
Abstract

BİRBİL, Ş. İLKER. Stochastic Global Optimization Techniques. (Under the direction of

Shu-Cherng Fang)

In this research, a novel population-based global optimization method has been studied.

The method is called Electromagnetism-like Mechanism or in short EM. The proposed

method mimicks the behavior of electrically charged particles. In other words, a set of

points is sampled from the feasible region and these points imitate the role of the charged

particles in basic electromagnetism. The underlying idea of the method is directing sample

points toward local optimizers, which point out attractive regions of the feasible space.

The proposed method has been applied to different test problems from the literature.

Moreover, the viability of the method has been tested by comparing its results with other

reported results from the literature. Without using the higher order information, EM has

converged rapidly (in terms of the number of function evaluations) to the global optimum

and produced highly efficient results for problems of varying degree of difficulty.

After a systematic study of the underlying stochastic process, the proof of convergence

to the global optimum has been given for the proposed method. The thrust of the proof

has been to show that in the limit, at least one of the points in the population moves to the



neighborhood of the global optimum with probability one.

The structure of the proposed method is very flexible permitting the easy development

of variations. Capitalizing on this, several variants of the proposed method has been devel-

oped and compared with the other methods from the literature. These variants of EM have

been able to provide accurate answers to selected problems and in many cases have been

able to outperform other well-known methods.
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Chapter 1

Introduction

In recent years global optimization has become a rapidly developing field. This is because

global optimization problems arise in diverse application areas. Despite its importance and

the efforts invested so far, the methods for solving global optimization problems are not

satisfactory enough. Therefore, the challenge of determining an absolutely best solution

for a general nonlinear function with many variables and complex attributes attracts the

attention of researchers.

1.1 The Problem Statement

We consider the following global optimization problem:

Given a nonempty setS � <n and a real-valued functionf : S ! <, find at least one

pointx� 2 S such thatf(x�) � f(x) for all x 2 S.

1
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Following this statement, we denote a global optimization problem1 by

minimize f(x)

subject to x 2 S;
(1.1)

wheref is theobjective functionandS refers to thefeasible region. A vectorx� 2 S

satisfyingf(x�) � f(x) for all x 2 S is called aglobal minimizerof f overS and the

corresponding value off is called aglobal minimum.

Let k�k denote the Euclidean norm in<n and let" > 0 be a real number. Then an"

-neighborhoodof a pointy 2 <n is defined as the open ball

B(y; ") , fx 2 <n : kx� yk < "g: (1.2)

A point x� 2 S is called alocal minimizerof f overS, if there is an" > 0 such that

f(x�) � f(x); 8x 2 B(x�; ") \ S: (1.3)

Notice that by definition every global minimizer is a local minimizer, but the converse is

not true in general.

Throughout this research, we study a special class of optimization problems with bounded

variables in the form of (1.1) where

S , fx 2 <nj lk � xk � uk; lk; uk 2 < for k = 1; :::; ng. (1.4)

We recall that, whenf is continuous andS is a compact subset of<n, the existence ofx� is

assured by the Weierstrass theorem of the classical analysis [Taylor and Mann, 1972, Horst

and Tuy, 1993]. Because of the ease of maintaining feasibility, the feasible region defined

in (1.4) has been extensively studied by different classes of global optimization methods.

A rigorous discussion on different methods is given in Chapter 2.

1In the rest of the dissertation we deal with minimization problems, since maximization problems can be
easily converted into minimization problems.
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1.1.1 Importance of Global Optimization

The idea of finding the optimum solution of a problem goes back to the development of cal-

culus and is associated with the names of Newton, Lagrange, and Cauchy. Particularly after

World War II, numerous theoretical and computational methods were proposed for solving

optimization problems. Most of these methods are capable of solving problems that have

relatively simple structure, i.e., problems that include functions of few variables or that

include linear or usually unimodal functions. However, a large variety of problems that

include multimodal nonlinear functions with many variables, arise in different application

areas. Some of these application areas are engineering design, production management,

computational chemistry, product mixture design, environmental pollution management,

parameter estimation, VLSI design, and neural network learning [Floudas, 2000]. There-

fore finding the optimum solution of an arbitrary function becomes an important challenge.

In last three decades many researchers from different fields such as Applied Mathe-

matics, Operations Research, Industrial Engineering, Management Science, Computer Sci-

ence, and so on, study global optimization to meet this challenge. This diversity stems from

the fact that global optimization covers a wide range of mathematical optimization meth-

ods. Specifying special properties of the objective functionf and/or the feasible region

S in (1.1), leads to a different problem that requires a differenr approach [Pint´er, 1996a,

Floudas, 2000]:

� Concave minimization:f is a concave function andS is a convex set.

� D.C. programming:f can be represented as difference of two convex func-

tions andS consists of equalities and inequalities that can be represented as

difference of two convex functions.

� Bilinear and biconvex programming:f is a bilinear or a biconvex function and
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S is a convex set.

� Combinatorial optimization:f is defined on discrete points, andS consists of

discrete points.

� Network problems:f is an arbitrary function, andS usually consists of linear

or convex equilibrium constraints.

� Quadratic global optimization:f is an arbitrary quadratic function, andS con-

sists of linear (or quadratic) equalities and inequalities.

� Lipschitz optimization:f is an arbitrary Lipschitz continuous function, andS

consists of inequalities that are represented by Lipschitz continuous functions.

� Linear and nonlinear complementarity problems:f is product of two vector

functions, andS is usually a convex set.

� Generalized geometric programming problems:f belongs to a special class of

functions calledsignomials, S consists of equalities and inequalities that are

represented by signomials.

� Fractional programming:f is a ratio of two real-valued functions,S is convex.

� Nonlinear programming problems: Usuallyf belongs to the class of twice

continuously differentiable functions, andS is a compact set.

� Multiplicative programming:f is represented as the product of several convex

functions, andS consists of equalities or inequalities that are represented by

convex functions or functions that are product of convex functions.

� Seperable programming:f is an arbitrary seperable function, andS is usually

a convex set.

� Linear programming:f is a linear function, andS is a convex set defined by

system of linear equalities and inequalities.
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� Other mathematical programming problems including convex programming,

parametric optimization, and stochastic optimization.

A quick glance at the rich literature on global optimization shows its significant growth.

We refer to the book by Floudas [2000] for a representative list of publications and confer-

ence proceedings.

1.1.2 Difficulties In Solving Global Optimization Problems

It is well-known that classical gradient-based methods such as the Quasi-Newton method

[Gill and Murray, 1972, Fletcher and Reeves, 1964], modified steepest descent method

[Armijo, 1996] , or conjugate gradient method [Fletcher and Reeves, 1964] may be trapped

by local optima when the feasible region around the global optimum is not well-conditioned

[Beveridge, 1970]. This is because all standard tools of nonlinear optimization such as

derivatives, gradients, subgradients and the like, can at most determine local minima. In

other words, unless certain restrictive assumptions like convexity, Lipschitz condition, etc.

are satisfied, global minimizers are not only hard to find, but also hard to verify.

In order to develop efficient methods, it is important to study the difficulties faced by

the classical methods [Shang, 1997]. Let us illustrate some of these difficulties on a multi-

modal nonlinear function in Figure 1.1.

� The global minimizer A is in a deep valley and it is surrounded by tall hills

that are difficult to overcome by gradient-based methods.

� B is a promising local minimizer that is in the neighborhood of the global

minimizer. A search method may be trapped in B before reaching A.

� A search method may spend excessive iterations before passing the shallow

basin C.



Chapter 1. Introduction 6

� The promising local minimizer D may mislead the search method to the re-

gions that are far from the global minimizer.

� The function is nondifferentiable at E, hence the classical gradient-based meth-

ods can not be applied.

A

B

C

D

E

Figure 1.1: Illustration of difficulties in optimizing a nonlinear function.

The complexity of solving global optimization problems has been already shown in

a number of theoretical studies. In particular, Murty and Kabadi showed that there exist

quadratic and nonlinear programming problems that belong to the class of NP-complete

problems [1987]. Rinooy Kan and Timmer proved that global optimization problems are

not solvable in finite number of steps [1989]. A similar result has been shown by Pardalos

and Vavasis for quadratic programming problems [1991].
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1.2 Contributions of This Research

In this dissertation, we introduce a new stochastic global optimization method that is able

to overcome some of the shortcomings of other approaches. We also provide a proof of

convergence to the global optimum for the proposed method.

To be more specific:

� The proposed method does not require restrictive assumptions like differen-

tiability, convexity, etc. It works without the higher order information. This

permits us to focus on solving multi-modal, irregular, high dimensional func-

tions, which are difficult to solve by conventional numerical methods.

� Like many multi-point methods, the proposed method also works on a set of

sample points(population)of the feasible region and proceeds according to rel-

ative efficiencies of the observed functional values. However, the structure of

the encoding is specifically developed for continuous optimization problems.

Thus, the method can be much faster and the number of function evaluations

can be far less than other methods.

� To intensify the search, we use anattractionmechanism between the sample

points rather than partitioning the feasible domain. We add a diversification

effect by using arepulsionmechanism among the points.

� Unlike the typical multi-start techniques, the sample points are related to each

other. In other words, the choice of a sample point in successive iterations

depends on the computational experience of the other points in the population.

� We compare our results with other global optimization methods. In order to

come up with a competitive method, we pay particular attention to creating a
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flexible, and at the same time, efficient structure. This enables us to elevate

the performance of our approach with additional tools provided by the other

methods.

� We prove that the proposed method converges with probability one. The struc-

ture of the proof is flexible and can be generalized for the study of convergence

of other population-based methods.

� In constrained optimization problems, the proposed method may be used as a

preprocessing tool for generating feasible points from complicated regions.

� The general structure of the proposed method makes it straightforward to de-

velop parallel algorithms.

1.3 Outline of The Dissertation

Current chapter is followed by Chapter 2, which includes a literature survey on different

global optimization methods. The pros and cons of these methods are also discussed in

Chapter 2.

Chapter 3 begins with the motivation behind the proposed method and continues with

the description of the essential procedures. After the presentation of the proposed method,

computational results on different problems are given. Chapter 3 ends with an experiments

section that explains the effects of different parameters.

In Chapter 4, we show the convergence properties of the proposed method. In order

to achieve the desired result, several procedures are modified. Then it is shown that the

proposed method converges with probability one. The chapter ends with a discussion on

the computational experience with the modified algorithm.
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Several variants of the proposed method along with some extensions are given in Chap-

ter 5. Each variant is tested on a set of problems and then compared with some other

methods. Chapter 5 also covers a preliminary study regarding constrained optimization

problems.

We conclude the dissertation with Chapter 6. In addition to giving an overview of

the dissertation, we discuss further research areas in a seperate section. The appendices

contain an example run of the proposed method and the test functions used throughout the

dissertation.



Chapter 2

Literature Review

Dixon and Szeg¨o published one of the earliest collection of papers devoted to global op-

timization [1975, 1978]. In light of this pioneering work, considerable variety of global

optimization models and solution approaches have been studied. Here, we give a brief

review of the global optimization literature.

2.1 Taxonomy of Global Optimization Methods

In the field of global optimization, it is quite common to classify the methods into two

main categories: deterministic methods and stochastic (or probabilistic) methods [T¨orn

and Zilinskas, 1989, Horst and Pardalos, 1995]. As the names imply, the methods that do

not involve random elements go into the former category, whereas the methods that utilize

probabilistic schemes go into the latter category. We remark that for many global optimiza-

tion methods, the distinction between deterministic and stochastic is blurred. There are

very effective methods, which involve deterministic as well as stochastic elements.

In recent years, with the increase in computer speed, a third category - heuristics - has

10
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emerged. Many of these heuristic strategies involve stochastic elements. Hence we extend

the stochastic methods category to include the heuristic methods.

This review consists of two parts: The first part presents the deterministic global opti-

mization methods. The second part gives a comprehensive treatment of stochastic methods

and heuristics - in which our proposed method also appears. Beyond our discussion, many

additional references for specific approaches can be found within the cited literature.

Figure 2.1 gives the taxonomy for global optimization methods that we shall follow in

our review.

Figure 2.1: The taxonomy of global optimization methods
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2.2 Deterministic Methods

In this section, we introduce some of the deterministic global optimization methods. The

methods discussed in this section are direct methods, for which strong theoretical conver-

gence results can be proven under certain assumptions. Most of these methods are de-

veloped for special classes of problems. Hence their performances may deteriorate with

different problem classes. In addition, a method with a global convergence property may

be so complicated that it may be intractable from a practical point of view.

Surveys and monographs which provide general coverage of deterministic methods in-

clude Dixon and Szeg¨o [1975], Neumaier [1990], Floudas and Pardalos [1992], Horst and

Tuy [1993], Kearfott [1996], Pint´er [1996b], Floudas [2000], and Horst et al. [2000].

Branch and Bound Methods

Branch and bound methods are based on the idea of decomposing the original problem into

smaller subproblems (branches) that are easier to handle. The same process is applied to

the subproblems, and this process goes on until the optimal solution of any subproblem pro-

vides an optimal solution to the original problem. Nevertheless, as the number of branches

increases, the number of subproblems grows exponentially. Hence, it becomes crucial to

eliminate some of the subproblems. This requires aboundingscheme, which is based on

setting lower bounds on the optimal objective function values of the subproblems.

Initially, branch and bound methods were developed for integer programming prob-

lems, where the exhaustive search feature of the methods guarantees the global conver-

gence [Nemhauser and Wolsey, 1988]. Recently, branch and bound methodology has been

successfully applied to other global optimization problems [Horst, 1986]. For example,
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Pardalos and Rosen [1986] give a survey on the applications of branch and bound methods

to solve general concave minimization problems.

Branch and bound methods are also applied to continuous global optimization prob-

lems, where the exhaustive enumeration concept is replaced by a global convergence ar-

gument [Horst and Tuy, 1987, Pint´er, 1992, Csendes and Pint´er, 1993, Kearfott, 1996].

Lipschitz optimization and interval methods are two effective approaches along this line

[Ratschek and Rokne, 1995, Hansen and Jaumard, 1995]. These methods are extensively

used for solving real world applications [Pint´er, 1996b]. Nevertheless, both methods re-

quire a priori knowledge relative to the structure of the problem. In Lipschitz optimization,

it is assumed that the modeler knows suitable constants (namely Lipschitz constants), which

show how rapidly each function vary [Armijo, 1996, Pint´er, 1996b]. In interval methods

the functions are required to satisfy certain smoothness properties [Neumaier, 1990, Ratz

and Csendes, 1995, Kearfott, 1996].

Enumerative Methods

In particular cases, a global optimization problem may have finite number of local mini-

mizers. Enumerative methods try to find all these minimizers in order to locate the global

minimizer. This seemingly “elementary” idea is supported by rigorous theoretical results

and many successful implementations [Watson and Yang, 1980, Diener, 1986].

Path-following (or trajectory) methods rely on constructing a set of paths (or trajecto-

ries) such that all solutions of the problem are knowna priori to lie on one of these paths. In

many cases, these paths are derived from solving a system of differential equations. Start-

ing from an initial point, the solutions along these paths are usually found by a numerical

approximation method. This step is calledtracing [Diener, 1995].
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Homotopy (or parameter continuation) methods are similar to path-following methods.

Homotopy methods work by first solving a simple problem and then parametrically trans-

forming this problem into the original problem. This transformation leads to the concept

of homotopies, which are used for generating the set of paths. After finding the paths to be

traced, this approach can be extended to search for all solutions of the problem [Garcia and

Zangwill, 1981, Forster, 1995].

The main drawback of the path-following and homotopy methods is the lack of a guar-

antee of generating all the paths leading to the solutions. Another restriction common to

these methods is the requirement that the functions to be twice continuously differentiable.

Relaxation and Approximation Methods

The history of relaxation and approximation methods preceedes the introduction of global

optimization as a seperate field. In particular, these methods were used for solving difficult

combinatorial optimization problems [Nemhauser and Wolsey, 1988].

The essential idea in relaxation and approximation methods is to solve a sequence of

simple subproblems, which are derived from the original problem by successive relax-

ations. Then, these subproblems are extended by adding constraints such that the original

problem is more closely approximated [Horst and Tuy, 1993, Horst and Pardalos, 1995].

A very important approach among these methods is the cutting plane method [Kelley,

1960, Westerlund and Pettersson, 1995]. The basic idea of the cutting plane method is to

iteratively cut off parts of the feasible region that does not include the global minimizer.

