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Processor Scheduling Algorithms for Minimizing Bu�er Requirements in Multimedia Applications.Sanjeev Rampal, Dharma P. Agrawal, and Douglas S. ReevesAbstractThe increasing use of audio, video and other multimedia applications on workstations, man-dates the use of real-time processor scheduling techniques. Real-time scheduling algorithmshave mostly concentrated on seeking to meet application deadlines (such as those required forvideo playback for example). Another important requirement of such applications is large bu�ermemory due to the high data rates involved. We investigate priority allocation algorithms forstatic priority based preemptive real-time scheduling of periodic task sets. These algorithms aredirected at applications in which worst case execution latency is not critical so that priority allo-cation should be directed towards bu�er minimization rather than meeting deadlines. Examplesof such applications include video and audio playout/ recording, browsing through a databasewith audio/ video data and all types of non-interactive real-time applications (we refer to theseas throughput oriented real-time applications). The techniques developed retain the simplicity ofimplementation of static priority scheduling while eliminating their drawback of not being ableto achieve 100% processor utilization. In addition, we are able to obtain hard bounds on worstcase execution time which are low enough for most practical deadline based applications also.We show that the standard Rate-monotone priority allocation algorithm is not optimal in termsof our goal of minimising input bu�er size. Approximate algorithms are then derived, whichperform better than the rate-monotone algorithm and bounds on their performance are derived.Average case performance is studied using simulation. The best performance is seen in an algo-rithm which combines rate-monotone and shortest job �rst type of priority orderings. Finally,it is shown that these approaches can also be used to obtain deadline-based scheduling algo-rithms for task sets with arbitrary deadlines. The existence of an optimal bu�er minimizationalgorithm is left as an open problem.Keywords: Static Priority Preemptive Scheduling, Real-time Applications, Bu�er Minimization1 Introduction1.1 MotivationMultimedia based systems are expected to dominate the workstation environment in the nearfuture. Such systems will be expected to readily handle audio, video and other forms of time-constrained data often referred to as real-time data [1], [2]. Real-time data is typically requiredto be processed within a given time bound or deadline for it to be useful. For instance, in orderto play out a movie stored on disk, the video processor has to set a playback point. Each framefrom the video stream has to be received, processed and made available for display no later thanits playback point in order for the user to perceive a continuous and smooth display. Conventionaloperating systems and processor scheduling techniques do not provide for such real-time constraints.Consequently, real-time processor scheduling techniques have been developed for deadline based2



task systems. In particular, processor scheduling algorithms for periodic real-time systems have beenstudied extensively [3], [4]. Such task systems consist of a number of jobs (say n jobs numbered asJi; i = 1; : : :n). Each job Ji arrives (i.e. is ready for execution) periodically with a period Ti. Eachsuch invocation of a job is referred to as a task. Associated with each job Ji is a start time Ii and adeadline Di. Thus the kth task corresponding to job Ji is ready at time Ii + (k� 1)� Ti and mustcomplete execution by time Ii+(k�1)�Ti+Di. In the case of multimedia applications, the deadlineof a job is set according to some user-dependent criteria. For instance, in a real-time conferencingapplication, the deadlines could be set according to the maximum allowable latency without havingthe participants' talk spurts start interfering with each other (as happens in an overseas telephonecall for instance). Real-time scheduling techniques can directly be applied in such cases. Howeverin non-interactive type of applications, it is not clear as to how the deadlines are to be set or if anydeadlines should be set at all. For example, latency is not important to the user when viewing amovie stored on disk. The only requirement is that playout be smooth and continuous. We referto such applications as throughput oriented real-time applications. In such cases, deadline-basedreal-time scheduling (by introducing arti�cial deadlines) may not be the best approach. However,we note that some kind of processor scheduling has to be performed even here because of the on-linenature of many of these applications e.g. a movie is being viewed on-line as it is being retrieved,decompressed etc. Even though latency is not critical, this processing cannot possibly be doneo�ine because of the large amounts of data and high data rates involved. Di�erent schedulingpolicies will di�er in the amount of input bu�er requirements. In this paper, we investigate theuse of static priority based scheduling algorithms for such applications (Priority based real-timescheduling algorithms are brie
y reviewed in the following subsection). The criterion which willbe minimized will be the size of the bu�er memory required to hold tasks waiting to be processed.We note that this can be an important issue considering that typical video images can have uptothe order of a megabyte of data per frame and consequently, having to bu�er even a few framesworth of input data will require a lot of workstation memory. Some other examples which may beclassi�ed as throughput-oriented real-time applications include encoding a real-time audio/videostream and outputting compressed data to disk, browsing through a audio/video database and alltypes of non-interactive multimedia applications involving real-time data such as audio and video.Outside the domain of multimedia systems, examples include instrumentation, real-time controland data acquisition systems in which input arrives periodically, and a statistical summary of thedata is stored to disk for o�ine evaluation. 3



