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INTRODUCTION

It can be sald that, up to the last decades or so,
two different types of approaches have been used in the
tackling of practical and theoretical problems of statistical
nature.

The first, mostly applied to data of the quantitative
type, relied upon properties of the assumed distribution of
the parent population, and on the properties of the sample-
distributions of the statistics derived from the observations.
That type may be called the parametrié approach. The second,
mostly applied to data of qualitative flavof, relied more
heavily upon the observgtions and their properties, especially
the rankings. That is the nonparametric approach.

It was felt that a mixture of the two methods, using,

_ for instance, the information contained in the ordered (or
ranked) sample values, and some properties of the assumed
distribution of the parent population, would provide
ansvers that could not be obtained some other way.

Many authors, working abng that line, have brought

1
forth a great wealth of precious information. Wilks | 10 ]

1. Numbers in square brackets refer to bibliography.
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presented a comprehensive study of order statistics including

a rather complete bibliography up to the time of its publication.
Mosteller |12 ], Goawin [ 5], and Neir 715 7, studied the
properties of particular combinations of "ordered" sample

values, called, by Mosteller, "systematic statistics".

However, no unified treatment of a class of ordered
statistics has ever been published, especially in non null
situations, and it was thought worthy of investigation to
study, in more detail, the properties of the distribution of
order statistics.

In the following work, some properties of the distribution
of linear contrasts of order statistics are investigated. |
The null distribution of linear contrasts of order
statistics is obtained, first, (Chapter I) in the cases of
three and four variables; then (Chapter II), in the general

case of n variables.

- Chapter III, consists of a detailed study of the
properties of the moments, and related quantities, of the
linear contrasts of ordered statistics in the case of three
dimensions.

In Chapter IV, the non null distribution of linear
contrasts of order statistics, in the case of three variables,

is derived, and two particular hypotheses are considered.
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Finally, on the basis of the information gathered
in the first four chapters, a decision rule to pick out
the population with the largest mean is suggested in the

fifth chapter, and some properties of the decision rule are

discussed.



CHAPTER I
NULL DISTRIBUTION OF LINEAR CONTRASTS

OF ORDER STATISTICS. CASE OF THREE AND FOUR VARIABLES.

1. Case of three variables. Suppose we are given Xqs Xy and Xy

three independent random variables, normally distributed with
unknown means, my, Wy and Y respectively, and with a known
cogpon variance 02. We shall assume, for the present, that

g =1,

We may order the set ofrvalues, in a random sample of the
above variates, from greatest to least, and denote the ranked
values by x(o) > x(l) > x(g). It is to be noted that the proba-
bility of ties is zero in the continuous case; however, because
of the limitations of the measuring instruments, ties will occur
in experimental cases. In those situations; the tied sample
values will be "ranked" using a random procedure éssigning equal
probability to each ranking.

Any combination of the ordered sample values of random
variables is called "order statistic." In this work, we shall
be concerned with linear contrasts of order statistics. A linear
contrast is defined as follows: consider a set of random vari-
ables Yy yg, sesy Yo Any linear combination alyl + a2y2 + eus

n

+ a y is a linear contrast, provided & a, = O,
n’n 4=1 1+
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In the case of three random variables, we may consider the
2
! r ¥, = .
following contrast cox(o) + C x(l) + c x(e), where o 4 1
It will be convenient to set ¢y = l; so we Shall, henceforth,

consider the expression

(1.1.1) X( 0) " c X(l) -C x(2) )

where c, + ¢, = 1, oh

The above expression can be written, in terms of a single

>0, i=1, 2,

unspecified parameter, as follows:
1.2 X = CX .\~ (l-c)x 0<c<1,
(1.1.2) (0) = *(1)" (I-e)x(p) » 0 ses

‘We shall, presently, derive the probability density function of

(1.1.2) urder the null hypothesis:?

(1.1.3) H: n. = m =m, =0 (say) .

The Jjoin% probab111ty density of X(O)’ (1) and x(z) may

be written, (see Wilks I~ 19 T), :

- 3/2 2
(1.1.k) £(x (0 X(1)s ¥(g)) = 3 [en ] exp ['2 z x(l) 7.

First, let us introduce the following transformation

(1.1.5) %17 X0 T ¥



In matrix notation, the above can be written,
(1.1.6) U* = AX

vhere U* and X are column vectors; i.e.,

Uy x(o)
* = =
U ul » X X(l) >
u .
_ 2 , i x(e) |

and where A is the square matrix:

1 1 1
A = 1 -1 0
O l -l .

The Jacobian of the transformation is easily checked to be equal
to 1/3. We thus have

2

I x2,, = X'X = (A'lU*)' a~t
=0 (1)

U* = U*' B¥ U* , where B¥ = (A'l)' At

It is readily found that

1 0 0
B*% = 1/3 o 2 1 = 1/3 B(say), the definition
o 1 2

of B being obvious.

We thus have, for the Jjoint density of the u-variables, tho

following expreséion,



-3/2

(1.1.7) £(u,, ul,‘uE) =2 [en ] exp ( - % Ukt BU* ),

where

- 00 < U, <+ 00 ; uy >0, i=1, 2.
The variable Ug is readily integrated out; and,since,
+ 00
: 2
(2n)™2 exp (- u0/6) duy = S35,
- 00
we get

(1.1.8)  f£(uy, u,) = o(2n)"t /3 exp (- % Ur ¢ U),

where

U being a column vector, and C & symmetric matrix obtained from
the matrix E by deleting the first row and first column.,

We are now in a position to introduce our linear contrast
given by (1.1.2).

Let

3]
L}

1=yt (l-c)ue
(1.1.10) where 0 < c < 1.

Z2=' u2 ,
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The variate Zl is precisely the linear contrast (1.1.2). The
Jacobian of the transformation is obviously equal to one. In

matrix notation, (1.1.10) becomes
(1.1.11) Z=DU ,

where

It follows that

(1.1.12) UrcU=z'(dY)reDptz-2'M2, vhere
M= (@Y ¢l
It is readily verified that the symmetric matrix M has the

following form

2 oc-1
(1.1.13) M =
oc-1  2(c®-ct1)

The mapping of the u-space onto the z ~-space, involved in the
transformation (1.1.11), is rather simple; the region of variation
in the latter space being a wedge-shaped region, in the upper right

hand quadrant, limited by the lines z, = 0 and z, = zl/(l-c), c # 1.

2
Thus, the joint density of Zy and.22 is



(1.1.14) £@,,2,) =2 /3 (21)~t exp (-% Z'' M 2),

where M is defined by (1.1.13); the limits of variation being

given by,
(1.1.15) 0<z, <zl/(l-c) » 0<z, c # 1.

The density function ole = X(p) - cx(l) - (l-c)x(e)
will be obtained from (1.1,1k) by integrating out the variable

25 formally, we have
Z—l/(l-C)

(1.1.16) gz 1) = f(z.l, ze) d,, .

In the present case, the integration is easily carried out.
Expanding the matrix M and collecting terms,we can write f(zl,z 2)

as follows:

1

(1.1.17) £(zy,2,) =2 /3 (20)™" exp (- Z5/5)

exp -% {(c2-0+l)zg+ (2c-l)zlzz]‘l.

3 —

Since

2

5t (2c-1)

(ca-c+l)z

I PR-S. 1 2 c+1)2
2.2, = l'(c -ct+1) Gyt (2c-l)zl/2(c -c+1)

- (20-1)2 zi/h(ceoc-rl),



we get, after rearranging the terms,

(1.1.18) f(zl, ZE) =2 /3 (Qﬂ)'l exp {-Zi/h(cQ-c+l)}

- 1 142
. exp {- % (c2-c+l)2z2 + (2c-l)zl/2(c2-c+l)2-] } .

Hence, we can write formally

en

g(z,) = 2. exp { -z?/h(cg-cu)}

zl/(l-c)

st

-~ H 3 12
(c®-ct+l) 32+(2c-1)z1/2(c2-c+1) ] } dz,.

(Qﬂ)-% exp {- %

Y0

Making use of the transformation

1 1
F 2 2
(2/3)2 (cg-c+l)2z2 + (2c-l)zl/2(c2-c+l) T = t, we can,

finally, write the density of z, = X(O) - cx(l) - (1-c)x(2) as

follows:
(1.1.19)  g(z;) =3 [n(cg-cﬂ)]-—é exp { - f/‘*(ca-cﬂ))
_é_
(c+1)zy /(1) /[ 6(c-cr1)_ 7

. (2n)'% exp_[_;t2/2;7 at.

1
(Ec-l)zl/[6(c2-c+l)_72



From expression(l.l.l9)sevéral important particular
cases can be derived.

(i) If we set ¢ = 0, we get the case of the range

(1.1.20) Vo= X(gy- X(p) s and the density comes out as

g(w) = 2 exp Ewe/ltj (Eat)%expEtz/QI dt

exp sz/ Y| (2n)"%exp Et2/2 j at ,

which is the form obtained by McKay and Pearson l:ll ___I .

(ii) Setting c = %, we get

)



(1.1.22) v = x(o)-(x(l)+ x(2))/2 = /2,
where
(1.1-25) u = X(O)'(X(O)+ x(l)+ X(E))/B *

The statistic u has been studied by McKay | 10 ] , and the
studentized form of u by Nair I:}h 1 who called it the "extreme

deviate from the sample mean", It is readily seen that

v /3

8(v) = 2 exp(-v?/3) exp(-t7/2) @t

1 .
putting t = /5 t , and substituting in the above expression,

we get,(dropping the prime),

g(v) = /B 1~ exp(-v?/3) exp(-t%) at .



10

- It follows that the density for the statistic u is given by

3u/2
(1.1.24) gly) = (3) 2 (2) % Laxp(-3u/4) exp(~t2) at ,

which is the form gotten by McKay |:10 1.

(iii) The caée of the difference between the two largest sample
values can be obtained, as a limiting case from (1.1.19), allowing
c —> 1,

Setting y = x(o)- x(l), we get

(1.1.25) g(y) = 3"2(2)"% exp(-y2/b) exp (-t3/2) at .

y/ /6

Ordinates of g(zl) have been obtained for values of Zq5

0(0.2)4., with the help of tables of the normal probability

function, 177, 718 ] ; and, tables of the exponentisal



function ':16 ] +» Table I summarizes the results for several

values of the parameter c.

