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PREFACE

In many biological fields experimenters have been
faced with problems of estimating and predicting the quan-
titative effects on "yield" or "response® variables of
specified amounts of "input" or Mcausative" variables.

A statistical technique commonly uséd in this endeavor
has been the Analysis of Variance. In the framework of
this method of analysis one of the most vexing problems has
been the existence of so-cailed "treatment by location®
interactions, "dosage by animal” interactions, and similar
failures of the model to fit the biological facts.:

It behooves statisticians, therefore, to reexamine
these problems and the proposed techniques more closely to
see if better explanations (i.e., deeper understanding) and
hopefully, better techniques are possible. To this end,

then, we direct this dissertation.



INTRODUCTION

Low order polynomisl models for describing the response
to one or more quantitative factors have proved very useful
to expefimenters in diverse fields for many years. Within
this generel mode of experimentation, a group of useful
designs, techniques and statistical snalysis procedures
which have enabled experimenters to arrive at a descrip-
tion of the quentitative phenomenon under investigetion
efficiently and economically, have come to be called
Response Surface Techniques. |

Response Surface Techniques have shown a great deal of
promise in the chemical industry, (for example), in finding
regions of interest such as local maxima, (or minima), cols
or seddle points, rising ridge systems, and the like; as
well as describing these regions in terms of contours of
equal response. Since many of these same results are
desired in many agronomic-economic experiments where the
quantitative varisbles are chemical fertilizer consti-
tuents, much interest has been shown in suitable modifica-
tions to these techniques to allow their application to be
profiteble to this case also. it is recognized, however,
that many of the desirable conditions often existing in the
chemical industry, such as low error variance, possibility
of sequential observations, and unique underlying phenomena

do not exist in biological experimentation.
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Fertilizer experiments are characterized by highly variable
experimental material, necessity of delaying subsequent
experimentation to a new'growing season and location by
treatment interactions.

The sequential problem is probably the least worrisome
in that a generally satisfactory positioning of the experi-
mental treatments can be arranged without too much trouble
and sufficient treatments can be included to cover the
presumed region of interest. There remain the large varia-
tions commonly encountered and the very troublesome treat-
ment by location interaction problems. These must be taken
into account in a more precise modification of existing
procedures. Variations in weather factors are also an
important aspect of agricultural field experiments but will
not be included within the scope of the present investiga-
tion.

In summary, the problem to be considered is the
development and justification of modifications that seem
appropriate to linear response surface analysis to obtain a
more generally applicable form and to more realistically
deal with the variation present in the agronomic-economic

fertilizer experiment context.



REVIEW OF LITERATURE AND RELATED RESEARCH-

Almost from the beginning of modern scientific designed
experimentation, the problems associated with guantitative
fertilizer experiments have stimulated statisticians to
develop appropriate experimental designs and analyses. The
early publications of R. A. Fisher and Frank Yates undoubt-
edly helped set the pattern for at least thirty years of
agronomic research.

The concepts which proved to be far-reaching in their
conséquences and incisive in exposing the underlying
phenomena were those of randomization, objective hypothesis
testing, small plot technique coupled with statistical
designs which gave unconfounded comparisons, and the intro-
duction of factorial treatment combinations which allowed
"hidden replication” .and a much broadened inferential base
on which to draw conclusions.

With the advent of these techniques, much information
was gained which enabled agronomists to recommend more
realistically and scientifically to the agricultural popu-
lation. It was early recognized, however, that to continue
in the same vein of research, experiments identical in
scope and kind should be tried at different locations so
that comparability of results could be assessed and gener-
alizations could be made where appropriate. This extension
did not result in allowing very much in the way of sweeping

generalizations because identical experiments at different
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locations gave decidedly different results. These differ-
ences were not of an easily explainable kind and are known
to workers in this area as significanﬁ treatment by location
interactions.

The presence of treatment by location interactions
stimulated research into their causes and control. Weather
factors and variable initial soil nutrients seemed to be
the most obvious general causes; this identification led to
elaborate meteorological and soil testing efforts. The
problems associated with proper utilization of this wealth
of auxiliary information are still largely unsolved.

With the development of a body of knowledge in this
area, agronomists were able to increase the objectivity and
definiteness of their recommendations. It became apparent,
however, that another aspect of the problem had to be
specifically dealt with to make the recommendations more
realistic. This is the economic aspect which gave rise to
cooperative agronomic-economic experiments. From the
economic theory viewpoint, the key element was the develop-
ment of a "production function"” by the agronomists which
then became one of the cornerstones for the full economic
analysis of the situation.

At this stage, three problem areas became relatively
critical. The economists needed a production function that
both included the diminishing returns concept and was
biologically acceptable; something had to be done with the

initial nutrients problemj; and finally it seemed highly
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desirable to have a continuous production function so that
marginal costs could be equated to marginal returns, (i.e.,
the function should possess a derivative).

Several writers investigated the first problem, the
model, among them Heady, Pesek, and Brown (1955); Heady,
Doll, and Pesek {1956); Anderson (1956, 1957); Stemberger
(1956) and Mason (1956). The general results of these in-
vestigaﬁions were that estimates of economic optima based
on different models, e.g., the Mitscherlich, Cobb-Douglas,
quadratic, square root quadratic and Hildreth's (1954)
model were widely different when applied to the same data.
Also no one model fit reasonably well over several different
experiments. Some insight on this problem resulted from
Anderson?s (1957) demonstration that the various models
agreed'fairiy well if the check plot data were omitted.

Thus a quadratic model became a desirable form because of
its simplicity and ease of application in economic analyses.
The check plot yields, of course, contain much information
on initial nutrient levels and through this phenomenon can
exert considerable influence on the fit'of all models.

Thus we are again led to the problem area of how to incor-
porate a realistic formulation of the differing initial
nutrient levels into the model.

Mitscherlich (1909) seems to have been the first
writer to include explicit use of the concept of initial

nutrient levels. The form proposed for the response to a



single nutrient was:

1

v A[l _ e—C(X+b)]

where
A = maximum attainable yield

initial nutrient level

b
c = constant .
Serious objection to this formulation was raised on three
counts: The model did not allow the yield to diminish at
high levels of application, c¢c was considered by Mitscherlich
to be a general constant and, finally, the equation did not
fit data at all well.

Many other writers felt the need for a more realistic
formulation and there followed the group of alternate forms
as mentioned previously. Heady, et al. (1961) give  a
general review of these efforts. Among the more recent are
Sukhatme (1941), who fit quadratic models to rice experi-
ments noting variation in the parameters presumably caused
by varying initial nutrient levels and Panse, et al. (1951),
who divided some cotton experiments in India into low,
medium and high initial fertility, noting a linear trend in
the coefficients which he then estimated. Anderson (1956)
discussed the problem at some length for the quadratic case
and a discussion of that paper follows. (It should be
noted that -the notation used in the Anderson paper differs
somewhat from that used subsequently in the present inves-

tigation.)
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The first point made in the Anderson paper was that a
method was needed to adjust for nutrients available in the
soil. The justification of this point is illustrated with
the quadratic model
E(X) = By + ByX + By X2
where X 1is the added amount of fertilizer. If the actual
amount of nutrient is designated by N where
N=X+4d
X=N-4d and d 1is the amount available,

“then E(N) = (By - Byd + Byd%) + (By - 2B 1d)N + B, N2,

If the E(X) model is used to estimate the yield at a
farm with initial nutrient level d, and added amount X
we shall predict the yield to be:
F(X) = (B - Byd + Byd2) + (By - 2B1d) (X + dp)
+ Bll(X + do)2

instead of E(X) . The bias in the prediction will then be:
= - - 2
E(X) - F(X) = (d - dg)(By + 2p31X) = (d - dg)®py,

(which will only be zero when the initial nutrient levels
available at the farm and experimental plots are equal).,
Anderson then goes on to point out that even differ-
ences in yield resulting from applying different rates are
not estimated unbiasedly. Further discussion reveals that
combining results from experiments with different initial
nutrient levels only aggravates the problem.b The loss in

efficiency by not combining when certain structural



parameters are common is then discussed and in summary
several general points are made, the first of which are:
(i) Statisticians have not developed
easy and efficient estimation procedures for the
more complicated models.

