ABSTRACT

WANG, XIN. Statistical Methods for Gene-Gene Interaction: Detections and Classifications.
(Under the direction of Dr, Jung-Ying Tzeng and Dr. Daowen Zhang).

Current focus of genetic association studies for complex disease has been shifted from
assessing the genetic main effect to interaction effect among genes. Gene-Gene interactions
(GXG) are believed to play an important role in complex diseases. Detecting GxG would help
us to reveal the underlying mechanisms of complex disease, explain the missing heritability
and understand the inconsistency among different studies.

Many proposed GxG methods considered interactions among SNPs instead of
interactions among genes. We believe that there are several advantages to assess GXG at gene
level instead of SNP level. Also, when the number of candidate genes increases, the
corresponding number of GXG increases dramatically. Thus, a follow-up question is how to
efficiently map GxG among large gene set. Using exhausting search would be time consuming
and loss power. Reducing the searching space is a promising solution to find the casual GxG.
Once we find the important disease genes, how to use them to predict patients’ status with
probability estimates is another interesting topic in both statistics and bioinformatics research.

In chapter 2, I describe the method that using similarity regression to map GxG between
2 candidate genes at gene level. The simulation study and real data analysis show that the
proposed method has a strong and robust power in detecting GXG compared to several other
methods. In chapter 3, | give a detailed description for the L1 penalty regression model used
to find the causal GxG among large gene set. This model successfully incorporates biological
information into the statistical model so that the results have both biological and statistical

support. In chapter 4, | show the method that solves the multi-class soft classification problem



with support vector machine (SVM). This method is developed under a fast yet efficient
framework. The simulation study shows that it has a good classification accuracy when the

underlying probability functions are complicated.
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Chapter 1 Introduction

Definition of Gene-Gene interaction (GxG) and its importance
There has been a long-standing interest in the investigation of interactions in genetics,
including gene-environment and gene-gene interactions, based on the assumption that they
play an important role in the etiology of complex diseases or traits. Biological interaction
means physical interaction among biomolecules in gene regulatory networks and biochemical
pathways. GXG makes the effect of a gene on a phenotype be dependent on one or more other
genes (Bateson, 1909; Moore and Williams, 2005). From the statistical view, interaction means
deviation from additivity in a linear model that describes the relationship between multilocus
genotype and phenotype variation at the population level (Fisher, 1918). Although there were
debates about the relationship between biological interaction and statistical interactions,
evidences showed that statistical interactions and biological interactions can converge to the
same scientific process (Bush et al., 2009). For example, Bridge used statistical model to
identify genes with interaction effects on Drosophila eye color (Bridge, 1919), and the
corresponding biological mechanism that depicts how these genes influence biological
pathways was understood many years later (Lloyd et al., 1998). Thus, the statistical interaction
evidences can be used to infer the biological interactions.
Investigating GxG would benefit us in both of biological and statistical view. From

biological views, detecting GXG would help us reveal the underlying process of complex



disease, such as hypertension, cancer, diabetes, and psychiatric disorders (Lin et al., 2013;
Pillai et al., 2013; Koh-Tan et al., 2013; Howson et al., 2012; Ziyab et al., 2013). The
developments of complex disease are believed to involve complicated biological mechanism
at different levels, such as gene regulatory networks and protein-protein interaction. Among
these mechanisms, a range of genes and/or their products are involved such as coding and non-
coding RNA, protein and metabolites. They are working together instead of working
independently, e.g., in gene regulation model, a protein product from one gene can control the
expressions of other genes (Zuk et al., 2012). These genes may have no main effects but
strong interaction effect. Thus, ignoring GXG effect would miss these important genes and
cause inconsistent findings among different studies. For example, only gene apolipoprotein E4
was found to be important to the Alzheimer’s Disease (AD) using single locus method (Corder
et al., 1993; Saunders et al., 1993; Strittmatter et al., 1993). Years later, 3 more genes were
found to be important to AD using GXG detection method and the corresponding mechanisum
describing how these genes interact with each other was found accordingly (Combarros et al.,
2008). Diabetes is another complex disease that is believed involving multiple interacting
genes (Florez et al., 2003). For instance, GXG have been found between loci on chromosomes
2 and 15, as well as between loci on chromosomes 1 and 10, in patients with type Il diabetes

(Cox et al., 1999; Wiltshire et al., 2006).



Understanding GxG may also help to uncover the missing heritability (Marchini et al.,
2005; Evans et al., 2006) and explain the inconsistent findings from main-effect analyses
(Hirschohorn et al., 2002). Even if GxG explains only a tiny fraction of “missing heritability”,
the importance of revealing the specific interactions that underlie that fraction would also give
us the unique type of biological insight. From such insight, we can having a better
understanding of biological mechanisms on both gene level and pathway level.

Current methods for GxG detections

Many methods have been proposed for GXG detection. They can be divided into 2
groups according to whether they consider the interaction at the SNP level or gene level.
SNP-based GxG method.

The most straight forward way of detecting SNP-SNP interaction is to build a
regression-based model with phenotype and genotype to test the interaction effect. A similar
approach can be used for case-control study, in which case logistic rather than linear regression
is used. Although regression based tests of interaction seems the most natural way, it can only
capture of the interaction effect between 2 SNPs. Kooperberg et al. (2001) proposed the logic
regression which uses the indicator of SNP sets rather than the SNPs’ genotypes as predictors.
Thus the interaction effect among many SNPs can be included into the model by the product
of 2 predictors. This method has shown higher power in detecting interaction effect when

higher-order SNP-SNP interactions exist. However, the construction of SNP set is arbitrary.



An SNP set may contain just 2 SNPs or all available SNPs. One potential disadvantage of logic
regression is that it needs to try all possible SNP combinations and this can be time consuming.
Similarly, multivariate adaptive regression splines (MARS) (Friedman 1991; Cook et al., 2004)
uses SNP set indicator to represent SNP information rather than using the genotype values of
0, 1, and 2. MARS can also select variables so it is more efficient to find the important GxG.
Lin et al. (2008) showed that MARS has a better performance in finding GXG than traditional
logistic regression.

Bayesian model can also be applied to detect the GXxG. Zhang and Liu (2007) proposed
Bayesian Epistasis Association Mapping (BEAM) method to find causal genes for age-related
macular degeneration. In BEAM, SNPs are divided into 3 groups: 1) a group contains the SNPs
with no effect to trait; 2) a group contains SNPs with main effect; and 3) a group contains SNPs
with interaction effects. Prior distributions are specified for the group membership of each
SNPs and the relevant parameters. Combining prior distributions with the likelihood, a
posterior distribution can be generated for statistical inference using MCMC simulation. Zhang
and Liu (2007) have shown that BEAM is more powerful than stepwise logic regression in
GxG mapping. One possible limitation of BEAM it that it assumes that the SNP correlation
can be directly inferred from the MCMC. The SNPs are usually highly correlated in the same
gene but the SNPs between different genes may be independent. Thus, without considering the

gene information, such assumption may cause power loss when analyzing dense SNP data.



Besides the regression models, recursive partitioning approaches are also used to detect
GXxG interaction by building classification trees. For example, Breiman et al. (1984) proposed
classification and regression tree (CART) to find the important genes for the trait. Each SNP
can be used as a node in the classification tree to split the population. Important SNPs are first
selected and set (?) as parental nodes since they have better abilities to differentiate the
observations. Less important SNPs are selected later and set (?) as child nodes to further grow
the tree. The tree stops growing until all SNPs are used. The importance of each SNP is
measured through the process of tree building.

Instead of a single tree, using an ensemble of trees may significantly improve the
classification accuracy. A popular ensemble tree approach is Random Forest (RF). Unlike
CART that uses all available SNPs to build one tree, RF first forms many small SNP subsets
by selecting different SNP combinations. Each subset is then used to build a classification tree
and measure the importance of the corresponding SNPs. Different SNP subsets may have
different classification accuracy, depending on whether it includes the causal SNPs. RF
summarizes the importance scores weighted by the accuracy and form an overall importance
factor for each SNP. RF can measure SNPs importance fast because the algorithm can run in
parallel and each small SNP subset can be done quickly. However, just like the CART, RF can
only measure the importance of the SNPs but it is difficult to directly reveal the interaction

pattern between SNPs.



Many other data-mining approaches have been proposed for mapping GxG interactions,
such as genetic programming (Nunkesser et al., 2007), neural networks (Motsinger et al., 2006;
Motsinger et al., 2008), pattern-mining (Li et al., 2007; Long et al., 2009), and multifactor
dimensionality reduction (MDR) (Ritchie et al., 2001; Hahn et al., 2003; Moore, 2004). MDR
was first proposed for case-control data, but later it was extend to quantitative data and
adjustment for covariates (Lee et al., 2007; Lou et al., 2007). Similar to random forest, MDR
also consider small SNP subsets to find the GxG pattern. Each SNP subset has a pre-specified
set size, e.g., each subset contain n SNPs. MDR classifies the genotype combinations of each
n-SNP subset into “high risk” and “low risk” by the ratio of case number and control number
under the corresponding genotype combination. An n-SNP set may have many possible
genotype combinations but MDR reduce them into 2 possible value. Cross validation is then
used to find the best SNP subset with the minimum classification error. MDR has been used to
identify GxG in many complex disease, such as breast cancer (Ritchie et al., 2001), type 2
diabetes (Cho et al., 2004), rheumatoid arthritis (Julia et al., 2007) and coronary artery disease
(Tsai et al., 2007).
Gene-based GxG method

Instead of studying SNP-SNP interactions, many approaches have been proposed to
detect GxG at gene level. Compared to the SNP based methods, the gene based methods may

have the following advantages. First, genes are the basic units in the biological mechanism.



Hence the gene-level results can be more biologically insightful, easier to interpret, more
informative in revealing underlying mechanisms. Second, most genetic variants have different
allele frequencies, LD structure, and heterogeneity across diverse human populations while the
gene itself is highly consistent across populations. Thus, gene-based method may lead to more
consistent results across different studies. Third, modeling the multi-SNPs information within
a gene also incorporates the LD among SNPs in the downstreaming analysis. Forth, the
polygenic nature of the complex diseases suggests moderate effect size for individual variants.
SNPs in aggregate tend to result in more detectable main effects due to the amplification of
individual moderate effects Finally, via appropriate dimension reduction to summarize the
multi-SNP information, gene-level GXxG methods are able to use less degrees of freedom,
which further help to gain power improvement over the SNP-level analyses.

The key step in gene based method is to summarize the genetic information from SNP
level to gene level. Chatterjee et al. (2006) proposed Tukey’s 1-df method to investigate the
GxG between two candidate genes. It summarizes each gene’s information by the sum of the
main effects from the SNPs within the corresponding gene and then uses the product of the
two sums as the GxG term. Thus, the model only involves one interaction at the gene level
instead of many SNP-level interactions. This method has shown great power improvement in
detecting GxG. Motivated by this idea, Wang et al. (2009) improved Tukey’s 1-df method with

two other ways of summarizing gene information. One way is to use the 1st principle



component from Principle Component analysis (PCA) to summarize genetic information so
that the LDof SNPs within a gene is taken into account. The other way is to use the 1st lead
component from Partial Least Square (PLS) analysis to summarize gene information so that
not only the LD information but also the correlations between gene and trait are considered.
From the simulation study, the PCA or PLS based method have a better performance than the
Tukey’s 1-df method, especially when the causal SNP has no or little marginal effect.
GxG detection for large gene set

Most of the methods are available for studying interactions among two or a few genes.
However, for complex traits, it is often to have a list of many candidate genes to explore GxG.
Even with a moderate size gene set, there can be a huge number of GXG terms even at gene
level, e.g., a set of 10 genes would lead to 45 pairwise GXG terms. If the method was proposed
for detecting SNP-SNP interaction, the number of corresponding tests would increase
exponentially. Several methods have been developed to speed up the exhausting searching
using different algorithms (Hemani et al., 2011; Kam-Thong et al., 2011; Schupbach et al.,
2010). These methods are confined to either binary disease or quantitative traits and several
are designed specifically for computers equipped with particular graphical processing units.
However, another problem for all pair-wised interaction searching is power loss due to multiple

testing. An alternative solution is to reduce search space of GxG by filtering out potentially



unimportant genes (Richie, 2011). In current practice, the GXG search space is reduced either
in a trait-supervised fashion or using prior biological information.

A widely used trait-supervised method for reducing the search space is the 2-stage
method (screen and clean). For the screen step, it would first apply main-effect association
tests on each gene|SNP to remove unimportant ones and then model interactions among the
remaining ones (Wu et al., 2010). Two interaction mechanisms for Ayotrophic Lateral
Sclerosis (ALS) have been identified by such method (Sha et al., 2009). However, filtering out
genes/SNPs through main-effect screening would have low power if the casual genes only have
strong interaction effect but no main effect.

Recently, some improvements have been made for the 2-stage approach. Boolean
Operation-based Screening and Testing (BOOST) and its modified version GBOOST (Wan et
al., 2010; Yung et al., 2011) first examines all two-locus interactions in the screening step
where promising SNP pairs are determined through a Kulback—Leibler divergence screen. In
the following testing stage, likelihood ratio and x? tests are performed to check if an interactive
effect is significant.

Some other 2-stage based methods utilize non-parametric approaches to screen and test
GxG. Relief (Robnik-Sikonja and Kononenko, 2003) and Tuned Relief (TuRF) (Moore and
White, 2007) use the nearest neighbor method to screen the important genes. For each

individual, his/her nearest neighbor is defined as the one has the highest genetic similarity with
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him/her. Note that the two individuals in one pair may have totally different outcomes, e.g.,
control vs. case. If a gene is important to the trait, sharing the same genotype would make the
paired individuals have no or little trait difference and vice versa. Reliefs sums up all the
weighted trait differences to test whether one gene is important to the trait.

Two-stage RF-MARS (TRM) uses RF to screen for important genes and MARS to test
the GxG significance. An advantage of TRM is that both RF and MARS automatically select
the suitable model based on the data, this feature makes the interaction search more effectively
and efficiently.

Incorporating the Biological information into the statistical model is another way to
reduce the searching space. Many Bayesian frameworks use biological knowledge as prior
information to facilitate finding GxG. Frank et al. (2006) proposed Prioritizer which
summarizes the information from multiple sources to generate a “global gene network”.
According to this network, each gene is prioritized differently according to its gene function.
The assumption behind the approach is disease genes are usually functionally related.
Emphasizing the connections between genes may enable us to find more true disease genes
when analyzing susceptibility ones. Province Borecki (2008) also proposed a Bayesian
resampling method which try to capture the genes with little marginal independent effect but

strong interaction effect by using the biological information as a guide in variable selection.
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Instead of directly detecting the significant important GxG, Biofilter (Bush et al., 2009)
builds the list of potential important genes based on database such as KEGG, Protein
interaction database (PID), Biocarter etc. Its underlying rationale is that if more biological
evidences exist to support the interactions among a group of genes, the corresponding
statistical evidence for GXG is more credible. Biofilter uses an implication index, which is the
number of databases supporting certain GXG, to quantify the strength of biological support. If
no databases provide support to certain GXG, it would be removed from the search space.
Recent studies (Pendergrass et al., 2013; Turner et al., 2011; Bush et al., 2011) showed that
Biofilter can effectively reduce the GxG search space and result in biologically meaningful
GxG findings. However, directly filtering out genes without incorporating trait information
can be too arbitrary. It is not trait-specific and may limit the chance of finding novel GxG.

