SRR T TR L RATET R, TV T o

.g@ﬁ'

A FURTHER CONTRIBUTION TO THE THECRY OF SYSTEMATIC STATISTICS

by

Junjiro Ogawa
University of North Carglina

Sponsored by the 0ffice of
Naval Research under the contract
for research in probability and
statistics at Chapel Hill. Repro-
duction in whole or in part is

. permitted for any purpose of the
United States government. Table
3.1 produced under sponsorship of
the Office of Ordnance Research.

Institute of Statistics
Mimeograph Series No. 168

~April, 1957



A FURTHER CONTRIBUTION TO THE THEORY OF SYSTEMATIC S'I‘ATISTICSl

by

Junjiro Ogawe, Institute of Statistics, University of North Carolina

Introduction. Until 1945 the main interest in the field of statistical

estimation seeme to have been in the so-called "efficient" estimators. But
from the point of view of economy in practical use, it seems reasonable to in-
Quire whether the output of information is worth the input measured in money,
man-hours, or otherwise. Thus we may ask whether comparable results could

L 3

have been obtained by a smaller expenditure. From this standpoint F, Mosteller
proposed 17?47’2 in 1946 the use of order statistics for such purposes on the
ground that, however large the sample size, the observations can easily be
ordered in magnitude with the help of punch-card equipment. He considered

the problem of estimation of the mean and standard deviation of a univarisate
normal population, and that of estimation of the correlation coefficient of

& bivariate normal distribution. Then in 1951 J. Ogawa /4 7 considered

more systematically the problem of estimation of the location and the scale
parameter of & population whose density function depends only on these two
parameters, and obtained the optimum solutions in some cases for the univariate

normal population.

There are many cases in which the samples are by their very nature

lSponsored by the Office of Naval Research under the contract for
research in probability and statistics at Chapel Hill. Reproduction in whole
or in part is permitted for any purpose of the United States government.
Table 3.1 produced under sponsorship of the Office of Ordnance Research,

2The numbers in square brackets refer to the bibliography listed at
the end.



ordered in magnitude as for example in a life test of electric lamps or a
fatigue test of a certain material., Usually in such cases the population
probability density functions are assumed to be exponential. So at least
for the exponential distribution estimation and testing of an hypothesis
based upon systematic statistics are of great importance, from the point of
view of application.

The first two sections of this paper will be devoted to the general
theory of systematic statistice from the population whose density function
depends only upon the location and scale parameters for sufficiently large
values of sample size. Then in § 3 the application of the general theory
to the exponential distribution will be given and optimum spacing of the
selected sample quantiles and the corresponding best estimators will be
tabulated. Finally, in § 4, discussion on testing an hypothesis will be
presented,

1. Relative Efficiencies, The fundamental probability distribution of

the large sample theory of systematic statistice from the population whose
probability density function depends only on the location parameter m and

the scale parameter o is as follows. The limiting frequency function is
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where f(u) denotes the standardized frequency function of the population

and Uy stands for the xi-quantile of the population, i.e.,

L
Ay = S~ F(£)at, 1= 1,2,.e.,k (1.2)
~Q0
and
fi = f(ui), i= 1,2,-0-,1{ . (113)

Finally, we put

-k /2 -1/2 k /2
Cpx = (2x Py £ Ep e /M (A ) e (NN 1) (1-0) 7 o, (1.B)

N = 05 Nyq = L (1.5)

In the first place, we define the relative efficiency of the systematic
statistics with respect to parameter to be the ratio of the amount of in-
formation in Fisher's sense derived from (1.l) to that derived from the
original whole sample.

We shall consider the following two cases separately: .