(ii) Procedures for determining available
nutrients are not too well developed.

(iii) It is often difficult to calibrate

available and applied nutrients.”

Following this work of Anderson (1956), Hildreth (1957) .
and Hurst and Mason (1957) independently proposed alternative
formulations to take the varying initial levels into account.
Yniguez (1957) subsequently working with Hurst and Mason
subjected data generated by a cooperative experiment be-
tween North Carolina State College and T.V.A. to an analysis
different from, but in the spirit of, the Hildreth formula-
tion by using a modification of multiple covariance analy-
sis. Therefore, we will discuss these efforts in their
logical order: Hildreth (1957), Yniguez (1957), and then
Hurst and Mason (1957). The following then is a discussion
of Hildreth's formulation:

Hildreth also considers the single factor quadratic
with knowledge of the initial levels presumed known. Thus
the model is:

v = og tagX T ayX% +u or

vy = agtoamntoawt a,n? + a,NR2w?

+ 2a2hnw + u



written as:
y = By * Byn + Byw + Byn® *+ B wP + Bonw + u
where y = yield
X =n+ Aw = total nitrogen made up of an applied
amount plus a proportionate multiple
of an initial amount present
w = initial nitrogen
n = nitrogen added
N = an unknown factor of proportionality
u = a random disturbance.
He points out that estimating the parameters in the last
equation would be an ordinary multiple regression problem

except for the two restrictions on the B's, namely:

Eg= ﬂk:B = A
By 2 )

By &
With A known, however, the first equation could be used
in an ordinary multiple regression on X = n * Aw .
Therefore he proposes to estimate A by maximum likelihood
and then use this value to find X which will then be used
in the first equation. The expression he desires to maxi-

mize to estimate A is:

where the Ci and Di are functions of the moments of n and
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w . Hildreth then proposes several ways of computing ini-
tial approximations to A which would then be improved by
an iterative scheme until I* 1s maximized.

Brown, et al. (1962) approached the problem from the
Hildreth (1957) viewpoint on some alfalfa-lime fertilizer
experiments in Oregon. They took two soil test measurements,
i.e., before and after fertiligation and thus were able to
get a more direct calibration of soil test measurements and
with the paired observations, an estimate of AN . Unfor-
tunately some soil nutrient tests, e.g., nitrogen, have not
so far yielded to satisfactory calibration and in these
cases we need some alternative procedures. This is shown
by the calculations of Yniguez (1957).

Yniguez (1957) approached the problem from the same
point of view as Hildreth using data from thé T.V.A.-North
Carolina State College cooperative experiment. The vari-
ables that were measured initially for each plot were pH,
calcium, magnesium, potassium, phosphorus, and organic
material. Now if these variables sufficiently characterize
the initial nutrient complex existing in the soil, it
should be possible to "explain™ the variability in yield
measurement for constant treatment combination by means of
a multiple regression of yield on these variables for each
treatment combination separately. Success in achieving
this would then be ﬁeasured by whether or not the residual

mean square error was reduced to that achieved by the
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pooled separate analysis error encountered. The experiment
was of randomized block nature with L reps and 18 treat-
ments per block at each location and had error variance of
approximately 100. In Table 1 we have the results of one
such form, namely a six variable linear regression, linear
in all the initial nutrient variables. This model produced
the smallest residual errors of the several alternative
forms tried. (Portsmouth locations were deleted from the
1955 data because the organic matter variable was incor-
rectly measured. The situation was corrected in 1956,)

The result of the Yniguez investigation was that the char-
acterizing variables chosen did not sufficiently "explain"
the variability of the yield figures. It was then con-
cluded that these measurements do not adequately represent
the effective available nutrient levels.

It is seen, then, that there is still need for a
biological assay of the initial soil nutrient, a need in
part met by the Hurst-Mason (1957) paper. Following is a
summary of the author's section of that paper.

Thé single factor quadratic is again used for illus-
tration where the expected yield E(Y) 1is related to the
applied nutrient Xl in presence of available nutrient 61
as follows:

E(Y)

Bo ¥ By(Xy * 87) + BplXy + 6))°

2 2
By T Bydy T By0% * By *2B8 )Xy * BXY

X 4+ p* + p¥ye
Bo * B1Xy T BXT
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o T e e e e o tomny and Sosoricients of varistion
ngig_ Levels? MeZita e 1955b M::za for 1956
Number NPK Bu./A M.S.E. C.V.% Bu./A M.S.E. C.V.%

1 111 62.27 61.81 12.6 76.92 187.4L6 17.8
2 113 63.81 135.21 18.2 77.31 233.85 19.8
3 131 63.06 141.88 18.9 78.35 166.85 16.5
L 133 61.66 132.52 18.7 79.41 201.08 17.9
5 311 69.01 121.39 15.9 93.28 298.52 18.5
6 313 | 68.87 287.82 24.5 93.71 272.26 17.6
7 331 72.56 279.55 23.1 95.25 273.8, 174
8 333 | 68.82 289.12 24.7 97.25 268.52 16.8
® 9 222 68.99 81.51 13.1 90.84 250.86 17.L
10 022 30.34 163.76 42.7  47.20 251.23 33.6
11 122 66.76 257.81 24.1 95.46 295.46 18.0
12 202 69.18 148.42 17.6 86.76 368.62 22.1
13 21,2 71.08 267.42 23.0 92.88 228.88 16.3
14 220 72.10 250.68 22.0 88.96 326.68 20.3
‘15 221, 67,70 154,.08 18., 92.59 232.70 16.5
16 Olyly 30.12 142.19 39.6  48.88 229.3L4 5L.4
17 LOL | 65.3L4 214.87 22.5 91.49 L45.41 23.1
18 L0 | 72.05 283.28 23.4 91.31 373.26 21.2

: & Unit of N = 62.5, P = 37.5, K = 37.5, e.g., 111 is
62.5 1bs. N/A, 37.5 1lbs. P/A, 37.5 lbs. K/A .

» b calculated by pooling 10 locations on Norfolk-like sail.

. - c Calculated by pooling 8 locations on Portsmouth-like
soil and 13 locations of Norfolk-like soil.
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where: -
B = Bo * B8y T Bp0T
b1 = By 2658
BY = By -
It is noted that the customary regression coefficients are
estimates of the starred parameters and are biased as
Anderson (1956) points out. Then a check on the formulation
is made using some of the T.V.A;-North Carolina data, be-
cause it can be seen that if the postulated 61 act as
indicated, the estimated values of 86 and BT should vary
from location to location more than predicted by theory while
the estimated values of B% should not. That these observa-
tions are substantiated by the data can be seen from Table 2,
a modification of one of the tables in the paper.
The paper goes on to justify deleting BO from the
formulation on the ground that the response should be zero
for zero total nitrogen. For the modified model, then, the

expressions are:

B = B18) * B8
BY T By T RBR0y
Bé‘:Bz

and it is proposed to estimate the starred parameters by
least squares. The parameter estimates are then derived

and are:
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= k& K ok
by = = - LoEp2
k T e R ok
g - D1 VbT° - hogb3
2b2&
by =02

where the Latin letters are estimates of the corresponding
Greek letter parameters.

It should be noted that normally one-would take the
positive sign in the first equation and the negative sign
in the second equation for biclogical reasonability.

