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SUMMARY. In the context of jackknifing, bootstrapping and other robust estimation
procedures for general statistical parameters, one may encounter some statistics
which may not be linear in the von Mises functional sense. Study of the asymptotic
properties of these statistics by the conventional methods may require elaborate
analysis and/or comparatively more stringent regularity conditions. In the context
of robust estimation, often, the entire sample statistic is expressible in terms of
similar sub-sample statistics. If the usual Bahadur-type representations hold for
such sub-sample statistics, then the asymptotics for the whole sample statistic can
be worked out neatly by some nearly linear analysis. This approach to the asymptotic
theory is illustrated with several important examples.
1. INTRODUCTION

Based on a sample X]""’Xn of size n, let Tn = T(X],...,Xn) be a suitable
statistic. In the asymptotic theory, one allows n to increase indefinitely with a
view to simplifying the distributionl properties of {(Tn - an)/bn} . where {an} and
{bn} (nonnegative) are suitable sequences of real numbers. These results along with
other refinements ( such as the weak as well as strong invariance principles ) are
well covered in contemporary text boobs in large sample theory. But, in the majority
of these texts, Tn has been taken as a sum ( or average) of independent random
variables (r.v.) or (forward or backward ) martingales or sub( or super-) martingales;
the results continue to hold when Tn can be approximated (in a suitable norm) by

a version of a forward or backward (sub or super-) martingale . However, to ma ke

such approximations workable in the specific contexts, one may require either some
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elaborate mathematical manipulations or some stringent regularity conditions.
Dealing with sample quantiles in large samples, Bahadur (1966) considered a .
remarkably general (and yet simple) representation, which for more than twenty
years has played a key role in the asymptotic theory for general non-linear statis-
tics. Viewed from a slightly general point, we may introduce the following notions
on the Bahadur representations .
(i) Weak Bahadur Representation (WBR): A sequence {T,} is said to have a weak
Bahadur representation if there exists a score function ¢, such that
1

- - n
T, - 6= n I, e(X) +R ., (1.1)

where 6 is a parameter ,

anl = op(n ,asn > (1.2)

and ¢(X) has mean 0 and a finite positive variance ci . Thus, a possibly nonlinear

statistics Tn is expressible in terms of the linear component n']z?=] ¢(X1) upto

']/2); the form of the score function ¢(.) may depend on the under-

the order op(n
lying distribution function (d.f.) and/or other parameters associated with it. ‘

For the specific case of sample quantiles, which are typically nonlinear functions .

of the sample observations, we may refer to Ghosh (1971) for a nice treatment of

(1.1) and (1.2). For rank (R-) estimators of location/regression , robust ( M-)

estimators of location/regression and linear functions of order statistics (i.e.,

L-estimators), this weaker form of Bahadur representation has been studied extensively
in the literature; most of these developments are reported in Serfling (1980) and
Sen (1981), among others.
(ii) Strong Bahadur Representation (SBR): A sequence {Tn} is said to have a
strong Bahadur reprensentation if (1.1) holds and there exists a suitable sequence

{en} of positive numbers, such that ¢ + 0 as n > « ( in a syitable manner) and

n
|Rn| = 0( € ) almost surely (a.s.), as n » = . (1.3) '

For sample quantiles, Bahadur (1966) showed that (1.1), (1.3) hold with &, =
n'3/4log n ; sharper results were obtained by Kiefer (1967) by some e,laborate, .

analysis. For von Mises' functionals, U-statistics and L-, M- and R-estimators,
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such SBR results are reported in Sen (1981).
(iii) Bahadur Representation in the rth mean (BRR): Suppose that (1.1) holds,
and defining {en} as in (1.3), for some positive r,

EIRn Ir = 0(‘€;r/2) , asn >oo (1.4)
then {Tn} is said to have a Bahadur representation in the rth (r > 0) mean. For
sample quantiles, Duttweiler (1973) considered such a BRR result for r = 2 and
-3/4,

showed that €_ = 0O(n

n . This particular case of r=2 also arises in the well

known projection results for nonlinear statistics [viz., Hoeffding (1948) and
Hajek (1968)] . Let