An important characteristic of our analysis is that we are interested in the peak bu�er requirementand not average bu�er requirements. We assume that bu�er memory is statically allocated andmust account for the maximum instantaneous bu�er requirement. This corresponds to a hardreal-time system where the bu�er must not over
ow in any case. This is also true in situationswhere it is not possible to dynamically allocate and deallocate memory because of the high datarates involved (as in video applications) and a static memory allocation must be made with peakrequirements in mind. Consequently, we cannot use results from queueing theory which look ataverage bu�er requirements. For average bu�er minimization, shortest job �rst type allocations areknown to be optimal. In contrast to queueing type approaches, the method of analysis used hereis similar to that used for scheduling of hard real-time applications [3],[4],[5] i.e. examining a worstcase interaction of task invocations.1.2 Review of Preemptive Real-time Processor Scheduling AlgorithmsPreemptive scheduling algorithms for real-time applications are generally classi�ed as being eitherstatic priority based or dynamic priority based. Static priority allocation algorithms assign �xedpriorities to jobs and at any instant of the schedule, the processor executes the task with the highestpriority from among all ready tasks. In a dynamic scheme, the priorities of tasks are allowed tovary during the schedule. Dynamic priority based algorithms are able to obtain full processorutilization but this is not true in general for static algorithms. In this paper, we will always dealwith preemptive resume type scheduling, in which a task which has been preempted earlier resumesexecution at the point where it was preempted (and not re-executed from the beginning). Forthe case where deadlines are equal to the invocation periods (i.e. each task has to be completedbefore the arrival of the next task of the same job), the rate-monotone priority allocation algorithmhas been shown [3] to be an optimal static priority allocation algorithm in the sense that if thisalgorithm does not lead to a schedule in which every deadline is met (i.e. a feasible schedule), thenno priority allocation algorithm will result in a feasible schedule. This algorithm assigns prioritiesto jobs in increasing order of arrival rate, i.e. the lower the invocation period of a job, the higher isits assigned priority. This algorithm although optimal in the sense described above, cannot alwaysachieve 100% processor utilization. For a large number of jobs, the achievable utilization may beas low as 69% [4]. In contrast, the optimal dynamic priority algorithm for the same problem viz.the Earliest Deadline First (EDF) algorithm is always able to �nd a feasible schedule as long astotal utilization of the task set is no more than 100%. At every instant, this algorithm dynamically4



assigns highest priority to a task which has the earliest execution deadline from among all readytasks. The inverse deadline monotone priority allocation algorithm, has been shown to be optimalfor the case of deadlines less than or equal to the invocation periods [7]. Not much work has beenreported on static priority scheduling for the case of arbitrary deadlines. Lehoczky [5] has analyzedthe performance of the rate-monotone algorithm for the case where all deadlines are a constantmultiple of the periods but has also shown that the rate-monotone algorithm is not an optimalalgorithm even for this special case.Clearly, using the EDF scheduling algorithm will always ensure schedulability and no bu�eringwill be required because tasks will always complete execution no later than the arrival time of thenext task of the same job. However static priority scheduling has some advantages over dynamicschemes such as ensuring that the timing requirements of the most important jobs are met duringtransient overloads, easier implmentation of task synchronization protocols such as the priorityceiling protocol [4] and most importantly, ease of implementation in processors, I/O controllersand communication switches. Analysis of static priority schemes is hence an important problem.1.3 Overview of the PaperIn the next section we introduce some de�nitions which are used throughout the paper. Non-optimality of the standard rate-monotone algorithm for this problem is illustrated with a simpleexample. In section 3, bounds on the amounts of bu�ering are obtained and priority allocationalgorithms are de�ned which minimize these bounds. The priority allocation algorithms turn outto be combinations of rate-monotone allocation with other allocation algorithms. Existence of anoptimal algorithm is left as an open problem. Section 4 then introduces an approach for obtainingscheduling algorithms for the case of arbitrary deadlines using these approaches. Section 5 describessome simulation experiments which demonstrate the average case behaviour of these algorithms.The best performance is seen in an algorithm which combines rate-monotone and shortest job �rsttype of priority allocation. The concluding section summarizes the results and suggests issues forfurther investigation.
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2 De�nitions and the performance of Rate-Monotone PriorityAllocationConsider a set of n periodic jobs. Job Ji has a computation time Ci and is invoked with a periodTi after a start time Ii. In this paper, we refer to each invocation of a job as a task. In case ofscheduling with deadlines, each job has a deadline Di associated with it. For most of this paper,we will consider throughput oriented applications as mentioned earlier and hence there are no taskdeadlines. Additionally, we will assume that all the start times (the Ii's) are equal to 0. Such job setsare also referred to as being synchronous [7]. Input bu�er size is determined by the number of taskswhich have arrived but for which processing has not yet begun. An inherent assumption is thus thatbu�er memory required for tasks being processed is not considered. Because of multiprogramming,any priority allocation algorithm will require n units of bu�er space for tasks being processed, soonly the bu�ering required for waiting tasks can be optimized. Another way of looking at this isthat the input data corresponding to a task is consumed as soon as the task starts processing. Weadditionally assume that task preemption and context switching times are negligibly small.Given a set of jobs and an input bu�er size, if it is possible to obtain a priority assignment usingwhich the peak bu�er requirement can be accomodated, then we will refer to the set as beingbu�er-schedulable with respect to the given bu�er size. A given job set can be treated as if it haddeadlines equal to the periods. Now, zero bu�ering is required if and only if the rate-monotonepriority assignment is able to yield a feasible schedule for this job set with these deadlines. Hence,a task set which requires no bu�ering will be referred to in the paper as being LL-schedulable (for\Liu-Layland Schedulable" [3]).Lemma 2.1 A necessary and su�cient condition for the bu�ered-schedulability of a job set usingan appropriately large but �nite bu�er is that the total processor utilization (Pni=1(Ci=Ti)) be nomore than 1.Proof: The necessary condition is straightforward while su�ciency follows from the fact that dueto the periodicity of the application, any work conserving scheduler 1 will always be able to \emptyout" any tasks accumulated in the bu�er in �nite time. Hence a su�ciently large but �nite bu�erwill always do the job. This will be true even if the total utilisation is exactly 100% (in contrast toconventional queueing systems in which waiting times rise in�nitely as total utilisation approaches1One that never keeps the processor idle if there is any outstanding processing6



