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ERROR ESTIMATES FOR FINITE ELEMENT METHODS FOR SCALAR
CONSERVATION LAWS*

BERNARDO COCKBURN' AND PIERRE-ALAIN GREMAUD#

Abstract. In this paper, new a posteriori error estimates for the shock-capturing streamline diffusion (SCSD)
method and the shock-capturing discontinuous galerkin (SCDG) method for scalar conservation laws are obtained.
These estimates are then used to prove that the SCSD method and the SCDG method converge to the entropy solution
with a rate of at least 2'/% and h1/4, respectively, in the L°°(L")-norm. The triangulations are made of general acute
simplices and the approximate solution is taken to be piecewise a polynomial of degree k. The result is independent
of the dimension of the space.
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1. Introduction. In this paper, we consider the problem of estimating the difference
between the entropy solution of the initial value problem, [7],

(1.1) du+V- f(u)=0 in (0, Ty) x RY,
1.2) u(0) = ug on R4,

and the approximate solution given by the so-called shock-capturing streamline diffusion
(SCSD) method, see [3], [10], [11], and the references therein, or given by the so-called
shock-capturing discontinuous galerkin (SCDG) method; see [5] and [4]. More precisely, we
obtain new a posteriori error estimates which are then used to prove that the SCSD method
and the SCDG method converge to the entropy solution of (1.1), (1.2) in the L*°(L!)-norm at
least as #'/3 and 1/4, respectively, as the discretization parameter 4 goes to zero. We assume
the flux function f : R — R? to be smooth and take the compactly supported initial data uq
in the space L>°(R¢) N BV (R?) of bounded functions of bounded variation in R¢.

Convergence of the SCSD method was first obtained by Szepessy [10]. By using DiPerna’s
theory [2] of measure-valued solutions for (1.1), (1.2), Szepessy proved that the piecewise-
linear approximate solution given by the SCSD method converges in L ,’:,c((O, T) x R?) to the
entropy solution of (1.1), (1.2), for any p € [1, o). Later, Szepessy [11] extended this result
to the case of a general scalar conservation law in several space dimensions with boundary
conditions and an approximate solution which is piecewise polynomial of degree k.

To obtain convergence results in the framework of measure-valued solutions for (1.1),
(1.2), [2], the approximate solution must

(i) be bounded in the L ((0, Ts,) x R¥)-norm,
(i) be weakly consistent with all entropy inequalities,
(iii) be strongly consistent (in time) with the initial condition.

Recently, Jaffré, Johnson, and Szepessy [4] proved that the SCDG method converges to the
entropy solution of problem (1.1), (1.2) by using an extension of the measure-value conver-
gence theory of DiPerna [2] obtained by Szepessy [12] which allows them to replace in (i)
the L*®((0, T,) x R?)-norm by the L*(0, T»; L?(R¢))-norm. In this paper, we consider the
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case of piecewise polynomial approximations of degree k£ and show how to obtain not only
convergence, but also error estimates with only a suitable version of (ii); the properties (i) and
(iii) do not need to be obtained. The basic idea is to combine the estimates of the entropy
dissipation, needed in (ii), with a modification of the Kuznetsov approximation theory [8]; see
also Cockburn, Coquel, and LeFloch [1].

The paper is organized as follows. In §2, we display the SCSD and SCDG methods and
state and briefly discuss our main results. The remainder of the paper is devoted to proving
them. In §3, we display a basic approximation inequality, Lemma 3.1. This inequality states
that to obtain error estimates, only an estimate of the entropy dissipation is required. Those
estimates are obtained in §4 and the a posteriori error estimates are proven. In §5, a very
simple key regularity property of the approximate solution is obtained (by a simple L2-energy
argument) which is then used to prove the remaining main results. In §6, we give a proof of
Lemma 3.1 and we end in §7 with some concluding remarks.

2. The main results. In this section, we describe the SCSD and SCDG finite element
methods and state and briefly discuss our main results.

The methods we have in mind being essentially implicit, we first decompose our domain
into “slabs.” More precisely, let 0 =2 < #; <t < --- < ty = T be a sequence of time
levels. We set

Sy = Unstar1) XxRY, n=0,...,N—1,
R‘,f:{t,,}x]Rd, n=0,...,N.

In each slab S, we define a triangulation 7}, , of (d + 1)-simplices. No compatibility atz = ¢,
between the meshes of two consecutive slabs S, and S,;1,7» =0, ..., N —2, is required. We
only assume that the triangulations satisfy the following simple conditions:

(2.1a) T isacute forallT € 7;,, andn=0,...,N —1,
(2.1b) };—:50 forallT €7,,, andn=0,...,N — 1,
2.1¢) hr >ch forallT €7;,, andn=0,...,N -1,
(2.1d) At, <¢h foralln=0,...,N -1,

where hr isthe diameterof T € 7j, ,, pr is the diameter of the biggest ball totally includedin T,
h =max{hy,T € Ty ,,n=0,..., N— 1}, ¢ and ¢ are positive constants, and At, = t,41—1,
is the width of the slab S,,. The set of d-simplices corresponding to the edges of 7, ,, is denoted
by 87, ,. Also, throughout this paper, for any v > 0, we set N, for the largest integer such
that ¢ N, < T.

Taking into account the fact that uo and (consequently) u(¢, -), ¢ € [0, 7], have compact
support, we introduce the following spaces:

Vi = {v;vlr € Pu(T),VT € T n,v =0for |x | > M},
Vi={v :RY xRY — R, vl(t,,,t,,H) € Van}s

where M is a sufficiently large constant and P, stands for the space of polynomials of degree
k. We emphasize that no continuity requirements are imposed upon the functions in V.
Following [11], we partition each (d + 1)-simplex T into k4*! congruent (d + 1)-simplices,
denoted by T;, and introduce the spaces

Vin={v; vl € PuTD), i =1,..., k% VT € T, v = Ofor | x| > M},

V}, = {U ZR+ X Rd —> R, vl(,n_,n+,) € Vh,n}-
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Foreachv € ¥}, we define § to be the element of ¥ , that coincides with v on each of the vertices
of the (d + 1)-simplices T, fori =1,. ., k**'andevery T of 7;, ,, forn =0,...,N — 1.
In the case k = Owesech,,_V;,,,,V;, Vh,andv—v

Finally, we define, forall T € 7, ,andn =0,...,N — 1,
Pr(v)| 1 vdxdt
h xat,
T
1
fvllp, ¢, x) = W" vll2ry, for (t,x) €T,

and, foralle € 07, andn =0,...,N — 1,

1
Py (")l = A vl da,

1
T T
" v "IP},(t’x) = 72-” v ||L2(e), for (t’ x) €e,

le
where for p = (¢, x) € e\de, we have used the notation v’ (p) = limg o v(p — sne, 1), Be,T
being the unit outer normal to T along its face e.

The approximate solution u;, given by the SCDG method is defined to be the element of
V;, such that

> /A(uh)(v+a,i(u,,,v))dxdt+ /( (u,f,u,?)—i(u,{).ne,r)de;\
r TeT,, e€dT

TeThn

+ 3 f e1(un)Py(Vity - Vo) dxdt +

; /sz(uh)P;,(V -V, 57)dr =0,
T€Thn

Te'17, eedT

Yo eV, n=01,.. N-1,
2)

where f(uy) = (un, f(un)),
d . d
AR) =+ Y 8 fiv), Aw,v)=dv+Y fwdv,
i=1 i=1
V= (atv al’ 82,...,6{1); Vx = (ala 629"'9811)9 VevT = V('UTIe),

and where v’ (p) = lim; o v(p + sn.r), for p = (t,x) € e\de and e € T. The initial
condition is defined as follows:

2.3) uy? (0, ) = ugy, foralle € 87,0 NRY,
uos being the standard L2-projection of u, into the space of functions which are polynomials

of degree k on e € 37,0 NRY.
We use throughout the paper the so-called local Lax-Friedrichs flux

1 - -
(2.42) SRR up) = 5 Fwh) + F@l)) -ner + CEF @l —ul),
where CLF = 1f e CRY forsomen =0,1,..., N. We assume that

1 .
(2.4b) CLF — Elfl'e,oo >c, >0, fore € &,,
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with | f']e.co = max{| /(&) - ne,rl, § € [minye {u] (), uj* (»)}, maxye.{uf (), u; (»)}1} and
where £, denotes the subset of the edges 37}, , whose intersection with RY UR?_ | is of measure
zero. The condition (2.4b) ensures that the flux f;"f (a, b) is a strictly monotone flux, that is,
it is an increasing function of a and a decreasing function of .

Finally, for T € 7., n = 0,1,..., N — 1, the shock-capturing terms &; and ¢, are
defined as follows:

|4 ()|

e1(W)|r = 81— 1
Il VO llp, + 83

and

| fEE T, vT) = fFOT) el

£, = & _ ,
0l Vo7 g, + 84

for any v € V},. The positive parameters 8, 81, 82, 53, and 84 will be defined later.

On the other hand, the SCSD method is the exact analog of SCDG but with continuous
approximations inside each slab S,,n = 0,1,..., N — 1. Namely, instead of V} ,, one
considers the space V, ,,, where

Vin = {v € C%S,); vlr € Pe(T),¥T € Ty, v =0 for | x| > M}.

