ABSTRACT

MARSHALL, CALEB A. Investigating Globular Cluster Elemental Abundance Anomalies Using
(3He, d) Proton Transfer Reactions. (Under the direction of Richard Longland.)

Globular clusters are dense aggregates of stars that evolve in relative isolation. For the better part
of 40 years these clusters have been known to possess unique chemical signatures called abundance
anomalies. Recent observations have found these abundance anomalies to be the result of distinct stellar
populations with the youngest population undergoing an unknown enrichment process. Understanding
these chemical signatures requires a precise understanding of the thermonuclear reaction rates at relatively
low temperatures. At these low temperatures reaction rates suffer from large uncertainties arising from
poorly understood resonances in several key reactions. Transfer reactions provide key constrains on
nuclear inputs for these resonances. This thesis presents an updated understanding of the sodium and
potassium destroying reactions 2*Na(p,v) and °K(p, ), respectively. A newly reevaluated rate for
39K (p, v) indicates that it is less precisely known than previously thought, and future experimental
study is needed to reduce its impact on globular cluster nucleosynthesis. Novel Bayesian techniques
are discussed that help accurately assess the uncertainties arising from transfer measurements. These
techniques are applied to the transfer reaction 2*Na(®He, d), which was carried out at Triangle Universities
Nuclear Laboratory. Results of this experiment indicate that the energy of an important resonance in
23Na(p, ) is much lower than previously thought at E,. = 132(3) keV. The transfer measurement also
indicates tension between previous direct studies of the resonance strength and the current transfer
measurement. The impact of these uncertainties on the ?*Na(p, ) reaction rate is investigated, and
it is shown that this rate requires more intensive study to provide the precision needed to constrain

nucleosynthesis in globular clusters.
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CHAPTER

1
INTRODUCTION

The pioneering work of Burbidge, Burbidge, Fowler, and Hoyle [Bur57] and independently Cameron
[Cam57] established the eld of nuclear astrophysics. These works came to the realization that the
chemical elements we nd in the Solar System are the remnants of nuclear burning happening inside
of stars. While understanding the origin of the elements is still one of the primary questions of the
eld, this thesis will focus on another implication of stellar nucleosynthesis. Speci cally: observed
elemental abundances in the cosmos are the unique signatures of nuclear burning process. In this way,
nuclear physics becomes an additional quantitative tool to gain insight into astronomical observations.
By studying nuclear reactions in the laboratory terrestrially, we can answer questions about stellar
phenomena that would otherwise be inaccessible to us. However, at the energies found in stellar plasmas
the coulomb barrier dominates, making direct study of these reactions exceptionally dif cult. Thus, in
order to fully understand stellar nucleosynthesis, a variety of experimental approaches must be used to
construct a composite picture of these nuclear reactions. The work presented in this thesis examines the
use of nuclear transfer reactions to constrain the nuclear reactions responsible for destroying sodium and
potassium in globular clusters. The present chapter will give an overview of the observation evidence
for elemental abundance anomalies in globular clusters and discuss their importance for our theories of
stellar evolution. Chapter 2 will provide the necessary details for how nuclear reactions occur in stars and
how we can better understand them using transfer reactions, Chapter 3 will show how the uncertainties
that naturally arise from nuclear physics experiments impact the astrophysical predictions, Chapter 4
details the experimental methods used in this work, Chapter 5 presents novel Bayesian methods that were



developed to quantify uncertainties from transfer reactions, and Chapter 6 summarizes the analysis and
results of theé*Na(3He; d) transfer reaction.

1.1 Globular Cluster Abundance Anomalies

Of all the observed astronomical objects, globular clusters are perhaps the closest we can get to a
laboratory-like environment in the galaxy. They are some of the brightest and oldest objects in our sky,
which consist of hundreds of thousands of stars that are gravitationally bound with@® parsecs.

These facts mean that we have a relatively easy to observe object that has a large, isolated population of
stars. If our theories of stellar evolution and intra-cluster dynamics were complete, then any observed
property of a cluster could be explained by just a few parameters [Gral0]. At this time we have no such
theory, and many properties of globular clusters remain uncertain.

Since the 1980's, the simple perspective on globular clusters mentioned above has shifted signi cantly.
Prior to detailed spectroscopy of the stars within the cluster, it was thought that these objects constituted
asingle stellar populationUnder this assumption, each star in the globular cluster would form at the
same time from gas of similar chemical composition [Kra79]. Operating under the assumption of a
single stellar population, all of the observed properties of a globular cluster would arise from the starting
composition and age of the cluster. If we look at thertzsprung-Russell diagrafiiR diagram) in
Figure 1.1, and assume a single stellar population, we could deduce the current evolutionary stage of
any star in the cluster as a function of its initial mass. Speci cally, more massive stars burn through their
nuclear fuel more quickly, and are therefore more advanced in their evolution at the particular moment in
time. Stars formed at the same time, but with different initial masses, can be compared to a calculated
isochrone, i.e, the curve through the HR diagram that shows stars of the same age but different initial
mass, as seen in Figure 1.1. The relatively good agreement between the isochrone and observations
demonstrate that the concept of a single stellar population does hold some merit for globular clusters.
Further conclusions can be drawn using similar methods, most notably that the cluster can be used as a
lower bound on the age of the universe [Jim98].

Despite the success of the single population hypothesis, advances in high resolution spectroscopy
have proven it to be an inadequate theory. Evidence against this hypothesis started to accumulate with
the observation that a signi cant enhancement of sodium was present in some members of the red giant
branch (RGB) in the cluster M13 [Pet80]. Continued observational work eventually con rmed that
globular clusters, to varying degrees, had speci c star-to-star correlations and anticorrelations between
light elements [Kra94]. In particular, the anticorrelation between sodium and oxygen has been observed
in every globular cluster that it has been looked for [Gra04]. An example of this anticorrelation is shown
in Fig. 1.2. These Na-O anticorrelations were originally dubdlegndance anomaliesince they could
not be easily explained in the framework of a single stellar population. This enriched material could only
come from stellar burning happeningsitu or from some initial inhomogeneity in the cluster material.



Figure 1.1 HR diagram for the globular cluster 47 Tuc. Plot is taken from Ref. [Gail8]. The red line is a calcu-
lated isochrone. The green and blue dots represent the inner and outer regions of the cluster.



Figure 1.2 The observed Na-O anticorrelation for 13 stars on the RGB from 47 Tuc from Ref. [Thy14]. The
red points are the observed abundance while the green blue contour shows the probability density inferred from
these points using a bootstrap method.

Whatever the astrophysical source of the observed anticorrelations, they are clear signatures of
nuclear burning processes. They have been uniquely identi ed as being produced by hydrogen burning at
elevated temperatures [DD89; Lan93; KT88]. Since stars on the RGB can not produce these temperatures,
the enriched material must have been produced at another site prior to their observation.

Continued advances in high resolution photometry led to the rst unambiguous evidence of multiple
stellar populations existing within globular clusters [Gral2]. These measurements made it possible
to resolve different tracks among the stars on the main sequence, with each track corresponding to a
variation in helium content [Pio07; Vil07]. Figure 1.3 taken from Ref. [Mil12] again shows 47 Tuc, but
by using the high resolution photometric data, two distinct stellar populations can be identi ed. These
observations unambiguously demonstrate that globular clusters are not simple stellar populations, but
instead they possess multiple generations of stars, with the newest generation being enriched in light
elements by some unknown polluter from the previous generation [Gral2; Gral9].

These sets of observations have overturned the traditional view of globular clusters, and effectively
open up new avenues of research. By trying to positively identify the source of the polluted material,
determining how this material is ejected back into the cluster, and the dynamics of the second generation
of stars, we have the opportunity to signi cantly advance our understanding of the formation of some of
the oldest objects in our galaxy.



Figure 1.3Figure is taken from Ref. [Mil12]. HR diagrams of 47 Tuc. The x-axis shows the color index in terms
of the lters used on the Hubble space telescope [Drel2], while the y-axis shows the apparent magnitude. The
two colors distinguish the multiple populations present within the cluster.

1.2 Polluter Candidates and Nucleosynthesis

As established in Section 1.1, the enrichment of sodium in second generation stars is undoubtedly
from hydrogen burning at elevated temperatures. Unfortunately, the astrophysical environment that can
provide these temperatures and eject the processed material back into the cluster is unknown. Proposed
environments include intermediate and massive Asymptotic Giant Branch (AGBs)%fivs () [Ven01;

D'E10], fast rotating massive stars (FRMS,25M ) [Dec07], and very massive stars (VMS,10*°M )

[DH14; Den15]. While all of these environments can replicate the Na-O anti-correlation, they also share

a common issue by overproducing He relative to Na [Bas15; Ren15].

By examining different burning conditions, i.e., temperature and time, and holding density and
metallicity constant, Ref. [Pral7] found that all of the observed correlations and anti-correlations in
NGC 2808, including the Na-O anti-correlation, were only reproducible at temperatufes G0 80
MK. These results are notably independent from the complications present in more advanced models
such as convection and mixing [VDO5]. As such, their results provide an excellent starting point for
nuclear physicists looking to identify key reactions to study. In this narrow temperature regime, any
oxygen destroyed vi¥ O(p; )**N or80(p; )°N will become trapped in the main CNO cycle, thereby
causing the overall oxygen abundance to drop. Meanwhile, proton captures on stable isotopes of Ne lead



Figure 1.4 lllustration of the Ne-Na cycle. Th@; ), *, and(p; ) reactions and decays are shown in green,
purple, and orange, respectively. Stable isotopes are shaded in grey.

to a series of reactions called the (Ne-Na cycle). These series of reactions and decays are give by:
Ne(p; )**Na( *)*!Ne(p; )**’Na( *)**Ne(p; )**Na(p; )*°Ne; (1.2)

and are presented in Figure 1.4. The amount of material trapped in this cycle depends sensitively on
the strength of3Na(p; )?°Neversus that of3Na(p; )?*Mg. H burning at these temperatures makes it
impossible for material that has been turned #tdg to reenter the Ne-Na cycle. These two processes,

the destruction of oxygen and the conversion of Ne into Na happen concurrently causing the observed
anticorrelation, but it should be noted that material does not ow between these two mass regions because
of the®F(p; )80 reaction trapping material in the CNO region.

1.3 NGC 2419 and K Enrichment

The Na-O anti-correlation, as discussed above, is a common feature in every observed globular cluster,
but there are rich varieties of phenomena that are speci ¢ to individual or a limited number of clusters.
One of the most recently observed, and most puzzling, is the evidence of K enrichment in NGC 2419
[Cohl1l; CK12]. The full correlation was established in [Muc12], and Figure 1.5 shows the potassium
versus magnesium abundances from [Muc12].

So far observations point towards NGC 2419 being a unique case. A small portion of the stars
observed in NGC 2808 have shown a depletion of Mg correlated with an enhancement of K [Muc15], but



Figure 1.5Plot of the potassium versus magnesium abundances observed in NGC 2419 [Muc12]. Approxi-
mately40% of the stars within the cluster are shown to have a signi cant enrichment of potassium correlated
with a depletion of magnesium.

to date, there have been no other clear determinations of a K-Mg anti-correlation in any cluster [Muc17].
Interestingly, while the degree at which K and Mg are anti-correlated in NGC 2419 is unprecedented,
similar trends have been reported in many eld stars [Kem18]. These observations raise important
guestions with regards to galactic chemical evolution, which our current stellar models are not able to
match [Tim95; Rom10]. This could point to some common mechanism that is not isolated to clusters.
However, even if the K-Mg anticorrelation is a cluster speci ¢ phenomenon, its study shares the same
promises as the study of other abundance anomalies: a greater understanding of both nucleosynthesis in
globular clusters and their multiple stellar populations.

Regardless of how widespread this chemical signature is, its origin is unknown. Without appealing
to any speci c astrophysical environment, it is clear that in order for K to be synthesized, H-burning at
temperatures above those of the case for Na enrichment must be present. At these elevated temperatures
a series of proton captures will lead to the following chain of reactions, shown in Fig. 1.6:

BAar(p; )3K( ") Ar(p; )EK( T)BAr(p; )FK: (1.2)

Unlike the sodium production case discussed before, this chain of reactions does not form a cycle,
due to the negligible contribution 8#K(p; )3Ar. Itis also the case thafAr is unstable to electron



Figure 1.6 A pictorial representation of the reactions responsible for the synthe§lK afue to elevated H-
burning.(p; ), *,and electron captur@ ) are shown in green, purple, and pink, respectively. Although
the electron capture o Ar is possible, its rate is suf ciently low which makes its contribution to the nal
abundance of°K negligible.

capture, and has a half-life 865 days. This half-life compared with the relative strengti@%r(p; )3K
means that this decay has little effect on the synthesigkaf

So far, the temperatures required for the sequence of reactions in Eq. 1.2 have only produced a
handful of potential polluter candidates. The scenario of hot bottom burning in AGB stars and super AGB
stars B-9M ) was proposed in Ref. [Ven12]. The authors noted that if the reaction rdfé\ofp; )3°K
was a factor of 100 times larger, then the observed levels of K could be explained by this scenario.
An interesting idea was put forth in Ref. [Carl3]. The authors of this study hypothesize that because
of the unigue nature of NGC 2419, a similarly rare event could be a good candidate. They suggest
a Pair-instability Supernovd 40-260M ) as a suf ciently rare phenomenon capable of producing K.
However, this scenario is expected to have an odd-even effect [Wo002], i.e., that nuclei with aken
expected in much greater abundance than those wittzoddhis is not the case in NGC 2419, which
presents major complications for this scenario.

Instead of approaching this problem by selecting a potential polluter, developing and running a



Figure 1.7 Monte-Carlo samples capable of reproducing the elemental abundances observed in NGC 2419 plot-
ted as a function of their temperature and density. Temperature and density conditions of some of the proposed
polluter environments are plotted and labelled. Plot is taken from [I1i16].

stellar model, and then comparing to observation, lliadis et al. [1li16] approached the problem by
remaining agnostic towards the source of the pollution. Their study used a Monte-Carlo method to
sample temperature, density, amount of hydrogen burned, and each of the thermonuclear reaction rates
(taken from [Sal13]). For each of these samples, a nuclear reaction network calculation was carried out.
The output from each network was then mixed by some fractional amouoft unprocessed material

according to:
_ Xproc+ fX pris,

whereX is the mass fraction of the material, "proc” refers to the processed material, and "pris" is the
pristine cluster material. Finally, after the material was mixed using xed valués ibfvas compared to

the observations from [Muc12; CK12]. Samples that were able to reproduce all the observed correlations
of NGC 2419 were kept. Figure 1.7 shows the accepted solutions plotted as a function of their temperature
and density, while the lines show the conditions present in some of the proposed polluters.

A further analysis in [DI117] more closely examined the effect individual reaction rates had on the
range of acceptable temperatures and densities. This study clearly de ned the role nuclear physicists
could play in resolving the anomalous chemical signature of NGC 2419. The authors concluded that only
a handful of rates played a signi cant role in increasing the uncertainties in the astrophysical parameters.
They are®Si(p; )3'P,%"Ar(p; )3K, BAr(p; )3°K, and®*K(p; )*°Ca.