There are several advantages to perform statistical analyses coupled with biological
guidance. It leads to credible findings with both biological and statistical supports. The results
may have higher chances to shed insights in forming follow-up biological hypotheses for
further cellular and molecular studies.

Multiclass soft classification using Support vector machine

The genes found by GxG mapping methods can be used to understand the underlie

mechanism of complex diseases. Sometimes people are also interested in using these important

genes to predict new patient’s disease status, e.g., in cancer diagnosis, even for the same type
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of tumors, it is usually critical to divide them into several subgroups based on their
histopathological type, grade, stage, and genetic information. The knowledge of a specific
subtype helps to tailor the treatment approaches and dose levels for increased efficacy and drug
sensitivity, low toxicity, and the best outcome. Generally speaking, it’s a multiclass
classification problem.

Depending on what the ultimate goal is, classification can be generally divided into
hard classification and soft classification. In hard classification, one is only interested in
estimating a classification rule (or classifier) which shall be used to assign a label to a new
input vector. Popular examples of hard classifiers include support vector machines, nearest
neighbor classifiers, and classification trees. On the other hand, the goal of soft classification
is to estimate the conditional probabilities of the response belonging to different subclasses.
The probability functions are usually more complex than the classification boundary, so in
some sense soft classification aims to solve a more difficult problem than hard classification.
However, the probability estimates from soft classification provide valuable measure of
uncertainty in classification and hence more informative for decision makings.

Traditional probability estimation methods are based on either regression techniques
such as multiple logistic regression, or the density estimation approach such as linear (or

quadratic) discriminant analysis (LDA or QDA).
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The traditional SVMs have shown high classification accuracy for many applications
in assorted scientific areas such as cancer diagnosis, handwritten digits recognition, junk email
detection. However, it does not directly featured with soft classification.

Recently, some methods have been proposed to use SVM to estimate the probabilities
for multi-class problem. Wang et al. (2008) demonstrated that soft classification can be
achieved by training a series of weighted SVM and then aggregating decision rules to form
conditional class probabilities. Wu et al. (2010) generalized this method from the binary case
to the multiclass case by training weighted multiclass classifiers. However, the number of
weighted multi-category classifiers to be trained increases exponentially fast when the number
of classes gets larger or the weight grid becomes finer. The computational cost increases
dramatically with the number of classes. In addition, when the overall classification problem
changes by adding another class, the results for the original problem cannot be used any more
and one needs to start over by training all weighted hard classifiers.

Topic Addressed in this dissertation.

In Chapter 2, | give a detailed description of the method using similarity regression to
detect GxG for two genes at gene level. 3 statistics are constructed for the corresponding tests:
interaction test, joint test and conditional main effect test. Simulation and real data analysis are
conducted to compare the proposed method with several other methods. Their distributions are

then derived using variance component models. The results from simulation study shows that



14

in most cases, the proposed method has a better performance than the other methods. Although
in the real data analysis the GXG between the two candidate genes is not significant, one
candidate gene is found to be significant important using the conditional main effect test.

In Chapter 3, | give a comprehensive description of how to find GxG among a large
number of candidate genes. | use a new penalized L1 regression model that incorporates both
biological information and supervision from traits. Specifically, | first apply the principal
component (PC) analysis to summarize the multi-SNP genotypes and SNPxSNP design matrix
at gene level, and perform gene selections for important main and interaction effects using L1
penalty regression model. The penalty incorporates supports from known pathways related to
the trait and trait-supervised adaptive weights. Simulations and real data analysis are used to
demonstrate the utility of the pathway-guided penalized regression for GxG identification.

In Chapter 4, | describe the method of using SVM to solve the multi-class classification
problem with probability estimate. | extend the method from binary case to multi-class case in
an simple yet efficient way. Simulation and real data are conducted to compare the proposed
method and other commonly used methods. The result from the simulation shows that the
proposed method has a good and robust performance in many scenarios, especially when the
underlying probability function has a complicated form, the proposed method has the best

performance.
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Chapter 2

Gene-Gene Interactions Using Gene-Trait Similarity Regression

Introduction

Gene-Gene Interactions (GxG) are believed to be ubiquitous in biology system (Moore,
2003; Carlborg and Haley, 2004) and to play an important role in gene regulation, signal
transduction, biochemical networks, and many other physiological and developmental
pathways (Moore, 2003; Greenspan, 2001; Phenix et al., 2013; Barkoulas et al., 2013).
Identifying GxG may improve the ability to find the susceptible genes and provide insights
into biological mechanisms for complex disease, such as Alzheimer’s disease, diabetes,
cardiovascular and cancer (Lin et al., 2013; Pillai et al., 2013; Koh-Tan et al., 2013; Howson
et al., 2012; Ziyab et al., 2013). It may also help to explain the missing heritability and the
inconsistent findings in many genetic association studies (Marchini et al., 2005; Evans et al.,
2006).

Many statistical methods have been proposed for studying GxG and have successfully
detected some important GxG for complex disease (Zhang and Bonney, 2000; Sheriff and Ott,
2001; Kooperberg and Ruczinski, 2005; Cordell, 2009; Yee et al., 2013). However, most
methods consider pair-wised SNP-SNP interactions. There has been a growth in popularity to

consider GxG at gene level due to several reasons (Jorgenson and Witte, 2006; Neale and
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Sham, 2004; Wang et al., 2009). First, genes are the basic units in the biological mechanism
and SNPs within a gene tend to work concordantly. Thus gene-level results may be more
biologically insightful, easier to interpret or more informative in revealing underlying
mechanisms. Second, the correlations between SNPs are considered when modeling multi-
SNP information. Third, SNPs in aggregate tend to result in more detectable main effects due
to the amplification of individual moderate effects. We expect a similar amplification effect to
exist for GxG effects. Finally, because gene-level GXxG methods tend to use less degree of
freedom, it is expected to gain potential more power than SNP level analysis.

One key task in model GxG effects at gene level is to aggregate the multi-SNP
information at gene level. Chatterjee et al. (2006) proposed Tukey’s 1-df method to investigate
the GxG between two candidate genes. The method first obtain the gene-level information by
taking the genotype sums from each SNP of a gene, and then uses the product of the two
genotype sums as the GxG interaction variable. Consequently, the model only uses one
parameter for assessing the gene-level GxG effects. Wang et al. (2009) improved this method
by obtaining gene-level information using the principal component analysis (PCA) and partial
least square (PLS). In PCA-based methods, the first component from PCA is used to
summarize the multi-SNP information and accounts for the linkage disequilibrium (LD) among
SNPs. In PLS, the first component from PLS is used to to summarize the multi-SNP

information so that not only the LD information but also the correlation between genes and
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traits are considered. From the simulation study, the PCA or PLS based method have a better
performance than the Tukey’s 1-df method, especially when the causal SNP has no or little
marginal effect.

Here we propose a new method using the gene-trait similarity regression (SimReg) to
detect GXG at gene level. This regression model correlates trait similarity with gene level
genetic similarity. Compare to the PCA/PLS based methods, the proposed method provide the
following improvement. First, PCA/PLS tend to suffer from information lose in the dimension
reduction process by using only the first component, or encounter curse of dimensionality if
multiple components are used. In contrast, SimReg incorporates all SNP information within a
gene while performing GxG test with a small degrees of freedom. Second, first component
from PCA or PLS is actually a sum of weighted SNP genotypes. The interaction term formed
by multiplying the two linear combinations would only capture limited forms of non-additive
effect. In contrast, as we describe in the method section, SimReg is capable to model a variety
of effects by selecting different metrics to quantify gene similarity. Finally, the GxG test under
the SimReg framework is computationally efficient because the permutations are not required.

We arrange the remaining paper as follows. In Section 2, we describe the gene-trait
similarity regression model and the score tests for evaluating effects of interests (i.e.,
interaction effect, joint effect of gene and GxG, and conditional main effect test). We also

describe how the similarity regression can be connected to a variance component model. We
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present the simulation study (Section 3) and a real data application on the warfarin study of
Wysowski et al. (2007) (Section 4). Finally, we discuss the limitations and future research
directions.
Method
The Gene-Trait Similarity Model

Denote Y; as the trait value, X; the K x 1 covariant vector including the intercept term,
and 1 x [,,, vector G, ; records genotypes at marker m for ith individual. Define S{} to be the
genetic similarity of gene A between subjects i and j (i # j). There are many ways to describe
the genetic similarity between individuals. Here, we consider the weighted IBS sum across the
M, loci in gene A, i.e., for subjects i and j, the similarity level is S{} = Z%‘;l Wi Sm,ij Where
Sm,ij = x/2 if G, ; and G, ; have x alleles in common. The similarity level in gene B, Sf;-, can
be defined in the same manner. The trait similarity between individual i and j, denoted by Z;;,
is computed by

Zij= Y =) (Y — py)>

where y; = E(Y;|X;, G;) = X;y, which is the conditional trait mean given covariate

information but assuming no genotype effect and y is the effect of the covariates. The gene-

trait similarity regression for gene-gene interactions is given as

E(lelx, G) = TAS{‘} + TBSiB;' + TABS{?Sg (1)
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B to model the GXxG

In Model (1), we use the product of the similarity scores, Sl-ASU-,

J
effect. Note that the regression model has zero intercept because the covariates have been
incorporated when quantifying trait similarity (Tzeng et al., 2009).

The Interaction Test

The interaction test examines the hypothesis Hy 1,;: T4p = 0. Direct derivation of a test
statistic under Model (1) can be burdensome because Model (1) is a regression whose
observation unit is pairs of individuals. Consequently, the observations are correlated when
two pairs share a common individual. The variance-covariance matrix for Z is a non-sparse
matrix with dimension (%) by (%), which is computationally challenging to inverse so to obtain
the test statistics. To bypass these issues, we derive the score test based on the equivalence
between the similarity regression and a mixed effect model (Tzeng et al., 2009; Tzeng et al.,
2011). To see this, consider the following working mixed model:

Yi =Xiy + gai + 9pi + 9asi + €, (2)

where e; ~ N(0,0), and g4;, gp; and g,p; are subject-specific genetic effects for
gene A, gene B and interaction between genes A and B, respectively. Let g} = [gA,l, IO gA,n],
95 =981, 98} and g2g = [gap1,» Gapn], and assume that

ga ~ MN(0,v,5,), gg ~ MN(0,v5Sg), gap ~ MN(0,v45545) >

where matrix S, = {S/} o SB = {SF oy and Syp = {Sf; x SF .- Inother words,

under the working model (2), the correlation of the Gene-A effect between individuals i and j
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is governed by the genetic similarity between the two individuals in gene A (S{;‘-). Then the
marginal trait covariance in Model (2) can be obtained by
cov(Y;, Y;1X, G) = covy {E(Y;|X, G, ga, 95 9an), E(Y;|X,G, g, 95, 9an)} (3)
= covy {X;y + gai + gpi + 9apu X;¥ + gaj + 9p,j + 9an,j)
= v,S{} + vpSE + vapSHST
Comparing (3) with (1), we have t, = v,, T = vg, and 145 = v,5. That is, the
regression coefficients in the similarity regression model are variance components in the
working linear mixed effect model.
We derive the score function of the REML log-likelihood function of Model (2) in

Appendix A, and obtain the score statistic under Hg j,,¢ as
Time =3 ¥ PincSapPc¥|

where the trait value YT =(Y,,....,Y,), X=XyXe X)) P =Vink —
VikX(X'"WIX)TIX'Vi L, Vige = TaSs + 1585 + 0l and (£4,%5,6) are the maximum
REML estimates obtained under Hy ;,,.: T4p = 0. We describe an adaptive EM algorithm to
obtain (4,75, ) in Appendix B.

Under the alternative hypothesis 45 # 0, T}, IS a strictly increasing function of 745.
Therefore larger values of Ty, provides stronger evidence against Hg j,,¢. This suggests that

the testing procedure should be one sided. As shown in Appendix A, the distribution of T;,;

follows a weighted y2 distribution. That is, define C;,; = %V,il/tzP,ntSABP,ntV,;/tZ, and then
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Tine has the same distribution as Y5, Aj,,nt)(lz , where 4;,, is the ordered none zero
eigenvalues of matrix Cp,;. The p-values can be calculated using moment-matching
approximations (Liu et al., 2009; Duchesne et al., 2010).
The Joint Test

Instead of evaluating the GXG effects between two genes, one may be interested in
assessing the overall effect from the two genes, regardless the main effects or interaction
effects. To do so, we construct a joint test to examine the null hypothesis of Hy jgine: T4 =
Tp = T4p = 0 under the full model E(Z;;|X,G) = 1,5/} + 1S]} + 145S{;S{;. As shown in
Appendix A, the test statistic is given as

1
T]oint = Eylpjoint(SA +S5p + SAB)PjointY oo’

o)

Y{I-Xx(X'x)~x'}y
(n-K)

where Py = 0 H{I — X(X'X)"'X'} and & = , where K is number

of covariates. The distribution of T},;,, also follows a weighted y?* distribution, i.e., T}, has

the same distribution as }%_; Aj,]oint)(f with 4; ;,in; the ordered nonzero eigenvalues of

_1.1/2
C]oint - EV

Joint

1/2
oint*

Pioint(Sa + Sp + SAB)PjointV}
The Conditional Main Effect Test

We also construct the score test for the main effect of a gene conditioning on the effect
of the other gene. We consider the conditional main effect test only under the assumption of
no gene-gene interactions. This is because in scenarios where the interaction effects do exist,

the main effects are typically not well-defined, and its significance depends on the scale of the
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interacting variables. Consider the full model: E(Z;;) = t454,; + 755g,;;. The effect of Gene
A accounting for the effect of Gene B can be assessed by examining the hypothesis of Hy 4:

74 = 0. Similar to previous two tests, the score test statistic for gene A is given as:
Tp = 2Y'PySaPaY I

where P, = V1 — VXXt X)XV, Vy = 158 + o, and (Fg, &) are the
maximum REML estimates obtained under Hg,4:74 = 0. We describe the adaptive EM
algorithms to obtain (75, 4) in Appendix B. As shown in Appendix A, T, has the same
distribution as X5, Aj,A)(lz with 4;, the ordered nonzero eigenvalues of C, =
%l{ql/ ZPASAPAI/Al/ % The test statistic for assessing the conditional main effect of gene B, Ty,
can be defined similarly.
Simulation study
Design for Simulation Study

In the simulation, we study the performance of the proposed method and benchmark it
against 3 approaches: (1) the linear regression (referred to as LR); (2) the principal component
method of Wang et al. (2009) (referred to as PCA), and (3) PLS: the partial least square method
of Wang et al. (2009) (referred to as PLS). LR incorporates all SNPs from each of genes and
the pairwise interactions between the SNPs from different genes. For the conditional main

effect test, only the proposed test and the LR are performed because PCA and PLS are identical

to LR when there is no interaction term.
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To simulate genotype data with realistic LD patterns, we use genotype data of Gene
RBJ (8 SNPs) and Gene GPRC5B (15 SNPs) downloaded from HapMap
(http://hapmap.ncbi.nim.nih.gov/). The LD structure of the two genes are given in Figure 1.

