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A REVIEW OF STATISTICAL METHODS
IN THE ANALYSIS OF DATA ARISING FROM
OBSERVER RELTABILITY STUDIES

J. Richard Landis and Gary G. Koch
Department of Biostatistics

University of North Carolina at Chapel Hill
Chapel Hill, North Carolina 27514

1. INTRODUCTION

For many years now, researchers in medicine and epidemiology, in

psychiatric diagnosis, in psychological measurement and testing, and

in sample surveys have been aware of the observer (rater or interviewer)
as an important source of measurement error. Fletcher and Oldham [1964]
list a bibliography on observer error and variation which includes more
than 70 papers alone in the area of clinical studies, radiology, path-
ology and clinical chemistry, and related fields. In one of these
papers, Cochrane et al. [1951] indicate that there appeared to have
been a general reluctance to recognize observer error in medical judg-
ment situations, and even more hesitation to analyze this observer
variability in some rigorous, quantitative manner. However, during

the period 1940-1960, researchers in many disciplines began reporting
studies which indicated the importance of assessing the variation in
measurements duc to different observers.

One prominent area in medical practice which gave rise to increased .

attention to observer error was chest radiography. It soon became appar-



ent in the late 1940's that inter-observer error (the inconsistency of
interpretations among different observers) and intra-observer error
(the failure of an observer to be consistent with himself in independ-
ent readings of the same film) were factors in medical diagnosis that
required serious consideration. Birkelo, et al. [1947] reported a
study which involved four different types of films on each of 1256 per-
sons. These films were interpreted independently by two radiologists
and three chest specialists. The observer variation in film interpre-
tation was of such large magnitude that they recommended an extensive
and detailed investigation of the problem. In referring to this study,
Yerushalmy [1947] addressed himself to a basic problem in diagnosis by
multiple observers, viz. the inability to compare the diagnosis by each
observer with a known, standard conclusion. That is, it is not known
who in the sample is positive for the disease, and who is negative. To
deal with this difficulty, he recommended a group opinion procedure to
determine which cases are really positive.

Since dual reading in mass radiography was recommended by these
studies mentioned previously, investigators continued further work in
determining the effectiveness of reading films twice. Fletcher and
Oldham [1949] reported marked disagreement among ten observers in diag-
nosing pneumoconiosis from films. Yerushalmy, et al. [1950] also
found a disturbing amount of disagreement among six readers independ-
ently grading 1807 photofluorograms. In addition, Yerushalmy, et al.
[1951] reported significant disagreement among observers in studying
the progression of pulmonary tuberculosis in a set of 150 film pairs
obtained three months apart on the same individuals.

Besides these examples of reported observer disagreement in the



reading of films for diagnostic purposes, serious inconsistencies in
the reporting of signs in physical exams were cited by other workers.
Comroe and Botelho [1947] found extreme variability in observers noting
cyanosis in different patients with the same arterial oxygen satura-
tion. He reported that 25% of the observers did not detect definite
cyanosis even at arterial saturation levels of 70-75%, a point at which
diagnosis should have been consistent. In studying the reliability of
observing various symptoms related to emphysema, Fletcher [1952] con-
cluded that the clinical diagnosis could not be made confidently by a
single observer, except perhaps in the most advanced stages of the dis-
ease, because of the high level of observer disagreement. Pyke [1954]
arrived at the same conclusion in an investigation of finger clubbing.
In this study 16 observers were asked to examine 12 patients and indi-
cate whether fingers were clubbed or not. The results ranged from com-—
plete agreement on some patients to total disagreement (8 yes and 8 no)
on one patient. In an epidemiological study of respiratory disease
among male cotton workers in England, Schilling, et al. [1955] reported
disagreement between two observers in diagnosing byssinosis in 24% of
the cotton workers. In addition, there was significant disagreement
between the observers in their diagnosis of other clinical signs. In

a similar report, Smyllie, et al. [1965] investigated the level of
observer disagreement in twenty respiratory signs in patients with var-
lous diseases. Butterworth and Reppert [1960] reported the results of
testing 933 physicians in auscultatory diagnosis. Fifteen '"unknowns",
which had been classified by cardiac gpecialists, were presented to each

physician simultaneously by tape recording and oscilloscope. The aver-

age number of correct diagnoses was only 49%, pointing out the need for




continuing training and education in auscultation of the heart. Other
papers of interest which report similar variability among observers
recording physical signs include those of Cochrane, et al. [1951],
Reynolds [1952], and Fletcher [1964]. This brief summary in no way
purports to cover the enormous body of literature dealing with observer
variability in medical diagnosis but does serve to indicate that inves-
tigations of the incidence and severity of a disease in a community do
depend on the reliability of the clinicians taking histories and observ-
ing physical signs.

Since large scale, multi-center trials have become more of a prom-
inent type of clinical research in medicine, epidemiology, and public
health in recent years, the detection, quantification, and control of
observer variability have similarly become increasingly more crucial.
This involves consistent usage of eligibility criteria for patients in
different centers, uniform prétocol adherence in the separate clinics,
and reliable detection of the various responses under study. Large
observer disagreement in any of these phases of the collaborative research
may alter the effectiveness of the study, and in some cases could com-
pletely distort the results. Examples of situations in clinical trials
which require inter—observer and inter-laboratory agreement include lab-
oratory measurements of blood values such as serum cholesterol level in
lipids research, and reliable HL-A tissue typing of donor kidneys in
renal transplantation.

Another area involving observer variability is the estimation of
the precision of measuring instruments for industrial or laboratory usage.
Grubbs [1948] considers the situation in which a test is destructive so

that on any given plece of material only one test can be performed, but



it can be observed simultaneously by several instruments. The problem .
is to obtain separate estimates of the variances of the instrument error
and of the variability of the material under study. Smith [1950] also
considered the problem of determining the precision of two instruments
in measuring an item where there can be no theoretically absolute values
against which the instruments can be calibrated. Other papers dealing
with reliability in the measuring process include Mandel [1959], Thomp-
son [1963] and Hahn and Nelson {1970].

Since rating scales have been widely used in psychiatric research
and in psychological and educational testing, the need for determining
the scale reliability is well known and has been discussed in terms of
test-retest reliability by Guttman [1946]. However, Overall [1968]

pointed out that reliability testing has been primarily concerned with

the rating instrument without adequate attention to the fact that the
reliability of the scores depends on the skill of the rater or obser-
ver. Burdock, et al. [1963] indicated the importance of assessing
observer variability in using an instrument developed for recording
critical aspects of the behavior of mental patients observed under dif-
ferent situations. In an educational research application, Ebel [1951]
described the situation in which the agreement among raters was con-
sidered as a criterion for validating a selection procedure for admit-
ting graduate students into a physics research program. Also, Fleiss
[1966] pointed out that much of social science research employs scores
or ratings éssigned to subjects by interviewers or observers. Other

situations in psychilatric research in which observer agreement is con-

sidered are reported by Fleiss, et al. [1965], Sandifer, et al. [1964], '

and Fleiss, et al. [1972].



As mentioned previously, interviewer error is an important con-
sideration in sample survey situations. Glasser, et al. [1970] reported
the results of a telephone coincidental survey designed to determine
which, if any, television program was being viewed immediately priot
to the receipt of the telephone call. Since this survey involved many
interviewers, possible bias and variability was an important concern.
Kish [1962] showed that in sample survey situations, even when the var-
iability attributed to interviewers was low (eg., 0.07 of the total
variation), the variance of the mean can be significantly increased.
Koch [1971a] developed models analogous to those of the U. S. Bureau of
the Census which allow for effects which reflect the different values
expected for the response of a specific population element when obtained
by different interviewers.

Even though the effects of the observer in the measurement situa—
tions reviewed here must be assessed, there does not seem to be any
unified body of statistical methodology developed for this complex prob-
lem. Instead, as reviewed in the following sections, researchers in
these various disciplines have employed different procedures for their
specific problems, and in many cases have not utilized similar develop-

ments in related areas.

2. MODELS PROPOSED FOR NUMERICAL DATA

When the gcores assigned by observers are quantitative measure-
ments or numerical data such as height, weight, or serum cholesterol
level, a suitable analysis of variance model can be used to assess observer
variation. The relevant thgory of standard variance components models

1s given by Anderson and Bancroft [1952], Scheffé [1959], and Searle [1971].



These models arise in situations in which the same set of subjects is .
measured independently by several observers. This type of a reliabil-
ity study is used to determine the reliability of individual measure-

ments, and to assess the level of observer variability or bias.

2.1. One Characteristic; One Trial

The most elementary reliability testing situation involves each
of a observers independently measuring the specified characteristic
once on each of the same set of n subjects. The initial model proposed

by Ebel [1951] for this design can be rewritten in standard form as

yij = u + S5 + eij (2.1.1)

for i = 1,2,...,n and j = 1,2,...,a. Here

yij = the score assigned to the i-th subject by the j-th observer,
U = an overall mean response,
s, = the i-th subject effect,
eij = the residual error for the (i,j)-th observation.
Assuming that the n subjects are a random sample from a population of
interest, the additional assumptions necessary to make standard tests of

hypotheses are {si} are NID(O,OS2

), {eij} are NID(0,0ez), where NID
means normal, independent, and identically distributed. The sets {si}
and {eij} are also mutually independent.

A standard measure studied in this situation is the intraclass

correlation coefficient between any two scores assigned to the same

subject, denoted by p. From these assumptions, © has been shown to be

i o
o= =57 (2.1.2)




Using the usual analysis of variance (ANOVA) calculations, where

MSs = mean square for subjects,

and MS
e

]

mean square for residual error,

the sample estimate of p, given by

~ - S e
P=Ns + (a-DMs_ °’
S e

(2.1.3)

is called the reliability of individual ratings. This index is indica-
tive of the reliability of the measuring procedure or the intrinsic accu-
racy of the instrument being used. As such, 5 does not yield specific
information about differences among observers, but it is of considerable
importance in assessing the accuracy of the measurement process, since

it reflects the proportion of total variance which is due to the inher-
ent variance attributable to the subjects.

