
   

ABSTRACT 

RANADE, RISHIKESH. Development of Machine-learning Methods for Turbulence Combustion 

Closure and Chemistry Acceleration. (Under the direction of Dr. Tarek Echekki). 

Turbulent combustion involves complex interactions between turbulence and chemistry. 

These interactions result in several turbulent combustion phenomena occurring in different 

combustion applications. Due to the massive complexity involved, turbulent combustion requires 

modeling for accurate prediction and representation of these phenomena; and the models 

developed in this respect are conventionally known as turbulent combustion closure models. The 

objective of this work is to explore data-based and machine-learning techniques to enable the 

construction of new closure models and improve the existing ones.  

In the first part of this work, a novel experimental data-based framework is developed to 

capture turbulent-chemistry interactions accurately and accelerate chemistry. Experimental multi-

scalar measurements in laboratory flames have provided important databases for the validation of 

turbulent combustion closure models. The framework developed in this work is based on the 

construction of conditional means and joint scalar probability density functions (PDFs) from 

instantaneous experimental measurements based on the parameterization of the composition space 

using principal component analysis (PCA). PCA identifies key parameters, principal components 

(PCs), which act as both conditioning variables and transport variables. The joint PDFs are 

constructed using a multi-dimensional kernel density estimation (KDE) approach. The PC source 

terms are estimated starting from instantaneous temperature and measured species measurements 

using a variant of the pairwise mixing stirred reactor (PMSR) approach. Self-Organizing Maps 

(SOMs) are used to cluster the measurements based on their proximity in PC-space. Finally, the 

joint PDFs in the PC space are convolved with conditional mean statistics of thermo-chemical 



   

scalars, density and PC source terms to determine their unconditional means. These means are 

represented in terms of mean PCs using artificial neural networks (ANN). The closure model based 

on experimental measurements is validated using a priori and a posteriori tests. In the a priori 

analysis, the reconstructed mean and RMS statistics of thermo-chemical scalars for two flames, 

the Sandia piloted jet diffusion flames and the Sydney piloted jet flames with inhomogeneous 

inlets, are in excellent agreement with their respective experimental means. Additionally, the a 

priori  analysis also includes a demonstration of source term reconstruction using the modified 

PMSR approach. In a posteriori analysis, the closure framework is validated by performing RANS 

calculations for the Sandia piloted jet flames and the Sydney piloted jet flames with 

inhomogeneous inlets. The axial and radial profiles of mean temperature, mixture fraction and 

measured species mass fractions agree well with the experimental means for these flames. 

In the second study, an efficient machine-learning algorithm is developed to save storage 

memory in flamelet methods by eliminating the storage of multi-dimensional PDF look-up tables. 

The mathematical functions determined from machine-learning algorithms can be used to 

represent the thermo-chemical data stored in PDF tables. These functions can be computationally 

more expensive than the existing interpolation methods used for evaluating thermo-chemical 

quantities. More importantly, the training time can amount to a considerable portion of the 

simulation time. These issues are addressed by introducing an adaptive training algorithm that 

relies on multi-layer perception (MLP) neural networks for regression and self-organizing maps 

(SOMs) for clustering data. SOM clustering divides the PDF table into several parts based on 

similarities in data. Each cluster of data is trained using an MLP algorithm on simple network 

architectures to generate ólocalô functions for thermo-chemical quantities. The MLP-SOM 

algorithm is validated for the DLR-A turbulent jet diffusion flame using both RANS and LES 



   

simulations, and the results of the PDF tabulation are compared to the standard linear interpolation 

method. The comparison yields a very good agreement between the two tabulation techniques and 

establishes the MLP-SOM approach as a viable method for PDF tabulation.  
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 : Introduction  

Combustion is a highly complex process with a strong interaction between the physical and 

chemical aspects of flow. The flow physics is governed by various processes including advection 

and dissipation of a fluid mixture, while the chemistry is governed by the production and 

consumption of the different components that make up that mixture. The interaction between these 

different processes results in the phenomenon known as combustion.  

Combustion is prevalent in the 21st century and has applications in several industries 

including automotive, oil and gas, power generation etc. The products of these industries play a 

crucial role in the life of the 21st century humans, and hence an in-depth understanding of 

combustion is necessary.  

Experiments provide a good basis for understanding, especially for flames in laboratory 

settings, but they prove to be less useful in industrial devices like internal combustion engines and 

gas turbines. The challenge with experiments is associated with complex geometries and physics, 

constraints with experimental measurement techniques, and the lack of resources to carry out 

spatially and temporally resolved quantitative measurements. With the tremendous increase in 

computing power in recent times, simulations for complex fluid phenomenon including 

combustion are predominant. Although different in nature from experiments, the challenges 

associated with simulations are equally demanding. Modeling the complex physics is not trivial 

and requires extensive understanding of the problem, which is not available in most cases.  

The main problems in combustion modeling revolve around solution accuracy and 

computation time. Turbulence plays an important role in combustion applications with realistic 

flow settings. The interaction between turbulence and chemistry adds an additional level of 
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complexity due to the unsteady nature of flow that results in pockets of reacting and non-reacting 

zones. Turbulence-chemistry interactions (TCI) exhibit a variety of unsteady and non-equilibrium 

effects and result in phenomena like local flame extinction, re-ignition, and multiple modes of 

combustion (e.g., premixed and non-premixed). Modern research in the field of combustion 

focuses on capturing this interaction for better understanding of the nature of turbulent flames. The 

inadequacy of these models in accurately capturing the various turbulent flame phenomena leaves 

the door open for development of new models.  

Another issue with combustion modeling is the complexity of modeling the chemistry of 

practical fuels. Fuel chemistry is prescribed using a chemical mechanism, which includes the 

possible species and the reaction pathways that may exist and their associated rates. Chemical 

mechanisms for complex hydrocarbon fuels generally comprise of thousands of species and tens 

of thousands of reactions. Most of the species are minor species including intermediates and 

radicals and, hence, are associated with small time and length scales. A complete description of 

the fuel requires the model to resolve all the time and length scales accessed by the different 

species. This makes turbulent combustion simulations prohibitive beyond simple, 1D problems. 

Thus, an important challenge in turbulent combustion modeling is the construction of models that 

can accurately capture turbulence and chemistry effects in flames without incurring heavy 

computational costs resulting from the size of the chemical mechanisms.   

Before delving into details of the TCI models relevant to this work, it is essential to spend 

some time understanding the different computational tools that are fundamental building blocks of 

any computational fluid dynamics (CFD) based model that includes combustion. 
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1.1. Turbulence-chemistry closure in combustion modeling 

The most common approaches in combustion modeling are Direct Numerical Simulation 

(DNS), Large Eddy Simulation (LES), and Reynolds Averaged Navier-Stokes (RANS). Although 

these computational approaches are similar in formulation such that they solve the 3D, unsteady 

Navier-Stokes (N-S) equation to resolve the flow, the main difference between them exists in the 

flow and thermo-chemical variables that they transport. DNS involves the transport of 

instantaneous variables as opposed to RANS and LES, which solve for the averaged and filtered 

quantities of transported variables, respectively. 

DNS was introduced to combustion modeling in the 1980s, offering a new way to 

investigate turbulent flame interactions without the requirement to implement any turbulence 

closure models. Studies carried out by Givi (1989), Poinsot (1996), Vervisch and Poinsot (1998) 

and Poinsot et al. (1995) were pivotal with respect to DNS of turbulent combustion flames. With 

the availability of an adequate chemical mechanism, the main idea of DNS is to capture a range of 

time and length scales that may be accessed in a computational solution. Hence, the computational 

grids used in a DNS need to be fine enough to resolve the smallest scales (often known as 

Kolmogorov scales) as well as the inner structures of a turbulent flame (Poinsot and Veynante, 

2005). Moreover, the fine grids need to span bigger domains (size of the combustor) to resolve the 

large-scale turbulent structures. For reacting flows, an additional constraint pertaining to the time 

integration of reactive scalars needs to be considered. A typical timescale required for the 

resolution of the fastest of reactions in hydrocarbon chemistry is of the order of 10-9 s. The 

simulation would require millions of iterations in time to reach the integral scale of flow, which 

has an order of 10-2 s (Echekki and Mastorakos, 2011). Apart from the problems associated with 

time and space scale resolution, the computational cost of DNS is also governed by the size of the 
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chemical mechanism in terms of the number of species and reactions. Lu and Law (2009), in their 

analysis of the cost of integrating chemistry with DNS, concluded that the computational cost 

differs by one order of magnitude between simple and relatively more complex fuel chemistries. 

As a result, most DNS studies are carried out on simple and small geometries, sometimes inside a 

box with integral length scales of the order of 1 cm, and moreover, rely on simpler fuel chemistries. 

Albeit the challenges, efforts related to reducing the cost of DNS are on the lines of accelerating 

chemistry by developing reduced chemical mechanisms or using simpler strategies like, In Situ 

Tabulation (ISAT) (Pope, 1997) and adaptive mesh refinement (Day and Bell, 2000; Aspden et 

al., 2016) to refine the grid only within the flame structures.  

In the current scenario, RANS and LES are the most commonly used methods in turbulent 

combustion modeling. RANS is based on time or ensemble averaging of the instantaneous N-S 

equation; while LES formulation relies on spatial filtering. Averaging is highly dissipative and 

smears all the involved time and length scales. On the other hand, spatial filtering retains the large 

scales and can capture the role of large flow structures on mixing and combustion. Hence, LES 

flows appear to be unsteady in nature, comprising of large-scale turbulent structures (Echekki and 

Mastorakos, 2011). However, both averaging and filtering result in unresolved scales. In 

averaging, the unresolved scales exist over the entire time and length scales, whereas with filtering, 

only the smaller eddies remain unresolved. This lost information is represented by key terms in 

the N-S equations including the averaged or filtered turbulent scalar fluxes and chemical source 

terms. In laminar flows, the computation of chemical source terms is very trivial and can be carried 

out using information provided in the chemical mechanism. However, the computation of 

averaged/filtered chemical source terms is not as trivial because these terms are highly nonlinear. 

Hence, these chemical source terms, as well as turbulent scalar fluxes, occurring in the RANS or 
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LES formulations remain unclosed and require modeling. This issue represents the turbulence-

chemistry closure problem arising in turbulent combustion modeling. 

At this point, it is crucial to understand the need and importance of adequately modeling 

turbulence-chemistry closure. The unclosed terms in the RANS or LES formulation, especially the 

chemical source terms, contain key information related to physics resulting from turbulence-

chemistry interactions. Hence, an inherent challenge for turbulent combustion models is to capture 

the different turbulence-chemistry effects adequately over a wide class of combustion problems 

and, moreover, to do so in a lower-dimensional basis in order to reduce the computational costs. 

One of the earliest models for closure was based on the fast chemistry assumption (Bilger et al., 

2005). Under this assumption, it was observed that the chemical reaction rates of species in non-

premixed combustors depend on both mixture fraction and scalar dissipation. Examples of such 

models include the eddy dissipation model (EDM) (Magnussen and Hjertager, 1977) and the eddy-

breakup model (EBU) (Spalding, 1971). The recently developed closure models can be classified 

under three categories, state-space models including the laminar flamelet model, PDF transport 

models, and low-dimensional stochastic closure models. These are discussed in more detail in the 

next sections. 

1.2. The laminar flamelet closure model 

The flamelet closure model was developed by Peters (1983, 1984). In this model, a turbulent 

flame is perceived as a collection of laminar diffusion flamelets that interacts with the turbulent 

flow. Each flamelet provides a description of local flame structure and is parameterized by 

variables like the mixture fraction and the scalar dissipation of the stoichiometric mixture (Cuenot, 

2011). Scalar dissipation is an important parameter since it is indicative of the rates of diffusive 

components of the heat and mass transport equations. Also, it corresponds to the inverse of a flame 
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residence time. Thus, at higher scalar dissipation rates, the flame residence time is small enough 

to produce events of flame extinction (Ranganath, 2007). 

In the flamelet-based closure model, local flamelets are generated by solving 1D counter-

diffusion or similar flames in the mixture fraction space for different values of scalar dissipation. 

These are relatively simple laminar flame calculations and, hence, can accommodate complex 

fuels with large chemical mechanisms. The calculated flamelet libraries of thermo-chemical 

quantities and chemical reaction rates, parameterized against mixture fraction and scalar 

dissipation, can be stored for later use. A joint Probability Distribution Function (PDF) distribution 

of the mixture fraction and the scalar dissipation (or more conveniently the mixture fraction 

variance, which is commonly modeled in terms of the scalar dissipation) is used to compute mean 

and RMS statistics for the different thermo-chemical quantities for the corresponding mean and 

variance of parameterized quantities. The construction of joint PDFs is not trivial because the 

nature and shape of the PDF for a given combustion problem is unknown beforehand. Hence, the 

flamelet model and others like it use a presumed shape and, moreover, assume a statistical 

independence between the governing parameters (e.g. mixture fraction, scalar dissipation, and 

progress variable) to avoid the construction of multi-dimensional PDFs. 

The laminar flamelet solutions are integrated with the joint PDFs to generate a PDF look-

up closure table, which stores the mean thermo-chemical states, T, ɟ and Yi parameterized against 

conditional variables, such as mean mixture fraction and its variance. The PDF table is stored in 

memory for use during CFD simulations. The a priori storage of the accessible thermo-chemical 

states means that the transport equations for species in the CFD code can be replaced by a much-

reduced set of equations for the conditional variables. The corresponding speciesô concentration 

can be evaluated using linear interpolations from the stored PDF table based on the solution of 
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mean and variance of the mixture fraction and other parameterized quantities. Linear interpolations 

are computationally cheap but may require a high resolution of the PDF table to achieve an 

acceptable accuracy. This can significantly increase the memory storage requirements and 

constrain the number of parameterized quantities to typically 3 or 4. Even higher dimensions may 

be needed to capture either transient effects or an evolving pressure, such as in reciprocating 

engines. The constraints on memory storage serves as an important drawback of this approach. 

Machine-learning (ML) algorithms have a potential of reducing the storage requirement of such 

tables by using mathematical functions to represent the table quantities. However, ML-based 

models suffer from numerous drawbacks and newer techniques that can address these issues need 

to be explored. One of the scopes of this work is to develop a novel machine-learning algorithm 

that can alleviate these issues and potentially eliminate the storage of the PDF tables.  

Due to its simplicity, the flamelet model is extremely useful in relatively complex flows 

where the flamelet assumption applies. However, there are many instances where the pre-selection 

of parameters for composition space and presumption of joint PDF shapes results in a model that 

falls short in capturing key turbulence-chemistry interactions. These instances include the presence 

of non-equilibrium effects such as extinction and reignition, the presence of multiple streams for 

mixing or multiple modes of combustion (e.g. premixed and non-premixed), and the presence of 

heat losses near boundaries. Under such scenarios, other models that can accommodate high-

dimensional joint PDFs of thermo-chemical scalars must be considered. 

1.3. PDF transport models 

Unlike the presumed PDF methods, the PDF transport models are different in their 

formulation such that they evaluate the joint PDF by solving a transport equation for the one-point, 

one-time joint Eulerian PDF for a set of hydrodynamic and thermo-chemical variables. The use of 
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the PDFs in the context of turbulence theory was first introduced by Lundgren (1967). In his work, 

Lundgren derived coupled equations for multi-point velocity distributions and compared their 

properties with the kinetic gas theory. In the context of reacting flow, Dopazo and OôBrien (1974a, 

1974b) were the first to consider modeled equations for joint PDFs comprising of thermo-chemical 

variables. These equations were resolved using finite differences. Although, simpler in 

formulation, finite differences result in large computational overheads given the multivariate, 

multi-dimensional nature of the PDF in reacting flows. Pope (1981) demonstrated the Monte Carlo 

methods for resolving PDF equations. Monte Carlo methods are less expensive since their memory 

requirements are considerably smaller and scale linearly with the dimensions of the PDF. Since 

then, researchers have resorted to the use of stochastic Lagrangian-based Monte-Carlo frameworks 

(Colucci et al., 1998; Saxena and Pope, 1998; Saxena and Pope, 1999; Xu and Pope, 2000). In the 

Lagrangian framework, the PDF transport equation is solved by considering a finite number of 

notional particles that can evolve with mixing and reaction on each computational cell. However, 

a large number of particles may be needed to minimize statistical errors.  