Then the search for the solution of the problem continues in the remaining part of the

feasible region. It has been shown that cutting plane methods are useful for diverse global

optimization problems such as, concave minimization [Benson, 1995], differential convex
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(D.C.) and reverse convex problems [Tuy, 1987b,a, Thoai, 1988].

There are different difficulties that may arise with relaxation and approximation meth-

ods. Mainly, the subproblems derived from the original problem can still be complex. In

this case, a further relaxation may cause too much oversimplification of the original prob-

lem. Furthermore, adding a constraint at each iteration may complicate the subproblems so

that an efficient constraint dropping strategy may become necessary.

2.3 Stochastic Methods and Heuristics

This section covers global optimization methods that are mostly based on random sampling

from the feasible region. Some of these stochastic methods converge (with probability

one) to the global minimizer. We also review some of the heuristic strategies, which are

motivated by certain analogies with natural phenomena or basic sciences. In many cases,

these heuristics provide usable solutions even when deterministic methods fail because of

the irregularities or high dimensionality. However, for most of the heuristics a rigorous

treatment of global convergence properties does not exist.

For a general coverage of different stochastic methods and heuristics, see Dixon and

Szegö [1978], Pintér [1984], Boender et al. [1985], Rinooy Kan and Timmer [1987a,

1987b], Laarhoven and Aarts [1987], T¨orn and Zilinskas [1989], Goldberg [1989], Zim-

mermann [1990], Zhigljavsky [1991], Kosko [1993], Rinooy Kan and Timmer [1994],

Boender and Romeijn [1995], Osman and Kelly [1996] , Aarts and Lenstra [1997], and

Glover and Laguna [1997].
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2.3.1 Random Search Methods

Random search methods constitute the core element of many complex stochastic global

optimization methods. In this section, we try to include the methods that have played a

pioneering role in the development of many other stochastic methods.

Pure Random Search

Pure random search is the simplest stochastic method for solving global optimization prob-

lems. Main idea is to sample a sequence of independent identically distributed random

points from the feasible region, while keeping the track of the best objective function value

achieved [Brooks, 1958, Anderssen and Bloomfield, 1975, Zhigljavsky, 1991, Zabinsky

and Smith, 1992]. In this case, the proof of convergence to the global optimum (with prob-

ability one) can be easily shown [Baba et al., 1977, Devroye, 1978, Baba, 1981, Solis and

Wets, 1981, Pint´er, 1984].

In general, pure random methods are easy to implement. Therefore, they are often used

as a first approach to solve complex problems. Moreover, in many cases these methods

are modified leading to more complicated algorithms [Smith, 1984, Berbee et al., 1987].

However, pure random search methods are not efficient, especially for problems with higher

dimensions, since in this case the number of iterations required to solve a problem increases

fast.

Two-Phase Methods

In two-phase methods, the search is divided into two steps. In theglobal phase, the function

is evaluated at a number of randomly sampled points, while in thelocal phase, the sample

points are manipulated by means of local search to yield a candidate global minimum
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[Rinooy Kan and Timmer, 1987a, Boender and Romeijn, 1995].

Density Clustering, Controlled Random Search, Multistart, and the Multi Level Single

Linkage (MLSL) [Rinooy Kan and Timmer, 1994] are well-known two-phase methods that

enable the exploration of the whole feasible region through random sampling followed by

hill-climbing or gradient-based methods. In spite of a few successful results [Boender et al.,

1985], there are numerous cases when these methods are inefficient. The main reason for

this is that they inevitably cause each local minimum to be visited several times [Dekkers

and Aarts, 1991].

Topographical MLSL (TMLSL) [Ali and Storey, 1994] and Topographical Optimiza-

tion with Local Search (TOLS) [T¨orn and Viitanen, 1994] are two more recently developed

methods of this type. TMLSL and TOLS are both reported to be considerably superior to

MLSL and other previously introduced clustering methods. Nevertheless, these methods

may fail in two different ways. First, the resulting groups of points, or clusters, may con-

tain several regions of attractions, so that the global minimum can be missed. Second, one

region of attraction may be divided over several clusters, in which case the corresponding

optimum will be located more than once [Rinooy Kan and Timmer, 1987a].

Partitioning Methods

Partitioning schemes, which divide the feasible region into smaller subspaces, discard some

unfavorable regions, and re-partition promising areas to reduce the final search space, have

also been proposed for global optimization [Jones et al., 1993, Wood, 1991, Caprani and

Madsen, 1993].

Recently, Demirhan et al. proposed a partitioning algorithm, with a fuzzy region selec-

tion criterion [1999]. Promising results are obtained on 13 test functions obtained from the
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literature [Anroulakis and Vrahatis, 1996, Michalewicz, 1994, Srinivas and Patnaik, 1994].

Difficulties arise when the function has attractive regions spread around the feasible

space. In this case, partitioning methods may discard an area which actually includes the

global optimum. In addition, in most cases an extensive number of function evaluations is

inevitable.

2.3.2 Heuristic Strategies

Starting in the 1980’s, a wide range of novel approaches, which rely heavily on computer

speed, have been developed. Some of these methods are inspired by careful observations

of natural phenomena and some of them are developed merely by implementing practical

ideas.

Simulated Annealing

Simulated Annealing (SA) is a stochastic single-point search technique, which has been

applied successfully in various optimization fields. SA guides the search by specifying a

cooling schemethat allows the acceptance of randomly generated neighbor solutions which

are relatively unfavorable as compared with the current solution [Kirkpatrick et al., 1983,

Laarhoven and Aarts, 1987]. Using the latter feature, SA aims to escape entrapment at

local optima. Thetemperaturedescribed by the cooling scheme is reduced as the search

makes progress so that the search is intensified around the global optimum. There exist

different convergence proofs for the variants of SA [Dekkers and Aarts, 1991, Boender

and Romeijn, 1995]. The strong points of SA and some pitfalls for potential SA users are

indicated in an extensive review given by Ingber [1994], where a wide range of application

areas from finance to combat analysis are described. Parallelization of the SA procedure as
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a multi-start search technique is also discussed in the same paper.

In spite of the successful results reported for SA [Kirkpatrick et al., 1983, Aarts and

Korst, 1997], a serious deficiency in the method is that the results depend on the starting

point of each run. Furthermore, any combination with a multi-start technique and/or ap-

plication of parallelization techniques increases the computational effort drastically [Birbil

et al., 1999,Özdamar and Demirhan, 2000].

Evolutionary Methods

Although initially described as classifier systems and reflections of evolutionary systems,

Genetic Algorithms (GA) have recently become popular global optimization techniques,

specifically in combinatorial optimization [Goldberg, 1989]. GAs investigate the feasible

space by utilizing populations of solutions, which evolve by reproduction, crossover, and

mutation operators [Michalewicz, 1994].

An interesting method using GA operators is provided by Wodrich and Bilchev [Wodrich

and Bilchev, 1997]. The authors use crossover and mutation operators to create new re-

gions of search for the Ant Colonization technique originally proposed for the Traveling

Salesman Problem by Dorigo and Colorni [Dorigo and Colorni, 1996]. In their case, all

of numerical results are for combinatorial optimization problems. To our knowledge, all

the implementations of Ant Colonization technique have been for discrete optimization

problems. Nevertheless, it is reasonable to expect new implementations for continuous

optimization inspired by the discrete counterparts.

Although they provide powerful optimization tools for difficult optimization problems

[Schaffer, 1989, Birbil, 1999], a serious handicap of evolutionary methods is the heavy

computational effort required to solve large scale problems [Demirhan et al., 1999]. In
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addition, the structure of the encoding used in these methods is not usually adequate for the

continuous global optimization problems.

Tabu Search

The first influential work on tabu search was published in late 1980’s by Glover [1986].

After this pioneering result, additional efforts on formalization [Glover, 1989, 1990] and a

monograph for a complete discussion were presented [Glover and Laguna, 1997]. Further-

more, a recent work by Glover et al. showed that tabu search is a flexible approach that can

be merged with other methods [1995].

Tabu search is an iterative scheme, which is based on moving from one point to a

neighborhood point in single iteration. Throughout this search, main idea is to keep track of

not only the local information but also some information related to the exploration process.

This scheme requires a systematic handling of (tabu) lists, which hold the history of moves

and prevents them to be revisited.

Though no rigorous convergence proof has been shown, many successful applications

of tabu search are reported [Glover and Laguna, 1997]. However, the successful appli-

cations are given only for combinatorial optimization problems and the applications for

continuous global optimization problems are in their early stages of development [Battiti

and Tecchiolli, 1996].

2.4 Other Work

Before describing our proposed approach, we cite several references we used in our com-

putational work. The multilevel coordinate search algorithm (MCS) is presented by Huyer
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and Neumaier [1999]. The proposed algorithm has powerful theoretical convergence prop-

erties. However, for unconstrained problems in four dimensional space or above, the perfor-

mance of MCS is less satisfactory than for small problems. Huyer and Neumaier compare

MCS with existing approaches on different test problems. We make use of their work to

compare our proposed method with other approaches.

In a recent survey, T¨orn et. al. [Törn et al., 1999] study the characteristics of uncon-

strained global optimization test problems. They classify the problems asunimodal, easy,

moderately difficultanddifficult problems. The features considered in this classification

are the chance of missing the region of attraction of the global minimum, embededness of

the global minimum, and the number of local minimizers. An example of a representative

set of test problems is also discussed. In our numerical work, we test our algorithm with

some of the problems from their paper.

Following our joint report [Birbil et al., 1999],̈Ozdamar and Demirhan developed sev-

eral heuristic strategies for solving 77 small to moderate size (up to 10 variables) nonlinear

test functions and 18 large size test functions (up to 400 variables) collected from literature

[2000]. In Chapter 5, we compare a variant of our proposed method with one of the most

successful approaches thatÖzdamar and Demirhan reported.

To test the extended version of our method, we selected several constrained problems

from the book by Floudas and Pardalos [1990] who collected a large set of test problems

arising in the literature and in a wide range of applications [1990]. These test problems are

available at a web site [Floudas et al., 2002].

Neumaier has developed an excellent web site for global optimization [2002]. Like

many researchers, we have reached to other useful links through his site. In particular, the

test functions used in Chapter 3 and Chapter 4 are collected through these links.
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Electromagnetism-like Mechanism (EM)

In stochastic global optimization, population-based algorithms start with randomly sam-

pling points from the feasible region. According to the objective function values of these

sample points, the regions of attraction are determined. Then a mechanism is invoked for

further exploitation of these candidate regions. In GAs this mechanism corresponds to the

reproduction, crossover and mutation operators [Michalewicz, 1994], whereas in two phase

methods the exploration of the feasible region is conducted by random sampling followed

by hill-climbing [Rinooy Kan and Timmer, 1987a, T¨orn and Viitanen, 1994] or gradient-

based methods [Fletcher and Reeves, 1964].

Similarly, we construct a mechanism that encourages the points to converge to the

highly attractive valleys, and contrarily, discourages the points to move further away from

steeper hills. This idea enables us to make an analogy with the attraction-repulsion mech-

anism of the electromagnetism theory [Birbil and Fang, 2000a,b].

Under this analogy, we can think of each sample point as a charged particle that is

released to a space. In our approach, thechargeof each point relates to the objective

function value, which we are trying to optimize. This charge also determines the magnitude

22
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of attraction or repulsion of the point over the sample population - the better the objective

function value, the higher the magnitude of attraction.

After calculating these charges, we use them to find a direction for each point to move

in subsequent iterations. We select this direction by evaluating a combination force exerted

on the point via other points. Like the electromagnetic forces, this force is calculated by

adding vectorially the forces from each of the other points calculated separately.

We need to state that though the analogy with electromagnetism theory motivates the

idea, there are some notable differences that we make clear when we introduce the method

in the subsequent sections.

Finally, similar to the hybrid population-based algorithms [Hart, 1994, Glover et al.,

1995], we may apply a local search procedure to improve some of the objective function

values observed in the population. In the rest of this chapter, we introduce this new method

and present the algorithmic structure. This is followed by the presentation of the numerical

results.

3.1 General Scheme for EM

We deal with the problems of the form (1.1) withS defined as in (1.4). Thus, we assume

that the following are known from the problem:

� n: dimension of the problem.

� uk: upper bound in thekth dimension.

� lk: lower bound in thekth dimension.

� f(x): pointer to the function that is minimized.
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The proposed method EM consists of four phases:initialization of the sample points,

calculation of thetotal forceexerted on each particle1, movementalong the direction of

the force, and application ofneighborhood searchto exploit the local minima. The general

scheme is given in Algorithm 1. The parameters are explained in the following subsec-

tions, when we thoroughly describe each part of the general scheme with accompanying

algorithms.

Algorithm 1 EM(m, MAXITER, LSITER, Æ)
m: number of sample points
MAXITER: maximum number of iterations
LSITER: maximum number of local search iterations
Æ: local search parameter,Æ 2 [0; 1]

1: Initialize()
2: iteration 1
3: while iteration < MAXITER do
4: Local(LSITER, Æ)
5: F CalcF()
6: Move(F)
7: iteration iteration + 1
8: end while

3.1.1 Initialization

The procedureInitialize is used to samplem points randomly from the feasible domain,

which is ann dimensional hyper-cube. Each coordinate of a point is assumed to be uni-

formly distributed between the corresponding upper bound and lower bound. After a point

is sampled from the feasible region, the objective function value for the point is calculated

using the function pointerf(x) (Algorithm 2, line 6). The procedure ends withm points

identified, and the point that has the best function value stored inxbest (line 8).

1We use the wordsparticleandpoint interchangeably throughout the dissertation.
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Algorithm 2 Initialize()

1: for i = 1 tom do
2: for k = 1 to n do
3: � U (0; 1)
4: xik  lk + �(uk � lk)
5: end for
6: Calculatef(xi)
7: end for
8: xbest  argminff(xi); 8ig

3.1.2 Local Search

The procedureLocal is used to gather the local information for a pointxi. The parameters,

LSITERandÆ that are passed to this procedure, represent the number of iterations and the

multiplier for the neighborhood search, respectively.

The procedure iterates as follows: First, the maximum feasible step length (Length) is

calculated by using the parameterÆ (Algorithm 3, line 2). Second, for a giveni, improve-

ment inxi is sought coordinate by coordinate (lines 5-13). For a given coordinate, the

pointxi is assigned to a temporary pointy to store the initial information. Next, a random

number is selected as a step length and the pointy is moved along that direction. If the

point y observes a better point withinLSITERiterations, the pointxi is replaced byy and

the neighborhood search for pointi ends (lines 14-17). Finally thecurrent bestpoint is

updated (line 22).

This is a simple random line search algorithm applied coordinate by coordinate. This

procedure does not require any gradient information to perform the local search. Instead

of using other powerful local search methods, we have utilized this procedure because we

wanted to show that even with this trivial method, the algorithm shows promising conver-

gence properties.
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Algorithm 3 Local(LSITER, Æ)

1: counter  1
2: Length Æ(maxkfuk � lkg)
3: for i = 1 tom do
4: for k = 1 to n do
5: �1  U (0; 1)
6: while counter < LSITER do
7: y  xi

8: �2  U (0; 1)
9: if �1 > 0:5 then

10: yk  yk + �2(Length)
11: else
12: yk  yk � �2(Length)
13: end if
14: if f(y) < f(xi) then
15: xi  y
16: counter LSITER� 1
17: end if
18: counter  counter + 1
19: end while
20: end for
21: end for
22: xbest  argminff(xi); 8ig
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3.1.3 Calculation of Total Force Vector

The superposition principleof electromagnetism theory states that the force exerted on

a point via other points is inversely proportional to the distance between the points and

directly proportional to the product of their charges [Cowan, 1968].

q1

q2

q3

F2 3

F1 3

F3

Figure 3.1: Superposition Principle(~Fi3 =
q3qi

4�"0"rr2
~er i = 1; 2).

Analogously, in each iteration we determine the charge of every point according to the

objective function values of the points. However, in our method the charge of each point is

not constant and changes from iteration to iteration.

The charge of each point,qi determines pointi’s power of attraction or repulsion. This

charge is evaluated by

qi = exp(�n f(xi)� f(xbest)Pm

k=1(f(x
k)� f(xbest))

); 8i: (3.1)

In this way, points that have better objective values possess higher charges. We multiply

the fraction by the dimensionn, because in higher dimensions the number of points in the

population tends to get large. As a result of this, the fraction may become very small, and

may cause overflow problems in calculating the exponential function.

