correlations into account. Matzinger and Cockerham
denote this method as an iterative weighted correlated least squares
estimation [12].

Cooke et al. [77] applied the weighted and the weighted correlated
least squares methods to experimental data and found no significant
differences between the results.

From a purely statistical standpoint, the problem of least squares

estimation when heteroscedasticity and correlations are present was
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first discussed by Aitken [17]. A current review on joint estimation of

several parameters by this generalized least squares approach is given

by Goldberger in his text [8]. Some concepts and theorems related to

the present study will be cited.

Let Qf = (61,62,...,Bk) be a vector of parameters and g' =

(bl,pg,...,bk) the corresponding estimator vector, then

1)

2)

3)

L)

5)

6)

b is an unbiased estimator of B if EDb = B,
b is a minimum variance estimator of B if

E(b-Eb)(b-Eb) - E(b-Eb)(b-Eb)’
is non-negative definite where E is any other estimator of B,
b is a best unbiased (or efficient) estimator if 1) and 2)
hold jointly,
a best unblased estimator minimizes the generalized variance
within the class of unbiased estimators,
because each diagonal element of a non-negative definite matrix
is either positive or zero, 2) implies that the variance of
every estimator b, (i =1,2,...,k) is also minimized and
b is a best linear unbiased estimator of B if b is a linear
estimator (i.e., a linear form in the sample observations),

unbigsed, and is the minimum variance estimator within the

class of linear unbiased estimators of B.-

Now consider the following generalized linear regression model:

where

y=Xp +te (1.3.2)

Ee=0 (1.3.3)

-

¢ = 0° £ such that T is positive definite (1.3.4)
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X is an n x k matrix of fixed values with rank k <n (1.3.5)

Then, the following theorems are applicable.

Theorem 1.3.1l: In the generalized linear regression model, the best

linear unbiased estimator vector of B is

b= (x =) =Yy (1.3.6)
whose covariance matrix is

v = oo(x Ztx)”h o (1.3.7)

Theorem 1.3.2: Application of classical least squares estimstion on

(1.3.2) when in fact the generalized liunear regression model is

appropriate, yields
v* = (Xx) Ky (1.3.8)

as the unbiased estimator vector of B with covariance matrix

v = P ) NE )X X)L (1.3.9)
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2. ESTIMATION OF THE GENETIC AND ENVIRONMENTAL PARAMETERS

2.1 Methods of Estimation
The analyses of variance and covariance (see Tables 1.1, 1.2 and

1.3) supply the following vector of observed mean squares and products

Ml - (Mi5 Mj7’ 032 26:ﬁ27;ﬁ35) . (2.1.1)

Moreover, by equating these observed values to their corresponding
expected values and solving for the latter, the following vector of

design components of variance and covariance can be obtained:

~2

e | * {2.1.2)

A
[ls’ mey 2 :COV(HS:S)’ le’U

In the sense of equation (1.3.1) these two vectors can be expressed

as the sum of a fixed and a random component. Hence

b4

M =CR+g (2.1.3)
and M,=CR+¢, (2,1.5)
Y 2 2. 6% g2
where R = (¢ T AA,Ule,Gge) (2.1.5)
is the parameter vector of interest and Eg =Eg, =0. To estimate

the genetic and environmental parameter vector R, these two equations
are subjected to an unweighted and a weighted correlsted least squares
analysis. A listing of the two methods follows:
Method I: Unweighted least squares estimation of the genetic and
environmental parsmeters using observed mean squares and

products, i.e. unweighted least squares analysis on

(2.1.3).
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Method II: Unweighted least squares estimstion of the genetic and
environmental parsmeters using design components of
variance, i.e. unweighted least squares analysis on
(2.1.4).

Method I is proposed in [12] as a substitute for the estimation
method utilized in [13], while Method II, though not identical with
respect to the design components of variance used, is comparable to
the method applied by Matzinger et al. in [13].

These two methods are compared to the weighted correlated least
squares procedure on either observed mean sguares and products or design
components of variance. As is mentioned in 1.3, this theoretical
procedure yields a set of estimators with minimum variances and gener-
alized variance. For ease of reference, this procedure, although not

exactly a method of estimation, is called Method III.

2.2 The Design Matrices Cl and C2

~
Let Mi and MQ respectively be the population equivalent of Mi and

=

2) i'g’

_1\4]'_ = (N&33M17)M25,M26)M27’M35) (2.2.1)
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is the vector of expected mean squares and products as defined in Tables

1.1, 1.2 and 1.3, and

2

v re 2 2 2
M, = [cis,cgmf,aep,Cov(HS,S),ale,oee] (2.2.2)

is the vector of population components of variance. In terms of

(2.1.3) and (2.1.4) the following is true:

M = CR (2.2.3)
and
M, =CR . (2.2.4)

From Tables 1.1, 1.2 and 1.3, the following relation holds hetween
the vector of expected mean squares and products and tae vector of

genetic and environmental parameters:

-M]- = AB (20205)
_ .
where A = r f r 1 0
6 x5 0 0 0 1 0
rm r rim+2
i u 18 o 1
T r (2.2.5a)
0 n 3 0 1
0 0 0 0 1
iy r./m
/o 0
: e S
Hence
C, =A (2.2.6)

Between population components of variance and covariance and expec-
tations of mean squares and products the following relation is also

true:
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M, = KM (2.2.7)
1 1 .
where K = T -7 0 0 O OT
B 1 1
6 x 6 0 0 0 = -2 o)
0 0 L . 0 C
m m
0 0o o0 o o - (2.2.7a)
r,/m
0 1 0 o 0 0
0 0 O ) 1 o

Substitution of (2.2.5) into the right hand side of (2.2.7) yields

M, = KAR . (2.2.8)

. Hence

- 1 -
- 1 1

0 -)I 7 0 0

1 1

n 0 18 0 0 (2.2.8a)

1 1

> 0 T 0] 0

0 0 o) 1 0

0 0 O 0 1

By definition, _1\_42 can be obtained from substituting :Ml for M) in

the right hand side of (2.2.7), i.e. ﬁg =K. This implies
e, =Kg (2.2.9)

To summarize the results, eguations (2.1.3) and {2.1.4) can now be

rewritten as

o~

M

M = AR + ¢ (2.2.10)

=1
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and

= KAR +K ¢ (2.2.11)

0k

2.3 The Covariance Matrices of Ml and Mé
Let Zl and 22 respectively be the covariance matrix of Mi and gg,

then (2.2.9) implies the following relation between the two matrices:

=K% K . (2.3.1)

Under the assumption of normality of experimental errors in (1.1.1) and
(1.1.2), %, can be calculated using the properties of Wishart' s

distribution [14]. An appropriate formula is given by Mode and Robinson
[15]

E(a 8 4~ iJ)(akz kz) = (Ulkcjz+citcjk)/P (2.3.2)
where aiJ represents an observed mean square if 1 = j and an observed
mean product if i # J, with P degrees of freedom.

