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SUMMARY

As well known, the finite element methods are costly especially in inelastic structural
analyses. Moreover, 1t 1s often necessary to calculate the local phenomena of stress and
strain in the whole structure, e.g. the crack analysis in the pressure vessels and piping.
In such kinds of analyses, the three-dimensional elements are necessarily utilized near the
local part of the structure. In this context, several researchers have developed the
economical finite element methods based upon the so-called tying technique which is to
connect the different types of elements, e.g. the solid elements with the shell elements,
the shell elements with the beam elements, etc. In this technique, it is necessary to
prepare the special input data in order to bring into relation the different kinds of
elements, which often require cumbersome work in such complex structures as pressure vessels
and piping.

The purpose of this paper 1s to discuss the alternative technique to connect the dif-
ferent kinds of elements using the fictitious elements without occupied volume, so that one
can considerably reduce the number of unknowns in the simultaneous equation regarding the
finite element method without any troublesome preparation of input data. In other words,
superior elements typified by the isoparametric solid elements are arranged only at such
an important regions as near crack parts in the whole structure, while the other part of the
structure 1s discretized with the use of one- or two-dimensional lower class of elements,
e.g. the beam, plate and shell elements. The connection of the different types of elements
is pursued with the help of the fictitious elements placed between the real elements, the
characteristics of which are determined by employing the Lagrange multiplier concept.
Unknowns of the resulting simultaneous equation consist of usual nodal displacemtns of the
whole structure together with the generalized coordinates regarding the Lagrange multipliers
for the fictitious elements.

Three kinds of fictitious elements are developed in this paper. These are for connec-
tions between the flat shell elements and the solid elements, the beam elements and the flat
shell elements, and the beam elements and the solid elements, respectively. These fictious
elements are incorporated into the finite element program EPAS (Elastic Plastic Analysis
System) .

In order to verify and qualify the EPAS, the elastic plastic analyses are made for the
pipes with circumferential cracks under mechanical or thermal load. Theoretical results agree
favourably with the measured values. Comparison of central processor time for the elastic-
plastic calculation shows that one can reduce the computer cost less than one third with the
present method.
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1. INTRODUCTION

The analyses of the local stress and strain concentrations in the complex piping of
reactor plants have been emphasized recently, since the intergranular stress corrosion cracks
were discovered in the inside surface of the piping made of the austenitic stainless steels.
The finite element method is known to be powerful for this kind of 3-dimensional as well as
nonlinear stress and straln analyses except for the computer cost. In this regard, Hibbitt,

et algl)(2>

have developed a technique to combine the different types of elements, where they
use the comstraint equations generated by enforcing compatibility directly in the governing
stiffness equation, removing one degree of freedom from that equation for each constraint

condition. Chen and Schnobrich(B)

have utilized a special layered system in the reglon of
the intersection in the cylinders, while 2-dimensional shell elements are used throughout the
remainder of the structure.

In this paper, an alternative technique 1s proposed to combine the different kinds of
elements using the fictitious connection elements without occupied volume, the characteristics
of which are determined by the aid of the Lagrange multipliers. Three kinds of the connection
elements are developed and incorporated into the program EPAS (Elastic Plastic Analysis
System).

In order to verlfy and qualify the EPAS, the elastic plastic analyses are made for the
pipes with circumferential cracks under mechanical or thermal load. The computed results
agree favourably with the measured values. Comparison of central processor time for the
elastic~plastic calculation shows that one can reduce the computer cost less than one third

using the EPAS.

[NOMENCLATURE]

[B):transformation matrix between strain and displacement. Ei,kl:elastic coefficient.
f:yield function. g:plastic potential. [I]:unit matrix (6x6). |J|:Jacobian determinant.
jmn:inversed matrix of Jacobian matrix. n,:outerward normal unit vector on surface S.
Ei:body force. {q}:nodal displacement. {r}:generalized coordinates of fictlous element.

(12):fictitious boundary surface.

Su:displacement boundary. So:mechanical boundary. S
T:temperature. Ti:traction. ui:displacement. V:region of continuum. ( )e:elastic
component. ( )EP:elastic—plastic component. ( )p:plastic component. ( )T:thermal component
( )t:transposed matrix. (_):prescribed value. ( ),i:partial differentiation with respect to
coordinates i. A( ):incremental value. &( ):virtual quantity. ( )(u):quantity belonging to
fictious region a. gij:stress. eij:strain. Xi:Lagrange multiplier. {A}:column matrix of
Lagrange multiplier. ei:rotation. [¢]1, [¥] and [£]:interpolation matrix.