The spaces Vj, 19;,,,, N 1};, are also defined accordingly. Thus, the approximate solution u, given
by the SCSD method is the element of V), such that

f A(up)(v + SE(uh, v))dxdt + [d(uh,+ - uh,_)v+dx + / sl(uh)]P’h(Vﬁ;. - Vo)dxdt
Sy RY Sn

+f e5P(up )Py (Vebip g - VoeDy)dx =0,  YveV,,, n=0,1,...,N—1,
Ri

(2.5)

where

[vi(tn, -) — v_(ts, )|

SD
ty, =34 ]
& ((tn, NIk =& | Viti(t) llp, + 84

for any v € V;, and where uj, » = lim,, 1o v(z + s, x). Instead of (2.3), the initial condition
is now given by

(2.6) uh,_(O, ) = Uop-

Notice that for both methods, u, s, is not coupled to u;|s,,,,n = 0,..., N — 2, as a conse-
quence of the “slab structure” and of the upwinding in time used in both numerical schemes.

For the sake of completeness, we include in the Appendix a proof of the existence of a
solution to (2.2), (2.3) (or (2.5), (2.6)). The proof uses a fixed point argument. See [10], [11]
and the references quoted therein for a similar application of this argument.

Since the only relevant values of the nonlinear flux f are those in the range of the entropy
solution u, [a = inf ug, b = sup uy], we extend each of the components of f smoothly in such
a way that the extension is affine linear outside a fixed compact including [a, b]. We use that
extension, which we still call f, to define the above schemes. Thus, we have

(2.72) | fll=sup|f -n|iom < o0o.

In|=1
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In what follows, we restrict the choice of local viscosity coefficients CX¥ to those satisfying
(2.4c) CHF < coos

where ¢, is an arbitrary constant such that ¢, > %I [ le.co + Cx (se€ (2.4b)). We also assume
that each of the components of the flux function f has a Lipschitz continuous derivative:

(2.7b) I/ = sup | f"nlom < oo.

|n|=1
Next, we state and briefly discuss our main results.

2.1. Error estimates for the SCDG with k = 0. We start by considering the SCDG
method with a piecewise-constant approximate solution. In this case, the only term of the
left-hand side of (2.2) that survives is the second term and the resulting scheme is nothing but
an implicit monotone scheme.

THEOREM 2.1 (a posteriori error estimate). Let u be the unique entropy satisfying solution
of (1.1), (1.2), and let uy, be the solution given by the SCDG method with k = 0. Then, for
anyn=1,2,..., Nr, — 1, we have

Nuth (ta, ) — u(tn, 1wy < 2 lluon — woll Lrrey
1/2
+ Cra{luo Irv®e) ®o(uh)}/ K2,

where

N,——l

h -
Oo(un) = = D f | FAF g uy) = Fup) - merldy

_.0 Te']},,, ecdT

At,
+Zo ( gfluh—uhldl' f Iuh+—uh—|dx)
n=l ec

Cla = C(d, k) (1 + ” fl ”)1/2’ and At, = bitl — In

We point out that this result does not require either the hypotheses (2.1) on the triangula-
tions or the conditions (2.4) on the numerical flux to be satisfied. It is a new general result for
implicit schemes which could be used as the basis for an adaptivity strategy; however, we do
not pursue this avenue of research in this paper.

Thus, to obtain an error estimate we only have to obtain an upper bound for the quantity
®o(uy) which, ideally, we expect to be of the following form:

Oo(up) < C Too | Uo |7y wey-

In this case, Theorem 2.1 gives the classical rate of /#'/2 for the error. If the standard L2-energy
technique associated with the SCDG (and SCSD) methods is used, we can obtain the following
estimate.

PROPOSITION 2.2 (estimate of ©g(uy)). Suppose that the hypotheses (2.1b), (2.1c), and
(2.1d) on the triangulations are satisfied. Suppose that the conditions (2.4) on the numerical
Slux are also satisfied. Let u;, be the solution given by the SCDG method with k = 0. Then,

12
o _
Oo(up) < Cyq { -E'"} Il o Il L2ey B2,

where Caq = c(d) (|| f'1l/2 + coo + E){(2M) Too/ min{1, . }}'/%.
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Thus, we can see that the use of the simple L2-energy technique gives an upper bound
that does not depend on | ug [y re) but only on || ug || ;2rey. As a consequence, the upper
bound is not independent of /, but blows up like #~1/2. This fact is reflected in the loss of one-
fourth of the expected optimal order of convergence of one-half, as we can see in the corollary
below. This same phenomenon occurs in the treatment of explicit monotone schemes defined
in general triangulations; see [1].

COROLLARY 2.3. Suppose that the hypotheses (2.1b), (2.1c), and (2.1d) on the triangula-
tions are satisfied. Suppose that the conditions (2.4) on the numerical flux are also satisfied.
Let u be the unique entropy satisfying the solution of (1.1), (1.2), and let uj, be the solution
given by the SCDG method with k = 0. Then, foranyn = 1,2, ..., Ng,, — 1, we have

lun(tns ) — utn, IlLiwey < 2 lluon — toll L1 we)
1/4
12 12 [oh
+Ci Cz,{ {luo lrv ®ey l uo |l 2wey } [?} .
Notice that, since the hypothesis (2.1a) on the triangulations is not required to be satisfied,
the time-space tetraedra T could be very flat. In this case, o can blow up and ¢ can go to
zero as h goes to zero. The above corollary states that when the triangulations become more

irregular as 4 goes to zero, the error is of order {4 o'/c}!/4.

2.2. Error estimates for the SCDG method with arbitrary k. We start with the fol-
lowing result.

THEOREM 2.4 (a posteriori error estimate). Let u be the unique entropy satisfying solution

of (1.1), (1.2), and let u;, be the solution given by the SCDG method. Then, for any n =
1,2,..., Nr, — 1, we have

llun(tns -) — utn, Hlziwey < 2 lluon — ollL1(re)
+ Civ{l o 7y @e) @1(uh)} h'’?
12
+ Cop | max(1, | uo Iy @a) O2(us) } > B2,

where
@ N.—1 Atn /d/ N.—1 hT d /d
1(uh)—®o(uh>+§: p T; 1Ay dx t+Z(:)TZ P ARCICECE
hon n=| €Thn

N,—l

Oun) = Y f | fEE @l uley — Ful) - nm( )uva,, llp, dA’
n=0 Te']},,,eeaT
N,—l
/ | Aup) | ( ) | iy I, dx'dt’,

_0 TeThn

and

Cup = c(d, k) (1+ | £ D2,
Ca = c(d, k) (co@M)* + 1 Too|l £ 1N 2.
(The numerical constants cy and c, are defined in Lemma 3.1.)

Notice that this new a posteriori estimate reduces to the one in Theorem 2.1 for the case
k = 0, as expected.
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To estimate the quantities ®;(u;,) and ©,(u;,) we use once more the standard L2-energy
technique. We obtain the following result.

PROPOSITION 2.5 (estimates of @ (1) and ®,(uy,)). Suppose that the hypotheses (2.1b),
(2.1¢), and (2.1d) on the triangulations are satisfied. Suppose that the conditions (2.4) on the
numerical flux are also satisfied. Let uy, be the solution given by the SCDG method. Then,

12
o _ - _
O1(up) < CZa{'cT] o Il L2ey A% + (1 4 ) Cap || o Il 2y 82,

1 o V2 84 83
O (up) < 2 G+ 85" [l uo lliz(Rd) + Caq {E} ”u0"L2(]R")]"1'1/_2 + Csp ||u0||L2(Rd)817,

where Csp = {(2M)? Too 2}/

From the above results, we obtain the following error estimate.

COROLLARY 2.6. Suppose that the hypotheses (2.1) on the triangulations are satisfied.
Suppose that the conditions (2.4) on the numerical flux are also satisfied. Let u be the unique
entropy satisfying solution of (1.1), (1.2), and let uj, be the solution given by the SCDG. Then,
foranyn =1,2,..., Np, — 1, we have

lun (s, ) — utn, ) liwey < 2 lluon — uoll 1 wey

1/4
172 12 [oh
+Cy Gyl { max{1, | uo |7y @)} | uo ||L2(1Rd)}/ [—é*}

1/2

12 12
+Ca Cy} { max{1, | uo |7y ®a)} I uo | L2y } v

_ Cap (max(L, o vy ) Nl | R
+ —= C2p (max{l, | uo |7y re) wlleey | 57+t 37 )
V2 8% &

where Cap = C1p(1 + €)% + Cyp max{831/2, 81/2}.
In particular, when 8§ = O(h &/o), 81 = 8, = O(|| ug || 2@way {h E/T}/?), and 83 = 84 =
O), we have

lun(tn, ) — ultn, ey < 2 luon — uoll 21 (we

1/4
1/2 ogh
+C { max{1, | uo lry@n} ll o 2@}’ [?} ’

where the constant C does not depend on u.