Case I. The case in which the scale parameter 0 is known and the location

parameter m is unknown. For the sake of convenience, put
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where the right-hand side is the same as the expression in the expesimt -

in the density function h(x s X g eseyX ) except for the constant
(n)"*(0,)? " (n, )
factor - n/?UE, then we have

n
log hix eeeyX = - ——= 3 + term independent of m. l.
g h( (nl), ’ (nk)) 202 P (1.7)

Thus it follows by differenttation with respect to m that

aglog h _ n d%a _ n
T2 STz 3T 3k (1.8)
dm 20° om F
where
(=}
kel (F,-f, 0)°
Ky = L == (1.9)
i=1 1 7iel

and fk+l = 0 and fo should be equal to 1 or O as the case may be.. Hénce the
amount of information Is(m) of the systematic statistics with respect to the

location parameter m is asymptotically equal to
2 7 N2
- dlog h 6alogh _ n
Is(m) = éz,(__sa__) = - (—_S;E—- ) = ;§ Kl . (1.10)

The likelihood function of the original whole semple, considered as

& random sample of size n, 1s

L=00 T g(-1-), (1.11)




hence we have

n X, -1
logL = & 1log £(
i=1

) ~nlogo, (1.12)

and consequently the amount of information Io(m) of the original whole sample

with respect to the location parameter m is equal to

n £ (U )

g; (e L alog L 1 *E; = _?Tﬁ_y ) (1.15)

where U, = (X - m) /o, i.e., U stands for the standardized

variate.

1/

12 £(t) = (2n)” Y%xp {- ¢ /2} , then

Igm) = - , (1.14)

and if £(t) = e " for t > 0, then

Io(m) = (1.15)

¥
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Thus the relative efficiency of the systematic statistics with respect to

the location parameter m is defined as:

'(u) °

n(m) = :—[—Zmy = 1K,/ 5(7‘1 1—(——7— ) . (1.16)

In particular, for the normal distribution we have

n(m) =X, , (1.17)



and for the exponentisl distripution we get
1
ne(m) = K= Z.~0 , (1.18)
In the case of the one-sided expohential distribution defined by

1 T Xxnm
g(x) = e 0 for x > m, (1.19)

L]
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othervise,
we know already that min x, i.e. x is the maximum likelihood estimator,
. i (1)
I<icn
and further that this is the uniformly minimum variance estimator of m for
all values of n, Thus, the estimator based upon the frequency function (1.1)

becomes meaningless.

Case 2. The case in which the location parameter m is known and the scale

barameter 0 is unknown. In this case

log h = - k log 0 - — § + a term independent of o. (1.20)
20

Therefore we get

2 2
logh _ k  3n 2n 98 n s
B> iR Citn &Sl (1.20)

and since it can easily be seen that

, 2
f) (-0% s) =k, é(g—ﬁ) =0, -:;;-g- = 2K, (1.22)



k1l (£,u,-f
where Ky = L - T
i=1 1

u )2
1£l i-1 , (1.23)
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ve obtain finally the amount of information of the systematic statistics

with respect to the scale parameter o, i.e,

2
dlog h @ _ d°log hy _ 2k . n
(0 = £ (5582 = £4(- B A L (1.24)
or
n 2k n
I,(0) = ;§(K2 + 7;) ~ EE‘KQ (1.25)
On the other hand we have
y ¥4I
d log h n 1 a (xi-m)f (—% ) 6
-_60‘_— = e —U- - —"2- Z (102 )
o i:l Xi-m
£( )
Hence by making use of the general relation
ue ' ()
U
fi (—5) = 1» (1.27)
we obtain

2 n L [s]
()23 Ly - g/ Lotn+ ERLAN AV CA

1

= P? {E(Uf'(U)/f(U))E - 1} : (1.28)

In particﬁlar, for the normal distribution we have



2n
IO(O' = - (1.29)

g
and for the exponential distribution we have

Io(0) = _’,’2 (1.30)
o

Thus we obtain the relative efficiency of the systematic statistice with

respect to the scale parameter ¢ as follows:

2k

I_(9) -— + K K,
8 n 2 2
ﬂ(a) = T m— 1 2] [ (1031)
I, () E(Uf U))Q- 1 B (Uf gu}) 1
£(U (U
In particulay for the normal distribution we have
o) =5 K, (1.32)
and for the exponential distribution we have
n(o) = KE Py (1'33)
2. The Best Linear Unbiased Estimators of the Unknown Parameters Based

upon the Selected Sample Quantiles for Sufficiently Large Sample Size n.

In the circumstance now under consideration, the basic distribution
is given by (1.1), and the unknown parameters are m and 0. Since the dis-

tribution given in (1l.1) is a k-dimensional normal distriubtion, we can apply



the extended Gauss-Markov thecrem on least squares Zf};7 in order to find
the best linear unbiased estimators which are asymptotically efficient
estimators, Hence, as far as the large sample problems are concerned there
are no other estimators which are more efficient than the best linear un-
biased ones.