TABLE T

11

Table of ordinates of g(zl), for various values of the constant

Cy

where z, = X(O) - cx(l) - (1-c)x(2)

g(z)

0

0.1

0.2

0.4

0.6

0.8

0.9

1.0

0.2
0.4
0.6
0.8 l
1.0
1.2
1.k
1.6
1.8

2.0

0,00000 0.00000 0,00000 0,00000 0.00000 0Q.00000 0.00000 0.84628

.10917
21095
29972
. 36927
JLLTTh
JAU376
L4833
43408
LLok76
3647k

2.2

51842

.12101
23318
32877
L0194

JLho58

L7102
L6822
Lb502
Jo6hT
. 35800
. 50485

13709
.26050
36410
43988
L8459
49861
48548
45086
L0149
J34410
28468

.17898
33877
L5941
5383k
55897
54388
49838
L3473
. 36270
«29160
22659

26659
L7562
59859
.640okg
60386

53555

45187
36725
28937
.22168
16529

L9282
. 70969
. 71048
63299
54116
145020
36497
.28832
22196
16649

«12170

75839
75554
67281
.5834L
L93hh
40687
. 32709
25636
19588
. 14590
«10593

. 78334
. T0763
62378
53652
L5022
36855
29429
22920
17410
.12896

09315



Table I (continued)

12

g(z)

;\\f 0 0.1 0.2 0.4 0.6 0.8 0.9 1.0

2.4 | .26981 .25145 .23115 L1706k ,12000 .08668 07497 .06560
2.6 | 22221 .20121 .17665 12479 .0B4BM ,06016 .O517L .Oh50h
2.8 | .17809 .15639 .13290 .08871 .05840 04068 03477 03016
3,0 | .1390% .11819 .09715 .06135 .03918 .02679 .02278 .01968
3,2 | .10580 .08692 .0690k 04130 .02556 .01720 .01455 .01252
3.4 | 07853 ‘.06225 LOLT75  L02707 01625 L01076  .00905 .OOTTT
3.6 | .05690 .OW345 ,03215 01727 .0LO06 00656 .O0548 0046y
3,8 | 04026 .02975 .02109 .OLOT3 .00606 .00389 .00%27 .00277
4,0 | .02782 .0197L .01348 ,00650 ,00356 .00225 .00188 .00159
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2., Casc of four dimensions, Sunpose, now, that we have four
. o - 3 ?

independent random variables Xgs Xps Xy and x3, nornally dis-

tributed with unknown means, My Tlys 7, and m3 respectively, and

with a known common variance 02 =1 (say). Let us denote by

’ > x 3d sample -
X(0) (1) > X(9) > x(3), the ordered sample values of thc gbovc

variates; we shall derive the nrosability density function of

the linear contrast X(O) - crx(l) - 02x(2) - 03x(3) 3

3
Ze,=130<5c, <1, (i =1, 2, 3); or, more precisely, of
i=1

its equivalent form: X(0) = ©1%(1) = %2%(2) " (1 - cy - cz)x(3>,

c; + ¢, <1, 0% éi'f 1, (i =1, 2),under the null hypothesis

Hot g = 7y = m, = my = 0 (say).
First, the joint density of X(O)i x(l), X(z) ong X(B) s
given b .
3
-2 1 2
X = 1 -~ - -
(1.2.1) f(X(O), X(l), X(Z)’ “(3)) h. (?ﬂ>‘ Cxp( 5 iio x(i)).

Proceedin~ as in the previous casc, ile now make use of the trans-

formation

(1.2.2) - ug = x5y * X9y * X(p) * (53,



1l

ug T Xy L q) < X(g)e  (3=1,2,3).

In watrix notation, (1.2.2) becoues

A

(1,2.3) U = A%,

S

where U7 and X are column vectors, i.e.,

vy x( 0) i
I e (1)
U= u 3 X = < ’
1Y “(2)
(I Kran
| 3 (3)
and A is the following matrix,
1 1 1 1]
A= L1 -1 0 0 )
0 1 -1 ©
O 0 1 -1

The Jacobian of the transformation is ecual to 1/4. It follows

. CUL PR IO ety N LU A s ey
that =l =U (A7) AU = U B'UT, the definition

# MW
B
ST
I_de
S

L oo . . s
of B bein~ obviovs., A littls al-chra shows that



1 0 o O]

(lo?‘h)B* = % O 5 2 l = % B (SaY) .
0 2 4 2
01 2 3

Consequently, ve can vrite

(1.2.5) f(uo,ul,uz,uB) = 5!(25‘)'2 exp l:.. -é U* B U* 1 ’

where

-00 < U, < +00 ; ug >0, (i=1,2,3). Since Uy is orthogonal
to uy, (i=1,2,3), it can easily be integrated out.

But

/™ 00
j L,
/ (2r)72 exp I__-uo/8 ] duy = 2,

J

~00
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50, we have

3
(L.2.6) f(ul,ug,ui) = 31 2(2n) 2 exp ,:f é Ucu 1 s

where

uy 3 2 1
U= u| , C=12 Lk 2 ; the matrix C being
,us 1 2 3

- - — ~—

obtained from B by deleting the first row and first column.

Ve now introduce our statistic X(O)-clx(l)-ch(g)-

~(l-c1-c2)x(3). Let us put

[
"

uyt (l—cl)u2+ (l-cl-cg)u5
(1.2.7)

being precisely the linear contrast we are interested in. In

matrix notation, the above transformation can be written Z = DU

where 4 and U are coluun vectors,and D is given by

z, = Us s (i=2,3); the variate =

1

J



L7

The Jacobian of the transformation is obviously equal to unity,

We thus have

1 vt o '
vcu=z @Y colz=zMz |,

vhere

M= (D‘l)' cut o,

Algebraic manipulation leads to the following form for the

symmetric matrix M:

3 5cl-1 5cl+5c2-2
(1.2.8) M= (3cl-l)(ci-l)+2(ci+l) (5cl-l)(cl+c2-l)+cl+l

(3cl+§c2-2)(cl+ce-l)+cl+c2+2
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N.B. OSome of the elements of the matrix M can be expanded and
written down as polynomials; however, the above form sheds a
little more light on the way the elements are built up. We now

can write

o

(1.2.9)  £(z,25,25) = 3t 2 (21) 2 exp C-5zmz1 .

In order to know the domain of variation of the variables
z, we have to investigate the mapping involved in the trans-
formation (1.2.7); The relevant region of variation in the
. u-space consists of the octant limited by the positive portion

of the axes Ou,, (1=1,2,3). The mapping of these three axes,

involved in the transformation (1.2.7), proceeds as follows:

(1) The semi-axis Oul, determined by uy= u5= 0, is mapped

t 2. z2,= 0,

t
into the semi-axis O z 5 3

1

(ii) The semi-axis Ou2 is determined by ulé u5= 0; the

transformation (1.2.7), in this case, implies

Z
; 1
(1.2.10) ZQ—.(—].-_C? ’ 25—0, cl;‘l .
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1
Consequently Ou2 is mapped into 0 I_,,defined by the equations

21
(1.2.10).
(1ii) Finally, for the axis Oua, defined by u = u,= 0, the
transformation (1.2.7) implies
Z
(1.2.11) 2,20, z, = L c. + e, £ 1;
= 2 773 zl-cl-cei r 2 ?

t
hence, Ou5 is mapped into the line O L5 defined by (1.2.11).

Thus, in the z-space, the region of variation is a wedge-

shaped region geherated by the lines .

0z,0L, 0L, .

Since the equation of the plane determined by

1 1
i ' - Ta - |- - 22 =
0L, and O Ly is 2z, (1 cl)22 (L <y c2) 23 =0 ,

the variables = have the following limits of variation:



20
0L z5 <['zl - (1 - cl)ze;7/(l - €y - c2),
(1.2.12) 0<z, <2, /(1 ~¢y),

0L Zy .

In order to get an expression for the density of
2) = X(g) " S1%(1) = p%(g) - (1 - c, - c2)x(5), we have to
integrate out the variables Zg and 25. This is best accomplished
if, first, we reduce the matrix M to a diagonal form (except

possibly, the first row and first column). That reduction is

obtained by making use of the following transformation

Vi T2,

2 2
(1.2.13) vV, = (3cl - 2c, + 3)z2 + (5cl + 3c1c2 - 3cl -c, 2)z3,
V., = 2'3;

3
the polynomial coefficients of Zy and 25 being merely the

expanded form of the elements By and m25 of the matrix M,

(expression 1.2.8). In matrix notation, the above transformation

can be written V = N4, where

1 0 0

(3c§-2cl+§) (Bc§+5clc2-5cl-c2+2)

]
C

(1.2.14) N

C . 0 1
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The Jacobian of the transformation is obviously equal to
(§c§ - 2c, + 3)'1, where BCE -2, + 3 >0, for all values
of c;. The expression Z'MZ in (1.2.9) becomes
sz = v Y amely < v B T
Z'MZ = VY(NTT) 'MN = V'PV, where P = (N 7)'MN —, Actually,

the symmetric matrix P takes the form

(1.2.15)
- 5 -
3(5cl-2cl+5) 3c-1 h(cl+2c2-l)
P =g 1 0
5cl-201+5
i 8(c e +cl p=Cq=C +l) ;

the relevant elements, only, having been written. Consequently,
the transformation (1.2.13), together with the density (1.2.9),

lead to

(1.2.16) £(v,,v,,¥,) = 3!2(2“)'3/2(5ci-2cl+5)-lexp /- % VBV 7;

3)
or, to its expanded form

(1.2.17)

3% 2 2
£(v.,v, ,V,) = exp (-3v-/8)
172750 (2n)B(3e2u2e +3) !

. exp{7[7v§+2(Bcl-l)vlv2;7/8(BC§-2cl+3))
. exp(-/TeBreSre c e e )y +(c +2c,-1)v V3;7/(5c -2c,+3) ).

Formally, we can get,from (1.2.17), the density of
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Vi = X(g) - °1%(1) - cex(2> - (1 - cy - c2)x(3),by integrating
out the variables Vs and v3 over the proper domain., This domain
will be given by the mapping, of the z-space onto the v-space,
brought forth by the transformation (1.2.13). We shall, presently,
study the mapping involved in this case.

Transformation (1.2.13) can be written

1%
(1.2.18) v, = az, + bz3
v5 = 25 ; vhere

v 2
a = 5cl - 2cl + 3

_ 2
(1.2.19) b = 5cl + 5clc2 - 5c1 -cy 2.

We shall now see how the three lines O'zl,

determine the wedge-shaped region in the z-space, are mapped

0'L,. and O'L., which
e 3

into the vespace.

(1) Case of line 0'z, defined by 2y = 23 = 0.

1l
The transformation (1.2.18) implies that Vp = Vy = 0,
hence, the line O'zl is mapped into the line O"vl .
o s 1 = = -
(1i) Case of line 0 L, defined by 25 = 0, z, zl/(l c]).

The transformetion implies now

(1.2.20) ve=0, vy = avl/(l -'cl) ;

relations determining the image O"L2 (in the v-space) of 0'sy

(in the z-space).
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(iii) Cuase of the line 0'L, determined by z

> 2~

Zy = Zl/(l -c, - c2).

This time, the transformetion implies
(1L.2.21) Vg = vl/(l-el-ce), v, = bvl/(l-cl-ce), c te, £ 1;

relations defining 0"L,, the image of 0'L,. The orthogonal
3’ _ 3
projection, O"Lh’ of the line O“L5 on the plane Vg = 0, is

given by the equations

( 2 V. = <. - - -
(1.2.22) - bvl/(l ¢y c2), Vy 0

consequently;according as b/(l-cl-ce) is greater than or less
than a/(l-cl), we have two analogous wedge-shaped regions, one
of them being convex. It is quite evident that, for the purpose
of integrating out the variables Vo and vs, the two regions

coalesce. For the sake of discussion, we shall use the region

obtained when

b/(1mc,-c,) < a/(1-c;) .

This wedge-~-shaped convex region, determined by the axis O"vl,

and by the straight lines 0"L. and 0"L,,can be split up into

2 33
two regions,ﬂl and RE' R, 1s generated by the axis O"vl, and
the straight lines O"L5 and O“L45 while R? is generated by the
straight lines O"LQ, O"L5 and O"Lh'

The -equations of the flats bounding R] are
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(i) Vs = 0, determined by 0"vl and 0"L,

(ii) vy = bvl/(l-cl-ce),‘determined by o"L3 and 0",

(iii)v, = v /b , b # 0, determined by 0"v, and O"L, .
3 - ! 1 3

In the case of Re, the equations of the flats are

2 2
. s " "
(ii) v, = bvl/(l-cl-c2 , determined by O L, and O L5 ,

(1) vz = 0, determined by 0"L) and 0"L

|

(1i1) av, - (1-cl)v2 + {(a-b)cl tac,+ b - a)l Vs 0,

determined by 0"L, and O”L2 .

3
Consequently we have the following limits for the variables;

case of Rl:

0< v, < v2/b

3
(1.2.23)

0< vy < bvl/(1~cl-c2) H

inequalities defining the region 'I‘l (say).

. = 3.2 -
Note: b = 5cl + 3clc2 - 5cl - ¢, +2>0, for 0< Cy <1, i=1,2.