We define the charge,qi according to the relative efficiency of the objective function
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value of the corresponding point in the population. This is clearly not the unique nor

the optimal choice for this calculation. An alternative calculation, which rank the points

according to their objective function values, may be used here. Our experiments have

shown that the proposed calculation in Equation (3.1) is satisfactory for our study.

Notice that, unlike electrical charges, no signs are attached to the charge of an individual

point in Equation (3.1). Instead, we decide the direction of a particular force between two

points after comparing their objective function values. Hence, the total forceF i exerted on

point i is computed by the following:

F i =
mX
j 6=i

8><
>:

(xj � xi) qiqj

kxj�xik2
if f(xj) < f(xi)

(xi � xj) qiqj

kxj�xik2
if f(xj) � f(xi)

9>=
>; ; 8i (3.2)

Algorithm 4 CalcF():F

1: for i = 1 tom do
2: qi  exp(�n f(xi)�f(xbest)Pm

k=1(f(x
k)�f(xbest))

)

3: F i  0
4: end for
5: for i = 1 tom do
6: for j = 1 tom do
7: if f(xj) < f(xi) then
8: F i  F i + (xj � xi) qiqj

kxj�xik2
fAttractiong

9: else
10: F i  F i � (xj � xi) qiqj

kxj�xik2
fRepulsiong

11: end if
12: end for
13: end for

As seen in Algorithm 4 (lines 7-8), between two points, the point that has a better ob-

jective function value attracts the other one. Contrarily, the point with worse objective

function value repels the other (lines 9-10). Sincexbest has the minimum objective func-

tion value, it acts as an absolute point of attraction, i.e., it attracts all other points in the
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population.

When we examine the algorithm carefully, we can see that the determination of a direc-

tion via total force vector resembles the statistical estimation of the gradient off . However,

the estimation computed by our method is different since this direction depends on the Eu-

clidean distance between the points. That is, the points that become close enough may lead

each other to a direction other than the statistically estimated one.

3.1.4 Movement According to Total Force Vector

After evaluating the total force vectorF i, the pointi is moved in the direction of the force

by a random step length as given in Equation (3.3). Here the random step length,�, is

assumed to be uniformly distributed between 0 and 1. Obviously, there are many other

distributions that can be used in calculation of this step length. But for ease of computation,

we have applied uniform distribution. We have selected the step length randomly in order

to ensure that the points have a nonzero probability to move to the unvisited regions along

this direction.

In Equation (3.3),RNG is a vector whose components denote the allowed feasible

movement toward the upper bound,uk, or the lower bound,lk, for the corresponding di-

mension (Algorithm 5, lines 6-10). Furthermore, the force exerted on each particle is nor-

malized so that we can maintain the feasibility. Thus,

xi = xi + �
F i

kF ik(RNG) i = 1; 2; :::; m: (3.3)

Algorithm 5 gives theMoveprocedure. Note that the best point,xbest, is not moved and

is carried to the subsequent iterations (line 2). This suggests that we may avoid the calcula-

tion of the total force vector on the current best point in Algorithm 4 (yet the computational
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effort for calculating the total force vector on a single point is negligible).

Algorithm 5 Move(F)

1: for i = 1 tom do
2: if i 6= best then
3: � U (0; 1)

4: F i  F i

kF ik

5: for k = 1 to n do
6: if F i

k > 0 then
7: xik  xik + �F i

k(uk � xik)
8: else
9: xik  xik + �F i

k(x
i
k � lk)

10: end if
11: end for
12: end if
13: end for

3.1.5 Termination Criteria

In our study we terminate EM by using a maximum number of iterations. According to our

test results, in general 25 iterations per dimension (i.e.,MAXITER = 25n) is satisfactory

for solving the moderate difficulty functions.

Another termination criterion that might be used is the successive number of iterations

spent without changing the current best point. In other words, if the current best point is

not changed for certain number of iterations, the algorithm may be stopped. However this

decision has to be studied carefully since algorithm may be terminated before converging to

the global optimum. On the other hand, unnecessary function evaluations may be avoided

by stopping earlier.

In the literature several other stopping conditions are studied [Boender and Romeijn,

1995, Törn et al., 1999]. One of the frequently used criteria is to terminate the algorithm
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when the observed objective function value is"-close to the optimal value [Huyer and

Neumaier, 1999]. However, this criterion is not appropriate if the global optimum is not

known in advance.

3.2 Computational Results

In a recent paper, T¨orn et al. classified the well-known global optimization problems as

unimodal, easy, moderately difficult, anddifficult problems [1999]. They also suggested

that the test problems should represent different classes. We have included some of the

functions that T¨orn et al. discussed and we have created a test function set consisting of 15

functions. We refer to this test function set as thegeneral test functions. The functions and

their references are given in Appendix B.1.

Initially, we studied three versions of EM, which differ in the local search procedure.

We demonstrate our results for the general test functions in terms of the average number

of function evaluations over 25 runs. The average and best objective function values are

also reported. After selecting the best version, we applied EM to a well known test set,

which consists of seven test functions [Dixon and Szeg¨o, 1975]. In addition to reporting

our results, we compare the results with other methods reported by Huyer and Neumaier

[1999].

All the computations were conducted on a Pentium-III 450 MHz PC. The algorithm has

been coded in C++ and it is available upon request.
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3.2.1 General Test Functions

We tested EM with three different versions of theLocal procedure. First, we excluded the

local procedure completely from the general scheme. Second, we applied the procedure to

all sample points. Finally, we utilized the local search procedure with the best point only.

The input parameters for the functions are given in Table 3.1. The functions are pre-

sented in alphabetical order, so the order of a function does not necessarily represent the

difficulty of the corresponding function.

Table 3.1: Parameters for General Test Functions

Function Name n m MAXITER LSITER Æ

Complex 2 10 50 10 5.0e-3
Davis 2 20 50 30 5.0e-3
Epistacity(4) 4 30 50 10 1.0e-3
Epistacity(5) 5 40 100 20 1.0e-3
Griewank 2 30 100 20 1.0e-3
Himmelblau 2 10 50 5 1.0e-3
Kearfott 4 10 50 5 1.0e-3
Levy 10 20 75 5 1.0e-3
Rastrigin 2 20 50 10 5.0e-3
Sine Envelope 2 20 75 10 5.0e-4
Stenger 2 10 75 10 1.0e-3
Step 5 10 50 5 1.0e-3
Spiky 2 30 75 10 1.0e-3
Trid(5) 5 10 125 50 1.0e-2
Trid(20) 20 40 500 150 1.0e-3

EM without Local procedure

In order to examine the basic convergence properties of EM, we first excluded theLocal

procedure from the algorithm. This was achieved simply by setting the parameter LSITER
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Table 3.2: Results of EM withoutLocal procedure

Function Name Avg. Evals. Avgf(x) Bestf(x) Known Optimum

Complex 363 0.0175 0.0158 0.0
Davis 622 1.6157 1.5641 0.0
Epistacity(4) 1079 0.0379 0.0149 0.0
Epistacity(5) 2603 0.0355 0.0207 0.0
Griewank 1914 0.0896 0.0032 0.0
Himmelblau 84 0.0934 0.0759 0.0
Kearfott 231 0.0008 0.0000 0.0
Levy 835 0.1429 0.0303 0.0
Rastrigin 141 -1.9566 -1.9871 -2.0
Sine Envelope 962 0.0744 0.0400 0.0
Stenger 282 0.0020 0.0019 0.0
Step 728 0.0000 0.0000 0.0
Spiky 1702 -38.6378 -38.7251 -38.85
Trid(5) 968 -28.2997 -29.0324 -30.0
Trid(20) 43354 -33.2567 -177.6124 -1520.0

to 0. The immediate effect of this choice is the loss of the local information. In this case,

even when a point is close to a local optimizer, it is not directed deeper into the valley. In

certain sense, this approach behaves blindly. However, since no additional information is

collected, the average number of function evaluation figures are not large.

The results in Table 3.2 show that the solutions for the functionsDavisandTrid(20)are

less satisfactory than those for the other functions.Davisis highly irregular in the neighbor-

hood of the optimum, while the feasible region ofTrid(20) is a 20-dimensional hypercube

with bounds[�400; 400] in each dimension. Therefore the number of evaluations in an

experiment is not large enough to adequately explore the feasible space.

Our results show that even if we do not use theLocal procedure, the average function

values are still good. In most of the problems, EM is able to approximate the optimum.
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Table 3.3: Results of EM withLocal procedure applied to all points

Function Name Avg. Evals. Avgf(x) Bestf(x) Known Optimum

Complex 5534 0.0000 0.0000 0.0
Davis 8091 0.4088 0.1322 0.0
Epistacity(4) 32823 0.0003 0.0001 0.0
Epistacity(5) 189769 0.0001 0.0001 0.0
Griewank 50790 0.0000 0.0000 0.0
Himmelblau 3287 0.0000 0.0000 0.0
Kearfott 6190 0.0000 0.0000 0.0
Levy 44814 0.0001 0.0000 0.0
Rastrigin 10359 -2.0000 -2.0000 -2.0
Sine Envelope 15629 0.0116 0.0001 0.0
Stenger 8316 0.0000 0.0000 0.0
Step 5743 0.0000 0.0000 0.0
Spiky 10264 -38.8004 -38.8492 -38.85
Trid(5) 37154 -29.9979 -29.9999 -30.0
Trid(20) 1.5e+6 -1519.6117 -1519.9768 -1520.0

Nevertheless, the average objective function value figures show that in some cases, EM

did not converge to the global optimum, and the accuracy of the objective function values

degraded. This motivated the next experiment.

EM with Local procedure applied to all points

We next applied theLocal procedure to all points in the population. This approach has

two advantages; first, the attractive parts of the feasible region are more thoroughly ex-

amined, and second, the repelled points have better chance to lead to as yet undiscovered

minimizers.

Notice that the performance of the algorithm improves but at the cost of the number of

function evaluations required by theLocal procedure (Table 3.3). Especially, the accuracy
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Table 3.4: Results of EM withLocal procedure applied to current best point

Function Name Avg. Evals. Avgf(x) Bestf(x) Known Optimum

Complex 598 0.0000 0.0000 0.0
Davis 832 0.4538 0.2356 0.0
Epistacity(4) 1580 0.0002 0.0001 0.0
Epistacity(5) 4123 0.0002 0.0000 0.0
Griewank 2470 0.0000 0.0000 0.0
Himmelblau 520 0.0001 0.0000 0.0
Kearfott 712 0.0000 0.0000 0.0
Levy 2783 0.0001 0.0000 0.0
Rastrigin 792 -1.9898 -2.0000 -2.0
Sine Envelope 1007 0.0352 0.0097 0.0
Stenger 724 0.0000 0.0000 0.0
Step 870 0.0000 0.0000 0.0
Spiky 1520 -38.6684 -38.8486 -38.85
Trid(5) 1870 -29.9963 -29.9997 -30.0
Trid(20) 99731 -1519.4472 -1519.5543 -1520.0

of the results for the functionsDavis, Levy, andTrid(20) are much better. However, the

number of evaluations drastically increases for the problems with high dimensionality.

EM with Local procedure applied to the current best point only

To reduce the number of function evaluations, we tried applyingLocal procedure to the

current best point only (Table 3.4). This choice balances the number of evaluations and the

accuracy of the results.

In this case, the average number of evaluations is closer to those of the first version

(without Local procedure), while the quality of the results is comparable to those of the

second version (Local procedure applied to all points ). However, when the function has

good attractors spread over the feasible region as in functionsSine EnvelopeandSpiky,
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Table 3.5: Results of EM for Dixon and Szeg¨o [1975] test functions

Function [(a)] n m MAXITER Avg. Evals. Avgf(x) Bestf(x) fglob

Shekel [S5] (b) 4 40 150 3368 -9.7320 -10.1532 -10.1532
Shekel [S7] 4 40 150 1782 -10.4024 -10.4029 -10.4029
Shekel [S10] 4 40 150 5620 -10.5109 -10.5109 -10.5364
Hartman [H3] 3 30 75 1114 -3.8625 -3.8628 -3.8628
Hartman [H6] 6 30 75 2341 -3.3072 -3.3224 -3.3224
Goldstein Price [GP] 2 20 50 420 3.0001 3.0000 3.0000
Branin [BR] 2 20 50 315 0.3980 0.3979 0.3979
Six Hump Camel [C6] 2 20 50 233 -1.0316 -1.0316 -1.0316
Shubert [SHU] 2 20 50 358 -186.7227 -186.7309 -186.7309
(a) : The labels of the functions are given in brackets [Huyer and Neumaier, 1999].
(b) : 2 of the 25 runs do not converge to the global optimum.

the points visiting the neighborhood of the global optimum may not be powerful enough to

attract other points. In functionDavis, the algorithm rapidly converges to the neighborhood

of the optimum point, but the region around global optimum has many local minimizers in

steep valleys. Thus, EM is trapped in one of these local minima.

3.2.2 Dixon and Szeg̈o Test Functions

Our initial experiments show that EM rapidly converges to the minimizers. The local infor-

mation gains more importance either when the function is highly irregular in the neighbor-

hood of the global optimum, or when the global optimum is far from the highly attractive

local minimizers. Although the application of the local search to all points provides the

best results, the improvement over applying local search only to the current best point is

not significant. Therefore, for most of the problems, applying local search to all points may

turn out to be overkill. In the subsequent experimentation, we utilized the third version of

EM for comparison with other global optimization methods.

For the comparison, we used the standard test functions given by Dixon and Szeg¨o
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[1975]. The performance of different methods on these functions has been extensively

studied by Huyer and Neumaier [1999]. We use their results in comparing EM with the

existing approaches. As a stopping criterion we use the following Equation (3.4), that is

also applied by Huyer and Neumaier [1999]:

(f(xbest)� fglob)

jfglobj � 10�4 (3.4)

wherefglob represents the known global optimum.

Table 3.5 shows our results with the corresponding parameters. EM does not exhibit

any difficulty to converge to the global optimum in all functions, exceptShekel[S5]. This

function has an attractive local minimizer, which is far from the global optimum.

Table 3.6 shows the comparison of EM with other methods in terms of number of

function evaluations. Except for the last row, the figures in the table are taken from [Huyer

and Neumaier, 1999]. From the table we see that MCS achieves the best results followed

generally speaking by the other methods (labeled with (f) and (h)), which use first or second

order information in the neighborhood search. EM does as well as or better than the most

of the older methods indicated in the upper part of the table.

Overall, our additional comments are in order:

� Unlike MCS and other methods indicated with (f), EM does not use the first or

the second order information.

� EM is able to provide answers for all the problems.

� All the methods, other than EM that are included in Table 3.6, have some

limitations due to their rigid structures. EM has a very flexible design which

would permit using the desirable features from other methods.

� In both sets of test problems, we have observed that EM performs well when
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Table 3.6: Comparison of EM with different methods in terms of number of function
evaluations

Method S5 S7 S10 H3 H6 GP BR C6 SHU
Bremmerman (a) (a) (a) (a) (a) (a) 250
Mod. Bremmerman (a) (a) (a) (a) 515 300 160
Zilinskas (a) (a) (a) 8641 5129
Gomulka-Branin 5500 5020 4860
Törn 3679 3606 3874 2584 3447 2499 1558
Gomulka-Törn 6654 6084 6144
Gomulka-V.M. 7085 6684 7352 6766 11125 1495 1318
Price 3800 4900 4400 2400 7600 2500 1800
Fagiuoli 2514 2519 2518 513 2916 158 1600
De Biase-Frontini 620 788 1160 732 807 378 587
Mockus 1174 1279 1209 513 1232 362 189
Bélisle et al. (b) 339 302 4728 1846
Boender et al. (f) 567 624 755 235 462 398 235
Snyman-Fatti (f) 845 799 920 365 517 474 178
Kostrowicki-Piela (g) (c) (c) (c) 200 200 120 120
Yao (f) 1132 � 6000
Perttunen (f) 516 371 250 264 82 97 54 197
Perttunen-Stuckman (f) 109 109 109 140 175 113 109 96 (a)
Jones et al. (h) 155 145 145 199 571 191 195 285 2967
Storn-Price (d) 6400 6194 6251 476 7220 1018 1190 416 1371
MCS (e) (f) 83 129 103 79 111 81 41 42 69
EM 3368 1782 5620 1114 2341 420 315 233 358
(a) Method converged to a local minimum.
(b) Average number of function evaluations when converges;
for H6, converged only 70 percent of time.
(c) Global minimum not found within 12000 function calls.
(d) Average over 25 cases. For H6, average over 24 cases only;
one case did not converge within 12000 function calls.
(e) The version that gives the best results is selected.
(f) Recent methods that use first or second order information.
(g) Requires closed form for a particular integral.
(h) Partitions the search space into hyper-rectangles.
Missing entry means that no result is available [Huyer and Neumaier, 1999]
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there is a pattern in the function. However, if there are multiple attractive local

minimizers spread around the feasible region, EM may be deceived and the

performance of it may decrease.

