*
The printing of this publication was supported by NIH General Medical Sciences
Grant 5-R01-GM16697-08.

BIOMATHEMATICS TRAINING PROGRAM

STATISTICAL METHODS FOR DETECTING GENETIC
LINKAGE FROM SIBSHIP DATA*
by
William Cudd Blackwelder N

Department of Biostatistics
University of North Carolina at Chapel Hill

Institute of Statistics Mimeo Series No. 1114

April 1977



STATISTICAL METHODS FOR DETECTING GENETIC

LINKAGE FROM SIBSHIP DATA

by

William Cudd Blackwelder

.A Dissertation submitted to the faculty of the

University of North Carolina in partial fulfillment
of the requirements for the degree of Doctor of
Philosophy in the Department of Biostatistics

Chapel Hill

1977

Approved by:

Adviser

Reader

Reader



WILLTAM CUDD BLACKWELDER, Statistical Methods for Detecting Genetic
Linkage from Sibship Data. (Under the Direction of ROBERT C.
ELSTON,)

A method for detecting linkage between a locus for a quantitative
trait and a marker locus with known inheritance, using data from
independent sib pairs, was published by Haseman and Elston in 1972.
Using asymptotic theory, a formula for the number of sib pairs required
for the test to have specified power is developed; the formula is
verified by computer simulations. It is found that, except for cases
of very high heritability due to the hypothesized trait locus, the power
of the test is quite low.

The sib-pair test is extended to the case of sibships of size
three. The power of several statistics appropriate for this case is
studied; included among the statistics is the sib-pair statistic on all
possible sib pairs within the sibships of sizé three. It is found that
these sib-trio statistics are comparable to each other in power and all
are much more powerful than the sib-pair statistic for the same total
number of sibs in independent sib pairs.

Based mainly on the results for sib trios, it is suggested that
the sib-pair statistic on all possible sib pairs be used for cases

of sibships of size four or greater and sibships of mixed sizes,
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CHAPTER I
INTRODUCTION AND REVIEW OF LITERATURE

1.1, Introduction

Genetic linkage exists when genes at two different loci on the
same chromosome remain together more often than would be expected by
chance alone, assuming there is free recombination, when the gametes
(sex cells) are formed. In the absence of linkage the recombination
fraction, or pfoportion of rccombinants (gametes in which the two genes
on the same parental chromosome are separated), is 1/2; if there is
linkage, the recombination fraction is less than 1/2, For a discussion
of linkage in humans, a text in human genetics, such as McKusick's (1969),

is recommended.

1.2, Phase of Linkage

It has been pointed out by many authors that if a mating is to
give any information about genetic linkage between two loci, at least one
of the partners must be heterozygous at both loci. For example, a mating
of the type SsTt x sstt can be informative, but a mating such as
SsTT x sstt gives no information about linkage., (Here S and s are the
possible alleles, or distinct forms of the gene, at one locus, T and t
are the possible alleles at another locus, and the capital letter indi-
cates a dominant allele; if there is dominance, an individual with genetic

composition (genotype) Ss, for example, has the same observable expression



of the gene (phenotype) as an individual with genotype SS.) The term
“phase of linkage" refers to the arrangement of the alleles on the two
homplogous chromosomes (that is, members of the same pair) in the double
heterozygote. The arrangement such that the alleles S and T are on one
chromosome, while s and t are on the other, is arbitrarily referred to
as the "coupling phase"; if the arrangement is St on one chromosome and
sT on the other, the chromosomes are in the "repulsion phase." If two
loci are linked, the probabilities of the various genotypes in the
offspring of a double heterozygote depend on the recombination fraction
and the phase of linkage.

Analysis of linkage data in humans has often involved observations
on only two generations, or perhaps only one, if Penrose's sib-pair method
was used. Unfortunately, .with data from only two generations, one can
never be certain of the phase of linkage in the parents, and hence of
the correct probabilities of the various genotypes in the offspring. In
large sibships one can sometimes ﬁe reasonably sure of the phase of
linkage, according to the phenotypes of off;pring; for example, if there
are six offspring, such that either (i) five are recombinants and one
is not or (ii) one is a recombinant and five are not, then almost certain-
ly (i1i) is the case if there is linkage. Another way to obtain informa-
tion on the phase of linkage is through knowlege of grandparents'
genotypes; that is, to have data on three generations. In many situations
the information available for the first generation allows one to deduce
the phase of linkage in the second, and hence the correct probabilities
(as functions of the recombination fraction) for different individuals

in the third generation.



1.3. Linkage on the X Chromosome

As indicated above, it can be quite advantagcous in linkage studies
to have information on pedigrees of at least three generations. This
is especially true in the case of genes on the X chromosome, as in the work
of Haldane and Smith (1947) on color-blindness and hemophilia.

Some researchers have employed a particular '"three-generation
method" for studying linkage relationships on the X chromosome. In this
method the ratio of number of recombinants to total sample size in the
third generation is used to test for linkage. Fraser (1968) discussed
this method and gave references to the work of others who had employed it.

A related and quite important problem is the detection of sex
linkage for a trait., Strictly speaking, sex linkage is not linkage in
the sense of two genetic loci occurring close together on a chromosome;
rather, the term refers to the situation in which a single gene is located
on a "sex" chromosome, so that expression of the trait is associated with
sex. In present usage the term 'sex-linked" is essentially synonymous
with "X-linked"; that is, located on the X chromosome.

An early attempt to demonstrate sex linkage appeared in a paper
by Finney (1939), who used analysis of variance and correlation tech-
niques to study possible sex linkage of a gene for height. In a recent
paper Bock and Kolakowski (1973) gave evidence to support the hypothesis
that an X-linked gene influences ability to visualize spatial relations.
They corrected test scores for age and computed correlations for all
possible pairings of parent and offspring by sex. The result was an
excess of father-daughter correlation over that of father-son and an

excess of mother-son correlation over that of mother-daughter; this




result is consistent with X-linkage but is difficult to explain from
any simple envirommental model,

Lasker and Wanke have suggested an interesting strategy in
studying sex linkage from data on large numbers of relatives. They
would classify pairs of individuals by degree of relationship and by
type (depending on sexes of related antecedents) within degree. For
example, male first cousins could be offspring of (i) two brothers, (11)
two sisters, or (iii) brother and sister; their probabilities of sharing
an X chromosome or Y chromosome differ according to the type of rela-
tionship. Then, for example, if a quantitative trait is modified by a
Y-linked gene, male first cousins of type (i) should on the average

differ less in their trait values than other pairs of male first cousins.

1.4.Linkage Analysis for Qualitative Traits

1.4.1,Early Work

The problem of linkage analysis in humans has two parts, detection
of linkage between two genetic loci and estimation of the recombination
fraction between the two loci. Early attempts to detect linkage in
humans consisted mainly of inspecting family data. The beginning of
statistically valid methods of attacking the problem was apparently the
work of Bernstein (1931), who analyzed data on offsping from matings of
the type SsTt x sstt. Bernstein proposed the statistic y = (a+d) (b+c)
for detecting linkage, where a,b,c,d are observed numbers of offspring
with phenotypes ST, St, sT, and st, respectively; using the normal
approximation, one can compare y with its éxpected value under the

hypothesis of no linkage.



Wiener (1932) developed a method similar to Bernstein's in
which the proportion of crossovers (recombinants) in a group of off-
spring was estimated and compared with its expected value for arbitrary
values of the recombination fraction. Both Wiener and Bernstein analyzed
data on the MN and ABO blood groups, concluding there is no linkage
between the two loci.

Hogben (1934) pointed out an algebraic error in Bernstein's
derivation of an expected value formula, which invalidated the formula
except for the special case of no linkage. Hogben extended Bernstein's
method to include more mating types, and he pointed out the possibility
of estimating the recombination fraction as well as detecting linkage.

Haldane (1934) extended the method to include many more mating
types, setting down equations for estimating the recombination fraction
as well as using statistics analogous to Bernstein's y for detecting
linkage. He noted that this type of statistic is better (in the sense
of efficiency or minimum variancé) for recombination fractions 0 or 1/2

than for other values.

1.4.2. Fisher's u-Scores

It appears that not many researchers applied these early methods,
at least not as originally formulated. There are several methods which
have received more attention in the literature. One of the earlies of
these was due to Fisher (1935a, 1935b), who proposed a system of u-scores
to be used for various mating types. Fisher's u-scores are functions of
the observed numbers a, b, ¢, d of offspring with phenotypes sT, St, sT,
and st which Bernstein used. He proposed a set of three functions, one

of them appropriate for any particular mating type and genetic assumption;




for example, assuming dominance and the mating

SsTt x sstt,
the score assigned was

U1 = (a—b—c+d)2 - (atbtctd).

Fisher's scores have the property that, under the conditions for which
they were proposed, all have expected value zero under the hypothesis of
no linkage. To test the hypothesis, Fisher proposed that the sum U of
the u-scores for all mating types in a sample be compared with its
expected value. The validity of the test depends on the assumption of
normality, which is clearly not met in small samples. Fisher demonstrated
that his statistic is (asymptotically) efficient in the sense of minimum
variance for the case of no linkage, but not otherwise. He pointed out
the usefulness of u-scores to estimate recombination fractions as well
as to detect linkage.

In a series of papers Finney (1940, 194la, 1941b, 1942a, 1942b,
1942¢c, 1943) expanded on Fisher's work and demonstrated the use of
u-scores in a number of examples; Finney used the term "efficient
scores." He derived the u-scores by approximating an individual's
probability of having a certain phenotype with a linear function in
0 = (1—21)2, where A is the recombination fraction. Finney showed that
even if the parental mating type is unknown, the efficient score is a
weighted sum of the three distinct u-scores developed by Fisher, where
the weights are probabilities of various possible matings.

Haldane (1947) derived moments of Fisher's u-scores beyond the
gsecond and suggested approximations which might be used as alternatives

to the normal approximation.
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Bailey (1951a) suggested computational simplifications in using '

u-scores. In other papers Bailey (1950, 1951b) discussed the application
of u-scores when one of the traits is a partially manifesting abnormal-
ity; for example, in the case of dominance an individual with genotype

Tt would be expected to have the abnormality, but in some cases he may
not,

1.4.3. Penrose's Sib-Pair Method

Penrose (1935) proposed a test for detecting linkage between two
genes for qualitative characteristics; his method uses sib-pair data,
with no account taken of any knowledge of parental genotypes. He
proposed the following 2x2 table, where "like'" indicates the two sibs
have the same phenotype for a characteristic and "unlike" indicates they

have different ﬁhenotypes.

Gene S
Like Unlike
Like 1 12
Gene T ————————m——fmmm e e
Unlike oy, n,,

The entries nll’ ny s, n21, and n22 are observed numbers of sib pairs in
the sample. This method can be applied for any number of alleles. To

test for linkage, standard statistical methods for 2x2 tables are appli-
cable, since the hypothesis of no linkage implies no association between

"likes'" and "unlikes." An estimate of the recombination fraction is .

available also. Penrose stated that in families with more than two sibs,
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all possible pairs of sibs can be used, but he did not take into account
the covariances between observations on different pairs in the same
sibship.

In a later paper Penrose (1938) proposed a sib-pair method for
detecting linkage when one or both of the characteristics is ''graded';
that is, at least ordinal and possibly "continuous." This method will be
discgssed later.

In several later papers Penrose (1947, 1950, 1951, 1953) extended
his original work and demonstrated the use of his sib-pair method for
qualitative traits. He compared the sib-pair method with the u-scores
of Fisher and Finney, indicating that, except for a rare recessive trait,
the use of u-scores to detect linkage is more efficient if there is
knowledge of parental genotypes.

Penrose's sib-pair method is relatively simple to apply, and it.
may be useful as a suggestive tool. It does have deficiencies; as
previously stated, Penrose did not account for covariances between
observations on different pairs within the same sibship, and he ignored

any information on the genotypes of parents.

1.4.4. The Backward 0dds Approach

Haldane and Smith (1947) modified a method of linkage analysis
which had been proposed by Bell and Haldane (1937). Haldane and Smith
employed a backward odds or probability ratio approach, in which they
calculated the ratio P())/P(1/2), where P(\) is the probability of an
observed set of phenotypes assuming a recombination fraction A. They
posed several possibilities for detecting and estimating linkage: an
"inverse' probability or Bayesian approach, based on some a priori

distribution for A; maximum likelihood, if the curve of P(A)/P(1/2) as



a function of A is sufficiently close to a normal density curve; or a .
"confidence interval" approach suggested especially for small samples,

based on the observation that {P(A)/P(1/2) =2 M} = 1/M for any positive

M. Haldane and Smith applied their methods to confirm the earlier

conclusion of Bell and Haldane that genes for color-blindness and

hemophilia, both located on the X chromosome, are linked.

The backward odds approach has been amplified in a review article
by Smith (1953). He suggested this approach as an alternative to the
efficient scores of Fisher and Finney, since use of efficient scores
requires large samples to detect even moderately loose linkage, and the
assumption of normality for the test statistic may not be warranted in

small samples.

1.4.5. Lod Scores and Sequential Testing .

Morton (1955) suggested the combination of samples via the
sequential probability ratio test of Wald (1947). He devised a system
of scores which he termed "lod" scores, or log odds. That is, if P(}A)
denotes the probability of a sample for recombination fraction A, the
analysis is based on log (P(1)/P(1/2)). Morton showed that sequential
testing required in some cases many fewer observations than either
Fisher's u-scores or the backward odds test of Haldane and Smith.
Employing the sequential method, Morton (1956) concluded there was
linkage between a gene for elliptocytosis and the Rh blood type locus.
Steinberg and Morton (1956) and Morton (1957) extended the method of lod
scores to more complicated genetic situations than had been considered

previously, for example multiple allelism. .
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1.4.6. A Bayesian Analysis for Linkage

Smith (1959) noted that Morton's sequential methods have advantages
of simplicity and efficiency. However, he questioned in principle the
idea of treating the problem as one of decision making; that is sampling
sequentially until linkage, or its absence, has been sufficiently demon-
strated. Smith suggested a Bayesian approach, combining Morton's lod
scores with a prior distribution for the recombination fraction A. His
jdea for a reasonable prior distribution was that A = 1/2 with probability
21/22, since humans have 22 pairs of autosomes (non-sex chromosomes), and
that otherwise A is distributed uniformly between 0 and 1/2. This
approach is quite similar to the backward odds method of Haldane and
Smith (1947). 1In a later paper Smith (1968) suggested corrections to
lod scores applicable in some situations, for example in the case of
three-generational data.

The idea of a suitable prior distribution for A has been refined
gomewhat. Renwick (1969) assumed that genetic loci are distributed
uniformly throughout the genome; that is, the number of loci on a
chromosome is proportional to the 1ength of the chromosome (at the
metaphase stage of cell division). For example, the prior probability
that two attosomal loci are both on chromosome 1 is taken as (1/11)2,
since that chromosome's length is about 1/11 of the total length of the
22 autosomes. Then the prior probability that two loci are both on
some unspecified autosome is about 1/18.5, rather than 1/22 as assumed
by Smith. It should be noted that in this discussion all loci have been
assumed to be autosomal; that is, not on the X or Y chromosomes, the

"sex" chromosomes.
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An interesting application of this Bayesian type of analysis

appeared in a paper by Renwick (1971). He discussed the detection of
linkage between a genetic locus and a chromosomal inversion, which was
treated as a mutant allele at a single locus. Renwick calculated a
posterior probability of .55 that the locus for erythrocytic acid

phosphatasa is on chromosome 2 in humans,.

1.5. Linkage Analysis for Quantitative Traits

1.5.1. Motivation

Until recently, the sib-pair test of Penrose (1938) was the only
method of 1inkagg analysis proposed for the case when one or both traits
are quantitative. Considerable experimental work has been done with
plants and animals (see, for example, papers by Lowry and Schultz (1959)
and by Niemann-Sorensen and Robertson (1961)), but relatively little
attention has been paid to this area of linkage aﬁalysis in humans.

Thoday (1967) motiQated the search for linkages between genes for
quantitative or "continuous" traits and known marker loci by an appeal
to the "major-gene' theory. That is, even though there may be several
genes contributing to variation in a continuous trait, possibly there is
one which is responsible for a large part of the variation; demonstration
of linkages with known markers is one means by which such genes might be
detected. Thoday did not formulate his ideas in precise mathematical
terms, but rather argued from a hypothetical model for IQ and the MN
blood group. He made the following assumptions: variation in the
quantitative trait is largely accounted for by a single two-allele locus;
a heterozygote for the quantitative trait tends to have a trait value

intermediate to the average values for. the two homozygotes; the trait
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locus is closely linked to the marker locus: heterozygotes for the
marker locus are distinguishable from homozygotes. Consider progeny
from matings of two heterozygotes for the marker; Thoday asserted
that there should be more within-family variation and less between-
family variation in trait values among the progeny heterozygous for
the marker than among those homozygous for the marker. The reason for
this assertion, as Thoday demonstrated in a table of gametes and progeny,
is that heterozygous progeny within a family should have more genotypic
variation at the trait locus than homozygous progeny, whereas the
genotypic distribution for the trait should vary more from family to
family for homozygotes than for heterozygotes.

Hill (1974 and 1975) has developed an analysis of variance technique
for detecting linkage which uses some of Thoday's ideas. Smith (1975)

has suggested a method similar to Hill's.