In practice, §; and §, are taken to be of order 4 and so the previous choice can be considered
a choice that introduces too much artificial viscosity. The coefficients §; and 8, can be taken
of order arbitrarily close to O(k) by setting 8; = 8, = O(|| uo "i;(“n{d) h=2 (E/o)™). If & is
as before, then for any v € (0, %), the error estimate given by the corollary above reads as
follows:

fen(tn, ) — ultn, Mipr@ey < 2 luon — oll 21wy

ho )4 hol’
+C (max{L, | uo |y @e)})"/? (u o || gy {7} + 1l 0 124 g {—c—} )

2.3. Error estimates for the SCSD method. We start with the following result.



ERROR ESTIMATES FOR CONSERVATION LAWS

529

THEOREM 2.7 (a posteriori error estimate). Let u be the unique entropy satisfying solution
of (1.1), (1.2), and let u; be the solution given by the SCSD method. Then, for any n =

1,2,..., Nr, — 1, we have
Nn(tns ) — ultn, Mrwey < 2 lluon — uollL1wey
12
+ Cie{l uo |7y ®e) O3(un) } 2 p12

+ Cac{ max{1, | uo |7y @e)} Oa(un) } h'2,

where

No—1
_ - hr At, od; ,
O3(up) = ; fRz [tn,+ — up,—| (_h— + , + 7 ) dx

N;—1

h

8 n ! 34!
+> ) ./|A0MN<hT-k———+(1+ufWD—— At)dxdt,

n=0 TeT,,

O4(un) = Z f lun,+ — un,—| ( ) I Vxin,—lp, dA

fIA(uh)I( +(1+IIfI|)—) IV'@pllp,dx'dt’,
—0 TeTy,

1c =c(d, k) Cip, and Cy. = c(d, k) Cap.

Notice that this new a posteriori estimate is almost identical to the one in Theorem 2.4.
The term with the factor § appears as a reflection of the presence of the streamline diffusion
term of the SCSD method, and the terms with the factors §; and &, appear as a reflection of
the presence of the corresponding shock-capturing terms of the SCSD method. The fact that
the SCDG uses discontinuous approximations allowed us to discard those terms, as we can
see in Theorem 2.4; however, we cannot do this for the SCSD method since it uses continuous

approximations.

PROPOSITION 2.8 (estimate of @3(u;,) and ©O4(uy)). Suppose that the hypotheses (2.1b),
(2.1c), and (2.1d) on the triangulations are satisfied. Suppose that the conditions (2.4) on the
numerical flux are also satisfied. Let uy, be the solution given by the SCSD method. Then,

12 =
o 14+¢ 082
O3(up) < CZa{E} | wo Il L2qrey ( Wi h3/2)
1+¢ o6 Mﬂ
+ Csp || uo | 2re) (W tosiat a+1s1mn

1 2 1 o 1
Ouup) < Elluolle(Rd)(g (1 + 1+ ||f’||)7) + g)

+ max {83, 84} |luoll L2re) (Czah_l/z + C3,,8‘1/2) .

From the above results, we obtain the following error estimate.

COROLLARY 2.9. Suppose that the hypotheses (2.1) on the triangulations are satisfied.
Suppose that the conditions (2.4) on the numerical flux are also satisfied. Let u be the unique
entropy satisfying solution of (1.1), (1.2), and let u;, be the solution given by the SCSD. Then,
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foranyn=1,2,..., Np, — 1, we have

[feen (tnys ) — u(tn, )l Lrwey < 2 lluon — ol 1wey

1/251/2 1/4g1/2 p\ 4
1/2 1/2 0770y ~1/49 "0 o
+C3C|u0|TV(Rd)"uOHLZ(Rd) (1 + B2 +c pl/4ag1/4 ?

hl
+ C3c|u0lTV(Rd)"u0"L2(]Rd) (81/4 + 01/281/4>

172 172 1/4 h1/2
+ C2cC3c max{l, luOITV(Rd)}"uOHLZ(Rd) max{83, 84} (h / + W)

1 2 112 2
+ EC“C max{l, l“0|TV(]Rd)}“u0"L2(Rd) 81/2 + — 81/2
where

Cse = max{(1 + &)Y, (1 + || ') ?) max{C)/%, C32),

o125/
Cic = Ca. (1+(1+uf’n)"2 ik )

In particular, if §; = 8, = O(8%%), 83 = 84 = O(1), and § = O(h &/a), we have

luen(tn, ) — ultn, Hlprwey < 2 lluon — woll L1 wey

1/8
+ C{ max{1, | uo |7y @} uo "“(Rd)]/ {_c'_} |

where C does not depend on uy.

Corollary 2.9 does not allow us to take 8; and &, of order 4. However, we can take them
arbitrarily close to such a choice. More precisely, if we take § as before and §; = §; =
O(h'~?), for any v € (0, 1/4), we get

ln(tn, ) — U(ta, Il r1wey < 2 ltbon — tholl L1 (ray + OR™DV 4=V,
3. The approximation inequality. In this section, we obtain an approximation inequal-

ity which we then use in §4 to obtain our error estimates. Following Kuznetsov [8], we let
w : R — R be a smooth function such that

(3.1a) w(t) >0, fort > 0,
(3.1b) w(t) = w(-t), fort > 0,
3.1¢) the support of w is [—1, 1],
(3.1d) / w(r)dr =1,

R
(3.1e) / [w'(r) |dr <2,

R
and set

d
(32) ¢ =we(t =) [[we, (i —=x), (.0, (. ¢) e R x R,
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where ¢, and ¢, are two arbitrary positive numbers and w; (s) = w(s/A)/A for any s € R,
A = &, &,. Finally, we define W (¢) = fot we, (s) ds. We point out that the hypothesis (3.1e) is
used only to estimate the entropy dissipation form in Lemmas 4.8-4.12; it is also used to prove
the approximation result of Lemma 4.2, which in turn is used to prove the above-mentioned
lemmas.

In what follows, we will set w = w¢, where {w*} ey is a sequence of functions satisfying
conditions (3.1) that converges pointwisely to one-half of the characteristic function of (—1, 1)
which we denote by w>. When relevant, the dependence with respect to w’ is emphasized
by a superscript ¢.

For u and v right-continuous functions from (0, T,) to L (R?) for which the left limits,
u_(t) and v_(¢), respectively, exist for ¢ € (0, Tw,), we define

T
Ef% (v, u;t) = /f O (v, u; t, x) dxdt
0 Jr?
with
T
O (v, ¢ t,x) = _.[ofmd U@, x")y —c)dy ¢ dx'dt’
—// FQ(',x'),c) Ve @dx'dt
0JRre
— f Uw_(0,x") —c)e(t, x,0,x")dx’
]Rd
+ | U-(z,x)—0) ot x,7,x")dx’,

R4

where U is an arbitrary even entropy and F is its associated flux, i.e., 3, F(u, ¢) = U’ (u) f'(u),
and v_ (0, -) is the exterior trace of v at + = 0. We recall that if u is the entropy solution of
(1.1), (1.2), and if we set u_(0, x) = uo(x), then E® % (u, v; t) < 0 for any v.

Since ®; is without any slab structure, necessary to the definition of our finite element
approximation, we rearrange it as follows:

INy -
O (v, u; t,x) = —/ / F(v,u) -V ¢ dx'dt
o Jre
t ~
—/ f F,u) -V ¢dx'dt
Ny R4
—/ Uw-(0,x") —u)e(t,x,0,x")dx’
]Rd
+/ UWw_(t,x) —uw) e, x,t,x)dx,
]Rd

where F(v, u) = (U(v — u), F(v, u)) is the “extended” entropy flux and where N, denotes
the largest integer such that 5, < 7. In the above expression, the explicit dependence of
each function is stated only when confusion is possible. Now, for any v € V), we have after
integration by parts

O (v, u;t,x) = O8%(v,u; t,x) + D (v, u; t, x),
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where

N:—1

éi,,sx(v’ ut,x) = Z Z f A(U)U/(U _ u)(pdx’dt/
T

n=0 TeT,

N:—1 . ~
— Z Z f(F(vT, u) — F(™, u)) ‘N rod)

n=0 e€&,
N.-1

+> / (U(v+ —u)—U(v_ — u))(pdx’,
n=0 Ri

and

D.(w,u;t,x)= Y _ fA(v)U’(v—u)x(m,,zl(t')fpdx’dt’
T

TG'];,'Nr
-y f (ﬁ(vT,u) - F(vTe,u)) Mo, Xy, 11 () pd N
ee£N, e
+ fR ) (U vy —uw) —U(v- — u))X(tN,,r](T)(de/»
Nt

where x(,, .1(t') = lifty, <t < t and is zero otherwise; x(,, .j = 0if ty, = 7. The
presence of the term D, (v, u; ¢, x) is a consequence of the piecewise-constant character of the
finite element formulation. Note that if T corresponds to the boundary of a slab, i.e.,if 7 = ¢;
forsomei =0,1,..., N,then D, (v, u;t,x) =0.

For future use, we also define

T
Es"s‘(v,u;r)=f f %% (v, u; t, x)dxdt,
0 JRA

T
D,(v,u):f / D (v, u;t, x)dxdt.
0o JRre

We restrict our attention to one particular family of entropies. Let G : R — Rt be a
smooth even function such that

(3.39) co=0. cw={L §izl  ¢=0

For any ¢ € R and any ¢ > 0, we define

(3.3b) U(u)=sG(g) and F',-(u,c)::/uU’()»—c)fi’(A)dA, i=1,....d.

c

The tool for proving our main results is the following approximation inequality; see also [1],
which we prove in §6.

LEMMA 3.1 (the approximation inequality). Let u be the entropy solution of (1.1), (1.2),
and let v be any right-continuous function (in time) coinciding with a function of Vy , on each
interval (t,,t,+1),n =0,1,..., N — 1. We have foranyt,, 0 <t, < T,

lv) —ul) sy < 211v-(0) — uo [l 21wy
+8L(ex + & f 1D | 4o lrv@ey)

+ (co@M)? + 21 | f71l Too | o |77 mey) €
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Eecest(y, ust)
+2 11m { su ——————-—}
£>00 0513},o Wl(t)

& DOO
+ {x(s, o (t) fo Wfo”( t;’)dt},

where co = sup;, |, | 17| — , €1 = SupPy,<; G'(r), L = sup,g |U' ().

