> UNIVERSITY OF NORTH CAROLINA
Department of Statistics
Chapel Hill, N, C.

PREIMPTIVE DISCIPLINES FOR QUEUES AND STORES

April 1962

This research was supported by the 0ffice of Naval
Research under contract No. Nonr-855(09) for research
in probability and statistics at the University of

North Carolina, Chapel Hill, N. C. Reproduction in
whole or in part ls permitted for any purpose of the
United States Government.

ViiL L

Institute of Statistics
* Mimeo Series No. 321



il

ACKNOWLEDGMENTS

It is a pleasure to acknowledge my indebtedness to Professor
Walter I. Smith, for suggesting the problem considered herein and
for providing encouragement and many pithy suggestions.

I am extrenely grateful to the Department of Statistics and
to the Office of Naval Research for financial assistance without
vhich this research would not have been undertaken.

I am mogt grateful to Mrs. Doris Gardner for her skillful
translation of the manuscript into typed form. Also, my sincerest
thanke to Martha Jordan for her unfailing efforts in guiding me

through the labyrinth of rules, regulations and assorted pitfalls.



CHAPTER

IT

11T

TABLE OI" CONTENTS

Acknowledgments

INTRODUCTION TO QUEUES WITH PREEIPTIVE
PRIORITY DISCIPLINES

1.

2’

[0) WAV R~ AN

<o

THE

Totroduction « o o o o o o « ¢ ¢ & = o
Arredvals o ¢ 5 s 4 e e 6 e 8 e s e 1 e

The Service Mechanism .

.
-
.
.
.

The Queue Discipline

o
»
»
.
.
.
.

Theory of Queues s e s s e e e s e s e
Theory of Priority QUEUEs « « « o o o o =

Queves and StOres o« « v o o o o 2 o o o

PREEMPTIVE STORAGE PROBLEL
Introduction. « « ¢« ¢ & « o v o . o« . .
The Preemptive Storage Problem for k=2. .

Limiting Behavior of the Preemptive Sitore
fOI’ 1{52 ® e 4 ® ¢ @ & o @ 9+ ¢ & » e ¢

Moments of the limiting Distribution of
Store con‘ten‘b ° * . . . . . » . - ’ L] . -

Moments of the Limiting Distribution of

Store Content for K > 2 ¢ o +» o o o @

QUEUEING WITH BREAKDOWN

1.

2.

Tntroduction =« « ¢ o o ¢ o o o « o o + «
Unexpired Repair and Clearing Times . . .

Ffor Unit BreakdOWlhe « o o o o ¢ e s o o o

Page

ii

30

37

L8

55

. 60

iid



Chapter

v

5. Unexpired Repailr and Clearing Times for
Component Breakdown . . . . . « .

L. Completion Times and Busy Periods . . . .

5. Queveing Times for Active Breakdown . . .

6. Queueing Times for Independent Breakdown .

THE EXISTENCE OF LIMITING DISTRIBUTIONS.

1. TIntroduction s s e e e e s e e e e e

2. UNecessary and Sufficient Conditions for
Existence of Limiting Distributions of
Poisson Reduction Processes. . . . . . . .

3. Necessary and Sufficient Conditions for a
Tinite Mean Busy Period of Certain Polsson
Reduction Processes . .

THE NUMBER OF BREAKDOWNS - + « « o « ¢ o o &

1. Number of Breakdowns During Serxvice of One
Customer s e e e e e e e e e e e e

2. Number of Breakdowns During Queueing Time for
Preemptive Resume Discipline .

5. Miscellaneous Rewarks Regarding Transient
Behavior e e e e e e e e e e e e e

Bibliography =« « o « « « o « o o « « 4 . 4

iv

Page

7
7

19

<o
g
<

95

98

< 102

. 108



CHAPTER T
1
INTRODUCTION TO QUEUES WITH PREEMPTIVE PRIORITY DISCIPLINES

1. ZIntroduction. A& queue is the term used to describe

the line of customers that forms at a service mechanism accord-
ing to specific rules of:
(i) arrival: which is the input of customers
to a line of customers that demand service
at a servlce mechanism;

(ii) the service mechanism: which supplies a service

to each customer during a period of time called
the service time and limits the number of
customers that can receive service simulta-
neously;

(iii) the queue discipline: which is the set of rules

governing the manner each customer joins other
customers in the queue, waits for service and
recelves service.
The customers who have arrived at the queue prior to time t but
have not completed service by time t are said to be in the queue-
ing system at this time. Thus the queue discipline governs the
T each customer with respect to

behavior and the order of service o

other customers at all times while in the queueing system.

l'I‘his research was supported by the O0ffice of Naval Research under
contract No. Nonr-855(09) for research in probability and statistics
at the University of North Carolina, Chapel Hill, N. C. Reproduction
in whole or in part is permitted for any purpose of the United States
Government.
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The study of the analytic properties of queues, called
queveing theory, has interested many authors because of the variety
of industrial and military applications. Certainly a preponderance
of the literature has dealt with variations in the rules govern-

ing arrivals and the service mechanism under a strict head-of-the-

line queue discipline. This type of discipline requires that
customers enter the service mechanism in exactly the same order

in time as their respective arrivals at the queueing system. In
this dissertation we will consider other possible queue disciplines
where k different classes or types of customers, say Cys Cps 03,

<eey C, are serviced by the same service mechanism.

2. Arrivals. The arrivals of customers wmay be formulated
mathematically in terms of the r-th customer to arrive after
time zero. Let tr be the time of arrival of the r-th customer,
irrespective of class. Define to = O, Hence customers arrive
r 17

at times tl’ t2’ t5, ses o The time interval, t_ =~ ©

between the (r-1)-th and r~th arrivals is called the interarrival

time of the r-th customer. Considering the class ¢y customers

only, let ., t, , ... be their arrival times. If t_~ = 0,
then the interarrival time of the r-th class cj customer is
R

r ol ? T 1, 2, .v. « It is clear that the k sequences

{ trl;) s, 1 =1, 2, ..., k of arrival times for the k classes of
customers are subsequences of the sequence of arrival times {:tr}

for the queueing system. We will assume that the interarrival



times of class <y customers is a sequence of independent and
identically distributed random variables. We will also assume
that the sequence of interarrival times for any one class of
customers is independent of the sequence of interarrival times
for each other class of customers. Thus the terms of the se-~
quence {:tri - ti—l}‘ are independently distributed with dis-
tribution function Ai(t) and mean interarrival time l/ki, i=
1, 2, «.., k. In general, the distribution functions and mean
interarrival times will be different for different classes cof
customers. However, we will make certain restricting assump-

tions which will be described in Section 6.

3. The Service Mechanism. Throughout this dissertation

it will be assumed that the service mechanism provides service
for only one customer at any one time. Some of the gueue dis-
ciplines to be discussed involve interruptions in service of
certain customers. That is, under circumstances specified by
the queue discipline, & customer will enter the service mechan-
ism, remain a period of time and return to the waiting line
without completion of service. For a customer who is not
interrupted while in the service mechanism, the service time
can be formulated mathematically in terms of the r-th customer
to arrive after time zero. IlLet Sri be the time in the service

mechanism of the r-th class Ci customer to arrive after time



zero, provided service of this customer is not interrupted.

We will call this the uninterrupted service time of the r-th
arrival in class cy Suppose the uninterrupted service times

{ Sri;} in class ¢y is a sequence of independent and identically
distributed random variables with distribution function Bi(s)

and mean l/ui, i=1,2, ..., ke In general, the uninter-

rupted service times of different classes of customers will be
independent with different distributions. Discussion of the
total service times of customers with interrupted service is

deferred to the next section.

L, The Queue Discipline. We will be considering queue

disciplines for the k classes, €12 Cps wevs Cpo of customers
where some classes have a priority to service with respect to
other classes. For definiteness, suppose that the subscript
i of the class c; indicates the order of priority. Thus e,

custoners have priority over customers of classes ci_k:LJ
Ci+2’ ey ck . Cobhamq[ﬁ;;7 introduded the head-of-the-~line

priority queue discipline. Under this rule, customers of the

same class are served according to a head-of-the-line dis-

cipline, Customers of class g enter the service mechanism at

1. DNumbers in square brackets refer to bibliography.
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those moments only when service of another customer is completed
and customer classes Cys Cps w+vy Cy 4 BTE enpty. Thus if a
customer of class ey arrives during the service of a customer of
class cj and 1 < j, we say that a higher priority customer has
arrived. The higher priority customer must walt at least until
the lower priority customer completes service. In fact, the
ci customer must wait until the service mechanism is empty
and there are no customers of classes Cis Cps ey Cy g and
no prior arrivals of class cy in the waiting line.

White and Christie / 1 7 introduced the preemptive
priority queue discipline. Under this rule, customers of
the same class are serviced according to a head-of-the-line

Custom

o ustomers of different pricrity clausses enter

the service mechanism, when it is free, in accordance with

thelr respective priority classes. However, if a customer of
class ci arrives during service of a customer of lower priority
class cj(ioes i< j) then the higher priority customer imme-
diately eunters the service mechanism. The lower priority
customer returns to the head of the waiting line of cj customers.
Thus customers of class cj are eligible for service only

during those time periods that the queueing system contains no

higher priority customers, i.e. no customers of classes €15 Coo

For simplicity, we refer to this as the preemptive queue

sees Cy g



discipline. Other authors have employed the more descriptive and
unwieldy phrase "preemptive priority queue discipline'.

We have assumed that the uninterrupted service time of each
customer in class <y is a random variable S with distribution func-
tion Bi(s). If the service time of a class ¢y customer is inter-
rupted then the total time U that the customer is in the service
mechanism is governed by one of the following disciplines:

(i) Preemptive Resume where the total service time U is

independent of the number of interruptions. Hence a
preempted. customer returns to the service mechanism
to complete that portion of the service time remain-
ing at the time of preemption and U = S.

(1i) Preemptive Repeat (identical) means that a class ¢,

customer, upon initial entry to the queueing system,
is assigned an uninterrupted service time S with
distribution function Bi(s). The custoner must re-
main in the service mechanism without interruption a
period 5 in order to complete service. Suppose a
customer is interrupted N times and is in the service
mechanism a period Vj before the j-th interruption,
J=1,2, ..., N. Thus the total service time

N

U = Zj=l Vj + 5 where VJ <8, J=1,2, «.., N.

.(iii) Preemptive Repeat (independent) specifies that each

class ci customer is assigned an uninterrupted ser-

vice time S(J) with distribution function Bi(s)



upon the j-~th entry to the service mechanism. Thus
the customer must remain in the service mechanism
without interruption a time period S(j) after the
J~th entry in order to complete service. Suppose
the cy customer is interrupted N times while in ser-
vice and is in the service mechanism a period Vj be-
fore the Jj-th interruption, j =1, 2, ..., N. Thus
the total service time U = Z?:l Vj + S(N + 1) where
vJ <8(3) and S(3), 3 =1, 2, ves, N+ 1, are inde-
pendent and identically distributed random variables.
It is clear that the preemptive repeat (identical) and (independent)
disciplines are equivalent if the uninterrupted sexrvice times are
constants for each class of customers. White and Christie 1_1&47
.compared, in a general discussion, the preemptive resume and repeat

disclplines. Gaver 1"2:7 introduced the terminology employed here

to differentiate between the two preemptive repeat disciplines.

5. Theory of Queues. The theory of queues deals with the

study of the properties of the probability distribution of a
stochastic process { Zt’ t € T}* vhere T 15 a subset of or the
entire positive time axis. The process variable Zt ig either a

real valued or a vector of real valued random variables defined over
the set of time points T in such a way as to describe some aspect of
interest of the queue.

In the application of queueing theory for different priority

classes of customers many aspects of the queus may be of interest.
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. Thus the study of such queues could deal with the probability dis-

tribution of any of the following processes:

(a)

(v)

(a)

The queueing time of a customer of class Ci arriving

at time t where queueing time is defined as the
elapsed time between arrival and initial entry to
the service mechanism.

The waiting time of a customer of class ci arriving

at time t where waiting time is the total time
elapsed while in the queueing system. (Some confu~
sion exists in the literature on Queueing Theory due
to the interchange, by some authors, of the defini-
tions of queueing time and waiting time. We will
use the nomenclature defined here when referring to
other authors' results regardless of whether or not
this agrees with the terminology of the cited work).

The time-in-service of a customer of class ci arrive

ing at time t where the time-in-service, as defined
by Miller /8 /, is the total elapsed time while the

customer is actually in the service mechanisn.

The completion time of a customer of class s arrive
ing at time t, where the completion time, as defined
by Gaver.["g;7, is the elapsed time from initial
entry into the service mechanism until completion of
service.

The queue size at time t is a k term vector of the

number of customers in the queueing system of each
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class of customer (excluding the customer in the ser-
vice mechanism).

(£) The busy period commencing at time t with arrival of
a ¢, customer at an empty queue where the busy periad
is the shortest elapsed time between two consecutive
instants when the queueing system contains no
customers.

(8) The clearing time of the ci customers of a queue at

time t is the total time required to service all ¢,
customers already in the queueing system provided
no additional customers arrive and the queue contains
no ¢ c ceey C, customers.

1 e’ ? Ti-1

(h) The number of preemptions of a class N customer

while in some state of the queueing system. The
number of preemptions is defined as the number of
higher priority customers who arrive after the ci
customer and complete service prior to his de-
parture from this state.
For a glven queue discipline pertaining to priority classes of
customers some of these aspects of the queueing system are closely
related to other aspects and the properties of the probability dis-
tributions involved are derivable one from the other. For example,
the completion time plus the queueing time of a customer is the
waiting time of that customer. In the most general situation, it

is not possible to say that a study of one aspect of the queueing
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system 1s more important than the study of some other aspect. This
depends entirely on the field of application of the queueing theory.
The study of the properties of the probability distribution
of a stochastic process {;Ztg t € T} is divided into two areas. If
the set T is restricted to a finite interval, or subset thereof, of
the positive time axis, the transient behavior of the process is
studied. The limiting behavior is the study of the limit, as

t ——> co, of the probability distribution for Z The study of

£
the limit of the probability distribution involves two questions:
(i) Is the limit a proper probability distribution? (ii) If so,
what are its properties? In this dissertation we will concern
ourselves primarily with the limiting behavior of certain stochastic
processes arising in the theory of queues with k pricrity classes
of customers under preemptive resume or repeat disciplines. We
shall consider also some closely related problems. In Chapters II
and ITI we will assume the existence of the limiting distributions
under investigation and obtain certain properiies of these dis-

tributions. In Chapter IV we will derive the necessary and suffi-

cient conditions for the existence of these limiting distributions.

6. Theory of Priority Queues. In all studies of queues with

priority classes of customers, arrivals are assumed to follow an in~
dependent Poisson process for each class of customers. This means
that the probability of n arrivals of class c; customers in a time

At
period t is e + (Kit)n/nl where Ki is called the arrival rate.
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This is equivalent to saying that the interarrival times of class

¢, are independent and identically distributed random variables

i Y
with the negsative exponential distribution, i.e. Ai(t) =1l-e °

with mean l/hi. This type of arrivals is often referred to as

random arrivals with rate Ki. We shall adopt this terminology.

The moment generating function (m.g.f.) for a Poisson process is

-?\.i(l - 0)t
e , from which it is apparent that the m.g.f. of tae sum

of k independent Poisson processes with rates hl, Kg: aray Kk is
e-h(l - )t LN

s, Tthe m.g.f. of a Poisson process with rate A = Zizl 5

It would be difficult to summarize completely the known re-
sults and their derivations for queues with priority classes of
customers. The derivations, in many cases, are quite long and in-
volved. However
the limiting behavior of descriptive aspects of the queue.