� The combination of the general scheme with other powerful local search meth-

ods [Solis and Wets, 1981], may increase the efficiency of the algorithm.

� The computational results suggest that we could improve our results by using

first or second order information in the local search.

3.3 Effects of Different Parameters

The proposed approach depends on several parameters. In order to analyze the effects of

these parameters, we have selected two functions -one from each set- and conducted a

general factorial design with three factors.

We have selected the number of sample points (m), the maximum number of iterations

(MAXITER), and the local search parameter (Æ) as our factors (A, B and C respectively).

We have not added the maximum number of local search iterations since in the local search

procedure the bigwhile loop ends as soon as a better neighboring solution is found (Algo-

rithm 3, lines 14-17).

The levels of the factors are given in Table 3.7. We select the levels of the first two

factors according to the dimension of the problem (n). In each combination of the levels

we have used 10 replicates, thus totally 270 runs have been taken.

We have used the functionSine Envelopefrom the first test set and the functionShekel

[S5] from the second set. We have selected these functions because the computational re-

sults have shown that the efficiency of EM on these functions is not as good as its efficiency
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Table 3.7: Levels of the factors used in experimental design

Factors
A (m) B (MAXITER) C (Æ)

Level 1 5n 25n 1.0e-4
Level 2 10n 50n 1.0e-3
Level 3 20n 75n 1.0e-2

on other functions in the corresponding test sets.

Table 3.8 and Table 3.9 show that the significant factors of the model are A, B and

AC. These results suggest that when we run the method for along timeor when wein-

crease the number of pointsin the population the chance of finding the global optimum

increases. Besides, if we change the local search parameter,Æ, with the number of points

in the population the results improve.

Table 3.8: Analysis of variance table for the functionSine Envelope

Sum of Degrees of Mean Square F Value
Squares Freedom

A 5.421e-3 2 2.71e-3 4.11
B 2.2e-2 2 1.1e-2 16.35
C 1.037e-3 2 5.186e-4 0.79
AB 3.474e-3 4 8.684e-4 1.32
AC 6.470e-3 4 1.617e-3 2.45
BC 1.9e-3 4 4.751e-4 0.72
ABC 3.013e-3 8 3.767e-4 0.57
Error 0.16 243 6.596e-4
Total 0.20 269
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Table 3.9: Analysis of variance table for the functionShekel[S5]

Sum of Degrees of Mean Square F Value
Squares Freedom

A 48.58 2 24.29 3.01
B 71.41 2 35.71 4.43
C 42.42 2 21.21 2.63
AB 49.42 4 12.35 1.53
AC 83.16 4 20.79 2.58
BC 30.58 4 7.65 0.95
ABC 126.83 8 15.85 1.97
Error 1958.36 243 8.06
Total 2410.76 269

3.4 Summary

In this chapter we have introduced a new approach, EM, which is a powerful yet easy

method for global optimization. The proposed method mimics the electromagnetism theory

of physics by considering each sample point as an electrical charge. Like most multiple-

point stochastic methods, the proposed method starts with sampling random points from the

feasible region. Then it proceeds according to the objective function values of the points

at the subsequent iterations. The strength of the method lies in the idea of directing the

sample points toward local optimizers by utilizing an attraction-repulsion mechanism.

We have applied the algorithm to different test problems and compared our results with

other methods from the literature. Without using the first or second order information,

EM converges rapidly to optimum when the number of function evaluations is used as a

performance measure. We also note that EM can be used as a stand-alone approach or as

an accompanying algorithm for other methods.
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In the next chapter, a thorough study of the convergence properties of EM will be stud-

ied. We will first examine the stochastic process generated by the proposed method and

after some modifications, we will analyze the global convergence in probability.



Chapter 4

Theoretical Structure

There are convergence proofs for random search methods in the literature [Baba, 1981,

Dekkers and Aarts, 1991, Pint´er, 1984, Boender and Romeijn, 1995]. In an early work,

Yakowitz and Fisher studied a general framework for the conditions of convergence of

stochastic search methods [Yakowitz and Fisher, 1973]. Most of these proofs are based

on a critical mechanism, which ensures that the algorithm does not discard any part of the

feasible region. Usually, this is accomplished by adding a uniform sampling procedure

which has a small probability of being invoked. Although, the effect of this procedure

is minimal from a computational stand point, its existence is extremely important for the

convergence result. This mechanism works like alife-saverto guarantee that no matter how

the method behaves, there exists a nonzero probability of covering any full-dimensional

subset inS.

In this chapter, we focus on refining the major procedures of the EM so that we can

come up with an asymptotic convergence proof to the global optimum for the refined

method. Relative to our previous study we introduce afree particleto avoid premature

convergence and to elevate the strength of the method [Birbil et al., 2001]. The necessary

43
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changes in the method are explained in detail in the following sections.

4.1 Modifications on the Original Method

Before introducing the modifications, we discuss the necessity of the changes by elaborat-

ing on “premature convergence”.

4.1.1 Premature Convergence

The premature convergence may occur when the forces exerted on the particles omit some

parts of the feasible region. We illustrate this phenomenon by an example.

In Figure 4.1, the function has the optimum at point0, and it has a high peak that is

close to this point. After the peak, the function is monotonically decreasing. If all the

particles in the current population were located on the right hand side of the peak, in the

original EM, all particles would be directed toward the right, which would end up with a

local minimizer, and the algorithm would converge prematurely.

In order to preclude premature convergence, we have to somehow “perturb” the current

population so that at least one of the particles will have a chance to move to the possibly

omitted parts of the feasible region. Hence, one of the particles in the population other than

the current best one will be selected as theperturbed pointand denoted byxp. Next, the

CalcF procedure is modified to take into account this perturbed point.

4.1.2 Refined General Scheme

First, we restate the general scheme in Algorithm 6. Here we assume that the following

parameters are given: dimension of the problem (n), upper and lower bounds in thekth
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x

f(x)

: current best point

: other points

0

Figure 4.1: An example of premature convergence on one dimensional space

dimension, (uk, lk), and pointer to the function (f ). Note that except the total force calcu-

lation procedure, the rest of the previous method is preserved.

Recall thatm represents the number of points in the population. We have added a new

parameter,�, which we call thethreshold parameterfor use with the free particle. This

parameter will be explained in the next section.

Algorithm 6 EM(m, �)

1: Initialize()
2: while termination criteria are not satisfieddo
3: Local()
4: F CalcF(�)
5: Move(F)
6: end while

As before, we adopt the notation,xi, to specify theith point of the population. However,

in addition to the current best point,xbest, there is another point in the population which is

indexed separately. This is the free particle, which we refer to as theperturbed point, xp.
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4.1.3 The Perturbed Point and The ModifiedCalcF Procedure

The modifiedCalcF procedure is given in Algorithm 7. Note that a new parameter� 2
(0; 1) is introduced, which will be described below. The perturbed point,xp is selected

as the farthest point from the current best point,xbest in the current population (line 1,

Algorithm 7), i.e.,

xp , argmaxfkxbest � xik; i = 1; 2; :::; mg: (4.1)

Algorithm 7 CalcF(�)

1: xp  argmaxfkxbest � xik; i = 1; 2; :::; mg
2: for i = 1 tom do
3: qi  exp(�n f(xi)�f(xbest)Pm

k=1(f(x
k)�f(xbest))

)

4: F i  0
5: end for
6: for i = 1 to m do
7: for j = 1 to m do
8: if i 6= j then
9: if xi 6= xp then

10: F i
j  (xj � xi) qiqj

kxj�xik2

11: else
12: � U(0; 1)

13: F i
j  (xj � xi) �qiqj

kxj�xik2

14: if � < � then
15: F i

j  �F i
j fReverse Directiong

16: end if
17: end if
18: if f(xj) < f(xi) then
19: F i  F i + F i

j fAttractiong
20: else
21: F i  F i � F i

j fRepulsiong
22: end if
23: end if
24: end for
25: end for
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Exceptxp, the calculation of the total force vector remains the same for all points (see

Equation (3.2)) . Forxp, the component forces are perturbed by a random number�, i.e.,

F p
j =

8><
>:

(xj � xp) �qpqj

kxj�xpk2
; if f(xj) < f(xp)

(xp � xj) �qpqj

kxj�xpk2
; if f(xp) � f(xj)

9>=
>; (4.2)

where� is uniformly distributed between 0 and 1 (lines 12-13 , Algorithm 7). Also, the

directions of the component forces are perturbed; that is, if the random variable� is less

than the parameter� then the direction of the component force is reversed (Algorithm 7,

lines 14-16). Consequently, there exists one point in the population for which the direction

of movement may be reversed.

4.2 Convergence Results for the Modified EM

The steps of the modified EM is given in Algorithm 8. Notice that the neighborhood search

procedureLocal is not included in this revised version, since it does not effect the con-

vergence proof. Our task is to show that in the long run (i.e., whenMAXITER ! 1)

the modified method converges to the set of global optima with probability one. In the

following sections, we give the convergence proof after introducing the notation.

Algorithm 8 EM(m, �)

1: Initialize()
2: iteration 1
3: while iteration� MAXITER do
4: CalcF(�)
5: Move()
6: iteration iteration + 1
7: end while
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4.2.1 Notation and Assumptions

We first recall the definition of the global optimum solution: Letf : <n ! < andS � <n

be as in (1.1), thenx� 2 <n is called aglobal minimizeronS, if

x� 2 S andf(x�) � f(x); 8x 2 S: (4.3)

This leads to the definition of the set of points that are in the vicinity of global minimizer.

Given" > 0, theset of"-optimal solutionsis defined by

B�
" = fx 2 S : jf(x)� f(x�)j � "g: (4.4)

In our derivation we make the following assumptions:

1. B�
" contains an open ball of full dimensionality, i.e.,�(B�

") > 0, where� is the

Lebesgue measure on<n.

2. f : S ! < is a lower bounded measurable function with respect to the Lebesgue

measure�.

3. The collection of vectors (corresponding to them (m � n + 1) points in the current

population) at every iteration generated by the algorithm has full rank, i.e.,

rank(fx1; x2; :::; xmg) = n: (4.5)

Recall that the proposed method (Algorithm 8) utilizes a stochastic search mechanism

with a population of points. Thus, there exists an underlying stochastic process, which

depends on the location of them points in the feasible regionS.

Formally, if we defineYk as the random variable corresponding to the collection ofm

vectors at iterationk, then the stochastic process generated by the algorithm becomes the
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family of random variablesfYk; k = 0; 1; 2; � � � g. Also, the collection of thesem vectors

corresponds to thestateof the process. Hence, we define thestate spaceas

Xm , fx : x = (x1; x2; :::; xm); xi 2 S; i = 1; 2; :::; mg; (4.6)

wherex denotes a state. In this setting, the random variableYk gives the state of the process

at iterationk.

Notice that, in the algorithm the location of the points at the next iteration depends only

on the current population. Therefore, the stochastic process generated by the algorithm

constitutes a time homogeneous Markov Chain [Taylor and Karlin, 1998]. This leads to the

definition of the transition probability�(x; A); for any givenx 2 Xm , andA � S

�(x; A) , Pf�A(Yk+1) 6= 0 j Yk = xg (4.7)

evaluates the conditional probability of making a transition from statex into a state that

hasat leastone point inA, where

�A(x) ,
mX
i=1

1A(x
i) (4.8)

gives the number of points inA \ x. 1A is the indicator function for setA, i.e., 1A(xi)

returns 1 ifxi is in A and returns 0 otherwise.

Remember that the main modification on the original method is the addition of the

perturbed point,xp. This point plays an essential role in the proof of convergence to the

global optimum, so we introduce additional notation related toxp. Let d 2 <n be any

direction, then

L(xp; d) , fx(�) : x(�) = xp + �d 2 <n; � � 0g (4.9)

denotes theray originated atxp and directed alongd. Furthermore, for any given subsetA
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Figure 4.2: Truncated cone in<2.

of S, we define

C(xp; A) , fx : x 2 L(xp; y � xp) \ S; for somey 2 Ag (4.10)

as thetruncated conepointed atxp (Figure 4.2).

4.2.2 Convergence With Probability One

In this section we present a proof of convergence to the global optimum. First, let us define

the concept of convergence for the modified method. Given" > 0, if there exists an integer

K(") � 0 such that

�B�
"
(Yk) 6= 0; 8k > K("); (4.11)

then the modified EM (Algorithm 8) is said toconvergeto the set of"-optimal solutions.

Recall the definition of�(x; A) in (4.7), we further define

��(A) , inf
x2Xm

f�(x; A)g (4.12)
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for a given subsetA of S.

Lemma 1 GivenA � S, if A contains an open ball of full dimensionality in S, then

��(A) > 0: (4.13)

Proof. Let x 2 Xm be a population of points at any particular iteration. Notice that by

assumption 3, this collection of vectors has full rank. Without loss of generality we may

assume thatm = n+1, so when we focus on the perturbed pointxp, the component forces

F p
j become a basis. Also, in Algorithm 7 (lines 14-16), the directions of the component

forces may be reversed with a positive probability. Therefore, any direction aroundxp can

be possibly generated as a combination of the component forces. Furthermore, two more

steps are needed so thatxp may move into the given setA at the next iteration. First, a

direction vector, which falls into the truncated coneC(xp; A) should be generated (Figure

4.2). Then, an appropriate step length is required so thatxp can be displaced intoA.

Next we show that there exist nonzero lower bounds on the probabilities of the steps

stated above. Multiplying the values of the lower bounds for each step provides a positive

lower bound for��(A).

Step 1. SinceA contains an open ball with full dimensionality in S, there exists a ballBr � A

with its radiusr > 0 being small enough such thatBr lies in the nonnegative com-

bination of the component forces atxp with the directions of some of the component

forces being reversed. Let�1(x) denote the probability for reversing the directions

of some of the component forces so thatBr lies in the nonnegative combination of

the component forces. Note that in Algorithm 7 (line 14) the probability of reversing

each component force is� 2 (0; 1). Therefore, the lower bound on the probability of
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Figure 4.3: Calculation of the probability for Step 2 in<2.

Step 1 is

0 < ��1 , minf(1� �)n; �ng � �1(x): (4.14)

Step 2. LetBÆ be a closed ball with radiusÆ > 0 in Br, i.e.,

BÆ � Br � A: (4.15)

The proper selection ofBÆ will become apparent shortly.

By assumption 3, the component forces,F p
j , (with some directions being reversed)

form a basis. LetH(x) be the set generated by the component force vectors, i.e.,

H(x) , fx : x =
mX
j 6=p


iF
p
j ; 
i 2 [0; 1]g: (4.16)

Equation (4.2) shows that the component forces are perturbed with uniformly dis-

tributed numbers between 0 and 1. As illustrated in Figure 4.3, let

T (x) , �(H(x) \ C(xp; BÆ)) (4.17)
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then the probability of generating a total force vector that lies inC(xp; BÆ) is

�2(x) ,
�(T (x))

�(H(x) \ S) : (4.18)

The value of�2(x) decreases as the denominator increases and the numerator de-

creases. The upper bound of the denominator is the volume ofS, i.e.,

�(H(x) \ S) �
nY

k=1

(uk � lk): (4.19)

In (4.18), the volume ofT (x) depends on the volume of theH(x), and the distance

betweenBÆ andxp. Let,

� , inf
x2BÆ

fkx� xpkg: (4.20)

be the distance betweenBÆ andxp. SinceS is bounded, we have

� � �� , sup
x;y2S
fkx� ykg: (4.21)

Also note that by (4.16), the volume ofH(x) decreases as the lengths of the compo-

nent force vectors decrease. Let us define,

� , min
j 6=p
kF p

j k: (4.22)

By Equation (4.2) we have

kF p
j k =

qpqj

kxj � xpk ; (4.23)

where the charges of the points are evaluated as in Equation (3.1). Note that in (3.1),

the fraction in the exponential function is between 0 and 1. Hence, the lower bound

on the charge of any point isq� , e�n. By using (4.21), we have

0 < �� ,
(q�)2

��
� �: (4.24)
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Figure 4.4: Calculation of the lower bound for�(T (x)) in <2.