However, since model (2.1.1) includes the "among observers' var-
iance in the error term, the level of variation due to the observers
cannot be estimated. Both Ebel [1951] and Burdock, et al. [1963] pre-
sent models in which a variance component due to the observers is con-

sidered. To maintain similarity with the previous notation, this model

can be written as

Yy; =M + s, +b, +e

i 1 i ij° (2.1.4)

where the additional parameter is
bJ = the j-th observer effect.
All the other parameters are the same as defined for model (2.1.1).

At this point two possible assumptions for the observer effects need

to be consldered.



CASE I -- Random Observer Effects

If the a observers are assumed to be a random sample from a large
population of potential observers of interest, then the usual random
effects assumptions are that {bj} are NID(O,OOZ), and {bj}, {si}, and
{eij} are mutually independent. If

MS0 = mean square for observers,

then unbiased and consistent estimates of these variance components are

given by
2
60 = (Mso - MSe)/n, (2.1.5)
2
88 = (Mss - MSe)/a, (2.1.6)
8 2 _ MS . (2.1.7)
e e .

In terms of this experimental situation, these components can be inter-

preted as follows:

2
i) 60 is the estimate of the variance due to differences in
the average judgment of observers. As such, it is an
estimate of observer variability or bias;
. 2 . . . .
ii) GS is the estimate of the variance due to differences in

the responses of subjects over all observers. Thus, it
is an estimate of subject variability;

- 2 . C e
iii) Ge is the estimate of the observer reliability or measure-

ment error.

As a result, the value for 802 reflects the extent of the disagreement
of the observers In their usage of the measurement scale. Also, the
value for 8@2 indicates the variability that 1s not accounted for by
the main effects ol observers and subjects. This would include the
possible interaction of observers and subjects which is not estimable

from model (2.1.4).

Lf the obscrver effects are assumed to be random, the intraclass
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correlation coefficient of (2.1.2) is now given by

(2.1.8)

A sample estimate of { can be obtained by substituting the respective
estimates from (2.1.5), (2.1.6), and (2.1.7) into (2.1.8). This for-
mulation of p in (2.1.8) shows that the observer variance component
reflecting observer bias has an inverse effect on the reliability mea-
sure. That is, if observer bias is large, p will necessarily be reduced.

Another indication of the relative importance of 002 in the model
can be obtained by tests of hypotheses. The standard test in the var-
iance components model is

HO: 002 =0 vs. Hl: 002 > 0.

This can be performed by using the test statistic F = MSO/MSe, which is
distributed as # with (a-1) and (a-1)(n-1) degrees of freedom under HO'

The failure to reject H, indicates that the observers are not exhibiting

0
statistically significant disagreement in their assignment of scores to
subjects. However, as pointed out by Burdock, et al. [1963], instead
of testing whether the observer variance component is zero, which is

typically of limited concern, it is usually of much more interest to

test the modified hypothesis

2 2
which tests whether o, is less than an acceptable proportion of Oe s
the measurement error variance component. This reduces to the problem
of deltermining a reasonable value for BO, and then forming a confidence

; 2 2
interval for the ratio 0 = 00 /0e .
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CASE II -- Fixed Observer Effects l

Other reliability studies may involve situations in which the a
observers are a fixed set which will be used in later experiments, and
are the only observers of interest. 1In this case, the assumptions of
the model given in (2.1.4) need to be revised to those of the usual

mixed model analysis of variance. Here we have

yij =u + s + BJ + eij (2.1.9)

for i = 1,2,...,n and j = 1,2,...,a, where Bj are fixed constants under

the constraint

In this case, {Bj} are the fixed observer effects. All the other

assumptions given for model (2.1.4) apply here also. Under this mixed
model the measure of reliability of ratings, P, is the same as given
in (2.1.2), and the test for observer bias is given by

HO: Bj =0, §j=1,2,...,a,

which can be tested by using the same F statistic cited for the random

effects model.

2.2. One Characteristic; r Trials

In the situations discussed in section 2.1 each observer measured
the specified characteristic exactly one time on each subject. As a
result, none of the proposed models provides estimates for "within-observer"
variance or interaction between observers and subjects. However, Burdock,
et al. [1963] also consider the situation in which a observers each
independently make r independent measurements of the same specified ‘

characteristic on each of the same n subjects.
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CASE I -- Random Observer Effects

The random effects model can then be written as

(2.2.1)

for i = 1,2,...,n; j = 1,2,...,a; and k = 1,2,...,r. The additional
parameter in this model compared to that of (2.1.4) is

(sb),., = the interaction of the j-th observer
and the i-th subject.

2
Again, the random effects assumptions are that {si} are NID(O,GS ),
2 2 2
{bj} are NID(O,oo ), {(sb)ij} are NID(O,oOS ) and {eijk} are NID(0,0_ ).
Also, these sets of parameters are mutually independent. From the
expected mean squares resulting from the usual ANOVA calculations, it can

be demonstrated that unbiased and consistent estimates of these var-

iance components are given by

»
N
i

o (MS_ - MS_)/ur, (2.2.2)
632 = (M8 - MSOS)/ar, (2.2.3)
8052 = (MsOS - MSe)/r, (2.2.4)
6% = ms_. (2.2.5)

The interpretations given previously in section 2.1 for these components
still apply here. 1In addition, the interaction effect (sb)ij measures
the extent to which observer j departs from his usual pattern when mea-
suring subject I. As a result, 8052 reflects how observers vary in
thelr overall rating of the same subject. The statistical significance
of this effect In the model can be tested by

2 2

HO: Oos = (0 wvs. Hl: ”os > 0

using the test sgtatistic F = MSOS/MSe, which is distributed as;}xvith



i3

(a-=1) (n-1) and (r-1)an degrees of freedom under HO.
Under these assumptions, the intraclass correlation coefficient

becomes

b =— 5 5 5 (2.2.6)

with the same interpretation of reliability already given in section 2.1l.

CASE II -- Fixed Observer Effects

If the observer effects are assumed to be fixed, the usual ANOVA

mixed model is
Viik =y + sy + Bj + (SB)ij + eijk’ 2.2.7)

where the Bj are fixed constants under the constraint

and for each i = 1,2,...,n, (SB)ij are fixed constants under the constraint

a
.. = 0.
.Z (s8) 45
j=1
The assumptions on the other parameters are the same as those given

for (2.2.1). 1In the mixed model situation, an intraclass correlation

coefficient may be expressed by

b=~ 5 5 (2.2.8)

as the obscrver effects are assumed fixed.
An example using an ANOVA mixed model is given by Bearman, et al.
[1964] in a study of varlability in tuberculin test reading. In this ‘

study the measurement of the transverse diameter of the indurated
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area was recorded in millimeters for each reading. Each reaction was
read four times on each subject by each of four observers in a com-
pletely blind fashion. Even though all the F ratios are reported to

be significant at p = .0005, the dominant source of variation was shown
to be attributable to the subjects. From the fixed observers assump-—
tion, the estimate of the reliability coefficient using (2.2.8) is given
by % = 0.786, or by making the assumptions for the random' effects model
the estimate is % = 0.724 using (2.2.6). 1In either case, even though
the observer variability or bias is significant, the reliability is

approximately 757%.

2.3. Modifications of ANOVA Models

To this point, all the proposed models have assumed that the var-
iance component due to random measurement error, Oez, is constant across
all observers. In many cases this may be an unwarranted assumption.
Overall [1968] discusses the problem of estimating a separate measure-
ment error variance component for each observer using an experimental
design in which such estimates cannot be computed directly from the
usual ANOVA calculations. He specifically considers the situation in
which n subjects are randomly assigned to k treatments, and are sub-
sequently rated independently by two judges. For each rater, the total

. 2
score variability, OX , is assumed to be

g 2 o] + 0 . (2.3.1)

where

g 2 o “+0 , 3=1,2. (2.3.2)
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Here
2
Oa = the variance component of the treatment effects for the
i j—-th observer,
2 , .
o, = the variance component of the subject effects for the j-th
i observer,
O 2. the measurement error variance component for the j-th
3j observer.

By performing a separate analysis of variance on the measurements recorded

by each rater, the usual estimates of Ow 2 and Oa 2 can be obtained by

h| |
equating
6 %-ms , (2.3.3)
W, w.
] J
2
and 8 ™Ms, -MS )/m, (2.3.4)
% 0w

assuming m subjects within each treatment group. Now given that each
rater is unaware of the treatment group of each subject, Overall

assumes that

g~ = coa‘ . (2.3.5)

This assumption simply requires that of the total subject differences
recorded by different raters, the proportion of variance due to treat-
ment effects is constant. In addition, the inter-rater correlation is

shown to be

2, ' (2.3.6)

by including assumption (2.3.5). By using the usual product moment

correlation coefficient as the estimate of Tigs the solution for c is

obtained by
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e = —5 5 (2.3.7)

substituting the estimates of (2.3.3) and (2.3.4). Thus, using (2.3.2),

the separate estimates of measurement error components are given by

8 2-08 %2_24 2. (2.3.8)

In addition, separate reliability measures for each rater using

the intraelass correlation coefficient estimates are given by

r,, = — , i =1,2. (2.3.9)

8 &
w, O
£ =% 2 1
11" %123 3
w, O
1 2
and aw 8a (2.3.10)
B =8, et
22 128 6 '
Vo %

The variance components models which include parameters to reflect
observer variability are similar, and in some cases are identical to
measurement error models developed for estimating precision of instru-
mentation in laboratories and industrial plants. In an early paper in
this area, Grubbs [1948] attempts to separate the variance of the prod-
ucts being measured from the variance of the measurement instruments.