This concludes the Review of Literature. In the sub-
sequent chapter the single nutrient case as just formulated
will be examined in greater detail, and as other references

are needed, they will be discussed where appropriate.
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SINGLE FACTOR: ADDITIVE ERROR CASE

An important special case arises when it is either known
a priori and/or confirmed experimentally that only one
nutrient factor has any measurable effect on yield. In this
case we must conclude that coefficients in a functional form
or response curve for the other non-effective factors are
zero or at least small enough in magnitude to be obscured
by the variation present in the experimental material. The
Hurst and Mason (1957) paper illustrates a case in point
where the yield response was to nitrogen only. The formu-
lation presented there has some statistical aspects not
pointed out and worthy of further elucidation. Recall the
total nutrient model:

Y = BN+ BNR + e

BE t BIX + B3X2 + e

where:
BE = B0 + By8°
BT = By T 2B50
and Bg =B, -

If e is a random normally distributed error with
expectation gero and variance 0% we have the following
properties:

The b? are, of course, ordinary least squares esti-

mates of B? and are obtained by solving the normal equationss
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Noosx ox?|  [v¥ Y
O CIY v¥ | = | =xy
5X? £y’ =xk b} SXRY
- —

with SS Reg = biLY + bIIXY + b%ZXzY and the variance of

the N in the model estimated by:

"

o® = SSK/(n - 3) = s?
where SSE = ZY? - SS Reg.

From well known least squares theory, then, (e.g., see

Graybill (1961)), the equation

sk sk LA ' _:2_ >:; 3k
K b3 2 3 % x®
bl - BlO ZX X X bl - BlO
-b>:< _ B>:< 2(2 5 X3 Z& -b>:< _ B>}<
F(3,n-3) = —=—20 - e =20
S

is a simultaneous test of the hull hypothesis

Ho: By = Bygr By = By 07 9

through substitution in the previously presented equations

<!,

for Bi .

The preceding joint test of significance can, of course,
be regarded as also defining a simultaneous confidence
region for Bl, BZ’ and & , by replacing the F with
an Fa from tabulated critical points of the F distri-
bution. This region is then formally of probability content

1l - a, but not very usable.
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If individual standard deviations for the parameters

are desired, we may compute approximate ones for 'bl

d with that for

and

b2 , of course, already exact and known,

thus:
Let:
N _— — 1
2
00 COl 002 n X X
= 2 3
10 Cll 012 X zX X
: 2 3 L
| C20 0217 C?%J _EF ZX ZX__J
then the variance-covariance matrix of bg, bﬁ, bg is:
Coo Co1 Co2
2 .
o< ClO Cll 012 with
Coo0 C21 G2z
2 . . — 3 L3
o] estimated as before. A M"t" test of Ho. Bz B2O is:
b3 - Bag
t = —— with n - 3 degrees of freedom
Toz 57
and C.L. for B, are: bg‘i ta/2 VCZZ s2 .
For the standard deviation of bl we have:
AN
s, = VG(b )
by 1
AN ob. 2 bbl 2 N\ ob, 2 A\
. — sk + — sk + (= K
where: v(bl)cxs(bbg> vibg) + ( bT) v(by) (abg) V(%)
ob ob N\ ob ob N\
1 1 3K 3K 1 1 KWk
* 2(§B$)(§B§) cov(bf,b¥) + 2(5p%) (555) cov(bi,bi)
0 1 0 2
' bbl bbl g
+ — — 3R 3k .
2(bb1)(bb§) cov(bl,bz)
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Since:
= © 3T o
by = /%% - Lbjbs
oby - 2D}
o bxZ - LoEbs
oby by
T A4 < Logbs
2y - 2b%
o3 ¥ - LbAbE
Thus:

2
S
V(b ) =~ (5%7 -

1 <& 4+ xR + K2
b%b%l[hbé Coo T Pf"Cqy *+ LBECHy

= Lb*bx sk ok - sty sk
LbYP%C,, + 8bEDEC,, - LbEbIC,, ]

and we may take the square root of this for Sp. °
1
Similarly for d we have:

% *R2 _ Kk
g - b¥ i 1,4):[ - = 2b{§b%
253 “o2
so that
od - 1
06 A - Logby
[ I A L S
bbi Rb% V%Tz - Lbib
- P 2 - Jek
ab* = Zb*“ 2b*2 s Ak 2 >k )
272 2 by*vbt® - Loy
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‘I’ It seems simpler computationally to calculate these quanti=

ties as they stand and then substitute into:

\ > 2 2 2
V(d) &= s [(33%> Cop ¥ (Sﬁf) Cpy * (555) Cop
0 o) 0 o}
+ 2(5) () Cqq 2 (=) (5)¢C
bbo bbi 01 bbo bbé 02
od yod_
+ 2(abf)( b5)012]
then :
/\
= Vs(d)

The "confidence limits" on the regression line and
predicted values are still the usual formulae using b% ’
bf and b% and their variances and covariances.

‘ ' Alternatively, since our estimates of Bl, Bz, and &
are maximum likelihood, we may compute the asymptotic
variance-covariance matrix. For this case the log likeli-
hood, (L), is:

2(Y, - BN, - B,NZ )2

20%

L =- % fn 2m - %.[n o? -

We then form the Hessian of this function with respect to
Bys By 8, and 02 in that order and take the negative
expectation of this matrix to obtain the information matrix,

thus:



gf% d2L dRL d2L
0By 0B, 0B, 0B, 08 bBla(oz)
dRL dRL, J2L d2L
3F2%F1 oF% 38,08  BP,0(0%)
I=-E
d2L, , d2L 3L d2L
0808, SSSE; D02 350(0R)
dRL dRL, d2L d2L
b(cz)asl 5(02)562 9(0R)086 0o(0?)?

Working this out we have:

ZNF /o? IN° /o2 (BlZN+2522N2)/02 0

£ /a? sk /o2 (BlZN2+2522N3)/03 0

= 2 2 3 SN
(812N+2522N )/0®  (BEN*+2B,IN )/c? Z(Bl+252N)2/02 ., 0
0 o 0 (%%{i

where N =X+ & .

Then the asymptotic variance-covariance matrix of ﬁi,

A a3

By» 0 respectively is?

f11 T fy3
02
T |21 fa2 23
fa1 fap f33

where:

D = g2[(nz® - (2N2Y/(2N%) + 2(3M) (2N°) (W) - n(zN°)*

- (2N%)2]
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gy = Blaenk - (2NP)P] ¢ uppp,LEN)(ENY) - (z8°) (23) ]

+ LBEL(NP) (3 - (21)*]

£1, = £51 = B2L(EN) (507) - nen®] + 2 [ (2N°)°
-~ (M) (2P) ]
. 21 on3 I 3,2
£1, = £ = B LEN)(ZP) - (zm(2nh)] + 28, [(21°)
- (2N°) (2N%) ]
£, = B2l - (2N)*]
o _ 3 2.2
fy5 = £35 = By LN (21P) - (28%)?]
oy (s 3,2
£33 = (W) (20%) - (209)° .

An estimate of this matrix can, of course,'be obtained by
replacing ©2 by s® = %%% and replacing By, By, and &,
respectively, by bl’ b2, d . The formulae obtained pre-
viously as well as these give only approximate variances for
our parameter estimates.  Due to the Qomplexity of both
formulations it does not seem feasible to attempt a mathe-
matical comparison. A possible method of comparison would

be an empirical sampling study. This, however, will be

regarded as outside the scope of the present investigation.
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SINGLE FACTOR CASE: COMBINING INFORMATION
FROM SEVERAL LOCATIONS

When several locations are included in an experiment,
it becomes desirable to pool the information about Bl and
Bz efficiently as well as estimate the 6i . Thus we are
led to consider the model:

Y.. =

+ 2+
i3 BlNij BZNij € s where

J
Nij = Xj +_6i refers to the jth treatment on location . i -
in the total nutrient form and there are f locations in
the experiment, i.e.,

| i=1,2, oo [
and 3 =1ly,2, eean .

Now the least square estimates (or Maximum Likelihood

in the normal error case) are obtained from minimizing

[ n
L ZZSij ? §(Yij BlNij BZNij)
= _ 2
? §[Yij fij(él’éz""éf’Bl’BZ)] say.
' Thus:
oL — _ o3[y, . - f ](Efii) i=1,2 7
06 . e I 3-8, R I
i 3 i
oL, df. .
T = - ZZ'Z[Y.. - f]_](BF];J-)
"1 i3 * J 1
df. .
oL  _ - —id
2 = _ 25 TlY.. - f.. .
5 HEASE flJ](aEZ )
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These are implicit equations in the parameter estimates

\

which do not yield our estimates as simply as before. How-
ever we may, c.f. Stevens (1951), Fisher (1950), or
Scarborough (1958), use the estimated asymptotic variance-
covariance matrix to improve on inefficient estimates by an
iterative: procedure.