100%). 2For simplicity, let us assume that the input data requirement for each task of each job is the same,say c units. (We also look at the unequally weighted jobs problem in the paper). We use theterm late tasks to denote all active tasks (i.e. those that have already been invoked) for which theprevious task of the same job has not yet completed execution. Bu�er allotment to incoming taskscan be either partitioned or shared. In a partitioned allotment, each job is assigned a bu�er foritself, while in the shared case, a common memory is used for all incoming tasks irrespective ofwhich job they belong to. For the case of equally weighted jobs and shared bu�er allotment clearly,minimization of bu�er space is equivalent to minimizing the maximum number of late tasks at anyinstant. For partitioned bu�er allotment, it is equivalent to minimizing the sum over all jobs of themaximum number of late tasks of a job at any instant. Let NLT t denote the total number of latetasks at some instant t and let MLT be its maximum value over the entire schedule. Similarly, letNLT ti denote the number of late tasks of job i at time t and MLTi be its maximum value overthe schedule. Clearly, for minimizing partioned bu�er memory allotment, we need to minimizePni=1MLTi, while for the shared case, we need to minimize MLT . For most of the paper, we lookat the equally weighted jobs case, so that the number of late tasks is itself taken to be a measureof the amount of bu�ering.Let the jobs be numbered according to priority so that job J1 has the highest priority, J2 has thesecond highest and so on. Using terminology introduced by Lehoczky [5], we �rst de�ne a level-ibusy period.De�nition : A level-i busy period is a time interval [a,b] within which jobs of priority i or higherare processed throughout [a,b] but no jobs of level i or higher are processed in (a� �; a) or (b; b+ �)for su�ciently small � > 0.Lemma 2.2 There must be at least one instant during the level-i busy period initiated by the criticalinstant I1 = I2 = � � � = Ii = 0 at which there are MLTi late tasks. Also, there must be at leastone instant during the level-n busy period initiated by the critical instant I1 = I2 = � � � = In = 0 atwhich there are MLT late tasks.Proof: The proof is similar to that of Theorem 1 in [5] and is not included here for lack of space.The rate-monotonic (RM) scheduling algorithm has been shown to be optimal for scheduling jobsets when the deadlines equal the invocation periods [3]. The following example shows that it is7



not an optimal algorithm for minimizing the bu�er requirements for bu�er-scheduling a given jobset.Example 1: Consider a set of three periodic jobs with the parameters : C1 = 20; T1 = 50; C2 = 40;T2 = 70; C3 = 2; T3 = 80.If we allocate priorities using RM-ordering, job J1 will be assigned highest priority followed by J2and �nally J3. The completion times and the number of late tasks of job 3, NLT t3 are shown belowstarting from the critical instant I1 = I2 = I3 = 0 . (NLT t1 and NLT t2 are zero for all t.)Task No. Task arrival time Task completion time NLT t3 at completion time � �1 00 342 42 80 344 33 160 346 24 240 348 15 320 350 06 400 692 37 480 694 28 560 696 19 640 698 0The level-3 busy period ends at time 698, hence we need not examine further. maxt(NLT t3) =MLT3 = MLT = 4. Hence, if each task requires c units of bu�er space, 4c units of bu�er memoryare required. Consider however, a priority ordering in which J1 has highest priority, J3 is nextand J2 is lowest. (Note that this is neither rate-monotone ordering nor shortest job �rst). Thecorresponding completion times and NLT t2 values are shown below (here NLT t1 and NLT t3 are zerofor all t).Task No. Task arrival time Task completion time NLT t2 at completion time � �1 0 84 12 70 144 13 140 226 14 210 288 15 280 350 06 350 432 17 420 494 18 490 576 19 560 636 1Here, only c units of bu�er memory are required. Clearly, RM ordering is not an optimal algorithmsince it required higher bu�ering.Some important observations can be drawn from the above example in connection with obtainingan optimal algorithm for our bu�er minimization problem.8