Case of RQ:

0 < V3 < [-avl + (cl-l)v2;7[[—(b-a)cl-ac2¢a-b;7

(1.2.24)

bvl/(l'cl'CQ) <vy < avl/(l-cl),

.

inequalities defining the region T2 (say);



(b-a)cl -ac,+ta b #0, ¢+ ¢, <1, ¢, 0

In both cases, vy = x(o) - clx(l)

Thus,formally, we have

(1.2.,25)

£(v,) = 5:2(2n)'5/9(5c§-ecl+3)‘1 v] exp

Tl+12

Making use of the expanded form (1.2.17) of f(v

the above expression becomes

(1.2.26)

312 * exp (-3vi/8)

£(v,) =
T e (5 20 43)

2>

> 0,

- c2x(2) - (1-cl-c2)x(5) > C.

(- é ViEV) dvéde .

72(v1,v5)dv5

/“avl+(cl-l)v2
j (b-a)ci-ac2+a-b

lJ ve) Vj),

72(vl,vj)dv5
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where

_ SN ) 2_
(1.2.27) 7,(vy,vp) = exp{ ["2+(6°1 2)"1"2-7/[8(5°1 2cl+5)__7}’
(1.2.28)

. 2 2 2 -
72(vl,v5) = exp{-ﬂcl+c2+clc2-cl-c2+l)v.j+(cl+202-l)vlv}_//[3cl-201+5__7}.

. 2 _ . 2 2 2
Noticing that v2+(6cl--2)vlv2 = [v2+(5cl-l)vl__7 - (5c1-l) v] » and

(c§+cg+c c.~C

172 2

2
l-c2+1)v5 + (cl+2c2-l)vlv

-1 2 22, 2
= ['gv3+(cl+2c2-l)vl(2g) 7 - (cl+2c2-l) vl/hg , where

2 2 _ 2 2
(L.2.29) g=+ /cl+c2+clcg-cl-c2+l » cyfegte c,-c ¢, > 0 for

all c,, c,; the density (1.2.26) becomes, after some obvious

simplifications,
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£(v,) =
1 (2ﬁ)3/2 s
bvl Zg
l-cl-c2 S b
73(Vl,v2)dv2 7h(vl’v3)dvj
0 0
. 4
avl+(<:l-l)v2
(b-a)cl-ac2+a-b
7h(v1 ,vﬂ,;)de
where
75(v1,v2) = exp Z:{vé+(jcl-l)vl]2/83_7
(1.2.51) ‘
7,(V,,75) = exp [_'[gv5+(cl+2c2-1)vl/2g)c’/a_7
Setting
| t, = Z—v2 + (3e -1)v, 7/2 v/ a
(1.2.32)

ty= /26, + (cr2e -1 7/ g /B




we can write

3,05/2
f(v,) = 2:2 exp E-ve/hgej
Yoe/E '
B /"‘ h5(vl) //“

hh(vl)
(1.2.33) ¢
// h6(vl)
j/ a(te)dte
h5(?l)
where vl= b4 - clx(l) '_CQX(E)

(0)

f (l-C

11

1

-C.) X

hy(vy,t,)

2
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-

/ a(t,)dt a(t,)dt
/ 2/%% 3'%%3
V/ h, (v,)

(3)> &



a(y) = (2n)'% exp l:-y2/2 1

hl(vl) = (cl+ 2€ 5= 1) vl/ ':g /23 I,
2 2
( ) Lg® Ja t2+[23 (1-5cl)+b(cl+2c2-1)]vl
h(v,,t,) = ’
AR K aht] bg /EE
_hB(vl,t2> = l:flvl+r2t2 1,/ |:g /22 {(b-a)ci-ac2+a-b} ] s
-where
(1.2.34) v, o= 2g2{a+(cl-l)(l-jcl)}+(cl+202-l){(b-a)cl-ac2+a-b} s

&l
[}

2
p = kg /o (c-1);

hu(wl) = (jcl-l)vl/2~Ja ;

4}

h5(vl) {b+(5c1-l)(l-cl-c?)]vi/2 Ja

h6(v1) {a+(5cl;l)(l-c1-c2)}vl/2 NEY
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Using numerical integration methods, graphs of f(vl) can

be obtained for various values of ¢, and Cps 0< Cys €

1 <1,

2

cl + c2 <1.

We shall, presently, write down three particular cases of
the density function defined by (1.2.33) and (1.2.34).

(i) Case of the range. Setting c, =

1 56 = 0, we get w=x(0)-x(l).

Then, expressions (1.2.33) and (1.2.34), after a few obvious

steps, simplify into

W _ lwet)/2

(1.2.35) f(w)=§—[§exp’zﬁ?/¥1' exp(-tz/h):f exp(-y2/2)dy at,
n Ja ﬁ/
0

J ;
0. L

which is the form given by Nair t}h] .
(ii) Case of the "extreme deviate from the sample mean".
Letting, ¢, = c, = 1/3 in our linear contrast, ve get

1 2

(L.2.36) v

*(0)" )t X2yt %(5))/3 = W5

where

R OB O OO VA
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The statistic u was studied by McKay, I:1o 1 , and its

studentized form by Nair, [_14 ] . The substitution of

c c, = 1/3 in (1.2.3%3) and (1.2.34), yields

1
£(v) = 2242 exp (-3v°/8)
2n
N {v/ /6 -32t,/3 /6 - ev/ [6
(1.2.37) ¢ I a(tg)dte a(t3)dt3+§ a(tz)dte
6 0 v/ /6

Relation (1.2.36) readily leads to the density of the statistic

u. In fact,ve get

exp (-2u2/5)' I(u),

(1.2.37) - £(u) -

vhere I(u) is given by the following expression :

=~
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4u/3 /6 [16 /2 t,/3 /3 1
I(u) = oz(tg)dtg a(t5)dt3

0 0

1 )

8u/3 /6
+ % a(t,)dt,
Jﬁu/} /3 ,

vhere a(t) = (Qn)-% exp(-t2/2)

(1iii) Case of the difference between the two largest sample values.

The linear contrast, in this case, becomes y=x(o)-y(l).
It is not permissable to put c,= 1, ¢y 0 directly into the

expressions (1.2.33) and (1.2.34), However, carrying the

argument used previously, we obtain



00
(1.2.39) £(y)= ziéexp(-ya/“)/r a(ty)dt,
y/2 0

where, as before

a(t) = (21)7F exp (-t2/2)

53

(2t,-y)/ /2

a(tj)dt

5 2



CIIAPTER TII
PULL DISTRINUTION OF LINIAR COUTRASTS OF

ORDIELR STATISTICS. CAST 07 n + 1 VARIABLES.

1. General linear contrast. Supnose e have n + 1 independent

randon variables,xo> Xys eees X nor.:ally distributed with une-

1,

knowa means, w_, m «iey M, resvectively, and with a known
3 o, > ) n’ £ /3
. 2 .
commion variance o =1 (say). Denoting by X(0)X(1) + +>¥(n)?

the ordered sample values of the above variates, we shall indicate
how can be derived the probability density function of the linear

n

contrast x(o) - clx(l) - c2x(2) “ see = cnx(n); iilci =1,

0<e, <1, (i=1, 2, ..., n); or, nore precisely, of its equi=-

4

LN

valent form

(2.101) X(o) - CIX(l) - CQX(z) " see "(l - cl - c? "ooc"cn_l)x(n),
n-1
'Zlci'f 1, 0<ec; =1, (i, =1, 2, .., n-1),
3=

under the nu;} hypothesis Hy = m, = Y = ...=n =0 (say).

.

The joint density of X(O)’ x(l), ces X(n) can be written

as



(21.2) f<x(0)s . o X(n)) = (n+1)! (2ﬂ)-(n+l)/?exp(- % g x

Let us consider the transformation

Yo T X(o) Y X))t oeer T Xy

(2.1.3)  u, = X(1-1) = *(1) , (=1, 2, ..

3

i=0

2
(1))

s . . , . o 3
which can be written, in matrix notation, U = AX, where U and

X are column vectors, i.e.:

uor X(o)
e I
Yy X(n)
and the matrix A is given by
1 1 1...1 1 17
1 -1 0.,,,0 0O O

6 0 0,..1 -1 O

The Jacobian of the transformation equals (n+l)-l.
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1t follows that

I

2 1 - -1 3 3
2 x5y = KX =07 Lytly = vt s,
i=0
T N | -1 cL . * _ 1
whers B = (AT7)1(A77), Actually it turns out that B = E:TB’
where the symietric matrix B is given by
(2.1.4)
1 0 C 0 O ... o G 0
n n-1 n=2 n=-3 ... 3 2 1
2(n-1) 2(n-?) ¢{(n=3)... 6 ly 2
3(n-2) 3(n=3)... 9 6 3

oy
s
i
.

(n-2)3 (n=2)2 a-2

(n-1)2 u-1

H-'1

orly the relevant terms having been written. The density (2.1.2)

thus becomes

~(n+1) /2 TS I
(2.1.5) f(uU: u o) un) =t (%) (n+1)/ GXRZ—' ?T%:TT Ut Bu ;7'

l, L]

Integrating out the u, variable, we -t

1
2(n+1)

2,1.6) f(ul’HQ""’“p) = n! /o¥l (?n)-n/z wxp/ - u'cl 7,
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where U = . , and C is the symmetric matrix obtained from

B by deleting the first row and first column.

e arec now in a position to introduce our statistic (2,1.1).

Let us put
(2.1.7)
2, Toug, (i=1,2, ..., nl.

We imacdiately notice that 2 is =recisely the linear contrast we
are interested in, and that the Jacobian of the transformation is
equal to unity., In matrix notation, expression (2.1.7) can be

Z

1
written Z = DU, where Z = . s and
z
n
1 1-01 1-31—02 e 1-01- ...-cn_l'”
0 1 0 . 0
(2,1.8) 0 = 0 0 1 0
0 0 ] 1 0
¢ 0 O ve.0 1
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It now follows that

' I - 1 -1y - o
Uecu=2 BN cptrzeanz, vheresi = (07Y) ¢ b7t The

symmetric matrix M has the form

b=, 1, i,5=0,2,...n,

1d

where

(2.1.9) mij= l:ncl+nc2+...+nci_1-(i-1)1 (cl+c2+...+cj_l- 1)

+(L]"J+l) I:Cl+02+|.o+ci-l+(i"l)1 ?

J>1i, 1i,§=1,2,...n.

The mapping involved in the transformation (2.1.7) is a
straightforvard generalization of the one involved in the case
of four dimensions, (see Chapter I, Section 2).

The axis Ou,, determined by u =0, (i=2,3,4+4.,n) is mapped into

1
the axis O Zl: Zi=0‘, i=2,5,..-,1’1 . The axes Oui, i=2;5,loc,n,

determined by U EUsT e, =U =...=un=0, i=2,3,...,n, are

i+l

1
mapped into the straight lines 0 Li determined by



[}
H
N
™~
—~
I.—l
1
[¢]
]
Q

i, J = 2,3,...,n0

Consequently, the region of variation of the variables z will be
a wedge--shaped region, in the n-dimensional space, hounded by
flats passing through the origin, Taking the variate 2. for in-

stance, we have that

0<z, <'Z"zl-(l-cl)z?—...-(l-cl-...-cn_z)zn_l'7 / Zfl-cl-...-cn_l_7,

1-c 1 # 0; for fixed 2, 1=2,3, ..., n-L,

l-onv"c
Similarly, we have

O<sz_, <-Z_Zl-(l'cl)ZZ""'(1'01"' - _ 3 2o 7/ /~l-c Y

1-c,=veu=C o # 0, for fixed 2y, 1=2,3, ..., n-2,

This feature being general, we can write

0 < Zi <[Z1-(l-01)22-...'( 1 '..Cl 2 7/[1-(3 i-l“"7’

(2.1.10)

for fixed Zj’ j<i,1i=2,3, ....n

Of course, we have also z, > 0,

The above considerations allow us to write



Lo
(2.1.11) f(Zl,Z?,. .,zn) =n! /n+l (2n)fn/2 exp/ - §TH%T7 Z'MZ 7

Y, eiven by (2.1.9), and the region of variation, given by (2.1.10),

Integrating out the variables Z2’23""’Zn from (2,1.11)

over the region (2.1,10) we get, formally, the density of

Yy = x( Clx(l) e cnx(n). It appcars that a transformation

1 0) ~
which would reduce the matrix M to a diagonal matrix, (except pos-
sibly for the 1St row),would,simplify natters considerably. Such a
transformation exists and several practical methods yielding the
dasired transformation are known; for instance, Lagfangc's and Kro-

necker's methods.