Let Vb � T (x) be a cube with a side length ofb. As illustrated in Figure 4.4, such

cube exists since we can selectÆ arbitrarily small. Note that this result can be further

generalized to then dimensional case as

bn = �(Vb) � �(T (x)): (4.25)

Next we show thatb is bounded away from 0. From Figure 4.4, we seea � h, d � Æ

and

b � ad

��
: (4.26)

With Æ sufficiently small, the Pythagoras theorem implies

h2 + (�� � b)2 � (��)2 (4.27)

a � h �
p

2b�� � b2 (4.28)
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Substituting the lower bounds ofa andd into (4.26) gives

b � Æ
p

2b�� � b2

��
(4.29)

Hence,

b2 � Æ2(2��b� b2)

(��)2
(4.30)

(��)2b2 � 2��bÆ2 � b2Æ2 (4.31)

b((��)2 + Æ2) � 2��Æ2 (4.32)

b � 2��Æ2

(��)2 + Æ2
: (4.33)

Consequently, the lower bound onb becomes

b� ,
2��Æ2

(��)2 + Æ2
: (4.34)

This further leads to

0 < (b�)n � �(Vb) � �(T (x)): (4.35)

Therefore, the lower bound on the probability of Step 2 is

0 < ��2 ,
(b�)n

nQ
k=1

(uk � lk)
� �2(x): (4.36)

Step 3. LetL(xp; F p) be the ray originated atxp and directed alongF p (Figure 4.3). In

Algorithm 5 the perturbed point is moved along the total force vector by a uniformly

distributed step length (between 0 and up/down to the boundaries). Hence, let

L(xp; F p) \ @Br , fy1; y2g andL(xp; F p) \ @S , fzg; (4.37)

where@Br and@S denote the boundaries of theBr andS, respectively. Then, the

probability of moving intoA is

�3(x) ,
ky1 � y2k
kxp � zk : (4.38)
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Figure 4.5: The calculation ofr� in <2.

As illustrated in Figure 4.5, if we define

r� ,
p
r2 � Æ2; (4.39)

then

0 < 2r� � ky1 � y2k: (4.40)

Therefore, by using (4.21) the lower bound on the probability of Step 3 is

0 < ��3 ,
2r�

��
� �3(x): (4.41)

Therefore we have shown that

0 < ��1�
�
2�

�
3 � ��(A): (4.42)

This completes the proof of the lemma.�

Assumption 1 ensures thatB�
" contains an open ball of full dimensionality. Therefore,

there exists a nonzero probability for the population at any given iteration to move into the

set of"-optimal solutions in one iteration.
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The next lemma shows that at any iteration, if one of the points is inB�
" then at subse-

quent iterations there always exists at least one point residing inB�
" . Intuitively, this reflects

anabsorbing eventfor the algorithm.

Lemma 2 Given any statex 2 Xm andk � 0 if �B�
"
(Yk) 6= 0 thenPf�B�

"
(Yk+1) 6= 0 j

Yk = xg = 1 .

Proof. Suppose at iterationk,

Yk = x and �B�
"
(Yk) 6= 0; (4.43)

then we know thatxbest 2 B�
" . Algorithm 5 (line 2) ensures that unless another point

observes a better objective function value than that ofxbest, the current best point inB�
"

remains at iterationk + 1. If not, thenxbest is replaced by this new point, which again

resides inB�
" . Thus,

�B�
"
(Yk+1) 6= 0: (4.44)

This completes the proof of the lemma.�

We are now ready to prove that the modified EM converges to the set of"-optimal

solutions with probability one.

Theorem 1 Provided that the assumptions in Section 4.1 hold, Algorithm 8 converges to

B�
" with probability one, i.e.,

lim
k"1

Pf�B�
"
(Yk) 6= 0g = 1: (4.45)
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Proof. The Markovian property of the stochastic process and Lemma 2 imply that

Pf�B�
"
(Yk) = 0g = Pf�B�

"
(Y1) = 0; �B�

"
(Y2) = 0; � � � ; �B�

"
(Yk) = 0g

= Pf�B�
"
(Y1) = 0g

kQ
l=2

Pf�B�
"
(Yl) = 0 j �B�

"
(Yl�1) = 0g

(4.46)

Since we have a time homogeneous Markov Chain, it is sufficient to compute only

Pf�B�
"
(Yl) = 0 j �B�

"
(Yl�1) = 0g: (4.47)

Let us define

D = fx : �B�
"
(x) = 0g; (4.48)

then we have,

Pf�B�
"
(Yl) = 0 j �B�

"
(Yl�1) = 0g =

Pf�B�" (Yl�1)=0;�B�" (Yl�1)=0g

Pf�B�" (Yl)=0g

=
R
D
Pf�B�" (Yl)=0jYl=ygPfYl�1=yg�(dy)R

D
PfYl�1=yg�(dy)

(4.49)

Following (4.12), let��(B�
" ) = ��, and by Lemma 1, we have

Pf�B�
"
(Yl) = 0 j Yl�1 = yg � (1� ��); 8y 2 D: (4.50)

Hence (4.49) becomes

Pf�B�
"
(Yl) = 0 j �B�

"
(Yl�1) = 0g � (1���)

R
D
PfYl�1=yg�(dy)R

D
PfYl�1=yg�(dy)

= (1� ��):
(4.51)

Substituting (4.51) into (4.46), we get

Pf�B�
"
(Yk) = 0g � (1� ��)k: (4.52)

By Lemma 2, we have

lim
k"1

Pf�B�
"
(Yk) 6= 0g = 1� lim

k"1
Pf�B�

"
(Yk) = 0g

� 1� lim
k"1

(1� ��)k = 1:
(4.53)

This completes the proof of the theorem.�
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4.2.3 Computational Considerations

The main theorem shows that Algorithm 8 eventually reaches an"-optimal solution. If we

consider the output of the algorithm in each iteration as a sequence of Bernoulli trials, then

the average number of failures before the first success can be calculated [Law and Kelton,

2000]. By Lemma 1, the probability of success is��(B�
"). Therefore the average number

of failures before the first success is(1� ��(B�
"))=�

�(B�
").

Again for computational study, we need to discuss two possible overflow problems.

First, recall that the charge of each point is calculated by (3.1). Hence, if the objective

function attains very high values, the fraction may become too small and cause an overflow

problem in calculating the exponential function. This problem can be avoided by assigning

a large floating point value (depending of the word length of the particular computer) to

the points with very high objective function values. Second, if the distance between two

points is close to zero, then there may be an overflow problem due to the denominator of the

fractions in equations (3.2) and (4.2). This can be also avoided by setting a small enough

number to the distance between these points according to the word length of the computer.

4.3 Computational Results

We tested the refined method (Algorithm 6) with two sets of functions. First we solved the

same collection of problems Dixon and Szeg¨o [1975] test functions. However since this

set is regarded in the literature as easy, we selected hard problems from the field (which

include problems of higher dimension) to form an additional test set.

As before, the initialization procedure is the uniform sampling from the feasible region.

We applied the previous local search method (Algorithm 3) to the current best point only.
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We did not adjust the parametersLSITER and Æ used in theLocal procedure and set

them to be 10 and 1.0e-3, respectively. In our experiments, we used maximum number of

iterations (MAXITER), and in all runs the threshold parameter (�) was set to be 0.25. As

the stopping criterion, we again used equation (3.4).

The following two sections show the results for each function. The tables of the results

include the average and best objective function values, as well as the average number of

function evaluations.

4.3.1 Dixon and Szeg̈o Test Functions

Table 4.1 shows that the refined algorithm does not have any difficulty in solving the prob-

lems in this test set. Also, the number of function evaluations required to converge to the

optimum is still satisfactory. When we compare the results with the results of the previous

version of the algorithm (Table 3.5), we can see that forShekelfunctions [S5], [S7], [S10],

and for functionsHartman [H6] and Shubert[SHU], the refined version gives a smaller

average number of function evaluations. On the other hand for the functionsHartman

[H3], Branin [BR] andSix Hump Camel[C6] the average number of function evaluations

is slightly larger.

The observed increase in the number of the function evaluations for the latter functions

is due to the perturbed point. This is what we would expect from the refined version. How-

ever, the decrease for the other functions was unexpected. This suggests that the addition

of the perturbed point aids in exploration of the unvisited parts of the feasible domain.
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Table 4.1: Results for Dixon and Szeg¨o [1975] test functions with the refined algorithm

Function n m MAXITER Avg. Evals. Avgf(x) Bestf(x) fglob

Shekel [S5] 4 40 150 2800 -9.54637 -10.1532 -10.1532
Shekel [S7] 4 40 150 1608 -10.4024 -10.4029 -10.4029
Shekel [S10] 4 40 150 5445 -10.5109 -10.5109 -10.5364
Hartman [H3] 3 30 75 1303 -3.8626 -3.8628 -3.8628
Hartman [H6] 6 30 75 2206 -3.3045 -3.3224 -3.3224
Goldstein Price [GP] 2 20 50 421 3.0001 3.0000 3.0000
Branin [BR] 2 20 50 393 0.3979 0.3979 0.3979
Six Hump Camel [C6] 2 20 50 253 -1.0316 -1.0316 -1.0316
Shubert [SHU] 2 20 50 265 -185.1975 -186.7309 -186.7309

4.3.2 Hard Test Functions

We selected 4 functions, among which the dimension (n) varies between 4 and 64. These

problems are suggested to test the ability of a global optimization method to reach the

global minimizer and to discriminate it from other local minimizers [Neumaier, 2002].

Table 4.2 shows the results of the modified method with hard test functions. The first

two functionsPerm(4, 0.005) andPerm0(10, 100) are very hard problems since they contain

many local minima, which lead to large differences in function values in case of small

discrepancies in the variable values. For these two functions, EM is able to converge to

the global optimum within 25 runs. However the average objective function values show

that EM gets trapped in one of the local minimizers and does not converge to the global

minimizer.

Powersum (8) and Powersum (64) are two test functions that have singular minimizers

among very flat valleys. Therefore, the Hessians are ill-conditioned at the solution and the

problems become very hard for methods that use higher order information. Moreover, for

Powersum (64) the dimension is very large and can not be efficiently handled by many

methods. As the average objective function values point out, EM performs extremly well
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for these two functions.

The number of function evaluation figures for all functions look promising. Further-

more, this number can be drastically decreased by using a more accurate and rapidly con-

vergent local search procedure.

Table 4.2: Results for hard test functions

Function n m MAXITER Avg. Evals. Avgf(x) Bestf(x) fglob
Perm(4, 0.005) 4 20 150 5181 0.2541 0.0033 0.0
Perm0(10, 100) 10 50 250 32718 0.9438 0.0133 0.0
Powersum (8) 8 40 200 5646 0.0001 0.0000 0.0
Powersum (64) 64 100 500 154678 0.0002 0.0001 0.0

4.4 Summary

This chapter gives a proof of convergence to the global optimum for the modified version

of the proposed method. Our main task has been to show that when the number of iterations

is large enough, one of the points in the current population moves into the"-neighborhood

of the global optimum. In order to achieve this result, we have given a detailed mathe-

matical construction, which could be easily applied to some of the other population-based

stochastic search methods.



Chapter 5

Variants of EM and Extensions

A number of interesting questions were raised by the computational results of the previous

chapters: What is the effect of using higher order information in EM? How can we speed

up local convergence for convex minimization? Can we decrease the step lengths gradually

so that the search process could be intensified in particular regions? In this chapter, we

tackle these questions by developing particular variants of EM. We note that there are many

alternatives to answer any one of the questions; the variants presented in this chapter are

just one of these many alternatives. In addition, in this chapter we provide a preliminary

extension of the EM algorithm for solving constrained optimization problems.

Note that in the following sections, unless we introduce a new variant of EM, we use

the modified scheme (Algorithm 6) discussed in the previous chapter.

63
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5.1 Using Higher Order Information

Our experiments in Chapter 3 show that the bulk of the computational effort is due to the

Local procedure. Though this procedure has served the purpose of showing the effective-

ness of EM for locating regions of attraction, it limits the quality of the results in terms

of precision and number of function evaluations. Therefore, replacingLocal procedure by

an alternative method that is effective in local refinement is advantegous. Furthermore,

an alternative method utilizing first or second order information enables us to make a fair

comparison between EM and other methods mentioned in Table 3.6.

In order to easily merge EM with an effective local search algorithm, we used MAT-

LAB. MATLAB is a high-performance language for technical computing that is used ex-

tensively in both academia and industry [MathWorks, 2000]. MATLAB provides several

algorithms for unconstrained optimization. We selected the procedurefminunc, which con-

verges to thelocal minimumof a real-valued function of several variables, starting at an ini-

tial estimate. This procedure uses the BFGS Quasi-Newton method with a mixed quadratic

and cubic line search procedure. In Algorithm 6, we remove theLocal procedure, and

instead pass the current best point to procedurefminuncat each iteration as the initial esti-

mate. In the subsequent experiments, the default parameters provided by MATLAB were

used and each call to a test function by the procedurefminuncwas counted as an additional

function evaluation (including the calls for the calculation of the gradient).

Table 5.1 shows the performance of EM using higher order information on the Dixon

and Szeg¨o [1975] test functions. For each function, the average number of function eval-

uations, average objective function values, and the best objective function values from 25

runs are presented. The parameters n, m and MAXITER are the same as in Table 3.5, and

equation (3.4) was used as the stopping criterion.
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Table 5.1: Results of EM using higher order information for Dixon and Szeg¨o [1975] test
functions

Function [(a)] n m MAXITER Avg. Evals. Avg.f(x) Bestf(x) fglob

Shekel [S5] (b) 4 40 150 221 -9.9511 -10.1532 -10.1532
Shekel [S7] 4 40 150 402 -10.4029 -10.4029 -10.4029
Shekel [S10] 4 40 150 558 -10.5109 -10.5109 -10.5364
Hartman [H3] 3 30 75 99 -3.8628 -3.8628 -3.8628
Hartman [H6] 6 30 75 155 -3.3224 -3.3224 -3.3224
Goldstein Price [GP] 2 20 50 76 3.0000 3.0000 3.0000
Branin [BR] 2 20 50 60 0.3979 0.3979 0.3979
Six Hump Camel [C6] 2 20 50 74 -1.0316 -1.0316 -1.0316
Shubert [SHU] 2 20 50 210 -186.7309 -186.7309 -186.7309

Notice that EM using higher order information is able to converge to the global op-

timum in all the problems. As the average objective function values column (column 6)

indicates, except for the problemShekel[S5], EM was able to locate the global minimizer

in all 25 runs. For the problemShekel[S5], algorithm converged to another attractive local

minimizer in two of the twenty five runs. Furthermore, in comparison with Table 3.6, the

number of function evaluations has decreased dramatically for all the problems.

To show the performance improvement in terms of number of function evaluations, we

compare our results with other methods as before. Note that Table 5.2 is Table 3.6 from

Chapter 2 with one more row corresponding to EM with higher order information added.