For each SNP in a given gene, we list in Table 2.1 its minor allele frequency (MAF)
and LD, which is quantified by the average of R? between the target SNP and the remaining
SNPs in the same gene. We considered two causal SNPs from each gene and simulate the trait
values based on the model:

Y = B4 X (SNP# + SNP§ + SNP{ x SNP#)
+B5 X (SNPE + SNPE + SNPE x SNP5)
+Bap X (SNP{ x SNPE + SNP{ x SNPE) + e, (4)

where SNP;{* and SNP4' are the number of the minor alleles carried by a subject at the
first and second causal loci in Gene A; SNPZ and SNP? are defined similarity; e follows a
normal distributed variable with mean 0 and variance 1. The trait value Y depended on three
components: the gene effect from Gene A, the gene effect from Gene B and the interaction
effect between Gene A and Gene B. There is no LD between RBJ and GPRC5B because the
genotypes of a person for the two genes were sampled independently.

In Type | error rate evaluation of the joint test, we set S84 = g = B4 = 0. For
interaction test, we consider three situations of no GxG effects: (1) both genes have no genetic

effect (B4, = Bz = Lag = 0); (2) only gene A has a main effect to the trait (84 # 0, B = Bug =
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0); (3) both Gene A and Gene B have main effect to the trait (8, # 0,85 # 0, 845 = 0). For
the conditional main effect (H,: 53 = 0), we consider two scenarios of no gene B effect: (1)
both gene have no genetic effect (84, = Bz = Bag = 0); (2) Gene A has a main effect to the
trait (B4 # 0, B = 0, B4z = 0). For each scenario, we ran the simulation for 1,000 replications
and each replication consisted of 300 subjects to compute the type | error rates.

For power analysis, we considered three different scenarios based on the genetic
architecture of the causal SNPs. Specifically, we selected three SNP pairs with certain LD and
MAF as causal SNPs (Table 2.2). When generating trait values using the Model (4), we
considered different g values so that power of different methods are between 20%~80%.
Simulation result

Table 2.3 shows the type | error rates for different methods at a significance level of
a = 0.05. The type | error rates of all approaches are around the nominal level in all different
settings except in some scenarios for interaction test. The type | error rates of the proposed
interaction tests were conservative when 4, = Sz = 0 (and hence 7, = 75 = 0). As one or
both of t, and Tz became further away from 0, e.g., 0.1, the type | error rates get better. As
discussed in the Appendix B, the conservativeness of type I error rates was caused by the bias
in the EM estimates of the variance components when their true values wereQ. The type | error
for interaction test using PCA and PLS were around the nominal level while the results from

LR were slightly inflated.
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Because different scenarios have different causal SNPs, we used different 5 values so
that the power of different methods were around 0.2~0.8. The results are shown in Table 2.4.
For the interaction test, we see the proposed method was quite robust to the changes of LD and
MAF, which either had a compatible power to the best approach or the highest power. LR
always had lower power than the proposed method due to the large degrees of freedom. The
performance of PCA and PLS were sensitive to the LD and MAF of the causal SNP.
Specifically, in Scenario 1 where the casual SNPs had relatively high LD and large MAF, PCA
and PLS performed the best, closely followed by the proposed method. In Scenario 2 where
the causal SNPs had a relatively smaller LD and MAF, PLS still had the best power, closely
followed by the proposed method. The power of PCA dropped a lot in this scenario and LR
again had the least power. In Scenario 3, where the causal SNPs had low MAF, the proposed
method has the best power, followed by LR, PLS and finally PCA. The possible reason for the
low power of PCA and PLS is that the first component can only capture limit amount of
information. The first component aimed to capture the max amount of SNP variations so it
tends to upweight the SNPs with high LD or common MAF and capture little info about the
causal SNPs. The situation was worsen in PCA, which had the least power, because without
the supervision from the trait values, the first component put lower weights on the causal SNPs

and higher weights on nuisance SNP.
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For joint test, we see that proposed method always gain the best power, followed by
PLS and PCA. PLS and PCA performed similarly but PLS always had a better power than
PCA. The observation is consistent with Wang et al. (2009) since first component from PLS
considers both LD and correlation between trait and gene information. All the three methods
performed better than LR, as it may lose power due to large degree of freedoms. In joint test,
the proposed method had the best performance while in interaction test, PLS/PCA may had
better power gain in some scenarios. Possible reason is that the proposed approach needs to
estimate nuisance under the H, in the interaction test. The corresponding EM estimates can be
biased when the true values are 0 or close to 0. This may lead to too conservative results and
cause power loss.

For conditional main effect test, proposed method always has a better power than linear
model, but the difference between proposed method and linear model gets smaller as the LD
and MAF of causal SNP is smaller. The finding is consistent with the finding in the interaction
test: LR has a robust performance against LD and MAF.
Real Data Analysis

Warfarin is a widely used oral anticoagulant. In 2004, more than 30 million
prescriptions contained this drug in United State (Wysowski et al., 2007). The optimal dose of

warfarin is different from patient to patient, and an inappropriate dosage can lead to severe
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consequence such as bleeding, swelling of face, throat. Extensive researches have been
conducted to develop method for predicting the appropriate dose.

We have conducted a genetic analysis using the data from the Warfarin study (The
International Warfarin Pharmacogenetics Consortium, 2009). In this data set, 2 genes are
involved, gene VKORCL1 contains 7 SNPs and gene CYP2C9 is a tri-allelic locus. After quality
control, this data set involves 301 individuals and records their stable warfarin dose. Also
available are 4 detected covariates associated with warfarin therapy: age, sex, height and
weight for each individuals in the study.

We apply the proposed method and the benchmark methods to detect the association
between the warfarin dose and the genes. The results are summarized in Table 2.5. All methods
identify significant association between trait and the two genes. But the proposed method
exhibits the strongest evidence of association among all the approaches, which is consistent
with the simulation results that the proposed method is more powerful than other methods.
These results also suggest that there are no interactions between the two genes, and Gene
VKORC1 has more significant impact on the warfarin dose.

Discussion

The focus of genetic association studies for complex diseases is being shifted from

assessing genetic main effects to interaction effects. Mapping GxG would not only improve

the power of detecting susceptible genes for the diseases, it would also facilitate the uncovering
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of the underlying mechanisms for complex diseases. Although the majority of GxG methods
focus on SNP-SNP interactions, gene-based GxG methods may hold great promises in
biological interpretation and power gain. In this paper, we propose a similarity regression
model for studying GXG at gene level. We provide three tests to evaluate the effect of interest:
interaction test, joint test and conditional main effect test. The simulation results showed that
the proposed method had a consistent satisfactory performance under different genetic
architectures. In contrast, PLS, PCA, and LR performed quite differently depending the LD
and MAF of the causal SNPs.

In the proposed model, we used an adaptive EM algorithm to estimate the nuisance
parameters t, and 7. Directly applying the traditional EM algorithm without any adjustment
may lead to sizable biases and is time-consuming for converge when the true values of t, and
T were zero. The adaptive EM algorithm reduces the bias and computational time, and
improves the type | rates although they are still conservative when true 7, and 7z equal to 0.
How to improve the variance estimation when the true value is at the zero boundary would be
an interesting topic for further research.

Our approach is proposed to find the GXG at the gene level. However, if a gene contains
a large number of SNPs, direct summarizing all SNPs information into gene level would lower

down the power since too many null SNPs are involved. A possible solution for that would be
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applying a LD analysis first, then splitting the large gene into several smaller blocks to do the
GXG interaction detection.
Appendix A. Derivation of the score tests and their distributions

Consider the matrix presentation of model (2):

Y=Xy+ga+9s+9ate.
The corresponding REML log-likelihood function, denoted as L(t4, Tg, Tag, 0), IS:
L(8) = —>[log|V| + log|X'~VX| + Y'PY],

where V = Var(Y) = 14,54 + 1555 + T45S4p + ol is the marginal variance of Y and
P=V"1—-y IX(X'"ly-1X)"1X'V-1 is the projection matrix for the model. The score
functions of 7,4, T, and 7,5 based on L(8) are

Ura (T4, 5, Tap, 0) = TZAZETA2D) = 2[y'PS, PY — tr(PS,)],

a‘L'A

Uy (14, T Tap, 0) = ZCAZEEAB) — J[Y'PSyPY — tr(PSp)], and

OL(T4,TB,TAB, 1
Uz g (T4, Tp) Tap, 0) = % =3 [Y'PS4pPY — tr(PSyp)].

We construct the statistics based on the first terms of the score functions. Here after we
define matrices P, and V}, as P and V evaluated under H,,. Then for the interaction test
Ho,me: Tap = 0, we set the test statistic as

Tine = %Y,PIntSABPIntY ta=tatp=tpo=d

where the Py = Vigt — Vit XX Wit X) 7' X Ving s Vine = TaSa + 7555 + oI, and

(%4, Tp, 6) are the maximum REML estimates obtained under Hg j,,: T4p = 0.
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For the conditional main effect test Hy 4: T4 = 0 under the constrain of no interaction

(i.e., T4p = 0), we set the test statistic as
Tp = 2Y'PSaPsY ot

where P, = V1 — VXX X)XV, V= 1S5 + o], and (g, 6) are the
maximum REML estimates obtained under Hy 4: 74 = 0. The test statistic Tz can be defined
similarily for examining H, 5: 7 = 0 under the constrain of 7,5 = 0.

We describe the EM algorithms that we use to obtain (74,75,6) and (g, 6) in
Appendix B.

For the joint test Hy joint: T4 = Tp = T4p = 0, because t's are non-negative variance
components, t4 =15 =145 = 0 if and only if t4 + 75 + 745 = 0. This motivates us to
construct the test statistic based on the sum of the three score functions. That is,

Tioint = %Ylpjoint(SA + Sp + Sap)PointY s

where the Pjyine = V]:)ilnt - V]:)ilntx(xl_l‘/]:)z'lntx)_lxll/};l'lnt » Vipint =0l and & =
Y'{I - X(X'X)"X'}Y/(n — K).

The distributions of the test statistics can be shown to follow a weighted chi-squared
distribution via the fact that these statistics are quadratic form of Y. To illustrate, consider
Tipe = %Y’P,ntSABP,ntY. Because P;,,; is a projection matrix, P;,,; Xy = 0. Therefore,

Tine =5 Y'PineSanPineY = 5 (Y = X¥) PineSapPrne (Y — Xy) = 2 (Y —

vr—1/2+,1/2 1/2+,—1/2
XY Vit PV 2 P Sap Pt VPV (Y = Xy)~ 6, Aux?
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. -1/2 1.,1/2 1/2
Define z = th/ (Y—Xy) and Cj, = ng/t P,ntSABP,nth/t , we have Tp,; =
Z'CineZ ~ X521 /’lj,mt)(lz, where A; 1., is the ordered none zero eigenvalues of matrix C;,.. By
the same mannar, one can obtain that T, ~X5_, Aj,A)(lz with 4; 4 the ordered nonzero

eigenvalues of C, = %l{cll/zPASAPAVAl/Z, and Typine ~ Xi=1 lj,]oinc)(f with ; ;,in; the ordered

nonzero eigenvalues of iy = %V]i{fltPjom(SA + S + SAB)P](,WV]f){ﬁt.
Appendix B. The adaptive EM algorithm to obtain the maximum REML estimates

In interaction test and conditional one gene test, we use EM algorithm to estimate the
nuisance parameter under the corresponding H,. The regular EM algorithm has caused too
conservative results since it provides non-negative estimates for the nuisance variance
components 7,4, T and . Thus, when 7,4 and/or Tz are 0 or close to 0, the EME can be biased
as E( ‘f;l) > 14 and E(T5) > 1. This motived us to use and adaptive procedure to address this
problem. We first apply conditional main effect tests for Hy: 7, = 0 and Hy: 75 = 0. If we fail
to reject the null hypothesis, the corresponding 7 is set to 0. If 7 is significant different from 0,
EM algorithm is used to estimate z. By applying this adaptive EM, E (%) would be closer to 0
when the 7 is 0 or close to 0. When t are relative large, the conditional main effect test would
reject Hy: T = 0 and the estimate from t he adaptive EM is the same as the original EME.

For interaction test, when we do the type I error analysis, we found that the statistics

T, does not fit the estimated weighted x?2 distribution perfectly if the true value of 7, and 5

are 0 or close to 0. When the true value for t, and 7 are relative large, the Ty, follows the
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estimated weighted y? well. The main reason for this scenoraio is that the estimated 7, and
Tg are always biased to the true value since EM algorithm could only give us positive estimates
for 7, and ©5. Thus, it is always true that E(%4) > 1, and E(i5) > 75, and the difference
between E (%) and T would be huge when 7, are 0 or close to 0.

We first describe the EM algorithm for (4,75, 6), i.e., the maximum REML estimates
under Hy je: T4p = 0. Under Hy 1,¢, the LMM is

Y=Xy+gatgste

where e~N(0,a1), gs~N(0,74S,) and gg~N(0,75Sg) as 14 =V, and T = vp.
Define U = ATY with the restriction that ATA = I,,_, and AAT =1 — X(X'X)"1X. Then
Ulga,gg ~N(A'gy+ A'gg,al,_k) , which is independent of the fixed effect y =
(XTX)~1XxTy. Therefore the maximum REML estimates can be obtained by maximizing the
marginal distribution of U, i.e., f(U) = [ f(U|ga, 95)f(ga)f(gr)dgadgg. This motivated
an expectation-maximization algorithm based on U (i.e., the observed data) and (g4, g5) (i.€.,
the missing data). The complete-data log likelihood is based on f (U, g4, gg) is
logf (U, 94, 9p; Ta» T3, 0)
= logf(U|ga, 9p; Ta, Tp,0) + logf(gA;‘rA,‘cB,a) + logf (gp; T4, T, 0)

n_K 1 ! ! ! ! !
=——logo ——(U—-A'gy—Ags)(U—A'ga—Ags)

4

2

logts — Slog(1Sa]s) — —— gTS7
0874 Zog(l als) ZTAgA 494

- q—BIOgTB - 1log(|519|+) - i9125157919
2 2 217p
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where q4 and gz are the rank for matrix S, and S respectively, |S4|. is the pseudo-
determinant, and S; is the generalized inverse (as S, and Sz may be singular).