In this dissertation we develop a powerful method for ine
vestigating certain multivariate limiting distributions of aspects
describing single server queues with k priority classes of cus-
tomers. The utility and generality of the method become apparent
as we employ it to consider some hitherto unsolved gqueueing and

storage problems.
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MAJOR RESULTS FOR PREEMPTIVE AND PRIORITY QUEUES

K
Author and Service Time Queve
. . A Results
Reference Distributlion | Discipline
Cobhamn negative head-of-the- Mean queueing times for
1_¥;7 exponential line priorityl each of k classes of
customers.
Morse negative head~of-the- m.g.f. of queue size and
1_9;7 exponential line priority| associated moments.
Kesten and | general head- of-the- Functional form of Iaplace
Runnenberg | independent line priority| -Stieltjes transform of
_[“7;7 queueing time and the as-
sociated moments for low
priority customers.
White and negative Preemptive m.g.f. of queue size,
Christie exponential Resume moments of queueing time
[T and waiting time.
Miller general Preemptive results with respect to é
Lm8;7 independent Resume the queueing time, time- ;
in~service, busy periods, |
and number of customers i
served during a busy |
period. |
Heathcote convolutions Preemptive m.g.f. of queue size and
_[—5 7 of finite ' Resume agsaciated momentg.
- number of
negative
exponential
distributions
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7. Queues and Stores. Suppose lecads of a material arrive at

a store or warehouse. The supply in the store of this material is
subject to a constant rate of depletion and the store has infinite
capacity. The analytlc study of the amount of material in the
store, (called the store content) with respect to time is the
storage problem. Smith_[—lQ¥7 noted that the storage problem is
mathematically equivalent to the study of the queueing time of a
single server gueue with one type of customer. The arrivals of
customers coincide with the arrivals of loads of material. The
gservice times of customers coincide with the load sizes. The
uniform rate of reduction of the store content is equivalent to the
operation of the service mechanism at a uniform rate. Thus the
store content, at any time, is equivalent to the queueing time of
a customer arriving at that time.

Suppose the store receives loads of k different types of

material, say ¢ sees Cs where each load is homogeneous of

10 %22
one type only. TFurther suppose the store content is diminished
at a uniform rate. The store content of materisl cs is reduced
only during those time periods when the store contains no 15 Cos
ooy G4y material. This rule of operation we shall call a pre-

emptive rule. It is evident that the store content of material ci

is equivalent to the clearing time of class ci customers for a pre-
emptive resume queue. In Chapter II we investigate the transient
and limiting behavior of the Jjoint distribution of the store con-
tent for k different types of material. We will then employ these

results to investigate the distribution of the queueing times for a
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queue with k classes of customers and three preemptive queue dis-
ciplines: resume, repeat (identical), and repeat (independent).
Miller /8 7 obtained the laplace-Stielt)es transform and the first
two moments of the queueing time for the preemptive resume discipline
only by a more direct approach. Therefore we will only indicate
briefly the applicability to this case of our approcach in order to
demonstrate its generality. The same method will be applied to
consider the hitherto unsolved problems of the queueing time for the
two preemptive repeat disciplines. In the course of this we will
also consider certain problems involved in a head-of-the-line queue

with a single service mechanism which is subject to breakdowns.

8. Service Mechanisms Subject to Breakdowns. White and

Christie Z—l%;7 noted the analogy between a preemptive queue dis-
cipline for two classes of customers and a head-of-the-line gueue
with a single service mechanism which is subject to breakdowns. The
customers with preemptive rights are considered as breakdowns of the
service mechanism. In Chapter III we consider four possible types
of occurence of breakdowns. A variation of the method developed in
Chapter II is employed to investigate queues under these types of
breakdown. In Chapter IV the necessary and sufficient conditions

are determined for the existence of a limiting distribution for a

Poisson Reduction Process. The Poisson Reduction Process is defined
in this chapter and shown to include, as special cases, all processes
considered in Chapters II and III. The numbers of breakdowns during

queuing time and during service time of a customer are considered in

in Chapter V.



CHAPTER IT

THE PREEMPTIVE STORAGE PROBLEM

1. TIntroduction. A store receives loads of k different types

cevs €. Material c (1 <1 <k) arrives at

of material, say c %

12 Ce)
the store in homogeneous loads at random rate Ki' The sizes of con-
secutive lcads of material ¢, are a sequence of independent and iden-
tically distributed random variables with distribution function Bi(s)
and mean l/ui, i=1, 2, ..., k. The load sizes for two different
types of material are independent but not necessarily identically dis-
tributed sequences of random variables. Thus, in general, Bi(s)¢ Bj(s)
for 1 # j. The contents of the store are diminished at unit rate in
accordance with a preemptive rule. That is, material cy is eligible

for depletion only when the store is empty of materials cl, 02, ceey

Cio1e We call this the preemptive storage system with k materials.

Suppose the store has infinite capacity. We noted in Section 7,
Chapter I that the preemptive storage problem is mathematically equiva-
lent to a consideration of the clearing times for a single server queue
with random arrivals, independent service times,; preemptive resume
queue discipline and k classes of customers.

or the purposes of definiteness and simplicity the preemptive
storage problem is considered for k = 2. Then the results are extended

in Section 5 for larger values of k.
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2. The Preemptive Storage Problem for k = 2. Let X, Dbe the

t
store content of material c at time t which has preemptive rights
over Yt’ the store content of material 02 at time +. Define the

Tollowing components of the bivariate distribution of the store content

vector 7, = (x,, Yt) as:

Plx, y5 t) = P(O<X <x 0<Y <y) ;
a(ys t) = P(zgC =0, 0<y, < v) 3
H(x; t) = P(0 < X, <%, ¥ =0) 5
J(z, t) = P(Xt Y, <z, X, £ 0, T, £ 0) 3
n(t) . = P(X% =0, Y, =0).
Thus
Flx,y;t) + H(xst) + a(yit) + =(t) = P(thf x, ¥, < y) = Pt(x,y), say.
Also
J(z3t) + H(z3t) + G(z3t) + n(t) = p(xt + Y < z) .

Leoads of material 4 arrive at random rate Ki at times ti,t;,tg,.
i
3) ceey

sequence of independent and identically distributed random variables with

in loads of sizes si, sg, s 1 =1, 2. The sequence {s;} is a

mean 1/ui and distribution function Bi(s), i =1, 2. The sequence
1 < . - 2 : X
{Sr} iz independent of the sequence fSr} . Tt is assumed that each
load of material is greater than zero with probability one, i.e.,
B,(0+) =0, i=1, 2.
The store content Zt = (Xt’ Yt) is summarized in Figure 2.1 for

a specific realization of the process.
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The process Z* = (X+, Yt) is a continuous parameter Markov process.
This fact suggests an ilnvestigation of the time derivatives of the
components of the instantaneous distribution function. Ve will prove
first the following useful lemmsa.

Lenma 2.1. Consider a time interval /O, 7/ and two ron-negative numbers

S and @, 0<9 <7 . Define a process

I

(5,9) = Max (0, £, - 8), 0<5<®

I

Max (0, £, + S -8+ 0), 0e<s <7,

where Eo is any prescribed non-negative number. Then

(2.1) g, +s-7<g(s,0)<¢(s,0) < (s, 1) <k + 5.



Proof. Now

Eg%_o(s: @*) = Max (O; go - 0%)

for ©% =0, @, 7. Thus, from the definition,

i

ET(S’ 0) = Max (0, go + 8 - 7) ;

¢ (8, ©) = Max (O, E,* S - T 8- T 0) 3

and

i

§T(S: T) Max (O, go + 8 - T, 8)

The lemma is a direct result of these three equations and the fact that
go, S, and T are all non-negative numbers.

Consider the left open, right closed time interval (t, t + j7
where T > 0. The store content process Z, . = (., Yt+T) is at
the point (0, 0) if one of the following mutually exclusive and exhaus-
tive events occurs:

(1) Zero arrivals occur in the interval (%, t+7/ and

0 < Xt + Yt‘§ T,
(i1) One arrival of load size S occurs at time t + 9,
0<0< T, and gT(S, @) = 0 vhere X, + Y, =§  and
the function gT(S, @) satisfies the definition of lemma 2.1.
(iii) Two or more arrivals of material occur with certain restric-
tions on Xt + Yt and the sum of the load sizes.
In an interval of length v +the probability of zero arrivals is

exp(~x1 T A, 7) and the probability of one arrival is exp(-xl T —kPT)'

(xl + AE)T . The probability of two or more arrivals is 0(72).
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. Thus
(2.2) @(t+r) > M L) + H(vst) + a(rst) + J(7s5t) 7
and, by lemma 2.1
(2.3) n(t+7) < M [n(t) + H(Tst) + a(75t) + J(75t) + xlTBl(T)4-ngBQ(T_)_7
v o(r)
where A\ = Al + hg .

Hence we may write, as 7 ==>0 |

(2.8) [a(ter) - w(t) 7/1 = [ - 17 w(t)/v
+ e NG(rst) + H(vst) + 3(r5t) T/r
+ o(1) .

‘ Define the laplace-Stieltjes transforms of the components of the dis-

tribution of store content as follows:

%
H(ust) = f e o, H(x5t) ;
500
67 (vit) =f eV a, a(yst) ;
(o]
00
F(u,y5t) =f e d, F(x,y5t) ;
o
7Y (u,v;it) SJF e d,y Fo(u,y;t) 3

wvhere u and v are restricted to the class of real non-negative

numbers.
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<iu, Y - 0)

is in the region (0 < X ™

The store content Zt+T LT

if one of the following mutually exclusive and exhaustive events occurs:
(i) There are no arrivals of material in the time interval

(tst+1/ and 7 <X <x+ 7, ¥ =0.

(ii) A load of Cl material of size S arrives at time t + O,

0 <0<, and;

(&) X . =Y, =0, 17-0¢< S<x+T-90, or

t t
(v) O<XtSX+T,Yt=O,O<§T(S, 0) <x, or
(c) 0 <X +¥ <6, Yt>o’o<5T(S’ 0) < x,
where we define EO(S, Q) = X% + Y£ .

(iii) Two or more arrivals occur in the time interval (t,t+r/
with certain restrictions on Zt and the load sizes.

Thus, employing Lemma 2.1 ,

(2.5)  H(xst+r) > e"”[H(xw;t) - H(T3t) + AT n(t) {Bl(x.) - Bl(’r)]

X

+ >‘1Tf B(x-z5t) d By(z) 7
T

(2.6) H(xst+r) < enkfzyﬁ(x+73t) - H(Tst) + AT w(t) Bl(x+7)
X4T
+ N T/ﬂ H(x+T~z3t) d Bl(z)

AT {F(r3t) + a(rst)) Bl(X+T)_7

+ O(TE) .
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We note that -

0 <ay 7™ [a(e) my(n) ¢ [ Hlzenit) amy(a)7
o

< a1 M Bl(T) = o)

- 1

uniformly in +t. Similarly the terms in (2.3) and (2.6) designated
O(TE) are probabilities that are dominated by the probability that
two or more arrivals of material occur in an interval of length .
Thus both these terms are dominated by a term which is o{t) wuniformly
in t and in the case of (2.6),uniformly in x.

In order to take Iaplace-Stieltjes transforms of (2.5) and (2.6),
we require the following lemms .

Lemms, 2.2, If Hl(x).f Hz(x), for 8ll x and Hl(0+) = Hé(0+) =0

then the Iaplace Stieltjes transforms H?(u) and H.(u), respectively,
- e s e ~ - L ————— &«

satisfiy

0 () < Hy(w)

where the transform variable u is real and positive.

Proof. Since Hl(x).f Hg(x), then

© [£]

-~ ~Uux
Jr e Hl(a) ¢ < Jf e Hé(ﬁ) ax

0 o}

This implies, upon integrating by parts,

[E(00) + H(w) T < 2 /mlon) + E(w)7

ER

and the lemma is proved.
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Inequalities (2.5) and (2.6) become, after taking Iaplace-

Stieltjes transforms with respect to x,

P

(2.7)  (uster) > o(v-2)7 [ (ust) -fe"”'x a_ H(x;t) 7
(o]

+ e T [a(t) + H(ust) 7 Bi(u)

- O("") P)
and
.
(2.8)  H'(ustsr) < o{u-A)T [ (ust) - [ emux a, wxst) 7

J
(¢]

AT e(u’X)T.Z‘n(t) + J(rst) + ¢(rst) + Hx(uspz7

+ oft) s
vhere the terms o(r) are uniformly ofr) in +t.
ig i i = < <
The store content 7, - is in the region (Xt+T 0, 0<Y, _<V)

if one of the following mutually exclusive and exhaustive events occurs:
(1) There are zero arrivals of material in the interval
(t,t+7/ and 0 < X ST v<X +Y Sy
(ii) One load of material c, arrives in the interval (tyt+r/
at time t + 0, 0 < @.f T, Oof size 8 and S<T -9,
X% +8<T, < Xt + Yt +8<y+rT.
(ii1) One load of material c. of size S8 arrives in the interval
(t,t+7/ at time t + 0, 0 <O <7, and O < £ (8, 0) <y

where go = XJC - Yt' This requires either

(a) X'b = Y'b =0 , or
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(b) 0<X <w ¥,

() 0<X +Y <y+7 X

= O; oxr

t-f T, Yt > 0.

(iv) Two or more loads of material arrive in the interval
(t,t+r/ with certain restrictions on sum of lcad sizes

and Z, -
[%

The probabilities arising under (ii) and (iv) are dominated, uniformly
in both t and y, by probabilities that are of{r). Thus, employing

lemma 2.1 and other elementary inequalities we have;

(2.9) &(yst+r) e"hTZ_G(y+T;t) + P(7,y3t)-G(Tst) - J(7s5t) 7

(A

J
. e M M1/ a(t) B(y) +~/ﬁG(y~zst) a By(z) 7
o
- of7) ,
and

(2.10) G(yst+r) < e"Kf["G(y+¢;t) + Flrsy+rst) - 6lrst) - 3(rst) /7

VT
e M h211~ﬂ(t) BQ(Y+T) +k/wg(y+7—z;t) a BQ(Z)—7
) 0
)
+ oft) ,

where the terms O(T) are uniform in €. Upon taking laplace-Stieltjes
transforms with respect to y and upon applying lemm 2.2, inequalities

(2.9) and (2.10) become;



oh
.
Y - P - r .
(2.11) ¢/ (viter) > e(V 2T [Gy(v;t) -/ eV dy G(yst) 7/
o

+ e M Fy(T,v;t)

b M Mt [(t) + 67 (vit)] B(v)

- O(T) 2

and
T

(2.12) Gy(v;t+7)'f e(v"k)fzuGy(v;t) -‘/qeuvy dy G(yst)/
o

N e(v—?x)T[Fy(fr,v_;t) ~fe"vy dy F(r,yst)/
(o]

s elvAT /() + 67 (vit)7 BY (v)
+ ofT)

Again the terms o(t) are uniform in t.

The store content 2 is in the region (0 < Xt+7‘f X,

T+

0 < Yt+745 y) if one of the following mutvally exclusive and exhaus~
tive events occurs:
(1) No loads of material arrive in the interval (t,t+1/ and

T < Xt.S X+ 71, 0L Yt+T-S Y.

(ii) One load of ¢ material of size S arrives at time t + @,

o< @_f T and either

(a) %

£ = 0, @ < Yt.f y+0, 7T-0<8S<x+7-86, or

(b) 0< Xy 1 17

T-O9<8<x+7T-06,0< 91_f e , or

<0,0-0 <Y <y+6-0

(c)o<x <x+1-80<Y <y



25

(iii) One load of ¢, material of size § arrives at time

t+6, 0<O0<7 and < Xt <z +7T, 0< Yt + 8 <y.