The variances of the observed mean squares and products can be

calculated by using a special case of (2.3.2), i.e. if i = j =k = g or

ifi=k¢J=
Var a,; = Ecii/P ,
(2.3.3)
Var 84 = (Gii J+U )/P,
Hence: Var M), = 2M§3/{d(2mﬁl)} ’

Ver M, = 2 /gd(2m-1)(r-1)}
Var ﬁ23 = QMSB/{Ed(mul)} ’
Var M = 2M26/{d(mrl) 1)

Var ﬁ27 = 2M§7/{d(m?-l)(r~l)} and
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i}

var 3 (i, +4,)
I—J;- {Var ﬁquar 13135'*’2 COV(%!;"&}5)}

2(M13M23+M§5)/{&d(mrl)} = (M13M23+M§3)/{2d(m«l)} .

The covariances between a mean square and a mean product, or between

Var ﬂ35

two mean squares, can be calculated by a speclal case of (2.3.2), i.e.
ifi=3=k#y:

Cov (aii’aij) = Qoiiaij/P

(2.3.4)
Cov (aii’ajj) = 20§j/P
Therefore:
.. a(me1) (1, 40 ) + alty o a(me1)(fL, 400,)
Cov (1 5,1,5) = Cov { ey, AT }
=1 2 L) L3 A A
= 2(m—§?(2%«l) {COV (M}, ) + Cov (Mi5’Mé5)}
(m1) ¥

2(om-1) ° d(m-1)

L]

ot /fa(en1)y

a1y ) + g iy, @By
cov { a(em—% ;2 }

5%%%%%7 {Cov(ﬁih,ﬁ3u) + Cov(&is,ﬁ35)}

(m-1)

1 \
= Blen-1) | A1) (Pt t Asss)
= 2M15M33/{d(2mrl)} and

) A(m-1)(M., #1.) M M
) cOv{(m (M, s Msu;““as}

Cov ‘12.5 Ed(m"l) »

Cov (»‘413,»“435)

il

]

W

AN
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= 3 Cov {(it45) (%Np'ﬁ)}

==

. d(m}ﬂ (2 M) + MM )
= 2M33M23/[2d(m-l)] .

These results, arranged in a matrix, yield the desired covariance

~

matrix of l‘.’,’l’
-, N _
1|25 o2 . By
- Bl om=1
0 “é{l\fj’—y 0 0 0 0
(r=-1)(2m-1
§§2 oM 2, M,
- om=1 0 2(m=1 0 0 2(m=1.
oM
. 0 0 0 26 0 0
(r=1)
o
0 0 0 0 m___._g._ 0
(r-1)(m®~1)
oM, M M, MM+
) 0 (=1 0 0 (1
(2.3.5)

2.4 Point Estimators Generated by Method I

By theorem 1.3.2 the estimator vector of R using Method I is

R = (a'0)t AN (2.4.1)



where A'A =

and (A' A)ml =

1
%

o (yij) such that Vi =

[ re( m® +im+16 ) rg(mm ) 1“2(m2 +10m+6k )

16 16 N
reg m+h ) 2% rgf m+20)
1 1
rg( m° +10m+6l ) re(m+20) r2(m2 +20m+264 )

[N n 256
r f r
m r r{m+h)

L Ta-u 2 16

and

%

+=in

18

1

i

rlg m+h )

(2.4.2)
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rPn(4m> 3 Tm72)

X, =
¥, = 16(n°+21mo8) ,
Vip = 16(3m°4 20m+56)
¥i5 = - 32(en”l9m56)

Y = 2r(9m2+k8m) ,

Y15 = = 2r(9m?+h8m) 5
3 2
Ypg = = 6W(5u"418m16)
3. 2
Yo = br(-2m” +m=+2hm) , (2.4.3)
Vo5 = - 8r(m;+l9m?+h8m),
Vzz = 256(m2+5m+8)
33 ’

Vs, = - 8r(7m2+2hm) 5

= 8r(7m2+24m) s

¥y, = r(300+3m+7em)

y,+5 = rm§ and

= r(3mw 3 +7em) .

Therefore (A'A)-lA' = %Z Z, is such that



where

L}

"8

“8p

a5
81y

“8y),

11
12
13
€14

i

oy
i

@
H

11

o’
i

11

0
fi

11

Hh
[

11

o]
fi

12

o'
il

12

[¢]
il

12

H
1]

12

a

13

blS

C

]

15

b -

11

b o

12

b -

13
By
b1y

2

18m2+96m 5

= 32m°+186m ,

(byy*ey;)

(bypteyp)

(blj +cl3 )
(a1),%03),)

(81),%by),)

= rm{ hn~+37Tm+72) ,

= - (18n°+96m) ,

(~Bm=+16m+336 )/m ,

- (8m3 =-l+m2=96m) ,

8om"+272m

- (8m’+152m°+38km)

(-56m2-128m+192)ﬁn s

- (56m°+192m) ,

- (64m>+256m) |

56m°+192m |

£15 = (320°+16m-384 )/m ,

11
12
13
81y

C1y

Ty

11

12

15

(2.4.4)



a1y

By

ey = r(5m;+57m2+72m) and
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6rm” ,
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2.5 Point Estimators Generated by Method II
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Analogoug to 2.4 the estimator vector of R using Method II is

where

and

~

BII
P _—21
(A'K'KA) = 12
i
T
L
n
0
| O
19 “1_8
(A'K'KA) © = 5

1 D
I n
1 2_
8 32
9 2
5 o
0 0
0 0
115 103
103 ol
-148 -172
0 0
0 0

(A'K'KA) " A'K' M

2

(A'K'KA)HA'K'K My

o

0

0]

(2.5.1)

(2.5.2)

(2.5.3)

ain, as in 2. he weilght matrix - can be written
in, in 2.4, t ight matrix (A'K'KA) "A'K'K b tt

in a form similar to (2.k.4):



such that

where
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-136m ,
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136m ,

-176/m ,
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21

0

22

o
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]
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8oy = 0 s
Doy =0
Cyy = 63rm and
f2.|+=00

a3

2.6 Pcint Estimators Generated by Method III

By theorem 1.3.l, the weighted correlated least squares analysis

on observed mean squares and products yields the following estimator

vector:

R = (A5 an'shy. (2.6.1)

Since the vector of design components of variance is a linear trans-

formation of the vector of observed mean squares and products with a

non-singular transformation matrix K (see (2.2.7)), the weighted

correlated least squares anelysis on design

yields (2.6.1) as the estimator vector.