_ <N _ R

S, =Ly  ELT -0 [X. =1 o, (%) (1.5)

where the form of the score function ¢n(.) may depend on the underlying d.f. or ©

n
i=1

Then, we may write

T - 8= S +R sy, (1.6)
which resembles (1.1)-(1.4). However, in (1.4) r may not be equal to 2, while in
the projection result in (1.6), we have made use of r = 2 . Moreover, in (1.6), the
¢n(xi) may depend on n in a more involved manner (i.e., may not be equal to n']¢(Xi)).
Thus, the BRR may he more general than the usual projection result ( with respect to
the choice of r > 0), but may not be so with respect to the score function. As we
shall see, the BRR plays the most important role in the asymptotic theory to be
discussed here.

Note that the Z?=] ¢(X;) form a forward martingale sequence, while for identi-
cally distributed (i.d.) r.v.'s, the n-1Z?=] ¢(Xi) form: a backward martingale
sequence. Thus, the classical central limit theorems, weak or strong invariance
principles, law of iterated logarithm and related results for martingales or reverse:
martingales can be conveniently incorporated in (1.1) along with the appropriate
WBR, SBR or BRR result to yield paraliel results for {Tn} . Our main objective is to
explore this approach in a class of problems where the whole sample statistic Tn

can be expressed in terms of an average of sub-sample statistics of similar forms.

In such a case, verifying (1.1) [ and (1.2), (1.3) or (1.4)] for T in a conventional
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manner may appear to be relatively harder, but for the sub-sample statistics these
can be done relatively simply.The important role of the Bahadur-type representations
in such a problem will be fully assessed here. Secondly, a sub-sampling scheme is
also very appropriate in the context of nonparametric regression estimation problems
with multivariate observations. Both the jackknifing and bootstrapping methods depend
on the skillful choice of a subset of the observations and on resampling plans on
this subset. Here also, the Bahadur-type representation plays a vital role, and
we shall discuss this too.

2. ROBUSTIFICATION THROUGH A SUB-SAMPLING SCHEME

Suppose that Tn is an estimator of 6 , and it may not be linear in nature.

If in the sample (X],...,Xn) there are a few outliers , their impact on the lack of
robustness ( and -efficiency ) of Tn may depend appreciably on the functional form
of Tn ( viz., the sample mean or variance which attach quite large weights to the
outliers ). In order to crub the influence of the outliers ( without changing the
form of Tn significantly ), it may be advisable to consider the following resampling
scheme.

For a given k : 1 < k < n, consider a subsample X].],...,Xik and compute
T(j],...,i ) = T(Xi]""’xik)' Note that there are (E) possible subsets of {i],...,
Tk} ( out of {1,...,n} ). Consider the model where in the sample there may be at
most m outliers, such that m/n is small. Consider then the case where k = kn may
depend on the sample size n, in such a way that kn and n-kn are both large ( and
greater than the stipulated value of m ). Suppose that J = {jl""’jm } stands for
the index set for the outliers ( not known). If none of the jS is contained in the
subset {i],...,ik} , then T(jl""’ik) is least affected by the outliers. Similarly,
if only one of the js is contained in {i],...,ik} , then T(i],.-.,ik) will be
influenced by the outliers, but possibly to a smaller extent tham in the case where
multiple subscripts (J’s ) are present in {i],...,ik} . In this way, we may classify

the impact of the outliers on the T(i by the cardinality of the sets
_.'l"

ey
] ;k‘,
J/\{i],...,ik} ( which may range from O to m if k > m). But neither m nor the set J
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is specified, and hence, we can not classify the subsets {i],...,ik} in the light
of the cardinality of JA{H],...,ik} . However, if we take an average over all

possible T(i the picture may become quite favorable. To see this point in

‘ls --’ik) >
a more visible context, we consider the following modefied estimator:

* _ gyl
ok =G 20 cip cocd <mr T(igaeenig) (2.1)
where ( without any loss of generality ) we assume that for each i],...,ik R
T,. .y 1S a symmetric function of X, ,...,X. . Let T(r) stand for the
(1],...,1k) i i n,k

average over all those T(i i) for which J'\{il""’ik} has the cardinality r,

for r = 0,1,...,m. Then, we may rewrite (2.1) as
_ (My=1 om my ,N-m (r)
(O Iy (DG T

ARt Rt [ R AR A

*
Tn,k

Tﬁ?& e Tk G T T(]& (0)) + {m(m-1)k(k-1)/2n(n- ‘)}(T(z)
L Il R G [0 S A A (2.2)

Note that if k (=k ) and n-k are both large compared to m , then in (2.2) the maximum
weight is given to T( a , and the weigts are decreasing ( and asymptotically negli-
gible) with r (=1,...,m). Thus the robustness of the component T( & has an important
bearing on the robustness of Tn,k . Keeping (2.2) in mind, we now assume that

m is fixed and k = kn is such that n-kn and kn are both 4+ inn

and n—]mkn vy 0,asn=>o . (2.3)
Thus, if for the sub-sample statistics, we start with some robust estimators and then
consider the modified estimator in (2.1), the robustness aspect remains in tact, and
asymptotically, we would expect T:’kn to behave as Tﬁ?&n (. which 1is unaffected by
the outliers). Our main interest lies in the asymptotic properties of the estimator
T k in (2.1) for the outlier model for which (2.3) holds.

Note that for any (fixed) k (2 1) , T K in (2.1) is a U-statistic [ c.f.
Hoeffding (1948)] with kernel T(],...,k) of degree k. Hence, the asymptotic theory

*
of T,  can be studied directly with the aid of the extensive resylts an U-statistics

available in the literature [ c.f. Serfling (1980), Sen (1981) and others]. The



interesting point is that if T(] K) is itself a U-statistic corresponding to

a kernel of degree d( > 1) and if d does not depend on n ( also, d < k), then T: K .

= Tn » the U-statistic corresponding to the same kernel ( and sample size n ). This

shows that for the entire class of U-statistics for which the kernels have degree ’
not dependent on the sample size, the modified estimator in (2.1) agrees with the

whole sample U-statistic (Tn) » and hence, no new methodology is needed to study

the related asymptotic theory. However, this also brings out the deficiency of

such U-statistics from the robustness point of view ( as may be verified with the

aid of the sample mean and variance which are both U-statistics). From this robus-

tness aspect, we may generally consider k= kn satisfying (2.3), and in such a case,

the picture may be quite different. To apply the Hoeffding (1948) results on U-sta-

tistics when the degree (k) depends on n ( i.e., k = k, is increasing with n ),

we may need additional uniformity conditions which may take away much of the charms

of the elegant projection results in Hoeffding (1948). Similarly, a direct verification '
of the regularity conditions in Miller and Sen (1972) for the invariance principles '

for U-statistics ( and von Mises functionals ) when the degree kn increases with n .
may require extensive manipulations and/or more stringent regularity conditions.

To illustrate the utility of the Bahadur-type representations, suppose now that (2.3)

holds and for every 1 f_i] < .k. <i <n,

.-l o'n
) = 9 = kn Zj='| (b(xi-) + R('i.l,...,'ik ) N (2.4)
n

T, .
IO
(i k j

n
where, for some r > 1,

ERG i on %) . (2.5)
Then, by (2.1) ang'(2.4)-(2.5), we have

* _ -1.n *
T”’kn - 8 =nTEl (X)) 4+ R"’kn (2.6) .
where
R =) g R
n.k. ko {1§j1<... <1kn§_n} (i],...,lkn)

= E{ R(J,-.-,kn) | ¢ 1} (2.7) o

nan’ Xn+j’ j >1) denotesthe tail sigma-field (and is nonincreasing
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in n); Xn.],.‘.,X . stand for the ordered r.v.'s corresponding to X],...,X ,n> 1.

