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'WILLIAM BENJAMIN BARKSDALE. New Randomized Response
Techniques for Control of Non-Sampling Errors in Surveys.
(Under the direction of DANA QUADE.)

Randomized response survey techniques were previou 'y
developed to permit estimation of frequencies of single stigmatizing
characteristics by enabling a respondent to protect his self-image
without reporting untruthfully. This thesis extends and applies these
procedures where it is required to find the joint frequencies of two
attributes, of which both or only one may be sfigmati'zing, The
correlation coefficient of the two attributes is defined and its variance
derived. Effects of the relationship between the two attributes are
investigated for each new method.

Methods which are examined include the following:

1. For each attribute separately,

a. a direct question is asked, or

b. the original Warner procedure is used; or

c. a standardized version of the alternate question
technique is used, in which, instead of actually
asking an alternate question, one simply directs
the respondent to say ''yes' or ''no'' as indicated
by a randomizing device.

2.. A randomizing device chooses between the two attributes,
and the subjeét. is asked whether he has the trait ritvchose; this is
repeated with another device so that there are again two responses
as in (1)

The ‘study includes the definition of a generalized mean square

error measure and consideration of the bias, variance, choice of

sample size and randomizing proportions, and mean square error for



|

o A 6=

“each method; the possible effects of non-response and/or untruthfulness -

are investigated using mean square error efficiency for the comparison

of methods.  The results of a small field trial of method (2) are also

presented.
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CHAPTER I

INTRODUCTION

1.1 Introduction

The control of errors that arise in surveys of human popu-
lations by the interview technique has received considerable study and
discussion over the past several years. These errors may be broadly
classified as sampling and non-sampling. Errors that are due to the
process of sampling from a population have been effectively treated in
the literature; sampling designs and estimation techniques have been
developed to permit minimization of>sa'mp1'mg errors. This paper,
however, deals with tﬁe effects and control of certain non-sampling
errors that occur in personal interviews with new randomized response

techniques.

1.2 Brief Review of Literature

Persons responsible for surveys, including statisticians, have
identified non-sampling errors for some time. Cochran(3), Deming(4)

and others have catalogued the sources of non-sampling error and

described the effects of these errors on sample estimates. More

recently, statisticians have sought ways to improve existing survey

techniques and are devising new methods to eliminate or at least
reduce the magnitude of various types of non-sampling error. Hansen

et al. (9)discuss the problems of separating and measuring response

errors in order to redesign the Census Current Population Survey.

Kish and Hess(ls), distinguishing between errors of observation and



' non-observation, emphasize non-coverage errors in area sampling

don't respond because they are not at home. Hansen and Hurwitz

(16)

sﬁrveys. Politz and Simmoﬁs suggest a method for estimating the
"at home' performance of respondents found at home; they use the
estimate to extend survey results via a weighting scheme to those who
(8)
recommend personally interviewing a proportion of non-respondents to
mail questionaires. H_ayashi(ll) estimateé truthful responses to
qualitative variables by either assuming probabilities of truthful
response or estimating the probabilities of truthful response by a test-

(10)

retest method. Hansen and Marks discuss the effects of the inter-
viewer on survey results, e.g., omitting or altering questions or
assuming answers.

This paper continues the study of an idea originally presented
by S. L. Wafner(lg). He restricted himself to consideration of those
non-sampling errors that result in a personal interview when a
respondent, in order to protect his self-image or privacy, refuses to
answer a question or intentionzlly gives a wrong answer to a guestion.
Warner's technique, called randomized response, attempts to avoid
these response errors. It provides a means by which a person may
truthfully answer a sensitive question without revealing himself to the
interviewer. As a by-product, the method favorably affects‘ the
interviewer-re;spondent interaction; it lowers interviewer resistance
to asking sensitive questions and discourages interviewer anticipation
of answers. There is little, howeVer, that can be done about those

persons who refuse to cooperate by not answering or who are

determined to answer untruthfully any question posed.



The randomized response ﬁnethod incorporates the use of a
mechanical randorrnzmg de\iliée.r Warner suggested a spinner attached
to a card, The interviewer instructs the respondent to flick the
spinner and answer the question to which the spinner points. The
respondent uses the device, unseen by the interviewer, to selecf one of
two que.stions; he replies either yes or 'no. The interviewer does not
know which question was answered. His function is to teach the rules
of the ''game" and record the outcome. In Warner's model, the two
questions concern two :‘nutually exclusive and complementary
characteristics. One question is randomly chosen with probability P
and the other with probability 1-P. Within this framework, Warner
concluded that the randomized response technique produces more
satisfactory results than the direct question approach when

1. the chances of cooperation were enhanced by the

respondent's realization that he didn't reveal himself to the inter-
viewer, and

2. the probabilities of selecting the two questions were not

too close together (thus providing little or no information), nor too
different (thereby arousing the respondent's suspicion about the
sincerity of the technique.

Abul.Elatl), and Abul-Ela, Greenberg, and Horvitz %)
extended the dichotomous Warner model to the multinomial. They
fully develop the trichotomous case, and they find that the randomized
response method is advantageous, with respect to the direct question,

in certain situations when the chance of obtaining truthful answers

increases with the use of the randomized response method. Mean



. _square error, MSE, is the measure used to_ compare the two tech- _ _

niques. Size of MSE was found to depend on the probability distribution

in the randomizing device, the true proportion being estimated and the

gain in truthfulness using the randomized response technique over the

~direct question approach.

Abul-Ela(,l), Horvitz, Shah, and Simmons(l3), and Greenberg,
(7)

Abul-Ela, Simmons and Horvitz' 'report a proposal by Simmons to
modify the Warner model. Simmons suggested what is called the un-
related question randomized response model. Ther;: are two questions
in fhis model as in Warner's. One pertains to the characteristic of
interest; that is, a question about a trait .which could not be expected to
ellicit a truthful response with high probability. The other question
pertains to some innocuous attribute such that a respondent should have
né reason to refuse to answer it or to falsify his answer to it.

The second attribute would presumably Be unrelated to the
first. However, the results go through equally well if. the second
characteristic is related to the first so long as the éecond one is non-
stigrhatizing. - It will be shown in Section 2. 4. 2 that there is no
advantage to having the two independent or depéndent. This author
believes that a more appropriate name for the method is ''the alternate
question model;" he will use that name throughout this paf:er in place of
the name ''unrelated question model. "

There is, though, an advantage to knowing the true proportion
of the non-sensitive attribute. A simple way of.specifying a non-
stigmatizing charactefistic with any desired proportion is provided by

what is called the Built-In Alternate Response model.



,,,Gr,eenl'),,e,rg, ,Abe,rnaj:ﬁ_hy,magd HQ;‘Yitzﬂ(6? discuss the results of
an application of the alternate question model and the built-in alternate
response model in a survey of five metropolitan areas of North
Carolina. Where the findings can be compared with earlier studies,

the estimates are quite similar. In addition, the survey measured the

‘respondents' reaction to the techniques, thereby enabling an evaluation

of problem areas that may be present when the technique is applied.
Gould, Shah, and Abernathy(s) propose a general behavorial
model to investigate respondents' behavior by assuming various para-
meters and obtaining maximum likelihood estimates of others when
empirical results are matched. Some of the ideas of (5) will be con-
sidered in this study in a more general way. The emphasis here will
be more on the ability of the model to iaerform and less on the under-
standing and evaluation of empirical results. Whereas only one
sample is needed for the Warner technique, two samples are required
for the alternate questioﬁ model unless the true proportion of the non-
sensitive attribute is known. Then only one sample is needed.

The authors of the papers just cited show that the alternate
question model out-performs the Warner model because they have re-
laxed the restriction on mutual exclusiveness of the attributes. The
variance of the estimate of the stigmatizing attribute is dramatically
reduced by the use of the second characteristic. Consequently, the
alternate question model is favored over the direct question method at

times when the direct question method is favored over the Warner

method.



1.3 Description of Study

In Chapter II, the existing models that may be used when one

is not interested in the relationship between attributes will be outlined.

That the alternate question model holds regardless of the relationship
between attributes will be demonstrated. A built-in alternate response
model as defined in Chapter II will be suggested as a réplacement for
the unrelated question model.

The implications of extending the randomized response
techniques to take advantage of any benefits resulting from the use of
two- correlated attributes is in'itialized in Chapter III where the direct
question method as extended is Adiscussed. The measure of efficiency
to be employed in this study is defined; the estimator for the corre-
lation coefficient and its variance are derived and its large sample

properties mentioned.

The application of the Warner model when one is interested in

the joint distribution of characteristics is discussed in Chapter 1V for
the case of one stigmatizing attribute and for the case of two stigma-
tizing attributes. Similarly, the built-in alternate response model is

presented as extended to the two characteristic case in Chapter V.

An alternate model is presented in Chapte'i' VI, and maximum

likelihood estimates of the model's parameters are derived. The aim
in this chapter is to investigate the possibility of further reduction in
bias and variance by requiring the respondents to give two responses
each, using for the second question an attribute thart may be related to

the stigmatizing attribute. With two responses per respondent it is
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racteristics

ssible to study the- joifnt—rdistrrribution of_the two cha

instead of just the marginals. Proper choice of the variables the

statistician can control and an analysis of the effect of bad choices is

also provided. Chapter VI also contains an analysis of the effect of

untruthful responses and incomplete reporting on the model with

able parameters

respect to bias and MSE. Proper choice of controll

in the presence of untruthful reporting is discussed along with the
effects of bad choices.

An experiment to test the feasibility of the extended alternate

question method is discussed in Chapter VIi, outlining some of the
hazards of surveys.

Appendix A presents the instructions provided for the

participants in the feasibility survey that is discussed in Chapter VIL

Appendix B lists the computer program, written in Fortran IV, that

was used to obtain the results cited in this dissertation.

1.4 Nomenclature

The author will, as much as possible, define a terminology

that will be consistent throughout the paper. Slight inconsistencies

will arise due to model definitions but will be carefully treated below

and as they occur. To begin, we represent the population that

possesses both, either one, or neither of two charact_eristiCS in the

figure below:
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Characteristic A

Has Has Not

Has TAB B T

Characteristic B _
' Has Not T Ab Tab T = 1 - TR

TA 11'a=l'"A

Figure l.1 Representation in a 2x 2 Table of a Population
' Characterized by Two Attributes.

Then define:

— the true proportion of the population who have both

TAB
_ characteristics A and B.
™ Ab ~ the true proportion of the population who have
characteristic A but not B. |
T .B — the true proportion of the population who have
} characteristic B but not A.
T b — the true proportion of the population who have
neither characteristic A nor B. |
T A - the trﬁe proportion of the population who have trait
' A regardless of whether they have trait B,
T g — the true proportion of the population who have trait
B regardless of whether they have trait A,
LA 1= my - t};e_ true proportion of the population who don't have



aij

_characteristic A regardless of whether they have

characteristic B.

the true proportion of the population who don't have
characteristic B regardless of whether they have
characteristic A.

the design proportion of the time that a respondent
will randomly select the question pertaining to
attribute A, for response i (i=1l, 2) in sample

k (k=1,2). When Pl.: determines v./hich of two
attributes the r.espondent is questioned about, as in
the alternate question model, then PI; denotes the
proportion of the time the respondent will select the
question about the more stigmatizing attribute. The
subscript i and/or the superscript k will be omitted,
if only one response and/or only one sample is
required for the maximum 1ike1ih06d solution of the
pertinent equations. The author notés here that this
definition will not be consistent in the case of the
built-in automatic response model; there, i=1,2, 3
and does not refer to the order of the response but
indicates whether the subject is to answer the
stigmatizing question, simply answer ''yes' or
simply answerA"no. "

the probability that a respondent will reply untruth-

fully to a question about characteristic a (a=A, B)
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when the characteristic is present, i=l, or absent,

i=2, on trial j, j=1,2 in sample k, k=1, 2. When, in

the context of the problem, j or k is limited to a
value of one, then j and/or k will be omitted.

the probability that a person in sample k, k=1,2,
with characteristic a (a=A, B, a, b, AB, Ab, aB, ab)
will refuse to respond to a given randomized
response technique on trial j, j=1, 2. In the event
that k=1 only, the superscript will be omitted;
similarly, if j=1 only, the subscript will be omitted.
When the direct question approach is used, the

symbols for the probabilities of non-response will

be primed.




CHAPTER II

METHODS APPLICABLE WHEN A SINGLE CHARACTERISTIC
1S OF INTEREST

2.1 Introc.luctionv

The interview procedures, which may collectively be called
randomized response techniques, permit a respondent to reply to
questions about personally sensitive qualities without revealing his
status or feelings to the interviewer. These several different schemes
propose primarily to eliminate or, at least, reduce the bias that re-
sults when persons either respond untruthfully or refuse to respond.
Secondly, the various schemes represent an evolution of improvements
in precision. Of course, the most precise way to get an answer to a
question is to ask it directly — if you can get a truthful answer. These
randomized response techniques address some of the problems that
confront the experimenter who wants reliab-le answers to sensitive
questions, questions to which he has no right to expect nor power to
demand correct answers.

Warner proposcd the original randomized response procedure.
He described the cstimation of the proportion in a population with a
certain characteristic and the variance of the estimate. He discussed
the advantages of the randomized response technique, comparing it to
the direct question method. As the basis of comparison, he used mean

square error. Subscquent work employs the same basis of comparison.
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technique that produces a morec precise estimate of the nocuous trait
and a smaller mean square error. This method is called the "un-
related question' technique. The author will demonstrate in what
follows that their model can be made more general and suggest that
the name ''alternate question' technique is,n.lore appropriate.
Abul-Ela(l) and Greenberg. St_g_l.(ﬂ further suggest a modification to
their model that results in an even greater reduction in the variance of
the estimate of the stigmatizing attribute. This idea led to what the
present author calls the 'built-in alternate response' model.

Warner's, Abul-Ela's and Greenberg's results are presented
in the following sections along with the author's work on the built-in
alternate response model. In an effort to achieve a consistent
symbolisrﬁ throughout this paper; the nomenclature presented in the
first chapter will be used. Differences between this and the preceding
authors' definitions will be resolved as the work progresses.

2.2 Direct Question

2.2.1 Definition of Model

Suppose we consider the task of estimating the proportion of a
population who have some particular characteristic. Let us assume
that this characteristic, call it A, is stigmatizing. Some people will
refuse to answer such a question, and some of those who do answer it
will not answer truthfully. In addition to these problems the
statistician can encounter a reticence on the part of the interviewer to

question some people about sensitive traits, sometimes because of the



" interviewer-respondent interaction,

13

or sometimes because the inter-

viewer has an aversion to the trait.

Referring to the definitions of symbols in 1. 4, we write the
probability that a ''yes' response is given to a direct question about
trait A as the sum of the probabilities that a person will respond and
will respond truthfully when trait A is present and that a person will
respond but respond untruthfully when trait A is absent. The sum-

mation must be weighted by a factor we call W = n/n' so that

Pr(yes) + Pr(no) = 1. n! is the expected sample size that results from

non-response, defined for the direct question method to be:

n[(l-R'A)-rrA+(1-R;)(l-wA)]sn 2.1

nl

and
: A 1
- 1 = ' - R! -
W—n/n-[(l-RA)vA+(l Ra)(l nA)] 2.2
Hence
LN D= Pr (”'§res". response to a direct question
about the presence of trait A)
- - - 1
= [(1 - Rk) (1 TAI) ™A + (1 Ra)TAZ
(1-FA)]-,W : 2.3

Note that in this paper the symbol T, is defined as the

k used T, (or

probability that a response is not truthful. Earlier wor A
Ta) as the probability that a response was correct. Furthermore, the

previous work did not consider the effects of non-response.
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The number of ''yes'' answers in a sample of size n' denoted

.= T = 0, then

e ar s . o mt o=
by nn, is distributed as b(n ,)\D). If RA = Ra TAl A2

A
- A - . . . ,
n n and T A )\D nD/n is an unbiased est1mat¢ of LN and is

distributed as b(n, 1rA).

2.2.2 Bias in the Model

The bias in the estimate of A in the general case where non-

response and untruthfulness influence the estimate is given by

A A
ﬁ=E[nA=XD]~wA

wl(-Rr}y0A ST )T AT (L -RYT o (Lo )] -7y

[m Al -RYDA-T ) -(L-R)Ty,- 1/W)+(1-R' )T, | W

- R! - R! : - 1 -
—m W{T, (1-RQI+T,, R!)+1/W 1+R} |

+TA2(1 Ra)W 2.4

2.2.3 Mean Square Error, the Measure Used for Comparison of

Methods

The basis of comparison of two estimators that was used in

(3)

earlier studies is mean square error (MSE). Cochran'”’ formally
defines the MSE of an estimator, say a, by |
A A 2
MSE(a) = E(a - a)
=E[(3-a ) + (a -t:).)]2
m m
2

| = E[_G. - o.m)z + 2(am - a) .E[a - am]+ (o.m - a)

= variance (4) + [bias (G)]Z

where the estimator & may be thought of as distributed about some

mean ay,, which is displaced from the true population mean a. Clearly



_ MSE considers the effects of both variance and bias.

" the estimator #A
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For the direct

question then, the following is the expression for mean square error of

when non-response and untruthfulness affect the

estimate:

MSE(r ,) = Vi# L) + B
- iD(l-'i ISVEN g2
= WZ[(I-RA) (1-Tp ) 7y
+(1-RL)(1-m p) T, /W - (i—R}\) (1-T )7 p - (1-R) Ty,
(L-m )]/

fwlin (1R (1-T, ) - (1-RY T, - 1/W]

2
+ (1-RL T, 2.5

' 2.2.4 Effects of Incomplete and Dishonest Reporting

Table 2.1 shows the effects of non—responsefand lying on

sample size, bias and MSE for m , = 5 and . 6 and for a survey target

sample size of 1000. Bias and MSE increase as the probability of lying

increases in either the group with stigmatizing attribute A or the

complementary group ‘with attribute a asrlong as only one of the groups

is lying. The increase in bias is in the negative direction when TAl

When

increases and in the positive direction when TAZ increases.

R'A=R'a and T A = . 5 the effect of untruthfulness on bias and MSE is nil
ifT. . =T .. However, when LK 5 TAl has a greater (lesser)

Al A2
effect on bias than TAZ if A is greater (less) than. 5. Mean square
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" “error is largely determined by the square of the bias.~ ~— -~ — —— — ~

Non-response affects bias and mean square error similarly.
Increasing R“A makes the bias more negative while increasing R;
introduces a positive component into the bias. Untruthfulness domi-

nates non-response, however. Large values of TAi’ TAZ tend to

diminish the effects of non-response.

2.3 The Warner Model

2. 3.1 Definition of the Model

Wavrner(lq) assumed that each person in a population belongs
to one. of two mutually exclusive groups and defined a model acco‘rd-
ingly. The subjects in an interviev;/ are given a spinner that, after
spinning, points to an area denoting group A with probability P and
points to an area denoting group a with probability 1-P. The inter -
viewer requests each subject to spin the pointer unseen by the inter-
viewer and answer true or false with respect to membership in the

. group to which the spinner points. The interviewer r;cords the
answer. To transfer Warner's notation into the nomenclature of this
paper, we let

LN - 7, the true proportion of group A in the population;

P = the ﬁroﬁability that the randomizing device "selects"

‘the statement or question about A (no change in

notation from Warner's);

1 if the fth sample respondent says '"Yes, "
0 if the fth sample respondent says ''No," £=1,2,...,n;

the sample size; and

=3
H

Ny = n,, the number of ''yes" responses reported in the

. 'sample.
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-~ — - 1Initially, a general model will'be written down to include_the . _ _

events of non-response and untruthfulness. Then simplifying as-
sumptions will be made that lead to the results presented by Warner
and Abul-Ela. We shall employ the terms RA’ Ra’ TAl and TAZ as

defined in Chapter I. The effective sample size is
n' = n[n'A(l-RA) +(1 -wA) (l-Ra)] 2.6

The probability of a '"yes' answer in an application of the
Warner technique is the sum of the probability that the respondént
replies truthfully to whichever statement the device selects plus the
probability that he lies to whichever statement the device selects all
' -1
T - 1 = - - -
multiplied by W = n/n [(1 RA)'rrA+ (1 Ra) (1 wA)] .

Let

=[PL-RyN1-T ) wp +(1-PY1-R J1-Ty,)1-m )
+ P(1-R_) T, (1-m \)+ (1-P)1-RQ) T, m |- W 2.7

and 1-xw = Pr {Xl = 0}

If we neglect, for the moment, the probabilities of non-response and

untruthfulness, then

A\ =P1rA+(1-P) (l-'rrA) . 2.8

w

is the statement from which Warner derived his maximum likelihood

unbiased estimate of L The solution for LN in .terms of )‘W is

=Dy - (1-P))/(2P-1) | 2.9



replies, is distributed as b(n, )\W).
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‘he t3 of i =. ' = n’ i i i ' =
The egtxmate of )‘W 18&,w, ,nW/n = nwjnﬁmmthtg case sincen' = n

when R 4, Ra' TAl and TAZ are zero. hy. the nurmmber of 'yes"

The unbiased estimate of L) %A’

The variance

A
is obtained by substituting A W into Equation 2. 9 above.
del) is

of this estimate (written here in terms of the general mo

Vih ) =k (1A /21 (2P-1)%] 2.10

A
and its estimate obtains when xw is substituted for xw.

