
ABSTRACT

POLIANNIKOV, OLEG VICTOROVITCH. On Shape Description and Optimization for Ob-

ject Classification. (Under the direction of Prof. Hamid Krim)

The purpose of this thesis has been to study several problems typical for shape analysis, com-

puter vision and image processing in general. First, a problem of sampling planar shape and con-

tinuous curves is considered. It has been shown that samples of a discrete curve or a surface should

contain the information about the object itself as well as the coordinate system used to produce a

functional parameterization. The sampling algorithm has been designed as a two-cost optimization

problem. Secondly, we have proposed a new algorithmic approach to implementing a simulated

annealing type of optimization, which is based on the notion of scale. The scale is defined as a unit

time interval used when converting a continuous-time evolution into a discrete one. It has been

shown that by varying the scale as opposed to keeping it constant, one can achieve a better per-

formance of an optimization algorithm, all in the absence of a complicated acceptance/rejection

Markov chain mechanism. Finally, we have studied the problem of identification of symmetric

planar shapes from a single view. It has been shown that the proposed notion of a skeleton of

an arbitrary view of the shape is instrumental in constructing invariants enabling us to perform

identification. It has further been demonstrated that for the case of noisy data one can describe the

distribution of the skeleton points and thus construct an optimal skeleton estimation technique.
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Chapter 1

Preface

1.1 Problems Motivation, Formulation and Main Results

Shape analysis is a common term which refers to a whole class of theories, methods and tools

whose fundamental goal is to extract useful geometric information about an object from available

data. A problem of such generality is by definition so broad and ambitious in nature and so vital

to many applications, that it has attracted a lot of attention of people from different areas, such as

differential geometry, computer vision, functional analysis, optimization, stochastic processes just

to name a few.

This thesis includes work on different aspects of shape analysis. While each one of them may

be given a separate mathematical formulation, one only starts to fully appreciate their elegance

and importance by considering the global context in which these problems arise. For example, to

recognize an airplane from its image taken by an optical camera one has to go through a multi-

stage process which might include calibrating the camera, filtering the noise in the image, detecting

the presence of the object of interest, extracting its shape, finding key features and finally running

those features against a database , which includes all templates of airplanes of interest. While each
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of the steps mentioned above constitutes in its own right a large and complex problem, which needs

to be addressed, its exact formulation or the applicability of any particular tool or method are often

carried out within the global context.

In the general description of the problems we have investigated in this thesis, we briefly review

some of the related works, which have appeared in the literature. Each one of these problems

constitutes a milestone within the big picture goal.

1.1.1 Discretization of Continuous Objects

Shapes of observed objects naturally arise in images and in other context. Any 3 − D object,

such as an airplane, tank, human kidney or brain is an example of shape. Mathematically we can

think of the boundary of an object as being its shape. A lot of objects, such as airplanes or tools

such as wrenches, are almost two-dimensional as their width to length ratio is rather small, which

heads one to think it is reasonable to assume them as two dimensional shapes. Imaging a 3 − D

object naturally gives rise to another 2−D object (its image), with its boundary becoming another

example of a 2 −D shape.

There exist two fundamentally different paradigms for studying shapes. One is to view them

as being continuous entities (e.g. [25]), and another one as discrete ([23]). Each approach has

its own advantages and disadvantages, and consequently pros and cons. Continuous shapes are

convenient for several reasons. Not the least of them is that the world we live in, is by its very

nature continuous, and so are the shapes of objects that we encounter in our everyday lives. The

boundary of an airplane, for example, is a continuous surface in 3−D space, and that of its image is

a continuous 2−D contour. Furthermore, working with boundaries directly without any additional
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pre-processing ensures no loss of geometric information and hence the higher quality of resulting

methods. It is clear that these advantages may also be sources of major challenges, as a shape space

of any significance, i.e. a family of shapes of interest, is very large and of infinite dimension. This

further simplifies complicates the theoretical analysis and yields severe computational problems in

the course of implementation.

Confronting these challenges has had mixed results, and promising new avenues have recently

emerged. Specifically, a novel idea that has been gaining acceptance is that our interest in shape

should often be limited to a set of a relatively small number of key features. For example, the

estimation of the position of an airplane in the air or even to classify it up to a rather narrow

class may only require the position of its head, tail and ends of the wings. Information about the

entire surface would turn out to be redundant and any computations required to obtain it could be

considered wasted resources. Reducing a shape to a handful of its key point, commonly referred

to as landmarks, with no/minimal loss of information is hence not only promising but holds a great

potential to significantly simplify any problem related to shape understanding. Furthermore, as

it has been shown by Kendall, Mardia and others ([23, 24, 11, 17]), such a framework enables

us to build a elegant and powerful theory of discrete shapes capable of encompassing both the

deterministic as well as statistical settings.

While undoubtedly important and useful, the theory of discrete shapes suffers from one ma-

jor shortcoming, which is often limiting its use in any fully automated shape analysis algorithm,

namely sampling. The difficulty in summarizing a continuous shape by its discrete representation

of a set of landmarks indeed remains an open problem. This challenge of unsupervised sampling
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persists even if a priori information about the representability of a continuous shape in terms of a

finite number of discrete points is present. In the first part of the thesis we address the problem

of sampling of a continuous planar closed contour. This problem has been addressed in the litera-

ture, and perhaps the most common approach has been based on splines ([36, 29]). While splines

achieve relatively good performance in discretizing a curve, they do not provide a one-to-one cor-

respondence between a a continuous curve and its discrete counterpart.

In this work, we show that a choice of a coordinate system or a parameterization for the curve

plays a crucial role in the construction of a sampling algorithm. Unlike the case of a standard 1−D

or 2−D signals, curves and surfaces do not yield unique functional representations. The latter case

entirely depends on a choice of a parameterization for the given geometric object. By providing

a consistent way of associating to each curve or surface a unique functional representation, which

in turn requires a pre-determined coordinate system, we avoid any ambiguity. Sampling of the

resulting function would then have to account for the function itself as well as for the coordinate

system, with respect to which it was obtained.

In Chapter 2, we formulate the problem of sampling a continuous non-self-intersecting closed

planar curve as that of finding the class of such curves that are uniquely representable by a finite

number of their samples. We show that the problem seems intractable in its generality and is only

manageable if a particular class of parameterizations (parameterized family of coordinate systems)

is selected a priori. The coordinate system we adopt in this work is that of polar coordinates.

We present conditions under which a given curve can be represented with respect to some polar

coordinate system, and develop a fast algorithm to achieve our objective. We further show that
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fixing a coordinate system essentially turns a planar curve into a 1−D function. This in turn leads

to be optimistic about a possible generalization of the existing theory of sampling 1−D functions

to the case of curves.

The major obstacle to such generalization is the fact that while in the standard 1 − D theory,

samples of a function only carry the information about the function itself, they should, for the case

of curves, provide knowledge about the particular coordinate system that the curve was represented

in. For the polar coordinates, such knowledge includes the location of the polar center. Its position

has to be recoverable from the samples of the curve, so that the coordinate system could be recon-

structed first without any additional information, and then be used together with 1 − D sampling

theory to recover the functional form of the curve. Our sampling algorithm meets those require-

ments and is applicable to any curve representable in polar coordinates and satisfying additional

smoothness constraints described in details in the chapter.

While sampling and perfect reconstruction from those samples is possible for a fairly large class

of curves, many realistic planar shapes do not precisely meet the required constraints. In particular,

often times curves tend to require additional smoothness to meet the algorithm’s requirements.

While there is no guarantee that a proposed sampling algorithm will work ideally in that case, and

therefore the problem of sampling and perfect reconstruction may not be solvable, it is desirable

that it would at least be robust in the sense that one could still sample the curve and reconstruct

a close approximation from the samples. Indeed, we show that the sampling algorithm developed

earlier for smooth curves is a particular class of a multi-cost Pareto optimization problem ([13, 31]).
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This optimization problem is applicable to and can be solved ([16]) for a much broader class of

curves, yielding sufficiently accurate approximations.

Finally, by using the spherical coordinates instead of polar ones, the results of this chapter are

easily generalized to the case of 3 −D closed surfaces.

1.1.2 Signal and Image Filtering Using Stochastic Optimization

Many tasks in image processing in general and shape analysis in particular can be formulated as

optimization problems. To an image, for instance, we can associate its cost that somehow measures

the amount of noise in it. The stronger is the noise, the larger that cost would be. Filtering can then

be defined as modifying the original image so as to reduce its cost. Image segmentation can also

be expressed as a cost minimization problem, where now for a given image, possibly consisting

of several pieces, to any curve we associate the cost which is inversely proportional to a similarity

between image regions bounded by that curve, however that similarity may be defined. Assuming

that homogeneous regions correspond to different objects on the image, it is clear that the closer

the curve would resemble their boundaries, the smaller the cost would be.

Mathematically, a cost is defined as a functional H (f), where f ∈ F is a signal, image,

curve etc, spanning some admissible space F . The problem is then to find the optimal signal

corresponding to the minimal cost, i.e. find f0 = arg min
f∈F

H (f).

Digital signals, images and even more geometrically complex structures, such as curves and

surfaces, are conveniently modelled as vectors from some possibly high but finite dimensional

Euclidean space R
d. A cost functional is then represented as a map H : R

d → R from that

space to the real numbers. Provided that the functional H has certain regularity properties, the
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necessary condition for its minimizer is ∇H (f0) = 0, where the symbol ∇ denotes the usual

gradient. A standard approach for finding a point satisfying that condition is by using the gradient

descent method, where we continuously descend in the direction of the gradient until the bottom

is reached.

There are numerous problems with the gradient descent method, and the most challenging be-

ing that of a functional having more than one local minimum, i.e. several points satisfying the

necessary condition, in which case the method is only capable of finding the nearest local min-

imum but not the global optimizer. A class of methods where the deterministic gradient-based

search for an optimum is replaced by a stochastic procedure falls under the class of stochastic opti-

mization techniques. An intuitive but rather simplistic and sometimes misleading way of thinking

of stochastic optimization is in the absence of any guidance, one makes a random but hopefully

educated guess, which in the long run averages to the proper direction.

A particular stochastic optimization technique that we will be interested in here is called sim-

ulated annealing. When applied to the functional of interest, the essence of this technique may be

summarized as follows. We think of an evolving signal as a system, whose initial state coincides

with the observed signal, and which is then being iteratively perturbed and modified in the pursuit

of minimizing its cost. As was pointed out earlier, the gradient descent based method allows to

decrease the cost until it reaches a local minimum, at which point the algorithm stops. To avoid

such a situation, at each step of the evolution the system is perturbed by an independent random

additive term, i.e. a small random change is added to each component of the discrete signal. The
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energy of that change, as a function of time is sometimes referred to as the temperature schedule,

a term which came from physics where the technique was first described and applied.

It has been shown that if the temperature monotonously and very slowly decays to zero, the

system converges in probability to its optimal state. Despite its theoretical optimality, the practical

and straightforward implementation of this technique has proven inefficient due to prohibitively

slow convergence. The initially proposed temperature schedule was such that for any reasonable

time period, the temperature level remains significant causing the system to keep changing its state

without converging. It is important to note that a slow decay of the temperature is crucial for

the convergence to take place, therefore implying that no faster decaying schedule is theoretically

possible. In light of this phenomenon, research that followed up was primarily concentrated on

modifying the algorithm while preserving the central idea of using stochastic perturbations to allow

the system to escape local minima.

We propose to investigate the problem of coming up with a simulated annealing-based opti-

mization technique, which would be

• suitable for a broad class of functionals;

• easy to implement;

• fast.

We argue that the speed of the cost decay may indeed be significantly improved by making the

temperature schedule keep track of the time passed since the last local minimum was found and
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forcing more aggressive search by increasing the temperature if the system fails to improve on the

current state for a long period of time.

The key idea of the proposed algorithm is the notion of scale of search. Intuitively, if a func-

tional is such that its local minima or at least principal modes are sufficiently far apart, the search

should be conducted at a coarser scale, while if local minima are closely clustered together, the

functional has to be explored at a much finer scale so as to minimize the chance of missing the

mode containing the global minimum. While for any given functional it may be possible to find

a corresponding optimal scale of search, for an arbitrary cost function the temperature sched-

ule should automatically adapt to its behavior. We propose to start the search by exploring the

functional at a finer scale first, which corresponds to a lower temperature, and then progressively

increase the latter thus coarsening the evolution until a lower cost state is found.

The conducted experiments confirm that this intuitive argument is justified and performs well

in practice. Furthermore, the absence of a complicated acceptance - rejection algorithm used by

some other simulated annealing-based techniques is the key to the ease of implementations, which

in turn enables us to apply the same algorithm to different functionals and achieve a satisfactory

performance.

1.1.3 Identification of an Object from a Single Image

The problem of shape identification from an image is one of the most natural tasks in computer

vision. Assume we observe an object in 3 −D space through a camera. Upon receiving an image

from the camera, the goal is to characterize it relying on the data in the image. If we can extract

some features of the object from its image, then it is possible to compare them to a database of
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features of known objects. Provided that database is sufficiently complete, that would allow us to

recognize the object.

We have argued earlier that a shape analysis is greatly simplified when shapes are represented

as discrete entities in terms of their landmarks. In this part of the thesis, we will assume that an

object is represented as a collection of discrete points {Xi} in 3 − D space, and its image is a

2 − D discrete shape {xi}. Obviously, an image {xi} is a function of the object and the camera.

A recognition mechanism is then defined as any function of the image, f
(
{xi}

)
, which remains

invariant to the choice of camera. In addition, a good recognition mechanism should possess the

following properties.

• The image of the function f(·) should have the smallest dimension possible.

• While it is typically not necessary for a function f(·) to be bijective, it is desirable that it

would contain as much information about its argument as possible, so as to better discrimi-

nate between different objects.

• The recognition mechanism should be robust to noise in the data. Most recognition tech-

niques rely on certain assumptions about the objects of interest. For example, a robot at

a textile factory may know that buttons are round or at least have two round holes; when

trying to identify an airplane we may assume it is symmetric etc. Imaging devices may in-

troduce noise, which would make a circle look elongated, or a symmetric object skewed. It is

important that such phenomena would receive proper attention when designing recognition

mechanism.
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Projective geometry provides a very elegant and convenient framework for the problem of

recognition of a discrete shape ([15]). Let the set of points Xi ∈ P
3 denote an object lying in the

3 −D projective space, and xi ∈ P
2 be its corresponding image. The standard “pin-hole camera”

model then assumes that the image and the object are related through the equation xi = PXi, where

P is a 3×4 matrix of a linear projective transformation. It can then be deduced that different images

of the same object, xi and x′i, corresponding to cameras P and P
′ respectively, are related through a

linear transformation from P
2 to itself (projective transformation), defined by some matrix H.

The above suggests that to construct a recognition scheme, we should search for invariants of

projective transformations ([9, 33, 37, 38, 39]). A variety of invariants have been proposed in an

extensive research in the area. It has been proven that assumptions about the class of objects of

interest are required for any recognition to proceed ([6]). The idea is to therefore impose constraints

that would be sufficiently restrictive to make the recognition feasible, and sufficiently broad to

encompass the class of shapes of interest in our applications.