The most important advantage of PDF methods is that the reaction rate term appears in a 

closed form in their formulation (Pope, 1991; Pope, 1985). Albeit, other terms related to molecular 

diffusion remain unclosed and require closure with the help of mixing models. Due to a strong 

interaction between reaction and mixing, the mixing model can play an important role in 

determining the accuracy of these methods. Several mixing models have been used in this context 

including IEM (Villermaux and Devillon, 1972), Modified Curl (MC) (Curl, 1963; Janicka et al., 

1979) and EMST (Subramaniam and Pope, 1998). The main issues with the mixing models arise 

from the lack of information related to the explicit coupling of reaction and mixing in their 

formation.  
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The Lagrangian-based PDF methods have been applied to a wide range of combustion 

problems including piloted stabilized flames (Yadav et al., 2013; Cao et al., 2007), bluff-body 

stabilized flames (Dally et al., 1988; Kuan and Lindstedt, 2005) and swirling bluff-body flames 

(Masri et al., 2000). These methods have yielded a significant improvement in accuracy over the 

flamelet-based methods. However, significant work needs to be carried out on improving mixing 

models and finding better strategies for handling multi -dimensional joint PDFs in a cost-effective 

manner. 

1.4. Low-dimensional stochastic models 

The previous sections discussed the two limits of available closure models in turbulent 

combustion modeling. The presumed shape PDF models are widely used because of their ease of 

implementation but tend to be dissipative due to the smooth nature of the PDF. This dissipation 

results in loss of key information related to different turbulence-chemistry phenomena. On the 

other hand, PDF transport models are adept in capturing these phenomena by solving a transport 

equation for the joint PDF. The joint PDFs can assume a variety of shapes depending on the local 

field of the transported thermo-chemical and hydrodynamic variables thus allowing the model to 

capture key turbulent flame characteristics. However, these models are computationally expensive 

and depend extensively on the mixing model employed. The drawbacks of these two classes of 

closure models, the flamelet and PDF transport models, leaves abundant opportunities to develop 

models that can adopt advantages of both. 

The linear eddy model (LEM) and the one-dimensional turbulence (ODT) model, both 

developed by Kerstein (Kerstein, 1988, 1989, 1990, 1992, 1999a, 1999b; Echekki et al., 2011; 

Menon and Kerstein, 2011; Kerstein et al., 2001), have been used extensively to construct closure 

models. Both LEM and ODT are 1D stochastic models in which molecular diffusion and reaction 
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are modeled deterministically using a chemical mechanism while advection is handled 

stochastically through stirring events. The stirring events are implemented using "triplet maps". 

These maps are designed to incorporate the compression and rotational folding effects of eddies. 

The stochastic element in these solutions results in many realizations of an instantaneous turbulent 

flame and can be used to determine thermo-chemical scalarsô statistical moments and distributions. 

The difference between LEM and ODT lies in the implementation of the eddy size and rate 

distribution. In LEM, the frequency and eddy size distribution of stirring are prescribed by a 

predefined turbulent kinetic energy, while ODT solves for a velocity field, which is further used 

to determine the eddy size and distribution. Both, LEM and ODT, have been successfully 

implemented as standalone models for reacting flow problems (Hewson and Kerstein, 2001a, 

2001b; Hewson et al., 2002; Echekki et al., 2001; McMurtry et al., 1993). However, these models 

are limited to simple homogenous flows, which are defined by a dominant flow direction. 

Problems with complex geometries are implemented by coupling these models with RANS and 

LES flow solvers (McDermott et al., 2005; Cao and Echekki, 2008; Arshad et al., 2019; Menon 

and Patel, 2006). McDermott et al. (2005) developed an algebraic stress model for closure of sub-

grid stress terms in LES using ODT. Cao and Echekki (2008) introduced an LES-ODT approach 

to address the important coupling between turbulent transport and molecular processes (reaction 

and diffusion) over a wide range of length and time scales. This LES-ODT coupling was 

demonstrated for the problem of autoignition in homogeneous mixtures and yielded good 

comparisons with DNS. Recently, Arshad et al. (2019) developed a coupling between LEM and 

LES to close the filtered reaction rates of thermo-chemical scalars. The coupled model was tested 

on a non-premixed syngas flame and a bluff-body stabilized flame. 
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Moreover, the numerical data generated from both LEM and ODT have been used to 

construct closure models for turbulent combustion that can be integrated with RANS or LES flow 

solvers. Ranganath and Echekki (2006, 2008, 2009) used different realizations of ODT solutions 

for the Sandia piloted jet flames D and F (Barlow and Frank, 2003) to construct conditional 

statistics, which were integrated with beta shaped PDFs to construct a closure for a RANS 

framework. An extension of this work was carried out recently by Miles and Echekki (2018). In 

their work, spatial filtering was carried out on data from different ODT realizations to construct 

univariate Filtered Density Functions (FDFs) for temperature and mixture fraction on each spatial 

filter. The FDFs were constructed using a Kernel Density Function approach (Bowman and 

Azzalini, 1997) and could assume arbitrary shapes ranging from a delta to a Gaussian function. 

The ODT-based closure was demonstrated in LES of the Sandia piloted jet flames D and F. Similar 

closure models have been constructed based on LEM (Goldin, 2005; Goldin and Menon, 1998, 

2007; Sankaran et al., 2009; Calhoon et al., 2015). In their study, Goldin and Menon (1998, 2007) 

constructed joint Scalar PDFs based on LEM solutions of jet diffusion flames, which showed 

qualitative improvements over presumed shape PDFs in their ability to capture turbulent-chemistry 

interactions. The joint scalar PDFs were parameterized on a smaller set of moments. Sankaran et 

al. (2009) and Calhoon et al. (2015) also demonstrated the joint scalar PDF construction based on 

LEM data using different sets of lower-dimensional variables.  

1.5. The experimental data-based closure framework 

The accuracy of the low-dimensional stochastic closure models described above, depends 

on the shape of joint PDFs, the choice of conditional parameters, and the quality of the numerical 

data. The traditional choices of conditioning parameters include combustion variables such as 

mixture fraction, temperature, progress variable, or scalar dissipation rate. However, the pre-
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selection of parameters for the composition space is not trivial. Several studies have explored the 

use of principal component analysis (PCA) to identify lower-dimensional manifolds in order to 

parameterize the composition space using principal components (PCs) (Ranade and Echekki, 

2019; Mirgolbabaei and Echekki, 2013, 2014, 2015; Parente et al., 2011; Coussement et al., 2012). 

Because PCs are derived directly from data, they can potentially serve as better conditioning 

parameters as opposed to the traditional choices. 

In turbulent combustion, multi-scalar point or line experimental measurements are the gold 

standard and are extensively used for validation of these various closure models. Experimental 

measurements contain key information related to turbulence-chemistry interactions, which can 

potentially be used to construct accurate closure models. However, it is unclear as to how and what 

information needs to be extracted and the type of experimental data that may be required. 

Additionally, experimental measurements may suffer from several other challenges such as the 

inadequacy of data, measurement uncertainty, and the absence of reaction rate information that 

need to be addressed before attempting to construct closure models. These issues raise questions 

as to the possibility of multi-scalar experimental measurements to construct closure models.  

One of the scopes of the present effort is to explore different data-based modeling and 

machine-learning techniques that can address the challenges associated with experimental 

measurements.  The ultimate goal is to develop a modeling framework which uses experimental 

measurements to enable successful construction of data-based closure models for turbulent 

combustion over a broader range of conditions and flames. This experimental data-driven physics 

modeling is novel within the current scenario of turbulent combustion models, and this work serves 

as a first step in that direction.  
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The idea here is to extract physics contained in experimental data and represent it in the 

form of mathematical models, which are computationally cheap and yet accurate in capturing the 

different turbulent-chemistry phenomena. The strategies proposed in this framework are novel and 

represent an important and new paradigm in turbulent combustion modeling. Next, a review is 

presented of different machine-learning models implemented for various combustion applications. 

1.6. Machine-learning models in combustion 

Machine-learning (ML), a subclass of artificial intelligence (AI), is set of techniques used 

to construct mathematical models trained on sample data, in order to make predictions and 

decisions for future tasks. The accuracy of future predictions depends on the accuracy and 

performance of the ML model during training as well as the extent, resolution, and quality of the 

training data. Generally, ML models have good predictive capabilities and can represent functions 

with very high degrees of nonlinearities as long as the data lies within the training data space.  

Conventionally, ML has been used for carrying out two main tasks: regression and 

classification. Regression applies to problems, which can be defined with a smooth and continuous 

mathematical function. In regression, different techniques are used to determine the approximate 

function that may exist between a set of input and continuous output variables. For example, the 

modeling of chemical reaction rates as functions of temperature and species mass fraction in order 

to replace the Arrhenius expression may be considered as a regression. The accuracy of such 

problems is measured by calculating a mean squared error (MSE) between the output and model-

predicted values. Some of the regression-based machine-learning techniques include artificial 

neural networks (ANN), multi-layer perceptron (MLP), and random forest regression (Ho, 1995).  

On the other hand, classification is used to determine approximating functions that may exist 

between input variables and discrete output variables. Classification is loosely known as grouping 
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because it involves segregating input data into groups or clusters based on similarity of 

characteristics between any input vector and other entries comprised in a certain group. A simple 

example of classification in the context of combustion would be grouping data from a look-up 

table into smaller chunks based on the values of mixture fraction and scalar dissipation rate. 

Because the output of a classification task is a group number represented as an integer or a 

character, the best way to measure the accuracy of such a task is by calculating the percentage of 

correct predictions. Some of the classification-based machine-learning techniques include self-

organizing maps (SOM) (Kohonen, 1996), KNN (Altman, 1992), and decision trees (Quinlan, 

1986).  

Reacting flows are highly nonlinear in nature due to the presence of reaction rates that 

depend nonlinearly on temperature and linearly on mass fraction of several species. Additionally, 

these reaction rates are also multi-dimensional, such that they have strong dependencies on several 

thermo-chemical scalars. The flexibility of machine-learning models to easily capture nonlinear, 

multi-dimensional characteristics in data, makes them very useful in different aspects of 

combustion. In the past few decades, ML-based models have been developed and demonstrated in 

combustion modeling for representing chemistry, modeling chemical source terms and for 

constructing reduced chemical mechanisms. One of the earliest demonstrations of machine-

learning for modeling turbulent combustion was carried out by Christo et al. (1995). In their work, 

an MLP was constructed to train compositions collected from a Monte-Carlo simulation of H2/CO 

flames using the PDF transport model. In the work following this, an integrated approach was 

developed that involved the coupling of a neural network in PDF simulations. This approach was 

initially demonstrated using single-step chemistry (Christo et al., 1996a) and later using a 3-step 

reduced mechanism (Christo et al., 1996b). Blasco et al. (1998, 1999) used ANN to model the 
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temporal evolutions in combustion applications. In a follow up work, Blasco et al. (2000) clustered 

the composition space using SOMs and coupled it with multi-layer perceptron networks to build 

models over individual clusters. This technique allowed for the use of more complex chemical 

mechanisms. Ihme et al. (2008, 2009), Emami et al. (2012) and Owoyele et al. (2019) used ANN-

based mathematical functions to replace the storage of look-up tables in the flamelet approach. 

Sen et al. (2010a, 2010b) and Chatzopoulos et al. (2013) applied ANNs to construct a subgrid scale 

closure model in LES of turbulent flames. Franke et al. (2017) used ANNs to replace a chemical 

mechanism, which was then used to model a jet flame using a transported PDF combustion model. 

Owoyele and Echekki (2017) built a reaction rate model using a PCA-ANN framework for 

modeling premixed turbulent flames in a 2D DNS. Ranade et al. (2019a, 2019b) developed an 

ANN-based framework to construct reduced chemical mechanisms for complex fuels. In this work, 

a shallow ANN was used to extract fuel chemistry from "noisy" shock tube measurements, 

followed by a deep ANN for the construction of the reduced chemical model. Lately, 

Convolutional Neural Networks (CNNs) have found their way in turbulent combustion modeling, 

providing a promising way for modeling the nonlinear sub-grid closure terms in LES (Lapeyre et 

al., 2019; Nikolaou et al., 2019). Also, recently, Schoepplein et al. (2018) demonstrated the use of 

evolutionary algorithms for LES model development in premixed turbulent flames.  

The use of data-driven approaches in physics-based simulations is increasing at a fast pace, 

with ML playing a central role. This research incorporates several ML strategies to construct low-

order models for capturing complex physics. The next section describes the research objectives in 

more detail.  
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1.7. Objectives 

The objective of this research is to focus on the turbulent combustion closure aspect of 

combustion modeling and, moreover, to use data-based and machine-learning techniques to 

develop novel closure models and explore strategies to improve some aspects of the commonly 

used models, such as the flamelet method. The identified objectives of this research are two-fold: 

¶ In the first part, a novel experimental data-based closure framework is developed to model 

turbulence-chemistry interactions in complex combustion problems. The idea is to develop 

a modeling framework that can identify and extract such information from experimental 

measurements using different data-based techniques and subsequently express this key 

information in the form of mathematical closure models using machine-learning methods. 

Because these models are constructed from experimental data, they are not limited by the 

complex physics resulting from combustion modes, geometry-induced turbulent mixing, 

fuel complexity, etc. As a result, the data-based framework is designed to construct closure 

models, which are generic and can be implemented in problems with complex physics, so 

long as the experimental data are able to capture it. Traditionally, models were developed 

based on expert knowledge of a process and assumptions related to the traditional turbulent 

combustion paradigms (Bilger et al., 2005). With the new framework, physics is directly 

extracted from experimental data, irrespective of the process, and represented 

mathematically using several data-modeling and machine-learning strategies.  Hence, the 

data-modeling framework proposed here should become a novel paradigm shift in the way 

turbulent combustion models will be developed. The different elements of the data-based 

closure framework are analyzed and validated over several a priori and a posteriori tests 

based on different types of turbulent jet flames. 
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¶ The second part of this research focuses on improving the laminar flamelet based closure 

methods. These methods are commonly used for modeling turbulent combustion closure 

due to their robustness and simplicity. One of the common issues with these methods is 

that they require storage of multi-dimensional look-up tables that are used in CFD to 

recover several thermo-chemical variables from a set of lower-dimensional parameters. 

Several machine-learning techniques have been proposed in the past (Ihme et al., 2008, 

2009; Emami et al., 2012; Owoyele et al., 2019) to significantly reduce the memory storage 

required by the PDF tables. Although machine-learning based models can successfully 

reduce the memory storage requirements, there are several drawbacks to these methods in 

terms of higher training time, expensive CFD computation, inaccuracy in CFD solution, 

etc. In this work, a novel machine-learning algorithm, MLP-SOM, is developed to address 

these issues.  

1.8. Outline 

The remaining chapters of the dissertation are structured as follows. Chapter 2 discusses the 

mathematical formulation of the problem of turbulent combustion closure followed by a detailed 

description of the laminar flamelet model and the novel experimental data-based closure 

framework. The theory behind the mathematical formulation of the laminar flamelet model is well 

established and the objective of this section is to underscore the heavy memory requirement issue 

with respect to these models. The formulation of the experimental data-based closure framework 

and its different elements are discussed in detail. Chapter 3 describes the a priori  analysis and 

validation of different elements of the data-based closure framework using two different turbulent 

flames, the Sandia piloted jet flames (Barlow and Frank, 2003) and the Sydney piloted jet flames 

with inhomogeneous inlets (Meares and Masri, 2014). In Chapter 4, the data-based closure 
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framework is integrated with a CFD package and tested against experimental data using RANS 

calculations of the Sandia flames D, E and F and the Sydney piloted jet flames with 

inhomogeneous inlets. Chapter 5 deals with the second portion of this research, related to the 

development of a fast and accurate machine-learning algorithm to alleviate the storage 

requirements of look-up closure tables in the laminar flamelet based methods. The machine-

learning algorithm is described in detail and analyzed over several a priori and a posteriori tests. 

Finally, Chapter 6 discusses conclusions and provides recommendations for future work. 
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 : Model Formulation for 

Turbulent C ombustion Closure 
 

2.1. Turbulent  combustion closure ï a mathematical perspective 

The formulation of the Navier-Stokes (N-S) equations and their discretization is required 

for an adequate description of any fluid flow system. The system of N-S equations solves for 

conserved quantities such as mass and momentum to track their evolution in time and space. These 

quantities are influenced by several physical processes such as advection, diffusion, pressure 

gradients and other external sources. A reacting flow system requires the solution of additional 

quantities, including the energy of reacting mixture as well as its composition. The evolution of 

the chemical composition results from the production and consumption through chemical reactions 

in addition to transport. Moreover, heat release during this process affects the temperature and the 

rates of reactions in the flow. Thus, reacting flows may be more demanding to compute since they 

involve solutions of a larger set of conserved quantities, including energy and chemical species. 