In the case with two instruments, I1 and IZ’ he proposes the model

yij - x, + ei:| (2.3.11)
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for i = 1,2,...,n items each being measured once by each instrument, .
indexed by j = 1,2. Here X, is considered to be the unknown true value

of the i-th item and eij is the measurement error using the j-th instru-

ment. The assumptions are that the {xi} are mutually independent of

the {eij}’ and that the {eil} are mutually independent of the {ei,z},\/i,i'.

As a result, the variance terms can be written as
Var{yil} =g " +o0 (2.3.12)

and

]
Q
+
Q

Var{yiz} (2.3.13)

. . . 2
This formulation allows for a separate variance component, O, » for the
J

2
measurement error of each instrument, and for Ox , the variance of the

products being measured. From the independence assumptions, the covar-

iance term is

_ 2
Coviy,;1s¥458 = 0.7, (2.3.14)
By defining
1 ° = -
S, = 7 121 (31 - ¥ GUyp = ¥)) s (2.3.15)
and
n
1 - .2
S, = — - > j o= 1,2, 2.3.16
T 121 (yyy —y 53 ( )

unb iased estimates of these varlance components can be obtained by setting

Gel = Sll - S12 . (2.3.17)
2
Gez = 822 - S12 . (2.3.18) ‘
3%=5s (2.3.19)
X 12° s
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In addition, by making normality assumptions for the model of (2.3.11),
the variances of the estimated components are given in terms of the
unknown variance components.

These results are then extended to the case with N instruments in
a straightforward manner by Grubbs. The analogous model for this situ-

ation is

y.. = X, + e,, (2.3.20)

fori=1,2,...,n and j = 1,2,...,N instruments. Under the assumptions

of independent errors, the variances and covariances are

2 2
Var{yij} =0, *+0, 7,3 =12,....N, (2.3.21)
J
and
_ 2 X .
Cov{yij,yij,} =0, 5 ] #3'. (2.3.22)
By a similar procedure, he shows that an unbiased estimate of Oe 2 is
1
given by
N N
2 2 2
o “ =5 R 2 S, + o> ] S . (2.3.23)
e 11 ~ N-1 j=2 1j (N-1) (N-2) 2<3<k ik

The other measurement error components are estimated in an analogous
way by an obvious choice of the proper subscripts in (2.3.23). 1In
addition, the product variability 1s estimated by the sample average

of the covariances as

N
2 2
8 = XD L Sy (2.3.24)

In terms of our previous notation, these models developed by

Grubbs [1948] can be rewritten as



19

+ B, +e

i j 14 (2.3.25)

yij =u+s

for 1 = 1,2,...,n and j = 1,2,...,a instruments. In this case,

yij = the value of the i~-th item using the j-th instrument,
4 = an overall mean response,

s, = the i-th item effect,

Bj = the bias of the j-th instrument,

eij = the residual error for the (i,j)-th observation.

This is directly analogous to the mixed model given in (2.1.9). How-

ever, the more general assumption on the error components is that {eij}
2

are NID(0,0e. ), for i = 1,2,...,n. As a result, the variance-covar-

|
jance structure for this model can be displayed in an a x a matrix V as

. 2 2
V= dlag(oe' ) Ea + o {_.
5 a
W g 2+02 02 e 02
e X X X
1
o] 2 o 2+0 2 . 0.2
X e, X X
= . (2.3.26)
0'2 02 e O 2+O'2
X X e X
L a _
where Ia is the a x a identity matrix and Jﬁ_is an a x a matrix with

all elements equal to 1. This demonstrates that all the covariances
among the a instruments are Oxz, and thus indicates the rationale for
the chotice of the particular estimates of (2.3.23) and (2.3.24).
Smith [1950] considers the same basic problem of estimating the
precision of measuring instruments. By assuming that the measurement
scale of one instrument is linearly related to the scale of the other

instrument, he develops estimates of these parameters in a manner
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analogous to that of Grubbs [1948]. Other papers related to this type
of precision estimation include those of Thompson [1963] and Hahn and
Nelson [1970].

In a major paper describing the measuring process, Mandel [1959]
discusses the nature of experimental error by means of a highly abstract
formulation of the topic. Then in a testing situation involving n
replicates of the same b materials being tested in a different labora-
tories he attempts to put the problem into a larger framework than the
usual ANOVA model. By transforming the data, so that within-cell
standard deviations across materials are relatively constant, he pro-

poses the model

yijk =1y + Bi(gj -c) + Xij + Eijk’ (2.3.27)

where,

M, = the overall mean in the i-th laboratory,

Bi = the slope for the linear effect in the i-th laboratory,

gj = the mean across-:laboratories for material j,

c = the grand overall mean,

kij = the interaction of laboratory i with material j,

Eijk = the within~cell random measurement error.

Note that this model assumes a linear trend among laboratories. By
equating the appropriate expected mean squares from modified analysis
of variance calculations, he demonstrates how the variance components
for this model can be estimated.

In a recent series of reliability studies involving the scoring
of the presence and severity of cerebrovascular atherosclerosis, Loewen-

son, et al. [1972] applied a modified mixed model ANOVA given by
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yijk =Uu + T4 + Bj + eij + aijk’ (2.3.28)
where,
u = overall mean,
Ti = i-th coder effect,
Bj = j-th specimen effect,
Eij = experimental error, distributed N(0,0ez),
6ijk = sampling error, distributed N(O,OGZ).

From this framework, they estimated the difference in mean scores of
pairs of coders, the experimental variability, the variability for

repeated scoring, and separate variances for each of the coders.

2.4. Response Error Models in Sample Surveys

In the previous sections the proposed models were developed under

the assumptions of numerical data, and in most cases, normal distribu- ‘
tions. However, in many situations, particularly in estimation con-
texts, no distributional assumptions are required to pérmit the calcu-
lations of various model effects. In fact, the data need not neces-
sarily be numerical. Much of the work in response error models in
sémple survey data involves the estimation of components of variation
on 0-1 type data. Hansen, et al. [1964] present a model for the mea-
surement of attribute data and the related measurement errors. In this
model the total variance is partitioned into three components defined
as response varlance, sampling variance, and the interaction variance.
The simple response variance, Odéz, is defined as "the basic trial-to-
trial variability in response, averaged over all the elements in the
population." In situations in which the interaction variance can be

assumed to be zero, the total variance can be written as




22

c = g + 0 , (2.4.1)

where, for simplicity, the simple random sampling variance 1s denoted by

2
Seg This result is then used to motivate an index of unreliability or

inconsistency of classification as

(2.4.2)

As such, this index reflects the proportion of the total variance attri-
butable to the simple response variance,

The relationship between the index of inconsistency, , and the

IdG

reliability index or intraclass correlation coefficient of the previous
ANOVA models in sections 2.2 and 2.3 can be demonstrated in the following
manner. Let

Y e = the value assigned to the j-th element of the population on
3 the t-th trial

in the sample survey framework. Then IdG of (2.4.2) can be written as

< 12
E{Y -Y }
je  J3° (2.4.3)

I =
T 12
E{Yjt -Y .}

dG

By writing the usual ANOVA model of (2.1.4) for this situation as

Y =11 + 38

je + bt + e (2.4.4)

J jt

for § = 1,2,...,n elements in the sample and t = 1,2,...,a conceptually

similar trials, the index of inconsistency is given by

Lo = t e , (2.4.5)
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where the trial effects {b,} are assumed to have variance Otz. This

3

is precisely the complement of the intraclass correlation coefficient

for this model, since

p = 3 5 5 (2.4.6)

I = l - p (2.4-7)

If, instead of assuming that the sample is taken repeatedly over
several trials, the separate trials represent different observers deter-
mining the specified attribute on the same sample of individuals, then
the response error model index of incomsistency, Ij.» reflects the
level of unreliability or inconsistency of the different observers.

In a study of interviewer variance for attitudinal variables, Kish
[1962] also uses the intraclass correlation coefficient to determine
the proportion of the total variance that can be attributed to the usage
of several interviewers. He uses a variance components model directly

analogous to that of (2.1.1) to obtain

(2.4.8)

where saZ corresponds to the measurement error component, oez, in the
previous model of (2.1.1). As such, this is precisely 1 - p from (2.1.2),
and thus reflects the level of unrellability or inconsistency of the

interviewers. He then demonstrates the effect of interviewer variance

on the gample mean by showing that
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s 2 + sb2

var{y} = -2 (1 + p(n/a - 1)]. (2.4.9)

2.5. Related Multivariate Extensions

All the modeis to this po nt he:» been univariate, and hence
restricted to the sit: ~tion in wnich «ly one variable or attribute is
measured on each subject or observation. However, since many situations
involve the concurrent measurement of several variables, it is of con-
siderable importance to be able to assess the level of observer varia-
bility in a multivariate reliability study.

Gleser, et al. [1965] and Maxwell and Pilliner [1968] consider
the situation in which k judges independently measure each of m items
on each of n persons. They present the usual three-factor, completely
balanced, random effects ANOVA model to evaluate the reliability of
these psychological measurements. This produces estimates of three main
effects -- subjects, observers, and items, three two-way interactions,
and residual error. By evaluating the relative size of the appropriate
variance component estimates, the effect of the observers can be deter-
mined. However, this model does not account for the repeated measures
or "split-plot'" nature of the problem. Instead, it assumes a random
sample within each of the subject x observer x item cells.