1.4 Summary

The above discussion highlights the interesting questions posed by the observation of multiple, chemically
distinct stellar populations in globular clusters. Without a precise knowledge of the nuclear reactions
responsible for the enriched material, it is impossible to pin down the stellar environment that produced
it. This work will be concerned with what appear to be two distinct processes. In the case of the Na-O
correlation, an unknown pollution mechanism appears to be common to nearly every globular cluster.
Thus, it is a fundamental element to our understanding of these objects. The K-Mg anti-correlation is
associated with a higher temperature burning environment, but is still capable of informing our knowledge
of nucleosynthesis within these unique objects. Critical to both of these scenarios is a better understanding
of how quickly these elements are destroyed throughiNe(p; )?*Mg and3°K(p; )*°Careactions,
respectively.
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CHAPTER

2

NUCLEAR REACTIONS AND
ASTROPHYSICS

2.1 Introduction

This chapter draws the link between the thermonuclear reactions occurring in stellar interiors and the
nuclear properties we can measure in the lab. Special emphasis is placed on the theory underpinning
single-nucleon transfer reactions. It is shown that these reactions provide single-particle information
essential to constraining the stellar reaction rate.

2.2 Thermonuclear Reaction Rates

For the majority of a star's life, it will steadily burn its nuclear fuel in order to balance the force of
gravitational attraction between the stellar gas. This state of hydrostatic equilibrium is reached as the
infalling gas begins to increase in temperature and density to a point where nuclear fusion reactions
begin to occur [RR88]. The probability of fusion occurring is determined by the nuclear cross section,
which itself is a function of energy. Thus, in a thermal environment where particles have a distribution
of energies, the rate of fusion, called ttiiermonuclear reaction ratgequires a convolution of two
probabilities: the energy distribution of the reacting particles and the nuclear cross section. Assuming
the stellar interior is in thermal equilibrium, then the particles will have kinetic energies dictated by the
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Maxwell-Boltzmann distribution, and the stellar reaction rate between naidedA, denotechv i ga,
is given by [lli15]:

g =2 1 %1

an  (KT)32 o

hv iga = E (E)e BT dE: (2.1)
This equation is expressed in the center of mass frame whgrés the reduced mass of particlagnd

A, E is their center of mass enerdyjs Boltzmann's constani; is the temperature of the stellar plasma,
and (E) is the nuclear cross section.

Because the integral in Eq. 2.1 goes fre&m= 0 ! 1, itis not immediately clear which energy
range is relevant for a speci ¢ temperature. The peak of the Maxwell-Boltzmann distribution occurs at
E = KkT. For temperatures af0-80 MK relevant to globular cluster nucleosynthesis, this peak occurs
atE  6-7 keV. However, at these low energies the coulomb repulsion between the positively charged
ions will severely inhibit the reaction rate at the peak of the Maxwell-Boltzmann distribution. Classically,
the reaction could only proceed once the particle has enough energy to overcome the coulomb barrier,
but quantum mechanics gives a nite probability for the particle to tunnel through this barrier. This
probability can be approximated for zero orbital angular momentum, £€), tunneling as:

P=e? ; (2.2)

whereP is called the Gamow factor andis the Sommerfeld parameter, which is de ned as:

r

%zaerZ: (2.3)

Ll

Z, andZa are the atomic numbers afandA, respectively, while is the elementary charge. Multiplying
the Gamow and the Boltzmann factors together gives a peaked probability distribution that approximates
the energy range in which the majority of the nuclear reactions will occur. This peak is called the Gamow
peak, and an example fétNa + p at 75 MK is shown in Fig. 2.1. The center of this peak is around

100keV, showing that the effect of the Coulomb barrier is to sample from the high energy tail of the
Maxwell-Boltzmann distribution.

At the low stellar burning temperatures under consideration in this work, the behaviQE pfwithin

this narrow energy window is the dominant factor for calculating the thermonuclear reaction rate.
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Figure 2.1 The Gamow peak fof*Na +p reaction a5 MK.

2.3 Resonant Reactions

At the relatively low center-of-mass energies where nuclear reactions in stellar interiors occur, the primary
contributions to (E) will come from direct radiative capture and resonant capture. The former plays a
minor role in the?>Na(p; ) rate, but is not studied in this work. The latter is the primary mechanism by
which both?3Na(p; ) and®°K(p; ) proceed.

Resonant reactions involve the formation of a compound nucleus. When the energy of the reacting
particles is such that the center-of-mass energy matches an excited state of the compound system, there is
an enhancement of the reaction cross section. This resonance energy is related to the excited state energy
via:

Er=Ex Q (2.4)

whereE; is the resonance enerdyy is the excited state energy, aQds the reaction Q-value for the
formation of the compound nucleus. Once the compound nucleus is formed, there is a suf cient period
of time for the nucleons to rearrange themselves and effectively lose any information about how the
compound nucleus was formed [BW91]. This means that the de-excitation of the compound system
will be independent of the manner in which it was formed, a theory rst proposed by Bohr [Boh36].
Under these assumptions the nuclear cross section for a single isolated resonance, called the Breit-Wigner

13



formula [BW36], can be written as:

? (23 +1) a b

Bew = o G+ D2ia+D) (E E2+ 24

(2.5)

where is the de Broglie wavelength of the system at the center-of-mass elBedyys the spin of the
resonanceg,s is the spin of the incident particlg, is the spin of the target, ari€, is the energy of the
resonance. This formula, consistent with the assumptions that have just been laid out, only depends on
the resonance energlf (), level width ( ), and spins of the particles involved. Of particular importance

are the partial widths, ; and A, and the total width . These widths are expressed in terms of energy,

and using the uncertainty principle can be related to lifetimef the resonance:

= — (2.6)

Additionally, is equal to the sum of all the energetically allowed decay channels' partial widths:

X
= ¢ (2.7)
Cc
where the index ¢ runs over the channels. These widths are in general energy dependent quantities. This
complication gives two distinct casegarrow resonances where the widths do not vary appreciably over
the total width of the resonance and broad resonances where this does not hold.
It is now possible to calculate the astrophysical rate in the case of an isolated narrow resonance.
Plugging the expression for the cross section, Eq. 2.5, into that of the reaction rate, Eq. 2.1, yields:

_ z
g8 ¥ 1 12 (23 +1) a b

I E=kT .
w (V7 o & @ar@ia+D) (€ Egze 2o 00 29

hViaA:

The simpli cation takes the partial widths and Maxwell-Boltzmann distribution to be constant over the
width of the resonance. Pulling these out of the integral leaves the expression:

Z1 dE

o (E EnZ+ 24

(2.9)

To explicitly show one more assumption, this integral can be be evaluated with trigonometric substitution

and reduces to: ) E E 1
Z arctan ! : (2.10)
=2 0

the upper limit can readily be calculated and comes oyt tbhe lower one invokes another property

of narrow resonances, that beig >> , which effectively makes the lower bourd , giving 5.
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Thus, this integral yield¢ . Combining these factors gives:

2 3:2~2 E, =kT (23 +1) a b,

hv i = e - -
oA ankT Qia+1)(2ja+1)

(2.11)

The product of the spin multiplicities and widths is frequently dendtedand is referred to as the
resonance strength because it is proportional to the area under the resonance cross section [lli15]. Using
this de nition, the above becomes:

2 3=2

T ~2@ BTy (2.12)

hViaAZ

Although the experimental methods in this thesis will not focus on the direct determination of
the resonance strength, the results presented can be compared to such measurements. It is therefore
enlightening to discuss how such measurements are performed. From Eq. 2.9, we can see that any process
that integrates over a narrow resonance will be proportionial tdn the lab this energy variation comes
not from the random thermal motion of particles, but from the energy loss of a particle-beam traveling
through a target material with stopping powei ). In such a case, the number of nuclear reactions that
occur per beam particle, i.e. the yieM, of the reaction, will be:

Y= """ (2.13)

where the subscript means the quantities are evaluated at the resonance energy. This formula only holds
if the target material can be considered in nitely thick, meaning that the target thickness in energy units
is much greater than, i.e. E >>  [llil5].

2.4 Connection to Nuclear Structure

Resonances as discussed above make no assumptions about the detailed structure of the compound
system. In cases where the resonance strength can be determined directly, this is a very satisfactory state
of affairs, where almost no knowledge of the nuclear force beyond its short range and strong interactions
has to be assumed. However, if it is the case that the resonance cannot be determined directly, as is
often true for low energy resonances of interest to astrophysics, indirect determinations of the resonance
parameters have to be made. Because of the relative simplicity of Eq. 2.5, it can be guessed that any
information about the underlying nuclear structure must be contained within the partial widths. As will

be shown, these particle partial widths can be expressed in terms of single-particle states within the shell
model. Historically, this connection between the resonance partial widths and single-particle quantities
related to the shell model is quite remarkable, since the proposal and success of the Breit-Winger formula
[BW36] predated the evidence of the nuclear shell model [May48] by more than a decade.
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As an example, lets turn towards the proton partial widty),which, despite being expressed in
energy units, can be thought of as being proportional to the probability of a proton to be emitted from the
compound nucleus. In order for this process to happen, three things must occur: the proton must overcome
the coulomb barrier to arrive at the nuclear surface, at the surface the proton must occupy a single-particle
state that has the same quantum numbers of the corresponding resonance, and this occupancy must be
weighted according to how much the mean eld effect of the other nuclear interactions fragments the
total single-particle strength of a proton shell among its constitute states. Thaan be written:

2

—__C2sp 2 (2.14)

=2
p spr

whereC? is the isospin Clebsch-Gordan coef cient for the A systemS is the spectroscopic factor
of the single particle staté®- is the penetration factor, andp is the single particle reduced width
[1i97]. Additionally, there is the paramet&, which is the channel radius. Matching these terms with the
above probabilitiesP- is the probability of the proton tunneling through the coulomb barr%ris the
probability of the proton being found at the nuclear surface,@fifl is the weight for the single-particle
state.

2.4.1 Calculation of Partial Widths

Ofthe termsin Eq. 2.14&- and p stand separately froi2S because they can be calculated accurately

theoretically.P- is calculated from:

k
P =R E2+ G2 ; (2.15)

whereF- andG- are the regular and irregular coulomb functions, respectively [AbK7i4]the wave
number of the particle, arid is the channel radius [lli15].sp is the dimensionless single-particle reduced
width and is de ned as:

= UslR) (2.16)
AgainR is the channel radius, whilgsp is the radial wave function for a single particle in a nuclear
potential. The channel radius is de ned as:

R = ro(A{ "+ AL, (2.17)
whereA; andA are the atomic mass numbers for the target and projectile, respectively. For this work

ro=1:25fm.
While it is possible to calculate the above factors individually, they, as well as the constant factors,
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can be absorbed into a single terngs. Eq. 2.14 is now written as:
p=C?S o (2.18)

The bene t of such an equation is that it can be calculated numerically by varying the parameters of a
single-particle potential to produce a resonance at the observed energy. The width of this single-particle
resonance corresponds tg,. One such method is utilized by the coBEND, which is described in

detail in Ref. [1i97].BIND nds sp by solving:

Z
2 d 2 an  Rmax G (Rmax) d dG

o - . .2
e dE _, 2k o WOFdTE TR A e

=G (Rmax) ; (2.19)

where is the scattering phase shiRnax is a cutoff radius, and the other symbols have been de ned
previously. One shortcoming of the above method is that as the resonance energy approaches the proton
threshold, the numerical method becomes extremely unstable. This is expected since partial widths drop
off exponentially a€c.m: approaches zero. These problems at lower energies can be worked around by
using the methods presented in [Ili97] and [Bar], these studies use the high energy valyearaf

Eq. 2.15 to give ts for the energy and mass dependencépoﬂ'hese ts also allow the calculation of
reduced particle widthior sub-threshold resonances:

2=C%s & (2.20)

The only missing unknown quantity at this pointdgS, which scales the single-particle quantities
to the physical resonance paramet&$S can in principle be calculated using the shell model, but it
is highly sensitive to the model chosen for the nucleon-nucleon interactions. The situation is further
complicated for resonances since the single particle states are unbound, which requires treatment of
states in the continuum. Due to the high uncertainty involved with their determination theoretically, it
is advantageous to determifi#S experimentally. Single-nucleon transfer reactions have long been
used to experimentally test the shell model due to their sensitivity to the single-patrticle structure of
excited states [Sat83]. In particular, if a transfer reaction is performed at a high enough energy, then the
dominant contribution to the cross section will be a direct reaction process. Direct reactions, as opposed
to compound reactions, do not form a compound nucleus; therefore, the particles in the exit channel carry
information about the reaction mechanism itself, not just the decay of the excited nucleus [Sat83]. We
can now look at how this information can be relateC®s.
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2.5 Transfer Reactions

Transfer reactions are a broad class of nuclear reactions that refer to processes where either a single or a
cluster of nucleons are moved between the target and projectile systems. In normal kinematics assuming
a cluster of nucleonsg, we have either a pickup reaction:

at(A+¢! (a+ o+ A (2.22)

or a stripping reaction:
(a+c)+ A! a+(A+0): (2.22)

Describing this system theoretically requires a quantum mechanical treatment of each of these subsystems.
For the case of a stripping reaction, this divides into the scatteri(ig-ofc) off of A anda off of (A + ¢),
while accounting for the interaction ¢4 + c) and(A + c).
Since the measurement presented in this thesis is a proton stripping reactioh@He.d)B, | will
tailor the following discussion around its description.

2.5.1 Optical Model

A full description of the scattering processes *Heandd+ B would require specifying the Hamiltonian
for theN -nucleon scattering problem. This would involve accounting for all excited states in both the
projectile and target systems and coupling all available reaction channels. The nuclear optical model
simpli es this multi-nucleon scattering problem by considering a single particle interacting with a complex
potential,U(r). The complex potential removes ux from the elastic channel, which approximates the
effect of the other open reaction channels on the cross section. This assumption is only valid when the
number of open reaction channels is large enough such that their in uence can be averaged over [Hod71].
The theoretical basis for the optical model was rst established in Ref. [Fes58], but fell short of
actually prescribing the form of the complex potential. Through detailed analysis of elastic scattering
from a range of targets and energies, Becchetti and Greenlees [BG69b] showed that a phenomenological
optical model could successfully describe a wide variety of elastic scattering data. Further theoretical and
historical details can be found in Ref. [Hod71]. Any reference to or listing of optical model parameters in
this thesis assumes the following form of the optical potential:

U(r) = Ve(rire)  VT(riroan) (W 4aiWs£)f(r;ri;ai)
_ 2

1d <
+ m e Vso;af (r;rso; aso) ; (2.23)
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wheref (r) is given by the Woods-Saxon form factor:

f(r;ro;ap) = ! — (2.24)

1=3
A
1+exp —o—

Each term, with the exception of the coulomb potentialUins parameterized with a well depth,

V; W; Ws, radiusfo; ri; rso, and diffusenessp; a; aso. At denotes the atomic mass number of the target
nucleus. The spin-orbit interaction is between the projectile orbital and spin angular momeiatioahs,
respectively. Additionally, the spin orbit term makes use of the common parameterization whets,

and( - C)2 is a constant with a value of approximat@ym?. The Coulomb termy., comes from the
potential of a uniformly charged sphere with radRis= rcAtlzg. These conventions follow those of

the reaction code FRESCO [Tho], which is used for all calculations in this thesis, unless otherwise
noted. A word of caution is in order due to many different conventions that exist for the parameter values
in literature. Especially bothersome are the form of the imaginary surface and spin-orbit terms. For
the imaginary surface term, the prefactor can eitheWhedWs, or as adopted hers; Ws. Both the
subscriptD ands are in use for the surface imaginary term, standing for eitleeivativeor surface

For the spin-orbit term, the prefactor may omit the consmntay be substituted for, or the so-called
Thomas form may be used which replatgs and any constant by. These conventions change from
author to author, study to study, and reaction code to reaction code. Beware!