(iv) Two or more loads of material arrive in the time interval

(t,tfi7 with certain restrictions on Zt and the load sizes.

As before, the application to these four events of lemma 2.1 leads to

the results

(2.13) F(x,ysttr) > e‘M[F(xw,y;t) - F(r,y35t) /
X
+ e"”hlfr[e(y;t) B, (%) +f F(x-z,y3t) 4 B,(z) /
o}
Y
b M BGt) ) + [ FGoyeat) @ By(s) T
[¢]

- o)

and
(2.14) F(x,yster) < e M [ F(xam,y35t) - F(r,y5t) 7

XHT
. e~KTle [ a(y+rit) Bl(X+T) +L/%(x+w-z,y+73t)dBl(zl7

0
J

- f -
+ e KTAQTZ“H(X+T;t)B2(y) +_/ F(x+7,y-23t) @ Bg(?l/
)

+ ofr) .

The Iaplace-Stieltjes transforms of (2.13) and (2.14) reduce to, after

applying lemma 2.2 and some elementary inequalities ,
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[O)Y

o y
(2.15) ny(u,v;t+T)_2 e(uuk)jZmny(u,vst) _u/we-ux d, Fy(x,v;t)_7

o}

AT e'KTZ~Gy(v3t) + ny(u,v;t);7 Bi(u)

AT e"ku'Hx(ust) + ny(u,v;tl;7 Bg(v)

- O(T) p)
and

.
(2.16) Exy(u,v3t+7)tf e(u'h)fZ”ny(u,vst) ~\/qe~uX a Fy(x,v;t);7
o

+ AJT e(u+v-K)T ZfGy(v;t) + ny(u:V5?27 Bi<u)

e(u+v-x)T Zﬁ

+ AT Hx(u;t) + ny(u,v;t);7 Bg(v)

+ o)

As before, the terms ofr) are uniform in t. Define

[>s R+ ]
X UK~V
Pty(u,v) = d/‘u/\ e J d, dy P, %,) .
Q- O~

Thus

i

sz(u,v) w(t) + E(wt) + ¢ (vit) + BV (u,v5t)

and
(2.17) [Py (wv) = PV (uv) /e

= Zmﬁ(t+T) - n(t);7/ T 4+ ZuHX(u5t+T) - Hx(u;t)_7/ T

P + [& (vitan)-aY(vit) T/r + [V (uviter)-FY (u,vst) T/



n
-3

Upon combining inequalities (2.2), (2.7), (2.11) and (2.15) we obtain

(2.18) [P (wv) - 20(w,v) 7/ 7
> [eNI7 w(e) e+ &N [a(rit) + H(rst) + 3(rit) T/ T
. [e(u—f\)T_lj_[Hx(u;t) v T (u,vst) 7/ T
&M By(w) [a(e) + B (wst) + ¢V (vse) + PV (u,vit) 7

[e(vﬂk)T—lJ ¢ (vit)/ =

+

e—MKeBg(V) [r(t) + Hust) + ¢¥(vit) + ¥ (u,vst) 7

-+

@)

T T
) e(u~h)f[_u/"e—ux 8 H(x3t) + /ﬂe“uX a, Fy(x,v;t)~7/ T
A=
o

- e(v“}\)T M/\ ey dy alyst) / «
o)

o(1) .

1

HMoreover we observe that
T

M [o(rse) - & [ e e elye) 7/ +
o}

e M /6(rs5t) - e’ G(rst) // =

lv

i

o(1)

Similarly

.
-A Y vy
e T[G(T;t) - e’ J e VY dy ¢lyst) // = < o.
0
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Thus
.
~AT -
M o) - T [ e o) T = o)
o
ag T => O
Likewise
-
e-ku_H(TSt) - T /ﬁ e a, Blxst) 7/ v = o(1)
o
and
T
e~KfZ"Fy(T,v§t) - e /\e"mC d, Fy(x,v;t)'7/ T o= ofl) .
J p: -
o

Let us now omit the non-negative term e'KT J(73t)/r from the right
hend side of (2.18) and then allow T to decrease to zero. We then

discover that

't+ (u V) - P}.éy(uJV)

(2.19) 1im inf
T O+ T

> n(t) 1f~xl - Ny A (u) * Ny Bg(v) 7

+ @ (vit) [V - Ao At A B (u) Bg(vli7

+ Z—Hx(u;t) + ny(u,v)_7z_u = M= At A B (u)4h BJ(V )/ .

Inequalities (2.3), (2.8), (2.12) and (2.16) are combined to form an

upper bound for

[Py (wv) - BI(wv) 7 /
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By an argument analogous to that employed for the lower bound it can
be shown that this upper bound has a limit equal to the right hand

side of inequality (2.19).

Theorem 2.1. The double ILaplace-Stieltjes transform sz(u,v) has a

s

partial derivative with respect to time which satisfies the equation

3 PV (u,v)
(2.20) - ll m-0 2V(uv) ¢ v wst)
dt

+ u[E (ust) + P (wvit) 7,

= - X - Y
where ¢ = A, + Ay = Ap Bl(u) M Bg(v)
Proof. That the right hand derivative exists and satisfies (2.20) has

Just been demonstrated. The existence of the left hand derivative, which

also satisfies (2.20), follows by considering the upper and lower

bounds for

ZmPiy(uIV) - PﬁfT(u;V);7 /7

These bounds can be derived from (2.2), (2.3), (2.7), (2.8), (2.11),
(2.12), (2.15) and (2.16) merely by replacing t with t-7. We note
that these eight inequalities also imply

a(t) = n(t-1) + of1) s
B (ust-r) + o(l)

o (ust)

&¥(vit)

i

Gy(v3t~T) + o(1) ,

Y (u,vit) = BV (u,vit-7) + o{1)
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which are employed in a straightforwvard manner to complete the proof

of the theorem.

3, Limiting Behavior of the Preemptive Store for k = 2. The

necessary and sufficient conditions for the existence of the limiting
bivariate distribution of the store content are kl/ul + Ag/ug <1
and finite initial store content with probability one. It is recalled
that l/ui is mean load size and xi is the arrival rate of material

c,, 1 =1, 2. This is proved in Chapter IV. Here we assume that this

i
condition is satisfied and obtain four functional equations involving
the limits with respect to time of distribution components xn(t),

Mx,y3t), G(yst) and H(xs;t). Define

x = lim  =(t) ,
T v
a(y) = m o(yst) ,
T > 0
H(x) = 1im H(xst) s
t >
J(z) = 1m J(z;5t) ’
T > o
Mx,y) = Hm P(x,yst) s
T w00
P{x,y) = Him Pt(x,y)
L o> o

The limit as t ~~> @ of the individual terms of inequalities (2.2)

and (2.3) allows us to write

(e.e1) [ 1 - e"xf;7 n/r = [a(r) + H(r) +3(x) ] /v +o(1) ,
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since the terms designated o(r) in these inequalities are dominated
by terms which are o{t) wuniformly in %. From (2.21) it is clear
that

(2.22) (A +2 ) = lim [(e(r) + B(r) + 3(7)} /= ] .
“ T o Ok

We denote the Laplace-Stileltjes transforms of the following components

of the limiting distribution as

[+
H(u) = b/je—ux a H(x) s
5 -
o0
) = [ aa) ,
o
and )
P (w,v) = jf /ﬂ eV 3 a4 m(x,y)
Jo £y
o o

The uniformity with respect to t, of the terms included in o(+) in
the inequalities (2.5) and (2.6), allows us to write the Iaplace-

Stieltjes transforms of the limits, ag t ~>w , 07 the inequalities

(2.23) Eu) > "M w) - f & 4 H(x) 7
AT e"hfznﬂ + Hx(u);7 Bf(u) -o(r)
and .
(2-20) B(w) < M) f ™ a H(x) + A7 7 BY(u)
0O

+ AT T (w) Bi(ul;7 + oft) .
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Therefore

(u-n)7
(2.25) lim inf |S—— f e 4 H(x)

b 0+ T S

bv

(u - \) B(u) + A VEE: Hx(u);7 Bi(u)

T (uen)r T ‘
> lim sup | S J[‘ e ™ q H(x) .

td O+ T 5 B

The existence of the following limit has been demonstrated

(u-A)T 9
lim s ‘/n e g H(x) = h, say .
T O+ T S

urthermore, gince

9 =-A)T
f e a H(x) < —-——-———-—e(u ) H(r)

T

-AT (u=-A)r
.?.._._. H(T) S .g...._......_...

-
4 o

it follows that

lim  /[H(v)/tr] = h .

T4 O+

Hence (225) reduces to

X
(226) n=/u- Moo= Ay A B(w) 7 HE(u) + SN CH

As before, we can write the lLaplace-Stieltjes transforms of the

limits, as t —> w, of inequalities (2.13) and (2.14) as
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T
(2.27) ny(u:v) > e(u*%«)’T [ny(u,v) "‘/ﬂ e dx Fy(x:v)__7

0

-A X b4
+ e KlT-Z—Gy(V) + I y(u,v)_7 Bl(u)

v e M ng_[dﬂx(u) + ny(u,v);7 Bg(v) - ofr) ,

and
T

(2.28) FV(u,v) < (UM [FY(u,v) - f e a F(xv) 7
0

. e(u—{-v—}\,)’l‘}\l,r [ () + PV(u,v) 7 B(w)

¥ e(u+v’”)7x27 [E () + FY(a,v) 7 BY(v)
+ o)

Division of (2.27) and (2.28) vy T and the taking of limits as T { O+

produces the bounds

T

| (u-2)7 -
(2.29) 1im inf | S h/\ ™ d, ™ (zx,v)
T4 O+ T 5

> [u-~n+a Bi(u) + Aggg(v);7 Y (u,v)

1
+ ap Bi(u) ¢¥(v) + A, B (v) H(w)

B e T

Ipe(unx)f Y o '
> lim sup | ————— J/‘ e d. ™ (x,v)
- [¢] 3

Thus we have verified the existence of

(u-A)7 g i
lim | S u/\ ™ d, P (2,7) = (v), say,
T L0+ T S -
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and (2.29) may be rewritten

(2.30) (v) = [u - M= Ay Ay B_’f(u) + Ny 1332’ (v) 7 ¥V (u,v)

2L y 3 b
+ Ay B(u) @ (v) + 2y B‘é(v) Ho(u) .
Consider the limit of the terms in (2.9) and (2.10) as t => » .

Due to the uniformity of convergence with regpect to t of the terms

o(T) the Iaplace-Stieltjes transforms of the limits are

T

(2.31) ¢'(v) > (v-M)T [Gy(v) -fe"’y a a(¥) 7

o
“ANT Y ~AT Vi y
+ e o r,v) + AT @ [+ @ (v) Be(v)

~ ofr)
and

(2.32) Gy(v) < e<V—K)T {Gy(v) -._/\ e a aly) + Fy('r,v)t/ e"vydyF('r,y)
0

cagr [xe )7 Bg(v)}

+ oft) .
e note that
“NT Yy (u-n)r A (u-NjT Ly,
[ § v - 1
™ (T,v) < e / o~ UX a_ Fy(x,v) < & ¥ {T,v)
T T - - T

Hence

(2.33)  lm  [F(r,w)/r ] = £2(v) .

— —

Tl O+



Thus, from (2.31) and (2.32)

(v-n)r A
(2.34) lim inf | S0 f e a aly)

'rJ,O»!— T 5

> [ n My Y (v) 7 Gy(v) + }~,2 T Bg(v) + fy(v)

2
(v-A)T i i
> lim sup | e e Y a Hy) 5
TJ O+ T S

from which inequalities we can deduce the existence of

e(v-—?«.)'r 9 vy
lim e f e ¥ aa(y) = lim [ 6(r)/t/= g, say
Tl O+ T 5 Ty O+
Now 0 < J(v) < ¥{r,v) and so from (2.31) and {2.32) we obtain

0 < e")\"r J('r)/'r
< e N P(7,7) /7
(v-n)r T
< = [ e a, vy
T > Y
.
< [e(v—}\.)'r -1 & (v)/r - e(v_}")T ']r- fe-vy a 6(y)

. e(v—?\)'r B(r,v)/r 4+ n [+ Gy(v)_] Bg(v) + o(1) ,

where the limit, as T30+, of this upper bound is zero by virtue of

(2.34). Tt is now simple to deduce that

lim  [3(+)/r] = 0.

T4 O+
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Thus equation (2.22) reduces to
(2.35) (hl + kg) T = g+h .

We summerize the resulte contained in equations (2.26), (2.30),

(2.34) and (2. 35) in the following theorem.

Theorem 2.2. The components of the limiting distribution of the

store content, under a preemptive rule of operation, satisfy the four

functional equations ;

(2.36) n = (g + h)/(k1 + xa) s

H)

(2.37)  H'(u) [B=n =« Bi(u);7/ JAE N S Bi(u);7,

[

(2.38)  ¢'(v) = [ - £(v) - ngu BU(vYT/[v-ng g B(V) 7,

(2.39) I (u,v)

fl

[ ()2 B ()6 (7)) ()T fony Ay BE(w)

+ ABI(V) T

Corollary to Theorem 2.2 . The components of the limiting distribu-

tion of the store content are independent of the components of the
initial distribution of the store content.

Proof of the Corollary. The components of the initial dilstribution
of store content are n(t), H(x;t), G(y;t) and F(x,yst) at t = 0.

The proof of the corollary is completed by noting that these functions
do not appear, either explicitly or implicitly, in the Iaplace-
Stleltjes transforms of the components of the limiting distribution,

as given in equations (2.36) to (2.39).
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The result of clearing of fractions in (2.36) to (2.39) and

adding is

(2.50)  wwo + &7(v) [v-97 & [H(w) + FYV(u,v)] u-07 = 0

e _ P SRR 5
vhere it is recalled that ¢ = A, + Ao KlBl(u) kgBe(v).

L. Moments of the Limiting Distribution of Store Content.

Equation (2.40) will be employed in this sectlon to obtain the First
and second order moments of the limiting distribution of the vector of
store content. It is possible to obtain the derivatives and hence the
moments of the components of the distribution directly from the four
equations (2.36) to (2.39). However, the unknown parameters g and
h and the unknown function fy(v) make this approach lengthy and al-
gebraically quite involved. Therefore we shall employ a less direct
approach which employs equation (2.40) and simplifies the algebra
imnensely.

In order to shorten the notation let

&(v) = Wv) = N
and
25(u) + FYu,v) = Mu,v) = M.
Thus we may write (2.40) as
(2.41) Mu - ¢) + (v -~ ¢) - g6 = O.

Also, in the remainder of this study, we will designate the order of

partial derivatives with respect to u and v by post superscript
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numerals. Ior example

11 a?M

T TS

and
12 BBM
Buave

The function, without a post superscript, will be the function with-

out any operators. Also note that

oL L o
’ T ov
as opposed to
10 o1l
ST '

Evalvation of any function of u and v at u =v = 0 will be desig-

nated by a post subscript zero, e.g.

10 M
5 = il
ho 3 ; evaluated at u

i

v e0.

We recall that the load size of material ¢, is the random
i

variable 8, with distribution function Bi(s) and mean l/ui,

i
i=1, 2. Thus

¢io = N E(Sl) = xl/ul = m o, say;
¢§O = =My E(Si) = -m, ; say ;

¢2O = N E(Si) = Wy, %8y

¢gl = E(Sg) = xe/pg = n, , say ;
¢22 = Ay E(SS) = -n, , 88y ;

¢25 =y E(SZ) = 05, say .
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Note that ¢Y =0 for both iand j >1 and that N9 =0 for

i>1.