In a multivariate treatment of this problem, Fleiss [1966] considers
a reliability study in which each of k observers assigns scores on p
tests to each of a sample of subjects. He proposes a model which is a
direct extension of the mixed model of (2.1.9). In this univariate
model, under the normality assumption, the 1 x k vector Y' = (Yl,,..,Y ),
where

Yj = the score from the j-th observer,
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1s assumed to be distributed k-variate normal, viz. MNk(u,t), where

E'= (v + Bl""’ u o+ Bk) and % =0 2Ik + 0 2Jk’ using the notation of

sections 2.2 and 2.3. Fleiss [1966] extends this model to the multi-

variate case by writing the observation on the i-th subject as

Dy @y @,

=, Ly, , (2.5.1)

Yy
1 x pk

where Yi(j) are the p component scores assigned by observer j. The

multivariate model is given by

gi(k) =y b, + Si(k)’ (2.5.2)
lxp
where
E(k) = the vector of mean scores assigned by the k-th observer,
b, = the random vector of effects for the i-th subject,
Nik) = the random vector of residual errors.

He then assumes that

by v MN (0, B) (2.5.3)
PXp
and
e, v (o, A - B). (2.5.4)
P pXPp

From this, the variance-covariance structure for the 1 x pk vector of

observations Xy is given by

I =(A-B®L +BaJ

pk x pk - k

[ v~
[o~B =

= B R (2.5.5)

=
: w
>
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where @ 1is the Kronecker product for matrices.

Under these assumptions, he derives the likelihood ratio multivar-

iate test criterion for testing HO: u(l) = E(Z) =, = u<k), to assess

~ ~

the degree of observer agreement. In addition, as a single measure of

reliability among the observers, he recommends
Rp =-% trace{BA_l}. (2.5.6)

In the special case when both A and B are diagonal, Rp 1s the arithmetic

mean of the p univariate intraclass correlation coefficients 0 of (2.1.2)

Finally, an approximate (1 - 0)100% confidence interval for Rp is given
by appealing to the appropriate x2 distributions.

In the sample survey context, Koch [1971a] presents a multivariate
extension to the response error model discussed in section 2.4. This is
essentially the p-variate analogue to the model in which the total var-
iance is partitioned into the response variance, sampling variance, and
the interaction variance. In another extension, Koch [1971b] develops
a multivariate response error model with components of variation attri-
buted to interviewers. In these multivariate response error models it
is also of interest to determine the proportion of the total variance
attributable to the simple response variance. In another paper, Bershad
[1969] proposes an index of inconsistency for the multivariate classifi-
cation scheme which 18 a direct extension of the index IdG given in
(2.4.3). Let

Yk e - the value of the k-th classification assigned to the j-th
1 individual on the t-th trial,

and th = (Yljt"°"Yth)’ assuming that there are k = 1,2,.,.,L char-

acteristics. Then he defines

2
ElY, -v
~it =3
I = . (2.5.7)
L E]Y Y 2

...jt T e
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By writing
E(Y )2 = o 2.5.8
kit T ki) T OR@W) (2.5.8)
and
2 2
E(Ykjt - Y )T T 0y (2.5.9)

the index of inconsistency for the L-variate case can be written as

E 2

E{ (Y -Y .0}

_ xjt ki

L % 2
E{kil (ijt - Y.}

(2.5,10)
L

kZl RGO

= —"I:_"_"—"-—_ .
2

kzl 7 (k)

Finally, by letting

2
I ¢5)
2(k) O2 ’

(k)

(2.5.11)

the overall index of inconsistency can be written as

L 2
kzl I (K) o\,
L L ’
z 2
kzl %0

(2.5.12)

which is a weighted average of the univariate indices of inconsistency,

with weights determined by the total variance assoclated with each var-

iable.
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2.6. Estimation Procedures for Variance Components

As shown in the previous sections, the models for assessing observer
variability result in random effects or mixed model ANOVA estimation
problems. In the situation with balanced data and constant measurement
error variance across observers, the usual ANOVA estimators are fairly
easy to compute in the random effects model. However, in the more com-
plex univariate mixed models, and certainly in the multivariate models,
the estimation of the relevant variance components becomes a difficult
task.

In the univariate case, the ANOVA method of estimation involves
equating mean squares to their expectations, and solving for the respective
variance components. In the balanced case, this involves using the usual
calculations for the fixed effects ANOVA table discussed in Scheffée [1959]
and Anderson and Bancroft [1952]. In addition, Searle [1971] presents
least squares solutions to the non-orthogonal case when the data are not
balanced.

Another method of estimation involves maximum likelihood which is
discussed by Haftley and Rao [1967]. More recently, Hemmerle and Hartley
[1973] presented an iterative solution to the maximum 1ikelihood equations
in the ANOVA mixed model. As is true for all maximum likelihood solu-
tions, these estimates depend on distributional assumptions, which may
be difficult to validate in the observer variability context.

A quite general procedure has been developed by Koch [1967, 1968]
which does not require the ANOVA sums of squares as do most of the other
standard procedures. These estimates are unbiased and consistent, and
can be calculated regardless of whether or not the data are balanced.

This method takes advantage of the fact that the squared difference of

any two observations 1is some function of the variance components in the
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‘ ]

model. Unbiased estimates of these components can be obtained by forming
the appropriate normalization of these symmetric squared differences across
all relevant pairs of observations.

The multivariate situation becomes extremely complex because of the
inter-relationships of the variance components across variables. Cole
[1969] has shown the solution to the estimation of various components
when the variance-covariance structure of the variables follows certain
patterns, such as the one shown in (2,3.26) resulting from different
measurement error variances for each observer. However, all these pro-
cadures require such assumptions as multivariate normality, which may

not be warranted in many cases.

3. METHODS PROPOSED FOR DICHOTOMOUS DATA

There are many situations in which a dichotomous judgment is the
finest discrimination that is of interest or that can be determined.
Examples include the decision as to whether or not a drug i1s better than
a placebo, the establishment of the presence or absence of lung involve-
ment from a radiograph, or the determination of the presence or absence
of a psychological trait. By assigning the values of 0 or 1 to the
absence or presence of the property, respectively, one could then appeal
to the variance components methodology discussed previously in section 2.
However, even though the intraclass correlation coefficient of relia-
bility 18 directly analogous to certain of the measures of agreement
developed for categorical data, in some cases, the assumptions of nor-

mality are usually not warranted. As a result, the specific methodology

developed for dichotomous data will be explored in this section.
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3.1. Measures of Association

In the situation in which a = 2 observers make independent dichot-
omous judgments on n subjects, the resulting data can be classified in
2 x 2 tables as observed frequencies in Table 3.1, and as observed pro-

portions in Table 3.2.

Table 3.1 Observed Frequencies of Dichotomous Scores Assigned
to n Subjects by Two Observers

Observer 2

1 0 Total
1 n n n
Observer 1 11 12 1
0 M1 T2 | Pa.
Total n,, n,, n

Table 3.2 Observed Proportions of Dichotomous Scores Assigned
to n Subjects by Two Observers

Observer 2

1 0 Total
1 12 p Pq.
Observer 1 11 12 1
0 Por P2 | Pa.
Total P P.,y 1

Various measures of association have been developed specifically for the
2 x 2 contingency table shown in Table 3.1. Kendall and Stuart [1961]

reported the Q statistic, proposed by Yule, which can be expressed as

_ M2 T Mi2f
"11%22 T P12t

Q (3.1.1)
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Q ranges from -1 to +1, and has the following properties:

+1, if n or n,, = 0

=0, i.e., n 21

12721

Q=4 0, if nyy0y, = Dyo0p

12

, i.e., the ratings of the observers
are independent

-1, if Ny 0y, = 0, i.e., n,q Or n,, = 0.
They also discussed the V or ¢ coefficient denoted by

f11M22 T Moo
172

¢ =
{nl.n.lnz.n

(3.1.2)
*2
In this case, ¢2 = len, where x2 is the usual Pearson chi-square stat-
istic for the 2 x 2 table. ¢ also ranges between -1 and +1, and has the
following properties:

+1, if n =n = 0, i.e., perfect agreement between the
12 - a1 228:s P
two observers ‘

¢ = 0, if nyi0yy = Mol i.e,, the ﬁatings of the two observers
are independent

-1, if n,, =n,, = 0, i.e., complete disagreement between
11 22 =
the two observers.

In addition, it can be shown that ¢ is directly analogous to Kendall's
Tau-a coefficient of concordance on 0-1 data.

It should be pointed out here that both of the statistics of (3.1.1)
and (3.1.2) are measures of association rather than agreement. That is,
they tend to measure a type of correlation between the scores assigned
by the two observers instead of producing a direct measure of the level
of agreement. However, ¢ does have the property of ranging between com-—

plete disagrecment (-1) and complete agreement (+1) of the observers.

3.2. Measures of Agreement '

The most elementary index,

P =Py T Py (3.2.1)
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based on the proportion of all subjects on whom the two observers agree,
has been called the "index of crude agreement' by Rogot and Goldberg
[1966]. This index essentially assigns equal weight to agreement on the
absence of the property, as well as to agreement on the presence of the
property.