2.7 The Generalized Form of the

The estimator vectors éI’ EII and éIII
of
ﬁi - (A'XiA)-lA'Xih_?Il
I6 if 1
where X, = K'K if i
-1

Zl if 1

components of variance also

Point Estimastors

can be written in the form

(2.7.1)

]
H

II

IIT
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Hence, Method II can be thought of as a weighted correlated least
squares estimation procedure on Mi using K'K instead of Zil as the

welghting matrix.

2.8 The Covariance Matrix of the Estimators

The covariance matrix of R, is, by theorems 1.3.1 and 1.3.2 equal

i
to
v, = (A'XiA)—lA'Xi ZlX;A(A'XiA)“l (1 = I,IT,III)  (2.8.1)
where X, is defined as in (2.7.1).
Let (Jk) denote Cov(j,k), where j and k, for J, k = 1,2,3,4,5

2 2 2 2 2
stand for the estimators of Tpr Opr Tppr Y16 and Opes respectively.

Then, in case of Methods I and II, the elements of Vi can be expressed
readily in terms of Zl and the rows of the Zl and Z2 matrices defined

in (2.4.4) and (2.5.4).

(-aWJ’aWJ’bWJ,-bW,j’-cWJ,cWJ’fWJ) ; J = 1’2)5
Let g3 < (awlt’ Corly? Pygy2 =8y, "y e 8y f’w‘h) 3oJ=h
(-awh’awh’_bwh’awh+bwh’cwh’-fwh) I

where a, and wa, for w = 1,2 and j = 1,2,3,4 are given in

37 Puy? g
(2.4.4) and (2.5.4). Then, the variances and covariances of the

estimators by Methods I (w=l) and II (w=2) are:

(2.8.2)

S

(Jk)w = h ij zl£;k :

=
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3. NUMERICAL EVALUATION OF THE COVARIANCE MATRIX OF THE ESTIMATORS

3.1 Nature of the Varilances and Covariances of the Estimators

From 2.8 it can be concluded that the variances and covariances of
the estimators are complicated functions of the genetic, environmental
and design parameters, l.e. of ci, G%, UiA, Uie’ Uge’ m, d and r.
There is no explicit method to compare the variances and covariances of
the three sets of estimators, nor is there any direct way to find out
which combination of the design parameters will yield estimators with
least veriance. |

To obtain an idea on these questions, an exploration on the magni-

tude reached by these variances and covariances at several points of

the parameter space, is necessary.

3.2 Programming the Covariance Matrix of Estimators

The covariance matrix of gi as is given in (2.8.1) can be simp-

lified into the following form

(a'a)" 1A’ zlA(A’A)'l i 1=1
v, = (B'B)'lB'K zlx'B(B'B)’l ; 1=1II (3.2.1)
(A EilA)'l ; 1= III

For computational purposes, the Zi matrix as defined in (2.3.5) can
be rewritten in the form of:

1,2,..,6
1,2,..,6

B o= (BEE) L (3.2.2)

i

where the elements of Hi are composed of linear functions of scalar

J
products of the rows of the A matrix defined in (2.2.5).



In particular,

B 2
_ 2 2 r 2
L, = 30T r Iy T
1‘2 r2 I'2
T 1 T
2 r2 2
r T r
r
r E r
0 0 0
L
) 2 -
By = T(x1)(on1) 0
] 0
0
@ o
0
.
- 1 r2m2 rem
L3 = §la-1 16 T3
r2m I‘2
18 16
rPm(mt2)  ro(m+2)
an 2
0 0
r
L. T ¥

1R

26



® ,
= 0 0 0 0 0
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The computation of the covariance matrix Vi (for i = I,II,III),

together with its corresponding determinant, i.e. its generalized

28
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variance, was programmed in Fortran language, and used in an IBM 1620
and 1410 computer to evaluate the magnitudes reached for a set of

parameter points.

3.3 Cholce of the Parameter Points
In choosing the values of the parameters to be used in the

2
was used as unit measure, i.e. o

pe W8S set to be equal

2
exploration, Tse
to one. Moreover a reparametrization was done on the genetic and

environmental parameters, such that:

2,2
b= o'A/UEe

, = 95/

Ps = GiA/Ui (3.3.1)
By = cfe/oge

Gge =1

assuming the environmental error to be constant regardless of block
size. Therefore, the parameter vector R', given in (2.1.5), can be
redefined as:
R = (pys PoPys PsPys Py 1) (3.3.2)

The chosen values of Pys p2, p3 and p,+ are shown in Table 3.1
representing cases where:

i) all three types of genetic varlances are present in equal

magnitude as the environmental variance,

ii) dominance variance is absent,

1i1) no additive by additive variance is present,
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iv) only additive variance is present besides the environmental

variance and

v) only additive variance is present, while the environmental
variance for selfed progenies is less than that for biparental
progenies.

Table 3.1. Relative magnitudes of the genetic and eanvironmental vari-
ances, selected as representatives of the parameter space

case P, P, Pz Py,
1) 1/2 1 1 1
1i) 1/2 0 1 1
i11) 1/2 1 0 1
iv) 1/2 0 0 1
v) 1/2 0 0 1/2

The total number of experimental plots t is related to block size
d, number of maternal or paternal parents within blocks m and number of
replications within blocks r, in the following manner:

t = drm(m+2) (3.3.3)

This quantity can also be considered as the maximum feasible size of a
block. Comparison of the variances and covariances of the estimators
was done on the basis of equal magnitudes of t. The value of t taken
into consideration was t = 4L80. Twenty-nine (m,d,r) triplets are
possible, from which eleven values were used in the exploration (see

Table 3.2).



ik
The numerical values of the varilances and covariances of the
estimators of the genetic and envirommental variances by methods I,
IT and III, are listed in Tebles 3.3 and 3.4, together with the

corresponding values of the generalized variance.



. Table 3.2.

Possible allocations of m, d and r for t = 480 (chosen

values are marked by a cross)

32

m d r
2 1 60 x
2 30
3 20
4 15
5 12
6 10
10 6
12 5 X
15 L
20 3
30 2 X
3 1 32
2 16
L 8
8 in
16 2
- @ ) . 20
2 10
L 5
> 4
10 2
6 1 10 X
2 5 X
5 2 X
8 1 6 X
2 3 b 4
3 2 X
10 1 4 X
2 2 X




Table 3.3.