� The optimal algorithm for the bu�er minimization problem will have to behave like therate-monotone algorithm for job sets which are LL-schedulable, since this is the only knownoptimal algorithm for such job sets. (In other words an optimal bu�er minimization algorithmmust result in zero bu�ering for LL-schedulable job sets). This eliminates many algorithmsincluding shortest job �rst since these are not optimal for LL-schedulable job sets.� For job sets which are not LL-schedulable, rate-monotone ordering does not yield minimalbu�ering as shown in the example above. This implies that the optimal priority allocationalgorithm for our problem, if it exists, will have to produce rate-monotone ordering for LL-schedulable job sets and some di�erent ordering for jobs sets which are not LL-schedulable.3 Bounds on the Amount of Bu�ering and their Minimization3.1 A First Upper Bound and a Priority Allocation Strategy3.1.1 Equally Weighted JobsConsider �rst the case where the storage required to bu�er any task of any job is the same. Atsome time t during the during the level � i busy period initiated by the critical instant, let therebe MLTi late tasks of job i. A necessary condition for this to happen is given by relation 1.(dt=Tie �MLTi)Ci + i�1Xj=1d(t)=TjeCj > t (1)At time t, there have been dt=Tie invocations of job Ji. Clearly, since we are dealing with thenecessary case, even if all tasks of higher priority have completed execution, there are at leastMLTi tasks of job Ji which have not even started execution (the MLTi late tasks). Starting fromthe critical instant I1 = I2 = � � � = Ii = 0, the entire period [0; t] is part of the level-i busy period,so there is no processor idle time. Hence relation 1 follows.Alongwith the necessary condition for schedulability, : : :(C1=T1) + (C2=T2) + � � �+ (Ci=Ti) � 1� nXk=i+1(Ck=Tk): : :using the identity dxe < x + 1 and the fact that the instant t at which MLTi occurs must begreater than Ti, we can simplify to obtain an upper bound on MLTi.MLTi < Pik=1 Ck � TiPnj=i+1(Cj=Tj)Ci (2)9



For the partitioned bu�er allocation case, MLT is the sum of the MLTi's over all i, while forthe shared allocation case, the sum of all MLTi is an upper bound for the maximum number ofsimultaneous late tasks. Hence, we choose as upper bound UB1 given by the following expression.MLT < UB1 = nXi=2 Pik=1 Ck � TiPnj=i+1(Cj=Tj)Ci (3)Theorem 3.1 The upper bound UB1 in ( 3 ) is minimized if the priority based ordering of the jobsis such that higher priority is assigned to a job with a lower value of (C2k=Tk) i.e.C12=T1 � C22=T2 � � � � � C2n=Tn(We shall refer to this priority ordering as the ICTM ordering for inverse C2 by T Monotonicordering.)Proof : Consider two di�erent priority orderings which di�er only in the relative priorities of jobsJi and Ji+1. Let Ci2=Ti > Ci+ 12=Ti+1. Let ordering 1 have Ji at a higher priority than Ji+1 whileordering 2 has Ji+1 at a higher priority than Ji. All other jobs have the same priorities in bothorderings. Let if possible, the value of UB1 be lower for ordering 1 than ordering 2. Examinationof the R.H.S. of equation 3 shows that each job contributes a term to the overall sum. Clearly, thecontributions of jobs other than Ji and Ji+1 will be the same for both orderings. Hence we have,Pij=1 Cj � TiPnj=i+1 CjTjCi + Pi+1j=1 Cj � Ti+1Pnj=i+2 CjTjCi+1 <Pi�1j=1 Cj + Ci+1 � Ti+1(Pnj=i+2 CjTj + CiTi )Ci+1 + Pi+1j=1 Cj � TiPnj=i+2 CjTjCi=) C2iTi < C2i+1Ti+1This contradicts our earlier assumption. Hence the value of UB1 for ordering 1 must be greaterthan that for ordering 2. Now given any priority ordering, this shows that if the priorities of twojobs are swapped such the job with higher value of C2i =Ti is assigned lower priority, the value ofUB1 will always decrease. Hence the value of UB1 is minimized by the ICTM priority ordering.2 10