In the expectation step, we compute

Q(TA’ 2: ff(lt)' f_l(i’t)’ é-\(t)) = E{lng(U, 9da 9s;Ta Tp, G)IU; f(t)' fét)' 6-(0}

n—K 1
= ———logo — —E{(U — A'gs — A'gs) (U~ A'ga — A'gp)|U; £, 2,6}
qa 1 1 _ A() A A
— = logt, — 7 log(ISal+) = EE(gisA 9alU; 0, £0,6©)
qds

1 1
— = logts — 5 log(ISs1+) EE(gES;ng; #0,20,60).

In the maximization step, we solve for dQ/ dt, = 0,0Q/ dtg = 0 and dQ/ do = 0,

and obtain
, _ 1 - RCIROING) TRER O N0 —o(®
TA—EE(QZ;SAQAWJ ;) ,O'(t))—a{gA Sa8a +tr(Spv, )},
where 8% = E(galgs U; 20,0, 6®) = TaSaPineY L 20 50, and v =

Var(galgs U; fflt),f,(;), 60 = 1,8, — erAP,ntSAlf(t) 50 50 Similary, we have
AtB

ts = (958595l 27,21, 6©) = gl S5 + or(s59))
Finally,
6O = —F{(U—-A'ga—A'gs)(U—Aga—Agp)Us2°, 2,60}
=y TAAY" + tr[AA' (0, — 19)28,PS, + 195, — #)25,PS,
—2tP15,PSp)]

The EM algorithm for obtaining (¥, 6) under Hy 4: 74 = 0 is similar to the above

algorithm except that t, is set to be 0.
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Table 2 1.

LD and MAF information for Gene RBJ and GPRC5B.

Gene RBG Gene GPRC5B
SNP LD?* MAF |SNP LD MAF
1 0588 0.115|1 0.186 0.146
2 0.159 0.062 | 2 0.05 0.066
3 0.126 0.482 |3 0.065 0.044
4 0.588 0.115 | 4 0.194 0.195
5 0.588 0.115 |5 0.197 0.143
6 0.565 0.119 | 6 0.136 0.159
7 0.159 0.062 |7 0.259 0.46
8 0.588 0.115 |8 0.262 0.336
9 0.23 0.482
10 0.206 0.371
11 0.285 0.394
12 0.285 0.394
13 0.138 0.155
14 0 0.004
15 0 0.005

41

2 The LD is the average value between the corresponding SNP and the rest SNPs in the same

gene.



Table 2.2 Causal SNPs used in power analysis under different scenarios
SNP{ SNP# SNPE SNP$
Scenario
LD MAF |LD MAF|LD MAF |LD MAF
1 058 0.12 |0.13 048 |0.26 0.46 |0.23 0.48
2 057 0.12 |0.16 0.06 |0.14 0.16 |0.23 0.48
3 058 0.12 |0.16 0.06 |0.07 0.04 |0.14 0.16

42
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Table 2.3 Type | error rate for different tests at significance level 0.05 for 3 tests.
interaction test, joint test and Conditional main effect test

(ﬁAiﬁB'ﬁAB)
Tests
Interaction Test Joint Test Conditional main effect test (B|A)
method | (0,0,0) (0.1,0,0) (0.1,0.1,0) (0,0,0) (0,0,0) (0.3,0,0)
Proposed | 0.038 0.04 0.046 0.049 0.048 0.052
LR 0.06 0.062 0.064 0.06 0.06 0.056

PCA 0.056 0.06 0.058 0.055

PLS 0.046  0.048 0.049 0.054




Table 2.4

method and other method. In each scenario, 8,4, Bz and 45 are tuned so that the power are from 20%-80%

44

Power analysis for different tests at significance level 0.05 For each test, 3 scenarios are used to test the proposed

Test Interaction test Joint test Conditional one gene test
Scenario S1 S2 S3 S1 S2 S3 S1 S2 S3
(ﬁA, By B,p) | (0.1,0.1,0.3) | (0.1,0.1,0.5) | (0.1,0.1,1.5) | (0.05,0.05,0.05) | (0.1,0.1,0.1) | (0.3,0.3,0.3) | (0.07,0.07,0) | (0.1,0.1,0) | (0.3,0.3,0)
Proposed 0.690 0.460 0.815 0.670 0.875 0.580 0.65 0.685 0.495
LR 0.375 0.285 0.760 0.325 0.690 0.325 0.415 0.475 0.485
PCA 0.715 0.350 0.120 0.535 0.765 0.500
PLS 0.745 0.490 0.470 0.545 0.785 0.505
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Table 2.5 p-values of four approaches in analysis Warfarin data
Conditional main effect test
Methods Joint test Interaction test
Gene 1 Gene 2
Proposed 5.6 x 10720 0.45 1.67 x 10720 1.02 x 1077
LR 1.92 x 10716 0.753 1.94 x 10716 2.65 x 1078
PCA 8.07 X 107> 0.53 - -
PLS 7.43 x 107° 0.47 - -
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Abstract

Assessing gene-gene interactions (GxG) at gene level can examine epistasis at
biologically functional units with amplified interaction signals from marker-marker pairs.
Current gene-based GxG methods tend to be designed for studying interactions among two or
a few genes. For complex traits, it is often to have a list of many candidate genes to explore
GXG. In this work, we propose a pathway-guided approach based on penalized regression for
detecting interactions among genes. Specifically, we apply the principal component (PC)
analysis to summarize the multi-SNP genotypes and SNP-SNP interaction between a gene
pair, and identify important main and interaction effects using L1 penalty, which incorporates
adaptive weights based on biological guidance and trait supervision. Our approach aims to
combine the advantages of biological guidance and data adaptiveness, and yields credible
findings that have both biological and statistical supports and may have higher chances to
shed insights in forming follow-up biological hypotheses for further cellular and molecular
studies. The proposed approach can be used to explore the gene-gene interactions with a list
of many candidate genes and is applicable even when sample size is smaller than the number
of predictors studied. We evaluate the utility of the pathway-guided penalized GxG
regression using simulation and real data analysis. The numerical studies suggest improved

performance over the methods without using the pathway and trait guidance.
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Introduction

Current focus of genetic association studies for complex diseases has been shifted from
assessing the genetic main effect to interaction effect among genes [1]. Complex diseases,
such as hypertension, cancer, diabetes, and psychiatric disorders are believed to have a
polygenic basis and gene-gene interaction (GxG) may play significant roles in the disease
etiology [2-6]. Understanding GxG may also help to uncover the missing heritability [7, 8]
and to explain the inconsistent findings from main-effect analyses [9].

GXG can be defined from biological view and statistical view. Biologically, GXG refers
to the physical interactions between biomolecules such as DNA, RNA or protein at the
cellular level [10]. On the other hand, statistical GXG refers to deviation from additive main
effects of genes. Although there were debates about the relationship between biological
interaction and statistical interactions, evidences showed that statistical interactions and
biological interactions can converge to the same scientific process [11]. For example, Bridge
used statistical model to identify genes with interaction effects on Drosophila eye color [12],
and the corresponding biological mechanism that depicts how these genes influence
biological pathways was understood many years later [13].

Many methods have been proposed to detect GxG, such as logic regression [14],
classification/regression tress (CART), multivariate adaptive regression splines (MARS)

[15], multifactor dimensionality reduction (MDR) [16]. These methods have shown
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promising performances in detecting the interaction effects important to complex diseases or
traits. [17]. However, most of these methods considered interactions among SNPs instead of
interactions among genes. There are several advantages to assess GXG at gene level instead
of SNP level. First, genes are the basic units in the biological mechanism and SNPs within a
gene tend to work concordantly. Hence the gene-level results can be more biologically
insightful, easier to interpret, more informative in revealing underlying mechanisms. Second,
modeling the multi-SNPs information also incorporates the linkage disequilibrium (LD)
among SNPs in the downstreaming analysis. Third, the polygenic nature of the complex
diseases suggests moderate effect sizes for individual variants. Aggregating SNP effects at
gene level can amplify the signals and make them more detectable. Finally, via appropriate
dimension reduction to summarize the multi-SNP information, gene-level GxG methods are
able to use less degrees of freedom, which further help to gain power improvement over the
SNP-level analyses. Because of these reasons, several gene-level methods for GxG have been
proposed, such as Turkey 1-df method [18], principle component analysis (PCA) and partial
least square (PLS) based model [19], kernel-based regressions [20], nonparametric test based
method [21]. These studies suggested that gene-level methods have higher power in detecting
GxG than traditional SNP-SNP strategies, especially when the causal SNPs are not directly

genotyped.
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Most of the methods available for studying GxG interactions are for two or a few genes.
However, for complex traits, it is often to have a list of many candidate genes to explore
GxG. Even with a moderate size gene set, there can be a huge number of GXG terms even at
gene level, e.g., a set of 10 genes would lead to 45 pairwise GXG interaction terms. Directly
modeling all GxG would be inefficient due to computational challenge and lack of power.
The arising solution is to reduce the search space of GxG by filtering out potentially
unimportant genes [17]. In current practice, the GXG search space is reduced either in a trait-
supervised fashion or using prior biological information.

To reduce the GXG search space supervised by the trait information, one would first
apply main-effect association tests on each gene/SNP to remove unimportant ones and then
model interactions among the remaining ones [22]. Two interaction mechanisms for
Amyotrophic Lateral Sclerosis (ALS) have been identified by this method [23]. However,
filtering out genes/SNPs through main-effect screening would have low power if the casual
genes only have strong interaction effects but no main effects. To improve, several non-
parametric methods are proposed to perform more effective filtering, e.g., the Relief [24] and
Tuned Relief (TuRF) [25], which use the nearest neighbors method to find the important
genes. The nearest neighbor of an individual is the one who has the highest genetic similarity
at the focused genes/SNPs with the target individual. If the gene is important to the trait, the

nearest neighbor pair tends to have similar traits. Reliefs sums up all the weighted trait
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differences to test whether one gene is important to the trait. These methods can successfully
reduce the search space by eliminating unimportant genes/SNPs and retaining important ones
that may be missed by main-effect screening [1].

Another way to reduce GXG search space is to use biological knowledge as a filter or
prior knowledge [17], such as Biofilter [11]. Biofilter builds the list of important genes based
on database such as KEGG, Protein interaction database (PID), Biocarter etc. Its underlying
rationale is that if the interactions among a group of genes are supported by more biological
evidence, the corresponding statistical finding for GXG is more credible. Biofilter uses an
implication index, which is the number of databases supporting a focused GxG, to quantify
the strength of biological support. If no database provides support to the focused GXG, it
would be removed from the search space. Recent studies [26-28] showed that Biofilter can
effectively reduce the GxG search space and result in biologically meaningful GxG findings.

Statistical analyses coupled with biological guidance can lead to credible findings that
have both biological and statistical supports and may have higher chances to shed insight in
forming follow-up biological hypotheses for further cellular and molecular studies. However,
directly filtering out genes without incorporating trait information can be too arbitrary,
especially when the prior knowledge is not trait-specific. In this paper, we propose a
penalized method that incorporates biological guidance and trait supervision to detect GxG at

gene level. Specifically, we apply the principal component (PC) analysis to summarize the
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multi-SNP genotypes and SNP-SNP interaction between a gene pair, and identify important
main and interaction effects using L1 penalty, which incorporates adaptive weights based on
association strength and trait-specific pathway supports. We demonstrate the utility of the
pathway-guided penalized regression for GxG identification using simulation and real data
analysis.
Method

For individual i, let Y; be the trait value and G,, ; be the multi-marker genotype vector of
the 1,,, markers in gene m. Given the genotypes of genes s and ¢, s # t, the interaction design
vector between the two genes is denoted by Hy, ; = G;; & G, ;, where & is the Kronecker
product. Also define genotype design matrix G,, = [Gm,li e GmIN]T, interaction design

vector Hy; = [HSM, o Hst,N]T and trait vector Y = [Yy,---, Yy]7, where N is the sample size.

Finally assume that there are M genes, and the total number of GXG among these genes is
q= MM —-1)/2.
Obtaining gene-level genetic information

We first summarize the multi-SNP information at gene level for main-effect design
matrix and interaction-effect design matrix by PC analysis. To fix the idea, we only use the
first PC, but the model can be straightforwardly extended to multiple PCs. We use X1 ,, to
denote the first PC of genotype design matrix G,, and use X, s, to denote the PC of the

interaction design matrix Hy;. Note that one can summarize the information of gene-gene
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interaction using X s - X; ;. Doing so can bypass the need to compute and decompose the
large matrix H,. However, we found that X, s - X; { may not be able to capture much of the
variability of Hy, because X ; and X, , are obtained by maximizing the information captured
in the main effect G, and G, respectively. Alternatively, Wang et al. [2009] applied PLS to
summarize the gene information at gene level, which aims to maximize both the SNP-SNP
correlation and the SNP-trait correlation. Performance of GxG tests using leading
components from PLS was shown to be superior than that using PCs from PCA (Wang et al.,
2009). However, because PLS components were formed by maximizing their correlations
with trait values, the corresponding GxG terms tend to stay significant even with no true
interaction effects.

Variable selection guided by biological supports

We use the following model to assess the main and interaction effects of genes:

M q
glu) = Z X1mVm + sz,fﬁf = X1y + X3P,
m=1 =1

where g(-) is the link function, u = E(Y|X) is the conditional mean trait value given
covariates X; and X, with X; = [X; 1, -+, X1 p], Which is the PCs of M genes, and X, =
[X2,1,°*+, X2,4], Which is the PCs of ¢ = M(M — 1) /2 GXG terms. Parameter y is the main

effect vector with y = [y, -, ¥u]" and B is the interaction effect vector with g =
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|81, ---,ﬁq]T. For quantitative traits, we set g(u) = y, i.e., the identify link function. For
binary traits, we set g(u) = log(u/(1 — w)), i.e., the logit link function.