The selection of the parameter values for these potentials is critical to the successful theoretical
description of transfer reactions. For the phenomenological optical model, they are determined from
experimental data, typically differential elastic scattering cross sections and analyzing powers. These
data can be local, like those listed in Ref. [PP76], where only the elastic scattering from a single target
nucleus at a single energy is considered. On the other hand, global studies, such as Refs. [Var91; BG69b;
BG69a; Pan09; Dae80], use a variety of targets and beam energies to derive relations between potential
parameters and target mass, beam energy, and other nuclear properties. Often these two approaches are
mixed, with global values used as a starting point for a local data set. These starting global values are
then tto best describe the local data set.

2.5.2 Distorted Wave Born Approximation

The optical model potentials described in the previous section allow a computationally tractable approach
to theN -nucleon scattering problem. The Distorted Wave Born Approximation (DWBA) is a perturbative
method that treats the transfer of a nucleon between nuclei as a perturbation of the elastic scattering
process described using optical potentials [Sat83; TN09; Hod71]. In order for this model to be valid,
the transfer cross section must be small compared to the elastic scattering cross section and the transfer
reaction must be consistent with a direct reaction process. A direct reaction is described to rst order as a
transition from an initial to nal state via an interaction potentll, The T-matrix element for such a
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process is:
T = hkyjVikii ; (2.25)

wherek; andks are the wave numbers for the incoming and outgoing wave functions, respectively.
DWBA constructs these scattering wave functions using the entrance and exit optical model potentials
according to:

2

2—r2+Uji:Eji: (2.26)

The T-matrix can then be written down for the transfer reaction using the incoming and outgoing
wave functions for the nal and initial statesf( )(kf) and i(+) (ki) :

T=h O K)iViranster | P (ki)i: (2.27)

This equation, while compact, masks much of the complexity of the problem. In particular, the transfer
process needs to transform the incoming coordinates fok théHe system to those of the outgoing

B + d system. A diagram of the coordinates considered in DWBA is shown in Fig. 2.2. Explicitly writing
these out, we get:

Z Z
T=J drg drae f( )(rd; Kd) hB; djViranster insHei i(+) (r3per Kape): (2.28)

Eq. 2.28 reduces down to Eq. 2.27 once the integrals are evaluated. The perturbing patential is
now acting on the states for the internal wave functions of the systems.

By construction, the distorted waves in Eq. 2.28 do not contain detailed nuclear structure information.
Any angular momentum selection rules, nuclear structure information, or any other reaction information
is thus contained ihB; djViyanster jA;3Hei [Sat64]. It is again the case that the Bra-ket notation hides
the complex nature of this term, which requires evaluation of all the spins and internal coordinates of the
particles involved in the transfer. Specifying the form of the perturbing potential is the last step before it
becomes possible to fully describe the DWBA T-matrix.

Building the potentiaVyanster  Can be done in either the entrance or exit channels. This choice is
referred to as either therior or postrepresentation, depending on if the interactions in the entrance
or exit channel is chosen. First order DWBA is equivalent if either of these two representations is used
to construct the perturbing potential [TNO9]. An example to help clarify this concept is the prior form
of theA(®He; d)B reaction. The valence patrticle is the proton, which in the entrance channel is bound
to the deuteron. Since the transfer is dependent on the potential acting to remove the proton from the
deuteron, it is necessary to nd the energy difference between the individual and composite systems.
The composite interaction is betwedifie andA, while the individual interactions are for tipe+ A and
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Figure 2.2 Diagram of the coordinates used in DWBA for a stripping reacfi¢fHe; d)B . rs. andry are
the coordinates for the optical model potentials shown explicitly in Eq. 2.28, while the other coordinates are
implicitly contained in the matrix elemehB; djViyanster JA;3Hei .
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d + A systems. Solving these interactions exactly would require solviniy tieicleon systems, so it is
again necessary to use simpli cations to make the problem tractable. Optical potentials can be used for
d+ A and3He+ A systems, and a single particle model can be useg foA. This gives:

Vprior = Vp+ra + Ugia U 3pera; (2.29)

whereUg. o andUse, o are optical model potentials aid: 4 is a real single particle potentidly.
is typically called the core-core potential because it describes the interaction between the two inert cores
in the reaction. These terms can be readily written down for either stripping or pickup reactions in either
the post or prior form if it is noted that the core nucleus in the selected channel must appear in every term.
It is then a matter of writing down all of the interactions with that core, where the binding and core-core
interactions are added together and the remaining term is subtracted off. As an example, the post form
for the above reaction will depend on all of the interactions with the core in the exit channel, wHich is
This gives:

Vpost = Vp+rd + Ua+d U B+a; (2.30)

where again it should be noted tlthappears in every term. Plugging either of the above expressions
into Eq. 2.28 will yield the DWBA cross section for a chosen excited state. This is known as a nite
range transfer with full remnant [TNO9].

2.5.3 Overlap Functions and Spectroscopic Factors

It can be seen that any nuclear structure information that needs to be included in DWBA has to be
contained in the matrix elemehB; djVianster JA;2Hei. A full exploration of this term is beyond the
scope of this thesis, but there are some details that merit discussion in order to draw the clear line from
transfer reactions to nuclear astrophysics. If we return to the proton stripping example, it is easier to
examine this matrix element in the post form, with the assumption that the remnant term is negligible.
This gives:

MB; djVpostjA; *Hei = MBjAihdjVy. pj*Hei : (2.31)
The termhBjAi is called the overlap function, and describes a state of the composite nigleus,
in terms of the core nucleus and a protét+ p. It is more accurate to express this quantity with its

dependence on the relative coordinate between the proton and thegoras |, (rpa). In general,
this overlap can be viewed as the coef cient for a given state in the expansion:

X
AENINE iate (Fpa) 1h (A); (2.32)

I'a
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where the labelsp andl g can stand for any involved quantum number such as spin or isospin, while
is the symbol given to the internal coordinates®fThe spectroscopic factor, which when combined
with the isospin Clebsch-Gordan coef cient is writtéﬁsi'sj’* 's is de ned as the integral of the square
of the norm of the overlap function:
Z,
Cc2s = . 1ats (Fpa) 2drpA: (2.33)

The issue at this point, as has been the theme with this entire section, is that we are again confronted
with a multi-nucleon problem when trying to determineg, .|, . The problem is simpli ed by introducing
a single-particle wave function, typically generated by a Woods-Saxon potential, that is normalized to
unity. Thus, the overlap becomes:

e (pa)  ALA'E Tate(rpy): (2.34)
The coef cientAj"SjA 's is called thecoef cient of fractional parentagéCFP). By Eq. 2.33, we see that:
C?sg = Alp's % (2.35)
Stepping back from the math for a second, Eq. 2.35 is the result of a fairly simple logic:
1. SystenB is made of an inert cora plus a proton.

2. SystenB can thus be expanded into states of the sygtemp.

3. The coef cients of this expansion, called the overlap, can be modeled as single particle states with
guantum numberslsj coming from the shell model.

4. The square of the norm of an overlap function is not equal to unity, but rather equal to the
spectroscopic factor for that state.

5. Since the single particle states from it@mare unit normalized, then they must be weighted by a
factorAlp'e.

The spectroscopic factor can be viewed as the fraction of the total strength of a single particle shell
contained in a single state.

Putting all of this information together, it can be seen that the matrix element in Eq. 2.31 is propor-
tional to the CFP for thé + p system. The wave function féHe can also be expanded via the overlap,
yielding a CFP for thel + p system as well. Once this is done, the DWBA formalism is complete and a
cross section can be computed. The differential cross section will be proportional to the square of the
T-matrix, and this cross section can be compared to the experimental cross geg;jgnPulling the
spectroscopic factors out front gives:
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d Exp

d

= C%Sp+pC%Sgs p— :
A+p d+'°d DWBA

(2.36)

Thed+ p system spectroscopic factor is frequently omitted from this equation in the literature, which
re ects the fact that it has been computed eitherbyinitio [Bril1] methods, or simply from the relation
for nuclei with mass number 4, which isA=2, e.g.,CZSp+d =3 % [Sat83].

The upshot of DWBA is now clear, a transfer cross section measured in the lab can be used to extract
CZSA+p. Using the spectroscopic factor, theoretical single-particle resonances are scaled tg give
which, in turn, can be plugged into Eq. 2.12. Transfer reaction experiments provide nuclear input essential
to thermonuclear reaction rates.

2.6 Summary

This chapter has laid out the foundation of how nuclear physics can be used to inform stellar burning.
Resonant reactions were de ned, and their contribution to thermonuclear reaction rates were made explicit
in the case of narrow isolated resonances. The connection between the parameters in the Breit-Wigner
cross section and nuclear structure led to an outline of how transfer reactions could constrain these
reactions. Finally, the formalism for DWBA was presented, and the theory was examined in order to
show how spectroscopic factors arise from the nuclear overlap functions and how they are determined
from experiment.
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CHAPTER

3
NUCLEAR PHYSICS UNCERTAINTIES

3.1 Introduction

This chapter introduces the concepts of reaction rate uncertainties, which motivate much of the original
research presented in this thesis. It will set the stage for the work on Bayesian DWBA that is presented in
Chapter 5, and discuss the evaluation oftH€(p; ) reaction rate which | was involved in. Within this
framework nuclear physics uncertainties associated with quantities measured in the lab can be propagated
all the way through a nuclear reaction rate network calculation. Thus, the results of nucleosynthesis
calculations can be compared with astronomical observations taking into account the underlying nuclear
physics uncertainties.

3.2 Reaction Rate Uncertainties

As the nuclear inputs such as partial widths, resonance energies, and resonance strengths are measured
in the lab, it is essential to quantify their impact on the resulting astrophysical reaction rate. At rst
glance, this calculation can appear to be a simple one, with the lab values plugged into the reaction
rate formulas from Chapter 2. This simple calculation, however, would ignore a fundamental part of
these experimentally determined quantities, which is that they are subject to uncertainties. The danger
in ignoring uncertainties is the same for nuclear astrophysics as it is for any other eld of science,
overcon dence in predictions and a loss of direction in how to better improve these predictions. In other
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words, it is critical to estimate uncertainties both to understand what is known and to develop plans on
how to know it better.

The method described here for propagating nuclear uncertainties through reaction rate calculations
was rst described and utilized in a series of papers by Longland, lliadis, and collaborators [Lon10;
[li10a; Ili10b; Ii10c]. While these methods will surely evolve in the future, they are of critical importance
to the future of the eld, and their foundation merits discussion.

Propagation of uncertainties through calculations can be done in several ways, with perhaps the most

familiar way being: v

X er?,

= o - (3.1)

|
where for a functionf , dependent on random variabl&s,This equation relates the standard deviation
of f, ¢,tothe standard deviations of the dependent variak|e3,he issue with the above formula is
that it is an approximation, which might not hold if there exist strong correlations between the variables
or if the uncertainties are not normally distributed [Tay96]. Before moving on, an unfortunate situation in
nuclear physics when discussing uncertainties should be mentioned. The context in this chapter should
make it obvious whether is referring to a cross section or a standard deviation. In order to be more
explicit, cross sections will always be expressed as a function of another variable(E§ or g'—

As will be shown in the next section, the uncertainties for many nuclear physics quantities, such
as the cross section, are not normally distributed. Furthermore, the derivatives in Eq. 3.1 might require
evaluation via numerical methods, eliminating much of the computational simplicity that makes this
formula attractive in the rst place. Due to these reasons, it is bene cial to use an alternative method
when confronted with the speci c issues that arise in reaction rate calculations.

A simple and exible solution to uncertainty propagation is using a Monte Carlo approach. This
method assigns explicit probability distributions for ea¢h

Xi Xi; (3.2)

where the symbol means “distributed according to.” If samples can be drawn fKamthen these
samples, in turn, can be used to calculaté'hus, the Monte Carlo approach draws many samples
from the distribution of all variables that are subject to random effects. These samples are fed one at
a time through the formula fdr, yielding samples fof . Finally, the samples df are collected and
analyzed. This approach, while simple, has some de nite drawbackgsI€omputationally expensive,

then it can be infeasible to perform the necessary number of evaluations, which can be on the order of
10°. Additionally, there is no guarantee that the randomly drawn samples will be representative of the
underlying distribution. This issue becomes especially problematic when the tails of the distribution are
important.
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Figure 3.1 Histogram showing the comparison between the probability density of a normal distribution with
parameters found from Eq. 3.1 and the samples obtained from the Monte Carlo method.

As a quick example, lets taKeto bef = x + y, wherex andy are distributed according to:

x N 40;1.0 (3.3)
y N 30,10 ; (3.4)

whereN (; 2) stands for the normal distribution, which is parameterized by the meaamd the
variance, 2. Thus, the above equations denote normal distributions with méansl 3, both with
variancel.

Using Eq. 3.1 we can easily nd thdthas = 7:0and = pm = pi. If instead we
use a Monte Carlo method and dra® samples from eack andy, we getl0® realizations off .
These samples are plotted in Fig. 3.1. Once we have the samglab®bther issue with Monte-Carlo
procedures, or really any sampling based method, arises. How do we best summarize these samples?
This is a rather trivial problem for this example since it is well described by a normal distribution, with
the consequence that the mean, median, and mode are all equal, and that one standard deviation will
contain68% of the samples. In general this problem will arise again and again, and there is no general
answer, so a deeper discussion is best left until we have a problem that requires more thought. Blissfully
unconcerned with nuances of summary statistics, we take the mean and the standard deviation of the
samples, which gives = 7:00and =1:41

It is clear from the above discussion that before a Monte Carlo procedure can be applied to the
problem of calculating thermonuclear reaction rates, the inputs must be assigned probability distributions
that can be sampled. Furthermore, once the samples are dratvm fora convenient way to summarize
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them will be necessary before they can be integrated into a reaction network.

3.3 Probability Distributions For Nuclear Inputs

The form of the probability distributions fd€,, , x (partial width for particlex), and! requires
examination of how these quantities are derived from experiments. The central limit theorem states
that the sum of random variable, no matter how these variable are distributed, will approach a normal
distribution as more terms are added to the sum. This theorem, and some of its corollaries, provides a
reasonable form for all of the above experimentally determined terms.