Our interest in this work is in planar symmetric shapes. The primary potential application here

is the recognition of airplanes, even though many other objects, such as tools fall into the same

category. The goal is to then provide a classification mechanism for such an object based on its

single image. The corner stone of our proposed recognition algorithm that we propose here is the

notion of the skeleton of a view ([43]). A skeleton is a collection of points all lying on the same

line, which is the image of the symmetry axis of the original object. As was discussed earlier,

different views of the same objects are related to each other through projective transformations.
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The same holds true for the skeletons of those views, i.e. the skeleton of the view {xi} is the pro-

jective image of the skeleton of another view {x′i} through some 1 −D projective transformation.

Furthermore, we formally show it that skeletons contain virtually as much geometric information

about the original object, as the views. The problem of object recognition can therefore be reduced

to classification of possible view skeletons.

Recall that a skeleton consists of several collinear points. The famous projective invariant of

collinear points is the so-called cross-ratio. A cross-ratio is a function of four collinear points

defined in terms of ratios of distances between them, which remains invariant to any projective

transformation on those points. If a skeleton contains more than 4 different points, we can construct

a vector of cross-ratios by taking different 4-tuples of points. That vector would obviously be

projectively invariant. To summarize, given a view we can construct its skeleton which in turn

gives rise to a vector of cross-ratios. The latters only depend on the initial object, and not on any

particular image. Furthermore, this invariant captures almost all geometric information about the

object, which makes it a good candidate for a recognition technique.

The second part of this work is devoted to the problem of robustness of the proposed recogni-

tion technique against noise in the data. As was discussed in the sampling part of the introduction,

a discrete shape is always produced from its continuous original either by applying a discretiza-

tion algorithm (See Chapter 2), or even by selecting the landmarks manually. In either case, the

sampling process is inherently imperfect and yields discretization errors. A question that natu-

rally arises is whether the previously proposed recognition algorithm is robust against this type of

problems. This leads to the problem of statistical analysis of the proposed invariants.
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While completely computing the multi-dimensional distribution of the signature vector is still

an open problem ([34]), we show that under the assumption that the noise in data is independent

and gaussian with zero-mean and identical variance, optimal identification is still possible, i.e.

while it is certainly not feasible to do a perfect recognition in the noisy environment, for a given

view, we can derive an optimal estimate of its skeleton, which would in turn allow us to compute

the estimates of the cross-ratios. This statement is based on a proposition, which states that an

independent gaussian noise in the data points leads to skeleton points becoming gaussian with the

mean coinciding with the true skeleton and some covariance matrix Σ. The estimate of the true

skeleton is then found by applying the generalized linear fit to the noisy skeleton points.

1.2 Thesis Organization

This thesis is organized as follows. Chapter 2 contains the discussion of sampling of planar

shapes and 3 − D curves along with the newly proposed sampling algorithm. In Chapter 3 we

discuss the new implementation of a simulated annealing based stochastic optimization and its ap-

plications to signal and image filtering. Chapter 4 contains a development of the new technique

of identification of a discrete planar symmetric shape from a single image. Finally Chapter 5 con-

cludes this thesis by summarizing the work, providing the final remarks and discussing potential

future research.
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Chapter 2

Sampling Closed Planar Curves and Surfaces

2.1 Introduction

Sampling theory has a long history of development ([4, 55, 62]). The classical sampling theo-

rem, which provides the basis for reconstructing bandlimited 1−D signals from discrete samples,

was first proved by Cauchy, rediscovered by Whittaker ([48]) and Kotelnikov ([28]), and finally

applied to problems of communications by Shannon ([49]), which ultimately resulted in the ”digi-

tal revolution”. The theorem is remarkable in that it allows converting an analog signal satisfying

certain class constraints into a discrete sequence of numbers without any loss of information. Its

mathematical statement is as follows.

Theorem 2.1 If a function f : R → R is bandlimited to ωmax < π
T

, then it can be exactly

reconstructed from its values at sampling points tn = nT :

f(x) =

+∞∑

n=−∞

f(nT )sinc
( x

T
− n
)

, x ∈ R. (2.1)

The formula (2.1) is nothing but a representation of a function with respect to a particular orthog-

onal basis. It was noted later that spaces other than that defined by basis of sinc-functions may

be considered as models for ”ideal” signals ([32]), i.e., those allowing perfect reconstruction from

their discrete samples. Bases other than orthogonal (e.g. Riesz bases) can be efficiently used to
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represent signals relative to them. Furthermore, it was shown that one might take advantage of

stable representations of a signal with its coefficients with respect to systems with redundancy as

opposed to orthogonal bases. That theory gave rise to the notion of frame and delivered many

powerful sampling techniques ([2, 1]).

In this chapter we consider the problem of sampling a closed planar curve or a 3 −D surface.

Just like in the case of 1 −D signals, the ability to convert a continuous contour to a collection of

discrete points is extremely desirable and yields a number of useful applications. If the informative

content of an image is limited to a single shape, then sampling the boundary of the object as

opposed to the entire image may result in significant increase of compression efficiency.

On the other hand, when a shape is analyzed in the context of computer vision, then the im-

portance of being able to find a discrete representation cannot be overemphasized. While there

exists a number of methods dealing with continuous curves, the latter must often come from a very

narrow class, e.g., quadrics ([56]). At the same time representing shapes as arrays of points is

fundamentally simpler, and therefore a richer theory exists for such scenarios ([11, 50, 23]).

The main obstacle we have to tackle when sampling a curve is lack of its a priori given func-

tional form ([41]). As will be discussed in detail later, what we normally observe is an image of a

curve as opposed to the curve itself. That creates a problem of finding a parametrization that could

be run through a sampling algorithm. Since a type of parametrization needs to be defined a priori

([42]), certain constraints have to be imposed on curves to guarantee its existence. We will show

that once a parametrization of the curve is obtained, a sampling theorem based on sampling theory

of 1 −D signals can be applied ([44]).
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This chapter is organized as follows. Our focus is mainly concentrated on 2−D curves. Section

2.2 provides a general background about planar curves. Its purpose is to fix the notation as well

as provide the insight as to the fundamental differences between 1 − D signals and planar curves

from the point of view of sampling theory. In Section 2.3 we formulate the problem we address in

this chapter, and describe in detail the solution that we propose, which includes class-constraints on

curves, sampling and reconstruction algorithms and present examples of applying those algorithms

to idea curves. Technical proofs are moved to Appendix A for the sake of clarity.

In practice, most if not all curves do not exactly satisfy any a priori given conditions. It follows

then that no technique can provide a perfect sampling and reconstruction of realistic curves. In light

of this, in Section 2.4 we propose an optimization technique which yields an optimal approximation

to an original curve. We show that it is consistent with the sampling theorem for class-constrained

curves in the sense that the latter becomes a particular case of the former.

Results obtained for 2−D curves can easily be generalized for 3−D surfaces. A brief summary

of results for 3−D is presented in Section 2.5. Section 2.6 concludes the chapter by providing the

final remarks.

2.2 Planar Curves

Curves arise in practice in many ways (see Figure 2.1). They normally represent a silhouette

or a contour of some object in an image. From mathematical point of view, what we observe on a

piece of paper or a computer screen is in fact an image of a curve. In general there exists no way to

uniquely extract the functional form of a curve from its image, provided no a priori assumptions
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Figure 2.1 Synthetic silhouette of a B-2 plane.
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about the nature of the curve. Note that if we are given a graph of a 1 − D signal, then a very

specific coordinate system, namely Cartesian, is attached to it even if not explicitly mentioned. We

will give the following definitions ([3, 19]).

Definition 2.2 A path (parameterized curve) is a continuous function γ : [a, b] ⊂ R → R
2, i.e.,

γ(t) =
(
x(t), y(t)

)
∈ R

2, t ∈ [a, b], γ ∈ C
(
[a, b]

)
. (2.2)

Here t, which varies in [a, b], is the parameter of a curve.

Definition 2.3 The subset C ⊂ R
2 defined by

C = Im(γ) ≡ γ
(
[a, b]

)
≡
{
γ(t) | t ∈ [a, b]

}
(2.3)

is called the image of a path γ(·).

The set C is what we really call a curve in everyday life. It is therefore intuitive that the set C

should not depend on a choice of parameterization contrary to what is suggested by Definition 2.3.
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The following construction assures that C is in fact independent from a parameterization so long

as the latter belongs to an admissible class of paths.

Definition 2.4 Two paths γ1(t) : [a, b] → R
2 and γ2(τ) : [α, β] → R

2 are said to be equivalent

(write γ1 ∼ γ2), if there exists a change of variable t = t(τ), satisfying the conditions

1. t : [α, β] → [a, b] is a bijection between the two intervals;

2. t and t−1 are continuously differentiable, i.e.,

t ∈ C1
(
[α, β]

)
, t−1 ∈ C1

(
[a, b]

)
;

3. The two parameterizations have the same direction, i.e.,

d

dτ
t(τ) > 0, ∀τ ∈ [α, β],

such that

γ1

(
t(τ)

)
= γ2(τ), ∀τ ∈ [α, β]. (2.4)

It easily follows from Definition 2.4 that equivalent paths have the same image.

Theorem 2.5
(

γ1 ∼ γ2

)

⇒
(

Im(γ1) = Im(γ2)
)

. (2.5)

Furthermore, the relationship ∼ from Definition 2.4 is an equivalence relationship, which yields

that all continuous paths are divided into disjoint equivalence classes. Those classes are called

planar curves.
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Definition 2.6 Let γ0 : [a, b] → R
2 be a path. Then the equivalence class

C = {γ | γ ∼ γ0} (2.6)

is called a curve with the representative γ0.

Theorem 2.5 asserts that the image of a curve is uniquely defined.

Definition 2.7 Let C be a curve, and γ0 ∈ C. Then by definition

Im(C) ≡ Im(γ0). (2.7)

Definition 2.8 A curve C is called closed if it contains at least one parametrization γ0 : [a, b] →

R
2, which is closed, i.e., γ0(a) = γ0(b).

One easily establishes that all elements of a closed curve are closed parameterizations.

Definition 2.9 A closed curve C is called Jordan if it does not intersect itself except at the end

points, i.e., if γ0 : [a, b] → R
2 is its parametrization, and t1 < t2 then

(

γ0(t1) = γ0(t2)
)

⇒
(

t1 = a, t2 = b
)

. (2.8)

In the remainder of the chapter, we will focus exclusively on Jordan curves.

A curve is defined as an object independent of a particular parametrization. Other geometric

objects attributed to curves may be defined in a similar manner. A concept we find particularly

useful is that of a unit tangent vector to a curve.
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Definition 2.10 Let γ : [a, b] → R
2, γ ∈ C1

(
[a, b]

)
, γ(t) =

(
x(t), y(t)

)
, t ∈ [a, b] be a path and

t0 ∈ [a, b]. Then the unit tangent vector to the path at the point γ(t0) is a vector τ (t0) defined as

τ (t0) =
γ′(t0)

‖γ′(t0)‖
∈ R

2, (2.9)

where

γ′(t0) =
(
x′(t0), y

′(t0)
)
, ‖γ′(t0)‖ =

√

x′(t0)
2 + y′(t0)

2
. (2.10)

As was noted earlier, it can be easily shown that the notion of a unit tangent vector to a curve

is geometric, i.e., it does not depend on a particular parameterization of the curve. More precisely,

the following theorem holds.

Theorem 2.11 Let γ1(t) : [a, b] → R
2 and γ2(τ) : [α, β] → R

2 be two equivalent paths, i.e.

γ1 ∼ γ2, such that t = t(τ) is a change of variable satisfying all the conditions listed in Definition

2.4. Let τ 1(t), τ 2(τ) be tangent vectors to paths γ1 and γ2 at points γ1

(
t(τ)

)
and γ2(τ) respectively.

(Note that γ1

(
t(τ)

)
= γ2(τ).) Then

τ 1

(
t(τ)

)
= τ 2(τ). (2.11)

The proof of this theorem can be found in [19]. We will make use of this theorem in later sections

of the chapter.

2.3 Sampling Planar Curves

2.3.1 General Finite Sampling Problem

Here we give a mathematical description of a finite sampling problem which is, generally

speaking, suitable for any signals including 1 − D function, images or curves on the plane. Our
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description and solution of the problem will not only be rigorous and unambiguous, but it will also

help us contrast and compare the relevance of traditional sampling theory of 1 − D and 2 − D

signals to the problem we have at hand.

To proceed with the formulation of the finite sampling problem for an arbitrary signal, we state

the following definition.

Definition 2.12 Let f : X → Y be a signal (function). Completely specifying the sampling

problem of this signal entails imposing conditions on f , such that it is possible to find a triple

(N,X ,I ), where N ∈ N is a number of samples, X ≡ {x1, . . . , xN} ∈ XN is a collection of N

distinct samples, and I is an interpolation function (method of reconstruction): I : XN × Y N ×

X → Y , such that

I
(
x1, f(x1), . . . , xN , f(xN); x

)
= f(x), ∀x ∈ X. (2.12)

The reader may find the above definition too abstract. However, it is extremely important to for-

mally specify the problem we are going to be addressing. This definition also reveals the minimal

information needed in order to formulate a sampling theorem. The following well-known theorem

is a classical example of a solution to a 1 −D finite sampling problem.

Theorem 2.13 Let f : R → R be a 1−D signal. Suppose also that it is periodic with a fundamen-

tal period 2π and bandlimited, i.e., there exists N ∈ N (for the sake of simplicity we will assume

N even) and c−N
2

, . . . , cN
2

∈ C, such that

f(t) =

N/2
∑

n=−N/2

cne
itn, ∀t ∈ R. (2.13)
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Then if t1, . . . , tN+1 ∈ R is a collection of N + 1 arbitrary but distinct points on the real line

and f(t1), . . . , f(tN+1) the corresponding sample values of f(t), we can reconstruct the signal

f(t), and the interpolation function, I , is defined by the right side of Equation 2.13, where the

coefficients {cn}n=−N
2
,...,N

2

are the unique solution of the following system of equations.











f(t1)

...

f(tN+1)











=











ei(−
N
2 )t1 · · · ei

N
2
t1

... . . . ...

ei(−
N
2 )tN+1 · · · ei

N
2
tN+1











·











c−N
2

...

cN
2











. (2.14)

The reader may refer to [32] among others for the proof of this theorem. It easily follows from the

fact that any N +1 samples yield a linear system of equations with respect to N +1 signal Fourier

coefficients, which is full-rank and thus has a unique solution. The Fourier coefficients, in turn,

completely define a signal f(t) (see, for example, [45]).

Definition 2.14 Let f : X → Y be a given signal. We will say that a point

y ∈ Im(f) (2.15)

is an incomplete sample of f on X .

Definition 2.15 Let f : X → Y be a given signal. We will call a pair

(
x, f(x)

)
∈ X × Y, (2.16)

a complete sample of f on X .

Note, that when given an incomplete sample of a signal, we have its value at an unknown

location. In a statement of a finite sampling problem a reconstruction of a signal is usually from
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its complete samples. The following simple example demonstrates that the sample locations are

critical.

Consider again a 1−D bandlimited signal f(t), satisfying all of the conditions from Theorem

2.13 with N = 3. Then if we are given any 3 complete samples, Theorem 2.13 guarantees that we

will be able to uniquely reconstruct f(t). On the other hand, if we were given incomplete samples,

then by varying the locations of those samples we would be able to construct an infinite number of

signals, satisfying all the required conditions, e.g., if

f(t1) = 1, f(t2) = 0, f(t3) = −1,

then the locations

t1 = 0, t2 =
π

2
, t3 = π

yield f(t) = cos t, but for

t1 =
π

2
, t2 = π, t3 =

3π

2
,

the formula for the signal would become f(t) = sin t (See Figure 2.2).

