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1. Introduction. The purpose of thils peper is to prove a general

theorem on the existence of pairwise orthogonal Latin squares (p.o.l.s.)
of a given order and to give a counter example to Euler's [f3;7 con-

jecture that there do not exist two p.o.l.s. of order 4t+2.

2, Definitions. An arrangement of v objects (caelled treatments)
in b sets (called blocks) will be called a pairwise balanced design of

index unity and type (v; kl’ke""’km) if each block contains either

K, Ky, +e0, Or k treatments which are all distinct (ki v, Ky #k J),

and every pair of distinct treatments occurs exactly in one block of the
design. If the number of blocks containing ki treatments is bi’ then
clearly

m

(1) b= £ b

m
5 v(v-l) = = biki(ki -1)

2
1 1=1

3., lemma 1. Suppose there exlsts a set £ of ¢-1 p.o.l.s. of order
k, then we can construct & gxk(k-1) matrix P, whose elements are the
symbols 1, 2, ..., k and such that any ordered pair (3) i £ J, occurs as

a column exactly once in any two rowed submatrix of P.

1 This research was supported by the United States Air Force through the
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We can take the set ¥ in the standard form in which the first row of
each Latin square contains the symbols 1, 2, ..., k in that order. We
then prefix to the set T a kxk square containing the symbol i in each
position in the i-th column. If we then write the elements of each square
in a single row such that the symbol in the i-th row and j-th column oc-
cupies the n-th position in the row, where n = k(i-1) + j then we can
display these squares as in 1_2_7 in the form of an orthogonal array
A [Tk?, 4, k, 2;7 of q rows, By deleting the first k columns, we get
the matrix P with the required properties.

Iet 7 be a column of k distinct treatments tl, t2, veey tk in that
order, then we shall denote by P(y), the gxk(k-1) matrix obtained by re-

plécing the symbol i in P, by the treatment t, occupying the i-th posi-

; §

tion in 7(i = 1,2,...,k). Clearly every treatment occurs exactly k-1
t

times in every row of P(y), and any order pair (ti) occurs as a column

exactly once in any two rowed submatrix of P(y).

4, Theorem 1. let there exist a pairwise balanced design of index
unity and type (v; kl’ke""’kh) and suppose there exist g, -1 p.o.l.s.

of order ki' Ie

q = min(q_l,q_e,noo,qm)
then there exist ¢-2 p.o.l.s. of order v.

let the treatments of the design be tl’ toy esey tv, and let the

. 2
blocks of the design (written out as columns) which contain k; treat-
ments be denoted by 7512 712, seey 7ibi' Let Pi be the matrix of order

q ¥ ki(ki-l) defined in Lemma 1, the elements of P, being the symbols

1, 2, eesy Ko ;et Cij = Pi(7ij) be the matrix obtained from P; and 7340
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Retain only q rows of Cij to get C§J. From (1) the matrix
C% = [celel,cia,...,cisbl,...,c;l,c;a,...,c*iebi,...,c;l,c&,...,c;bm]

is of order q x v(v-1), and is such that any ordered pair of treatments

(:%), 1 # j occurs as a column exactly once in eny two rowed submetrix of
J

C*, Let Cg be a gxv matrix vhose i-th column contains ti in every posi-

tion (i = 1,2,...,v). Then from /2 /, the matrix / cx, c* ] is an

orthogonal array A [_vz, q V, 2_7. Using two rows to coordinatize we

get & set of q-2 p.o.l.s8. of order v.

5. Counter examples to Euler's conjecture, Consider the balanced

incomplete block (BIB) design with parameters v¥* = 15, b¥* = 35, r* = 7,
k* = 3, M = 1, A resolvable solution is given in Table III of /1 /.
To each block of the i-th complete replication add a new treatment Gi
(1 = 1,2,.4.,7) and take & new block consisting of the treatments ©,, 6,
95, Qu, 95, 06, 97. We then get a pairwise balanced design of index
unity and type (22; 4, 7)., Since there exist 3 p.o.l.s. of order 4, and
6 p.o.1l.8. of order 7, it follows from the theorem that there exist two
orthogonal Latin squares of order 22, The actual squares are given in
the Appendix.

A detailed paper generalizing and improving the results of Mann
[ % p. 105 7 and Parker /5 ] is being prepared where among other things
it will be shown that there are an infinity of values of t for which

there exist two or more p.o.l.s. of order Lt+2,
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