To detect important terms, we estimate y and 8 by minimizing the following penalized
log-likelihood

—logL(y,B;Y, X1, X3) + A4 Z%=1 wl,mh’ml + 4, 22’:1 w2,£|ﬁf|' (1)

where L(y, ; Y, X1, X,) is the likelihood function of y and f; w1 ,,’s and w ,’s are the
weights for main effects and interaction effects, respectively; 1, and 4, are the tuning
parameters of main effects and interaction effects, respectively. The weights (either the
weight for main effect w, or interaction effect w,) are constructed based on 3 components:
weights based on gene size (denoted by wy;,.), Weights based on pathway supports (denoted
by wpqaen) and weights based on effect size on the trait (denoted by w, ). That is, the
overall weight is w, = Wsizem * Wpathm * Veffectm-

Weights for gene size w.;,.. In gene-set association analysis, it has been noted that larger

genes (i.e., gene with more SNPs) are more likely to be chosen as significant (Wang et al.,
2010). Although here we summarize the gene information using the first PC, our results
indicated the tendency of selecting large M genes if no penalty is imposed on large M genes
(e.q., higher false positive rates (FPR) for larger genes when wg;,. = 1 in the Figure 3. 1).
On the other hand, incorporating gene size in the penalty weights can make false positives

(FPs) less concentrated in the category of pairs of large M genes. We note that while
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conventionally, gene size refers to the number of SNPs in a gene, in our work, gene size
refers to the number of columns in the corresponding design matrix, e.g., G,, or H,.
Specifically, we set wg;ze 1 = 1 + (S5, — min{s;})/(max{s;} — min{s;}), where for main
effect, s, is the number of columns of G,,, and for interaction effect, s,,, is the number of
columns of H,,. To coordinate wg;,, With other weights (i.e., wpq¢n aNd Weffece) and to
avoid wg;,. to dominate other weights, we consider the rescaled s,, — min{s;} and divide it
by max{s;} — min{s;} so that w;,, is between 1 (no size weight) and 2 (maximize size
weight). In other words, the maximum penalty from gene size is bounded at 2 times of the
minimum penalty.

Weights for pathway supports w,. We use weight w,,,5, to incorporate the strength of

pathway support. We focus only on biological evidence relevant to the trait of interest (e.g.,
via PubMed search) and quantify the support strength by the number of pathways that
support the interaction among certain gene pairs. Define N, as the total number of
pathways related to the trait and n, is the number of sources supporting the £th gene-gene
pair. We set wyqen e = 1 — np/(2Nypqen) SO that a gene pair with greater pathway support
receives less penalty. Because our focus is on GXG effects, we set wyq¢pn,m = 1 for main
effect terms. The value of w4, is between 0.5 and 1 to avoid the dominance of one weight

over others.
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The adaptive weight for effect size w gece. WeIght wey e is the adaptive weight [29] that

inversely weighs each effect term by an initial estimate of the effect size, i.e., wefrectm =
1/ |¥m | for the main effect terms and wefecer = 1/|B, | for interaction terms. As a result,
important terms receive smaller penalty and tend to be retained in the selecting process while
unimportant terms receive larger penalty and are more likely to be eliminated. We use the
iterative L1 penalty method [30] to obtain the initial estimates ¥,, and 5, . Specifically,

7. and B, are obtained by minimizing:

i )

—logL(B,v;Y, X1, X3) + A1 %:1@"‘@ ng’:lw, 2).
m t

where y,&? and ,B{Et) are the estimate for the m-th main effect and #-th interaction effect in the

t-th iterative. The difference between Equations (1) and (2) is that in Equation (2), the
adaptive weights of the current iteration are the estimates from previous iteration. The
iteration continues until y,,, and 8, converge for all m and €. Using a penalized estimator
allows us to obtain the initial estimates even when the sample size is smaller than the total
number of variables, and the iterative procedure yields more accurate estimates [31]. The
estimates for some (potentially unimportant) variables can be 0 with the L1 penalty. When

that occurs, we set y,,, = min([rgni>r(1) Y ,1073) and use similar treatment for 3, as well.
k

Computing tuning parameters.
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For a given value of (1,4, 4,), we compute the L1-reguralized estimates of y,,, and S,, and
calculate BIC= —2log L(y, 8; Y, X1,X2) + k log N for the corresponding model, where k is
the number of terms retained in the model. The (4,, 1,) that gives the smallest BIC is used to
obtain the final model. We use BIC to tune 4, and A, because our goal is to select the true
model structure and BIC has the consistency property in model selection [32-35].
Simulation

We use simulation to evaluate the performance of the proposed method and the impact
of different choices of weights. We performed two sets of simulation. Simulation | was based
on a well-controlled hypothetical data with n>>p. It aims to determine the optimal forms of
the weights and understand the impact of different weight specifications. Simulation Il was
based on the Wellcome Trust Case-Control Consortium [36] for Crohn’s disease with n<p. It
aims to evaluate the utility of proposed approaches under realistic settings.

Simulation |
Designs of Simulation |

In Simulation I, we generated 11 genes with different sizes (Table 3.1). The genes are
labeled as gene A to gene K, and the number of SNPs in each gene was randomly determined
from Uniform(2, 100). The minor allele frequency (MAF) of a SNP was randomly
determined from an Uniform(0.1, 0.5) distribution. The SNPs within each gene were sorted

by their MAF and only the middle 50% were used as causal SNPs. In our simulation, genes
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with <30 SNPs were labeled as small (S), genes with >70 SNPs were labeled as large (L),
and genes with 30 ~ 70 SNPs (exclusively) were labeled as medium-sized genes (M). We
considered 6 categories of gene-gene pairs: SS, SM, SL, MM, ML and LL.

We generated trait value Y; from Model (3) below, where we assumed that gene F has
causal main effect and there exist causal interaction effects between genes A and B (i.e., 2
small genes), between genes C and D (i.e., a small gene and a large gene), and between
genes I and J (i.e., 2 large genes):

Y, = (Zle{casual SNPs} GF,li)¢F + ZstE{AB,CD,I]}(Zk,k’Ecasual SNPs Gs,ki : Gt,k'i)( st T €
©)
where G, ; is the genotype of SNP [ in gene m for subject i and e; is generated from
Normal(0,1). Coefficients ¢, {45, {cp and ¢, are effect size; in the simulation, we use a
common value for these coefficients and the common value is determined so that the partial
R? explained by interactions was around 30%. The partial R? of the interaction effect is
defined as R? = (R%, — R?)/(1 — R?), where R%, is the R-square value for Model (3)
containing both main and interaction effects, and R? is the R-square value for Model (3)
containing only main effects (i.e., {;; = 0 for all s and t). The total number of relevant
pathways was 20. In each replication, we simulate 1500 individuals and performed 200

replications per scenario.
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To assess the impact of a weight type, we performed the analyses under 2 conditions: (a)
setting the corresponding weight type as 1 (i.e., neutral weights) and (b) incorporating the
proposed weight type. For example, to assess the impact of w,,,.,, We examine the
performance of (a) using ws;ze + Werrece (@) VS. the performance of (b) using wg;,e +
Wpath + Werrece- FOr €ach condition, we computed the true positive rate (TPR) of detecting
the causal GxG gene pairs. We also computed FPR among the non-causal gene pairs. Finally,
we calculated Statistics D [37], which is defined as D = log TPR — log FPR and is
commonly used as an omnibus index to integrate TPR and FPR. Higher D indicates better
performance of the method has.

Results of Simulation |

Assessment of w¢;,, (Figure 3.1). When evaluating w;,., we set the number of pathways
supporting each interaction pairs as 20, 10, and 0 for A x B (MS gene pair), C X D (ML gene
pair) and I X J (LL gene pair), respectively. We considered wg;,e =1 (i.e., N0 gene size
weights) and wgize m = 1 + (S, — min{s;})/(max{s;} — min{s;}), where s,, is the number
of columns in the design matrix. The results indicated that without penalizing the gene size,
the FPRs for large genes were substantially larger than FPR for small genes, e.g., the higher
FPRs of LL pairs relative to MM pairs and ML pairs. By setting w,;,. as proposed, the FPRs
became less clustered in the large gene pairs, i.e., the FPRs in LL, ML and MM pairs

decreased, the FPRs for SL pairs remained similar, and the FPR for gene pairs not involving
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large genes (e.g., SS and SM) slightly increased. For TPR, we observed the TPR deceased as
the gene size increases, which is because {45, {cp and ¢;; were set to be the same and the
number of pathway supports happen to decrease as gene size increases. By comparing the
TPR with and without w;,., we see that the TPR slightly increased for A x B (MS pair), and
slightly decreased for C x D (ML pair) and for I x J (LL pair). This is because wg;,,.
encouraged the model to select smaller terms, although the differences were small.

According to the statistics D, adding size penalty always increase the overall performance.

Assessment of w,,.;, (Figure 3.2). Our proposed weight for pathway support has a general

ne

form of wyene =1 — % X for GxG term ¢, and is ranged between % to 1. In other

path

words, the maximum amount of penalty reduction from pathway support is set to be half.
Note that w4, actually encourage gene paris with pathway support to be selected more
likely. When evaluating wyq¢x, We set the number of pathways supporting each interactions
according to Table 3.2, where we considered three scenarios, i.e., all causal interactions with
little, moderate, or strong pathway support. Figure 3.2 suggested that for the scenarios of
moderate and strong support, incorporating wy,,., have little impact on FPR but can boost
TPR. For the little support scenario, incorporating wy,q., (Which relatively discourages the
selection of gene pairs with little support) did not cause too much reduction in TPR.
However, there is a slight increase on FPR in little and moderate support compared to using

the null pathway weight. This is likely because under those two scenarios, majority of the
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pathway supports are assigned to the null GXG gene pairs (i.e., the last column of Table 3.2).
Overall speaking, it is worth to incorporate the pathway weights --- the gain in the D statistic
caused by w4, in Moderate and strong supports is substantially more than the loss in little

supports, and the scenario of little support might occur less frequently in reality.

Assessment of w ss... (Figure 3.3). When evaluating wesec:, We set the number of
pathways supporting each interaction pairs as 20, 10, and 0 for A X B, C X D and I X ],
respectively. We compared the performance of four different ways to obtain the adaptive
weights: (1) using the effect estimates from the iterative L1 penalty (L1), (2) using weffece =
1 (null weights), (3) using the effect estimates from linear regression (LR), and (4) using the
effect estimates from penalized L2 regression (L2). The other two weights, i.e., wy,, and
Wsize, Were specified using the proposed form. Figure 3.3 suggests that a null weight can lead
to high TPR and high FPR and result in a low D value. All three estimating methods yielded
similar TPRs but different FPRs. The iterative L1 penalty method had the smallest FPR and
was the best choice among the methods. In contrast, the linear regression had the worst
performance, and it is infeasible when the number of variables exceeds the number of

samples. The L2 penalty method had a FPR slightly smaller than the linear regression had.



63

Simulation 11
Designs of Simulation 11

In Simulation I1, we used the data from Wellcome Trust Case-Control Consortium
(WTCCC, 2007) for Crohn’s disease to simulate genotypes. Wang et al. (2010) reported two
important pathways for Crohn’s disease: (1) the IL-12 and STAT4 pathway which contains12
genes, and (2) the T cell receptor pathway which contains 67 genes. Because 3 genes were
involved in both pathways, there were in total 76 genes. We computed the number of
pathway supports for each GXG gene pair, n,, by the number of pathways that contain the
gene pair. For example, for the 3 gene pairs formed by the 3 genes that are involved in both
pathways, the number of pathway supports is 2 (i.e., n, = 2). There are 2271 pairs of genes
with 1 pathway-support, and 576 pair of genes without pathway support. Different from
Biofilter, we kept those gene pairs with 0 pathway supports in the model but with higher
penalty; so the selection procedure is more likely to drop them unless the data support its
importance.

We simulated 200 replicated datasets with 1500 subjects per replications. We assigned 2
genes as causal main-effect genes and another 10 gene pairs (different from the causal main-
effect genes) with causal interaction effects. We sorted the SNPs within a causal gene by

their MAF and use the middle 50% SNPs as casual. To generate phenotype, we set
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gu) =a+ i z Gmii | Pm

=1 \l€{casual SNPs}

+ Gsi " Ger'i | Sst

s,te{10 causaal gene pairs} \ k,k'€{casual SNPs}

(4),

where G, ;; € {0,1,2} is the genotype of the causal SNP [ in gene m. For quantitative trait,

we set g(u;) = w; and generated Y; from N (y;, 1) with @ = 0 and the values of ¢’s and {’s

such that the partial R? contributed from the interaction effects was around 30%. For binary

trait we set g(u;) = log(li_) and generated Y; from Bernoulli(y;). Parameter a was set to

make the prevalence around 7%. Similar to quantitative traits, the values of ¢’s and {’s were

determined so that the partial R? from the interaction effects was around 30%. For binary

2
traits, we used Nagelkerke R?[38] which is defined as {1 — (__ZZLL1 )”}/ {1 - (—2L1)N},

where L, is the likelihood of the logistic regressions containing both main and interaction
effects, and L, is that of the logistic regression containing only main effects. For each
replication, we oversampled cases so to obtain a balanced case-control sample (i.e., 750 cases
and 750 controls).
We considered 3 scenarios as listed in Table 3.3 by carefully selecting 10 interactive
gene pairs to evaluate the performance of the proposed procedure. Its performance was

benchmarked against the penalized regression with only gene-size weight. In the “no
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support” scenario, most of the causal gene pairs were with 0 pathway support. In “Random”
scenario, we randomly selected 10 gene pairs as causals. In the “strong support” scenario,
which was the opposite of the “no support” scenario, the 10 causal gene pairs were selected
from those with strong pathway support. For each scenario, we computed the TPR across the
10 gene pairs, the FPR across the non-causal gene pairs, and the D statistics.
Results of Simulation 11

For quantitative traits (Figure 3.4), we see the TPRs of the proposed methods, which
incorporated pathway supports and adaptive effect weights, were much higher than the TPRs
of the benchmark methods that did not used these weights. The TPRs of the proposed
methods were 1.5~2 times higher for the benchmarks while the FPRs of all methods were
similar. The proposed methods also have higher D values. These patterns held for all 3
scenarios (highly suppressed, random, and highly supported,). For binary traits (Figure 3.5),
the results are similar to the quantitative traits. While FPRs were also retained around
0.002~0.003, the TPRs were smaller, e.g., about 70% of the TPRs for the quantitative traits.
This is not unexpected because binary trait values contained less information than
guantitative trait values.
Real Data Analysis

Crohn's disease, also known as Crohn syndrome and regional enteritis, is a type of

inflammatory bowel disease that may affect any parts of the gastrointestinal tract from mouth
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to anus, causing a wide variety of symptoms. Crohn’s disease is a complex genetic disease
and lots of studies have been done to find the genetic factors for Crohn’s disease [39, 40].
We applied our approach to the WTCCC genome-wide association dataset for Crohn
disease (CD) (WTCCC, 2007). The data contains 2005 cases and 3004 controls, and each
individual had 469,557 SNPs genotyped by Affymetirx. We focused our analysis on the 2
important pathways to Crohn’s disease [41], the IL-12 and STAT4 pathway and the T cell
receptor pathway. As mentioned in the design of Simulation |1, there were 76 genes from the
2 pathways with 3 genes involved in both pathways. We extracted the SNPs of the 76 genes
and removed SNPs with MAF smaller than 1%. We performed the analysis using the
proposed method (i.e., incorporate all weights) and the benchmark method (only incorporate
gene-size weight in the penalty). The significant genes and gene pairs are listed in Table 3.4.
For GxG effects, we also listed the number of supporting pathways. For the proposed
method, many significant gene pairs identified contain gene GRB2. GRB2 has been found
significant with Crohn’s disease [42]; it encodes protein GRB2, which is an adaptor protein
involved in the signal transduction and cell communication. In contrast, the benchmark
methods found 2 more GxG with 0 pathway support and misses 4 GxG with pathway
support. It is consistent with the simulation study since the proposed method may discourage

the detection of GxG with no pathway support.
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Discussion

In this work, we proposed a pathway-guided approach for detecting interactions among
genes. We construct weighted L1 penalty to select the important gene effect and gene-gene
interactions; the weights are based on number of pathways supporting of the effects as well
as the estimated effect size. The proposed approach can be used to explore the gene-gene
interactions with a list of many candidate genes and is applicable even when sample size is
smaller than the number of predictors studied. The numerical studies suggest an improved
performance over the methods without using the guidance from pathway support and effect
strength.