2.3.2 Bias in the Model

The bias that results from incomplete and incorrect reporting
when we use the estimate

T A =[\, - (1-P))/(2P-1) 2.11

is
B = E['GA] -

A.
=T, =T,,=0, thenE[f ;] =m, and p=0. But,

Clearly, if Ry = Ra Al A2

if any one of RA' Ra’ TAl or i,,1s not zero, the bias is not zero; the

expression for bias is obtained by substituting the right side of

Equation 2.7 into 2.1} . That is,

p=E[R yy-(1-PN/(@P-1)]- 7y
= {W[Pu ROM-Ty dw gt (0 ~P)(1-R_)(1-T g, 01-7 )
+P(1-R_)T,,(1 -m )+ (1-P)(1 -BA)TAlnA]

- (1-P)J/(2P-1) - 7
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= - "AW{TAl(l'RA”'TAz“'Ra)*”W a+[PRLERY)

- Ra]/(zp-l)‘}

+wl-P)(1-R (1T 5p) -1 /Wit PT, ,(1-R )}/ (2P-1)

2.12

n of the Warner and Direct Question Methods

2. 3.3 Compariso

We will compare two estimators using mean square error

efficiency (MSEE). MSEE is defined as the ratio of two mean square

errors; that is, the MSEE of estimator 1 with respect to estimator 2

e MSE of estimator 1, e. g

is the ratio of the MSE of estimator 2 to th

\ .
MSE(w A) DO

MSEEW# w =
A'W A
MSE(ﬂA)w

Warner, however, used the inverse of the above ratio to compare his

randomized response procedure to the direct question approach. He

did not include the probability of non-response in his analysis.
Furthermore, he assumed that the chance of untruthfulness in a

sample employing his method was nil, but that untruthfulness would be

present among those with characteristic A and those with characteristic
a in the sample responding to the direct question. His results are

Using values of TrA =.5 and .6 and

shown in Tables 2. 2 and 2. 3.
n=1000, he conclud'ed that the randomized response procedure, except

when the bias was negligible (T;‘\l and TAZ small), offered a potential

ct question approach. This advantage depends

advantage over the dire

on P, T Al TA_l’ TAZ and n. As P and T A deviate from .5, the



Table 2. 2 Comparison of Randomized and Direct Question Estimates

For True Probability of w =. 6 and n=1000..

Direct Question Estimates

Probability of Truth*

Mean Square Error Randomized
Mean Square Error DQ

)

21

T, Ty Bias p=.6 p=.7 p=.8 =. 9
.95 1. 00 -. 03 5.45 1.36 .60 .33
.90 1. 00 .06 | 162 .40 .18 .10
.70 1. 00 -.18 .19 .05 .02 .01
.50 1. 00 -. 30 .07 .02 .0l .00

1. 00 . 95 . 02 9.82 2.44 1.08 .60

1. 00 . 90 . 04 3.41 .85 .37 .21

1. 00 .70 .12 .43 .11 .05 .03

1. 00 .50 . 20 .16 .04 .02 .01
. 95 . 95 -.01 | 18.25 4.54 2.00 1.11
. 90 . 90 02| 9.70 2.41 1.06 .59
.70 .70 -. 06 1.62 .40 .18 .10
.50 .50 - 10 .61 .15 .07 .04

Source: Journal of American Statistical Association,

*This paper uses TAl =1 - Ta and TAZ =1 - Tb
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Table 2. 3 Comparison of Randomized and Direct Question Estimates
For True Probability of ¥ =.5 and n=1000.

(Mean Square Error Randomized)
Direct Question Estimates ‘Mean Square Error DQ
Probability of Truth* .

‘ T, T, p=. 6 p= 7 p=- 8 p=.9
.95 1. 00 - 03 715 1.79 .79 .45
.90 1,00 -. 05 2.28 .57 .25 .14
.70 1. 00 -. 15 .28 . 07 .03 . 02
.50 1.00 -. 25 «10 .03 . 01 . 01
.95 .95 . 00 25.00 6.25 2.78 1.56
.90 .90 .00 25.00 6.25 2.78 1.56
.70 .70 . 00 25.00 6.25 2.78 1. 56
.50 .50 . 00 25.00 6.25 2.78 1.56

Source: Journal of American Statistical Association
60 (1965), p- 67.

=1-T

*This paper uses TAl =1 - Ta and TAZ b
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: ‘techn-ivqu'e.' Thus V\;az_,x‘ler made the comparison

_r;m(‘l- DQ)/n+{-nA(TA1+TAZ)+T 2}"

-

- MSE® A)W | | S
S vm /(YR \)pat B

"_MSE(“A)DQ AW A DQ' ol
a Rey | &w(‘l’-ﬁ{v)‘/[n(zp;l)zl |

ABui_‘—Ele ei:‘tehdtedr'waz"ne'r's results by alloWing untruthfulness to
enter the Wai'rie’;i" model and thereby bias theresu.lting estimate of 7 ,.
Hls results, dtsplayed in Tables 2,4 and 2.5, reveal that the potent1a1

dvantage of the randomtzed response technique is st111 present — as

,long as the probabﬂity of untruthfulness in the Warner model is small

with respect to that which occurs in the direct questioh approach.

2.4 The Alternate Question Model -

27_.7'4. 1 Def‘i»nitivon"of the Mo&éi B

Another way to attack the lack of cooperatmn problem was
suggested by W. R. Simmons and reported by Abul- Ela(l)
Greenberg, etal, al.( ). Stmmons believed that an 1nterv1ew subject

would be more hkely to answer truthfully 1f. he were asked to respond

~ to one of two questlons about different traits. Specxﬁcally. one

questlon would pertam to an mnocuous attrlbute, unrelated to the

sensztwe charactenstm treated by the,other questlon. The cited

B authors developed a model of a survey in which the idea could be

apphed._ Whereas they assumed that the two traits were independent,
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- the present author points-out in-Section 2. 4. 2 - that their model holds -

regardless of the relationship between characteristics A and B.

The cited autﬁors report significant gains in efficiency with
their model as compared to the Warner procedure. In addition, they
explored the situation where a priori information is availabl_e about the
innocuous trait and reported the possible gains in preci‘sion that may be
achieved by using that knowledge. This feature leads to what the pre-
sent aqthor calls the built-in alternate response model; that model will
be detailed in Section 2. 5. |

As with the Warner method, a subject is invited to partici-

'pa'te. If he accepts, he is supplied with a randomization device. He

uses the device to select a question to which he repiies "yes'" or '"no"
according to whether he has the characterist{c indicated by the
question. If the interviewer does not observe the randomization
process the respondent's status is not revealed.

Since there are two unkncwns té be estimated with this
procedure, two sampies are required. Two independent and non-
overlapping samples of size n, and n, are drawn from the population.
Greenberg; _e_t_a_l_.(7) present a procedure to optimally choose n, and n,
so as to minimize the variance of the estimate of the characteristic of
interest; this will be reviewed in Section 2. 4. 3.

The general model, in the notation of this paper, is

N =Pr{"‘yes" response in sample 1}

1
=?1 (1 -TAl)wA-i- (1 -Pl)(l —TBl)w B+ PlTAZ(l —n‘A)

,+ (1 -PI)TBZ (1 -7 2. 14

B)
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7 and Y 5 =’Pr’{“',}es“ response in sample 2}" S -
= Pz(l -TAl)ﬂ.A +(1 -Pz)(l -TBl)wB + PZTAZ.(I -nA)
+(1 -PZ) TBZ(I -TrB) _ 2.15

where A and B denote the stigmatizing and innocuous traits,

r‘espectively. Greenberg, etal.make some reasonable assumptions

immediately:

l. Since trait B is not sensitive, there is no reason for
anyone to lie about membership in that sub-population in ordef to
protect his self-image. Hence Ty, = TBZ\ = 0.

2. Similarly, those who do not have characteristic A would

be very unlikely to say they did if A was truly stigmatizing. Thus,

TAZ=0'

If one final assdmption is made for the moment, that TAI = 0, then the

simplified equations yield the maximum likelihood unbiased estimates

for TA and “B" That is,

)\1=P11rA+(1-P1)1rB
)»2=P217A+(1-P2)1rB
and
" A 1-P (1-P.) ,’\‘1 .
= 2 B!
L [‘P_z# P ] X,
P, - P, . | | 2.16

, n! are the number of

4 - 1 - ] 1
where \ s /nl and X 2 = nZ/nZ such that nj, nj

"yes" replies in each sample. Equation 2.16 holds only if PlatPZ.
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Tl’iie '"Va”'rianées”of the estimates are e B -
: 2.2 v 1,2 1 2.2
V(# ,) =0 (10  HL-PH) 54N 5 (1A )1 -PT) T )/(P7-PT)
2.17
and _ .
A v 2,2 1,2 1 2.2
v(wB)_[xlu-xl)(P )7 /ny % (1) JHPT) /nZ]/(P -P7)
2.18

2.4.2 Name of the Model

Greenberg, et al(,7) mean ''independent" when they refer to

the two characteristics that form fhe "unrelated question’ model. The
purpose of this section is to show that the model as presented applies
equally well.when the two characteristics are positively or negatively
correlated as when they are independent. Consequently, a more
Aappropriate name should be used for the method. The name that is
suggested and will be used for the remainder of this paper is the

"alternate question'' model.

Visualize a population as described in Figure 1. 1. Define T A
to be the sensitive characteristic one is interested in estimating and

assume without loss of generality that TR is not sensitive and TAST e

. Then write the probability that a ''yes' response is given in this

randomized response model as

_ ok k
)\k—P~ 11'A+(1-P )‘ITB<

) Kk K .
—'n'AB+P wAb+(1—P)1raB 2.19

where k=1, 2, 3 refers to the sample number; one expects that three
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) éafnplés are required to estimate the three unknowns.” In matrix -
notation
A= A | 2. 20
where |
1 Pl (1-pY)
A=|1 P* (-P%

11 P qpd

A is obviously singular, i.e. Al = 0. Using the alternate question

method with an additional sample does not enable a solution for the

interior cell proportions of Figuré 1. 1. .

However, if the questions are designed so that the proportion

of the population in one of the cells of the 2x 2 table in Figure 1.1 is
known, then one needs just two samples in order to estimate tﬁe two

‘ rerﬁaining unknowns. Perhaps the most obvious and most realistic

~case is to use a non-sensitive attribute in such a way as to cause the
stigmatizing trait to be a sub-classification of the non-stigmatizing
trait; symbolically, take TaAp = 0. For example, married women who
have aborted in the past year have also been pregnant during the past
year. The stigmatizing question could pertain to the legality of the

abortion or to the event itself. Consider the equations when one

assumes that T oAb = C.

. _k K
)‘k -TrAB-i-P “Ab+(l—P. )"aB
k k :
-TTAB+P c+(l1-P )"aB_
or
A o=n, -PXc=m, o +(1:Pn 2,21
k AB aB *
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- In-matrix-notation : I _
_— 1
A= 1 1-P w 2.22
}  1-P?
where

| | 1
= ! = -
- [TrAB] and M\ [X 1 PZC] .
. . )\ _P c
2
. . e ol ol
A is non-singular if P'#P

The estimates are

A

Ul-Pzn&l-Plcy41-P1x&Z-chn/cpl-PZ)

"TAB
2.4 1 1 2 ‘
= [1-POR,-0-P %,1/® -PY) - 2.23
" - Similarly
A _A A 2 1
naB—()\Z-)\l)/(P -P7) + ¢ 2. 24
Hence
by = hpptm
A AB " Ab
A A :
. @-pPh -a-PhR deetPh 2. 25
and
A = b+ h
B AB aB
1A
- ') ,- P ) re?-Ph) 2,26
_ %A and %B are identical to the estimates obtained when no assumption

was made about 4, being constant or known.
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regardless of whether any value is assumed

Furthermore,
for ¢
A (1-NY) Ao (L-N,)
Vb ) =L aoptt U el 2 z]
A (PI-PZ)Z [ n _ n,
2,27
AoA1-N) Ao (1 -\ )]
and Vb = 1 [(Pz)z 1 I (PI)Z 2 2
oP (P! -P%) g I EPPY"

With the model as defined by (7) the variance of the estimate of the

proportion with the stigmatizing characterisﬁc is unaffected by the

uous. That

relationship that may exist among that trait and the innoc

the unrelated question model mathematically encompasses a broader

class of question pairs suggests that a label such as "alternate
question'' model may be more appropriate.

2. 4.3 Efficiency and Selection of Parameters

Greenberg et al.(7) present general recommendations for thé

choice of P1 , P2 and mg. The probability that the question about

‘ sensitive trait A is selected should be between 0.5 and 1.0 in one

_sample. Its nearness to unity expresses the investigater's confidence

in the subjects' willingness to respondto a direct question abouttrait A.

A value close to one implies that the respondent has little reason to

avoid answering the sensitive question. The above authors argue that for

a specific value of 13'1 there is no best value for 'P'Z except that it should

be as far from P1 as possible. They suggest a working rule whereby

P1+ P2= 1 or P2= 1 -Pl; this choice for Pz provides symmetrical
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that another solution is the choice P2= 0 in which case the second

sample is used to estimate m .

The authors also show that a propér choice can be made for
the non-sensitive characteristic. The efficiency of the alternate
question model with respect to the Warner model increases as T
approaches m ,. If T A is small (and most truly stigmatizing
charactemstlcs involve a small proportion of a population), then the
experimenter should endeavor to select an innocuous attribute with a
proportion close in value to 7 4. This selection could, however,
result in arousing the respondents’ suspicions about the sincerity of
the procedure since relatively few persons would answer ''yes'' to

either question. In effect, a problem is created because there are now

two infrequent issues. Thus, some compromise is advisable. Table

- 2.6 shows the effect of the size of Ty on the efficiency.

The question of efficiency, as it was raised by Greenberg.
_e_'c_?_l_.(7’) may rule out for some -xperimenters/statisticians the possible
use of two sensitive characteristics instead of one. In that situation
the question about trait A could be selected with probability Pk and the
question about trait b (rather than B) with probability l-Pk in sample
k, k=1,2. As a result T A is small and g (as configured) is large. As
was showhn in Section 2. 4, 2, the relationship between traits does not

influence the model. 'Consequently, nothing may be said about any

 relationship that may exist. But, there is a loss in efficiency. If one

is prepared to tolerate this loss by using traits A and b, then he may

get answers to two important questions at the same time. In addition,
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Table 2. 6 Comparison of the Variances of the Estimates Obtained
by Warner's Randomized Response Method and the
Alternate Question Method, n = 1000

S_amp.le Prqportion to Efficiency = Var(ﬁA)W/
Size in Indicate Statement
Alterr}ate About A'in t.he Var('#‘A )AQ
Question | Randomization . A
-Method Device When TR =
Ww| AQ L
TAl By By P F‘1 P2 .1 .3 .5 .7 .8 .9
500 500 2.15 1.36 1.07 .93 ..89 .86
700 300 | 7|7 -3 2.49 1.52 1.18 1.04 1.0l 1.00
11 500 500 1.00 .84 .74 .66 .63 .60
900 100 |29 -1 1.64 1.30 1.13 1.03 1.0l 1.00
500 500 1.49 1.13 .96 .88 .86 .85
713 287 |7 |7 3 1.78 1.29 1.09 1.01 1.00 1.0l
2500 500 .77 .71 .66 .62 .61 .60
914 86 |29 -1 1.30 1.13 1.05 1.01 1.00 1.0l
500 500 1.20 1.00 .90 .8 .86 .87
722 278 | 7|7 -3 1.46 1.16 1.04 1.00 1.0l 1.04
*3 ['500 500 .68 .65 .63 .61 .60 .60
922 78 1.9 -1 1.18 1.07 1.02 1.00 1.00 1.02
500 500 .90 .8 .87 .93 .98 1.05
733 267 |7 |*7T 3 1.09 1.01 1.01 1.08 1.16 1.27
6 "500 500 .60 .61 .61 .63 .63 .64
928 72 |*?[? -} 1.04 1.00 1.00°1.03 1.06 1.11

m 28 S S5 An AN S SR AR AR AU OR A AN AN A G5 S§ o=

Some entries in this table were published in the Journal of The
American Statistical Association, 64(1969), p. 527.




L

34

' this approach may have a good effect on respondent reaction to the

pro‘cedure. The respondent with characteristic A (or characteristic B)
mayr argue as follows:

1. Both A and B are stigmatizing, and the proportions of
people with A or B is small. But, one question is about A and the
other is about b, not B.

2. Persons who answer ''yes'' can be no more suspect than
those who answer '‘no."

3. There should be enough "yes' (or "rib“) answers fo the
question about b (or A) to conceal my identity as a member of A (or B)
if I should get the question about A (or b). So I may as well reply
honestly.

With respect to a proper choice of cha'racteristic B, one should
realize that if the sample sizes n, and n, are optimally chosen, he is
assured that the alternate question model is always more efficient than
the Warner.model, fegai‘dless of TR A typical comparison is seen
in Table 2. 6 when the sample sizes are optimally apportioned.

In the context of Warner's model,‘ two applications of his
technique would be required to gstimate the proportions T A and LB
But, in addition to those estimates, the joint distrAibution could be

estimated as will be shown in Chapter III. There is no obvious way to
estimate the joint distribution of two characteristics with the alternate
quesrtion model. |

As mentioned earlier, Greenberg, _gt_ilgﬂ point out that

n, =n, is seldom desirable, that one may minimize the variance of the
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" estimate of the stigmatizing characteristic by making one sample

larger than the other. Emphasis should be placed on the sample which
has the greater chance of selecting the question about the sensitive
characteristic built into the randomizing device.

2.5 The Built-In Alternate Response Model

2.5.1 Definition of the Model

One characteristic is of interest tb a;l experimenter. He may
explicitly ask an interview subject about his mernber'ship in the group
with that trait. Alternatively he may use Warner's method or the
generally more efficient (in terms of MSE) alternate question model
when he thinks that there is a chance for an improvement in truth-
fulness and responsiveness.

In what follows below, a modification is applied to the
alternate question model that eliminates the second question, usually
about an inoffensive trait. This modified method is called tl.le Built-In
Alternate Response (BIAR) Model by this author. This model requires
a randomizing device constructed so that the respondent selects the
question about the stigmatizing attribute with probébility Pl’ simply
answers ''yes'' with probability PZ’ énd ""no" with probability P3,

where P1+ P2+'P3= 1. Using the notation defined in Section 1.4, let

n' =W = n[{1-R,)m,+ (1-R_)1-m,)] 2.29

be the effective sample size.
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Then let -

N, = Pr {a "yes' answer is given in an applic

B ation of the BIAR

model]
=P [A-ROU-Tyympt (1-R_)T,, (1 - )]
+ P, [(1-RH =Ty )mp+ 0 -'Ra)(l-TAZ)(l--rr'A)] |
+ P -R T, 7 pt (1-R )T, (- /W
= (P1A+P2(W-B)+P3B)/W
= Pr'{a "no'' -answer = is given in an application of the BIAR
model}
= [P L-RQ T, mpt (1 R _)1-T )0 -v.A)]
+P[(1-RY T 7 p* (1-R_)T,, (1 - )]

+P;[11-R )0 ST, Im (R L-T o) - W

= (P,C* P2B+P3(W-B))/W 2.31

where

A= (1-RpL-Tp) )Ty +(1-R )T 5 (L7 o)

B =(1 -RA)TAI 1rA+(1-Ra)TAZ(1 T a0 and
C = (I-RA)TAl 1TA+ (1 —Ra)(l-TAZ)(l-TrA)

If one assumes that RA=Ra=TA1 =TA2= 0, then

2.32

rp =P Tt P

and
2.33
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The corresponding maximum likelihood unbiased estimate of T A (based

on.complete and honest reporting) is

Ao A
mp =g PZ)/PI 2. 34
where an is distributed as b(n'=n, X\ B)' The variance of the estimate
is
Vi ) =x (1A Q) /0 p? : 2. 35
A B B 1 *

Using Equation 2. 34 for \ B the bias is immediately ?vritten
B=E[M ) Ta
= (E[\ )- Pp)/P) -7y
=[fr 5 (D1 -R,J[P,+P,-T,, (P +P,-P;]]- (1 -R)[P,
+ 'I‘AZ(Pl -P2+P3)])
+(1-R_)[P,+T,, (P, -P,+P)]}/W -, )/P -7,
=[{nA[(1—RA)-[P1+P2-TA1(P1+P2-P3)]- (1-r [P,
+T 55 (P) -P2+P3)]-P1W]
+(1-R)[P,#T (P Pyt P I}/ W -P, 1Py | 2. 36
The mean quruare error with this techniqué is

A
MSE® 5) = X g1 A g)/Poars 2 2. 37
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 2.5.2 Choice of P,, P,, P, in a Built-In Alternate Response Survey

1’72 73

The expected value of the variance of %A’ quation 2. 35 is
fxr A _ 2
E[V(R \)=[rp(1-mp Hm 5 (Py-P,)/ P +P, (P +P,)/P,"]/n 2.38

which we rewrite as

[ra(l-m,)+B)/n 2.39
where
{1 -Pl) > )
B = — [P (1-2YHY-Y(1-F, )] 2. 40
P
1

represents the variation added by the use of this randomized response

procedure,‘ and
Y = PZ/(P2+P3) , (0=sY=<1), 2. 41

is the conditional probability of a 'yes' response, given that the
respondent does not select the stigmatizing question; 1rA(1-1rA)/n
would be the variance if the direct question technique were used among
cooperative subjects. When the BIAR procedure is used in a survey,
the experimenter must specify the parameters Pl’ PZ’ P3 subject to
PiZO, P1+P2+P3= 1. The experimenter would like his choice to
minimize the effects of the procedure, name.ly B, é;nd minimize the
chance that a subject will not cooperate by lying or not res{)onding.
The following deals with these conflicting goals.

Before the interview, the '"suspicion' of having the

stigmatizing characteristic which attaches to a potential respondent
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is LI at least by our guess at m ,, 83y T 5o
respondents will refuse to coope

the "suspicion' which may attach to them.

39

We assume that

rate only for the purpose of reducing

If a respondent says ''no'l

then the ""suspicion'' is

- 3 : : 1" "y
TAlno - Pr {subJect has characteristic A|says 'no }

/(Pl(l -'n'A)+ P3)

P3ﬂA

Pl(l-'n'A)+(1-Pl)(l-Y) )

and we observe that Osw <m ,. Thus, there is no reason for
Alno~™" A

subjects to refuse to say ''no,'" and we assume that such non-

cooperatidn does not occur.

If, however, the respondent says ''yes, " the '"'suspicion

becomes
- H 3 1B 1
"Alyes = Pr {has characteristic Al says "yes }
i} wA(P1+ Y(l-Pl)) » a3
P1 1rA+ Y(1 -Pl)

Observing that m ,= <1, it is clear that the subject has more
A Alyes

reason to refuse to cooperate as T Alyes gets large. We therefore

want to choose P, and Y so as to assure that m is not too large.
1 Alyes

. . . <
To this end we impose a constraint on “Alye's’say TTA‘yeS—V: where

%k
TrA<V<1.