(11)
(22)
(33)
(k)
(55)

vl

VEz

Variances of the estimators by Methods I, II
and III, and the corresponding generalized
variance for various parametric combinations
=  480/dm(m+2)

= number of parents of each sex

number of blocks

H

= method of estimation
= Var oi
2
D
2
Tpa
;2
le

Var

Var

= Var

-~

_ 2
= Var 02e

= generalized variance
= vy .10%
= mark to denote minimum value within

the selected group of allocations
with the same parental number

33



Table 3.3.1. (pl =1/2, p, =1, Py = 1, p, = 1)

3k

m d i (11) (22) (33) (4h) (55) |V
2 1 I 2.016 1.191 3.117 5,516 5.516 JA57E O
II 2.083 2.179 3.376 .011x .0llx .345E-3
III 2.002 1.183 3.113 .011lx .0llx  .160E-3
12 I .295 .279x 492 .023 .023 26LE-5
IT .292 549x 512 .01k .01k .249E=-5x
ITT 292 275x 487 01k .01k .106E-5x%
30 I .232x% 397 LoTx .023% .023x .1 T9E-5x
IT .222x .T59 Jl1x .022 .022 S LTE-5
ITT .222x% .388 418x .022 .022 .138E-5
6 1 I .193 2Th S517 .10k .093 J134E-4
II .230 .286 .590 .020x .006x  .102E-5
III .192 .216 513 .020x .006x  .TO9E-6
2 I .123 211x .351 .037 024 L123E-5
IT 146 23h4x 408 .023% .007 4L E-6x
ITT 123 .170x 347 .023 .007 .298E-6x
5 I .088x .243 .285x% .034x 013x  L42TE-6x
IT 113x .320 376x .0%6 .01l .580E-6
ITI .088x 212 .283x .034 .011 3L0E=-6
8 1 I .133 .250 L2 057 0Ll +334E-5
II .163 .236x 490 .027x .006x .615E-6
IIT 132 .180 1416 .026x .006x  .L4oTE-6
2 I .092 .229x .320 .03%6x .015x  .6TOE-6
II .119 .239 .399x .033 .008 L461E-6x
IIT .092 ATx 316 .032 .008 .296E-6x
3 I .081x .260 .303x 040 .013 .566E~6x
II Jd1hx .305 401 NolV .011 .6T9E-6
ITI .081x .205 .301x .0L40 .010 .388E-6
10 1 I .105 .256x% .387 .OLbx .025 .170E-5
IT 137 .229x L70x .035x .00Tx  .58T7E-6x
III .105 Ad72x .382 .03hx .007Tx  .392E-6x
2 I .079x 284 327x .0L6 LOllx  .TO3E-6x
II .119x .303 472 .053 .010 .850E~6
III .0T9x .205 «326x .Qh6 .010 468E-6




Table 3.3.2. (p; =1/2, p, = 0, p; =1, p, =1)

35

m d i (11) (e2) (33) (4h) (55) 1V

2 1 I 1.180 .368 1.592 1.534 1.534  .309E=2
IT 1.273 637 1.849 .011x 0llx .237E=k

III QU6 366 1.407 .011x .011x  114E-4
12 I . 206 .155x .331x .018x 018x .515E-6x
IT .210 .287x .353% .01k 01k  .669E-6x
III 206 .154x .331x NoRn 0lh  .299E-6x

30 I A84x  .312 L340 .022 022 .787E-6

II A79x 567 357 .022 022  159E-5

ITI 179x 304 .33%6 .022 022  .6LOE-6

6 1 I 134 .138 .311 .056 045  .110E-5
IT .162 .1%3 .355 .020x .006x .172E-6

III .129 107 .310 .020x .006x .120E-6

2 I .091 .125x .23%9 .029 016  .220E-6
II .108 .132x .275x .023 007  121E-6x%
III .090 .101x 037 .022 007 .822E-T7x
5 I 072x .186 .228x .033x .0l2x .186E-6x

IT .093x  .249 <304 .036 011  .273E-6

IIT 072x 166 .228x .033 .011  .157E-6

8 1 I .098 Jhbx .280 .040 .023 . L4B1E-6
IT .120 .129x .319 .027x .006x .1L9E-6x
IIT .097 .10kx 278 .026x .006x .105E-6x
2 I 073 .156 .240x .032x .012x .204E-6x

IT .093x  .163 .296x .033 008  .175E=6

IIT 073 .119 .239x .031 .008  .113E-6

3 I .067x  .198 243 .039 012  .246E-6

II .09k .239 341 0oLk 011 .321E-6

III 067 161 243 .039 010 .179E-6

10 1 I .082 .16k4x .278 .038x 016  .383E-6
II 105 Ohhx .329x .035x .007x .188E-6x
III .082 112x 276 .03h4x .007x  .127E-6x
2 I .066x  .217 .26hx .0L5 012x  3L44E-6x

IT .099x  .239 .382 .053 010  .LOLE-6

ITI 066x 162 . 26Ux oLk 010  .216E-6




Table 3.3.3. (pl =1/2, Py, = 1, Py =0, p) = 1)
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m d 1 (11) (22) (33) (L) (55) [V]

2 1 T 1.039 612 1.36k 2.518 2.518 S45E=-2
IT 1.038 .000 1.381 .0llx 0llx  .252E-4

IIT 1.035 612 1.349 .011x 0llx  .123E-4
12 I 177 .198x% 277X .020x .020x  .342E-6x
II .168 .370x .268x .01k .01k .380E-6x
IIT 167 .197x .263x .01k .01k .163E-6x

30 I .161x I .296 .023 .023 JL6LE-6

II 148x 634 .293% 022 022 .893E-6

III Abx 336 .282 .022 .022  .349E-6

6 1 I .129 AT71 251 .066 054 .105E=5
IT 132 k7 239 .020x 020x  J121E-6

IIT 127 123 .228 .020x .006x  .958E-T

2 I .085 .151x <194 .031x .018 .160E=-6
IT .087 dhhx .193x% .023 .007 . TOBE=-Tx
III .082 .113x% AT7Tx .022 .007 .533E=Tx
5 T .065x 207 192% .033 012x  .111E-6x

IT LOTTx .260 22 .036 .011 .149E-6

IIT .06kx .178 187 .033 011 O2TE=T

8 1 I .09k 173% .223 Olh .027 .383E-6
IT .098 134 .216x .027x .006x  .915E-Tx

IIT .091 111x .200 .026x 006x  T34E-7
2 I 067 181 .195x .033x .013 .131E-6x

II .076x .168 .216 .033 .008 <965E-7
III .065 127 .182x .032 .008 687E=-Tx

3 I .061x 222 .202 .039 012x  .14TE=-6

II .079 2l .269 .0lh 011 175E-6

IIT .060x .170 .196 .039 .010 .107E~6

10 1 I Noyad .193x 202 .0L40x .019 .2TOE=6
II .085 1h3x .228x .035x .007x  .107E-6x
III .075 .116x% .201x .034x 007  .823E-Tx
2 I .060x 243 21Tx 0U5 013x  .207E~-6x