Our approach aims to combine the advantages of biological guidance and data
adaptiveness, and our study suggested that both w4, and weffecc Were necessary to obtain
a robust D gain for the proposed method across different scenarios. Using wy,q., Would
increase the TPR for the causal GxG which have strong pathway support. However, it may
also decrease the TPR for those GxG effects with no or little pathway support. For these
scenarios, incorporating wesrec: Can help to minimize the TPR reduction and even boost the
TPR because it encourages pairs with effects to be selected in the model.

In real practice, pathway knowledge is often used to guide the search of biologically
meaningful variables. This practice is based on the presumption that the pathway knowledge

can reflect the underlying biological mechanisms. However, it is likely that the pathway
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structures depend on phenotypes and hence the “canonical” pathway information would only
represent the status of healthy controls. From this point of view, treating the biological
information as prior knowledge and performing data adaptive selection can provide
robustness against vague information and minimize the false positive and false negative
findings.

In this paper, we only used the pathway membership in the variable selection process.
There exist other types of information, such as pathway structure, the regulation directions
between genes, protein interaction, RNA networking or metabolite information, that can
provide valuable guidance in the exploration of gene-gene interaction in the large search
space. It is worth further study to appropriately formulate the biological knowledge from

multiple resources into the statistical model and lead to efficient variable selections.
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Table 3.1 Gene information for Simulation I. In Simulation I, 11 genes are generated, the
number of SNPs in each gene ranges from 7 to 99.
Gene ID A B C D E F G H | J K

Number of SNPs

42 7 48 7 46 20 31 99 84 72 14




74

Table 3.2 The biological supports under four scenarios. Each scenario contains 20
pathways. The differences between scenarios are the number of pathways supporting the
causal GxG

Number of pathways supporting
GXG of a gene pair Cotal  of % for causal
Scenarios C | GxG . Non-causal Ot,[?] 0 gene pairs
ausal ox gene pairs GXxG gene pairs s%ap p\évr?zb (1-a/b)
H a
AxB CxD Ixj| (2parm)
Little support 2 1 0 92 95 3%
Moderate support 11 10 9 166 196 18%
Strong support 20 19 18 160 177 48%




Table 3.3

Simulation I11. No Support: the causal gene pairs do not have much pathway support;
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Different level of biological supports among the 10 gene pairs considered in

Random: the causal gene pairs that are randomly selected; Strong support: the causal gene
pairs have strong pathway support.

supporting pathways

Scenario 2 Pathways | 1 Pathway | 0 Pathway
1. No Support 0 2 )
2. Random 1 7 5
3. Strong Support 3 6 1




Table 3.4 List of significant main-effect genes and GxG gene pairs identified by the
proposed method and the benchmark method. (“--* means not found by the corresponding
method.)

# of pathways supporting the gene/gene
Gene Names pair
Wpath T Weffect o
+ wsize size
GRB2 1 1
Main effect IL12B 1 1
PPP3CA 1 -
AKT3&GRB2 1 1
CD247&I1L12B 1 1
CD4&FYN 1 1
CHP&GRB2 1 1
FYN&IKBKB 1 -
GXG effect GRB2&GSK3B 1 -
GRB2&MAP3K14 1 -
GRB2&NCK?2 1 -
ETV5&PPP3CA 0 0
CHP&IL12B - 0
IL18R1&RASGRP1 - 0
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Assessment of size weight The True positive rate (TPR), False Positive Rate (FPR) and D statistic (D = logTPR — log FPR)
for detecting GXG gene pairs in Simulation I. Here 2 types of wg;,, are considered: (1) wizem = 1 (i.e., N0 size weights), represented by gray

Sm—mins.
m m m

max Sy, — mins
m m m m

where s, is the gene size, represented by shaded bar. The x-axis represents the gene labels in the
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Figure 3.2 Assessment of pathway weight The True positive rate (TPR), False Positive Rate (FPR) and D statistic (D = log TPR —
log FPR) for detecting GXG gene pairs in Simulation | under 3 different scenarios, i.e., causal gene pairs with little, moderate and strong
pathway supports (as detailed in Table 2). In each scenario, shaded bar represents the result of incorporating pathway support, i.e., setting
wpqen S Proposed and gray bar represents the results of setting w, 4., = 1, i.€., no pathway support.
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Figure 3.3 Assessment of effect weight The True positive rate (TPR), False Positive Rate (FPR) and D statistic (D = log TPR —

log FPR) for detecting GxG gene pairs in Simulation | using w,sr.. Calculated by different methods: (1) Iterative L1 penalty regression (L1,
shaded bar); (2) w.rrece = 1 (NO effect weight; light gray bar); (3) linear regression (LR; dark gray bar) and (4) L2 penalty regression (L2;
black bar).
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Simulation 1I: quantitative phenotypes Result of Simulation Il based on Crohn’s disease with quantitative phenotypes. True

positive rate (TPR), false positive rate (FPR) and the D statistic (D = log TPR — log FPR) for detecting GXG gene pairs under 3 different
scenarios as defined in Table 3, i.e., the causal gene pairs do not have much pathway support (no support), have strong pathway support (strong
support), and the causal gene pairs that are randomly selected (random). The shaded bar represents the results of using all 3 weights and the
gray bar represents the results of only using wg;ze-
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Simulation I1: binary phenotype Results of Simulation 11 based on Crohn’s disease with binary phenotypes. True positive rate

(TPR), false positive rate (FPR) and the D statistic (D = log TPR — log FPR) for detecting GxG gene pairs under 3 different scenarios as defined
in Table 3, i.e., the causal gene pairs do not have much pathway support (no support), have strong pathway support (strong support), and the
causal gene pairs that are randomly selected (random). The shaded bar represents the results of using all 3 weights and the gray bar represents
the results of only using wg;ze-
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Abstract

Multiclass classification and probability estimation have many important biological
and medical applications. Support vector machines (SVMs) have shown great success in many
real applications due to high classification accuracy. One limitation of SVMs is that they do
not provide probability estimation for classification, though this uncertainty measure of
prediction is often more informative and useful for decision making. In this paper, we propose
a simple yet very effective framework to endow kernel SVMs with the feature of multiclass
probability estimation. The new procedure enjoys desired theoretical, computational, and
numerical properties. The produced multi-class probability estimators are shown to be
consistent. The new estimator does not rely on any parametric assumption on data distribution,
therefore it is robust and flexible. Computationally, only minimal programming effort is
needed, since the procedure can be conveniently implemented using standard SVM softwares.
Our numerical examples shows the very competitive performance of the SVM-based
probability estimators, compared to traditional multi-class probability estimators including
those produced from multiple logistic regression, linear discrimination analysis, or quadratic
discrimination analysis.
Key Words and Phrases: multiclass classification, probability estimation, logistic regression,

support vector machines.
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Introduction

Multiclass classification and prediction are commonly encountered in biomedical
studies. In cancer diagnosis, even for the same type of tumors, it is usually critical to divide
them into several subgroups based on their histopathological type, grade, stage, and genetic
information, as the knowledge of a specific subtype helps to tailor the treatment approaches
and dose levels for increased efficacy and drug sensitivity, low toxicity, and the best outcome.
For example, based on the combined clinical and pathological criteria, leukemia can be divided
into a variety of subtypes and the four major subtypes are acute lymphoblastic leukemia (ALL),
chronic lymphocytic leukemia (CLL), acute myelogenous leukemia (AML), and chronic
myelogenous leukemia (CML).

Recently, cancer classification based on microarray data has received much attention.
One motivating example of this work is the classification of small round blue cell tumors
(SRBCT) of childhood (Khan et al., 2009). The data consist of 2,308 gene expression
measurements, which were obtained from glass-slide cDNA microarrays following the
standard National Human Genome Research Institute protocol. There are four tumor subtypes:
Burkitt lymphoma (BL), Ewing sarcoma (EWS), neuroblastoma (NB), or rhabdomyosarcoma
(RMS). The training set contains 63 samples and the test set contains 25 samples. The goal is
to use the subject’s gene expression information to accurate classify the tumor into a specific
subtype.

In multiclass classification problems, we are typically given a sample {(x;,y;),i =

1,2,---,n} of identically and independently distributed observations from some unknown
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distribution P(X,Y), where x; € S < IR% and y; € {1,2,---, K} denote the input vector and
output label, respectively. Here n is the sample size, d is the dimensionality of the input space,
and K denotes the number of categories (or classes) for the response. Depending on whatthe
ultimate goal is, classification can be generally divided into hard classification and soft
classification. In hard classification, one is only interested in estimating a classification rule
(or classifier) which shall be used to assign a label to a new input vector. Popular examples of
hard classifiers include support vector machines, nearest neighbor classifiers, and classification
trees. On the other hand, the goal of soft classification is to estimate the conditional
probabilities of the response belonging to different subclasses, namely to estimate p; (x) =
P(Y = k|X =x) fork = 1,2,---,K. The estimated conditional class probabilities can be used
to obtain a classification rule. For example, when equal costs are used for misclassifications,

the argmax rule k = arg {kgllaxK}pk (x) is for classification. Traditional probability

estimation methods are based on either regression techniques such as multiple logistic
regression, or the density estimation approach such as linear (or quadratic) discriminant
analysis (LDA or QDA). See Agresti and Coull (1998) and references therein for an overview
of these methods. The probability functions are usually more complex than the classification
boundary, so in some sense soft classification aims to solve a more difficult problem than hard
classification.

There is a recent surge of the literature on hard classification. One of the most well-
known hard classification methods is support vector machine (SVM, Cortes and Vapnik, 1995;

Vapnik, 1998). Lin (2002) proved that the binary SVM targets directly at the Bayes
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classification boundary without estimating the conditional class probabilities at all. From
binary to multiclass problems, there are several extensions such as Weston and Watkins (1999);
Lee et al., (2004) and Liu (2007). Zhang (2004) provides some interesting findings on the
consistency of multi-category classification methods. Despite their great success in real
problems for classification, support vector machines and their multiclass extensions can not
provide probability estimates. For example, in cancer diagnosis using gene expression
information, in addition to labeling a patient as “subtype A” or “subtype B”, the doctor often
desires to have a reliable estimate for the probabilities of belonging to the substypes, since the
probabilities provide valuable measure of uncertainty in classification and hence more
informative for decision makings.

The SVMs have shown high classification accuracy for many applications in assorted
scientific areas such as cancer diagnosis, handwritten digits recognition, junk email detection.
Consequently, questions like “Is the SVM capable of estimating the conditional class
probabilities?” have been posted for the possibility of taking advantage of the SVM'’s
impressive classification performance. In the context of binary classification problems, Wang
et al. (2008) demonstrated that soft classification can be achieved by training a series of
weighted support vector machines and then aggregating decision rules to form conditional
class probabilities. Wu et al. (2010) generalized this method from the binary case to the
multiclass case by training weighted multiclass classifiers. However, the number of weighted
multi-category classifiers to be trained increases exponentially fast when the number of classes

K gets larger or the weight grid becomes finer. The computational cost increases dramatically
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with K. In addition, when the overall classification problem changes by adding another class,
the results for the original problem cannot be used any more and one needs to start over by
training all weighted hard classifiers. In this work, we propose a very simple yet effective
approach to generalize weighted binary SVMs to multiclass SVMs capable of estimating
probabilities. The new framework still takes advantage of aggregating multiple hard classifiers
to estimate conditional class probabilities, but the key idea is to decompose multiclass
probability estimation problems into multiple binary problems. The procedure does not require
solving a complex optimization problem, and any standard SVMs software can be used to
implement the procedure. The computational cost increases quadratically with K. As suggested
by our numerical examples, the new method is much faster and yet delivers very competitive
performance.

The rest of the paper is organized as follows. Section 2 presents the main methodology
and studies theoretical properties of the probability estimator. Section 3 gives an efficient
computational algorithm for implementation. Section 4 contains numerous examples to
illustrate performance of the new procedure, which is followed by the concluding section. The
appendix collects proofs for theoretical results as well as the derivation of our algorithm.
Main Methodology
Background: Binary Classification and Probability Estimation

In binary classification problems, the class label y is typically coded as {+1, -1} for
convenience. The large-margin classifier is constructed by solving the following regularization

problem
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minn- ZL ef =) + A () (1)

where the loss function L() is a function of functional margin yf(x), F is some
functional space, J(f) is a penalty term for model complexity, and A > 0 is the regularization
parameter which balances the data fit measured by the loss function and the model complexity
measured by the penalty. For example, the SVM uses the hinge loss L(z) = (1 —z), =
max { 0,1 — z}. If the function f is linear with the form f(x) = xf; + B,, we call it a linear
classifier. In kernel classification associated with a bivariate Mercer kernel K(-,-), we end up
with a nonlinear classifier f with the kernel representation 8, + i~ 6; K(x;, x) due to the
representor theorem (Kimeldorf and Wahba, 1971), and in this case F is the reproducing kernel
Hilbert space (RKHS Wahba, 1990) induced by K (:,-), denoted as Hy. When J(f) =Il f ||92L[K,
the optimization problem is expressed as

minn” 2 L (v:f (x)) + AZ z 8, 6,K (x;, X;), @)
i=1j=
where f(x) = By + X1, 0; K(x;, x).

Denote the conditional class probability p;(x) = P(Y = +1|X = x). Lin (2002)
proved that the SVM solution f to (2) has the same sign as the Bayes classification rule
sign[p; (x) — —] In other words, the SVMs directly target on the Bayes rule without estimating
p1(x).

Wang et al. (2008) suggested a novel approach to constructing the conditional class

probabilities using the weighted SVMs for binary problems. The basic idea is to first assign
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samples from Class —1 (and Class +1) with weights = (and 1 — r)and then minimize the

weighted hinge loss

feHK

min w7 [(1=m) ) LOSGE)+7 ) LOFGEN]+A), €
yi=1 yi=—1

where 0 < w < 1. The sign of the minimizer to (2) is proved to be consistent for estimating

sign[p, (x) — m]. Therefore, by using different = values, 0 = m; < -+ < 41 = 1, ONE can

repeatedly solve (2) and obtain a series of classifiers, say, f,,l, T fnm+1- For any x, there exists
a unique j * such that fni* (x) and fnjm(x) have opposite signs. It implies that 7r;, and mj, 4
satisfy that sign[p,(x) — m;. ] #sign[p; (x) — mj.41], which leads to a natural probability
estimator p; (x) = %(th* + mj.41). More technical details can be found in Wang et al. (2008).