Recalling the first goal (minimizing B) we reformulate the

problem: choose P. and Y to ininimize B subject to w <V where
A _ Alyes



40

B A .
T A< V<1 is some upper bound., Note that "A\yessv rqulres
P15 (V--rrA)/V(l-'rrA) = Z 2. 44

In terms of Y and with P = Z and w <V, we need
1 Alyes

P.n,(1-V '
1" A=Y <vs1 2. 45

- ~ s
(1 P1 YV ,ﬂA)
Differentiating B with respect to Y gives

B _ 1 7F)
5% ° = [1-2 leA-ZY(l-Pl)]
1

2
aZB ) -2(1 -PI)

—_—
oY P,

<0

Thus, B is a concaire function maximized at Y=(1-2P11rA)/2(1 -Pl).

For any fixed Pl’ B is minimized either if Y is as large as possible

or if Y is as small as possiblc. Referring to inequality 2. 45, using

Y=1 in Equation 2. 40 for B gives

B=(1 —Pl)(l-wA)/Pl 2, 46

and B is minimized by taking Pl as large as po's'sible‘, ie. P1= Z.

However, substituting Y = Pl'ITA(l-V)/(l -Pl)(V-ﬂA) or equivalently

P, =Y(V-1‘|’A)/[1TA(1-V)+Y(V-1|‘A)] into the formula for B yields
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(e )(1-V) -
B =2 (Vﬂi)z [(V-P) + 5-‘-1?‘—‘(-1] 2,47

which is obviously minimized by taking Y=1 where P1= Z. Thus, the

unique best choice for P, and Y is

1
Verm
sk _ A *_
Pl - .-VT].—:T-':.—A-) s Y - 1 . 2. 48
in which caser
B(P1 , Y )= 174(1 -nA)(l-V)/(V-'n'A) | 2.49

It is interesting to note that V=(1+1TA)/2, which says that a
subject will permit the after interview suspicion to be halfway between

the pre-interview suspicion and a certainty, gives
* *
B(Pl’ Y )=1rA(1-1rA) .

In this case, the variability attributed to the Built-In Alternate
Response procedure.is exactly the same as that obtained with the
direct question technique (assu.ning cooperating subjects); thus, the.
variance of the estimate is twice that obtained with the direct question

method.

. . %
Reasonable values of TA and V lead to values for P1 quite

near 1. Previous studies have indicated that subjects are less
concerned about the implications of their yes responées on m, yes than

on the more obvious chance, Pl’ that they will have to answer the

stigmatizing question. Thus, we may consider the choice of P1 and Y
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P = (V'“A)/v(l_'"A)’ Y =1 as long as P, sU. At P
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to minimize B subject to the restriction P1<U. For fixed Pl' B

remains a concave function of Y, minimized by Y=0 or Y=1. Now,

B(Pl, 0) = TTA(]. -Pl)/Pl and

Noting that A, being a stigmatizing characteristic, implies LN 5,
clearly we would choose Y=0. B is minimized by choosing P1 as
large as possible, namely P1=U and B(U, 0) = TI’A(]. -U)/U. This
choicg however leads to “A|yes=l which is intolerable because any
thinking respondent will recognize that a "yes' aﬁswer identifies hi_m
as a member of the stigmatized group.

We, therefore, should consider minimization of B(Pl,,Y)
_subject to two constraints: PIS U and "Alyessv’ where 0<U<],

* ,
1rA<V<1. Equation 2. 48 dictates that the best solution is

& * %
1= U Equation

1

2. 48 may be rewritten as
Vo=m,/ [1-U(1-7 )]

and illustrated by a curve in the unit square (shown in Figure 2.1).

The area to the right of the curve represents the case when

V-w
A <U ;
'rrAil-V)

thus we choose

1

P1 = ,(V-vA)/'n'A(l—V) , Y
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"'and then B(P,, Y) =(k-Py Jl-m )/P . o ~

A second case of interest results when (V- 'n'A)/'n'A(l-V) >U.

Consequenf,ly, we choose P1=U. In order to maintain “A|yesSV' we

must have

Y?nAU(l -V)/(1 -U)(V-wA) ' 2.50

When V = 2-rrA , we may choose Y=1 or
Y = U(rlr-ZnA)/(l -U)

because B(U, U(1-2P)/(1-U) = B(U,1)=(1-U)(1 -TTA)/U- If V< 21TA,

choose Y=1 to m1mm1ze B(Pl, Y) and obtain maximum cooperation.

If V>211-A, choose Y=l or Y by Equation 2. 50 according to the desire

to keep w Alyes small or obtain the minimum increase in variability.

Y=1 yields a smaller “AIYe but a larger variance contribution.

Usually one will want to limit the value of Pi because the

subjects are more suspicious of the readily observable probability

that they will have to answer th- stigmatizing question. Hence, the

last case discussed, i.e. (V-vA)/-rrA(l-V)>U and V>Z1rA, is likely to

be the most typical.
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CHAPTER III

ASPECTS OF USING TWO CHARACTERISTICS
THAT ARE RELATED

3,1 Introduction

Extension of the techniques discussed in the last chapter will

be initiated in this chapter to be applicable when one is interested in

the study of two characteristics. For example, one may want

estimates of the proportions of a defined population who belong to each

of two groups. Or, one may wish to estimate the relationship among

two characteristics in addition to the proportions of the population who

possess each trait. Of perhaps greater interest may be the possible

increase in precision of the estimate of one characteristic by using

some knowledge of the relationship between that trait and another.

the following chapters will be
or both,

The methods chscribed in

studied with respect to two attributes when one of the two,

are stigmatizing. This chapter emphasizes the direct. question

approach. A basis of comparison will be defined that is comparable

to the mean square error as used previously. Derivation of the

correlation coefficient and its variance are also accomplished.

The nomenclature described in Chapter I will be

incorporated. In this chapter, A will always designate a sensitive

characteristic, whereas the trait denoted by B méy or may not be

sensitive. When the distinction is important it will be noted.
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3.2 The Direct Question Method

There can be several conceptual models of the direct
question method when one confronts the problem of obtaining more
precise measures. If characteristic B is not sensitive, then the
effect of asking a person about B prior to asking him about A should
not influénce his response to the question about A, I, however, B is
sensitive, the same person may balk at answering the question about
A when he has both attributes and has responded to the question
about B. |

Three ways of visualizing the model are illustrated in
Figure 3.1. Without loss of generality eaéh part of the figure shows
a definite model appropriate only to an individual who possesses both
éharacteristics. The model illustrated in Figure 3. 1(a) has the
subject not responding with probability RAB' Such a model implies
that the subject refuses to participate in the interview at all regard-
less of his aversion to being questioned about trait A, in particular,
or even trait B. It further assumes that the person who answers thé
question about B will also answer the question about A. It is felt
therefore that this model is unrealistic.

An alternative, and more reasonable model can be defined
when one realizes that membership in the group characterized by A
does not influence the subject's answer to the question about B because
he is not aware that the interviewer is going to ask about A. Further-
more, if B is not stigmatizing whether he answers the question about

A at all (or answers truthfully) is predicated entirely upon his



(b)

(c)

Figure 3.1 Direct Question Models When a Respondent Has Both
Characteristics A and B

47
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sensitivity to that question — most li'kely not to a relationship indicated

by' a previous question, On the other hand, if B is 'stigmatizing, the

ndent will react to that question as defined by the model in

Section 2. 2. Now, when he is confronted with a second stigmatizing

question, he admittedly will not react in a completely independent

manner. Yet, if the design of the survey is clever, this problem can

be virtually neglected. For an example, one can ask about one

characteristic at the beginning of the interview and the other at the

conclusion.

The models depicted in Figure 3. 1(b) and (c) reflect this

more reasonable model; they differ from each other only in the

embership in

probability of nonresponse; in (b) membership or non-m

‘the B group may influence whether the person responds to the question

about A; in (c) only the individual's sensitivity to being questioned

about attribute A influences his response. Certainly, (b) applies when

characteristic B is stigmatizing and (c) when B is not stigmatizing.

The author has chosen to assume the model shown in Figure 3.1 (c),

indicating to the reader that he can easily modify the model if he

deems it necessary.

A subject is questioned first about his membership in a group

characterized by trait B, His response is recorded. He is then asked

if he belongs t§ a group that may be described by sensitive trait A.

Again, his response is recorded. The response pattern of the sample

is reflected in Figure 1.1.” An individual's answers form one of four

possible patterns; tyes - yes," 'yes - no," ''no - yes,' and ''no - no. "
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- We shall consider the effects of non-response and untruthfulness on

the estimation of the proportions with each attribute and with both.

3.2.1 The Model with Complete and Truthful Reporting

Let X = 2 if an individual has trait B,
e “10 if an individual does not have trait B.
Let Y = 1 if an individual has trait A,

0 if an individual does not have trait A.

Then, the probability of a ''yes - yes' response is

53=Pr{"yes-yes”}=Pr{X+Y=3} = TAB 3.1
Similarly, the prdbabilities of a yes-no, ' '"no-yes, ' or '""no-no'"
response can be written as:

6, = Pr {'yes-no'} = Pr{X+Y=2}=n-n, 3.2

51 = Pr {"no-yes”} = Pr{X+Y=1}=1rA-1rAB 3.3

8y = Pr{'mo-no" }= Pr{X+Y=0}=1-m cmotn, o 3.4

3
such that 2 Gi =1
i=0
If n e nlO’ nOl’ and L represent the number of ''yes-yes, ' '"yes-

t : . 7 .
no, ' "no-yes,' and no-no' answers respectively in a sample of size n,

and n,, are distributed as the multinomial = with

o’ 51. 62, 63). Then maximum likelihood estimates
of 63, 62, and 61 are:

then nll’ nlO’ nOl’

parameters (n, 0



50

6, =mn,,/
3=/t
5, = / ind 3
5 =My o/ns an . .5
A
61 = ng) /n.
Equations 3,1 - 3.3 can be written as a matrix equation, i.e.
6=Am
where
1 O
_A = -1 ’ 306
-1 0 1
| —
0! = (63, 62, 51) , and

Tl (m g Ty Ty)

. A
Consequently, solutions of the equations with 0 substituted for 0 are

unbiased minimum variance estimates of m , i. e.,

~1A ‘ ’
b=a"13 | 3.7
where .
1 0.0
AL 11 1 o
1 0 1

. . A .
The variances and covariances of m are given by

vid) = a"lvgat - 3.8
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where
\ . 53(1 -53) -6253 -6351
V(0) = = —6263 62(1-62) -6162 3.9
-6)0,  -0,9, 5,(1-9;)
Thus, specific estimates are
A [ A A A A
pr= |8, 8,48, 8,48, ]
In addition,
53(1~63) 53(1-52—63) 63(1-51-63) T
Vi) =+ (8,40,)(1-8,-8,) 8,(1-0,-0,)-0,(5,+0,)
| sym (51+63)(1 -61 -63) ]
3.10
and
ﬂAB(l-TrAB) TTAB(l -1TB) 'rrAB(l-TrA) T
E[V(% )‘='1£ rgll-Tg)  TAR-TRTA
| sym LRIV
3.11

3.2.2 The Model with Incomplete and Untruthful Reporting

The general model is presented initially and then simplified
to derive unbiased estimates. Using Figure 3.2 we find the

probabilities trh,at the various response patterns occur by letting
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NY NN

Figure 3.2 | Response Patterns For Individuals Having Each Possible
Characteristic Pattern
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63 = Pr {"yes" to question about B and ''yes' to question about A},
= {7 Aptl-Rp)1-RQNLI-T ;)1 -Tp,)

=1 ) (1-Rg)1-R )(1-Tg )T,

+ (1-TrA-TrB-HTAB)(l-Rb)(l-Ra)TBZTAZ}/W
= {(1'RA)“'TAl)[“’RB)““TBl)"AB+“'Rb)TBz‘“A'“AB)]
+(1 -Ra)TAZ[(l-RB)(l-TBI)(T}B-T;AB)

H1-R )T, (1-m 4 -mpbm s p W

= {“AB[(1‘RB)“'Tsl)'“’Rb)TBz][“‘RA)“‘TA1)‘“'Ra)TA2]

t \[(1-R) TR, J[(1-R 1)L -T 4 )-02 “R_)T,,]
+wB[(1-Ra)'TA2][(1-RB)(l-TBl)-(l-Rb)TBZ].

+ (1-R )T 5, (1-R )Ty, }/ o7
3,12
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)

1

= Pr {”yes” to question about B and "no'' to question about A}
= fm Ag(l-Rp)1-RQI-Tg )Ty, ¥ (m =1 4 (1-Rp)(1-R TR, Ty

#(1om o b g gL -RL-R T, (=T 4 ) /W

- {nAB [(1-Rp)(1-Ty,)-(1 R )T, [(1-RH)T, -(-R )0 -T , )]

+w A[(l -R, )T, ]{(1 “RpITH) -(1-R_)1 -T )]
+mg[(1-R A -TAZ)][(I -RpN1-Tg,)
- (1-Rp)T g, 1+ (L-R(1-R )T (1-T ) b iw
3.

Pr {'.'no" to question about B and ''yes' to question about A}

= {“AB(i'RB)“‘RA)Tm“'TAl)

+ ('n'A-TrAB)(l -Rb)(l -RA)(l -TBZ)(l -TAl)

+(m BT AB)(1 —RB)(I -Ra)TBlTAZ

+(l-m y-m B+1rAB)(1-Rb)(1-Ra)(l-TBZ)TAZ} /W

= [r apll1-RE)T) -(1 -Rb)(l-TBZ)][(l R, )1-T, )-(1-R)T,,]

+'n'A[(l -R, )1 -TBZ)][(I R, M1-T, )-(1 -Ra)TAZ]

+rgl-R )T, )0 -RB)Tél

- (=R 1-Tp, )]+ (1-RI1-R )1-Tpo)T brw

3.

54
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60 = Pr {“no" to question about B and '"no'" to question about A}
= 1-0,-0,-0, 3.15
where
W = 'n'AB(l -RA)(I -RB)+ ("rrA-'n'AB)(l-RA)(l-RB)
+H(w B—WAB)(I -RA)(I -RB)+(1 ST AT B+1rAB)(1 -Ra)(l -Rb)
= "AB(Ré -RA)(Rb-RB)+1rA(1 -Rb)(Ra-RA)
+ TrB(l-Ra)(Rb-RB)+(1 -Ra)(l-Rb) 3.16

and

3
22-51=1
i=0

Unbiased, minimum variance estimates are obtained when all

" subjects respond truthfully to the questions. In other words,

=R _=R =T,,=T_.=T_.,=0, Under these
a B

AB Rap ™ RaB™ Ry  Ta17 Ta2= T T,

circumstances, the general model simplifies to the model developed

R

with Equations 3.1 - 3.11.

For the case of the general model define

a a a
% 11 %12 %13

*
A = ax) a5 253 » such that lA l#O )
a3; 232 233d
"aB] . . [ %
T = Ty | , and 6 = 6
= &
™A 61
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Then -
Ak L[k p
5% = 'w(“ 1+<_:) 3.17
where
t
e t 1-R)(1-R,) [Taz B2
o 1 —_ .
[ nIO/n and C = W (l-TAz)TBz
1 .
ngy /™ Tpz (1-Tgp)

such that n) o n g and n,; are the numbers of ''yes-yes, ' ''yes-no, "
and '"no-yes'' responses respectively to questions posed initially about

trait B and then about trait A; nys n g Moo and N450 (the number of

"no-no'' answers) are distributed as the multinomial with parameters

% ok koK
0’ 61, 6,, 05).

The variance-covariance matrix of the estimates is

(n', &

vil) = a7t v AT e Rt

and for the bivariate case we %Wwill write the bias in the estimates as

o1 Ak :
=A"1% 3.19

3. 3. A Generalized Mean Square Error Definition

Comparison of estimates implies the introduction of a suit-
able measure to evaluate the ability of an estimation scheme. In the
previous univariate studies, mean square error efficiency was the

measure used to show that the various randomized response
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Also, let V denote the variance-covariance mat

procedures out-performed the direct question method when certain '

levels of untruthful reporting were present in the latter method.

However, in the bivariate case, several candidates come to mind as

potential components for a measure. Each will be defined and dis-

cussed below with respect to their characteristics, and a choice will

be made of one to be used in this paper.
Let V be the variance-covariance m_atrix of the estimates of

d let the elements of that matrix be denoted by

™ and v , an
] ] .A

TAB’ "B

vigr  FL23 j=1,2,3 .

rix when the
estlmates are unbiased., Let BB!' be the matrix of the squared biases

and "co-biases" and denote the elements of BB' by

by i=1,2,3 , j=1.2,3 .

The list of the candidate's to be considered is

(1) MSE (% ,)

A LA A _ A A
(2) MSE(TrA+1rB-1rAB) = MSE(GAB+1rAb+1raB)

_ A
= MSE(l -7 ab)

= MSE(R ;) -
(3)7 MSE(h +-rrB+1rAB) = z z (vij + bij)
i
(4) trace [v+ BB'] = z (vii+bii)
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- (5) |vl + IBBY : 2

(6) |v + BB!|

In terms of the direct question method, to which the other
procedures will be_compared, the characteristics of the six candidates
are presented, assuming that the bias in the estimates is zero. There
is no loss in generality with this assumption except for (6); clearly the
determinant of a sum of two matrices is not equivalent to the sum of
determinants of the same two matrices. The assum'ption merely

permits discussion in terms of the variances and covariances.

1]

(1) E[v(® )] =w ,(1-7 ,)/n

[7 bl 7 pp)* 7 A7 4p) - 27 5T )/
3.20

The expected value of (1) is given in terms of the elements of
the two-by-two table illustrated in Figufe 1.1. Use of (1) can be
justified since it was the measure used in the previously cited studies.
In addition, one can argue that V(%A)‘ is a measure of the
characteristic of primary importance. Of the randomized response
methods considered in this paper, measure (1) can be shown to be
influenced by the relationship of traits A and B only in the extended
alternate question technique (see Chapter VI) where V(GA) decreases
as the correlation between A and .B increases.

The expected value of (2),

(2) E[V(%A+%B-%AB)] = _p(l-m 4 )/n | 3,21
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reflects the sum of the independent parameter estimates comprising

the interior of the two-by-two table and contributing to the estimates

A \ . ‘ . .
A and w B This measure is a convex function if 1rA+1rB2. 5 and

achieves a maximum when has a value such that = _, = . 5. If
AB ab

1r'A+ TR 5, then V('Ir\r ab) decreases monotonically until it is equivalent

to V(% B); A and B are maximally correlated at that time, i.e.

'ITAB=TTA.

Measure (3) reflects the sum total of the effects of the three

parameters estimated. It represents a natural extension to the

univariate definition of mean square error because it includes the

effects of covariances and eo-biases.' Its expectation in terms of

the internal components of the two-by-two table is

(3) E[V(%AB+4}B+ %A)]= [91rAB(1-TrAB)+1rAb(l-1rAb)

+u gl-m ) ~67 AT apT TaB) AT AbT aBd/®

3.22

Values of this expression increase monotonically as 7 , p Tanges from

in the neighborhood of interest, i.e. nAS. 5.

0Otomw, for any w ,<7T g

A

The fourth measure is a less general version of (3); the

covariance and "co-bias' elements are excluded from the measure.

The expected value of the measure is
4) Eftrace V']= [3 u Y .. (1 Ve (1
(4) Eftrace V1= Brpp(-mog)* 7 a0 -Tap) ¥ 7ol " an)

J2m o olm ot w g))/n
aB{"Ab" "B s 23
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I'is behavior is very similar to that described for (3). This measure

can be thought of as a loss function with the loss defined as the

squared error in estimation with the three parameters, w ,, Tp, and

considered equally important.

"AB
es (5) and (6) have the same expected value when the

Measur

bias is zero as given by

% 2 2 2 | _
(5) E[W1] =0,59, 05 [1*2Psp,APaB,BPA,B

2 2 2
-Ppop,A PaB,B PA,B ]/n

3
=[“AB"Ab"aB"ab)/n’ 3,24

This measure is a convex function that is zero when '"AB'—' 0 and

TAB T A Even if the bias is not zero, IBB'l = 0 and measure (5) is

simply IVl .

Therefore (5) is discarded as a measure. Measure (6)

has a slightly different characteristic. It includes a combination of

covariances, squared biases and co-biases that

effects of variances,

do not remotely resemble an intuitive feeling for a more general mean

square error expression. That is,

2 5 2
IV+ BBY = IVI+ bll(v22v33~v23) +b22(v11v33 -vy 3)

2)

Vi2

+ba3{v) 122"
+2b5(vy3V37Y) 2Va3) T2y 3V 5Vo3 -¥13Y22)

)

+2b. (v, Via =V, oV
;3 12 13' 2311 3,25

Thus (6) is discaraed also.
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Any benefit gained from the use of two positively correlated

attributes should be readily apparent in the appropriate measure, to

a certain extent even when the bias is zero. Although we have already

called attention to the detrimental features of (5) and (6), the tables

below will emphasize the undesirability. of either as the appropriate

measure.

If there is some value in using correlated attributes, then

the efficiency of a randomized response pi‘ocedure with respect to the

direct question procedure should increase as the correlation between

A and B increases. Table 3.1 shows the results of evaluating the six

candidates using the direct question technique. For comparative

purposes, honest reporting was assumed for one case;. in the second

case 10% of the persons with attribute A were assumed to lie in their

response. Applying the usual definition of efficiency, it is clear that

with (5) and (6) the efficiency will be zero when the attributes are most

=.] even decreases

correlated. The non-zero value of (5) when TAB

when lying is present. Such results are sufficient to cause these
candidates to be rendered inappropriate.
Candidate (2) shows no increase in value when TABT 2 and

This result is sufficient to cause this

T =,1 in contrast to TA1=O'

Al
measure to be deleted from the candidates.