This very simple example underlines the difficulty we encounter when formulating a sampling

problem for planar curves as we discuss next.

2.3.2 Sampling Closed Curves: Formulation

Recall, that a closed planar curve C is a class of equivalent (closed) parameterizations of the

same image C . We formulate the sampling problem for the curveC as follows. Find a parametriza-

tion γ ∈ C, whose finite sampling problem is well defined - seek a function γ : [a, b] → C ⊂ R
2,
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Figure 2.2 Samples with the same values but different locations correspond to different signals.
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which satisfies some conditions so that a finite number of complete samples results yielding a

reconstruction of γ(·).

To proceed, it is important to make the following observation. A complete sample for a

curve has the form
(
t; γ(t)

)
≡
(
t; x(t), y(t)

)
. In practice, however, all we have is a set of point

{
(xi, yi)

}N

i=1
, which do not constitute complete samples. In fact, a closer consideration reveals that

these samples are not even incomplete as for arbitrary points on the plane
{
(xi, yi)

}N

i=1
there is no

information about the parametrization at hand or its domain. The following two steps are in order

to mitigate such a limitation.

• Make additional assumptions about the nature of a curve, namely about the type of coordinate

system, this curve is represented in.

• Make the information of the coordinate system selection part of the sample specification so

as to avoid any potential ambiguity presenting a closed curve and subsequentles.

2.3.3 Curves Representable in Polar Coordinates

As was

argued earlier, a choice of a coordinate system is important for extracting some meaningful

information from curve samples. This may be demonstrated by a 1 −D function, whose samples

are as such in a cartesian coordinate system, and otherwise just a set of points in the plane. We

glean the information projecting points onto the two axes. While this example may look trivial, the

resulting procedure is instructive and indicative of the challenges we have to tackle.
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To address the representation issues of closed (Jordan) curves, one natural reference system

which surfaces is that of polar coordinates. Assuming that such a curve representation exists, its

seemingly restrictive scope quickly pales next to its merit in suitability as well as adaptability to a

wide array of settings. In the case of interest herein, we adopt a polar parametrization of a given

curve C and next discuss the technical conditions which underly its existence.

Definition 2.16 Suppose we have a curve C. If for a given point γ0 ≡ (x0, y0) there exists a

function r(θ) : [0, 2π] → R
2, such that the curve C can be parameterized according to

γ(θ) = γ0 +
(
r(θ) cos(θ), r(θ) sin(θ)

)
, θ ∈ [0, 2π], γ(0) = γ(2π), (2.17)

then we call γ0 an admissible (polar) center of C.

While such a definition does not uniquely specify an admissible center of a curve, it allows us to ad-

dress the existence issue, which in turn affords our constructing of curves whose class membership

is easily carried out.

Given a curveC, and using the above definition, we may proceed to determine the admissibility

of any point (x0, y0) by ensuring that every half-line originating at this point intersects C at one

and only one point. To alleviate the computational load such a procedure may entail, we state the

following theorem which forms the basis for a more efficient search of admissible points.

Theorem 2.17 Let C be a smooth curve, (x0, y0) ∈ R
2, and ` - half-line starting from (x0, y0) and

intersecting the image of C, set C , in at least two points. Then there exists another half-line ` t that

also starts from (x0, y0) and is tangent to C.
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The proof of this theorem can be found in the Appendix A.

It is important to note that the existence of a tangent half-line to a curve originating at a point

(x0, y0) does not guarantee the non-admissibility of the latter as a center for the curve. It does,

however, as further discussed below, rule all of those points out of the set from further consideration

and hereby identify a so-called regular admissible set.

Definition 2.18 Let C be a curve and (x0, y0) ∈ R
2 be a point. Then this point is called a regular

admissible center if there exists no half-line ` going from (x0, y0) and tangent to C. A collection

of all regular admissible centers will be called the admissible set of the curve C and denoted AC .

To simultaneously qualify the membership of any selected point (x0, y0) to AC and avoid a

computational explosion, the following describes an easily implementable procedure.

Theorem 2.19 Let C be a curve, and γ : [a, b] → C be its parametrization. For any t ∈ [a, b]

define τ (t) - a unit tangent vector to γ at a point γ(t), and γs(t) - a vector connecting the points

γ0 ≡ (x0, y0) and γ(t) ≡
(
x(t), y(t)

)
, i.e.,

γs(t) =
(
x(t) − x0, y(t) − y0

)
, t ∈ [a, b], (2.18)

where γ(t) ≡
(
x(t), y(t)

)
(see Figure 2.3). Then γ0 ∈ AC if and only if the orientation of the pair

of vectors
{
τ (t), γs(t)

}
is constant (non-zero) for all t ∈ [a, b]. The latter condition means

sgn







∣
∣
∣
∣
∣
∣
∣
∣

γ1(t) γ2(t)

τ1(t) τ2(t)

∣
∣
∣
∣
∣
∣
∣
∣







= const 6= 0, ∀t ∈ [a, b], (2.19)

where γ(t) ≡
(
γ1(t), γ2(t)

)T
, τ(t) ≡

(
τ1(t), τ2(t)

)T .
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Figure 2.3 Orientation of a pair {τ (t), γs(t)} remains the same for all t ∈ [a, b].
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See Appendix A for the proof of this theorem. Appendix B contains more details regarding the

numerical implementation of the test for admissibility based on Theorem 2.19.

In practice, a continuous curve is, of course, a polygon with a large number of vertices and

ever smaller edges, and significantly simplifies the exhaustive search as called by Equation (2.19).

In addition, as we show next, the structure of AC may be used to advantage in avoiding to have to

check the totality of points individually.

Theorem 2.20 Let C be a curve and AC be its admissible set. Then AC is convex, i.e.,

(

γ1, γ2 ∈ AC

)

⇒
(

[γ1, γ2] ⊂ AC

)

, (2.20)

where

[γ1, γ2] =
{
αγ1 + (1 − α)γ2 | α ∈ [0, 1]

}
. (2.21)

The proof is presented in the Appendix A. A fast and simple approximation of AC may, for in-

stance, be carried out by a Monte Carlo method and illustrated in Figure 2.4.
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Figure 2.4 A curve and its admissible set.
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2.3.4 Sampling and Reconstructing Curves: Algorithms

Provided that a non-empty admissible set AC exists, as spelled out above, our goal in this

section is to describe practical algorithms enabling us to sample closed curve and reconstructing

them. Specifically, when given a curve C, we have to, subject to any other additional constraints,

identify and acquire its appropriate samples, which will also allow us to reconstruct it.

Suppose C is a curve and γ0 ∈ AC . Then by definition there exists a polar parameterization

{
r(θ), θ ∈ [0, 2π]

}
of the curve C. Since, r(θ) is a 1−D signal, we may therefore apply Theorem

2.13 to obtain the following result.

Theorem 2.21 Suppose that we have a curve C and γ0 ∈ AC . Let r(θ) be a polar representation

of C centered at γ0. Then if r(θ) is bandlimited, and there exists N ∈ N, such that

r(θ) =

N/2
∑

n=−N/2

cne
iθn, (2.22)

then r(θ) can be reconstructed from any N + 1 samples (See Figure 2.5).

The reconstruction formula follows from Theorem 2.13. A few remarks regarding the last result

are in order.

• Note that this result is not a finite sampling theorem as it heavily relies on a given point γ0.

Assuming such knowledge is quite unnatural, since in practice we are given only samples of

a curve, and thus it is impossible to use this theorem.

• Providing the polar center of a curve explicitly is often undesirable because of noise that

is present in virtually any real-world system. Suppose, for example, that the curve is to be
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Figure 2.5 Given a polar center a curve can be reconstructed from any samples as long as their
number is sufficient.
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transmitted over a digital channel. It then would not greatly reduce the efficiency of trans-

mission if we simply added γ0 to transmitted samples. The downside of this approach is in

that γ0 becomes the bottle-neck of the system, since any error added to it, would significantly

affect the reconstructed curve.

Our goal is now to come up with a sampling technique that would allow us to extract the

polar coordinate system from samples in a reliable manner. Recall, that Theorem 2.13 states that a

bandlimited signal can be reconstructed from any (possibly non-uniform) samples so long as their

number matches the bandwidth of the signal. We show that it is possible to use this freedom to

choose samples in such a way that they would contain the information about the coordinate system

that was used to produce them.

We formulate the following proposition which will immediately provide us with a desirable

sampling technique.

Proposition 2.1 Let C be a curve and γ0 ∈ AC . Without loss of generality we will assume that

γ0 = (0, 0). Otherwise we can always shift the curve. Suppose that
{
r(θ), θ ∈ [0, 2π]

}
is a

corresponding polar parametrization of C. Then if r(θ) is bandlimited, so that (2.22) holds, then

we can always choose sampling points {θi}N+1
i=1 in such a way that

1

N + 1

N+1∑

i=1

(
r(θi) cos(θi), r(θi) sin(θi)

)
= (0, 0). (2.23)

The significance of the last statement lies in the implication of an existence of a set of sample

points, whose orthocenter is at (0, 0), representing a parameterized curve so long as the latter is
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bandlimited. This is tautologous, as is shown below, to saying that a unique reconstruction is

possible with no additional assumptions. Thus we have the following sampling theorem.

Proposition 2.2 Let C be a curve. Assume AC 6= ∅, and γ0 ≡ (x0, y0) ∈ AC . Suppose that r(θ)

is a polar parametrization of C centered at γ0. If r(θ) is bandlimited, so that (2.22) holds, then

there exist distinct points θ1, . . . , θN+1 ∈ [0, 2π], such that the curve C is uniquely defined by the

points

(
r(θi) cos(θi), r(θi) sin(θi)

)
∈ R

2, i = 1, . . . , N + 1. (2.24)

The reconstruction procedure easily follows from Equation (2.23) and Theorem 2.13.

The above sampling procedure is sufficiently general to be applicable to a variety of curves. The

sampling and unique reconstruction of a curve C is subject to the following conditions, which are,

recall

• The admissible set from Definition 2.18 must be non-empty, i.e., AC 6= ∅.

• There must exist a point γ0 ∈ AC , such that the corresponding polar parameterization of C

is bandlimited.

The conditions we impose on a curve seem restrictive until we note that, unlike the 1−D case, the

proposed technique affords a reconstruction in spite of lack of complete samples and a fixed and

unambiguous coordinate system.

The Figure 2.6 shows the result of applying the described technique to a curve, where we

may also note that such an encoding of γ0 is stable against random additive noise because of the

smoothing that takes effect in the course of averaging in Equation (2.23).
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Figure 2.6 A curve is sampled and then perfectly reconstructed from the samples without using
any additional information.
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2.4 General Applicability: Deviation From Model

As discussed in the beginning of this chapter, perfect reconstruction is impossible for arbi-

trary signals in general, and curves in particular. Any reconstruction algorithm requires additional

information about the nature of a signal. In many cases a signal is constrained to lie in a cer-

tain functional space for the sampling theorem to be valid. The classical sampling theorem, for

example, requires that a signal belong to the space of bandlimited functions.

Although class constraining, the above conditions, which a curve must satisfy to be a good

candidate for sampling and exact reconstruction, are justifiable in light of the rather limited number

of degrees of freedom imposed on an otherwise infinite dimensional space where our functions of

interest live.

In the present context and for all practical purposes, where sampling of shapes is our main inter-

est, a good approximation of curves will be perhaps no less important than an exact reconstruction.

This in turn yields a number of interesting questions, such as:

• How close is the approximation to the original curve?

• Can we minimize the error of approximation?

An important point to note is that in the case of a non-bandlimited curve the bandlimited recon-

struction may suffer from significant errors, if the proposed above procedure is directly applied.

Recall, that if a curve is to be sampled and uniquely reconstructed, its sampling points are chosen

so that the corresponding orthocenter coincides with the polar center. If we denote the distance

between the orthocenter of samples and the polar center by d(θ1, . . . , θN+1), then our condition
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may be written as

d(θ1, . . . , θN+1) = 0. (2.25)

We claimed earlier that it is always possible to find {θi}N+1
i=1 for a bandlimited curve, such

that (2.25) holds and where N matches the bandwidth. It is clearly seen that finite sampling and

exact reconstruction are limited to bandlimited signals/curves. In the event that the curve is non-

bandlimited, we may only seek to determine the samples, which will minimize d(θ1, . . . , θN+1)

while optimizing the distance between the curve and its reconstructed approximation. Note that

the previously described sampling procedure may be viewed as a particular case of this technique,

which specializes to that above for the corresponding class of curves and for which the approxi-

mation error is zero, and the two criteria optimization described next reduces to one.

2.4.1 Sampling By Optimized Approximation

Let us assume that we have a curve C, such that AC 6= ∅, and γ0 ∈ AC . Let
{
r(θ), θ ∈ [0, 2π]

}

be a polar parameterization, which is not necessarily bandlimited. Let N ∈ N be a fixed integer

number (for the sake of simplicity even). Towards formulating our generalized sampling define for

each (N + 1)-tuple θ1, . . . , θN+1 ∈ [0, 2π]

d2(θ1, . . . , θN+1) =

(
N+1∑

i=1

r(θi) cos(θi)

)2

+

(
N+1∑

i=1

r(θi) sin(θi)

)2

, (2.26)

and

l2(θ1, . . . , θN+1) =

2π∫

0

∣
∣r(ϑ) − r̂θ1,...,θN+1

(ϑ)
∣
∣2 dϑ, (2.27)

where r̂θ1,...,θN+1
(ϑ) is the reconstruction achieved by the samples defined at θ1, . . . , θN+1. In an

ideal situation we would like both d2 and l2 to be zero. It is clear, however, that the two functions
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may achieve their minima at different points in an (N + 1)-dimensional space. We search for a

so-called Pareto solution of the two-criteria optimization problem ([13]), which may be viewed as

a point, from which any deviation may not decrease in one component without increasing in the

other. For more details refer to [31]. Define F : [0, 2π]N+1 → R
2 as follows

F (θ1, . . . , θN+1) =
(
d2(θ1, . . . , θN+1), l

2(θ1, . . . , θN+1)
)
. (2.28)

Definition 2.22 A point (θ0
1, . . . , θ

0
N+1) ∈ R

N+1 is called the Pareto optimal point of F , if ∀(θ1, . . . , θN+1) ∈

R
N+1 we have






d2(θ1, . . . , θN+1) ≤ d2
(
θ0
1, . . . , θ

0
N+1

)

l2(θ1, . . . , θN+1) ≤ l2
(
θ0
1, . . . , θ

0
N+1

)
⇒ (θ1, . . . , θN+1) = (θ0

1, . . . , θ
0
N+1). (2.29)

Consider the case when the function r(θ) is bandlimited, in the sense of Equation (2.22). There

then exists according to Proposition 2.1 the corresponding number N + 1 and θ0
1, . . . , θ

0
N+1 ∈

[0, 2π], such that






d2
(
θ0
1, . . . , θ

0
N+1

)
= 0,

l2
(
θ0
1, . . . , θ

0
N+1

)
= 0.

(2.30)

Because of the non-negativity of the functions d2 and l2, we conclude that the point
(
θ0
1, . . . , θ

0
N+1

)

is Pareto optimal, which also shows that our sampling technique described in the previous sections

is a particular case of the multi-criteria optimization.