Theorem 2.3. The limiting distribution of store content satisfies the

«equatio_r}_s_ :

(2.42) P(X=Y=0) = = 1- my =0
(2.43) P(x=0) = 1- mo s

(2.44) P(Y =0) = g u*/x2

where u¥* is the unigue positive real root of the equation

. X -
u - (;\l 4 >\2) N Bl(u) = 0

Proof. The first order partial derivatives of the terms of equation

(2.41), with respect to u and v successively, are

(u - ™ 4 (1010 - 62N 4+x) = 0

and

(u- o) - 0% 4 (1- oYW+ (v - o - 0% -0 .

These equations, evaluated at uw = v = 0, are

(1 - ml)MO - mN_ - mx = 0
and
- M - - =
n, M+ (1 nl)No n,x 0
Also, we have
MO+NO+ n o= 1,

because we have assumed that the necessary and sufficient conditions



for the existence of the limlting distribution are satisfied. Addition

of the respective sides of these three equations shows that

P(X:’:Y:O):ﬁ;l"mlqnl.

Next we remark that

o0
P(XzO)mn+fdG(y)
o

=1 + NO

= 1 - m - nl + No

=1 - moo
since putting hg = O has no effect on the store content of material
ey - Thus

P(X=O,Y>O)=No=nl.

Consider equation (2. 7). The denominator of the right hand side

X,
Um Ay om Ayt A Bl(u) = D(u), say ,

has derivatives
o

10 =Uux
D - l ~ 7\.1 f e X d Bl(.lx.)
o]
and
[+¢]
b = [e’”x @B (x) >0 for uz0.
o

Moreover D = -A, and D(w) = o . Thus D(u) is a monotone in-
creasing function as u goes from O to o . Hence D(u) = O has

4 unique positive real root, say u¥*. Now Hx(u) is the generating



41

function of a component of a bivariate distribution and therefore is
bounded for wu > 0 . Thus substitution of u = u* in (2.37) must

yield an indeterminate form, in other words

h- a7 Bl(u*) =0 .

Thus

H(u) = a n/ By(w) - BY(w) 7/ 0~ Ay = ay Ay BY(R) 7.

Therefore

ft

P(Y = 0) = x + H(0)

]

w4 N o [ B (u¥) = 17/ -h,

[}
H

n u* / Ay

This completes the proof of the theoren.

Corollary to Theorem 2.3 . The ILaplace-Stieltjes transform of H(x)

depends on the lecad size distribution of non~priority material 02 only
through the first moment. The function H(x) way be obtained in ex-
plicit form by inversion of its transform when the form of Be(s) is
unknown.

Proof. The proof of the corollary is an evident result of the

equation

H(u) = n o« [By(we) - B(w)7/[ o = Ay = Ay + 2 B (u)T

where u¥ is the unique posgitive root of the denominator.

We desire the moments of the store content (X,Y) under the
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limiting distribution. It is clear that

(2.45) B(x'v)) = (-1)*" (Mé‘j * Néj)

- 145 o+ ¥y, X XY
= (-1) S—Ea 3 [+ @ (v) + H(u) + FY(u,v)/,
ooV

evaluated at u = v = 0. Consider the second order partial derivative

of (2.41) with respect to wu. This is

Meo(u-¢) + 2M10(1-¢lo) + (-¢20) M+N+yx)= 0 ,
and on evaluation at u =+v =0 it reduces to

10
My = E(X)

it

m2/2 (1 - ml)

The reader will recognize this formula as the expected wailting time,
undey the liniting distribution, of an arriving customer in a single
server head-of-the-line queue with random arrivals, a result that is
easily obtained from formula (19) Tekacs /137 page 110 .

We also derive from (2.41) the equation
0 o1 0
M 2(u-¢) + M (~¢Ol) + N 2(v—¢)

02

0
+ 2N01(1-¢ l) + M+ W+g) (=0")=0,

and

]
1w (ue0) + 100000y 4+ 1P (2-010) 4+ w019 = o

These equations give
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01 )

o1
B(y) = -y + Ny

]

[ en) E(X) + n, 7/ 2n

I

anl mg/(l-ml) + n2;7 / al—lwml~nl;7 .

Theorem 2.4%. The first and second order moments of the limiting dis-

tribution of store content are:

(2.46) E(X) = m2/2(l - ml) 5
(2.47) E(Y) = [am,/(1-m) + ny //2n
(2.48) var(x) = m3/3(l~ml) +_[‘m2/2(l—ml);72 H

(2.49) cov(X,Y)

i

[ng/3(1mm)) + 5(my/(1om N2 7 [0y f2(Lm) T s

(2.50) var(Y)

i

nimB/Ssr(l-ml)2 + nimg/en(l—ml)5
+ [/ m.n fon(lem ) 72 + [n. /o 72
£~ 7271 L= LR T -
+ m.n /Eﬂg + n,/3x
2 2 3

Proof. Equations (2.46) and (2.47) have been verified already. The

third order partial derivative of equation (2.41),
[
(u.~d>)M2l + M“O(-¢Ol) + 2(1_¢10)M11 + (MOl + NOl) (-¢2°) = 0

evaluated at u = v = 0 reduces to



(2.51) Mél = B(Xy) = n, E(Xg)/z(l-ml) + B(x) B(Y)

The third order partisl derivative of (2.41),

20 3(_¢20)Mlo

(u_¢)M5 + 3(1- ot )M + (M o+ W+ o) (-¢30) =0,

evaluated at u = v = Q, reduces to

(2.52) B(¥F) = m3/3(l—ml % [mp/(1 - ml)—72

Consider the two remaining third order partial derivatives of (2.41),

(a0 12 + (oo™ 4 (20%u0 4 (1-0TOWO2 4 (Lo™O) 2 - o

and

(u-m)MO5 + 3(-0 Ol)m + 3(-¢02)M01 + (-¢03)(M+N+n)

+ (v=0)m? 4 3(2-090%% & 5009t < o

Addition of the first equation to one-third of the second equation

and evaluation at u = v = O results in the equation

(2.53) m Z’Mgz + N8?;7 n B(Y°)

14

i

(¥ o
EnlL( )+ n2E§X}Y) + n3/3

Straightforward menipulation of results (2.51), (2.52) and (2.53)
establishes the three results (2.48), (2.49) and (2.50) and the
theorem is proved.

Theorem 2.5. If the first r moments exist for the load gize dis-

tribution functions Bl(s) and Be(s), then the first (r-1)-th
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-1 Yr-l), i=1,2, ..., r of the store content

order moments B(X

exist for the limiting distribution. Also, if the first (r-1)-th

order moments of the store content exist, they are derivable from

equation (2.41) in a manner analogous to the derivation of the first

and second order moments.

Proof. Ve will prove this theorem by induction on r. Assume that

the theorem is valid for r - 2§r-2>o). Vrite (2.41) as

JU+N+a76 =uM+vN .

The (r+l) partial derivatives with respect to u and v of the r-th

order are
i i rek=-J
AL FH TN k! (r-i-k)! T g~ Tmiek
J=0 k=0 du~ “dv
= u Ml,r-l - Nl,l"-l + 1 Ml-l,r-l + (r_i)Nl,r-l-l ,

for 1 =0, 1, 2, ..., r. Recall that ¢Jk = 0 when both j > 1,

Kk >1, that N-'TL

= 0 for i_>_l and that ¢O=O. Thus for
u=vs=0, 1=0 we have

r

r! =k r-l ok
x N (r-k)? (-1) B(x") L

k=2

O,I'"l

=1
o )

= r N r 00H(-1)""" B(y

b4

and for 1 =1
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r-l (r-2)}

(k-1

(_1 r-k E(k Yr k-l) ¢ok
k=1 °
MZ;I'-' - ( 1)1‘—1 lO (Y l)

Division of the first equation by r and addition of the two results

in the equations leads to
- 1 =
f. o= (“l)r 1 (l - ¢00a ¢8l) E(Yl 1

-1 o=l
("l)r (l - ml - nl) E(Yr ) b

n

where fl is a functlon which is linear in the moments of store
content of order r-2 or less and linear in the first r moments
of the lecad size distributions.

Evaluvation at u =v = 0 of the last r-1 equations

(i =2, 3, ..., r) of the set (2.54) leads to

i ,
(2.55) % —TTE"37~ (- l)r J h(Xl J Y l) ¢JO

3=1
r-i .
%r~i)i ek _, i  rei-k, ok
* Pil K (r-i-k)! (-1) ( ¥ ) ¢o

- (_1)1"‘1.' 1. E(Xl"l YI‘-:L) , i = 2) 5’

After transferring all store content moments of order (r-1) to the
right hand side, this set of equaticns together with the immediately

breceeding single equation may be written in matrix form as



o | B eoTely |
£, l-m,-n,, (l-r)nl, 0, oo 0L rn{y ")
-2
£, 0 ,Q(lmml) ,(2—r)n1,..., O |B(xy™"™7)
= (-l)r"l
(@56 | .
£ 0 ve.0,7( Lo, ) B(x* )
3 I,-— 3 F 3 J l | i 3
The functions fl, f2’ ey fr are linear in the moments of store

content of order r-2 or less and linear in the first »r wmoments
of the load size distributions. Thus, by assumption fl, f2, RN
fr are completely determined. The coefficient matrix on the right
hand side of (2.56) is non-singular provided the diagonsl elements,

which are the latent rcots, are non-zero. That is, provided

L 1
and
1 -m 0
L F
Both of these conditions are satisfied if m, + < 1. his dis a

1 4} 1

necessary condition for the limiting distribution of store content
to exist, thus, we are assuming that this condition is satisfied
throughout this chapter. The necessity of thils condition will be

proved in Chapter IV. The mathematical induction is completed by

W7
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reference to the results (cf. Theorem 2.4) for the First and second
order moments of the store content. This completes the proof of

Theorem 2.5.

5. Moments of the Limiting Tistribution of Store Content Ffor

k > 2. The extension of the methods of this chapter, Sections 1 to
L, to a storage system with k types of material, k > 2, is straight-
forward. However, the number of equations involving the Iaplace-
Stieltjes transforms of the limiting distribution components (cf.
equations {2.36)to (2.39)) is Ek for a k-level preemptive storage
system. The volume of work involved in rigorously deriving these e-
quatlions ropidly becomes impractical. FEven the algebra involved in
obtaining moments of the limiting distribution from an equation simi-
lar to (2.41) would prove lengthy snd tedious. However, s method
exists for obtaining the moments of the limiting distribution of store
content for k > 2, by employing the results for k = 2. In this
section we will describe briefly the method for general k, and il-
lustrate it for the case k = k.

Consider a store with random arrivals at rates Al, ke, cey Kk
of k types of material ¢y c2, rees O with a preemptive rule of
operation. The load sizes have distribution functions Bl(s),

BQ(S)’ veis Bk(s) with expected load sizes l/ul, 1/U2: cees .l/uk .

Define



and

Also, let

J.) 2, ---;i:l) 27-9-; k:.:

Hi

= pfad :
mij = Ai E(Si) H J

The essential point, in considering the store content of material
s is that only two groups of material types need be considered.
PURERY c]."l with pre-

emptive rights over c,, and (b) material type c;. Let gi be

These are {a) the group of materials ¢,y C

the random vsriable of a load size of material in group cl, 02, veey

c Thus éi is a random variable with distribution function

i-1"
TlBl(S) + TeBg(s) Foee. Ti_lBi_l(s) and random occurrence rate

1. . Thus
1

¥ m(aEd oy J af qJ J
Ny E(5Y) N [omE(SY) + Ty B(S) ¢ o+ my B8] )T

]

= m. . -+ mej + .00 + mi-—l;j

= m,, sa,
iy 2

Let Zk == (Xl, Xé, cees Xk) be the random vector of the store con-

tent for k types of material. Define ?ﬁ ag the random variable,

under the limiting distribution, of the store content of the group

cl, CE’ ey Ci—l of materials. Therefore
_ i-1
Xl = X Xj .
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Theorem 2.6. The first and second moments of the store content,

ﬁi and ¥, under the limiting distribution, ave:

(2.57)  B(X) = m,/2(1 - %,) ,
(2.58) () = Tu/5(1 - Fy) ¢ 5 [ E - R T
(2.59)  B(x;) = [mm /(L -m0) 4w, 7/2(0 - By -omg)
(2.60)  B(xG) = miyE/5(1 - Wy - ow)(L - Ry)?

+ 2 we /2(1 - T, gq - M l)(1 - mil)5

+ miB/B(l - E&l - mil) s

EY . ’7-2 oy nlEh f <7
(2.61) B(Kixi) =m E(ki)/g(l - mil) + E(Xi) E(Ai)

Proof. Formulae (2.57) and (2.58) are obvious extensions of formu-

lae (2.46) and (2.47), respectively, when arrivals in the group

D j.1 ore considered as having a load size distribution
A s

function TlBl(S) + TQBE(S) e Ti~lBi~l(S)' Similarly, formulae

¢, ¢ ey C
1
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(2.58), (2.60) and (2.61) are cbtained directly from (2.52), (2.53)
an@ {2.51), respectively.

Suppose we now consider arrivals in the group Ci’ ci+l”"’ cj 1

with load size qu(i) with distribution function TiBi(S) +
Ti+lBi+l<s) + ..+ Tj-lBj-l(S)’ The arrivals occur with random

rate R S I
hl i+ A

1 51 = Kj(l), say.  Thus

- = e \\T .
xj(i) E.Zﬂ(sj(l)) ] = L T SR TR T

=m, = 1,
Jr ir
= mjr(l), say .
Therefore the store content
be - I A
X+ X g+ ook Xj-l = Xj(l), say ,

has moments;

(2.62) E(S‘cj(i)) = [ﬁjl(i) ?ﬁm/(l-iﬁil) + ﬁ‘j2(1)~7/2(l - ?ﬁjl) ;

(2.63)  BERE,(1)) = B, (5) E(ﬁ’;‘)/ 2(1 - T,)

v (%) B(E(1)

and
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(2.68) & [(X(1)°7 = (;y(1))° By/5(1-8,,)(1 - 5yy)°
v (i (1))° T /21 - By (L - Ty )
+ 5/ (3) T/ - By )L - Byy) 7
v (1) By, R(1)/200 - 8% - Byy)
+ By Byo(1)/2(2 - ?ﬁjl)'?
v 5 [p(1)/(1 - ) 75
F B (0/3(1 - Fy)

These are a direct consequence of Theorem 2.6. TFormula (2.64) may be

written more simply, from equation (2.53), as
— 0 — - = - -
{ £ - . " v [ .
B (R;010)7 7 = [2my (3) BEZ(2)) + (1) B, )

+ m, (1 1wm,.) .
517/ - 3y))
We note that all cross product second moments of the limiting distri-

butlion of store content, for a k-level preemptive storage system, may

be obtained directly from formula (2.64). For example, consider

E(X‘in) s 1<i<j< k.

We have
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il

(2.65) E(Xin) E[(Xi Ko ¥ Xj_l) Xj - (X, .+ °"+X3-1)X° 7

i+l J-

= .)/-—'- i . - —. i .
E/ Xj(l) X, XJ(1+1) XJ__7

= 3E LR, (007 - (&P - e

g+l

.