Table. 3, 2 further reveals through the computation of

efficiencies the inadequacy of candidates (2), (5) and (6). Use of (1)

reveals a gain in efficiency due to dishonest reporting in the DQ

procedure but no gain due to correlation except in the extended
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Table 3.1 Candidates for Efficiency Criteria Evaluated for Direct
Question Method at AT 2, w B=" 4 and Varying T AR at
Two Levels of Untruthfulness.
: . T Candidate 3 3
Case AB Al (1))n gy (2)rny (3)n | (4)n [(5)>n (6) n
0 .16 . 24 . 24 .4 0 0
1 .1 0. .16 . 25 . 81 . 49 . 0015 . 0015
) 2 L 16 [ ] 24 1. 36 * 56 0 0
0 .55 . 64 . 64 .79 0 0
2 . 1 o1 .55 . 35 1. 66 . 97 . 0013 . 0048 |
.2 .55 .24 | 2.86 1. 34 0 0
Table 3.2 Behavior of Efficiency Candidates When Efficiency is
Calculated for BIAR and AQ Procedures with Respect
to DQ Method Using Cases in Table 3.1 :
, Candidate
Case | Method|map| ) | (@ | (3) | (4) | (5) | (6
0 L17 . 04 . 01 .03 0 0
BIARI] | .1 .17 . 04 . 04 . 04 0 0
° 2 017 . 04 . 07 . 04’ O 0
0 .38 . 36 .17 . 34 0 0
BIAR? | .1 .38 | .38 | .40 | .37 | .03 .03
1 .2 . 38 . 37 .52 . 40 0 0
' 0 .26 .59 . 26 . 27 0 0
AQ3 .1 .35 . 69 . 65 . 40 . 06 . 06
.2 .52 . 8u . 86 . 61 0 0
0 .57 .11 .03 . 06 0 0
BIAR! |.1 .57 .06 .08 .08 0 0
.2 .57 . 04 .14 .11 0 0
0 1. 31 .97 .46 . 66 0 0
2 BIARZ |.1 [1.31 .53 | .82 | .74 | .02 . 09
.2 11.31 .37 1.09 . 96 0 0
0 . 89 1. 56 .70 .53 0 0
AQ3 .1 l1.20| .97 |1.32 | .80 | .05 .20
.2 1.77 . 80 1. 80 1. 46 0 0
i-for the extended built-in-alternate response method
P, 7P 575P; =P, 5. P 57P53=0.
2-for the extended built-in-alternate response method
P11=P21=.7, P12=Pl 3=P22=P23=. 15 |
=1 -'P =o 7

1
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" alternate question technique. Candidates (3) and (4) are consistent in

the results shown in Table 3. 2. Efficiency increases as the corre-
lation between characteristics A and B increases and increases as
untruthfulness about trait A increases in the direct question method.

This writer has chosen to use (3), the sum total of variances,
covariances, sq\;ared biases and '"co-biases, ' because such a sum is
more general in nature than that of (4). In Chapter V], candidate (1) is
also presented. |

3.4 Estimation of the Correlation Coefficient and Its Variance

In the bivariate situation illustrated in Figure 1.1 we have
indicated that we are primarily interested in the distribution of T A
and TR instead of the internal components of the 2x 2 table. The
joint characteristic function of the numbers of individuals with traits

A and B is given by
_ it) itz ity +t2) | ™ _
¢(tl,t2)—{wab+1rAbe +'rraBe +1rABe 3.26-

Defining MAB) as the deteriminant of a 2x2 matrix whose elements

we obtain

TAB) - "AB"ab T "Ab "aB
13 3.27
TAB " "A "B

Then the Taylor expansion of log¢(t1, tz) yields the bivariate (up to

the fourth order) cumulants as verified in Wishart(zo):

KlO = DT L,
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Ko = 0w 4(1=m )0
K1 =% (aBy
Ky = 0m 4 (1-m g )(1-2m p),
K,, =nm (AB)(I-ZwA),
Kyg = nn'A-(l--rrA)[l-énrA(l-wA)],
Ky, = om (AB)[I-é T A (1-nA)], and
K,, = nm (AB)[(I-ZTrA)(l—Zw g)-2m (AB)]. 3,28

K,,, etc. can be obtained by symmetry. fw (AB)= 0,

Ko Kozr Koz ¥2

attributes A and B are independent and the characteristic function

becomes
_ it) it2
(b(tl, tz)—(na+1rAe )(1rb+1rBe )
Further, the bivariate binomial distribution can be thought of as a
multinomial which approaches the multivariate normal; the two

margins are simply linear combinations of the multi-

nomial. The characteristic functicn that obtains is
_ 1,2 2"
o(t,s t,) = exp[- (t; -2p5 ghHt2 +t,)) ]

where

PA,B " 1|’(AB)/[TTA(].-TI’A)TTB(I-‘H‘B)]I/2 3.29

The measure of association referred to in this paper is the

product moment correlation coefficient defined by Equation 3, 29. Upon

estimation of TAB' TA and T, Pap is estimated by r; r is obtained

by super-imposing the carat (A) on the w's of Equation 3. 29.
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The variance of the estimate is derived as follows:
let g(xl,xz) =% /x2
. 2 N
= g(6,/0,)+(x) - 0))/%,-x, (x,-0,)/x,+0(")
3. 30
such that
Elg(x; /x,)] = gle,/0,) .
Then
| | 2.2 -1
V[g(xl /xz)] ='.AE[(xl" 91)/X2-x1(xz-92)/x2} + O(H )
_ 2 3 2 4
= Vi(x, )/ 92_ -26, cov(x),x,)/ 8, +6, V(x,)/ 0,
3.31

Now, substituting
= 1/2
v =my/(myg mgp)

for g(x; /xz) in Equation 3. 30, where

_ A
M1 = "By

A A
1rA(1 --n'A), and

A
mg, = p(l-f5),
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e the variance using Equation 3. 31

we writ

2 , 1/2

Y [m),] 2 covmyy, (mym0,) ]

Var[r] = T Var —— - 177 .
20702 11 P11 (P20 Ho2)
‘ 1/2
Var[(mzomoz) / ] s 32
K20 Po2

where

by = Elpd = meam) 0

Moo = E[%A - .‘E?(1"\r‘,\)'_‘Z = 'rrA(l-‘lTA)
woy = Eltg - Eh ) = mgll-Tg)

To derive the variances and covariance for the right side of

Equation 3. 32 we will use the cumulants for the bivariate binomial
distribution given in Equations 3. 28.

The variances and covariances of Equation 3. 32 can be

written

(i) Var(mll) = E[mll - E(mll)]z + 0(n'1/-~2)

2
=(P~22"' P'll)/n 3.33
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' 2
(i) Valr[(mzo“‘o.?.)l/z] " E L(mzomoz)llz' E((mzomoz)l/zl]

2
/ (m,o-E[my))

=E L"’“oz/"‘mzo)1

: 1/2 . 2
+(m,o/4my,) " “(mgy-Elmo,])

-1/2

+ O(n )

2 2 2 2
'[“oz (Byo-H20) TP20 (HoaFo2)
+2“20“02(“22’“20“oz)]/"‘n“zo“oz
3, 34

(1ii) Cov[m, (mzomoz)”?'] = E[(moz/4”“.7.0)1/2

(m), - Efm) D(my- E[my,))

+ (’““zo/‘l“”“oz)1 /z(ml - Efmy))

(mgp- E[moz])] +

1/2

3. 35
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Substituting (i), (ii) and (iii) into Equation 3. 32 we obtain after some
simplification
Pi plt22 . 1/M0 , Poa, 222 H

+ 320, 22y

( )( 31, M3 )
R, Wi TN TOUY A TR TR T
lull K2, ke, Paoto? “Rirfzo Pnitoz

Var(r) =

3.36
2 .2
where pyy g = ¥ /a0k02

and the relationship between the cumulants and the required higher

order central moments are given by

) 2
o = Kao 3 Koo

= nwA(l-TrA)[l + 317A(1-1'rA-)(n-2)]

by = K3y ¥ 3K 1Ko

= nw (AB)[l +_3“A(1'"A)(n'2)]

2

b, = K,,+K 11

22 = Kpp ¥ KyoKgp t 2K
= vw (AB)[(l-znA)(l -2m )+ 2w (AB)(n-l)]
2
+n ‘rrA(l —TrA)TrB(l —wB) 3. 37
o4 and ki3 aTe obtained by symmetry.
Further discussion of the distribution of the correlation
coefficient and the implications of incomplete and dishonest reporting

upon the distribution is not within the scope of this study.



CHAPTER IV

EXTENSION OF THE WARNER METHOD

4.1 Introduction

Extending the method proposed by Warner tortwo character-
istics permits, in a limited sense, the use of the relationship between
characteristics to increase the efficiency of the method. That is,
with the model defined bélow, there is no increase in the precision of
the estimate of either characteristic A or B; but there is an increase
in mean square error efficiency when measure (3) of Section 3. 3 is
used to compare this technique with the Direct Question method. The

mean square error efficiency for the extended model is defined by

MSEE = MSEp,,/MSEy,
where DQ refers to the Airect question model and W refers to the
Warner method.
4.2 The Model

Consider a population in which individuals can be cross-
classified according to two attributes (A and'B) and hence belong to
one and only one group (AB, Ab, aB, ab). We want to find.the pro-
portion of individuals who have characteristics A and, perhaps
secondarily, B. Of even more impﬁrtance sometimes is the pro-

portion of persons who possess both traits. A simple random sample

of size n is drawn with replacement from the population. Every
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interviewer is supplied with'two randomizing devices, one that selects

group B with probability Pl and group B (or b) with'probability 1-P,

-and another that selects group A with probability P, and group A (or a)

with probability 1 -PZ. The respondent is given one of the devices
with instructions to use it in such a way as to randomly select a
question about either B or b, say, unseen by the interviewer. The
respondent then answers ''yes' or '"'no' depending on whether he has
the trait, B or b, as randomly specified by the devic.e. Then, or at
some later point in the interview, the individual is asked to repeat the
proceaure with the other device. The interviewer's function is to
explain the procedure and record the responses.

The model follows, simply enough, from the direct question
approach and the earlier work of Warner. Let us assume for the

present that all individuals in the sample respond truthfully. Also, let

T!= (Tr AB’ "B’ nA) = the true proportion of individuals with

characteristics A and B, B, and A, respectively,

Pl(PZ) = the probability that device 1 (2) will designate B (A),
3 if the ith individual in the sample responds '"yes-yes"
x. = 2 if the ith individual in the sample responds '"yes-no'"

1 if the ith individual in the sample responds '"no-yes"

0 if the ith individual in the sample responds '""no-no, "

the sample size for the survey, and

o]
]

N s Nyge Ngps Pgg = the number of "'yes-yes, ' 'yes-no,'" '""no-yes, "

and '"'no-no'" responses reported in the sample.
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The maximum likelihood estimates for TA Ty rand T AR 3F€ obtained

as follows: let

Pr{X ‘3} 1Pomap TP (1-Polmg-m pg) +(1-P) )P, (m p -7 )

+(1 -Pl)(l-PZ)(l -1rA-1rB+1rAB)
=1 ,g(2P, -1)(2P,-1)+ 7 5(2P, -1)(_1-:P2)+1rA(1-P1)(2P2-1)

+(1 -P1 1 -PZ)

P,r{xi=z}= 1§1'(1-P2)n +P PZ('rrA-'rrAB)+(l-Pl)(l—PZ)(ﬂA-wAB)

+(1 -PI)PZ(I “T AT B+ 1TAB)

-nAB(ZPl-;)(2P2-1)+ (2P| -1)P,m o - (1-P,)(2P,-1)m ,

+(1-P))P,
= 5»2
4.2
pr{xi= 1}: (1 "PI)PZ" apt (1 -Pl)(l -PZ)(wB g *tP Pz(" A-TAB)
' P (1-P0l-m p-mptm pp) o .
= -m 5 g(2P, -1)(2P,-1) - (291-1)(1-P2)n gt P (2P,-1)m
+ (P, (1-P,)
=0,
4.3
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Pr{X,=0]=1-06,-58,-0, -
= 60 4.4
In matrix notation we represent Equations 4.1 through 4. 3 by
6= Awl + _QW such that _ 4.5
8' =85 05, 0p)

t -
s "('ITAB: '“'Bs TTA);

(ZPl-l)(ZPz-l) (ZPl-l)(l -PZ) (1 -Pl)(ZPZ—l)

AW = -(2P1-1)(2P2-1) (Zl?l-l)P2 -(l-Pl)(ZPZ-l) , and
-(ZPl-l)(ZPZ-l) -(ZPl-l)(l -PZ) Pl(ZPZ-l)
Gy = ((1-P-P,), (1-P))P,, P, (1-P,))

=W
The likelihood function of the sample is

n n-n . -n,,-n
11 710 01 4.6

. n n
_ 11 10 01
L‘- 63 52 61 (1-51-52-53)

Taking partial derivatives of the logarithm of L with respect to the

elements of & and.-setting the system of equations equal to zero leads to

l'
1= =
8 (nll, D,y e nOl)

as the maximum likelihood (ML) estimates of 0. The one-to-one
transformation of § to m provides the ML estimate of w, valid when

2P, -1#0, 2P, -1#0 and 0< f <1. This ML estimate of 7 is

1 2

ﬁ_=Awl(.$_-§W)- ' . 4,8



A.. is non-singular if Z.P1

i

Pl+ Pz-l

Pz-l
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-1#0 and 2P2-1¢0, Under these conditions

]

Pl-l

(Zpl-l)(2P2~l)

-1 1
Ay = B o1
1
1
L 2P, 1

and the estimates are explicitly,

ZP -TZP,-1)

P -1(ZP,-T)

2P, -1

4.9

A -[(P +p.-1)b.-0-p)8,-1-P )8 -(1-PHO-P )] /
TAB T V1T T27 3T 2T 1’717 2’|

[(ZPI -1 )('ZPZ-l )]

A [a .a A
Ty = {534-62 —(l-Pl)] /(ZPl-l)

A A
by = [63-+-61 -(1-132)] /(2P,-1)

4,10
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4.3 Some Properties of the Estimates —
4. 3.1 Unbiasedness
. -1 A

E#) = Bla™ (0 - ¢y
a1l o 2 -1
=A™ E(0) - A QW :
=al[an+c,]-atc

- =W -W

= : ; 4.11

Hence, # is an unbiased estimate of .

4, 3,2 The Variances and Covariances

|

The variance-covariance matrix of fr_ is obtained by consid-
ering the distribution of the responses ny s g Doy and n-m . -ny g

NG That distribution is multinomial with parameters n, 53, 52, 51,

50. The responses are not independent and the estimated variance-

A
covariance matrix of the estimated proportion, 0, is

" 8.0-5,) -b.6 8.6,
. 05(1-65) -030, BER
A A A A
v<§W> -+ |-5,0, 6,(1-6,) 0,0, 4.12
5.8, 4,8 ;
030, -0, 0, § (1-5.)
- 1 17
The variance-covariance matrix of ﬁ is then .
A A/\ 1
A _ -1 -1
V(EW) = A v(gw) A 4.13
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Explicitly,
A 2A A 2A A A
V(#,p) = [(P1+P2-1) 8,5(1-6,)+ (1-P,) 62(1-82)+ (1-P1)261(1-61)
. A
+2(1-P2)(P1+P2-1)3362+ 2(1.131)(pl+1:2-1)3381
. A A 2 2
-2(1-P))(1-P,)6,0, |/| (2P, -1)*(2P,-1)" n | ,
4.14
A A Pl\ A 8 8 A A 2 ]
ViR g) = L63(1-63)+ ,(1-0,) -20,0, /| (2P -1)" n ]|, 4,15
A A _ -/\ A A A A A 2 ]
V(wA)'— L(31(1-51)+é53(1-63)-26153]/[(2P2-1) nl| , 4,16
A i A A A A A A
g(%AB,%B) = L(P1+P2-1)53(1-63)—(1-Pz)éz(l-62)-(Pl+2P2-2)6362
A A AT 2
+(1-P1)(63+62)51]/[(ZPl-l) (2P,-1) n] , .1

4.18

A A A A A A A A A
& oo ) = [(B#P,-1)8,(1-85) - (1-P))0) (1-6,) - (2P, + P, -2)0, 0,
A A A 2
+(1-P2)(61+63)62]/{(2P1-1)(2P2-_1) g] , and
b, b g = [83<1-83>-83<82+81)-8281]/[(2P1-1)(21?2-1) n] :

4.4 Effect of the Relationship Between Characteristics

on the Variances

4.19

With this method neither V(%A) nor V(% B) is affected by the

relationship existing between attributes A and B. For example,

consider - | V(-’r\rA)
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Efvi# )= E[Slu-81)+33(1-33)-23133]/ n(2P,-1)°
= [V(nll)-i- V(nOl) - ZC(nlanI) /[nZ(ZPz-l)z]
T 2
- [61(1 0,)+05(1-85) - 26163]/ n(2P,-1) J

(6, + 53)(‘1 -6, -63)/[n(2P2-1 )Z]

CEN .Pz(l--Pz)

+
n n(ZPz-l)z

4,20

It is completely independent of the relationship between characteristics

A and B. In fact, the expression for V(-n'A) in the extended model is

exactly identical to that derived in the original Warner model. Hence,

there is no gain in precision for the estimate of A by use of a second

attribute. This is unfortunate but not surprising. One goal, which was

not attained, was improvement in precision. The very nature of the

Warner method makes that goal difficult if not impossible. But

perhaps the scheme defined in another way might lead to a technique

in which the precision in the estimate of A can be improved.

If one had as a goal the estimation of the proportion with both

attributes A and B or the association between A and B, then some

success is achieved. An estimate of TAB is obtained, but the

precision is low. For example, let P1 = PZ =.7 and

(i) let £y <(# op fg ) =00 o4 .a); then

2.5102 . 2625 . 5250

.
Sw = Ta-g . 2625 41. 5525 -.0800
.5250 -.0800 1.4725
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' .
(ii) let ¥, = (-1, .4, .2); then
2, 6002 . 3225 . 6050
1
SW = I—(—)g- . 3225 1. 5525 . 0200
. 6050 . 0200 1.4725
(iii) let _ﬁ“', =(.2, .4, .2); then
| 2.6702  .3835 6850
21
SW = ;—(—)—5 .3835 1.5525 . 1200
. 6850 1.4725

. 1200

The efficiency of the estimate of TAB hsing the Warner scheme is,

respectively, 0, .0346, .0599 as compared to the direct question.

The efficiency of the method may be assessed by comparing

the sum of the elements of the variance-covariance matrix with the

corresponding sum for the direct method. Using this measure as

discussed in Section 3. 3 one detects an increase in precision as the

correlation between A and B becomes positive; for example, when

0
ot =|{.1), .4, .2{, P =P
.2
i) ppop = —-\[g.MSEE=
ii) PAB = -%f%.MSEE=
b

. 0346

. 1078

iii) PAR= —7Z°' MSEE =, 1685
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4.5 The Effect of Not Realizing the Specified Values

of Pl and PZ in the Sample

Let Kl and K2 denote the deviation in realized values of P1

and P, respectively from those specified. Then the matrix A:;V has

2
elements aij’ i=1,2,3, j=1,2,3 such that

a;; = (2(P +K))-1)(2(P,+K,)-1),

a), = (2(P+K|)-1)(1-P,-K,),

a5 = (1-P{K)(2(P,+K;)-1),

a,) = -(2P +2K, -1)(2P,+2K,-1),
a,, = (2P +2K -1)(P,*K,),

ayg = -(1-P, -K,)(2P,+2K,-1),

ay = -(2P+2K, -1)(2P,+2K, 1),
azy = —(ZP1+2K1-1)(1-P2-K2), and
ay3 = (P} +K,)(2P,+2K,-1),

and

| _(_;*w =[(1-P, -K,)(1-P,-K,), (1-P, -K| }(P,+K,), (P1+K1')(1-1-"’2-K2)]

Ak _ * A %
then let §—W = AW— + QW 4,21

Clearly , E[ﬁ_] = E{Av}l [.S.W '—W].}

ol X *
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and
*
! =~ - - - - -
(Cyw-Cw)' = [-K,(1-P) #K, (1-P,-K,), K,(1-P})-K, (P,+K,),
-K,P +K, (1-P,-K,)]
4. 23
Performing the indicated matrix operations, explicit
expressions for ﬁ_ as a function of the deviations from the specified
values of P1 and P2 are
*ap = (TapE® R )-1][2(P,4K,)-1] K, 5[2(P+K)-1]
_Kl-nA[Z(P2+K2)-1]+K1Kz}/(ZP1-1)(2132-1)
A = -
by = {mpl@ k] -x /2P, -1
, ) :
ba = [ral2(PyK,-1)] K, }/ (2P, -1)

4, 24

When n is large there is a smaller chance for a deviation
large enough to cause the estimates to be negati\}e or greater than
unity. For example, if n=1000, the probability (using the normal
approximation to .the binomial) is approximately 0.1 that the realized
value of P will deviate by more than +4 percent of"the specified value
when it is . 8 or by more than + 6.7 percent of the specified value when
it is . 6. However, a lot depends upon the true proportion of the
characteristic in question. Table 4.1 indicates that extremely small
or large specified proportions have a good chance of yielding actual

proportions outside the permissible range (0, 1) simply due to random



80

" deviation within the randomizing device. Estimates based on true
proportions (elements of 1 ) near the value .5 will have small
deviations from the true values.

The effect on the estimate of T AR 18 similar. When T AR 18
0 the estimate will tend to be negative.” When TABRT minimum (1rA, ™ B)

the estimate will tend to be higher. Table 4.2 below shows the

estimation of TAB

Table 4.1

The Effect of Not Realizing P2 for Various Values
of w5 When n = 1000

P, (Specified)= . 6 P, (Specified) = . 8

K2 = -, 04=-. 07P2 Kz =, 04=.07 1:’2 K2 =.,03=,04 P2
- A Percent A Percent A - Percent
T A LN Error LN Error T A Error A
. 05 .23 360 -.13 -360 . 005 -90
. . 32 60 .08 -60 o 17 -15
.5 .50 0 .50 0 .50 0
.8 .68 -15 . 92 15 . 83 4
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Table 4. 2

The Effect on %AB of Not Realizing P1 and P2 for Various True Values

oanB WhenTrA= 2, TR = +4 and n =1000
P1 =,8, P-2 =.6
Tag =0 WAB='VI TTAB'-'.Z

K K ) Percent A - Percent A Percent

1 2 AB Error AB Error -7 AB Error
.03 .04 | -.092 --- . 062 38 ' . 216 .8
-.03 -.04 .103 --- . 157 57 . 211 5.5

0 .04 | -.011 --- . 130 30 . 270 35
.03 .04 | -.009 --- . 115 15 . 242 21

These effects are minimized by making P1 and P2 as large as possible
without endangering the increased chances of honesty. Minimization is

further enhanced by choosing characteristic B so that it is positively

related to A.