1.5.2. Penrose's Method for Quantitative Traits

As mentioned previously, Penrose (1938) proposed a sib-pair method
applicable for linkage analysis when one or both of the traits is quanti-
tative. In Penrose's notation, the statistic used to test the hypothesis

of no linkage is

2 2
n I (gl-gz) (hl"hz)

$ = -19

2(g,8,) E(h ~h,)"
where n is the number of sib pairs, (gl-gz)2 and (hl-hz)2 are the squared
differences in observed values of the respective traits for a pair of sibs,
and the summations are over all sib pairs. Under the hypothesis of no
linkage, ¢ has expectation zero and, for large sampies, estimated variance

v

(according to Penrose) ;:%,
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where
2 4 4
n E(gl—gz) Z(h;=h,)
Ve = 2 72 " L
[Z(gl-gz) L(h;-h,) ]

It is unclear what assumptions Penrose made and how he derived this result,
for the expression for the variance of ¢ appears to be in error. An

asymptotically consistent estimate of the variance of ¢ is

alz(g ) - L 12(s,-8) 717 HE G 0" - £ (2 -h )17}

{[z(gl-gz)zl2 - Z(gl-gz)a}{[E(hl—hz)z]z - Z(hl—hz)a}

Penrose's methods, sometimes with modifications such as adjusting
for observed correlations between trait values, have been applied in
several studies., Kloepfer (1946) searched for linkages among 19 traits
(171 pairs of traits). Brues (1970) studied possible linkages between
body build and several other characteristics. Howells and Slowey (1956)
analyzed 37 traits (666 pairs of traits) for linkage; they used data on
only 75 pairs of sibs, whereas Penrose had recommended 100 sib pairs as
a minimum number for study. Linkages were not conclusively demonstrated
in any of the above studies, although there were some suggestive results.
One difficulty is that one expects by chance alone some significant results

from a large number of statistical tests.

1.5.3. Jayakar's Methods

Jayakar (1970) proposed methods of linkage analysis for a quantita-

tive trait and a qualitative marker. He assumed that in the vicinity of
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a two-allele marker locus there is a single two-allele locus which affects
the quantitative trait. Jayakar derived his methods by considerations of
(1) variances of trait values and (ii) covariances between trait values for
gibs. He assumed that an individual's trait value, given his genotype
at the trait locus, is distributed normally with variance 02, where 02
includes variance due to the enviromment and any variance due to the
remainder of the genome.

Jayakar admitted that his methods have drawbacks, and he considered
his paper a first step in attacking the problem. One drawback in apply-
ing his results to human data is that the suggested method for detecting
linkage requires at least two individuals in a family with one marker
genotype and one individual with another genotype. He does claim, by
citing results of Monte Carlo trials, that the method is useful in
detecting linkage. Another difficulty is that the variance 02 is not
estimable directly; hence the recombination fraction, which Jayakar
expresses as a function of several variances (including 02), is not
estimable unless 02 is assumed known. Even in this case the resulting

variance of the recombination fraction estimate tends to be quite large.

1.5.4. General Pedigree Analysis

Elston and Stewart (1971) formulated a general expression for the
likelihood of a set of pedigree data, which might typicélly cover four
or more generations. They allowed for various genetic models, including
linkage between two autosomal loci; the traits considered can be quali-
tative or quantitative. They proposed methods for using the likelihood
to test genetic hypotheses. In another paper Elston and Stewart (1973)

presented likelihood formulations appropriate for analyzing the genetics
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of traits in experimental.animals; for this case they assumed that the
pedigrees were of a particular type.

It is interesting to note that the likelihood expressions are
practically identical for the cases of (i) two linked loci which together
determine a single trait and (ii) two linked loci, each of which deter-
mines a separate trait. In (i) a univariate distribution for the single
trait value is involved; in (ii) the univariate distribution must be
replaced with a bivariate distribution.

Haseman and Elston (1972), in their maximum likelihood procedure
for estimating linkage, applied this type of pedigree analysis for the
special case in which each pedigree consists of a sib pair, with parental

information on a marker locus taken into account.

1.5.5. Regression and Maximum Likelihood Methods of Haseman and Elston

Haseman and Elston (1972) considered the problems of detecting and
estimating linkage between a two-allele locus for a quantitative trait
and an m-allele marker locus. They developed a method of analysis for
sib-pair data which, unlike Penrose's sib—pair method, takes knowledge
of parental genotypes into account. The methods they proposed are
particularly applicable when l1ittle is knownabout the genetics affecting
the quantitative trait. They assumed random mating, linkage equilibrium
(that is, no association in the population between phenotypic frequencies
for the linked loci), and ah additive model for an individual's trait
value with genetic and environmental components. It might be noted that
these assumptions are no more restrictive than those of most authors; in

many papers the genetic assumptions have not been stated explicitly.
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The detection of linkage is based on the squared difference of
the trait values for the two sibs in a family, This method will be
discussed extensively and extended to cases of sibships larger than two
in the succeeding chapters of this dissertation. For estimation of the
recombination fraction, Haseman and Elston suggested a maximum likelihood
methodrusing the absolute values of differences, rather than the squared

differences, and assuming normality for the trait values,

1.6. Heterogeneity of Recombination Fractions

Until recently, in most studies a common recombination fraction
for all individuals has been assumed. However, it is now well established
that there is a sex difference, and other differences in recombination
fraction can perhaps also occur, due to ractors such as age, race, and
geographic region. Some of the statistical methods for linkage analysis
are sufficiently general to allow for heterogeneity of recombination
fractions, and some researchers have apparently detected such heterogeneity
in specific cases., Morton (1956) concluded from his data on elliptocytosis
and Rh blood type that there were different rgcombination fractions in
different families. Smith (1963) proposed a method for detecting hetero-
geneity by comparing likelihoods; applying his method to Morton's data,
Smith also concluded that there were different recombination fractioms.
Renwick and Schulze (1965) analyzed data on linkage between the loci for
the nail-patella syndrome and the ABO blood group; they discussed sex
and age differences in recombination fractions. Weitkamp (1973) reviewed
the phenomenon of heterogeneity of recombination fractions and summarized

the findings from a number of specific studies.



CHAPTER TII
THE SIB-PAIR LINKAGE TEST OF HASEMAN AND ELSTON AND ITS POWER

2.1, Model

Haseman and Elston (1972) proposed a method of detecting linkage
between a locus for a quantitative trait and a marker locus for which
the mode of inheritance is known, such as the ABO blood group locus.
The development they give is for the case of a single two-allele trait
locus, although under their conditions the method is valid for k
two-allele loci, all linked to the same marker. The method is based on
data for independent sib pairs and takes into account information on
parental phenotypes for the marker, if available. The assumptions théy
make include random mating, linkage equilibrium and no selection (which
result in no association in the population between phenotypic frequencies
for the two linked loci), no epistasis (that is, no interaction between
the trait and marker loci), and an additive model as follows.

Suppose we have a random sample of n sib pairs, and let xij
(=1, 2; =1, voe, n) denote the value of the quantitative trait for

the ith member of the jth sib pair. The model is of the form

j
where p is an overall mean and gij and eij are "genetic" and "environ-

mental" effects, respectively. (The "environmental" effect includes any

contribution to Xi4 not due to the single two-allele trait locus under
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consideration, and may.in fact include a genetic component due to loci
unlinked to the marker.)

Denote the alleles at the trait locus by T and t, with respective
gene frequencies p and q = 1-p; T is the dominant allele if there is

complete dominance. Then the genetic effect gij is as follows,

gij = a for a TT individual,

= d for a Tt individual,

= - a for a tt individual

For the case of no dominance, d = 0; the case d = a is referred to as

"complete dominance." Under random mating, the genetic variance ¢

(variance of the genetic effect over the entire population) is given by

2 _ 2 2
og =0 + g4
h 2 2
wnere o, = 2pqla-d (p-q)] (2.2)
and cy;').1 _ 4p2q2d2°

Hence the genetic variance of is the sum of an additive component oz

2
g
and a dominance component 03 (see, for example, Li (1955)).

let e, = e,, — e,,. Lt is aésumed that e, is distributed as a

3 1j 23 3

normal random variable with mean 0 and variance oio

Knowledge of the sibs' and (possibly) their parents' phenotypes
at the marker locus is used to estimate ﬂmj, the true proportion of
genes identical by descent (i.b.d.) at the marker locus, for the jth

sib pair. (In general, two genes are i.b.d. if each is a copy of the

same gene in a common ancestor, For the model considered here, sibs

have genes i.b.d. only through their parents; at a particular locus they

have 0, 1, or 2 genes i.b.d.) Haseman and Elston estimate vmj by
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ﬂj = f2j + flj/2, . (2.3)

where fij (1 = 0, 1, 2) is the probability that the jth sib-pair, given
their and their parents' phenotypes, have exactly i genes i.b.d. at the
marker locus. We denote the true proportion of genes i.b.d. at the

trait locus by "tj' Since ij + f1j + f2j = 1, we see that the informa-

tion on sibs' and parents' phenotypes is summarized in ﬂj and flj'

Let A denote the recombination frequency between the quantitative
trait locus and the marker locus (A is assumed constant for a particular

population) and define y = Az

+ (1 - A)z. Also, define Yj = (x,., - X
the squared difference between the trait values for the jth sib pair.

Now the conditional density of Yj,given "j and flj’ can be written

P(leﬂj’flj) = "Z P(Yj|“tj)nz‘P(“tjI“mj)P("mjlﬂj’flj)’

tj . mj
r PeY. |7, . f. ) = Y |n | = : )
0 (JITrJ, 15 Y p( JlntJ B/2R, 5
h=0,1,2

where

th = ) P(vrtj = h/Zlﬂmj klz)P(ﬂmj = k/2|wj,f1j), > (2.4)

k=0,1,2
= 1,2.
h 0,1,2 ),
From (2.4) it follows that, for a general function g(Yj),
E(g(Y,) |7, ,£,.) = E(g (Y, . = h/2)R ., 2.5
)|, £ 0 = ] () Im . = W2R (2.5)

h=0,1,2
where th is defined as in (2.4). (Haseman and Elston derive (2.5)

for the case g(Yj) = Yj.)

ij Zj) ’
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From Table 2.1, which is an augmented version of Table I of
Haseman and Elston (1972), we can derive P(lentj) or E(g(Yj)lntj),
for “tj = 0, 1/2, 1. (Assuming normality of ej, the distribution of
Yj/oz , where 02 is the variance of ej, for a particular type of sib
pair is noncentral x2 with one degree of freedom; the noncentralities
are given in the last column of Table 2.1.)

Table 2.2, which is Table IV of Haseman and Elston, gives the

joint distribution of ﬂmj and "tj' From it we get the probabilities

P(ﬂtj = h/Zlﬂmj = k/2) for h, k = 0, 1, 2. Noting that

P(mw

= k/2|7.,£,.) = £, .
mg = ©/2lT5aEg) = By

by the definition of fkj’ we have from (2.3) and Table 2.2 that the th

in (2.4) are given by

R., = ¢2 + (1 - 2¢)% - 1/2@1 - 2¢)2f )
03 i 1j
o Y $
le = 2P (1 P) + (1 2¢) flj (2.6)
R, = (1-w2- - 297, -1/20 - 2%,
21 j 15° /

We see from (2.6) and Table 2.1 that (2.5) can be rewritten in

general as

E(g(Yj)ij,f ) =a+ By +vf (2.7)

1j 1j°

where a, B8, y are functions of the parameters 02, a, 4, p, and ¥ but
do not depend on the values of %j or flj' Letting g(Yj) be the 2th

moment about the origin, we write

L2 ~
= o + . .
E(lewj,flj) . Blnj + Ylflj (2.8)



DISTRIBUTION OF Yj GIVEN "tj’ AND NONCENTRALITY PARAMETERS

TABLE 2.1

P = gene frequency of allele T; q =1 - p

P(sib pairlﬂtj)

Sib Pair - = =

(ordered) Yj ntj-o “tj 1/2 “tj Noncentrality
TT-TT e 2 p4 p3 pz 0
tt-tt ey 2 ql’ q3 qz 0
Tt-Tt e, 2 4p2q2 Pq 2pq 0
TT-Tt (a-d+ej)2 2p3q p2q 0 (a-d)z/cz
Tt-TT (—a+d+ej)2 2p3q qu 0 (a-d)zlcz
Tt-tt (a+d+ej )2 2pq3 pq2 0 (atd) 2/02
tt-tt (-a—d+ej)2 2pq3 pq2 0 (a+d)2/0§
TT-tt (2a+ej)2 p2q2 0 0 4a2/o§
tt-TT (—Za+ej)2 pzq2 0 0 4a2/c§

21 -
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TABLE 2.2
JOINT DISTRIBUTION OF m_, AND
mj tj
P(‘l‘l’tj,‘n'mj)
wmj
. 0 1/2 1 Total
ti
2 2
0 vo/a v(1-y)/2 (A-y)°/4 1/4
172 | va-wyrz | a-2e26Hy/2| va-v)/2 1/2
2 2
1 {(Q-v)7/4 v(A-9)/2 vo/4 1/4
Total 1/4 1/2 1/4 1
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Using (2.6), Table 2.1, and the assumption of normality with mean 0 for

ej, it follows from straightforward algebra that for the first two moments

the parameters in (2.8) are

a, = 02 + 2¢c§ + 2w(1-¢)o§ )
B, = 2(1—2w)o;
Y, = (1~2w)263
and
a, = 302 + }Zwazo; + 12¢(1-¢)020§ ﬁ2.9)
+ 4ypalp(a-d)® + qlard)®] + 8p2qB 2 (3a"-6a%a"a")
8, = (1—2w)[1zc§a: + 4pq(pla-d)? + qlatd)®) + 8p2q?(3a" -6aZa?-ah) ]|
v, = (1-29) 2(6020> - 4p’q 2 (3a%-6a2a2-a"1.

/
(Haseman (1970, Chapter VIII) has derived a5 Bi, and Yl.) From (2.8)

we see that

- (aq o2 - . -
vy Inj lj) = (a2 al) + (82 Zalsl)nj + (72 2alyl)f1j
(2.10)
2-2 ~ 2.2
- Bl"j - 281Y1"jf1j - Ylflj'

If there is no dominance at the trait locus, then 03 = 0 and the

regression of Yj on §j and flj is a function of ﬁj alone. Haseman and
Elston base their linkage test on the simple regression of Yj on %j’
regardless of the assumption about dominance at the trait locus. (It

will be seen in a later section that consideration of the regression

of Yj on both ﬁj and flj appears to contribute little extra to the
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‘ detection of linkage.) The test for linkage is to reject the null
hypothesis of no linkage HO:X = 1/2 (equivalently, ¢ = 1/2 or 81 = 0),
in favor of the one-sided alternative HA:A < 1/2 (equivalently, 61 < 0),

at the 1000% level, if b/sb <= Zggs where

n -
) Yj(ﬁ -1)
R I

n -
I G-m?
3=1

\

n n .
o, -D2-b2] -E)z\\ﬁlz
=1 3 1=1 3

1 j
2 /

5 (2.11)

n.oz
(n-2) Z(vj-ﬂ)
51

=2 i
]
-

ne~—p
2>
e

and 2y 4 is the 100(1-2)% point of the standard normal distribution.
(That is, a standard normal deviate will exceed 2] with probability a.)
The test is then essentially the usual normal theory one-sided test for
a zero regression coefficient. For convenience the normal distribution,
rather than Student's t-distribution as proposed by Haseman and Elston,

i{s used in determining the critical value of the test statistic; for

reasonably large samples the difference is trivial.

2.2, Power-Asymptotic Theory

It is obvious from the definition of Yj as (xlj-xzj)2 that Yj

has a non-normal distribution. As shown later in section 3.1, if ej is

~

normally distributed then the exact distribution of Yj’ given ﬂj and

o .

15° is that of a mixture of noncentral x2 variates each with one degree
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of freedom, However, it is shown below that the estimated regression
coefficient b has a normal distribution asymptotically, given the sets
of %j and flj' Using this result, approximate expressions will be
derived for power and for the sample size required to attain a certain
power.

We now prove the asymptotic normality (conditional on the %j and

flj) of

z‘Y.

j=1

and of the estimated regression coefficient b,'defined in (2.11)., All

moments of Yj, given ﬁj and flj’ are finite. Then for any § > 0 we can

write that E[le—EYj|2+Gl§j,flj] = L for some L < =, Then

¢ 246, ¢~
v o= jZlE[(IYj—EYjI )lnj,fljJ < nL.
Similarly,
n
- ~ (2+8)/2 (2+6)/2
Vo= [jzlijlnj,flj)] = (Mn)

)(2+6)/2

for some M > 0. Let P = wn/vn; then b= nL/ (oM , and we have

lim pn = 0. Hence it follows from Liapounoff's central limit theorem
0o
(see, for example, Feller (1971)) that

)
Y,
=17

is asymptotically normal, conditional on the ﬁj and flj' (We can argue

similarly that the unconditional distribution of
n
R

j=1

is asymptotically normal also.) A simple extension of the above argument,
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replacing Yj

asymptotically normal, assuming the ﬁj are not all equal. Then, since

by Yj (ﬁj—ﬁ), shows that the numerator of b in (2.11) is
the denominator of b, given the T?j, is a constant, we see that the

' conditional distribution of b is normal asymptotically.

Using the asymptotic normality of b, we can derive an approximate
result for the power of the linkage test. Let _;r_ and gl be nxl vectors
of values of %j and flj’ respectively, and let HA represent a specific

alternative hypothesis about the value of A. The power is given by

Pr{b/sb < = zl—dl_ﬂ‘"gl’HA}’
or -

b-E(b|1,£;,H,) -E(b|7,£,,H,)

-z s
< l1-a b

A |5, £ ,H,) M (o|n,£, 1)

|=l)

Pr ,_gl,HA .

Given the alternative hypothesis, the expression on the left above is
asymptotically distributed N(0,1), so we have the large-sample result

-2z s -E(b[i,i ,H,)
Power = Pr [z < 1= b 1A R

A ®]5.£,,8,)

where z denotes a standard normal variate., Letting l-t denote power,
we have the equivalent expression

-2z, S —E(bl_ﬁ,_f_ »H,)
2, =-—1i=Db 1> A (2.12)

1-1 "
TIERIBR
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2.3, Derivation of Sample Size Formula

To detgrmine approximate sample size required for a certain
power, we replace the terms of (2,12) with appropriate asymptotic results,
first in terms of the Yj and then in terms of the %j and flj' Throughout
this section we will use u to denote a random variable, based on n
observations, which is normally distributed with zero mean and finite
variance; it should be clear from the context whether u is a function
of the Y., given the 7, and f ., or u_ is a function of the n, and f_ ..