Case I. The case in which the scale parameter 0 is known and the location

parameter m is unknown.

A
In this case, we can find the best linear unbiassed estimator m of the

location parameter m by solving the single normal equation

3 _
3‘5 m = Q - 0, (201)
vhich turns out to be
Kd =X - K,0 (2.2)
i 37 '
where
k1 (fi"fi-l)(fix(ni)'fi-lx(ni_l))
X= 2 Y (203)
i=1 1 7i-1
and
kel (fi'fi-l)(fiui'fi-lui-l)
I(3 = Z )‘. -)g (201")
i=l B P §

Hence the best linear unbiased estimator'g of m is

A1 3
M= X « ¢ emd (2'5)
Ky K7
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and it can easily be seen after small calculation that

2
Var(ﬁ) = g

(2.6)

=Rl

1

From (2.6), we‘can see that the best linear unbiased estimatar4§ is an
"efficient estimator" (so to speak) from the point of view of the relative
efficiency given in the preceding section,

If in particular the frequency function f(t) of the population is
symmetric with respect to the origin, for example the normal distribution,

and the spacing of the selected sample quantiles x s X 3ee0eyX |
(n,)* *(ny) (1)

is also symmetric, i.e.,

gk oo=ng 4= 1,200k (2.7)
or in terms of Ai

MM e T =120,k (é.a)
then we have

Uyt =0 121,20,k (2.9)
and

£, =8y 45 1= 1,200k, (2.10)

In such & case, it follows clearly that
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K3 = 0, (2.11)
Hence we have
A
m = % X, (2.12)
1
and
2
Ay 01
Var(m) = = Ki . (2.13)

Case 2. The case in which the location parameter m is known and the scale

parameter 0 is unknown,

In a quite similar manner, we can find the best linear unbiased

estimator €?of the scale parameter o by solving the normal equation

38

36! 4= Q =0, (2.1k4)
This comes to bhe
K% =¥ - Ko (2.15)
where
ey (B By 94 ,.) (fix(ni)'fi—lx(ni_l))
Y= = Y . (2.16)
i=1 i™i-1
Hence we get
K
=z Y-m-ﬁé (2.17)
2 2
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and

L
n KE

Var(G) = . (2.18)

In the particular case in which f£(t) and the spacing of the selected sample

quantiles are symmetric we get as before

A1
U—gY (2'19)

and the variance of G is the same as before,

3 Determination of the Optimum Spacings for the Estimation of the Scale

Parameter of the One-Parameter Exponential Distribution Based on the

Selected Sample Quentiles for Sufficiently Large Sample Size n. /5 7

In zrﬁ;jz the author developed the general theory of estimation of
the location and the scale parameters based upon the selected sample quantiles
for sufficiently large sample size n and determined the optimum spacings
in the case of the normal population.
Owing to 1its importance in practical applications, optimum spacings
are calculated herein for the estimation of the scale parameter o of the

exponential distribution whose density function is given as follows:

1 - X
--a,e g, ifx>0

g(x) = | (3.1)
0 » otherwise
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Suppose we are given an ordered sample of size n, where n is sufficiently
large. In other words, the sample size n is large enough so that the con-
clusions drawn making use of the limit distribution are valid with enough

accuracy. For given k real numbers such that

0 <A< uee < <1, (3.2)

we select k sample Ai-quantiles for L = 1,2,..,.,k, i.e., k order statistics

H(8y)? M(my)? tt X(ny )

where

n, = foh 741,151,005k (3.3)

and the symbol lrhxi;7 stands for the greatest integer not excéeding nki.
Furthermore, let the M -quantile of the standardized exponential
distribution, whose density is given by
e, if x>0

£(x) = (3.4)
0 , othervise

be u., and that of (3.1) be'xi, then it is clear that

Xy = w0, i=1,2,...,k, (3.5)

The limiting Joint distribution of the k sample quantiles x(n ),...,x(n )
1 k

has the density function



1k

| h(x(nl))x(na))as.,x(nk))
k. Miahyg

n
exp| « Z -
20? | 1=l o h) (6 A )