Suppose the transformation is of the form

17

V? = I'22Z2 + I'23Z3 + .. + I"2nZn

V3 = Ty3%3 7 ¥ T3n%n
(2.1.12)

V= ' r_z_,

n nmnn

where the coefficients rij are known functions of the elements

m, . of the matrix M,
1J
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In matrix notation, (2,1.12) can bu written V = RZ, where

v
1
V= . , and the triangular matrix K is given by
v
n
1 0 0 ,.. 0]
O rpp Toy eew Ty
(2,1.13) R = O 0 rygarg |
¢ 0 o .. r
nn

The Jacobian of the transformation is uqual to
n

(2.1.1L) Y e
i=p

Wo have also

1

Zmz = v(R™H Y = VITy,

woore L= (R-l)' R-l, the symmetric cateix T Leing of the form



T I AT
t?z O s e e O
1. 7 = t.. ... O
<‘2 15) 33
[ ] . EY -b
nn

The problem of mapping is rather complicated, at least in the pre-
sent formulation. A general discussion would be pointless, since
too many nossibilities would have to be considered. However, for
any given number of variates, the natrix R would be known; and,
the mapping, in that case, would bc as simple as in the cases dis~

cussed in the first chapter.

The density (2.1.11) becones

(2.1.16)

: n
~n/2 -1 1 S
v ,...,vn) = n! /n+1(2n) n/ _/_—1752 lriil—j exp/ - e A2
In expanded form, we have

f(vl,...,vn) = n! m( 2n)'n/2[ﬁ' 'riil—Tl exp[—tllvjz_/2(n+l)_7

i=2

5
. exp[-(tgzv? + 21:12v1v2)/2(n+1)_7

2
- exp/ '(tnnvn + 2tlnv1vn)/2(n+l)_7.
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It is obvious that by simple transformations we could introduce
the normal probability function. Then the density of vy would be

obbained by integrating out the variables v?,...yh,over the proper

region. The density of vy would be ziven by an expression involving
iterated integrals of the normal probability function, over a
wedge=-shaped region, given essentially by the mapping involved in
the transformation (2,1.12).

We shall presently sec, in the next section, how things are

shaping up, by considering a special case of our linear contrast.

2, Hull distribution of the differcnce between the two largest

sample values in the general case. We are now concerned with the

following contrast: X(O) - x(l), where X(O) and x(l), (X(O)>x(l))’

arc the two largest values from a sample of n+l independent random

variables XpnyXys«e.sX . We assume, as before, that the variates
n
are normally distributed with unknown wmcans, Mg,My,...,fy, raspec-

tively, and with a known common variance o?=l (say). In order to

get the density of

(2.2.1) Y % %) - ¥(1)

it is not permissable to simply substitute

¢, =1, ¢, =0, i =2, 3, «.., =1,
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-in the general cxpression (2.1.16).’ However, since the first
few steps indicated in section 1 of this chapter do not impose

any restrictions on the parameters Cl”';’cn-l’ we may use ex-

pression (2.1.6) as a starting point. Thus we have

(2.2.2) f(ul,...un) n!/ﬁ:T(Zn)-n/z exp / - ET%?T7 urcy 7 ,
where

(2.2n3) ui = x(i-l) = X(i) E is= 1,2,...,1'15

and the symmetric matrix C is given by

; n~-1 n-2 ... 3 2 1
2(n-1)  2An-2) ... 6 L 2
3n-2) ... 9 6 3
(2.2.) ¢ = |,

(n=2)3 (n=2)2 n-2
(n-l)? n-1

n
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We immediately notice that the variate U, is precisely

the linear contrast (?.2.1); hence, to get the density of Uy, We

- only have to integrate out the variates Uy s i=2,3,...,n, over

the proper region. The process of integrating out the unwanted
variates is easier to carry through,if the C matrix given by
(2.2,4),is simplified. The possibility of a roduction of the Sym-
metric matrix to a simpler form is known to exist., Intensive in-
vestigations have shown that the following transformation will do

the trick, Let us put

Zl = ul

2, = (n-l)u, + (n-2)u3 ot gt

Z3 = (n'z)u3 Tt 2u1’1-1 * un
Zn_l = : 2un-lA * un

that is, in matrix notation,
(2.2.5) Z = DU,

whare



=1 0 0 o .. © 07
n=1 . ne=2 n=-3 ... 2 1
= Ne=3 2 1
(2.5.6) D = )
2 1
1

‘atame.

Lt is rcadily seen that the Jacobian of the transformation is ecqual
to 1/(n=-1)!

It follows that

[UARH

]

2107 oty = iz,

wh :re

(m1y'ep-L,

fl

(2.2.7) M

Since D'l turns out to be of the Fora



obvious algcbraic steps lead to the following cxpression for the

1 0 0
1 1
0 =T ~na3
1

0 0 3:5 -

symuctric natrix M:

(2.2.8)
. ;—n
M=,

1 o [N 2N )

2

m O [ N ]
n+l

n+l

rol -

]
ol

b7
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We may, at this stage, investigate the mapping involved in the

transformation (2,2,5), The axis ou, is given by u2=..v=un=0.
The transformation (2.2.5) implies z, =u,, 2z, =0, i = 2,3,...n.

] 1’ 71 ?

Hence,oul is mapped into o'zl vz 0, 1i=2,3,...,n, The axis
is coivei = = = = N s .
ou, is given by uy =uy = ... =u, = 0. ow,(2.2,5) implies
= = = = 0 1 1 !
29 z3 oo z2, 03 80,0u, 18 mapped into o Zoe

In the other cases, it is rcadily seen that ou, is mapped

into the linc o'Li, i = 3,4,...,n; wherc o'Li is defined by

z, = 23 = ... =2, 1 i= 3,U,...,n.

Onc notices immcediately that o'Li_l is thc orthogonal projcction
of b'Li on thc euclidian spacc of i-1 dimensions, i = L,5,...,n.

itself is the orthogonal projection of o'L, on the

3

In fact, 0'22
euclidian tw ~-dimensional space,
Consequently, the variates 29 i=1,2,...,n, have the

followiny domain of variation

0 < 5, <% 9 i=3,4,...,n,
(2.2,9)

0 < Zos 0 < 29



The density (2.2, 2) thus bocomes

N oA 11/ 2 1
(2.2,10) I(Zl,...,zn> = n/n+l(2n) n/ 2xp [ - T Z'Mz_7,

where M is given by (2.2.8), and the domain of variation of
ZyreeesZy givon by (2.2.9). Since M is vory close to a diagonal
matrix, it will be possible to introduce the normal probahility

function without messing up the limits of variation., Let us set

V=Zl

v, = Z"zl /-1 7/ [2(n¥I) + /f2 Z, / /a+I)(n-1)
(2.2,11)
Vi = 73 / /o=i=D)(n=i+2] , i = 3,k,...,n.

In matrix notation, we have

V =Nz, wherc V = . , and




(2.2.12)
1 0 0 0
yn-1 /2 0 ) 0
J2AneT)  /arD)(n-1)
0 0 SN 0
S(n-1j(n=27
N =
0 0 0 . 2
2.3
0 0 0 0

It is rcadily verified that

1 “1yt a1
Srp 2MZ = S V(N7 MY = VIRY,
whaere
I TS I
(2.2.13) R= — (N75) My .

Simple algebraic manipulation leads tc the following form for

50

Stle

R,
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ol
O
Q

veo 0O 0

(2,2.14) R = .
o o o . 1 0
0 o 0 C 1

The limits of variation are easily seen to be

0 < v, <-—-.-...—“n-i-!.3
s oy |

Viq s i=1,5,.. ,n,

/?(n+15 v2 - /n+l Vi

(?02015) O<V < 3

3 o [fos3
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Conscquently;we can write

[6]%
(n+1) "
+1 ! -

(vy /B0)/ /)

/n<1+3 v, )
. . -l , /-3- v

oot n-d

a(vi)dvi oot a(vh)dvh,

where V1= %) - x(l),and

1l
a(t) = (2n) 2 oxp (~t2/2)

It is readily scon that exprossions (1,1.25) and (1.2.39) are

narticular cases of the gencral rosult (2.2.16).



CHAPIER III
MOMENTS OF THE NULL DISTRIBUTION
OF LINEAR CONTRASTS OF ORDER STATISTICS,

l. General expression for pﬁ in the case of three dimensions.,

Let us consicder the linear contrast
(3.1.1) Z = Xy - CX(yy = (l-c)x(z), 0<c<1.

It was shown in Chapter I, Section 1, that, under the null

hypothesis HO: my =m, = m2 = 0 (say), the probability density

function of z is given by

(3.1.2) f(z) = . 2 exp Z_-zg/h(cg-c+l)_7 Il(z),

n JQ(cg-c+l)

where Il(z) has the form

e r——

/*(c+l)z/(l-c) /E(cg—c+l)

/ exp 1—~t2/z_7dt.

/ -
((2c-1)z/ [ 6(cZ-c+1)

Denoting by uﬁ , the k-th moment about the origin, we have




5L

(3.1.3)
/- 00
3 / k 2 )
Sy — 2 exp [ -27/4(c"-ct1) 7 Il(z)dz .
y \/2(c2-c+l)/

0]

It is to be noted that the above integral exists for any k > O,
since Il(Z) exists, ( < /2n ), and

/n oo

{ = exp (-axg)dx <+ oo for & > 0 and all k > O.

VIO

Let us now introduce & new variable v, using the relation
(3.1.4) t = vz, for every fixed z.

It follows that dt = 2z dv, and the limits of v are respectively

(2c-l)/'/6(c2-c+l) and (c+1)/(1-c)|/6(c2-c+l) . We thus can

write
- 00
e = — oK1 exp /- zg/h(cg-c+l);7 Iz(z) dz ,
1 Je(cg-c+l)

where Ig(z) has the form
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/,“ (e+1)/(1-c) 6(c2-c+l)

exp /= v2z2/2;7 av .

J(Ec-l)/ /6(cuct1)

The above can also be written

Q0
My = 2 IB(Z) az ,
1/ 2(c?-1+1)
Q

where 13(2) has the form

(c+1)/(1-c) / 6(c2ac+1)

2 2 2 i '
Kl exp[_ 2 {l+2§c “ctl)y }}dv.
Lc ~c+1)

J(2¢-1)/ / 6(c®-c+1)

Since, in the present case, it is permissable to interchange the

two integral signs, we can write

[02(0)

t .

/ Ih(v) dv,

/al(c)

(3.1.5)

. 3
pk =
7/ 2(c2-c+l)
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where Ih(v> has the form

00

- 2 2 2
Zk+1 exp | - 2z [1+2(; ~c+1)v™} ] az ,
b(c®=c+1)

and where

al(c) = (2c-1)/ /6(c2-c+1) , ae(c) = (c+l)/(1-c) 6(c2-c+l) .