However, if the property is judged to be absent more often than
present, then indices which ignore p,, may be of interest. One such mea-
sure due to Dice [1945] is

P11

"y, v /2

(3.2.2)

The index SD reflects the conditional probability of agreement on the
presence of the property given the average of the proportions judged to

be present by the separate observers. By writing

P
g 22

b = Ty F o pI2 (3-2:2

Rogot and Goldberg [1966] proposed the arithmetic mean of SD and SD' as

a measure of agreement denoted by

P P
Ay ot 22 (3.2.4)
Pp. ¥ Py Py TPy

As such, A, ranges from 0, when there is complete disagreement, to +1,

2
when there 1s complete agreement. In addition, they also proposed another
measure of agreement based on conditlonal probabilities, defined as

P, Pyy Pyy P
A =7 & 1L, 1,222, 22} : (3.2.5)
Pj. P P2 Pop

Al also ranges [rom complete disagreement (0) to complete agreement (+1).
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3.3. Chance Corrected Measures of Agreement

None of the indices of agreement cited in Section 3.2 have accounted
for the level of agreement expected by chance alone. However, for stat-
istics such as p, SD’ Al’ and A2 defined previously, suitable corrections
for chance agreement can be derived. Using the notation of Fleiss [1973],
let Io denote the observed value of the index, and let Ie denote the
value of the same index expected on the basis of chance alone. Then
IO - Ie represents the excess agreement beyond chance, and 1 - Ie denotes

the maximum possible excess agreement beyond chance. Then define

IO-Ie
M(T) =471 > (3.3.1)
e

as a standardized measure of agreement adjusting for the agreement due

to chance. Note that
+1, if both observers are in complete agreement

0, if the level of agreement is equal to the expected
M(I) = agreement due to chance

<0, if observed agreement is less than the expected
agreement due to chance.

In the special case of Ie = 1/2, M(I) has a minimum of -1.
Fleiss [1973] reports that Scott [1955] and Cohen [1960] appear to
be the first to recommend such measures as M(I). Both chose Io to be the

crude index of agreement, of (3.2.1). By assuming that the

P11 t Py

two judges had identical underlying rates, Scott [1955] set

-2 =2
I.=p *+4q,

— 1 —_ _
where p = E‘(pI. + p'l)’ and ¢ = 1 - p. So appealing to (3.3.1), this

corrected crude index becomes
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2
T e “(P11Pgp = P1gPyy) — (Pyy - Pyy)
(py. + P.1) Py, +2,,)

(3.3.2)

Under the assumption of no bias, the intraclass correlation coefficient
r* derived by Fleiss [1965], is equivalent to T in the case with 2
observers. However, Cohen [1960] calculated the expected values for

each cell under the usual assumption of independence, and used

Ig = Py.Pag + Py.P.,-

This index, denoted by K (kappa), is given by (3.3.1) as

~
[

M(p)

(3.3.3)
_ 2(Py3Ppy = P1oPyy)
P1.Puy T PPy,

By using the chance corrected index of (3.3.1), the measures of
agreement given previously can be unified, in most cases. Fleiss [1973]
shows that by letting Ie = 2pl.p'1/(p1' + p_l) for the index SD of
(3.2.2), that M(SD)= K of (3.3.3). In a similar manner, for the index

A2 of (3.2.4), with

;oo _t1Per | Pa.Pey
- >
€ P TPy Pt Py

M(Az) is again equivalent to x of (3.3.3). This demonstrates that by
using the chance corrected index M(I) of (3.3.1), three of the measures
of agreement have been shown to be equivalent. However, this result
does not hold for A1 defined in (3.2.5). 1In this case, since Ie =1/2,
as shown by Rogot and Goldberg [1966], Fleiss [1973] demonstrated that
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(P11Pap = P1gPgy) (Py.Pp. * P.yP.y)
2P1.Pp.P.3P.y

M(Al) =

(3.3.4)
P11P22 ~ P12P21
H.M. ’

where H.M. is the harmonic mean of the two marginal variances P1.P).
and P.1P.p" One additional property of M(Al) is that it assumes the
value -1 when there is complete disagreement between the observers. The
« statistic of (3.3.3), on the other hand, is equal to -1 only when, in
addition, p,,

=p, = 1/2. Fleiss [1973] also points out that the o)

coefficient of (3.1.2) can be written as

_ PuiPy2 ~ P1oPoy
G.M. ’

¢ (3.3.5)

where G.M. is the geometric mean of the two marginal variances. Another
similar measure, proposed by Maxwell and Pilliner [1968], was derived

from psychometric theory, and can be written as

_P11Py2 ~ P1oPyy

11 A.M. ’ (3.3.6)

where A.M. is the arithmetic mean of the two marginal variances. This
demonstrates that the three measures M(Al)’ ¢, and r11 differ only in

the type of average varilance ugsed in the denominator. However, Fleiss
[1973] indicates that only 1 of (3.3.6) is interpretable as an intra-

class correlation coefficient.

1.4. One Characterlistic; a Observers

The situatlon involving a > 2 observers independently rating n

subjects on a dichotomous scale has been considered by Armitage, et al.
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[1966], Fleiss [1965] and Bennett [1972]. The general goal is to create
some overall measure of the extent to which observers agree or disagree
in their recording of the same sign S for the same subjects. In order
to utilize comparable notation, the data can be displayed in Table 3.3

similar to that of Benmett [1972].

Table 3.3 Data Resulting from n Subjects Independently
Rated by a Observers on a Dichotomous Scale

Observers

1 2 3 o e a Total
1) %7 X9 *13 °+ *1a B3
21 Xy Xy Xp3 re Kop )
3| %37 X3y X33 v X3y I3

Subjects . . . . . .
n an an Xn3 e se Xna rn
Total y1 y2 y3 .o ya y

Here,
1, if the i-~th subject is determined to be positive for S
by observer j
X,, =
i3
0, otherwise,
£y = 0,1,..., or a 1is the number of positive findings for the

2-th subject,
y1 is the number of subjects found positive by observer j.

Let
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be the average number of positive findings for the #-th subject. From
this we note that if

Ty > 1/2, Ty observers agree with the majority,
and if

To < 1/2, a - L) observers agree with the majority.

Also, let

- _1
T ==
n

I t~13

1 n
T Ll (3.4.1)

=1 =1

be the overall average proportion of positive findings for all subjects.
In the framework of this notation, the majority agreement index

(M.A.I.) of Armitage, et al. [1966] can be expressed as

a, = |2t - 1], 2=1,2,...,n. (3.4.2)

Thus, the M.A.I. index a, assumes the value +1 if all observers agree on
the presence or absence of the sign on the %-th subject, and it assumes
the value 0 if the observers are evenly divided. A small peculiarity of
a, is that it can take on the value 0 only if a is even; otherwise, its
minimum value is 1/a. As a summary statistic across subjects, Armitage,

et al. [1966] propose

n
z ag, (3.4.3)

which is called the mean majority agreement index. In the special case

when a = 2 observers, the measure a of (3.4.3) reduces to p = P11 + Pyy

of (3.2.1). .

Since there are a > 2 observers, we have {;] possible pairs of

L ——
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observers, of which rz(a - rz) disagree about the f-th subject. Armi-
tage, et al. [1966] proposed a pair disagreement index (P.D.I.) defined
by

. 2r2(a - rz)

dl " a(a - 1) ’

L =1,2,...,n. (3.4.4)

As such, the P.D.I. index d2 assumes the value 0 if all observers agree
on the presence or absence of the sign on the 2-th subject, and it
assumes the value a/2(a-1) if the observers are evenly divided. They

also proposed

n
z dgs (3.4.5)

which is called the mean pair disagreement index. In the special case

when a = 2 observers, the measure d of (3.4.5) reduces to l-p, where
P =P + Pyy of (3.2.1).
The third measure of observer agreement proposed by Armitage, et al.

[1966] is based on the variation of Ty from subject to subject. They

define the standard deviation agreement index (S.D.A.I.) as

n
Z (rg _ ;)2 1/2
=1

. (3.4.6)
n-1

Note that an increase in the S.D.A.I. index 8, reflects an increase in
the variability of the rz's, and therefore an increase in observer agree-
ment. As long as not all the subjects are found to be either positive

or negative by all the observers, the S.D.A.I. assumes the value 0 when
there 1s complete disagreement among the observers. Fleiss [1973] has

shown that when a = 2 observers, the S.D.A.I. index becomes
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In this situation, s, ranges from 0 to a maximum value of ;%I , only
when P13y + Pyy = 1 and P13y = Py = 1/2. This feature makes 8, unattractive
as a general usage agreement index.

Armitage, et al. [1966] indicate that one advantage of the mean
M.A.I. and the mean P.D.I. is that they can also be evaluated separately
for each observer. As such, the mean M.A.I. for one observer is the
proportion of his observations which agree with the majority opinion on
the same subject, and the mean P.D.I. for one observer is the proportion
of disagreements among all the paired comparisons involving that observer.
In that paper, and also in Smyllie, et al. [1965] they illustrate these
indices with data obtained from observers reporting physical signs in

respiratory disease.

3.5. Intraclass Correlation Coefficients

Even though the data in the dichotomous case are limited to the
values of 1 and 0, it is of interest to compare these measures of agree-
ment with the reliability coefficient p defined in Section 2 for various
ANOVA models. Fleiss [1973] has shown that in the case with a = 2
observers, the usual ANOVA table can be written as shown in Table 3.4,
using the notation from Table 3.2. |

If we consider the most elementary ANOVA model given in (2.1.1),
the sums of squares for obsgervers (0) will be included in the sums of
squares due to residual error. 1In this case, the relevant mean squares
are given by

MSS = §/(n-1),

and MSe = (0 + E)/n.
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Table 3.4 ANOVA Table for Dichotomous Data (a = 2 Observers)

SOURCE D.F. SUMS OF SQUARES
3 2
Observers 1 0= 2(P12 = P21)
. n 2
SubJectS n-1 S = 5 [(Pll + P22) = (pll - p22) ]
n 2
Residual Error n-1 E = E- [(plz + P21) - (plz - P21) ]
n 2
Total 2n-1 _2— [1 - (Pll - P22) ]

Using the sample estimate of P given in (2.1.3), and assuming that n is

sufficiently large to ignore n/(n-1), we obtain

2
_4(py1Pyy = PypPyy) = (Pyy = Pyy)
(Py. + PPy, +2,)

s (3.5.1)

which is identical to Scott's m (3.3.2) and Fleiss's r*, as presented in
Fleiss [1965]. Thus, by failing to partition out the observer effects,
we note that the reliability coefficient R1 is equivalent to the T coef-
ficient of (3.3.2), which resulted by assuming that the two judges had
identical underlying rates. This aspect of Rl’ and equivalently of m,

makes it less attractive as an agreement measure than the kappa statilstic
which does allow for observer bias.