2. THEORETICAL BACKGROUND
2.1 Basic Equations and Variational Principle
The equilibrium equation and the strain-displacement relation for the three-deminstional

continuum are given in incremental form as follows

= 1
+ = = = .
Aoij,j APi 0, Aeij 2 (Aui,j + Auj,i) in V 1)y,

where the small displacement assumption is made for simplicity. The strain increment is

assumed to be decomposed into three components as follows
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Aeij Aeij + Aeij + Asij Aeij + Aeij in V (3)
The stress increment 1s written as
po,, = ESP - 2efP 4 6P AT in v (4)

13 = Figr1 %% Tt Gy

where Eigkl and Gi? are appropriate tensors obtained with the help of the von Mises yield
criterion and the associated flow rule.
According to the Cauchy's formula, the traction force increment is related with the

stress increment on an arbitrary sections in V as follows

ATy = Acij nj on S (5)

The geometrical and the mechanical boundary conditions can be written, respectively, as

follows

Aui = Aui on Su’ ATi = ATy on S 6), (N

The principle of virtual work in this case 1s given as

vao 3 G(Aei

1 Ydv - fVAPié(Aui)dv - J'SGATi G(Aui)ds =0 (8)

3

Provided that the continuum 1s fictitiously devided into two parts as shown in Fig. 1,

the following principle of virtual work holds.

2 () () _ 5(a) (@) _
a£1[fv(°‘)mij 8 (8 §7)av J‘V(u)AP §(au*yav

I
fe)

Axi(Au(l) - Auiz))ds - )

i

=(a) (a)
o (@) 8T %6t Myas] - 87 ()

where the continuity conditions between the regions, o=1 and 2, are taken into account in

Eq. (9).
Application of Eq. (9) to the finite element formulation 1s described in what follows.

2,2 Finite Element Equation
In order to combine different types of elements in a single structure, we show here
the finite element formulation based on Eq. (9).

The incremental displacements of the regions V(a), a=]1 and 2, and the fictitious

surface S(lz) between V(l) and V(Z) are, respectively, discretized as follows
(au’®y - [¢(“)]{Aq(“)} in v, 4= 1 and 2 (10)
@y = w1080 on s ao1and2  Qu
Similarly, the Lagrange multipliers on S(lz) can be interpolated as follows(A)
{2} = [Q1{Ay} on S(lz) (12)

The strain-displacement and the stress-strain relations are, respectively, written by
the use of Egqs. (2), (4) and (10) as follows
ey = 3@ 70ag"™y 10 v, 4 =1 and 2 (13)
120y = EP@ 13D 10a¢ ) - (2T + 6 ® 3@

nv® g -1and2 Q)
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where [B ] is the transformation matrix between the nodal displacement and the strain of
the region V(a).

Substituting Eqs. (10)v(14) into Eq. (9), we obtain the following equationm.

2 .
7 8080 3 k1081 + 8 10ay) + 1ar @)y +

a=1
2
£ 2 s e, (@),
s{ay} uillk 1 {aq"’t =0 (15)
where
kg -y (a)[B(“)]t[EeP(“)][B(“)]dv , =1 and 2 (16)
v
KBy = oy 1tenes, k1= L @t an, s
S S

(ar'y - s ( (8(0) )t peP @) Ty 4y 4 ( )[B(“)]t{c(“)}AT(a)dv -
v a) e

(a) t;, 5(a) i () €, ~(a) - 19
fv(a)[¢ 1 {aP }av fséa)[¢ 17{AT }ds s O 1 and 2 19)

Since S{Aq(u)} and §{Ar} are arbitrary, Eq. (15) can be written as follows

K90 0 1k®1 4™ (ar®y
K R®) 0P (ar@®3 20)
Sym. [ 01 { Ay} { 0 1}

2,3 Tictitious Elements for Connections

The fictitious connection elements which have no volume have been developed for the
purpose of the connections between the flat shell and the solid elements, between the flat
shell and the beam elements and between the beam and the solid elements. As an example of
these special elements, we describe here the connection element between the flat shell and
the beam elements. This element, which is conceptually a triangular prism as shown in
Fig. 2, connects the flat shell element to the 20-mode solid element. The degree of freedom

. . . 12
in the connection element is forty-two, i. e. three at each node on S( )

(12)

corresponding to

the solid element, six at each node on § corresponding to the flat shell element and six

at the inside of the element. Provided that the flat shell and the solid elements correspond,