One should not make Pl or P2 very close to . 5. It is

obvious that with Pl and/or P2 in that range, any departure from

randomness can seriously affect the estimates. For example,

3 — = - = - A R
1fP1-.6, Kl—.Z sotha\tPl P1+K1 . 4, thenn'B<0. If, in
= .2,

‘es = - A — ‘
addition, P2 =.,8, K2 = 0, then T AR = - 12 (-n-AB+1rA) <0, If K1
then % B = 37 B>1. It K1 and KZ are both greater than zero, the chance

that %AB < 0 is markedly increased. Of course, a 33% change in P1

or P, is very unlikely if the randomizing devices are not tampered

2
with, are used properly, and.if the sample size is large.
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If a survey is designed in which it is known that 7 , o = 0,

then a negative estimate may mean that the probabilities P1 and P,

were not realized. How negative the estimate is could indicate the

severity of the problem. It could, however, mean that untruthfulness

was present in the survey. If w5 = min ('rrA, ™ B)’ the same kind of

s . ' A A .
reasoning is appropriate when TA<T Ap and perhaps is more

informative.

4.6 The Generalized Warner Model — Effects of

Incompleteness and Untruthfulnes s

The extension to the Warner procedure is intended to provide
a way of avoiding the response errors that thwart surveyers in their
attempts at getting honest answers to stigmatizing questions. In this

section, the model is described including the effects of lying and

refusal to answer, and this procedure is compared to the direct

- question approach. We shall first assume complete and truthful

responses with the Warner technique and various levels of non-
response and lying in the.regular model. Then general remarks will
be made pertinent to how bad the Warner approach can be and still be
a better procedure to use than the direct question approach.

The general model, illustrated in Figure 4.1, shows the
structure of a ''response pattern tree' for an individual with both
traits, A and B, Below the tree, response patterns for those who have

one trait, Ab or aB, or neither, ab, are indicated along with the

. necessary parameters that must be changed on the depicted tree to

generate the proper r‘esponse patterns.
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If we let, as before,

3 if the response is'"yes-yes"
2 if the response is"yes-no"
1 if the response is"no-yes"

0 if the response is"no-no'"

then the model can be represented mathematically by

5, = Prix =3

3
=tn ,g-R-R [P a-T  wa-p Ty | [P0, ra-P,T, |

+(nA-nAB)(1'-Rb)(1-RA)[PITBZ+(1-P1)(1-TBZ)] [Pz(l-TAl)Hl-PZ)TAl]

+(1rB-1rAB)(l-Ra)(l—RB)[Pl(l-TB1)+(1 'Pl)TBll [PZTA2+(1-P2)(1-TA22]

+(1 -TrA-wB+1rAB)(1 —Ra)(l -Rb) [PlTB2+ (1 -Pl )(l'-TBZ)]

/W

[PZTAZ+ (1-P,)(1 -TAZ)]

TAB [(1 “RB)[Pl (1-Tg) +(1-P )TBl] -(1-Ry) [Pi Tgpt(1-F) ’TB?_)]]

[(1 R ,) [Pz(l ST, -PZ)TAl] -(1-R,) [PZTA2+(1 -B)(1 -TAZ)]]
# o (1-R)[B Tt (1B -T )| 1R )R, (1-Ty 0 -Py)T, ]
-(1-R )[BT, ,+{1-B,)(1-T, )]
! -Ra)[PZTAZHl -P,)(L -TAZV)] [(1 Rp)[P, (1T I+(1-P) Ty ]

-(1-R [P T, +(1-F) )1 ‘TB?.)]]



85
+(1-R,)(1 -Ra)[Pl Ty, H1-P))(1 -TBZ)”PZTAZHI -P)(1 -TAZ)] /W
4.25
Similarly,
5, = Pr{Xi=2}

'rrAB[(l -RB)[Pl(l -Tg, H(1-F) T 1] -(1 -Rb)[Pl Ty +H(1-P)( -TBZ]]

[(1 -RA)[PZTA1+(1 -P,)(1-Ty, ))-(1 ;Ra)[pzu -TA2)+(1 -PZ)TAZJI

ta,a(l -Rb)[Pl Tg, (1 -P))(1 -TBZ)1 [(1 -RA)[PZTA1+(1 -P)(1-Ty, )]

P

|
A(1-R [P (1-Ty )+ (1-F,) Ty )]

+1rB(l-Ra)[PZ(l-TA2)+(1-PZ)TA2- [(I-RB)[PI(I-TBI)HI -Pl)’I‘Bl]

' ]
-(1 —Rb)[Pl T, +(1-P))(1 -TBZ)].

+(l-Rb)(1¥Ra) Pz(l-TA2)+(l-PZ)TAZ][PlTBZHI-Pl)(l-TBZ)] /W
4.2

6

6, = ,Pr{xi'=1}

"AB[(1 -Rp) [P, Ty +(1-P )1 -Tg, )] -1 -Ry,) [Py (Tt (1-F) )TB?.]]

[(1 -R )[R, (1-T, )+ -PZ)TAl] -(1-R,) [P, T, ,+(1-P,)(1 -TAZ)]]

T, (l -Ri))[Pl (1-Tg )+ (1-P) )Tg,) [(1 -R,)[P,(1-Ty, JH(1-P,)Ty ]

-(1 -Ra)[PzTA2+(l -P, )1 -TAZ)]]
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+mg(1-R )[R, T, + (1-B,)(1-T )][(1 -Rp)[P, Ty +(1-B)(1- Ty, )]
_(1-Rb)[Pl(l'—TBz)Hl-PI)TBz]]
+(1-R)(1-R_)[P, (1-Tg,)+(1-P)T 2][ 5 Ty, H(1-P)(1-T, )] [/
4,27
and
5, = Pr{x, = 0]
=1 -6 -5, -6, 4,28
where
Wamyp (R -Rp)R_-R,)m, (1-Ry R _-R, Mrp(l-R )R, -Rp)
+(1-R_)(1-R,) | 4,29

so that
’ 3
E 5. =
1
i=0

4.7 A Special Case: B Not Stigmatizing

If B is a characteristic that will not be considered stigmatizing
by members of the population being sampled, then the experimenter has
an option. He may question the pérsons in the sample directly about
attribute B, or he may use attribute B as the introductory or warm-up

case. The advantage of opting for the former is the reduction in
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variance realized when Pl = 1. With the latter, the advantage cannot
be measured quantitatively; the possible gain in honesfy and in complete
reporting as a result of the respondent experiencing the technique
applied to 'a characteristic that does not offend him in any way may far
out-weigh the reduction in variance achieved by setting P = 1 in the
riandomizing device. In the latter case Pl could be reasonably large
(close to 1) and accomplish almost the same as when P =1 with
respect to variance. Care must be taken in fhis case to avoid offend-
ing the subjéct by insulting his intelligence with the use of the
randomized response procedure to obtain answers to simple questions.
Consider the former case and what happens when Pl =1 and
B is not stigmatizing. Assume that there is no reason for a person to
refuse to respond or to report dishonestly in order to protect his self-
‘image. Consequently, there is no need to use any special method.
P. =1, and we rn.';\y assume that RB = Rb = TBl = TB2 = 0 although the

1
statistician does not have to assume as much. The general model then

simplifies to

6y = AB[(I R ) [Py (1-Ty  J+(1-Py)Ty ] -(1-R [P, T A2+(1-P2)(1-TA251]
+ 1 (1 -R )[2 A2+(l P _

‘ 4. 30

0, =1"aB 8 RA)[ 2 A1+(1'P2)(1‘TA1)]“1“Ra)[Pz(l‘TAz)m'Pz)TAz]]

+mg(L-R)[P,(1-Ty 1+ (1-F,) T,
4. 31
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)[“ -R B0 ST, LBy Ty ] - -R )R T+ (-5 'TAZ)]]

O =\"A""AB
’ b
+(1-1TB)(1-Ra)[PZTAz+(l-PZ)(1-TA2)] /W
4,32
50=1-51—52-53 . 4, 33
where
w*=x (R_-R,)+ (1-R)
=m AR, Ry H LR
= (1 'RA)"TA + (I“Ra)(l "TTA) 4, 34
Now, in order to find minimum variance unbiased estimates, the
assumption is made that RA = Ra = TAl = TAZ = 0.
Hence,
53 = TrAB(ZPZ-l) + TrB(l -Pz)
52 = -Tap (ZPZ-I) = “BPZ
51 = (wA-TrAB)(ZPZ-l) + (1 -Pz)(l-w 1:_,’)
60 = -(n'A-n'AB?(ZPZ-l) + Pz(l-n B) 4, 35
and
3
E 6. =1
i
i=0
In matrix notion
%! % *
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where
2P,-1  1-P
% _
A =| -(2P,-1) P
-(2P,-1) 1-P, 2P,
% %
o™ = (5], o)
0! _ P
Cy = (0, 0, 1-P,).
A ¥l (2P, -1)2 =0 if P.=1/2
l Wl‘( 2-1)" =0 if P,
sk
IfIAWI;tO then
P, P,
2P, -1 2P,-1
*-1
Ay = 1 1
1 2(P,-1)
ZP,-1
Now
| A kol A%k
E‘AW (g. A"-QW)
where

and where n! = nW*
and
A _ AX=l Ax k.
V(_'t_r_W) = AW V(6 ) AW

-1

" ,
2 53). ! o= (TI'AB, T g nA), and

89

4, 37



W A} S3 S % SN G5 O A 05 O 9B WS S8 G A S Sm am

90

where

[ p Ase Ask A Ase Asx ]
83(1-53) -5 azA -5) <As3
Ak _ 1 Ak Ask Ak % Ak Asx
Ve =g 5505, 6y-5 -0, 6]
Ak Ask A A A "ol

4.8 B Stigmatizing

Warner's randomized response method is applied twice. The
parameters given earlier by Equations 4,25 - 4,28 represent the
probabilities of the four possible response patterns. To find the

minimum variance unbiased estimates of TAB’ A’ TR the assumption

=0and T =T =T =T, = 0.

is made that R b Al A2 Bl B

A=:RB=Ra=R

-Hence the model is that defined by Equations 4.1 - 4. 4.

In matrix notation the estimates are obtained from Equation
4. 8 using the definitions of Equations 4.5 - 4.7 and 4. 9.

4.9 Effect of Untruthful Reporting on the Mean Square
Error Efficiency (MSEE)

Let us assume that everyone in a sample responds truthfully
to questions about characteristics A and B when they are posed via the
extended Warner method. Then

1. When the same questions are asked directly and the
answers are given honestly, the direct question procedure is from
5 to 25 times more efficient than the Warner procedure. Line 1l in

Table 4. 3 shows the inefficiency of the Warner procedure when

T =T =T = TBZ = 0 for the direct question method.

Al A2z Bl
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Table 4. 3

Comparison of General Bivariate Randomized Response Estimates

and Direct Question Bivariate Estimates for Different Values of

; 1 1
Thr Taz Tei’ Tm2
0
™= (TTAB: TTB, 'ITA) = (,é, . 25, .Z) and‘n = 1000

MSE Biased Direct Question
MSE Warner Method

MSEE =

Probability of Truth

in the Direct Question _ - ' -
B> 5N3/3 | pyp=-5~3/3 [pyp=:5 J3

Method PA
TAI TI'ESI Tj’\Z T]'32 ‘I'I'AB:-O TTAB=0o1 "AB=0’2
0 . 0389 .1216 . 1892
0.1 0 .1013 . 2425 . 3866
0.3 . 6028 1.2586 2,0523
0 . 1365 . 2892 . 4431
10.1 1 0 0 . 3559 . 6935 1. 0741
0.3 1.1712 2, 2257 3.4831
0 . 9203 1.6782 2,5593
0.1 .3 1.4534 2.5901 3.9177
0.3 2. 8963 5.0411 7.5526
0 1.7939 1.4273 1.1461
0.1 0 1.1974 . 7308 . 4435
0.3 . 3809 1122 . 3089
0 _ 1. 0037 . 6145 . 3818
0.1 1 .1 0 . 5797 . 2413 .1628
0.3 . 1084 . 2183 . 8715
0 .1352 . 1352 . 4974
0.1 .3 . 0564 . 3464 1.1042
0.3 . 2754 1.3959 3. 2359
0 1.4753 1.1650 . 9308
0.1 0 . 8931 . 5381 . 3340
0.3 . 1845 . 1111 . 4113
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Table 4. 3 (continued)
, ' MSEE = MSE Biased Direct Question
PrObabllitY of Truth MSE Warner Method
in the Direct Question - - _ :
Method PAB" -.5~3/3 pAB—.5’\[34/3 pAB-.S N3
! 1 1 1 - - -
Tar Tei Taz Tme TAB = 0 map" 01 map~ 02
0 . 8276 . 4794 . 2912
0.1 .1 0 .1 . 4181 . 1701 L1677
0.3 . 0546 . 3258 1. 0677
0 .1208 .1621 . 6204
0.1 .3 . 0564 . 4286 1. 3037
0.3 . 3834 1. 6361 3, 5884
0 6. 7157 5.1335 3. 9062
0.1 0 5. 3707 3. 6043 2. 3300
0.3 3.1364 1. 3726 . 4482
0 5. 0582 3. 3630 2,1481
0.1 .1 .1 .1 3.9030 2.1933 1. 0991
0.3 ’ 2. 0484 . 6284 . 1480
0 2. 4551 . 9681 . 2762
0.1 .3 1. 6797 . 4558 . 1404
0.3 . 5844 . 1055 . 7869
2. If Ais stigmatizing and B is not, then we may assume
that TA1> 0, TAZ = TBl = TBZ = 0. Under these circumstances, the

Warner method becomes more efficient than the direct question method

as a function of the reiationship between traits A and B and the

probability of dishonest reporting. If PAB

is as large as possible (for

this example p,p = .5 \3), then the Warner method is more efficient

than the direct question method when TA1>' 2 approximately; if PAB =

.5 N3/3, then the MSEE >1 when '_I‘A1>. 26 approximately; if PAB =

-.5~3/3, the minimum, then the MSEE <l until TA1>' 4 approximately.

3. If those who have characteristic B also tend to lie, but

those who have neither A nor B tell the truth, then the efficiency
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shown in Table 4. 3 favors the Warner technique more quickly as the
correlation becomes more positive.‘

4. When respondents who don't have the sensitive trait A or
trait B, regardless of its sensitivity, begin to lie, an opposite effect
takes place. The efficiency of the Warner techniciue decreases as

T increases for a given non-zero value for TAZ or TBZ or both.

Al
Negatively correlated characteristics favor the Warner procedure
more than positively correlated traits in this situation. However,
sufficient lying by those with the traits can reverse the effect caused
by those who don't have A and B provided that effect is not too great,
and once again the MSEE will tend to favor the Warner procedure when

A and B are positively correlated.

4.10 Effect of Non-Response on Sample Size

When members of a random sample supply no information, the
loss of data is classified as missing. There can be several causes for .
missing data. We are concerned here with the missing data that result
when a 'person declines to respond to a question put to him by a survey
interviewer. We conjecture that his refusal to answer is either in
order to protect his self-image or simply due to contrariness. It is
hoped that a randomized response procedure can sxifﬁcientvly convince
him of his anonymity and security and appears to be interesting enough
to entice participation in the interview.

Nevertheléss, non-response causes a loss in desired sample
size as well as a possible bias. Reduced sample size acts to increase

the variance of the estimate in two ways. It increases the actual
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estimate of the 0's by the factor W in the denominator, i.e.,

w

R, -R Fag(l-R_ )R -Rp)+m, (1-R )R _-R,)

(Ra-RA)( b B

“TAB

+(1 -Rb)(l-Ra)

and in the division of the estimated variance by

n'=nW
- Table 4.4 shows how specific values of non-response affect
the sample size when (1) the proportién with attribute B varies, and
(2) the probability of non-response differs with various group

combinations.

4.11 Effect of Non-Response Coupled with Untruthfulness

Suppose initially that characteristic A is the only stigmatizing
characteristic of the two. Further, suppose that, as a result of the
sensitivity of the questioln, 10% of the members of the group with
attribute A refuse to cooperate with the interviewer by not answering
the direct question about A. Examination of Table 4. 5 indicates that
the trends discussed in Section 4. 9 are the same here. When non-
response among those with trait A occurs in.an application of the
direct questibn method, the Warner procedure bgcomesA more efficient
at lower levels of untruthfulness: TAl’ TBl' Non-response among
those with trait A tends to reduce the effects of the sum of elements of

B B! when TAZ and T are not zero. Hence, the MSEE when TTAB=0

B2 ’
decays more rapidly as TAl’ TBl increase, and the MSEE when
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Table 4.5

Comparison of General Bivariate Randomized Response Estimates
and Direct Question Bivariate Estimates for Different Values of

T T T

.0

Tayr Tazr Tgyr Typo

R,=.1, R =R, =R, =0

A a B b
. _ MSE Biased Direct Question
Probability of Truth MSEE = VSE Warner Method
Tar Tar Taz Tz | "aB™® map~0 1 T a0 2
0 o . 0524 .2223 . 4498
0.1 0 . 1575 .5383 1. 0553
0.3 . 6887 1. 8301 3. 3491
0 . 2273 . 6402 1.1701
0.1 .1 (4] 0 .4810 1. 2025 2.1280
0.3 1.3093 2. 9436 5,0210
0 1. 1961 2.4616 4, 0150
0.1 .3 1.7469 3. 4635 5.5571
0.3 3.1694 6. 0016 9. 4235
0 1.5952 . 8434 . 4208
10.1 0 1. 0765 . 3857 . 1742
0.3 . 3600 .1299 _ . 7637
0 .. 8434 . 2985 . 1702
0.1 .1 .1 0 . 4881 . 1246 . 3233
0.3 . 0983 . 3934 1. 6067
0 » . 0886 . 2857 1.1077
0.1 .3 . 0601 . 6242 1.9383
0.3 . 3239 1. 8355 4, 3816
0 o 1.1756 . 6110 . 3161
0.1 0 . 7006 . 2423 . 1697
0.3 .1389 . 2092 « 9597
10 . 5596 . 2027 . 1800
0.1 | 0 .1 . 2880 . 1115 . 42317
0.3 . 0531 . 5887 1. 888
0 ) . 0665 . 3716 1.3123
40,1 . 3 . 0817 . 7824 2.2153
10.3 : . . 5044 2.1787 4, 8035

" S S SN G2 S5 Of Su A= 0N S5 VR WE S0 A5 AN A8 SR AW




Table 4.5 (Continued)
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MSE Biased Direct Question

Probability of Truth MSEE = NMSE Warner Method
Tpyy Tar Taz Tez | "ap™ Tap=0: 1 T Ap=0-2
0 6.2231 3. 9205 2.1391
0.1 0 5. 0259 2. 6975 1. 2454
0. 3 3.0197 . 9559 . 1806
0 4.5952 2. 4441 1.1150
0.1 1 .1 .1 3. 5778 1.5384 . 4824
0. 3 1. 9311 . 3866 .1843
0 2. 0885 . 5684 . 1456
0.1 .3 1. 4305 . 2418 . 2731
0.3 . 5028 . 1637 1. 3104
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= .2 increases more rapidly as"TAl and TBl increase.

TAB
' If attribute B.is stigmatizing, or for any rcason Rg#0, then

the MSEE of the Warner procedure with respect to the direct question

increases as RB increases; Table 4. 6 displays this conclusion. When
RA and RB are both non-zero the effect is more striking as illustrated
in Table 4. 7.