IT .083x .240 +300 .053 .010 . 220E=-6

III .060x .168 .210 045 .010 .131E-6




Teble 3.3.4. (p, =1/2, p, = 0, p; =0, p, =1)
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m d 1 (11)  (22) (33) (b4 ) (55) [v]

2 1 I 501 057x Lho1 248 248 .164E-5
IT 532 121x .488 .011x .011lx  .887E-7

III 317 .051x .221 .011x 0llx  .368E-T7

12 I 113x .097 .163% .016x .016x  JLUB3E-Tx

II .111x .163 .162x 014 .01L .683E=-Tx
III .111x .096 .159x .01k .01k .308E-Tx

30 I .123 267 .228 .022 022 17LE-6

II 115 L6k .230 .022 .022 .349E-6

III 115 261 221 022 .022 .137E-6

6 1 I .086 .058x .106x .031 .019 .290E-T7
IT .089 OlLx .103x .020x% .006x  .8T71E-8x

III .086 .0LOx .100x .020x% .006x  .T738E-8x

2 I .060 076 Jd12 .024x .0llx  .180E-Tx

IT .062 .068 .109 .023 .007 .128E-T7

IIT .059 057 .10% .022 .007 .989E-8

5 I .052x 155 148 .032 .012 LAP1E-7

IT .062x .200 .190 .036 .011 .602E=-T

IIT .052x .138 146 .032 .011 .366E-T
8 1 I .068 .080x .120x .030 .OLlL <300E=Tx
II .070 .057x Jdl2x .027x .006x  .13L4LE-Tx

ITI 067 L051x .108x .026x .006x  .111E-Tx

2 I .052 115 .135 .030x .010x  .318E-7

II .058x .107 J47 .033 .008 .290E-T7

III .051 .083 Jd27 .030 .008 .20TE-7

3 I .050% 165 156 .038 .011 .560E=T

IT .06l .189 211 Oolk .011 CTLLE-T

III .050x 132 153 .037 .010 L423E-T7

10 1 I .060 .109x 140x .03hx 012 L428E-Tx
II .063x .0T9x .139x .035x% .00Tx  .248E-Tx
III .058 067x Jdo7x .033x 007x  .19L4E-Tx

2 I .050x .180 167 SOl .01lx  .789E-7

II .068 .186 .236 .053 .010 .903E-T7

III .050x .130 164 042 .010 .518E-T




Teble 3.5.5. (p) =1/2, p, =0, p; = 0, p, = 1/2)

38

(55)

m d i (11) (22) (33) (k) V]

2 1 I .500 .052x .387 227 236 . T89E-6x
II .530 JA17x LTh .003x .0llx  .208E-7

ITI .310 .Olhx .196 .003x .0llx  .774E-8

12 I .108x .090 Ahlx .006 .016 .905E=-8
IT .105 157 .13%6x .003 014 J1LE-Tx
IIT 104 .089 .135x% .00% 014 L35E-8x

30 I 11 257 .183 .006x 022% J232E=T7

IT .100x 451 170 .006 .022 435E-8x

III .097x 248 .168 .006 .022 138E=-7

6 1 T .08) .Ohox OT7x .015 - ,016 .536E~8
II .086 .037x 075 .005x% .006x  J14T7E-8x

IIT .084 .032x 073 .005x .006x  .119E-8x
2 I .058 .057 .080 .008x .010x  .252E-8x

IT 057 .059 072x .006 .007 .187E-8

IIT .056 .048 .0T0x .006 .007 .133E-8

5 I .0L8x 126 .100 .009 .011 JL4hor-8

IT .OLTx .180 .10k .009 .011 6T5E-8

III .O45x 122 .091 .009 .011 .399E-8

8 1 I .065 .055x .081x .011 .011 .387E-8
IT .065 0LTx 072x .007x .006x  .196E-8x
III 064 LOl1x .070x .00Tx .006x  .153E-8x
2 I .0L9 .082 .090 .009x .009x  .330E=8x

IT 048 .092 .082 .008 .008 .35T7E-8

III 047 .070 .078 .008 .008 .245E-8

3 I .0Lbx 122 101 .010 .010 .528E-8

IT .04bx .165 107 .011 .011 .TT6E=-8

IIT .0b3x A1k .092 .010 .010 L4 75E-8

10 1 I .056 072x .091x .011x .009x  .429E-8x
II .055 .06Lx .078x .009x% .007x  .320E=-8x
III .054 .054x .076x .008x .007x  .24OE-8x

2 I .045x 124 .105 .012 .010 .6T6E-8

II OhTx 57 113 .013% .010 .957E-8

III .043x 2111 .095 012 .009 .593E=-8
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Table 3.4. Covariances of the estimators by Methods I, II and III for
various parametric combinations

(12)
(13)
(14)
(15)
(23)
(24)
(25)
(34)
(35)

(45)

1

480/dm(m+2)

number of parents of each sex
number of blocks

method of estimation

~ 4\2
COV(UA, UD)

~

" 2
Cov(cA, UAA)

COV(UA, ole)

Cov(;§, ;2e)
Cov(gg, &iA)
Cov(ag, ;§e)
Cov(ag, Gze)
2,

~2
0-Ee)

Cov(02 ,
~
2
Cov(oAA,
~ h2
Cov(o o’ U2e)

mark to denote minimum absolute value within
the selected group of allocations with the
same parentel number (in the case of more
then one minimum velue, only one is marked,
such that the location corresponds to minims
for other paremetric combinations)
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4, DISCUSSION

4.1 Conservation of Pattern of the Covariance Matrix of the Estimators
Define the pattern of the covariance matrix of the estimators to
be the relative magnitude of the covariance matrix for all possible
values of the design parameters, restricted by (3.3.3), given the true
values of the genetic and envirommental psrsmeters are known. To
show the existence of conserwvation of pattern with respect to variation
of total number of experimental plots, the following theorsms sre
necessarys

Theorem 4.1l.1: Let Ty be the set cof all possible triplets (mk,

Gyevia 4 = y ¢ +t . o= % 1, WF n o= Phoeo
des rk), such that t, dkrkmk(kaQ). Let j tk/P, here n = 1,2,.04,

dk. Form the set 9y of 8ll triplets (mj, nd,, rj) from all the possible

J
triplets (m d, r € .+ Then R .
b ( jy ]) j ) T] (p] c 'Tk

L.