2 Y-
=Chk fi(x(ni)-uica

k fifi-l Y )' (3:6)
-2 = 4.0 s ‘
1=2 xi-xi-l(x(ni) AN CHIY B B /} )

PR

where

£, = e Y1, 1= 1,2,...,k (3.7)
N = 1-e™4 , 1=1,2,.00,k . (3.7)
Hence we get
log h = - % log o - ;§§ S + term which 1s independent of ¢ (3.8)
where
5 1%1 (hi+1ﬁi:};;z:ii-1j fi(x(ni)—uig)g

Thus we get the amount of information of the systematic statistics with

regpect to the scale parameter ¢ in this case
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aelog hy_ 2k, n
dimee-relts- R

I.(0) = B( X, , (3.10)
8 3o 02 02 e
where
-u -u, 2
k1 (f.u,-f, ,u, )2 k1 (e iu e * lu. )
i7i Ti-171-1 i i-1
Ky= E owoy = I = — . (3.11)
i=1 17M-1 i=1 e 11 T

Consequently we get the relative efficiency of the systematic statistics

with respect to 0 as

n(o) = K, . (3.12)

The best linear unbiased estimator‘g of 0 is

1
T=z2 1, (3.13)
2
where
-u -u -u -u
1 B B | 1, 1-1
w1 (& Tug-e ug_y)(e x(ni)-e x(ni 1))
y= % - — u (3.1h4)
1=1 i-1 "M
e -2
and this can be written as
k
Y= I a,x (3.15)
=1 * (1)

vhere
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a, = e - , (3.16)

The coefficients &y for the optimum spacings are calculated in Table 3,1.

From (3.13) and (5.15) we have

A
g

k' 1
= I a,x (3.17)
=1 (0y)

where

'
8.1 = aiﬂ{e 2 i = 1,2,..-,}:, (5.18)
t
Although it may appear to be more convenient to tabulate &, than 845 for

k = 10, for instance, there are ten rounding errors in using (3.17), while

the calculation of o by the formula

k

AN
0 = 1§1aix(ni)/K2 (3.19)

has the error obtained by only one rounding process.

The required optimum spacing is the set (Al,kg,..;,hk), or
equivalently the set of values (ui,ue,...,uk) vwhich gives the maximum value

of the relative efficiency KQ. We can obtain the optimum spacings step by

step as follows:
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(i) The case where k = 1: in this case it is easily seen that

2
1

. (3.20)

=
i

2 u
e l-l

which haes only one maximum K2 = 0.6471 at uy = 1.59, and the corresponding
probability is A, = 1 - ¢ 277 = 0,7961.

(1i) The case where k = 2: put Uy = uy + X, then we have

- ; 153 2 A
1/ 2 X
K, =e K\ 3 +ouy 4 ;) ) (3.21)

and this function of x and ul is maximized at the point

u,. = 1.02, X = 1,59

i.e., u, = 1.02, u, = 2.61

and the maximum value of K2 is

K, = 0.8203

(111) The case where k = 3: put

Uy = Uy + X, Uz = U, ty=Eu tx+y,

then it follows after some calculations that
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It is easily seen that this function of X,y and uy is maximized at

the point

u, = 0.75, x = 1,02, y = 1.59,
Hence we get the optimum spacing in this case as follows:
uy = 0,75, u, = 1,77, ug = 3.36,
and the correspoinding maximum value of K2 is
K, = 0.8905. (3.23)

In a similar way, the following results in Table 3,1 have been

calculated. In Table 3.1, u; stands for the A -quantile of the standardized

population. The bottom row of the table which representing the relative
efficiencies KE has been graphed as Fig. 1 to show the increasing rate of
relative efficiencies against the number of sample quentiles which has been
gselected . It will be seen from Fig. 1 that after k = 10, the gain in

relative efficiency is not appreciable,
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Fig. 1. The curve of relative efficiencies against
the number of selected sample quantiles to be used
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Example: As an illustration of the estimetion procedure, we shall
calculate the estimate of the standard deviation of the time intervals
in days between explosions in mines, involving more than 10 men killed
from 6th December 1875 to 29th May 1951. The data are from Maguire,
Pearson and Wynn /1 /. It should be noted that this example may
not be the best to point out the value of this method because the sample
size (n = 109) is not so large that the labor naecessary for the classical
estimation is almost compareble to'! that necessary for our estimste,
This example should be regarded as an illustration of the calculating
procedure itself, There are cases, which are important in applications
such as in life testing of the electric lamps and in fatigue tests of
certain material, where the semples are ordered in magnitudes in natural
order. In such a case the procédure here may be of great help in getting
quickly the estimate of 0, especially for a large bulk of data.