If we take v_(0, x) = ug, and set v equal to the right-continuous function that coincides
with u; on each interval of the form (¢,, #,1), we see that to obtain our error estimates, we
only have to estimate the entropy dissipation E£¢(vy, u; 7), as well as the term involving
D, (v, u). From now on, we will not distinguish between v, and uy,.

Hereafter, we will put a prime as a superscript on the operators I, V, and V, to em-
phasize the fact that they are considered to act on the “primed” variables only. Following
[10], we define the operator IT, (which acts only on the variables ' and x’) as the classical
interpolation nodal operator L2-projection when we deal with the SCSD method. When we
deal with the SCDG method, we take IT), to be the classical L2-projection into the space of
piecewise-constant functions.

We can now rewrite @e,,s, as follows:

Ot (up, us t, x) = / AQup) I, (U (up, — u) ) dx'dt’
—0 TeTyn
N;—1
+>) / A(up) (U’(uh —u) o — (U (up — u) <p))dx'dt’
n=0 TeT,, T
N;—1
-y (F(uh,u) F(uy ,u)) “ner pdi
n=0 e€c&,

N,-l
/(U(uh+—u) U(uh_—u))rpdx

By inserting the deﬁmtlon of uy, and setting v = IT, (U’ (up — u) @) in (2.2), we get

Ne—1
Q%% (up, u; t, x) = —8 Z Z / A(un) fi(“h, I, [U" (up — u) <P]> dx'dt’
n=0 Te€Th, T

/( Flup,up) — fup) - ne, T)l'lh[U/(uh — u) pld\
—0 Te’Z?.,.eeaT
Ny—1

-3y f £1(un)Py (V'idy - VIL,IU (up — u) @1) dx'dt’
n=0 TeTy,
¥y > [ e B - VI G —w g i
n=0 TeTy,ecdT
Ny—1
+>) / A(u,,)(U'(u,, —u) @ — IT,[U" (up, — u) (p]) dx'dt’
n=0 TeTh,
— Z > (F(u;f,u) - F(uf",u)) “Mer @dN
n=0 e€&,

N,—l
f (U(uh+ —u) — U(up,- —u))fpdx,

where if IT), is the projection onto the constants, we have set [T, = IT,. A few simple
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rearrangements yield

O (up, ust,x) = — /( Fwl, upe) — ful) -ne,r)U’(uf —u)pd)\

_0 Te’17, ne€dT

- Z > / 1P, (Vi - VLU (uy — u) P, g]) dx'dt’

_0 TeThn

fsz(uh N ACATIRY l'l,,[U'(uh —u) P, o] dA’

_0 Te'17,,, ecdT
-1

- Z > ] e1un)P; (Vity - VI [U (uh — w)(p — Py 9)]) dx'dr’

n—0 Te'];, n

f 62D, (VL] - VLTIV (il — w) (9 — B, @) d’

n__O Te'I;, n e€dT
—~1

+ Z > [ A(uh)(U’(u;, —u) ¢ — I, [U' (up, — u) (p]) dx'd

n—O TeTy,

- Z Z (F(uh,u) F(uh ,u)) “ner @d)
n_O ecE,

+ Z / d(U(uh,+ —u) = Uup- — u)) pdx'
n=0 ]Rn

N,—1 i
+Z Z Z/( (”h’ ”)—f(u,{)-ne‘r)

n=0 TeT}, ecdT

~(U’<u£ —u)p —T,[U'(uj —u) <p1)d>»’

-5 Z > f A(u,,)fi(u,,, I, [U’ (up, — 1) ¢]) dx'dt’.

n=0 TeT;,
Finally, noting that, by (2.4a),

/( (uh’uh)—f(u]{) neT)U(uh —u)(pd)»’d)»’

-—0 TG’E, ne€dT

N,—1
=3 [(r i 6f -0 - U - )

n=0 e€&,
+F WD) ne U ] —u) — Fufe) - nerU'(uf - u)) pd)

Nt—l
/(uh+—uh U (upg — u) gdo,

we obtain,

@8 (up, u; t, x)

N —1 ~
=)y / ( Fup, up)U'uy —u) = U'Guye = w) + Fuf) - nerU'(uj —u)

n=0 e€&,
—F Wl no U Ul —u) — (Ful, u) — F(u), u)) -ne,T) pdX
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N,—-l
/( (un 4 — un, YU (up g —u) + Ulup, 4 —u) — U(uh_—u))fpdx

- Z > f e1(un)P, (Vi - VIV, [U (uy — u) P, 1) dx'dt’
n=0 TeTy,
N,—l
f &P, (V4L - V.1 [U' (] — u) P, o]) d\'
n_() TE'TE,,, eedT
Ny—1 .
DI M T AR G AL AP
n=0 TeT,
N,-l
/ e IP, (VT - VLI Gl — u)(p — B, g)]) , d
n_O Te’Z?,,, ecdT
Ne—1
+y ) f A(u,,)<U’(u,, —u) @ — I, [U' (up — u) (p]) dx'dt’
n=0 Te’f;,,, T
N:

f( (uh»uh)_f(uh) neT)
n_O Te’l?,,, ecdT

-(U’(u,{ —w) o — I, [U (ul —u) q)])dx

Ne—1
= f A(up) 4 (u;,, I, [U (up — u) (p]) dx'd

n=0 TeT,, T
9
£1,€ .
= E O (up, u; t, x).
i=1

By definition of E®®~(uy, u; t), we can write

E*® (up, u; T) = E®% (up, u; T) + Dy (up, u),

where
9
E (up,u; ) = ) B[ (uny 45 ©)
i=1

and E;"* (up, u; 1) = [ [ga ©F ™ (up, u; t,x)dxdt, i = 1,...,9. This is the desired ex-
pression of the entropy dissipation form.

4. Proof of the a posteriori error estimates. In this section, we obtain upper bounds

for the entropy dissipation form and we prove the a posteriori error estimates of Theorems
2.1,2.4,and 2.7.

4.1. Preliminary results. We start with three simple auxiliary lemmas.

The following result is a simple consequence of the fact that all norms are equivalent in
finite-dimensional spaces.

LEMMA 4.1. We have
" V/uh ”L°°(T) =< C(d, k) " Vlizh "Phin Tv VT € 77l,nv n= O, seey N - 19
Il Véu}{ lzo@ < c(d, k)| Vil ||p, one,Ve € 8T, n=0,..., N — 1.

LEMMA 4.2 (approximation properties of the operator IT;). Let s € L!((0, Too) x R¥) be
a piecewise-continuous function. We have
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N;—1

IN.
Z / s(t, x')/ / (U’(u;, —u) o — I,[U (uy — u) go])dxdtdx’dt'

n=0 TeT,,

d, k
< w80 )y S [ 15N e b dar

n=0 TeTy,

d’k ’ ’ ’ ’
+W(1:)§( )Z 3 /ls(t,x)lhrdxdt,

x+8t n=0 TeT, T

N—1

U'tuy — I,V (u, — dxdtd)\
Z eeBT/ f/( (uh —w) g — MU (uy u)‘ﬂ]) xdt

n=0 TeT;,

d, k
< W <& 230> > [ 15710 Ve e, hear

n=0 Te’Z}, ne€dT

+ W )c(d+k) Z >3 ]|sT|th;v
Ex &

n=0 TeT,ecdT

where h,, is the diameter of e and where C depends on k, d, and o only.

Proof. Since the proofs of these inequalities are almost identical, we prove only the first
one; let us denote by L its left-hand side. Moreover, we will only prove the result in the
case in which the operator I, is the standard nodal interpolator; the case in which I1, is the
L%-projection into the space of piecewise-constant functions can be treated in a similar way.

Let {(#, pj)}j]ﬁ’{' * be the nodal points associated with the canonical basis {\IJT }N"’*1 * of

the space P¥(T') where, of course, Nyy14 = (“751").

follows:

With this notation, we can express L as

N -1 INy
L= Y f s, x') / f y dxdtdt'dx’,
0 R4

n=0 TeTy,

where y = y (¢, x, ¢, x’) is defined by

Ntk
y =U'tup—u)o— Y [U'(un,; — u) ;1%
Nat1k
= Z (U’(uh —wyo —U'(up,; — u) (pj)\lle
Jj=1

(since ZN‘“” \IIJ.T = lon T) where u; ; = u;(t;, p;) and ¢; = ¢(¢;, p;). Moreover, since
U'lup —u) o = U'(up,j —u) 9j = (U'(up — u) = U'(un,j — u)) @

=U'(up,; —u)(@; — @),

we obtain, after simple manipulations,

Na+1,k
L= W(r)— Z /IS(t x| Z lun — un, j119] (7', x")|dx’

n=0 Teq?tn Jj=1
N,——l

Nd+lk
/Is(t x)| ] / lo — @il W] (¢, x")|dtdxdr' dx’,

-0 TeThn

where we have used the definition of # and the fact that |U’| < 1 and U” < ¢;/¢ < 0.
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From this inequality, we immediately get

cd, k) %= A -
L=w@XC2 N T [ I Vs limery b dds
T

€ n=0 TeT,,

C(d, k)h Nl f r ot / ’
W(t) ———— t',x")|dt'dx’,
+W(r) E E . ls(¢', x7)| x

&x t+ & n=0 TeTy,

since, by (3.1) and the specific properties of our choice for w, [y [p |9 — @1 < c W (v)/(e: +
&,). The result follows from Lemma 4.1, completing the proof. ]

The following nonnegativity result reflects the nature of the so-called shock-capturing
terms used in the definition of the schemes under consideration.