The Hessian of the log likelihood, neglecting o2, is

obtained froms:

32L. of 5 . 'bzfl.
- E(ng) = - E[-jil(ggzl) ?( i3 " fij)( s )]
P (gkd)® = E )2
= = I (B, + 2B,N,,
5=1 085 Peiiae 2713 ’
for i # i' we have:
dRL
- Blagesy) T O
2 2 df. . Of..
- B(h ) = _E () = D) (52
3B. 05, 36,00, ) B
1771 i”"1 J i 1
= 2 =
(BlN 252Nij) ﬁ(Bl + zsleJ)Nij
>2L, _ 2L, _ ' 2
- E(sﬁgssz) 'E(béibﬁz) §(51 BN, INT
3L, 2L, _ [ n 3
- e — = - —Z
T A U R
2L, _ 2
- E(EBE) i ? Nz
and
%L, _ L
- E(SEE) E ? Nij .
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The procedure then is to substitute estimates di’

b, and b, into these formulae and compute Adi, Abl and

1

Ab additive corrections to the inefficient estimates

2 2
using the following, (which is essentially a multiple re-
gression procedure):

Call:

+ N
Wij 1 2b2Nij where

=
1
P4
+
Q,

ij J i
1 = et - - 2 .
and Yij Yij blNiJ b2NlJ

Then we have:

- . A hn - -
?ij 0 0...0 ?WlJNlJ ?leNij Edl ZleYlJ
0 ?ng O. . .0 §W2jN2j ?WZJN2J Ad, ngjxéi
0 o . . . .
0 0. .. Iwp ZWIJﬁ[j ZW[.ﬁ?. adp  [Ewp Yy
§W13N13 ZWZjﬁzj ZW[jﬁ[j §§N§J nggJ Aby 2§N1JY1J
ZWlJNiJ 2w2jﬁ§j ZW[jﬁ?j §§N§J EgNgJ B, §§N§JY1J

Solving for Adi, Abl, Ab we obtain the improved

2
efficient estimates d,, b5 b, by

di = di + Adi s bl=b£F£$1, b, = b, * Ab
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One iteration is sufficient to obtain efficient esti-
mates, however if we repeat the process until Adi, Abl,

Ab are zero we will have the least squares or maximum

2
likelihood estimates.

The inverse of the coefficient matrix for the correc-
tions has intrinsic interest, for multiplied by 0?2 and with
parameters instead of estimates it would become the
asymptotic variance-covariance matrix of our estimates.

Thus the present form multiplied by an estimate of 02, say
the residual sums of sguares divided by n[ - [ -2 , is

a consistent estimate of the asymptotic variances and co-
variances. Let us then inquire into a feésible computational
procedure for the inverse:

Denote the coefficient matrix by E, E and its

(M N

Nt P) where D represents the diagonal

inverse by
matrix of Zwij’s, B the ([ x 2) matrix of crossproducts
and A the matrix

SN2 | SN
ij ij

noN3 | sk
i ij

with the same partitioning in the inverse.

After some manipulation it becomes clear it is neces-
sary to invert only the 2 x 2 matrix. [A: - B 1B Euﬂ_l,
for the - inversesof: D is-immediates Thén we ‘haves: i,

RN VA
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M =Dt - NB'D?
N=-D13P
p=1[a-B'DYtB]Y

where the forming of D_l B say, is direct namely, divide
every row of B Dby the correspondiﬁg diagonal element of
D. Thus no matter how many locations are involved no

- matrix larger than 2 x 2 need be inverted. This should
be quite important from the computational accuracy stand-
point.

The remaining question for the implementation of this
technique of improving estimates is a systematic proéedure
of obtaining starting values di’ bl’ and b2. Let us, then,
illustrate the method with some of the data from the T.V.A.
-N.C. State experiments.

In Table 3 are listed mean yields in bu./A. of L rep-
lications for 4 locations on the Norfolk soil type from the
1956 growing season. Also listed are the coded applied
nitrogen rates coded as follows:

Applied nitrogen 1lb./A. 0 62.5 125 187.5 250
Coded value -2 -1 0 1 2
Quadratics of the form

¥ = bg + bTx + b2x2 were fitted for each loca-

tion using the coded values and are given in Table 4,

together with their alternate representations.
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‘ Table 3. I\r/lzigsy%gidz %gcggiéﬁé and coded applied nitrogen
?ggégg? N 1 ) Location ; L

-2 L6.5 41.8 b5l 214.9

-2 L6.5 L1.5 379 334

-1 87.0 69.9 83.8 71.0

-1 92.0 724, 72,1 714

-1 88.1 70.7 80.4 76.0

-1 91.4 71.4 78.1, 70.2

0 112,14 88.2 106.5 92.9

0 100.8 77.5 108.5 95.3

0 115.9 79.1 102.8 99.2

@ 0 115.1 87.0 106.1 99.6

0 110.1 86.1 1993 96.5

j 1 107.6 83.4 97.2 102.2

i 110.8 92.6 106.0 98.6

"1 108.2 81.7 106.6 98.2

1 113.4 87.7 114.1 106.0

2 112.2 82.3 106.0 101.4

2 111.9 81.4 106.4, 100.2

2 109.0 88.5 108.6 103 .4
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Table 4. Quadratic coefficients for the data in Table 3
with alternate representations of parameter
estimates. -

Location | b bY bk, by coded %igéﬁiﬁ
1 109.0  1h.43 =7.53  59.09 2.96  60.0
2 83.7  9.72 -5.11 L42.49 3.21 75.6
3 101.5 15.63 -7.02  55.63 2.85 53.1
L 95.3  17.10 =7.50  56.14 2.60 37.5
Average -6-79 5343375

Table 4 indicates the sort of results that are often
obtained from experiments of this type. The linear coeffi-
cients are usually positive with the quadratic usually
negative. This is what would generally be expected, indi-
cating the response goes through a maximum and thereafter
declines.

Occasionally b, 1is estimated as positive. When this
happens, it usually means that there is either little
respdnse to the factor or that the range of applied nutrient
levels has not been sufficiently great to ekpose the dimin-
ishing returns portion of the response. If the latter is
the case, the normal recommendation would be to experiment

at additional levels before proceeding with the agro-economic
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analysis. Thus in either case the locations with unusual
signs would not be considered appropriate to be included in
the present proposed analysis.

The d's are decoded by subtracting 2 from eachland
multiplying by 62.5. It is probably easier to work with
the parémeters in the semi~coded form, however, with units
of nitrogen of 62.5 1lbs./A. and the origin at zero.

For the starting values of b; and b, the average
is a convenient approximation. The average bl and b2
can be used moreover to obtain "smoothed" starting values

for the di by the formula

d. = ————
i smoothed 2%

We thus have for the starting values:

by = 53.3375 d, = .8652 dy = .7768

!

I

B, = -6.79 d, = 1.2120 d = .6686 .

2 L

Using these in the computing formulae we form the

{ - .
matrices.