3 | 1j n 3 1j
The notation op(ng) will denote the nth member of a sequence of random
variables {xn} such that xn/nE converges to zero in probabfflity as now

(see Pratt (1959)). We note that muchbordinary algebraic manipulation

holds for op(ng); for example, we will use the facts that

€178, | o

El 62
n op(n ) = op(n ) for all real 51 and 52,
El 52 €l+€2
= 1
op(n )op(n ) op(n ) for all real gl and 52,
and
[l+op(n€)]m =1+ op(ng) for £ < 0.
We can use the same type of argument used in the previous section
for
n
Yy,
j=1 7
to show that in general
n
) Y
j=17
is asumptotically normal, given the ?rj and flj’ for any real k. Then we .

can write
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n n
. & jz Ylj‘ ) E(Ylj‘ lﬁj,flj) + nllzun + op(nllz). (2.13)
=1 j=1
From (2.13) we have
T o2 %o 20a s - 2
jzl(Yj—Y) = jZIE(lenj,flj) - [jZlE(lenj,flj)] /n (2.14)
+ ol/2 1/2y

u +o0o (n
n P

From (2.11), (2.13), and (2.14) it follows that

2 /2% ~ .22 ( n . _: 5 M 2~
sy =/ ] G sy (L ROl

1/2 /2

t: ~ 2 1
-1 E(Yj|1rj,f1j)] /n+ 0 Tu + op(n )} (2.15)

=1

n -
A ~ 1/2 1/2 >
- E@. |{7v.,f,.)(n,-m) + + 0o (n .
[j§1<j|3,13)(J )+ 0 e 4o (a70)]
From (2.8) and the definition of b in (2.11) we have

n - n -
~ ~ ~ -~ ~ 2
E(|r,£,,H,) = 8, +1; jqu (T-1/ L m”, (2.16)

j=1

where Bl and Y1 are defined in (2.9). (We see from the definition of
Yy that under HA b is a biased estimate of Bl unless oj = 0.) Similarly,

it follows from ¢2.11) that
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V(b|m = E V(Y |1, £, ) (n —:)2/ % 7o) 2 2.17
m.E,H,) = j"j’lj)"j" [ (Tr—ﬂ)] (2.17)

i=1 i=1

where V(Y,|ﬁj,flj) is given by (2.9) and (2.10).
J
We now require asymptotic results for the functions of i_and 51

in (2.15), (2.16), and (2.17)., We will use the following general result.

Lemma 2.1
Let (xj,yj), j=1, ..., n, be independent and identically

distributed (IID) random variables with all moments finite, and let

n

_ ab =32
S = jlejyj(xi x)°,
where
- )
X = x./n,
=11
for some real a and b, Then
= aEGETHY) - 2EEETND) + [E@IZEGYD)T + nllzun + op(nllz).

Proof. We can write S as

n n n
‘ Z ja+2yb 2 z x a+l b( z X /n) + z X ( z x'/n)z
3=1 =1 3 j=1 3 4=1

Since the (xj,yj) are IID, all the above sums are asymptotically normal;

for example,
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1/2 1/2

n
2 x?y? = nE(xayb) +n ).

u +o0o (n
3=1 voP

Replacing all the above sums by similar expressions, we have

at2 b 1/2

S=nE(x “y)+n /

2) _ 2[ﬁE(xa+lyb

1
u + op(n )

/2

+ nllzun + op(nllz)][E(x) + n‘llzun + Op(n-l )]

+ [nE(xayb) + nllzun +'op(n1/2)][E(x) + n—llzun

+ OP(n‘llz) 12,

or

1/2 1/2

S = n{E(xa+2yb

y - 28 THPYEE) + EGRYD) [EG) 1) +n ).

u + o0 (n
n P

This proves the lemma.

Applying Lemma 2.1 to the relevant sums of the form

n
~a. b~ 2.2
) ﬂ.flj(ﬂ.—ﬂ) ,

jo1 1 3

we have the following:
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\
o .
jz (ﬁj—ﬁ) = nV(r) + nl/2un + op(n1/2)
0. o« =2 a3 AL a2 ~ .3 1/2 1/2
z v (r.-%)" = n{E(r") - 2E(ME@ ) + [EM]°} +n'“u +o (n )
j=1 33 noop
) #a-n? - aEah - 2OEGD + BE®1%EG)
j:l .
+ n1/2u + o (n1/2)
n p
Ingfy, G- ? = n(EGE) - BMEGR) + [E@1%EGE)) 5(2 5
+n o + op(nl/z)
Xfij (?rj—?r)z = o{EG%s)) - 2E(MEE,) + [EM1%E(E))}
+ nl/zu + 0 (nl/z)
n o p
-~ = - ~ ~ ~ 2
£.2.-m? = nlEG%2) - 2£() EGED) + [EMIPEED)
135 1 1 1
+n u + op(nllz). )

By the same methods we can show that

1/2

Z flj(ﬂ —n) =n cov(ﬂ f ) + n u + op(n

1/2)

(2.19)

\

Substitution from (2.8), (2.9), (2.10), (2.18), and (2.19) in (2.15),

(2.16), and (2.17) yields the following:
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2 1/2 1/2 T . =22
s, = [0 + 0" "u + op(n )]/[jZl(nj-n) ]
E(blﬂ, l’H ) = {n[81V(%) + chov(;,f )] + nl/zu
n ) (2.20)
ro D1} G- n?
,P j=1
n -
VOI5E 8 = [+ 0 P+ o B/ L GD
j=1 )
where
\

U V(%){(az—ai) + (32-2a131)E(%) + (yz—Zalyl)E(fl) - BiE(Ez)

- 287, EGE)) - YAEEDT?) - ¥ileov (g1

W= (az—ai)vo‘r) + (32—2c,lsl){a(?r3) _EMEGD + EM)

YEGRE)) - E@EGE) + [EMIEEDY ) (2.21)

+ (Y2—2a1y1

s2(EGY) - E®EG) + E@I*EGED)

{E(ﬂ £,) - 2E(m)E(7 g Pt [E(T)] E(ﬂf )}

28,7,

yi {E(%zfi) - zE(%)E(%fi) + [E(%)]ZE(fi)}

and the s Bk’ Y, are given in (2.9). Substituting from (2.20) into

(2.12) and performing simple indicated algebra, we have

z Wl/2 + z

1/2_ ~ ~
1-1 l—aU = - /E.[BlV(n) + chov(w,fl)] + ?n + op(l), where

U and W are given in (2.21), For n sufficiently large, the term op(l)

is negligble and we have
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R P w” +z, U vt/2 w 1/18, V() + y,cov (e D] (2.22)

Finally, we approximate the required sample size by taking the expected
value of the right side of (2.22) (note that u_ in this case is a

function of the %j and flj) and then squaring both sides, obtaining

w1/2 + 2 1/2

n=lz,_ 1218V () + vyeovF,E1%, (2.23)

where U and W are defined in (2.21) and the Qs Bk, and Y are defined
in (2.9).

From (2.23) we can determine the approximate sample size (i.e.,
number of sib pairs required) for the sib-pair test at the 100a%
level to have power l-t, given the parameters OZ’ a, d, and p at the
trait locus and the joint distribution of the (%j,f 1.). Let us assume
no dominance and complete information on parental phenotypes for a
two-allele marker locus. Let M and m denote the marker alleles, and
denote the respective gene freéueneies of M and m by u and v = 1l-u,
Table 2.3, which is essentially Table 6.2 from Haseman (1970, Chapter vI)
for the case of two alleles, gives the joint probabilities of sibs' and
parents' genotypes, as well as the fi and ;, for all the possible
combinations of sibs and parents. From Table 2.3 we can easily derive

the joint distribution of T and fl’ which is given in Table 2.4.



PROBABILITIES OF SIBS AND PARENTS, AND fi(i = 0,1,2) AND 7 FOR A

TWO-ALLELE LOCUS WITH ALLELES M,m AND RESPECTIVE GENE FREQUENCIES

Mating

MM x MM

MM x Mm

MM x mm

Mm x Mm

Mm x mm

mm X mm

TABLE 2,3

u AND v, ASSUMING RANDOM MATING

Sib Pair
"~ {(Unordered)
MM - MM
MM - MM |
MM - Mm
Mm - Mm
Mm - Mm
MM - MM
MM - MM
MM -~ mm
Mm - Mm
Min -~ mm
mm - mm
Mm - Mm
Mm - mm
mm - mm
" mm -~ mm

Joint Probability of

Sibs and Parents £ f1 f2
" T T
u3v ] 3

3

2u”v ¥ 3

u3v 0 3

2022 T
u2v2/4 0 0 1
uzvz 0 1 0
u2v2/2 1 0 0
uzv2 ¥ 0 3
uv? o 1 0
w24 o 0 1
uv 0 ¥ 3
2uv3 3 ¥ 0
uv 0 % 3
v A
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3>

3/4

3/4

P =T o

3/4

3/4



TABLE 2.4

JOINT DISTRIBUTION OF m AND f

1,

PARENTAL INFORMATION

E B
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ASSUMING NO DOMINANCE AND COMPLETE

0 1/4 1/2 3/4 1 Total
0 u2v2/2 0 u2v2 0 zvz 2u2v2
fl 3 0 2u3v+2uv3 u4+2u2v2+v4 2u3v+2uv3 0 u4+4u3v+2u2v2
+4uv3+v4
1 0 0 2u2v2 0 0 2u2v2
Total uzgz 2u3v+2uv3 u4+5u2v2+v4 2u3v+2uv3 2;2 1
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From Table 2.4 we can derive moments for the joint distribution
of 7 and f1 for the case of no dominance and complete parental informa-

tion at the marker locus, as follows.

E(r) = 1/2
EGY) = [1 + uv(l-uv)1/4

V(@) = uv(l-uv)/4

E(ﬁS) = [1 + 3uv(l-uv)]/8
EGY) = 1/16 + 25uv/64 - 11uv?/32
E(£,) = 1/2
2 2 2 $ (2.24)
E(£2) = (Lbu’vO)/4
V(fl) = u2v2

E(nE,) = 1/4
Cov(%,f\) =0
Es

E(%zfl) = (1+u3v+uv3)/8

E(%fi) = (14+3uv3uvo) /16
E(%3f1) - (+huZv?)/8
E(%zfi) - [1 + uv(1+2uv)1/16.
)

Substituting from (2.24) into (2.23), we can calculate approximate sample

sizes for given values of a, T, and the parameters at the trait locus.

2.4, Sample Size Calculations

The sample size calculated from (2.23) depends on the genetic
parameters 02, p, a, d at the trait locus only through the parameters
Ay Bl, Yis %90 82, Y, defined in (2.9). From (2.23) and the definitions

in (2.2) and (2.9) it can be shown that multiplication of'oi, a2, and
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d2 by a common factor leaves the sample size in (2.23) unchanged; that
is, the sample size depends on azloi and dzloz rather than on all of
02, a, and d separately. Hence we can, without loss of generality, let
0281.

Futher, the sample size for given p, u, and A is nearly a monotonic
function of heritability, where heritability is defined by
h2 = ozl(oé + 02/2). (This definition corresponds to the usual definition
of heritability in the broad semse (Lush (1949)) if e and e2j in (2.1)
are uncorrelated and represent environmental effects only.) Note that
heritability depends on 02 only through az/oi and dzloz. if 4, p, u, and
A are all fixed, then sample size is exactly a monotonically decreasing
fﬁnction_of hz.

Table 2.5 gives sample sizes from (2.23) for the caseu = .5, no
dominance and complete parental information at the marker locus, and
¢ = ,05, power 1-1 = .90, A = 0, h2 = ,1(.1).9, and

@r

(i) p

.5 for no dominance at the trait locus,

.1(.2).9 for complete dominance at the trait locus.

Also given are simple rules so that approximate'sample sizes can be easily
obtained for d = 0 and d = a, p = .1(.2).9, u = .1(.2).9, h2 = ,1(.1).9,
and A = 0(.1).2. The approximation gives results for the case d = 0 which
differ from those calculated directly from (2.23) by less than 4%Z; for
sample sizes less than 2000, the approximation gives results higher than
those from (2.23), but not more than 2% higher. For the case d = a, the

approximation gives results within 13% of the results of (2.23) (within

5% for sample sizes less than 2000).



HASEMAN-ELSTON SIB-PAIR LINKAGE TEST:

TABLE 2.5
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SAMPLE SIZE (NUMBER OF SIB PAIRS) REQUIRED FOR 90% POWER AT o = ,05,

ASSUMING NO DOMINANCE AND COMPLETE PARENTAL INFORMATION AT MARKER LOCUS

n= n(hz, A,p,u) = number of sib pairs; A =0, u

= .5.

No Dominance at Complete Dominance at Trait Locus (d=a)
Trait Locus (d=0)
=3 p=.1 p=.3 p=.5 p=.7 p=.9

h2 n n n n n n
:1 33010 33210 35280 33570 34260 40180
o2 7421 7585 7550 7723 8249 13950
.3 2953 3104 3037 3169 3641 9267
A 1481 1625 1541 1653 2099 7688
«5 841 981 888 987 1417 6984
.0 516 653 554 645 1064 6617
o7 - 334 469 365 450 862 6404
.8 224 358 250 331 737 6271
.9 155 287 177 255 656 6185

To approximate n(hz, A, p, u) for A = 0(.1).2, u=.1(2).9:

I. For d =0

1. To approximate n(hz,

column of table):

18 for p=.3 or .7

163 for p=.1l or .9

0, p, -5), add to n(hz, 0, .5, .5) (first
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2. To approximate n(hz, 0, p, u), multiply n(hz, 0, p,.5) obtained in

step 1 by

1.13 for u 3 or .7

2.29 for u .1 or .9

3. To approximate n(hz, A, p, u), multiply n(hz, 0, p, u) obtained in
step 2 by

2.49 for A

1
[

7.96 for A

[]
.
N
.

II. For d = a

1. To approximate n(hz, 0, p, u), multiply n(hz, 0.p, .5) (lLast five

&

columns of the table) by

1.14 for u .3 or .7

2.39 for u = .1 or .9
2. To approximate n(hz, A, p, u), multiply n(hz, 0, p, u) obtained
in step 1 by

2.58 for A

]
o~

8.35 for A

n
N

Effect of gene frequency at the marker locus

The rules given under Table 2.5 reflect the fact that the ratio of
sample sizes for any two values of u is nearly independent of h2, As P |
and d. The moments in (2.24) are functions of uv; hence for this case
of no dominance at the marker locus, che sample size is symmetric about

ﬁ=.5. The sample size appears to be minimized for fixed (hz,k,p) at u=,5.
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Effect of gene frequency at the trait locus

The relationship of sample size to p 1s more complicated. For
d = 0 and fixed u and h2, the sample size is symmetric about p = .5
and decreases as p approaches .5; this is because the dominance variance
component 0§ is then 0 and 0: depends on p only through pq, as we see
from (2.2). For d # 0, the relationship is changed; for d = a, A = 0,
and fixed u and hz, the sample size decreases with increasing p for small
p and then for larger p increases as p increases. It is not clear from
Table 2.5 at what value of p the sample size is minimized for the case
d = a; further computation indicates that for A = 0 and v = .5, the
minimum is around p = .25 for h2 = .3 to .7, lower for lower hz, and higher
fer higher hz.

Effect of dominance at the trait locus

The dependence of sample size on d is not clear. The sample size
for d = a, relative to that for d = 0, is a function of h2 and p; for some
h2 and p the sample size for d = a is larger than for d = 0, and for other
h2 and p it is larger for d = 0. For p > .5, the sample size for d = a
is often quite large compared to that for d = 0; with the percentage
difference increasing with h2.

Effect of recombination fraction

Sample size must of course increase with A, since A = 0 represents
the case of "complete linkage" and X = .5 is the case of no linkage (i.e.,
the null hypothesis). The rules given in Table 2.5 indicate that sample

size increases quite rapidly with increasing A,
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" Effects of a and T

Other obvious relationships are that the sample size in (2.23)
decreases with increasing a and/or with decreasing power (l-t). At least
for the case of no dominance and complete parental information at the
marker locus and no dominance at the trait locus, the values of U and W
in (2.21) are approximately equal, so that the ratio of the sample size

from (2.23) for o and t° to that for a and Tt is approximately

<zl—t‘ i e )2
211 + 21-a

Table 2.6 gives values of this ratio, expressed as a percentage of the

sample size for o = .05 and 1-1 = ,90, for selected values of o” and
1-t”°, Direct computation from (2.23) yields percentages which are within
one percentage point of those in Table 2.6, for all combinations of the
following genetic parameter values: 02 =1; A =0, .2; p= .1, .5;

h2 = ,1, «5, 93 u=.1, .5.
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TABLE 2.6
HASEMAN-ELSTON SIB-PAIR LINKAGE TEST: APPROXIMATE SAMPLE SIZE REQUIRED
FOR SELECTED VALUES OF o AND POWER, ASSUMING NO DOMINANCE AND COMPLETE
PARENTAL INFORMATION AT THE MARKER LOCUS AND NO DOMINANCE AT THE TRATT
LOCUS, EXPRESSED AS A PERCENTAGE OF THE SAMPLE SIZE REQUIRED FOR

a = .05, POWER = .90

a Power Percentage Sample Size
.10 .90 77
.05 .80 72
.10 .80 | 53
.05 .70 55
.05 . .50 33

Whereas the sample sizes required for a = ,05 and 90% power are
in many cases prohibitive, by relaxing the requirements on a and/or T
one can obtain reasonable sample sizes. .The price for this is of course
an increased chance of concluding there is linkage when there is nc
linkage and/or a decreased chance of detecting linkage when it exists.