(12)

respectively, to a=1 and 2, and Sg represents the area occupied by one of the connection

elements, {Au(u)} and {Aq(u)], o=1 and 2, in Eq. (11) can be written as follows

D = 0P = aguy, ups ug 0 0y 04" on s82 (21)
{Aq(l>} = A[ui, uZ, e 92, uio, u;o, PP e%ojt on Sélz) (22)
{Aq(z)} = A[ui, u;, u;, e ug, Uy ugjt on 5212) (23)
S(lz) = ; Sélz)(n = total number of connection elements on S(lz)) (24)

e=1

where the superscripts and the subscripts on u and & denote the nodal numbers and the
coordinates, respectively (see Fig. 2). The interpolation function [w(a)]’ a=1 and 2, can

be written as follows
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1 * * ) (12)
D7 = 01, 0111, P = o) Wyle o s Tgd] on s (25, @26)
where
* x x A10 29
= S =2 = - 27
bma-D.8,=% = l @n
- 24
&i 0 0 0 5
- ~ bi [ =
[wi] 0 40 0o O > , 1=1,2, . 8 (28)
D -b
0 0 vy 8y 0
T T L T
L = — - 29
T N B S F A T PR (29
Here, x is the local coordinate as shown in Fig. 2 and $i is the shape function of the
Serendipity two-dimensional 8-node (quadratic) element<5), the local coordinates of which are

shown in Fig. 3.

If the Lagrange multipliers are assumed to be comstant in the connection elements, [AXA],

[ay] and [®] in Eq. (12) are given, respectively, as follows

(0} = By Ays wevnn s AdS, T0YD = By vy eeee s YIS, 12T = [T (300, 31), (32)

2’
Substituting Eqs. (25) and (32) into Eq. (17) and Egs. (26) and (32) into Eq. (18),

respectively, we have

~(1) n @, t 12)
[KV7] =~-127J (12)[¢ ]1-ds on S (33)
e=1 §
e
~ n n 1 1
k- 5o (12)[w(2)]tas -t s Pt sdean on sUB )
e=l S e=1 -1 -1

e
where Eq. (24) is used

3. NUMERICAL RESULTS
The numerical results using the finite element program EPAS are shown in this section.
The elastic-plastic calculation is made on the basis of the isotropic material hardening and

the mixed technique of the incremental and the initial stress methods.

3,1 Straight Pipe with a Through Crack Subjected to Internal Pressure and Shear Force
Using the two kinds of the connection elements, the elastic-plastic analysis is made on
the cantilever pipe with a circumferential through wall crack as shown in Fig. 4. The
material is 304 stainless steel, the uniaxial stress-strain relation of which is assumed as
shown in Fig. 5. The pipe 1s first subjected to the internal pressure 100 kg/mmz, and then
the shear force P is applied to the pipe through the loading arm as shown in Fig. 4. From
the symmetry of the structure, one half of the pipe is discretized using the two kinds of
meshes as follows.
(a) Solid model (see Fig. 6.)
(b) Solid-shell-beam model (see Fig. 7.)
The crack opening displacements (C. 0. D.) and the axial strains are depicted versus

load with the experimental results in Figs. 8 and 9, respectively.
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3.2 Straight Pipe with Semi-Elliptical Surface Cracks Subjected to Induction Heating

Consider the straight pipe made of stainless steel 304 (outer diameter = 318.5mm,
thickness = 19mm), which has four semi-elliptical cracks in the circumferential direction
in the inner surface as shown in Fig. 10. The length and the depth of the semi-elliptical
cracks are, respectively, 14.4mm and 2.4mm. The material is assumed to have the temperature
dependent stress-strain relations(ﬁ). We consider the case that the pipe is heated for 180
seconds by the induction heating coil which surrounds the pipe as shown in Fig. 10, while
the inside of the pipe is cooled by the flowing water of 30°C with the velocity of 2m/sec.
This experiment was carried out to study the crack behaviors under the induction heating
stress improvement of nuclear primary piping

First, the temperature histories are calculated using the axisymmetric finite elements
as shown in Fig. 11. The elastic-plastic crack analysis is then carried out using the
finite element mesh as shown in Fig. 12, in which only 1/16 of the pipe i1s discretized
taking advantage of the symmetry. As shown in the figure, the 20-node solid and the flat
shell elements are employed, respectively, near the crack and in the remainder of the struc-
ture. The fictitious connection elements are used between the solid and the flat shell
elements. Fig. 13 depicts the calculated distributions of the crack opening displacements
§ at the end of the heating (maximum) and at the time cooled down (residual). The result

using the axisymmetric elements is also plotted for comparison in the figure.

4. CONCLUSIONS
The merits of using the EPAS reported in this paper are summarized in what follows.

(1) Using the EPAS with the fictitious connection elements, one can reduce the computer
cost less than one third without the loss of accuracy of the calculated results,

(2) The preparation of input data, which is often cumbersome in the 3-dimensional analyses
of the complex structures with the conventional connection method between the different
kinds of elements, e. g. the tying method, becomes much easier by using the connection

elements adopted in the EPAS, since the connection elements in the EPAS can be used as if

these are the usual elements.
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