3.3.1 Resonance Energies

Energies in the lab are typically subject to uncertainties arising from the sum of many terms. Take for
example proton elastic scattering off of a thin target of a heavy material. The protons are detected by
a surface barrier silicon detector positioned clos@ tdn this case, the measured proton energy will

be impacted by statistical uncertainties that comes from a variety of sources. Some examples are the
incoming beam, which will have energy uctuations due to the instability of the accelerBtgsam.

Once this beam impinges on the thin target, it will lose some amount of enBrgyyet . The energy
deposited within the detector by the scattered proton will be converted to an electric charge, which will
be subject to thermal effects of the electrons moving through the semi-condicitma . Finally, this

charge will be integrated by a charge sensitive preampli er, which itself is subject to electronic noise,

E electronic - We can think of all of these terms as additive effects of the energy of the pdtticle

Edetected = Ep + E beam T E target + E thermal + E electronic s (3-5)

where it should be understood tHag is a number, but all of the terms are randomly distributed
guantities drawn from unknown distributions.

The above example excludes many potential factors, but the point is that a measured energy is most
often the sum of many factors, all with uncertainty. Because of this fact, the central limit theorem can be
invoked, which tells us that as these independent random effects are added up, the resulting quantity, i.e,
energy, will tend towards a normal distribution. Thus, resonance energies can reasonably be assumed to
be distributed normally.
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3.3.2 Quantities Derived From Cross Sections

Although cross sections were discussed theoretically in Chapter 2, we need to look how this quantity is
measured to understand what the expected distribution is for a nuclear cross section. In its simplest form:

NRr

(E)= (Na=A)NT " (3.6)

whereNr is the number of reactionblg is the number of particles in the bealNy is the number of
particles in the target, anl is the area of the incident beam. Since all of these quantities are positive, we
can look at logarithm of (E):

In (E)=In Nr+In A InNg InNt: (3.7

Random uctuations in any of these quantities will therefore lead to a measured cross section of

measured (E):
IN measured(E)=In (E)+In Ngr+In A InNg In Nr: (3.8)

It can be seen that Eq. 3.8 is analogous to Eq. 3.5. Thusdlaeithmof easured (E) tends to be
normally distributed according to the central limit theorem. The probability distributionfetsured (E)
is then the logarithm of a normal distribution. This is calledltigenormaldistribution, and is given by:

f(x)= ﬂ%ie('”x =22 (3.9)

where the parametersand are the mean and standard deviation of the corresponding normal distribu-
tion, respectively. Unlike the normal distribution, the log-normal distribution's mean does not correspond
to , noris its variance given by?. Instead, the meaig[x], is given by:

E[x]= e? * % (3.10)

and the variance( [x], by:

2

Vix]=e@* D e® 1: (3.11)

It is also useful to nd an easy way to expred®% coverage. One possible way is to give the median
(med:):
med: [X] = e ; (3.12)

which for the log-normal distribution has the property that it is alsog@metrionean, where Eqg. 3.10
is thearithmeticmean. The geometric standard deviation is given by what is called the factor uncertainty
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(fru:):
fiu: [x]=e: (3.13)

These de nitions are given mostly for later reference, but some intuitive meaning does exist. Speci -
cally, cross sections tend to come with a percentage uncertainty. This percentage uncertainty, let us say
20%for example, could be cast as a factor uncertaintfywf = 1:20. In this case68% coverage would
be given by thdmed:=f:u:) to (med: f:u:) . All of these quantities provide useful ways to summarize
the shape and spread of a log-normal distribution.

It is also interesting to note what happens to a log-normally distributed variabl®@somes small.

TakeY to be log-normal, then there is a corresponding normal varigbtelated by:

Y=ezet?, (314)

whereZ N (0;1).1f issmall, there? (1+ Z),whichyieldsY e (1+ Z).De ningnew
parameters®= e and %= ©  itcanbeseenthat N ( ¢ ®). Thus, in the limit of small , a
log-normal distribution begins to resemble a normal distribution with neeaand standard deviation
e

The arguments presented in this section were made for a cross section measurement, but any nuclear
guantity that is the factor of many randomly distributed, positive quantities will be well described by a
log-normal distribution due to the power of the central limit theorem. From the last chapter, it can indeed
be seen that resonance strengths, Eq. 2.13, and partial widths, Eq. 2.14, do meet this requirement.

3.3.3 Monte Carlo Reaction Rates

Once appropriate probability distributions have been assigned to all the relevant quantities, samples can
be drawn for each of them to yield samplesfoshv i (whereN 4 is Avogadro's number) as a function
of temperature. The prograRatesMC was used to perform this Monte-Carlo sampling. Details of this
program can be found in Ref. [Lon10].

An instructive example is to examine a simpli ed reaction rate that is dominated by narrow resonances.
One of the closest available examples to a narrow resonance dominated ratéiepe )%?Na rate.
If, for now, the upper limits of the two lowest energy resonances are ignored, then this rate is determined
completely by a direct capture component dddharrow resonances. The input dataRatesMC is
taken from Ref. [Ili10b]. At higher temperatureB (30 MK), the direct capture component becomes
negligible and the rate is found from the sum of the resonant contributions:

2 3=2
mpkT

X
Nahvip = Na ~2 e En Ty (3.15)

It might be expected from this equation that the sum will cause the central limit theorem to take
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Figure 3.210000 samples for the simpli et Ne(p; )?2Na reaction rate a0 MK. The log-normal approxima-
tion is shown as the dark blue, dashed line.

effect, resulting in a normally distributed reaction rate. However, at lower temperatures the Gamow peak
effectively truncates this sum, meaning that the rate is dominated by individual resonances. In this case
the rate is best viewed as a product of several variables, i.e, it will be log-normally distributed. This is
indeed the case as seen in Fig. 3.2, which showd®@0Monte-Carlo samples drawn far = 70 MK.

To further examine this effect, the contribution of individual resonances can be plotted as a function

of temperature using: .
phvin(T) .

c(m= hVin(T)’

(3.16)

whereC(T) denotes the relative contribution of th& resonance at temperatufe The results of this
calculation for’!Ne(p; )%?Na are shown in Fig. 3.3. This plot emphasizes the impact of the Gamow
peak, which causes the rate to be dominated only by resonances within this narrow energy window.
Furthermore, as the temperature increases, the Gamow peak widens, the level density of the compound
nucleus grows, and the sum of Eq. 3.15 starts to become important. This effect can be seen in detalil
in Fig. 3.4. This gure shows the samples frdRATESMGt various temperatures divided by their
median value. The distribution of the rate begins to become more normally distributed as the effects
of individual resonances become less important. However, as Fig. 3.5 shows both the log-normal and
normal distributions describe the reaction rate well@GK. This might seem odd, but it was shown that

a normal distribution does arise from a log-normal whemecomes small. becomes small in this case,

even though th&u: values on the individual resonances might be quite large, because the sum does not
preserve the percentage uncertainty. The log-normal distribution of reaction rates was rst mentioned
by Hix et. al [Hix03], but little justi cation was given beyond that the rates were manifestly positive.
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Figure 3.3 The individual contribution to th&'Ne(p; )??Na reaction rate without the inclusion of upper limits.
A-Ratel refers to the non-resonant direct capture contribution, while the short-dashed line is the sum of all
other resonances. The width of the lines shows the uncertainty in the contribution calculation. Only resonances
that contribute more thabb%to the total rate are plotted. Furthermore, this rate ignores upper limits on two
resonances for simplicity.

However, with development of the above Monte-Carlo method in Ref. [Lon10], it became possible to see
why these distributions arise naturally in reaction rates, and, more importantly, connect them with the
uncertainties measured in the lab. The log-normal distribution also has the bene t of being de ned with
only two parameters, making it easy to tabulate reaction rates, which, as will be shown, is necessary for
reaction rate libraries.

3.3.4 Upper Limits

Before this discussion is nished, it is important to note the impact of upper limits on reaction rates. An
upper limit is reported from a study when the counts in the region of interest do not exceed background.
As mentioned in the last section, | ignored the two low energy resonané&dégp; )??Na, which only

have upper limits reported, in order to simplify the discussion. However, it is not a trivial issue to de ne a
probability distribution for these upper limits. Ref. [Lon10] made the rst arguments for how this should
be approached. Without proof, the Porter-Thomas distribution (i.e. a chi-squared distribution with one
degree of freedom [PT56]) describes the distribution for reduced widths:

fF()= p%e ?=h %1, (3.17)
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Figure 3.4 Plot of the Monte Carlo samples for thENe(p; )??Na reaction rate without upper limits normal-
ized by the median of their corresponding log-normal distribution at various temperatures. As the temperature
increases, no single resonance dominates, and the rate becomes more normally distributed.
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Figure 3.5Monte-Carlo samples for thfé Ne(p; )??Na rate atl0 GK. The orange and dark blue, dashed lines
show the normal and the log-normal approximations for the samples, respectively.

with ¢ being a normalization constant ahd’i denoting thdocal mean valu®f the reduced width. This

value can be estimated from experiments, with the most comprehensive study being Ref. [Pog13].
Including the two previously neglected low energy resonances, which only have upper limits, back into

the Monte-Carlo calculation gives dramatically different behaviour at lower temperatures. Importantly,

the log-normal distribution does not accurately represent the reaction rate in the scenario where a rate

is dominated by upper limits. This means that while the log-normal distribution is convenient and

appropriate in several situations, the reaction rate cannot be said in general to be log-normally distributed.

This can be seen in Fig. 3.6. Speci cally, the rate normalizediey: of the samples is no longer on the

order of one. As the rate becomes dominated by measured resonamfcegl@tMK, the distribution

returns to an approximately log-normal distribution.
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Figure 3.6 Plot of the Monte Carlo samples for thENe(p; )??Na reaction rate normalized by the median

of their corresponding log-normal distribution at various temperatures. With the upper limits included, the
rate is no longer well described by a log-normal distribution at low temperatures, which can be seen from the
normalized rate deviating strongly from one.

35



3.4 Reaction Networks

Accurate estimates of reaction rate uncertainties are, by themselves, of little importance. The ultimate
goal of nuclear astrophysics is to relate theoretical calculations of stellar burning to observations. This
requires that the rate of change of each element be tracked through the entirety of the stellar evolution.
Considering just reactions between two particles, this can be done by solving a set of coupled differential
equations of the form:

dN; X . X .

W= NjNghv i NiNmhV iim; (3.18)

jk m

whereN; is the number of particles of nucleiThis equation can be made more general by including
any additive or destructive rate, whether it is beta decay, electron capture, or photodisintegration [Ili15].

Solving this set of coupled differential equation requires dach be speci ed at every temperature
considered. This is typically done by compiling a tabulated reaction rate library. This library speci es a
rate for each reaction at speci ¢ temperatures. Examples are REACLIB [Cyb10], BRUSLIB [Xul3], and
STARLIB [Sal13]. Of these libraries, STARLIB is the only one, at this time, to incorporate statistical
uncertainties. This is done by assuming the rate at each temperature is log-normally distributed, thus a
rate is summarized by its recommended rated:, and factor uncertainty;u: , parameters.

We now arrive at the nal link in the chain, propagating the reaction rate uncertainties, i.e., those
tabulated in STARLIB, to the predicted outputs of the network calculation. Again Monte-Carlo methods
are the only effective way to do this due to the thousands of rates involved and the complexity of the
network. However, the computational cost of Monte-Carlo procedures becomes most pronounced at this
step in the process, since it is currently computationally infeasible to couple a full reaction network to a
stellar evolution code and run it several thousand times. One recourse isgostggocessingvhere
a temperature and density pro le extracted from a more complex stellar evolution code is fed into a
reaction network that separately evolves the nuclear material. This network calculation is referred to as a
single-zone model because it only tracks nucleosynthesis at single location within the star and assumes
that this is representative of the star as a whole, which necessarily excludes effects like convection and
rotation.

The code used for post-processing was originally developed by Nikos Prantzos and modi ed ex-
tensively by Christian lliadis. It implements Gear's method to solve the coupled differential equations
[Lon14], and is able to sample reaction rate uncertainties in the manner detailed in Ref. [Lon12]. This
formalism draws a sampl&(T), for the rates using a random varialpleN (0; 1) to alter the median
rate according to:

X(T) = med: fu:P; (3.19)

wheremed: andf:u: are the log-normal parameters tabulated in STARLIB. Thus, before a network is
solved, a random sample is drawn fofor each reaction in the network. This varies the rates by the same
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relative amount in light of the fact th&tu: is temperature dependent. For example, take a calculation that
involves a varying temperature pro le. Looking at a single rate,i;, with a rate variation factop; = 1.
At each temperature, the median rate will be varie@by (7). Thus, the median is being multiplied
by f:u: giving values of the rate at the upper end of @86 coverage interval for every temperature. If
insteadp; = 1, thene i =e I(T) giving the lower end of thé8%coverage interval. It should be noted
that in generap is dependent on temperature; however, Ref. [Lon12] showed that this simple scheme
performs nearly as well as more complicated parameterizations of

Once the network is run, the problem becomes identifying which reactions impact the abundance for
a single element. Since the samples are drawn from meaningful statistical distributions, the relationship
between a rate's variation and the nal abundance can be understood in terms of correlations. To be
more speci ¢, given that we know the variations of each rate, which of these variations causes the largest
corresponding variation in a selected nuclear species' nal abundance. Unfortunately, there is no one
way to measure statistical correlation. Two methods have been found to be most effective in the case
of Monte-Carlo network calculations: the Spearman rank-order correlation coef cigmtnd mutual
information,M| . The Spearman rank-order correlation coef cient convertsntteamples between
random variableX andY to ranksrg. These ranks are integers where the smallest valued sample is
assigned. and the largest is givem. These ranks are assigned to each sample for bathaitgly value.
If none of the ranks are tied, i.e., all of the samplesare distincty 5 takes on the simple form:

P, )
6 (rg(xi) rg(yi).
n(n2 1) '

This quantity can vary from 1 to 1 and measures any monotonic relationship between the variables
X andY, or for this speci ¢ problem, a rate variation factpr, and the nal abundance of a selected
nuclei. The use of this measure was rst proposed in Ref. [Ili15], and it is the method used for the results
presented below.

The mutual information is a recently proposed method for identifying the correlations in Monte-
Carlo network calculations [IC20]. While, is a simple measure for quantifying correlation, its lack of
sensitivity to non-monotonic functions is a serious de ciency for identifying network correlations where
a simple relationship betwegnand a nal abundance might not exist (for examples see Ref. [lli15]).
The mutual information between two variablsandY is given by [TMJAOQ6]:

rs=1

(3.20)

% pxiyi)log XiN)
MI = . P(xi;y;)log POXO)P(Y)

(3.21)

whereP (x;) andP (y;) are the marginalized probabilities for the samples B ; y;) is the joint
probability for the two variables. K andY are independent, théh(X;Y )= P(X)P(Y)andMI =0.