Effects of Information and Dominance at the Marker Locus

We have thus far considered only the case of no dominance and
complete parental~information at the marker locus; for the most part we
will continue to base our investigation into the behavior of the Haseman-
Elston test on this case. It is of interest, however, to compare sample
sizes obtained under different assumptions. ‘Sample sizes have been

calculated from (2,23) for the following cases at a two-allele marker locus:
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(1) No dominance and complete parental information

(2) No dominance and no parental information

(3) Dominance and complete parental information

(4) Dominance and no parental information.,
Values taken for the genetic parameters were 02 =1,d =20, h2 = ,1(.1).9,
A =0(1D.2, p=.1(.2).9, and u = ,1(.2).5; @ = .05, The results are
roughly what one would expect, For all values of the genetic parameters
used, sample sizes are smallest for case (1) and largest for case (4);
that is, the test has greatest power for case (1) and least power for
case (4). Expressed as a multiple of the sample size for case (1), the

ranges of sample sizes from (2.23) for the other cases are as follows:

case (2), 1.45 to 1.83; ' '
case (3), 1.12 to 2.38;
case (4), 1.56 to 3.44,
For the cases of dominance at the marker locus ((3) and (4)), the multi-
pliers depend mostly on u and relatively little on the other parameters,
For case (2) the range of values is much sméller; the multiplier increases
with increasing h2, increasing u, and decreasing A, but changes in p have

little effect on it besides that due to changes in h2°



CHAPTER III

SIMULATION STUDIES OF POWER AND ROBUSTNESS OF THE HASEMAN-ELSTON TEST

3.1. Distribution of Yi

The question remains whether the sample sizes calculated in the
previous chapter are adequate to attain the nominal powers for which they
were calculated. Using the actual distributions of the Yj and the
(ﬁj,flj) (assuming no dominance and complete parental information at the
marker locus), samples of a specified size have been drawn via computer
simulation, the Haseman-Elston test done, and the observed power calculated.
As shown in the following section, the results are quite good, even for
relatively small sample sizes; that is, the observed power is quite close
to the theoretical power obtained from asymptotic considerations.

The conditionzl density of Yj, given ﬁj and flj’ has been given
in general form by (2.4) in section 2.1. It follows from the definition
of Yj and the assumpticn of normality that the distribution of Yj/oz,
given the tiue proportion of genes i.b.d. at the trait locus, is a
mixture of noncentral x2 variates each with one degree of freedom; the
noncentralities are given in Table 2.1 in section 2.1.

Now let Pi(i = 1,2,3,4) denote the density oixi(di), where the

noncentrality Gi is as follows:
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\
2 _
62 =0
6§ - (a-d)zloi
5 (3.1)
5% - (a+d)2/cz
2 2,2
64 = 4a /ce. )

From (2.4), (2.23), and Table 2.1 we can write the density of

leoz, given %j and flj’ as

2~ _ ' \
P(onelnj,flj) = °1jP1 + cszz + c3jP3 + cajPA,
where
4. 4 2 2 3. 3
= + + +
1 (p +q +4p°q )ROj (p™+q +pq)le sz .
.3 2
ch = 4p qROj + 2p quj
b (3.2)
3 2
= +
c3j 4pq ROj 2pq le
.22
c4j = 2pq ROj
/

and the th are given in (2.6) in section 2.1.

3.2, Verification of Sample Size Formula

The computer simulations in this sectionwere based on the conditional
distribution of Yj/oz just described, together with the distribution of
(;j’flj) from Table 2.4 in section 2.3. The required uniform pseudorandom
numbers were generated using methods described by MacLaren and Marsaglia

(1965); an algorithm described by Kronmal (1964) was used to generate .
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normal pseudorandom numbers. The simulations were as follows. For the
jth sib pair, a uniform pseudorandom number was used to pick values of
ﬁj and flj with appropriate probability. The mixture coefficients cij
in (3.2) were calculated; a second uniform pseudorandom number was then
used, along with the mixture coefficients, to pick one of the four
possible distributions (that is, to choose one of the noncentralities
in (3.1) with appropriate probability). Finally, a standardized normal
pseudorandom number was generated and added to the square root of the
noncentrality, and the result was squared, yielding the simulated squared
difference Yj. (The "environmental' variance oz was set equal to 1l; hence
no multiplication by 02 was necessary to obtain Yj.) After the required
sample size was reached, the sib-pair test statistic was calculated. The
entire process was repeated 100 times and the observed power (or proportion
of tests in which the null hypothesis Ho:k = 1/2 was rejected) calculated.
The first five rows of Table 3.1 show, for o = .03, GZ = 1, and
selected values of p, u, A, a, d, and sample size, the theoretical power
(from (2.23) in section 2.3) and the observed power after 100 simulations.
The examples were chosen to include one extremeiy small sample size as well
as cases both of no dominance and of complete dominance at the trait locus
and cases of both zero and nonzero A. TFor all these cases the agreement
between theoretical and observed power is quite good. The last five rows
give the results from another set of simulations with the same (a,d,p,u)
but with A = .5, the null hypothesis value. The observed and theoretical
powers agree quite well for these simulations also; hence the nominal

a-level appears to be a good approximation to the true Type I error, at

least for the cases tabulated. Note that the results are conservative
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(fewer falsely significant results than expected) for the two cases in

which the observed a-level differs most from the nominal .05.

TABLE 3.1
THEORETICAL AND OBSERVED POWER FROM COMPUTER SIMULATIONS OF THE
HASEMAN-ELSTON SIB-PAIR TEST, ASSUMING NO DOMINANCE AND COMPLETE

PARENTAL INFORMATION AT THE MARKER LOCUS

For each sample size (number of sib pairs), 100 samples were drawn;

a = .05, 02 = 1.
e

2 Sample Theoretical Observed
P u A a d h Size Power Power
3 3 0 43 0 .88 205 .90 .95
3 5 0 4 4 .97 142 .90 .88
S5 W5 .l 2 0o .80 553 .90 .90
3 5 0 5 5 .98 46 ;50 A4
1 5 0 3 3 .92 '90 .50 .52
3 .3 .5 3 0 .88 265 .05 .06
«3 5 W5 4 4,97 142 .05 .03
S S5 L5 2 c .80 553 .05 .02
3 5 .5 5 5 .98 46 .05 .05
1 .5 .5 3 3 .92 90 .05 .06

Since some fairly small sample sizes were included in Table 3.1,
it seems reasonable to infer that the nominal a-level and power associated
with sample sizes calculated from (2.23) will generally be good approxi-
mations to the true values. We have assumed normality of the trait values

throughout this development; in the next section the power and significance
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level of the test statistic will be investigated for small sample sizes for
the case of normality and also for other distributions of the trait values.
It has been remarked earlier that the regression of Yj’ given Gj

and f is a function of both %j and flj'if there is dominance at the

13’
trait locus (d#0). TFor the three simulations in Table 3.1 with d#0 and
theoretical power .9 or .5, the multiple regressions indicated in (2.8)
in section 2.1 have been done and the usual F-statistic for testing
Ho:81= 0, vq= 0 calculated. In each case, the observed power (for

a = .05) was less than the power observed for the test of regression on
ﬁj alone; the power of the F-test was also less than the power of a
two-sided test for regression on %j' These results are not surprising,
since we know from (2.9) that Bls 0 and le 0, and the F-statistic tests
Ho against the general alternative HA:Bl# 0, Yl# 0. Hence it seems that
consideration of the regression on both %j and flj does not increase
power, even when the full model (2.8) is theoretically more appropriate.

Let us consider the regression of Yj on flj zlone, ignoring &j'
The sample size required, based on a formula like (2.23) in section 2.3,
is much larger than that from (2.23) for the regression on ﬁj alone.
Further, even for the simulations with d # 0 in Table 3.1, tests of
regression on flj alone have almost no power (observed power < .10).

In summary, examination of the case of no dominance and complete
parental information at the marker locus indicates that the Haseman-
Elston tes: is more powerful than either (1) a similar regression test on
fl alone or (ii) a multiple regression test on both 7 and fl. Also,

the nominal a-level and power assoc¢iated with sample sizes from (2.23)

appear to be reasonatiy good approximations to the true values.
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3.3. Simulations of Power and Robustness for Small Sample Sizes

For the cases A = 0 (complete linkage) and A = .5 (null hypothesis),
100 samples of sib pairs were drawn via computer simulation for various
distributions of the original trait values and various combinations of
the genetic parameters, assuming complete parental information and no
dominance at the marker locus. For most of the simulations, the sample
size was 20 and it was assumed there was no dominance at the trait locus
(d=0). Some additional situations were simulated for the case of normally
distributed trait values. For each sample the sib-pair test was done;
the number of significant results at the nominal .05 level was calculated
for each set of 100 samples.

The simulations were'done for the following distributions of

e. = e,.-e.., where e,, and e,. are the "environmental' effects in (2.1):
h| 13 2] ij

23
normal; normal, with the natural logarithm of the squared difference used
jnstead of the squared difference itself; difference of independent
exponential variates, each with location parameter 1; difference of
independent chi-square variates, each with ohe degree of freedom; and

difference of independent beta variates, each with parameters 3 and 0.5.

In each case ej was scaled to have variance 1. The exponential and chi-

square distributions for individual eij are skewed to the right, and the

beta distribution with parameters 3 and 0.5 is skewed to the left.
Pseudorandom numbers were generated for the normal distribution

as described in the previous section. For the exponential distribution,

pseudorandom numbers X were obtained by setting x equal to the inverse of

the distribution function F(x), where a uniform pseudorandon number was drawn

as described in the previous section and taken as the value of F(x); that is,
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‘ x = -n(1-F(x)), where F(x) = 1 - e ¥, For the chi-square distribution with
one degree of freedom, normal pseudorandom numbers were generated and
squared. Pseudorandom numbers were generated for the beta distribution
by the method of Johnk (1964), which has been described also by Phillips
and Beightler (1972).

Table 3.2 summarizes the results for power of the simulations des-
cribed above; in this case, A = 0. For each distribution shown, 8100
samples of the indicated sample size were generated, 100 for each combina-
tion of h2, ps and u; the sample size was 20 except for one set of
gimulations with sample size 50, which were done to be compared with the
results in the first column of the table. The results for a particular
value of h2 were averazged over the indicaced values of p and u; similarly,
the results for p and u were averaged over h2 and u and over h2 and p,
respectively. The observed power was in general an increasing function
of h2, an increasing function of p, and an increasing function of u. There
were no apparent interactions among the three parameters in determining power.
As we would expect from the sample sizes generated for 907% power in
Table 2.5, section 2.4, the power for the sample sizes shown was quite
low. The observed power was higher for the normal case with sample
size 50 than with sample size 20, as would be expected, but only for
heritabilities about .4 or greater. (It should be emphasized that the
quantity we are calling "heritability" is heritability due entirely to
the two-allele trait locus under study, and does not include herita-
bility due to other (unlinked) loci.) The various distributions simulated
all reSulted.in about the same observed power on the average. Taking the

. logarithms of squared differences of trait values, which one might expect
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to result in more normally distributed values of the dependent variables

in the regressions, actually decreased the average observed power.
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The results for robustness (that is, simulations under the null
hypothesis) are given in the middle column of Tatle 3.3; For all cases
tabulated except the beta distribution, the results shown were averaged
over 8100 simulations, 100 for each combination of h2 = ,1(.1).9,
p= .1(.2).5, and u = .1(.2).5; for the beta distribution the values used
for h2 were .1(.2).9. The observed significance levels did not appear
to depend on h2, p, or u. Considering the small sample sizes, the observed
significance levels seem quite satisfactory; hence the sib-pair test
appears reasonably robust against non-normality of the squared differences
of trait values, at least for those distributions simulated.

An importént characteristic of the normal distribution is symmetry,
or lack of skewness, and under normal theory the residuals from a fitted
linear regressicn are approximately normally distributed. It was felt .
that a transformation to eliminate most of the skéwness in the residuals
might bring the observed significancé level closer to the nominal .05
level. For each of the simuiations in Table 3.3, the squared difference Y
was transformed by taking Y% such that the skewness of the residuals was
minimized, where s was allowed to range from .1 to 1 in intervals of .l1.

The skewness of the residuals was calculated as

. (ri_;)a/ (ri_;)z 3/2

n-1 (21 n-1

—

[ are }o]

i=1
where ri(i=1, «eey n) is the ith residual and T =
)
r,/n.
1=1 1

As shown in the table, the average observed significance level after the

transformation was actually higher than before; this occurred even though
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the skewness of the residuals was usually reduced substantially. Another
interesting result (not shown) is that for both sets of tests, the average
skevness of the residuals was lower when the tests were significant than

when they were not; this indicates that, at least for the cases simulated,
we are unlikely to get spurious significance for the sib-pair test merely

because of skewness in the residuals.

TABLE 3.3
IAVERAGE OBSERVED SIGNIFICANCE LEVEL FROM COMPUTER SIMULATIONS OF THE
HASEMAN-ELSTON TEST, ASSUMING NOMINAL .05 LEVEL
Also assumed are no dominance and complete parental information
at the marker locus. Unless otherwise specified, size of each
sample is 20 sib pairs and no dominance (d=0) is assumed at the

trait locus; cz = 1,

Average Significance Level

After Transformation to
Distribution of "Environmental''| DNo Skewness Reduce Skewness of
Effects Transformation Residuals
1.

Normal .058 .068
Normal, with Log Transform

of Squared Differences™ .058 Not Done
Normal, with d = a .064 .072
FExponential .061 .066
Chi-Square .060 .068
Beta .065 .071
Normal (Sample Size 30) .059 - Not Done
Normal (Sample Size 30) .053 ' .056
Exponential (Sample Size 30) .054 .057

+These results are based on the same set of simulations.
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To summarize, the results of the simulations in this section
suggest that for small samples, (i) the power of the Haseman-Elston test
is quite low, (ii) the significance level of the test is satisfactory
for a number of continuous distributions of trait values, and (iii)
transforming the squared differences of trait values to reduce the
skevmess of the residuals does not in general improve the significance
level.

In the next two chapters, extensions of the Haseman-Elston test
for sibships of size three will be studied, and it will be shown that higher
power can be attained for that case than for the same total number of sibs

in independent sib pairs.



CHAPTER 1V

EXTENSION OF THE HASEMAN-ELSTON TEST TO SIBSHIPS OF SIZE THREE

4.,1. Model

In this chapter we consider tests to detect linkage in sibships of
size three. The notation is similar to that intrcduced in Chapter II, with
some modifications. We now have three observed trait values X1 Xos and
X3 where the ordering is arbitrary. There are now three sib pairs within
a sibship; we arbitrarily define the three squared differences of trait

values by

<
1

1= (7%
92 = (xl—x3)2 .1

<
l

Yy = (g ’
Similarly, we have ﬁl,ﬁz,and §3, the estimated proportions of genes
identical by descent at the marker locus; %l is the estimated proportion
for sibs 1 and 2, ﬁz is the proportion for sibs 1 and 3, and 53 is the
proportion for sibs 2 and 3. We define in an analogous manner other
quantities which in Chapter II were defined for a single sib pair;
for example, we now have fll’ f12’ and fl3’ rather than fl'

* *

*
We now lect ey, e,, and e, denote the "environmental" effects for

the three sibs and let e1s €y and ey be the corresponding differences;

that 1is,
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\

*

e, = e -e,
x &

e, = e;-e, 4.2)
* %

e, = e.-e, .
2

3 3 )

* % *
We assume the joint distribution of e,, e., and e, is multivariate normal
1 2 3
. * % *
with zero means, common variance for e ez, and e3, and common covariance
*
for all pairs e;, e (j#k). Letting oi be the variance of e;» it follows
that the joint distribution of el, e2, and e3 is multivariate normal with

zero means and covariance matrix

In addition, the following moments, which will be used later in the
derivation of E(Ylelgenotypes of sibs at trait locus), can be derived
easily from the moment generating function for this multivariate normal

distribution:

2
E(elez) =

|
=1
~~
(]
®
~

1
o
o

(4.3)
E(eie%) =

[
(V8]
Q
~
N
——

%
Note that the results in this paragraph do not require that e €55 and
*
ey be uncorrelated.
For the case of sib trios we introduce a new set of probabilities

of true numbers of genes identical by descent at the marker locus. Let

hils denote the probability that sib pair 1 has i genes i.b.d., sib pair
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2 has & genes i.b.d., and sib pair 3 has s genes i.b.d. at the marker
locus, where i, 2, and s range from O to 2. (We assume throughout our
study of sib trios that the sib pairs are numbered as indicated in
(4.1) and (4.2); also, this use of h should not be confused with the use
of h2 to indicate heritability.) We note by inspection that hils =0
for many combinations of i, %, and s, since only 4 distinct alleles can
occur in a sibship. For example, if i = 0 and 2 = 2, we can represent
the genotypes of the ordered sibs by M1M2’M3M4’ and MlMZ’ respectively, where
the subscripts denote distinct parental alleles; it then follows that s
must be 0, so that h02l = 0 and h022 = 0. .Similar examination for all
possible cases shows that there are only 10 hils which can have nonzero
values.

We now consider the six distinct unordered mating types for a two-
allele locus. Denoting the alleles by M and m, these mating types can be
represented as MMxMM, MMxMm, MMxmm, MmxMm, Mmxmm, and mmxmm. For three
of the mating types (MxMM, MMxmm, and mmxmm) there is only one possible
genotype for an offspring; for two (MMxMm and Mmxmm) there are two possible
of fspring genotypes; and for one (MmxMm) there are three possible offspring
genotypes. Thus there are 3(13)+ 2(23)+ 1(33)= 46 possible combinations
of parents' and sibs' genotypes for an unordered mating and ordered
sibshin of size three. Enumeration of these 46 cases shows that for a
two—-allele locus there are 19 distinct sets of hils’ which are given in
Table &4.la, along with the corresponding matings and sibships.

The entries in Table 4.la are obtaired as in the following example.
Again using subscripts to denote distinct parental alleles, consider the

mating MlexM3m4 and ordered sibs MM, Mm, and Mm. The MM sib can be



either MM, or M_M_, and each of the Mm sibs can be either M

13 2°3
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m, or M.m

174

274

Given the mating and sibship, there are 8 equally probable cases when we

consider the distinct parental genes.