In general one should attempt to choose as the characteristic
for "method enhancement,' one which is as correlated as possible

with the trait of primary interest.
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Table 4. 6

Comparison of General Bivariate Randomized Response Estimates
and Direct Question Bivariate Estimates for Different Values of

T T T T

Al’ TA2’ "Bl1’ "B2’

0
™= (TrAB’ LY n'A) =(.é, .25, .2) and Ny = 1000, np = 980
1

RB=.,RA=Ra=Rb=O
. _ MSE Biased Direct Question}| |
Probability of Truth MSEE = VSE Warner Mothod

TAl TBl TAZ TB2 TAp T 0 TrAB=0.1 1TAB=O. 3
0
0.1 0 , . 0593 . 2430 . 4862
0.3 .1766 . 5779 1.1178

. 7288 1.9009 3.4527
0 . 2508 . 6837 1.2358
0.1 .1 0 0 .5152 1. 2617 2.2146
0.3 1. 3615 3. 0280_ 5.1395
0 1.2465 2. 5408 4,1252
0.1 . 3 1. 8050 3.5524 5. 6791
0.3 3.2394 6.1046 9. 5610
0 1.5093 L7798 . 3814
0.1 0 1. 0091 . 3488 .1695
0.3 . 3262 .1400 . 5404
0 . 7853 . 2687 . 1704
0.1 .1 .1 0 . 4468 . 1180 ‘ . 3526
0.3 . 0875 . 4269 1. 6843
0 . 0786 . 3127 1.1728
0.1 .3 S . 0636 . 6676 2.0223
0.3 . 3512 1.9065 4, 4956
0 1.1042 . 5596 . 2867
0.1 0 : . 6486 . 2175 . 1740
0.3 <1217 . 2305 1. 0205
0 . . 5524 . 1825 . 1887
0.1 .1 0 .1 . 2586 1..44 . 4605
0.3 . 0551 . 6311 1.9712
0 . 0615 . 4038 1. 3829
0.1 .3 . 0911 . 8312 2. 3041
0.3 . 5346 2.2547 4.9208




Table 4. 6 (Continued)

169

Probability of Truth

_ MSE Biased Direct Questiorn
MSEE = {f8F Warner Method

T,y Tmp Taz Tm2 Tap= 0 T aAp=0-1 T ap=0-3
0 6. 0190 3. 7521 2.1864
0.1 0 4. 4846 2. 5644 1. 1558
0.3 2.8919 . 8863 L1664
0 4. 4280 2. 3190 1.0317
0.1 1 .1 .1 3. 4354 1. 4446 L4362
0.3 1. 8346 - 3490 S 2123
0 1.9872 .5190 . 1465
0.1 .3 1. 3505 L2164 - 3002
0.3 - 4613 . 1802 1.3818
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Comparison of General Bivariate Randomized Response Estimates
and Direct Question Bivariate Estimates for Different Values of

Tarr Taze Tp1 Twoe
0
T = (“AB’ TR TI'A) = (. ;, .25, .2) and Nyr = 1000, np = 955, 956, 957
=,1, a=O,RB=.1,Rb=O
ias - MSE Biased Direct Question

Probability of Truth MSEE = MSE Warner Method
TAl TBl TB2 TABS 0 T AR 0.1 TABR™ 0.2
0 1457 . 6385 1. 3742
0.1 0 . 3544 1.1879 2. 3660
0.3 1.1062 2. 8845 5.2598
0 . 4240 1. 3084 2.5297
10. 1 .1 0 . 7720 2.0648 3. 7937
0.3 1. 8025 4,1377 7.1432
0 1.5031 3.4784 6.0213
0.1 .3 2.1298 4, 6043 7.7283
0.3 3.7177 7. 3441 11. 8000
0 1.0394 . 3092 . 1835
0.1 0 .6288 . 1311 . 3886
0.3 1420 . 3729 1.7091

0 5012 .1188 . 4484
0.1 o1 0 2439 . 1815 . 9691
0.3 . 0637 . 8670 2. 8319
0 0572 . 6456 2.1879
0.1 .3 1064 1.1431 3, 2370
0.3 5393 2.6262 5.9928
0 8155 .2212 . 2101
0.1 0 4294 .1136 . 4994
0.3 . 0619 . 5397 1.9885
0 3893 .1176 . 5656
0.1 .1 .1 1565 . 2463 1.1623
0.3 . 0956 1.1058 3.1772
0.1 .3 . 1333 1.2973 3.5673
0.3 . 6855 2.9380 6. 4449



Table 4.7 (Continued)
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M o8 ok e O .

. _ MSE Biased Direct Question
Probability of Truth MSEE = Mmoo ea
Tay Tpir Taz Tez | "aB” 0 map= 0l mpapT 02
0 5. 1657 2.5395 1. 0020
0.1 .3 4. 0609 1. 6252 . 4345
0.3 2. 2560 . 4380 . 2097
0 3. 8058 1. 4772 . 3762
0.1 1 .1 1 2. 8696 . 8350 ©1629
0.3 1. 4019 1527 . . 5577
0 1.7183 . 2600 . 3344
0.1 .3 1.1193 L1152 . 7267
0.3 . 3261 . 3530 2.1690




CHAPTER V

THE EXTENDED BUILT-IN ALTERNATE RESPONSE MODEL

5.1 Introduction

In the previous chapter an extension of Warner's randomized
response model was presented. That procedure was intended to (1)
provide a way to obtain a more precise estimate of the proportion of
persons in a population with a stigmatizing characteristic, and
(2) develop a more realistic model by incorporating appropriate
probabilities of non-response., The means sugge.sted for (1) was to
use a second characteristic correlated with the first;

The very nature of the Warner procedure--each applicat.ion of
the technique requires answering one of two questions about mutually
exclusive characteristics--causes its failure in a sense. That is, the
actual variance of the stigmatizing characteristic is not reduced by -
the use of a> correlated characteristic. The gain in efficiency that was
reported is a function of the measure used to compare thvat technique
with the regular direct quéstion technique. That measure can be
justified intuitively because three useful, dependent estimates are
obtained; one measure based on all three is employed to compare the
method.

In this chapter, a more efficient procedure is presented: an
extension of what we called the Built-In Alternate'Response model.

Similar features/drawbacks to those mentioned above are found in this
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technique — no improvement in the variance of the sensitive trait due
to that trait being correlated with an other, but overall improvement
is striking as compared to the preceding technique.
5.2 The Model

Again, consider the problem of cross classifying individuals
according to two characteristics, at least one of which is stigmatizing.
We use the same approach as before with the Warner technique. An
interviewer is éupplied with two devices. One is to be used to collect
responses about characteristic A; the other, characteristic B. Each
device perrﬁits one of three choices to be made randomly. With 1
probability Pll’ in the device pertaining to attribufe B, a respondent
selects the question about B, with probability P12 he simply responds
affirmatively, and with probability Pl?; he simply answers negatively.
The procedure is reapplied with the second device for trait A wherein

the probabilities are P PZZ’ and P

21’ 23"

the proportion of the population with both

Let TAB =
characteristics A and B
LA the proportion of the population with trait B,
and
TpaA the proportion of the population with trait A,

t

further , let

3 if the ith intcrviewee answers 'yes-yes"
¥ = 2 if the ith interviewee answers ''yes-no"
1 if the ith interviewee answers '"no-yes'

0 if the ith interviewee answers ''no-no, "




= the sample size, and let ny By n01, and n--nll “nyg -

the number of ""yes-yes," "yes-no, ' '""no-yes'" and '"no-no'' responses

respectively in the sample.

The maximum likelihood estimates of TTAB" TR and ™ A are

obtained from

=TAB(P ) TF 20 (P gt P )1y =Ty g) Py 5 (P P (g -y )

(P 1P )Py tL-mp ~m gt o 5)P Py

=maBF11F21 "1 P22t AP 2P 21 T P2 P22

5.1
5, = Pr{X, = 2)
*TAB(PL1 TR 2 P23t (M T ) B o Pt (g -y g N (B 1P ))(Fy  +F 5)
Hl-mp - gt a )P (P By )
=T AP 1 P21t e 1 (B T F23) - TA T 2B T F 2 (B 7 F 5):
‘ 5.2 .
6, = Prix, = 1
=T ABFL 3P T B H (M A ) (B | #F) 3 ) (B 4B Mg -1y 5)P) 5Py
Hl-my-mgtrap) (P +F )P,
==ma5P1 P2 '“Bpl1P22+"AfP11+P13)P21+(P11+P13)P22’ -

n
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In matrix notation the estimates ar

8= Agmprt Cp1
where
]
§_ - (633 ZJ
1 —
IB1~
1 -
Cp1= (P25
P15
Agr |-P11%2
-P) 5o

5,)

(TTAB’ '“'Bs TTA) ’

2(P +P ) (P +Pl )PZ.Z) , and
Pupzz PP

(B, +P)  -BPy)
PHP_Z2 (B P, 3)Py)

A
and 0 is substituted for 0.

yes, ' 'yes-no,
§_' = (nll/n’ nlO/n’ nOI/n). The solution is
- Agy (8- a1l -
TRI” £BI - Cp1

" and '"no-yes'' responses in the sample, i.

e-,

5.

e obtained from the solution of
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5.

A
0 is a vector of the proportion of ''yes-

5

5.

6
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where
- -
1-P Py -Fp2 P,
11721 PP 2R
-1 1 1
Al o L 0 5.7
BI P, .
1 1
0 e aa-sian
P P
L. -
a1 . :
BI exists when Pll¢0 and P21¢ 0. Hence, we explicitly have
At = 3 B P, )-P,,(0,-P (B, P
fyp= [(1-P5-Fpp)(05-52 5)= Py 5(0,-Fy 5(Fp ¥Fp3))
) ,
- 12(51“(P11+P13)922)}/13111321 | 5.8
Ao b 5a4p P l/P P
={(1-B - Pyp)055F550, 7120 T2 52}/ P11 P2
“-SPP+3PP+P)]/p
g = [05-P 2Pt 02 P 2P 7230 5.9
A A o
= (04+0,-P )/ Py
' 5.10

A _ A A
LN [53"P12P22+51'(P11+P13)P223/P21

-
(6,40, -Py5) /Py

5.3 Some Properties of the Estimates

The properties of the estimates with this model are much

the same as those for the Warner method.
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5,3.1 Unbiasedness of the Estimatés
From Equation 5. 6 it is seen that
A -1 A
E = E -C_.
@) =2 lag) -Gy
_a -l A
= Ay [EQ© -Cp]
= 257 [agzt Sor Spy)
I - —=BI —BI
- . 5.11
Hence, the estimates are unbiased.
5, 3.2 Variances and CovariancesA of the E-.stimates
The variances and covariances may be obtained directly
from Equations 5. 8 - 5.10 in terms of the individual estimates. In
matrix notation, however, the variance-covariance matrix of the
estimates is given by
5,12

vid) = A7) vid)ag)

Since n o n, o nyp» and 1,0 are distributed as the multinomial
distribution with parameters n, 53, 52, 61, and 50, n, is b(n, 63),
n ., is b(n, 62), and'nol1 is b(n, 61); but n s Mg and ng, are not

independent. The covariances of (nll, nlO)’ (nll' n01) and (n10’n01)

are -n6352, -n6153, and -nézﬁl, respectively. Thergfore,

e 53(1-63) -5352 -5351
N -6,06, 6,(1-9,) ‘



The variances and covariances of the estimates of ™ are

explicitly

C(f

1

V(& —_—
(P Ppy)n

W

AB)

P,,8,0

2 A .
*Po2 81(1‘§1)+2(1'P12'P22) 22939,

A A A A
P,_6.5,-2P P 6261]

+2(1-P ,-F55)P ;0,05 - 2P ,P),

- 1 [(1-P ,-P,.)?8,+P, 26 +P 28
B P )n 1275220 03755, 0,%F 50,
11721 :

A A A2
- ((I'PIZ' 22)53+P2262+P1251> ]

A 1 A A 8 A A A
Vitg) = —5— [05(1-65)-20,0,+6,(1-5,)]
an ‘

1 A A A A
;—7; (61+52)(l-53-62) ,
11

1 A A A A
— [63(1-63)-26163+51(1-61)]
21

vk

L (5,+6,)(1-5 -5
oz (01705)(1-8,-8,),
21
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[(1-P ,-P,_)?5,(1-6,)+P, 28 (1-5.)
) 127F22) 03(1-03)4F,,70,(1-0,

5.15

5.16

Ay L 1 A A A A
ap ) = Sz [(1-F5-F5,)04(1-05)-0,0,(1-P, ,-2F, )

P Byn

A A A A A
-P,50,(1-0,)+P,(0,+6,)0,] ,

5.17
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A Ay L 1 A A | A A
n
11721
A A
-plzél(l -8, )+PZZ(61+33)32] , 5.18
and
A A _ 1 A A AN A A A A
Clh,,Hg) = oo [61(1-61)-6352-6153-5261]
11721
A A A A
= L [6,-(5,+8,)(6,+8,)] . : 5.19
P 5 2 |

Now, let us examine the composition of the variance of the estimate

of one of the characteristics, say A.

' A A A A A A 2
Elv(n,)]= E[6,(1-6,)+05(1-05)-28,0,]/n Py,

- P -
mpll-my) (Bpa-Boim,  Bpoll-By))
- + + 5. 20
n nP 2
21 nl:’.?‘1

The portion of the variance attributable to the randomizing device

clearly is

(Py3-Pyo)my P,,(1-Fy,)

+
nPZl nPZl

This amount is the same regardless of whether the BIAR model is

extended.

ItP PZZ’ and P23 are chosen as recommended ip

21’
Section 2. 5. 2 then this portion of the variance is less than that
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obtained in the Warner method with-values of P, that emphasizé the
question about characteristic A, i. e., P2 >0. 5.

5.4 The Generalized Built-In Alternate Response

Method — Effects of Incompleteness and Lying

As in Sectjon 4.6, the extended BIAR model can be written to
include the effects of dishonest replies and refusal to respond. The
model is quite similar to the Wérner model in one respect — there is
no effect on the variance of the estimate of the proportion with trait A
or B as a consequence of any relationship between tle two traits.
Hence, the value of this prqceduré is that it permits an estimate of the
proportion of individuals who have both characteristiés. Tha\t estimate
is useful as a check when the relation between characteristics is known
and is simply an estimate of the relationship between characteristics
when that pérameter is unknown.

The discussion will follow that presented earlier for the
Warner technique. The technique has a tree-like structure similar
to that of the Warner method. The response pattern is pictured in
Figure 5.1 for a person with both attributes. Patterns for the
persons with traits Ab, aB, and ab follow easily by considering the
parameters accompanying each attribute pattern. For example, the
parameters necessary to transform Figure 5.1 to represent a person
with trait Ab are: replace RB by Rb’ and TBl by TBZ“ Similarly, for
trait aB, replace R, l.ay R, TAlhby T 525 for trait ab, replace R, by
R, Rgby Ry, T, by Tp,, and Ty by T The responses then

b’ TAl B2’

may be quickly written out.
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Define the model in the sarhe way as before. Let

3 if the response is ''yes-yes"
2 if the response is '"yes-no"
1 if the response is ''no-yes"

0 if the response is '"no-no"

where i=1,2,...,n. Then let

(o]
w
1

Pr{x, =3}

ARl -RpL-R AN +7)5) (1T W 3T 1[(By ) +P,,)(1-T )

+P23 e

Hmp -mp g 1-RyNL-R \)(P) | +P ) T 5 +P) ,(1-Tp, )]

[(P +P,,)(1-T l)+P23TAl]

+(TrB-11'AB)(1 -Rp)(1-R )[(P P ,N(1-Tg P

B1'tH13 331]

[(P +P, )T (1-T

a2t a2)]
tl-my-mptm, p(1-R NL-R)[(P,  +P 3)TBZ+P12(1-TB2)]

[+ ) T By (1-T g 0] /W

5.21




‘ g{l-Rp)(l -R )P +P )1 -T g 1P 3Tq1]

[Py +P52) T 1t P25 - T4y )

b p -7 )1 -Ry)(1-R )P (1 =T o)+ (B 4P 3T,

(B + P20 T a1 *F 3“'TA1)]

tHrg-map)(1-Rp)(1-R P P )0 - T P 3Ty

[(1-T 4 )P, +B, ¥ Ty 22]

+(1-w, -mptm, g)(1-Ry N1-R)[(® +P 3)TBZ+P12(1-TB?_))

(- TAZ)(P +P, )+TA2P22) /W

[(P +P. 2)(1 TA1)+ Al]

+ (-1 p p)(L-RNL-R Q[P +P ) 1-Tp P, BZ]

(B, +P,,01-T )+P23TA1]
tng-Tag }1-R N1-R )[P TP ,)Ty 3(‘1-1*131)]

(P, +P55 +P22(1-TA2A)]

+(Lomy gty g 1-Ry I -R, [(P +P) 3)(1-T g, 1P Ty ]

(B, +Py3)T 5 *P5,(1-T 2)]'/w.

5.

114

22

5.23
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and

*
5, = Pr{x; = 0] 5. 24
~ * % sk
=1 - 6F - 65 - 6%

Collecting coefficients the equations become

%

65 = Pr{yes-yes}

TTAB[(]. R )(1-Ty NPy, +P, )+TA1P23] (1-R,)

[T (P +Py )+ (1-T 4 ]]
[(1 -Rp)[(1-Ty, NP +P 2)+TB1P13] ~-(L-R )T, (P P, 3)
t(1-Tpy)P 2]]

1, (L-R [Ty, (P +P 3)¥(1-Tg,)P 2][(1 R (1-T 4 | )R, +Py5)

+T, . P,,]-(1-R )[TAZ(P P, )4(1-T 5 )P, ]]

a1¥23
+mp(1-R [T, 5 (Py +P, ) +(1-T , )P 2][(1 -Rp)[(1-Tg (P +P 1)

+Tg P3]-(1- Rb)[TBZ(P +P S )1+(1-Ty 12]]

Bl

+(1-R )1 -R)[T 5 (B, +P) 3)+(1-T 5 )P 5]

[TBZ(P +P S )H(L - S A 5. 25

%

%,

= Pr{yes-no}

nAB[(l RA)[TAI(P +P,,)+(1-T | )P 3] -(1-R_

[(1-T 5 ,)(P, +P, )+ T, o P 22)]
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[(1 -R )[(1 T )P, TR T 13]-(1 -Ry,

[T TP 0 (1-Tg,)B) ]]

AL

(P +P

+m,(1-R )[TBZ(P +P 5 )+(1- TBZ)PlZ][(l R, [Ty, 52)

HL-T 5 )Pyl (1-R[A-T 22 (P P23)+TA2P22]
4 (L-R)[(1-T ) (B P 3+ T 2P 22][(1 R)[(1-Tp PP )

+TB1P13] -(1 Rb)[TBZ(P +P ) H(1-Tg,)P )

R -R [T g, (B #P O - Ty, P (=T 4 )Py +F2 )

+TA2P22]/W 5.26

5’: = Pr{no -yes}

:‘WAB[(l R (1-T 4 (B +P,, 4T 51 Pog

[T 55 (P +Pp3)* (- T 5P 2]]

F(1-R)

[(l-RB)[TBl(P +P,)+H(1-Tg P13]-(1-Rb)
[(1-Tg, NP *P TR 12]] |
)+TB2P12][(1 R O[(1-T 4 WP, +By5)

u, (1-Rp)L-T o X0y Py
-(1-R )[TAZ(P P, 1 (1-T o ]]

+T 5, Pyal-

g (L-R )T 4 (P P 53 (- TAZ)PZZ][(I Rp)Tg, (B, 7P ,)

+(1-Tq P, 3] -{(1-R )[(1 T (P TP Ty 12]}
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+(1-Ra)(l-Rb)[TAZ(P21+P23)+(l-TAZ)PZZJ[(I-TBZ)(P11+P13
+TB2P12] /W 5,27
% % £
=l-61-62-‘63 5.28

where

W = TrAB(Ra—RA)(Rb-RBHTrA(l —Rb)(Ra -RA)+'rrB(1 -Ra)(Rb-RB)
+(1 -Ra)(l-Rb)

and

3
%
6! = 1 °
i

‘=0

1

5.5 A Special Case: B Not Stigmatizing

The same arguments made in Section 4. 7 apply here. The
experimenter has an alternative when attribute B is not sensitive. He
may ask the question pertaining to B directly or he may use it as a
éort of ice-breaker for the more critical question. When the former
alternative is chosen the model simplifies to that depicted in Figure
5.2 {for the person with both characteristic A and B). The response
patterns for indivi.duals who possess trait A buf not B, B but not A,
and neither A nor B are also represented along with appropriate
parameter deviations. The model, defined by Equations 5.25 - 5.28

may be further simplified by arguing that since B is not sensitive,



118

AX
AN

XX

AN

v

1 %4

A1309a1( poisanbay s] g jnoqy uoljewrIoyul

pue SuizijewB13g JoN SI g O13S11930BIRYD USYM [PPOIN @suodsay ojeulajly ul-3jing oyl z°G 2andig

NA

NN

NX

NN

v

NX
NN

NX

NN

AX
AN

AX

AN

AX NA AN
AN NN XX
NA X AN
NN AN XX
-1 Vg Wi-1 vy
Tz,
Va-1 Vg
19,
9y Ty-1
av

NN

NX .

NN

NX

1d

NN AN
NA XX
NN AN
NA AX
v, v
2z,
Va-1

AN

XX

NN

NA

NN -

NX

AN

XA

‘qe

‘qy

i



gt

119

none of the interviewees will have any rcecason to lie or to refuse to

respond. That is, we may assume that Rb= TB1= TBZ RB= 0. Then

the equations reduce to

*
5, =
[(1 -R )1 - T p NPy Py )+ Ty 1Py u]-(1-R [T (P, +P, )
H1-T 5 ,)P, ]}
+11'B(1 R [T, (B, #7550+ -T )8, , /W™ 529
_6: AB[(1 RA)[TAI(P P, 4 (1-T )R, 5] Q1 R )[(1-T 4, )R, +P, 5)
Ta2F, zz]]
+WB(1-Ra)[(1 Ty, 0B, +B, 4T, P, T /W™ 5. 30
6’: (ﬂA-wAB)[(l-RA)[(I-TAI)(P21+P 2)+TA1P2,3] (1-R )
[TAZ(P +P, )4 (1-T, )P, ]]
H1-mg)(1-R [T, (B, +B, )+(1-T ,,)P,, ] /W 5. 31
% %* * *
8g= 1-6, -6, =8, 5. 32

.
where W = wA(Ra—RA)-i-(l —Ra)

and

3
> o
1

i=0
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5.6 Estimates Using the Generalized Model

Let us replace the Equations 5,25 - 5.28 by.matrices and

define the parameter estimates and their variances and covariances.

Let
%1 sk £ %k
6" =63, 65, 8,1,
B A 4]
AB’ "B’ "A
[T
C* (1 'Ra)(l "Rb)
BI™ W [
a2
and f-*
a1
* *
A= 1 a
BI W 21
P
L23]
Then
% sk %
_6_ =AB11+ C

BL

o (Py #P, )1+ (1-T Pz][’l‘ P PP T )Plz]
Ty, )P, +P, )+TAZP22][T 2P P 3)+(1-Tg,)P 2]
(P 1P, 3 )+(1-T )P, [(1-Tp )Py +P) 3)4 T, 1z]

* * j

12 . 213

% %

232 %23 ’

% %

832 2334

5. 33

Now nll/n', .nlo/n' and n01/n' are estimates of the elements of 0

when.nll, n g and ng, are the number of ''yes-yes, ' ''yes-no, " and

"no-yes'' replies respectively in a sample of size

n'=nW
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and n o are distributed as the multinomial distribution '

11 100 Mol 0
£ * b %
. , .
with parameters n', 63, 52, 51 and 60.
The maximum likelihood estimates for the elements of T are

Ask
obtained by substituting 6 into Equation 5.6, i.e.,

where

AB-;’ and CBIare the matrices that result with complete and honest

replies.
The bias in the estimate of 7 is
" :
B=E(f )-1 . : : 5. 34
The variance-covariance matrix of the estimates is given by
Ay _ a-l Ak 1!
V#) = AZT VO AL 5. 35
The mean square error of the estimates is defined to be
3 3 .
MSE () = E E (vij + bij) . 5. 36
‘ i=1  j=1 ‘
where x

vij is the ijth element of V(-{\_r) and

bij is the ijth element of BB' .
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5.7 Comparlson of the Built-In Alternate Response
Model with the Direct Question Model

To help decide whether to employ the BIAR model instead of

the usual direct question approach a numerical investigation is per-

formed to enable a valid decision. Mean square error efficiency is

calculated so that tabled values greater than unity indicate that the

BIAR model is superior while values less than unity indicate that the

direct question model is better.