+ (, ,(141))° - ('?‘ij(iﬂ))2 7

g+l

For the case k 4, the 6 cross products second moments are,

il

from (2.65);

B(X,X,) = 12‘ B /(% + X2)2 - xi - xg 7 )
P B(x,X;) = -:25 B /(X + X, + XB)E—(xl+}c2)2-2x§ ; (X2+X3)2-—X§_7 ,
B(X,X,) = % L/ (Xl-kX2+X5+Xh)2-(X1+X2+X5)E—EXi-%-(Xe—i-X}»th)g
-(x#%5)° 7
e B % g [(ng%)2 - xg - x§_7 ,
E(X,{_)Xh) = —% E/ (Xe+x3+xu)2-(xgw%)enexi + <X5+Xu)2 - x§_7 ,
Bx) = 3E/(Gex)-x-%7 .

The reader will recognize that this is not the only algorithm that is
valid for obtaining all of the cross product second moments for k = k4.

For example, E(XlXo) could be evaluated directly from equation (2.51).
[
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It will also be noticed that the terms involving only Xl, X2 and
X3 are valid for k = 3 and all six terms are valid for k > L,
These are direct results of the fact that the store content Xi

of material cy is not affected by the store content of materials

c, c. veiy C
i+l’ Ti+2’ ? Tk



CHAFTER IIT

QUEUEING WITH BREAKDOWN

1. Introduction. In Section 8 of Chapter I we noted the

analogy between a two level queuve with a preemptive discipline and

& head~of-the-line queue with a single server which is subject to
breakdowns. White and Christie / 14/ derived the stationary moment
generating function of the queue size distribution for random break-
dovns and arrivals, and negative exponential repair and service times.
In this Chapter we will employ the methods developed in Chapter IT

to consider a single server queue with random breakdowns and arrivals,
and general repair and service times. The types of breakdown of a
service mechanism considered will be:

(a) Active Unit Breakdowns. These are breakdowns that occur

only when the service mechanism is actively servicing a
customer.

(b) Active Component Breakdowns. These are breakdowms of com-

ponents of the service mechanism and occur either during
operation of the service mechanism (servicing a customer)
or during repair time of another component. The service
mechanism is considered inoperative while any component

is being repaired.



(c) Independent Unit Breakdowns. These are breakdowns that

occur at any time except when the service mechanism is
being repaired.

() Independent Component Breakdowns. These are breakdowns

that can occur at any time. The service mechanism is
sald to be in a state of breakdown when one or more
components 1s being repaired.
A customer whose service is interrupted by a breakdown can reenter
the service mechanism according to one of the three preemptive queue
disciplines (defined in Chapter I):
(1) preemptive resume;
(i1) preemptive repeat (identical);
(11i) preemptive repeat (different) .

We will consider the three preemptive disciplines with respect
to each of the four types of queue breakdowns. In the study of com-
ponent breakdown it will be assumed that the service mechanism has
an infinite number of components which are subject to breakdown.
This assumption is not absurd when considering some of the modern
electronic equipment such as the large electronic computers. A
word about the preemptive repeat disciplines also seems appropriate
here. A program that is being processed on a computer may need to
be repeated entirely if a computer breakdown occurs. This example
of a preemptive repeat (identical) discipline was noted by Gaver /2/.
The dlaling of a telephone number with random access to a circuit

for each digit dialed, where the circuit equipment is subject to
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breakdown, is an example of a preemptive repeat (different) disci-
pline (provided the dialer does not hang up the telephone in dis-
gust when a breakdown occurs).

Independent component breakdown with a preemptive resume disci-
pline is mathemsatically equivalent to the storage problem of Chapter
IT. This equivalence is!

(1) the arrivals of loads of material ¢y at random rate

A with load size distribution function Bl(s) are

1
consldered as occurrences of component breakdowns with
repair time distribution function Bl(s) .

(1i) the arrivals of loads of material N at random rate

xg with load size distribution function Bg(s) are

considered as the arrivals of customers with service
time distribution function Bg(s)

(iii) Xt" , the store content of material cl, is equivalent

to the uninterrupted repalr time required to make the
service mechanism operative provided no additional

breakdowns occur. We call X, the unexpired repalr

.At

time.

(iv) Yt_ , the store content of material c,, is equivalent

2
to the clesring time of all customers in the queue, 1l.e.
the time required to serve all the customers in the

system provided no additional breakdowns occur and the

service mechanism is immediately repaired.
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Thus the results of Chapter II apply, without change, to this type
of breakdown.

Suppose we consider independent component breakdown with a pre-
emptive resume discipline. Let Zt = (Xt’ Yt) be the unexpired re-
pair and clearing times of the queue. Further, suppose that the ran-
dom rate of breskdown and the repair time distribution both depend on

the status of the stochastic process Zt = (Xt’ Yf). That is;

if Xt = Q, ¥ =0 breakdowns occur at rate A\

t
time d4.f. Blo(s) s

10 with repair

if Xt > 0, Y% = Q breakdowns occur at random rate xll with

repair time d.f. Bll(s) ,

if X,

= 0, Yt > 0 breakdowns occur at random rate Ajp with
repalr time 4.f. Blg(s) , and

if X£ > Q, Yt > 0 breakdowns occur at random rate x13 with
repalr time 4.f. BlB(S) .

At all times, customers arrive at random rate N\, with service time
(<4

a.f. Bp(s). Assume that
= ( == = ( = ) = .
B, o{0+) = B, (0+) = B (0+) B15(0+) B,(0+) = 0

Then a completely anralogous derivation to that employed for equation
(2.20) shows that the transient behavior of the bivariate Iaplace-
stieltjes transform of the distribution function of 2, = (xt, Yt)

satisfies
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BPfy(u,v)

(3.1) — - (1) [ A A thy B () + NBL(v) 7

X . p.e Y
+E(ust) [Tuedgg Aoty By (0) + ABI(v) 7

x
+ Gy(v;t)'Z"vaxle—x2+xlgBle(u) + kng(v1;7

* ny(u,v;t)'[u=}\15=>\.2+>\131331{5(u) + N BU(V) T

The notation is identical to that defined in Chapter ITI. This equation
does not appear particularly enlightening oy useful in this form, ex-
cept to indicate the complexity of the transient behavior.

Suppose that the stochastic process Zt = (Xt’ Yt) has & limiting
blvariate distribution and 2 = (X, Y) is a random vector with this
distribution. We then speak of (X, ¥Y) as the unexpired repair time
and clearing time of the queueing system. A completely analogous argue-
ment to that employed in the derivation of equations (2.36) to (2.39)
demonstrates that the components of the distribution function of

7 = (X, Y) satisfy the functional equations;

(5:2) %= (& + B/ + 1)

(3.3) H(w) = [Theng w0 Byo(w) 7/ udgq-hythg By (0) 7

(3.4) (v =/ gnfy(v)-;kg x Bg('v)_]/[ v—}\,12~?\2+A2Bg(v)___7 ,

(3.5) FY(u,v) = [0 (v)-n BT (0)6 (v)-n B (v (w) 7 /
o oAt B (u)+x23g(v)_7 .

13 "2 "13713¢

The equation analogous to (2.40) is therefore
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X N
7t lkalO~h2+hloBlo(u) + kEBE(v);7

+ H(u) [ ﬁ"’\‘ll"}"2+}\'llB§_cl(u) " ABy(v) 7

(3.6) = 0

' x
+ &(v) [ Ve oMt B o fu) %.QBZ(V)_7

% ’ X ¥
+ T (u,v) [ Uehg g hgthy B s (0) + ABL(Y) T j

Bouations (%.1) to (3.6) apply to the distribution of unexpired re-
palr time and clearing time for the four different types of break-
down, under a preemptive resume discipline, if

BlO(S) = Bll(s) = Ble(s) = BlB(S) = Bl(s) and the vates of occur-

rence of breakdown, Alo’ All’ hla and xl3 take on values in
accordance with table 3.1,
Type of Breskdown xlO All Kle kl3
(a) Active Unit 0 0 M 0
(b) Active Component 0 0 M N
(¢) Independent Unit M 0 M 0
(d) Independent Component M N M M
TABLE 3.1

2. Unexpired Repair and Clearing Times for Unit Breakdown.

Consider equation (3.6) for the case of active unit breakdown. This

is
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(3.7) n[~-A2+AEBy(v)~7 + ZfHX(u)+ny(u,v);Zl"u—x2+x2BZ(v)_7

2

+ @ (v) [veng-hyinBi(u) + NBo(v) 7 = O

For this type of breakdown it is clear that P {X >0, Y =0} =0
since breskdowns only occur when Y > 0 and X is reduced to zero
while holding ¥ constant. Thus H?(u) = 0 and may be omitted
from equation (3.7).

Theorem 3.1. The random vector (X, ¥) of the unexpired repair and

clearing times for active unit breskdown with a preemptive resume

discipline has the following properties;

(3.8) P(X=Y=0)=n=1-n(l+m) ,
(3.9) P(X=0,Y>0) =n, ,

(3.10) (>0, Y =0) =0 ,

(3.11) (X >0, ¥ > 0) = L

(3.12) B(X) = nlmE/E )

(3.13) B(Y) [ni m, + (1 + ml)m2_7/ o,

il

(3.14) B(x%)

Hi

nlm3/5 ,

(5.15) B(xv) = [oin /67 + [my(nymmgnd)/exT

i

(3.16) B(Y")

i

2n, B(xy) + n, E(x) + /[ eniE(}CY) + nEE(X+Y)+n5/3__7

[l [/
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The notation is the same as defined in the previous chapter. The

repair time S, has distribution function Bl(s) and the service

1
time S, has distribution function Be(s). Thus

ME(S]) = m , 3=1,2,3
and

7\2E(Sg) = IIJ. s J=1,2,3

Proof. Equations (3.8) to (3.16) are derived employing the method
used to prove Theorems 2.3 and 2.4%. That is, all partial deriva-
tives, with respect to u and v, of equation (3.7) of orders
1, 2 and 5 are evaluatedat u =v = 0. The resulting nine e~
gquations are solved for the nine unknowns in the theorem subject
to the constraint that F°(0,0) + G°(0) + x = 1. This constraint
is due to the assumption of the existence of a proper limiting dis~
tribution. The complete details of these steps required to prove
the theorem are omitted since the details add nothing new.

For the case of Independent Unit Breskdown equation (3.6) re-

duces to

5 [ hq=hyhg By () + A BY(v)
(327) o+ [E (W) + Y (wv) 7 B (v) 7 = 0

+ o (v) Zﬂv— Mot Be(v)'7 “J

That is, breakdowns may occur any time that the unexpired repair

time is zero.



Theorem 3.2. The random vector (X,Y) of the unexpired repair and

clearing times, for Independent Unit Breakdown with a preemptive

resume discipline, has the following properties;

]

{(3.18) P(X =y =0) =g =1 - (ml/(l+ml)) -1

(3.19) P(X =0, Y>0) =n

I
B

l Ed

(3.20) P(x >0, Y >O0)

#

ml/(l +m) o,
-5

(3.21) P(X >0, Y = 0) ?»ﬂ/_l-E(e 21)7/>\2,

n

(3.22) E(X) = m2/2(l +m)

(3.23) B(Y) = [0, B(X)/x(1 + m) 7 + [ (1-n)n fon 7,

it

(3.24) B(C) = my/3(1 + m)

(3.25) B(XY) = [ (1=n) )n/ba(Lin) ) 74/ 0om(x) /2n(10m, ) 7
v [0 () /27

(3.26) E(Y*) = [0/ 7 [0 () v2n BT /e Limy )

Proof. The proof is exactly the same as for Theorem 3.1 employing
equation (3.17) instead of (3.7) .

3. Unexpired Repair and Clearing Times for Component Breakdown.

In the case of active component breakdown equation (3.6) reduces to
(3.27)  x/*ny + MBL(v) T
y . . X S
+ @ (v) [v - M 7\29\.1]31(11.) + }\.EBQ(V)__7

+Fx‘y(u,v)[u~>\l-

Ay kA Bl(u) + N B‘V(v) /= 0.



Breakdowns may occur, in this case, only when the clearing time is

greater than zero.

Theorem 3.3. The random vector (X, Y) of the unexpired repair and

clearing times, for active component breakdown with a preemptive

resume discipline, has the Tollowing properties;

(3.28)

(3.29)

(3.31)

(3.32)

Proof.

P(X

il

¥Y=0)=x=(1- m, - nl)/(l - ml) R

i
n

P(X =0, ¥>0) n,o

i

P(X >0, ¥>0)

mlnl/(l - ml) 2

P(X>0, Y=0)=0 ,

, 2
B(X) = nymy/2(1 - m )"
B(Y) = /—n2 m./{(1 - m )2 +n, //2(L -mn, -n)
I R~ 1 P 1 1’
B(x°) = o mo/2(l - m ) 4 m /(L - mw )
172 1 173 1

B(XY) = [nlE(Xg) + mEE(Y)_j/ 2(1 ~ ml) ’

(y")

[EnlE(XY) + neE(X +¥) + n3/5__7/(l - my - nl) .

The proof of this theorem is a direct result of the same

operations employed in the proof of Theorem 3.1 but applied to

equation (3.27), in this case.

Independent component breskdown with a preemptive resume disci-

pline has been discussed in Chapter IT under the identity of a two

level storage problem.

blems has been discussed in Sectlon 1 of this chapter. Thus the

results for this case are not repeated here.

The wathematical equivalence of the two pro-
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L. Completion Times and Busy Periods. Gaver‘Zig7 defined the

period of time between initial entry into a service mechanism (sub-
ject to interruptions) and completion of service as the completion
time C, of a customer. He obtained the functional form of the
laplace~Stieltjes transform of the distribution of C, when inter-
ruptions (only while the customer is receiving service, i.e., unit
breakdown) occur at random and the lengths of the interruption periods
are independent random variables. This functional form was obtained
for the completion time € and is different for each of the three
preemptive disciplines, resume, repeat (identical) and repeat (inde=
pendent)‘ The results obtained in the next section depend heavily on
Gaver's work so, for completeness, we repeat here his argument re-
garding completion times for a preemptive resume discipline. The
approach, for each of the two preemptive repeat disciplines, is
quite similar and the results only are quoted here.

Consider a customer with service time S2 with distributicn
function Be(s). Let Sl(i) be the duration of the i-th interrup-

tion of the service time Se. Thus, the completion time is

N )
¢ = 8, +1i1 Sl(l) s
where N is a random variable. Define B:(u), i=1, 2, as the
laplace~3tieltjes transforms of the repair time and service time dis-

tribution functions Bl(s) and BQ{S), respectively. A considera-

tion of conditional expectations provides:
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-uE 8.(1)
-0 ~uS2 1 1
E(G /SQ’ N) = @ L fe
~us “
= e 2 Z—Bl(u);7 & .
Thus
* n
-usS. o -\ 8 (. 8,.B. (u))
Be™/s) = e 2 5 o T2 1t
~ n=o nl
*
- (u+>\l->\131(u) )s2
= e J
and
-ul * *
(3.37)  E(e™) = Bylu + A = MBi(w))

which is eqguation (4.6) of Gaver'[ﬁg7, page 10. This is for a pre-
emptive resume discipline and unit breakdown. The completion time
C, for a preemptive repeat (identical) discipline and unit break-
down satisfies

o0 -(u+kl)s

(3.38) me*) - [ e T %)

* 1
0] l-Bl(U)mI—*"—[l"e

This is equation (4.17) of CGaver, in our notation. For a preemp-
tive repeat (independent) discipline Gaver's equation (%.26) 1is,

in our notation,

(339)  Be™) - B L :

% 1 s
1 - Bl(u)ﬁlxzfl_l - Be(u+kl);7
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Consider the busy period of a single server queue with random
arrivals at rate kl, independent service times with distribution
function Bl(s) and a head-cf-the-line discipline. A busy period
begins when a customer arrives to £ind the server free; that busy
period ends when the server is next free. ILet the random variable
D represent the length of a busy period. Kendsll / 6/ showed that
the laplace-3tieltjes transform, E(e-UD), of the busy period digtri-
bution function satisfies the equation

—uD>

(3.50) E(e + klE(e-uD))

B (u - A
B R e
Teble 3.2 lists the functions M E(D’), § = 1, 2, 3, of the

first three moments of the busy period distribution. These are a

ue to Kendall / 67

A
WOILUS /. i

fol)

direct result of equation (3.40)

yi
3.2 we list the functions heE(Cj), j =1, 2, 3, of the completion
time for each of the three preemptive disciplines and unit breakdown.
The completion time moments involved are contained in Gaver Zﬁg7, exX=
cept for the third moments under the two preemptive repeat disciplines.
These were obtained directly from (3.38) and (3.39) by differentiation.