These 8 cases and the corresponding

numbers of genes i.b.d. for sib pairs 1,2, and 3, respectively, are as

f&llows:

MM,

M Mg

MM,

M Mg

MMy

MM,

M2M3

M2M3

Then given the mating and ordered sibship, h

all other hizs

Mymg,
Mym,

Mzm4

M'zm4

Mlm4

Mm,
Mzm4

M zm 4

Mlm4

Mom,

Mlm4

Mzm4

Mlm4

Mzm4

Mlm4

Mzm4

11
1 0
01
0 0
0 O
0 I
1 0
l 1

002~

are 0. This result is indicated in the penultimate line

h

112

= h

101

= h

011

= 1/4, and

of Table 4.la. Assuming random mating, the probability of the unordered

mating and ordered sibship is u3v/2, where u and v =

frequencies of the alleles M and m, respectively.

l-u are the gene

Similarly, the probabil-

ities of the other three matings and ordered sibships which have the same

hils (that is, the other matings and sibships shown in the right half of

the penultimate line of Table 4.la) are u3v/2, uv3/2, and uv3/2,respectively.

Thus the total probabibility of having a mating and ordered sibship with

the indicated values for the hils is u3v + uv3, as shown in the last

column and penultimate line of Table 4.1b.

The 19 distinct sets of hils at a two-allele marker 1oéus, along with

their corresponding probabilities for the case of no dominance and complete

-



60

parental information, are given in Table 4.1b. The 19 probabilities
are the probabilities of the corresponding sets of matings and ordered

sibships from Table 4.la; we note that they sum to

u4 + 4u3v + 6u2v2 + lmv3 + v4 = 1.

Also given in Table 4.1b are the values of fll’ f12’ f13 and of L

~ ~

Tos Tas where

Rk = £y + flk/2 (4.4)

and the flk and ka are calculated from the h's as follows:
£33 = Pz * Mot Pz T Par2 \
f15 = Bogr1 T B0t Parn * Par2
£13 = boa1 * o1 * Porn Y P
and (4.5)
21 = Bp00 * Mo Moz
22 = B ¥ P * Moz
23 = Bggg ¥ Py12 T P22t
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Expected values of functions of the h's, ﬁ's, and fl's can be
calculated directly from Table 4.1b; these will be given explicitly as
needed later in the chapter.

Making the same genetic assumptions as in section 2.1, we have

for the kth sib pair (k=1,2,3), as in (2.8) and (2.10) of section 2.1,

[ _ ~

E(Yk|Im) =a, +8,m + v, \
and

- 2 -
V(Yk|Im) = (ay=0)" + (B,-2a,8.)m, + (y,=2a,v)E;, > (4.6)
- (B 7 +y £ )°
'k 171k’ ° J

where a

l’Bl’Yl and “2’82’Yz are defined in (2.9), section 2.1, and Im
denotes the available information on parents' and sibs' phenotypes at the
marker locus. (We will continue to use Im throughout the remainder of
this dissertation; in the present instance the information in Im is
summarized by the h's.)

Now, however, we no longer have‘mutually independent Y's, since the
Yk within a sibship are correlated (for a sibship of size three, any two

distinct sib pairs must have one sib in common). For k#k”, we have

E(LY, 1) = ] EQ Y [n) ] PG |7 on, ., (4.7)
i} s -m
-t ]
w'here_lr_t and n, are column vectors of true proportions of genes i.b.d.
at trait and marker loci, respectively, for the three sib pairs. As
Indicated by the notation, h2n’ is the probability that the true proportions

L
of genes i.,b.d. at the marker locus are given by i (that is, doubling the
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elements of m gives the subscripts for h). Hence both m, and T have
-m -t T

10 possible values, corresponding to the 10 possible values of hils’ and

the summations in (4.7) are over these 10 values. 1In (4.7) we have a

special case of the extension to sibships of size three of the relation

E(g(Y)lIm) = 1rZE(g(Y)lwt)"p(nt|nm)p(nm|Im),
t m
which was given in slightly different notation in (2.5), section 2.1.
We now derive E(YlelIm) Table 4.2 gives Y., Yz,and the expecta-
tion of Yle, conditional on the genotypes at the trait locus for the

three sibs. The expectations follow from the joint distribution of ey

and e,; in particular, the moments in (4.3) are used.

23
Table 4.3 gives the brobabilities of the 27 possibhle ordered
genotypes at a two-allele trait locus for sib trios, conditional on the
set of true probabilities T, of genes i.b.d. As there are 10 possible
nonzero hizs’ there are 10 possible values of Tee The analogous probabili-

ties for sib pairs, as well as the values of -the squared difference Y,

were given in Table 2.1l.
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TABLE 4.2
VALUES OF Yl AND Yz AND EXPECTATION OF Yle, GIVEN GENOTYPES AT TRAIT LOCUS
Sib Trio
(Ordered) _ 2 _ 2
“1st |2nd 1304 |Y1° (xl—xz) Y= (xl—x3) E(Y1Y2|Sib Trio)
2 2 4
TT e e, 30e/2
2 2 22 4
T | TT | Tt e ,(a-d+e2) (a-d) qe+3ce/2
2 2 2 2 4
tt e ‘(Za+e2) 4a oe+3ce/2
2 2 22 4
TT (a-d+e1) e (a-d) a4 309./2
T | Tt | Tt (a—d+el)2 (a-d+e2)2 (a-d)4+4 (a—d)zc:+3o:/2
tt | (a-dte,)? (2ate,)? 4a? (a-a) %+ (3a-a) 202430 /2
7 2 72 .3 -
2
TT (2a+el) e, 4a oe+3oe/
4
IT | tt | Tt (Za+el)2 (a--d+e2)2 4a? (a—d)2+(3a-—d)2o§+3ce/2
4
tt (2a+el)2 (2a+e2) 2 16a4+16a2c:§+30e/2
2 2 4 2 2 4
T (—a+d+el) (-a+d+e2) (a-d) "+ 4(a-d) 0e+303/2
: ; 2 2 3y 20242.472
Tt | ITT | Tt ( a+d+el) e, (z2-d) oe+3ce .
tt (—a+d+e1) 2 (atd+e.) 2 (az-d2)+4d20§+3g e/2
2 2 22 4
TT ey (—a+d+e2) (a-d) ce+30e/2
2 2 A
Te | Tt | Tt e e, 35e/2
2 ‘ 2 22 .4,
tt ey (a+<§+e2) (a+d) oe+30 e/
TT | (atdte,) 2 (-a+d+é2) 2 (az—d2)+4d202+30:/ 2
2 2 22 4
Tt [ tt [ Tt | (atdte)) €5 (aHd) oe+30e/2
te | (arire))’ (a+dte,) ()44 (a+d) 2024357/ 2
T | (-2a%e))’ (-2ate,)’ 16a4+16a202+302/2
te | 11| Te | (-2ate)? (-a-dte,)? aaz(a+d)2+(3a+d)202+3c:/2
2
te | (-2ate)) e2 4a’eZ+30%/2
2 2 2 2 2.2 4
TT (-—a—d+el) (—Za+e2) 4a” (a+d) "+(3a+d) °e+3°e/2
te ] Te | Te (—a—d+el)2 (-a—d+e2)2 (at+d) 44 (a+d)zaZ+3a:/a
2 2 22 4
tt (-a—d+e1) e, (atd) 0e+3de/2
2 2 22 4
-7
T e ( .ka+e2) 4a ce+3ce/2
te | te] T 2 —a-dte )2 25259, 472
t e (-a d+e2) (a_+d) o %/
1 2 2 4
tt e e 30¢/2
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TABLE 4.3

PROBABILITIES € OF SIB TRIOS, GIVEN VEC‘I‘OR‘It OF TRUE PROPORTIONS OF
GENES IDENTICAL BY DESCENT AT TRAIT LOCUS
Probabilities are O unless otherwise specified; p = gene frequency of

-allele T, and q = 1-p.

Sib Trio t and corresponding 1{ = (ﬂ1ﬂ2ﬂ3)

r |(Ordered) 1 2 3 4 5 6 7 8 9 10
1st |2nd|3rd [ (001) |(010) {(100) | (330) |(304) | (O1%) |(2¥1) |(313) {(A31) |(A11)

1 TT pa p4 Pl‘ Pl. pa Pl' P3 P3 93 p2

2 | TT| TT}| Tt 2p3q P q. p3q qu

3 te qu?

4 TT 2p3q p3q P3q qu

5 | TT{ Tt| Tt 2p3q p2q2 p3q p3q pzq

6 tt . p2q2

7 TT p2q2

8 | TT| tt] Tt P2q2

9 tt J;zqz

10 TT 2p3q p3q p3q pzq

11 | Tt} TT 'Tt 2p3q p3q quz P3q qu

12 | tt | pzq2

13 TT 293q p3q p3q p2q2 qu

14 | Ttf Tt| Tt 4p2q2 4p2q2 4p2q2 Z;JZq?' 2p2q2 2p2q2 Pq Pq Pq 2pq

15 tt 2pq3 pq3 g3 242 qu

16 " TT quz

17 | 1e| ee] T 2pq° pa> wa® [pa pa’

18 tt qu3 pq. pq3 qu

19 . TT p2q2

20 | tt] TT| Tt quz

21 tt p2q2

22 TT quz

‘23 | ee| Te| Te)2pq> p2a? lpa® [pa® [pd’

24 tt 2pq3 pq3 pq3 qu

25 T pZq’

26 j tef et Tt zpq3 pq3 Pq pqz

27 [ eelq® P TV P !q“ S P PR P g2
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From Table 4,2 and Table 4.3 we can get the conditional expecta=-
tions ECYlelit) for the 10 possible values of_gt° These expected values
are given in Table 4,4,

TABLE 4,4
CONDITIONAL EXPECTATION OF Yle, GIVEN VECTOR__'!It OF TRUE PROPORTIONS OF
GENES IDENTICAL BY DESCENT AT TRAIT LOCUS

T E(Ylel_Tlt)

(001) 302/2+4p3q[(a-d)4+4(a—d)202]+4pq3[(a+d)4+4(a+d)202]

+ 32p2q2(a4+a202)

(010) 30:/2+4p3q(a-d)20 +4pq3(a+d)

N

2 2222

o +8pq a 9

0]

2
e
(100) 302/2+4p3q(a—d)202+4pq3(a+d)202+8p2q2a202
(310) 30:/2+4p3q(a-d)202+4pq3(a+d)20§+4p2q2[(az+d2)2+(2a2+4d2)0§]
(30%) 302/2+2p3q[(a-d)4+5(a-d)zc§]+2pq3[(a+d)4+5(a+d)20 ]

+ P2q2[4az(a-d)2+4a2(a+d)2+(3a-d)zo§+(a—d)20

®© DO N

+ (3a+d)zo§+(a+d)2oZ]

2

(031) 3oi/2+zp3q[(a—d)4+5(a-dzoi+zpq3[(a+d)4+5(a+d) 2]

N

+ p2q2[4a2(a—d)2+4a2(a+d)2+(3a—d)20§+(a-d)

2 2
oe]

2
g
e

+ (3a+d)20§+(a+d)

(311) 3oi/2+2p2q[(a-d)4+4(a-d)zc§]+zpq2[(a+d)4+4(a+d)zo§]

2

G1dH 30:/2+2p2q(a—d).0 +2pq2(a+d)20

n N

(11%) 302/2+2p2q(a-d)2c +2pq2(a+d)20

(]
[1 0 ST [ I

1

4
(111) 3oe/2

. '
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‘- We now evaluate the terms

2 P@tllm)hZTr’
T -
=i
in (4.7). We obtain the joint distribution of T, and T, as follows.
Let the mating be represented by
5By A4y

X ’
ABy T AR,

where A and B represent the trait and marker loci, respectively, and the
subscripts denote the four distinct parental chromosomes. Suppose the

three ordered offspring are

< P AB1 APy AP |
9 ’
AB,* A,B)’ AjB, _
) — ' 1 2 1,2
the probabilities of obtaining these offspring are Z(l—k) , Z—A , and
%-A(l-—)\), respectively. Then the probability of the sibship is %—EXB(l—X):;,

- _ A5 L P . -
and ac = (2 1 2), LA (2 5 1). Enumerating all possibilities for the
three ordered offspring, we get the joint distribution of I, and T which

is given in Table 4.5. (Remember that Y = J\2+(1—)\)2.)
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91 8 8 8 8 8 8 9T 91 91
1 I T T 1 T 1 1 1 1 T {1t
91 %9 47 43 43 43 43 43 %9 _ 49 9 (1t
1 Nﬁ-yc G- @1 | (- (-1 | G-f)(d-1) Na-c NIQ_IQ Na-a Ng-c Na-a Na-a
_8 143 91 91 9T 91 91 91 43 43 43 (55T)
1] (1-%¢) (#-D) N\,??A @-n)h -0k N:_-c (h-1)4 =04 | (1=he) (d-1) ms-c Nslc
8 € 91 91 91 91 97 91 43 4 Z¢ G15)
T (-fo)y(a-1 (F-1T7% .Nﬂﬂ._si F=nn -4 Ng-a [V NS-: (1-4€) (+-1) NS-C
8 143 91 91 91 91 91 ..: 43 Z¢ 143 (L D)
T { (1-4¢) (#-1 [CEYY [CE) %?3# (F-0% -1 NQ-: Ns-a NS-: -t (-1
] 43 91 91 91 91 971 91 143 4 143 (550
1 L (-1 Na-a =% G- Nm.mﬂ.qsi (-0 " -1 Ng-a - -1y | -%¢) (h-1)
8 143 91 - 91 91 91 91 91 43 43 43
T NN?Q ~T)¢ Ng-: F-0% (h-Dn %ﬂt?é F-Dd | (T-40 (3-1 Ng,ﬂa (1-9¢) (d-1) | (%08,
8 43 91 91 91 91 97 91 (49 Z¢ 143 (0%F)
1 Ng-& D3 (h-Dn . NS-C (F-D)& (-DA Na_??; -ty (A-1) | (x-26) (2-1) f-1)
91 %9 149 43 43 143 4 143 v9 49 %9 (007)
1 2 (1 1-%¢) (F-1 Ns-c Nsns NS-S (-fe)y (A-1) | (1-%¢) (2-T) ~Qé$ N;-a
91 %9 [43 43 43 43 43 € 9 9 %9 (010)
T (-1 () | (1) (A-T) (=D | G-10) (4-T) L -1 | (T-%e) (2-1) 2 (*=D 7 (1-7E) 2 (=D
91 %9 7€ 4 A" %9 9 %9
T (D) Z (=) (T=7¢) (F=T) Z (1) SO0 Z(6=D) Z(=10) (100)
. o -
Ivaol (117) (§%1) (¥1%) (1%%) (%%0) (¥0®) (0%®) (ooT) (010) (100) N L
Aam.uuvm
L™ >
i ONV “% 0 NOILNGIYISIQ INIOL
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‘ We obtain the conditional probabilities P(_TI_t ll'm) = P(Ec ,lrm)/P(lrm)
-
from Table 4.5. Combining each conditional probability with the proper

h,, gives us the P(m, lIm)P(EmlIm)’ or

P(x, |_1_r_m)h2£u,l.

A little algebra, and use of the fact that the sum of the 10 nonzero hiﬂ,s

is 1, yields the results in Table 4.6.



TABLE 4.6

71

DISTRIBUTION OF VECTOR i OF TRUE PROPORTIONS OF GENES IDENTICAL BY DESCENT

AT TRAIT LOCUS, GIVEN FAMILY INFORMATION Itn AT MARKER LOCUS

v| =; w = P(m, |T) = ) P(_1r_t|1_r_m)P(Ln|Im) = QPG |1 )m, .

T T, "
1{ (oo1) (1;“’)2 - ¥(1-29)hy, = Q’—“’)%l—"—zl”—)- (hy01%Po11*P112)
2| (010) (12"’)2 = W(1-29)h 0 - 5—1:-‘11)—%1;2—@ (h);g*hgpq*hyp1)
3| (100) (1;"’)2 - W(1=2)h, o0 - -S—l-‘—“’-)—g—lﬂ)— (hy 10"h101*911)
41 (30 (1;1;)2 - W(1=29)hy 5 - Lﬂ_);w (hyg1*hgy1*hy 217021172 R026 2200
51 (10%) (1;9)2 - lj’(1'2“’”“101 - _(_1_;@_2_1_—_2_@ ()1 0%h011*0112*P211* Mo02* 200" @)
61 (0%) (1;1,)2 = ¥(1-20dhg ;- _(_1_-1;)_(2_1_-_2\,31 (b7 6*0101"P 1121121+ P 00220020
71 (331 (1;”)2 - v(1-29dh, ., - -(-1—'—"’—)—2—1—’3‘9-)- (h101+h011+h121+h211+2h002+2h222)
81 (31) (1;”)2 - W(1-29)hy oy - Q-—wl%;w (h)10%h011*P112% 211 2020 20222)
9| (1%1) (1'2"1’)2 - W(1-29dh,qy - —(—lj)—gtﬁ’l (b1, 0%0y 01011271 21+ 2Po00* 21g22)
10 (111) (1Z¢)2 - w(l—zw)h222 - Sl:il%l:%il (h112+h121+h211)
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Finally, by using the results of Tables 4,4 and 4.6 and performing

simple but tedious algebraic manipulations, we have the following result:

4 2 2 22 4 4
E(Y1Y2|Im) = 3Ue/2+61bceo‘g+6w(l—\p)oeod+21ppq[p(a-d) +q(atd) ']

+ 4¢2p2q2(3a4-6a2d2-d4)

3. 922 4 4
+(1-2y) ) nk{20e0g+(2pq/3)[p(a—d) +q(a+d) ']
k=1

+ p2q?/3) Bat-6aZa’-a")}

, 3
+ 1-29° ] £
k=1

2 2

2 2 4 2.2 .4
1k[oeod-(2p q“/3)(3a -6a"d"=d )]

2 . e 22 4 4
+ (1-29) [( ] ™ /3) - 751060 0 +ipalp(a-d) +q(a+d) ]
k=1

+ 4p2q?(3a-9a%a%-2d4%))

3
+ @22 £y 9-F, 1 Gloirn’a dh)
k=1

224, 3o a3
+pqai (s ) m 12T+ ) £,~8+24h
k=1 k=1

3 00

3 .