2.4.2 Implementation and Results

Multi-criteria optimization is quite well known in the mathematical community as well as engi-

neering design, finance and other sciences. Several methods of finding a solution to a multi-criteria
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Figure 2.7 A good approximation of a map of Germany may be obtained from as few as 15
samples.

Number of samples: 15

Original curve
Samples
Reconstructed curve
Initial origin
Reconstructed origin

optimization problem (Pareto optimal point) have been proposed. Here we present the results ob-

tained by using the steepest-descent method, which is while generally slow but proven to achieve

the global optimal point. For the sake of space we defer the description of this method to [16] and

only present the simulation results.

Figure 2.7 contains a silhouette of Germany. One can see that a reasonable approximation can

be achieved using only 15 samples. A similar example is presented in Figure 2.8, where a very

good reconstruction of a human kidney is made only from 7 samples. Finally, the shape of the

human brain can be accurately encoded into 19 samples (Figure 2.9).

2.5 Further Extension: Sampling of Surfaces

The results of the previous sections may be straightforwardly generalized to the case of surfaces

in R
3. Much like having a curve, when choosing a polar coordinate system makes it effectively a
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Figure 2.8 A contour of a human kidney can be recovered from only 7 samples.
Number of samples: 7

Original curve
Samples
Reconstructed curve
Initial origin
Reconstructed origin

Figure 2.9 A contour of a human brain can be recovered from only 19 samples.
Number of samples: 19

Original curve
Samples
Reconstructed curve
Initial origin
Reconstructed origin
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1−D signal, a surface can be made into an image, by fixing spherical coordinates. Given that our

interest focuses on 2−D curves, and that most of the results for surfaces are a simple generalization

of the 2 −D case, we forego any details and rather only state the results.

Definition 2.23 Suppose we have a surface S. If a point γ0 ≡ (x0, y0, z0) is such that there exists

a function r(θ, φ) : [0, 2π]2 → R
3, such that the surface S can be parameterized according to

γ(θ, φ) = γ0 +
(
r(θ, φ) cos(θ) cos(φ), r(θ, φ) cos(θ) sin(φ), r(θ, φ) sin(θ)

)
, (2.31)

where

φ, θ ∈ [0, 2π], γ(0, φ) = γ(2π, φ), γ(θ, 0) = γ(θ, 2π), (2.32)

then we call γ0 an admissible (spherical) center of S.

Theorem 2.24 Let S be a smooth surface, (x0, y0, z0) ∈ R
3, and ` - half-line starting from

(x0, y0, z0) and intersecting the image of S, set S , in at least two points. Then there exists an-

other half-line ` t that also starts from (x0, y0, z0) and is tangent to S.

Definition 2.25 Let S be a smooth surface and (x0, y0, z0) ∈ R
3 be a point. Then this point is

called a regular admissible center if there exists no half-line ` going from (x0, y0, z0) and tangent

to S. A collection of all regular admissible centers will be called the admissible set of a surface S

and denoted AS .

Theorem 2.26 Let S be a surface and AS be its admissible set. Then AS is convex, i.e.,

(

γ1, γ2 ∈ AC

)

⇒
(

[γ1, γ2] ⊂ AC

)

, (2.33)
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where

[γ1, γ2] =
{
αγ1 + (1 − α)γ2 | α ∈ [0, 1]

}
. (2.34)

Theorem 2.27 Suppose that we have a curve S and γ0 ∈ AS. Let r(θ, φ) be a spherical represen-

tation of S centered at γ0. Then if r(θ, φ) is bandlimited, so that ∃M,N ∈ N, such that

r(θ, φ) =

M/2
∑

m=−M/2

N/2
∑

n=−N/2

cm,ne
iθn · eiφm, (2.35)

then r(θ, φ) can be reconstructed from any samples so long as their number is sufficient.

Proposition 2.3 Let S be a curve and γ0 ∈ AS. Without loss of generality we will assume that

γ0 = (0, 0, 0). Suppose that r(θ, φ), (θ, φ) ∈ [0, 2π]2 is a corresponding spherical parameterization

of S. Then if r(θ, φ) is bandlimited, then we can always choose sampling grid
{
(θi, φj)

}
in such a

way that

∑

i,j

(
r(θi, φj) cos(θi) cos(φj), r(θi, φj) cos(θi) sin(φj), r(θi, φj) sin(θi)

)
= (0, 0, 0). (2.36)

Proposition 2.4 Let S be a curve. Assume AS 6= ∅, and γ0 ≡ (x0, y0, z0) ∈ AS . Suppose that

r(θ, φ) is a spherical parameterization of S centered at γ0. If r(θ, φ) is bandlimited, then there exist

distinct points (θi, φj) such that the curve S is uniquely defined by the corresponding samples of

the surface.
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2.6 Chapter Summary

Sampling of curves and surfaces is as important for a number of applications as sampling of 1−

D or 2−D signals. It may help to compress certain images more efficiently, than other techniques

that work with an entire image. Sampling also helps to provide us with shape landmarks, which

are an essential tool for shape analysis and computer vision.

It was shown that a direct attempt to sample a curve encounters the difficulty, which is not

topical for a signal or an image, namely that of finding a functional representation of the curve.

Making sure that a curve will always have a parametrization of a prescribed type requires imposing

constraints on the nature of the curve. It was demonstrated that for the case of polar parametrization

such constraints could be found and efficient class identification numerical procedures could be

implemented.

It was further discussed that unlike the 1 −D case, samples of a curve are meaningless unless

they carry information about a coordinate system in which the curve had been parameterized. We

used the flexibility in choosing positions of sampling points when dealing with a 1−D bandlimited

signal to incorporate the information about the polar center into the samples of a curve. The

resulting procedure yielded a technique allowing us to reconstruct a curve from its samples without

any additional information.

The approach we took for the case of ideal curves could be extended to curves outside that class.

We proposed an optimization technique for sampling and approximating a curve for its samples,

of which the previous sampling procedure arose as a particular case. That technique proved to

provide us with very efficient discrete representations of a number of realistic contours.
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Chapter 3

On a New Implementation of Simulated Annealing and Its Appli-
cation to Signal and Image Filtering

3.1 Introduction

Many tasks in signal and image processing such as filtering, segmentation, pattern recognition

and other applications may be posed in the context of an optimization problem. Given an initial or

observed data f0, to any signal f we associate a certain value Hf0(f). The functional f → Hf0(f),

which assigns a number to a signal, is generally referred to as the signal energy or cost. The energy

(cost) of a signal is thus a function of the signal and the observed data. Our goal is then to minimize

this cost, i.e. find a signal f̂ with the lowest energy. Mathematically, we can write it as

f̂ = arg min
f

Hf0(f). (3.1)

The solution to the problem (3.1) then becomes the output of a system that is being designed.

The problem of finding a cost functional H suitable for a particular application is challenging.

In applications related to signal or image filtering, the observed data consists of a noisy signal, and

eliminating the noise component while maximally preserving the original signal (see Figure 3.1),

is often the problem.
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Figure 3.1 Example of a clean signal and the same signal corrupted by additive Gaussian noise.

A general approach to such a problem is to search for a signal which is close to the observation

with all irregularities believed to be due to the noise factored out. A functional destined for filtering

would therefore require two components. One would penalize large deviations from the observed

data, and the other one would penalize signal abnormalities that are rather attributed to the noise

than to the clean signal, i.e. impose some regularity on the signal.

The complex structure of the functional almost invariably results in the latter being multi-

modal, i.e. having more than one local extremum (see Figure 3.2). A typical gradient descent

method which is used to search for a local minimum thus becomes suboptimal, and additional effort

is required to either improve on the extremum or in the best case converge to a global extremum.

Several approaches are available when searching for a global minimum of a multi-modal cost

functional. Most of them fall into the category of stochastic optimization algorithms. Of particular

interest is the algorithm referred to as simulated annealing together with its modifications. Simu-

lated annealing is a technique that minimizes a given cost functional by combining a deterministic

descent such as the gradient descent method, with stochastic perturbations which enable us to avoid

attracting local extrema.
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Figure 3.2 Many functionals exhibit multi-modal behavior, which means they have several local
extrema.
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Indisputable advantages of many simulated annealing based algorithms pertain to their ability

accommodate complex cost functionals with large number of degrees of freedom in a straightfor-

ward and easy-to-implement manner. In addition, in many cases an algorithm from this class may

be proven to be optimal in the sense of convergence to a global minimum.

On the other hand, straightforward implementations of simulated annealing suffer from serious

shortcomings, perhaps the most important of which is their low rate of convergence. Many algo-

rithms have been proposed in the literature in order to address this problem and potentially achieve

a superior performance at a cost of greatly complicating the stochastic component of the algorithm.

Our goal in this chapter is in this direction by proposing a modification of a classical simulated an-

nealing scheme, to attain a faster descent while maintaining the simplicity of the original idea and

its implementation.

The convergence of the simulated annealing algorithm is most often measured through the rate

of decay of the temperature, which essentially controls the variance of the stochastic component.

The logarithmic rate of the standard Boltzman technique in practice yields an almost constant

temperature over a reasonable time interval, which is equivalent to an absence of convergence in

practice. Even deeper insight may be obtained if we look at a discrete version of the algorithm from

a particle viewpoint. The stochastic component forces the particle to “explore” the neighborhood

of a particular local minimum at a certain scale, which can be heuristically understood as the

size of a typical random jump. For a fixed temperature, the behavior of the functional (at a scale

either too small or too large) will remain unexplored for a very long time, which often results
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in an extremely large time period before the particle finds a better stable state, i.e. another local

minimum with smaller energy.

A step in the direction of dealing with this problem was the well-known fast simulated anneal-

ing or the Cauchy machine proposed by Szu, whose idea was to make the tails of the distribution

of jump sizes heavier, hence allowing occasional large jumps, which would help exploring areas

far from the current position of the particle much faster. This approach unfortunately only partially

addresses the scale problem described above. The technique uniformly fails at fine scales, as a

particle may be moved by a large jump with no regards to whether a better local minimum is in

proximity. It has also been reported that the Cauchy machine does not converge in theory, which

limits its practical importance.

Our approach is based on systematically exploring all scales while maintaining the simplic-

ity of implementation. In lieu of keeping the temperature constant, we propose to vary it non-

monotonously by first exploring the immediate neighborhood of the current local minimum and

then by proceeding to progressively increase its size. While much of the theoretical analysis is left

as part of future work, experimental results show that a significant improvement in achieving the

lowest possible energy state within a minimal time.

Most filtering algorithms are designed as discrete iterative procedures, where the observed

data becomes the initial signal, to be evolved according to a particular minimization technique.

In minimizing a given functional, initial states far away from the optimizer are usually worse

than others. In those cases, achieving the global minimum may be very time consuming if at all

attainable. We will demonstrate here that the evolution of several signals uniformly distributed in
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the region where the global minimum is most likely to be found, results in further improvement

of the search algorithm. Some initial states, due to their close proximity to the global minimum,

faster converge to the optimal state.

This chapter is organized as follows. Section 3.2 provides the general background about

stochastic optimization in general, and simulated annealing in particular. Section 3.3 is devoted to

the description of the newly proposed algorithm based on using adaptive temperature to obtain a

fast implementation of simulated annealing. Section 3.4 discusses the evolution of perturbations

of the original signal as opposed to the original signal, which yields better minimization results. A

summary of the chapter is given in Section 3.5.

3.2 Simulated Annealing

Consider a problem of finding the global minimum of Hf0(f), where f0 ∈ R
d for some integer

d ≥ 1, and Hf0(·) : R
d → R. In other words, find f̂ ∈ R

d, such that

f̂ = arg min
f∈Rd

Hf0(f). (3.2)

Here f, f0 are multidimensional vectors, which represent discrete signals or images; f0 being the

observed data.

The problem (3.2) can be solved by introducing an interactive diffusion process {f(t)}t≥0, such

that ∀d ≥ 0, f(t) ∈ R
d. Let σ : R → R be a 1D function, which we will call the “temperature”.

Consider the following stochastic differential equation with the initial condition

df(t) = −∇fHf0(f) dt+ σ(t) dw(t), (3.3a)

f(0) = f0, (3.3b)
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where ∇f denotes the gradient w(t) is a d-dimensional Brownian motion. The right hand side of

the equation (3.3a) consists of two terms. The first one is deterministic and represents nothing but

the famous gradient descent, while the second one is diffusive and called for to de-trap the process

f(t) from local minima of the functional Hf0(·).

The equation (3.3a) is by definition equivalent to the following integral representation for the

process f(t).

fi(t) = f0,i +

t∫

0

[

− ∂

∂fi
Hf0

(
f(u)

)
]

du+ σ(t)

t∫

0

dwi(u), i = 1, . . . , d, (3.4)

where

f(t) ≡
(
f1(t), . . . , fd(t)

)T
, f0 ≡

(
f1,0, . . . , fd,0

)T
, w(t) ≡

(
w1(t), . . . , wd(t)

)T
.

Considering Equation (3.3a) with

σ(t) =
σ0

√

log(t+ 1)
, (3.5)

where σ0 is a fixed constant, yields the convergence of the stochastic differential equation (3.3) to

the solution f̂ , which is the global minimum of Hf0(·), i.e.

Hf0

(

f̂
)

= min
f∈Rd

Hf0(f). (3.6)

3.2.1 Discrete Approximation of the Filtering Scheme

The implementation of the above scheme entails discretization of the above equations. To-

wards that end, we construct a discrete time process {g(n)}n=1,2,..., which will approximate the

continuous diffusion process {f(t)}t≥0.
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Consider a fixed interval (0, t) and let δ = 1
N

, where N is a (large) integer number. Define

τn = nδ, n = 1, . . . , N. (3.7)

Then the process {g(n)} may be constructed using the following iterative scheme,

gi(n + 1) = gi(n) − ∂

∂gi
Hf0

(
g(n)

)
· δ + σ(t) ·

(
w(τn+1) − w(τn)

)
, (3.8a)

g(0) = f0. (3.8b)

The diffusion (3.3) is approximated by the discrete process (3.8) as spelled out by the following

theorem.

Theorem 3.1 (Descombes, Zhizhina) Under certain very mild assumptions on the functional Hf0(·),

the approximation process (3.8) strongly converges to the diffusion (3.3) with order 1
2
. More pre-

cisely,

∀t ≥ 0, max
i=1,...,d

E

[∣
∣fi(t) − gi(nt)

∣
∣

]

≤ C(t)
√
δ. (3.9)

Theorem (3.1) assures that for δ small enough, the behavior of the discrete approximation

{g(n)} is indistinguishable from its continuous counterpart {f(t)}. Thus we should expect from

the discrete process, the same filtering properties that are attributed to the continuous diffusion.

The schemes described by Equations (3.3) and (3.8), are examples of a simulated annealing-

based technique. That unfortunately means that they both suffer from the usual problems of such

techniques. Observe from Equation (3.5) that the convergence of the diffusion process as well as
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its discretized version is slow due to the slow decay of the diffusion coefficient. In practice, this

tantamount to introducing a Gaussian component with virtually constant variance at each iteration

of (3.8), which, of course, adversely affects the convergence of the algorithm within any reasonable

computational time.

We next keep the difference equation (3.8) as a guide when constructing a framework with

enhanced convergence properties.