D = diag(8096.7385, 63,3.8887, 8689.1926, 9486.3321)

759.2894 2951.1452

2951.1L52 12232.0230



[ 312.5240 181.6201 |

| 1150173 _621,.0633
°T 355.3038 345.0616 ’

1,02 .2125 519.4281

with the right-hand side having the elements

Zwleij = 2,,86.2239
szjYéj = .2315.8961
EWBJYéj = 1425.3303
'=
ththj 101.2194
ZZNinij»= ~14.9404
Ceefi2 v =
ZZNiJYijb -318.9638
Thens:
_.03860 02243
.01816 -.09837
p~lp =
.0,089 .03971
.0L2 L0 05476
and
L5.7372 31.8145
BD7IB =

31.8145 107.6091



713.5522 2919.3307
p~l =4 - gip~lp =
2919.3307 12124 .4139
i .09405 -.022646—
P:
-.0226L6 .005535
_-.003122 .ooo75oo_
- -.003936 .0009557
-.0029.46 .0007062
-.0027L7 = .0006571
.0002272 .0001305 .0000979 .0000913
.0001305 .0003231 .0001230 .0001146
M:
.0000979 .0001230 .0002075 .0000862
L.0000913 .0001146 . 0000862 .0001859

The matrix

(Mo

Nt P is then multiplied by the vector of

right-hand side elements giving the corrections:

Adl = ,2188 Ad3 = ,0818 Aby 2.69L1

Ad, = -..4829 AdLP = -.0653 Ab, = -.7027

These corrections are then added to the d's and b's
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to give:s

d 1.0888 d, = .8618 bl = 56.0319

1 3

]
Il

d 7271 d . 6047 b, = =7+L927

2 L

If the process is terminated at one iteration the
estimates are efficient but, of course, neither maximum
likelihood nor least squares estimates are thereby obtained.
These are the results only of repeating the iteration in
either one of two ways until convergence is reached.

The first method is to construct the matrix anew with
the corrected estimates and proceed as before until the cor-
rections are zero or equivalently the right-hand side vector
is zero. The second method is to recalculate only the
right-hand side vector anew until convergence is reached.
The second method generally involves more iterations but
considerably less calculation per iteration.

The results of 9 iterations by the secondvmethod are
presented graphically in Figure 1. The final estimates of
the parameters are then:

d; = 1.326 dq 1.086 by = 49.654

]
]

dp = W5 4, = 789 by = -5.843 .

The estimated quadratic is then
Y = 49.65LN - 5.843N%
and the decoded d; are in lbs. N/A.,
d; = 82.9 d3 = 67.9

dy = L6.4 d, =493 .
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Thus we see that economic recommendations for the dif-
ferent locations would»be rather strongly affected by the
differing initial nutrient levels estimated. The estimated
biological maximum is 105.5 bu./A. with application of
enough N to result in 4.24 units of total nitrogen or

265.6 1bs. N/A.
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SINGLE FACTOR: VARIABLE NUTRIENT CASE

Looking back on the results and philosophy of our
approach so far, we see need for another alteration in the
model. If locations are different because of soil nutrient
factors, then differences between well defined blocks at a
single location and, indeed, between plots treated alike
within a block must be different at least in part due to
initial nutrient differences in the plots.

The practice of some statisticians and agronomists of
using soil tests and visual site inspections to select plots
to be used in the same block are evidences of at least
implicit reéognition of this. Thus our basic source of
variation must be organic to the experimental material and
not merely an added measurement error unrelated to'the
material.

In the usual analysis of variance techniques we can
alleviate this situation because in that case we are dealing
with a model containing a sum of constants and random vari-
ables so that any M"unexplainable" variation will be absorbed
by the error term affixed to the end or amalgamated into
the overall mean.

For most practical cases in the analysis of variance,
then, we introduce various components of variance by our
errors of specification, see e.g., Kempthorne and Zyskind

(1960). When the errors are in the arguments of other than
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linear functions the situation alters in kind, for then the
functional assumption comes into play, usually, it must be
admitted, in a very unhandy fashion.

To elucidate a little further the nature of the alter-
ation proposed, we may draw attention to the use of "block
X treatment interactions" to test treatment comparisons
instead of "bétween duplicate measurements" as common good
practice among statisticians. In the context we are using
here, "between duplicates" is really measuring an additive
error of measurement external to the variability in experi-
mehtal material or procedural repeatability, (Which is in-
the "block x treatment interaction™). '

For definiteness consider the model Y = f(A) where

f is the quadratic response to factor A , as before, and

A =x, + 8!
J J J
where Xj = applied level of factor A and
63 = random variable, an existing level of

factor A. The random variable is now an integral part of
the response function and not a tacked on afterthought.
Since measurement error is customarily small relative to
variation among experimental units, we feel that this
formulation properly accounts for the largest part of the
variation, whereas the additive error case concentrates
attention on the almost negligible additive measurement
error. If sufficient information is at hand to identify an

additive error as well it should of course be included.
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Non-linearity in this form presents great mathematical

difficulties, so that one should not expect definitive

solutions but rather first approximations.

thing to be said however for an attempt on the right

There is some-

problem

in contrast to elaborate and definitive solutions to

irrelevant problems

ing stratagem:

Let us take expectations of bO’ bf’ bg

variable nutrient model in the form:

With this in mind consider the

follow-

assuming the

r = t) + +851)2
Yj ag + al(Xi+6j) az(Xj 6j) Then
Sy n 5X.426" SXR+25X .5 1Hn 614 a
J 03 J 373 J 0
_ ) 3 2.y 2
Elzxy |=E |ZX. ZIX.8'Ix< TX-+2SX° 8T +IY L 51 a
J JJ J J JJ J7d 1
5X°Y TX° IXHIXRs! spbionxist+zrestt | \a
J J 7373 J J73 77373 2
B 2 ' v
+ 42418 +
n ZXJ nul ZXj 2ul XJ N, g
2 2
=|zx XS+ ITX. X A2ul XS nX Q
J J “l J g R AE TR 1
2 3 L tov3i tvve
X< SXoHut YR D G2 ZITEDN Ga TR
j IR j 1At TR 3] &2
. ': ?
where: My E(éj)
2
'=E6! .
Ko (63%)



Now rewrite the matrix as:

o - - -
n xnX ZX2 n n n
2 3
ﬁ X Ix* x|+l :x X =X
K_ZXZ sx°  nxk 5x° X% xR
- - -
X X X 0 0 2] a,
+1x* 5x° x*llo o0 o oy
sx° rx° sx°llo o o o,
Multiplying both sides by
_ _ -1
n X Ix?
X Ix Ex’
5x° £x° sxk
we have
r% - - - -
? ?
1 0 O 1 1 1 My Mo
{ 0O 1 Ool+|0 0 O o o |+
0 0 1 o 0o ofllo o o
- 1 L JL 4
29 03
(times) Qg =B bi
a2 bg

o K O

XY

XTY

S O
@]
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Therefore
x B ! 1 ]
b3 1B K %
b3 = ?
E bl 0 1 2“1 ay .
bé 0O O 1 Qs

If we make the identification:

aq 0
ap | = [By| o BRI T8, up = oF &R
% B2
we have:
E(bf) = 6B, + (03+62)p, = 8By + 878, + By say
E(b¥) = By + R8B,
E(b%) = B,

and we see the very intereSting point that the variance of
the initial nutrient can bias the parameter estimates. It
ﬁill be noted that when cg = 0 we have our earlier situa-
tion. Substituting in our formulae for bl’ b2, d we have:

_ \ Lp5o?
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where ¥ 1is to denote the fact that we have substituted
the expected values of b¥, bﬁ, and bg into the formulae
for bl’ b2’ and d and that these equations are not valid
expectations.

About the only conclusion one can draw at this very
tentative stage is that great care should be taken to
achieve homogeneity among plots since variability can pos-
sibly upset to some degree at least the estimation of
paraméters.

Note that a very curious parameter Bé makes its
appearance. It is chimerical in that if there is no varia-
bility in 63 it disappears. It is a mathematical conse-
quence of our random initial nutrient formulation in a
model not possessing a constant term, i.e.,

Y! = p,N% + B NI1?%
3 - PNy T Bty

Further it developed in taking the expectation of a linear
function of random variables.

Unfortunately our equations are underidentified in the
single factor'case (except for b2), however there is a
slight alleviation of this situation in the multiple factor
generalizations. Before we proceed further, however, let
us have a closer look at the underlying sampling‘situation
by considering the randomization development of this model.

If we regard the n plots in an individual experiment
as a sample from a location, and designate the totality of

possible samples of size n from an individual location k,
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then we may consider the way an experiment is customarily
performed as double sampling from a finite universe. Taking
expectations, then, will be two-stage, i.e., over the ran-
domizations of a sample of size n to n fixed plots, then
over the k sample configurations.