Initially, we shall assume that respondents 'reply truthfully to

this randomized response procedure, but with varying chances for

dishonest reporting and non-response to the direct questions. Further-

more, in considering Table 5.1 we assume complete reporting with

TB2= TAl: TA2= 0, but

both procedures; for the BIAR model let TB1=
and TAZ take on

T T

for the direct question procedure, let TBl’ B2’ TAIl

~suitable values to reveal trends in superiority.

Table 5.1 shows that with mean square erro_1; defined by

Equation 5. 36 the efficiency of the extended BIAR model increases as

the correlation between the two attributes increases positively as long

ong those

as lying with the direct question method occurs only am

possessing the two attributes of interest. When lying is present only

among those who don't have either the A or B characteristic, one finds

that the efficiency is highest when the two characteristics are as

negatively correlated as possible. The degree of lying among those

with either of the two traits must virtually exceed the degree of lying

among those without in order for the efficiency to increase as a result

of the attributes being positively correlated.
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When there is as much as ten percent untruthfulness in the
direét question method among those who have traits A and/or B, the
Built-In Alternate Response approach can be superior to the Direct
Question rnéthod. If lying only occurs to the question about the A
characteristic and only by those with that attribute, Table 5.1 indicates
that the BIAR model is more than 6 times as efficient when 30 percent'
of those with A lie, and 18 percent more efficient when only 10 percent

of those with A answer dishonestly. When the level of dishonest

reporting is such that TA1= TB1= . 3, the BIAR model is as much as 33

3, Tgy= Tgp= 0

and assume that characteristics A and B are positively correlated; then

ti.nes more efficient. However, lgt TA2= .1, TA1= o

the BIAR method is 63 percent as efficient as the Direct Question
method. On the other hand, if A and B are as negatively correlated as

possible, the BIAR method is over three times as efficient,

5.8 Comparison of the Built-In Alternate Response
and Direct Question Methods When Incomplete
Reportmg Occurs in the Latter Method

Non-response among those with the traits A and B were

studied and the results, some of which are shown in Table 5. 2,

the Built-In Alternate Response technique
s A and

indicate the superiority of.
over the Direct Question approach when the two characteristic

B are positively related. Additional non-response among those with-

out either one or both attributes is seen to critically reduce the .

sample size but have essentially no effect on the efficiency obtained

with complete and honest reporting.
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Table 5.1 Comparison of General Bivariate Built-In Alternate
Response Estimates and Dircct Question Bivariate Estimates for

0"
= (R s R #4) = (-1, .4, .2) and n = 1000
.2

]3>

R, =R =R_= R, = 0 (in both mecthods), P =.7, P,=P_=.15

A a B b 1 2 3
. . MSE Biased DQ Method

Direct Question Method MSEE = MSE BIAR Method
Probability of Untruthfulness

Tar Ter Taz Tame AR~ 0 Tap=.0-1  mpp=0-2
0 . 1851 . 4340 . 5628
0.1 0 . 4964 . 8900 1.1845
0.3 2. 9683 4. 6922 6. 3967
0 1.4242 1. 7506 2.0163
0.1 - 1 0 0 2.9683 3.7302 4, 4632
0.3 7. 9060 10. 039 12.939
0 11. 300 12. 412 13.853
0.1 3 15. 309 17.121 19. 365
0.3 * 25.179 28. 880 33, 256
0 11. 448 6. 9831 4, 7217
0.1 0 8. 0603 : 3. 9066 2.0362
0.3 3.1349 . 6438 ..6338
0 4, 7907 2.2154 1.1454
0.1 1 1 0 2.7595 . 8733 . 5131
0.3 : : . 5465 . 8900 2. 8305
0 . 4275 1. 7006 3.5275
0.1 3 1.1087 3. 4930 6. 3967
0.3 : 4, 3203 9. 4108 15. 003
0 5.1968 3.0738 2.0362
0.1 0 2.8516 1. 2365 . 6735
0.3 . 3988 . 6481 1.9170
0 1.5044 . 6438 . 5131
0.1 1 0 1 . 5153 . 4575 1. 0749
0.3 ‘ , . 7748 2.9752 5. 7801
0 1.5167 3.8123 6. 3967
0.1 3 3. 2400 6. 6100 10. 222
0.3 : 8. 9241 14,723 20. 739
10 32,517 18. 857 11.978
0.1 0 v 25.968 13. 204 7.1097
0.3 15.107 4, 9830 1.3417
0 : 20.164 9. 8344 5.0184
0.1 1 ] 1 15.107 "6. 0514 2. 3125
0.3 ' ' . o 7.2291 1.3755 . 4825
0 4. 4092 . 8095 . 6338
0.1 3 2.3352 . 4301 1. 6476
0.3 ' . 4248 2.1891 6.5427
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‘The meaAn square error efficiency of the estimate #A is also
shown in order to compare the two efficiency measures. It is
interesting to note that unless there is non-response among those- with
trait B, the efficiency is independent of the value of TAB in the interval
OsmpapsSmy for specified levels of truthfulness.

5.9 Comparison of the Built-In Alternate Response

and Direct Question When Untruthful Reporting

Occurs in Each But Non-Response Occurs Only

With the Direct Question Method

Table 5. 3 illustrates the effects of dishonest reporting with
both methods in the presence of incomplete reporting with the direct
question method. The BIAR technique with honest reporting is seen to
be superior to the direct question approach in all the cited cases
except two: (i) when there is complete and honest reporting also in the
direct question technique, and (ii) when 10 percent of the sample fail
to respond but those who do answer, reply honestly. When the level '
of untruthfulness is the same with both procedures (as indicated by the
efficiencies enclosed in rectangles), the direct question procedure is
better. When there is less dishonest reporting in the BIAR method
than in the direct question, the BIAR is seen to b.e the more efficient
method. A proper application in a survey of the BIAR method to a
stigmatizing characteristic should obtain more truthful responses than
the direct question procedure, and the potential gain in efficiency with

the former procedure should be sufficient to encourage its use.
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5.10 Comparison of the Built-In Alternate Response
7
and Direct Question Methods When Dishonest and

Incomplete Reporting Occur in Both

Table 5. 4-5. 7 indicate the mean square error efficiency of
the BIAR procedure for various types of non-response as defined in
the right-most column of each table. |

When non-response type and level are the same, and level and
type of untruthf\ilness are the same in both procedures, the direct
question method is always superior. Its superiority diminishesj as
both procedures deteriorate.

With honest but incomplete reporting in the BIAR model, there
is always a level of untruthfulness in the direct question method such
that the BIAR method is better. Even for small departures from
honest reporting in fhe BIAR model, there is a level of untruthfulness
in the direct question method aﬁove which the BIAR method is superior.
For example, when RA= .1 and TA1= . 1,‘ the BIAR method is 73 percent
more efficient than the direct question method when TAl =.31in that'
procedure and almost twice as efficient when the non-response in that
procedure is the same as in the BIAR technique.

Non-responsé among those who don't possess the stigmatizing
trait (using the BIAR technique) tends to increase the efficiency of the

BIAR method with all other variables held constant.
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Finally, one can conclude that the Built-In Alternate Response

method offers a significant gain in efficiency if one of the character-

istics is actually stigmatizing, that is, if an individual with that

characteristic is reasonably likely to refuse to answer or to give an

untruthful reply when directly asked about the characteristic,



CHAPTER VI

THE EXTENDED ALTERNATE QUESTION MODEL

6.1 Introduction

This method as extended realizes an improvement in mean
square error efficiency as a consequence of questioning individuals
about two positively correlated characteristics. In the subsections
that follow the model is proposed, its features analyzed and corﬁments
pertinent to the use of this experimental tool preseﬁted.

6.2 Application of the Technique

Suppose that everyone in a population belongs to both, one, or
neither of two groups denoted group A and group B. We are interested
particularly in determining the proportion of the population who belong
to group A from a sample survey. A simple random sample of size n
is drawn with replacement from that population. The interviewer pre-
sents each member of the sample with a randomizing device. This
device permits the user to randomly choose one of two questions or two
statements to ans.wer. One statement specifies membership in a group
with a stigmatizing attribute, say A. The second é.tatement specifies
membership in a group with a trait that may or may not be sensitive to
members of the study population, say B. The interviewer directs the
respondent to use the device concealed from the interviewer to select
a question to answer, and to respond only according to his membership

in that group defined by the randomly selected statement. The
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interviewer records the response and requests the subject to repeat
the procedure with a second device. Again, the reéponse is recorded,
and, as far as this randomized response technique is concerned, the

interview is complete.

6.3 The Model

6.3.1 The General Concept

Figures 6.1 - 6.4 depict the tree-like structure present when
one studies the response patterns of a person who is.confronted with
this randomized response technique. These figures illustrate the one
sarnpl.e - two response case when several factors which influence the
response pattern are considered: truthfulness in response, the chance
of getting a question about one trait or the other on each trial, the
chance of getting a cooperative subject, and the chan;:e of possessing
both, either one or neither of the two traits. Thus, the tree has a
person as the "root'" or "trunk' of the tree, the response pattern as
the ''leaves' andvthe factors under investigation as the '"nodes' at
which "branches' form. This structure is translated below into
probability statements about the ""leaves.' These, in turn, lead to
estimates of the proportion of people in a population who possess both
or either of the_cha‘ra‘c;teristics. In addition, these probability state-
ments help to determine a best choice of the parameters P, and P,.

Before writing the probability statements, let us make an
assumption that simplifies the task but is not un;‘easonable. We will
assume that if a person responds to the first trial, he will respond to

the second; that is, we will set RAB2= RAb2= RaB2= Rab2= 0. We
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will, as a consequence and for the sake of clarity, omit the numerical

subscript on the remaining probabilities of non-response: i.e.,

R,o,=R

A~ Rappi R R

Ab” Rapy’ Rap= Rappr and Ry °

abl’

Let T be the true population proportion of the group that is
the focal point of the survey, the prop‘ortion one is most interested in
estimating (say group A). This will generally be a sensitive
characteristic that would invite an untruthful response or no answer
at all with a direct question. Letmg be the true population proportion
of the group (say group B) with a non-sensitive or, at least, a less
sensitive trait that is related to the sensitive characteristic; and let
TAB be the true population proportion of those who possess both the
sensitive and non-sensitive attributes. Such a population is depicted
in Figure 1. 1.

The only restriction we shall impose here is the reésonable
one that the proportion with the stigmatizing characteristic be no

larger than the proportion with the non-stigmatizing characteristic,

loe., mp< To. H‘ence, the possible range for TAB is
Max (0, TrA+TrB-l)s TARS A

The correlation coefficient computed from such a 2x2 table is

_ Tap TATR
B°
ﬁA(l-TrA)TrB(l—wB)

P
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as reported in Section 3. 4 which for-given m, and TR will have range
usually less than (-1, 1). For example, if LN .1 and TR . 2, then
N | 2
Osmpp=- 1 and correspondingly -z <pPApS 3 -
6.3.2 The Model Assuming Complete and Honest Reporting

With this in mind, we shall proceed to define the alternate
question technique. For simpliéity we will initially assume that
because this randomized response procedure is used, complete and
true answers are obtained. A sample of size n is drawn with replace-
ment from the population. In order to estimate all ti’xree population
propoi‘tions, we will have to require two responses from each
individual in the sample. Two different randomizing devices will be
used, one for the first reply, the other for the second. The statement
-(or question) about group A will be called for a proportion Pl of the
time using the first device and a proportion P.2 of the time ﬁsing the
second. In each individual survey the interviewer requests the
respondent to privately use the first device and to anéwer "yes' if he
has the characteristic designated by the device and ''no" if he does not.

The interviewer records only the "yes' and "no" replies as they are

reported.

Let

3 if the ith individual in the sample replies "yes-yes"
2 if the ith individual in the sample replies '"yes-no"
! 1 if the ith individual in the sample replies '"no-yes

0 if the ith individual in the sample replies ''no-no'!

1
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Then let

5, = Pr{xi=3}
= TrAB+(1rB-1\'AB)(l -P1 )1 —P2)+(nA-jAB)P1P2
= [Pl(l -P2)+P2(l -Py ))nABfr(l -Pl)(l -PZ)nB+P1‘P2nA 6.2
5, = Pr{Xi=2}
= (n‘B-ﬂAB)(l -Pl )PZ+(1TA-1rAB)P1(1 -PZ)
= -[Pl(l-P2)+P2(l-P1 )]TrAB+(l-P1)P21TB+P1(1 -Py)w, 6.3
5, = Pr{Xi=l}
= (TrB-vAB)Pl(l -P2)+(1rA-'n'AB)(1 -Pl)PZ
= _[Pl(l-P2)+P2(l-Pl)]TrAB+Pl(l-P2)TrB+P2(l-Pl)TrA 6. 4
and
5, = Pr{Xi=0}
= 1-51-52-63 6.5
such that
3 .
S 6
j
j=0
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In matrix notation we have

A

0= AAQﬁ 6.6
where

A A A A

g - (63) 62! 61) H

Ay _ (/\ A A )

T =\ap’ "B’ "A!
and

Pl(l —P2)+P2(1 -Pl) (1 -Pl)(l -Pz) PlPZ
Apg = -[Pl(l-P2)+P2(1-P1 )] (1-P))P, _P1‘1'P2)
-[Pl(l-P2)+P2(1-P1)] P (1-F,) (1-P,)P,

6. 3.3 Estimates of Proportions Using the Model

We may either construct the likelihood function and obtain the

maximum likelihood estimates for 7 or obtain the identical results by

solving Equation 6. 6 for w, provided AAQ is non-singular. But

|AAQ| = (P;P,)(P, (1 -P2)+P2(1-P1))¢0 if P,#P, 6.7
Hence AAQ-I exists if P1¢P2 and is given by
N P,(1-F,)(1-2P)) P, (1-P,)(1-2P,)
(P, -P [P, (I-F ¥ 5, (1-P ] (7, -P [P (I-F,FF,{1-D)))
AL 2 A
1--P2 : 1-P
l-v—p *p—*lp—
2771 2771 il
) 6. 8
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Explicit solutions of m are written
Pz(l -PZ)(l -ZPl) Pl(l-Pl)(l-ZPZ)
map™ 03 - s 2o T 02t eI ee By %1
AB™ 73 T (Pp-R)[P tF,-2R ] (P -P (B +F,-2P 5) 71
6.9
'ITA =63--pz—_-?1- 62+-P52—_-T161 s and
6.10
T =0 +E_._- 6 -Pl 6
B 3 P, -P 2 P -P 1
T2 71 2 71 6.11

The maximum likelihood estimates of g are determined to be

the observed proportions of ''yes-yes,' ''yes-no,' and ""no-yes'

replies (for 63, 52 and 51 respectively). We write these as

6,=mn/
3= /P
5, =n ./
2 = Mo/"
5, =ny, /
1~ "o1’"
where n s Do and no, denote the number of "yes-yes,' '"yes-no,"

and "'no-yes' responses respectively. Hence, the estimates of m are

A .
found by using the observed 0 and are denoted by _1/}_

6. 3.4 Estimates of the Variances and Covariances of the Estimated

:

Proportions

A

A A A
The observed proportions _53, 52, 61, and 60 = nOO/n are

multinomially distributed with parameters (n, 60, 51, 05, 63). It

follows then that the variances and covariances of the estimates of m

are given by
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A -1+, -1
Vin) = AAQ V(6) AAQ : 6.12
where
A A
V(r ) and V(0)
denote the variance—covariance matrix of fr_ and _S_ respectively.
The variances of the estimates are explicitly given by
2 .
@,y 6( 6) [P, (1-P,)(1-2P)) ] 8.0
V(w —— 1- + ————)‘(———-—W 1
AB (PZ'PI P1+P2- ) o
r 2
Pl(l -Pl)(l-ZPZ)
+
-P (P, +P,-2P_ P,)
|(Fp-F )P+, -2P 5
A -4 A s 2P, (1-P,)(1-2F)) 8a 2P, (1-P }(1-2P,) 2 8
—_W_"_—"”—)' = -
1 P,-P (P +P,-2P P. 3 2 (P2 Pl)(P1+P2 2P1P2) 371
+2PP(1 P)(l P)(l ZP)(l 2F;) 8,\ }
(B, -P,)* (P, +P,-2P, P,)° ' |
6.13
Ayl 1-R, | Rl
V(TI'A) == 6 (1 5 )+ PZ. Pl 2(l 5 )+ —-?—- 51(1-61)
2(1 -P, )8 8 Z(I-PI)6 8 N 2(1-P2)(1-P1) 3 3 .
- — , an
P2 13 372 PZ-P1 371 (P,-P )2 271
! 6. 14
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P 2 P 2
A 1 2 1 A A
V(TTB) = n‘53(1-63)+[P = ] 62(1-62)+ [P -5 ] 61(1—61)
2711 2771
2P 2 ZP P
2 A A
] 5.6 8 P—L2 6.15
FF vz’ Pz 1 (®,-P)" ]
6.4 Some Properties of the Estimates
6.4.1 Unbiasedness
The estimates are unbiased since
A
E(n] = E[A 6]
-1 A
= AAQ E[Q]
-1
= [AAQEJ
=m 6.16

6. 4.2 Estimates Outside the Range (0,1)

Point estimates of the proportions and confidence intervals on
them can occur outside the interval (0,1), even with large sample
sizes. The chance that this event will occur seems to be iarger with
this model than with either of the earlier extensions. Departures from
randomness will be the primary reasons for estimates outside the
permissible range since we anticipate complete and honest reporting
\;vith the method. Clearly, if this-assumption is false, the estimates
are further endangered.

A second reason for estimates occurring outside the range

(0,1) could be an unfortunate choice of Pl too close to P2 in value.



147

)

The recommendation of Greenberg ‘et alg5 along these lines is also

suggested here. That is, with P1= l-P2 and P, as close to unity as

possible without sacrificing the likelihood of respondent cooperation a

degree of symmetry is introduced that may appeal to the members of
the sample and have an identical effect on each individual. This topic
is discussed more thoroughly in Section 6. 4. 3,

A third cause of estimates outside the range (0,1) is the
correlation between traits A and B in conjunction with either of the
two events citebd above. If the correlation between A and B is
negati.ve, the proportion of respondents answering ''yes-yes' will be
smaller than if the attributes were positively correlated. Hence, a

bad choice of P, and P, or a lack of randomness more seriously

1
‘affects the estimate of TAB when PAB < 0.

6.4.3 Choice of P, and P,

The proper choice of Pl and PZ is unaffected by the way this
procedure is compared to either of the Direct, Warner, or Built-In
Alternate Response methods. If the intention is to minimize the
variance of the estimate of the proportion with the A trait, then for
any value of Pl< 0.5, _PZ should be chosen as close to 1. 0 as the
experimenter dares without surpassing the limit beyond which
respondents fail to cooperate. Conversely, if‘Pl > 0.5, select a
émall value for P2 in order to obtain a reliable estimate of TR and at
the same time avoid frightening the respondent by overemphasizing
attribute A. This writer believes that there is much to be gained by

setting Pl smaller than PZ' First, the respondents may examine the
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initial device with some suspicion that should be allayed by stress on

the less sensitive trait. When asked to repeat the experiment with the

‘second device, the respondents are quite likely to concentrate on the

questions and not to examine the device with any detail. This
observatién allows the experimenter to be more demaﬁding (with PZ)
on the second trial if he dares. Caution is urged, however, since it is
liicely that the most discriminating subjects will be those with the
stigmatizing characteristic.