2222 A e

+piqtatd" (-4 ] m +12m-12f
k=1

3 02

2+8h

+8—24h0 -8h

).

»(4.8)

We obtain E(Y1Y3|Im) from (4.8) by replacing “3’f13’ and h002 with “2’f12’

and h020’

s+ gimilarly, we get E(Y2Y3!Im) by substituting nl’fll’ and h200.

The unconditional expectation E(Yle) can be derived from Table 4.4

and the marginal probabilities for possible values of T, in Table 4.

The result is

1

5.
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4 22 2
E(Yle) = 30e/2 + 30eog + 30 cd/2

2
© (4.9)
2

+ p2q(a-d) “+pq? (atd) “4p2q2(3a%-6a2d®-a’).

We note that, unconditionally, E(Yle) = E(Y1Y3) = E(Y2Y3), since the
numbering of sib pairs is arbitrary.

We note also from (4.8) that for ¢ = 1/2 (equivalently, the recom-
bination fraction A is 1/2), we have the same result as (4.9); that is,

E(Y1Y2|Im,l = 1/2) is the same as the unconditional expectation E(Yle).

Similarly, E(YkIIm,A = 1/2) = E(Y,) and V(YklIm,A = 1/2) = V(Y) for
k =1,2,3; also, E(Yl) = E(YZ) = E(Y3) and V(Yl) = V(YZ) = V(Y3). Then
under the null hypothesis HO:A = 1/2, the covariance matrix of Y = (Y1Y2Y3)

is of the form

1 o »p
2
gi{e 1 0},

Pp o 1
where 02 and poz are the unconditional variance and covariance, respectiveély;
that is,

2 \

1) = V(Yz; = V(Y

3)

and

2 — —
po” = cov(Yl,Yz) = COV(YI’YB) = cov(Yz,Y3).

Explicitly,
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"
2 = 204+40202+ 20 ;—(c +g /2) \

+ 2[p2q(a—d)4+pq2(a+d)4]

+ 2p2q2(3a4—632d2-d4)
(
and (4.10)
pcz /2+o OZ+° g /2-(0 +o§/2)2

+ pzq(a-d) +?q (a+d)

+ p2q2(3a 6azd2 dA) /

We note that (4.10) implies, from the definitions of oy and a, in (2.9),
section 2.1, that for the case ¥ = 1/2,02 = az—ai and pcz = a2/2— ai. It
is easily seen from (4.10) that p is of the form (A-B+C) / (4A-B+20),

where

g /2 + 0202 + g o /2
e g

>
]

L, 2,2,,.2
B = (og+0d/2)

(@]
[

p2q (a-a) “pq? (atd) “+p2q % (3a*-6a%a%-a") .

Since A 2 0, B = 0, and 4A-B+2C > 0 (the last must be true since 4A-B+2C is
a variance), it follows that p = 1/2. We will see later that p is between
1/4 and 1/3 for a large range of parameter values of interest; also,

p +1/4 as cz*w for fixed a and d. However, it is possible for p to be less
e
than 1/4; for example, if oz =0,a=0, and p = .5, then A = 0, C = 4B/3,

and p = .2 for any d > 0.

4.2, Possible Regression Tests

We wish to test Ho:k = 1/2, given a random sample of n éibships of

size three, under the same genetic assumptions as in Chapter IT. Within
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each sibship, the expectation and variance of Yk’ conditional on the family
information Im at the marker locus, are given in (4.6), for k = 1,2,3; for

k # k*, we have cov(Yk Yk'llm) = E(YkYk,IIm)-E(Ykllm)E(Yk,|Im), where
E(YkYk,llm) is obtained from (4.8). From the previous section we know

also that under Ho the covariance matrix of Xf = (Y ) is of the form

1¥275

1l

2
g P
P

T = O
~ ©

where 02 and p02 are given by (4.10); for the present we assume that 02
and p are known. We make the further simplifying assumption that
E(Ykllm) = al+81%k'(that is, we ignore y,, as in thg Haseman-Elston test)..

An estimator for Bl can then be obtained using ordinary least squares theory.

We introduce a subscript in the Y's, 7's, and f.'s to indicate sibship;
1 P

thus ij is the squared difference for the kth sib pair in the jth sibship,

and similarly we write T and flkj' Suppose we have a random sample of

kj

n sibships each of size three. In matrix notation we are assuming

E(’gllm) = X0 and V(Y_[Im) = ¥, where
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Y= (Y9, Yg Yio¥00%3p oo ¥ nY20Y30)
1x3n
111 111 ...1 11
x‘= ~ ~ A ~ -~ ~ ~ ~ “~
2x3n \T;1T93T37 T19™92"32 ' "1n"2n"3n
8”7 = (a; 89) > (4.11)
1x2
= z 2 0
? 8
3nx3n T
and 1 o p
I = 02 p 1 o
3x3
p p 1 ;

/
- * ,,-1 *
We want to estimate ay and 3l so as to minimize S = (g;z_)’z x-y ),

* .
where Y is the vector of estimated squared differences; that is,
* *+ *a
ij = oy Blﬂkj

least squares estimators for ay and Bl.

* %
1, ..., n, where oy and Bl are the

We know that, assuming ¥ is

for k = 1,2,3 and j =

* (] .
known, the resulting estimator & and its covariance matrix are given by

a

okt

*
1
*
By (4.12)

and

ve'in) ot
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We define the following sums of squares and cross-products which .

will be useful in the remainder of this chapter and in Chapter V:

i )
)2
S, (YY) = 2 I (g
j=1 k=1
5, (0,7) = 3 7 o T
j=1 k=1
85 (¥,Y) = Sy (Y,Y)-S_ (¥,Y)
. 3 =
S,(Y,m) = Z I O 1) (5™
j=1 k=1
- n - A
Sp(tsm = jzl kg (g =¥) (iy™my)
Sp(¥,1) = S.(¥,M)-§, (¥, |
. n 3 f > (4.13) ‘
Splm, ) = ) ) (1r -)
j=1 k=1
-~ . n
Sw(n,ﬂ) =) X (1r
j=1 k=1
sB(?r,?r) = sT(%,v?)-sw(%,T?)
. n 3 . 3 =
Sp(m,£)) = jgl kgl(nkj—n)(flkj-fl)
S, (m.f) = le kg (n -, )(flkJ 1j),
where
- 1 D 3 - 1 3 = 1 n 3
te 3“‘2—1 kzlij’ 373 Zlij’ " le kzlnkj,
- y 3 ‘ n 3 3
~ 1 ~ = 1 r =1
ﬂj = gkzlnkj, fl =3 Zl KZ flkJ’ and fl 3 kzlflkJ. .
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It follows from (4.11) and (4.13) that

1+p L P

-1 1

L =-3 -p I+p  =-p .
o” (1-p) (1+2p)

-p -0 14p

(1—p)sT(%,%)+3psw(%,%)+3n(1—p)%2,—3n(1—p)%

2 =
(x't-lx)—l .9 (1+2p) =3n(1-p)™ 3n(l-o)

3n[(1-p)S, (7,m) + 308, (7, ™) ]

3n(1-p)Y
x't—11_= 5 L
o (1-p) (1+2p)

=21

(1—p)sT(Y,%)+3psw(y,§)+3n(1-p)§
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From the above and (4.12) we obtain the estimator

* (Y1 (1-p)S (7, M) 4308, (7, 1] = F[(1-p)S (¥, M)+30S, (¥, m)]

*x [
8=\ %)= - -
84 (l-p)ST(Y,w) + 3DSW(Y,TT)
. — .(4.14)
QQ-p)S, (m,m) + BOSW(w,ﬂ)
Also,
e o (1-p) (1+20)
UCH L (4.15)

(1-p)Sp (7,7) + 308, (7,m)

Then, even though the ij are not normally distributed, for large samples

we can treat the statistic

(1-p)S (Y, 7) + 308, (¥,7) (4.16)

% *
t=8/(B_II)= _— < a
U0 7 (02 (1) (1420) -9 S (Ru ) + 305, (R 1Y

as a normal deviate and hence test the null hypothesis. (Remember we have

assumed 02 arnd p are known.) If the ij were normally distributed, then

(4.14) would give maximum likelihood estimators for @y and Bl.

In order to use (4.16) as a test statistic we need to have

estimates for required functions of p and 0. Let
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- ~ A \
V) = (S 0LY) - IS, (1,125, G,/ (20-1)
n ) . n
Vv, = {5,(1,V) - jgl[sj(Y,n)] /8 (x, 1)} (@ +2n,)
Vy = {S,(Y,Y) - [SB(Y,E)]2/SB(ﬁ,§)}/(n—2)
v, = { Y S, (¥,7)1%/5, (,M)}/ (3n-2 > (4.17)
4 = ST(Y’ ) - [ T(Y,TT)] ST(“,TT)} (3n-2),
where
. 3 I
5,(,m) = kzl(ij—Yj)(vkj—wj),
" o~ 3 . .2 '
5, (m,m) = kzl(ﬂkj-wj) , )

and n, and n, are the numbers of sibships with Sj(§,§)#0 and Sj(ﬁ,ﬁ) = 0,
respectively (n1+n2 = n). Then under the null hypothesis, since
V(XJIm) = ¥ (that is, the variances and covariances of the ij do not depend

on the family information Im), we have

\
EQV, 1) = 02(1-p)

1'm

2

E(V,|I) = 0" (1-p)

S 5 (4.18)
E(V3|Im) = g“(1+2p)
E(V,|1) = 0% {1-p [4-35,, (7 ,7) /S (,7) ]/ (3n-2) }.

to estimate the appropriate expectation

We can use V V2, or V

1 3
from (4.18), but we still need an estimate of p to use the test statistic
(4.16). Table 4.7 gives the values of p for a wide range of values of

heritability h2 and of gene frequency p at a two-allele trait locus, for

the two cases d = 0 and d = a; given hz, p,aﬁd the ratio of d to a, the
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correlation p does not depend on oz or the actual value of a. For most
values tabulated, p is between 1/4 and 1/3; values of p greater than 1/3

are even more frequent for p very close to 0 or 1 (not shown).

TABLE 4.7
UNCONDITIONAL CORRELATION p BETWEEN Yl AND Y2
" d=s_tho domtant sllele)
h2 p=.1 p=.3 p=.5 p=.1 p=.3 p=.5 p=.7 p=.9
.1 .251 .250 .250 .251 .250 .251 . 254 .288
e2 .256 .251 .251 .255 .251 .253 .265 .359
.3 .265 .253 .252 .263 . 253 .258 .282 412
A .278 .257 <254 L274 256 .264 . 307 <445
.5 .296 .262 . 257 .290 .260 . .274 .333 464
.6 .318 .269 .261 .310 . 266 .287 .360 <475
.7 <343 .278 .267 .333 274 .302 . 385 482
.8 .369 .291 .275 .357 .284 . 319 .408 . 487
.9 .394 . 307 .286 .382 297 .339 426 491

*
For d=0, p s the same for p and (1-p).

From (4.18) we see that under the null hypothesis we can get unbiased
estimators for p and 02 by taking

&% = (vyr2v7)/3

and (4.19)

6= (V.-V.)/ (V.+2v_ )./
P (3 l,/(3+kvl).
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(Vl is arbitrarily chosen in (4.19) rather than VZ') Using these estimators
for p and 02, we estimate Bl and its variance by
‘vlsT(Y’“) + (V3—V1)SWCY,n)

8, = — — (4.20)
VIST(n,n) + (V3—Vl)Sw(ﬂ,ﬂ)

and

A\ AR

V(Bl) = " — (4.21)
VIST(n,w) + (V3—V1)Sw(ﬂ,n)

The next section describes computer simulations of the power of the
statistic in (4.16) for selected sample sizes and selected values of the
genetic parameters when p is arbitrarily taken to be 0, 1/4, 1/3, or its

"true" value; each of the functions V V2, and V, wasused in turn in

1’ 3
estimating the variance. The case p=0 was simulated also with V4 used to

estimate the variance; this test is the Haseman-Elston test for the 3n

possible sib pairs. Also included in the simulations were the statistic

~ /N
81//6(81) from (4.2C0) and (4.21) and two statistics based on the estimator

%} = sw<Y,%)/sw<%,§), (4.22)

which has conditional variance
V(. |1) = o2 (1-p) /S, (7,1) (4.23)
1'™m wo e

(We know from the work of Halperin (1971; that the least squares estimator of

81, using data from a single sibship, is the same as the usual estimator for

~

iz a weighted average of these

the case of independent observations; Bl

separate estimators.)
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4,3, Preliminary Simulations

Computer simulations were done

(1) to compare observed power of various three-sib tests with the
power of the Haseman-Elston sib-pair test for comparable sample
size;

(2) to compare observed and nominal a-levels;

(3) to compare power and a-level for various arbitrary values for p
in (4.16), including the "true'value (that is, the value calculated
from (4.10), given the genetic parameters); and

(4) to compare power and a-level when p is estimated from (4.19) with
the results for arbitrary valueé for p in (4.16).

The method used in the simulations is as follows, where the pseudo-
random numbers were generatéd as described in section 3.:.

(1) Given the gene frequency u at the marker locus and a uniform
pseudorandom number, sample from the joint distribution of the h's
and thereby obtain the m's and fis. This has been done only for the
case of no dominance and complete parental information at the
marker locus.

(2) Given a second uniform pseudorandom number, pick a specific ordered
sib trio. The probability dr of the rth ordered sib trio
(r=1, ..., 27), given the gene frequency p at the trait locus, the

recombination fraction A, and the family information Im’ can be

calculated from

ri¥e?

b
d = c
Tog=1

where S is the probability of the rth ordered sib trio, given p and the
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¥

‘th set of true proportions of genes identical by descent at the
trait locus (=1, ..., 10), and L is the probability of the &th
gset of true proportions, given A and Im. The Crl’WhiCh are
analogous to the probabilities for sib pairs in Table 2.1, section
2.1, were given in Table 4.3; the Wos given in Table 4.6, correspond
to the th in (2.6), section 2.1. Choosing the sib trio is
equivalent to choosing the three genetic effects gk(k=l,2,3),
where 8y is defined as in (2.1), section 2.1.

(3) From three uncorrelated normal pseudorandom numbers, each with
variance 02/2, determine the random effects e, (k=1,2,3) for the
three sibs. This gives, for example, V(el—ez) = 02 and
cov(el—ez,el—e3) = 02/2.

(4) Calculate X, = gk+ek (k=1,2,3).

(5) Calculate Y

~ 2
1 = (7%p)

Y2 = (xl-—x3)2

Y3 = (x2—x3 2.

(6) From the Y's and n's for a sample of sib trios, estimate the
regression of Y on T using the estimators in (4.14), (4.20), and
(4.22), and determine whether or not the estimated Bl is signifi-
cantly different from 0 via an ordinary t-statistic (ratio of
estimated 81 to its estimated standard error), tested as a normal
deviate.

(7) Repeat the above process for a total of 100 samples with the

selected genetic parameters. Determine the observed powers of

the various regression tests used.
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Table 4.8a gives the sets of genetic parameters and sample sizes
used in the simulations, as well as expected and (where done for Table 3.1,
section 3.2) observed power of the sib-pair test for approximately the same
total number cf sibs (never differing in total sibs by more than 2). Table
4.8b gives the various combinations of estimated value of p, estimator for
81 (BI from (4.14), él from (4.20), or El from (4.22)), and estimator for
cz(l—p) or cz(l—p)(L+2p)which were used. Table 4.8c gives the results

(observed power) for the various simulations.

TABLE 4.8a
THREE-SIB SIMULATION PROBLEMS :
SETS OF GENETIC PARAMETERS USED, SAMPLE SIZES, AND POWER OF CORRESPONDING
SIB~-PAIR TEST
For each sample size (number of sitships of size three), 100 samples were

9
drawn; a=.05, o;=1.

Observed

5 Sample| Expected Power Power of
P u A a d h Qize jof Sib-Pair Test]| Sib-Pair Test

a)y;.x .5 0 3 3 .92 60 .50 .52

@1.3 .3 0 3 0 .88 136 .90 .95

3®]|].3 .5 0 4 4 .97 94 .90 .88

(1.3 .5 0 5 5 .98 30 .50 b4
G)|!.3 .5 0 3.27 0 .90 62 .70 Not domne
(6)(.3 .5 0 5 0 .95 30 .50 Not done
™a»].5 .5 .1 5 0 .96 65 .50 Not done
@®1l1.3 .3 0 3 0 .88 42 .50 Not done
®l].7 .3 0 3 0o .88 42 .50 Not done
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TABLE 4.8b
COMBINATIONS OF ESTIMATOR FOR 81, ASSUMED OR ESTIMATED VALUE FCR p, AND

ESTIMATOR FOR VARIANCE IN TEST STATISTICS FOR THREE-SIB SIMULATIONS

Test Estimator| Value Used timator for cz(l-p) or
Statistic for Bl for p a“ (1-p) (1+20), As Needed
1 Bl Not needed Vl
2 Aﬁi Not needed V2
Bl 1/4 V1(1+2p)
*
4 By 1/4 V2(1+20)
%
5 81 1/4 V3(1‘p)
*
6 Bl 1/3 V1(1+20)
%
s 7 Bl 1/3 V2(1+2p)
- *
/ 8 B 1/3 v.(1
o 1 / 4 (1)
9 Bl 0 V1
10 * 0 |
By P!
11 * 0 v
By 3
* .
12 Bl “rrue' value Vl(l+29)
*
13 61 “erue' value V2(1+2p)
*
14 81 Ytrue" value V3(1—p)
15 * 0 v
B1 4
16 él Estimated from Functions of Vl and V3 from
(4.19) (4.19)
Note: .E&, B;, and él are defined in (4.22), (4.14), and (4.20) ,respectively.
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The test statistics numbered 12-14 in Table 4.8 were included for
comparison purposes only; they could not be used to analyze real data since
the genetic parameters will always be unknown. For the test statistics
1-11, 15, and 16, comparisons were based on average levels attained for
power and significance level. The differences in these measures for the
various statistics were sometimes quite small, so that the choice of the
best statistics was somewhat arbitrary. The main conclusions drawn from
Table 4.8c are as follows.