3.3 Adaptive temperature

Consider a particular case of the optimization problem in Equation (3.2) when d = 1. Here

we will use the following notation. Let F : R → R be a function defined on the real line and

sufficiently smooth. Our goal is to find the global minimum û of F (·), i.e.

û = arg min
u∈R

F (u). (3.10)

The simulated annealing technique presented above yields the following stochastic differential

equation to solve Equation (3.10).

du(t) = −F ′
(
u(t)

)
dt+ σ(t) dw(t), (3.11a)

where w(t) is a 1D Wiener process. The discrete approximation of equation (3.11a) can then be

written as follows:

un+1 = −F ′(un) · δ + σn · wn, (3.11b)

where {wn}n=1,2,... are independent identically distributed Gaussian random variables

wn ∼ N (0, δ), n = 1, 2, . . .
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and the temperatures σn, n = 1, 2, . . . are defined as

σn =
1

√

log(nδ + 1)
.

It is apparent from Equation (3.11b) that a slow decay of the coefficients σn results in introduc-

ing Gaussian noise of virtually constant variance at each step of iteration. It is convenient to think

of the time interval δ as determining the scale at which the search is being carried out. When δ is

fixed and the temperature σn varies slowly, the search process takes place at essentially one fixed

scale. If local minima are closely clustered in relation to a typical jump size of a diffusing particle,

then many including those with lower energies will be overlooked for an extended period of time.

On the other hand, if the distance between extrema is too large, then the diffusion energy is too

small to allow a fast exploration of the functional and hence an efficient localization of new ex-

trema, i.e. the particle is trapped in one mode for too long. The following proposition provides the

exact relationship between the inter-local minima distance and the scale of the discrete diffusion.

Proposition 3.1 Let F : R → R be a 1D function, and α ∈ R a fixed real constant. Define

G : R → R by

∀x ∈ R, G(x) = F (αx). (3.12)

Then the discrete procedure of minimization of the function G on the scale δ is equivalent to

minimizing the function F at the scale α2δ.

Proof. The minimization evolution for the function G is of the form

du(t) = −G′
(
u(t)

)
dt+ σ(t) dw(t). (3.13)
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Let δ > 0 be a time step. Then the discrete equation corresponding to the continuous evolution

(3.13) is

un+1 = un −G′(un) · δ + σn · wn, (3.14)

where {wn}n∈N are independent random variables identically distributed according to N (0, δ).

Taking into account that G′(x) = αF ′(αx), we then have

un+1 = un − αF ′(αun) · δ + σn · wn (3.15)

Multiply both sides by alpha and introduce a new variable

∀n ∈ N, vn = αun. (3.16)

Then

vn+1 = vn − α2F ′(vn) · δ + ασn · wn. (3.17)

Denote η = α2δ and ωn = αwn. The last equation can then be rewritten in the form

vn+1 = vn − F ′(vn) · η + σn · ωn, (3.18)

where ωn are now independent Gaussian random variables with variance η ≡ α2δ. Equation (3.18)

is nothing but the discrete evolution for F with time step α2δ. The proposition is therefore proven.

The significance of the above proposition lies in the shown fact that an optimal scale as de-

fined by the size of the discrete time step δ, depends on the functional to be optimized. Different

functionals should therefore require different δ’s. To that end, we propose an algorithm, where
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the discretization step would vary dynamically, thus automatically adapting to the behavior of the

functional.

The algorithm described below has the following remarkable properties.

• It provides a reasonable solution to the scale problem outlined earlier by varying the scale of

the discrete evolution when the solution cannot be found at a given scale.

• As a result of this dynamical approach, a particle tends to spend less time in local minima

and is more efficient at localizing lower energy states.

• The algorithm is easy to implement, which allows us to easily use it for optimization prob-

lems over spaces of high dimensions.

Our algorithm is detailed next. For simplicity we will present its 1-D version. A multi-

dimensional generalization is straightforward. Assume there is a fixed function F : R → R.

Let u0 ∈ R be the initial state for the iteration.

1. Recall that a stochastic term was introduced in the original continuous differential equation

and similarly its discrete counterpart so as to prevent the evolving particle from begin trapped

in one local minimum. Until a local minimum is reached, the diffusion term is not needed.

We therefore begin by setting up a deterministic gradient descent until the evolving point

reaches the first local minimum.

un+1 = un − F ′(un) · δ, n = 0, 1, . . . (3.19)

2. Denote this local minimum by u(1).
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3. Once the particle reaches a local minimum, i.e. |F ′(un)| < ε, where ε � 1 is a predefined

constant, a stochastic term is initiated. Define a sequence {αn}n=1,2,... starting from 1 and

monotonously but slowly increasing.

4. Continue the particle evolution from point u(1), according to the stochastic difference equa-

tion

un+1 = un − F ′(un) · δα2
n + αnσn · wn, (3.20)

where wn are independent identically distributed random variables with Gaussian distribu-

tion N (0, δ).

5. The stochastic diffusion stops once the particle leaves the neighborhood of a local minimum,

i.e. when it finds a state u(1,0), such that

∣
∣F ′
(
u(1,0)

)∣
∣ > ε.

6. The point u(1,0) is now regarded as a new initial point, and we go back to step 1.

A few remarks about the preceding algorithm are in order.

• Note again that each local minimum is found by applying a purely deterministic scheme. In

particular, that allows to precisely pinpoint the location of the extremum as well as the time

when it is achieved.

• Suppressing the stochastic term guarantees that once the point finds itself in the neighbor-

hood of a local minimum, it will not be driven away from it at the next steps of the iteration

but instead converge to the minimum.
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Figure 3.3 When the local minimum is found via a deterministic descent it is possible to identify
the exact location of the extremum much simpler than in the case of a stochastic diffusion.

• Slowly increasing the sequence {αn} in the Equation (3.20) is equivalent to varying the

scale of the diffusion from finer to coarser. It therefore allows the particle to first explore

the function in the immediate neighborhood. If no better extremum is found in the imme-

diate vicinity of the current extremum, the search is performed progressively further and

further away. Since a sufficient number of samples is required at each scale to ensure a high

probability of locating the right point, the sequence must increase fairly slowly, e.g.

αnk
= γnk, k = 1, 2, . . .

where γ � 1 and nk is a time subsequence corresponding to step 4 of the above algorithm.

• While technically speaking the convergence to the global minimum is hard to guarantee,

experiments we have conducted demonstrate that the algorithm is capable of finding better

and better local minima much faster than the classical technique. In practice one can use

heuristic stopping criteria such as the maximum number of iterations or the lowest energy,

may be used to terminate the evolution in a finite time.
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• A very significant feature of the proposed algorithm is its simplicity from a computational

standpoint. It is therefore not surprising that its easy implementation makes it competitive

with the Boltzmann machine.

Figures 3.4 and 3.6 illustrate typical scenarios that occur when one compares the Boltzmann

technique to the newly proposed method. More aggressive and adapted search for a better state

proves more fruitful and yields a better minimization result. The functionals chosen for this exper-

iment is

Hf0(f) = β

d∑

i=1

(fi − f0,i)
2 + (1 − β)

d∑

i=2

∆θ(fi − fi−1), (3.21)

where β ∈ (0, 1) is a fixed constant and

∆θ(x) =







x, |x| ≤ θ,

−θ, x < −θ,

θ, x > θ,

(3.22)

for some θ > 0. This functional has a data fidelity term, which is a mean-square distance between

an evolving signal and the original data, as well as a smoothness term, which progressively pe-

nalizes a high gradient attributing it to the noise, while putting smaller penalty on jumps that are

likely to have come from the original clean signal.

The vector f represents the digitized signal or image being evolved, and the vector f0 is a

digital version of the original data.

Examples show that for this functional both in 1−D and in 2−D case, the proposed technique

does indeed provide a superior performance for the optimization. Lower energy states are achieved

much faster, corresponding to better filtering properties.
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Figure 3.4 A new implementation of simulated annealing for a signal filtering functional yields
faster convergence to the global minimum.
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Figure 3.5 Lower energy achieved naturally means better filtering result for a noisy signal.
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Figure 3.6 A new implementation of simulated annealing for an image filtering functional yields
faster convergence to the global minimum.
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Figure 3.7 Higher energy level yields more visible noise while lower energy level yields cleaner
image.
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3.4 Evolution of Several Perturbations of the Original Signal

In the previous sections, a new simulated annealing based algorithm was developed and allowed

us to achieve a better speed performance of an arbitrary functional energy decreasing towards its

global minimum. The idea of adaptive temperature turns out to be quite intuitive as was illustrated

in the 1−D case. Furthermore, it has been shown that it is applicable to a large class of functionals

in multi-dimensional spaces.

The intuition of 1 − D picture may be similarly transitioned and generalized to multidimen-

sional discrete signals in search for the lowest possible energy.

Consider a simple example of a bi-modal function F (u), which has two local minima, only

one of which is global. It is clear that virtually any initial point located in the same cavity as the

global minimum will yield a faster convergence to the global minimum than one positioned close

to the local minimum. Thus we would like to start the evolution as close to the global minimum

as possible. Because the exact form of the function F (u) is not known a priori, to make a perfect

guess is clearly an impossible task. The solution is then to uniformly throw several points in the

interval where the global minimum is likely to be found and evolve them simultaneously, so that

one realization would converge to the solution faster than others.

This simple idea can be exploited to solve minimization problems for high-dimensional func-

tionals as well. Here, instead of a 1−D point u0 the usual initial state is a signal f0 ∈ R
d. As it was

argued earlier, the functionals used for filtering purposes (such as one defined by Equation 3.21)

have a data fidelity term, its global minimum is unlikely to find too far from the original data. It

is thus reasonable to produce the desired perturbations by adding random independent identically
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Figure 3.8 Evolving a perturbed version of the original signal may yield better minimization
results.

distributed noise to each component of the digital vector, e.g.

f
j
i = f0,i + n

j
i , (3.23)

where nji are independent uniformly distributed on the interval [−nmax, nmax] random variables.

One or several of those perturbations is likely to descend to a global minimum faster than the

original data. Figure 3.8 demonstrates an example of such a phenomenon occurring in practice.

3.5 Chapter Summary

In this chapter we have considered a problem of signal filtering using a stochastic optimiza-

tion method. A particular technique that was employed was the celebrated simulated annealing,

which combines the gradient descent method along with the diffusion that keeps the evolution from

settling in local minima.
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The major shortcoming of the classical implementation is its slow speed of convergence. We

proposed a qualitatively new explanation for this phenomenon in terms of a particle that evolves

over time searching for states with lower energy. It was argued that the classical technique along

with some of its modifications restrict the search to certain scales that may not adapt well to the

peculiarities of a functional of interest. This was confirmed by the superior performance of the

newly proposed algorithm.

The new implementation of the simulated annealing based filtering diffusion is through using of

non-monotonously varying (adaptive) adaptive temperature. By continuously increasing the scale,

the evolution is capable of exploring the behavior of the functional being minimized at each scale,

and successfully locate states with lower energy thus advancing the energy minimization process.

The experimental data confirms that an intuitively promising idea is also a practical success.

Finally, we showed that one can further improve the search algorithm by evolving several

perturbations of the original signal for a shorter time rather than just the original signal for a longer

time.

The key observation behind that idea is that for an arbitrary functional, especially one with

many modes, not all initial states are equivalent in terms of the resulting performance of the evolu-

tion. Starting the evolution far from the the location of the global minimum may result in trapping

of the evolving signal in a wrong mode. That obstacle may be circumvented by randomly throw-

ing several initial signals around the unknown global minimum. When several perturbations of the

original signal are evolved, one realization may be more probable cadidate than the original signal

and in fact converge to the global minimum much faster.
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Chapter 4

Identification of a Discrete Planar Symmetric Shape from a Single
Noisy View

4.1 Introduction

Automatic understanding of objects from their images is a fundamental problem of computer

vision ([14]). In the vast majority of practical situations we do not have a hands-on access to

an object we are interested in, but instead are bound to study it relying on its images obtained

through various imaging devices. Because the world we live in is three-dimensional, and images

are typically two-dimensional, the problem of extracting all possible information about the object

from its images is fundamentally ill-posed.

Mathematical formulations of the problem of identifying an object very drastically depending

on an exact practical setting and therefore assumptions that are considered natural ([35, 56, 57,

61, 47]). A lot of research has been devoted to studying object based on two and more images

([15, 7, 46]). It is clear that the more data is available about the object, the more information can

potentially be extracted from it. On the other hand, in many cases a single image of an object is all

that is known about the object and being able to fully utilize that knowledge becomes an important

problem.
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This chapter is devoted to the problem of identifying a symmetric planar discrete shape from a

single image. By a discrete planar shape we will understand a collection of discrete planar points.

A discrete shape is seemingly unnatural model because all objects that we observe in real life are

continuous, and so are their images. However, one can make a strong argument that for all practical

purposes, including recognition, a shape is often well defined by a finite number of its important

points (landmarks) ([11, 23, 24, 17]). The continuous original then can either be reconstructed

from those points, or the discrete shape itself can provide us with sufficient amount of information

about the object that we seek.

It has been shown that if no additional assumptions have been imposed on a discrete object, no

knowledge whatsoever can be learned from a single image, i.e. different objects can generate the

same image and thus there is no way to tell any of them apart ([6]). The assumption of symmetry

allows to avoid that difficulty, while at the same time keeping the class of shapes sufficiently broad

and of practical interest in many applications.

In the first part of this chapter we show that virtually all geometric information about any shape

satisfying the above conditions can be conveniently encoded in what we refer to as the skeleton

of the shape and subsequently the signature of the skeleton ([43]). Skeleton of a shape has a very

simple geometric structure, however it carries all information about the shape that we are interested

in. What makes it a very useful object is that the skeleton of a shape can be computed from any

image of an object, which gives us the ability to analyze the object regardless of the concrete image

that we have.
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The second part of the chapter is devoted to adapting methods developed in the first part to noisy

shapes. As was noted in the earlier chapter, discretization can be performed either by a sampling

algorithm or manually. In either case the accuracy of landmarks is a very relevant issue. Noise in

samples of a shape yields that whatever properties discrete shapes of the class of interest have are,

strictly speaking, no longer satisfied. It is only natural then that the developed methods appropriate

for symmetric shapes stop working. As the shape skeleton is the keystone of our approach to study

shapes, we study its behavior in a situation of a noisy image and derive the optimization procedure,

which still allows us to recover the information about the object despite the noise.

4.2 Elements of Projective Geometry

4.2.1 Basic Definitions

Definition 4.1 Consider the Euclidean space R
n+1. Define the equivalence relationship∼ on R

n+1

as follows:

∀x, y ∈ R
n+1, (x ∼ y) ⇔ (∃λ ∈ R : x = λy) (4.1)

The equivalence relationship defined above partitions the space R
n+1 into disjoint equivalence

classes. The space of these equivalence classes is called the n-dimensional projective space and is

denoted P
n.

Projective space may P
n be regarded as the extension of the Euclidean space R

n. Indeed, con-

sider a point (x1, . . . , xn)
T ∈ R

n. Its corresponding projective coordinates will then be (x1, . . . , xn, 1)T .

If on the other hand, (x1, . . . , xn, xn+1)
T ∈ P

n is a point in the projective space, then it is clear

from the definition of the projective space that we can uniquely associate to this point its Euclidean
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Figure 4.1 Examples of discrete objects.

coordinates
(

x1

xn+1
, . . . , xn

xn+1

)

∈ R
n as long as xn+1 6= 0. Projective points with the last coordi-

nate equal to zero do not have Euclidean counterparts and may be regarded as “points at infinity”.