We note that as a consequence of the integral nature of the quantities MLTi, the expression forUB1 can be simpli�ed toUB1 = nXi=2(dPij=1 Cj � TiPnj=i+1(Cj=Tj)Ci e � 1) (4)3.1.2 Unequally weighted JobsIn general, di�erent jobs will require di�ering amounts of storage per task bu�ered. LetW1;W2; : : : ;Wnbe the weights associated with the corresponding jobs representing the amount of storage requiredfor bu�ering a task of the corresponding job.Following a reasoning similar to the equally weighted case, the value of UB1 can be derived asUB1 = nXi=2Wi � Pik=1 Ck � TiPnj=i+1(Cj=Tj)Ci (5)Theorem 3.2 The upper bound UB1 in ( 5 ) is minimized if the priority based ordering of the jobsfollows the relation C21W1T1 � C21W1T1 � � � � C2nWnTnProof : Similar to that of the equally weighted jobs case (Not included here for lack of space).We shall refer to this ordering as the Weighted Inverse C2 by T or W-ICTM ordering.From this point on we consider only the equally weighted jobs case as some of the derivations can beextended to the unequally weighted jobs case in a straightforward manner. (e.g. by using W-ICTMordering wherever ICTM ordering is used and using the appropriate bounds etc.). However in manycases unequal weights make the problem much more di�cult and further analysis is required.3.2 A second upper boundThe upper bound derived in the previous subsection was taken as the sum of the upper bounds onthe amount of bu�ering required by each job. While this is reasonable for the case of partionedbu�er allocation, in general there may not be any instant in the schedule at which all jobs havethe maximum number of late tasks. Thus for the shared bu�er allocation case, a second bound isderived below which has a lower value for some job sets.Let there be NLT t2 late tasks of job 2, NLT t3 late tasks of job 3 and so on up to NLT tn late tasksof job n at some time t in the level-n busy period after the starting the schedule at the critical11



instant at t = 0. Then, a necessary condition for this to happen isdt=T1eC1 + nXj=2(dt=Tje �NLT tj )Cj > tMaking use of the identity dxe < x + 1, alongwith the necessary condition Pnj=1 (Cj=Tj) � 1, wehave the necessary condition,nXj=1 Cj > (NLT t2 +NLT t3 + � � �+NLT tn)�min(C2; C3; : : : ; Cn)Since this is true at every instant t, in the level-n busy period, we have the second upper bound.MLT < UB2 = Pnj=1 Cjmin(C2; C3; : : : ; Cn) (6)3.3 Combined Priority Allocation AlgorithmsIn the previous two subsections, upper bounds were derived for the number of late tasks assumingall jobs except the highest priority one over
ow (i.e. have some late tasks) at some time. In practicemost of the tasks in a job system will require zero bu�ering. These jobs form a LL-schedulableset and must all execute at higher priorities than the remaining jobs. An optimal algorithm forallocating priorities to these LL-schedulable jobs is ofcourse the rate-monotone (RM) algorithm[3]. The key point is how to partition a given job set into the set which can be LL-scheduled andanother set consisting of jobs which will over
ow so that the total amount of bu�ering is minimized.Fig. 1 lists an algorithm which we will call the CP (i.e. Combined Priority allocation) algorithm.Given a set of jobs S, the algorithm partitions it into sets Srm and Sother . Srm consists of jobswhich can be LL-scheduled will be allocated priorities using the RM algorithm. Sother consists ofjobs which will be allocated priorities using a possibly di�erent algorithm. All jobs in Srm willoperate at higher priority than jobs in Sother. In particular, we will investigate two algorithms forallocation of priorities to the jobs in Sother viz. ICTM i.e. Inverse C2 by T Monotonic and ICMi.e. Inverse Computation Monotonic algorithms (the corresponding CP algorithms being referredto as CP-I and CP-II).The CP algorithm can be seen to be a greedy algorithm which picks the job with the largest valueof parameter from the current set Srm and tests the remaining jobs for LL-schedulability. In thenext few subsections, we will see that with appropriate choice of the value of parameter, the CPalgorithm will minimize the upper bounds derived in the earlier subsections. However, we need tomodify the expressions for UB1 and UB2 to re
ect the fact that only a few jobs can over
ow.12



/* S denotes the given job set;Srm denotes the set of jobs allocated priorities in RM order;Sother denotes the set of jobs allocated priorities using the ICTM/ ICM algorithms */Srm = S;Sother = �Evaluate parameteri , i = 1; : : : ; nStep 1: Test the jobs in Srm for LL-schedulability using the necessary and su�cient tests derivedin [6]. If successful, goto Step 3.Step 2: From the set Srm move the job with the largest value of parameteri to the set Sother.Goto Step 1.Step 3: Schedule jobs in Srm using Rate monotonic priority ordering, and jobs in Sicm usingICTM/ ICM priority ordering.Figure 1: The Combined Priority Allocation AlgorithmUpper bound UB1 is simply the sum of the maximum amounts of bu�ering required by each job.If on the execution of the CP-I algorithm, k jobs are found to be in Srm and the remaining n � kin Sother, UB1 for equally weighted jobs will becomeUB1 = nXi=k+1(dPij=1 Cj � TiPnj=i+1(Cj=Tj)Ci e � 1) (7)Similarly it may be veri�ed that the second bound UB2 becomesUB2 = d nXj=1 (Cj=min(Ck+1; : : : ; Cn)e � 1 (8)We note that both bounds are tight. For instance in case of the example job set of section 2, bothbounds yield a value of 1 for MLT which is its actual minimal value. In general for a given job set,UBmin = min(UB1; UB2), (the minimum of the two upper bounds) should be used as the boundon the amount of bu�ering.3.4 Some properties of the CP Algorithms3.4.1 Minimization of upper bounds & tightness of boundsTheorem 3.3 The CP-II algorithm minimizes the upper bound UB2 de�ned in ( 8 ).Proof : The value of UB2 can be seen to be inversely proportional to the minimum value of Cifrom all jobs in the set Sother. If the algorithm terminates with k jobs in the set Srm and the jobsare reordered according to their new priorities, a lower value for UB2 would have been possibleonly if the algorithm had terminated after transferring one of the jobs Jk+2 through Jn to the set13