If we now consider the ANOVA model of (2.1.4), which does include
observer effects, two measures of reliability result, depedding on whether
the observer effects are assumed to be fixed or random. In the fixed

effects case, the mean squares are given by

MS_ = s/(n - 1),

and MSe =E/(n - 1),
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and hence, the intraclass correlation coefficient of (2.1.2) 1is esti-
mated by
s - g 2(P11Pyy ~ P1oPpy)

— = 3.5.2
2 S+E  p;.py. tpPgP., ( )

=
n
fo X
]

which is equivalent to Maxwell and Pilliner's r statistic of (3.3.6).

11

If, instead, we assume random effects for the observers, the mean squares

are

MS =20

fo) H]
MSs = §/(n-1),
MSe = E/(n-1).

Again, if we can assume that n/(n-1) is essentially equivalent to 1, the

reliability coefficient of (2.1.8) is estimated by

S -E
3= S5 T 560 (3.5.3)

Ry = S+ E+ 2(0)°

3

V>

Fleiss, et al. [1973] and Krippendorff [1970] have both shown that R3

of (3.5.3) is identically equivalent to K of (3.3.3). These last two

results can be summarized as follows:

FIXED OBSERVERS RANDOM OBSERVERS
S 2(PyyPopPygPon) _ 2 o 2eugPyyPygPyy)
272 (py.p,.tP.qP,y) 11 P3 = 73 7 (py.p.,*P.qP,.)

This demonstrates that observer bias, i.e., the failure of P1. and P.y

to be equal, forces R3 to be less than RZ’ and as a result,

K<T:. (3.5.4)
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These results tend to make K and rll the most attractive as measures of
agreement in the dichotomous situation with 2 observers, since they are

corrected for chance agreement, and have a direct interpretation as an

intraclass correlation coefficient, depending on whether the observer

effects are fixed or random.

3.6. Hypothesis Tests

To test hypotheses of observer differences or bias, the dichotomous
data for the a observer case from Table 3.3 can be handled by considering
an s x a matrix X, where 8, = 22 possible realizations on any subject.
Then, by using the notatidn of Bennett [1972a], the observed and expected

frequencies of these 8, patterns can be summarized in vector form by

E' = (nl,nz,...,nS ), and ng' = (npl,npz,...,npso), where

o o
2 p, = n, and 2 p. = 1.
i=1 * i=1 '

In addition, by writing the column proportions of Table 3.3 in vector

form as
1
Y = 2 sY9s000y,)s
with expected value
T= (M5Moseee,T ),

the hypothesis concerning differences between m (<a) of the observers is
Hy: m =7, = ,,, =7, (3.6.1)

Bennett [1972a] indicated that this can be tested equivalently using the

observed proportions

§ = (ﬁl”"’ﬁs ):
o}
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and writing HO: Bp= 9, where B is the appropriate (m-1) x ER contrast .
matrix. Bennett [1967] derived approximate multinomial maximum likelihood
(M.M.L.) estimates for this hypothesis providing an asymptotically xz good-

ness of fit statistic with m-1 d.f. 1In the special case of m=2 observers,

this is shown to be identical to McNemar's test for correlated proportions.

In a subsequent paper, Benmett [1968] showed that the minimum modified

Neyman xi statistic for this hypothesis can be expressed as

2
2 . X > (3.6.2)

X
g - ¥2/n
where X2 is based on the M.M.L. estimates. Hence, these two tests are
asymptotically equivalent. These developments were used later in Bennett

[1972b] to test for the equality of several diagnostic procedures.

Fleiss [1965] proposed Cochran's Q statistic for the observer bias .

test. Using the notation of Table 3.3, this statistic is given by

a -2
aa-1) ) (v, -y
j=1 3
Q= =
} r,a - 1))
g=1 * %
a ) (3.6.2)
2 ) (v5 - )
= i=1 — ’ a_ > 0,
nd
where
a —
) yy/a =¥,
j=1

and d is the mean palr disagreement index of Armitage, et al. [1966].

This demonstrates that as the disagreement index d decreases, the Q .

statistic increases. As such, this statistic depends both on agreement
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and bias. Q has an approximate X2 distribution with (a-1) d.f. under
(3.6.1). 1In addition, under the assumption of independence among judg-
ments on a subject, Fleiss [1965] stated that observer differences can

be tested by

— , (3.6.3)
y-y/n

which has an approximate x? distribution with (a-1) d.f. By writing

» _ -

X nd __d/2

- T = - 5 s (3.6.4)
2(y -y /n) p - p,

where P, = §7n, we observe that XZ/Q is an index of inconsistency, as

P, - po2 is the estimated variance of yj under HO of (3.6.1). Here
o, if d = 0, i.e., no observer disagreement

x?/qQ = a
4(a-l)(po-p02) » 1if observers are evenly divided.

Fleiss [1965] shows that
r* = 1 - x2/Q (3.6.5)

is the common intraclass correlation between all pairs of judgments on

the same subjects.

3.7. Multivariate Dichotomous Responses

Bennett [1972a] considered the case in which k clinicians each

observe the presence or absence of ¢ correlated signs S .,SC on

l,SZ,...

a sample of n patients. For simplicity, he first presented a test for
the case when k = 2 and ¢ = 2. 1In this situation, there are four pos-

silble realizations or response patterns for S, and SZ’ viz. (1,1), (1,0),

1
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(0,1), and (0,0), reflecting the determinations of the two observers.
This gives rise to a 4 x 4 contingency table, such as Table 3.5, with

frequencies {nim} and corresponding probabilities {ﬂlm};

Then the hypothesis of no observer differences, or no observer bias in

Table 3.5 Dichotomous Responses by Two Observers on Two Signs

S
(1,1) (1,00 (0,1) (0,0) | TOTAL
(1,1 | myy 8y My P | i
s, (1,00 | my; My M3 Ty %20
(0,1) | m3y M3y P33 Ty 30
(0,0) | myy  myy My My | 4o
TOTAL n01 n02 no3 n04 n

detecting positive findings for S1 and 82 can be tested by HO: Bm= 9,

where

[~
It
'O O]

1-1 0 0 1-1 0 0 1-1 0 0 1-1 0
o001 11 1-1-1-1-1 00 0 0"
and
v (. . .
A R P T TR PP Y S PRSP PRLI S ELEYRLE CRLEVALIS VPR B YRR
Using the maximum likelihood estimates (M.M.L.), the X2 goodness-of-fit

tests suggested by Bennett [1967] 1s given by

2
4 4 (an - nﬁim)

2= 1 1 — , (3.7.1)
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which is asymptotically chi-square with 2 degrees of freedom (d.f.) under

HO. He then showed how these results could be extended directly to a
c-dimensional table. The general hypothesis of no observer bias can be
written as HO: Wl(t) = ﬂz(t)= ves = ﬂm(t), t=1,2,...,c, for c signs

and m observers. The appropriate test statistic is a chi-square goodness
of fit statistic with c(m-1) d.f.

In addition, Bennett [1972a] proposed that the various indices due
to Armitage, et al. [1966] could be extended to the situation with ¢
dichotomous signs. He illustrated this by considering the average pro-

portion of positive findings for each of the c signs.

4. METHODS PROPOSED FOR NOMINAL AND ORDINAL DATA

Many research situations give rise to categorical data determined
by nominal scales, e.g.,states of mental health such as normal, neurotic,
and psychotic, or ordinal scales such as mild, moderate, and severe
stages of a disease. We have already considered the special case of a
dichotomous scale in Section 3. In each of these instances the observer
has a fixed set of categories to which he can classify each subject. As
a result, techniques of analyzing categorical data or contingency table
data can be applied to the observer variability problem.

Since each observer uses the same scale, the data can be cross-
classified into a Eé contingency table, where k is the number of cate-
gories on the rating scale, and a is the number of observers. The case
with a = 2 observers gives rise to the two-dimensional k x k contingency
table shown in Table 4.1. Here observers 1 and 2 independently classify

n subjects on a k-point scale. If the observers agree on the classifi-~

catlon of a subject into category j, the result will be recorded in the
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total njj on the main diagomal. If both observers agree on each subject,
the main diagonal elements are the only non-zero elements in the table.
Thus, nij is the total number of subjects classified into category i by

observer 1 and into category j by observer 2.

Table 4.1 Classification on k-Point Scale by Two Observers

Observer 2

1 2 s k TOTAL
\ AN
1 n1l n12 o n1k n10
N N\

Observer 1 \

N\
. . A W N .
N\
. . . L \. .
\ \
A \
k Mg Do oo Y o
TOTAL LS ERY) gy n

4.1. Measures of Association

In the k x k contingency table of 4.1, we can calculate the usual

Pearson chi~-square statistic,

k k n 2
2 _ _ "40™0j
4 121 321 n 0y n ) /Piof0y -

Kendall and Stuart [1961] give a coefficient of contingency due to Pearson
denoted by
2 1/2
Pp=2d—m . (4.1.1)

n + X2 ‘l'

As such, 0 < P < 1, and P attains O under complete independence. How-
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ever, P has limitations, since, in general, P does not have the same
upper limit for different tables, and therefore fails to be comparable
in different situations. Because of the upper limit problem dnd the
lack of direct interpretation in the observer agreement question, we
find that P is quite limited for our interests. It only measures asso-
ciation between the ratings, and not necessarily agreement.