More importantly, a large portion of the chemical species may exist over very narrow time scales 

attributed to their faster reaction rates, thus requiring finer resolutions in space and time. An 

additional level of complexity is introduced by the presence of turbulence. Turbulence, also, is a 

multiscale process that spans with fluid flow structures, a wide range of length and time scales. 

For example, a typical turbulent fluid flow may include a range of eddy sizes that are comparable, 

for combustion problems, to the size of the combustion device and to the smallest so-called 

Kolmogorov scales. The process of energy transfer between larger and smaller eddies is known 

famously as the energy cascade (Kolmogorov, 1968). This is a highly nonlinear, 3D process and 

requires very fine resolutions in space for accurate representation. Thus, turbulent combustion is a 
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truly multiscale phenomenon in both time and space with a dominant interaction between 

turbulence mixing and chemical reaction.  

Typically, the equations of instantaneous conserved quantities are expressed in a Eulerian 

framework. The compressible form of the non-conservative form is presented here. A more 

detailed version of other forms can be found in textbooks by Echekki and Mastorakos (2010), Kuo 

(2005), Williams (1985), and Poinsot and Veynante (2005). 

Continuity transport equation:  
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Species transport equations (k = 1, N): 
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Energy transport equation: 
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In the above equations D Dt  refers to a material derivative, ɟ is mass density, u is the velocity 

vector, p is pressure, kf  is a body force associated with kth species per unit mass, Ű is the viscous 

stress tensor, kV  is the diffusive velocity of kth species, kw  is the kth species reaction rate, e is the 

mixture internal energy, which may be expressed as 
1

N

k k kk
e h Y pr

=
= -ä , and Q is the heat flux 

term, which is a contribution of heat transfer resulting from conduction, convection, radiation, 

transport through species gradient and Soret effect. It may be observed from the governing 
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equations that a number of terms are not explicitly represented as functions of the transport 

quantities and must rely on constitutive and other auxiliary relations for their definition. These 

relations are theoretical or empirical approximations and serve as a first level of multi-scalar 

treatment for turbulent combustion flows. Using the constitutive relationships, the viscous stress 

may be represented as follows: 
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where µ is the dynamic viscosity and ə is the bulk viscosity. The species diffusive velocities are 

represented using the Fickôs law as shown in Eq. (2.6). 

 
m

k k k kY V D Y=- Ð  (2.6) 

Here, 
m
kD  represents the mixture averaged mass diffusion coefficient for species k. The heat flux, 

Q is dominated by the gradient of temperature, also known as the Dufour effect, while the chemical 

reaction rates for the species are derived from the law of mass action where parameters of the 

Arrhenius equation are obtained from a chemical mechanism. The formulation of species reaction 

rates or source terms is multi-dimensional, highly nonlinear, and spans a wide range of time scales 

from the slowest to the fastest reactions, resulting in stiff systems of equations for their solution. 

A detailed description of their formulation can be found in Kuo (2005). In this analysis, the 

following convention is adopted: the reaction rate and source terms of species are proportional and 

are only different by the factor of density. Hence, these terms may be used interchangeably in the 

remaining chapters. 

Solutions to the above conservation equations, Eq. (2.1) to (2.4) for a prescribed set of 

boundary conditions in a finely resolved space and time domain, can potentially capture the 

multiscale turbulent combustion phenomenon without requiring any models for turbulence 
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chemistry interactions. DNS is a class of techniques that resolve these instantaneous conservation 

equations across all scales for turbulence and chemistry and obtain accurate representations of 

reacting turbulent flow structures. The spatial-resolution requirement scales to around the cube of 

the Reynolds number, while the time-resolution requirement scales with the time scales of the 

fastest species in the chemical system (Prosperetti and Tryggvason, 2009). The diffusive and 

reactive nature of intermediate species also affects the spatial scales, especially near the flame 

front. This mixed nature results in very fine mesh sizes and extremely small time steps, thus 

constraining DNS to modeling problems at smaller Reynolds numbers with simpler chemical 

systems over uncomplicated geometries.  

While DNS represents all scales of turbulence and chemistry, RANS and LES focus on 

only the averaged and large-scale effects, respectively. The RANS formulation is based on the 

averaged instantaneous conserved quantities in the governing equations. As a result of such 

averaging, RANS will impact all time and length scales without any bias. Hence, RANS solutions 

tend to be smoother, and they effectively capture the mean trends present in a reacting turbulent 

flow. On the other hand, the LES formulation is based on the spatial filtering of the instantaneous 

conserved quantities in the governing equations. The advantage of spatial filtering is that the larger 

scales of turbulence can be captured, while the effects of the smaller scales (or subgrid scales) are 

modeled. The extent of larger scales retained depends on the size of the spatial filter. Thus, in the 

limit of a very small filter size, the LES converges to DNS. In contrast, a RANS solution may 

never reach a DNS-like accuracy. The main idea behind LES is that a greater portion of turbulent 

kinetic energy (q) is contained in large eddies and, hence, these eddies need to be captured for 

accurate predictions. This may not be entirely true for combustion flows because important physics 

may reside at smaller scales, especially near the flame front. However, LES tends to be more 
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accurate than RANS due to its inherent ability to capture the interaction between mixing and 

chemical reaction for large-scale flow structures. Moreover, LES can be easily combined with 

other low-dimensional stochastic models such as ODT and LEM, which can be designed to capture 

subgrid-scale physics. More importantly, both averaging and filtering of instantaneous conserved 

quantities result in unresolved physics over a range of time and length scales. In RANS, the 

unresolved physics exists over an entire range of time and length scales accessed in a given 

problem while in the case of LES, the ómissingô physics rests only in the smaller or subgrid scales. 

Nonetheless, these missing scales and the related physics associated with them need to be modeled 

in order to accurately predict the interaction of physics and chemistry existing in a flow.  

Mathematically, the averaged or filtered conservation equations contain quantities that 

cannot be explicitly represented with the existing transport variables. For a more detailed 

understanding of these unclosed terms, a typical RANS/LES formulation of the instantaneous 

conservation equations is as follows:  

Averaged/filtered continuity transport equation: 
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Averaged/filtered momentum transport equation: 
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Averaged/filtered species transport equations (k = 1, N): 
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Averaged/filtered energy transport equation: 



 

24 

 

    

1

: ( )
N

k k k
k

De
Q p u u Y f V u e

Dt
r t r r

=

¡ ¡=-ÐÖ - ÐÖ + Ð + -ÐÖä                     (2.10) 

In the above equations, the symbols ññand ñò correspond to Reynolds averaging and density 

weighted averaging, respectively, whereris the mean or filtered density, ό is the velocity, kY  is 

the species mass fraction, and Ὡǿ is the internal energy. The averaged or filtered reaction rate term 

in the species transport equation and the advection terms in all the equations are highly nonlinear 

and remain unclosed because explicit relationships to compute them in terms of transport quantities 

are not trivial. On the other hand, models for some of these terms are well established. The 

Reynolds stress tensor,( )u u¡ ¡-  in the momentum transport equation, is popularly modeled using 

the Boussinesq approximation:  

  2

3tu u u qn d- = Ð -¡ ¡   (2.11) 

where  ή is the turbulent kinetic energy, tn is turbulent viscosity, and d is a Kronecker delta 

function. In this approximation, the unclosed Reynolds stress tensor is expressed in the form of 

the averaged/filtered velocity gradient and another constant called the turbulent viscosity (Wilcox, 

1998). This turbulent viscosity is in turn modeled using different turbulence models, including k-

Ů (Shih et al., 1995; Smagorinsky-Lilly (Smagorinsky, 1963), etc.), depending on whether a RANS 

or LES formulation is used. The spatial filter is generally included in the turbulent viscosity for 

LES formulations. The scalar fluxes in the species transport and energy equations have a similar 

approximation called the gradient diffusion approximation, which results in a turbulent diffusivity

tD . This turbulent diffusivity may be related to the turbulent viscosity through a Schmidt number 

formulation, shown in Eq.  (2.12). 
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where Sc is the Schmidt number.  

The models for Reynolds stress and scalar flux are relatively well established, however, 

the most critical requirement of closure arises from the modeling of the mean or filtered reaction 

rate term. The reaction rate is a highly complex term with nonlinear contributions from multiple 

species and temperature. In DNS, the computation of reaction rate is straightforward because the 

mathematical formulations and related parameters are readily available in a chemical mechanism. 

The difficulty arises when the averaged or filtered values of these nonlinear quantities need to be 

determined in the cases of RANS and LES. In general, the mean of any nonlinear function is not 

equal to the nonlinear function computed from the means of the dependent variables. In the context 

of the reaction rate, Eq. (2.13) describes this inequality, 

 ( ) ( )1 21 2( , , ,..., ) , , ,...,NN T Y Y YT Y Y Yw w¸   (2.13) 

The issue of turbulent combustion closure exists because of this inequality. The significant 

difference that exists between the two quantities prevents the use of chemical mechanisms for 

modeling combustion chemistry within the context of RANS and LES. Since a direct mathematical 

formulation is not available, the averaged or filtered reaction rates need to be modeled by other 

means. These reaction rates carry information from all the missing scales and can be representative 

of several different turbulent flame phenomena.  

The primary focus of this work is to build an experimental data-based framework that can 

accurately model the averaged or filtered reaction rates and successfully enable representation of 

these complex turbulence-chemistry effects within the RANS and LES formulations. A secondary 

goal is to explore machine-learning techniques to improve the performance of a well-established 
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method for turbulent combustion closure, namely the laminar flamelet method. In the following 

sections, the mathematical formulation of the laminar flamelet approach as well as the 

experimental data-based closure framework are discussed.  

2.2. The laminar flamelet model 

In the laminar flamelet method (Peters, 1983, 1984), the averaged or filtered thermo-

chemical space including temperature, density, specific heat, mixture properties and mass fractions 

of species are represented in a lower-dimensional manifold using a set of pre-defined conditional 

parameters. From turbulence theory, the average of any quantity can be calculated by integrating 

the conditional mean of that quantity convolved with a joint probability density function (PDF). 

Mathematically, the averaged or filtered thermo-chemical variables within the context of the 

flamelet model are represented in Eq. (2.14), as follows: 
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where { }1 2, , , ,..., nT Y Y Yq r=  and the lower dimensional parameters, { },Zf c=  for an adiabatic 

steady diffusion flamelet model. Z andcare traditional choices of parameters and represent 

mixture fraction and scalar dissipation respectively.  

It is evident from Eq. (2.14) that there are two components to this model, 1) the conditional 

means, which are specific to the composition space accessed by the problem, and 2) the joint PDFs 

that store information on the turbulence-modulated statistical distribution of the thermo-chemical 

scalar values. In the flamelet model, the conditional mean statistics are based on 1D laminar flame 

solutions modeled in their simplest forms by a quasi-1D counter-flow configuration in the Z and 

cspace. The laminar conservation equations for temperature and species mass fraction are 
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formulated in the mixture fraction, ,Z and scalar dissipation,c, space. The mathematical 

formulation of the so-called flamelet equations is given below for species and temperature: 
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The scalar dissipation, crepresents the contribution of molecular diffusion in mixture fraction 

space. Equations (2.15) and (2.16) are solved for different values of the scalar dissipation to 

construct conditional mean statistics in the mixture fraction and scalar dissipation space.  

The flamelet approach uses a presumed shape beta PDF in the Z space and a delta PDF in 

the c space. A statistical independence is assumed to express the joint PDFs as a product of the 

univariates of the two parameters. A typical beta PDF in the mixture fraction space can be 

represented as shown in Eq. (2.17): 
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where G is gamma function, Za g= , (1 )Zb g= - , and
( )

2

1

''

Z Z

Z

g
-

= .  

The coefficients a and b are related to mean and variance of mixture fractions allowing for 

construction of different PDFs by simply changing these quantities. In the flamelet approach, the 

conditional statistics are integrated over different beta and delta PDFs to construct a three-

dimensional look-up table such that: 

  2( , '' , )f Z Zq c=  (2.18) 
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In general, a look-up table may easily contain more than three dimensions depending on 

the number of parameters retained for constructing the lower-dimensional manifold. For example, 

a look-up table generated from a non-adiabatic steady diffusion flamelets also contains total 

enthalpy as a parameterized quantity. The issue with massive multi-dimensional look-up tables is 

that they need to be stored in memory so as to be able to retrieve the mean thermo-chemical 

quantities on-demand in a CFD simulation. Some of the thermo-chemical properties, such as 

density, temperature, mixture specific heats, mixture molecular weight etc., need to be interpolated 

from the tables multiple times in every iteration of the fluid flow solver and on every cell of the 

computational domain. Because these tables are constructed over a broader range of thermo-

chemical conditions, they tend to have several million points storing about 20-30 thermo-chemical 

quantities. This results into a storage requirement of gigabytes or even terabytes, as higher 

dimensions for the tables are needed.  

Because of large memory requirements, the laminar flamelet methods cannot access higher 

dimensions to potentially improve solution accuracy and are constrained to using 3 to 4 dimensions 

or 5 in rare cases. As a result of this storage issue in flamelet methods, machine-learning techniques 

can make inroads to resolve this problem. In simple terms, machine-learning methods are 

sophisticated curve-fitting techniques, which can be used to build a mathematical formulation 

relating the inputs and outputs of the multi-dimensional look-up table. Once these mathematical 

functions are available, they can be easily incorporated in any fluid flow solver, thereby precluding 

the requirement of storing the look-up table on memory. Although machine-learning models are 

an exciting proposition and have potential to improve the flamelet methods, their use is very 

restrictive because of the several challenges associated with them.  
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In Chapter 5 of this work, the challenges associated with machine-learning models in the 

context of flamelet based turbulent combustion closure are addressed. A new machine-learning 

algorithm is developed and validated over several a priori and a posteriori tests.  

2.3. The experimental data-based closure framework 

Flamelet models, although very popular, robust and computationally efficient, are not 

known for their ability to accurately capture physics resulting from complex turbulence-chemistry 

interactions, such as the extinction-reignition phenomenon. This deficiency in these models is 

caused by a variety of factors. First, these models are constructed from laminar flame solutions 

that may or may not capture relevant physics. Hence, the thermo-chemical states accessed by the 

conditional mean statistics (or flamelets) may not contain information of different turbulent 

combustion phenomena. Second, flamelet models rely on presumed shaped beta PDFs, which tend 

to be dissipative and may not capture the true nature of turbulence occurring in a given flame. Beta 

PDFs are not designed to be bimodal and, hence, are inadequate in capturing effects such as local 

flame extinction, reignition. Such events are known to be associated with bimodal-shaped PDFs. 

Barlow and Frank (2003) demonstrated the association of bimodal behavior with local extinction 

in their series of experiments over the Sandia piloted jet flames D, E and F. Finally, the flamelet 

model relies on traditional choices for parameterized variables. However, in many instances the 

choice of parameterized variables is not trivial. The traditional choices may not be adequate to 

capture the necessary physics.  

The goal of the experimental data-based framework is to address these issues. The 

experimental data used in this framework is based on multi-scalar instantaneous measurements of 

temperature and a subset of the species carried out at different spatial locations in a turbulent flame. 

Since these measurements contain an accurate representation of different turbulent effects in the 
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flame, they may potentially be very useful in the construction of a closure model. The Turbulent 

Nonpremixed Flames (TNF) Workshop (https://www.sandia.gov/TNF/abstract.html) provides a 

resource for such measurements over broad thermo-chemical or hydrodynamic conditions for a 

variety of flames. Some of the flames included in this database are pilot-stabilized jet flames with 

and without inhomogeneous inlets, bluff-body stabilized flames, swirl flames etc. While the flames 

measured for the TNF Workshop have been primarily the testing beds for turbulent combustion 

closure models, it is easy to perceive the potential of such measurements in practical flows where 

a simple description of the statistics can no longer be represented in terms of the usual set of 

prescribed parameters. However, there are several questions that need to be answered to enable 

the construction of such a framework.  

The first immediate question is related to the optimal choice of parameterized variables. It 

is true that a choice of mixture fraction and scalar dissipation could be a natural option for non-

premixed flames and this list can be augmented by a progress variable and its dissipation to include 

conditions of partial premixing or premixed combustion. However, these variables may not 

effectively represent the data if additional parameters are required to capture the physics (e.g., 

multiple-streams, heat losses). In this work, principal component analysis (PCA) has been explored 

to express the instantaneous multi-scalar experimental measurements in a reduced dimensional 

space of principal components (PCs). The PCs serve as both conditioning parameters as well as 

transport variables in the closure framework. Because PCs are derived from thermo-chemical 

variables, they have source terms associated with them. The PC source terms are computed from 

thermo-chemical source terms using the same relations that transform thermo-chemical quantities 

to PCs. Invariably, there are alternative reduction tools to PCA like independent component 

analysis or ICA (Comon, 1994), nonlinear PCA (Tan and Mayrovouniotis, 1995), etc. Although, 

https://www.sandia.gov/TNF/abstract.html
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PCA proves to be an optimal tool in parameterizing the composition space, ICA has also been 

explored in a similar context.  