Recall that

- r
Ean k. " = E IE(R(],...,kn) ¢, )
< E| R |r
— (],...,kn)
= o(n""?), by (2.5) . (2.8)
Hence,
* _ -1/2
Rn,kn = op(n ), : (2.9)
so that by (2.6) and (2.9), we obtain that as n ~+ =,
* = polgn -1/2 .
Tn . - 6 = ¢(X )+ o(n ) , in prob/rth mean. (2.10)

This first order Bahadur representat1on for {T k } can be incorporated in the
study of the asymptotic properties of {Tn . } through the sequence {¢(X );i > 1}
of i.i.d.r.v.'s. Thus, the crux of the prob]em is to verify (2.4)-(2.5). We shall
illustrate this with some important examples ( having interest of their own) in
the next section. In the rest of this section, we make some general comments on
(1.1)-(1.4) with respect to their adaptability in (2.11).

First, in (2.4)-(2.5), we have restricted ourselves to r > 1 (although r may
not be an integer or equal to 2). Note that for r € (0,1), lxlr is not a convex
function, and hence, the first inequality in (2.8) may not hold. A proof of (2.9)
would then require to show that the U-statistic on the right hand side of (2.7)
is op(n’]/z). Remember that for r < 1, this U-statistic may not be adaptable to
a reverse martingale, and hence, the usual techniques may not work out here. Though
this can be done by specific constructions in various specific cases, a general
formulation may require extra regularity conditions.Secondly, in (2.10), the

']/2) in probability as well as in the rth mean (for r > 1).

remainder term is o(n
The convergence in the rth mean may be useful in many problems requiring the uniform
integrability of n]/z( T K - 8 ). Thirdly, we may note that the WBR in (1.1)-(1.2)
for the sub-sample T(1 " ) may not automatically ensure (2.10). The technical
difficulty is due to the fact %hat there are. (k ) possible remainder terms in (2.7);

marginally each one may be o (n ]/2) but they are not all independent. Thus, we

P
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encounter a similar problem invonving a U-statistic where the kernel is op(n-]/z),

although it may not be integrable. Hence, to obtain (2.10) under (1.2), the basic

problem is to study the weak convergence of a U-statistic ( without incorporating
the L1-norm) when the kernel is op(n—]/z) and its degree may depend on i ( through .
kn ). Thus, with respect to the handling of the remainder term R:,kn , the use of
the WBR may generally require further scrutiny, and may not suffice without further
regularity conditions. The SBR [originally considered by Bahadur (1966)] may be
quite useful in this context. If we look at the basic proof of the Bahadur repre-
sentation, we may observe that the a.s. order statement in (1.3) is actually based
on a probability inequality statement with a rate of convergence either exponential
in n, or at 1east,0(n'q), where gq( > 1) is arbitrary. The use of such probability
inequalities would generally lead us to (2.10) where op(n']/z) may be replaced by
o(n']/z) a.s., as n »» ., With this extra rate of convergence (implicit in the SBR)
(1.2) may generally lead to (2.10), possibly in a stronger version [i.e., with

o(n']/z) a.s. ]. It seems that the BRR in (1.1) and (1.4) is generally the most

handy tool in verifying the weaker representation in (2.11). .
3. SOME ILLUSTRATIVE EXAMPLES
First, consider a general class of robust estimators of location, treated in

the finite sample setup in Sen (1964). For some nonnegative integer k, based on

the sub-sample Xi see-3%: . ( of size 2k+1 ), let'i} j be the median,
1 12k+1 10021 2k+
and let
* n -1
T = (") T, . Y. . . (3.1)
n,2k+1 2k+1 i <..<, 50l LEERRREAPT

Note that for k = 0, (3.1) reduces to the sample mean Xn (= n’]2?=]xi ) (which is

usually efficient but non-rohust ), while for k = [(n-1)/2], (3.1) reduces to a \
version of the whole sample median ( which is highly robust but may not be that
efficient). Based on these considerations, Sen (1964) advocated the choice of k

as a positive intger, and studied the relative efficiency of T:,2k+1 for small values .