The Table 1 of B. A. Maguire, E, S. Pearson and A, H. A, Wynn
1s reproduced here with observations arranged in order of magnitude as

followa:



Table 3.2. Time intervals in days between explosions in mines,
involving more than 10 men killed from 6 Dec. 1875 to 29 May 1951.
(B. A. Maguire, E. S. Pearson and A. H. A. Wymn)

Order Observation Order Qbservation Order Observation

1 1 T 113 01 B
2 4 L7 114 92 361

3 g L8 120 9% 364

b 7 kg 120 ok 369

5 11 50 123 95 378

6 13 51 124 96 300

7 15 52 129 97 457

8 15 53 131 98 Lé7

9 17 54 137 99 498

10 18 55 145 100 517

11 19 56 151 101 566

12 19 57 156 102 64k

13 20 58 171 103 45

14 20 59 176 104 871

15 22 60 182 105 1205
16 2% 61 188 106 1312
17 28 62 189 107 1357
18 29 63 195 108 1613
19 31 64 203 109 1630
20 32 65 208

21 36 66 215

22 37 67 217

23 Y7 68 217

2k 48 69 217

25 Te] 70 225

26 50 L 228

27 5k 72 233

28 54 T3 255

29 55 T4 271

30 58 ip) 275

31 59 . 76 275

32 59 7 275

33 61 78 286

34 61 79 286

35 66 80 312

36 (e 81 312

37 T2 82 315

38 i) 83 326

39 T8 8k 226

4o 78 85 329

iy 81 86 330

42 93 87 336

43 96 88 338

Wiy 99 89 345

45 108 90 348



For k = 10, we can see from Table 3,1 that

ny = /ony 7+ 1= /109 x ,23662 7+ 1 = 26
n, = [ohy 7+ 1= [7109 x 43447 7+ 1 = 48
ng = [Ny 7+ 1= [109 x 59343 7+ 1 =65
n, = [on, 7+ 1= /109 x JTIGLT 7+ 1 =79
ng = [n)\.5_ +1= /109 x 81732 7+ 1 =90
ng = [n>\.6_7+ 1= /109 x .88920 7+ 1 = 97
ng = [k, 7+ 1= /109 x .93980 7+ 1 = 103
ng = [ohg /+ 1= /109 x 97156 7+ 1 = 106
ng = [n?\9_7+ 1= /7109 x .98975 7+ 1 = 108
nyo® [0 A 1= /109 x 199791 7+ 1 = 109
Thus, ve used the ordered observations as follows:
Order(ni) Observations(x(ni)) Coefficients(ai)
26 50 21646
48 120 17729
65 208 14135
19 291 11122
90 348 .08396
97 k59 06037
103 TH5 . 04000
106 1312 02407
108 1613 .01218

109 1630 .00418



24

A .983160
Thus we calculate the expression
10
r a.,x = 238050937 )
=1 b (my)
and consequently we have
10
T=F I a (n,) = 242.59466 .
2 i=1 i

If we compare the estimete ¢ = 241 which was calculated using all of
the sample by the classical method with the above, there is quite good
agreement .,

k, Testing Statistical Hypothesis., In order to test the hypothesis

(4,1)

if we start with the frequency function given by (1.1), then this can be

done as follows: if the null-hypothesis Ho is true, then

k
n Mephog
.;% {151 ()"1_'_1 i)(?\ ";" l) £ (x(n )-uico)

.z "%—i’ (0,37, %) B, )44 1"0)} (k.2)



2>

is distributed according to the X?-distribution with degrees of freedom k.