All these functions appear repeatedly throughout Section 5.
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Define:
=N, S -1
172,y -
b [K]_E(e )__7 s
“Aq S
q 1-8e 9
~Aa S
; 172
T 1 - xln(sg e )
A5
5 1 - klE(Sg e T2
A S,
t o= (et P -1y
M5
u S2 e / 7\.1
A, S
2 12
v s, © /7\.l
TABLE 3.2
Busy Period )
of queue Random Unit Breakdown
with random TTeemprive
arrivals Resume
xlE(D) ml/(l - ml) AEE(C) nl(l + ml)
By B 3 of 2 2
klE(D ) mg/(l ml) AQE(C ) ng(l + ml) + 0y m,
AE(DB) /(1 - )l+ AE(CB) n (1 + m )5+5mn(l+m)
ik 3 i) 2 3 1 oo 1
2
+ Bme/(l - ml)5 + g 0y

MOMENTS OF BUSY PERIOD AND CCOMPLETION TIME
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TABLE 3.2 (continued).

HALL NOLLIIAWOD &0 SEMNHMON

i S b ks ]
m@m E.mr.m + D m@ Mﬁm +

-+

.m 4 H
|Um+am E@Q
Aﬂ-<m - 2) - 9

+

T
s¢ - Jg -  Jdg)d
(s¢ H-& S - g 2)ae

a*

(s¢ + Teon)atmg

(2d + Iy - bdz)ad my +

it

(p0¢ - 3 + _pa)%mg + bém -

4

H \-1»
(fx 32+ 2 +m2) Mam

g T _ Too -
g T
%AHM.& + 3)3e - AHMK + 32)ng + LP..W < + .._M_.N.&
AHM.& + PMVAHMK + P.VPH.Em -

{0+ anug + a- Ylue +

Aﬁmﬁ .. mpm - svmﬁm + pmﬂ ..
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5. Queueing Times for Active Breakdown. The queueing time of

a customer is defined as the time period from arrival at the queue
up to the time of his initial entry to the service mechanism. The
queueing time of a customer 1s zero 1f and only if the customer
arrives to find the unexpired repair and clearing times both zero.
Thus the probability that the queueing time is zero, under the
limiting distribution, has already been derived in Sections 2 and
3 for the four types of breakdown. In this section and Section 6
we will obtain a functional equation involving the Laplace-Stieltjes
transform for the limiting distribution function of the queueing time
for each of the four types of breakdown. These lead directly to the
moments .

Consider the stochastic process Z, = (Xt’ Yt) for which the
limiting distribution satisfies equation (3.6). Suppose that
KlO = xll = xle = le = 0, which means that there are no breakdowns
and XtEE 0. Further, suppose that the increments to Yi, which
occur at random with rate hg’ are completion times of customers
wvhose service is subject to interruptions or breakdowns. The cus-
tomers' completion times depend on the preemptive discipline adopted.
However, at present we will merely assume that the completion times
are independent and the laplace-Stieltjes transform of the comple-
tion time distribution function is Cy(v). From (3.6) it is easy
to see that, under these conditions, the limiting distribution of

Y, satisfles the equation

t
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(3.81) af -ny o+ xgcy(v);7 v & (v) [van, AQCy(v);7 =0 .

The accumulation of completion times at the service mechanism at time
t is Yt; this is the total time until the queueing system is emplty
of customers, provided no additional customers arrive. Thus YJc is

actually the queueing time, say Qt’ of a customer arriving at time

t. Therefore

(3.42) ¢ (v) + n = E(e—vQ) = va/[ v - Ny ¥ xecy(v)_7

where = = P(Q = 0). Ve have noted in Chapter II that the store
content of material ¢ has no effect on the store content of

2

material Cl' Hence the results of Chapter II cau be employed to
consider the limiting distribution of the gueveing time Qt’ which
is subject to random increases at rate Ag of an amount C ( the
completion time for the appropriate discipline) and a uniform rate
of reduction. This is accomplished by an identification of the
queueing time Q, under the limiting distribution, with the store
content X of material cl, under the limiting distribution. Thus
o renaming of the functions involved in equations (2.43), (2.46)

and (2.52) proves the following theoren.

Theorem 3.4, The queueing time q, under the limiting distribution,

of a customer of a queue subject to active unit breakdown and a pre-

emptive discipline has the properties;

(3.43) P(q=0) =mn=1-~2rE(C) ,



T2

Hi

(3.48)  B(Q) = AE(C7)/2(1 - am(C))

i

(3.85)  B(aF) = AH(C?)/3(1 - AE(C))

+

_/"KQE(CQ)/(J. - ;\213(0))“_72 )

PO e

Moments of the completion time C are listed in table 3.2 for each
of the three preemptive disciplines.

The difference between unit and component breakdown is that in
the latter case a breakdown may also occur while the service mechan-
ism is being repaired. The moments of the completion time have been
derived for unit breakdown. IFf the unit repair time of the service
mechanism is considered as a busy period of a queue with random
arrivals at rate kl and service time distribution function Bl(s)
then the completion time actually allows for random component break-

dowvmns at rate M, and repalr time distribution funcition Bl(s).

1
The commencement of "busy periods" of repair occur only during the
service time of customers at random with rate Al’ The completion
time for component breskdown will be designated by €. Thus the
values for XEE(EJ), j =1, 2, 3, my be read directly from table
3.2 upon replacing m, by AlE(Dj) in the formulas for AQE(CJ),
J=1, 2, 3,

Theorem 3.5. The queueing time Q, under the limiting distribution,

of a customer of a queue subject to active component breakdown under

a preemptive discipline has the properties;




(3.46) P(q =0) =x =1-A%E(C) ,

(3.47) E(Q) = 2 E(E7)/2(1 - 2 EE))
and

(3.58) B(a%) = AB(C7)/3(1 - AB(T))

v 3 [AEER /(1 - 2E5(0)) 7

Moments of the completion time C depend on the preemptive discipline

involved.

Proof. This theorem is a straightforward extension of Theorem 3.k,

6. Queueing Times for Independent Breakdown. Suppose the sto-

chastic process Zt = (Xt’ Yf) is subject to the following rules;

(1) X

the time periods that ZJG = (O, 0). The increase at each

occurrence is s random variable Sl with distribution

function Bl(s).

(ii) Y,

xg. Each increase is the random variable C of a com-

pletion time with unit breakdown.

is subject, at all times, to random increases at rate

(iii) 1If X, > 0, then it is decreasing at unit rate; if

Xt = 0, Y£ > Q, then Yt is decreasing at unit rate;
iT Xt = Yt = 0 +then both are held constant until

a random increase occurs.



The limiting distribution of Z, = (Xt’ Yt) satisfies the special

t
case of equation (3.6) where
Mo T M My T e T M3 =0
and
x x
Blo(w) = B(u), B(v) = ¢'(v)
Thus
6 [ Ay = A+ A B(u) + AC(v) T
+ 1 2 171 P -
(3.49) + Gy(v)‘[~v -+ MO (V) T = 0
2 2 -

-+ Z—Hx(u) + ny(u,vlgzzmu - kz + Agny(v)ﬂ7dj

Th

The separate components X and Y, for which the distribution func-

tion satisfies (3.49), have rather obscure interpretations. However,

it should be clear from the previous section that (X + ¥) 1s the

random variable which satisfies the limiting distribution function

of the queueing time of a customer arriving at a queue with indepen-

dent unit breakdown.

Theorem 3.6. The gueueing time @ of a customer of a queuve which

ig subject to independent unit breakdown has the following proper-

ties, under the limiting distribution;

(3.50) P(@=0)=un=/1- AEE(C);7/Z"1 v 7
VES " AQE(021;7/ 2/1 - 2 B(C) 7,

I

(3.51) E(Q)
and
(3.52) E(Q%)

L35 )B(QB(C7 Yemns T/ 371 - ME(C) T
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Proof. These expressions are obtained by setting u = v in
(3.49), then evaluating its first, second and third derivatives
with respect to u at u =0,

Equations (3.49) to (3.52) are transformed to the case of inde-
pendent component breakdown by replacing the repair time distribution
by the busy period distribution of the repair time. Therefore

A

ﬁ‘Z~~kl = Ay klE(e-UD) + er(e'vc);7

il
(@]

(3.53) + Z“HX(u) + ny(u3V);71—u - Ayt AEE(e"VE);7

b @) [ - ny + AE(e0) 7

It is possible to obtain information about X and Y separately
from this equation. However, because of their obscure interpretation,
we pass immediately to the following theorem.

Theorem 3.7. The gqueueing time Q, under the limiting distribution,

o a customer of a queue which is subject to independent component

breakdown has the following properties;

(3.54) P@=0)=n=/1-aEC)7/1~mn_7,

(3.55)  B(Q) = [ my/(L ~ m)’ + A (%) 7/ 2/ 1 - 2,8(C)_7,

and

(3.56)  B(a%) = /30 B(G°)B( Q)+ E(C )+

T m Ag m

3 2
; 7/
() (Lom)

© 3 [1 - aE(E) T



76

Moments of the completion time € depend on the preemptive disci-
pline luvolved.

Proof. These results are obtainable directly from equation (3.53).
It is also possible to obtain them from Theorem 3.6 by replacing
the moments of the repair time by the moments of the busy period,
and the moments of the completion time C ~Ffor unit breakdown by
the moments of the completion time C for component breakdown.

As a result of the equivalence of queveing with independent
component breakdown and queuveing of two classes of customers (those
customers with and those without preemption rights), theorem 3,7
applies to the 2-level queue with any one of the three preemptive
disciplines. Thus (3.55) and (3.56) are the first two moments of
the queueing time of the customers without preemption rights for
the three different preemptive disciplines. Miller 1ﬁ§7 derived
these moments for a preemptive vesume discipline employing & more
gpecialized argument. These results for the two preemptive repeat
disciplines are new. We note that the moments of ths queueing time
for the preemptive repeat disciplines depend on the form of Bg(s)
but only on the moments of Bl(s) .

The transient behavior of the different stochastic processes
congidered in this chapter are characterized, in each case, by a
special case of equation (5.1). Also, the extension of the resultis
contained in this chapter regarding queueing times to three or more
classes of customers (wvhen this has meaning) 1s not difficult. It

is omitted here because it is tedious.



CHAPTER IV
THE EXISTENCE OF LIMITING DISTRIBUTIONS

1. Introduction. In Chapter II we considered the store con-

tent of k wmaterials under a preemptive rule of operation. The
functional form of the limit, as t ~~> o , of the distribution
function of the store content for k = 2 was obtained under the
assumption that such a limit actually exlsted. Speeifically, we
assumed that the limit, as t —> o , of the bivariate distribution
of store content Zt = (Xt’ Yi) was a proper bivariate distribution.
In Chapter ITT we have considered a queue when the service
mechanism is subject to breakdowns, active or independent, unit or
component. Under a preemptive resume queue discipline, the limit,
ags t => o , of the distribution function of the unexpired repair
and service time was derived in functional form. We also obtained
the functional form of the limit of the queueing time distribution
function for the four different types of breakdown, each subject to
the different preemptive queue disciplines (resume, repeat (identical),
and repeat (independent)). In each case it was assumed that the limit
existed as a proper distribution. The necessary and sufficient con-
ditions for the existence, as proper distributions, of all these
limits will be derived in this chapter as special cases of a more

general theory.
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Let 2z, = (Xt’ Yi) be a stochastic process, for 0 <t < w,

defined in the four regions:

R03Xt=Yt=Os
Rl : Xt > 0, Y£ =0 3
R2 H X% = 0, Y£ >0
R3 : X% > 0, Yt >0

This stochastic process is subject to the following rules:
(1) 7In region Ri there are two Poisson processes Pli

and P..5 the rate of occurrence of events in thenm

2i’
iS }\li al’ld }\.21; i = O, l; 2) 3.
(i1) When an event in P,y occurs the X coordinate of
Zt increases instantly by an amount Sli’ a random

sample from a population with distribution function
(iii) When an event in PEi occurs the Yt coordinate of
Zt increases instantly by an amount 821’ a random

sample from a population with distribution function

Bei(s) where B21(0+), i=0,1, 2, 3.

jav]

(iv) 1In regions R,

nd RB’ Yt ig held constant between

its upward jumps and X, decreases uniformly (a unit

t

amount per unit of time) between its upward jumps.



0 X% is held constant until its next upward

Jump and Y£ decreases uniformly between its upward

(v) 1In region R

Jumps until the next upward jump of X% (i.e. until

Z, Junps to region R3).
(vi) 1In region R,» both X  and Y, are held constant until

the next occurrence of an event in either PlO or PEO
(i.e. until the process Zt Jumps out of region RO).
We will call Zt a Poilsson Reduction Process. Consideration of

some generalizations of this process would be interesting. However,

this would be an excursus since all stochastic processes considered
in this dissertation are special cases of a Poisson Reduction Process,
as we define it.

2. Necessary and Sufficient Conditions for Existence of

Limiting Distributions of Poisson Reduction Processes. Consider

the Poisson Reduction Process Zt = (X%, Yf). We wish to obtain the

necessary and sufficient conditions for the existence of

(k1) lim P(Zt €A) , forall Ae O,
1t ww> w0

vhere (X is the class of sets {0 <X, <x 0<Y < y} .
Theorem 2 proved by Smith‘lrll;7 page 1t is extremely useful for
proving the existence of limiting distributions for Equilibrium
Processes. 1In the sequel we will show that a Polsson Reduction

Process is a special case of an Equilibrium Process, which we now

define.
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Let {ti}' ;, 1i=1, 2, ... be an infinite sequence of inde-
pendent, non-negative, identically distributed random variables,
each of which is not zero with probability one. ILet to be a
non-negative random variable, independent of and not necessarily
distributed like +t;, 1 > 1. Smith /711/ calls the sequence (t,} ,
1 =0,1, 2, ... a general venewal process, For any general

renewal process {ti} define Tsl= 0, T = to+ tl R T

k

AN

k=0,1, 2, ... . TIor each t > 0 define the random variable

n, as the largest integer k such that Tkvl-f t. Suppose ZO

is a random variable, defined over the space 3z, specifying the

initial condition of a stochastic process % This process Z

t° t
is called an Equilibrium Process with respect to Zo over the sets
A if, for all Z ez, Ae (4 , there exists a function QA(')’

depending only on A such that

(4.2) P(zt € Aizo € z3 ng > 0; Tnt) = ¢A(t - Tnt)

is a valid representation of the conditional probability. The
Equilibrium Process 7, is abbreviated ﬁf(z, o, {ti} ). The
definitions of this paragraph are due to Smith Z~;}7 pages 9, 12
and 13.

Now consider the Poisson Reduction Process Zt = (X, Yf) and

let the time points To’ Tl, T be the instants when the pro-

2’ «- 0o
cess enters the region Ro' Thus TO is the least value of t such

that Xt = Yt = 0, bhut X£_€ + Yt-e > 0 for all sufficiently swall



e > 0; Tl is the gsecond smallest such value of %, and so on.