A second question is with respect to the construction of joint PDFs conditioned on a small 

and a finite number of PCs. Joint PDFs can be constructed at different spatial locations in the flame 

using instantaneous multi-scalar measurements recorded at these locations, but the shape and 

structure of these multi-dimensional PDFs cannot be predetermined. Fitting the data over a 

presumed shape is a viable option if the shape is known but can still result in a high degree of 

smoothing, which may change the nature of statistics modeled by the PDF. Recently, Miles and 

Echekki (2018) used kernel density estimation (KDE) to construct marginal univariate PDFs of 

mixture fraction and temperature in LES using data from ODT simulations of the Sandia flames 

D, E and F. The main advantage of KDE, as observed in this work, is that it can easily and 

effectively accommodate a wide range of shapes, ranging from a sharp delta function to a smooth 

Gaussian. In this work, the KDE approach is extended to construct multi-dimensional PDFs in the 

PC space using instantaneous multi-scalar measurements at different spatial locations in the flame.  

The final question is related to the construction of conditional mean statistics. Without conditional 

means, the unconditional mean and RMS values of thermo-chemical quantities cannot be 

estimated, which precludes the construction of any closure model. It is trivial to construct 

conditional means of the measured thermo-chemical quantities using an ensemble of instantaneous 

measurements available from different spatial locations of different flames. As discussed earlier, 

the main goal of the experimental data-based framework is to close the mean or filtered source or 

reaction rate term observed in the energy and species transport conservation equations in RANS 

or LES formulations. The estimation of a mean reaction rate would require the conditional reaction 

rates of species and a heat release term for temperature based on the experimental measurements. 
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In general, experimental databases of turbulent flames contains information of temperature and 

mass fractions of major species whose concentrations are large enough to be adequately captured 

barring interferences between the optical signals. However, there is no information available 

related to source terms of these thermo-chemical quantities. Additionally, information related to 

smaller intermediate species (such as H, O, CH3) is not always readily available. These 

intermediates are integral components of the chemical source term computation of temperature 

and other measured species. The unavailability of such source terms or reaction rates or 

intermediate species precludes the construction of a closure model that can be based on 

experimental data.  

In this work, a novel methodology is proposed, which uses a modified version of pairwise 

mixing stirred reactor (PMSR) (Pope, 1997; Yang and Pope, 1998) to approximate the source 

terms of measured temperature and reaction rates of measured species for each and every 

instantaneous measurement. The idea behind PMSR is to allow local mixing and reaction of 

different instantaneous measurements to allow the evolution of all the unmeasured intermediate 

species in a given chemical mechanism. This choice, in turn, allows construction of conditional 

means for the chemical source terms, which can be integrated over joint PDFs at each spatial 

location in a PC space to recover the mean or filtered source terms and reaction rates of temperature 

and measured species, respectively. Subsequently, the PC source terms can be determined using 

the relations described in the discussions below.  

Finally, it is important to emphasize that the closure framework and its different elements, 

developed here, are novel and provide an innovative perspective to the construction of models for 

turbulent combustion closure. The frameworkôs dependence on data enables construction of 

closure models, such that they are decoupled from the nature of physics involved. As long as the 
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experimental data is available, and is adequate, the data-based framework can be used to construct 

models for turbulent flames irrespective of geometry, complex-fuel chemistry, combustion modes, 

Reynolds number etc. The most important feature of the closure framework is the ability of the 

PMSR model to reconstruct reasonably accurate thermo-chemical source terms. This is an 

innovative strategy, which has not been implemented before in the context of turbulent 

combustion. Another novel and important characteristic of this framework is in its ability to 

construct multi-dimensional joint PDFs using the KDE approach to represent the physics 

accurately at different locations amidst a limited number of "noisy" data points.  

In the remainder of this chapter, a detailed description of the overall closure framework is 

provided and the mathematical formulations of the different methods integral to the closure 

framework construction are discussed.  

2.3.1. Closure framework 
 

Figure 2.1 describes the different elements of the closure framework developed in this 

work. Since this is an experimental data-based framework, the development of the closure model 

begins with multi-scalar data of species and temperature. The data contains instantaneous 

measurements of temperature and a subset of species at different axial and radial locations of the 

modeled flame configuration. In general terms, in a model combustion device, measurements are 

carried out at different positions of the flow to capture the complex dynamics in the combustion 

chamber. The data may be an ensemble of measurements carried out at different parameters of 

flow conditions or geometrical settings. For example, flames DLR-A and DLR-B (Bergmann, 

1998; Meier, 2000) are simple jet turbulent flames and, hence, are a part of the same family. The 

only difference between these flames is that DLR-B has a higher central jet Reynolds number than 

DLR-A. The collective data ensures that the closure model is applicable over a broader range of 
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conditions, for example, over a range of Reynolds numbers. The closure framework is discussed 

below in Figure 2.1: 

 

Figure 2.1. Flow chart of closure approach 

 

¶ The instantaneous experimental thermo-chemical data (—) from different spatial locations 

and different flame configurations is transformed into a lower dimensional space using a 

principal component analysis (PCA). A subset of the principal components (PC or ‰) are 

retained for further analysis. The number of PCs that capture more than 95% of the 

variation in the data are retained. 

¶ As mentioned earlier, there are two components to this framework, 1) the construction of 

conditional mean statistics of temperature, measured species, density and PC source terms 
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and 2) the joint PDFs in PC space parameterized using the PCs. Both tasks are independent 

of each other and may be carried out simultaneously. 

¶ The computation of conditional mean statistics of temperature, measured species and 

density may be carried out readily using a multi-dimensional binning procedure of the 

multi-scalar instantaneous data in the PC space. In contrast, the conditional means of PC 

source terms requires information of instantaneous temperature and species source terms. 

As mentioned earlier, experimental data has no information of these quantities and, hence, 

they need to be reconstructed using a PMSR model. This model is carried out in the local 

composition space. Hence, the entire multi-scalar data is clustered using a self-organizing 

map (SOM) algorithm implemented in the PC space. The SOM algorithm ensures that 

similar composition states are grouped together in the same cluster. The PMSR model, 

implemented over each cluster, allows the reconstruction of missing species (unmeasured 

species of a chemical mechanism) that are needed to determine the source terms of 

temperature and measured species of all instantaneous quantities, which are part of that 

cluster. The PC source terms are computed from the thermo-chemical source terms. 

Subsequently, the conditional mean statistics of PC source terms are computed using the 

same binning procedure, followed by a linear interpolation for smoothing.  

¶ Concurrently, the multi-scalar data are also grouped by their spatial position. For example, 

all instantaneous thermo-chemical quantities and their corresponding PCs at a given 

position, for instance, a radial location of 0 mm and axial location of 15 mm, are combined 

in the same group. Joint PDFs are constructed in the PC space at each spatial location using 

the multi-dimensional kernel density estimation (KDE) technique. KDE determines the 
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optimal shape of the joint PDF from the data and provides a good trade-off between 

smoothness and capturing key elements of turbulence. 

¶ Next, the conditional means of temperature, measured species, density and PC source terms 

are integrated numerically over the joint PDFs constructed at different spatial locations to 

compute the mean and RMS quantities. The mean and RMS quantities are parameterized 

against the mean PCs and stored in a tabular form. The final step in the framework is to 

relate the mean temperature, measured species, density and PC source terms to the mean 

PCs through a mathematical function based on ANN and by training the dataset of mean 

quantities.  

¶ This mathematical closure model as a result of the ANN is an output to this data-based 

framework and serves as the model for turbulent combustion closure. This model can be 

attached to the PC transport equation in any CFD package such as Ansys Fluent, 

OpenFOAM etc.  

As can be observed, a different number of machine-learning and data modeling techniques are 

used to bring the closure framework into fruition. In the following pages of this chapter, these 

mathematical techniques are explained in more detail. 

2.3.2. Principal Component Analysis (PCA) 
 

Principal component analysis (PCA) is a statistical tool used primarily for the purposes of 

dimensionality reduction. In the experimental data-based framework constructed in this work, 

PCA is used to parameterize the composition space. The objective of PCA is to use an orthogonal 

transformation to convert a set of observations of possibly correlated variables into another set of 

linearly uncorrelated variables, also known as principal components (PCs). The transformation is 
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carried out such that the PCs are ordered in terms of the amount of variation they capture in the 

given data. Combustion is multi-dimensional and depends on several thermo-chemical variables 

such as temperature and species including a mixture of fuel, burnt and unburnt products, and 

ephemeral intermediates etc. A typical real-world complex fuel may require hundreds to thousands 

of species for an accurate description of its chemical breakdown in different conditions. PCA can 

serve as a crucial dimension reduction tool in such cases where the entire set of thermo-chemical 

variables can be parameterized against a considerably reduced set of PCs. Additionally, a typical 

combustion process is designed such that the behavior of many species is intertwined. Amidst such 

observations, the importance and requirement of PCA to identify a lower dimensional manifold is 

evident. 

As mentioned earlier, PCA is a data-based technique and, hence, the very first step is to 

identify and accumulate relevant data related to the application of choice. In our case, the data is 

readily available in the form of instantaneous multi-scalar measurements of temperature and 

species mass fractions. Mathematically, PCA relates a vector ( )1 2 1,  ,  ,  ..,   NT Y Y Yq -= » of N thermo-

chemical scalars (here temperature and N-1 species mass fractions), which represent the 

composition space, and a vector ( )1 2, , .,  Nf f f f= » of N corresponding PCs using a linear 

relationship, as shown in Eq. (2.19): 

 
TQf q=   (2.19) 

where Q is the N  N matrix of orthonormal eigenvectors of the correlation matrix of thermo-

chemical scalars obtained from a singular value decomposition and the superscript ñTò refers to 

the transpose of Q. The different thermo-chemical variables,q can vary over orders of magnitudes; 

hence, PCA is carried on a scaled or normalized set of thermo-chemical scalars. Many scaling and 
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normalization options are available based on the desired outcome of PCs. A detailed comparison 

of such options on combustion related applications has been carried out by Parente and Sutherland 

(2013). Q represents the weighted contributions of each thermo-chemical scalar, q towards each 

PC,f. The eigenvalues of the decomposition represent the energy or variance captured by each 

PC. The transformation is defined in such a way that the PCs are ordered from highest to the lowest 

variance contributions to the data-based on the magnitude of their eigenvalues. The first few PCs 

may account for more than 95% of variability in the data and may be enough to represent the entire 

thermo-chemical space. This observation has been corroborated in prior studies (Ranade and 

Echekki, 2019; Mirgolbabaei and Echekki, 2013, 2014, 2015; Echekki and Mirgolbabaei, 2015; 

Owoyele and Echekki, 2017). Thus, the experimental data-based model developed here may rely 

on the retention of a smaller number of PCs. 

 
red TAf q=   (2.20) 

Here, the superscript ñredò refers to the reduced set of NPC PCs, which are retained to reconstruct 

the thermo-chemical scalars; while ὃ corresponds to the first set of columns of the matrix ὗ , 

which correspond to the NPC retained PCs. Since A is a reduced form of Q the reconstruction of 

thermo-chemical scalars from PCs using the inverse of A may be inaccurate due to loss of 

information. This inverse mapping can be implemented using a nonlinear procedure based on 

artificial neural networks (ANN). A PCA-ANN mapping has been shown to be as effective as 

using a nonlinear PCA (Mirgolbabaei and Echekki, 2014).  

Since PCs are representations of thermo-chemical variables, they have a source term 

associated with them analogous to chemical source terms for temperature and species. The PC 

source terms are derived from the instantaneous chemical source terms of thermo-chemical scalars 
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using the same weighting matrix, A. The mathematical formulation of PC source terms as provided 

by Sutherland and Parente (2009) is as follows: 

 Ts A sf q=   (2.21) 

Therefore, knowledge of the chemical source terms of the thermo-chemical scalars can be used to 

reconstruct the PCs chemical source terms; and the same matrix relation applies to conditional 

means for these source terms (i.e. Ts A sf q= ) given that the matrix A is constant.  

For the present experimental data-based closure framework, PCs serve as both conditioning 

variables and transport variables. The reduced dimensional representation allows an easier and a 

more accurate construction of conditional means and joint PDFs at different spatial locations. 

Furthermore, the main benefit in terms of computation cost occurs in CFD simulations where only 

a handful of PCs are transported, instead of the full set of thermo-chemical scalars. For a practical 

problem with over a million computational cells in a discretized domain, such a reduction can be 

extremely beneficial. The PC transport equation in the RANS/LES framework is shown as follows 

in Eq. (2.22): 

 ( )k
k
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where sf is the averaged or filtered PC source term which still needs to be closed and Df is the 

turbulent diffusivity of PCs and is estimated as follows: 

 TD
Scf
n
=   (2.23) 

where Tn  is turbulent viscosity computed from a turbulence model and Sc is Schmidt number. 
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There are other methods of dimensional reduction that may provide similar benefits. One 

such method, briefly explored in this work, is independent component analysis (ICA). ICA is 

different from PCA such that it removes correlations in data as well as higher order dependence. 

In ICA all the independent component (ICs) are equally important while the vectors are not 

orthogonal. Barring these differences, the treatment of the ICs is similar to that of PCs as far as 

determining their source terms given the linear relation between independent components (ICs) 

and the measured scalars. One major advantage of ICA is that it can recover signals, which are 

statistically independent, and this may be useful in expressing joint PDFs as products of 

statistically independent marginal univariate PDFs of the ICs, as shown in Eq.(2.24), 

 1 2 3 1 2 3( , , ) ( ) ( ) ( )P P P Pz z z z z z= ³ ³   (2.24) 

where ‒ represent the different ICs. This property of ICA could be useful since marginal univariate 

PDFs are much easier to construct and require less data, which may or may not be available in 

experiments. In Chapter 3, this property of ICs is demonstrated through a set of a priori 

comparisons. PCA and ICA in this work are carried out using custom libraries developed in 

Python. 

2.3.3. Kernel Density Estimation (KDE)  
 

The construction of joint PDFs is an important part of this framework. The objective here 

is to develop a model that can approximate PDFs, which can accurately capture the turbulent 

effects represented by the instantaneous data at different spatial locations in the flame. Any model 

developed in this respect is required to satisfy two basic criteria, 1) the construction of multi-

dimensional PDFs should be possible amidst data sets, which are noisy and have a limited set of 

entries and 2) it should accommodate a broad range of PDF shapes as well as dimensions. Since 
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the thermo-chemical space is represented in a lower dimensional PC space, the dimension of the 

joint PDF corresponds to the number of PCs that are retained in a problem. In general, constructing 

a PDF in the thermo-chemical space is not trivial since the amount of data required for accurate 

representation increases exponentially as more dimensions are added. A typical experimental data 

set of a turbulent flame may contain measurements of more than 7 species and temperature and 

constructing a PDF with such high dimensions is invariably more complex and requires a 

substantially large amount of data. The dimension reduction provided by PCA ensures that the 

joint PDFs constructed in the reduced space with the limited amount of data can accurately 

represent the statistics encountered at a given spatial location (Ranade and Echekki, 2019). 

Therefore, in this work the joint PDFs are constructed in the PC space and a kernel density 

estimation (KDE) method is used for PDF determination because of its ability to effectively 

capture a broad range of shapes. 

KDE is a non-parametric way to estimate the PDF of a random variable. A d-dimensional 

kernel density function (KDF) is expressed as a sum of kernel functions centered on model 

determined points, which are learned from sample data (Bowman and Azzalini, 1997): 
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where K is the kernel function, h is the bandwidth (smoothing) and ‰ are the n samples of the 

selected PCs for a given condition, ‰. ‰ is the Favre average of a PC vector ‰ at a given position 

in space; although, if the same averages are available at different positions, a single joint PDF is 

constructed for them. A common kernel function, which is used in this study, is the Gaussian 

distribution. Another example of a kernel function is the Epanechnikov distribution.  
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The bandwidth is an important parameter and determines the amount of smoothing of the 

kernel function. Larger bandwidths tend to smooth the data and are less likely to capture the key 

trends present in the distribution. The joint PDFs constructed in this case may resemble Gaussian 

or Beta distributions. On the other hand, very small bandwidths result in highly fluctuating 

functions. In the example shown in Figure 2.2 and Figure 2.3, the KDE method is used to 

approximate a bimodal distribution with 100 sample points. In the first test, shown in Figure 2.2, 

the kernel functions are varied between Gaussian, tophat and Epanechnikov at a constant 

bandwidth of 0.5 while in the next test, shown in Figure 2.3, the bandwidths are varied between 

0.07, 0.2 and 1.0 for a Gaussian kernel function. 