Setting

(3.1.6) 2? [1+2(c2-c+l)V2_7/“(<=2-°+1) =u
it follows that

2 , 2 2
zdz = 2(c-c+1)au/[ 142(c®-c+1)v" ] , and

k/2 k/2 /2

c2-c+l) u /[1+2(c2-c+1) v2_7 .

s

Since

~ 00

= uk/2 e™ du, we have
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ay(c)

~(k+2)

(3.1.7) u.'=. - /I+2(02-c+1)v27 2 av.
k L -

Now if we put

v = tan 8
ZQ(GE-C+1)_7 /27

we got, after a fow obvious steps,

k, 2 k/2
v 3.27(c -c+l) k+2 k
(3.1.8) U-k = n r( ) )

where

(3.1.9)  ©, = arc tanl(2e-1)/ /31,8, = arc tanl (c+1)/(1c) /3) .

! ! '
Note: 1e should write Hye = pk(c), since My is, in fact, a function

of the parameter ¢,
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From rclations (3.1.8) and (3 1.9) we czn get expressions of

My for the three particular cases that we have pointed out

previously. For instance, we have

(1) case of the range, obtained from (3.1.1) by setting ¢ = O.

1
“k(c) becones

n/6

kel o k+2

g cosk e de .

3.2 I (

n

(3.1.10)  u,(0) =

This is a result obtained by McKay and Pearson l:ll :I .
(ii) Case of the extreme deviate from the sample mcan,

Sctting ¢ = 1/2 in (3.1.1) we get

1 1
V= X0)T 3 1) T () TV
where
- - 2
u = X(O) -X , X= iEOX(i)/B o
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The kth moment of v is readily obtained from (3,1.8) and (3.1.9);

in fact,we have, after obvious simplifications,

n/3

1
uk(l/Q) = - cos 6486

ow
b (v) = B(u¥) = B(2v/3)" = /72/3 7" B(+")
= (2/3)k u;(l/Z) , lhence
/3

k., k+2

2°T(=%-)
(3.1.11) M;(u) = ———;:%;:27 cosk e de

n3 e

0

(iii) Case of the differcnce betwoun the two largust sample

valves, If we let ¢ ——> 1, we got
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n/2

k+
, 3.2 n(%%) .
(3.1.12) uk(l) = cos” @ de .
, 1
n/6
2. lioments of low order. lig shall now consider a few moments

of low order, and study their properties, considering the mo-

ments as functions of the parameter ¢, 0 <c¢ <1, It follows,

from expressions (3.1.9), that

(2¢-1)/2/ o2-ct1 s

‘;".

1 = /3/° [o®acel ,

Q
o}
w
D
]

(3.2.1)

5 (c+1)/?./02-c+1 ,

wu
e
o}
©
[}

Q
o]
w
©
L}

(1-¢)/2/ cPmcsl 5

these four quantities being useful in the sequel.
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'
lst moment about the origin ul(c) = pl(c),

From (3.1.8), wo have

/r 2
2
uy(c) = Se ‘;fl,r(é/é)

the above, together with (3.2,1), lead to

(3.2}2) pyle) = 3F(3/2)n"1(2-c)

It is clear that ul(c) is a monotone decreasing fuuction of c.
Values of ul(c),for particular choices of c,ars listed in
table II.

1
2nd moment about the origing ug(c).

———— e e -

From (3.1.8) we get
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1 2, 2 .
py(c) = 3.2%(c =c+1)I(2)

o 0032 6 d e ; after obvious

steps, involving relations (3,2,1), we obtain

) = 2
(3.2.3) uy(c) = 2L erLIE) fiézf‘m RN
| L(e -c+1)

de shall now study the hehavior of the function of ¢

givan by (3.72.3). First, we notice that ————p——e = 0 for

de
all values of c5 i.s. 92- 91 is a cunsvant; its wvaluc is readily

found to be n/3. Thus,



63

dp(c)
go = 1(2)/Tlm-3 /3)e~(2n+3 /3) 7 / n < 0, for all

' '
0<c=<1; consequentlxg;a(c) is a monotonc decreasing function
! .
of ¢; 0 <c <1. Values of pz(c), for a fuw particular c's,

are listed in table TI.

1
3rd momcnt about th: origin: MB(C).

From (3.1.8), we get

{
0302 133/2
H;(C) - 222 (c ;Crl) I(5/2) C083 e de

intograting the function of 8, and <aking use of (3.2.1), we have

(3.2.1) wy(e) = [l2=e)(5e7-11c+11) 1(5/2)_7 / n

It is radily found that
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dus(c)

gc._ = I(5/2){-15 c2+u2c-33} /= < 0 foer all valuus

t
of ¢; hence,pB(c) is a monotone decrcasing function of c,

0<c<l,

Table II coutains a few valucs of u;(c) for particular

choices of the parametoer c,

1
lith moment about the origint ph(c).

Again, from (3.1.8) we have

ol 2 2
3:2 (e ;c+l) I(3) cos,4 ede

3

uﬁ(C) =

J
9

from this, we got, after a fow obvious steps,

7/2 32.2(c2nc+1)2(0.~6. )T
(3.2.5) ug(c) - - 2'EE£L2%ZEh‘2°2+th§7+ (c”~c+1)"(8,~6,)T(3) .

n

In order to study the bchavior of ui(c),for 0.5 c < 1,
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dy, (c)

1.t us consider P We easily find

du, (¢)
—i%fc-c— =/3/3gle)//n ,

whore

(3.2,6) gle) = (8n-9 /§)c3-l2n02+(l2n+9 /3)e=(Ln+9 /3) .

Thus, we have

980) _ gc) = 3819 /3) oetlmorionsg /3 3

and,

MOreCV.1, gj(o) > 0 for all valucs of c. Conscquently, gc)
i8 a strictly inecr:asing fuaction of c¢; and, hence, vossesscs
only onc rzal root, Now, since g(1l) < 0, it follows that

g(c) <0, 0 <c <1, Ths above arguwaint thus shows that u;(c)

is a monotone decreasing function of ¢, 0 < ¢ <1,
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Using the above four momonts, wo shall now durive expressions
for ths moments about the mean and for the corresponding cumulants,
The case of the first momont about the mean is trivial,

WJo always have

(3.2.7) : nl(c) =0

For thc sacond moment awont &he ..oan, identical in fact

with the sccond cumulant, wo have
5,(0) = uy(e) = up(e) - ua(e) ;
ole) = uyle wole) = pqle)

1
substitutineg thoe values of pl(c) and Mz(c) given by (3.2.2) and

(3.2.3), we got, aftir simplifications,
(3.2.8) Ky(c)=uy(c)=/(8n-6 /3-9)c*sli(9-2n-3 /3)cb(3 /3+2n-9)7/m.

Proportics of pz(C) = K2(0)-

It is readily verified tht 0n-6 /3 - 9 > 0, and



67
(9-20-3/3)° - (8 -6/5-9)(3,/5 +2x-9) <0;

consequently)ue(c) > 0, for all values of ¢, which is what we
- would expect of an expression giving the variance of a variate.

Moreover, from

dpg(c)
= (& - 6/5 -9 ct+2(g-en-3/5 )]/,

it folliows that

dp,(c) ,
2 <o,ifo_<_c<2(5f3_+2“‘9)

dC 81'(-6/?.-9 4
and
due(C) 2(5 /3 + 21« 9)
= >0, if <c<1l ;
8n - 6/5 -9
in fact
du,(c)
gc = 0, if and only if, c=2(5/3.*2“'9)_:0.868.
8t - 6 /5 -9

Consequentlx “Q(C) is a monotone decreasing function of c,

0<ec< Co s & monotone increasing function of ¢, ¢, < ¢ < 1;

0

and a stationary function for c¢ = Cos where

V=2(5/3_+2n-9)
° e -6/5.9 "

c 0.868 ; in fact,pg(c) passes through
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a minimum at ¢ = ¢ From the symmetry of “2(0) and the above

O.
considerations, it follows that ue(l) < ug(o). Particular
values of ue(c) are listed in Table II.

The third moment about the mean, identical with the third

cumulant, is given by
(3.:2.9) myle) = #5e) = uy(e) - Juy(chule) + 2wle)

With the help of expressions (3.2.2), (3.2.3) and (3.2.4), we

can write

(3.2.10)

us(e) =3 [Tt = 9./5 = 9)e” + (5h - 150)c? - 5(36 - 18 /3 - x)e
+ 2(36 - 18 /3 - 0)7/ W

In order to study the properties of uj(c) = KB(C)’ let
us consider its first derivative with respect to the parameter
c. We get

dp..(c) ‘
gc =glc) =9 17(7“ -9/% - 9)C2 + (36 - 10n)c

S (36 - 18 /5 - n) 7 w72
It is readily found that

glc) <0, for 0<c< s

g{c) >0, for <4 <c <1
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and
gle) =0, for c = gy
where
. }
2
(18 - 51) - [T18 - 5m)% + (Tx - 9 /5 - 9)(36 - 18 /3 - x) T
Cc, =
0 ' | (70 =9 /3 -9)

~ 0.5201.

Moreover, “3<CO) > 0 ; and, since the coefficient of cj in

(3.2.10) is negative, we have
uj(c) >0 for 0<c< 1.

So, u3(c) is & monotone decreasing function of ¢ for

0<c< o and a monotone increasing function of ¢, for

¢y < ¢ < 1. Table II exhibits a few values of uj(c) = KE(C).
The fourth moment about the mean can be written as

follows
(3.2.11) w(e) = pi(c) - uul(C)ué(C) + 6ué(¢)u§(¢) - 5#&(0)-

liith the help of expressions (3.2.2), (5.2.3), (3.2.4), and
(3.2.5), we get

-l . .
(3.2.12) uu(c) = 3(l6n2) Z_bo *+ byc + b2c2 + bjcj + bgcu;7,

where
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= 16(kx® - 30 + 9 /3 n + 54 /3 - 81),
1= " g

(3.2.13) b, = 24(8° - 2lx + 6 /5 x + 27 /3 - 81),

o
{

o
¥

o
it

- 8(16x% - 31 - 27 /3 - 81),

o
[}

6hn® + 24x - 72/5 n- 108 /3 - Bl.

o’
=
]

In order to study the properties of uu(c), let us consider

L A le) 2,7t 3 2
(3.2.14) - —z=— = g(c) = 3(16x°) [hpjc” + 3bge” +ebye + b, 7,

the b's being defined above. JSince

dgéc) = g'(c) > 0, for all values of ¢, it follows that g(c)

is a strictly increasing function of c¢; hence, g(c) possesses
only one real root. It is readily found that the value of the
root, ¢y 887, is in the interval 0.75 < ¢ < 0.8.

A more precise value of the root was not computed, since
an exact knowledge of it is not too important in the case. Con-
sequently, we have, from the above considerations, that-pu(c)
is a monotone decreasing function for 0 < ¢ < Cqos @nd a monotone
increasing function for o <e<L1l; o the real root of (3.2.1&),.
being on the open interval (0.75, 0.8).

The value of nh(c) can be otained from (3.2.8) and (3.2.12),

using the relation



(5.2.15) k(e) = w(e) - 3 ug(C)-
« iittle wlgebra leads to the following result:

251 2 3 4
(3.2.16) x,(c) = 9/ 16x" 7 {dy + djc + de® + de” + qe'),

1 2 3

where

o
i

o = 6(2n - n /3 + 36 /5 .65 ,

4, = - 24,

(3.2.17) d, = 16(0n - 20 /3 + 18 /5 - 5b),
5 = -B8(29m - kn /3 - 18 /3 - 36),

4 =56x + & /5 - 12/3 - 90 .

[oh)
i

The properties of Kh(c) have not been investigated at this
point, since Kh(c) will be considered, at a later stage, as

a component of the quantity 7, = nu/ng .