Suppose we want to reduce the variances of T/}A and %B
simultaneously. The best choice for P2 is in the range (0.5,1 ) as
close to unity as believed allowable. Then choose Pl= l-PZ. The

devices are visually affected identically. Other choices for Pl are

‘those values that permit either

(1-P)V(rg) = P, V(H,)

or

A _ A
(l—Pl)TrB = Pz'n'B

There is no single optimum choice for P2 given any value of Pl'
For Pl'< 0.5, P, should be as large as the experirnénter feels
necessary to elicit hoﬁest replies without infringing upon the privacy

of the individuals in the sample.

b. 4.4 Selection of the Related Characteristic

6.4.4.1 Stigma Attached to Characteristic B
The question arises as to whether to use as a second
attribute, one which is only slightly less sensitive than trait A. It is

obvious that the chances of refusals and dishonest replies are
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increased by the use of two sensitive characteristics. For that

reason, one characteristic should be non-sensitive.
However, cases will develop in which the answers to two
related, sensitive questions arc desired or required. There are two
approaches to a solution to the problem of encountering more refusals
and dishonest answers with two sensitive attributes. One is to go
ahead with two questions on related sensitive traits, emphasis being
properly placed within each randomizing device. The other approaéh
is to use the complement of the least sensitive trait as the rela‘;ed
characteristic. For example,
1. I have '"shot! heroin in the past year
2. 1 have not smoked ''pot" in the past year.
Although the estimate of interest in the second statement is the pro-
portion who have recently smoked marijuana, the sfatement is phrased
in such a way that a "yes' response in a trial reveals nothing to the
interviewer about the individual making fhe reply, except on a
probability basis. A trade-off is in\;olved in the choice of one of these
alternatives: a potential gain in truthfulness versus a loss in
efficiency. The I;esolution of this matter is left to the experimenter,
but a guide is provided below in the examination of“efﬁciencies for
several values of w B
6.4, 4.2 Relationship of the Characteristics

Tables 6.1 and 6. 2 show that regardless of which of the two
methods of cbmparing techniques is used, MSE(%A) or MSE(&), and

irrespective of the proportion TR the efficiency of the alternate



150

Table 6.1 Efficiency of Extended Alternate Question Model With
Respect to the Extended Built-In Alternate Response Model

and the Direct Question Model, n = 1000, TAS 0.2
A A
W Vg AR/ V(T A) g
Efficiency = \ A
'rrAB-O LN 0.1 LIV 0.2
P P, omy | (1) (2) (1) (2) (1) (2)
.3 .7 .3 .78 0. 30 1.08 0.41 1. 78 0. 68
.4 .68 0. 26 . 90 0. 34 1.35 0. 51
.5 . 61 0.23 - .78 0. 30 1.08 0. 41
.6 .55 0. 21 .68 0. 26 . 90 0. 34
.7 .50 0.19 .61 0.23 .78 0. 30
.8 . 46 0.17 .55 0.21 .68 0. 26
.9 * * .50 0.19 . 61 0.23
.2 .8 .3 .97 0.51 1.20 0. 64 1.58 0. 84
.4 . 88 0. 47 1.07 0.57 1. 36 0.73
.5 . 81 0.43 .97 0.51 1. 20 0. 64
.6 |..75 0. 40 . 88 0. 47 1. 07 0.57
.7 .70 0. 37 . 81 0.43 . 97 0.51
.8 . 65 0. 35 .75 0. 40 . 88 0. 47
.9 * * .70 0.37 . . 81 0. 43
1 .9 .3 [1.00 0. 74 1.12 0. 82 1.27 0.93
.4 . 97 0.70 1. 06 0.78 1 1.19 0. 87
.5 .91 0. 66 1. 00 0.74 1.12 0. 82
.6 . 87 0. 63 .95 0.70 1. 06 0.78
.7 .83 0. 61 .91 0. 66 1. 00 0.74
.8 .79 0.58 . 87 0. 63 . 95 0.70
.9 * * .83 0. 61 .91 0. 66

% There is no case where 7 = (0, .9, .2); i. e., .ls'n'ABS.Z
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Respect to the Extended Built-In Alternate Response Model

and the Direct Question Model, n = 1000, TAS 0.2
'ji 3 113 3
< 4 (v;;)B1IAR /iz z (vi;)aq
Efficiency = J T _ .
3 3 1r3 3
S Dvipe 2 25
Li ; ij’DQ s 5 ij’AQ
TAR™ TAB™ 0.1 TABRT 0.
P P, mg (1) (2) (1) (2) (1) (2)
3 n7 03' ln 51 031 ‘lu 54 n71 lo 57 093
.4 | 1.42 . 26 1.48 . 64 1. 52 . 86
.5 |1.35 0 21 1.43 .57 1. 49 .79
06 lc 29 015 ln 39 051 1. 46 073
.7 11.25 .08 1. 36 .43 1. 44 . 66
.8 * % 1. 34 . 35 1. 42 .59
o2 8 .3 |1.14 . 37 1.24 77 1. 29 . 94
.4 11.07 . 32 1.19 .71 1.25 . 89
.5 [1.01 . 26 1.15 . 64 1. 22 . 84
.6 . 96 .19 1.11 .58 1. 20 .78
o 7 .91 .11 1. 08 .51 1.17 .72
.8 ¥ % 1. 05 . 42 1.15 . 66
c]. 09 03 096 052 1-07 l86 1.11 097
.4 . 90 . 47 1. 04 . 81 1. 09 . 94
.5 . 85 . 39 1. 01 . 17 1. 07 . 90
0_6 08 030 099 »71 10 06 087
.7 .73 .18 . 95 . 65 1. 04 . 83
.8 % * .93 . 57 1. 02 .78
% This measure of efficiency is undefined for _ﬁ': (0, .8, .2)
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question model is higher when the two characteristics are positively
related. Maximum efficiency is obtained when those with the
stigmatizing trait A are a subset of those who belong to the group
characterized by trait B.
6. 4. 4.3 Effect of the Size of T

Tables 6.1 and 6. 2 further depict the efficiency as varying
inversely as the parameter T increases. In Table 6.1 the efficiency
of the alternate question technique in comparison to the direct question
method is highest when (Pl, PZ) are (.1, .9); in addition, the
efficiency decreases at a slower rate for that pair of device pro-
portions. Furthermore, it is demonstrated in Table 6. 3 that as Pl
increases, the efficiency decreases for fixed values of TR

Table 6. 2 reveals quite similar results when the sum of
components of thé variance-covariance matrix is used for the com-
parison. Note, however, that this method of comparison indicates
that little is lost by choosing P2 as smali as .7 in contrast to .9 whien
the value of Ty is in the neighborhood of that of TA The efficiency
degrades more rapidly with increasing L though, when PZ is chosen
small. Table 6. 3 demonstrates for this comparison that 151= l-P2 is
preferable regardless of the value of TR Further;. the efficiency is
higher when TR is closer to LN in value.

The results of a comparison with the extended BIAR model is

also shown in Tables 6.1 and 6.2. When the two variances of the

estimate of characteristic A are used, (Table 6.1), one observes
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Table 6,3 Efficiency of Alternate Question Model With Respect to
Direct Question Model, n = 1000, P =.9n=(2, .4, .2)
Cand ' =(.2,.9, .2)

Efficiency = .
l 33 3003
(2) Z (vis)ag 2 Z DR
i=1 j=1 i=l j=1
P1 1 2 3 .4 6 o 7 .8
TR .4 . 87 . 87 . 86 . 85 . 81 .76 .61
(1) ,
1TB=.9 . 66 . 65 . 64 .62 .55 . 47 . 31
'n'B=.4 «94 .93 .92 . 89 .73 .52 .20
(2)
1TB=.9 .72 .70 . 66 .59 .32 .16 . 04
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1. The AQ method tends to be more efficient for positively
correlated characteristics;

2. The AQ method is more efficient when the difference
between P2 and Pl is smaller, the characteristics are positively
correlated and the difference between m, and TR is small.

3. AThe efficiency of the AQ procedure tends to remain higher
for large differences between m, and mp when the difference between

PZ and P1 are also large. That is, the efficiency for this case drops

rapidly when PZ—P1 is small.

Much the same is noted in Table 6.2. The AQ procedure is
seen to be generally superior to the BIAR procedure wh.en PZ-P1 is
small regardless of the relationship between A and B. The effect of
‘the relationship between the two attributes becomes important

primarily as 'PZ—P1 increases and secondarily as mg is further from

Ter ‘ V
6.5 The Generalized Extended Alternate Question

Model: Effects of Incomplete and Dishonest Reporting

Figures 6.1 - 6.4 reflect the tree-like structure present in
the alternate question model that encompasses the elements of failure
to obtain a responsé and the failure to obtain a true response. While

the resulting errors are similar only the first causes a reduction in

sample size.

A comparison of the alternate question model with either the
Built-In Alternate Response or Warner procedures must assume that

all are administered correctly. The inverviewer satisfactorily



presents an explanation appropriate to the particular method and
encourages examination of the devices by the subject. Then he
administers the procedure and records the results.

The error due to non-response is assumed to occur when the
respondent r.efuses to go along with the questioning after examining the
devices and questions and hearing the explanation. The other error,
due to misreporting, along with the first is assumed to occur only
because of the person's sensitivity to either of the questions.

Equations 6.2 - 6.5 expand to the several equations below:

53 = Pr{”yes-yes” response}

)[PIPZ(l-T 1-T 1P (1-P,)(1-T 1-T

Tap{l-Rap NS A111-Tgy )

H(1-P P, (1-Tg) ) M1-T 5 )+(1-P )(1-P,)}(1-T -TBlZ)]

Al2 Bll)(l

-4

(mp-mp1-R )P Py (1-T, )00 -TAlZ)+pl(1 “P)(1-T, )T

All'"B22

+ (1-P )P, Tp, (1-T, ) )+(1-P)(1-B,)T

2TB21 2)T821 TR22]

trg-mpag)L-R BB P Ty TpyptP (1-B,)T 5 (1-T )

+ (1-P)P,(1-T +(1-P)(1-P,)(1- (1-T

Bll) Al2 Bll) BlZ)]

t(lemy-mptmy p)L-R )P BT o T oo #P (1-P))T 5 Thss

+ (1-151)132 +H(1-P)(1-P,)) Ty, Tr,o )

B2l AZZ B2l "B22
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Collecting coefficients of TAB® A’ "B yields

6y = mpp|P Pz[“‘TAll)(l'TA12)(RAb"RAB)+TA21TA22‘RaB'Rab)]

tP ‘Pz)[“ ST g (-T2 A-Rpg)-Trpp (R g 14T 55

[Tpaa(l-Ryp)-(1-Ty)p) 'R‘aB)]]

t-B )Pz[(l STy ) -T gy MRy p)-Tpo (LR a4 T 505
[(Tp2; .a.;(l'Rab)'(l'Tiau)“'RaB)]]

+(1-P)(1-P)|(1-Tpy )1 -Tg )R 5~ RAB) Tg21TB22

(RAb ab )]

“A{ [(1 “Tp ) -Ta12) 0 -Rap)-Taz Tazztt - b)]

+P (1-P. )TBZZ[(l TAll)(l -R b)

“Tazitt%a )]”1 PR 1321[(1'TAlz)“’RAb)'TAzz(l‘Rab)]

+(1-P ) -P ){ B21TB22Ran" Ab)]

Af2 Az Ta22®ap R aB)+P1(1'Pz)TAm[(l'TBlz)

™Y 172
(1 _RaB)-TBZZ.(l _Rab)]_'

+“'P1)P2TA22[“'TBM)“'RaB) Tp21{l- Rab)]

+(1 -Pl)(l -PZ)[(l -TBll)(l —TBIZ)

“‘RaB)'TBuTBzz(l'Rab)]

+(1-R PlpzTAmTAzz*Pl“‘Pz)TA21TBzz+“'Pi)PzTBn

ab)

AZZ+(l P )1 - P )T BZlTBZZ} 6.18
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Similarly 52, 51, and (1 -61462-53) are found to be

52 = Pr{"yes-no” response}

PP

] 2[“‘TA11) A12B AL RaphtT

" TAB a2t~ Azz)(RaB‘Rab)]

erl(l‘_Pz)[(l TAll)[TBIZ(l “Rap)-(1-Tgpp)1 RAb)+TA21

_t(l'Rab)(l'TBzz) Tp120 RaB)]_

t1-P))F [TAIZ [(1-Tgy 1-Ryp)-Thp) (L-R g JH(1-T 4 55)

(le)(lT

[Ts2) 111 -R,p)

+(1-P))(1 'Pz)[“ “Tp11)TB12Rap"RaB)t TRy

(1-Tgp (R 5y -R

2 [‘1 Tar)Tar2(-Rap)-Taz) (1-Tazp)00 'Rab)]

+P (1 -Pz)(l -TBZZ)[(I —TAll)(l -RAb)

~Tpz11-R, ’]”1 -F )PZTBZI[ A2l -Ryap)-(1- TAzz)“'Rab)]

+{1-P)(1-B,)Tp, (1-T

+1TAP

B22) (RopRap)

BRI P Tapy (1-T R

1 21 A21 R gltF (1-F)T

a22) (R y- A2l

[ Tp12(l-R, )'(I-TBZZ)(I-Rab)]

+(1_'P1)P2l'TAZZI(l'TBll)(l'RaB) Tpp (1-R b)]

)-T

+“'P1)“‘P2)[““TB BZl(l'TBZZ)(l'Rab)]

11 )TBl 2(1 -RaB

+H1-R_ )PP, T WP, (1-P,)T 5 (1-T

22181-Tazz a21t-Tpz2)

+H(1-P))P,T (1-T

27211 -Taz2t(1-FU-F)T

B21{1-Tg;2)

6.19
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= Pr{"no-yes” response}

TAB Plpz[TAll(l'TAlz)(RAb“RAB)+(1'TA21)TA22(RaB‘Rab>J

+P1(1"Pz)[TA11[“'TBlz)(l'RA )T (L-RApIHI-T p50)
[TBzz”"Rab)°(l'TBlz)“'RaB)]:l

+1-Fp) [‘1 Ta12) [Tpy I -Rap)-(1-Tp, JA-Ry I+ Ty 5,

[(1-Tpp) M1-R ) -Tg (1-R, ’]]

111 -T2/ (R, g-Ryght(1-T

+H1-P))(1 -.Pz)[T B21'TB22RAD" Rabﬂ

APlPZ[TAll(l Tar2)1-Ry )'“'TA21)TA22“‘Rab):l+P1‘l'Pz)TBzz

[TAll(l “Rpp)-(1-T 00 ‘Rab):l

t1-PR,( 'TB?.l)[“ “Ta12)(1-Rpp)-Tppn0 ‘Rab)] |

H1-P1-B))(1-Ty, )T g, (R "Ry

R )+P )(l T

Tp22R, R

a{P B (1-T

172 AZl)

AZl)

- [(1'TBlz)(l‘RaB)'TBzz‘l'Rab)]

H1-P BT Az, [TBl 1 (1-R p)-(1-Tg,p ) 'Rabﬂ

+(l P )(1-P. )[:TB“(I-TBIZ)(I -RaB)

-(1-Tpp ) TR ‘Rab)]
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T(1-R ) P Py (1T y 5 )T g2t P (1-F) (1 -T2y T2
+1-PP,(1-Tp,1)T a2,
+(1-Pl)(l—PZ)(I-TBZI)TBZZ
6,20
60 = (l —51‘62’63) 6.: 21
However, the sum of the 6's is seen to be
3 .
Z o =TrAB[RAbJrRaB'RAB’Raﬂo]”A[Rab'RAb]‘L“B
i=0 .
[Rab-RaB]+l-Rab
6,22
=W
¢.1 unless RAB’ RAb’ RaB’ Rab =0

Hence, let us define
% G
61 = 6i/W, i=0, 1, 2, 3 such that
3
ya i
20

-

Then using matrix notation we can write

_6_* = [A>"< ot C*]/W where

§_ﬂ<|= (5";, 5;‘, 5’;) . . | 6.23
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* %
A" is the matrix of coefficients of m, and C the vector of coefficients
not dependent upon mbut upon the randomizing devices, and chances of
non-response and untruthfulness.

Now

-1 A%

AQ [ 6.24

= A

2>

where AAél is defined in Equation 6. 8.

The expected value of the estimates in Equation 6. 24 become
- * N
T+ C)J . 6. 25

In addition, the bias in the estimates is

- | . 6.26

ja>

pid) = E{

’ . . A RN .
For example, the bias in T A with only TAlZ non-zero is
1-P

Ay= (6% -5 2. (8% 5 el WY
ﬁ(TTA)—(3‘ 3)‘?‘)—2713;(2' 2) T:;j;(l' 1)

= -Tp1% ["AB+P1 (“A‘"AB)]+ ®°F)

(1-P)
[‘”A}:—frpl("’A'"AB)]+ P [“A’“AB]
P,(1-P)) - :

e S T L
Al2 PZ-P1 A

= - 7T 6. 27

Finally, the variance-covariance matrix of the biased estimates is

given by

Ay -1 A -1
VIE) = Apg vgg ) Aag 6.28
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6.6 Comparison of the Alternate Question Technique
with the Direct Question Mcthod

L'et' us begin by considering the appropriateness of the
alternate question model with regard to the direct question approach.
If there is a value in the alternate question procedure it lies in the
potential to draw out true answers to questions which asked directly
would evoke few or no useful responses. Therefore, we shall assume
that respondents reply truthfully to questions put to them with this
random‘ized response technique and that the responses to the identical
questions, but posed directly, evoke untruthful answers with some
assigned probabilities.

A numerical investigation is carried out with varying values
of non-response, i.e., RA’ RB’ Ra’ Rb’ and levels of truthfulness,
T T for the direct questionAtechnique. The

ive., T T

a1* Tazr Tpir Tpa
values of TA and Ty are chosen to be .2 and . 4 respectively and TAB
is defined to alternatively take on the values of 0,.1, and . 2. P2 is
chosen for the alternate question approach such that P2= 1 - P1 =.7
and n = 1000. B may be interpreted as either a non-sensitive or
mildly sensitive attribute. The results of the comparison are
presented in Table 6. 4.

Curso;'y examination of the values in Table 6. 4 indicate that
there may be considerable gain in overall precisioh through the use of
the alternate question approach as opposed to the difect question

method. The gain is, in general, accentuated when the two character-

istics are positively correlated.
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Table 6. 4 Comparison of General Bivariate Alternate Qucstion

Estimates and Direct Question Bivariate Estimates
0
1 — —_ —
for ' = (TTAB’ TR TTA) =(1, .4, .2), n=1000,

o8]

P2= l-Pl: 0.7, and RA: Ra= RB= Rb =0
Probability of MSEE = MSE Biased DirectQuestion
Untruthfulness MSE Alternate Question
TAl TBl TAZ TBZ TABR™ 0 TABRS 0.1 TARS 0.2
0 . 26 . 64 . 86
0.1 0 .70 1. 32 1. 81
0.3 4. 20 6. 95 9. 75
0 2. 02 2.59 3. 07
0.1 o1 0 0 4,20 5.52 6. 80
0.3 11.20 15.39 19.72
0 16.00 18. 38 21.12
0.1 .3 21.68 25. 35 29.52
0.3 35. 65 42,77 50. 70
0 16. 21 10. 34 7. 20
0.1 0 11.41 5,79 3.10
0.3 4, 44 . 95 .96
0 6.78 3.28 1.75
0.1 .1 o1 0 3.91 1. 29 .78
0.3 o 17 1.32 4, 31
0 ' . 61 2.52 5.38
0.1 .3 1.57 5.17 9.75
0.3 6.12 13.94 22. 87
0 , 7. 36 4, 55 3.10
0.1 o . 4, 04 1.83 1.03
0.3 .56 . 96 2.92
0 2.13 . 95 .78
0.1 o1 0 .1 .13 . 68 - 1. 64
0.3 1.10 T 4,41 8. 81
0 2.15 5. 65 9.75
0.1 .3 4,59 9.79 15.58
0.3 12. 64 21. 80 31.62
0 46, 04 27.93 18. 26
0.1 0 36,77 19.55 10. 84
0.3 21. 39 7. 38 2.05
0 : 28,55 14. 56 7. 65
0.1 .1 ol .1 21. 39 8. 96 3.53
0.3 10. 24 2. 04 .74
0 6. 24 1. 20 .97
0.1 .3 3. 31 . 64 2.51
0.3 .60 3.24 9.97
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Close examination can be detailed b;r' the following cases:

1. Let A alone by stigmatizing; hence take TAZ: TB2= TB1= 0

in the DQ method. The efficiency of the AQ technique is approximately

ten times higher than that of the DQ method when 30 percent of those
with trait A will lie about membership in that group, and A is
positively 'correllated with B.

2. When B is also stigmatizing (only TA2= TB2= 0), the mean
square error of the DQ method is over 50 times larger than that of the
AQ method for the case in which 30 percent of each stigmatized groub
will report dishonestly. Note, though, that there may be little or no
gain by using the latter procedure if the percentage of untruthfulness
is small.

3. When dishonest reporting by non-members of the group
characterized by trait A, say, creeps into the sample, regardless of
the reason, the AQ method is more efficient for negatively correlated
traits at low levels of TA-l’ As TAl becomes larger the advantage
shifts to the positively correlated pair of traits.

The effects of non-response coupled with dishonest reporting in
the direct question model is éontrasted to the alternate question
approach with complef:e reporting, and the results are illustrated in
Table 6. 5. The immediate consequence of non-response is a reduction
in sample size suffered by use of the direct questidn method., If
there is a 10 pei‘cent rate of refusal to answer each question directly,

the effective sample size reduces from 1000 to 810. Further, if the

probability of refusal is the same in complementary groups, e. g.,
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R,= Ra’ there is no bias in the estimates of 7, but the mean square

A
error of the method Z (Vij+ bij) or that of the estimate ﬁA is
increased by the resulting reduction in sample size. For example, the

MSEE in Table 6.5 whenw = (.2, .4, .2), RA= Raz RB= Rb= 0 is . 86,

but when R, = R = .1 the MSEE =, 86/. 81 = 1. 06.

A B b
The effects of each parameter R on both measures of MSEE

=R =R
a

is shown in the table for the chosen values 6f m. When non-response is
anticipated in a sample due to the nature of the questions, there is a
reasonable gain in efficiency to be realized by using the alternate
question technique as long as the two characteristics A and B are
positively correlated. If, in addition, lying is expected, the potential
gain is even greater and dependence on the relationship between the
characteristics somewhat less important. When A and B are
positively correlated, n‘on—response among members of the group with
A has a greater influence on MSEE than untruthfulness; the opposite is
true when A and‘B are negatively correlated.

6.7 Mean Square Error Efficiency of the

Alternate Question Method with Respect to the

Direct Question Method when Dishonest Reporting
Pervades Both

Use of the alternate question model can facilitate estimation
of proportions of a population with stigmatizing attributes even when
éishonest answers are given by the respondents. Table 6. 6 indicates
this facility. The first row of the table reflects complete and true
reporting to the DQ method; the next six rows reflect complete but

dishonest reporting; the next four rows, incomplete but honest
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answers; and the last four rows, incomplete and dishonest replies. In
Table 6. 6 the élternate qucstion approach is scen to be more efficient
than the direct question approach in the mean squarc error sense as
long as, with complete reporting in the DQ method, the level of
untruthfulness in the AQ procedure is less than that in the DQ
procedure.  With incomplete reporting in the DQ method, the AQ
procedure is more efficient even for comparable levels of truthfulness
in both models. |

The values blocked in represent the mean square error
efficiency of the alternate question procedure when both that technique
and the DQ technique are subjected to comparable levels of dishonesty.

Note that the effect of lying in the DQ proéedure by those who
have neither A nor B reduces the MSE of the DQ method and degrades
the efficiency of the alternate question model. In cases 6, 9, and 10
the MSEE is less than unity regardless of whether the reporting was
complete in a survey employing the DQ method.

6.8 Mean Square Error Efficiency of the Alternate
Question Method With Respect to the Direct Question
Mecthod When Incomplete and Dishonest Reporting Occurs

in Each Procedure

Table 6.7 reflects the efficiency of the alternate question
technique when it is subjected to both non-response and untruthful

responses. The first part of the table indicates the efficiencies for

the situation where RAB: .1 or, curiously enough,. RAB: RAb: . 1.

The second part applies when. RAB= RaB= .1 or RAB= RAb= RaB: .1l

This apparently strange phenomenon occurs for the case where one
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