 

Figure 2.2. KDE estimation using different kernel functions for a bandwidth of 0.5 
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Figure 2.3. KDE estimation using different bandwidths for a Gaussian kernel 

 

Figure 2.2 and Figure 2.3 show that with changes in kernel functions and bandwidths, the 

KDE can accommodate a range of PDFs with drastically different shapes. As stated earlier, a 

smaller bandwidth results in a PDF that captures most data points while larger bandwidths track 

just the global trends. The Gaussian and Epanechnikov kernels tend to be smoother than the tophat 

kernel. The optimal bandwidth can be determined through several estimation techniques (Martinez 

and Cho, 2014). For the present study, it is determined by a trial-and-error, based on the number 

of single shot measurements at any given position and by selecting the smallest bandwidth that 

maintains a smooth PDF in any given direction. It has been observed that bandwidths ranging 

between 0.005 and 0.05 for a Gaussian kernel function are enough to smoothly capture the 

important characteristics present in the experimental data (Ranade and Echekki, 2019). The joint 

KDE is implemented in Python using the in-built functions available in their scikit-learn library 
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(Pedregosa et al., 2011). These joint PDFs are constructed at each axial and radial location in the 

flame using the instantaneous pointwise measurements. 

In this work, the PDFs are parameterized with Favre means but in principle higher moments 

such as variances can also be included. This invariably also requires the transport of these 

moments, if needed and additional closure for these moments. However, by comparisons of the 

reconstruction of thermo-chemical scalar moments in the flames studied indicate that the Favre 

means are sufficient. This may be attributed to the uncorrelated nature of the PCs; a vector of 

averaged PCs indicates a relatively unique set of statistics in a given data set. 

2.3.4. Pairwise Mixing Stirred Reactor (PMSR) for chemical source 

term reconstruction. 
 

The construction of the data-based closure framework depends greatly on the availability 

of chemical source terms of temperature and measured species for the instantaneous experimental 

data. The data itself does not provide direct information of these quantities and, hence, they need 

to be reconstructed from available information. However, there are several challenges that must 

be addressed before attempting to build a model that can potentially reconstruct such chemical 

source terms. First, a chemical mechanism is required to evaluate the chemical source terms of the 

thermo-chemical scalars and the mechanism should be adequate to capture the chemistry exhibited 

by the fuel at broader range of conditions. For example, chemical mechanisms for a fuel like 

methane range from reduced with 6 species and 4 reactions (Jones and Lindstedt, 1988) to detailed 

with 53 species and 325 reactions (Smith et al., 2011). Hence, it is important to choose a chemical 

mechanism that has the potential to capture the appropriate physics. A second challenge is that 

experimental data only consists of measurements of temperature and a handful of species mass 

fractions. The source terms can be estimated by using this subset of thermo-chemical scalars in a 
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chemical mechanism. But these source terms may be extremely inaccurate since the missing (or 

unmeasured) species are an integral part of their formulation. Hence, these missing species, in a 

chemical mechanism, need to be evaluated for all instantaneous measurements to allow for an 

accurate reconstruction of the source terms. Another option may be to build a new chemical 

mechanism by including only the measured species or a subset of theses measured species, but this 

may be time consuming and requires experience to ensure a suitable accuracy. Finally, noise from 

instantaneous experimental measurements, no matter how small it is relative to the actual signal, 

can be amplified through the nonlinear dependence of the source term on temperature and species 

mass fractions. 

To address these challenges, a strategy based on a variation of PMSR (Pope, 1997; Yang 

and Pope, 1998) has been implemented in this work. The objective for this approach is to recover 

missing species and achieve smooth profiles for both measured and unmeasured species by locally 

mixing and reacting different instantaneous measurements present within a cluster. The idea of 

clustering is to divide an ensemble of instantaneous measurements from different spatial locations 

such that similar compositions are a part of the same cluster. In this work, clustering is carried out 

using the Kohonen self-organizing maps (SOMs) (Kohonen et al., 1996) in the PC space. Before 

delving into these details, a brief discussion on the workings of PMSR within the context of our 

approach is presented below.  

PMSR is a zero-dimensional reactor stochastic reactor model in which a discrete set of 

particles, each with their own thermo-chemical composition, — are integrated for a finite residence 

time, .rt These particles are initialized with the thermo-chemical state of individual experimental 

measurements. The initial mass fractions of missing species in the chemical mechanism is set to 

zero. Although there may be better initialization approaches based on knowledge and experience, 
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but such choices may be explored in future work. During a single time-step of the PMSR each 

particle undergoes two transformations, 1) through stochastic mixing with other paired particles 

and 2) through reaction determined from a chemical mechanism. The evolution of composition 

from mixing of two paired particles, say m and n, is implemented as follows: 

 

m n m

m

n m n

m

d

dt

d

dt

q q q

t

q q q

t

-
=

-
=

  (2.26) 

where mt  is the mixing time and can be specified as a fraction of the residence time,rt. The 

composition space, — corresponds to temperature and all the measured and unmeasured species in 

a chemical mechanism. On the other hand, the reaction step, which immediately follows the mixing 

step is implemented as follows: 

 ( )
d

S
dt

q
q=   (2.27) 

where S corresponds to the chemical source terms determined from a chemical mechanism.  

In this work, to ensure local mixing of composition states, a different PMSR is 

implemented in each cluster. The instantaneous experimental measurements, which are part of 

these different clusters are considered as the different particles in the PMSR model. In each PMSR 

run, the particle composition state is initialized with the measured species and temperature while 

the rest of the species that are part of the chemical mechanism are set to zero. All the particles in 

a run are integrated till a specified residence time, rt. In every time-step, each particle is paired 

with one other particle from the same cluster and subsequently mixed using Eq. (2.26). The 

particles are paired randomly, and the pairs are reshuffled at the end of each time-step. At the 
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completion of the mixing step each particle is allowed to react independently. The reaction and 

mixing source terms of the measured species and temperature are curbed if they evolve beyond the 

uncertainty bounds of the experimental data. The reaction allows for the buildup of missing species 

in the mechanism while mixing ensures that this buildup is constrained by the local composition 

characteristics of each cluster.  

The determination of residence time is crucial to this model to get the best estimates of 

missing species from the PMSR model. In this work, a number of strategies for determining this 

quantity. One strategy is to select a measured specie, preferably a radical specie, as a missing 

specie and stop the residence time when that specie reaches its target value. In this case, the target 

value would be the experimentally measured mass fraction. Radical species like OH or H are good 

choices when carrying out such a task if they are available experimentally. Alternatively, the 

residence time can be stopped after a prescribed cutoff is reached or if the measured species 

concentrations exceed the error bounds of the measurements. Based on comparisons of the 

different strategies, a prescribed residence time of 10-2 s yields almost identical results to the setting 

a threshold for a target value for OH. Moreover, similar results are obtained for a range of residence 

times between 10-3 to 10-1 s.  

The missing species reconstructed from the combined mixing and reaction processes in the 

PMSR model allows for accurate estimation of the chemical source terms of the measured species 

and temperature. These reconstructed instantaneous source terms are important because they 

provide some notion of physics exhibited by the turbulent flame. This makes the PMSR model an 

important part of the experimental data-based modeling framework. Additionally, it is important 

to note that the development of the PMSR algorithm for reconstruction incomplete composition 
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spaces is novel and can potentially have several other applications, within and outside of the 

current framework. 

2.3.5. Self-Organizing Maps (SOM) 
 

Self-organizing maps is an unsupervised form of a machine-learning techniques that is used 

to group similar data together. Moreover, SOMs produce a low-dimensional, discretized 

representation of input training data.  It is an unsupervised form of learning because the algorithm 

draws inferences from a dataset consisting of only the inputs and no outputs. This means that each 

entry from the input data set is assigned a group or cluster on-the-fly since this information is 

unknown beforehand. SOM is an effective technique in that respect and is predominantly used for 

exploratory data analysis to find hidden patterns in data. It was developed by Kohonen in the 1980s 

and is also known as the Kohonen SOM algorithm (Kohonen et al., 1996). 

Within the context of the data-based framework, SOM is implemented as a pre-processing 

step to divide the multi-scalar experimental data into different clusters before carrying out a PMSR. 

SOM ensures that the data is divided such that each cluster is composed of similar composition 

states. In the data-based framework, the SOM is employed in a lower-dimensional PC space rather 

than the high-dimensional thermo-chemical space. The presence of similar compositions enables 

local mixing in the PMSR model.  

In the SOM algorithm clustering is carried out by tracking the Euclidian distance of each 

input PC vector, ‰ and assigning the same cluster to points that are close to one another. Each 

cluster is assigned a node that is representative of the composition in it. These nodes are arranged 

in either a 1D or a 2D lattice. The choice of 2D lattice is recommended by the SOM methodology 

because 1D lattices are insufficient in capturing features of high dimensional input spaces 
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(Albayrak, 2002). SOM creates topologically ordered mappings between input data,f and the 

nodes of the map. This is also called competitive learning as all the neurons in the map are 

competing to accommodate the input data-based on a specific criterion like Euclidean distance 

(Torma, 1994; Lippmann, 1987). Each node is associated with a weight vector, which is constantly 

updated during training as and when input data is assigned to it. The weight vectors at all the nodes 

are stored at the completion of training. An input vector, Pi, of size N is clustered into a cluster j 

as follows: 
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where ὡ ȟὡ ȟȣȢȢȟὡ  are weight vectors of Nc clusters. Input vector, Pi (‰) is assigned to a 

cluster j whose negative square root of Euclidean distance is maximum. 

2.3.6. Artificial Neural Networks (ANN) 
 

Artificial neural networks (ANNs) are constructs that relate input quantities (for example, 

mean PCs) and output quantities (for example, mean temperature, density, species mass fraction, 

PC source terms) through a network of nodes or neurons organized within layers ï an input layer, 

a set of hidden layers and an output layer. The number of neurons in the input layer and output 

layers of the network are fixed and are equal to the number of input and output quantities, 

respectively. The hidden layer neurons can be specified by the user, depending on the nonlinearity 

required to be captured. Each neuron in the network is connected to every other neuron in the 

adjacent layer and these connections represent a weight. These connections are responsible for 

transmitting ósignalsô from the input layer to the output layer through all the hidden layers. The 

weights corresponding to each connection determine the proportion of the ósignalô transmitted to 
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a neuron. A group of connections entering a neuron represents a weighted linear combination. 

Each layer has its own activation function to handle the nonlinearity. Some of the choices of 

activation functions include tansigmoid (hyperbolic tan), logsigmoid (log) or linear etc. Finally, 

each neuron stores a numerical value which can be calculated from its connections (weights) with 

the neurons of the previous layer and the activation function.  

 

Figure 2.4. Artificial neural network architecture 

 

Figure 2.4 shows an N-layer network architecture with 3 neurons in the input layer (3 input 

variables, ‰ȟ‰ȟ‰ ) with 5 neurons in the N hidden layers and 1 neuron in the output layer (1 

output variables, —). As stated earlier, the objective of ANN is to fit a function that uses the 

numerical values represented by neurons in the input layer to compute the numerical values 
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represented by neurons in the output layer. In general, the numerical value represented by any 

neuron can be computed using the weights (connections) and the values of neuron in the previous 

layers. For example, the numerical value of 1st neuron in the hidden layer 1 is: 

 ( )
1 2 31 1 1 1 2 1 3k g a a af f ff f f= + +   (2.29) 

where 
1 2 3
1 1 1, ,a a af f f are the connection weights between the 1st neuron of the hidden layer and the 

neurons of the input layer, g is the activation function and Ὧ is the numerical value of 1st neuron 

of the hidden layer. Similarly, using this technique, the numerical values of neurons in other hidden 

layers and subsequently the output layer can be computed. In general, a mathematical relationship 

between input and output variables is associated with the architecture of the neural network. The 

mathematical function for a neural network with a single hidden layer is shown below in Eq. (2.30) 
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where ὥȟὧȟὦ  represent the weight parameters and g is the activation function. The goal of ANN 

training is to determine these weight parameters for the training data and network architecture 

provided to the training algorithm. In its final form, the ANN provides a smooth and continuous 

mathematical function between the input and output variables as shown in Eq. (2.30). We can 

observe from Eq. (2.30), that the number of neurons in the ANN network is related to the number 

of activation function. The computation of activation functions is very expensive, and it is 

generally recommended to use the least possible set of neurons and hidden layers, which can 

provide the best accuracy.  

Commonly, training algorithms are based on stochastic gradient descent approach, where 

the objective is to minimize a cost function and determine the optimal weight parameters in the 
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process. A typical definition of cost function is the mean-squared error (MSE). This is the 

difference of L-2 norms between the actual and predicted output variables. However, other 

definitions of cost function can be used, which are more suitable to the data being modeled. The 

gradients of the cost function with respect to the weight parameter are required to update the given 

weight in the stochastic gradient descent formulation. These gradients are usually computed using 

a backpropagation algorithm (Rumelhart, 1988). The neurons and hidden layers of a network are 

colloquially known as hyper-parameters. In general, the hyper-parameters of a certain neural 

network for a given set of data cannot be predetermined. Hence, an n-fold cross validation 

approach is used to tune them. In this validation approach, the training data is randomly divided 

into n parts such that n-1 parts are utilized for training and the remaining part for validating the 

network. The same test is repeated n times such that each time a different set is used for validation. 

The average accuracy obtained after n trials is known as the cross-validation accuracy. The 

objective is to choose a set of hyper-parameters that can maximize this accuracy.  

At this point it is important to outline the benefits of ANN over other curve fitting tools 

within the context of this work. Chemical source terms of temperature, species or PCs are 

inherently nonlinear and are extremely difficult to capture with conventional fitting tools. ANNs 

provide the capability to capture such nonlinearity. An even higher degree of nonlinearity may be 

accessed by simply increasing the number of neurons or hidden layers. This flexibility offered by 

the ANN is an additional benefit. More importantly, the ANN-based mathematical function can be 

easily generalized. Although ANNs are good at interpolating between data sets, but they may or 

may not be as effective at extrapolation. Hence, in the context of combustion, which involves 

highly nonlinear source terms, it is advisable to maintain the solution within the bounds of the 

thermo-chemical space used for training and testing the ANN model.  
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Finally, due to their flexibility and a higher degree of freedom that they can access, ANNs 

are prone to overfitting. Overfitting is a modelling error when a function is fit to perfectly satisfy 

all the points in the training set. In the case of ANN, setting many neurons or hidden layers when 

capturing a relatively simple yet noisy data set may result into overfitting. Overfitting is not 

desirable as it may reduce the accuracy and generalizability of the ANN model. There are several 

techniques that can reduce the possibility of overfitting in ANNs. Some of these include cross-

validation, regularization, early stopping, dropout etc.   

2.4. Summary 

The objective of this chapter is to introduce the problem of turbulent combustion closure 

from a mathematical perspective and to discuss the formulations of different models, mainly the 

laminar flamelet model and the experimental data-based closure framework that are the main focus 

of this work. The objective, in case of the laminar flamelet model, is to explore different machine-

learning techniques that may alleviate the need to store a look-up closure table. Multi-dimensional 

look-up tables require a massive amount of memory storage and constraints to model formulation 

to using around 4 to 5 dimensions. In the second portion of this chapter, the experimental data-

based framework is introduced. This approach is novel in a sense that it uses instantaneous multi-

scalar measurements of temperature and species mass fractions for construction of the closure 

models. Traditionally, experimental measurements have been used extensively to validate 

combustion closure models, but they possess a significant amount of information related to 

different processes resulting from turbulence-chemistry interactions. The objective of this 

framework is to extract this information in a meaningful way and construct a model that may be 

used to model a family of flames that exhibit similar turbulence chemistry phenomenon. The 
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closure framework and the mathematical formulations of its different components are discussed in 

this chapter. 