LEMMA 4.3 (nonnegativity of the shock-capturing terms). Suppose that the condition
(2.1a) on the triangulations is satisfied. Then

Vi, - VI, IU (uy, — u)] = 0,
Vil - VLI, U’ (u] — u)] > 0.

Proof. We only prove the first inequality since the proof for the second is similar. By
definition, we have that, on each (d + 1)-simplex 7,

d+2
ﬁh (tly x') = Z uh,g',’\l-’iT‘(t', x’),
i=1

where { W/? }9+2 is the canonical basis of the space Py (Ty), {(tc,;i, pe.i)}-7 are the vertices of
Ty, and upe,; = up(te,is pe.i)-
Thus, for (¢, x') € Ty,
R d+2
6 = Vi, - VI, IU (up —w)]) = Z upe iU (upe,j —u) Ay j,
ij=1

where A; ;= VT4, x') - VT, x'). Since Y12 WIE(¢', x) = 1 on Ty, we have

d+2

0= Z (=tne,j + une)U (une,j — u)A;, ;.
i, j=1

Interchanging i and j in the previous relation and averaging the two expressions for 6, we get

d+2

D (~une +unes) (U Gnej —w) + U'unei —w) (= Asj).
i,j=1

0=

[S IR

Since by (2.1a) the (d + 1)-simplex Ty is acute, we have —A; ; > 0 on T,. Hence by convexity
of U, 6 > 0 on T,. This completes the proof. 0

4.2. Estimate of the entropy dissipation form. Next, we turn to estimate the entropy
dissipation form E®® (uy, u; t) = Z?:l E**(up, u; ) + D;(up, u). In what follows, we
analyze each of the above terms.

LEMMA 4.4. Suppose that CLF satisfies the condition (2.4b). Then we have

E{* (up, u;t) < 0.
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Proof. We have

ul

~ ~ h
F(u,{, u) —F(u,f",u) = fr

e
Uy

%ﬁ(s, u)ds = /u;‘h U (s —u)ds
- / " FOU" (s~ wds + FaDU @ ~w) — FulU @l —w),

and thus

N,—-l
ES* (uy, u; r)_f f f( Fl, uf YU () —u) = U uf —u))

n=0 ee£

uT
+ frh f&U" (s — u)ds) odxdtd)
u,f

N,—-l
/ / // ((s) Rer — f Ful, uy )U”(s—u)wdxdtdsdk’
RY

n=0 e€&,

Since U is convex and the numerical flux is monotone, by (2.4b), the above quantity is
nonnegative. This proves the lemma. O
LEMMA 4.5. We have

E5** (up, u; t) < 0.

Proof. The result immediately follows from the nonnegativity of the function ¢ and the
convexity of the entropy U. 0

LEMMA 4.6. Suppose that the condition (2.1a) on the triangulations is satisfied. Then we
have

E3* (up,u;7) < 0.
Proof. The result directly follows from Lemma 4.3 and the fact that I ¢ is a nonnegative
piecewise-constant function. ]
LEMMA 4.7. Suppose that the condition (2.1a) on the triangulations is satisfied. Then we
have
E&® (up, u;t) < 0.
The proof of this result is similar to that of the preceding lemma.
LEMMA 4.8. If T1) is the L2-projection onto the space of piecewise-constant functions,
then

E&® (up,u; ) =0.

If I1}, is the classical nodal interpolation operator, then, if the condition (2.1b) on the trian-
gulations is satisfied, we have

E&® (up, u; 7) - cd, k)a N'_l
@ S ete

f |A(up)|dx'dt’ .

—0 T€Thn
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Proof. The first equality can be trivially verified. Let us consider the case in which ITj, is
the classical nodal interpolation operator. We have, by definition,

E&* (up, u; T)
INy N;-1 R
——["[ X ¥ [ v VIV @~ (o~ B drdx did
R? 320 7€7;, YT

Nt—l
f [ ,, f 61| V' g, 1| T Ny de'dx'drdsx,
R

n=0 TeTy,
where I' = V’I'AI;,[U’(u;, —u)(¢ — P, p)]. Since, on each (d + 1)-simplex Ty,
T = V(IT,IU' (un — u)( ¢ — P, 9)])
d+2

=Y U'Gunei — u)(oei — B @)V (¢, x'),
i=1

and since | V’\IIiT‘ | <ce(d,k)/pronT and |U’| < 1, by (3.3), we have

Cdk d+2
NEE )Dw,— Vol

which yields, by (2.1b) and (3.1),

/ f IT| < W(tn,) c(d, k)—— < W(r)eld, k)

y .
x+ t 8x+8t

Finally, using the definition of ¢;, we get

ES* (up ;1) _c(d,k)o R= 3
w(t) T e te

/ e1(up)ll Vi g, dx'dt’
n=0 T€Ty,
@R Neol
e DI

_8+£,

/ |A(up)|dx'dt’.

n=0 TeTy,

This completes the proof. 0
LEMMA 4.9. Suppose that the conditions (2.1b), (2.1c) on the triangulations and (2.4b)

on the coefficients CL¥ are satisfied. If T1, is the L*-projection onto the space of piecewise-
constant functions, then

E¢&® (up,u; 1) = 0.

If ), is the classical nodal interpolation operator, then, if the condition (2.1b) on the trian-
gulations is satisfied, we have

Eg™" (up, i 1) _ c(d, o N"‘

o P T
S fl Pl ) — Fl) - nerldh.

-—0 Te’17, n eeaT

The proof is similar to the proof of Lemma 4.8.
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LEMMA 4.10. We have

EZ (up, u; T) < c(d, k) &=
W(t) - ¢

f \AGup) by || Vi g, dx'de

—O Te'17,,,
c(d, k) N= o
+3x+£t Z Z /IA(uh)lthxdt.

n=0 TeT;, T

This result follows from a direct application of Lemma 4.2.
LEMMA 4.11. We have

Ex,E .
ng ’(uha u; T)

(o)
_ @k N
< dB ¥ ]| Pl ul') = Ful) - norlhr | Vol g, dd’
€ —0 Te'27,,,eeBT
d, k
LR Sl > [ 17 o ui = 7o) -marihr .
&+ & 3 Te’I;.,,eeaT

The proof is similar to the proof of the previous result.
LEMMA 4.12. If T1), is the L*-projection onto the space of piecewise-constant functions,
then

Eg® (up, u; T) = 0.

If T1), is the classical nodal interpolation operator, then, if the condition (2.1b) on the trian-
gulations is satisfied, we have

EF®(up, u;t , 8 N’_l y o
2D < cd A+ Dos 3 f | ACup) | | Vitp lp, dx'ds

(1:) € n=0 TeT,,
N

, )
+ed, YA+ f Do
&x & —0 T€Thn

/ | A(up) |dx'dt’.

Proof. The first equality follows trivially. Let us consider the case in which IT, is the
classical nodal interpolation operator. By definition, we have

Ny N:—1 ~
Eg™® (up, u; 1) = =8 / /4 Z Z / A(uh)A(uho I, [U (up —u)(p]) dx'dt'dtdx
RY n=0

TeT,

N,—l
<8[ / /'A(“h)| l (uh,l'lh[U’(uh—u)qv])
LSp—;} TeTyn

=6 Z Z /|A(u,,)|Uofwmdtdx}dx'dt',

n=0 TeT,

dx'dt' dtdx

where I' = A(uy, IT),[U’(up — u) ). Taking into account the linearity of A(uy, -) and the
definition of IT},, we get

Na+1k
T = A, LU @ —w) @) = D Ui — ) i Aun, ¥ (¢, X))
i=1
Natrk .
= Y (U'(uni —u) @i — U'(up — u) 9) Aup, U] (¢, x'))
i=1
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since ZN"“" W (', x')) = 1 on T. Moreover, since | A(uy, Wiy <cd b(A+ || f'1)/er
on T, we obtain

71y Na+ik
@ BOA+ VDS yrtun — ) s — Ut — w1,
Pr =1

IT| <

and since, by (3.3), |U’| < land |U" | < ¢y /¢, we get

dkl ! Nat1k
T < S )( +IIf|I) Zlu il

1 Nd+l.lc
+C(d,k)(1+llf (D) Z

loi— @l
Pr

i=1

Finally, Lemma 4.1, conditions (2.1b), and (3.1) lead to

f f IT| < c(d, YA+ / ||>— (— | Vin I, + ) W (tn,)

x t

) W (z),

<cd, A+ | f a(— Vi
@ B0a+1r1m | Vi lp, + et e

and the result follows. 0

Finally, in order to use Lemma 3.1, we need an estimate on the term involving D, (uy, u).
LEMMA 4.13. We have, for T € (0, T),

1 [ D®(up, u) 2 & / -
| 2 ar< 2N A A(up)|dt'd
Xeero0)(T) fo od S g g w Y| 1AGup)ldr'dx

TeT, VT

2(c°° Cs) ZAt,, Zfluh - uh °ld)

ee&,

2L & )
+ — E Aty |up,+ — up,—|dx’,
&t n=0 R¢

where At, = t, 1 — t, is the width of the slab S,.