Proof: Because t, = tk/nf t, =nt, =nd.rm (m,+2). Hence, any

J J 33
triplet (mj, ndj, rj) € g, satisfies the relation t = dkrkmk(mk+2),

Cote

i}

i.e. for @ = ndj, r r and My = m. Therefore any (mj, ndj, rj)

k

€ 0 is also ¢ Tye? whence @j<27k' Q-E.D.
Theorem 4.1.2: Let dJ = dk/n, where n = 1,2,..,d, . Then, the
covariance matrix V, of R, for d = dJ is %tn the covariance matrix of
~
By ford =4, i.e.
[vy] A (4.1.1)
idd =4, nt'i‘d =d

k

Jd
Proof: From (2.3.5) it 1s obvious that L = Q/d, where Q is some
matrix, independent of d. Substituting this quentity into (2.8.1)

yields V, = (A'xiA)"lA'xiqx;A(A'xiA)‘l/d. For 1 = I and II, where X,
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is free of d, it is readily seen that (4.1.1) holds. For i = III,
X, = dQ" . Therefore VT = (a zilA)“l = (A'QflA)°l/d and thus
(4.1.1) is alsc true. ’ Q.E.D.

Theorem 4.1.1 implies that any allocation within the set of
allocations with a specified total number of experimental plots tj, can
be derived from any othe? class of designs, which tevalue tk say, is an
integer multiple n of tjo The (mj, dj, rj) triplets can be found by

choosing every triplet (mk, dk, rk) whose d=value d, is divisible by

k
n. Hence, (mj, dj’ rj) = (mk, dk/h, rk)° Even for non-integer values
of n, some (mj, dj’ rj) triplets can alsoc be derived by the same method

from triplets belonging to another set, provided 4, is an integer

k
multiple of n.

As an illustration, the triplets for t = 80 can be derived from
the triplets corresponding to t = 480 (see Table 3.2) by choosing every
triplet, whose d-value is divisible by six, i.e. (2,6,10), (2,12,5) and
(2,30,2). The possible sllocations for t = 80 are then (2,1,10),
(2,2,5) and (2,5,2). For t = 90, only (3,3,2) can be derived from
(3.16,2) by multiplying 16 with 90/480.

The covariance matrix of the estimators in the first set of
allocations is, by theorem 4.1.2 equal to %th the covariance matrix
of the estimators, using the corresponding allocations in the second
set. Therefore it can be concluded that the pattern of the covari-

ance matrix which could be observed within the set of allocations with

a specilal t-value, will be retained for other values of t.
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Another implication of theorem 4.1.1 is that the difference in
magnitude of the variances of the estimators for all methods considered,
will decrease with the increase of the total number of experimental
plots. Hence for larger-values of t, the choice of estimation method

1s of less importence than for smaller values.

4.2 Evaluation of the Numerical Results
As was mentioned in the introductory chapter, two main questions
could be raised in evaluating the numerical results, i.e. which method
and what combination of the design parameters would be best. Generally,
in performing a test crossing, the experimenter is interested in either
estimating a linear function or a ratio of linear functions of the

genetic and envirommental parameters. In the first instance, an

estimator of the form

w =g'R ; 1= I,ILIII (4.2.1)
with variance
v(ui) = g Vig ()4'0202)

is of interest, while in the latter, an estimator of the form

“l

w

4 = &R, /B'R, (4.2.3)

with variance

o V [0 V
v(w,) = {E% {(a'R) o R)2 _} (4.2.4)

has to be taken into consideration.
Glven the values of the vectors @ and 8, the problem of choosing

the best method and design can be attempted by numerical methods. In
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this present study, however, only some special cases of (4.2.1) could
be contemplated, i.e. for Q' = (Qi’ Gpy Oy s 05) such that every
element o but one is zero. Moreover, the generalized variance could
also be studied for the various methods and combinations of design
parameters, assuming smallness of the value of the variance attained as
a favorable criterion.

In comparing the numerical results for the three methods, it is
necessary to recall (see 2.1), that Method IIT is included in the
comparisnn, not with the intention to consider it as a potential

estimation method. Its main purpose is to function as a standard in

evaluating the efficiencies of the other two methods.

4,3 Allocation of the Design Parameters

In constructing the possible allocations for a specified total
number of experimental plots, the allocations can be grouped and
ordered according to parental number (see Table 3.2). In the following,
a small, sub-intermedlate, intermediate, super~intermediate or large
parental number indicates the relative position of an allocation with
respect to the magnitude of its parental number. A similar classi-
fication of the number of blocks refers to the relative magnitude of d

within the group of allocations with the same parental number.

4.4 The Variance of ci
Table 3.3 shows the magnitude of the variances of the estimators
of the additive variance for various allocations. To aid in revealing

patterns of local minima, the minimum velues of the variances within
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groups of allocations with the same parental number, were marked by a
cross. Because not every possible allocation was considered, these
local minima are not true minima. However, observation of these values
will point the direction, towards which the variance of the estimator
will decrease in value.

For the variance of 02, all methods have the same trend in every

A
one of the five genetic and environmental parameter combinations
considered. Within the group of allocations with the same parental
number, the variance decreases by increasing the number of blocks,
thereby decreasing the number of replications. Hence, using the small-
est number of replications, i.e. for r = 2, will result in the smallest
variance of the estimator. Considering allocations with r = 2, the
variance will be least if the largest value of m is chosen.

In section 1.3 it 1s implied that Method III always yields the
smallest variance. In the forthcoming discussion, if a statement is
made concerning the smallness of the variance of an estimator by any
method other than Method III, it ;; tacitly assumed that the comparison
is made not with respect to Method III.

In estimating the additive variance, Method I is slways better,

provided not too many replications were used within a block. For small

values of r it is even practically as efficient as Method III.

4.5 The Variance of cg
In case of the variance of the estimator of the dominance variance,
more variation in the trend occurs with a variation in the method of

estimation and in the value of the five population parameters. For a
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fi#ed parental number and in the absence of both Ui and UiA (and
presumably also for very low values of these parameters), the variance
of the estimator of dominance variance by any method, reaches a minimum
using the smallest number of blocks. Comparing these conditional
minima, the smallest variance will be obtained by using Method II
with a sub—intermediate parental number.

In the sbsence of only UiA, the smallest variance of the estimator
will be reached by using Method II with a super-intermediate parental
numbér and the smallest number of blocks.

For the other cases, the minimum value of the variance for a
fixed parentai number will be reached using an intermediate number of
blocks. uf all these minima the one resulting from using Method I on
an allocation with a sub-intermediate velue of m will be smallest.

Disregarding the values of the population parameters, an allo-
cation using an intermediaste parental number and a small to sub-
intermediate number of blocks, will yield either with Method I or
Method II, an estimator of the dominance variance with a fairly small
variance. TFor the population and design parameter values considered,

the magnitude is less than one third the environmental variance.

4.6 The Variance of GiA
As in 4.5, var 02 also shows a profound variation in the trend

AA
of 1ts value. In the absence of both og and GiA, the variance of the
estimator of the additive by additive variance within groups of

allocations with the same parental number is smaller 1f a small to
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intermediste number of blocks is used. This variance is smallest if
Method II is applied using an allocation with a sub- to super-inter-
mediate parental number.