of k and n (< 10) when the underlying d.f. is taken to be normal. For a fixed k,

(3.1) is actually a U-statistic for a kernel of degree 2k+1, and hence, its
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asymptotic theory follows readily from the general resuylts in Hoeffding (1948),
Miller and Sen (1972) and others. Apparently unaware of this work, Yanagawa (1969)
considered‘the same estimator and studied its robustness properties. Some closely
related estimators (of a general quantile ) are due to Kaigh and Lachenbruch (1982)
and Harrell and Davis (1982). A1l these versions relate to a fixed k, and they are
very close to each other and the classical sample quantile estimator : A general
result to this effect is due to Yoshizawa, Sen and Davis (1985). In this context,
note that if Xn:] < ... <X stand for the ordered r.v.'s corresponding to X],...,

- — “n:n

X,» then for every k: 0 < k < (n-1)/2 ,
Tk = G 1) 2 GO s (3.2)
so that (3.1) is in fact an L-estimator too; for k > 1, (3.2) attaches smaller
weights to the extreme order statistics and larger weights to the central ones,
and hence, behaves more robustly than the sample mean (which corresponds to k = 0 ).

Consider now the motivation of Section 2 and allow k = kn to depend on n in such
a way that (2.3) holds. This will allow us to study the asymptotic properties in
the presence of outliers. We appeal to the basic results of Bahadur (1966) along
with the parallel quadratic mean convergence version [ c.f. Duttweiler (1973)] and
obtain that the BRR result in (1.1) and (1.4) holds with ¢(Xi) = I(Xi >0) -1+
F(8), whenever
0

k ~
n

Actually, we may even let kn ~n

, for some A > 2/3. (3.3)
2/3(109 n)2 . As such the representation in (2.10)
can readily be obtained under (3.3). In this specific example, although for k = kn
( increasing with n ) , Hoeffding's (1948) U-statistics theory may require some
extra manipulations ( for handling the projection result ), viewed from the L-esti-
mation point of view, for any S.uch,kn , (3.2) represents an L-estimator with smooth
weights, and hence, the asymptotic theory may also be studied with the aid of the
general results discussed in Sen (1981, Ch. 7) and Serfling (1980) , among others.

The main advantage of using the BRR result and (2.10) is having a representation

in terms of a set of i.i.d.r.v.'s (plus a remainder term) in a most simple manner.
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Let us next consider a modification of the classical L-, M- and R-estimators of
location ( to induce robustness in the same sense as in Section 2 ). The case with ‘
the L-estimators is most apparent. For any subsample size kn ( < n), an L-estimator
is a Tinear combination of functions of its order statistics where the weights depend .
only on kn . Thus, if we define T:,knas in (2.1) with the individual T(i],...,ik )
as L-estimators (based on the common scores), then T:,k remains as an L-estimatBr
with adjusted weights depending on (n,kn). As such, 1tsnasymptotic theory can again
be studied with the help of the general results provided in Serfling (1980) and Sen
(1981), among others. The situation is different with M- and R-estimators.

By very construction ( i.e., the choice of appropriate score functions ), the
M- and R-estimators are robust (against outliers ) and efficient too. Hence, there
may not be a profound need to choose k = kn small compared to n . Keeping this in

mind, we consider a modified estimator as in (2.1) with k = k, =n-1 ( where the

T(i i ) are the M- or R-estimators based on the sample (Xi ""’Xi ) of
1reees

n-1 1 n-1
size n-1. That is, we consider an one-step iterated estimator
Aa* =1 .n N

where n = {1,...,n} and n~i = {1,...,i-1,i+1,...,n}, for 1 =1,...,n. [Instead of
the one-step version, we could have constructed an m-step version for any (fixed)
m > 1, but the conclusions to follow would remain the same. ] Note that for the
complete sample (M- or R- ) estimator gn , there exists a score function ¢(x),