In Chapter 3 and Chapter 4, the experimental data-based closure framework is validated on 

different flames exhibiting a variety of turbulence-chemistry interactions. In Chapter 5, the 

machine-learning model developed to improve the performance of the laminar flamelet method is 

discussed. Several a priori and a posteriori validations are carried out in both works. 
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 : The Experimental Data-

Based Closure Framework ï A priori  

Results 
 

The experimental data-based closure framework formulation and its various components 

were described in detail in Chapter 2. Before implementing in a CFD package, the different 

components of the framework need to be validated and analyzed. The entire framework is based 

on the sole definition that the mean of any quantity can be represented in terms of an integral of 

conditional statistics convolved over a joint PDF. The validity of this hypothesis depends on the 

choice of the conditioning variables and on the ability to adequately construct conditional means 

and joint PDFs in the conditional variable space. In this work, the conditioning variables are 

identified from the data using PCA. This allows the construction of the conditional statistics as 

well as the joint PDFs in the PC space. Several questions need to be answered to address the 

validity of the data-based framework. Some of these are related to: 

¶ The understanding of the physical meaning of PCs 

¶ The adequacy of PCs in representing the entire thermo-chemical space 

¶ The construction of smooth conditional statistics that represent the accessed thermo-

chemical state 

¶ The estimation of compact joint PDFs to depict the true nature of turbulence at each point 

in the flame 

¶ The accuracy of the source terms predicted using PMSR in conjunction with SOM 

¶ How does it all come together? Can the constructed conditional statistics and joint PDFs 

convolve effectively to obtain meaningful approximations of mean and RMS statistics? 
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¶ How does experimental data uncertainty affect all the above? 

The objective of this chapter is to address these questions through an a priori analysis. 

Experimental data from two sets of flames, 1) the Sandia piloted jet diffusion flames D, E and F 

and 2) the Sydney piloted jet diffusion flames with inhomogeneous inlets are considered to carry 

out the validations and analyses. Although, the two flames have a similar geometric configuration, 

the inhomogeneity at the inlets in the Sydney flames results in additional modeling complexities.  

In the remaining chapter, the procedure for a priori testing is outlined and this is followed by a 

description and results of the two flames. 

3.1. Procedure and details of a priori tests 

The main objective of a priori tests is to assess the robustness and accuracy of the 

experimental data-based model in terms of its ability to reconstruct Favre averaged and RMS 

values of different thermo-chemical quantities. Figure 3.1 outlines the adopted procedure for these 

tests. The details are as follows: 

¶ Starting with raw instantaneous measurements of thermo-chemical scalars from a series of 

flames (e.g. Sandia D, E and F), — a PCA is carried out to determine the PCs, which serve 

as the conditioning variables. 

¶ Once the PCs are determined, smooth conditional means of the measured thermo-chemical 

scalars are computed from the instantaneous data and simultaneously joint PDFs are 

constructed using multi-dimensional KDE at different axial and radial locations of these 

different flames.  

¶ The conditional mean statistics of thermo-chemical scalars are integrated with the PCsô 

joint PDFs at different spatial locations to compute the Favre mean and RMS values. 
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¶ The reconstructed mean and RMS are compared with the mean and RMS statistics obtained 

from the experiments. Comparisons are carried out by evaluating radial plots at different 

axial distances in the different flames. 

 

Figure 3.1. A priori test procedure. 

 

The comparison of radial plots serves as a stringent test for the data-based model. It essentially 

validates that accurate mean and RMS statistics can be constructed from ónoisyô experimental 

measurements by integrating conditional means with joint PDFs. Moreover, the choice of PCs as 

conditioning variables, use of multi-dimensional KDE for joint PDF construction and the 

evaluation of conditional mean statistics are also tested.  

Along with the radial plots, the a priori results discussed in the following sections also 

include discussions related to the physical meaning and importance of PCs and shed more light on 



 

58 

 

the reconstruction of source terms using the modified PMSR model in conjunction with SOM. In 

general, the chemical source term validations cannot be carried out on experimental measurements 

because there is no reference for comparison. Hence, in this work, numerical solutions from a one-

dimensional turbulence (ODT) model are used and the data from these simulations is perturbed to 

resemble experimental measurements. The reconstructed source terms of measured species from 

the experiment-like ODT data are compared with the original ODT source term solutions for 

validation of the modified PMSR model. Finally, in contrast to PCA, independent component 

analysis (ICA) also can be considered an option since it has the potential for computing joint PDFs 

using the statistical independence of the independent components (ICs). The procedure described 

in Figure 3.1 is reproduced using ICs instead of PCs and radial plot comparisons with and without 

statistical independence are shown for the Sandia flames. The idea is to demonstrate ICs as a viable 

alternative to PCs and the potential benefit it may be able to provide. 

3.2. The Sandia piloted jet flames (D, E & F): A priori  analysis 

This section includes a detailed description of the Sandia piloted jet flames and the available 

experimental data associated with it. The results and analyses associated with different aspects of 

the modeling framework are discussed in detail. 

3.2.1. Flame description 
 

The Sandia flames are a series of pilot-stabilized jet flames with varying degrees of 

turbulence. The turbulence is altered by varying the Reynolds number of the fuel jet. There are 6 

flames in the Sandia series, A-F ranging from a transitional to a fully turbulent flow field. Flames 

A and B are on the border of laminar and transitional while C, D, E and F are fully turbulent. 

Although, C and D are less intense and are characterized by subtle finite-rate chemistry effects. 

The finite-rate chemistry effects in the Sandia flames are responsible for events of local extinction 
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and reignition. Flame D exhibits very small amounts of extinction and reignition and, therefore, is 

very popular for studies involving turbulent combustion closure model validation. On the other 

hand, flames E and F exhibit a higher degree of turbulence intensity, which results in stronger 

finite-rate chemistry effects that are difficult to model.  

In a non-premixed flame, the effects of turbulent mixing and chemical reaction rate are 

constantly competing. These flames stabilize when turbulent mixing and chemical reaction balance 

each other. At higher turbulence intensities, the turbulence time scales are much smaller than the 

chemical time scales and, hence, turbulence mixing dominate in these regions (Barlow et al., 

2005). This causes the reaction rates to significantly decrease and results in regions of local flame 

extinction. In the Sandia flames D, E and F, this phenomenon is observed at axial distances of x/d 

= 15 where the turbulent intensity is at its maximum. A higher rate of decay of the mixture fraction 

is associated with local flame extinction and may be used to identify such regions. In regions of 

flame, which are further downstream, the turbulence intensity begins to decay and, as a result, the 

chemical reaction rates dominate the mixing rates. Such regions are characterized by reignition 

and are observed at about x/d = 30 in the Sandia flames. The goal of different turbulent combustion 

models is to capture these processes resulting from turbulence-chemistry interaction. A large 

repository of literature is available with respect to modeling of the Sandia series of flames. The 

reader is referred to the work cited here (Lindstedt et al., 2000; Xu and Pope, 2000; Tang et al., 

2000; Coelho and Peters, 2000; Raman et al., 2004; Sheikhi et al., 2005; Labahn et al., 2017; 

Vreman et al., 2008; Elbahloul and Rigopoulos, 2015; Jones and Prasad, 2010; Garmory and 

Mastorakos, 2011; Zhao, 2017; Ge et al., 2013; Ihme and Pitsch, 2008). Most of these models 

perform well in capturing several parameters including flame height, intermediate radial profiles 
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in regions of extinction and reignition etc., for flame D but only a few are accurate in capturing 

similar parameters for flames E and F.  

The burner geometry for the Sandia flames consists of a central fuel jet diameter of 7.2 mm 

surrounded by an annular pilot jet of 18.2 mm. The burner is surrounded by a square co-flow duct 

with a side of 300 mm. The fuel jet is composed of a mixture of methane and air such that 25% by 

volume is CH4. A diluted fuel mixture ensures that the flame is more compact and stable as 

opposed to a flame with 100% CH4. The fuel jet velocity is responsible for producing turbulent 

intensity in the flame and its magnitude depends on the type of flame. The pilot jet comprises of a 

mixture of a lean mixture of C2H2, H2, O2, N2 and CO2. It is equivalent to a methane/air flame at 

an equivalence ratio of 0.77 with the same enthalpy and equilibrium composition. The flow rates 

of the fuel jet and pilot jet are scaled such that the energy release of the pilot is approximately 6% 

of the fuel jet. The co-flow jet comprises of air. The jet velocities are detailed in Table 3.1 while 

the constituents of pilot for flames D, E and F are shown below in Table 3.2.  

Table 3.1. Velocity information of the Sandia flames 

Sandia Flame Jet velocity (m/s) Pilot velocity (m/s) Co-flow velocity (m/s) 

Flame D (Re = 22,400) 49.6 11.4 0.9 

Flame E (Re = 33,600) 74.4 17.1 0.9 

Flame F (Re = 44,800) 99.6 22.8 0.9 
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Table 3.2. Thermo-chemical composition of pilot. Flame F temperature is 1860 K. 

T (K) 1880 

r (kg/m3) 0.18 

YN2 0.7342 

YO2 5.4 10-2 

YO 7.47 10-4 

YH2 1.29 10-4 

YH 4.8 10-6 

YH2O 9.42 10-2 

YCO 1.07 10-3 

YCO2 1.098 10-1 

YOH 2.8 10-3 

 

The geometry of the burner and a picture of the flame is shown in Figure 3.2. 
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Figure 3.2. The Sandia Piloted jet burner 

(http://www.ca.sandia.gov/TNF/DataArch/FlameD.html) 

 

As mentioned earlier, experimental data is crucial in the context of this framework and, 

hence, a brief discussion is provided here on the available data with respect to the Sandia flames 

D, E and F. The measured thermo-chemical scalars include temperature and N2, O2, CH4, H2O, 

CO2, CO, H2, OH and NO. The dataset includes axial and radial profiles of Reynolds- and Favre-

average mass fractions and RMS fluctuations, conditional statistics at each streamwise location, 

and complete single-shot data for all measured scalars. The radial profiles are available for axial 

distances of x/d = 7.5, 15, 30, 45, 60 and 75. The mean and RMS profiles are required only for 

validation purposes but the single-shot instantaneous data at different spatial locations are 

important for the closure model. Experimental uncertainty associated with the different thermo-

http://www.ca.sandia.gov/TNF/DataArch/FlameD.html
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chemical scalar measurements can be found in Meier et al. (2000). The instantaneous single shots 

have about 300-1000 measurements at about 100 different locations in any of the flames. Mixture 

fraction means, RMS and scatter plots are also available. 

3.2.2. PCA parameterization 
 

PCA is carried out on an ensemble of instantaneous measurements from flames D, E and 

F collected at different axial and radial locations. The resulting PCs are used to parameterize the 

entire thermo-chemical space. The number of PCs retained for an effective representation depends 

on the amount of variability captured by each of them. As stated earlier, the eigenvalues that result 

from the PCA decomposition denote the energy or the amount of variability captured by each PC. 

The PCs are ordered based on their contributions to the total variance in the source data and the 

percentage variation captured by the PCs is depicted using a scree plot. This plot is useful in 

assessing the number of PCs that need to be retained. For the Sandia flames D, E and F, the thermo-

chemical scalars considered for PCA include T, H2, O2, OH, H2O, CH4, CO and CO2. Figure 3.3 

shows the scree plot for the Sandia flame data considered here. 
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Figure 3.3. Scree plot for the Sandia piloted flames D, E and F. 

It may be observed from the figure that 2 PCs capture about 95% of the total variation in 

the data and, hence, can be used to represent the set of thermo-chemical variables. Therefore, a 

dimensional reduction from 8 measured thermo-chemical scalars to 2 PCs may be established. 

Other flames may require the retention of more than 2 PCs depending on the nature of turbulence 

that they exhibit. Additionally, implementing the model within a RANS or LES formulation (i.e. 

in a posteriori simulation) may require the retention of another PC in order to capture the nonlinear 

PC source terms and to establish solution accuracy as the model is integrated in space and time. 

Traditional choices of parameterization include variables like the mixture fraction and the 

progress variable. These variables have hard physical definitions and may not be as pliable as PCs 

in representing different types of data. Since PCs are completely data-based, questions related to 

their physical meaning often arise. It is important to not lose perspective here, because, looking at 
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the mathematical definition of PCs, it may be observed that they are simply linear combinations 

of thermo-chemical scalars, akin to the mixture fraction and the progress variable. Since the Sandia 

flames are already well studied and well understood flames, it would be interesting to attempt to 

relate the established PCs to the common parameters that are used to parameterize their 

composition space.  

 

     Figure 3.4. Correlations of leading 4 PCs vs mixture fraction for flame F. 



 

66 

 

 

         Figure 3.5. Correlations of leading 4 PCs vs temperature (reaction progress) for flame F. 

Figure 3.4 and Figure 3.5 show the correlations of leading 4 PCs with the mixture fraction 

and temperature for the Sandia flame F, respectively. It may be observed from Figure 3.5, that the 

first PC is highly correlated with temperature or reaction progress. This may also be observed in 

Figure 3.4 where the first PC peaks at conditions of pure fuel or oxidizer and has a minimum at 

around stoichiometric conditions corresponding to mixture fraction values of around 0.35. The 

second PC on the other hand is highly correlated with the mixture fraction, especially in regions 

away from fuel-rich and fuel-lean conditions. It is clear from the figures that the maximum portion 
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of variation in the data is captured by the first 2 PCs and this is analogous to the observations made 

in the scree plot in Figure 3.3. The variation of data in the PC3 space dwindles substantially and 

PC4 is almost constant with respect to mixture fraction and temperature. The physical meaning of 

the PC1 and PC2 can be clearly understood from the scatter plots but not much can be said about 

the physics captured by the other PCs. The third and fourth PCs may be best interpreted from the 

values of the coefficients of the eigenvector matrix, ὃȢ Eq. (2.20) can be explicitly re-written in 

terms of the contributing thermo-chemical scalars in the Sandia flames as follows:     
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 (3.1) 

The superscript ñ*ò indicates a normalization of the thermo-chemical scalars to neutralize the 

different scales represented by the different scalars from all the measured quantities. The 

normalization is carried out using the following expression: 

  * min

max min

2 1
q q

q
q q

å õ-
= ³ -æ ö

-ç ÷
  (3.2) 

where maxq and minq are the maximum and minimum values of thermo-chemical scalars in the 

experimental database. Eq. (3.2) ensures that the values range from -1 to 1. Eq. (3.1) shows the 

weighting matrix, ὃ  such that, the magnitudes of greater than 0.4 are highlighted to assess the 

contribution of different thermo-chemical scalars to the formulation of the PCs. The various 
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contributions of the thermo-chemical scalars to the PCs can be identified by considering each row 

of ὃ  aligned with those PCs. The first row indicates that the primary contributions to the PC1 may 

be attributed to either temperature, reactants or products. Therefore, it represents a reaction 

progress variable. The second PC has major contributions from the fuel, which is methane in this 

case. The fuel is known to be strongly correlated to mixture fraction. Similar observations were 

made by Parente et al. (2011) for CH4/H2 flames propagating into a hot and diluted co-flow at 

different levels of oxygen dilution. In the region where mixture fraction values lie below 

stoichiometric, second PC may not be exactly linear with respect to mixture fraction due to some 

contributions from O2, H2 and CO. Intermediates like H2 and CO are direct derivatives of fuel and 

are therefore correlated with mixture fraction. Third PC, on the other hand, may be associated with 

the degree of chemical reactivity. It has strong contributions from intermediates such as H2, CO 

and OH. Due to this reason, this PC sometimes need to be retained for more accurate 

representations. PC4 is heavily correlated with OH while PC5 is related to H2 and CO. Minor 

species such as H2, CO and OH represents the finer structures in the reaction zone and therefore, 

PC4 and PC5 may be required to capture such effects.  

3.2.3. Validation of the source term reconstruction methodology 
 

As discussed in Chapter 2, the chemical source terms for the instantaneous experimental 

measurements are approximated using a modified PMSR methodology in conjunction with a SOM. 

In this section, the source term reconstruction methodology is validated using numerical 

measurements. The numerical data is based on one dimensional turbulence (ODT) simulations of 

the Sandia flame F. ODT is a low-dimensional, yet high fidelity, computational model that can 

resolve multiscale processes such as turbulent mixing and chemical reaction and their coupling. 

ODT solves the unsteady, one-dimensional compressible N-S equations along with energy and 
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species transport in the streamwise direction. The temporal evolutions of the 1D ODT solution can 

be converted to an equivalent downstream evolution using a parabolic approximation (Echekki et 

al., 2001). The extent of the downstream distance traversed also depends on the centerline velocity. 