In this way, the mutual information is sensitive to any dependendeafi X and vice versa. However,

it does come with its own issues. The most pressing is: given a nite set of samples, how do we know

37



P(X), P(Y), and the even more troubleso®€X;Y )? The difference betweary andM1I in this
regard is that s is nonparametrici.e., it does not assume what distribution the observed samples were
pulled from, whileM| is parametrig i.e., it requires the assumption that the observed samples were
pulled from a speci ¢ probability distribution. The estimation of these distributions in order to calculate
M1 reliably is well outside the context of this thesis, but more information can be found in Ref. [Ver19].

Regardless of the issues with eitligror M1 , they are only a means to an end. They are merely used
to sift through the large amount of variables and data produced by the network calculations, in order to
signal which reactions impact the nal abundance of a given element the most strongly.

Now with a sampling scheme and correlation measure in place, the true advantage of Monte-Carlo
reaction rates can be seen. The samplgs @dr each rate can be examined for correlations between the
nal abundances of different isotopes, and, in turn, these correlations will signify that a given reaction
rate has a strong impact on the nal abundances of interest. Since the reaction rate uncertainties come
directly from experimental uncertainties, these correlations in the network signal that the currently known
experimental information for these important reactions is insuf cient. Additional experiments can then
be performed.

Demonstration of this method is shown in the next section, which details work originally presented
in Ref. [Lon18] that uses the Monte-Carlo reaction rate formalism to reexaitt(@; ). For this study
| performed all of the nucleosynthesis calculations, which show how the new rate dramatically impacts
the spread in the amount of predictédin globular clusters.

3.5 The3®K(p; )*°Ca Rate

The reevaluation of th&°K(p; )*°Ca rate was deemed necessary after the nding that it played an
important role in the case of K enrichment in NGC 2419 [DI17]. Prior to this reevaluation, the rate in
STARLIB was based on an unpublished evaluation from 2014. However, it was found that this evaluation
overlooked several measurements. By incorporating all available data, Longland et al. [Lon18] found that
the uncertainties were actually larger than previously thought.

The Monte-Carlo rate was incorporated into the STARLIB library to determine the astrophysical
impact of the updated rate. A single-zone model was used for the Monte-Carlo reaction network. This
model took initial mass fractions from Ref. [lli16]. For reference, the mass fraction is de ned by:

N;M;
Na

X = : (3.22)
whereN; is the number of nuclei of specieper unit volumeM; is the atomic masd\ » is Avogadro's
number, and is the density. Looking at the ndings of Refs. [DI17; 1li16] (see Fig. 1.7), the observed
abundances of all elements up to vanadium can be reproduced for hydrogen burning Getwied

MK, =108 g/cnm®andT =200 MK, =10 “g/cn?. A single representative burning environment
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with T = 170 MK and = 100 g/cn? was selected. As a proxy for the timescale of the burning, the
network was run until enough hydrogen was consumed such that it fell from its initial mass fraction,
X (*H) = :75 to X (*H) = :50.

This network calculation was ru2000times with each run sampling every rate in the network, a
total of 2373reactions up t&>Cr. All other parameters were held constant except for the rate variations.
Two separate Monte-Carlo runs were performed with the rst using the STARLIB rates and the second
using the reevaluated rate. This was the only change between the two runs. Aef€hiterations
for both sets of ratess was used to identify correlations between gheand nal mass fraction of
39K. The most strongly correlated reactions from both the STARLIB and reevaluated rates are shown
in Fig. 3.7. Each dot represents one run of the network. To highlight the importance of including all
of the experimental information into the reaction rate calculation, the updated rate shows a markedly
stronger correlation betweéfK (p; ) and the nal mass fraction oK. This correlation indicates that
the nuclear uncertainties for tR& (p; ) rate are large enough to hamper the predictions for a speci ¢
astrophysical environment.

Spectroscopic observations of globular clusters are only sensitive to elemental potassium, so trans-
forming the results from these Monte-Carlo network calculations into elemental potassium is a key
constraint on any future theoretical work. In order to do this, all stable and long-lived isotopes of
potassium must be considered. This inclutfés 41K, and*°K. Additionally, any unstable nuclei that
decay into these potassium isotopes must be accounted for. These radioactive niélei, e\,
41Ar, 39Ca,*!Ca, and*'Sc. All of these elements contribute to the observed [&tig€], which is short
hand for[K=Fe] = log 19 K=Fe log,y K=Fe . Thus,[K=F¢] = 1:0 means that the amount
of potassium relative to iron i$0 times higher than the solar amount. The results of this calculation
are shown in Fig. 3.8, where the results of this study are compared with the previous STARLIB rate
and the rate found in REACLIB. The current rate and the previous STARLIB rate both have statistical
uncertainties, so the samples from each network run are summarized by a Kernel Density Estimate (KDE)
[1ze91]. It can be seen that the updated rate has a larger spread in the predicted arfi¢aRélpfurther
demonstrating the need for a more precise reaction rate.

Finally, looking at the reaction rate contribution plot for this rate, the dominant resonances, and
thus the uncertainty at the relevant temperatures, can be seen. In order for our predictions to improve,
constraints must be put on tB87-keV resonance.

39



Figure 3.7 These scatter plots show the samples f@fifi0Onetwork runs plotted as a function of the rate vari-
ation factorp; and the nal mass fraction 0®K. The three most strongly correlated rates from the previous
evaluation and the updated one are shown. It can be seen that the correlation is much strong&€¢pthg
rate once all of the experimental information has been included in the rate calculation.
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Figure 3.8 Predicted elemental abundances from the Monte-Carlo reaction network calculation. It can be seen
that the updated rate is less peaked than the previous rate. The value from the commonly used REACLIB library
is also shown. Note that REACLIB does not include uncertainties, and cannot properly account for the spread
caused by the nuclear physics uncertainties.

Figure 3.9 Contribution plot for thé®K(p; ) rate. The rate at70MK is strongly determined by the properties
of the337-keV resonance.
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3.6 Summary

This chapter has outlined the modern approach to reaction rate uncertainties. Using Monte-Carlo methods,
it was shown that nuclear uncertainties arising from particle partial widths, resonance energies, and
resonance strengths can be propagated through the calculation of the reaction rate. Furthermore, the
reaction rate library STARLIB allows these reaction rate uncertainties to be propagated through reaction
network calculations. This means that at every step of the process, from the measurements in the lab to
the predictions of stellar yields, uncertainties can be calculated and their impact properly assessed. The
goals stated at the beginning of the chapter have been met, we can understand what we know and plan
experiments to improve our predictions.
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CHAPTER

4

MAGNETIC SPECTROSCOPY AT
TRIANGLE UNIVERSITIES NUCLEAR
LABORATORY

4.1 Introduction

This chapter details the facilities and equipment located at Triangle Universities Nuclear Laboratory
(TUNL). Emphasis will be placed on the Split-pole spectrograph and its focal plane detector, which
was used for the transfer measurements presented later. | was involved with the recommissioning of the
spectrograph, which began in 2014, and led the work on the construction of the focal plane detector.

4.2 TUNL Tandem Lab

TUNL has three primary experimental facilities: the Tandem lab, the High Intensity Gamma-ray Source
(HIGS), and the Laboratory for Experimental Nuclear Astrophysics (LENA). The experimental work
detailed in this document was performed at the Tandem lab.
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42.1 Tandem Accelerator

The tandem accelerator is so-called because it uses the "tandem" principle to create higher energy beams
than a single ended accelerator would at the same voltage. This is done by holding the central terminal at
a high positive voltagevierm , and injecting the accelerator with negatively charged ions. An acceleration
tube provides a smooth eld gradient toward the central terminal, ensuring the ions in a negative charge
state,q, are accelerated in a controlled way up to an energy\ofAt the center of the high voltage
terminal is a thin carbon foil, with those used at TUNL typically having a value Q% This carbon
foil strips the negative ions of their electrons, and its thickness impacts the amount of energy lost by the
beam that is passing through it. Too thick of a target will degrade the energy resolution of the beam and
lessen the lifetime of the foils, while too thin of a target will not ensure the ions reach a charge-state
equilibrium, resulting in a smaller intensity of fully stripped ions [Shi01]. After passing through the
stripper foil, the now positively charged ions are repulsed by the positive terminal voltage and experience
a second phase of acceleration, and nally leave the high energy end of the tandem. Thus, for these two
phases of acceleration, a tandem accelerator with the terminal voligge, injected with an ion in a

1 charge state will produce a beam with energy (in units of eV):

Ebeam = (Z + 1) Vierm : (4.1)

The TUNL tandem is a High Voltage Engineering Corporation FN tandem. The maximum terminal
voltage is 10 MV. The charging system consists of two Pelletron chains [Her74]. These chains are made
of metal pellets linked together with non-conductive nylon. The terminal is electrically isolated in a large
cylindrical tank that is lled with a combination of CO,Nand Sk.

4.2.2 lon Sources

As emphasized above, a tandem accelerator must be injected with negatively charged ions. At TUNL two
negative ion sources exist for hydrogen and helium, respectively. Using these two ion sources, beams of
1H, d, 3He, and*He can be produced.

Hydrogen beams are created with the off-axis Direct-Extraction-Negative-lon Source (DENIS).
This ion source uses a duoplasmatron to extract negative ions from molecular gases [Corl7]. The
duoplasmatron uses a high voltage cathode to produce electrons. These electrons, in turn, break the
molecular bonds of the Hgas, producing both positive and negative ions. A positively charged extraction
electrode draws out the negative ions from the plasma, and accelerates them down the beam line.

Unlike hydrogen, helium gas exists in an atomic form. Unique from other noble gasesféims a
metastable state with a binding energy @77 eV [And99]. This means a negative ion beam of Mean
be produced. The TUNL helium-exchange source does this by rst using a negatively charged extraction
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electrode to draw out positive ions from a plasma created by a duoplasmatron. These positive ions then
pass through a sodium charge exchange canal. An oven is used to evaporate metallic sodium into a gas
and pass it through the canal. The positive helium beam passed through this gas. Due to the low electron
af nity of the gas, it is possible for the helium beam to pick up two additional electrons. Approximately

1% of the beam passing through the sodium canal will form H@re67]. The negatively charged beam

is then accelerated using a positive potential towards the low energy side of the tandem. Beam currents of
around 2 A are possible using this method.

4.2.3 90-90 Beam Line

The beam emerging from the tandem post-acceleration will have an energy that is inadequate for accurate
and precise measurements. This problem can be remedied by passing the beam through an analyzing
magnet. TUNL has two sets of analyzing magnets, a general purpose dipole that can bend the beam
between20 -70 and a set 0®0 dipole magnets for use with experiments requiring high energy
resolution. A schematic of the high resolution beam line is shown in Fig. 4.1. To deliver the beam to
the Split-pole Spectrograph (SPS), it is passed through tpert of the20-70 magnet. The magnet is
degaussed in order to prevent any de ection of the beam. A series of magnetic steerers and quadrupoles
direct and focus the beam into tB8-90 system. The beam image is focused by the Q4C quadrupole
through the entrance slits, which de nes the spot size of the beam before energy analysis. Before the rst
dipole another quadruple, Q5, is used to increase the horizontal size of the beam to increase the resolving
power of the system, while a sextupole, S1, provides higher order aberration corrections [Wil83]. After
these elements the beam passes through th@Qstlipole. The magnetic eld of this dipole is controlled

by a precision NMR probe. The energy dispersed beam is then de ned further by the center slits. Upon
entering the second dipole, the beam is bent agai®tbywnd then passed through another sextupole

and quadrupole. The presence of small differences between the eld strengths of the two dipoles can be
corrected by manually adjusting the current on the second dipole via a trim control in order to maximize
beam current on the exit slits. This system and its operating principle are shown in Fig. 4.2. After all of
these steps, the beam energy can be accurately determined using the NMR eld reading and the known
bending radius of the rst dipole, which #0inches [Wes18]. Further stability is provided by using either

the center or exit slits to regulate the tandem terminal voltage. Beam current is measured on both of the
horizontal slits. If the current on one slit starts to increase, the terminal voltage is increased or decreased
automatically by a slit-current feedback system in order to balance the current reading between the slits
[Wes84]. The spread in the beam energy is determined by how wide the entrance, center, and exit slits are.
For a setting with the slit widths set toXentrance =1 MM,  Xcenter = 0:5mMm, and Xexit =1 mm,

the beam spread,E, isgiven by E 58ET)- This relation scales linearly for the width of the slits, such

that a setting with Xengrance =2 MM,  Xcenter = 1:0mm, and Xexit = 2 mm gives E %}.

For the?*Na(3He; d)?*Mg experiment the slits were set 2anm, 1 mm, and2 mm, which for a21 MeV
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Figure 4.1 A 3D model of the TUNL Tandem lab. The beamline used to deliver beam to the SPS is highlighted
with major components labeled.

beam, gives E < 10keV.

4.2.4 SPS Beamline and Target Chamber

Once the beam is energy analyzed, it is directed tdteSPS beam line via @0-70 switching magnet.

This beam line uses two sets of magnetic steerers that are controlled via feedback slits to stabilize the
beam going through both th#)-70 magnet and another quadrupole magnet. A steerer is used to ne tune
the beam through Amm collimator on the target ladder. With tB8-90 slits set as mentioned above,

and with the focusing from the beamline quadrupole, neEdy%of the energy analyzed beam can be
passed through the collimator.

46



Figure 4.2 A top-down cartoon of the focusing and energy analyzing elements @0H3@ system. Trajectories

of particles with different energies passing through the two dipoles have been shown in order to demonstrate the
operational principle of the center slits. Note that these trajectories are for illustration only, they do not represent
ion-optic calculations.
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4.3 Split-pole Spectrograph

At the energies used to perform transfer reactions, there are many open reaction channels. As a conse-
guence, any detection system will have to be able to identify the large variety of reaction products that
are produced. Magnetic spectrographs separate reaction products based on:

B = -; (4.2)

whereB is the magnetic eld of the spectrograph,is the bending radiugj is the charge of the
particle, andp is the particle's momentum. The prodigt is called the magnetic rigidity. It can be seen

from Eq. 4.2 that, in the case of a constant charge, a magnetic spectrograph transforms differences of
momentum into a spatial separation.

Several quantities need to be de ned in order to characterize the capabilities of a magnetic spectro-
graph. Considering that the separation of particles based on their magnetic rigidity is analogous to an
optical lens, ion-optics will provide the necessary tools to analyze a given spectrograph’s performance.
These optics can be expressed in a phase space that consists of the entrangetaeggit angle ¢,
the entrance azimutal angle, the exit azimutal angles , the beam image in the horizontal directicon
the beam image in the vertical directign the image after the magnetic ekt , the nal vertical image
yi , and the momentum spreadwhich is de ned as:

_ P

Y 4.3)
This quantity relates small changes in the momentum,to a reference momentum, through the small
angle approximation in momentum space. It should also be noted that; due to the conservation
of momentum. Furthermore, a coordinate system that has the beam directianizsam left as- x,
and up as-y is assumed. For all of these variables the initial and nal coordinates can be related by an
optical transfer matrix. Of particular interest is the coordinatewhich will dictate the nal resolution
of the spectrograph. Explicitly writing out all of the matrix elements to second order, we have:

Xt =(XeJXi)Xi +(X¢] i) i +(Xe] )
+ (XX xi)XP+ (Xej i i) P+ (xefs ) 2Oy Y)Y+ (xe) s i) £ (44)
+(XejXis D)Xii F(XeiXis )X+ (Xejyis DY i+ (Xe] 05 ) i
where the matrix coef cients are equivalent to partial derivatives [Eng79; Cun02]. Azimutal symmetry
eliminates all terms with odd powers of andy;. First order focusing is achieved whéxyj ;) 0,

while second order double focusing requigsj i; ;) O.
The rst order terms in this expansion have intuitive physical mear(xgx;) is the magni cation,
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M, and it relates the initial and nal beam spot sizes.j ) is the dispersion), and it describes the
shift in position corresponding to a unit shift in momentum. These two terms determine the rst order
resolving powerR1 = 1. A spectrograph is able to resolve particles with different momenta if the
dispersion is greater than the peak widtlx; . If there is a nite size to beam spot, then the magni cation
of the spectrograph produces a nal peak width accordingxe = M  X;, and spreads out particles
accordingto x; = D . Setting these two terms equal, we have for the rst order resolving powers:

D

Ri= ; 4.5
1= (4.5)

Higher order aberrations will change the right hand side of this expression, but the de nifbloés
not change.