From the table we see that EM with higher order information outperforms most of the

methods. Moreover, for problemGoldstein Price[GP], EM achieves an even better result

than the most successful method, MCS.
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Table 5.2: Comparison of EM using higher order information with other methods for Dixon
and Szeg¨o [1975] test functions

Method S5 S7 S10 H3 H6 GP BR C6 SHU

Bremmerman (a) (a) (a) (a) (a) (a) 250
Mod. Bremmerman (a) (a) (a) (a) 515 300 160
Zilinskas (a) (a) (a) 8641 5129
Gomulka-Branin 5500 5020 4860
Törn 3679 3606 3874 2584 3447 2499 1558
Gomulka-Törn 6654 6084 6144
Gomulka-V.M. 7085 6684 7352 6766 11125 1495 1318
Price 3800 4900 4400 2400 7600 2500 1800
Fagiuoli 2514 2519 2518 513 2916 158 1600
De Biase-Frontini 620 788 1160 732 807 378 587
Mockus 1174 1279 1209 513 1232 362 189
Bélisle et al. (b) 339 302 4728 1846
Boender et al. (f) 567 624 755 235 462 398 235
Snyman-Fatti (f) 845 799 920 365 517 474 178
Kostrowicki-Piela (g) (c) (c) (c) 200 200 120 120
Yao (f) 1132 � 6000
Perttunen (f) 516 371 250 264 82 97 54 197
Perttunen-Stuckman (f) 109 109 109 140 175 113 109 96 (a)
Jones et al. (h) 155 145 145 199 571 191 195 285 2967
Storn-Price (d) 6400 6194 6251 476 7220 1018 1190 416 1371
MCS (e) (f) 83 129 103 79 111 81 41 42 69
EM (i) 3368 1782 5620 1114 2341 420 315 233 358
EM (j) 221 402 558 99 155 76 60 74 210
(a) Method converged to a local minimum.
(b) Average number of function evaluations when converges;
for H6, converged only 70 percent of time.
(c) Global minimum not found within 12000 function calls.
(d) Average over 25 cases. For H6, average over 24 cases only;
one case did not converge within 12000 function calls.
(e) The version that gives the best results is selected.
(f) Recent methods that use first or second order information.
(g) Requires closed form for a particular integral.
(h) Partitions the search space into hyper-rectangles.
(i) Previous scheme used in Chapter 2 (see Table (cite)).
(j) EM using higher order information.
Missing entry means that no result is available [Huyer and Neumaier, 1999]
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5.2 EM for Nonsmooth Convex Minimization: EMNCM

The class ofsmooth convex optimization functionshad been extensively studied and both

theoretically and computationally flourished [Luenberger, 1973, Bertsekas, 1995]. How-

ever, the problems in which the objective function belongs to the class ofnonsmooth con-

vex functions, still constitute a challenging research area in the optimization field [Lavery,

2000].

Although EM has been designed for nonconvex optimization, this section investigates

the applicability of EM algorithm to the class of nonsmooth convex minimization prob-

lems. Some important problems which are convex but nonsmooth. Next we discuss the

modifications in the algorithm and then present some numerical results.

5.2.1 Some Simplifications

To accelerate the performance for (nonsmooth) convex minimization problems, we sim-

plify EM, and denote this new variant by EMNCM. The changes in the refined scheme

(Algorithm 6) are summarized as follows:

� The number of points in the population (m) is equal to the dimension of the

problem plus one (n+ 1).

� Since the objective function is convex, every local minimum gives the global

optimum. Therefore, we do not need to utilize a perturbed point to prevent

premature convergence. So, the threshold parameter� is set to be 0.

� Local procedure is removed from the general scheme (Algorithm 6, line 3), so
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that the computational burden of extensive function evaluations in this proce-

dure is avoided1.

Furthermore, we change procedureCalcF so that all the points are attracted to the other

points that have better objective function values than theirs. Only the current best point is

repelled by all other points for possible acceleration of the search behavior down toward the

valley. Nevertheless, since the repulsion of the current best point may degrade its objective

function value, the best objective function value found up to current iteration is stored.

NewCalcF andMoveprocedures after implementing these changes are given in Algorithm

9 and Algorithm 10, respectively. Notice that, in Algorithm 10 the current best point is also

moved according to the total force vector.

Algorithm 9 CalcF():F

1: for i = 1 tom do
2: qi  exp(�n f(xi)�f(xbest)Pm

k=1(f(x
k)�f(xbest))

)

3: F i  0
4: end for
5: for i = 1 tom do
6: for j = 1 tom do
7: if f(xj) < f(xi) then
8: F i  F i + (xj � xi) qiqj

kxj�xik2
fAttractiong

9: else
10: if xi = xbest then
11: F i  F i � (xj � xi) qiqj

kxj�xik2
fOnlyxbest is repeled.g

12: end if
13: end if
14: end for
15: end for

1If higher precision is required, any line search algorithm (e.g., golden section search) can be appliedafter
running EM. However, these algorithms are expensive in terms of function evaluations
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Algorithm 10 Move(F)

1: for i = 1 tom do
2: � U (0; 1)

3: F i  F i

kF ik

4: for k = 1 to n do
5: if F i

k > 0 then
6: xik  xik + �F i

k(uk � xik)
7: else
8: xik  xik + �F i

k(x
i
k � lk)

9: end if
10: end for
11: end for

5.2.2 Comparison with Downhill Simplex Method

In order to test EMNCM, we compare our solutions with the solutions of downhill sim-

plex method on a set of test problems. Our empirical study with EMNCM showed that

its behavior was similar to that of the downhill simplex method [Nelder and Mead, 1965],

which has enjoyed considerable popularity in the field. Downhill simplex method works

with a set of points from the feasible region, where the number of points in the set is one

more than the dimension of the problem. Like EMNCM, downhill simplex method does

not require first or second order information. We have coded downhill simplex method fol-

lowing Press et al. [1993]. We note that there are other methods specialized in nonsmooth

convex minimization and their performances in terms of number of function evaluations

may be better than the downhill simplex method [Brent, 1973, Foulds, 1981, Nesterov and

Nemirovski, 1994]. However, we selected downhill simplex method since this method and

EMNCM have many conceptual similarities.

For this reason, we selected four functions that are being used in an ongoing research

project in our department. These functions are derived from the class of shape preserving
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cubicL1 splines that are particularly useful in modeling terrain, geophysical features, bio-

logical objects, and financial processes [Lavery, 2000]. The general form of these functions

are given in Appendix B.4.

We made 25 runs for each problem. The average number of function evaluations and the

average objective function values in 25 runs are shown in Table 5.3. Since the performance

of both methods depends on the initial starting population, both algorithms were initialized

with the same set of points. This was accomplished by using the same random seed for each

run. In the downhill simplex method the tolerance parameter, which shows the distance of

the objective function value from the optimum value, is selected to be1:0e� 6.

Table 5.3: Comparison of EMNCM and downhill simplex method

EMNCM Down Hill Simplex
Function Avg. Evals Avg.f(x) Avg. Evals Avg.f(x) Known Opt.

F1 (n = 10) 762 33.5170 1120 33.7278 33.0000
F2 (n = 10) 729 33.1543 1246 32.3426 31.3642
F3 (n = 13) 1342 25.8457 1588 25.0679 24.1801
F4 (n = 13) 622 619.5965 752 619.6244 619.4210

The average number of function evaluation figures in Table 5.3 shows that EMNCM

converges faster than Downhill Simplex Method. However, in functionsF2 andF3 the

precision of the results with EMNCM is not as good as Downhill Simplex Method. This

is not suprising because Downhill Simplex Method utilizescontraction stepsto increase

the precision. On the other hand, in EMNCM the points are moved up to (down to) the

boundaries and there are no precision improvement steps.
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5.3 EM with Adaptive Step Length: EMASL

In this section, the effect of an adaptive step length is investigated. Previously in theMove

procedure, the points were allowed to move up to the boundaries during the iterations.

However, this causes EM to slow down, particularly with problems that have large feasible

regions. To remedy this, we introduce a minor change in Algorithm 5 to decrease the step

length gradually. The new method is denoted by EMASL. After explaining the proposed

changes, we compare the new method with a simulated annealing heuristic.

5.3.1 Change In Move Procedure

We replace Equation (3.3) by

xi = xi + T�
F i

kF ik(RNG) i = 1; 2; :::; m (5.1)

whereT 2 [0; 1]. Initially t is equal to 1, but after each iteration it is reduced as follows:

T  T

1 + �T
(5.2)

where� 2 (0; 1) is a constant. Clearly, there exist other formulations for reducing the step

length. The motivation behind selecting Equation (5.2) is two-fold: First, this equation is

very simple and computationally cheap to apply . Second, Equation (5.2) has been shown

to have promising performance with simulated annealing heuristics [Ingber, 1994]. The

newMoveprocedure is given in Algorithm 11.

5.3.2 Comparison with a Simulated Annealing Variant

Özdamar and Demirhan have developed several probabilistic search techniques for global

optimization [2000]. In their paper, one of the more successful heuristics is a simulated
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Algorithm 11 Move(F)

1: for i = 1 tom do
2: � U (0; 1)

3: F i  F i

kF ik

4: for k = 1 to n do
5: if F i

k > 0 then
6: xik  xik + T�F i

k(uk � xik)
7: else
8: xik  xik + T�F i

k(x
i
k � lk)

9: end if
10: end for
11: end for
12: T  T

1+�T

annealing variant, in which the neighbour to a current solution is generated randomly as

follows. A dimension is selected randomly and the decision is made randomly whether

the coordinate of the variable in the selected dimension is to be decreased or increased.

According to this decision, a random amount is added/subtracted from the current variable

value without violating the corresponding upper and lower bound while the values of the

remaining coordinates are unchanges. The new functional value is calculated. The new

solution is accepted for sure if the move improves on the current solution. Else, the move

is accepted according to the following cooling scheme

PA(4f; T ) = e�
4f
fcT (5.3)

where,PA is the probability of acceptance,fc is the functional evaluation of the current

solution,4f is the difference between the functional evaluations of the new and the current

solutions, andT is the temperature. If a randomly generated number between 0 and 1 turns

out to be less thanPA, then the not improving move is carried out.T depends on the

number of times a not improving move has been obtained consecutively. InitiallyT is
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equal to 1, but after each non-improving move, it is reduced as in Equation (5.2).

We first used the general test functions (B.1) to compare EMASL with the simulated

annealing heuristic above (Table 5.4). In this comparison we set� equal to 0.1, which

was also used bÿOzdamar and Demirhan, [2000]. The parameters for EM are the same

as before (Table 3.1). As a stopping criterion we applied equation (3.4) for both EM and

SA. In case of nonconvergence, both algorithms were stopped after maximum number of

iterations was exceeded. Since SA is a single point random search algorithm, for fair

comparison maximum number of iterations for SA was set to bem�MAXITER.

Table 5.4 shows that EMASL outperforms SA in terms of number of function evalu-

ations. Except for the problemsSine EnvelopeandSpiky, the average objective function

values found by EMASL are better than those found with SA. EMASL is able to solve

higher dimensional problems (LevyandTrid(20)) for which SA is not able to converge.

Next, we solved Dixon and Szeg¨o test functions (B.1). Table 5.5 shows that EMASL

produces better solutions than SA for all functions. Furthermore, the average number of

function evaluation figures suggest that, in general, EMASL is able to converge to the

solution in about one tenth of the time that is needed by SA (when SA converges).

5.4 Constrained Optimization Problems

In nonlinear programming, the study of constrained optimization problems plays an impor-

tant role. In a constrained nonlinear programming problem, the feasible set is defined by a

set of equality and/or inequality constraints. A typical constrained programming problem



Chapter 5. Variants of EM and Extensions 74

Table 5.4: Comparison of EMASL with SA for general test functions

EM-ASL SA
Function Name A.E. favg fbest A.E. favg fbest fglob

Complex 147 0.0000 0.0000 12505 0.0000 0.0000 0.0
Davis 902 0.3557 0.0712 13959 0.9189 0.1281 0.0
Epistacity (4) 1604 0.0002 0.0000 7301 0.0517 0.0193 0.0
Epsitacity (5) 4110 0.0001 0.0000 37946 0.0831 0.0532 0.0
Griewank 1812 0.0000 0.0000 26687 0.0000 0.0000 0.0
Himmelblau 358 0.0000 0.0000 1350 0.0124 0.0000 0.0
Kearfott 764 0.0023 0.0000 1384 0.1598 0.0010 0.0
Levy 2292 0.0000 0.0000 0.0
Rastrigin 516 -1.9953 -1.9999 4621 -1.9978 -1.9999 -2.0
Sine Envelope 1133 0.0316 0.0097 6886 0.0137 0.0097 0.0
Stenger 567 0.0000 0.0000 4295 0.0006 0.0000 0.0
Step 82 0.0000 0.0000 890 0.0000 0.0000 0.0
Spiky 2055 -38.5106 -38.8486 10041 -38.8091 -38.8500 -38.85
Trid(5) 1767 -29.9959 -29.9981 29704 -29.4906 -29.7317 -30.0
Trid(20) 101699 -1519.4484 -1519.5510 -1520.0
A.E.: Average function evaluations.
favg : Average objective function value in 25 runs.
fbest : Best objective function value in 25 runs.
fglob : Known optimum from the literature.

takes the form

minimize f(x)

subject to x 2 S
(5.4)

where

S = fx 2 <n : hi(x) = 0; i = 1; 2; � � � ; k; gj(x) � 0; j = 1; 2; � � � ; lg (5.5)

andf : <n ! R, hi : <n ! <, gj : <n ! < are real-valued functions.

Commonly used methods to handle the constraints can be classified into the following

three classes: Methods in the first class try to solve (5.4) by applying the idea of iterative

descent within the confines of the constraint set. In other words, the search for the optimal

solutions starts from a feasible point and at subsequent iterations feasible points are selected
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Table 5.5: Comparison of EMASL with SA for Dixon and Szeg¨o [1975] test functions

EMASL SA
Function Name A.E. favg fbest A.E. favg fbest fglob

Shekel [S5] 1919 -9.3443 -10.1532 59491 -5.4225 -10.1378 -10.1532
Shekel [S7] 1576 -10.4023 -10.4028 69752 -5.4082 -10.3883 -10.4029
Shekel [S10] 5630 -10.5108 -10.5108 67958 -5.5610 -10.5052 -10.5364
Hartman [H3] 942 -3.8626 -3.8627 22404 -3.8617 -3.8626 -3.8628
Hartman [H6] 1702 -3.3222 -3.3223 24343 -3.2385 -3.3037 -3.3224
Goldstein Price [GP] 440 3.0001 3.0000 11303 3.0059 3.0000 3.0000
Branin [BR] 457 0.3979 0.3979 9631 0.3991 0.3979 0.3979
Six Hump Camel [C6] 243 -1.0315 -1.0316 8121 -1.0314 -1.0316 -1.0316
Shubert [SHU] 447 -186.7207 -186.7297 11508 -186.6701 -186.7297-186.7309
A.E.: Average function evaluations.
favg : Average objective function value in 25 runs.
fbest : Best objective function value in 25 runs.
fglob : Known optimum from the literature.

along the descent direction. The methods in the second class focus on solving a system of

equalities and inequalities that correspond to the necessary conditions of optimality [Bert-

sekas, 1982]. The methods in the last class try to find the optimal solutions of a constrained

optimization problem by solving a sequence of unconstrained problems. Here, each uncon-

strained problem corresponds to an approximation to the constrained optimization problem

[Kowalik and Osborne, 1968, Luenberger, 1973].

EM has been specifically designed for solving optimization problems with bound con-

straints. Through the use of the methods in the third class, constrained optimization prob-

lems can be cast into a bound constrained form such that EM can be applied. To explore

the possible application of EM to constrained optimization, two frequently used methods

were selected. These were the penalty and the barrier methods, both of which offer a direct

approach to handle complex constraints [Luenberger, 1973].
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5.4.1 Penalty and Barrier Methods

Penalty and barrier methods are based on approximating the constrained optimization prob-

lems by unconstrained ones. In both methods, the main idea is to add new cost terms to the

objective function that reflect the feasibility or infeasibility of the solution at any iteration.

In the case of penalty methods, a high cost associated with the violated constraint is added

to the objective function. In the case of barrier methods, the feasible points that are far from

the boundaries of the feasible set are favored over the ones that are close to the boundaries

[Luenberger, 1973].

Penalty methods transform the constrained problem (5.4) into an unconstrained prob-

lem of the form

minimize f(x) +
kP
i=1

ci�i(hi(x)) +
lP

j=1

dj	j(gj(x)) (5.6)

whereci > 0; i = 1; 2; � � � ; k anddj > 0; j = 1; 2; � � � ; l are calledpenalty coefficients,

and�i : <n ! < i = 1; 2; � � � ; k, 	j : <n ! <; j = 1; 2; � � � ; l are calledpenalty

functions. Penalty functions with penalty coefficients assign high costs to the points if they

violate the constraints.

Barrier methods are similar to penalty methods but unlike penalty methods they are

only applicable to problems with inequality constraints. This is because these methods

work within the interior of the feasible set and approach the boundaries from the interior.

SupposeS consists of only inequalities, then the transformation of problem (5.4) by barrier

methods is as follows:

minimize f(x) +
lP

j=1

1
dj
�j(gj(x))

subject to x 2 int(S)
(5.7)
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where�j are barrier functions andint(s) denotes the interior of setS. Barrier functions

assign high costs to the points that are close to the boundaries of the feasible region.