Indeed, points of the form (Cx1, . . . , Cxn, 1) ∈ P
n, where C → +∞, constitute a line in the

projective space, which is equivalent to the Euclidean line (Cx1, . . . , Cxn) ∈ R
n. Unlike the

Euclidean line, which is infinite, the projective line has an “end point”.

lim
C→+∞

(Cx1, . . . , Cxn, 1) = lim
C→+∞

(

x1, . . . , xn,
1

C

)

= (x1, . . . , xn, 0). (4.2)

This equation justifies the term “point at infinity”. Sometimes such a point (x1, . . . , xn, 0) is also

referred to as the direction (x1, . . . , xn). For example, in the case of the 2 − D projective space

the point (1, 0, 0) corresponds to the horizontal direction, and (0, 1, 0) corresponds to the vertical

direction on the plane.

4.2.2 Imaging in 3 −D Projective Space

Since the objects surrounding us are 3 − D, it is convenient to model them as collections of

points lying in the 3 −D projective space P
3.
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An image of a given object in P
3 is itself an object lying, however, in the 2 − D projective

space P
2. Because our goal here is to infer information about the object from its single image, it is

natural to start with understanding of the mathematical model of image formation.

A commonly used model for the camera is a so-called pinhole camera. A pinhole camera is

defined by the retinal plane R, and the optical center C. For a given point X its image x through

this camera is obtained by intersecting the line connecting the points C and X with the plane R.

The line that contains the optical center C and is perpendicular to the retinal plane R is called

the optical or principal axis. It intersects the retinal plane at the point c. The distance between the

points C and c is denoted by f and called the focal distance.
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The relationship between the Euclidean coordinates of the world point X and its image x are

then of the form 





x = f X
Z
,

y = f Y
Z

(4.3)

or in the projective coordinates











x

y

z











=











f 0 0 0

0 f 0 0

0 0 1 0











︸ ︷︷ ︸

P















X

Y

Z

1















. (4.4)

We can see that in the projective coordinates the relationship between the coordinates of the object

point and those of the image point is linear and of the form

x = PX, (4.5)

where X is the world point, P is the camera matrix, and x is the image of X through the camera P.

4.2.2.1 Intrinsic Parameters of Camera

The relationship (4.4) assumes that the coordinate system in the retinal plane stems from the

principal point c. This assumption may in general be violated. A more general form of the imaging

mapping is then 





x = f X
Z

+ cx,

y = f Y
Z

+ cy

(4.6)
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or in the projective coordinates











x

y

z











=











f 0 cx 0

0 f cy 0

0 0 1 0

























X

Y

Z

1















. (4.7)

Furthermore, in real applications it is often unreasonable to assume that the two axes in the

retinal plane have the same scale, i.e. pixels are not square (so-called CCD cameras).

To accommodate for that feature, we introduce the scaling coefficients αx and αy, which further

generalize the form of the camera matrix to

P =











fx 0 cx 0

0 fy cy 0

0 0 1 0











, (4.8)

where

fx = fαx,

fy = fαy.

(4.9)

Introduce the matrix K as follows

K =











fx 0 cx

0 fy cy

0 0 1











. (4.10)

Then

P = K(I3×3 | 03×1), (4.11)
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where I3×3 is a 3×3 identity matrix. The matrixK is referred to as a camera calibration matrix and

its entries fx, fy, cx, cy are called the intrinsic parameters of the camera. Each type of a physical

camera has its own intrinsic parameters that can be carefully estimated in the lab conditions. For

applications where we have access to the camera or its physical equivalent, we can safely assume

the intrinsic parameters of the camera known.

4.2.2.2 Extrinsic Parameters of Camera

Recall that in the expression (4.11) the world point X has the projective coordinates (X, Y, Z, 1)T ,

because the camera’s optical center was assumed to be located at the origin of the Euclidean space

and its principal axis was to coincide with the Z-axis. However, an arbitrary world coordinate

system may be rotated and shifted with respect to the camera’s Euclidean frame (see Figure 4.3)

. Practically this is equivalent to saying that an object (or a camera) is shifted and rotated prior to

imaging, i.e.

X0 = R (X − C) , (4.12)

where R is the rotation matrix in 3−D, and C is a vector representing the coordinates of the camera

center in the actual world coordinate frame, X is the original object, and X0 is the transformed

object to be imaged through the camera described above.

Combining (4.4) and (4.12), we get

x = KR(I3×3 | −C)
︸ ︷︷ ︸

P

X. (4.13)

The rotation matrix R is a function of three parameters φ, ψ and α. The first two determine the

Euclidean angles of the rotation axis, and the latter is the rotation angle (see Figure 4.4) .
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The rotation parameters φ, ψ, α and the vector C are called the extrinsic parameters of the

camera.

4.2.3 Views of Planar Shapes and Projective Transformations of Plane

Consider a planar point in the 3 −D projective space X, such that

X = (X, Y, 0, 1). (4.14)

Let P be an arbitrary camera matrix, and x be the image of X though that camera, i.e.

x = PX. (4.15)

Then

x =











p11 p12 p13 p14

p21 p22 p23 p24

p31 p32 p33 p34












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

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


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

X

Y

0

1















=











p11 p12 p14
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. (4.16)

Definition 4.2 Introduce the notation x0 = (X, Y, 1)T and call it the frontal view of X. A point x

obtained by

x = Hx0 (4.17)

is called the projective transformation of x0.

A projective transformation is simply a linear transformation in projective coordinates. We

have thus shown then that an arbitrary view of a planar shape can be viewed as the projective

transformation with an arbitrary matrix H of its frontal view.
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Figure 4.5 Frontal and skewed views of the same shape.
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H

Figure 4.6 Projective transformations preserve collinearity of points.

4.2.3.1 Projective Transformations of Plane

Definition 4.3 A mapping H : P
2 → P

2 is called a projective transformation if it is of the form

H (x) = Hx, (4.18)

where H is a non-degenerate 3 × 3 matrix.

The following is the important property of the projective transformations.

Theorem 4.4 A map H : P
2 → P

2 is a projective transformation if and only if it preserves lines,

i.e. if x1,x2,x3 belong to the same line in P
2 then the points H (x1),H (x2),H (x3) all lie on

the same line as well (see Figure 4.6).

It follows from this theorem that the projective transformations preserve collinearity of points - a

property that will be made use of later.
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4.3 Identification of Shape from Single View

Suppose we have a discrete symmetric planar object in 3 − D projective space, by which we

will understand a collection of points {Xi}2N
i=1, such that

Xi ∈
{
X ≡ (X, Y, Z, 1) ∈ P

3 | Z = 0
}
, i = 1, . . . 2N,

such that Xi is symmetric to Xi+N about the axis {Y = 0}, i.e.

Xi = −Xi+N , i = 1, . . . , N. (4.19)

Assume further that the object is observed through a projective camera P. A vector x ∈ P
2

obtained by

x = PX (4.20)

is then a view of the object X through the camera P. Different camera matrices P generate different

views of the object of interest. Exact parameters of a matrix P are functions of its extrinsic and

intrinsic parameters of the physical camera modelled by P.

Consider two different images, x1 and x2, of the object X produced by two different cameras

P1 and P2. As was noted earlier, the two images are related through some projective transformation.

More precisely, there exists a matrix H, such that

x2 = Hx1.

In particular, all other views of the same object are projective transformations of x0.
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4.3.1 Skeleton of Symmetric Planar Shape

Let {xi}2N
i=1 be a fixed image of the object {X}2N

i=1, that is

xi = Hx0
i , i = 1, . . . 2N

for some fixed projective transformation (matrix) H, where {x0
i }2N
i=1 is a frontal view of the object.

We now show that almost all projective geometry of {xi}2N
i=1 can be conveniently captured by only

2N−3 real parameters. Note that {xi}2N
i=1 is in general determined by 4N real numbers (2N 2−D

points).

We start by introducing the so called skeleton of the shape (see Figure 4.7). ([43, 53]) Consider

two pairs of adjacent symmetric points xi,xi+N ,xi+1,xi+1+N . Using the notation lx1,x2
for the

line connecting two points x1,x2, we obtain two points

ni = lxi,xi+1+N
∩ lxi+1,xi+N

,

pi = lxi,xi+1
∩ lxi+N ,xi+1+N

.

(4.21)

The symmetry condition guarantees that the points ni,pi belong to the imaged axis of symme-

try, i.e. ni,pi ∈ lni,pi
≡ lHsym ≡ {Hx | x ∈ lsym}, where lsym is the symmetry axis of the frontal

view. Let

mi = lxi,xi+N
∩ lni,pi

. (4.22)

Obviously, mi also belongs to the image of the symmetry axis lHsym. Thus as the index i sweeps

from 1 to 2N , we get 2N − 1 collinear points

{m1,n1,m2,n2, . . . ,mN−1,nN−1,mN} ∈ lHsym.
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Figure 4.7 Construction of skeleton.
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Figure 4.8 Example of skeleton of view.

Relabel these points as {s1, . . . , s2N−1} and call this collection the “skeleton” of the shape {xi}2N
i=1.

Our general interest is in the shape of our view, by which we will understand the geometry of

the image of the original symmetrical shape. We will show that almost all such information is

stored in the skeleton that was just defined. That would in turn yield that by studying the skeleton

alone we can learn almost everything about the shape itself. This, as will be shown next, greatly

simplifies the problem of analysis of planar symmetric shapes, making it more tractable and useful

for practical purposes such as object recognition.

4.3.1.1 Skeleton’s Signature

As was suggested in the previous sections, the main tool we will use in this chapter to analyze

a projective image of a symmetric planar shape is the skeleton of the image. The skeleton is by

definition a collection of points that lie on the same line, which is the projective image of the
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symmetry axis of the fontal view of the original shape (see Figure 4.8) . The main geometric

properties of a skeleton are the number of points and their positions with respect to each other.

Because the former is trivially quantifiable, we will draw our attention to the latter. The relative

position of the points on a line is completely determined by the corresponding inter-distances

between all of them. However, in a situation of an arbitrary view of a given shape, Euclidean

distances cannot serve as an an efficient geometrical measure, because they vary from one view to

another.

Definition 4.5 Consider four points s1, . . . , s4 lying on the same line. Their cross-ration is, by

definition, the number

σ(s1, s2, s3, s4) =
‖−−→s1s3‖
‖−−→s1s4‖

‖−−→s2s4‖
‖−−→s2s3‖

, (4.23)

where by ‖−→sisj‖ we denote the Euclidean length of the vector connecting the points si and sj .

The fundamental property of the cross-ratio of 4 collinear points is that it is invariant under any

projective transformation ([33]). As a consequence of that, for any projective view of a symmetric

planar shape, the cross-ratio of any fixed 4 points from the skeleton remains invariant, i.e. does

not depend on a choice of a projective camera P. For a shape with sufficient number of points,

there exist many ways to choose 4-tuples of skeleton points. We show that by choosing several

cross-ratios, we can encode all geometric information about the skeleton.

Definition 4.6 Let s1, . . . , sM , where M ≡ 2N − 1 ≥ 4, be N collinear points (a skeleton of

an projective image of a symmetric planar shape). We will define its signature as a vector of

cross-ratios

σ ≡ {σ1, . . . , σM−3}, (4.24)
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Figure 4.9 Skeleton signature.

where

σi = σ(si, si+1, si+2, si+3), i = 1, . . . ,M − 3. (4.25)

Since all individual cross-ratios are projective invariants and therefore do not depend on a

choice of a projective camera, neither does the joint vector σ. Thus the signature defined above is

a valid quantitative description of the geometry of the skeleton (see Figure 4.9).

The signature itself does not uniquely define a skeleton. It is obvious from the definition of

cross-ratio, that any Euclidean transformation of a line which carries the skeleton points has no

affect on the signature. Also, certain non-linear transformations have do not affect the signature

as well. We can show, however, that the signature defines the skeleton up to a projective transfor-

mation, which is the maximum of what we can hope for, in the absence of additional information,

such as an explicitly given camera matrix etc.

Suppose, we are given a signature vector σ, which consists ofM−3 cross-ratios. The goal is to

construct all possible skeletons, whose signature coincides with σ. It has already been mentioned

that a Euclidean rotation of the line that contains all points in question does not affect the signature.

It is therefore no loss of generality if we fix it to coincide with the ordinate axis. It is a simple
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exercise to show that we can fix first three points s1, s2, s3 at arbitrary locations, and then the rest

can be computed by the following formula.

si+3 =
si+2 − si

(1 − σi)
si+2 − si

si+1 − si
+ σi

+ si, i = 1, . . . , N − 3. (4.26)

Thus, for a given signature the space of all skeletons matching that signature has 3 degrees

of freedom. This proves that any two different skeletons with identical signatures are projective

transforms of one another. Hence a signature indeed defines a skeleton up to a projective transform,

and thus carries all the information about the projective geometry of the skeleton.

4.3.2 Reconstructing View of Shape from Skeleton

It was shown in the previous section that for a given planar symmetric shape, to each its projec-

tive image there corresponds its unique skeleton and thus a unique signature. This signature does

not depend on a choice of a projective camera and thus truly is an attribute of the original shape.

It was shown earlier that a signature defines a skeleton up to a projective transformation. We will

show how it in fact almost defines a view of the original shape up to a projective transformation,

which again will prove that a signature carries almost all projective geometry information about

the original shape.

Suppose we are given a signature {σ1, . . . , σM−3}. Our goal is to reconstruct a view of an

object up to a projective transformation. Towards that goal, we proceed as follows. We start by

building up a skeleton that matches the above signature. Fix s1 = (0, 1) and s2 = (0, 2). Then

according to the result in the previous subsection, we can find s3, . . . , sM , such that the entire

skeleton {si}Mi=1 matches the signature {σj}M−3
j=1 .
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We now proceed to reconstructing a view of a symmetric planar shape that would match the

above skeleton. Recall that for a frontal view of the shape {x0
i }2N
i=1, the lines connecting that

symmetric points are parallel (in the Euclidean geometry), which yields that in projective geometry

they intersect at a vanishing point x0
v = (1, 0, 0). As was noted in the beginning of this chapter, a

view being reconstructed is some projective transformation, H, of the frontal view, i.e.

xi = Hx0
i .

The point x0
v is then mapped to a new “vanishing point” xv. Since the projective transformation H

can be arbitrary, so is xv. Denote by lvi the line that connects the points s2i−1 and xv. It follows

then that the points xi and xi+N belong to the line lvi . Let us fix the point x1 ∈ lv1 . We will show

now that the rest of the shape can be reconstructed from the points already given.

To reconstruct the point x1+N , we do the following. Note that the points x1+N , s1,x1,xv are by

construction 4 collinear points. Thus their cross-ratio is a projective invariant and equals that of the

corresponding points in the frontal view. The cross-ratio of any points of the form −x, 0, x,+∞ is

2 as follows immediately from the definition of the cross-ratio. Coming back to the original view,

we are given the three collinear points, and a known cross-ratio. As was shown previously, this

information is sufficient to uniquely reconstruct the fourth point.

Now given the skeleton and the “foundation” of the shape, the rest of the points are recon-

structed by inverting the skeleton construction procedure (see Figure 4.10).