To remedy these undesirable properties of P given in (4.1.1), Ken-
dall and Stuart [1961] report that Tschuprow preposed an alternative func-
tion of ¥? which is given by

2 1/2
T = {—L—n(k " s (4.1.2)

for the k x k table. In the case of perfect agreement between the
observers, T will attain the value of +1. We can also note that for
k = 2, i.e., the dichotomous data case, that T2 = len, which is pre-

cisely $2, the coefficient of (3.1.2).

4.2. Measures of Agreement Between Two Ratess

Goodman and Kruskal [1954, 1959] point out that the usual tests
for association, such as given in Section 4.1, do not seem appropriate
as measures of observer agreement. They discuss a measure based upon

optimal prediction of order given by

_ 1
g paa 2 (pM' + p'M)

A o=

, 4.2.1
r 1 - 12 (PM. + p.M) ( )

where Pag = naa/n and Py and P.y 2re the two marginal proportions
corresponding to a hypothesized modal class. As defined here, Ar takes
on values from -1 when all the diagonal elements are zero and the modal

probability, + Py is 1, to +1 when both observers are in complete

Py.
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agreement.
If we write pij = nij/n, from the results in Table 4.1, the most

elementary index of agreement between the observers can be expressed as

k

P, = L pyps (4.2.2)
i=1

which has been called the index of crude agreement by Rogot and Goldberg
[1966]. However, this is clearly inadequate, since a certain level of
agreement is expected by chance alone. Cohen [1960] proposed a coeffi-
cient of agreement for nominal scales denoted by

P, = P

=——i-—_—p—; ) (4-2-3)

where

k

Pe= L Pigpos
i=1

the level of agreement calculated under the assumption of complete inde-
pendence between ratings by the two observers. This is directly analogous
to the chance corrected measures of agreement discussed in Section 3.3
for dichotomous data. As defined here, k (kappa) is simply the proportion
of agreement after chance agreement is removed from consideration. K has
the same properties as the general index M(I) presented in (3.3.1), where
IO is the sum of the proportions on the main diagonal of Table 4.1.

In a later paper, Cohen [1968] introduced a modified form of kappa
which makes provision for scaled disagreement or partial credit. Since
disagrcements between the observers in certain cells may be more important

than in other cells, he defines a weighted kappa statistic by

Kw = —-1——-_—-—p-;: , (4.2.4)
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where

pr_ = § § ViiPis

and
* =
Ple g § ¥ijP10P05"

Since wij is the weight assigned to the (i,j)-th cell, p*O is simply the
weighted observed proportion of agreement, and p*e is the weighted propor-
tion of agreement expected by chance alone. From this, we note that the
original kappa statistic of (4.2.3) is a special case of weighted kappa

with weights w.. = 1 for i = j, and w,, = 0, i # j.

ij ij

Everitt [1968] derived the means and variances of both kappa and
weighted kappa, but as pointed out by Fleiss, et al. [1969], the standard
errors given by Cohen [1960, 1968] and Everitt [1968] are incorrect, since
they were based on the assumption of fixed marginals, rather than under
the single constraint of a fixed number of subjects. Fleiss, et al.
[1969] give the large sample standard error of kappa and weighted kappa,
in general, and for the hypothesis that k or Ky = 0. Applications of
these statistics are also given by Spitzer, et al. [1967] and Feldman,
et al. [1972].

Fleiss and Cohen [1973] have shown that weighted kappa is essen-
tially equivalent to the intraclass correlation coefficient under a
specific weight matrix. If we let vij be the disagreement weight for a
subject placed in categories i and j by observers 1 and 2, respectively,
then the mean observed proportion of disagreement can be written as

k k .

D = J Jop..v,., (4.2.5)
°© 4131 M

with expected mean proportion of disagreement under independence given by
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ok ok o
D = )} 1 PygPosVise (4.2.6)
e T &y (L P10P0s 7

In terms of these disagreement proportions, weighted kappa of (4.2.4)

can also be expressed as

K, = —— - (4.2.7)

Again, we note that kappa of (4.2.3) is a special case of K when

W
0, i=17j
v,, =47 % .
ij {1, i#j.
Cohen [1968] has shown that under observed marginal symmetry and disagree-

ment weights vij = (i - j)2, weighted kappa is precisely equal to the pro-

duct-moment correlation coefficient on the integer—-valued categories.

Moreover, without any restrictions on the margins, if the two-way random
effects model of (2.1.4) is assumed for the data scored as 1,2,...,k by

each of the 2 observers, Fleiss and Cohen [1973] showed that

8S - SS
s e

Ky = S5 + 285+ SS_° (4.2.8)
S [o] e

which is an estimator of

p' = 5 5 5 0 5 5 (4.2.9)

From this it is clear that for a large number of subjects, p' is essen-

tially equivalent to the intraclass correlation coefficient p of (2.1.8).
However, it should be observed that the weights Vij = (i - j)2 are

assuming an ordinal type of scale with a squared difference penalty on .

the diagreements. For nominal scales, the weights need to be chosen in
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the context of the substantive issues of the problem.

Even though the kappa and weighted kappa statistics were originally
devised for nominal scale data, they can quite readily be applied to the
situation with ordinal scale data by assigning appropriate weights to
each of the off-diagonal cells to reflect the degree of disagreement.

If, in additiom, it is desirable to have po* interpretable as the pro-
portion of agreement allowing for partial agreement, the weights need to
be selected so that wij =1, for i = j, and O E-Wij <1, for 1 # j. Onme
such selection of weights recommended by Cicchetti [1972, 1973] is given
by

k-1 - (G -3) .
wij = ) (4.2.10)

As an example, the weights for a 5-point ordinal scale are given in

Table 4.2. Cicchetti [1972, 1973] proposes a measure of agreement

Table 4.2 Example of Weights for Ordinal Data

Observer 2

W, 1 2 3 4 5

1 1 3/4 1/2 1/4 ‘ 0

2 | 3/4 1 3/4 1/2 1/4
Observer 1 3 1/2 3/4 1 3/4 1/2

4 | 1/4 1/2  3/4 1 3/4

5 0 1/4 1/2  3/4 1

denoted by
* *
P - P
o e
C = . -
sw.e.(po*) s (4.2.11)



53

where the numerator of C is identical with that of Kw of (4.2.4) with
weights given by (4.2.10), and s.e.(po*) is the standard error of the

weighted proportion po*. As such, C is treated as a standard normal

deviate for significance testing.

In a study reported by Chen, et al. [1961] of paired death certi-
ficate data to see if more spouses and/or siblings than expected tend to
die of cancer of the same detailed site, the data were displayed in a
square contingency table similar to Table 4.1. The problem reduced to
comparing the sum of the matched pairs for each site with the expected

value of this sum. In the appendix, Mantel and Crittenden show that a

chi-square test of the form

2
- {lZnii - E Zniil - 0.5}

. , (4.2.12)

Var{Znii}

with 1 d.f., is a more powerful test for correlation than the usual chi-
square test for the entire contingency table. In the observer variability
framework, we note that this test is comparable to the kappa statistic

in that it is based directly on the diagonal elements.

In another study reported by Spiers and Quade [1970], the values
on the main diagonal of a square contingency table were of interest. In
their model, the expected value for the (i,j)-th cell was considered to
be a weighted average of the expected value under independence, and the
expected value with the diagonals inflated to the greatest possible
extent. Using the method of minimum xz, estimates of these weights were
derived, and then a test of independence was performed.

Much work has been done recently in the area of incomplete contin- .

gency tables, e.g., Goodman [1968] and Mantel [1970]. Briefly, an incom-
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plete contingency table is one in which certain cells have an a-priori
probability of being zero. As a result, these techniques are developed
to analyze tables with certain cells deleted. In particular, if we are
interested in examining only those instances in which two observers dis-
agree, we would have a table similar to Table 4.3, assuming that the
observers are using a 5-point scale. Then by methods of iterative pro-

portional fitting of maximum likelihood estimation, a test of quasi-

Table 4.3 Incomplete Data Table

Observer 2

1 2 3 4 s
L === myy myy omy, myg
2| Bg1 TTT Myy My, myg
Observer 1 3 Ny n32 —-= ng, n35
blmgy vy oy oy
> | "s1 sy P53 Mgy T

independence can be performed. This will reflect the extent to which
the ratings by the two observers are associated on the off-diagonal
(disagreement) cells.

Light [1971] has recommended a modified chi-square statistic that
is sensitive to the pattern of agreement on the diagonal of the k x k
table for two observers. Using the usual expected values based on inde-
pendence, and combining all the off-diagonal cells, his statistic Ap is

given by
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n
L e 1001} 1 k k k k 2
- 1 n n, n
Ap izl %io"oi * Lk P10™0 z 2 A 2 z lono (621
n Ll (if] 14
it]

which is distributed asymptotically as chi-square with k degrees of free-
dom under the hypothesis of independence. It is of interest here, that

Kk of (4.2.3) may be essentially zero, while Ap may be large and signifi-
cantly different from zero. However, if AP is near zero, K will be
necessarily near zero. As such, Ap will reflect deviations from the
expected pattern on the diagonal, while K reflects the overall level of

agreement.