1. All statistics have greater power than the sib-pair test for the
same total number of sibs.

2. Statistic 11 has lower power than the others; statistics 1 and 2
also have relatively low power.

3. The power is greatest for statistics 9 and 10, but these statistics
also give significance levels substantially higher than the nominal
.05 value.

4, The statistics using V2 to estimate variance (2,4,7,10) tend to be
very slightly higher in power than the statistics using Vl (1,3,6,9),
but the significance levels of the formef are too high.

5. Statistics 3, 5, 6, 8, and 16 appear to have reasonable power, as
well as about the right significance level, 0f these, statistic 5
is somewhat lower on the average than the others in observed power,
and statistic 8 is on the average slightly farther from the nominal
.05 significance level than are statistics 3, 6, and 16.

6. The power of statistic 15, the Haseman-Elston test statistic, is only
a little lower on the average than that for statistics 3, 6, 8, and

16; this result is surprising, since the Haseman-Elston statistic
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ignores the correlation between squared differences for sib pairs

in the same sibship. The significance level for the Haseman-

Elston statistic appears reasonably close to the nominal .05, as we

would expect.

Based on these preliminary simulations, reasonable choices for a
three-sib test seem to be statistics 3 or 6, which estimate Bl from (4.14),
use Vl to estimate cz(l—p), and set p=1/4 and 1/3, respectively. Using
p=1/4 has the attraction that it is equivalent to taking

* ST(Y,n) + SW(Y,ﬂ)

Bl =

)
ST(n,n) + Sw(n,ﬁ)

where the sums of squares and cross-products are as in (4.13). Statistic
16, which estimates p and 02 from the data, appears equivalent to these
two but presents greater difficulty in deriving an expression for power
analytically. The Haseman-Elston statistic appears to be almost as powerful
as statistics 3, 6 and 16.

In the next chapter a sample size formula will be derived for a three-
sib test in a ménner analogous to the derivation of (2.23) in section 2.3,
using the estimator 8; in (4.14), and the power of this and other test

statistics will be examined further.



CHAPTER V

POWER OF SIB-TRIO TESTS

5.1, Sample Size Formula

In this section a sample size formula analogous to (2.23) in section
2.3 is derived. The notation will be as in Chapters II and IV if not
defined explicitly in this section. We use Vl from (4.17) as an estimator
for oz(l-p). The assumed value for the null hypothesis correlation between

two different Y's will be left variable and will be denoted by pO; hence the

sample size required for a certain power can be studied as a function of Poe

Define
(5.1)
and
2 Vl(.x_+2p0)
Sb = .

(l—po)ST(Tr,vr) + 3DOSW(1T,1T)

* *
Then b and s: correspond to Bl in (4.14) and V(Blllm) in (4.15), respectively,

with p replaced by its assumed or gussed value o and oz(l—p) replaced by

v, = 18,00 - [5,2,1)]1%/5,G.M} (-1,

previously defined in (4.17). Throughout this chapter, sums of squares and

cross-products of the form S(a,b) are defined as in (4.13). As in Chapter II,
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the statistic b/sh is used to test the null hypothesis HO:A = 1/2 at the
100 a% level by rejecting Ho if b/sb < - Zy s where 2y, is the
100 (1-0)% point of the standard normal distribution. Proceeding as in
section 2.2, we can write an expression for the power of the test for a
given alternative hypothesis HA concerning the value of A; rewriting the
resulting expression as in (2.12), we obtain

-2 Sp E(b[Im,HA)

2y . 2= , (5.2)
/V(blIm,HA)

where 1-t is the power. Note that the result is conditional on the family

information Im as well as on HA.

The asymptotic theory for functions of the Yj in Chapter II holds
now for functions of the ij(k=l,2,3), conditional on the family information

Im. For example, we can prove the asymptotic normality of

) g
Y.
351 k=1

= + ' i i . i
by letting Tj Ylj Y2j + Y3j and arguing as in section 2.2, replacing Yj
wiﬁlTj and replacing %j and flj with the more general Im.

2 2 2

Now let Uj = Ylj + Y2j + Y3j’ and define Tj as above. Then
n n o,
S, (L,¥) =} U, - } T:/3.
=17 3=
From (4.6) we have
E(Y2 lT ) =a, +B T + v, f
kji'"m 2 2 °kj 271kj?



where o) 62, and Y, are defined in (2.9), so tha

E(Ulem) = 3a, + 38,7, + 3, E 4

Also, we have from (4.8) and (2.9) that

} EQ,.Y, ..|T) = 3a + 38,1, + 3
kik” kji'k"j' m 2 273

and so

2 _ x
E(leIm) = 6a, + 68T, + 6v,f 15

Then, appealing to the asymptotic normality of

n
} 12
=13
and
n
Ju,,
j=17
we have

|

n
2
Z E(UjIIm) —L E(Tj |Im)/3 +n

I~
'._4

S .(Y,Y)
v 5=1 3

1/2

= = 1
n(a2+82ﬂ+12f1) +n u + op(n

t

Yoy

1/zu. + o0 (nl
n p

2y,

/2

)
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where un and op(ng) are as in Chapter II. In a similar manner we can show

that

1/2 /2

~ _ N A A 1
§;(,m) = 8,8 (m,m) + Ylsw("’fl) +n e 4+ OP(n )

where B1 and Y, are as in (2.9). Then, combining the above results for

SW(Y,Y) and SW(Y,%) and multiplying numerator and denominator of 52

b in

(5.1) by the denominator, we have

s it

= 1 A A ~ 2 A A
2 (+20 ) {a, + Bym + v, £, = 2[B,S (7, ™) + v;S,(n,£,)]17/5, (n,m)}
b 2

X
[(1-p )S;(7,7) + 3o S, (7,112

(5.3)
[1-p )S (7,7 + 30 S, (n, M1 + n‘l/zun + op(n—llz)].

From (4.6) we have E(ij!Im) =0 + Blﬂkj + flkj’ so that

(1-p )S_(m,£.) + 3p S_(7,£,)
E(b|T_,H,) = 8, +y, — 1 S . (5.4)
(1-p )8y (m,m) + 3p Sy (m,m)

Now let

-

By = Uop ) (T -m) + 3o (m . -1). (5.5)

It follows from (5,1) and (4.13) that
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n 3
b =.j§1 kZIijlkj/[(l—po)ST(ﬂ,ﬂ) + 3poSw(n,ﬂ)]. (5.6)

It follows easily that

Pl | R LRI
{ E(Y, .Y .. |T)2 .2 .. - [)EX, [T .17}
rietiim I WM e WM

V(b|I ,H,) = - ~ -
m’ A [~ Sy (o7 + 3p s, (7,117

s 2
Substituting from (4.6) for E(ijIIm) and E(ij,Im) and from (4.8) for

E(Y II }» using the definition of a, in (2.9), and rearranging terms,
m

ik
we obtain the following expression for the numerator of (5.7):
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n.NNN [, A B
e- m a d hz-1 ¥ + [( p~-,p ey— ') b dz + _0O o-_ Aaunav
A P, VA 8) A )’ M M WP P25t 7

(8°9)

! N\ ¢ « N

L € Ha "
"(,p,B- ) (D, dgy) (-1 (F 00y FE Py 4 Frozo e, Iy, F7200,52 ﬁaav { +
te vttt 3

N \\V#*\Uﬂ*& H“ﬂ
)
ﬁ“xamﬁ\;a.xa w w +

u

Ot 1=f v

{(,p B+ m|VA b awv (hz-T) +
SO 1=F

AR
[C, P+ P B0, =) b dv + () (p+2), bd + Annmvv dyz - woNoN ] (he- vah\‘xwﬁ‘xaﬁxa { 1 +
u

S T=F eyr 1A T1=F ‘x*x 1=f
ﬂ\xaﬁxaﬂ‘xﬁuﬁxw T 7 Wl - Eoar, b, Eat Bty (O M» L L x<ﬁx 71 Nm -
u u u
1, Pt P =Tl g ﬁx pr 121 TF o b1 P, 1 =t
iy ; 7 e - 1L el L
D 1= =% 1=f
([, (,p+®) by dy + 20_0y], (42-T) + Wlogoy PP 00 L (T vﬁx ﬂxﬁu w { o+
u
AANvasqmva b d8), (4z-T) + o
I S NN ﬂx A T2
[(, p8=,P, 0%~ 89T) B, b d + (, (p+e),bd + , (2P )y + .0, ®0g](hz-1) + '8 0z-} { 1 +
u
T= T=f St T=f 1=y T=f
(FgToz-To) s EL T+ LRy, (b0 (02D - Lo - (z/%01F Nt i T+ G- 2 {
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As in section 2.3, we derive asymptotic representations for relevant
functions of the T's and fl's in (5.3), (5.4), and (5.8) and then substitute
into (5.2) to obtain a formula for sample size. First we note that, since the
numbering of sib pairs within a sibship is arbitrary, there is symmetry in

expected values of 7's and fl's with different subscripts; for example,

E(,) = E(r,) = E(7,),

This symmetry is easily demonstrated from Table 4.1b for the case of no

_dominance and complete parenﬁal information at the marker locus. (The

subscript j, indicating the jth sibship, is unnecessary in the expectations,
since we assume that the h's , 7's, and fl's have the same distribution for all
sibships) .

Proceeding as in the proof of Lemma 2.1, the following results are

easily shown:

1/2 1/2

Al
]

E(T)) + n w4 op(n- ) \
£, = E@E) + n'l/zun + op(n‘l/z)
S, (7,7) = 3n{EGD) - [EG 1} + nllzun +op(n1/2) > 5.9
5,,(F,7) = 2n[E(%i) - EG )]+ nllzun + op(nl/z)
5,(7,£)) = 3nlEGT ) - EGEE D]+ n1/2un +()p(nl/2)
5, (F.£)) = 20[EG £, ) - EGE )]+ at/2y +op(n1/2). )
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Similarly, we get the following results for the summations in (5.8):

g 2.2 = nw, + n1/2 1/2) \

K 1 u + op (n

_ 1/2 1/2
zkak,j = nw, +n )

u + o0 (n
n P

-E 2.2, = nw, + nll2 /2

kj kj 3 )

u +o(n1
k=1 no P

1/2

nw, +n u +o(n1/2
n p

oML L, = )
e ki ki k"] 4

3 2
-_X-lflkj zkj = nw5 4+ n

llzun + op (nl/z)

k

1/2 1/2

f
k#k”

nw, + n

ket T e )

u + ¢ (n
n P

2 2 /2 1/2 $
kzlnkakj = nmw, + 0 Tu + op(n ) (5.10) .

n nw, + nl/zu + 0o (n

T, T 2. .2 = 1/2
kj k“3kjk"] 8

) )
k#k”

3
1£
k=1

2 z = nw +n1/2

3 1/2
1kj k] 9

)

u + o (n
n P

1/2 1/2
Zf .. .2 .0 .. = nw +n
k#k” 1kj 1k“jJkjk"] 10

)

u + o0 (n
n P

3
E 2 nw,, + nl/zu + 0 (ml/2
k=1 n P

Meifieiteg T ™11 )

~

et gty = oy, + 0

1/2 1/2

ik u + op(n )

_ 1/2
= nw13 + n

5 1/2

) LR T L. u +o0o (n'%)
k"3 "k

el 133O P

= nw

1
; R'k'lk"flk"' 14 + nl/zu + o (n‘/z) ) ‘
k k’*k" J J J n p



98

> 1/2 1/2
% % b .= + +
321 kgk, ki*ergM222,3 T ™Mis Tt Y o, @) (5.10)
(cont.)
n
~ 1/2 1/2
jgl(lljzzjhOOZ,j + 2lj23jh020,j + 22jl3jh200’j) =nw +n e 4 op(n ),
where
v = 3{(+2 +3p HEGD) - Qe )EGDIE - 20 (240 IEG, 7)) \
1 po po TT'1 po Trl h po +p0 TT1 2
v = 6l=p (24p JEGD) - (1-p )2EE NI + (W420DEG, 7))
2 o o 1 o 1 0 12
o = e VZEGD - 2(1-p ) It IEGEGD) + (L ) EGNT
3 0 1 o o) 1 ‘1 o -1
A N ~A A A~ on
= 2p_ (240 IE(To7,) + 4o (1-p JE(T)IE(T)T)) + 2p§ E(n,7,7,))
v = 6{-p (Ito JEGD - (1o JEGHEGD) + -p ) EGHT’
4 po po 1 —po 1 1 o) 1
2. A2+ ' “ e n "ooa
+ (1+20°)E(Tr11r2) - (l—oo)(l—Zpo)E(ﬂl)E(ﬂlﬂz) -~ poh(wlw2ﬂ3)}
?(5.11)
~ 2«2 A 2 a2
w = 3{(Lp ) E( ) - 2(1-p) (Wp E(T DE(T £1,) + (-0 ) [E(r )VE(E ;)
- lp (T4p IE(T £ ,7,) + 2p§E(%§f12) + bp_(1-p JEG DE £, )
+ ZpOE(nln2f13)}
W = 6l (Ltp YEG2E..) = (1=p JEGEG.£..) + (L-p ) IE@ VB, )
b Pot s 111 o 1 1711 s 1 11
2 ~ - a2 ~ -
+ (l+p°+2po)E(Trlf111r2) - poE('nlflz) - (l—po) (l—ZQo)E(Trl)E(Trlflz)
- P E(M T )
- ~ ~ ~ 2 ~2
oy = 3 )ZEGY) - 2010 ) (p JEGEG) + (1-0 ) EG I EG)
. "3" 2 "262 ~ A2A
- 4p°(l+po)E(n1ﬂ2) + 2poE(nln2) + 4 po(l—po)E(ﬂl)E(ﬂln2
2 a2n 4
+ 2poE(“lﬂ2n3)},
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: A3 2. ~2-2 Ao a2a
6{-2p (l+p0)E(n1n2) + (1+2p0+2p0)E(w1w2) -2 (l-po)E(nl)E(ﬂlnz)

+ (l—p ) IE(ﬂ )] E("l“z) - P, (2-p )E(n1w2w3)

+ 2po(1—p°)E(%l)E(n 2.0}

123

3 Q4o ) EGIES) -

2.~ ~ 2
+ ZpOE(n1n2f13)}

6{~- 2p (l+p )E(w -2(1- =P, )E(n )E(ﬁ

1 1l 12 1711 12)

32 - 2
+ (-p )P [EGDIPE(E 1) + (1420 +20)EGR £ 17,8 )

- 2p E(m, £ ) + o0 E(ﬂ ) + 20 (1- o, )E(n YE(m. £ )1

1 11 2 13 1 12 13 1 12 13

3{(1+p ) E(ﬂ ) = 2(L-p ) (14p YE(T )E(ﬂ )

111 1711

+ (1-p ) [E(w )] E(w (l+p )E(ﬂ

1 11) 111 2)

+ 4p (1-p )E(w )E(n T.) + 2p E(n )y + 2p E(ﬂ 1.)}

17112 1™2 12 1 ll 2"3

6{-p (1+p )E(w T.) - (1+o )E(w ) - (1-p )E(ﬂ )E(ﬂ )

1°11"2 1712 1712

2. a2 e 2. ~2a
+ (1—po) [E(nl)] E(ﬂl_lz) + (1+290+290)E(ﬂ1ﬂ2f12)

~ -~ ~ A2A
- (L-p JEDEG £ 7)) - 0 E(F £,7,75) = o (1-p JE(T Tyt 5)

+ 20 (1—p )E(w YE(T, 7 }

1"2 13)

= 6(07ED) + 20 (1-p JEGEGD) + (-0 )P [EG]’ = 20 (240 )EG;T,

- 2(1~p E(T EG,7,) + (1+zpo+2p§)n(é?1%2%3)}

N ~ 2, ,~ 2 2
2(1—p0)(1+po>E<n1)E<nlfil) + (o ) EGDIE(E)

!

>$5 .11)

cont.)
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A \
. W, = 6lo E(nl ) 2p°(l—po)E('nl)E(1rlfll) + (1) [E(n )] E(f R

- 2 E(w1 1g) - 2, (e )E("l 1) - 2(1—oo)E(%l)E(n £.)

1712

+ (1+Zp°+2po)E(nln2fl3)}

wys = 6l-p (240 JEGThyp)) = 201 ) EGEG b, ,)) \ (5.11)

(cont.)
+ (1-p ) 2(E(7))] E(hzzz) + (1+2p )E("l 2"222)°

we = 3o E(“l 200 F 20, (=p IE(m)E(T hy44)

2,5 12 ~2
+ (1-p )P LEG DI Ehyg0) = 20 (40 IEG By 50)

- 2(l—p )E(n YE (T hOZO) - 20 E(n T )

2 200

+ (342 +20° XE@m.m }. /

l 2 002

Substituting from (5.9) and (5.10) into (5.3), (5.4), ¢5.7), and

(5.8), we have

Si = nU[l+n—1/2un + op(n_llz)]/D2
E®|T,,0,) = nolin 2 + o (@7 H1/ (5.12)
V(blIm,HA) = nw[l+n'1/2un+op(n'1/2)]/D2 R
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where
LI N A A
D= (1TPO)ST(W,R) + 3posw(n,n)

U= 3(1+2p°)[(1+p°)V(%1) - 2p°cov(%l,%2)]/2

x[}2+BzE(n1) + YZE(fll)

208 [V - cov(n), 7)) + yyleov(@,,fyy) - cov (s £, )11 ]

V() - cov(@ ,7,)]
Q = 3{8,[(L4p V(7)) = 20 cov(T ,T,) ] + v, [(4p deov(Ty,fy ;)

)1}

- Zpocov(nl,f12

2 2 e o820 220 4 2.2
W= wl(az—al) + w2[(a2/2/ a;=(1-29)"(8pq) (a -a"d )]
+ w,(8,-20.8.,) + w,{-2a.,8, + (1-2¢\[80202+4(p2 (a-d)l+
32 7171 4 171 ’ eg 4
+ paZ(a+d)?y + p2q?(16a”-40a2d%-84%)]

+ 1-29)%(8p%q?) (a*-a%a%)}

2 2 2 22,2 .22
+ ws(yz—ZaIYl) + w6{—2a1yl + (1-2¢) [4cecd + 4p°q (@)1}

2 2
- 3\ - -
(wytug)By = (wgty )y (w11+W12)(281Y1)

+ wl3{(1-2¢)[-20§o§—2(p2q(a-d)4 + pq (ard) Y

2

4 p2q?(-tat+16a%a2+4a%) ] + 1-29)2(8p%q%) (-a*+aZa?)}

2

2 22, 22,4 2 4
+ w14(1—2w) [—Ue0d+p q (2a -8a"d"-2d )]

+ wp (=207 (8p%07) (a*-a%a) + w 1-20) % (48p7q") a"-aa?)