Let us designate the observations, then, as:

)2,

t = +51 + +§1
Ty = B(EgTely) T BplXgTeL
where: J=1l, 2y eee n
j_ ='l, 2, e o e k

and the primed &'s denote variables over which the random-

ization is to be performed.

Nows
v = + LT & 2 + ! + 12
Ty 7 BaRy T OBiBLy T BT T 2BpX 015 T Badi;
_ . n .
: = .+ B = t, o+
Then E.(Yij) BlXJ By < E ele BZXJ.
J j=1
n n
1 1
+ 2p,X.,= I 8!, + B, = T &'.R .,
2°jn j=1 1J 2 n j=1 1J
The quantities:
n
1 3z &1, =737
n =1 i] i
1 4 t 2 = §12
and = I 8&!. 8! s, say
n =1 1] i

are then the first two non-central moments of the random
variable in the finite space of a given ith sample of

size n .
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Since the b? are linear functions of this typical |
random variable we may proceed with the expectation to
either of two cases. One, we may have only one'experiment
at a given location and choose to call & and 3;2 the
corresponding characterizations of that ith location. Two,
we may regard the experiment at location 1 as one of the
k possible and consider the k samples of n from loca-
tion i .

In the first case it is evident that the results de--
rived previously are valid with Ez and EIE replacing
ui and ué respectively.

In the second case we have:

k .
l J—
E[E(Y?.)] = B, X, + B, I &1 + B X3
i j 1 173 1k j=1 1 273
1 £ 1 5 oz
+ 2B, X T ! + B,= I 87

and the results previously derived are valid if we let

k
1 N
1 k =1 1
and ué = " El 6{2 .

It should be noted, then, that the randomization
derivation tells us two things. One, it does not invali—
déte the previous results. Two, it does render quite
obviously the treatment assignments independent of the plots,

i.e., the soil nutrient random variables.



Ll
MULTIPLE FACTOR: VARIABLE NUTRIENT CASE

The next logical generalization of our model is to the
multiple factor situation with random variation in the
initial levels of each of the factors on a plot-to-plot
basis. This is probably the most realistic formulation of
all from the agronomic standpoint, for although many fer-
tilizer experiments reduce to one effective nutrient
response, many- others do not, but, rather, show response to
several factors such as N, P, K, etc.

Let us, then, examine the biological structure of the
situation in some detail.

First of all, it seems clear that the latent initial
nutrient levels of the responding factors in our models
must be distributed in some multivariate form. That is to
say, the initial nutrient levels of the several factors are
not independent but condition one another in their presences
and effects.

Next consider the following situation: A completely
unproductive field has an important nutrient, nitrogen,
say, added to it and crop response occurs. We do not think
it reasonable to conclude that total nitrogen alone was
zero and that the response observed was a function of only
applied nitrogen, without any corollary effects due to the
changed chemical complex that is the soil. We think it
more reasonable to cbnsider all soil nutrients as zero in

response effect in the absence of a "threshold" amount of
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nitrogen, and that following the fertilizer application the
chemical nature of the soil becomes altered so that latent
conditional nutrient levels arerreleased on all effective
factors. These then jointly act in an observable result as
an initial level of nitrogen. Any interpretation of initial
level terms in the model should take this into account ..by
recognizing the conditional nature of the postulated 6i.
Thus we formulate a version of Liebig's (1855) Law of the
Minimum as a reasonable biological requirement.

As before & is to be regarded as the complex of
physical and chemical states that act in their effect on
yield as an amount of a latent nutrient factor measured in
the units and form in which this nutrient would normally be
applied.

Another concept the above discussion leéds us into is
that of substitution. It is, of course, not to be considered
as stating that a plant can use nitrogen, say, inter-
changeably in place of phosphorus in all its nutritive re-
quirements. Rather the varying rates of applied nutrients
act to alter the chemical complex of the soil which then
either releases or inhibits the release of nutrients.
Therefore different combinations of applied nutrient fac-
tors can produce similar net yield effects, within limits,
through alteration of the chemical complex. (This implies

a poSsible need for interaction terms in the model.)
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Overwhelming evidence demands a curvilinear model with
the possibility of diminishing returns to applied nutrients,
either when considered separately or jointly. Negative
"pure" quadratic coefficients would allow for this in the
simplest possible way with the partial derivatives of the
function with respect to each variable separately yielding
straight lines with negative slopes.

Finally we want our generalization to be consistent
with the more restricted single nutrient models considered
previously. Thus a single nutrient model such as:?

t = Q¢ t 4 t2

should follow simply from our generalized form. Just as this
single total nutrient model yields a complete quadratic in
the applied nutrient function, we should desire our gener-
alized form to lead to complete quadratics in the multiple
factor applied nutrients forms. Hopefully also we can

limit redundancies in our generalized model to the minimum
in order to identify as many effects as possible.

The proposed form will be stated in terms of two fac-
tors purely for convenience in expression. The generaliza-
tion to k factors will be immediate. The total nutrient
formulation for two factors is then:

T = Blo *+ ByoNY + ByPy * ByqNIZ + py,P12
+ 512N3P3 + ej ’



where:? 2
t = + & 1 = 1 = g

N XlJ 5lj s E(élj) 61 s V(élj) 061

= — — 2

Pt ij + 6éj ’ E(6éj) 62 , V(ééj) 052

and Béo is the corresponding ephemeral parameter we ob-
tained in the single factor variable nutrient case.

Thus the total nutrient is composed of an applied
amount Xij and a random initial level 6{j where the
prime on the delta denotes a random variable. The &€ 1is
a random additive error term independent of the 6ij .

We may write the applied nutrient formulation of this

model by taking expectations of Y} as follows:

— Sk Sk sk 2
E(TY) = 800 * Blo%y; * PRo%as * BY1%1;

T OBRREs Y BIX 4Ky
To see the relationship between the starred and un-

starred parameters in our formulations we note that:

5k ( xR ( ?
ﬁOEW v%0) £t
Xk sk ?
FTo oYy XY
! $:< t
B30 %0 N RN
sk xR 1
P11 b3y 2X7Y
sk N Ryt
B3, b%s LX5Y
\‘312 ) C’Tz ) \lexzY )



where

n £X, 2X,, el IX 2X, X,
IX, e XX, 2X? X XS BXCK,
IX;; IXiX, XS IXSX,  BXp 0 IXyS
o zx? Xy, ixx,  axd ioxf Irlx,
nx2 lexg ZX7 zxixi o nx, X7
ix X, IXox, IXxS Ixdx, KX KL

Thus we can proceed by taking the last indicated
expectation and then multiply by the inverse coefficient
matrix of the b?j .

Now taking the expectations and summing we have:
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(EY' M n £X,*n, LX,*ns,

£X, Y 2%, zx§+leal IX X, EX, 5,

ZX, T 5X, SX X 45E,6, IXAH3X, 8,
: pad ) e zxi+2x§51 ZX§XZ+ZX§62

nx2y 2x2 ZX1X2+ZX§61 RXJH+5E56,

KEXlXZ%) ;ZX1X2 IX3X 45K K,6,  BK XoABX X8,
ZX§+22X161+n(ogl+6§) ZX§+2ZX262+n(o§2+5§)
2X§+22X§61+2X1(c§l+5§) ZX1X3+22X1X262+2X1(c§2+5§)
ZX§X2+2ZX1X251+ZX2(G§l+5§) 2X§+22X§52+2X2(o§2+5§)
zxﬁ+2zxial+zxi(c§l+5§) EXSXZH28XEX, 5,455 (02 +53)
zx§X§+22X1X§51+2x§(o§l+a§) 2X§+22X352+2X§(c§2+6§)
zxiX2+22X§X251+2X1X2(o§l+5i) lexg+2lex§+lexz(c§2+5§)
ZX1X2+ZX261+ZX162+n(912661062+6162) 77 07
ZX§X2+ZX1X251+ZX§52+ZX1(912“61052+5152) B10
2X1X§+ZX§61+ZX1X262+ZX2(912051662+6152) B20
zxix2+zxixzal+zxiaz+zxi(plzoélcézfélézj By;
ZX1X2+ZX;61+ZX1X§62+ZX§(plzoélcézféléz) b i
ZXiX§+2XlX§51+ZX§X262+2X1X2(plzgélcgz%alaz) Byo
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1 %2
nX, 0 0 o0 0
iX,, O 0 0 0
A+ 1t
in O 0O O 0
2
7X2 O 0 o0 0
\ZXIXZ o o o 0
(2, [0 0 0 28
nX° 0 0 0 O
1
IX, X, O 0 0 O
+ 1t
=X 0 0 0 O
1
5X. X2 0 0 0 O
122
nX°X 0 0 0 O
1%
[
IX, '\ (O 0 0 O
IX, X, 0 0 0 O
2
IXS 0 0 0 O
+ - 1t
nx5%, 0 0 0 O
zxg 0 0 0 O
\gx X2 0 0 0 O
12 N
where 1' = (1, 1, 1, 1, 1, 1)
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Multiplying by A™T
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o o o
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we have
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b3
b

b5y

by

%2
1z

Then we obtain:

(P129s,
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x = + + 2 + 2 +
BSo = B10o%1 * Poodp * B18T t Bpds *F B12d19,

1l

+ (o2 B, + 02 B, + p,,05 O
5,"11 5,722 1278, "5

+ +
Bip t 2B110%1 * B0,

+ +
Bao * Bidy * 2P0,

2
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The quantity in the parenthesis is 560’ which is a
consequence of the variable initial nutrient level formula-
tion. An interpretation of Béo is in terms of the
"threshold" response phenomenon noted earlier. Thus, when
a nutrient is below its threshold level, all nutrients are
prevented from showing response and the function formulated
passes through the origin. Above this threshold value the
function appears to have a non-zero intercept; since the
intercept is a combination of quadratic coefficients, one
would expect it to be estimated as negative in most experi-
ments. 7

There are several rather interesting statistical
aspects to this model. One is the addition of a known Xij
to the random variable 6ij to form the "total nutrient"
variable. We have, it will be recognized, a case of
"controlled independent variables" as first considered by
Berkson (1950). There are several differences, however.s
The first is that the model is non-linear and thus is more
similar to the cases considered by Geary (1953). Geary
also obtained variances of the estimates of the parameters
in a somewhat similar fashion to our development. A two-
fold difference exists between these models and those
considered by Geary, however. Here we assume the model is
a function of more than one variable and furthermore the
random initial nutrient variables do not have zero expecta-

tions. This last point allows relative estimation of the
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611 and BiO if more than one location is available in
the experiment. It will be seen, however, that without
further information or assumptions we can estimate only a
linear function of the variances and covariances of the
initial nutrient levels, namely Béo .

To see the effect of the present formulation of mul-
tiple factor models let us neglect the additional complica-
tions that the random initial nutrient levels give us and
try to estimate the parameters by assuming only an additive
normally distributed error € . For two locations the
expression to be minimized for the two factor model is
(neglecting multiplicative constants):

= Y¥el 2
L SiJ ZelJ 2823

I
™

- _ ) 2 _ 2 _
Ty = ByoNy = BaoPy = BpyVf - BopPf - BN Py)°

_ } 2 _ }
+ I(Y, - By N, = ByoPy = ByiN5 = BooPS - BppN Po)7

: = + ]

where Nlj le 611 for the 1lst location
= + .

N2j le 612 for the 2nd location

and P =X,. *+ & for the lst location

1j 2] 21
= + ' i .
P2j ij 622 for the 2nd location

Then calling?

Sp = 2(Y¥y - BNy = ByoPy - B11 2 - By Pt
- BypN,Pq)
= - - _ 2 _ 2
and Sy, = E(Y, = BNy = BppPp = BpN5 = ByoP2

- BiolaPa)
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we have:

1 -3 3%%6 = 5N, + S,N,

2 - i 5%55 = 5P, + 5,P,

3 -} bgil = 5,N2 + 5,NZ

by -3 3%55 = sipi + 5,P2

5 - 3 5%%; = S;N,P, + S,N,P,

6 - % 6%%1 = S1(Byg * 2B Ny *+ ByoPy)

7 - E 6%%1 = S1(Bpg + Byply T 2ByoF;)

8 -2 S%f; = Sp(Byg * RBypNy * ByoPp)

7 ‘-%‘Sgﬁg = Sy(Bag ¥ BpaNp T 2BoPy)

Setting these equal to zefo and replacing parameters
by their estimated values we see there are some redundancies.
For, adding the equations obtained from 6 and 8 and using
the relations obtained from 1 and 2 we have

Sl + 82 =0 .

Similarly adding the equations obtained from 7 and 9 and
again using the relations obtained from 1 and 2 we have:

S1 + 82 =0 .

Thus the 9 equations are not independent.
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We can, however, obtain estimates 6f the quadratic
coefficients and relative estimates of the 6i[ and Bio
by the following procedure:

For each location we can fit the equation
= A%k S Sk + Q¥ 2
To5 = BEof * Bfof¥1s * Blof¥ay * BY1f%5;
S e b3
M PY4S RI PY e SRR ORI &
by minimizing ZE?. . We obtain
g AJ
bgoi ’ bfo[ ’ b?o[ s bflf ’ b?z[ , and bTZ[ from
this procedure. Now the quadratic coefficients bfl[ ’
bhag s and bi,¢ are not affected by the different 6 p
at the various locations and are independent from location
to location and possibly quite good estimates of Bll ’ 822 ’
and 512 respectively. The linear coefficients be[ and
b?o[ are estimates of functions of parameters and we indi-

cate this using the previously derived expectations as
follows:

Piof T P1g * 2by1dyg T bioday

PEof = 2o * Pr2dyf F Rbyadyp o

If the same experiment is performed at all locations

then the overall regression equation using applied nutrient
levels will give us 660 , BTO , E%O , Bﬁl , B§2 , and
sz where the bars denote average regression coefficients.

Then we obtain
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b¥y = byg * 2byydy * byy

ol

2

b%y = bpo t bypdy * 2by0d,

Pyq = by
bys T boo
b2 7 bya

as pooled estimating equations. Subtracting the average
linear regression coefficients from the individual linear

regression coefficients we have

bfof - bf, = 2Bll(dl[ - dy) 512(d2[ - d,)

b5of - by = Blz(dl( - dy) 2622(d2[ - d,)
using the average quadratic coefficients obtained from the
overall regression. We can now solve for'- |

dl[ - dl and d2[ - d,
from these equaﬁions. Thus we have estimated to a first
approximation the differences of the 6i( from their mean
values.

The smallest di[ :'ﬁi , (i.e., the most negative),
will indicate the di[ to be taken as zero for each
nutrient, (thusveach di[ will be measured from the smallest
namely d,q = 0) thus giving di[ to add to Xij as the
first approximation. Since the estimates affect the estima-
tion of biO we must reestimate our linear coefficients
using the first approximations to improve our estimation of

di[ and biy - If we use the di/ apd hold the quadratic
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coefficients constant for each location we will obtain
additional corrections to the di[ from our average pooled

fit and our linear coefficients. That is we fit:

Zg. =Yp. - D
G & tagp)? - byy(Xyy-dhp)®
- B — ? - ? 3 :
blZ(le dl/)(XZj dz[) in the form
Zg. = + X. . *t X,. + .
{5 = Yoof " Yiof*1ij T Yaof*2j T "
estimating the y's individually by minimizing ZTﬁj for
each location as well as the pooled equation for all loca-

tions. Then using the equations:
g10f - B1o = 2b118diy ¥ Piphdly
g20f - 20 ° byoAdp + 2byyadlp
where the giO[ are estimates of YiOf , We may calculate
Adjp and Adip and obtain
dyy = djg * adjy
dg[ dé[ + Adé/ .