Hence, ODT simulations are used for modeling planar and axis-symmetric jets such as the Sandia 

piloted jet flames. The ODT model is implemented in such a way that the coupling between 

reaction and molecular diffusion processes are treated deterministically while the 3D effects of 

mixing or stirring are captured stochastically (Echekki et al., 2001). The random stirring is 

implemented on computed 1D velocity and scalar profiles using a triplet map. These stirring events 

are designed to be analogous to complex motions of eddies observed in 3D flows. The sequence 

of random number selections for implementing the stirring events can generate different 

realizations of the same ODT solutions to obtain statistics, which can be constructed at each 1D 

spatial location and temporal evolution. The different realizations at different spatial locations are 

akin to the single-shot instantaneous measurements carried out in experimental data. However, 

experimental data has ónoiseô associated with it, which is missing in ODT simulations. Hence, to 

emulate experimental measurements, ónoiseô is added to ODT simulation data using the following 

perturbation model: 

 perturbed simulated 0.02 maxrq q q= + ³ ³   (3.3) 

where r is a random number ranging from -1 to 1 and — corresponds to the thermo-chemical scalars 

that are chosen to be the measured scalars. A 2% error is chosen to remain consistent with the 

experimental uncertainty. The other difference between experimental measurements and ODT data 

is that ODT has information of the full set of species that are part of a given chemical mechanism, 

while experimental measurement only account for a subset of these species. Hence, to remain 

consistent, the following thermo-chemical scalars, T, H2, O2, OH, H2O, CH4, CO and CO2 mass 
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fractions are retained and set to equal to their corresponding perturbed numerical value while all 

the other species of the chemical mechanism are set to zero. The unperturbed ODT results, mass 

fractions of unmeasured species and source terms associated with all the thermo-chemical scalars 

are stored elsewhere for validation purposes.  

The modified PMSR model is carried out on this perturbed ODT data. Mixing of particles 

is a crucial component of the PMSR approach, as it accounts for diffusion of temperature and 

species. Hence, a large variation in thermo-chemical composition of the particles in the reactor 

may be detrimental to the PMSR approach. The instantaneous multi-scalar measurements made at 

spatial locations have large variations due to the turbulent nature of the flame as well as uncertainty 

associated with the data. Hence, the particles entering the PMSR reactor need to be carefully 

selected such that they have similar thermo-chemical composition states. Kohonen SOMs 

(Kohonen et al., 1996) are used as a preprocessing step to classify the perturbed ODT data in the 

PC space based on their composition states.  

In this work, a PCA is carried out on an ensemble of perturbed ODT data at different axial 

and radial distances of the Sandia flame F and a subset of the resulting PCs are used as input 

vectors in the SOM algorithm. The instantaneous PCs are classified into 64 clusters on a ψ ψ 2D 

lattice. In general, the selection of the number of clusters is arbitrary but the choice is made such 

that there are a reasonable number of points in each cluster to allow an unbiased mixing. Each 

cluster contains about 300-3000 particles. Other factors such as degree of localness within the 

composition space for PMSR particles and management of computational cost for PMSR 

simulations may play a role in determining the number of clusters. Figure 3.6 shows the 

distribution of average PCs in each cluster among the 2D lattice. 
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Figure 3.6. PC-distribution on the 2D SOM lattice. 

 

It may be observed from Figure 3.6 that the transition between the boundaries of contiguous 

nodes is extremely smooth and this may be associated to the effectiveness of SOM partitioning of 

the composition space. Figure 3.7 shows the instantaneous points assigned to different, randomly 

chosen clusters. These figures show a clear indication of the amount of perturbation added to the 

ODT data. 

 

Figure 3.7. Temperature, H2, CO and OH distribution in different clusters 
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It may be observed from Figure 3.6 that the composition states described within each of 

the three clusters do not vary significantly. Although, T, H2, CO and OH are shown here, other 

major species show similar characteristics. It may also be observed that there is some uncertainty 

associated with the data that results into spiky solutions. In cases where the uncertainty is very 

high, a radial basis smoothing may be used.  

The modified PMSR run is carried out, with the procedure described earlier in Sec. 2.3.4. 

, to recover the unmeasured species and eventually construct source terms at every measurement 

point. The mixing in the PMSR model is implemented using a Modified Curl mixing (Curl, 1963) 

method while the chemistry is modeled using the 12-step augmented reduced mechanism (ARM) 

(Sung et al., 2000) for CH4. This chemical mechanism is chosen because it has been successfully 

demonstrated to capture flame characteristics for the Sandia flames in previous works (Miles and 

Echekki, 2018; Ranganath and Echekki, 2006, 2008 and 2009). Next, the unperturbed ODT results 

and the PMSR reconstructed results are compared in a PC space. A binning procedure is adopted 

for constructing the conditional means based on 2 PCs. Figure 3.8 and Figure 3.9 show the 

conditional source terms for temperature and species obtained from the modified PMSR model 

implemented on different clusters, the ODT based conditional source terms and the error between 

them. The source terms for the species are in kg/m3-s and for the temperature, they are in kJ/m3-s. 
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Figure 3.8. Conditional source term comparison of PMSR reconstruction (left) and ODT 

(middle) for T, O2, H2O, CH4 and CO2. 
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Figure 3.9. Conditional source term comparison of PMSR reconstruction (left) and ODT 

(middle) for H2, CO and OH. 

 

It may be observed from Figure 3.8 and Figure 3.9 that the PMSR reconstructed conditional 

source terms match reasonably well with the conditional ODT source terms. Although not shown 

here, the chemical source terms computed without reconstruction of unmeasured species are 

extremely inaccurate because intermediate species contribute significantly to the source terms of 

temperature and major species. Simply assuming them to be zero nullifies this contribution and 

results in enormously misrepresented source term predictions. The PMSR model enables a 
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trends of reconstructed source terms match well with the original unperturbed ODT source terms; 

and more importantly, the magnitudes and position of peaks are captured reasonably well for all 

measured thermo-chemical scalars (Ranade and Echekki, 2019). Finally, the computational 

overhead of the PMSR-SOM algorithm depends on the size of the experimental database. The 

PMSR computations on each cluster are independent of each other and are carried out in parallel. 

The algorithm is parallelized using OpenMPI (Gabriel et al., 2004) such that, the computations of 

each cluster are carried out on a different processor. The ñperfectlyò parallel nature of the problem 

ensures that the computation time scales with the number of processors. In this work, the PMSR-

SOM algorithm is implemented using 16 processors on the Henry HPC cluster at North Carolina 

State University and requires around 1 hour for the Sandia piloted jet flame database and 2 hours 

for the Sydney piloted jet flame database.  

3.2.4. Construction of conditional means 
 

After PCA parameterization and construction of source terms, the next step is to build 

conditional means in the retained PC space. It has been established previously that 2 PCs are 

enough for the a priori demonstration of the experimental data-based closure. Hence, the 

conditional statistics of measured thermo-chemical scalars are constructed in the ‰ȟ‰ space. The 

objective of a priori tests is to check the validity of the closure framework by comparing mean 

and RMS thermo-chemical scalar profiles with experimental mean and RMS counterparts. Hence, 

conditional statistics of source terms are not shown here, since there is no scope of validating them 

with experimental data. Such plots are depicted in the Chapter 4 where a posteriori results are 

discussed. 

Figure 3.10 and Figure 3.11 show the conditional means of T, CH4, O2, H2O and OH, CO, 

H2, CO2, respectively. The statistics are constructed using a binning procedure from all 
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instantaneous measurements from the Sandia flame D, E and F (Barlow and Frank, 2003) based 

on the corresponding values of ‰and ‰ . These statistics represent the thermo-chemical space 

accessed by the three flames. One hundred bins are considered across each PCôs range of values. 

Empty bins resulting from the sparsity of data in higher dimensions are approximated by linear 

interpolation involving neighboring populated bins. In two dimensions, empty bins account for 3% 

of the total number of bins but this might increase as higher dimensions are accessed. Hence, the 

bin density is coarsened by reducing the number of bins in each direction when higher dimensions 

are required. 

 

Figure 3.10. Conditional statistics of T, CH4, O2, H2O. 
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Figure 3.11. Conditional statistics of OH, CO, H2, CO2. 

 

3.2.5. Construction of joint PDFs using KDE 
 

The second component of the closure model involves the construction of smooth yet 

compact joint PDFs using the KDE approach. With dimensionality reduction, the joint PDF based 

on several thermo-chemical scalars can be replaced with a joint PDF based on just the two PCs: 

 ( ) ( )
2 2 2 4 2

H O OH CH CO CO 1 2 1 2    ,  ,  ,  ,  ,  ,  ,  ,  ; ,      H OP T Y Y Y Y Y Y Y Pf f f f­   (3.4) 

In this work, PDFs conditioned on PCs, ‰and ‰ȟ are constructed using the instantaneous 

measurements for flames D, E and F at all radial and axial locations. The main advantage of the 

KDE approach is that it can establish smooth, multi-dimensional PDFs from a limited set of 

measurements. Other joint PDF construction tools such as multi-dimensional histograms are often 
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severely affected by sparsity of data. Figure 3.12 to Figure 3.14 show the KDE based joint PDFs 

constructed for flames D, E and F respectively at the centerline (r/d = 0) and two different axial 

distances, x/d = 15 and x/d = 30. These downstream distances are chosen because they correspond 

to events of flame extinction and reignition amongst these flames. 

The figures show that while significant similarities in the PDF are exhibited at x/d = 15, 

the distributions tend to be broader for the higher Reynolds number flames at x/d = 30, indicating 

different rates of transition to the reignition process. The effectiveness of these PDFs depends on 

their ability to recover smooth mean and RMS statistics that match well with experimental data. 

Although not shown here, characterizing the PDFs with variances of the PCs in addition to their 

Favre-means does not improve the comparisons of the radial profiles of the mean and RMS values 

of the thermo-chemical scalars. 
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Figure 3.12. Joint PDFs for flame D (A, B) at r/d = 0 and x/d = 15, 30. 
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Figure 3.13. Joint PDFs for flame E (C, D) at r/d = 0 and x/d = 15, 30. 
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Figure 3.14. Joint PDFs for flame F (E, F) at r/d = 0 and x/d = 15, 30. 
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3.2.6. Favre averages and RMS statistics using PCs 
 

In this section, the Favre averages and RMS of thermo-chemical quantities computed by 

integrating conditional statistics with joint PDFs at different axial and radial locations are 

compared with experimental mean and RMS at the same locations. The comparisons are made in 

terms of radial profiles plotted at axial distances of, x/d = 7.5, 15, 30, 45. The Favre averages and 

RMS are computed using the following formulation: 

 
( )

1 2 1 2 1  2 1 2

1 2 1  2 1 2

| ,    | ,     ( ,  ; ,  )
 

| ,    ,  ; , 
  i

i

Y P
Y

P

rf f f f f f f f

rf f f f f f

ñ
=

ñ
  (3.5) 

 
( )

2
1 2 1 2 1  2 1 22 2

1 2 1  2 1 2

| ,    | ,    ( ,  ; ,  )
 

| ,    ,  ; , 

i

i i

Y P
Y Y

P

rf f f f f f f f

rf f f f f f

ñ
¡¡= -

ñ
  (3.6) 

where P is the joint PDF computed from KDE, ” is conditional density and ὣ are conditional 

statistics of i th thermo-chemical scalars. 

Figure 3.15 shows the comparisons of Favre averages and RMS computed from the closure 

approach with direct evaluations from experimental data of the Sandia flame D. The comparisons 

are made for temperature and CO, H2 and OH mass fractions at axial locations x/d = 7.5, 15, 30 

and 45. The direct evaluation from experimental data is based on carrying out Favre averages of 

the thermo-chemical scalars for every radial locations at given axial locations. The results from 

the closure model match very well with the experimental statistics. The joint PDFs constructed in 

reduced dimensions can recover all the trends and peaks of the experimental data at different axial 

locations. The mean and RMS computations, as well as the construction of joint PDFs and 

conditional means are carried out on an Intel Xeon CPU and require less than one hour. 
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Figure 3.15. Flame D Favre averages (solid) and RMS (dashed) comparisons of experimental 

data (red) and PCA-based closure model with 2 PCs (black) at A) x/d = 7.5, B) x/d = 15, C) x/d = 

30 and D) x/d = 45. 

 

Similar comparisons are made for the Sandia flames E and F in Figure 3.16 and Figure 

3.17 for the same thermo-chemical scalars at axial distances, x/d = 7.5, 15, 30 and 45. Beginning 

with flame D local extinction becomes increasingly visible as the Reynolds number is increased. 

The closure model can track the global trends very effectively. The conditional mean statistics in 

the closure model was same for all the flames since it was constructed from an ensemble of 
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instantaneous data from all these flames. The only difference in trends is exhibited by the 

differences in joint PDFs, which are responsible for modeling the non-equilibrium effects of 

extinction and reignition in flames E and F. Local extinction reaches a peak at an axial distance of 

about 15-30 jet diameters. These trends are clearly exhibited by the lower peaks of the 

intermediateôs CO and H2.  

 

 

 

 

Figure 3.16. Flame E Favre averages (solid) and RMS (dashed) comparisons of experimental data 

(red) and PCA-based closure model with 2 PCs (black) at A) x/d = 7.5, B) x/d = 15, C) x/d = 30 

and D) x/d = 45. 
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Figure 3.17. Flame F Favre averages (solid) and RMS (dashed) comparisons of experimental 

data (red) and PCA-based closure model with 2 PCs (black) at A) x/d = 7.5, B) x/d = 15, C) x/d 

= 30 and D) x/d = 45. 

 

The results clearly indicate the validity of the experimental data-based closure framework. 

Although not shown here, major species including H2O, CO2, O2 and CH4 are also captured well. 

It is important to note that the a priori validations require only 2 PCs for parameterization of the 

thermo-chemical composition space. As discussed earlier, additional PCs may be required to 

capture the fine-grained structures observed in turbulent flames. Although not shown here, a slight 
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improvement is observed by retaining a third PC. However, when 4 or 5 PCs are retained no 

discernable improvements are observed in the results and the results may even deteriorate if more 

than 6 PCs are retained. Such trends are attributed to the limited amount of experimental data, 

which results into sparsity especially when multi-dimensional spaces are accessed. A coarse-

grained strategy may be adopted for building conditional mean statistics in higher dimensions. For 

example, in a 4-dimensional space 20 bins can be used in each direction as opposed to using 100 

bins in a 2-dimensional space to construct the conditional mean statistics. Although this needs to 

be done very carefully as fewer number of bins could result in inaccurate results. 

Overcoming data sparsity may require a close coordination with experimentalists. 

However, there may be other strategies of dimension reduction which, may offer some benefits 

over PCA. As discussed earlier in Chapter 2, ICA is an attractive option because it results in 

statistically independent components (ICs). With statistically independent ICs to parameterize the 

composition space, the multi-dimensional joint PDF can be expressed as the product of the 

individual ICs marginal PDFs, thus, reducing the requirements on the measurement database size. 

In the following sections, ICs are used to construct conditional statistics of thermo-chemical 

scalars and two scenarios of the PDF construction are assessed. In the first scenario, a joint PDF 

is constructed in the IC space using KDE and integrated with the conditional statistics to recover 

the Favre averaged and RMS statistics. This is analogous to the PC-based validations carried out 

in this section. The objective here is to assess whether ICs are as effective as PCs in parametrizing 

the composition space and recovering the mean and RMS values. This test serves as a sanity check 

since dimension reduction using ICA is not popular for combustion applications. In the next 

scenario, the joint PDFs are expressed as products of individual ICs marginal PDFs and the Favre 

averaged and RMS statistics are computed using this formulation. The objective here is to validate 
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the benefit of statistical independence offered by ICA. In both tests, ICA is implemented on the 

retained PC by carrying out a rotation of these PCs (i.e. a multiplication by a constant matrix 

obtained from ICA) to establish the ICs. Moreover, the multi- or univariate PDFs are constructed 

using KDE approach. 

3.2.7. Favre averages and RMS statistics using ICs 
 

Scenario 1: Joint PDF construction in IC space using multi-dimensional KDE 

Here, the Favre averages and RMS of thermo-chemical quantities computed by integrating 

conditional statistics with joint PDFs constructed in IC space at different axial and radial locations 

are compared with experimental mean and RMS at the same locations. The comparisons are made 

in terms of radial profiles plotted at axial distances of, x/d = 7.5, 15, 30, 45. The Favre averages 

and RMS are computed using the following formulation: 
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where y represent the independent components (ICs). The mean and RMS radial profile 

comparisons are shown below in Figure 3.18 to Figure 3.20. 
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Figure 3.18. Flame D Favre averages (solid) and RMS (dashed) comparisons of experimental 

data (red) and ICA-based closure model with 2 ICs (black) at A) x/d = 7.5, B) x/d = 15, C) x/d = 

30 and D) x/d = 45. 
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Figure 3.19. Flame E Favre averages (solid) and RMS (dashed) comparisons of experimental data 

(red) and ICA-based closure model with 2 ICs (black) at A) x/d = 7.5, B) x/d = 15, C) x/d = 30 

and D) x/d = 45. 
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Figure 3.20. Flame F Favre averages (solid) and RMS (dashed) comparisons of experimental data 

(red) and ICA-based closure model with 2 ICs (black) at A) x/d = 7.5, B) x/d = 15, C) x/d = 30 

and D) x/d = 45. 