It has been shown that as the penalty coefficients go to infinity, the solution points of

(5.6) and (5.7) converge to the solution of (5.4) [Luenberger, 1973, Bertsekas, 1982]. Al-

though both penalty and barrier methods are easy to implement, finding appropriate penalty

coefficientsci anddj for a specific problem instance is not trivial. If the coefficients are too

large, constraint satisfaction dominates the search. Furthermore, large penalty terms make

the objective function spiky and difficult to search for good solutions. On the other hand, if

the penalty coefficients are too small, then the optimal solution reported by either method

may not be feasible. Therefore depending on the problem, penalty and barrier methods

require the tuning of penalty coefficients either before or during the search process.

5.4.2 Computational Study

In our computational study, all problems were selected to be inequality constrained so that

barrier methods can be applied. In addition, we selected particular problems with bounds

on the variables. Therefore, the test problems were all of the following form:

minimize f(x)

subject to gj(x) � 0 j = 1; 2; � � � ; l
lbi � xi � ubi i = 1; 2; � � � ; n

(5.8)

wherelbi, ubi; i = 1; 2; � � �n correspond to the lower and upper bounds, respectively.

For each constraintgj(x) � 0, we used the following penalty and barrier functions:

	j(gj(x)) = [max(0; gj(x))]
2 (5.9)

�j(gj(x)) = � 1

gj(x)
: (5.10)
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Our aim at this point is to present some preliminary results. Therefore, we did not concen-

trate on tuning the coefficients. To simplify the burden of selecting an appropriate coeffi-

cient for each constraint, we selected a scalar valued > 0 and setd1 = d2 = � � � = dl = d.

Thus, corresponding to the problem (5.8), we considered the following two approximate

problems:

minimize f(x) + d
lP

j=1

[max(0; gj(x))]
2

lbi � xi � ubi i = 1; 2; � � � ; n
(5.11)

and

minimize f(x)� 1
d

lP
j=1

1
gj(x)

lbi � xi � ubi i = 1; 2; � � � ; n
x 2 int(S 0

)

(5.12)

whereS
0
= fx 2 <n : gj(x) � 0; j = 1; 2; � � � ; lg. Notice that we did not assign costs to

the bound constraints, because these constraints are never violated by EM.

We tried to select the problems that feature interesting properties such as nonconvex

functions and disconnected regions. The first problem consists of a nonconvex quadratic

objective function, subject to nonconvex quadratic inequality constraints. The second prob-

lem also contains nonconvex quadratic inequalities with a concave objective function. The

objective function in the third problem is a very simple linear function: however, the fea-

sible region consists of two disconnected subregions. The last two problems include both

nonconvex constraints and nonconvex functions. They fall into the category of Geometric

Programming. Hence efficient solution procedures exist for both problems. The problems

are explicitly given in Appendix B.5.

The parameters for the test problems are given in Table 5.6. We used the same parame-

ters in both penalty and barrier methods for comparison. The last column of the table shows
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Table 5.6: Parameters for constrained test problems

Name n m MAXITER LSITER Æ � d

TP 1 5 30 75 10 0.01 0.25 1.0e+5
TP 2 6 40 100 10 0.01 0.25 1.0e+5
TP 3 2 20 50 10 0.01 0.25 1.0e+3
TP 4 3 30 50 10 0.01 0.25 1.0e+5
TP 5 4 20 750 10 0.01 0.25 1.0e+4

the penalty coefficientd used for the corresponding test problem. We selected the smallest

possible penalty coefficient that ensures feasibility. In other words, we started with a small

value of the penalty coefficient and increased it until the solution reported by the EM was

feasible. After setting the penalty coefficients, 10 runs were made for each problem.

Table 5.7: Comparison of penalty and barrier methods on constrained test problems

Penalty Method Barrier Method
Test Problem A.E. favg fbest A.E. favg fbest fglob
TP1 2534 -30374.4670 -30563.28462264 -30447.6823 -30596.7844-30665.5387
TP2 4311 -293.9035 -297.7095 3969 -297.8254 -307.2018 -310.0000
TP3 886 -5.4256 -5.5036 885 -5.4245 -5.4756 -5.5079
TP4 1597 -82.5450 -83.096 1347 -81.9877 -83.1574 -83.2540
TP5 1092 -5.4857 -5.6450 1251 -5.0523 -5.6346 -5.7398
A.E.: Average function evaluations.
favg : Average objective function value in 10 runs.
fbest : Best objective function value in 10 runs.
fglob : Known optimum from the literature.

Table 5.7 shows the results of applying EM with penalty and barrier methods. Except

for test problemTP5, the barrier method outperforms the penalty method in terms of num-

ber of function evaluations. When we look at the average objective function values, penalty

method is more successful than the barrier method for test problemsTP3, TP4 andTP5.

However, for problemTP4 barrier method’s best objective function value is closer to the
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global optimum solution than the penalty method’s best objective function value.

5.5 Summary

Among many possible alternatives for extending EM, we have selected several important

variations and studied them in this chapter. First, we have explored merging EM with

a local optimization procedure that utilizes higher order information. For this purpose,

we have used a variant of Quasi Newton method provided by the MATLAB software and

replaced the simple local search procedure of the previous chapters with it. This new

scheme has been tested on a set of problems and has been compared with other methods.

The resulting improvement in the performance of EM was significant. EM was able to

outperform most of the other methods of the literature.

Second, we have studied the effect of gradually decreasing the step length. For this

purpose, we have adapted acooling schemefrom a Simulated Annealing (SA) variant. We

compared the modified EM with an SA scheme that has been shown to have a very good

performance. Not only did EM outperform SA in terms of function evaluations, it was also

able to provide solutions to the problems for which SA failed.

Third, EM algorithm has been modified so that it can be applied to convex minimiza-

tion. In particular, we have studied the performance of EM for nonsmooth convex mini-

mization problems. After modifying EM, we have compared EM with the downhill sim-

plex method on a set of nonsmooth convex minimization problems. Though EM converged

more rapidly than the downhill simplex method, in two of the four test problems downhill

simplex method provided a better solution.

Finally, we have conducted a preliminary study on the application of EM to constrained
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optimization problems. We have used penalty and barrier methods to transform the con-

strained optimization problems into unconstrained problems. As a test vehicle, we have

prepared a set of problems that belong to different classes of constrained optimization

problems. EM perfomed well on all the problems. However, EM was not able to precisely

locate the optimum solution, because of the penalty coefficients. Also, our experiments

have shown that EM is able to find initial feasible solutions quickly.



Chapter 6

Conclusion and Further Research

In this chapter, we summarize the work we have done and point out some directions for

future research.

6.1 Overview of Accomplishments

We have studied a novel population-based global optimization method, which we call

Electromagnetism-like Mechanism(EM). The method imitates the behavior of electrically

charged particles; a set of points in the population corresponding to a set of charged par-

ticles. The strength of the method lies in the idea of directing sample points toward local

optimizers, which point out attractive regions of the feasible space.

We have applied the proposed method to different test problems from the literature and

compared our results with those of other reported methods. Without using the higher order

information, EM has converged rapidly (in terms of the number of function evaluations) to

the global optimum and produced highly efficient results for problems of varying degree of

difficulty.

82
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We have given a proof of convergence to the global optimum for the proposed method.

In order to achieve this result, we refined the original method and provided a systematic way

for studying the underlying stochastic process. The thrust of our proof has been to show

that in the limit, at least one of the points in the population moves to the neighborhood of

the global optimum with probability one.

The structure of the proposed method is very flexible permitting the easy development

of variations. Capitalizing on this, we have developed several variants of EM and compared

these variants with the other methods from the literature. These variants of EM have been

able to provide accurate answers to selected problems and in many cases have been able to

outperform other well-known methods.

While with the work to date we have accomplished many of our objectives, we have

also formed some other interesting ideas for future research.

6.2 Future Research Directions

The potential research directions may be summarized as follows:

� In EM, the total force vector provides a direction for a point to move at the

next iteration. In the case of differentiable functions, another direction can be

found by computing the gradient of the function at this particular point. The

direction provided by EM is global in the sense that the points are directed

toward attractive regions anywhere in the feasible domain. On the other hand,

the direction computed via gradient provides a local information that moves

the points toward the local minimizers. Total force vector helps in overcoming
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the local minimizers, however it may miss the deep valleys in the neighbor-

hood of the point. Therefore, the directions provided by the total force vector

and the gradient may be combined. This combination of the local and global

behavior of the function may be useful for developing effective algorithms that

are capable of avoiding entrapment at local minimizers.

� In neural networks, one of the crucial parts of the learning process is to solve

a multimodal nonlinear function [Rumelhart and McClelland, 1986]. Many

local optimization methods, such as gradient descent methods and conjugate

gradient methods, have been used. These methods guarantee to find only lo-

cal minimizers. To overcome the local minimizers some deterministic global

optimization methods, such as branch and bound methods and trajectory meth-

ods, have been applied. However, these methods can only solve small scale

networks. Some stochastic global optimization methods and heuristic strate-

gies, such as pure random search, simulated annealing and genetic algorithms,

have been also proposed. However, these methods require significantly large

number of iterations to solve the problems. As we showed through our ex-

periments, EM can overcome local minimizers as well as it does not require

large number of iterations. Therefore, EM may be an efficient tool that can be

embedded in a large scale neural network algorithm.

� Because we have observed that shrinking the feasible region speeds up the

proposed method, an interesting study might be to examine EM with some

partitioning methods.

� For solving nonliner constrained optimization problems, we have provided pre-

liminary results on using penalty and barrier methods. Another well known
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approach is Lagrangian methods. Further study along this line might produce

promising results.

� Parallel algorithms are in their early stage of development. Recently, some

good results with parallelization of stochastic methods have been reported [In-

gber, 1994]. Because of its flexible structure, EM can be easily adapted to

parallel algorithms. Moreover, having multiple populations at every iteration,

with migration of points between them, might be explored.

� EM can be used as a preprocessing tool for providing feasible solutions to other

methods that work within the confines of the feasible region such as interior

point methods [Fang and Puthenpura, 1993, Nesterov and Nemirovski, 1994].

� There are certain problems for which no analytical form of the objective func-

tion exists. In this case, a usual approach to solve the problem is to sample

points by Monte Carlo simulation. EM can be useful for solving these prob-

lems. The set of points from Monte Carlo simulation may constitute the popu-

lation in EM at each iteration. Hence, the next set of points for optimizing the

objective function can be generated by EM.
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L. Özdamar and M. Demirhan. Experiments with new stochastic global optimization search

techniques. (27):841–865, 2000. Computers and Operations Research.

P. M. Pardalos and J. B. Rosen. Methods for global concave minimization: A bibliographic

survey.SIAM review, (28):367–379, 1986.

P. M. Pardalos and S. A. Vavasis. Quadratic programming with one eigenvalue is NP-hard.

Journal of Global Optimization, (1):15–22, 1991.

J. D. Pintér. Convergence properties of stochastic optimization procedures.Math. Opera-

tionforsch. u. Statist., (15):405–427, 1984.

J. D. Pintér. Convergence qualification of adaptive partitioning algorithms in global opti-

mization.Mathematical Programming, (56):343–360, 1992.

J. D. Pintér. Continuous global optimization software: A brief review.Optima, (52):1–8,

1996a.

J. D. Pintér. Global Optimization in Action, Continuous and Lipschitz Optimization: Algo-

rithms, Implementations and Applications, volume 6 ofNonconvex Optimization and Its

Applications. Kluwer Academic Publishers, Dordrecht, The Netherlands, 1996b.

W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vetterling.Numerical Recipes in

C. Cambridge University Press, Cambridge, 1993.



BIBLIOGRAPHY 96

H. Ratschek and J. Rokne. Interval methods. In R. Horst and P. M. Pardalos, editors,Hand-

book of Global Optimization, volume 2 ofNonconvex Optimization and Its Applications.

Kluwer Academic Publishers, Dordrecht, The Netherlands, 1995.

D. Ratz and T. Csendes. On the selection of subdivision directions in interval branch and

bound methods for global optimization.Journal of Global Optimization, (7):183–207,

1995.

A. H. G. Rinooy Kan and G. T. Timmer. Stochastic global optimization methods Part I:

Clustering methods.Mathematical Programming, (39):27–56, 1987a.

A. H. G. Rinooy Kan and G. T. Timmer. Stochastic global optimization methods Part II:

Multi level methods.Mathematical Programming, (39):57–78, 1987b.

A. H. G. Rinooy Kan and G. T. Timmer. Argument for unsolvability of global optimization

problems. InNew Methods in Optimization and Their Industrial Uses, pages 133–155.

Birkhauser Verlag, Basel, 1989.

A. H. G. Rinooy Kan and G. T. Timmer. Stochastic methods for global optimization.

American Journal of Mathematical Management Science, (4):7–40, 1994.

D. E. Rumelhart and J. L. McClelland, editors.Parallel distributed processing, volume 1.

MIT Press, Cambridge, MA, 1986.

J. D. Schaffer. A study of control parameters affecting online performance of genetic

algorithms for function optimization. InProceedings of the 3rd International Conference

on Genetic Algorithms, pages 51–60, 1989.



BIBLIOGRAPHY 97

Y. Shang. Global Search Methods for Solving Nonlinear Optimization Problems. PhD

thesis, University of Illinois at Urbana-Champaign, Urbana, Illinois, 1997.

R. L. Smith. Efficient Monte Carlo procedures for generating points uniformly distributed

over bounded regions.Operations Research, (32):1296–1308, 1984.

F. J. Solis and R. J-B. Wets. Minimization by random search techniques.Mathematics of

Operations Research, (6):19–30, 1981.

M. Srinivas and L. Patnaik. Adaptive probabilities of crossover and mutation in genetic

algorithms.IEEE Transactions on System, Man and Cybernetics, (24):656–667, 1994.

F. Stenger. Computing the topological degree of a mapping in<n. Numerische Mathemat-

ics, (25):23–38, 1975.

A. E. Taylor and W. R. Mann.Advanced Calculus. John Wiley and Sons Inc., New York,

2 edition, 1972.

H. M. Taylor and S. M. Karlin.An Introduction to Stochastic Modeling. Academic Press,

San Diego, 1998.

N. V. Thoai. A modified version of Tuy’s method for solving D.C. programming problems.

Optimization, (19):665–674, 1988.

A. Törn, M. M. Ali, and S. Viitanen. Stochastic global optimization: Problem classes and

solution techniques.Journal of Global Optimization, (14):437–447, 1999.

A. Törn and S. Viitanen. Topographical global optimization using pre-sampled points.

Journal of Global Optimization, (5):267–276, 1994.



BIBLIOGRAPHY 98

A. Törn and A. Zilinskas.Global Optimization. Springer Verlag, Berlin, 1989.

H. Tuy. Convex programs with an additional reverse convex constraint.Journal of Opti-

mization Theory and Applications, (52):463–485, 1987a.

H. Tuy. Global minimization of the difference of two convex functions.Mathematical

Programming Study, (30):150–182, 1987b.

L. Watson and W. H. Yang. Optimal design by a homotopy method.Applicable Analysis,

(10):275–284, 1980.

T. Westerlund and F. Pettersson. An extended cutting plane method for solving convex

MINLP problems.Computers and Chemical Engineering, (19):131–136, 1995.

M. Wodrich and G. Bilchev. Cooperative distributed search: The Ant’s way.Journal of

Control and Cybernetics, (26):3, 1997.

G. R. Wood. Multidimensional bisection and global optimization.Computer and Mathe-

matics with Applications, (21):161–172, 1991.

S. J. Yakowitz and L. Fisher. On sequential search for the maximum of an unknown func-

tion. Journal of Math. Anal. and Appl., (41):234–259, 1973.

Z. B. Zabinsky and R. L. Smith. Pure adaptive search in global optimization.Mathematical

Programming, (53):323–338, 1992.

A. A. Zhigljavsky. Theory of Global Random Search. Kluwer Academic Publishers, Dor-

drecht, The Netherlands, 1991.

H. J. Zimmermann.Fuzzy Sets Theory and Its Applications. Kluwer Academic Publishers,

Dordrecht, The Netherlands, 1990.



Appendix A

An Example Run of EM

We use theGoldstein Price1 function to demonstrate a typical run of the method. This

function achieves a global minimum of value 3 at (0, -1). The graph of the function is

given in Figure A.1. In the following figures,� represents the current best point and *

shows the location of the global optimum.

Figure A.2 shows the location of the points when the algorithm is started by randomly

sampling points from the feasible region. Initially the current best point (xbest) is far away

from the global optimum.