Their numerical examples show that their probability estimator performs competitively
comparing to existing approaches such as Platt’s method (Platt, 1990).
New Method for Multiclass Probability Estimation

From now on, we focus on multiclass problems where the number of classes K > 2.
The response y is typically coded as {1,2,---,K}. Wu et al. (2010) extended the estimation
scheme of Wang et al. (2008) from the binary case to the multiclass case. Their framework is
designed to separate all K classes altogether by solving a complicated weighted multiclass
SVM problem, which assigns a weight m;, to points from class k for k = 1,---,K. All the
possible weights form the K-cube hyperplane Ay = {(7 ---, mg): 0 < 1), < 1,YK m =1}
To construct the multiclass probabilities from weighted classifiers, one needs to repeatedly fit

weighted multiclass SVMs for all the points (or based on a fine grid) in Ax.The accuracy of
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the proposed probability estimates is very competitive. However, the computational cost of
that procedure can be very high for a large K, since the number of grid points in Ag increases
exponentially fast in K. In this paper, we propose an alternative, conceptually much simpler,
and computationally much faster method to estimate multiclass probabilities using the
weighted SVM technique.

Define the class probabilities p, (x) = P(Y = k|X = x), k = 1,---, K. For each pair of

two classes (k, k), define the pairwise conditional probability g (x) as

kl(kk )

~ P(Y = k|X = x)
CP(Y=kX=x)+P(Y =k |X=x)

The pairwise conditional probability g (x) can be interpreted as the conditional

kl(kk' )

probability of x belonging to Class k given the condition that it belongs to either Class k or

Class k' . The idea behind the new procedure isas follows. We decompose the multiclass

classification problem into multiple binary classification problems, discriminating Class k

from Class k' for1 <k <k <K, and fit the binary weighted SVM for each pair. There

are totally K(K — 1)/2 binary classification problems. The solution to each binary problem,

Class k vs Class k', turns out to be a consistent estimator g, |(k, k). We then integrate all
the binary problem solutions to estimate the class probabilities p;’s. The following gives the

detailed procedure:

1. For each pair of classes, Class k vs Class k, define a univariate function R, . ()=

lify=kand=—1ify =k . Then we fit the weighted SVM by solving
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min 17 [(L=m) )T LR, OO G +7m ) LR, G GDI+UE  (4)
yi=k

yi=k

overagrid 0 < m; < - < my < 1. For each m,,, the solution is fk’k, ’nm(-).

2. Define
flkl(k'k/ )(X) = [arg r‘gtlrinn{fk,k/ ,nm(x) < 0} +arg I?rf,llx{fk,k' ,nm(x) > 0}]/2 . The

final class probabilities are given as

A

=1 ql|(l,k 4 ) (x)

(5)

Here we abuse the notation slightly by defining gk (x) = 1 for any x. In the above,

we assume that a proper regularization parameter A is identified for fitting each

weighted SVM classifier. The selection of tuning parameter is discussed in next session.

In the following are theoretical justifications for the proposed class probability
estimators.

Lemma 1. Assume 0 < m < 1.Define
A(f) = E[(1 = I = L (R NFX) + 7l (Y = kL (Ryeper (DF0)].
The minimizer of A(f) is given by f*(x) = qy k) (X) — .
Lemma 1 suggests that the minimizer of the binary weighted SVM (4) is equivalent to

the Bayes rule for separating two classes. Following the same argument of Wang et al. (2008),

we can show that g k', (x)converges to gy« k') (x) as the sample n goes to infinity. Using
the relationship between gy« x/)(x) and py(x), it is easy to see that p(x) provides a

consistent estimator to py (x). Although we focus on the hinge loss function of the SVM in this
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article, the new procedure can be extended to other supervised learning methods of which the
loss is Fisher consistent.

From (5), it seems that the class probability estimators depends on the value of k’. It
turns out, from the theoretical viewpoint, different k' all give the same quantity. So it does not
matter which k’class is used as the baseline class. In practice, there could be slight difference
in the estimators from different k'’s due to numerical convergence and stability. In our
implementation, we choose k" which leads to the maximal class probability estimator p, (x).
Implementation

We describe the implement of the new approach in details. We start with the simple
linear learning and then discuss nonlinear learning using the kernel trick.

Kernel learning

We select a uniform grid 0 =y < my < - <y < Tp4q = L With gy = m/(M +

1) form =1,2,---,M and some integer M > 0. The kernel trick relies on a bivariate kernel

function K (-,-), which maps from § x S to IR¢

For each pair of two classes (k,k ), we need to solve (4). Due to the representer
theorem of Kimeldorf and Wahba (1971) (also see Wahba, 1990), the solution to (4) has the
finite representation f(x) = X1\, 6; K(x;, x) + B,. This representation greatly facilitates the
implementation of the weighted SVM, as the problem reduces to finding finite-dimensional
coefficients 8;, i = 1,2,---,n and f3,. Correspondingly, the roughness penalty becomes J(f) =

=12 7=16; a;K(x;,x;) . By introducing the slack variables &;, i =1,2,-:-,n, we can

reformulate the optimization problem (4) as:
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i=1j=1

n n
min |1 =7, z £+, z £+ AZ Z 0, 6;K (x;,x;) ©)
BBt
yi=k yi=k'

subjectto ¢, > 0,i =1,2,--,n

n
§21-R, (yi)(z 0, K(x;,x;) + fo),i € {m:ym =k or k' }.
=1

We can easily see that (6) is a linearly constrained quadratic programming (QP)

problem, which can be solved by many numerical software packages. Denote the optimizer of

(6) by 8’s and f, and denote fkfk, o @ =Zk 0; K (x;, %) + fo.
Once we obtain the estimated functions fk’lk, - () for all m,,,, we can estimate the

pairwise conditional probability - )(x) by

~ o 2 "
Drcer’ )(x) = [min {nm.fk'k, ’nm(x) <0} + max{nm.fk'k, .nm(x) > 0}]/2,

for any x € §. The notation ﬁl’:l(kk, )(x) indicates that our estimates of the pairwise

conditional probability depends on the regularization parameter A, which need to be tuned.
Tuning parameter selection

As discussed above, the regularization parameter A needs to be properly tuned to get
desired results. For every A, we estimate the pairwise conditional probability Dy i )(') by

~A

2
qk|(k,k' )

(+) as discussed above. The performance of le(kkf )

(+) can be evaluated by the

generalized Kullback-Leibler distance
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~A
GKL (qk|(k,k’ " Tifiere ))

P (X 1-q (X
kl(kk ) k|(kk )
=E|q,,, (Xlog —————+(1-q,,, ,(X)log ———
(k) a1 kl(kk ) Al
[ ( kl(kk )(X) ( 1 qkl(k.k ' )(X)

_ ~A )
= <E |4 (0108 @ O+ (=g, (Oog (1=, (0]+C

as in Wang et al. (2008), where the expectation is taken with respect to X. The constant
C=E [qu(k,k’ (®log g, O+ —q,,, X)log(1-q,,, )(X))] does not depend on
the estimate §"bday, . () . Since the GKL depends on the unknown true pairwise
conditional probabilities, it is not computable in practice for selecting the regularization
parameter.

By noting that E[(R, ,;(Y) + 1)/2|X,Y € {k,k'}] = q4;¢.,y(X) and removing the

constant C in GKL, we obtain the empirical generalized Kullback-Leibler distance

1
EGKL(8yopc) = ~ 57— Z [(1+ Ry 7)) 108 @]y () + (1 = Ry e (D) log (1
i:yij=k or K’
AL
- qkl(k,k') (xi))],

where n, - denotes the number of observations with y; = k or k'. The EGKL tries to
approximate GKL up to a constant C. Thus the EGKL gives a measure of the goodness-of-fit
for estimating g, () with le(k‘k.)(-).

In our simulation studies, we simulate an independent tuning data set in the same way

the corresponding training data have been generated. The EGKL of €1k|(k k‘)(') is evaluated
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over the tuning data set for a grid of a. We select the A with the smallest EGKL of the tuning
set as the best regularization for estimating the pairwise conditional probability for pair (k, k).
Merging pairwise conditional probabilities

By abusing our notation slightly and defining B y®) =1 forany x when j = j', we
merge these estimates p 16,750 of the pairwise conditional probabilities to estimate the
conditional probability by defining B (%) using (5). Here the notation pj; (x) means that we

are estimating the conditional probability using class j as the baseline class.
As discussed above, theoretically it does not matter which class is used as the baseline
class while estimating the conditional probability in that all lead to a consistent estimate.

However empirically it matters. In our finite-sample implementation, we define our final
estimate p;(x) as ﬁju’ (x) using the class j with the biggest conditional probability as the

baseline class. This is achieved as follows. For each x, we compare ﬁﬂ(jj, )(x) and

A

P i )(x) to see which one is bigger for each pair of class j and class j . After all pairs of

classes have been compared, we denote (x) to be the class with the maximum number of times
having a larger estimated pairwise conditional probability. Then our final estimator for the
conditional class probability is given by p;(x) = pj)ix) (x) for any x in the domain X
Result

In this section, we use several numerical simulation studies to compare our proposed
method with some existing competitive methods. To be more precise, we compare with the

cumulative logit model (CLM), baseline logit model (BML), kernel multi-category logistic
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regression (KMLR, Zhu and Hastie, 2005), classification tree (TREE, Breiman et al., 1984),

random forest (RF, Breiman, 2001) and the method of Wu et al. (2010). Here the CLM assumes

k
that log % = Bro + xT By for k =1,2,--,K — 1. On the other hand, the baseline

logit model chooses one class (say class K) as the baseline class and assumes log Z"—E’g =
K

Bro + xT By for k =1,2,---,K — 1. Whenever a kernel method is involved, we use the
Gaussian kernel R (x,, x,) = e 177213/ \where || x; — x, Il, denotes the 2-norm of x; —
x,. Ten separate data sets are generated to tune the data width parameter o among a grid of
{1,2,3,4,5,6}04 /4 , where oy = Median{ll x; — x; ll;:y; # y;} is the median pairwise
Euclidean distance. Whenever necessary, a default five-fold cross validation is used to select
any tuning parameter that is involved. For the TREE based method, we use the R package
“Tree” and its build-in cross validation function is used to prune trees with fold number set to
be 10. Similarly we use the build-in tuning for RF provided in the R package.

In each simulation setting, data are generated with the true conditional class
probabilities p, () known. Therefore, we can use the following score to evaluate the

performance of different methods:
e normerror: ~¥T, T, | Br(R) — p(EDI;
e normerror: =3 VK (fi(E) — p(E))%
o EGKLloss: —n™' STLy(; (%) + Diogp(N(1 = D) + 1)log(1 = X)),

Here {(x;,y;),i = 1,2,---,7} denotes the test set and 71 is the size of the test set.
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The only parameter we tuned is the penalize parameter A. A was tuned among the grid
of 10° with i=-8, -7,...,7,8. We used each 2 with the same train data set to compute the model
and then model was used to predict the tune data set. The performance of the prediction was
measured by the 3 different statistics (1-norm, 2-norm and EGKL). So finally we got 17
numbers for each statistics corresponding to 17 A. The A with the smallest value was selected
to compute the test data set.

Our new method is implemented with a weight grid r; = i/20 for i = 0,1, ---,20. For
each example, the simulation is repeated for 100 times. We report the average errors over 100
replications and the corresponding standard deviations. Denote the size of training set by n. A
test set of size 7 = 10n are generated to calculate the test error and the standard deviations.

Example 1 We generate a three-class linear learning example as follows: 1) Y is
uniformly generated from {1,2,3}; 2) Given Y = y, we sample a two-dimension predictor X
from a normal distribution N (u(y),X), where u(y) = (cos(2ymr/3), sin(2yrn/3))T and T =
0.72%I,, where I, is a 2 x 2 identity matrix. The sample size is n = 400. The performance of
different methods are summarized in Table 4.1, where the top half shows the result from
training data and the bottom half shows the result from testing data.

Example 2 In this example, we consider a three-class non-linear example. The data are
generated using the following two steps: 1) Generate independent X; and X, from Uniform
[—3,3] and [—6,6], respectively; 2) Conditional on X = x = (x4, x,)7, define f;(x) = —x; +
0.1x? — 0.05x3 + 0.1, f(x) = —0.2x% + 0.1x5 — 0.2 and f3(x) = x; + 0.1x? — 0.05x5 +

0.1. Let pp(x) = P(Y = k|X = x) = /™ /(33 _, e/m™) for k = 1,2,3. Given X = x, the
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label Y takes the value k with probability p, (x) for k = 1,2,3. We set the training data size to
be n = 1000. The result is listed in Table 4. 2.

For this example, since it is a nonlinear case, we try three different methods to achieve
nonlinear multi-class soft classification. The first one is basis expansion, in which we expand
the two dimension predictor x = (xy,x,) into a five dimension predictor X =

(x2,x2,x,%,, %1, %) and then solve (3) with f being a linear function of %. The second one is

to use the kernel trick with the Gaussian kernel R (x4, x;) = e~ 17*212/9* wiith & is the width
of the Gaussian, here we set 62 = 2 * g, where g7 is the median of the Euclidean distances
from each positive example to the nearest negative example. The third one is use use the kernel
trickwith the Spline kernel Gu et al. (2000).

Example 3 In the previous examples, the BLM is the true model so it shows a as good
performance as our method does. In this example, we design an experiment that does not fit
the parametric method. The two-dimension predictor X is uniformly sampled from a disc
{x:x? + x2 < 100} .Define h;(x) = —5x;V3 + 5x,, hy(x) = —5x;v/3 — 5x, and h3(x) =
0. Then we get a set of function by a transformation f, (x) = ®~1(T,(h(x))), where ®(+) is
the cumulative distribution function(cdf) of the standard normal distribution and T,(+) is the
cdf of tdistribution with degree of freedom 2. Similar with example 2, we get set the probability
() = P(Y = k|fX =x) =exp fi (x)/(X3.=1exp (fn(x))) for k = 1,2,3. The sample
size is 400. The result is listed in Table 4.3.