5. Brief study of the skewness and kurtosis of the distributions.

We may, for instance, use the coefficient
= 3/2
(3.3.1) 7(e) = ks/(x)) »

&s & measure of the skewness of our distributions. From the

expressions KE(C) and n5(c) previously derived, we get

(5.5.2) 7,(e) = bg ) / [ay(e) T 22,

where
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(3.5.3)

g,(c)

gy(c) = (8r-6 /3 -9)cPrh(9-2n-3 /T )c + K(3 /3 +ex-9).

Properties of 7l(c).

(i) 7l(c) >0, for 0 < c £ 1. This follows immediately from the
previous discussion where it was shown that both N5(c) and Kg(c)
are positive, 0 < ¢ < 1. Our distributions are thus skewed to
the right.

(ii) 7l(c) is a monotone increasing function of ¢, 0<c < 1;
it is stationary at ¢ = O. This is easily shown,by considering
the first derivative of 7l(c) with respect to c. After some
obvious algebraic steps and simplifications, one gets

dy, (c)
(3.3.4) éc = She { ag + ac ¥ aece} / [Tg2(0)~75/2 s

vhere

20 +_78 /3 n - 36 - 108,

[
L]

0
17" %
Ja.2=’+ﬂ2-91(-121ff5_+5)4.
Since, ay + ¢ + ac® >0, for 0<c <1, it follovs that
dy, (c) dy, (e)
i >0, 0<c¢c<1; and 3 = 0, ¢ = 0; hence property

(i1).

(T0-5 /3 =9)c + (54-151)c2-3(36-18 /3~ -x)c+2(36-18 /3~ x),
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(3

The coefficient 7, = Kh/Kg is ordinarily used as a
measucre of kurtosis. Since 7 = 0 in the cuse of the normal
distribution, then, if 7o >. 0, we label the distribution as
"leptokurtic," meaning that the "peakedness" of the distribution
is greater than in the "normal" case, When 75 < 0, the distribu-
tion is labeled as "platykurtic," the overall “flatness" of the
curve being somewhat more than that of the "normal” curve.

In the present case, we shall study the properties of
72(c) , considered as a function of the unspecified parameter c.
To start with, we have

Ku(c)
[rple) 72

72(c) = , where ne(c) and Kh(c) are given by the
expressions (3.2.8) and (3.2.16), (3.2.17), respectively. Ve
shall show that

(1) 72(c) is a non decreasing‘function of ¢, 0<c<1; in
fact, 72(c) is a monotone increasing function of ¢, 0 <c¢ <1,
and

(i1) 7,(e) >0, 0% ¢ <1.

In order to establish property (i), it suffices to
d7,(c)
de '

ing expression

consider Tedious algebraic steps lead to the follow-

dy,(c)
(3.3.5) 7§cc 72c[7a +3,. c+a oC +d cj 7/th (c) 7 3 ,



where

(3.5.6)

160x° + 32 /3 «° - 2080n /3 + 2880n - 3240 + 2592 /3,

0
]

- 50r° + 2376x /5 - 16201 - 2916 ,

a, =
&y = 104° + 6un® /3 - L3on /5 - 720m + 32k + 468 /3,
ug = 1200° - 8% /37 - 23bn /37 + 135% + 486 ;

; and

hy(e) = (81 - 6/5 - 9)c® + b(9 - ex = 3 /5 )c + b(3 /5 + 2x - 9),
where h,(c) >0 for 0 <ec <1,

Some more algebra will show that

2 39
a0+ a1c+a2c +a§c ?,O,for 0<c< 1.

Hence we have

dy,(c) dy,(e)
P >0, 0<c<1, and e

=0, ¢ = 0., These two

expressions establish property (i).

Property (ii) follows immediately from property (i) and
the fact that 72(c) > 0, for ¢ = 0.

Table II exhibits a few values of 72(c).

In the cases of more than three dimensions, general

expressions for the k-th moments about the origin can be derived,
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using methods similar to the one described previously. However,
we cannot get exact results, since the expressions involve
iterated integrals. The case of four dimensions would still be
within the realm of possibility, assuming calculators of the desk
type are available., However the process, involving quadrature,
would be time consuming. Further research in this direction
will be necessary before the results are worth the time employed

to get them,



TABLE II

Table of Moments and Related Quantities

for the Linear Contrast

X(O) - cx(l) - (l-C)X(a).

76

1 2 3 4 5 6
c.=0 c=05] c=1 | (c =1) u (u)
My 1.69257 | 1.26943 | 0.84628 | (0.8458)f 0.84628 | (.8463)
kS 3.65399 | 2.12024% | 1.17301 | (1.1730) 0.94233 -
pé 9.30013 | 4.28431 | 2.11571 | (2.1158)] 1.26943 --
b 6.88588 | 10,00629 | 4.55706 | (4.5575)] 1.97655 -
Ky=Hy | 0.78920 | 0.50880 | 0.45681 | (0.4577)| 0.22613 | (.2261)
k5=hy | 0.45296 | 0.30105 | 0.34983 (0.3495)] 0.08920 --
My, 2.04688 | 0.96148 | 0.89690 | (0.8988)] 0.18992 -
K, 0.17838 | 0.1848k4 | 0,27087 - 0.03651 --
71 0.63799 | 0.82949 | 1.13307 | (1.28%) | 0.8294y | (.8296)
72‘ 0.28640 | 0.71400 | 1.29807 | (1.29) 0.71400 | (.7135)

* Obvious typographical error; the result
should read 1.128
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Remarks.

(i) columns 1, 2 and 3 contain results for the specified
values of c¢;

(ii) column 4 contains the results obtained by Irwin l:9j »
for the case of the difference between the two largest
sample values, using approximations;

(iii) column 5 contains the values of the moments of the

statistic u = xo)-(xgrx +x,) /3, studied by Nair [T14 7],

and later by Grubbs [ 67 ;

(iv) column 6 lists the results obtained by Grubbs l:6j , for

the statistic u.



CHAPTER IV
NON NULL DISTRIBUTION OF LINEAR CONTRASTS

OF ORDER STATISTICS.

1. Case of three dimensions; general considerations. We assume,

as before, that we are dealing with three independent random

variables, Xgs %p and Xps normally distributed with unknown means,

Mos My and Moy respectively, and with a known common variance

02 = 1 (say). Let us denote hy X(O) > x(l) > X(2) the sample

values of the above variates. We shall be interested in finding

the density function of the linear contrast

(h.l.l) X(o) - Cx(l) - (1-C>X(2) ’

where ¢ is an arbitrary real number taking values on the closed
interval /0, 1 7. The joint density of X(0)» ¥(1) @nd X,y is
given by

(4.1.2)

1 3 1, 2 5 .

3*
where Z stands for the summation over all the permutations
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ips iy, i, of the numbers 0, 1 and 2,

Expanding the right hand side of ().1.2) and collecting

terms, we can write the density as follows

(4.1.3) f(x(o),x(l),X(Q)) 3/~ er(- o B ') exp (- - X1X)

(2n
. 'exp (ux),

where u, X and Wy are the following column vectors

B m, T B X(0) 7 mio
(L.1.)  u = mofs = oxeg) [ omy T mil .
m,, B X(5) | mi2

Proceeding as in the null case, let us put

3

(4.1.5) U" = AX

where
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U, 1 1 1
U= w |, A= 1 -1 o
B U, 1 B 0 1 =1 1
We have, as “efore,
1 %1 % -1 %
1I{ = IX = !
XX 3 U BU, and uiX piA U,
1 0 o |
where B = 0 2 1 .
0 1 2

Conscquently, (4.1.3) becomes

| 1 1 S 3 S
(4.2.6) £(un,uq,u,) = exp(~ %5 u'u) exp {~ > U" BU")
0271272 “3("'7'2“)3 2 2 [3

S
[A)

2 exp(u}A-lU*),

The variate U can be separated from the others, and we can write
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(5.1.7) £(ug, uy, uy) = ;’;‘1—)—575 exp (-} u'n) exp (-  U'CU)

* exp /- % (ug - 2muo)_7 = exp (% vi u) ,

where
u 2 1 em, -m, -m
1 io il 12
(4.1.8) U= , C= ' y vy = , R
m, +m, -2m
u ’ 1 2 0 1 2
“2— - — - -
m=m,+m +m,
+00
Since - exp /- l(u2 ~omu) /= /3 ex (m2/6)
I 8% 0/~ P ’
2n :
-00

it follows that

(4.1.9) £(u;,u,) = exp ((u's - u/3)] exp (- § U'CV)

2n /3
. Z*exp (-;— v{U).

We may now set

(4.1.10) Z =DU,



where

|

(b.1,11) Z

1]
-

o

]

1v]

It is readily seen that z, = uy + (l-c)u2 is precisely the

linear conirast {&.1.1).

The transformation (4.1.10) implies
ueu = 2 (0" 'ep 7z = 2z,
where

2 2c-l

(4.1.12) M = ;

it also implies

where
Emi -1 -mi
(4.1.153) A, =

(2c~1l)m, +(2-c)m, -(1l+c)m
1o 4 1
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Consequently, (4.1.9) becomes

(3.2.18) £(z),2,) = exp [(u'n - 1°/3)7 exp (- 3 2'Mz)

on /3
* 1!
« L exp (3 M Z).
The limits of variation are, as in the null case, given by
(4.1.15) 0< 2, <z / (1-c) , 2, >0, ¢ # 1.

In order to get the density of the linear contrast

Z) = X(g) = X(q) - (l-c)x(a) , we have to integrate out

1

the varlate z, over the proper region. Expanding (4.1.1h4)

and rearranging the terms, we have

(4.1.16) £(z.2.) =K 2 “ i . (em, -m -m )z)
21%2 {e"P L= 5z P T W 7

'exp[--li-(azg+bz2]_7},

where

K = —2 exp /= 3(u'n - m2/3);7 ’

en /3

o
n

c2-c + 1,

o
L]

(Qc-l)z1 - {(2c-l)mio +A(2-C)mil - (l+c)m12) .
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Now,using the identity

2
at2+bt={‘/§.—t+ 2 } -ba s

2 /fa

y)

and collecting terms, we have, after a few algebraic steps,

(4.1.18)

f(zl, 22) =K i%{ exp'[:(ziéazl(mio-cmil-(l;c)mlz)} /h(cz-c+1);7

. exp[f{(2c-l)mid+(e-c)mil-(1+c)mi§ 2 / 12(c2-c+l)_7

-exp[-%{/a-z.2+ b/2,/§-12_7}

)

where K, a and b are defined by (4.1.17).

Setting

(4.1.19) V2 (/e zy+vf2 o)/ /3 =t
and formally integrating out the variable t, we have

(4.,1.20)
- he(zl)

2(z;) = K2 g, (2, ,c)ey(m, ) (2n) "Zexp(-+3/2)at

~

hl(zl)
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where

(h1.21) K, = L exp [~ 3(n'u - u2/3) 7
Jon [2(c2-cr1)

(4.1.22)

gl(zl,mi,c) = exp [ - {;i-Qzl(mi -cmil-(l-c)mlei} / h(ce-c+1);7)

O -
(4.1.23)
2
gg(mi,c) = exp /[ {ch-l)mi + (2-c)mi - (l+c)mi :} / 12(c2-c+1);7,
- 0 1 2

(k.1.24)

hl(zl) = {?20-1)21— EQc-l)mio+(2-c)mil-(l+c)m12:[ } / "5(C2-c+l) .

Ao

—Zéc-l)mio+(2—c)mi1-(l+c)mi2 TI

(1-c) /6(c2-c+l) .