It is important to note here that to reconstruct a view of a symmetric planar shape in addition

to the skeleton we needed to choose two additional points: the vanishing point xv, and the exact

location of the point x1. The vanishing point is a property of a camera and not an observed shape,
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Figure 4.10 Reconstruction of a view from a skeleton.
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Figure 4.11 Different choice of x1 affects only the width of the underlying shape.

and thus by varying it we obtain different views of the same shape. However, different choice of

x1 strictly speaking yields views of different shapes. As is easy to see the exact location of x1

controls the width of the underlying shape, i.e. all different shapes produced by different choices

of x1 are copies of the same shape stretched in the horizontal direction (see Figure 4.11).

4.4 Identification of Shape from Noisy Image

It has been discussed in the previous chapters that the skeleton and its signature can play an

important role in identification of a planar symmetric shape from an arbitrary view. More precisely,

the following has been established.

• To any projective view of a planar symmetric shape, we can associate its skeleton.

• The skeleton is a collection of points lying on the same line, which is the projective image

of the symmetry axis.

• Cross-ratios are effective in capturing the projective geometry of the skeletons and serve as

a basis for the notion of signature of skeleton.
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• The signature being a property of the original shape of interest and not a particular view can

be used for the purposes of object identification.

While the above method to identify discrete shapes is theoretically sound, it suffers from an

often unrealistic assumption that the observations that we have are noise-free. Shapes observed

in practice are continuous. To obtain discrete representations of continuous contours, a sampling

algorithm is used or the points (landmarks) are even selected manually. Either way of converting

a continuous shape into a discrete counterpart yields unavoidable errors. A natural question to

ask then would be whether the techniques discussed above are suitable to treat shape views in the

presence of noise. Unfortunately the answer is no.

For a given noisy shape, it is possible to apply the same geometric construction which would

yield the shape’s “noisy skeleton points”. However, as one can easily convince himself, those

points in general are not going to be collinear. Furthermore, since the noise is added to the ob-

servation of the shape, not the shape itself, different noisy projective views of the same shape are

strictly speaking not related through any projective transformation.

These two arguments warrant that an additional effort is to be made in order to be able to apply

the previously designed concepts to the noisy environment. Our goal in this chapter therefore

will be to study the noisy views of discrete planar symmetric shapes and suggest the estimating

techniques, that would be capable of tackling these problems.

By a noisy view of a symmetric planar shape, we will understand the collection of Euclidean

points {xi}2N
i=1, such that

xi = (xi, yi), i = 1, . . . , 2N,
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and

(xi, yi) =
(
x0
i , y

0
i

)
+ (∆xi,∆yi), i = 1, . . . , 2N, (4.27)

where we will assume that ∆xi,∆yj are independent and identically distributed Gaussian random

variables N (0, ε2). The latter is a standard and well-accepted model for the noise. The points

{(x0
i , y

0
i )}

2N
i=1 in turn are a noise free observation of a shape through some arbitrary projective

camera P1.

4.4.1 Skeleton of Noisy Shape

Observe that whether or not the observations contain noise, the same procedure of constructing

a skeleton can be applied to yield 2N−1 points. For a noisy view {(xi, yi)}2N
i=1 there is certainly no

guarantee that those points would lie on the same line. However, each individual point of a “noisy

skeleton” {si}2N−1
i=1 will be an approximation of the corresponding point of the skeleton {s0

i }2N−1
i=1

of the underlying clean view {(x0
i , y

0
i )}

2N
i=1.

Our goal is to study the distribution of a noisy skeleton and then derive a technique for estimat-

ing the “clean skeleton”. Let us fix a “clean view” {x0
i }2N
i=1 of a symmetric planar shape and also

assume that we know the projective camera P that was used to produce the view. Let us also define

the “noisy view” according to (4.27). Denote the clean skeleton by {s0
i } and the noisy skeleton by

{si}. Then the vector (s1, . . . , s2N−1)
T is Gaussian N (s0,Σ), where

Esi = s0
i , (4.28)

and the covariance matrix Σ depends on a projection camera matrix P as well as on the shape itself.
1In this section of the chapter the superscript 0 has no relevance to the frontal view.
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Figure 4.12 Noise-free and noisy skeletons.
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While the formal complete proof of this fact remains to be an open problem because of non-

trivial relationships tying together the shape points and the points of a skeleton, its validity can be

demonstrated experimentally (see Figure 4.13).

4.4.1.1 Covariance Matrix of Skeleton Points

It has been established experimentally that for a given noisy view of a symmetric planar shape,

its skeleton points are 2 −D points with Gaussian distribution, whose means coincide with noise-

free skeleton-points. While we offer no direct formula to compute a covariance matrix Σ, the

following suggests a way to compute it numerically in terms of a function that does not depend on

a particular choice of shape and thus can be a priori tabulated.

Suppose, that

si = (si, ti), Esi = s0
i , Eti = t0i , i = 1, . . . , 2N − 1 (4.29)

are the skeleton points. Define the vector

s̃ = (s1, . . . s2N−1, t1, . . . , t2N−1)
T (4.30)

The covariance matrix of interest then is

Σ = (Σij)
4N−2
i,j=1 , Σij = cov(s̃i, s̃j). (4.31)

The approximation of Σ certainly could be obtained via simulating a sufficiently large amount of

data noise samples. Note, however, that separate simulations would be required for each view of

each shape, which is costly computationally. Instead we propose the following way to compute the

matrix Σ.
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Figure 4.13 Realizations of noisy skeletons.
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First, note that each skeleton point as defined previously is a local feature of a shape. It becomes

apparent from the skeleton construction that not all skeleton points are correlated. More precisely,

E[∆si∆si+j] = E[∆si∆ti+j] = E[∆si+j∆ti] = E[∆ti∆ti+j] = 0, (4.32)

where j > 4, i = 2k − 1, and

E[∆si∆si+j] = E[∆si∆ti+j] = E[∆si+j∆ti] = E[∆ti∆ti+j] = 0, (4.33)

where j > 3, i = 2k and

∆si = si − s0
i , ∆ti = ti − t0i . (4.34)

This follows from the observation that only those skeleton points are correlated, which are con-

structed from the same data points. In particular, the values of Σ1,i,Σ2,i,Σ2N,i,Σ2N+1,i can be

computed if we know the locations of data points x1,x2,x3,x1+N ,x2+N ,x3+N . Likewise, to com-

pute the covariance coefficients corresponding to any two adjacent skeleton points s2k−1, s2k all

that is required to be known is the 6 data points whose noise affect the distribution of the said piece

of the skeleton.

Define the function Λ(x1,x2,x3,x4,x5,x6), such that

Λ(x1,x2,x3,x4,x5,x6) =









λ1,1 λ1,2 λ1,3 λ1,4

λ2,1
︸︷︷︸

=λ1,2

λ2,2 λ2,3 λ2,4
︸︷︷︸

=0









, (4.35)

where the function value is a matrix that consists of correlation coefficients of the skeleton points

produced by the given data points. Then this function can be tabulated on a grid a priori, thus

allowing us to inductively compute the full covariance matrix of the skeleton of any given view of

a shape.
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Figure 4.14 Groups of correlated points in a skeleton.
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To reduce the amount of data that needs to be stored in order to compute Σ we note that actually

it is not necessary to store the covariance coefficients of the skeleton points produced by any 6 data

points, but only those that are defined up to rotation, scale and translation (see Figure 4.14). Indeed

the translation of a shape does not change the covariance matrix, scaling of the shape results in the

corresponding scaling of Λ, and finally if






s2
i

t2i







=







cosφ sin φ

− sinφ cosφ







·







s1
i

t1i






, i = 1, . . . , N, (4.36)

then

E
[
∆s2

i∆s
2
j

]
= cos2 φE

[
∆s1

i∆s
1
j

]
+ sinφ cosφ

(
E
[
∆s1

i∆t
1
j

]

+ E
[
∆s1

j∆t
1
i

])
+ sin2 φE

[
∆t1i∆t

1
j

]

E
[
∆s2

i∆t
2
j

]
= cos2 φE

[
∆s1

i∆t
1
j

]
+ sinφ cosφ

(
E
[
∆t1i∆t

1
j

]

− E
[
∆s1

i∆s
1
j

])
− sin2 φE

[
∆t1i∆s

1
j

]

E
[
∆t2i∆t

2
j

]
= cos2 φE

[
∆t1i∆t

1
j

]
− sin φ cosφ

(
E
[
∆s1

i∆t
1
j

]

+ E
[
∆s1

j∆t
1
i

])
+ sin2 φE

[
∆s1

i∆s
1
j

]

It follows then that the covariance matrix Σ is completely defined by the function of only 4 data

points

Λ̃(x2,x3,x5,x6) = Λ (p′,x2,x3,p
′′,x5,x6) , (4.37)

where

p′ = (−1, 1)T , p′′ = (1, 1). (4.38)
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4.4.2 Detection of Shape by Best Linear Fit

4.4.2.1 Detection of Shape from Known View

We know now that a noisy skeleton is a collection of correlated 2 −D Gaussian random vari-

ables, whose means are collinear, i.e. lie on the same line, which is unknown. The problem of the

best linear fit on the plane in the presence of correlated Gaussian noise is equivalent to the problem

of non-linear fit in the presence of independent and identically distributed Gaussian noise. More

precisely, we proceed as follows.

Suppose for now that the camera matrix P is known, and the problem is that of deciding which

of the two given shapes yielded the noisy skeleton in question. We have the following hypothesis

testing problem

H0 : (si, ti) = (s0
i , t

0
i ) + (∆s0

i ,∆t
0
i ), i = 1, . . . , 2N − 1,

H1 : (si, ti) = (s1
i , t

1
i ) + (∆s1

i ,∆t
1
i ), i = 1, . . . , 2N − 1.

(4.39)

si = (si, ti) , i = 1, . . . , 2N − 1 are the observed skeleton points, and s
j
i =

(
s
j
i , t

j
i

)
, j = 0, 1

are the points of the clean skeleton corresponding to each shape. The noise vector
(
. . . ,∆sji , . . . ,∆t

j
j, . . .

)

is then Gaussian with zero mean and some known covariance matrix Σj . Both the means and the

covariance matrix depend on an underlying shape, and in addition to that the covariance matrices

Σj depend on a projective camera matrix P, which produced the shape view in study.
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Let us introduce the following notation

s̃ =























s1

...

s2N−1

t1

...

t2N−1






















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

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



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...
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







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
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







, j = 0, 1. (4.40)

Then we have

H0 : E [s̃] = s̃0, E

[

(s̃ − s̃0) (s̃ − s̃0)
T
]

= Σ0,

H1 : E [s̃] = s̃1, E

[

(s̃ − s̃1) (s̃ − s̃1)
T
]

= Σ1.

(4.41)

Let Aj, j = 0, 1 be whitening matrices, that is such that

(
Aj
)T
Aj = Σj, Aj ∼ (4N − 2) × (4N − 2). (4.42)

Define the “whitened data” for each hypothesis

s̄jn =
(

(Aj)
T
)−1

s̃, s̄j =
(

(Aj)
T
)−1

s̃j. (4.43)

We then deduce that s̄jn is a Gaussian vector with

E
[
s̄jn
]

= s̄j. (4.44)

and

E

[(
s̄jn − s̄j

) (
s̄jn − s̄j

)T
]

= I. (4.45)

Define the costs

Cj ≡ C
(
s̃j
)

=
∥
∥s̄jn − s̄j

∥
∥

2
. (4.46)
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The decision rule of choosing a hypothesis then becomes

C0 ≷H1

H0
C1. (4.47)

The above rule is trivially generalized for the case when we have a library of N shapes, so that the

detector is of the form

iopt = arg min
i=1,...,N

Ci. (4.48)

4.4.2.2 Estimation of a Shape from Known View using Skeleton

In many applications it is often the case that the set of possible shapes that may be observed is

either undetermined or so large that running each individual shape against the matching function

is impossible or impractical. The problem then becomes not of detecting but rather of estimating

the shape whose noisy view we observe. Since by a shape we normally understand its frontal view,

we formulate the problem as follows.

Let {xi} be noisy data points defined according to Equation (4.27). Assume that the projective

camera matrix P is given, so that the camera rotation parameters φ, ψ, α are known. The problem

is then to estimate the frontal view
{

x
f
i

}

of a shape that matches the data.

Let {si} be a noisy skeleton computed form the data points {xi}. We propose an optimization

technique, whose output is the estimate of the skeleton of the true shape corresponding to the

observed data.

Denote by lφ,ψ,α the image of the the line {x = 0} through the camera P(φ, ψ, α). Note that the

skeleton points of the true shape must lie on lφ,ψ,α. Define by the initial guess {s0
i } the skeleton,

obtained by projecting the noisy skeleton points on that line. The matching function (cost) of {s0
i },
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C
(
s̃0,f ;φ, ψ, α

)
, is defined very much analogously to the case of detection, except that now we

have to take into account the fact that a skeleton of a frontal view defines a shape only up to the

horizontal size.

Define by
{

s
0,f
i =

(

s
0,f
i , t

0,f
i

)}

the skeleton of the frontal view corresponding to {s0
i }, and

s̃0,f =
(

s
0,f
1 , . . . , s

0,f
2N−1, t

0,f
1 , . . . , t

0,f
2N−1

)T

. As was shown in the previous sections, any choice

of x0
1 along with the skeleton {s0,f

i }, yields a reconstruction of the frontal view {x0,f
i }. If this

reconstruction is a true shape then it follows that the skeleton of its rotated view should have the

distribution N

(

{s0
i },Σ{s0i },x1,φ,ψ,α

)

, which in turn allows us to define the matching cost

Cx1
(s̃, φ, ψ, α) =

∥
∥s̄ − s̄0

∥
∥

2
, (4.49)

where s̄ and s̄0 are “whitened” vectors s̃ and s̃0. Minimizing over all possible x1, which do not

depend on a skeleton, we get

C
(
s̃0;φ, ψ, α

)
= min

x1

Cx1
(s̃, φ, ψ, α). (4.50)

The optimal skeleton is then found by minimizing the cost defined above, i.e. by numerically

solving the problem:






{
s
opt
i

}
= arg min

{si}
C (s̃;φ, ψ, α)

subject to: {si} ∈ lφ,ψ,α, ∀i = 1, . . . , 2N − 1.

(4.51)

Figure 4.17 and Figure 4.18 demonstrate two example of estimating a shape through its skeleton

from its single noisy observation.
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Figure 4.16 Finding the optimal skeleton.
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Figure 4.17 Shape of a wineglass is reconstructed from a noisy observation with known camera
parameters.
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Figure 4.18 Shape of a jar is reconstructed from a noisy observation with known camera
parameters.
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4.4.2.3 Identification of Shape from Unknown View

The core of the skeleton detection algorithm is the generalized best linear fit in the presence

of correlated 2 − D Gaussian noise. It was pointed out that the correlation matrix of the vector

representing the skeleton of a noisy skeleton (s1, . . . , s2N−1) depends not only on a shape but also

on a projective camera matrix P, that was used to produce that particular view of the shape, i.e.

different camera matrices P yield different correlation matrices Σ.

Recall that a camera matrix depends on two groups of parameters: extrinsic and intrinsic. The

intrinsic parameters model the inner structure of the camera, whereas the extrinsic parameters

govern the location of the camera in the 3 −D space with respect to the shape of interest.

From now on we will assume that all the intrinsic parameters of the camera are known. In

practice that corresponds to the situation when the knowledge about what type of camera was used

to produce the image is available as is often the case.