This comes out as

2
k+1 (fix(ni)-fi-lx(ni_l))

e + Kg(cg - 2063) . (b.3)

n_
5 ;
Uo i=1 l

The minumum value SO of 3 under the variation of ¢ is given by

k+1 (fix(n.)'fi-lx(ni_l)) A
SO = X ,\1 x - KQU (2"014')
i=1 1771
and —25 8 is distributed according to the;x?-distribution with degrees
%
of freedom k-1, proviced E, is true.
Hence
n A 2
_0§ KQ(U'Go) (24"5)

is independent of SO and is distributed according to the;{d-distribution
with degree of freedom Y. Thus the statistic

\Er:) (G" GO )
Vo

t = KT (k.6)

follows the Student's t-distribution with degrees of freedom k-1 if the
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null-hypothesis HO ig true,

Tt the null-hypothesis HO is not true, and an alternative hypothesis
H:o = 0(¥OO) is true, then the distribution of t in (4.6) follows the non-

central t distribution with non-centrality parameter
%0
5=k (1-=), (5.7)

and the power function of the t-test is an increasing function of the
absolute value of &. Hence 1t is reasonable to se ect sample gquantiles the
spacing of which makes Kg maximum, 1.e. optimum spacing for estimation purpose
is also optimum for testing purpose. Thus we can use Table 3.1 also for
testing pufposes.

Finally, it should be noted that the confidence interval of ¢ with

confidence coefficient 100(1-0) per cent it given by

A 3 /T
"'tk-l“-‘-"m}/{;i‘%gf 6 <o+ tk_l(lOCX“f)//Tg:%W (k.8)

where tk_l(lOOO) stands for the 1000 per cent point of the t-distribution

with degrees of freedom k-1.
Example: We shall calculate the 95%b confidence interval for ¢ in the
example of the preceding section, as an illustration of the procedure

explained in this section, We consider case k = 10, Then we have



o
-3

44 (E.x £, .x e
1 ¥ )t (ni_lﬁ

S = IJ - l{,-»,%2
O =21 Meha c
10
o 2
1 E¥m yTigXm, ) By )
. i i-1 i
= X A )\' - K H (2*"09)
i=1 1771-1 2

and celculation will be executed as shown in the following table. The 95°/o
confidence interval calculated below seems to be somewhat wide, which may

be due to the smallness of the sample size.
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Calculating Scheme for 5, (Continuea)

2
06037 | .88920 A 11080 |b57 50.63560 | T £ wqwﬁuqv-mmxhumv Aquﬁsqv-wmxasmvv
. . - . - . -3 X
Mg }Fx 6% (ng) g =
B wq 05060 wq Nﬁsqv wqxﬂuﬂv -5 . 78660 -114.35969 quﬁuqv
) 2
04000 | .93980| Ag-A 06020 |7h 44.84900 | £ £ H.mx?mv.w}ui me?mv-w}fn
- -@ m( ..N . .N W . w mNAH—@vl NUHA.D.NV ’mlyﬂ Vrmlr.ﬂ
ag Ag 03176 |£g xﬁumv mmxAumv -7.16836 -225.70403 mmxﬁumv
2
X . . o ‘¥ (ng) T (ng) | () TE(ng)
.02407 | 971 . 2 2 . -
ag yw .C1819 mw wﬁumv wmwAuwv -21.14739 -1162.58329 mmxﬁsmv
T, x -f x (£, x -f x vm
10%(n, ) "9 (n,) 107(n,4) "9 (n,)
.01218 | .98975 | &, -1, |.01025 1613 |16.53325 | £ x £ x 20 9 10 9
10 79 10 Anwov 9 Aswv ;wOnyw wwo-Pw
a A 00816 |f f -13.12 -1608.6456
10 10 10 Rﬁawov HQNASFOV 5.12655 563 mwoxAnHov
-f. x f mxn
T107(n, ) 1C “(n, )
.COb18 | 99791 | A, -A .00209 [163C 3.40670 -f 10 10
11710 Hoxﬁspov 1, 1,
My .00209 -3.40670 ~1630.00000
Total 60461 .82398 238.50037
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t(5) -

10 .
£ -f b “
;1 ( ix(ni) i'lx‘“i-l)) f;alaix(ni))
i=1 MM Ko
= 2600,72548

/ &
[ = 2.262 x /?———mio‘"%ug = 38.7797T1

1
/ Tk'-"'l'TK'E = 2.2 /9 x .9

30
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