%x € E , such that (1.1)-(1.4) hold ; we may refer to Chapter 8 ( and 10) of Sen
(1981) where the weak ( and strong) representations have been systematically

discussed. As such, for the individual 9 , we have no problem in claiming that

n\i
(1.1)-(1.4) hold under the same regularity conditions. As such, we obtain that under

the regularity conditions studied in detail in Chapter 10 of Sen (1981), for each

i(=1,...,n), as n increases, .
"N _" :
8, i 8 = (n<l) zj en i ¢(,XJ.) + Rn,i_ (3.5)
~ ~ -

where the ¢(Xj) have zero mean and a finite variance, and the Rn ; are o(n ]/2) in

the rth mean ( r > 0, arbitrary) as well a.s. as n > « ( and hence, in probability
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too). Going down (2.4) through (2.9), we may therefore conclude that (2.10) holds
-1/2

~

* -
for en , Where op(n ]/2) may as well be replaced by o(n ) a.s. as n > o or by

o(n']/z) in the rth mean for any (fixed) r > 0. On the other hand, a direct approach
NNk
to verify (2.10) for en would have been quite involved.

We may remark that if in (2.1) each T( is a U-statistic [ based on

Faseeesiy )
.'l’ ] k *
; ""’Xi ] corresponding to a kernel of degree "m (fixed), then Tn K is the
1 kn ’n

complete sample U-statistic (based on the same kernel); in this case, the asymptotic

X

distribution theory of T:’kn does not depend on kn (but on m ), and the classical
results in Hoeffding (1948) apply directly. Nevertheless, the decomposition in (2.2)
gives a clear picture on the robustness of U-statistics in the presence of some
outliers. For von Mises' functionals, the results, albeit close, are not exactly
the same [ as the individual T(j1""’ik ) may involve more than one kernel with
the maximum weight given to a particu]arn one]. In such a case, the proposed modi-
fication may work out better. In the same vein, we may consider a general statistical
functional 8 = T(F) where F is the d.f. of the Xi ( assumed to be i.i.d.r.v.'s).
A natural estimator of T(F) is the sample counterpart T, = T(Fn), where F_ is the
sample (empirical) d.f. of Xl""’xn . If T(G) is first order Hadamard (compact)
differentiable (at F) and if T](F;x) stands for the influence function of T(.) at
F, then [ viz., Sen (1988)] we have

T - T(F) = a2l T(FX) +o( |IF, - F (] ), (3.6)

where ||.|| stands for the sup-norm, and from the classical results on the
Kolmogorov-Smirnov statistics, it is known that || Fo - FI| = Op(nAl/z) . In fact,

it is also known that || F. - F || = O(n']/z) in the rth mean for any (fixed) r > 0.
As such, by choosing an r > 1 and appealing to the results in Section 2, we immedia-
tely conclude that for the T:’kn (_corresponding to Tn) , (2.10) holds in the rth

mean as well. Thus, as in (2.1)~(2.2), a robust version of Tn may be constructed and
its asymptotic theory can readily be studied with. the aid of the results in Section 2.
In this context, however, we choose kn = 0(n) I as in (3.4)]. If kn = o(n) [ as in

(3.3)], then the first order decomposition in (3.6) may not suffice. If we assume
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that T(G) is second order Hadamard differentiable at F, then proceeding as in Sen

(1988), we have parallel to (3.6)

-1.n 2 2
T - T(F) = 07 'E T (Fsx) + 088w o (1R - FII2 ), (3.7)
where ng) is a U-statistic (of degree 2 ) and is stationary of order 1 (i.e.,

var(UéZ)) is O(n-z)). In this case, if we assume that k is so chosen that n']ki

goes to» asn -+« [ i.e., (3.3) holds for some A >1/2 ], then (2.10) holds in the
rth mean ( for r = 2 ). It may be remarked that both M- and R-estimators may be
characterized as T(Fn) , although for such a functional in order to justify (3.6)
[or (3.7)] we may need some extra regularity conditions which may not be necessary
with the direct approach considered in Sen (1981) or more generally in Juretkovd
(1985). For L-estimators and M-estimators with bounded (and smooth ) score functions
these extra regularity conditions hold, while for R-estimators, such a bounded

score function may exclude the case of Normal scores ( or log rank ) estimators,

and hence, we would rather advocate the direct approach.