Proof. We only need to prove the result for T > ¢,. By the definition of D°(uy, u), we
have

1 & Doo , & 2
G W) g ()D°°(uh,u)dt =TI+ II+1II1,

elo We@ T Jo W@
where
& 2w°°(t) , ’
I= | =0 f /ﬂ;d 7; /A(uh)U(u;,—u)x(,M,,)(s’)gowds’dxdsdxdt,

I =— 8r2w°°(t) F - F
[ [, [(et- o)

Mo, 7 Xy, 11(8) 9 dN dsdxdt,

& 2w°°(t) t o 1
III = ./o =0 / fRd /R%, (U(uh,+ —u) = U(up,—- — u))x(,N,,,](t)w dx'dsdxdt.
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Using the properties of U and ¢*, we obtain for /

“ 2ug@) o N
1 5/ /lA(uh)I/ we (8" — ) Xy, 11(8")dsds'dx' dt
0 TG'I;.N 0

E0)
&
< 4/ wgf’(t) IA(uh)|ds’dx’dt
0 TeTy,N,
2 [
<=/ X / |4 (up)|ds'dx'dt
& Jo TeT, N, T

/ | A(uy)|ds'dx’.

In
2|

N

‘Z

n=0 TeTh,

For the second term, we have

I < fef2w
“Jo W@

We then observe

Xy, 11(8") 9% dA dsdsdt.

(F(uh ,U) — F(uh R u))ne T

R? eeS

T

- - Yod . uy -
F(ul,u) — F(uje,u) = [ . aF(s, u)ds = f _ S OU (s —wyds,
uhe uhe
and thus, by (2.4b) and (2.4c), we get
(ﬁ(u,f ,u) — Fuy, u)) Nt | Flewoltth — up] < (Coo = C)luj — uyel.

This leads to
& wOO(t)
W) ccEn

&
< 4(coo —c*)f we (t) Z /Iuh — uj|dA'dt
e

e€8N

2(Coo c*)ZAth/'uh—uh |d)»l

e€£M

II <2(co —c,,)/ /I —u,’ |/ °°(s = $) X, 01(8 "YdM\ dsdt
0

If we now turn to the third term, we have

—_ Up + - w s)ax dsat.
o W :C(t) ]Rd; ’ ' 0 o

Proceeding as above yields

111 < — At/ |un, — up,_|dx’.
s [ s

The lemma is proved. 0

As can be seen from the proof, we can replace N, by N, in the statement of Lemma 4.13;
however, this result is satisfactory for our purposes.

We are now ready to prove our a posteriori estimates.
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4.3. Proofs of the a posteriori error estimates.

Proof of Theorem 2.1. To take advantage of the approximation inequality of Lemma
3.1, we have to estimate the entropy dissipation terms E¢vex(uy, u; t) and D, (up, u). Since
in the present case the approximate solution is piecewise constant, we have by Lem-
mas 4.4-4.12

E®% (uy, w3 1)/ W (2) < E5~ (up, w; T)/ W (2)

d k) = . /
= 2.1 Z flfeLf(uh» uy) — f@ly nerlhrdv.

&t & n=0 T€T;,, ecdT
On the other hand, Lemma 4.13 yields

1 (% DX (uy, u)
— ———dt
X(e,,oo)(f)a ./0 W (r)

c(d) , ,
Zo At,,(z f lul —ule|d\ + fRd |up+ — up _|dx )

665 n

Using the two previous relations and setting ¢ = 0 and &, = ¢&,, we obtain from Lemma
3.1

lun(tn) — uts) ey < 2l uon — uo llwey + 8 L1+ | £ & | uo I7v mey

" cd, k)

t
Theorem 2.1 follows by minimizing over &,. O
Proof of Theorem 2.4. Since in this case we take IT), (1) piecewise constant, we have, by
Lemmas 4.4-4.12,

Eo% (up, u; )/ W (T) < E7% (up, u; T)/ W (T) + Eg~ (up, u; T)/ W (1)

Oo(up) h.

d, k) %zl
= SR ) f |Aun)| hr || V', |p,dx'dt’

€ —0 Te€Thn

C(d, k) Nl / 1 340
+ A hrdx'dt
ot e _S_ z |A(up)| hr dx

n=0 TeT,, T

cd, k) Nl . R
+— /I F@wl, up)— ful) nerlhr || Veil llp,d\
€ _0 TeT,.,,eeaT
c(d, k) =
UL /l Fl ul) = Ful) - nerlhr dn.
&+ & —0 Teﬂ;,,,eear
Moreover, Lemma 4.13 yields
1 & Dt(uhv u)
— —dt
X(e,,oo)(t)s Z0)
(d) n
Z Aty Z |uh - uh |dA" + Iuh v — up,_|dx’
ee&,

Nt
+ @ > A, / | A(up)|dx'dt’.

n=0 TeTy,
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Consequently, setting &, = ¢,, the approximation inequality of Lemma 3.1 leads to

Il wn(tny) — ultng) ey < 21 uon — uo llzrwey + 8L+ L F'1D o |7v wey &

+ (co@M)? + 21 /I T Luo 1y @) €

c(d, k cd, k
+ 928 0,0 + LB 0y,
t
Theorem 2.4 follows by minimizing over ¢ and &;. 0

Proof of Theorem 2.7. The proof of this result is similar to that of Theorem 2.4. The
only difference is that now the terms E¢*® (uy, u; T), E¢® (up, u; T), Eg"® (uy, u; T) are not
equal to zero. The term E ?"8’ (uy, u; T) contributes with the term associated with the factor
81 in the definition of ®3(uy), the term E¢™* (uy, u; T) contributes with the term associated
with the factor 8, in the definition of ©3(u), and the term Eg** (uy, u; T) contributes with
the terms associated with the factor § in the definition of both ©3(u;) and @4(uy). il

5. Regularity of the approximate solution and proofs of the remaining results. In this
section, we prove Propositions 2.2, 2.5, and 2.8. To do that, we must obtain upper bounds for
the forms ©; (u;),i = 0, ..., 4 which follow from the regularity properties of the approximate
solution. We obtain those regularity properties from an a priori estimate that follows easily
from a standard L?-stability argument.

LEMMA 5.1 (a priori estimate). For any N;, 0 < N, < N, we have

1 Nezl

1 T Ten2
E/Rd 2dx + = Z > | - u)dx

n=0 ¢edT; ,NRZ V€

Ne—1
+ZZ]/ ( (uh’uh)_f(s) neT)dst

n=0 e€&,

Ny—1
+ Z 3 f ex(un)| Vg I3, dxde + Y Y [ e2u])|| Vo] |12,dA

n=0 TeTy, n=0 Te€Ty, ecdT

1
+6 Z > /A(u;,)zdxdt < 5lluo 132 ey

n=0 TeT,
Proof. We consider only the nontrivially positive terms in (2.2) when v is chosen as uj,

namely,
v = Z /( dyuj +Zf(uh)uh 0 u;.)dxdt

Te’]?,

/( Pl ufy = ful)- ne,T)u,{dA.
TeT;. " eeaT

By introducing the auxiliary pair entropy-entropy flux F,(u) = (U,(u), F,(u)), where
1
U,(w) = Eu?‘ and F,,(w) = iU, (w) = fiwu, i=1,...,d,

the term W” may be expressed as

P = / VF, (up)dxdt + /( (u,f, u,f‘) — f(u,{) . ne,7>u,fd)k
Te'T;,,, T€Thn eeaT

= /(F (u;{) neT+(f (“h,u},)“f(uh) neT)uh)d)»

T677, ne€dT
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After reordering, we get

1
" = fe dx + = Z (uf — u,{e)2dx + = 2 fuh dx

e€877, NR? eeaT NR? € eeB’]},nr‘IRzH

/ ((F W]y — Fo)) -ner + fEE @l upyul —ufe)

eeé',,

—(f@hul — flyup) - ne,T)dx.

Since
ul ul
1:—?( T I Tey _ by _ b
a(uy) — Fo(uy®) = . F (s)ds = . fi(s)sds
u,’ u,’
“ Ze TN T Zoo Ten T
- /T S)ds + fQuy)uy — fuHu,s,
u,®
we get
vt = fuh dx+— f(uh —u;*)dx
ee3’17, NRZ V'€ eeaT,, de €
/“hzdx+2ff ( 7 (uyu Te)—f(S)-ne,T)dsdA.
eea’];,,.nIR" eck,
Summing over n from 0 to N; — 1 completes the proof. 0

From the above a priori estimate, we can now obtain several key estimates for obtaining
our error estimates.
COROLLARY 5.2. Let the constants CL¥ satisfy the condition (2.4b). Then

N,——l

2
/Iuh —ul2dx <2l uo ||L2(R,,)/mln{1 C).
_0 TG'E aesaT

Proof. By the definition of the Lax-Friedrichs flux, (2.4a), we have, fore € &,,

// ( (uh,uh )— f(s) e, T)dsdA /CeLF(u,f -—u,f")zd)»

// ( (f(uh)+f(u;, )) - ner — f(s) - nerds)d)»
> / CLF(ul — uly2 d. - / 3 F sl — e

> Cy /(u,{ — u,fe)2 dA,
e

by the condition (2.4b). If e € RY then, by (2.4a),

f/ ( (uh, T") — f(s)-ne,T)dsd)» = %/(u,{ - uZ”)sz.
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Thus,

N -1

min{l,¢,} > Y /m,, —upeltda

n=0 Te']','”. eeaT
e

Nt—-l
< // ( (uf,u;f‘)—f(S)'ne,r)dsdl
n—O Te’Z?,,,eeaT eJu,

<2|luo "LZ(]RJ)’

by Lemma 5.1. This completes the proof. 0

Let us notice that if the SCSD method is considered, only the second part of the above
proof is relevant, and in Corollary 5.2 min{1, ¢,} can be replaced by 1.