4.3. Measures of Agreement Among Many Raters

When a > 2 observers independently classify B_éubjects on a k-point
scale, overall measures of agreement are much more complex, and as a
result, are not as numerous as those reviewed in 8Section 4.2. Cartwright
[1956] suggested a measure of reliability when there are two or more
judges using a nominal scale classification procedure. The agreement
measure for a given subject, mj, is the number of pairs of judges agree-
ing on the assignment. As such, the maximum value for mj is [a] for a

2

judges. The coefficient, alpha, can be written as

. (4.3.1)

This statistic is directly analogous to the pair agreement index recom-

mended by Armitage, et al. [1966] as the complement of d of (3.4.5) for .

dichotomous data. When a = 2 judges, A 1s jdentical to the crude index

of agreement, P, given in (4.2.2).
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This alpha statistic is somewhat restrictive, however, because it
assumes that each of the k classes on the nominal scale is equiprobable.
Also, there is no provision for partial agreement similar to that of
weighted kappa of (4.2.4). Under these special conditions, Cartwright
[1956] developed the sampling distribution and probability values of A
for selected numbers of judges and scale size. Finally, he recommended
an analysis of variance of ranks, where the k treatment groups are
determined by the k-point scale, as a measure of multi-judge discrimina-
tion. This test reflects the relative variation in scale usage, and is
of interest, since a high level of agreement could result from poor dis-
crimination among the subjects.

Fleiss [1971] considered an extension of kappa in the situation
when more than two raters independently classify each subject. If there
are a ratings for each subject on a k-point scale, then

1
p, = — n,., (4.3.2)
J na i=1 1]

e~13

where nij is the number of assignments of the i-th subject to the j-th
category, is the overall proportion of assignments to the j-th category.

As a measure of agreement on the i~th subject, he recommended

1

k
Pi - a(a - 1) jzl nij (nij - 1), (4.3.3)

which is simply the proportion of agreeing pairs out of all possible

pairs of ratings. The overall measure of agreement is then given by

1 n k

= E;(a - 1) (n - l)’ (4-3'4)

n

=1 3=1 1
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which is identical to A, the alpha statistic proposed by Cartwright [1956].
By assuming that assignments are made purely at random to category j with
probabilities pj, Fleiss [1971] proposed the expected mean proportion of

agreement due to chance as

k
T o= p.% (4.3.5)

giving rise to the kappa statistic,

L "
T n, - n a[l + (a-1) p. ]
PP qa1 =1 M j=1 3 . (4.3.6)

ol

k
1- e n a(a-1)(1 - z pjz)

He then derived a large-sample standard error of K under certain restric-

tive assumptions.

Fleiss [1971] also proposed a measure of agreement on a particular
category as the conditional probability that the second assignment is to
category j, given the first assignment was to category j by two randomly

selected raters. This statistic is given by

s (4.3.7)

which under the hypothesis of only chance agreement is expected to be pj.

This give the K statistic,

o 2
— Z n - n apj[l + (a—l)pj]

P, - p. ij
PO R R , (4.3.8)
] 1 - pj n a(a-1) quj .

wherc qj =1 - pj' From this, we note that K of (4.3.6) can be expressed
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as
k
) P195%;
 odmp 133

k
jél P43

s (4.3.9)

a weighted average of the Kj statistics of (4.3.8).

In general, the kappa statistic has been written as an observed
proportion of agreement, P> corrected for an expected proportion of
agreement due to chance, Ps 28 expressed in (4.2.3). Alternatively,
if do =1 - P, and de =1 - P, represent the respective proportions of

disagreement, then kappa can be expressed as
0
K=1-=- . (4.3.10)

Light [1971] developed extensions of kappa of the form of (4.3.10) for
situations when there are more than two raters. For a = 3 observers,

let nijﬁ denote the number of subjects assigned to the i-th category

by the 15t observer, to the j-th category by the 2nd observer, and to

the £-th category by the 3rd observer. He recommended a multiple observer

agreement statistic, K3, written as

K:l_-gé_/_rﬁl.

, (4.3.11)
3 (8/n%)

where

n = the number of subjects being rated independently by the three
observers,

A = the overall proportion of disagreements,

B = the expected proportion of disagreements.

H

The values for A and B are calculated, given the three fixed margins of
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the table, by '

A= z n,. 2 n, n z n ., n + 2 n, Z n, n 2 n_, n
i ijosdg ioo ookj#l ojo ool 149 1052,1:,‘j ioo ojoj#z ojo ool

+ 2 n_, z R, N z n, n_ o,
148 szi#j iee ojoi*z ioo ool
and

B =3 z n

., )m, 1 Yn.,n o, (4.3.12)
i# ioo ojo,dg ioo oolj*g ojo ool

where the zero subscript denotes the sum over that index. An approximate

large sample estimate of the variance of Kg is given by

p, (1 - p,)
Var(K3) = =" 35 > (4.3.13)
n(l - p,)
where p_ = 1- %g and P, = 1 - %g. He also proposed a conditional agree-

ment index similar to that of Fleiss [1971] given in (4.3.8) by modifying
the above values of A and B to reflect disagreements in fixed levels of
the three-way table.

As discussed by Light [1971], all of the K-type statistics assume
nothing about a "rrue" or "correct" classification of the subjects, but
rather an internal consistency of the selected observers. In addition,
all the observers are given equal weight, resulting in K refiecting an
“overall group agreement' of the a observers. However, in some situa-
tions one of the observers may be the standard whose classification of
the subjects is considered to be "correct." 1In this case, Light [1971]
recommended a test of the joint agreement of the a observers with the

(
i

standard. Let n

?) be the number of subjects classified into the i-th ’
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category by the standard and into the j-th category by the p-th observer,

p=1,...,a. Then he proposed the test statistic,

£, - E{ta}

G = 172

(4.3.14)
(Et,)

which is asymptotically standard normal, where

% (®)
i 1[nio(le Por O

=B I
I o~—1%

E{t } =
a

and Eta is the estimated variance of ta.
Robinson [1957] discussed the statistical measurement of agreement
in terms of the intraclass correlation coefficient for ordinal valued

data. He defined a measure of agreement in the k-observer case as

A=1- D/Dmax’ (4.3.15)

where D is the observed measure of disagreement, and Dmax is the maximum
possible level of disagreement. In the ANOVA framework, D is the sum of
squares due to observers, and Dmax is the total sum of squares. He
noted that the relationship between the measure of agreement A and the

intraclass correlation coefficient P can be expressed as

a-1 ~ 1
A . + S (4.3.16)

where a Is the number of observers. As such, A has a distinct advantage
as a measure of agreement over P, since A ranges from 0 to 1 regardless

of the number of observers, whereas p has a lower bound of -1/(a-1).
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4.4, Observer Bias in Multinomial Classification

Although many of the proposed measures of agreement reviewed in
the previous sections have utilized the marginal distribution to correct
for chance agreement, none of these measures are directly aimed at the
problem of observer bias. Krishnaswami and Rajeshwar [1968] have obtained
expressions for the maximum positive bias and the minimum negative bias
for the situation in which two inspectors classify each of n items into
one of m classes. For the particular case of m = 3, lower and upper
bounds for the proportion estimates have been derived based on the mag-
nitudes of the probabilities of misclassification. This allows the con-

struction of confidence intervals for each of the proportions.

5. SUMMARY AND PROPOSED UNIFICATION OF PROCEDURES ‘

When the data arising from observer reliability studies are num-
erical, the methods of estimation and hypothesis testing are usually
selected from the ANOVA-type models discussed in Section 2. Even though
assumptions of normality may not be warranted in certain cases, some of
these procedures still permit the estimation of the appropriate components
of variance and reliability coefficients to assess the level of observer
variability.

As demonstrated in Sections 3 and 4, a wide variety of procedures
have been proposed to assess observer agreement when the data are cate-—
gorical. 1In the situation when r observers classify the same subjects
on the same k-point scale, the resulting data can be classified in a
5? contingency table. A unified approach to the analysis of such multi-

dimensional contingency tables has been introduced by Grizzle, et al.
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[1969]. This GSK procedure is essentially a linear models formulation
using weighted least squares as a computational device to generate lin-
earized minimum modified chi-square test statistics for the hypotheses

to be tested. In a later paper, Koch and Reinfurt [1971] indicated how
the GSK method can be applied to categorical data arising from mixed
models. The experimental situation corresponding to such a model involves
exposing each of n randomly selected subjects to a factor with r levels,
(in our case, r observers), and classifying each of the r responses into
k categories, (in our case, the k-point nominal/ordinal scale). In the
two-way table, the test of no observer bias is essentially the test of
homogeneity of the two margins. Bennett [1967] proposed a linearized
maximum likelihood chi-square test for this hypothesis in the dichotomous
data case, but a test can be proposed to permit nominal or ordinal data
scales by appealing to the mixed model methodology in Koch and Reinfurt
[1971]. For r observers, this becomes the test for homogeneity of the

r first order margins. For multivariate categorical responses, a test

of observer bias across variables is a natural extension of this proce-
dure.

In addition, by forming logarithms of ratios of observed to expected
proportions as discussed in Forthofer and Koch [1973]}, the GSK procedure
can be used to test the significance of measures of observer agreement.
This involves functions of the diagonals of the table to obtain the pro-

portions used in the Kk and k  statistics discussed in previous sections.

W
As a result, the asymptotic standard errors of these statistics are
immediately available as matrix products, avoilding the difficulties with

complex, and in some cases, incorrect standard errors. (See Cohen [1960,

1968], Everitt [1968], Fleiss, et al. [1969], and Light [1971].) By



63

smoothing the table under such hypotheses as marginal homogeneity and
diagonal symmetry, in addition to complete independence, several agree-
ment statistics, along with their estimated variance-covariance struc-
ture, can be estimated and tested.

Further work is now underway to develop a unified set of proce-
dures to analyze categorical data arising from observer reliability
studies. It is hoped that this methodology will be useful in determin-
ing the extent and importance of the different sources of variation in

the data, one of which can be attributed to the observers.
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