It is to be noted that two expressions involving the

(c+l)zl-(1-c)

he(zl)

population parameters are closely related. In fact, if we put

A, =m, - cmy - (1-c)mi
4] 1 2
(ko1.25)

>
|
]
~—
—
§
o)
~—r
B
e
+
=
]
0
B
e
-
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expressions (4,1.22), (4.1.23) and (4.1.24) reduce to

gj(z,mi,c) = exp Z:{22-2Alz}/ h(ce-c+l);7,

(4.1.26) gy (my,e) = exp [In+2n, J/12(c-c41) 7

By(z,my,c) = {(2c-1)z-(A+2M,) 1V 6(cect1)
hh(z,mi,c) = [(c+l)z-(1-c)(h1+2A2)]/(l-c)./6(02-c+l) .

Note: The subscript 1 has been dropped from the z for simplicity.

The above quantities, kl and AQ, are related by a very simple

cyclic permutation of io, il and 12.

The density (4.1.20),when expanded, takes the following form:

(4.1.27)

£(z) = L exp /= 3(u'n - n2/3) 7

/;JE(cz-ﬁl)

(c+l)z-(l-c)(hl+’2'/x«2)

(1-c) V6(cB-ct1)

exp(-ﬁf{Qh at
/2n

/(?c-l)z-(hl+2h2)

/ 6(02-c+l)

‘;xp[-{ZQ-QKlZ}/h(CE'C+ll7exP F)\1+2?\2)2/12(c2-c+ 117.
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» and A, having been defined previously.

the quantities p, m, hl o

From (4.1.27),we shall derive three cases of special
interest.,
(i) Case of the range.

Setting ¢ = 0 in (4.1.1), we get

W = X(O) - X(Q) .

The density (4.1.27) simplifies out in the form

(4.1.28) f(w) = —
2/t

exp E—%(u'u-mg/ﬂj exp (-w=/h)

—exp{(mioumie)w/Q) exp{(miO-Qmil+mi2)2/12]

e w+mio.emilerie
o3 < Vi | 7
| exp(-£5/2) 44
/ =
/
\/-w+mi -Emi,+mi
N -
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(ii) Case of the extreme deviate from the sample mean,
Setting ¢ = 1/2 in (4.1.1), we get

(k.1.29) v = x(o)-(x(l)+x(2))/2 = 3ufe2
where

u = x(o)-(xoi-xfrxe)/i .

It is readily found that (4.1.27) becomes, in this case,

(5.1.30)  £(v) = —j—; exp [T-4u'pn®/3) J exp (-v%/3)
An

-exp{(Emi -m, -m, Yv/3} exp{(_mi ~m, )2/4}
2

0 1l 2 1
Z’v-mi +m,
’/ ! 1 2
o I < /5 . >
' 2
. exp(-t7/2) 44
( J2x
i
//'
Ye(m -m, )
-1 2
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Finally, (4.1.30), together with (4.1.29), lead to

(4.1.31) f£(u) = ;‘%_ exp [T-3(n w-m?/3) T exp (=3u%/)
"

“exp((2m, -m, -m, )Ju/2} exp{(m, -m )e/h} 7
| 4 i h L
3u-m, +m
4,
/2
cI* < exgg-teze) dt )
/ox
m, -m
O
/2

(iii) Case of the difference between the two largest sample
values.

Setting ¢ = 1 in (4,1.1), we get

; (L".loaa) y = X(O) - X(l) .
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It is not permissable to set ¢ = 1 in the density (4.1.27).

However, teking the limits, as ¢ —> 1, we get

1
2 /x

(4.1.33)  £(y) = exp [T-b(p p-u?/3) T exp (-y°/4)

exp {(mio-mil )y/2) exp ((miO+mil-2m12)2/12 }

+00
7 < >
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2, Case of three dimensions under two particular hypotheses, In

this section, the non null distribution of the linear contrast

(L.2.1) Z = X(0) = ©X(q) " (l-C)X(2)

will be obtained in two particular cases of special interest.
We shall, first, take the case of the distribution of
(l4.2.1) under the hypothesis

(4.2.2) Hy:mg = &; mo=m, = 0; & > 0,

‘mo 8
Under Hl’ po= my becomes W = 0], soulp-= 62; also,
m, -

m o= my 4 ny * m, becomes m = &; so, we havg
wly - n/3 = 26773,

The quantities A. and \,, defined by (4.1.25), cannot bc written

1 2’

diréctly in terms of 8; however, taking the summation indicated

by Z%, we get

1

Jn(c2-0+l)

exp ("62/3)[g1 + g2 + g3_ 3

(h.2.3) £(zl8) =
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where f(z IHl) stands for the density of the statistic z, defined

in (4.2.1), under the hypothesis Hy; and, g, g, and gy are

functions of z and of the parameters & and ¢ defined by the ex-

pressions

gl(zsé,c) = oxp/ - {322-662-(20-1)252]/12(02-c+1);7-11(z;5,c)
(4.2.k) gz(zgﬁ,c) = expz_-(322+6052-(2-c)?62}/12(c?-c+1);7 -I?(zgﬁ,c)
83(2;5,0) = GXQ[_-[322+6(1-c)8z-(1+c)252}/12(02-c+1);713(z;6,c).

The functions I 12 and I, are given by

1° 3

(c+1)z=(1-c)(2c~1)6

(1-0)46(02-c+1)

exp(~t2/2) q

1 \/-2-;[-

t $

(2¢c-1)z-(2c-1)8

v/ 6(c-c+l)




(c+1)z=(1-c)(2-c)&

(1-c)/6(02-c+1)

(h.2.5) 1, = 2t /2) 4
/o
(2¢-1)z-(2-c)6
/6(cPace1) |
 (e+1l)z+(21~c)(1+c)5
(l-c)dé(cZ-c+£;
I = oxp(=1°/2)

3 —_———t g,
J/en

(2c~1)z+(1+c)®

/2?22-c+1;

The density (4.2.3) has been evaluated, in the particular case
8 =1, for certain values of z,and for a few values of the para-
meter ¢, The rcsults are listed in Table III.

Let us, now, consider the distribution of (4.2.1) under the



hypothesis
(4.2.6) ,HQ: m, = 28; my = &, m, = 0; 6 >0,
Thon,the column voctor pu becomes
26
po= ) » and hence p'p = 56?;
0

also, the quantity m, becomes m = 36, Consequently,

(h.2.7) wly - m2/3 = 252.

The density (U4.1.27) can now be written

1

(4.2.8) £(z |H?) =
2 n(c2-c+1)

where the functions, r seey Tgy are defined by

l’

exp (-52)[1'1 e

ok

..t r6—7’,
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rl(z;a,c) = expz—-{22-2(2-0)62-30262}/h(02-c+1)_761(z;6,c)’

rg(zgﬁ,c) = exgzn-522-2(l+c)62-362(1-0)2}/h(02-Cf1)_7G2(z;6,c%

r3(z;6,c) expz:{z2+2(?c~l)6z-362}/u(cg-c+l)_7G3(z;6,0),

(L.2.9)
| rh(zgé,c) = r3(z;—5,c),

rS(zgﬁ,c) = r?(z;-é,c), - -

ré(zga,c) = rl(z;-ﬁ,c) H

the functions Gl’ G2 and G3 being given by the expressions

(c+1)z~36c(1-c)

(1-c ) 6(c=cs1)

2
Gi(z;é,c) = 252&5%.!22 dt

/on

3

\£20—1)2-3§E
ngc?—é+l)



(c+1)2+38(1-c)?

(1-¢ )Y 6(cCmct1)

J

2
(4.2.10) G,(z;8,¢)= exp (-t7/2) gy
/5

(2¢-1)2z+35(1-c)

J6(c2-c+l)

(c+1)z-38(1l-c)
(1-c) /6(c2-c+1)

Go(2;8,c)= exp(=t5/2)
’ /2n
(pe-D)a- 58
/gz;é;c+l) .

The density (4.2.8) has been evaluated, in the
particular case d = 1, for certain values of z, and for a
few values of the parameter ¢. The results are listed in

table IV,

96
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The non null distribution of lincar contrasts, in the casecs
of four or uorz order statistics’can be obtained, using proce-
durcs sinilar to the one given in thc case of thrce variates.

The distributions were actually obtained; but the oxpressions are
so bulky that they have not been included in the present work.
Some :orc research on possible recurrcnce formulaec needs to be

done before the rosults can be put to use.
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Table of ordinates of the density of the linear contrast

2 = Xy - cx(l) - (l-c)x(e), under the hypothesis

5

2oy = 5 =1; m, =n, =

O.

0.0

0.1

0.2

0.k

0.6

0.8

0.9

1.0

0.8
1.0
1.2
1.k
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0

3.2

3.4

0.00000 0.00000 0.00000 0.00000 0,00000 0.00000 0.00000 0.69550

07843
15340
22169
.280k9
. 3276k
36168
.38200
.38882
3831k
. 36658
34126
30954
_.27387
23387
19953
.16449
.13256

-.08707
.16984
244 3L
30717
«35584
.38868
40550
40689
.394k4g
37079
33851
. 30284
2602k
+21939
.18053
14500

09783
19015
27187
33879
38797
11801
L2904
42265
40156
. 36936
32948
28546
2k117
.19834
.15882

.12988
24916
34847
L2129
46387
L7716
L6589
43486
39238
. 34034
38770
.23706
19065
.14980

19255
. 35644
47043
52678
«33322
51027
453570
+39556
33636
27999
.22839

.18255

14288

36249
56737
60539
56566
.50692
JLbs5T
.38510
3271k
27293
.22360
17958

14116

-
-

58377
63842
58628
.52858
L6915
L0985
35211
29753
24660
20067
.1601h

.12632

65223
60265
54862
149195
L3436
S3TT4L
+32259
27098
«22357
18002
L1373
11184
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TABLE IV
Table of ordinates of the density of the linear contrast
Z = X(g) = CX(1y - (l-c)x(e), under the hypothesis

H2:m0=25;ml=8,m2=0;5=1.

:?“i 0.0 0.1 0.2 0.4 0.6 0.8 0.9

1.0

0.0{0.00000 0.00000 0.00000 0,00000 0.00000 0.00000 0.00000 .54317

- 0.2 .0h056' .03960 .05069 .06759 .10137 .20168 .38016 .52172

O.4f ,08100 .09037 .10133 .13497 .20146 .3784L .51800 .49788

0.6{ .12140 .13481 .15152 ,20107 .29509 .47802 .50288 47151
0.8] .16106 .17860 .20039 .26360 .37311 .49628 .4Thol L4252
1.0] .1993k .22058 .2u647 ,31926 .42638 47505 .4b2T70 L1092
1.2} .23518 .25927 .28808 .36377 .45112 L4210 L0851 37691
L4 26731 .29505 .32298 .39h30 .Mkol8 k0526 37183 .34096
1.6] 29437 .32027 .34906 .40863 .42718 .36591 .33331 30372
1.8) 31476 .33859 - 36482 .L0GEM .39249 32495 .29381 .26591
2.0| .32857 .34951 .36940 .38986 .35119 2834k 25435 22887
2.2| 33363 .35004 .36285 .36159 .30690 .23920 .21601 19316

2.4} .33070 .34123 34610 .32502 .26260 .19934% .17977 .15978

2.6] .31996 .32398 .32083 .28390 .21793 - -
2,81 30177 .29972 .28927 .21kl - - -
3.0 .279oé 27019 25385 - - - -
3.2] .25165 23777 - - - - -
3.4 22185 - - - - - -




CHAPTZER V

A DECISION RULE TO PICK OUT THE POPULATION

WITH THE LARGEST i{EAN.