The extrinsic parameters that we are interested in are the rotation angles of the shape with

respect to the camera along with the distance from the camera center to the object. The distance

from the camera to the object in a practical situation when a clear view of the object available

is relatively easy to estimate with modern equipment. Also, while strictly speaking by varying

this distance we can change the projective geometry of a view, its affect in most situations is quite

insignificant and thus can be neglected. Therefore we will assume that out of all camera parameters

only the three rotation parameters φ, ψ and α are unknown.

Consider a noisy view {xi} of a symmetric planar shape, where we assume that the noise is

Gaussian with zero-mean and some variance δ2. It was then established earlier that the conditional
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Figure 4.19 Estimating the skewed view of discrete shape corresponding to the wrench.

distribution of its skeleton given the camera matrix, i.e. the rotation parameters is Gaussian

p (s1, . . . , s2N−1) ∼ N
(
s0
1, . . . , s

0
2N−1; Σs;φ,ψ,α,δ2

)
. (4.52)

Suppose that we know that the rotation parameters belong to some intervals:

φ ∈ (φmin, φmax), ψ ∈ (ψmin, ψmax), α ∈ (αmin, αmax). (4.53)

Then the shape estimation is obtained by optimizing the cost derived for a known view over all

rotation angles from the admissible set defined by (4.53), i.e.

{si} = arg min
{si},φ,ψ,α

C(s̃, φ, ψ, α); (4.54)

The examples on Figures 4.19 and 4.20 demonstrate reasonable performance for realistic shapes

with the landmarks chosen manually with visible errors.
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Figure 4.20 Estimating the skewed view of discrete shape corresponding to the airplane.
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Chapter 5

Conclusions

In this chapter we summarize the contributions of the thesis and suggest future research avenues

may follow in light of the results developed here.

5.1 Summary of Contributions

5.1.1 Sampling of Planar Curves

In this part of the thesis we proposed a new approach to sampling planar curves as well as 3−D

surfaces. The essence of the proposed method is that in order to make use of the existing theory

of sampling 1 − D signals and 2 − D images, we need to fix a parameterization or a coordinate

system. Furthermore, it may be sufficient to know the family of coordinate systems.

A sampling algorithm is then obtained by choosing samples in such a way that they contain

the information about the signal in a given coordinate system, as well as about the coordinates

themselves. The reconstruction algorithm then consists of two steps:

1. Reconstruct a coordinate system;

2. Given the samples and the coordinate system, reconstruct a function.
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We showed that it is possible to apply this method to polar coordinates and describe the class

of curves, for which the resulting algorithm would yield perfect sampling and reconstruction.

Finally, we showed that the above sampling algorithm is a particular class of the multi-cost op-

timization technique, which is defined for a broad class of curves and yields good approximations

even for curves which lie outside of the class, for which the sampling algorithm was derived .

5.1.2 Implementation of a Simulated-Annealing Based Optimization

Here we introduced a novel simulated-annealing based algorithm, which can be used to numer-

ically optimize a functional with a good convergence rate. Optimization is in general performed

as an evolution in the form of a stochastic differential equation. Our new algorithm is based on

the notion of scale, by which we understand the unit time interval, which is used to convert a

continuous diffusion into its discrete version.

We showed that different scales were optimal for different functionals, and in the absence of

any knowledge about the latter, it is the best solution to instead vary and search for the best scale.

Our strategy is to begin the evolution as a completely deterministic one, and then once a local

minimum is found, to progressively increase the scale until there is a chance of finding a better

energy state.

We showed the proposed technique to lead to superior performance, both in terms of the final

energy level that can be achieved, as well as the time it takes for it to happen.
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5.1.3 Identification of a Planar Discrete Symmetric Shape from a Single View

We considered a problem of identifying a discrete symmetric planar shape from its single view.

We proposed the notion of a skeleton of a symmetric planar shape and made it the core of the

recognition algorithm.

We showed that the skeleton was capable of capturing virtually all geometric information about

the original object that was at all possible to extract. At the same time by introducing the signature

of a skeleton, we obtained a handle that was unique to an object and thus was a perfect basis for a

recognition algorithm.

We further considered the behavior of the skeleton in the presence of white Gaussian noise in

the data points. We showed that such noise resulted in a correlated Gaussian noise in the skeleton

points. A natural way to estimate the true skeleton therefore turned out to be generalized best linear

fit.

5.2 Future Work

In this section we outline some of the work that would be natural new avenues in light of what

has been done in the thesis.

• Using spaces other than the one generated by sinc-functions for sampling curves. The

choice of sinc-functions is the most natural one in any sampling problem. It, however, comes

at a significant cost. Due to their heavy-tails sinc-functions make any sampling algorithm

very sensitive to noise. Significant errors at one point propagate far away from it, and corrupt

the entire signal rather than just the local neighborhood.
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One could potentially avoid this problem by considering other, more local orthogonal bases,

such as wavelet.

• Using coordinate systems other than simple polar coordinates. Many shapes, such as

airplanes and other natural and man-made objects cannot be well-represented in any polar

coordinates. It would therefore be impossible to directly apply sampling techniques of this

thesis to such objects. The proposed approach, however, is fairly general and could be taken

in conjunction with other coordinate systems, perhaps application-driven, e.g. based on the

mean-shape of objects of interest etc.

• Sampling Skewed Views of Symmetric Shapes. The purpose of the sampling algorithm is

to convert a continuous shape into a discrete one, so that an identification algorithm such as

the one presented in this thesis could be applied. There still remains a gap between the two

steps due to the fact that the sampling algorithm proposed above does not guarantee the the

resulting samples would correspond to symmetric points. To enforce that, one could add an

additional symmetry constraint to the multi-cost optimization problem.

• Theoretical analysis of the proposed simulated annealing based optimization technique.

While the proposed technique provides promising practical results, its theoretical analysis

remains elusive. It is clear the the evolution is inherently non-Markovian and thus cannot be

described in terms of a single stochastic differential equation. Perhaps some modification of

it based on the same idea of scale could be more advantageous with regards to theoretical

tractability.



106

• Statistical analysis of the noisy skeleton’s signature. It was shown that a skeleton of a

noisy shape consists of 2 − D Gaussian points, and the optimal estimation procedure was

based on the generalized best linear fit. It would be of interest to study the distribution

of a signature of noisy shape and derive an alternative estimation procedure based on that

distribution.
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Appendix A: Proofs of Theorems from Chapter 2

A.1 Proof of Theorem 2.17

Let us suppose that there is no γ(t), such that the half-line that starts at γ0 and goes through

γ(t) is tangential to the curve C. By assumption there exist t1, t2 ∈ [a, b], t2 > t1, and the half-line

` starting from γ0, such that it intersects C at the points γ(t1) and γ(t2).

• We first prove that we can choose t1 and t2 so that no point γ(t) for t ∈ (t1, t2) lies on `.

Suppose it is not true, i.e., for any chosen t1, t2 there exists t3 ∈ (t1, t2) such that r(t3) ∈ `.

Denote

t
(1)
1 = t1, t

(1)
2 = t3, (A.1)

and consider the points t(1)1 and t(1)2 . We have

γ
(

t
(1)
1

)

, γ
(

t
(1)
2

)

∈ `. (A.2)

Then by assumption there must exist t(1)3 ∈
(

t
(1)
1 , t

(1)
2

)

, such that γ
(

t
(1)
3

)

∈ `. Denote

t
(2)
1 = t

(1)
1 , t

(2)
2 = t

(1)
3 . (A.3)

Proceeding in the same fashion, we see that we can construct two sequences:
{

t
(n)
1

}

n∈N

,

which is constant and
{

t
(n)
2

}

n∈N

, which is strictly decreasing and bounded and thus conver-

gent, i.e.,

∃ lim
n→+∞

t
(n)
2 = t1. (A.4)

Because of smoothness of the curve γ(t) we conclude, that ` is tangent to γ(t) at the point

t1. This leads us to a contradiction, because we assumed that it was impossible. Thus we
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have indeed proved that there exist two point t1 and t2, such that any point between γ(t1)

and γ(t2) does not lie on `.

• Let us now proceed as follows. Denote by φ(t) the angle between γ(t) ≡ γ(t)−γ0 and τ(t).

Suppose without loss of generality, that φ(t1) ∈ (0, π). (It is clear that φ(t) 6∈ {0, π}, and the

case φ(t1) ∈ (π, 2π) is absolutely analogous.) We will prove that at some point on (t1, t2]

the angle eventually becomes 0 or π, which means that the half-line connecting γ0 and that

point is tangential to C.

Suppose, that ∃ε > 0 - arbitrarily small but fixed, such that ∀t ∈ [t1, t2] φ(t) ∈ [ε, π − ε].

It is clear then that the piece of the curve γ(t), t ∈ [t1, t2] will completely lie in the sector.

γ(t2) ∈ `, and ` lies outside that sector. Since γ(t) is continuous, we have a contradiction.

The contradiction we have just come to means that ∀n ∈ N ∃tn ∈ [t1, t2] such that either

π− 1
2n < φ(tn) ≤ π or 0 ≤ φ(tn) <

1
2n , which in turn means that there exists a subsequence

{tnk
} such that {φ (tnk

)} converges to either 0 or π. Suppose, for example, that ∃{tnk
} ∈

[t1, t2], such that ∃ lim
k→+∞

φ (tnk
) = 0. Because {tnk

} is a bounded sequence, ∃ yet another

subsequence
{

tnkl

}

, such that ∃ lim
l→+∞

tnkl
= s and ∃ lim

l→+∞
φ
(

tnkl

)

= 0. This proves that

φ(s) = 0, which means that the half-line going from γ0 ro γ(s) is tangential to C, which

leads us to a contradiction with our assumptions again.

The assumption that there is no half-line connecting γ0 and γ(t) tangential to C is therefore wrong,

which proves the theorem. �
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A.2 Proof of Theorem 2.19

Suppose first that there is no γ(t) that is tangent to C, where t ∈ [a, b]. Denote the orientation

of a pair of vectors
{
γ(t), τ (t)

}
by O(t), i.e.,

O(t) = sign







∣
∣
∣
∣
∣
∣
∣
∣

γ1(t) γ2(t)
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• Forward part:

– Consider the case O(a) = 0. Then γ(0) and τ (0) are collinear which is in contradiction

with the assumption we just made.

– Suppose then that O(a) 6= 0. Without loss of generality assume O(a) = 1. If ∃t0 ∈

[a, b], such that O(t0) = −1, then ∃s ∈ [a, t0], such that O(s) = 0. Indeed, the

determinant involved in the definition of the orientation is a continuous function of t,

because of the smoothness of γ(t). In addition, it is positive at a and negative at t0.

Then by Wierstrass theorem, there exists an intermediate point s ∈ [a, t0], where the

continuous function equals 0.

• Converse part: Suppose that O(t) ≡ const 6= 0. This means that that the determinant

is either always positive or always negative, which indicates that γ(t) and τ (t) are never

collinear. This proves the entire theorem. �
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A.3 Proof of Theorem 2.20

Let C be a curve with the image C . Let AC be its admissible set and ρ
1,ρ2 ∈ AC . Let

α ∈ (0, 1). We will show that the point ρ = αρ
1 + (1 − α)ρ2 belongs to AC . To proceed, per

Theorem 2.19, we will have to prove the corresponding orientation function never changes its sign.

We have
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= α
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Two options are to consider.

• Suppose Oρ1(t) = Oρ2(t) = O ∀t. Then it follows from the above derivation that Oρ(t) =

O ∀t. By assumptions, ρ1,ρ2 ∈ AC , so that O is a constant not equal to zero. Which yields

that ρ ∈ AC .

• Alternatively, assume Oρ1(t) 6≡ Oρ2(t). Let us derive a contradiction with assumptions of

the theorem. Without loss of generality we can assume that

Oρ1(t) = 1, Oρ2(t) = −1. (A.9)

But there exist at least two points t1, t2, at which the two orientations must coincide. Indeed,

the line, that contains the points ρ
1,ρ2 intersects γ(t) in two points. Denote one of them
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γ(t1), and the other γ(t2). Then the vectors γ(ti) − ρ
1 and γ(ti) − ρ

2 are collinear for

i = 1, 2, which yields that the orientations should be the same. Thus we get a contradiction

with (A.9), which proves the theorem. �
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Appendix B: On Implementation of Sampling Algorithms

In this section, we discuss in details the implementation of theoretical results presented in the

earlier sections of the paper. Very much like the vast majority of techniques presented in the

continuous setting, the algorithms we have derived require the process of discretization.

In practice, we are given a binary image in the form

I(x, y) ∈ {0, 1}, x = 1, . . . ,M, y = 1, . . . , N. (B.1)

An image of a closed curve is then defined implicitly by points where the pixel value is 1, i.e.

C = {(x, y) | I(x, y) = 1} . (B.2)

Obviously, C is then a finite set and thus can be enumerated as

C =
{
(x1, y1), . . . , (xP , yP )

}
. (B.3)

B.1 Admissible Set

Let r0 = (x0, y0), 1 ≤ x0 ≤ M, 1 ≤ y0 ≤ N be a given pixel in the image. Our goal is to

determine if this point can serve as an admissible center of polar coordinates. Assume first that r0

is indeed an admissible polar center for C . We will proceed as follows. Define a sequence

Cpolar =
{
(φ1, r1), . . . , (φP , rP )

}
, φi ∈ [0, 2π), ri ≥ 0, i = 1, . . . , P, (B.4)

where

∀i = 1, . . . , P, xi = ri cosφi, yi = ri sin φi. (B.5)



118

Without loss of generality, we assume that

φ1 < φ2 < · · · < φP−1 < φP . (B.6)

Otherwise we always can rearrange points. If for some distinct i and j, φi = φj, then we, of course,

get a contradiction with the assumption that r0 is an admissible point, so in fact all inequalities in

(B.6) are strict.

Note that any polar parametrization of the digital curve, if it exists, has the form

{
(φ1 + ∆, r1), . . . , (φP + ∆, rP )

}
, ∆ ∈ R. (B.7)

On the other hand, if (B.7) defines a polar parametrization for some ∆0 ∈ R, then taking any other

∆ yields a valid polar parametrization. We thus have shown that our construction provides us with

a unique (up to an additive constant in angle) possible polar parametrization.

Recall, that we are still reasoning under the assumption that r0 = (x0, y0) is an admissible

polar center. Define vectors γsi and τi by

γsi,1 = xi − x0, γ
s
i,2 = yi − y0, i = 1, . . . , P, (B.8)

and

τi = (xi − x0, yi − y0), i = 1, . . . , P. (B.9)

The vectors τi are discrete tangent vectors, and Theorem 2.19 assures then that the pairs
{
(τi, γ

s
i )
}

i=1,...,P

should all have the same orientation.

Summarizing, the algorithm of determining if a particular point can be a polar center for a

given curve works as follows.
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1. Extract points belonging to the curve.

2. Convert them to a polar coordinate system centered at the point in question.

3. Convert the points’ Cartesian coordinates to polar coordinates

4. Compute pairs of discrete vectors
{
(γsi , τi)

}
.

5. Accept the hypothesis that the point is admissible if the orientations of the pairs of vectors

defined above does not change. Otherwise, conclude that the point is not in an admissible

set.

Other algorithms used to produce numerical implementations are either described in the refer-

enced literature or self-evident. We thus do not elaborate on them any further.