The SPS was originally designed by Harold Enge [SE67]. As implied by the name, the design encloses
two dipole magnets into a single eld coil. Con guring the magnets in this way creates three distinct
magnetic eld regions: the eld of the rst dipole, an intermediate eld between the two dipoles, and the
eld of the second dipole [VS67]. These elds create the conditions for second-order double focusing in
the horizontal direction and rst-order focusing in the vertical direction [Eng79]. The resolving power of
the SPS iR = 4500.

An SPS can accept particles up8ansr, but resolution rapidly degrades for solid angles greater
than2 msr because of thies j ) term [Eng79]. In terms of the vertical and horizontal acceptance, this
translatesto = 70mradand = 40mrad. The solid angle onthe TUNL SPS is de ned using
brass apertures located= 22:58 cm away from the target ladder. These apertures can be switched via
motor control and they have a range of solid angles fl@i®2 msr to5:53 msr. In order to minimize
the resolution loss, we limited our solid anglestaol msr.

Beam integration is a dif cult problem for any spectrograph. A Faraday cup is necessary to properly
integrate beam current, but the physical size of these devices can be prohibitive. In particular, the reaction
products have to enter the spectrograph, which means that the larger the Faraday cup is, the fewer angles
can be measured with the spectrograph. The dimensions of the target chamber are also limited in order
to decrease the distance between the target ladder and the entrance aperture. For the TUNL Split-pole,
this means that our beam integration is rather crude. The beam is stopped in a rectangular sheet of
1=16-inch-thick tantalum, with dimensions 868 1=2 inches. Even with these modest dimensions, the
beam stop limits spectrograph angte$ . There are two effects that will produce inaccurate current
integration from a beam stop such as this:

1. Electrons from the target showering the beam stop.
2. Electrons in the beam stop being boiled off due to the beam.

Item 2 can be remedied by applying a positive charge to the beam stop in order to reabsorb the emitted
electrons. For the TUNL SPS300V battery is used for the positive potential. The positive terminal of
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the battery is attached to the beam stop and the negative terminal is attached to the beam charge integrator
(BCI). Though not implemented during the experiments for this thesis, it has been shown that rare earth
permanent magnets attached to the target ladder can minimize the effects of item 1 [Wre08].

4.4 Focal Plane Detector and Electronics

Full details of the focal plane detector and construction can be found in Ref. [Mar19], and this section
reproduces portions of that work.

As seen in Fig. 4.3, particles passing through the SPS are focused to a point. The focal points for
particles with different magnetic rigidities form a dispersive image of the target on a plane. This focal
plane is curved and lies a#d:5 angle to the magnetic exit. A high resolution, position sensitive detector
located at this plane is needed in order to determine the magnetic rigidity, and thus energy, of the reaction
products. This detector must also be able to distinguish between the various species of particles that have
similar magnetic rigidities as those of the particles of interest.

Efforts to construct a focal plane detector capable of providing high spatial resolution and particle
identi cation started in the summer of 2014. A non-functioning but completely fabricated detector was
located at TUNL. The detector was an updated version of the one originally presented in Ref. [Hal99].
This design uses two position sensitive avalanche counterg, proportionality counter, and a plastic
scintillator. All of these detectors are integrated into one assembly which is shown in Fig. 4.4. Extensive
work to return the detector to working order began in the summer of 2014, and the rst experiments to
characterize the detector began in 2015.

4.4.1 Position Section

Position measurements of particles leaving the high magnetic eld region of the SPS are performed by
two position sensitive avalanche counters. The positions are measured near the entrance of the detector
and again before the particles are stopped in the total energy scintillator. The position-sensitive avalanche
counters operate as follows, and are represented pictorially in Fig. 4.5. Five high voltage anode wires are
located within each counter between two cathode foils made of aluminized Mylar. These counters sit
inside the detector chassis, which is pressurized to 200 Torr with circulating isobutane. The pressurized
environment is isolated from the high vacuum of the spectrograph wlith7a m thick Kapton entrance
window. Charged particles that enter the detector will ionize the isobutane as they pass through the
detector volume. If an ionization event occurs within the electric eld of the counters, electrons will

be rapidly accelerated towards the positively charged anode wires setting off a series of secondary
ionization events, thereby creating an electron avalanche [Kno10]. This avalanche is negatively charged
and localized around the patrticle's position as it passes the anode. The cloud of negative charge induces a
positive charge on both of the cathode foils. The foil closer to the entrance of the detector is electroetched
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Figure 4.3 Top-down cross section of the SPS. The two dipoles enclosed in a single eld coil produce a mag-
netic eld that spatially separates particles based on their momentum to charge ratio. A position sensitive detec-
tor located at the curved focal plane of the spectrograph measures the bending radius of the reaction products.

[Mor96], and is described in detail below. Etching creates electrically isolated strips that are connected
together via a delay line. Thus, as charge is carried out of the detector from each strip, it is exposed to a
different amount of delay. Therefore, the timing difference between the two sides of the detector gives
a relative measurement of position. If the charge was only distributed over one strip, then the position
resolution would be limited to the strip width. However, distributing the charge over multiple strips allows
an interpolation of the compaosite signal, thereby improving the spatial resolution to the sub-millimeter
level. As the particle exits the position sections, it passes through the grounded cathode foil that helps
shape and isolate the electric eld from the anodes.

Position sensitive avalanche counters are commonly designed to have pickup strips parallel to the
incident particle path [MR75; Wol92; Par06; Ers76]; however, the etched foils in the TUNL detector sit
perpendicular to the particle path. This type of setup has also been used in the focal plane detector for the
decommissioned Q3D spectrograph at the Maier-Leibnitz Laboratory [Lin88] and the decommissioned
Q3D at Brookhaven National Laboratory [Bea75]. These designs have been shown to have excellent
position resolution. Additionally, if cathode foils are used, the number of wires required can be drastically
reduced; thus, easing maintenance of the detector. However, these designs are not suited towards heavy
ion reactions, where the cathode foils would provide additional scattering surfaces that degrade mass
resolution. The effects of these foils on the energy loss of light particles were examined via GEANT4
simulations in Ref. [Mar19] and found to have a negligible impact on the position resolution.
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Figure 4.4 Side view of the cross section of the focal plane detector. The red arrow represents the direction of
incident particles and the black ovals show the location of the o-ring seals. The approximate location of the
anode wires throughout the detector are indicated by the white circles. The gas lled regions are indicated by
light yellow shading. Though not indicated in the gure, the length of the detecfk 2 cm.
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Figure 4.5 Cartoon of the principles of operation. When a charged particle enters the detector, ionization occurs
on the Il gas, and an induced charge is created on the etched and grounded foils.

The methods used to fabricate the position section assemblies are discussed below with particular
attention paid towards the etched cathode planes, delay line, and timing electronics.

4.4.1.1 ElectroEtching Technique

The design of the position sections is critically reliant on having precisely etched cathode foils. These
foils should have evenly spaced, electrically isolated strips, which necessitates a process to remove the
aluminum coating from the Mylar foils. Ref. [Mor96] found that electric discharge etching produces
clean, uniform lines. Electroetching uses a stylus held at a xed voltage. By bringing the stylus into
contact with the aluminum surface, an electric discharge is produced which removes the aluminum
coating. It should be noted that Chemical etching with sodium hydroxide has also been shown to work,
for example see Ref. [Lin88], but dif culties arise with the precise application of sodium hydroxide
and the cleaning of the reaction products. Considering the complications with the chemical etching,
electroetching was chosen to create the cathode foils. Using the TUNL facilities, this technique was
found to reliably produce etched foils in less than a day, which reduces the time and effort required for
routine maintenance. Each stripd$4- mm wide, with each etched line beifg3- mm wide. The strips

are etched 00:3- m-thick single sided aluminized Mylar.
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Figure 4.6 Drawing of the etching apparatus. The biased stylus tip is allowed to follow the curvature of the
Mylar thanks to the pivoting copper arm. The plastic housing insulates the milling machine from the biasing
potential. The dashed lines indicate threaded holes for screws.

Our particular setup consists of a tungsten tipped stylus attached to a copper assembly pictured in
Fig. 4.6. The etching is performed using a milling machine programmed with G-code. To isolate the
copper rod from the spindle of the machine, a nylon covering rod was used. During the machining
process, it is of vital importance to keep good electrical contact between the Mylar and stylus tip. To
ensure this condition, several steps were taken. First, the stylus arm was attached to its base with a pivot.
This design allows the tip to follow the natural curvature of the Mylar. Second, the Mylar is carefully
clamped to the milling table with twb:08cm  5:08cm grounded metallic plates. These plates were
found to provide the proper grounding throughout the etching process. Finally, periodic sanding of the
tungsten tip was found to be necessary to prevent aluminum buildup. The tip itself was hé!sl\at
during the process. This voltage was found to produce clean lines while reducing the possibility of
damaging sparks. Ref. [Mor96] found that negative polarity produced cleaner lines when examined under
an electron microscope.

4.4.1.2 Delay Lines

The delay line consists of 20 delay chips with 10 taps per chip. Each tap pré&adesf delay making

the total delay across the lide s. Copper plated G-10 boards were machined to align the copper strips
with the etched pickup strips, creating the necessary electrical contact between the etched pickup strips
and the legs of the delay chips. The legs are attached via pin inserts on the back of the G-10 boards.
The chips, Data Delay Devices 1507-50A [Chi], have a 5tinpedance, which matches that of the
signal cables. Weldable BNC feedthroughs attached to NPT threads provide a vacuum tight method for
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connection to the delay line signal cables. It must also be noted that the error in delay per tap is quite
high at 1:5ns, which could lead to non-linearity in the delay to position conversion [MR75]. Following

the suggestions in Ref. [Smi88], this effect is minimized by ensuring the ratio of the cathode strip width
(2.54 mm) and the distance between the anode and the cathode (3.00 mm) isGaBound

4.4.1.3 Position Section Assembly

The delay line, cathode foil, anode wires, and grounded foil are all housed in the position section assembly
shown in Fig. 4.7. Four metallic screws bring the copper plated top into electrical contact with the detector
body, which is grounded. Plastic screws ensure proper contact between the cathode foil and the delay
line, while maintaining electrical isolation with the rest of the board.

Five gold plated tungsten wiré&s m in diameter are used for the anodes. The wire spacidg is
mm, and they are surrounded by the cathode foils. These foils are mé@d ah-thick aluminized
Mylar, either single sided for the etched cathode foils, or double sided for the grounded cathode which
were purchased from Goodfellow Cambridge Ltd. The Mylar sheets are secured to both the detector and
position assemblies using double sided tape. Because the tape is an insulator, care was taken to ensure
good electrical connection between the detector and the grounding foils .

An accurate measurement of the charged particles' position requires a well localized electron
avalanche. This requirement means that the position sections must be operated at a higher voltage than
would be required of a proportional counter [Kno10]. In order to prevent sparking and allow voltages
of 2000V, insulating acrylic coating is applied to high risk areas amilof tension is applied to the
wires. The tension is necessary to keep the wires straight, which ensures the electric eld is uniform and
further reduces sparking. Isobutane was chosen as the Il gas, following the suggestions of Ref. [Oph88].

4.4.1.4 Position Section Electronics

Signal paths are visualized in Fig. 4.8. Hereafter signals will be referred to based on whether they exit
the detector on the side corresponding to a high value of the magnetic rigidity (high energy) or a low
one (low energy). Inside the focal plane chamber, each of the four position signals are sent through fast
timing preampli ers. After preampli cation, the signals are processed through an Ortec 863 quad Timing
Filter Ampli er (TFA). The nal shaping and noise rejection before our timing analysis is provided by a
Constant Fraction Discriminator (CFD). Thresholds on each of the channels are adjusted to match the
output levels of the TFA, which are on the order8d0mV. After the nal signal shaping, the signals

from the high energy end of the detector are used to start an Ortec 567 Time to Amplitude Converter
(TAC), while the low energy signals are all subject tt as delay and used to stop the TAC. This delay
ensures that the stop signal always occurs after the start signal for a real event. The output from the TAC
is sent into a CAEN V785 peak sensing Analog-to-Digital Converter (ADC), so that it can be recorded
and later analyzed.
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Figure 4.7 A model of the position section assemblies. From front to back we have: the copper plated front
plate to which the etched cathode foil is taped, the copper plated G-10 board with pickup strips and mounts
for the delay line chips, the anode wire plane board, and the back board to which the grounded plane is taped.
The expanded region shows the copper pickup strips that make contact with the cathode foil. The delay line is

attached to the back via pin inserts that are at the top of each strip.

Figure 4.8 Diagram of the focal plane detector related electronics. Black lines show the ow of waveforms to a
peak sensing ADC.
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442 E Section
4421 E Assembly

The E section of the detector is a gas proportional counter, which consists of a $hglem-diameter

anode wire and two grounded cathode planes. The front cathode plane is the other side of the front
position section's grounded cathode plane. The back plane is another strip of aluminized Mylar. This
Mylar plane is taped directly onto the detector body and checked for proper electrical contact. Due to low
breaking tension of the anode wire, it is held taut by hand, and soldered onto NPT threaded feedthroughs.
The wire is biased ta&000V to ensure that the charge collection is proportional to the energy loss of the
particle.

4.4.2.2 E Electronics

The E section of the detector's signal is processed with an in-house charge sensitive preampli er
based on the Cremat CR-110 operational ampli er, which providesashaping time [Cre]. After the
preampli er, an Orte72A ampli er is used to shape the signal before it is sent to the ADC.

4.4.3 Residual Energy Section
4.4.3.1 Paddle Scintillator

Particles are stopped, and residual energy deposited, in a Saint-Gobain BC-404 organic plastic scintillator.
The BC-404 is sensitive to and radiation, and is recommended for fast timing [Gob]. The timing
response makes it an ideal trigger for the current data acquisition system and plamyetbincidence
measurements. The dimensions ater6 cm long by5:08 cm wide by0:64 cm thick. These dimensions

are customized to cover the length of the detector and ensure all light particles will stop within the active
volume. In order to maximize the amount of light collected along the entire length of the scintillator, it is
wrapped in thin, re ective aluminum foil and Tyvek. Reference [Woj94] demonstrated that Tyvek has an
increased light output compared to the aluminum wrapping; however, it was unable to create a seal on the
high pressure section of the detector, so a single sheet of aluminum foil on the sealing surface was used.