4. SUB-SAMPLING SCHEMES IN NONPARAMETRIC REGRESSION ESTIMATION

Consider the following simple regression model in a purely nonparametric setup.
Let (Xi’Yi)’ i > 1 be a sequence of i.i.d.r.v.'s with a bivariate d.f. li(x,y) ,
defined on EZ. Let F(x) = m(x,») be the marginal d.f. of X and let G(y|x) be the
conditional d.f. of Y given X = x. Consider a suitable functional

6, =T, = T(G(. |x)) of the conditional d.f. G(. |x). (4.1)
Notable forms of Tx are the (conditional) mean of Y given X = x ( i.e., the mean
of the d.f. G(.|x)), the median ( or some other quantile ) of G(.[x) and other
measures of location of this conditional d.f. G(.|x). The basic problem is to
estimate ex in a nonparametric setup (i.e., without assuming any structural form
for ex ). In this model, the Xi can as well be vector valued. But, for simplicity
of presentation, we take them to be real valued r.y.'s.

Suppose now that we want to estimate ex at a given point Xy The problem can

be handled very conveniently when Xo lies well within the range spanned by the Xi s

i.e., 0 < F(xo) =p, < 1. For a sample X],...,Xn ( of the X; ) of size n, we let
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Z. = IXi - X, |, for i =1,...,n, and let
*

*
0 f_Z] < ... j_Zn be the associated order statistics. (4.2)

Let {kn} be a sequence of positive integers such that

k, > = but n_]kn v 0 asn > . (4.3)

* *
Corresponding to the order statistics Z]""’Zk » the induced order statistics

n
( for the Yi ) are denoted by Y°,...,YE , respectively. [ Note that although the Z:
n

are ordered, the Yg need not be so.] Let then
() = k! Byg 155y ). e E, (4.4)
be the empirical d.f. based on the subsample (Y?,...,Yz ). Note that this subsampie
is not selected at random; rather, its constrcution is gased on the ordering of the
Zi in (4.2). Theg, a natural estimator of on is

T(6" ) = 8 (x,) » say. (4.5)
Note that x  is also implicit in G:(.) through the construction of the Z: . In
this context, it may be noted that given the Z: , the Y? are conditionally indepe-
ndent ( but not necessarily i.d.), and under (4.3), G: consistently estimates
G(.|x0), although at a rate slower than n-]/2 . Thus, if the functional T(G) is
sufficiently smooth ( in the sense of (3.6) or (3.7)), then the plausible weak
convergence of kl/z( G: - G(.lxo) ) may be incorporated in the study of the
asymptotic properties of 8n(x°). However, such a smoothness condition may not be
taken for granted for all functionals ( for example, the sample quantiles ). Also,
there is a need to choose kn in such a way that one has an asymptotically optimal
choice (within a given class of functionals). For these reasons, both jackknifing
and bootstrap methods have been proposed by various workers. For a conditional
quantile ( i.e., a quantile of G( .lxo)), Bhattacharya and Gangopadhyay (1988) have
shown that the asymptotic theory works out neatly when kn ~ nx , for some A < 4/5 ;
for A = 4/5, there may be a comparable (unknown) bias term in the asymptotic
normality result, and hence, we may have to 1imit A to < 4/5 [see Gangopadhyay