In Figure A.3, one of the points observes an objective function value better than the

current best point, and this new point becomes the current best point. Thus, the points start

to converge towards this newxbest.

The points in the population move towards the region around the current best point.

Note that some points are repelled closer to the global optimum (Figure A.4). Figure A.5

demonstrates that the points in the population are directed towards the region around the

current best point. And after this iteration, the global optimum is located.

1We also include this function in our computational study, Section 3.2.2.
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Figure A.2: The starting position of the particles just after the procedureInitialize.
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Appendix B

Test Functions

B.1 General Test Functions

Complex [Press et al., 1993]

f(x) = (x31 � 3x1x
2
2 � 1)

2
+ (3x21x2 � x32)

2

�2 � xi � 2; i = 1; 2

X� = f(1; 0); (�1

2
;

r
1

2
); (�1

2
;

r
3

2
)g

f(x�) = 0

Davis [Davis, 1987]

f(x) = (x21 + x22)
0:25
h
sin2 (50(x21 + x22)

0:1
) + 1:0

i
�100 � xi � 100; i = 1; 2

X� = f(0; 0)g

f(x�) = 0
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Epistacity (4) [Srinivas and Patnaik, 1994]

f(x) =
4X

i=1

sin (�kxi)

�kxi

�0:5 � xi � 0:5; i = 1; � � � ; 4

X� = f(0; 0; 0; 0)g

f(x�) = 0

Epistacity (5) [Srinivas and Patnaik, 1994]

f(x) =
5X

i=1

sin (�kxi)

�kxi

�0:5 � xi � 0:5; i = 1; � � � ; 5

X� = f(0; 0; 0; 0; 0)g

f(x�) = 0

Griewank [ICEO, 2002]

f(x) =
1

200
(x21 + x22)� cos x1 cos

x2p
2
+ 1

�100 � xi � 100; i = 1; 2

X� = f(0; 0)g

f(x�) = 0
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Himmelblau [Botsaris, 1978]

f(x) = (x21 + x2 � 11)
2
+ (x1 + x22 � 7)

2

�6 � xi � 6; i = 1; 2

X� = f(3; 2); (�2:805118; 3:131312); (3:584428;�1:848126); (�3:779310;�3:283186)g

f(x�) = 0

Kearfott [Kearfott, 1979]

f(x) = (x21 � x22)
2
+ (x22 � x23)

2
+ (x23 � x24)

2
+ (x24 � x21)

2

�3 � xi � 10; i = 1; � � � ; 4

X� = f(0; 0; 0; 0)g

f(x�) = 0

Levy [Levy et al., 1981]

f(x) = sin2 (�(1 +
x1 � 1

4
))+

9X
i=2

(
xi�1 � 1

4
)
2
�
1 + 10 sin2(�(1 +

xi � 1

4
))

�
+(

x10 � 1

4
)
2

�10 � xi � 10; i = 1; � � � ; 10

X� = f(0; 0; 0; 0; 0; 0; 0; 0; 0; 0)g

f(x�) = 0
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Rastrigin [MathWorks, 2000]

f(x) = x21 + x22 � cos (18x1)� cos (18x2)

�5:12 � xi � 5:12; i = 1; 2

X� = f(0; 0)g

f(x�) = �2

Sine Envelope [Demirhan et al., 1999]

f(x) = 0:5 +
sin2

p
x21 + x22 � 0:5

(1:0 + 0:001(x21 + x22))
2

�0:5 � xi � 0:5; i = 1; 2

X� = f(0; 0)g

f(x�) = 0

Stenger [Stenger, 1975]

f(x) = (x21 � 4x2)
2
+ (x22 � 2x1 + 4x2)

2

�1 � xi � 4; i = 1; 2

X� = f(0; 0); (1:695415; 0:7186082)g

f(x�) = 0
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Step [Neumaier, 2002]

f(x) =
5X

i=1

bxic

�5:12 � xi � 5:12; i = 1; � � � ; 5

X� = f([�5:12;�5); [�5:12;�5); [�5:12;�5); [�5:12;�5); [�5:12;�5))g

f(x�) = 0

Spiky [Michalewicz, 1994]

f(x) = �21:5� x1 sin (4�x1)� x2 sin (20�x2)

�3 � x1 � 12:1; 4:1 � x2 � 5:8

X� = f(11:62523; 5:72082)g

f(x�) = �38:85

Trid (5) [Neumaier, 2002]

f(x) =
5X

i=1

(xi � 1)2 �
5X

i=2

xixi�1

�25 � xi � 25; i = 1; � � � ; 5

X� = f(5; 8; 9; 8; 5)g

f(x�) = �30
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Trid (20) [Neumaier, 2002]

f(x) =
20X
i=1

(xi � 1)2 �
20X
i=2

xixi�1

�25 � xi � 25; i = 1; � � � ; 20

X� = f(20; 38; 54; 68; 80; 90; 98; 104; 108; 110; 110; 108; 104; 98; 90; 80; 68; 54; 38; 20)g

f(x�) = �1520

B.2 Dixon and Szeg̈o Test Functions

Shekel [S5], [S7], [S10] [Dixon and Szeg̈o, 1975]

f(x) = �
KX
j=1

1
4P

i=1

(xi � aij)
2 + cj

K =

8>>>><
>>>>:

5; for [S5]

7; for [S7]

10; for [S10]

9>>>>=
>>>>;

j a1j a2j a3j a4j cj
1 4.0 4.0 4.0 4.0 0.1
2 1.0 1.0 1.0 1.0 0.2
3 8.0 8.0 8.0 8.0 0.2
4 6.0 6.0 6.0 6.0 0.4
5 3.0 7.0 3.0 7.0 0.4
6 2.0 9.0 2.0 9.0 0.6
7 5.0 5.0 3.0 3.0 0.3
8 8.0 1.0 8.0 1.0 0.7
9 6.0 2.0 6.0 2.0 0.5
10 7.0 3.6 7.0 3.6 0.5

0 � xi � 10; i = 1; � � � ; 4
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X� = f(4; 4; 4; 4)g for [S5], [S7], and [S10]

f(x�) =

8>>>><
>>>>:
�10:1532; for [S5]

�10:4029; for [S7]

�10:5364; for [S10]

9>>>>=
>>>>;

Hartman [H3] [Dixon and Szegö, 1975]

f(x) = �
4X

j=1

(cie
�

3P
i=1

aij(xi�pij)
2

)

j a1j a2j a3j p1j p2j p3j cj
1 3.0 10.0 30.0 0.36890 0.11700 0.267301.0
2 0.1 10.0 35.0 0.46990 0.43870 0.747001.2
3 3.0 10.0 30.0 0.10910 0.87320 0.554703.0
4 0.1 10.0 35.0 0.03815 0.57430 0.882803.2

0 � xi � 1; i = 1; � � � ; 3

X� = f(0:1; 0:55592; 0:85218)g

f(x�) = �3:8628

Hartman [H6] [Dixon and Szegö, 1975]

f(x) = �
4X

j=1

cie
(�

6P
i=1

aij(xi�pij)
2

)

j a1j a2j a3j a4j a5j a6j p1j p2j p3j p4j p5j p6j cj

1 10.0 3.0 17.0 3.5 1.7 8.0 0.1312 0.1696 0.5569 0.0124 0.8283 0.58861.0
2 0.05 10.0 17.0 0.1 8.0 14.0 0.2329 0.4135 0.8307 0.3736 0.1004 0.99911.2
3 3.0 3.5 1.7 10.0 17.0 8.0 0.2348 0.1451 0.3522 0.2883 0.3047 0.66503.0
4 17.0 8.0 0.05 10.0 0.1 14.0 0.4047 0.8828 0.8732 0.5743 0.1091 0.03813.2

0 � xi � 1; i = 1; � � � ; 6

X� = f(0:20169; 0:15001; 0:47687; 0:2753; 0:31165; 0:65730)g

f(x�) = �3:3224
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Goldstein Price [GP] [Dixon and Szeg̈o, 1975]

f(x) = (1 + (x1 + x2 + 1)2(19� 14x1 + 3x21 � 14x2 + 6x1x2 + 3x22))�
(30 + (2x1 � 3x2)

2(18� 32x1 + 12x21 + 48x2 � 36x1x2 + 27x22))

�2 � xi � 2; i = 1; 2

X� = f(0;�1)g

f(x�) = 3

Branin [BR] [Dixon and Szegö, 1975]

f(x) = (x2 � 5:1

4�2
x21 +

5

�
x1 � 6)

2

+ 10(1� 1

8�
) cos x1 + 10

�5 � x1 � 10; 0 � x2 � 15

X� = f(��; 12:275); (�; 2:275); (9:42478; 2:475)g

f(x�) = 0:3979

Six Hump Camel [C6] [Dixon and Szeg̈o, 1975]

f(x) =

�
4� 2:1x21 +

x41
3

�
x21 + x1x2 + 4(x22 � 1)x22

�5 � xi � 5; i = 1; 2

X� = f(0:08983;�0:7126)g

f(x�) = �1:0316
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Shubert [SHU] [Dixon and Szeg̈o, 1975]

f(x) =
nY
i=1

 
5X

j=1

j cos((j + 1)xi + j)

!

�10 � xi � 10; i = 1; 2

X� =

8>>>>>><
>>>>>>:

(�7:08351; 4:85806); (5:48286; 4:85806); (4:85806;�7:08351);
(4:85806; 5:48286); (�7:08351;�7:70831); (�7:70831;�7:08351);

(�1:42512;�0:80032); (�0:80032;�1:42512); (�1:42512;�7:08351);
(�7:08351;�1:42512); (�7:70831; 5:48286); (5:48286;�7:70831);
(5:48286; 4:85806); (4:85806; 5:48286); (�7:70831;�0:80032);

(�0:80032;�7:70831); (�1:42512;�0:80032); (�0:80032;�1:42512)

9>>>>>>=
>>>>>>;

f(x�) = �186:7309

B.3 Hard Test Functions

Perm(4, 0.005) [Neumaier, 2002]

f(x) =
4X

k=1

 
4X

i=1

(ik + 0:005)((
xi
i
)
k � 1)

!2

�4 � xi � 4; i = 1; � � � ; 4

X� = f(1; 2; 3; 4)g

f(x�) = 0

Perm0(10, 100) [Neumaier, 2002]

f(x) =
4X

k=1

 
10X
i=1

(i+ 100)(xki � (
1

i
)
k

)

!2

�1 � xi � 1; i = 1; � � � ; 10

X� = f(1; 0:5; 1
3
; 0:25; 0:2;

1

6
;
1

7
; 0:125;

1

9
; 0:1)g

f(x�) = 0
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Powersum (8) [Neumaier, 2002]

f(x) =
8X

k=1

 
8X

j=1

xkj �
8X

j=1

(
1

j
)
k
!2

0 � xi � 2; i = 1; � � � ; 8

X� = f(1; 0:5; 1
3
; 0:25; 0:2;

1

6
;
1

7
; 0:125)g

f(x�) = 0

Powersum (64) [Neumaier, 2002]

f(x) =
64X
k=1

 
64X
j=1

xkj �
64X
j=1

(
1

j
)
k
!2

0 � xi � 2; i = 1; � � � ; 64

X� = f(x�1; � � � ; x�i ; � � � ; x�64)g; x�i =
1

i
; i = 1; � � � ; 64

f(x�) = 0

B.4 Nonsmooth Convex Test Functions

General Form of CubicL1 Functions [Lavery, 2000]

f(x) =
n�1P
i=1

8>>>><
>>>>:

3
2
j xi + xi+1 � 24zi j +

(xi+1�xi)
2

6jxi+xi+1�24zij
+ e�4 j xi j; if j xi+1 � xi j�

3 j xi + xi+1 � 24zi j �e
�8;

j xi+1 � xi j +e�4 j xi j; otherwise

9>>>>=
>>>>;

+e�4 j xn j

4zi = zi+1 � zi
yi+1 � yi

; i = 1; � � � ; n
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F1 (n=10)

i 1 2 3 4 5 6 7 8 9 10
zi 0 0 0 0 0 1 0 0 0 0
yi 0 1 2 3 4 4.1 5.1 6.1 7.1 8.1

X� = f(0; 0; 0; 0; 0;�0:000000335; 0; 0; 0; 0)g

f(x�) = 33

F2 (n=10)

i 1 2 3 4 5 6 7 8 9 10
zi 0 0 0 0 1 1 0 0 0 0
yi 0 1 2 3 3.1 4.1 5.1 6.1 7.1 8.1

X� = f(0; 0; 0;�0:000000004; 3:818181328;�1:354838549;
�0:000000166; 0:000000012;�0:000000002; 0:000000001)g

f(x�) = 31:3642

F3 (n=13)

i 1 2 3 4 5 6 7 8 9 10 11 12 13
zi 0 0 0 1 1 1 1 1 1 1 0 0 0
yi 0 1 2 3 4 5 6 7 8 9 10 11 12

X� = f(0; 0; 0; 0:000000664;�0:000000141; 0:000000196;
0:000000207; 0:000000126; 0:000000028; 0; 0; 0; 0)g

f(x�) = 24:1801
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F4 (n=13)

i 1 2 3 4 5 6 7 8 9 10 11 12 13
zi 0 0 0 2 -4 6 -8 10 -12 5 5 5 5
yi 0 1 2 3 4 5 5.1 7 8 9 10 11 12

X� = f(0; 0; 0; 0:000000664;�0:000000141; 0:000000196;
0:000000207; 0:000000126; 0:000000028; 0; 0; 0; 0)g

f(x�) = 619:4210

B.5 Constrained Test Problems

TP 1 [Floudas et al., 1999]

min
x

f(x) = 37:293239x1 + 0:8356891x1x5 + 5:3578547x23 � 40792:141

s:t:

�0:0022053x3x5 � 0:0056858x2x5 + 0:0006262x1x4 � 6:665593 � 0

0:0022053x3x5 � 0:0056858x2x5 � 0:0006262x1x4 � 83:334407 � 0

0:0071317x2x5 + 0:0021813x23 + 0:0029955x1x2 � 29:48751 � 0

�0:0071317x2x5 � 0:0021813x23 � 0:0029955x1x2 + 9:48751 � 0

0:0047026x3x5 + 0:0019085x3x4 + 0:0012547x1x3 � 15:699039 � 0

�0:0047026x3x5 � 0:0019085x3x4 � 0:0012547x1x3 + 10:699039 � 0
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78 � x1 � 102

33 � x2 � 45

27 � x3 � 45

27 � x4 � 45

27 � x5 � 45

27 � x6 � 45

X� = f(78; 33; 29:9953; 45; 36:7758)g

f(x�) = �30665:5387

TP 2 [Floudas et al., 1999]

min
x

f(x) = �25(x1 � 2)2 � (x2 � 2)2 � (x3 � 1)2 � (x4 � 4)2 � (x5 � 1)2 � (x6 � 4)2

s:t:

(x3 � 3)2 + x4 � 4

(x5 � 3)2 + x6 � 4

x1 � 3x2 � 2

�x1 + x2 � 2

x1 + x2 � 6

x1 + x2 � 2
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0 � x1 � 6

0 � x2 � 2

1 � x3 � 5

0 � x4 � 6

1 � x5 � 5

0 � x6 � 10

X� = f(5; 1; 5; 0; 5; 10)g

f(x�) = �310

TP 3 [Floudas et al., 1999]

min
x

f(x) = �x1 � x2

s:t:

2 + 2x41 � 8x31 + 8x21 � x2

4x41 � 32x31 + 88x21 � 96x1 + 36 � x2

0 � x1 � 3

0 � x2 � 4

X� = f(2:3295; 3:17846)g

f(x�) = �5:50796

TP 4 [Floudas et al., 1999]

min
x

f(x) = 0:5x1x
�1
2 � x1 � 5x�12
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s:t:

0:01x2x
�1
3 + 0:01x1 + 0:0005x1x3 � 1

0 � x1; x2; x3 � 100

X� = f(88:2890; 7:7737; 1:3120)g

f(x�) = �83:254

TP 5 [Floudas et al., 1999]

min
x

f(x) = �x1 + 0:4x0:671 x�0:673

s:t:

0:05882x3x4 + 0:1x1 � 1

4x2x
�1
4 + 2x�0:712 x�14 + 0:05882x�1:32 x3 � 1

0:1 � x1; x2; x3; x4 � 10

X� = f(8:1267; 0:6154; 0:5650; 5:6368)g

f(x�) = �5:7398