Sother. Clearly this is not possible else the CP-II algorithm would not have needed to move the jobJk+1 to the set Sother. 23.4.2 Worst Case Bu�er Requirement & Optimality for the 2 Job CaseLemma 3.1 If priorities are allocated using the CP-II algorithm, MLTi � i; 8i the worst casebu�er requirement is in O(n2) and can be as low as O(n).Proof: From relation 2, when Ci � Cj ; j < i,MLTi � i. Hence, MLT �Pni=1MLTi = n(n�1)=2.Also, from ( 8 ) MLT � nCmax=Cmin which is approximately in O(n) when the ratio of maximunto minimum C values is small.Lemma 3.2 The CP-II algorithm is an optimal algorithm for minimizing the amount of bu�eringrequired by a two job application.Proof : The detailed proof is omitted for lack of space. Brie
y however, this may be veri�ed byexamining equation 8 for C2 > C1 and checking that the CP-II ordering will result in only unitbu�er requirement for non-LL-schedulable job sets which is the minimum possible.3.4.3 Time Complexity & Polynomial time algorithmsThe time complexity of both the CP-I and CP-II algorithms is in O(nTmax) (Tmax is the maximumperiod of any job in the set). Hence these are pseudopolynomial algorithms (polynomial runningtime if the maximum period is bounded). This is mainly because of the pseudo-polynomial timecomplexity of the schedulability check in step 1 of �g 1. A CP-like priority allocation algorithmbased on RM-ordering can also be derived. We will refer to this as the CP-RM algorithm. Thisalgorithm would work exactly as in Fig 1, with the value of parameteri = Ti i.e. jobs are moved tothe set Sother in order of decreasing periods.Polynomial algorithms can also be derived along the same lines. If in step 1 of the CP algorithm(Fig. 1) , instead of using the necessary and su�cient conditions of [6] we use the su�cient conditionspresented in [3] using only the worst-case total utilization bounds, the running times of the CP-I,CP-II and CP-RM algorithms become polynomial. Liu & Layland [3] have proved that an n job setis LL-schedulable if the total utilization is no more than the value n(21=n� 1). Using this su�cient14



test at each step 1 will result in the CP algorithms having a running time in O(n2) (O(n) operationsfor the evaluation of total utilization at most O(n) times). We will refer to these algorithms asthe P CP-I, P CP-II and P CP-RM algorithms algorithms. These polynomial-time algorithms areexpected to result in higher amounts of bu�ering than their pseudo-polynomial versions since ingeneral more jobs will be transferred to the set Sother than necessary.3.5 A third upper bound for the P CP-RM algorithmLehoczky [5] has derived worst-case utilization bounds for scheduling jobs with deadlines given byDi = �� Ti using rate-monotone priority ordering. According to this formulation, a job set withdeadlines of the form Di = �� Ti; 8i is schedulable relation 9 below is satis�ed.nXj=1 CjTj � �(n� 1)((�+ 1� )1=(n�1) � 1); � = 2; 3; : : : (9)Clearly, if each task of a job Ji can execute for a maximum time �Ti, no more than � � 1 tasksof the same job will need to be bu�ered. On execution of the P CP-RM algorithm, if k jobs arefound to be LL-schedulable, a su�cient amount of bu�ering for equally weighted jobs, is given bythe upper bound below (multiplied by the amount of storage per task).UB3 = (n� k + 1)� (�min � 1) (10)�min = minf�j nXj=1 CjTj � �(n� 1)((�+ 1� )1=(n�1) � 1);� = 2; 3; : : :g k = jSrmj4 A Static Priority Scheduling Algorithm for High Utilizationjob setsHere, by a high utilization job set, we imply a set which is not LL-schedulable since job sets withtotal utilisations below the Liu & Layland bound can always be scheduled by the rate-monotonealgorithm. Currently, the only known approach to this problem is a su�cient (but not necessary)condition based on the worst case utilization bounds formulated by Lehoczky [5] as discussed above.The bounds in [5] have been derived assuming rate-monotone ordering of job priorities even thoughit is known that this is not an optimal ordering. In addition, it is valid only for the case where the jobdeadlines are a constant multiple of the invocation periods independent of the job (Di = �Ti; 8i).Consider the problem of �nding a priority allocation for a job set in which the deadlines are arbitrary15