1. General considerations., It has been realized, in the last

decade or so, that the statiéticél techniques, based on the
classical concepts of "testing of hypotheses" and "confidence
intervals", do not always give the experimenter the answer that
he was hoping to get. This applies, in particular, to the
situations where the analysis of variance is routinely used,

For instance, testing procedures tell the experimenter that all
the "treatments", which are the subject of investigation, are
not identical; or, at least, the hypothesis of equality, if it
is true, has a probability a of beihg rejected, where a is pre-
assigned by the statistician., Very often, an answer of this type
is inadequate, as it may be conjectured, even before the experi-
ment is carried out, that the treatments could be shown to be
different from one another, by sufficiently increasing the size
of the sample. In many instances the experimenter likes to take
some decision; for example, to rank the treatments according to
means, or to select the treatment with the largest mean, The
problems are real and cdmplex, and it way very well be that a
unique tool does not exist which can vrovide an adequate answer

to all "decision problems".
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e shall, in this chapter, discuss the bearing of the
work in the previous chapters, on the following problem, Let
us assume that it is wanted to find the "best" of several
-populations, where, by the "best" population, we shall mean:
the population having the greatest mean., Let us consider n+l
independent normal populations, each one of them being charac-
terized by its mean. For the present, we assume that the
common variance of the above population is known, (02 =1 say).

Let the unknown, ranked population means be My 2m > ...
> m . Suppose that a sample of size N is available from each

population, and let the sample means be Xgs X715 eeey Xoo Con<

sider the sample point X = (xo, Xqs coes xn)7 defined by the

set of sample means, and let W be a region in the euclidian
(n+l)-dimensional space; then, the decision rule is of the fol-

lowing type:

i) if X = (xo, Xy eees xn) e W, decide the population
corresponding to the largest sample mean is
the best;

ii) if X = (xo, Xys eees xn) £ ¥, do not decide (withhold

judgment),

The region W is so determined that the probability of

taking a wrong decision is always less than a breassigned value,
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o (say), The number l-a. may be called the safety level of the

0
decision rule. In the following’vw willl be defined by means of
an auxiliary statistic.

Let X(O

) > X(1) > .. > X(n) be the ordered, (or ranked,)

sample means, Of course, it is unknown whether or not x(i)
comes from the population with mean n,, (1=0,1, ..., n). Let

us consider regions W based on the class of auxiliary statistics

composed of linear contrasts of the ordered sample values, Let

(5.1.1) g(x(o), cees x(n)) = X(g) = C%(1) T eor = OX(p)

where

Bt

c,=1,c, >0, (i=1, 2, ..., n),and let the
=1 * -

critical region W be of the form g(x(o), veey x(n)) > k, where

k is a positive number determined in such a way that the decision
rule provides a given safety.
Now it is easy to show that all the linear contrasts of

the form (5.1.1), except
(5.1.2) Y= %) " X(l) ’

cannot, when used as an auxiliary statistic in our decision rule,
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provide a reasonable safety., In fact, consider the linear

contrasts

(5.1.3) gl(X(O), cees X(n)) = X(O) - 01}((1) - . - cnx(n) s

where
n

(5.1.4) ¢y <1, '21 c; =1, ¢, 20, (i=1, 2,,
1=

my = 0, my =My + e,

(5.1,5)

=..=n =m (say),

where € is a small positive number, Then, it follows that

P[gl(X(O), vy X(n)) >k ___7“'*’ 1,

when m —> =00, ¢ —> O, for any given k. This means that,

when (5,1.5) is true and m is tending to =-oo, the probability

of taking a decision tends to unity and hence, the probability



10k

of taking a "wrong decision" tends to 0.5, Thus, a reasonable
safoty is not provided by the class of auxiliary statistics
given by (5.1.3) and (5.1.4). In particular, the range

W= x(o) - x(n>, or Nair's “extreme deviate from the sample

mean

n
-X3; x= 2 x(i)/(n+l) s

X
( i=0

0)

‘arc scen to belong to the discarded class of auxiliary statis-
tics,

Consequently, only one member of (5.1.1) is left; that is,

(5.1.6) Yy = X(O) - X(l) .

Tn order to use (5.1.6) as an auxiliary statistic in the
proposed dacision rule, properties of the distribution of (5.1.6)
will have to be studied. The upper bound of the probability of
wrong decision, corresponding to all possible spacings of the
population means, has to be found out. This problem has not yet
becn solved, However, the case of three dimensions has been

studied in more detail since the distribution of X(O) - X(l) s

in the null and non-null cases, has previously been derived.
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We shall indicatejin the next section’the results that are

available at this moment.

2, Some proverties of the suggested decision rule in the case

of three populations., We have, now, threc normal, independent

populations with unknown means, m, > my > My and with a known

comon variance 02 =1 (say). Let the observed means be Xy

X and Xos and the ranked means be x(o) > x(l) > x%2). As be=

fore, it is unknown whether or not x,., comes from the popula=-
(1)

tion having the mean me (i =0, 1, 2), Our auxiliary statistic

will be
(5.2.1) ¥ = X(g) = *(1) -

The decision rulc takes the form
i) if y > k , decide X(0) belongs to the "best" popus
lation,

(5.2.2)

ii) if y < k , do not decide,

where k will be determined in such a way that the probability

of taking a wrong decision is less than a preassigned value,
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ey > 0 (say).
Of course, aq being given, to dctermine k we will have to

rind out the "worst" scattering of the true means; i.e., the one
which will lead to the greatest probability of wrong decision.

This investigation will be based on the non-null distribution of

our auxiliary statistic,
Denoting by f(y ] H,) the probability density of (5.2.1)
where the null hypothesis, HO Py =y o= m,, is not truc, we

have, from (l.1.33),

(5.2.3)

£y 1%y = = exp[-% (n'n = n?/3)7 exp (=2/)

%
N

-

+m, =2m, )2/12 7

oxp/ (m, -m, )y/2_Texp/ (m,
| oh oo e T

0
. ¥

2
. exp(=t°/2) gt

/o

-/
(y—(mi +m, -2mi N/ /6
1 "1 -2




Setting up
(Snenh) rﬂo - ml = 6, ml - m2 = Y, 5, Y_>_ O ;

expression (5.?.3), after a few obvious stecps, becomes

107

(5.2.5)
£y | Hy) = -—1/-; exp/ - -31-(52 + 4%+ v8) 7 exp (-y°/L)
n
B oo T
2
expz_(26+y)2/12;7cosh ég Ei%&;%—lgl d
v=2y-0
/6
oo
2
. + epof(é-Y)2/12;7cosh v{y+8) oxp(=t°/2) dt
4 2 L |
-O+y
/6
00
2, oxp(~t°/2)
+ GXPZ-(Y+26) /12;7005n x% —5%755———- dt
v+y+28
_ /5 1




108

The null distribution is readily obtained from (5.2.5), by
putting 6 =y = O,

Now suppose, for the moment, that the constant k in
(5.2.2) is known. Then the probability of taking a decision,

denoted by Pd(Y’ 8), is given by

00

(5.2.6) Pylys 8) =|  £(y I H,) ay.

This probability can be split up into two parts, (i) the probaw-

bility of teking a wrong decision, denoted by Rw(y, ),

(ii) the probability of taking a good decision, denoted by

Pg(Y’ 8).. Explicitly,,Pq(y, 6) is thc probability that y > k
g .

and x( comes from the population with mean Ty Formally, we

0)

have

.00

(5.2.7) Py(y,8) = 21./1? exp /- -3]:(52+Y2+5Y)_7 H,(y5v,8) dy,

=
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where

(5.2.8) Hl(ygy,é) = oxp/ - {3y2-65y-(27+6)2}/12;7 —l-oxp(-t2/2) dt

/5

V-2v=5

/6

00

+ axp/ = 3y =6ly+0)y-(6-r)%) /12 7 —oxp(~t2/2) ut,

/2n

:v-6+y

/6

Similarly, Pw(y,ﬁ) is the probability that y > k and X(0) docs

0
not come from the population with wmean M Formally, we can

writc Pw(y,ﬁ) as follows:

00

;-

(5.2.9) P (v,5) =

- oxp/ - %(6d+v2+&rl;7/ H (ysv,8) dy,
2 Jn h

J

k
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where
(5.2.10) oo

Hy(y3v,8) = oxp/ - (3y°+66y-(2y+8)2 /12 7 /-%.-_ exp(-t2/2) dt
2n

v-2v-5

/6

L 00
f

+ oxp[‘-{3y2+6(y+6)y-(6-y)2]/12;7 oxp(-t2/2)dt

L
/n
v=0+y

/B

00

+ oxp/ - By2-6yy-(y+26)%) /12 7 _52L exp(~t2/2) dt
n

v+y+26

/6

(o]}

+ CXQZ—-{3y2+6yyb(y+25)2}/12;7 exp(-t?/2) dt ,

L
/5
viy+25

/6 .
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It has not yet been possiblc to find analytically the
values of ¥ and & which will maximizc tho proﬁability of taking
1 wrong docision, However, we have numerical evidence that, for a
reasonuble safety, (.90 or more),®=0,y7=to0 is the worst case.

Anyway it 1s casy to show that when 6=0, PW(Y,O) > Pg(y,C);

in fact, from symmetry considerations, it follows that

i 1 fnd
(5.2,11) 5 Fy

1 N 2
Py (v, 0) =B (v, 0) =3 By (v, O) .
tumerical cvidence was gathercd in the following manncr,

Ihe constant k was temporarily determined by

00

(5,2.12) Pd(c, 0) =( f(y IHO) dy =a = 0,075 ,

using the null distribution of y, whosc ordinates arc listed in
Table I, and numerical integration iethods (Weddle's rule); k
was found to be approximatcly cqual to 1.95700. The value

a = ¢ 075 was chosen because, in this case, PW(O,O) - ga = 0,05.

Using thc above valus of k, thic following six cascs werc

cunsiderede
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leﬁzl,yr-o,
Hyt6=1,v=1,
H3:6=O,Y=O.6,
Hh:6=0,y=l.0,
H5:5=O,Y=l.h,
H6=6=O,Y——>+oo.

First, the densities were obtained with thc help of tables, |:16-_[ ,

[37] and [387; and then the quantities P (v, 8) and P (v, 6)

were obtaincd by numerical inteogration :ethods. The results are

sumnarized in Tablce V,

TABIE V

6 =1 §6=1 6=0 6=0 6=0 6=C¢C
v =0 y=1 v=0,6 v=1,0 v=1.L, ¥y ~» too

Pd(y,ﬁ) 0.13476 0.2062z C,08763 ©,10196 0.12140 0,16642

P (v,8) | 0.015 0.0l 0.0477  .0541  .C620  .0832
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The above numerical evidence points out that H6 iz the

"worst" case. The first two cases, H. and H_, indicate that the

1 2’
pover of the procedure is rather good and that Pw(y, 1) is in

fact quite small.

3. Suggestions for further research, and concluding remarks.

It is conjectured that, if a resscnable safety is
required, then, in the (n+l)-dimensional case, the maximum
value of the probability of wrong decision, using a procedure

based on a critical region of the type x(o) - x(l) > k, will still

occur when m. =n

O ,andm2=m5=ooo

1 =m =n (say), where m is

negatively infinite. Further investigation of the properties
of the non-null distribution in the general case, will be required.

The next step will be to studentize the auxiliary statistic,
using, in the analysis of variance situation, the available inde-
pendent estimate of the common variance 02. This step should be
easy to make, since methods of studentization are known; see, for
instance, Hartley | 7 ] and Nair |13 T, to mention only a few,

In conclusion, reference may Be mede to work along similar
lines by other authors. A large number of testing procedures for
"outlieés", or "stragglers", have been proposed, see, for instance,
Irwin l:B I and~f:9 1, Grubbs !:ﬁ I, Dixon l:é I and ,:3 I .

Recently, Duncan ':ﬁ 1, has presented a procedure for ranking
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means, based on successive applications of the range. Finally,
Bechhofer |_1 ] has tackled the decision problem along lines

somewhat different from ours.
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