4.4.3.2 Optical Fibers

Early iterations of thé& section used a light guide to couple the paddle scintillator to the Photomultiplier
Tube (PMT); however, this design added signi cant weight and length to the detector. To avoid the rigid
constraints of light guides, optical bers were chosen to gather and transmit light to the PMT.

The bers arel-mm-diameter Bicron BCF-91A, which shift the wavelength of the violet/blue
scintillated light 380 495nm) of the BC-404 into the green spectrud96 570nm) [Fib]. Following
the suggestions of Ref. [W0j94], the optical bers were spaeetm apart to maximize light collection.
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Eight 1-mm-deep grooves were machined in the scintillator to hold the bers. The bers were secured in
place with BC-600 optical cement. A light tight tube is used to bend the bers to the PMT that sits on the
top of the detector.

4.4.3.3 Photomultiplier Tube

Matching the emitted light of the light bers while maintaining a compact package were the main
requirements for the PMT. The Hamamatsu H6524 has a spectral respd@@& o650 nm, a peak
sensitivity of420 nm, and a quantum ef ciency 027% [Ham]. These features provide the highest
guantum ef ciency available for the wavelengths of interest. The 10-stage dynode structure provides
again of:7 10 with an anode bias of 1500V. Although the detector is located outside the high
magnetic eld region of the SPS, a magnetic shield was incorporated into the tube assembly to prevent
possible interference.

4.4.4 E Electronics and Event Structure

The dynode signal from the PMT is split to provide both timing and energy information. Energy signals
are processed through an Or&t2A ampli er and then recorded. Timing signals go through a TFA

and a CFD to generate an event count. A count fronEetector triggers the master gate for the data
acquisition system, which is vetoed if the ADC buffer is full. If a trigger is not vetodd)- as gate is
generated, and the ADC records all coincident signals. Using thignal to generate the ADC gate, as
opposed to the position sections, avoids introducing a position dependent gate timing due to the delay
lines. Count rates are recorded for all detector signals, gates generated, and gates vetoed by the ADC
busy signal. This setup allows us to easily diagnose electronic problems and adjust beam current to keep
the acquisition dead time low<(10%with typical rates being 5%).

4.4.5 Improvement of the Delay Line

The Data Delay Devices 1507-50A delay chips used in the initial design of the detector were found to be
unsatisfactory for accurate work due to high differential non-linearity. It was determined that the likely
cause was the high tap to tap variatiorbof 1:5 ns. A testing procedure was devised in which generated
signals would be sent through each tap one at a time. These signals would be processed through the same
electronics as the real signals. Thus, this testing procedure is only sensitive to issues in the delay line or
the electronics. Fig. 4.9 shows residuals for the linear t of th&3@strips as a fraction of the strip. The

purple points are the 1507-50A chips, and it can be seen that there is a large, systematic non-linearity in
the measured delay time, which can result in the signals location being erroneously displaced by half a
strip. From these results, it was decided to purchase a new set of chips. The Allen Avionics 50P chips
were selected due to havingg@® 0:8 ns tolerance [AVI20]. After installation, the delay line was tested
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Figure 4.9 Residuals from the linear t of the strip number to the measured strip position. The residuals are
expressed in terms of a fraction of a strip, i.e., the residuals have been divided by the slope of the t. The Data
Delay Devices 1507-50A chips are shown in purple, while their replacements, the Allen Avionics 50P chips, are
shown in orange.

again with the same tap by tap procedure. The results are shown as orange points in Fig. 4.9, and show a
signi cant improvement over the previous chips.

4.4.6 Improvement of the Scintillator

After a salvo of initial experiments, including tR&Na(3He; d)?*Mg experiment detailed in this document,
an additional set of characterization runs were carried out. These runs used deuteron elastic scattering off
of carbon to measure the relative ef ciency of the detector as a function of focal plane position. This
was done by changing the magnetic eld of the SPS to move the elastic scattering peak from one side
of the detector to the other. The magnetic eld ranged fidnx 0:86-1:02T in steps of B =0:02T,
or roughly400ADC channels. A severe linear dependence between position and ef ciency was found,
with the low energy side being the most ef cient. This issue was traced back to the low light collection
ef ciency of the optical bers.

In order to boost the ef ciency, it was decided to return to the previous design. A scintillator paddle
of the same type and dimensions described in Section 4.4.3.1 was coupled with optical cement to a
light guide that adapts toainch diameter PMT. Optical grease was used on the interface between the
light guide and the photocathode. The PMT is a Thorn EMI Electron Tubes 9813B0#tluantum
ef ciency, spectral response @00-630nm, and a peak sensitivity of 360nm [Emi]. The maximum
bias is( )3000V, but suf cient gain was found at an operational voltagd 0)2500V. The light guide
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and PMT were wrapped in vinyl tape to prevent light leaks. After installation, the ef ciency experiments
were repeated. The strength of the scintillator signal still exhibited a linear dependence, but there was no
longer a loss in detection ef ciency across the focal plane.

4.4.7 Kinematic Corrections

The momenta of the reaction products entering a spectrograph have an angular dependeridéon
dependence will greatly degrade the resolution at the focal plane if no corrective action is taken [Eng79;
VS67; Cun02]. This so-called kinematic broadening can be introduced into the optical matrix formalism
from Section 4.3 by Taylor expandingaround ; giving:

()= ot @ i= o Ki (4.6)
where the kinematic factd€ is de ned as the change in the momentum shift with a change in angle. The
sign ofK is dependent upon both the direction the spectrograph is rotated and the reaction kinematics.
For the TUNL SPS, the reaction angle is with respect to beam left; thysis positive, and normal
kinematics are used, meaning the outgoing particles have a lower momentum with increasing angle,
leading to a negative sign df.

In order to correct for this effect, the dependence;0bn ; must be removed. This can be done

by displacing the detector in theedirection. A change z will introduce a dependence on into X; .
Two additional rst order terms with; will now be present in the optical matrix, which can be used to
compensate for kinematic broadening siaaggan be controlled by the experimenter. The expression for
Xf IS now:

Xt = (XejXi)Xi +(X¢] ) o K(X¢] )i+ z(¢]i) i+

. . : (4.7)
z(ejxi)xi+ z(¢])o K o z(¢]) i
Setting the ; terms equal to zero and solving forz gives:
KDM
z= ——— KDM: 4.8
L KM (1)) (48)

The linear approximation is valid whef is relatively small, so that the denominator is close to unity.

While M andD can be calculated theoretically, it was decided to nd an empirical t betw€esnd
z in order to ensure maximum resolution.

The empirical method ts the linear relationship betweemn andK , both of which are known
independently of the ion optics of the spectrometet.is just a relative change in the position of the
focal plane detector. For this work, it was taken to be the distance from the exit of the magnet to the front
face of the detectoK can be determined for a given reaction using energy and momentum conservation,
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Figure 4.10Example proton spectrum when detector is off focal plane with a 3-slit aperture. The data are from
12C+ p elastic scattering ata, = 20 andE_ ., = 12 MeV. The different peak intensities re ect the rapid
variance of the cross section with the detection angle.

Figure 4.11An example of measured peak centroids and the linear t with respect wpbsition of the
detector read in terms of a stepper motor voltage. Data are from the elastic scattering of prottAsi et
Lab =30 andELab =12 MeV.
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giving the formula [Eng79]:

K = (MM Ep=Ee)* sin ] ; 4.9)
Me+ M, (MpMeEp=Ee)1=2 cos
where e references the ejected particle, b is for beam, and r is for the residual pltite.the masses
of the patrticles, whild&e denote their kinetic energies.

One possible method for nding an optimalfor a givenK is described in Ref. [Par06]. Using
this method, the optima position is found by moving the detector through the focal chamber and
minimizing the width of a chosen peak; however, this method does not give much feedback during the
run, as peak width can be hard to determine without careful peak tting.

Instead, it was decided to carry out a series of experiments using C and Au targets to probe&<several
values. A beam 010 MeV protons were impinged on the targets. Elastic scattering of these protons at
30 was measured using a three-slit entrance aperture. This aperture serves to discretize the acceptance
solid angle into three narrow ranges oflWhen the detector is off the focal plane, three particle groups
will be observed as shown in Fig. 4.10. When the detector is on the focal plane these groups should
converge; thus, the detector is swept across the depth of the focal plane chamber and a linear t of the
accompanying peak positions is found, as shown in Fig. 4.11. The detector position is inferred based
on a voltage reading from two motors, which displace it alongztdé@ection. There is considerable
uncertainty on our t betweeK andz, but the relationship only needs to be approximately known to
effectively compensate for kinematic broadening.

45 Monitor Detector and Electronics

Performing the®Na(3He; d)2*Mg transfer reaction is complicated by the hygroscopic nature of the target
material. Furthermore, as discussed in Section 4.3 electrons from the target could impact our integrated
charge. For these reasons, it was decided to use a monitor detector to look for target degradation and to
provide a relative normalization of the transfer cross sections.

The monitor detector was aE=E telescope, consisting of two surface barrier silicon detectors. The

E detector has a thickness 50 m, and theE has a thickness &f000 m. A stand was designed to
hold both of these detectors as a well as solid angle de ning apertures. These apertures are made of brass
and can be swapped out to change the solid angle. Two permanent magnets were attached at the front of
the holder to de ect electrons away from the detectors.

The electronics for these detectors are shown in Fig. 4.12. A Mesytec MSI-8 charge sensitive ampli er
with built-in timing and shaping ampli cation was used. The timing signals from both detectors are sent
into a CFD. In order to reduce background counts, a coincidence module is placed after the CFD signals,
and requires a coincidence between the andE detectors. If a coincidence is present, the ADC gate
is opened and the output from the shaping ampli ers is recorded. A pulser is also fed through these
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Figure 4.12The electronics for the silicon telescope.

electronics to verify the ADC dead time and to monitor for possible electronic noise.

4.6 Summary

This chapter has laid out the technical details of the equipment used to carry out the experimental work
presented in this thesis. As shown, measuring transfer reactions with high resolution requires a delicate
interplay between the ion source, accelerator, beamline optical elements, magnetic spectrograph, and
detector systems.
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CHAPTER

S}

BAYESIAN METHODS FOR TRANSFER
REACTIONS

5.1 Introduction

This chapter will describe the novel Bayesian methods developed to analyze the experimental data
from transfer reactions. As shown in Chapter 3, it is critical to properly assess the nuclear uncertainties
from experiments in order to know the limits of our astrophysical predictions. Transfer reactions, and
in particular transfer reactions performed with magnetic spectrographs, come with their own unique
uncertainties. The rst part of this chapter introduces a Bayesian model for energy calibration that
properly accounts for the statistical uncertainties present in both the dependent and independent variables.
The second portion of this chapter is devoted to incorporating the uncertainties arising from optical model
parameters into DWBA, thereby accounting for these effects when assigwitiges (the transferred
angular momentum) and extracting spectroscopic factors. The energy calibration method was rst
presented in Ref. [Mar19], but has since been updated. The Bayesian DWBA method was rst presented
in Ref. [Mar20]. Both of these works represent my work to develop some of the rst analysis methods of
their kind for transfer reaction data.

64



5.2 Bayesian Statistics

The problems that are addressed in this chapter are, in the most abstract sense, based around the concept
of estimating parameters of a model from data that are subject to statistical uncertainties. Bayesian
statistics is a formulation of statistics that uses Bayes' theorem to update prior probability distributions

of these parameters based on experimental @atallowing experiments to improve our knowledge of

these parameters. Despite the important distinctions between Bayesian methods and those of frequentist
statistics, the topic is well outside the scope of this thesis.

While Bayesian statistics requires additional assumptions, it is centered around Bayes' theorem
which itself is simply a logic expression to relate conditional probabilities, independent of statistical
interpretations. A conditional probability between two variablandY is the probability ofX occurring
given thatY has occurred, and is symbolized BYX jY). This is de ned by the joint probability oX
andY, i.e., the probability of botlX andY having occurred, over the probability ®f. This de nition is
symbolized as:

P(X;Y)
P(Y)
Bayes' theorem follows from the equaliB/(X;Y ) = P(Y;X). Thus, the conditional probability of

P(XjY) can be written:

P(XjY) = (5.1)

P(YjX)P(X)
P(Y)
The goal for any quantitative experiment is to collect data, compare this data to a model, and nally

make predictions using the parameters of the model. Bayesian statistics assumes that these model

parameters,, can be represented by probability distributions. Thus, the data we observe in the lab,

are used to update thepgor probabilities for the model parameters through Eg. 5.2. Reformulated into

this framework, Bayes' theorem reads:

P(XjY)= (5.2)

P(Dj)P().

P(IP)= — 55y

(5.3)

whereP ( ) are the prior probability distributions of the model paramete(f)j ) is the likelihood
function,P (D) is the evidence, and( jD) is the posterior [SSS06]. Expressing these terms in a more
informal way: the priors are what we believe about the model parameters before the data are measured,
the likelihood is the probability of the observed data given a set of model parameters, the evidence is the
probability of the observed data, and the posterior is what we know about the model parameters after
the data have been observed. In Bayesian statistics the general goal is to use the right hand side of the
equation to calculate the posterior. As will be shown, this is no simple task, and the problem has only
become tractable because of the increased amount of computation power available irdtherlast

65



years. In particular, the evidence is only calculable if it is expanded into the integral:
Z
P(D)= P(Dj)P()d ; (5.4)

which follows from Eq. 5.1. This integral will have the same dimension as the number of parameters
that need to be integrated over. Once the integral is carried out, it can be seen that the evidence is
just a number, and more speci cally it represents a normalization constant that ensures the posterior
is a properly normalized probability distribution. Further complications arise in Bayesian models with
multiple parameters. In this case Bayes' theorem will yield the posterior joint probability distribution

for all of the model parameters. Gaining posterior distributions for each parameter (i.e., knowing the
uncertainties on each model parameter) independent of the other parameters requires that these other
parameters benarginalizedover. For example, take a two parameter model with paramateinsl b.

Bayes' theorem for this expression is:

P(Dja;bP(a;b)

P(a;bD) = P(D)

(5.5)

However, what is typically desired from a statistical analysis are the post&{ai®) andP (HD).

The conditional&robabilit)P(a; D) is equivalent tdP (a; b;D )=P(D ), so marginalization ovea will
yieldP(biD) = P(a;hD)da. The mathematical dif culties the evidence and marginalization integrals
present can frequently only be solved using numerical methods, as is the case for the two applications
presented here.