and Sen (1988)]. In the current study, we would 1ike to bring the relevance of

the SBR and BRR for the study of the asymptotic theory relating to this especial
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subsampling scheme.
Note that in Sections 2 and 3, we have considered a subsampling scheme which
is essentially related to the simple random sampling without replacement (SRSWOR) .
scheme. The situation is different here. For estimating the unknown G(.lxo), we
have considered G: in (4.4), where the subset {Y$,...,Yﬁ } of the Yi is chosen on
the 'nearest neighborhood' principle for the X; ( re]atiCe to the point Xo ). Altho-
ugh given the Z:, the Y? are conditionally independent ( but not necessarily i.d.),
they are unconditionally not independent. Secondly, the Z: being the order statistics
( corresponding to the Zi Jare not independent too, and we have deliberately chosen
the lower extremity. These two technical points raise issues regarding the adapta-
bility of the standard asymptotic methods in this nonparametric regression problem.
Bahadur-type representation results play a very important role in this problem.
Recall that for the classical empirical d.f. Fn ( corresponding to the true d.f.

F) defined on E, whenever the density function (f) is positive at a quantile &

( where F(g) = p :0 < p < 1), and f' is bounded, the classical Bahadur (1966) ‘

[

representation asserts that as n + o
. -1 1/2 | _ -3/4
sup{ |F (x)-F(x) - F (g) + F(g)|: [x -E|<{n""Tog n) } =0(n"%"og n) a.s. (4.6)

Also, the sample p-quantile X, lies in (g - (n']]og n)]/z, £ + (n']1og n)]/z] a.s.,

as n >« , and hence, we have

~

X, - &+ mfE)T 20 106< ) - p 1 =0 og n) aus., as n e L (4.7)

Although the picture is more complicated in the current situation, (4.6) and (4.7)

*
extend to Gn in a very natural way ( where the role of n has to be replaced by kn ).
This extended Bahadur representation for the nearest neighborhood sub-sampling

scheme enables us to express

. _ - -1/2 -

en(xo) - exo = kn Zjikn¢(um.) + o(kn ) a.s., asn >, (4.8)
where the Uni are conditionally i.i.d.r.v.'s and the score function ¢(Uni) has

zero ( conditional) mean. This conditional Bahadur-representation yields the desired

asymptotic theory in a conditional setup, and the use of the Hewett-Savage zero-one ‘

law along with other standard tools in asymptotic theory provide the passage to
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the unconditional setup. For details, we may refer to Gangopadhyay and Sen (1988).
In passing, we may also remark that in this conditional quantile or nonparametric
regression problem, the choice of kn is essntially tied down to the smoothness
conditions on F(.), G(y x) as well as their derivatives, and the use of the Bahadur
representation provides a clear picture on the so called optimal rate for kn (~ nx,
for A < 4/5). There is a subtle difference between the situations encountered in
Section 2 and here. In (2.3), we may ideally take kn ~ €n, for some small € ( > 0),
and this was illustrated in Section 3 with the choice of kn =n -1 . However, in
_the current context, a choice of kn = 0(n) [ or ~ en for some small e (> 0) ] may
not lead to the general asymptotics. In Sections 2 and 3, the normalizing functions
depend on n, while here it depends on kn ,» and therefore, we may have a much slower
rate here. A delicate balance between the bias ( larger for higher order choice of
kn ) and the rate of convergence ( faster for higher order choige of kn ) has to

A

be enforced, and in that sense, kn ~Nn , A< 4/5,seems to be a feasible solution.

We may not be able to take kn > nk with A > 4/5.

Nonparametric regression models have also been framed along the Tines of the
classical parametric linear models wherein the normality of the distribution of the
error components have been replaced by an arbitrary ( continuous) distribution. In
this context, the classical linear rank statistics may be used to yield robust (R-)
estimators of regression parameters. Similarly, robust M-estimators of regression
parameters haye also been considered by a host of workers. We may refer to Puri
and Sen (1985) and Jurefkova (1985), for some of these details. In this context too,
the Bahadur representation in (4.6), as extended to non-i.d. r,v.'s [ see Sen and
Ghosh (1972)] plays a fundamental role. For such robust R- and M-estimators of
regression parameters, if we desire to induce more robustness, we may consider as in

Section 3, an one-step iterated version. For such versions, the asymptotic theory

would follow along the Tlines sketched in Section 3.
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