COROLLARY 5.3. Let the constants C,fF satisfy the conditions (2.4b) and (2.4c). Then

1 (un) = f LT u) = F@l) - ner] dX
eeaT

—0 Te’17,

172
< c(d) {(2M)" T min{L, e} (1124 ) {1 Huo e 2

Proof. Setting C = || f||/2 + ¢, We have, by (2.4c) and Corollary 5.2,

N,—1

G <C Y Y /Iuh BN
eEST

n=0 TeT,

1/2
N,—l

No—1 172
<C f|u,,—u,,|2dx > Z|e|l

—o Te:r,, = n=0 TeTM e€dT
172

C {211 uo 22 y/ min{1, c,}} '/ Z Yo lelp

n=0 Te']"” ecdT

where 7% is the set of the elements T’ € 7, , such that |x| < M for any (¢, x) € T. Finally,
we have, by conditions (2.1b) and (2.1c¢),

5 vu-¥ 5 (2 we) () (&) im

n=0 TeT’” eedT n=0 TeTM eedT
< c(d) 2M)? ng ht,

and the result follows. il
COROLLARY 5.4. Let the constants CLF satisfy the conditions (2.4b). Then

N.—1
, At, ,
(2:/| —ul*|dA +fRd|u,,—u,,|d,\)

e,

. (o2 _
< c(d) (@M Too/ min(1, )2 & {Z] 7 N uo 2o A~
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Proof. We have by (2.1d)

N,-—l
At,, Z = T T, yur

ecE,
€T
ng Z Za;gtR‘;,r = w1

‘We conclude as in the proof of Corollary 5.3. 0
COROLLARY 5.5.

Ne—1
@200 = 3 3 [ 1) 1dxds < Colluo Nz 577,

n=0 TeT,,

where C3, = {(2M)* Too/2}V/2.

Proof. The result follows after a simple application of the Cauchy-Schwarz inequality
and Lemma 5.1. ]

COROLLARY 5.6.

—1

oy =3 Y > [ = TG o 1] N, i

n=0 TeTy, eeBT

1
’2‘ l uo ”LZ(R") 82 + 84 D1 (un).

Proof. We have, by definition of ¢,

Ne—1

a0 < 57 T Y [erll Ve I, dr+ 80 0u()

n=0 TeT,, esdT
l
5 " Uo "Lz(]Rd) 8 + 84 q>l(uh)a
byLemmas5.l. O
COROLLARY 5.7.

Nt—l

Bulu) = / | Ao |V e, dixdi = 3 1o ey 57+ 85 @),
—0 TeTyn

Proof. We have, by definition of ¢,

Dy(up) < 57 12 y /sl Il Vg 113, dx dt + 83 Do (u)

n=0 TeTy,
1
=3 I %o ||L2(1Rd) 871 + 83 Do (up),
by Lemma 5.1. 0

5.1. Proofs of the upper bounds on the forms ®; (1;). Proposition 2.2 follows directly

from Corollaries 5.3 and 5.4. Proposition 2.5 and Proposition 2.8 follow from Corollaries
5.3-5.7.

6. Proof of the approximation inequality of Lemma 3.1. To prove Lemma 3.1, we
follow the ideas of the proof of a simpler inequality obtained in [1, Prop. 3.1], which we
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cannot use as stated therein. Moreover, although such an inequality is correct, the proof
displayed in [1] contains a mistake that we fix in this paper; see Lemma 6.1 and Proposition
6.2.

Taking into account that ¢ is symmetric in ¢ and ¢’ and in x and x’, see (3.1) and (3.2),
and that U is an even function, see (3.3), it is very easy to obtain the following identity:

(6.1a) Torp(u,v; T) = Tyn(u, v; T) + E*% (v, u; T) + E**(u,v; T),

where

T
Tor(u,v; T) = +f / f U (v—(T,x") — u(t,x)) (t, x; T, x')dx'dxdt
0o JriJre

T
+[ / / U (v, x')—u(T, x)o(T,x; ', x"Ydxdx'dt’
(6.1b) 0 JRIJRS

T
—/ / / U (v-(0, x") — u(t, x)) ¢(t, x; 0, x")dx'dxdt
0o Jre JRe
T
—/ / f U (v(t', x") —u(0,x)) (0, x; ', x")dxdx'dt’

0 Jrd Jrd
and

T T

Tyr ) ’T = - F t,, ,’ t, —-F t, ) t/’ !
(6_1c)u(uv ) /0 /Rdfo fw{ (v, x"), u(t, x))—F (u(t, x), v(t', x))}
Veo(t,x;t', x")dx'dt'dxdt.
The term T, (u, v; T) is expected to converge to
UQ@(T,x)—u(T,x))dx — [ U @-(0,x)—u(,x))dx,
R4 RY
and thus it will be called the error term. The expression in the right-hand side of (6.1c) is
identically equal to zero if U”(u) = O for u # 0, as is the case for U (x) = |u|; this is why we
denote it by Ty~ (u, v; T). In Lemma 6.3, we show that this term is of order ¢.
Our treatment of the term 7, (u, v; T') differs from the one used by Kuznetsov [8]. Our

goal is to obtain a lower bound for T,,(u, v; T') independent of the modulus of continuity of
the function v : [0, T] —» L(RY).

LEMMA 6.1 (lower bound for the error term T, (1, v; T)). Let u be the entropy solution
of (1.1), (1.2). Then we have

Terr(u,v; T) W(T)/ U (v-(T, x") —u(T, x")) dx’
Rd
T
+/ we, (T — t) {f U(v(t’,x') — u(t/,x/)) dx’' ] dt’
0 R4
—W(T) ] U (v-(0,x") — u(0, x")) dx’
R¢
T
—/ wst(t')/ U (v, x") —u(,x"))dx’
0 R4

— 4L W (D) {Il f' I & + &x} | uo |7 @a.
where L = sup U’ = 1, by (3.3).
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Proof. We see, from (6.1b), that we can write T,,, = T} + T + T3 + T4, with the obvious
notation. Let us start by estimating 7. Since

U (v-(T,x") —u(t,x)) = U (v=(T, x") — u(T, x))
HUW-(T, x") —u(T, x)) = U(-(T, x') — u(T, x))}
HU@-(T,x") —u(t, x)) = UQ_(T, x') —u(T, x))}
> U (v—(T,x") — u(T,x"))
—L|\u(T,x) —u(T,x")| — Llu(t, x) — u(T, x)|,
we get

T

1l

T
f ] / U (v—(T,x") —u(t,x)) o(t,x; T, x')dx' dxdt
0o JreJre

T

> / f U (v—(T,x") —w(T,x")) o(t,x; T, x')dx' dxdt
0o Jre Jre

T
—L/ / |u(T, x"y —u(t,x") o, x; T,x")dx' dxdt
0 Jri Jre
T
—L/ / | (T, x"y — u(T,x) | @, x; T,x")dx' dxdt
0 JrdJre

> W(T) fm U (-5 = (T, x)) dx = LW D {1 f 1+ e} [0 17 -

Now, let us consider the second term, 7,. Proceeding as for the first term, we get

T
L= / / f U (v, x') —u(T,x))o(T,x,t', x')dx dx'dt’
0 JRY JRA
T
> f / / U(v(t”x/) _ u(t’,x’)) o(T, x, ', x'ydx dx'dt’
0 RY JRY
T
_L/ f Iu(t/,x/) —u(T, xl) I(p(T,x, t/,x/)dx dx'dt'
0 RY JRY
T
_L/ f / |u(T, x"y — u(T, x) (T, x,t', x)dx dx'dt'
0 JRY JRA

T
> / we, (T —t) {f U (v, x") —u(,x") dx’' }dt’
0 R4

LW Il £ Il & + &x} | uo |7y @)
To estimate T3 and T, we proceed in a similar way. We obtain

T3 > —W(T) / U (v-(0, x") — u(0, x)) dx’
RY

~LWD Il f & + ex}luo 7w @,

T
Ty > -—j w, (t’)f U (v, x") —u(,x))dx’
0 RY

LW {Il f' & +&x} | uolrv@e)-

The result is obtained by adding these inequalities. 0
We are now ready to prove our basic approximation result.
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PROPOSITION 6.2 (basic approximation inequality). Let u be the entropy solution of (1.1),
(1.2). Then for anyt, < T, we have

/ U= (tn, x") — u(ty, x"))dx’
]Rd

<2 / U (v-(0,x") — u(0, x)) dx’
RY
+8L(ex + &l f'1D) | uo lrv ey

+2 Jim sup { (T4, v )/ WH @) + B0, 00/ W) ) |

£—00 0<t<T

1 % D>®(v, u)
t,) — "4t
+X(s,,oo)( ) & Jo W (1)

Proof. By (6.1a) and the fact that u is the entropy solution of (1.1), (1.2), we have, for
>0,

Terr G, v37) < W (@) sup {(Tunu, 0300/ W (0) + B (v, t)/W(t))} + D (v, ).