5.3 Markov Chain Monte Carlo

Instead of numerically solving the above integrals directly, the goal will be to draw samples directly from
the marginalized posterior distributions. This is related to the issues encountered when trying to propagate
uncertainties through reaction rate calculations as discussed throughout Chapter 3, and the solution is
similar in nature. The goal is to draw representative samples from the posterior, but in this case randomly
selecting samples from the priors and evaluating the likelihood will be insuf cient for determining the
posterior. This problem differs fundamentally from the Monte-Carlo uncertainty propagation because
we are not trying to calculate a function of random variables, but, instead, we are trying to calculate
the convolution of two probabilities. These probabilities need to be normalized by the evidence, which
means these random draws need to suf ciently sample the integral as well.

In the most reductive terms, Markov chain Monte Carlo (MCMC) is a process to sample an arbitrary
probability distribution. A Markov chain describes a system with a series of stateg 1; X¢; Xt+1 :::,
where the transition from statdo statet + 1 only depends on the properties of the systeinveith no
dependence ox; 1 [Mac02; TMJAQ6]. This abstract idea relates to the problem at hand, i.e., drawing
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samples from an arbitrary probability distribution, by trying to construct a Markov chain that produces
a series of states that are distributed according to the desired probability distribytian, eachx;
distributed according t®; . The Monte Carlo portion of Markov Chain Monte Carlo refers to the
fact that the Markov chain will be constructed using Monte-Carlo methods to generate the transitions
from statex; to statex;.1 . The fact that this process will converge to the desired probability distribution
is well beyond the scope of this thesis, but details can be found in Ref. [RCO5].

Many variants of MCMC exist, but perhaps the most commonly encountered is the Metropolis-
Hastings algorithm [Met53; Has70]. Say we want to estimate a target distributitithe Markov chain
is at a pointx;, then a new point is proposed according to a proposal distribug{afx;). This new
point is accepted with a probability. The question now is what form must the product of these two
probabilities,T = q, take in order for the samples to converge ®A suf cient but not necessary
condition for the Markov chain to converge tds that these transitions,, to and from a state satisfy
detailed balanc¢gMac02]:

T(xIx) (x0) = Txeix9 (x9: (5.6)

The total probability of a transition will be given by the product of the acceptance probability and the
proposal distributio (x4x;) = (xGx¢)a(xYxy). It follows that the proposal probability, whatever we
choose, must satisfy:

(x9x¢) _ (x9 q(xtjx9 .
(xtjx9 (xt) a(xYx¢)”

The form chosen for by Metropoliset al. assumed that the proposal distributions were symmetric,

(5.7)

a(x¢jx% = q(x9Yx;), and enforced the condition that if a proposed state had a higher probability, then

the proposed move should always be accepted [Met53]. Plugging these desired properties into Eq. 5.7
. i _ . . .. . —_ (xt)

for the case that(x9 > (x¢) gives: (x§x;) = 1, with detailed balance requiring(x;jx9 = %

Therefore, the Metropolis acceptance probability is generally:

x9 .
(x¢)

(x9x¢) = min 1; (5.8)

where “min” means that = 1 if 8(‘3 > 1 and otherwise will be equal te%. The proposal

distributions can be included in this de nition as well if they are selected to be non-symmetric (this detail
being Hastings' contribution [Has70]).
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Once a proposal distribution has been selected, the algorithm becomes:

Algorithm 1: Metropolis
Result: n samples drawn from probability distributidh

set the total number of steps

sett =0 ;

select initial parameters fox; ;

whilet<n do

Propose a new set of parameter valuescfbr
if P(x9=P(x{) 1then

t=t+1;

accept new coordinates = x°

else
draw a random number?2 [0; 1);
t=t+1;

if P(x9=P(x¢) r then

‘ accept new coordinates = X%
else

‘ reject new coordinates = X; 1;

end
end

end

This algorithm shows the power of MCMC, in a simple case all a computer has to do is evaluate the
probability distribution function and draw a random sample ffopi).

Of critical importance to the problems mentioned in Section 2 of this chapter is the fact that this
method depends only on thatio of the probabilities. Since the Bayesian evidence is just a constant
number, this ratio removes any dependence of the samples on knB\d)g However, this is a double-
edged sword because the samples will only be proportion@ltgD). So while we do not have to
calculateP (D), we also learn very little about it. On a more positive note, the MCMC samples trivially
yield marginal posteriors for each model parameter. If estimation of these parameters is the only concern,
then MCMC is one of the most exible, powerful, and widely used techniques [Shal7].

There are some necessary complications with MCMC that merit discussion now. The rst is that
the initial position of the chairi= will not necessarily be a valid sample frof(x). Furthermore,
since each MCMC sample necessarily depends on the previous step, it is required that the rst part of
the chain is discarded in order to remove any effects of the initialization. This process ishuathei,
and the length of a time it takes for MCMC to start drawing valid samples fqm) varies from
problem to problem. A closely related issue is the concept @ffattive sample siZ&ESS). Again due
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to the correlated nature of the samples, if we ddwgamples, only a subset of these samples will be
independent. The time it takes for a MCMC simulation to “forget” its history is the autocorrelation time,

, and the number of effective sample€iSS = N= . These parameters all depend(x) as well as
q(x§x;). As an example, if the proposal distribution is a normal distribution centered around the current
position of the chain, the variance of this distribution is a free parameter. If we hdvdinaensional
problem, then there are d? free parameters for each variance and covariance. Each of these parameters
will affect and, thereforelzSS.

5.4 Bayesian Energy Calibration

Focal plane detectors for magnetic spectrographs are typically energy calibrating using a simple, low-
order polynomial t. However, one of the most critical nuclear inputs for thermonuclear reaction rates
are the resonance energies. This can be seen in Eq. 2.12, Bhenters the rate exponentially. Thus,
despite the relative simplicity of the energy calibration process, it plays a critical role in determining
reaction rates. If the uncertainties from the calibration process are underestimated, the associated impact
on the reaction rates will be severely overcon dent predictions. For a magnetic spectrograph, measured
peaks on the focal plane represent energy levels in the residual nucleus. By using states of known energy,
it is possible to calibrate these spectra, and thereby extract the energies of the other observed levels. Since
the focal plane surface is curved, the relationship betwedme radius of curvature, and ADC channel
numberx, is not linear [Eng79]. Using a polynomial calibration corrects for this curvature across the
focal plane, and takes the form:

= Ax%2+ Bx + C; (5.9)

for a second order t. Energy values for calibration states are transformeddfues using Eq. 4.2.

Once a tis found, can be predicted for any peak in the spectrum, and again with the use of Eq. 4.2 an
excitation energy can be predicted. Both the peak centroids and energy levels used for calibration will
contribute to the statistical uncertainty of the calculated energy levels. Figure 5.1 shows a sketch of the
problem, with the goal being to t a polynomial in the presence of bot#nd uncertainties.

The process outlined above offers two distinct problems: propagation of uncertainties through the
relativistic collision kinematics and a statistically rigorous regression of the polynomial t. For this work,
uncertainty propagation for the kinematics was performed by using a Monte Carlo method, see Chapter 3
Section 2. To calculate, this involves treating previous experimental values for energy levels as normal
distributions. Random samples are drawn from these distributions and then used to solve the kinematic
equations. After enough samples have been drawn, a histogram of the solutions to the kinematic equations
is made, and from this information, estimates of the probability distribution functiondan be made,
which was found to be well described by a normal distribution. Eacan then be associated with a peak
in the spectrum, giving each calibration point a knowand peak centroik. These points can then be
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Figure 5.1 Cartoon that demonstrates the issue with energy calibrating the focal plane. The relationship between
x and is nonlinear, and uncertainties are present in both variables.

used to nd the coef cients of the polynomial through regression.

The challenge associated with the polynomial regression in this case is that the uncertainties in
are comparable to those in the peak centraidBitting the polynomial needs to account for both of
these uncertainties simultaneously. The uncertainties from both of these sources should be re ected in

polynomial.

Following Eq. 5.3, a Bayesian analysis of this problem requires that prior distributions and a likeli-
hood function are assigned. Uninformative priors are assigned to every polynomial coef cient. These
distributions take the form of broad normal distributions centered around zero:

i N (0;100%); (5.10)

where j isj  order polynomial coef cient. This prior ensures that these parameters are allowed to vary
over a wide range of values. In principle the intercept could be made to be more strict sin@gbut the
choice in priors, provided a wide enough coverage in values, was found to have no appreciable difference
in the results.

For the peak centroids, a simpli cation is made that assumes these values are model parameters, and
are therefore assigned informative priorsxilfps is the measured centroid in channel units for calibration
peaki with a measured standard deviatianys, then this prior is given by:

Xi N (Xiobs; i2;obs): (5.11)
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An equivalent formulation of this statement could be made by assuming the measured values are subject
to a likelihood function, but this model would be slightly more complicated in the present case. This
formulation is the more general prescription but is mentioned here just for completeness.

The likelihood function makes the connection between thalues that were selected for the
calibration, and the polynomial function:

X
f(jixi)= R (5.12)
j=0
The residuals of the polynomial tand the calibratiovalues,(f ( j;Xi)  ical), are assumed to be
normally distributed with a standard deviation taken from the previously reported uncertaipgdies,
This gives:
ca N O(F(ix) ) (5.13)

Combining all of these terms, the full Bayesian model for the focal plane calibration becomes:

Priors:

Xi N (Xiobs; iz;obs)

i N (0;100)

Function: (5.14)

X
f(jxi)= j Xi

=0
Likelihood:

ical N (FCi5xi); Zea):

To summarize this model, each calibration peak in the spectrum has a measured channghggean
and variance, 7. These values are used to assign an informative prior to the peak value used in
the modelx;. The likelihood function is evaluated at the calibration pointss , which are found by
using excitation energies in the literature and are convertediging the kinematics and experimental
parameters of the experiment being analyzed.

Evaluation of the posterior distribution was performed using MCMC. The MCMC chain was ini-
tialized using values from a maximum likelihood estimate in order to decrease the burn in time. The
model was set up and evaluated using RydC2package [Fon]. Typical runs draw aroud 10°
samples aftes  10* initial steps are discarded as burn in. Thinning is also employed as needed, but
convergence times can vary greatly between different nuclei depending on how well the calibration
energy levels are known. Additionally, ef cient sampling of the posterior was found to be greatly

helped by scaling channel numbers around their average value (i.e., for each of the N data pgints,
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Xﬁggls?d: Xi:obs Ni .N Xi:obs)-

To deduced excitation energies from the calibration t, a Monte Carlo procedure is again used. In this
case, the uncertainty contributions come from both the chosen peak centroid and the coef cients of the
polynomial t. The samples for the coef cients were drawn from a KDE constructed from the posterior
samples to account for the non-normality of the sampled distributions. The resulting estimated energies,
however, were found to be normally distributed.

There is no guarantee that a chosen set of calibration points will produce a t that accurately predicts
energies. Frequently this problem arises from misidentifying peaks in the spectrum. Thus, a goodness-
of- t measure is necessary to help select a valid set of calibration points. A reddcsttistic is
available in a Bayesian framework, but comes out of a maximum likelihood approximation, with data that
has normally distributed uncertainties, and priors that are uniformly distributed [SSS06]. However, the
calibration above is also dependent on the uncertainties in the peak centroids. When these uncertainties
are accounted for, a® function that is only sensitive to the calibration energy uncertainties could lead
to the rejection of an otherwise satisfactory calibration set. In order to integrate these variations into a
maximum likelihood estimate, a quantity, | will cal, is de ned as:

SN SRR SRR { OIS N SO B

2K =0 N i=0 i M j=0 Xj

(5.15)

whereN is the number of measuredvalues, is the number of tting parameterd] is the number
of centroids, an& is the number of centroid samples drawn. The factdr=@faccounts for each term
approaching unity when the tted parameters describe the data well. This quantity is again based on a
maximum likelihood approximation applied to normally distributed uncertainties with uniform priors,
but it serves as a useful approximation for the goodness-of- t of thersus channel calibration. This
method was found to clearly distinguish misidenti ed peaks without giving false negatives arising from
channel uncertainties. It was found that< 5 usually indicates a t free from misidenti ed states and
worthy of further examination.
The techniques outlined above de ne statistically sound procedures for uncertainty propagation and

versus channel tting for focal plane energy calibration. These procedures have the advantage of not
approximating the in uence of the multiple sources of uncertainty, and creating a general framework
which can be expanded as dictated by the experiment.

5.4.1 28Al Calibration

The Bayesian energy calibration method presented above was originally conceived during the analysis
of the?’Al(d; p) experiment performed at TUNL to characterize the focal plane detector (see the work
described in Chapter 4 Section 4). The experiment was done using DENIS to generate an approximately
1 A beam ofH . This beam was accelerated through the tandem to genetattlaV 2H* beam.
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Figure 5.2 E/E 2D spectrum fromd’Al(d; p) atE s, = 12 MeV and 4 = 25 . The horizontal axis is the
amount of energy deposited into the scintillator, while the vertical axis is the energy lost irEtheroportional-
ity counter. The two observed particle groups have been circled and labeled.

Energy analysis was done using the high transmission settings 86t9@system. The SPS solid angle
was xed to0:25 msr to minimize the effects of kinematic broadening. The detector was ll&2%0
Torr and the position sections were biased80 2000V. The beam was impinged on a target a80

glcn? 27Al evaporated onto a 15.2g/cn? "C foil. Additionally, a"®C target similar to the Al target
backing was used to identify contamination peaks arising from carbon and oxygen. The spectrograph
was positioned at three anglesa, = 15 , 25, and35 ; and its eld was set t®:75 T. Example spectra
fromthe E/E and the front position gated on the proton groug@&tare shown in Fig. 5.2 and Fig. 5.3,
respectively.

States fronteAl were identi ed and matched to the peaks in each spectrum. Level energies from
Ref. [Bas13] were used both as calibration values and as comparisons for predicted energies. Initially, a
set of seven calibration states were chosen for each angle. A second order polynomial was chosen due to
the third order term being consistent with zero and a marginally better valife of

For the case offAl, most of the strongly populated states are known to sub-keV precision, which
leads to small statistical uncertainties in the t. These small uncertainties make the deduced values
inconsistent with those reported in the Evaluated Nuclear Data Structure File (ENSDF) database [Bas13].
Thus, there is clearly an additional source of uncertainty present that is not accounted for in the Bayesian
model of Eq. 5.18. This could be due to systematic effects, but sources of systematic uncertainty from
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Figure 5.3 Front position section gated on the proton grougap = 12 MeV and o, = 25 . Peaks used

for the energy calibration are highlighted and labeled by their energies in keV. All other labels are the deduced
energies from this work, as reported in Section 5.4.2. Unlabeled peaks were unobserved at other angles due
to lower statistics; thus, the reaction that produced them could not be identi ed with certainty and they are
excluded from the reported energy values.
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Figure 5.4 The residual plot of the Bayesian (blue) and Bayesian with adjusted uncertainty (green) calibrations
at = 25 . Calibration points are not included, so only predicted energies are shown. The excitation energies
of the points with adjusted uncertainty have been shifted to the right by 50 keV for visibility. The error bars
represent the statistical uncertainty of the t added in quadrature with the uncertainty reported in Ref. [Bas13].
Itis clear that the statistical uncertainties from the t alone are inconsistent with previously reported values.
However, general agreement is found when an additional uncertainty is t during the calibration.
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