For example, in the store content process of Chapter II the time

points To’ T1, T are the instants when the store becomes

2’ LR 2
empty.
Jri = f ; = + e
Write JCO I‘O, ‘LO + 'tl Tl; 1

Plainly {ti} forme a general renewal process as described above.

ey T+ T +t =T,
0 n

n

Let us fix ZO e z, wvhere z ls the non-negative quadrant of two-

dimensional Euclidean space, and define KZ (t) as the distributicn

0
function of to. Tet F(t) be the distribution function of ti’

for 1 >1. Ve now apply the following, a part of Theorem 2,
Smith /11/.
5 18 E,(z, A, fti}),

(ii) F(t) 4is not a step function such that all jumps

Theorem. If (i) 2

are over any subset of {nw} ,
n=90,1, 2, ... Tforany w>0,
(iii) K, (#w) = 1 ,
(1) (&) =n < 121,

(v) the k-th convolution of F(t) with itself has
an absolutely continuous component for some
finite k ,

(vi) %A(t) is measurable ,

then for all Z_ ez, Ae (]

(h3)  um Pz e alz) 2 Of §,(v) [1 - 7(v) 7 e .

81
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Ve are considering thr Poisson Reduction Process Zt = (Xt’Yt)
over the sets A e (A , where (I  1is the class of sets
{o< X, <% 0% Yt~f v} where x and y are finite. It is
clear that the rules of the process completely determine the future
of the process at times Ti’ i=0,21,2, «.v. . The future 1s also
independent of the past history at these times except for the fact
that the process entered state (0,0) at such times. Thus {ti} s
i > 1 are independent, identically distributed and independent of
t . Hence equation (L4.2) holds for the class of sets (I . There-

0

for z, is Bz, A, {t;} ) and condition (i) of the theorem

holds.

3uppose the process Zt enters state (0,0) at time Ti and

next departs from this state a time period Pi+l later. The length
of the period, Pi+l’ is a random variable with the negative exponen-
tial distribution. For example, this time period is an idle period
of the service mechanism for the Poisson Reduction Process of Chapter
IIT. Define ti = Pi + Di' Thus, during the interval ti, Di is

that segment for which Xt

Chapter III this would be called a busy period (repair and service)

+ Yt > 0. For those cases considered in

of the service mechanism. We will call the periods Di for all
Poisson Reduction Process the busy periods. The amount of the in-
stantaneous increment to Xt + Yt at time Tiul + Pi is iIndepen-
dent of Pi' The future of the process (after time Ti—l + Pi )

depends only on the size of the increment and the rules of the

process. Thus Pi is independent of Di' Hence the distribution
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function of ti is the convolution of the distribution function
of Di and the absolutely continuous distribution function of
Pi. Therefore ti’ i =0, 1, ... has an absolutely continuous
distribution function and conditions (ii) and (v) of the theorem
held.
Nowv consider the sequence Pl, Dl’ Pe, DQ; P5) D3 5
Let (m-1) be the largest integer for which S&fi < O, where
(p) _ w1 o . )
S = Z, 7P, and A is any finite positive number. Now the
m-1 i=1 "1
seguence of random variables Pl’ Pg, P5’ ..» 1s a renewal process
with 0 < E(Pi) <w and, for finite A, 0 <Em-1) <o . (cf.
smith /712/ p. 245). Upon setting X + Y =4 we have

(), (D)
m=-1 m-1

o
T <

m

-+

A

«2) , (D)
m m

A direct application of Wald's equation provides

(k1) E(D) + n(w-1) [E(P) + B(D) 7 < EB(T ) <B(mj [E(P) + E(D)_/ .

Thus E(Tm) is finite if and only if E(D) <« . Hence the function
K, (+ ©) =1 1if BE(D) <w . This modification of an argument found
inOSmith‘Z—;g? p. 260 establishes condition (iii) of the theorem if
BD) < .

Thus the conditions of the theorem are known to hold (when
B(D) < ) provided QA(t) is a measurable function. We will verify

this by showing that it is a continuous function of t (i.e. a

Baire function of class zero) and appealing to the theorsm that all
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Baire functions are measurable (cf. Goffman [ _3_7 Theorem 1, p. 183) .

Let Ay =max /A, + A, / and A, =min [, Ay, /. For

T > Q, elementary probability considerations allow us to write

-%.l'r

g, (t+r) > g, (t) e :

and
AT

-y My
¢A('b+7‘) < [¢A(b) + ¢A'-A(t)~7 e + [l - e ,_7:

where A' = {0 < X S x4 7, 0S¥ <y o+ +} . By definition,

¢A(‘t) for fixed +t is a measure over the sets A and must be a
continuous set function from both above and below (cf. Halmos /L 7/

p. 39). Thus

lim ¢, . (t) = O
r—>0 A-A

The above two inequalities gs T > 0 gllow us to write

g, (% + 0) = g, (¢)

Manipulation of these two inequalities also allows us to write, for

T >0,
)\1?
¢A(t) € 2 ¢A(t-'r) 2
and
AaT “AT o AaT
[¢A(t) - ¢A"(t)=m7 € - [l - € w‘7e _S ¢A(t"T) 2

where A" = {x-7 < Xt <% y-r <Y < vyl .

Thus

g,(t-0) = ¢ ,(¢) .
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Therefore ¢A(t) is continuous and, as a result, a measurable func-
tion of t. Condition (vi) of the theorem holds. Note: Smith_[alg7
has shown that conditions (v) and (vi) of Theorem 2 may be replaced
by the condition that ¢A(t) /1 - P(t) ] is of bounded variation in
any finite t interval. Thus an alternative approach here would be
to employ Lemma 2  Smith Zm;}7 p. 17 to demonstrate that the
bounded variation property holds for Poisson Reduction pyocesses.

We have now shown that all the conditions of Theorem 2 are
satisfied if E(D) < » and (xo + Yo) < » with probability one.
Thus we have completed the proof of the sufficiency part of the
following theorem.

Theorem 4.1. Necessary and sufficient conditions for the existence

of © Reduction Process are;

(i) B(D) <w , wvhere D is the duration of the busy period,

(ii) the initial status (xo + YO) of the process is finite

with probability one.

Proof. (of the necessary part). Consider the regeneration points

To’ Tl’ T of the process and define n, as the largest inte~

22 e 4

ger k such that T, , < t. Swmith [ 11/ p. 19 defines any set

A as an ~set if there are real numbers 4, € > 0 such that

P(n,, > n, | 2, € 2z, 2, e &) > ¢

for sufficiently large Tt and Z, any equilibrium process. As we

t
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have seen, a Poisson Reduction Process i1s an equilibrium process.
—Al(x+y)
For a Poigson Reduction Process, e is a lower bound for the

probability that zero Poisson events occur in a time period x + y.

Thus, for any set A = {O.S X% <z, 0< Y{.f y } , we have

~N (x4y)

(4.5) Pla, >n, | 2, e 2,2, en) > e > 0

for finite x and y and 7t > x + y. The set A 1is said to
be 8 null set 1if

lim P(Z

e Alz) = ©
T > ©

t

Theorem (Smith / 11/ p. 19). If there exists a non-null g-set then

KZ (+ ») >0 and p<ow, E(ti) =0 .
o

By virtue of (4.5) the set A is an orset which is non-null
only if E(D)'S u < ow. Thus the set A is null under our assump-
tion that RB(D) = « and

Lin P(z, € AlZO) = lim  [a(t)+G(yst)+B(xst)+7(x,y5t) 7 = 0 .
T e—tv0 L o0

That is, the limiting distribution does not exist as a proper dis-
tribution if E(D) = » .
Assume XO + YO = 0 with probability p < 1. Thus

P (x,c + Y, =) p for all finite +t. Thus

t

lv

2(t) + Glyst) + H(xst) + P(x,y5t) < 1-p<1

for gll finite x, y and +*. Therefore by taking limits as



X > 0, § =~ ®

(4.6) n(t) + G+eo3t) + H(+ojt) + Fltw,te;t) < 1 -P <1 for

all finite +t. Hence the limit, ag £ -=> w, of the left hand
side of (4.6) is bounded away from one and the limiting distribu-
tion does not exist as a proper distribution. This completes the
proof of theorem L.1.

Tt is not difficult to see how one would extend the notion of
a Poisson Reduction Process to n dimensions and prove results
corresponding to those of this section.

3. Necessary and Sufficient Conditions for a Finite Mean

Busy Period of Certain Poisson Reduction Processes. The different

Poisson Reduction Processes discussed in Chapter II and IIT will
be considered individually in this section. Takacs 1&127 et. al.
developed a certain method for establishing necessary and suffi-
cient conditions for the finiteness of the mean busy period for
the head-of-the-line gueue with one server; we employ & similar
method in this section.

Suppose we consider the special case of a Poisson Reduction

Process, Z, = (X_, Y%) satisfying;

(a) Xti: G,
(b) Y£ is subject to instantaneous Jjumps at Polsson rate KE’

in all regions, of an amount C; vhere C is the com-

pletion time of a customer with either unit or component
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btreakdown and a preemptive queue discipline specified,

(c) if Y, >0, then it decreases at unit rate.

Thus Xt + Yt

at time t, in & queue with active breakdowns. The type of break-

= Qt is the queueing time of the customer arriving

downs considered (unit or component) and the preemptive discipline
are allowed for by the completion time distribution. The busy
periods of the process Qt’ with a preemptive resume discipline,
are identical to the busy periods for the Poisson Reduction Process

Z, = (Xt’ Yﬁ) of the unexpired repair and service times with active

L
breakdowns and a preemptive resume discipline. In fact the queueing
time Qt for any breakdown system is zero if and only if the unex-
plred repair and service times are both zerc. Thus the conditions
for finiteness of the mean busy period may be investigated under
different guises. We will investigate the finiteness conditions
with respect to queuveing times, for the different types of break-
down and preemptive queue disciplines. These finiteness conditions
also apply, when meaningful, to the unexpired repailr and service

times.

Consider a random variable D with distribution function ¢(a).

Suppose
N
D = B, + & D,
1 1=0 21
vhere D, has distribution function ¢J(d), Dyyr 1=1,2, ..o, W

are independent with the same distribution function ¢2(d) and N

is the number of Poisson events occurring, with rate A, 1n a time
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period Dl' That is

AD
P(N =n|p) = e l(wl)n/nt .

A consideration of conditiomal expectations leads to

m

ub
Ke™™] b, W) =e t g,

uD

vhere ¢Z(u) = E(en 2.
Thus * n
iy - L T
n=o0
and

(v BTy = i) = Flw o n - M(w)

%
. \ P P . £..N\ RS T
(4.7) it is clear that ¢ (u s the

pon letting u --> 0 in
laplace~Stieltjes transform of a proper distribution function if
and only if ¢l(d) and ¢2(d) are proper distribution functions.
(Ve are assuming that ¢l(0+) < 1). EBquation (L4.7) also implies
that

B(D) = /[1+nE(D) 7 E(D) -

Let € be the random variable of a completion time with dig-
tribution function ©(c) where the service mechanism is subject to
unit breakdown and an unspecified preemptive queue discipline. ILet
C and 9(c) represent the same quentities for component breakdowm.
The first three moments of the completion times ¢ and C are

listed in Table 3.2 for each of the three preemptive disciplines.
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Consider D, the random variable of the duration of a busy
period of the queueing time process for active unit breakdowns.
Continuing the notation and definitions of Chapter III we have,

as a result of (Lk.7),

1

(%.8) E(e~uD) @*(u Ay A E(e"uD)) .

Thus

(4.9) E(D)

o

B(c)/(1 - AEE(C)) .

and E(D) < » if and cnly if xzm(c) < 1. Takacs / 13/ derived a
similar result for a head-of-the-line single server queue. It is
apparent that a reference here to Takacs would suffice. However the
inclusion of this argument should make the following more readable.
Now consider D, the random variable of the duration of a busy
period for the queueing time process with active component breakdowns.
The argument of the previous paragraph carries over with little
thange to this case provided the completion time distribution is made

applicable to component breakdown. Thus

(%.120) E(D) = =@/ - MEC))

vhich is finite if and only if A2E(E) < 1.

Suppose D 1is the length of a busy period of the queueing time
process with Independent Unit breakdéown. ILet Dl be the random
variable of the busy period length when it commences with a break-
down. This occurs with probability xl/(xl + xg). Let D, be the

random variable of the busy period duration when it commences with

an arrival of a customer. This occurs wilth probability
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AE/(xl + AE). For independent unit breakdown, the length D of

a busy period has mean

B(D) = [ nE(D)) + A B(D,) 7/(0 +2,)

From (4.7)

-uD, ~uD
(b11)  Be 1) - By (u + A,y - A (e oy,
and

~uD w ~uD
(4.12) E(e 2) = 0 (u+ Ny - AQE(e 2))
Hence
(k.33)  m(p;) = B(5))/(2 - 2B(C))
and
(4.1h) E(D,) = E(C)/(1 - 2 E(C))

Thus the mean busy period, E(D), is finite if and only if
< 1.
kgE(C) 1
For Independent Component breakdown (4.11) to (4.1k4) are

easily transformed to

(4.15)  Ele 1)

i

Prla s ay - 2, T(W)

(k.16) Ble °) - é*(u My = Ay E(e—UDg)) ’

il

(k.17) (D, ) = E(5.)/ 1+ 2 BE)//L - ME(S)))
and
(4.18) £(D,) = B(C)/(1 - AE(C)) p

where ¢I(d) 1s the distribution function of a busy period of repair
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times in isolation. Both E(Dl) and E(DE) are finite if and
only if xgE(E) <1 (which implies that klE(Sl) < 1, see Table
3.2). Thus the mean busy period of the queueing process with in-
dependent component breakdown is finite if and only if

xEE(E) <1.

These results are summarized in Table L.1l. In all cases finite-
ness of the busy period of completion timeg in isolation guarantees
finiteness of the mean busy period of the assoclated queueing time
process. The finiteness condition relating to Independent Component
breakdown and a preemptive resume discipline was derived by
Miller / 8/. Gaver / 3/ obtained the results for unit breakdown for

all three precuptive disciplines.

Breakdowm Unit 3 Component *
Preemptive kQE(C) <1 if and only if AEE(C)< 1 if and only if
Discipline j
Resume nl(l + ml) <1 mo+n) < 1
Repeat
RS A A S A AL S
(identi- 2 172 2 172 ~
cal) XE#fE(e )-1// m+1/< 1 X?Z~E(e )-17// 1-my 7< 1
and < 1
"1 |
Repeat \2 15 %2y M 1 Xlse;
{indepen-~ = | o /Tml+I7< 1 -—7¢1%5~—~//'l my /<
7 e 1
dent) 1 E(e M3 2) l ’F(e ) |
and n, <1 .

TABLE 4.1
Necessury and Sulfiicient Conditions for IMniteness ¢f lMean Busy Periocds.



CHAPTER V

THE NUMBER OF BREAKDOVNS

1. Number of Breakdowns During Service of One Customer. In

Chapter IIT we have discussed four different types of breakdowns
of the service mechanism for single server queues. We also noted
the equivalence of the mathematical model for independent com-
ponent breakdown and the 2;level single server queue with pre-
emptive disciplines. In this section we investigate the number
of times, N, that one customer is interrupted while recelving
service. An interruption (occurrence of a breskdown or arrival
of a higher priority customer) will be considered for the three
different preemptive disciplines. The number of interruptions

N will be the same for both unit and component breakdown, active
or independent. This follows from the fact that for unit break-
down N is the number of breakdowns while the customer is in

the service mechanism, while on the other hand, for component
breakdown, N is the number of interruptions by busy periods of
the component repalr tine.