(less than, equal to or greater than the invocation periods) such that all deadlines are met in theresultant schedule. In using the worst case utilization bound based approach, one would �nd aminimal � such that Di � � � Ti; i = 1; : : :n. If then, total job utilization is no more than theworst case bound derived using �min as found in 11, the job set will be deemed schedulable usingrate-monotone priority ordering.The bu�er-minimization problem with equally weighted jobs is related to this scheduling problem.For instance, if we know that a job set is bu�er-schedulable with some values for the MLTi's thenif each job Ji has a deadline Di � (MLTi + 1)� Ti, all tasks will meet their deadlines (recall thatMLTi can be seen as the maximum number of full invocation periods that the execution of a taskof job Ji can span). Relation 2 can be used to obtain the MLTi. Note that this approach is alsoonly a su�cient test for schedulability of job set with arbitrary deadlines.5 Simulation ResultsNone of the algorithms discussed in this paper have been proved to be optimal in terms of yieldingthe minimal bu�ering required for a given job set. These algorithms minimize the upper boundson bu�ering which we have derived and the upper bounds have also been shown to be tight. Alsothe CP-II algorithm has been shown to be optimal for the two job case. Hence we expect thatheuristics based on these algorithms will also perform well in terms of minimizing the actual amountof bu�ering. Simulations can help in better characterizing their performance on an average over alarge number of job sets.5.1 Simulation ProcedureJob sets with up to 25 jobs were examined. For each value of n (the number of jobs), a total of 250di�erent job sets were generated with the total utilization varying uniformly between WCUB and1 where WCUB is the worst case upper bound of Liu & Layland for LL-schedulability [3]. Thiswas done since no bu�ering is required anyway for job sets with total utilization below this bound.A random search algorithm (RAND OPT) was additionally used to get some idea of the \optimal"amount of bu�ering. This algorithm started with the minimum bu�ering already obtained by theother algorithms being compared and tried random permutations of the priority ordering in orderto try and �nd a lower value for the bu�ering required. For each priority ordering tried, this16
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Key: A: Random Search B: CP-II C: CP-I D: CP-RMFigure 2: Bu�ering required versus number of jobs (Equally weighted jobs, Shared Bu�er Alloca-tion)algorithm determined the exact amount of bu�ering by executing the entire schedule and computingthe maximum instantaneous value of number of late tasks (executing each such schedule takesexponential time). Only 5n random permutations were examined for each set of n jobs in orderto obtain an approximate estimate of the optimal amount of bu�ering without performing anexhaustive search.5.2 Analysis of resultsFig. 2 shows the average values of (peak) bu�ering required by the CP-I, CP-II, CP-RM andRAND OPT algorithms. For the �rst 3 algorithms, the average over all job sets of UBmin (theminimum of the upper bounds UB1 and UB2) for the priority ordering produced by the algorithms,is plotted for each value of the number of jobs. The values obtained for the RAND OPT algorithmare the actual values using the exponential time procedure described above.� Among the three algorithms, the values of the bounds are lowest for the priority orderingproduced by the CP-II algorithm. The values are generally the highest for the CP-RMordering. This is in accordance with the fact that the CP algorithms were speci�cally designedusing the formulations for the upper bounds in mind. The CP-II ordering minimizes the valueof UB2 while the CP-I ordering produces a low value of UB1 in general as discussed earlier.17
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Figure 3: Averages of Peak Bu�ering required by the Polynomial-time Algorithms & Avg UB3values� The average values of the bounds as produced by the various algorithms vary from 2 to6 times the value obtained by the exponential time RAND OPT algorithm indicating thatthere is some room for better algorithms. However, overall the values were quite low sinceeven at high values of total utilization, there are many job sets which are LL-schedulableand hence require no bu�ering at all. (This is in accordance with the results in [4] in whichthe average total utilisation for LL-schedulability was found to be about 83%.) The averagevalues produced by the CP-II algorithm are between 20 and 50 % of those produced by theother algoritthms.Next the relative performance of the polynomial versions of the same algorithms was evaluated.Fig. 3 show the plots of the amounts of bu�ering required as predicted by the P CP-I, P CP-IIand P CP-RM algorithms. As mentioned in the previous section, a third upper bound UB3 canbe formulated for the CP-RM algorithm. The fourth curve shows the the values of the bu�eringrequired as predicted by this bound. The UB3 values are very high and out of range for most ofthe values of n. The actual values can be obtained from table 5.2.� Here too, the polynomial version of the CP-II algorithms viz. the P CP-II algorithm resultsin the least amount of bu�ering (requiring on the average 40 to 60 % of the bu�ering requiredby the other algorithms). These �gures are considerably higher than those in �g. 2. These18