Example 4 The previous examples are all 3-class problem. In this example, we

simulate a data with 4 classes and nonlinear true classification boundaries. Data are sampled
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in two steps: 1). Generate the two dimension predictor X uniformly for the disc {x: xZ + x5 <
16}, similarly in example 2, we define f;(x) = —|x2 + x2|, fo(x) = —|x% + x2 — 1.5?],
f3(x) = —|x? + x2 — 2.52| and fy(x) = —|x? + x2 —3.5%| . Let pp(x) =P(Y =k|X =
x) =exp fr ()/Ck_1exp (fm(x))) for k = 1,2,3,4. Given X = x, the label Y takes the
value k with probability p, (x) for k = 1,2,3,4. We study an example with sample size 400. In
this example, we apply the basic expansion method as well. Results are reported in Table 4.4.

Example 5 The example 5 is to show our method’s ability in dealing with classification
problem with even larger number of classes. Here we generate a 5 class linear example with
sample size 500. Similarly as in Example 1, the data is sampled in two steps: 1). Y is uniformly
generated from 1to 5; 2). Given Y = y, we sample a two-dimension predictor X from a normal
distribution N (u(y), ), where u(y) = (cos ( 2ym/5),sin (2yn/5)T and X =I,, I, isa 2 X
2 identity matrix. The result is listed in Table 4.5.

Example 6 Previous examples are focusing on 2 dimension data. Here, we applied our
method to a higher dimension data. For simplicity, we simulated the example 6 based on
example 3. Here, we considered a ten dimension predictor X was uniformly sampled froma
sphere {x:x? + x5 + x2 + x5 + xZ + x2 + x7 + x3 + x5 + x,02 < 100} . And similarly,
hi(x) = =x,V3 = x,V3 — x3V3 —x3V3 —x5V3 + xg + x; + x5 + g + 2,0, hy(x) =
—x1V3 — %,V/3 — x3V3 — x3V3 — x5V3 — xg — x7 — Xg — X9 — x,0 and hz(x) = 0. Then
we applied the same way to generate f;, (x) function and the probability function. The sample

size is 500. The result are shown in Table 4.6.
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Real Example

In this section, we use two real data sets to demonstrate our new method. Two different
scenarios are considered: one with the number of predictors much larger than the sample size
(p > n) and the other with the number of predictors smaller than the sample size (p < n).
p > n

Nowadays, mRNA expressions of thousands of genes can be monitored simultaneously
though the DNA microarray technology at a reasonable cost. In this section, we apply our
method on the children cancer data set in Khan et al. (2001). Using the cDNA gene expression
profiles, this data set classified the small round blue cell tumors (SRBCTS) of childhood into
4 classes: neuroblastoma (NB), rhabdomyosarcoma (RMS), non-Hodgkin lymphoma(NHL),
and the Ewing family of tumors (EWS). After filtering, 2308 gene profiles out of 6567 genes
are given in the data set, available at http://research.nhgri.nih.gov/microarray/Supplement/. In
this data set, the sample size of training set is 63 and test set is of size 20. The distribution of
the four distinct tumorcategories in the training and test sets is given in Table 4.7. Here, Burkitt
lymphoma (BL) is a subset of NHL.

We first standardize the data set by simply linear transformation on the training data.

Specifically, we using the following formula to standardize the gene expression value Xg;

corresponding to the gth gen of subject i to get xg;:

- lon -~
_ Xgi T n2j=1%g;

sd(Xg1, -, %g;)

xgl-
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After the standardization, all genes are ranked by the marginal relevance in the class
separation, using a criterion in Dudoit et al. (2002). Specifically, the relevance measure of the
gene g is calculated to be the ratio of between classes sum of squares to within class sum of
the squares as follows:

YR T = k(R — 7y.)?
Y KT (= k) (g — 202

R(g) =

where n is the sample size of the training set, a‘c‘;’,‘) Is the average expression level of gene g for
class k observations, and X,. is the overall mean expression level of gene g in the training set.
Our goal is to exam the performance of the method under the situation that p > n, we select
the top 100 genes and the bottom 100 genes as the covariates according the relevance measure
R. The result is list in Table 4.8. Figure 4.6 shows the probability vectors
(Pr(EWS), Pr(BL), Pr(NB)andPr(RMS)) for the test data. For example, the purple bar
represent the EWS samples, the ideal probability vector is (1, 0, 0, 0). Among the 20 samples,
19 of them are quite close the ideal vector. Only 1 NB sample is mis-predicted to be RMS.
n>p.

Comparing with three other methods (Tree, Multi logistic and Random forest), we
consider 3 examples to show our method’s performance, zip code, ecoli data and Yeast data.
The zip code are normalized handwritten digits which are automatically scanned from
envelopes by the U.S. Postal Service. Since the original scanned digits have binary different
sizes and orientations; we desalinate and normalized the image, resulting in 16 x 16 gray-scale

images (Le Cun et al., 1990). The whole sample size of the train set is 7291 and the one of the
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test set is 2007. As the data is quite huge, we first generate a sub data set by picking up 3 digits
classes (digit 3, 6 and 9) to test the methods, then we use the whole set to see each method’s
ability to deal with large data set. The objective of ecoli data set is to predict the cellular
localization sites of E.coli proteins (Horton and Nakai, 1996). In the original data, there are 8
different cellular sites, since some of classes have fewer observations than other, we combine
4 classes into 1 class so finally we use 4 classes to test the method. The Yeast data set is similar
to the E.coli data, which is to determine the cellular localization of the yeast proteins (Horton
and Nakai, 1996). There are 10 different sites, which include: CYT (cytosolic or cytoskeletal);
NUC (nuclear); MIT (mitochondrial); ME3 (membrane protein, no N-terminal signal); ME2
(membrane protein, uncleaved signal); ME1 (membrane protein, cleaved signal); EXC
(extracellular); VAC (vacuolar); POX (peroxisomal) and ERL (endoplasmic reticulum lumen).
Combing 6 classes which have fewer observations into 1 class, we treat the Yeast data set as a
5 classification problem. More details are list in Table 4.9.

For each data set, the training set is split into 2 parts: one for train set (50%) and the

other for the tune set (50%). The result is list in Table 4.10.
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Table 4.1

Simulation result from Example 1
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Proposed method

Wu et al. (2010) KMLR TREE |BLM(Oracle)
GKL EGKL

1-norm|10.36(1.53) 10.75(1.72)| 22.05(4.42) 52.95(2.74) 26.72(3.47)| 6.17(1.96)

:g 2-norm| 0.61(0.29) 0.69(0.31) | 5.15(2.19) 11.90(1.13) 5.61(1.21) | 0.36(0.23)
= EGKL|2.31(0.55) 2.59(2.86) | 8.81(2.98) 24.12(1.73) Inf(NaN) | 0.77(0.47)
1-norm|10.14(1.57) 10.70(1.53)] 22.37(4.36) 53.64(2.58) 27.48(3.34)| 6.19(1.95)

g 2-norm| 0.56(0.22) 0.64(0.24) | 5.27(2.09) 12.38(1.12) 5.99(1.21) | 0.36(0.23)
= EGKL|2.11(0.45) 2.17(2.20)| 9.02(2.81) 24.83(1.66) Inf(NaN) | 0.78(0.48)




Table 4.2

Simulation result from Example 2
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Proposed method

Basic expansion Gaussian Spline Wuetal. (2010) KMLR TREE BLM (Oracle)

GKL EGKL GKL EGKL GKL EGKL
= 1-norm|21.47(3.65) 23.97(4.97) |26.45(4.27) 28.35(4.43) |30.19(6.18) 29.93(6.39)| 41.62(2.91) 54.47(5.54) 56.48(11.95)| 18.31(4.76)
j% 2-norm| 3.25(0.99) 4.09(1.65) | 4.63(1.29) 4.78(1.36) | 5.45(2.10) 5.64(2.27) 9.13(1.27)  13.77(2.22) 19.69(5.57) | 2.79(1.54)
= | EcGKL 7.06(1.77)  8.98(9.09) | 8.63(2.11) 8.67(2.13) |10.13(3.36) 10.43(3.40)| 16.21(1.82) 25.23(3.40) Inf(NaN) 7.95(6.90)
1-norm|24.48(4.71) 24.09(6.24) |31.45(5.17) 30.79(5.37) | 30.46(5.05) 31.06(5.11)| 45.78(3.46)  59.32(4.78) 60.08(10.57)| 19.38(5.21)
g 2-norm| 4.08(1.58) 5.01(2.57) | 5.88(1.98) 5.91(2.06) | 5.56(1.64) 5.43(1.64) | 10.89(1.69)  16.38(2.25) 22.23(4.75) | 3.19(1.90)
a EGKL | 9.06(2.94) 10.90(10.55) | 10.92(3.26) 10.83(3.43)|10.25(2.83) 9.69(10.25)| 18.69(2.43)  28.92(3.24) Inf(NaN) | 9.11(9.23)




Table 4.3

Simulation result from Example 3
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Proposed method

Wu et al. (2010) KMLR TREE BLM
GKL EGKL

o | lmorm | 17.36(2.55) 18.93(3.29) 21.67(2.76) 59.99(2.16) 21.75(3.48) 30.89(1.42)
£ | 2-norm | 0.90(0.09) 0.93(0.11) 4.55(1.26) 14.96(0.98) 5.79(1.32) 6.84(0.44)
E | eckL 6.39(1.02) 7.14(7.19) 10.14(3.02) 29.32(1.47) Inf(NaN) 12.53(0.56)
1-norm | 18.29(2.58) 19.81(3.55) 21.89(2.56) 63.06(1.89) 24.44(3.29) 31.02(1.07)

g 2-norm |  0.30(0.03) 0.33(0.04) 4.70(1.28) 16.66(0.94) 7.69(1.35) 6.85(0.27)
= | EGKL | 6.97(141) 7.75(7.67) 10.34(2.85) 31.77(1.39) Inf(NaN) 12.72(0.40)
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Table 4.4 Simulation result from Example 4.
Proposed method
RF TREE KMLR BLM(Oracle)
GKL EGKL
o | l-norm 23.40(1.48) 23.40(1.48) 24.58(2.13) 36.95(5.64) 129.53(1.33) 10.86(1.62)
E 2-norm 4.05(0.68) 4.04(0.68) 8.23(0.99) 13.31(2.57) 57.21(1.14) 1.53(0.44)
= EGKL | 10.76(1.20) 10.73(10.73) Inf(NaN) Inf(NaN) 107.69(1.78) 4.26(1.19)
1-norm 25.82(1.55) 25.83(1.55) 29.81(1.81) 43.87(5.43) 131.98(8.19) 11.37(2.13)
g 2-norm 5.31(0.79) 5.32(0.79) 8.57(1.00) 18.28(2.43) 86.12(12.35) 1.68(0.64)
= EGKL 12.80(1.43) 12.81(12.81) Inf(NaN) Inf(NaN) 247.83(91.00) 4.63(2.09)
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Table 4.5 Simulation result from Example 5.
Proposed method
GKL EGKL RF TREE KMLR BLM(Oracle)

o | l-norm 15.57(1.91) 15.55(2.19) 61.85(1.35) 38.79(3.16) 105.18(1.60) 6.93(1.65)
<
f= 2-norm 0.89(0.25) 1.02(0.30) 20.17(1.19) 7.36(1.24) 32.71(0.98) 0.25(0.12)
= EGKL 3.51(0.52) 3.74(3.79) Inf(NaN) Inf(NaN) 76.01(2.39) 0.57(0.24)

1-norm 15.28(1.59) 15.99(2.08) 41.46(1.76) 40.10(3.18) 105.55(1.46) 7.33(1.72)
g 2-norm 0.96(0.22) 1.11(0.34) 8.95(0.84) 7.83(1.24) 32.87(0.90) 0.28(0.13)
= EGKL 3.58(0.41) 3.99(4.02) Inf(NaN) Inf(NaN) 76.41(2.22) 0.63(0.27)




Table 4.6 Simulation result from Example 6
Proposed method
GKL EGKL KMLR TREE BLM

o> 1-norm 20.69(1.61) 22.15(1.94) 63.82(2.45) 22.38(3.86) 24.36(1.40)
=
k= 2-norm 0.83(0.05) 0.86(0.06) 12.84(0.86) 5.35(1.19) 4.12(0.43)
E EGKL 6.04(0.63) 6.49(6.49) 25.94(1.16) Inf(NaN) 7.60(0.75)

1-norm 21.63(1.59) 22.61(1.84) 67.49(2.43) 22.46(2.59) 25.31(1.35)
g 2-norm 0.28(0.02) 0.28(0.02) 13.61(0.83) 5.83(1.51) 4.55(0.51)
= EGKL 6.65(0.76) 6.88(6.88) 27.38(1.72) Inf(NaN) 8.23(0.88)
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Table 4.7 Class distribution of the mircoarray data
Data set NB RMS BL EWS Total
Training 12 20 8 23 63

Test 6 5 3 6 20
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Table 4.8 Classification error of the microarray data using the top 200 genes.

Proposed method MSVM L1 MSVM Supnorm MSVM  Adaptive Supnorm MSVM

1 0 1 1 1
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Table 4.9 Real data information. 3 Real data sets are used: the zip code data, Ecoli data
set and Yeast data set. For the Zip code data set, a subset just contains the digits: 3, 6 and 9
and the whole data are used. For each data set, the number of class, the sample size of training
set and the sample size for test set is listed.

No. of attributions No. of training set No. of test set
369 3 1966 513
Zip code
full 10 7291 2007
Ecoli 4 222 110

Yeast 5 989 495




Table 4.10  Error rate of real data using different methods.
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Proposed RF TREE BLM
36
1.17 1.37 8.18 3.31
Zip code 9
full 7.10 5.87 27.8 58.6
Ecoli 14.7 14.4 18.9 29.8
Yeast 37.3 36.1 41.2 39.0
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Figure 4.1 Data distribution of example 1. Data is shown as a two dimension data point
{x,, x,}. Three classes with different colors (red, green and blue) are available. The blue

lines are the theoretical boundaries of different classes.
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Figure 4.2 Data distribution of example 2.Data is shown as a two dimension data point
{x,, x,}. Three classes with different colors (red, green and blue) are available. The blue
curves are the theoretical boundaries of different classes.
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Figure 4.3 Data distribution of example 3 -Data is shown as a two dimension data point
{x,, x,}. Three classes with different colors (red, green and blue) are available. The blue
lines are the theoretical boundaries of different classes according to the underlying
probability functions
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Figure 4.4 Data distribution of example 4 Data is shown as a two dimension data point
{x,, x, }. Four classes with different colors (red, green, blue and purple) are available. The blue

curves are the theoretical boundaries of different classes
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Figure 4.5 Data distribution of example 5 Data is shown as a two dimension data point
{x,, x, }. Five classes with different colors (red, yellow, green blue and purple) are available.

The blue lines are the theoretical boundaries of different classes.
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Figure 4.6 Probailibty estimates using real data There are 4 figures, corresponding to 4
cancer subtypes. For each sub figure, the probabilties of each individual belong to the
corresponding subtypes are shown as histogram. For each indiviudal, the bar’s color repsents
its real subtype (Purple: EWS, Read: BL, Green: NB, Blue: RMS).