The breakdowns or imterruptions occur at random with rate
during the actual service time 8, with distribution func-

1 2
tion Bg(s). It is assumed that the customer returns to the ser-

A

vice mechanism in saccordance with a preemptive resume discipline.
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For a given unlnterrupted service tinme 52 P

-\

S
P(N=n) =e *°

(KlSE)n/n! .

Thus the prcobability generating function of N is

o0 n
- A8 (A 8)
5.1) Bz = x 2 [ e T & a B.(s)
2
n=0 S n!
*
= Bg(kl - xlz) s

*
where Be(u) is the Iaplace-Stieltjes transform of the uninterrupted

service time distribution function.

Theorem 5.1. The number, N, of interruptions of a customer's ser-

vice, under a preemptive resume discipline, satisfies;

(5.2)  B(u=0) = By(n)

il

(5.3) E(N)

M E(S,) and

(5.5) B

n

2 .2
ME(SZ) + AE(S,) s

where 82 is the uninterrupted service time with distribution func-

tion Bg(s).
Proof. This theorem is an obvious consequence of (5.1) by differen~
tiation with respect to 27 and then evaluanted at Z =1 .

Suppose interruptions occur at random with rate hl for a cus~-

tomer with uninterrupted service time S The customer returans to

20

gervice according to a preemptive repeat (identical) discipline. TFor
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a given S,

2 n
-\ 9 Y
P(M=n) = (L-e ~2) e *2
Thus o 'kls
(5.5) B(z") = e d B.(s) -
-\ls 2
o Ll-z{(l~e )

Theorem 5.2, The number, N, of interruptions of one customer's ser-

vice under a preemptive repeat (identical) discipline satisfies;

(5.6) (1 =0) = By(r,) :

A S
(5.7) BN)  =E(e " %) -1

il

+*
:82(”}\1) -1,

) < 00,5.1’1(1

2N, S AL S

172y . aE(e T 2) + 2

—~
\Ji
[es]
~
=
—~~
=
o
~—r
jis

oE(e

it

* *
232(-2xl) - 432(-xl) + 2,

. * »
if 32(-xl) <w and BQ(-EAl) <o

Proof. The theorem is a direct consequence of equation (5.5) .
Suppose interruptions occur at random rate kl for a customer

with uninterrupted service time S2 and the customer returns to ser-

vice according - to the preemptive repeat (independent) discipline.

For a given sequence S5(1), 8(2), ..., S(n+l) of independent uninter-

rupted service times
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- 1 - n+l
P(N =n) = Tm% (L~e Alg(l)) e Als{ : .
i=1
Thus
% *
(5.9)  ®Z) = B,(M)/[1 - 7+ 7 B (M) T

The following theorem is a direct consequence of (5.9).

Theorem 5.3, The number, N, of interruptions of one customer's ser-

vice with return to service according to a preemptive repeat (indepen-

dent) discipline satisfies:

(5.10) P(N=0) = BJ(A)

(5.11) E(N) = [ 1= 32(7\1)*7/ B;(?\.l) end
e 2

(5.12) n(n°) = 2 {[1-85(0,) 7/ Baln)}

+ /[ 1~BZ(>\1_)7/ BZ(?\.]_)

Consider the queuve with independent component breakdown or
equivalently the queue with two classes of customers and a preemp-
tive discipline. The interruption of service for a low priority
customer is due to arrival of a high priority customer. The low
priority customer re~enters the service mechanism at the end of a
"busy period" of the high priority customers (busy period in the
sense that only high priority customers are served). ILet M be
the number of high priority customers served during such a "busy
period”. Takacs_z—;§7 has shown that M has a probability generating

function which =satisfies
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(5.13) gz = z Bi(hl -y B(zh) .

Eguation (5.13) may be obtained as follows: -~ Let Sl be the

service time of the first customer served during a busy period of

high priority customers only. Suppose Mi customers (high priority)

(m, )
arrive during the period §,. Define P * (mrml) as the
customers are served during m

probability that m~m independent

1 1

busy periods. Now

o m
171 1 1
(lel) /ml. .

P(Ml = ml/Sl) = e

Each of the M, customers that arrive during S. gives rige to

1 1
a busy period. Thus
m, (m)
no a8, (M8 T T (mem)
P(M =m + 1/31) = I e
10, =0 ml!
Therefore
(i)™ 5
¢ P m -A. S ANy S P -1
E(ZII/S:L) =7 Z]’IH-]. 5 e 171 171 : 1 ,
m=0 m, =0 m, -
m

00 m -\ 5 1
N oL 11 L7l '
= 2 % 77 e (xlslﬂ(z )y / m, |

m., =0

1

o, , M

~(A)8; - A8 E(Z ))
= 7 e B

and (5.13) follows upon taking expectations with respect to Sl

The following theorem 1s a direct consequence of (5.13).
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Theorem 5.L. The number, M, of customers served during a busy

period of a queue with arrivals at random rate A., service time

1

distribution function Bl(s) and no breakdowns satisfiesy --

- 3 *
(5.14) P (M=0)= p  where p  satisfies p _=B,(A~MD )

(l - ml)—l 4 9’5},@,

[ )/ )2 T [/ ) 7,

(5.15) EM)

i

(5.16) E(Me)

of el
vhere —m, = xlm(sl) s i=1,2 .

Thus the total number of top priority customers that arrive
after a low priority customer enters the service mechanism and com-
plete service earlier than the low priority customer, is M « N .
The number, M, of top priority customers serviced during a "busy
period" of top priority customers only, is independent of the

number, W, of such busy periods. Thus

(5.17) B/ (ew) 7 = moed) BQWY) , 5 =1, 2,

where the factors on the right side are given by Theorems 5.1 to
5.4, depending on the preemptive discipline.

2. Number of Breakdowns During Queueing Time for the Preemptive

Resume Discipline. 1In this section we will restrict our considera-

tion to the preemptive resume discipline. The limiting distribution
of the unexpired repair and service times (X, Y) wes characterized

in Chapters II and III for four types of breakdown. Suppose a cus~
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tomer arrives at the queue when the unexpired repair and service
times satisfy the limiting distribution. This customer joins the
weiting line for a period X + Y plus a period of time equal to
the repair times of all breakdowns that may arise in obtaining a
period X, of repair and a period Y of useful service,

Let N, be the number of occurrences during a period X of

1

a random event with rate Al and let N2 be the number of occups

rences of this rendom event during a perdod Y. Thus

-, (X+Y)

dARSRY By B
o — — — 1 ?
P(N, =n,, N, = nQ/X,Y) =e (xlx) (le) /al.ne. .

Therefore the joint probability genersting function of Nl and N2

is
N, N (A=A Z)K 0 (A=A ZL)Y
1,02 177171 1%
B(Z," %, ) = E/ e . e B
Whence
(5.18) E(Nl) = klE(X) s E(Ne) = xlE(Y) s

s

(5.19) ) ME(XT) + aB(X) 5 B(I5) = AZB(Y%) + ME(Y)

and.

]

(5.20) E(NlNg) xf E(XY)

Suppose we consider a gueue with unit breakdown. The breakdowms
during the queueing time of a customer cccur only during the period
Y of unexpired service time. Thus, for unit breakdown, the number
of breakdowns during queuveing time is simply I\T2 with moments given

by (5.18) and (5.19). The noments of the unexpired service Y are
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given by (3.13) and (3.16) for active unit and by (3.23) and (3.26)
for independent unit breakdown.

Under a component breakdown system, the number of breakdown
busy periods which occur during the queueing time of a customer is
N, + N, with moments given by (5.18) to (5.20). The moments of
X and Y ave given by (3.32) to (3.36) for active component brealk-
down and by (2.46) to (2.50) for independent component breakdown.

Each of these N, + Ne busy periods of repair times in isclation

1
is composed of M breakdowns where the moments of M are given by
(5.15) and (5.16). Thus the total number of breskdowns that occur
during the queueing time of a customer is the random variable

(Nl + NQ)M for compcnent breakdown. BEach of these busy periods of
repelr times in isolation, iz composed of M breakdowns vhere the
moments of M wmay be evaluated from (5.15) and (5.16). Thus the
total number of breskdowns that occur during the queveing time of
one customer is the random variable (N, + Né)M for component break-
down. Clearly (Nl + NE) and M are independent.

Let N be the number of breakdowns that occur during the
queveing time of one customer, for a preemptive resume discipline.
By virtue of the arguments advanced in the preceeding two paragraphs,
it is straightforward to obtain moments of the random variable N

from known formulae. Hence we have the following theorem.

Theoren 5.5, The first two moments of N, the number of breakdowns

during the queueing time of one customer, are listed in table 5.1.
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A similar argument for the preemptive repeat disciplines is not

valid vhen using (¥,Y), the unexpired repair and completion times.

This follows from the fact that the
contains the breakdown repair times
service of that customer. Thus the

tion time is not independent of the

completion time for a customer
for breakdowns that occur during
length of the unexpired comple-

number of breakdowns that occur

during that period.

3. Miscellaneous Remarks Regarding Transient Behavior. Con~

sider (Xt’ Yt)’ the stochastic vector of unexpired repailr and ser-
vice times of a queue with independent component breakdown and a

preemptive resume discipline. Recall that this stochastic vector
was investigated in Chapter II as the store content of a mathems-
tically equivalent storage process. The time dependent components

of the distribution function of the store content were defined as:

n(t) = P(X =Y =0) ;
Hx;t) = P(O< X, S% ¥ = 0) ,
a(yst) = P(x, =0, 0<Y <y) ,
Plx,y5t) = P(O<X <x 0<Y <y) ,
P.(x,y) = w(t) + B(xst) + o(yst) + Fx,y5t)

The respective components of the limiting distribution function were

defined as The transient be-

w, H(x), G(y), F(x,y) and P(x,y) .
havior of the process is characterized in terms of the time depen~

dent components of the distribution function.
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In Chapter II, probability considerations led to a set of four
inequalities for each of the time dependent components (for exanmple,
see (2.5) and (2.6)). These inequalities were combined to provide
a characterization of the transient behavior in equation (2.20).

Thisg is

3 Y (w,v)

- = [ w87/ TV (u,vst) + B(ust) 7
t

+ [ vt ] Gy(v;t) - o (t) ,

vhere u and v are Iaplace-Stieltjes transform variables with res-

pect to x and y, respectively and ¢ = A, + A. = KJBi(u)—leg(V) .

1 2
Fach of the four sets of inequalities were employed individually
to derive a functional equation involving components of the limiting
distribution (see (2.36) to (2.39)). It might be thought that each
set of inequalities should lead to & characterizaticn of the tran-
sient behavior for components of the distribution function. In
general this is not true and in this sectlon we illustrate reasong

why this is not so.

Consider (2.7) and (2.8) where + >0 . Thus

7 N X N [ ( L=\ "w (u- (T
kaust"l"i') - H{ust) < Le\u— ?\-)Tal-‘ Hx(u..t) - en,U. ‘}:ﬁ ‘e_uxd H(X't)
T - T ’ i =
0
+ e_?w/‘x o () B (u)4n, T (s 1) B (u) 7
7 L A TRBIE AT TR AWE) 5, Au)_

+ o(1) ,
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and
g T
H(us tar) - (s t) > {e(u'm'l] ust) - *.._—e(u;”'r fe'uxaxﬁ(x;t)

T T "

o]
e-KT x b
+ S g r(n() + Hi(wit)) B(w) 7

- o{1) .

Suppose we proceed formally to limits as 7 ) O+, under the assump-
tion thet all limits exist. Then the right hand time derivative

satisfies:

> Bust X, X, .
(5.21) -3}3—-—2 = [u-xl-)\gﬁ-}\.lBl(u)'j H(ust)

+ agr(t) B?f(u) - b(03t)

We<u—h)T ' ~ux
where h(0;t) = 1im — u/‘e d. H(xs5t)
T O+ | o -
by assumption. Since
“NTof L (wn)r ~ (a=n)r )
e "H(T3t) e u/\e—ux a H(xst) < & H(7st)
T - T pe - T
o

thus we have assumed that

lim  /H{7st) /v 7 = h(o;t)
T =-> O+

Thus equation (5.21) #& valid for all +t only if the limit, as
T ~> O+, of [ H(r5t)/r /] exists for all t. Ve will show that

this limit does not exist for all t by two counterexamples.
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Since Bl(s) is a digtribution function, the right hand deri-
vative exists a.e. (s). Suppose that the right hand derivative

* %
is infinite at the countable sequence of polnts By 8 s 83,
o g

Further suppose that we consider the process (X%, Yt) started at
time zero with the arrival at an empty store of ¢ material of
load size 8, with distribution function B,(s). Thus

0<% <, ¥, =0 if:

(a) there are zero arrivals in the time interval (0{57
and t < Sl.f vt 4+ T, OB

(b) there is at least one arrival in the time interval
(0,t) with appropriate limitations on the load sizes

and. order of arrivals.

Thus
—(hl+x2)t
H(r;t) > e /B (6 + 1) - B (8) 7,
and ..
i(rst) o e—(xlmg)t B, (t47) - Bl(t)]
T - T

From this it is clear that the limit of ZHH(TSt>/T;7, as T > 0+

¥ ® %
does not exist for T = 54 82’ 83,

For the second counterexample consider the initial distributicn

function of (Xt’ Yt>’ Suppose its component H(x3;0) has an infinite

st :
0

%
right hand derivative at the countable set of points Xl’ x2, Koysoos

Now 0 < Xtif 7, 0 = YJG if
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(a) Zero arrivals occur in the time interval (O,t/ and

t<X St Y =0 .

(b) One or more arrivals in time interval (0,37 with
certain appropriate limltations on the process.

Thus

o

H(rst) o e"(hl+h2)t [ H(t+730) - H(t;0)
T - . T

Hence the limit of Z_H(T5t)/j;7, as T & O+ does not exist for
% % #

t = X;, xe 3 XB, cee  a

Therefore we have shown that necessary conditions for the
validity of (5.21), for all +, are; right hand derivatives
exist everywhere for the load size distribution function Bl(s)
and the component H(x;0) of the initial distribution function.
It is not known whether these are sufficient conditions.

We have shown by counterexample that (5.21) may be invalid on
certain sets of measure zero on the time axis. It is not known
whether or not (5.21) actually is valid a.e. (t). The investiga-
tion of these questions is interesting; however, the resulting
four equations characterizing the transient behavior are most in-
tractable. VUe list below the other three equations analogous to

(5.21) without any claim to their validity. Suppose the limits,

as T ~> 0+, are assumed to exist and defined as follows:
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1im  /a(rst)/c 7 = g(05t) ,
T == O+

Lim [ a(rest)/v ] = J(ost) p
T o> OF

m [P (owvst)/r 7 = £(0,v5t)

T > O+

Then the right hend derivatives with respect to time satisfy;

(5.22) ax(t) -(xl+x2)n(t) + g(0st) + n(ost) + 3{0st) ,
ot

(5.23) .5%_@1’_“92 AR NSRS By(v)7(}'"r(v,t)+>\. Jr(‘b)B )
t

+ £7(0,vst) ~ g(0st) - 3(05¢)

and

Y . .
(5.24) OF “(u,vit) [u =N - At B (u) + Ny g{yj7ny(u,v;t)
Ot

A B (u)G (vit) + AEBZ(V) H(ust)

- #¥(0,vit)

The sum of the respective sides of the four equations (5.21)
to (5.24) is equation {2.20), which is rigorously derived in

Chapter IT .
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