/ (5.13)

/
and the wi's (i=1, .., 16) are defined in (5.,11), Substituting from

(5.12) into (5.2) and performing some obvious algebraic manipulation

'y



\AJ

102

yields

-1/2

om - oy e 0 Py e R re @7 B/

1/2 1/2

For sufficiently large n we can ignore the terms n u and op(n“ )
taking the expectation of the resulting expression and solving for n,
we have

1/2+z

1/2,2
1—aU 17/

2, (5.14)

n= [zl___rw Q

The sample size formula (5.14) is the analogue of (2.23) for
sibships of size three. That is, (5.14) gives the approximate number
of independent sib trios required for the test statistic b/sb from
(5.1) to have power (1-1) when the null hypothesis HO:A =1/2 is
tested at level o, given the assumed value Py the distribution of
the probabilities hijk of genes identical by descent at the marker
locus, and the parameters cz,a,d, and p at the trait locus. We now
compare some results from (5.14) with the results for sib pairs in

section 2.4.

5.2. Asymptotic Power-Results

We assume no dominance and complete parental information at a
two-allele marker locus. From Table 4.1 we derive the moments required

to determine sample size, as follows.

E(El) =1/2
E(ﬁi) = [14+uv(l-uv)1/4 (5.15)
V(ﬁl) = uv(l-uv)/é



ED) = [1+3uv (1-uv)1/3
E(Ri) = 1/16 + 25uv/64 - 11uv?/32
E(f,) = 1/2

B(E2,) = Qu’v?)/s

V(E, ) = o

E(ﬁlfll) = 1/4

Cov(ﬁl,fll) =0

EGRif,) = [+uv(1-2uv)1/8
EGiaf,,) = [1+3uv(1-2uv)1/16
EG £2)) = (+bu’v)/8
EGIE2) = [lruv(1420v) 1/16
E(m,7,) = 1/4

E(&i%z = [1+uv(l-uv)]/8
E(io,) = [1+3uv(1-uv) ]/16
E(ﬁi%%) = 1/16 + 9uv/64 - uZv2/8
E(f;,f,,) = 1/4

E(T,f,,) = 1/4

E(ﬁiflz) = [1+uv(l-uv)]/8
EGOf,,) = [1+3uv(l-uv)1/16
E(ﬁlfiz) = (+auv?y/s
EGR2E2)) = [L+uv(1+4uv)1/16

(5.15)
(cont.
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E(r 7,6, ) = 1/8

EGR,E))) = [lhuv(1-2uv)1/16
EGRoR,f ) = [1+3uv(1-2uv)1/32
E(ﬁlﬁzfil) = (1+uv?)/16
E(%iﬁzflz) = [14+uv(l-uv)]/16

E(ﬂlnzfllflz) = 1/16

E(T T,7,) = 1/8 + uv(l-uv)/16
E(ﬁ§%2ﬁ3) = [1+2uv(1-uv)]/16
E(n T,£14) = 1/8

E(ﬁiﬁzfl3) = [14uv (1-uv) 1/16
E(ﬁlﬁzfi3) = (+buv?)/16

E(T £,y = 1/8

E(R2E ) 5) = (Luv) /16

E(i. 7.7 £, ) = 1/16 + uv(1-2uv)/32

E(nlnzfllfl3) = 1/16

E( = 1/16

h)92)

E(ﬁlh

222) [1f2uv(1—uv)]/3z

E(n [1+uv (5-4uv)]/64

2
lh222)

E(n.7.h,..) = [1+uv(5-4uv)]/64

104

(5.15)
(cont.)
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\
E(hyqo) = 1/16
E(thzoo) = [14+2uv(l-uv)]/32
E(ﬁihzoo) = [l+uv(5-4uv)]/64

(5.15)

E(fh),0) = [1-2uv(1-uv)1/32 (cont.)
E(ilhy,0) = [1-uv(3-4uv) /64
E(ﬁlﬁzhzoo) = (l-uv)/64
E(T,fhgg,) = [1-uv(3-4uv)]/64. )

the moments in (5.15), for a = .05, power = .90, Py = .25, A = 0,
u=.5, , h’= .1(.1).9,

1

(i) p = .5 for no dominance at the trait locus,

i) p

.1(.2).9 for complete dominance at the trait locus.

As was done in Table 2.5, simple rules are given for obtaining approxi-
mate sample sizes for d = 0 and d = a, p = .1(.2).9, u = .1(.2).9,

h2 = ,1(.1).9, and A = 0(.1).2; approximate sgmple sizes calculated
using these rules agree with sample sizes calculated from (5.14) to

an extent similar to that reported for the calculating rules in Table

2.5.

o\
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SIB-TRIO LINKAGE TEST:
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TABLE 5.1
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SAMPLE SIZE (NUMBER OF SIB TRIOS) REQUIRED FOR

POWER AT o=.05, ASSUMING NO DOMINANCE AND COMPLETE PARENTAL INFORMA—‘

TION AT MARKER LOCUS

n= n(hz,x,p,u) = number of sib trios; A = O,u = .5, P, =
No Dominance
at Trait Complete Dominance at Trait Locus (d=a)
Locus (d=0)
p=.5 p=.1 p=.3 P=.5 p=.7 r=.9
h2 n n n n n n
.1 10053 10116 10135 10226 10431 12135
o2 2297 2347 2336 2389 2546 4170
.3 930 975 955 996 1135 2730
A 475 518 493 527 658 2237
) 275 317 289 319 445 2015
.6 172 213 183 211 333 1897
o7 113 154 123 149 268 1828
.8 78 117 86 110 228 1785
.9 55 94 62 85 201 1756
To approximate n(hz,h,p,u) for A = 0(.1).2, u= .1(.2).9, h?= ,1(.1).9:

I.

For d = 0

1. To approximate n(hz,O,p,.S), add

of table):

2. To approximate n(h2,0,p,u),

step 1 by

5 for p

49 for p

fl

3 or .7

.1 or .9

to n(h2,0,.5,.5) (first column

multiply n(hz,O,p,.S) obtained in
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1,13 for u 3 or .7 .

2,29 for u

.1 or .9

3. To approximate n(hz,A,p,u), multiply n(hz,o,p,u) obtained in

step 2 by

]
»
Y

(2.43-.10%) for A

(7.71-.7h%) for A

]
.
N
»

II. For d = a

1. To approximate n(hz,O,p,u), multiply n(hz,o,p,.S) (last five

columns of the table) by

1.14 for u 3 or .7

2.34 for u= .1 or .9

2. To approximate n(h:.z,)\,p,u), multiply n(hz,o,p,u) obtained in . ‘
step 1 by
2 -
2.43-.1h" for A = .1
7.71-.70% for A = .2.

We have previously seen from the simulations in Chapter IV that
various sib-trio linkage tests are considerably more powerful than the
Haseman-Elston sib-pair test for the same total number of sibs. From
Tables 5.1 and 2.5 (in general, from (5.14) and (2.23)) we can compare,
for the particular sib-trio test chosen, the approximate sample sizes
required for it and the sib-pair test to have the same power. Ratios
of numbers of sib trios in Table 5.1 to the correspbnding numbers of )
sib pairs in Table 2.5 are on the order of one third, ranging from .28
to .35 (.32 to .35 for numbers of sib trios less than 500 in Table 5.1). .

Thus the total number of sibs required for the sib-trio test used in
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Table 5.1 is about half the number required for the sib-pair test, under
the assumptions of Tables 5.1 and 2.5. Sample sizes have also been
calculated from (5.14) for the combinations of a and power indicated
in Table 2.6; the results, expressed as percentages of the sample size
for ¢ = .05 and power = .90, are quite similar to those for Table 2.6.
Hence the total number of sibs required for the sib-trio test is on the order
of half the number of sibs required for the Haseman-Elston test on
independent sib pairs for a range of values of o and power.

Calculations for Py = 0, .25, and .33 indicate that sample size
calculated from (5.14) is a monotonically increasing function of G
at least for Po ranging from 0 to .33. However, the dependence on Py
is not great; sample sizes calculated for Py = .33 are slightly
larger and those calculated for Py = 0 are slightly smaller than
those for Py = .25. TFor example, (5.14) yields sample sizes 51, 55,
and 56 for P = 0, .25, and .33, respectively, for the case A = 0,
P= .5, u=.5 h2= .9. It has been noted previously in section 4.3
that the use of Py = 0 tends to result in a higher significance level
that the nominal value.

As would be expected from comparing Tables 5.1 and 2.5 (and
the approximating rules included with them) and from the above discussion,
the effects of changes in p,u,d, and X on sample sizes calculated from
(5.14) are similar to those reported in section 2.3 for samples of
sib pairs calculated from (2.23). Sample sizes have not béen calculaced
from (5.14) for cases other than that of no dominance and complete
parental information at the marker locus; however, as with samples of

sib pairs, sample sizes for corresponding values of p,u,hz,k,a, and
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power for other assumptions about dominance and information at the
marker locus must be larger than those shown in Table 5.1.

In addition to the simulations described in section 4.3, on
which the choice of a particular sib-trio test was based, further
simulations have been done to check the power and significance level
of several sib-trio tests, using sample sizes calculated from (5.14).
Table 5.2, which is analogous to Table 3.1 for sib pairs, gives the
results of these simulations for selected examples. The four test
statistics shown correspond to statistics 3,6,16,and 15, respectively,
in Table 4.8b; the first statistic, using po = .25, is the one for
which the sample sizes were calculated. The examples were chosen to
include the smallest sample sizes which were calculated from (5.14) for
cz =1, a = ,05, and power = .50 and .90, as well as one larger samp;e
size. (The ranges of other parameters used in the calculations are
P =.1(.2).9, u=.1(.2).5, A = 0(.1).2, and h> = .1(.1).9) The first
nine rows of Table 5.2 indicate good agreement between theoretical and
observed power for all the statistics shown; the power of the Haseman-
Elston test on all possible sib pairs is only slightly less on the
average than the power for the other three. These results, along with
the first nine rows of Table 4.8c, indicate that the sample size required
for a certain power is about the same for all four statistics. The last
nine rows of Table 5.2 indicate that the significance level is fairly
close to the nominal level for each 6f the four statistics; the observed
significance levels averaged .05 to .06, compared to a nominal level of
.05. These results also are consistent with those in Table 4.8c. It

should be noted that the assumption of normality of individual sibs'

trait values was made in both sets of simulations.

oN
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No simulations have been done to study the power and robustness
of sib-trio statistics for small samples, as was done in section 3.3
for the case of sib pairs., It seems reasonable to expect that the
results for sib trios would be similar to those in section 3.3, with
the sib-trio statistics having greater power than the sib-pair statistic
for the same total number of sibs.

To summarize, the simulations in Chapter IV and the results in
this chapter indicate that (1) various sib-trio test statistics, in
particular the four statistics in Table 5.2, have much greater power
to detect linkage than the Haseman-Elston statistic on independent
sib pairs; and (ii) the sib-trio test statistics in Table 5.2 have
satisfactory significance levels, compared with a nominal .05 level,

even for some rather small sample sizes.

o\
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CHAPTER VI

LINKAGE TESTS FOR LARGER SIBSHIPS AND FOR SIBSHIPS OF MIXED SIZES

In this chapter we consider briefly tests to detect linkage in
sibships of size four or larger and in samples consisting of sibships of

various sizes. First we prove the following result.

Lemma 6.1

Given a sibship of size 4, ordered with respect to sibs' geno-
types at a two-allele trait locus, with corresponding trait values

X, = (i=1, ..., 4), and making the same assumptions as

+g. +e,
g T Hp TETE

i
in previous chapters on the above linear model for X let
2 2
Y o= (x,- : = (x.-x,)°. i .
1 (xl X, and Y2 (x3 X, Then, unconditionally (that is,

averaging over the distribution of sibships, assuming random mating),

E(Yle) = E(Yl)E(Yz), so that cov(Yl,Yz) = Q.

Proof .

We can enumerate all 81 possibilities for ordered sibships of
size 4, along with the corresponding probabilities and values of
YZ,E(Yllsibship), and E(Yzlsibship), and then derive E(YlYZ) directly.
Alternatively, we argue as follows.

(1) Assuming, as we have throughout, that genotypes are independent
within a sibship, for any ordered sibship we have

P(sibship) = P(sibs 1 and 2) P(sibs 3 and 4).
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Let

-Then

E(el) = E(ez) = 0 and E(ei) = E(eg) = 02.

From the multivariate normal distribution we have el and e2

independent, so that

2 _ 2, _
E(elez) = E(elez) = E(elez) =0
and
2 2 4
The squared differences Y1 and Y2 can be written as
. 2 2 .
(w1+e1) and (w2+e2) , respectively, where Wy and v, take

the values 0, *+ (a-d), * 2a, depending on the sibs' genotypes.

From (ii) it follows that

2, 2.,2, 2
E(Ylelsibship) (wi+o?) (wo+a))

E(Yllsibship)E(Yz|sibship)

E(Yllsibs 1 and 2)E(Y2|sibs 3 and 4).

Then we have

E(Y,Y,) = ] E(Y,Y,|sibship)P(sibship)
sibships
=) E(Y,Y,|sibship)P(sibs 1 and 2)P(sibs 3 and 4)
sibships

= Z E(Yllsibs 1 and 2)P(sibs 1 and 2)

sibs 1
and 2

X . z E(Yzlsibs 3 and 4)P(sibs 3 and 4)

sibs 3
and 4

= E(Yl)ECYz), and the lemma is proved.
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It is clear that the above lemma holds also for sibships larger
than four, as long as the squared differences Y1 and Y2 correspond to
sib pairs with no member in common. It is clear also that the same
result holds for E(YlelIm,A=l/2), where, as before, Im represents
the information on parents' and sibs' genotypes at the marker locus
and A is the frequency of recombination between the marker and trait
loci., The latter is true because, in the absence of linkage, informa-
tion about the marker locus tells us nothing about the trait values.

Considering (i) the lack of correlation (in the absence of
linkage) between squared differences of trait values for sib pairs with
no common member and (ii) the results of the simulations in Chapter IV
and Chapter V for sib trios, it seems quite reasonable to suggest that
the Haseman~Elston test fe used on all possible sib pairs as a test
for linkage, regardless of size of sibship. Thus sibships of size 4
would contribute 6 sib pairs, sibships of size 5 would contribute 10
sib pairs, and in general sibships of size n would contribute n(n-1)/2

sib pairs.



CHAPTER VII

SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH

7.1. Sumnary

We have presented the model for the test derived by Haseman and
Elston (1972) to detect genetic linkage between a locus for a quanti-
tative trait and a marker locus with known pattern of inheritance. The
test uses data on independent sib pairs and incorporates available
information on parents' phenotypes at the marker locus. The power of
the Haseman-Elston test has been studied by means of both asymptotic
theory and computer simuiations. It was found that the sample sizes
required for high power are impractically large except for some
situations of tight linkage and high heritability of the quantitative
trait values. One of the assumptions required for the test to be valid
for small samples is normality of the squared differences of sibs' trait
values; computer simulations indicated also that the test is robust
against various specific types of departures from this assumption, in
all of which the trait values themselves have continuous distributions.

Various statistics similar to the Haseman-Elston statistic were
considered for a linkage test on independent sib trios. Several
appeared from computer simulations to be comparable tc one another
in power. For one of them, asymptotic theory was used to derive a
sample size formula, as in the case of sib pairs. The resulting

formula, as well as computer simulations, indicated that in most cases

o
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of interest these sib-trio tests require only about half the total
number of sibs to have the same power to detect linkage as the sib-
pair test on independent sib pairs. However, the Haseman-Elston
statistic on all possible sib pairs within the sib trios is almost
as powerful as other sib-trio statistics.

Linkage tests for sibships of size four or greater and for
sibships of mixed sizes were discussed briefly. It was suggested that
in these cases the Haseman-Elston statistic for all possible sib pairs

be used.

7.2. Suggestions for Further Research

Further investigation might be made of linkage tests for the
cases of sibships of size four or greatex and of sibships of mixed
sizes. The power of any such tests should be studied, as well as
the power of the Haseman-Elston test on all possible sib pairs. A
speculation at this point is that the Haseman-Elston test increases
substantially in power with size of sibship for samples of fixed total
number of sibs. (If the n(n-1)/2 squared differences of sibs' trait
values for a sibship of size n were independént, then (n-1) times as
many individual sibs in sibships of size two would be required to
attain the same power as the test in sibships of size n.)

The least squares approach of Chapter IV could be used to derive
a test statistic for sibships of any particular size. However, the
direct methods used in this dissertation to study power for the cases
of independent sib pairs and sib trios are quite impractical for larger
sibships, so that either other analytical methods (perhaps making more
use of arguments by analogy and symmetry) or further Monte Carlo studies

would be needed.
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