For the case where only dominance varlance is absent, an inter-
mediate to large number of blocks will, for a fixed parental number,

yleld an estimator of 02 with a small variance, especially if Method

AA

I is applied to an allocation with a sub~ to super-intermediate value

of m.

2
an
parental number yield a small variance, the smallest being reached by

If only is absent, an intermediaste d-value will, for a fixed

Method II for sub-intermediaste values of m.

If all genetic variances are present, a small variance will be
obtained using the maximum number of blocks. This variaence will be
smallest 1if Method I is used on an allocation with a sub-intermediate
number of parents.

Generally, as in the case of estimation of dominance variance, a
fairly good estimator of the additive variance will be obtained, if an
allocation with an intermediate number of parents and a small to inter-

mediate number of blocks is used, either with Method I or Method II.

R "2 2
4.7 The Variances of ole and %oe
Except for small values of r in combination with large values of m,

Method II is always preferable to Method I in the estimation of Uie'
The best allocation is to use the minimum number of parents and blocks,
allowing for the use of the largest number of replications. This

allocation is estimated most inefficiently by Method I.
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In case of 62 Method II is also more desirable than Method I,

2e’
the better allocations being such that m is intermediate and d smallest.
Deviation from these optimum allocations of the design parameters
will generally not inflate the variance of the estimators of both
environmental parameters to a large extent, as the varlances of the
estimators by any method:are fairly small, except when a jointly small

number of parents and blocks is used, which as was already mentioned,

is a very inefficient allocation to estimate Uie by Method I,

4.8 The Covariance of the Estimators

Teble 3.4 shows the values of the covariances of the estimators
for the given parameter values. Less regularities exist in the pattern
for the five cases considered. However, several useful properties
could be extracted.

With regard to covariances of both types of environmental variance
estimators with any estimator, it can be said that the magnitudes are
very smell in absolute value, except when Method I is used on an
allocation with jointly low parental and block numbers.

For the covariances between estimators of genetic parameters, it
is true that the absolute value of the covariance can be kept fairly
smell and less variable with a change in allocation of design
parameters, if sub-intermediate to large values of m are used. As to
the method of estimation, Method II always has covariances with a larger
absolute value than corresponding covariances estimated by Method I or

Method III. The latter two have covariances which do not differ much.
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4.9 The Generalized Variance

From the standpoint of unbiased estimators, it was mentioned in
1.3 that the best unblased estimator vector minimizes the generalized
variance within the class of unbiased estimator vectors. Given that
the limited genetic model is true, all three methods of estimation
yleld unbiased estimators, Method III being the one ylelding the best
unblgsed estimator vector, of course.

In the numerical computations, the generalized variance was also
computed for each parametric combination, with the intention of
obtaining an impression about the relative magnitudes reached by the
three methods. It can be seen from Table 3.3 that quite often Method
II yields much smaller values than Method I, and hence is closer to
Method III with respect to magnitude of the generalized variance, while
examination of variances and covariances reveals a much closer
resemblance in the magnitudes between Method I and Method III. This
can be explained using the fact that the covariance of any estimator
with the estimator of 02 or 02

le 2e’

paralellism can however be drawn between the generalized variance and

is most often very close to zero. A

the corresponding variances and covariances of the estimators, 1l.e.
to obtain a small generalized variance, a sub- to super-intermediate

parental number is necessary.

4,10 Estimation of Parsmeters for Small Values of ci and UiA

The matrix I, defined in (2.3.5) tends to become diagonal with a

decrease in magnitude of both the additive and additive by additive

variance, because M35 tends to zero. When 02 = 0, 02

A M= 0, and
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02 = g% =g°
le 2e
Z = % réii 3 1=1,2,...,6 (4.9.1)
J
where
5., = (0%+ r°62/16)/(2n-1)
= o2 /(e -
Spp = O /(r-1)(2m=-1)
_ (2. 22, .
855 = (c“+ r UD/lG)/E(m 1)
2
Sy, = (02+ r“UD/l6)/(m.-l)2
_ 2 _ 2_
S5 = O /(r=1)(m“-1)
. Sgg = (02+ rgcg/l6)/2(m=l)
‘ If in addition the dominance variance is small compared to the en-

vironmental variance, a weighted least squares procedure with the
inverse of the number of degrees of freedom as weights, will be more

desirable than Methods I and II.

4,11 Influence of Block Size on the Magnitude of Environmental Variance

In the previous discussions, the environmental variance has been
assumed constant and unrelated to size of block. As sometimes found in
practice [167] the envirommental variance increases with the size of the
block. Should this happen, allocations with lower block sizes will
have higher efficiencies than is indicated by the results of the

numerical calculations.
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5. SUMMARY AND CONCLUSIONS

Two procedures to estimate genetic and environmental parameters
froﬁ a simultaneous selfing and partial diallel test crossing design
were compared to a theoretical estimation procedure which yields
estimators with least variance, i.e. an unweighted least squares
procedure on observed mean squares and products, and on design com-
ponents of variance with respect to the corresponding weighted
correlated least squares procedure. The weighted correlated least
squares analysis on either the observed mean squares and products or on
the design components of variance, which in practice cannot be realized,
is used as a standard in evaluating the two others because of its
property of yielding estimators with least variance. All the
procedures can be thought of as a weighted correlated least squares
analysis on observed mean squares and products, using as weights
respectively the identity matrix, a matrix determined by parental
number and replications within block, and the covariance matrix of
the observed mean squares and products.

A numerical method was utilized to obtain information on the
best method and allocation to estimate additive, dominance, additive
by additive and environmentel variances, considering cases where:

i) all three types of genetic variances are present in the same

magnitude as the environmentel variance,

1i) dominance variance is absent,

111) no additive by additive variance is present,
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iv) only additive variance is present besides the environmental
variance and
v) only additive variance is present, whkile the environmental
variance for selfed is less than that for biparental progenies.
It is concluded from the numerical results; that to estimate-ci
only, Method I should be used. The allocation to be utilized should
be chosen from the group of allocations with the largest possible
number of parents, such that it has the largest number of blocks. To
estimate cg only, an allocation with a small to intermediate number of
blocks, chosen from the group of allocations with an intermediate
parental number, should be used. The additive by additive varlance
should be estimated utilizing an almost similar allocation to that for
og. For both Gg and GiA

mean squares and products or on design components of variance is

, elther a least squares analysis on cbserved

applicable, depending on the composition of the population genetic
parameters. As a rule it can be stated that Method II should be used
to estimate these two genetic variances whenever the additive by
additive variance is negligible.