n CP-I CP-II CP-RM UB32 1.7 1.0 1.5 2.04 3.6 2.3 3.4 17.96 7.0 3.8 5.8 58.98 9.0 5.4 8.4 60.110 10.9 6.8 11.0 149.012 15.1 8.5 13.8 174.614 18.6 10.0 15.1 308.516 17.2 11.6 19.9 296.418 23.8 13.3 20.9 288.720 29.1 15.1 25.4 737.322 25.2 16.6 26.9 539.424 28.0 18.1 31.5 452.9Table 1: Averages Values of Peak Bu�ering required by the Polynomial-time Algorithms & avgUB3 values�gures seem to indicate that on the average the required bu�ering as predicted by the pseudo-polynomial CP-I, CP-II and CP-RM algorithms is approximately an order of magnitude lessthan that predicted by the polynomial time versions.� The required bu�ering as predicted by UB3 for RM-ordering is much more than that predictedby UB1 or UB2 for any ordering (P CP-I, P CP-II or P CP-RM). This seems to indicate thatthe formulation based on worst case utilization is very pessimistic. These values would alsoseem to indicate that the scheduling algorithm introduced in section 4 would do much betterthan one based on worst case utilization bounds. A possible explanation of this observationcan be made by examining relation 9. As the total job utilization approaches unity, the valueof � required as predicted by this formula shoots up very rapidly. Since in our simulations,for each value of n, we simulate about 25 job sets for 10 di�erent total utilization valuesuniformly distributed between the Liu & Layland bound and unity, the job sets with totalutilization close to 1 will result in very large values of �, and dominate the resulting averagevalues of required bu�ering (since the bu�ering required directly increases with the value of�). 19



6 ConclusionsWe have looked at the problem of static priority allocation for the minimization of bu�er space for aclass of multimedia applications which we have referred to as being throughput oriented. Examplesof such applications include audio and video playout/ recording, multimedia database browsing andany kind of non-interactive multimedia application involving periodic real-time data such as audioand video. Worst case execution latency is not critical in such applications and deadline based real-time scheduling should not be used. Instead we modify real-time processor scheduling techniquesto result in reduced bu�er memory requirement which is a more important criterion than latencyin such applications. Using these techniques we are able to utilize the simplicity of implementationof static priority based scheduling techniques and also achieve 100% processor utilization (whichis not true in general for conventional deadline based static priority schedulers). In addition thelatencies are observed to be low enough for these techniques to be usable even for interactivemultimedia applications. Upper bounds on the amounts of bu�ering required were obtained andheuristics derived which minimize these upper bounds. Some properties of these heuristics wereanalyzed. The complexity of these heuristics being pseudo-polynomial, polynomial time versionsof the same algorithms were developed. The performance of these heuristics was then studiedusing simulation. Their performance was compared to that of an exponential time randomized\global" search based algorithm (which was expected to produce close to optimal values). The CP-II algorithm (a combination of rate-monotone and shortest job �rst priority orderings) was observedto have the best performance yielding bu�er values between 50 and 75% of those required by thestandard rate-monotone based priority ordering. The randomized search algorithm produced bu�ervalues less than half of those produced by the approximate heuristics indicating that there is roomfor improvement of these heuristics. In case of the polynomial-time versions of these algorithms,bu�er requirements were found to be much higher (of the order of the number of jobs). Here too,the polynomial-time version of the CP-II algorithm had the best performance.The priority allocation algorithms for bu�er minimization were also shown to be usable to obtainreal-time scheduling algorithms for job sets with arbitrary deadlines (not necessarily related to theinvocation periods in any way). Analysis of the bu�ering requirements of these approaches indicatethat these require much less bu�er space than that required by existing scheduling algorithmsthat have been proposed for this case, indicating much lower response times and consequentlyimproved schedulability. Scheduling algorithms based on input bu�er minimization techniques will20



also be applicable to a more general class of applications since the deadlines will not be restrictedto be a multiple of the task periods as in [5]. A detailed evaluation of this approach was beyondthe scope of this paper and is a topic for further investigation. The question of intractabilityof the problem (obtaining an optimal priority allocation in polynomial time, which minimizesbu�ering requirements) is open. Getting an optimal algorithm seems di�cult even for the case ofa synchronous job system and equally weighted jobs. Detailed analysis of the unequally weightedjobs case is also an issue for further work.References[1] E.A. Fox, \The Coming Revolution in Interactive Digital Video," Commun. of the ACM, July1989, pp.794-801.[2] P.V. Rangan, H.M. Vin and S. Ramanathan, \Designing an On-Demand Multimedia Service,"IEEE Communications Mag., July 1992, pp.56-65.[3] C.L. Liu and J.W. Layland, \Scheduling algorithms for multiprogramming in a hard real-timeenvironment," Journal of the ACM, 20, 1973, pp. 46-61.[4] L. Sha and J. Goodenough, \Real time scheduling theory and ADA," IEEE Computer, April1990, pp. 53-62.[5] J.P. Lehoczky, \Fixed priority scheduling of periodic task sets with arbitrary deadlines," Proc.IEEE Real Time Systems Symposium, 1990, pp. 201-209.[6] J.P. Lehoczky, L. Sha, and Y. Ding,\The rate monotonic scheduling algorithm: Exact char-acterization and average case behaviour," Proc. IEEE Real Time Systems Symposium, 1989,pp. 166-171.[7] J. Leung and J. Whitehead, \On the complexity of �xed-priority scheduling of periodic real-time tasks," Performance Evaluation, 2, 1982, pp. 237-250.
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