O<t<t

Writing e(s) = fR,, U(v-(s, x) —u(s, x)) dx, we easily obtain, from the above inequality and
from Lemma 6.1, that, for T € (0, T),

T

W (t)e(r) + / " (r — De(t)dt < W (x) Cw) + Dy (v, u) + f we, (De(®)dt,
0 0
where

Clw) = fR U (0 0,x) = (0, ) ¥’ +4LGex + el M) o lry

+ sup. [(To w300/ W @ + B, w0/ W) ]

Setting w = w* and passing to the limit, we get
g g g

T

(6.2) W*™(1)e(r) +f we (t — te(t)dt < W(r) C + D (v, u) +/ we’ (t)e(t)dt,
0 0

where C < limy_, o C(w*) and w™® = x(_1.1)/2.
If T < &, then the two integrals in (6.2) involving the error are equal, and we get

D (v, u)
W (z)
The above relation applied to T = ¢, yields

(6.3) e(t) <C+ VT < &.

e(ty) <C vt, < &.

If t > &, then W>®(7) = % and relation (6.2) reads

1 [
e(t) <C+2D%w,u) + 8—/ e(t)dt.
t Jo

If now t = ¢, > & for some n, we get

1 [
e(tn) <C+ —f e(t)dt
& Jo
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and thus, by (6.3),
1 [ D™ (v, u)
< - —t -\
e(ty) <C+ . fo (C + 0 )a’
1 [% D®(v,u)

<2C+ — ety '

A SN0
and the result follows. 0

We want to stress the fact that the advantage of this result over the original approximation
inequality of Kuznetsov [8] is that the modulus of continuity in time of v does not appear in
the estimate. Error estimates can thus be obtained solely in terms of upper bounds for the
term Ty~ (u, v; t)/ W (t), for the entropy production term E%%x (v, u; t)/ W (t), and for the term
involving Dy (v, u).

Next, we show how to estimate the term Ty (u, v; t)/ W (¢t). We need a simple, but useful,
representation result.

LEMMA 6.3. We have

3(F(u,c) — F(c,u)) = f U'(s —u)[f'(w) — f(s)]ds.

Proof. By the definition of F, (3.3b), we have
O(u,c) = F(u,c) — F(c,u)

=/ (UG =)+ U'(s—uw) f(s)ds.

Then, by using the fact that U is smooth and even, we get

3.0, c) = (U'(u—c) + U'(0)) f'(u) - ] U'(s —u) f'(s)ds

c

=(U'(0) ~ U'(c — ) f’(u)—/ U'(s —u) f'(s)ds

= fu U'(s —u) f'(u)ds — /u U'(s —u) f(s)ds,

and the result follows. 0
COROLLARY 6.4. Let n be an arbitrary unit vector in R?. Then

I%WW@—meWHS%NW%

where ¢, = sup,,,<; G (w).
Proof. From Lemma 6.3, we have

18, (F(u, ¢) — F(c,u)) -n| < IIf”lIf U'(s —u)(u—s)ds < -CZ—ISIIf"II,

by the definition of U, (3.3), and the definition of || /||, (2.6b). |

We can now use this corollary to estimate Ty (u, v; t)/ W (¢).

LEMMA 6.5 (estimate of Ty (u, v; t)/ W (t)). Let u be the entropy solution of (1.1), (1.2).
Then

Tyr(u, v; )/ W) < ci(T I/l N uolrv ey ) &

where c1 = sup;,, <, G"(w).
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Proof. Let us assume for the moment that u is smooth. Then, by (6.1c) one can write

T T
rowny== [0 [ [T f v (F (30,005 = P, ), w0, 0) )
0 RIJO R4
~@(t,x; t', x)dx'dt' dxdt,

so that, by Corollary 6.4,

T T
TurGu, v; T) < e ) f f f f Vu(t, ) o(t, x; ¢, x)dx'de dxdt
2 0 R4 JO R4

IA

2 ' ! ! ’ '

?sllf ||f | u(®) |7y @y f we, (¢t —¢')dt’ tdt
0 0

crellf'I T |uolrymey W(T).

The result for u not smooth follows from a classical density argument. O
We are now ready to prove Lemma 3.1. From Proposition 6.2 and Lemma 6.5, we have

IA

f U (tn,, x") —ultn,, x))dx’ < 2[ Uw-(0, x") — u(0, x"))dx'
RY R
+8L(ex + &l f'ID luolry@ey + 21 N f'N T | uo Iy ey €

+2 lim sup E**¢(v,u; 1)/ W)

-0 0<t<T

1 "™ D(v,u)
t — ————dt
+ X(e1,00) ( Nr)st /0 ()
Next, consider the function B(w) = |w | — U(w). By the definition (3.3a) of G, B(w) = 0
and

B(w) = £ (|w/e| — G(w/e)) sesulgllvl—G(v)I <e |S‘|1P1||”|—G(")| = coe.
VE V<

This implies that |w| — cp & < U(w) < |w|, and hence
I untny) — ultng) ey < 2|l uon — to L way + 8 L(ex + & 1Lf'1) | to |7v e
+ (co@MY + 21 | SN T L uo Irv@ey) €

+2 lim sup E®*¢(v, u; 1)/ W)

£—>00 0<t<T

l f R,

t J—
+ X(ei,00) Nr)st T

This completes the proof of Lemma 3.1.

7. Concluding remarks. Several versions of the SCSD and SCDG methods (i.e., several
definitions of &,, &;, or 8‘2”) can be found in the literature; see e.g. [3], [6], [10], [11], and
[4]). It is interesting to note that the coefficients ¢, and &, considered in [4] are some kind of
L versions of our L? coefficients.

We want to emphasize that, to obtain our a posteriori results, the only property of the
shock-capturing terms we require is that they satisfy a nonnegativity condition. This property
is trivially satisfied for the SCDG method as a reflection of the fact that piecewise-constant
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functions belong to the finite element space. As a consequence, our results for the SCDG
method hold for very general finite elements. For the SCSD method, this does not happen
since the approximate solution is taken to be continuous in space. However, the nonnegativity
of the shock-capturing terms can be proven, not only for acute (d + 1)-simplices, as shown in
this paper, but also (i) for prisms T = K; x I, where K} is an acute d-dimensional simplex
and [ is an interval, together with local spaces of the form P* (T;) ® P*(I) (see [4]), and
(ii) for (d + 1)-dimensional cubes T = I x - - - x Iz (or the corresponding parallelepipeds)
with local spaces of the form P (1)) ® - -- @ Pk+i (I ;).

To obtain classical error estimates from the a posteriori error estimates, regularity prop-
erties of the approximate solution are needed. In this paper, we find a regularity property by
a standard L2-energy argument. (It is at this point that the definition of the shock-capturing
terms is crucial.) This property can then be combined with the a posteriori estimates to pro-
duce rates of convergence. Since this regularity property is independent of the degree of the
approximating polynomials (see the estimates of the terms ©; () in §2), so are the theoreti-
cal convergence rates. A better rate of convergence can be obtained with stronger regularity
properties of the approximate solution.

Finally, we point out that our technique can be extended to other definitions of ¢;, &5,
and &5°. If, for instance we do not divide by the gradient of the approximate solution in the
deﬁmtlon of &1, &5, Or 82 , the theoretical orders of convergence (with §, §;, and §, of order 4)
are found to be the same as those in Corollaries 2.6 and 2.9. Moreover, if §; and 8, are taken
to be of order 422", for v > 0, the methods can be proven to converge with a rate of 4.

Appendix: Existence of a solution of the SCSD and SCDG methods. In this appendix,
we prove that the SCSD method and the SCDG method, as defined in this paper, admit a
solution. We only prove the result for the SCDG method.

We use the following result.

LEMMA. Let X be a finite-dimensional vector space with inner product (-, -). IfF : X > X
is continuous and satisfies (Fx, x) > Oforallx ¢ {y € X : (y, y) < r*} = B(0, r) for some
r > 0, then Fx = 0 has a solution in B(0, r).

Proof. See [9, p. 164] for a proof of this lemma. O

We apply the lemma to X = ¥}, with (-, -) the L2(£2)-inner product for Q = (0, T,,) x R¢,
and

Ne—1

Pw, v) = Z Z / AWw)(v + 8 A(w, v))dxdt
n=1 TeTh, T
N,—-l

/( (w w ) f(wT)-ne,T)de)»
n-—l TE'I;,,,eeaT

+ Z > / £1(W)P, (Vi) - Vi)dxdt

n=1 TeT,,

N,—-1
+> > / e2(wP(Ved - V,T)d.

n=1 Te€Ty, esdT

By identifying ¥}, to its dual, we can easily see that P is a well-defined application from 7, to
V. Moreover, if the viscosity terms are defined as in §2, that is, if
A LET pTey — FT) - n
,\I UI and 82(UT)|e=82If;’T( ,\7)~ f( ) e,Tl’
| VO [|p, + 33 Il Veu |lp, + 84

where 83 and 84 are positive parameters, then P is continuous.

e1(V)|r =&
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Finally, proceeding as in the proof of the a priori estimate of Lemma 5.1, we obtain

1 1 To\2
(11”v,v)=-2-flR o dx + = Z Z —vle)dx

n=0 ¢cdT; ,NRI Y€

N,—1
+ Z Z// ( £ uh,uy) — fs) ~ne,r)dsdA

n=0 e€&,

N.—1
ATy [ voiharar+ 3 33 [eahivt it

n=0 TeT,, n=0 Te’];,,,eeaT

1
B3 Y [ 40 = S0

n=0 TeT,,

Since, by (2.4), the second term of the right-hand side is positive, we have that if || v || .2(q) is
large enough, then (Pv, v) > 0. We can thus apply the lemma and obtain a solution to our
problem.
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