To estimate environmmental variances for selfed and for blparental
progenies, the least squares procedure on variance components is always
preferable. For Ufe the best allocation is to choose from the group
of allocations with the smallest possible parental number, the one with
the smallest number of blocks. For 02 an allocation with an inter-

2e

mediate parental number and the smallest number of blocks is desirable.
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A joint estimation of all the population parsmeters requires a
compromise rule. Method I should be applied on an allocation with a
small to intermediete number of blocks, chosen from the group of
allocations with an intermediate parental number. In following this
rule, estimators with small variances and covariances will be obtained.

If all the genetic parameters are very low in magnitude, then
estimation of the parameters should be done by using an approximation
to Method III, i.e. by performing a weighted least squares analysis on
observed mean squares and products, using the inverse of the number of
degrees of freedom as weights.

A more detailed specification on the rules of choosing the
estimation procedure and its corresponding allocation of design
parameters is given in Table 5.1. In this table the rule to be

followed is symbolized as

i(m,da) (5.0.1)
where

i = the method to be used (i = I,II,III),

m = the number of parents to be used (m = s,i~-,i+, 4 meaning
respectively small, sub-intermediate, super-intermediate,
large) and

d = the number of blocks to be used after it is decided that n

parents are to be used (d = s,i,4 meaning respectively small,
intermediate, large).
As an example II(i+,s) indicates that Method II should be used.

Moreover, one has to consider from Aall possible allocations, the group
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of allocations with a super-intermediate parental number, and then
choose that allocation with the smallest number of blocks.

The generalized variance of the estimators fails to serve as a
criterion to choose the best method and allocation to estimate the
population parameters. A low generalized varlance is compatible with
large variances and covariances, provided some of the covariances are
Zero.

For increasing values of the total number of experimental plots,
the covariance matrices of both the least squares analysis on mean
squares and products and on design components of variance, converge

to that of the weighted correlated least squares analysis.
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Table 5.1. Choice of estimation method and its corresponding allo-
cation of design parameters
(see (5.0.1) for additional explanation of symbols)
Estimation Magnitude of
of Method and allocation
2 2 2
41 “p| “aa
2
GA b'¢ X X )
X o b's
x | x | o j I(4,4)
X o} o}
o o o I1I(4,4)
2
oy X X X
D X o ; } I(i+,1)
X X ) II(i+,s)
X o o I1(i-,s)
o) o o) III(i-,s)
' UZA x x X I(i-,4)
X o X I(i+,1 to g)
.. X x o Ir(i-,1)
X o o II(i+,s to i)
o o ) III(i+,s to i)
Uie X x X
X o X II(s,s)
X X o}
X 0 o}
o o ) III(s,s)
2
» X o II(i+,s)
X c 0
o) c ) III(i+,s)
all X X X
X o X
X x S I(i+,s to 1)
X o 0
o o) o ITI(i+,s to 1)
Legend: X = present
¢ = negligible
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7. APPENDIX: THE MEAN PRODUCT OF SELF AND BIPARENTAL PROGENY MEANS

Consider an analysis of variance of self and biparental progeny

means. Then the model for self progenies is

84kt 11k (7.0.1)

Vi1 M F Ty
and for biparental progenies is

Yoi.gg =~ Po T pp * oy, tlope * g, YWy, Yoy, (7.0.2)

The components of the models (7.0.1) and (7.0.2) are as defined in
(1.1.1) and (1.1.2), while the presence of a dot instead of a
subscript indicates an arithmetic averaging over the range of the
replaced subscript.

The analysis of variance tables corresponding to these models are

given in Tables 7.l and 7.2.

Table T7.1l. Analysils of variance of selfed progeny means

Degrees of
Source of variation freedom Expectation of mean square
1l 2 2 12 2
Blocks d-1 N, =507, * 2m(cld+ ?Ulr) t oy,
=142
Self pr. means/blocks d(2m-1) N13 =3 9 t 995
1l 2 2
- = -+
Males/blocks d(m-1) Ny =% % * 1y
Females /blocks d(m=1) N.. = L2 447
15 r le 1f
12,2
M vs F/blocks a Nig =507+ 9pe
Total 2dm~1
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Table T7.2. Analysis of variance of biparental progeny means

Degrees of
Source of variation freedom Expectation of mean square
1 2 é 2 12 2 2
Blocks a-1 Ny =3 0petm (02d+~;02r)-FG2mf+2mcep
_ 1l 2 2 2
Parental pr. m./bl. 2d(m-1) 1\123 =205, Ot L
1 2 2 2
Males/blocks d(m-1) Ngu =32 05 Y Ogne YO,
_1 2 2 2
Females/blocks d(m=1) Nos =3 O2e * ppe * ™o
2 1.2 2
M x F/blocks d(m-1) Nog = T 950 * Tope
Total dm>-1
It is readily seen that
N, =T (7.0.3)
13 =7 M3
and N =2 M_ . (7.0.4)
23 m™m 25

These relations also hold for the estimators. Therefore the covariance

"~

between N15 and N25 is

"~ ~ _ -i- ~ N
Cov(NlB,NQB) = = 00v(M13,M23)

However, the following is glso true:

~

~ A~ "l ~ ~ Nl6
Cov(Ny5,Ny5) = Cov {%ﬁ:i (N 5) + e
m"l -~ ~N
= Za1 Cov(Nyy,N,) .

. (7.0.5)

1,4 -
2 (N2u+N25)}

(7.0.6)
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Substitution of (7.0.6) into (7.0.5) and subsequent rearrangement

yilelds

2 .
-~ ~ _l "
Cov(M,5,My;) = 5#%%%5-2 Cov(Ny ), N,,) - (7.0.7)

The observed values Nlh and NEM are respectively observed mean
squares of self progeny means from male parents (spm) and of male
parental progeny means (ppm) with d(m-l) degrees of freedom. By (2.3.4)

the covarilance of these two observed mean squares is

a ~ _ o o
Cov(Nlu,Ngh) = q(@-1) E{mean product deviation of (spm) and (ppm)}

= EZ-IE?—].-)' {COV(HS‘,S)}2 . (7.0.8)

The use of (7.0.8) in (7.0.7) results in

o A 2
Cov(, My, ) = 3 2;,? {Cov(HS,s)}° . (7.0.9)

In arriving at the covariance between ﬁiB and ﬁ23’ the formulae
resulting from (2.3.2) cannot be used directly because of a difference
in the number of degrees of freedom. However, it would be nice for
computational purposes, to define it analogously as twice the square
of a mean product divided by some number representing degrees of
freedom. Looking back at (7.0.9), r/m Cov(HS,S) can be defined as the
mean product between self and bilparental progenies from the same parent,
which is estimated as r,/m times the covariance of self and biparental

progeny means.