 

The figures compare the mean and RMS statistics obtained from ICA-based closure model 

with experimental data. As can be observed, the radial profiles match reasonably well for T and 

CO, H2 and OH mass fractions at all axial distances. This validation proves that ICs are as effective 

as PCs in representing the thermo-chemical space and ICA serves as an effective tool for 

dimension reduction. However, the true benefit of ICA potentially lies in its property of producing 
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statistical independent components (ICs). The radial profile comparisons using this hypothesis are 

assessed below. 

Scenario 2: Joint PDF constructed as the product of marginal univariate PDFs  

In the second scenario, the Favre averages and RMS of thermo-chemical quantities are 

computed by integrating conditional statistics with the joint PDFs constructed as a product of 

marginal univariate PDFs in IC space. The mean and RMS statistics obtained at different axial and 

radial locations are compared with experimental mean and RMS at the same locations. The 

comparisons are made in terms of radial profiles plotted at axial distances of, x/d = 7.5, 15, 30 and 

45. The Favre averages and RMS are computed using the same formulation as in Eq. (3.7) and 

(3.8) except that the joint PDF is now represented as follows: 

 1  22 11 2 1 2)( ,  ; ( ;) ); (,   P P Pyy y yy y y y= ³   (3.9) 

The mean and RMS radial profile comparisons for this case are shown below in Figure 3.21 to 

Figure 3.23. It may be observed that the radial plot match well with experimental measurements. 

This means that the statistical independence assumption in the case of ICs works well and can 

potentially be used in problems where higher dimensions are accessed, or experimental 

measurements are limited. 
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Figure 3.21. Flame D Favre averages (solid) and RMS (dashed) comparisons of experimental 

data (red) and ICA-based closure model using statistical independence with 2 ICs (black) at A) 

x/d = 7.5, B) x/d = 15, C) x/d = 30 and D) x/d = 45. 
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Figure 3.22. Flame E Favre averages (solid) and RMS (dashed) comparisons of experimental data 

(red) and ICA-based closure model using statistical independence with 2 ICs (black) at A) x/d = 

7.5, B) x/d = 15, C) x/d = 30 and D) x/d = 45. 
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Figure 3.23. Flame F Favre averages (solid) and RMS (dashed) comparisons of experimental data 

(red) and ICA-based closure model using statistical independence with 2 ICs (black) at A) x/d = 

7.5, B) x/d = 15, C) x/d = 30 and D) x/d = 45. 
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mapping between the instantaneous and averaged quantities can be established, it may be used as 

an alternative to the experimental data-based closure framework described in this work. This 

mapping may be used such that the Favre-averaged statistics of the thermo-chemical scalars can 

be determined directly from the transported PCs using the same mapping relations between the 

instantaneous PCs and the instantaneous thermo-chemical scalars. In the present study, ANN has 

been implemented to reconstruct instantaneous thermo-chemical quantities from smaller set of 

PCs. ANNs are effective nonlinear regression tools and have been used effectively for such tasks 

within the context of combustion modeling. Two different networks are considered in this work to 

assess the PC-to-thermo-chemical scalar mapping. In the first network, each of the measured 

thermo-chemical is mapped with 2 PCs and with 4 PCs in the second network. The idea of choosing 

different number of PCs for representation is to assess the optimal PCs required to accurately 

estimate the statistics of measured scalar. Since thermo-chemical scalars are not as nonlinear as 

source terms, both ANN architectures consist of a single hidden layer with about 40 neurons. The 

only difference is in the number of inputs (Ranade and Echekki, 2019). 
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Figure 3.24. Comparison of Flame D Favre averages with 2 PCs (dashed), 4 PCs (solid) using 

ANN-inversion and experimental data (red) at A) x/d = 7.5, B) x/d = 15, C) x/d = 30 and D) x/d 

= 45. 
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the mapping relations). The inversion is carried out by 1) evaluating the Favre-averaged PCs at 
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scalars at the same positions. The comparisons are made for all flames D, E and F. With 4 PCs, 

the comparisons with experimental data are in excellent agreement. In contrast, 2 PCs capture 

temperature, CO and H2 reasonably well but significant differences may be observed in the OH 

profiles. This may be attributed to the lesser amount of information retained by 2 PCs. Although 

not shown here, other major species like H2O, CO2, CH4 and O2 are also captured well by the ANN 

inversion procedure using both 2 PCs and 4 PCs. Regardless, the ANN inversion relations can 

provide an alternative to the experimental data-based closure framework to estimate thermo-

chemical scalars mean profiles from mean PC profiles. 
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Figure 3.25. Comparison of Flame E Favre averages with 2 PCs (dashed), 4 PCs (solid) using 

ANN-inversion and experimental data (red) at A) x/d = 7.5, B) x/d = 15, C) x/d = 30 and D) x/d 

= 45. 
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Figure 3.26. Comparison of Flame F Favre averages with 2 PCs (dashed), 4 PCs (solid) using 

ANN-inversion and experimental data (red) at A) x/d = 7.5, B) x/d = 15, C) x/d = 30 and D) x/d 

= 45. 

 

Based on the above observations, the inversion from PCs to thermo-chemical scalars, which 

can be developed from instantaneous data, can be used to estimate the Favre-averaged thermo-

chemical scalars from Favre-averaged PCs. Such an inversion can provide an independent 

assessment of the evaluation of the Favre-averaged thermo-chemical scalars from its tabulation 

based on Eq. (2.20). 
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3.3. The Sydney piloted jet flames with inhomogeneous inlets: A 

priori  validation 
 

This section includes a detailed description of the Sydney piloted jet flames with 

inhomogeneous inlets and the available experimental data associated with it. The Sydney flames 

are much more complex in terms of the physics involved as compared to the Sandia flames and 

therefore serve as a rigorous test for the closure framework.  

3.3.1. Flame description 
 

There are various methods of stabilizing a turbulent flame. Some of these include using a 

pilot (Masri and Bilger, 1988; Masri et al., 1996) or by including recirculation through a bluff-

body (Dally et al., 1988; Mansour, 2002) or by generating a swirl (Huang and Yang, 2009; Syred, 

2006; Gicquel et al., 2012). Pilot stabilization is very common and has found a place in many 

applications. A bulk of the studies related to pilot stabilization in turbulent flames assume a 

homogeneous inlet condition, for example the Sandia piloted jet flames. However, practical 

combustion devices are known to have compositional inhomogeneity in fuel-air mixture at the 

inlet, which may affect the turbulent flame zone. For example, gas turbines partially mix the fuel 

stream with air before it exits from the combustor (Lefebvre, 1998; Gicquel et al., 2012), gasoline 

engines employ various strategies to control stratification of the fuel mixture, so as to improve 

efficiency and lower emissions (Drake and Haworth, 2007), diesel engines carry out a premixing 

process before compressing the mixture to ignition (Dec, 2009) etc. Therefore, combustion 

occurring in such situations may cover a range of modes such as premixed, stratified or non-

premixed. The presence of multiple modes presents an additional degree of difficulty since models 

must include a range of partially-premixed combustion modes and conditions 



 

101 

 

The focus of this work is on the Sydney piloted jet burner with a modified assembly that 

generates inhomogeneous inlet conditions. A detailed description of this burner is provided by 

Meares et al. (2014). In their work, Meares et al. (2014) define inhomogeneous inlet conditions as 

situations where spatial gradients may exist in the mixture fraction or equivalence ratio, such that 

the fuel exiting the burner may have pockets of reactive fluid adjacent to richer or leaner mixtures. 

The modifications involve adding an inner tube to the central jet such that the central jet carries 

air while the inner tube carries fuel or vice-versa in some cases. The inner tube can be recessed so 

that the fuel and air may mix before exiting the burner. The extent of recession may result in 

varying degrees of inhomogeneity such that the mixtures on the exit plan may span a wide range 

of mixture fractions. In a subsequent study, Meares et al. (2015) investigated the effect of varying 

degrees of inhomogeneity on the stabilization mechanism of the piloted jet flames. Barlow et al. 

(2015) carried out comprehensive experimental studies on a series of five piloted jet flames of 

CH4/air in order to better understand the trends in flame stability and local extinction. 

The modified Sydney burner for accommodating inhomogeneous inlets as described by 

Meares et al. (2014) is shown in Figure 3.27. The burner consists of an inner and an outer 

concentric tube with diameters of 4 and 7.5 mm, respectively. The outer tube is surrounded by a 

pilot stream, which has a diameter of 18 mm. The burner assembly is centered in a wind tunnel 

with a square cross-section of 15 cm by 15 cm. The inner tube is recessed and can slide within the 

outer tube for up to 500 mm from the exit plane. The idea of this recession is to allow a partial 

mixing of the fuel-air mixture before it exits the burner. A scenario of a fully recessed inner tube 

corresponds to a condition of a homogeneous inlet. On the other hand, when the inner and outer 

tubes lie on the exit plane, such a configuration corresponds to a fully non-premixed flame (similar 

to the Sandia flames discussed earlier). The objective is to assess the behavior of the flame at 
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intermediate recession conditions, which result in different degrees of mixture inhomogeneity at 

the exit plane. The fuel is injected through the inner tube and the air through the outer and vice-

versa.  

 

Figure 3.27. The Sydney piloted jet burner with inhomogeneous inlets (Meares et al., 2014). 

 

In the experiments carried out by Meares et al. (2014) and Barlow et al. (2015), the recess 

height, the bulk velocity of the burner and the position of fuel injection, through inlet or outlet 

tube, are varied to produce a set of five different flames. Experiments with the same burner and 
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inlet configurations are repeated with different types of fuel and pilot compositions. The three 

cases considered are as follows: 

1) The fuel used is CNG consisting of 88% CH4, 7.8% C2H4, 1.9% CO2, 1.2% N2 and the 

remaining 1.1% H2, H2O and other hydrocarbons. The pilot stream is a 3-gas mixture of 

C2H2, H2 and air with an adiabatic flame temperature of 2480 K and a bulk unburned 

velocity of 3 m/s on the exit plane.  

2) The fuel used is methane (CP grade) consisting of 99% CH4. The pilot stream is a 3-gas 

mixture of C2H2, H2 and air with an adiabatic flame temperature of 2480 K and a bulk 

unburned velocity of 3 m/s on the exit plane.  

3) The fuel used is methane (CP grade) consisting of 99% CH4. The pilot stream is a 5-gas 

mixture of C2H2, H2, CO2, N2 and air with an adiabatic flame temperature of 2226 K and a 

bulk unburned velocity of 3.7 m/s on the exit plane. 

The different settings for the fuel and the pilot result combined with variations in the jet Reynolds 

number and recess heights, result in fifteen flame configurations. Additional details regarding 

these may be found on http://web.aeromech.usyd.edu.au/thermofluids/database.php. The 

experimental data with respect to these different configurations consists of instantaneous line 

measurements of 8 thermo-chemical scalars including T, H2O, CO2, O2, N2, CH4, CO and H2 at 7 

axial locations, x/d = 1, 5, 10, 12, 15, 20 and 30. Note that, in contrast with the Sandia flames, OH 

is not measured in any one of the 15 flame cases. The Favre and Reynolds averages and RMS 

values at different radial locations for the same axial locations are also available. The available 

experimental data is much more resolved than the Sandia flame data, in both axial and radial 

direction. 

http://web.aeromech.usyd.edu.au/thermofluids/database.php


 

104 

 

The Sydney piloted jet burner with inhomogeneous inlets described above has been a focus 

of several numerical studies. The reader is referred to the following research works (Perry et al., 

2017; Perry and Muller, 2019; Kim and Kim, 2017; Konstantin et al., 2017; Galindo et al., 2017; 

Gulberti et al., 2017). However, it is evident from all the studies that modeling the flame effects 

resulting from the presence of multiple modes of combustion is not trivial. The potential of using 

experimental data-based closure framework is assessed here by performing a priori validations 

using different flame configurations. 

3.3.2.  Radial Favre average comparisons 
 

For the a priori validations carried out here, an ensemble of experimental data consisting 

of instantaneous line measurement from different axial locations for the following flame 

configurations is considered. The different flame configurations include: 

1) FA200-5GP-Lr75-45: The burner has a recess length of 75 mm while the bulk jet velocity 

is 45 m/s, which corresponds to a Reynolds number of 21,200. Additionally, the fuel is 

injected in the outer tube while the air in the inner tube, as represented by óFAô. 

2) FJ200-5GP-Lr300-59:  The burner has a recess length of 300 mm while the bulk jet velocity 

is 59 m/s, which corresponds to a Reynolds number of 27,600. Additionally, the fuel is 

injected in the inner tube while the air in the outer tube, as represented by óFJô. 

3) FJ200-5GP-Lr75-57:  The burner has a recess length of 75 mm while the bulk jet velocity 

is 57 m/s, which corresponds to a Reynolds number of 26,800. Additionally, the fuel is 

injected in the inner tube while the air in the outer tube, as represented by óFJô. 

4) FJ200-5GP-Lr75-80:  The burner has a recess length of 75 mm while the bulk jet velocity 

is 80 m/s, which corresponds to a Reynolds number of 37,500. Additionally, the fuel is 

injected in the inner tube while the air in the outer tube, as represented by óFJô. 
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5) FJ200-5GP-Lr75-103:  The burner has a recess length of 75 mm while the bulk jet velocity 

is 103 m/s, which corresponds to a Reynolds number of 48,300. Additionally, the fuel is 

injected in the inner tube while the air in the outer tube, as represented by óFJô. 

The pilot stream in each case is a 5-gas mixture and the velocity of the co-flow stream is 15 m/s. 

The different flame configurations described above, not only have variations in jet Reynolds 

number but also have cases with different positioning of the fuel jet (case 1) as well as a larger 

recess length (case 2). The additional variation in experimental data resulting from the different 

flame configurations may pose supplementary challenges for the experimental data-based closure 

framework.  

The a priori test procedure is similar to what is described in Figure 3.1 with a small 

modification related to the joint PDF construction. Since the experimental data consists of line 

measurements at each axial location, the instantaneous data cannot be collected at different radial 

points. Instead, such data is collected in a small 1D box or filter and joint PDFs are constructed on 

that filter. The size of the filter is kept very small, to the order of 0.1 mm so that it may resemble 

a point. The radial distance representing the so called ópointô filter is equal to the average of radial 

distances it spans. Finally, the joint PDF constructed in each filter of each flame is integrated with 

the combined conditional statistics to recover the Favre averages of thermo-chemical scalars, 

which are compared with their respective experimental means. Analogous to the Sandia flames, 2 

PCs were retained to represent the instantaneous experimental data. 

Figure 3.28 to Figure 3.37 show the radial profile comparisons of Favre averages 

reconstructed from the closure model with experimental Favre means for the five flames described 

earlier. The comparison of means is carried out at axial distances, x/d = 1, 5, 10, 15, 20 and 30 for 

the following thermo-chemical scalars, T, H2O, CO2, CO and H2 mass fractions. Although not 
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shown here, O2 and CH4 also show good comparisons; and this may be attributed to their high 

correlation with temperature. Nonetheless, the closure framework performs extremely well in 

capturing the mean statistics for all the thermo-chemical scalars. It should be emphasized that the 

conditional statistics are constructed on an ensemble of instantaneous data from these different 

flames. Even with a large amount of variation in the data through both, experimental uncertainty 

and broader range of conditions covered by these flames, the joint PDFs constructed at the different 

spatial locations are able to accurately extract the mean statistics at those points.  The excellent 

agreement of the mean statistics highlights the effectiveness of PCA parameterization, and the 

crucial role played by multi-dimensional KDEs in constructing compact joint PDFs that accurately 

represent the nature of turbulence occurring in these different flames. 
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Figure 3.28. Comparison of Flame FA200-5GP-Lr75-45 Favre averages using experimental 

data-based closure model (red) and experimental Favre averages (circle) at x/d = 1, 5 and 10. 
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Figure 3.29. Comparison of Flame FA200-5GP-Lr75-45 Favre averages using experimental 

data-based closure model (red) and experimental Favre averages (circle) at x/d = 15, 20 and 

30. 

 






















































































































































































































































































