A second iteration using dg[ will give convergence, i.e.,

the individual linear regression coefficients will be equal
and we have then obtained our relative_estimates of éi[ ’
relative in the sense that they are measured from the
lowest estimated one. The dg[ are then added to the Xij
for each location and the full quadratic fitted over all
locations. This will then be the estimated structural

equation with the iteration being completed in this final

stage.
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Thus the procedure can be summarized as follows: We
use the overall general quadratic and the individual quad-
ratics at the several locations to obtain initial approxi-
mations to our estimates of initial nutrient levels. By
holding the quadratic coefficients constant the solution for
the 61[ converges in two iterations because for constant
quadratic coefficients we have a‘quadratic function of our
61[ . Then holding these estimated 6i[ constant, our
overall structural equation is fitted in one final step
because for constant 61( our equation is then linear in
all coefficients. The estimated 6i[ and BiO are then
relative in the sense that they are conditional on the
lowest estimated 6i/ being taken as zero. Thus our set
of locations in the experiment should be as diverse as
possible if we wish to obtain some location for each nutri-
ent factor with a nearly zero initial level. Whether we
achieve this or not, however, we still obtain comparisons
between the locations as to differences in initial nutrient
levels and can rank the locations with respect to each of
the initial nutrient factors separately.

Since the objective of this paper has been to propose
biologically more realistic models and conseQuently to
alter where necessary existing techniques to achieve this
end we decided to put the model to the "acid test" by trying
it on some of the data from the N.C. State - T.V.A. project
mentioned earlier. Accordingly we selected 6 locations out

of the 60 possible with as diverse fitted forms and response
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patterns as could be obtained. Hopefully, the coefficients
will be biologically reasonable and the estimated 6if
‘'will be reasonable and consistent with our formulations.

In Table 5 are the data and treatment combinations in
semicoded units for these locations. The experiment is
3 factor, N, P, K respectively.

Thebindividual regressions using the semicoded levels
indicated in Table 5 and the overall or average regression
are displayed in Table 6.

Using the average regression quadratic coefficients as
coefficients in the foliowing set of linear equations and
the differences of the individual linear coefficients from
the average linear coefficients as right hand sides we have

the 6 sets of equations:
— 3 + 7 _J + % 3 = Kk - Rx
2bll(dl[ d;) - blZ(dZ[ d,) blB(dB[ d3) oo B3ile
N _— -+ T _— N _; = 3 - —>:<
blz(dl[ d,) 2b22(d2[ dy) + b23(d3[ ds;) b%of = b3
b _— -+ b __ -+ - _— = — ok
blB(qldel) ba3ldyp-dy) + Rbggldyp-ds) = bygp - ¥,
whose solution is in Table 7. (We have added the lowest to
each of the other df[ - d. and the estimated d![ thus
1 1 , 1
no longer sum to zero.) The units of the d{{ are those
given respectively in Table 5.
Adding the di[ given in Table 7 to the Xij given in
Table 5 and using the average quadratic coefficients of

Table 6 we calculated the quadratic portion of the model

and subtracted this from the observations. Using these
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e 5 oo thon Baird. (1958 "

Treatment Location

Combination

Nk P Kok 2 3 L 5 6
1 1 1 42.2.  23.1  25.,  128.4  50.2  66.3
1 1 3 L3.0  19.9  31.3  140.6  57.2  68.0
1 3 1 35.7 374 39.0 141.9 55.8  67.0
I 3 3 38,0  L1.1  L5.9  136.7  58.9  70.0
3 11 LO0.4  31.8  30.1  128.3  5L4.5 63.5
3 1 3 34.5  29.5  38.4,  135.1  57.7  7h.9
3 3 1 3,.0  38.5  58.0  136.8  58.5 77.1
3 3 3 32.2 L5 .2 L35 129.7 60.9 7945
2 2 2 L3.2 32.9 37.1 143.7 59.1 779
0 2 2 9.9  20.8  23.9  126.9  37.4  L41.9
L 2 2 L9.7 ’ 36.4 L8.1 132.6 59.0 78.8
2 0 2 41.9 2.1 10.6  126.7  L1.1  6L.9
2 L 2 36.8  55.7  40.3  1h2.5  58.3  72.0
2 2 0 39.9  34.6  1l.2  136.1  49.0  73.8
2 2 38.9  L1.6  40.3  137.1  57.6  6L4.0
0 4 4 13.4,  25.2  32.0  134L.9  37.3 32.2
L 0 & 31.5 2.1  13.0  130.9  32.6  62.4
L 4 O 38.4 L5.5 15.3 137.9 L6.5 83.4

* 1 unit of N is 62.5 1lbs/A

1 unit of P is 37.5 lbs/A

1 unit of K is 37.5 lbs/A
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. Table 7. g;giz ?pproximation to 6i/for the 6 locations of
Location di[ | dé[ déf
1 0.00 6.22 6.05
2 .76 1.11 9.25
3 .58 0.00 0.00
b .53 2.30 L.10
5 .13 R.87 Lo15
6 .55 Lo 65 5.78

differences and 6 lineaf models in total nutrient form we
fit 7 models, 1 overall, 6 individually to locations 1-6.
This overall linear regression when subtracted from the
individual linear regressions can be used to calculate the

Ad{/ , (i.e., the corrections to the di[). Thus:
2by;4d]g + BppAd8g + by50dlp = g10p - €10
Byp8dip + 2550487 + by38d87 = gr00 - B
613Adi[ + 523Adé[ + 2533Ad§{ = g30f - 230

After performing this calculation we added Ad{f vand d{[

to obtain dg[ and adjusted all figures so that the lowest

was zero. The results are given in Table 8.
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Table 8. The estimated 6i[ for the 6 locations of

Table 5
Location d{[ ; dg[ dg(
1 .730 2.758 1.578
2 .809 0.000 2.0,8
3 1.254 1.320 0.000
L 1.403 1.876 .860
5 1.114 1.890 1.103
6 0.000 1.927 2.296

The estimated 61( from Table 8 were added to the
Xij of Table 5 and, using the average quadratic coeffi-"
cients of Table 6 the quadratic portion was subtracted from
the observations as before and individual linear functions
were again fitted to investigate the two-step conversion
noted earlier. Allrlinear coefficients agreed to 6 signi-
ficant figures which was the limit of accuracy of the
calculations. Thus the estimated 6if in Table 8 should
provide a diagnosis of the 6 locations, at least in compari-
son to each other. Looking at Table 8, then, we see that
location 1 had next to the lowest initial nitrogen level,

a very high initial phosphorus level, and an intermediate

amount of potassium. The data in Table 5 bear out this
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diagnosis with low yields at zero applied nitrogen and some
indications of depression for phosphorus'application. The
low nitrogen seems to be definitely the limiting factor.

Location 2 is by Table 8 very deficient in phosphorus,
an observation also éonsistent with the data of Table 5
where a yield of only 2;1 bushes/Acre was realized-on ZEro
phosphorus treatments. An indication of deficient nitrogen
can also be noticed.

Location 3 is the low potassium location. The data of
Table 5 seem to justify this diagnosis also. Location L was
the high yielding location and is estimated to have the most
nitrogen, (the most effective nutrient in the experiment).
Tt has an estimated 88 lbs/Acre more.than the lowest loca-
tion. Location 5 is an intermediate type of location that
might be much better with just a_little more nitrogen.
Location 6 is estimated as seriously lacking in nitrogen
and we note from Table 5 the tremendous response resulting
when even a little nitrogen is added. Thus the 6 locations
do seem to give reasonable estimates of 61[ at least as
judged by the yield response.

For all locations in the experiment soil tests were
made on each plot. The'averages of the various soil tests

for these locations are given in Table 9.
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There are several interesting comparisons to be made
from Table & and Table 9. The contention that organic
matter is a poor measure of nitrogen seems to be borne out.
The two low locations on phosphorus turn out as in our
analysis to be numbers 2 and 3. The low potassium location
is 3 as in our analysis. Hazarding much beyond these obser-
vations is more properly the province of an agronomist but
it seems that possibly a study relating the predicted ini-
tial nutrient levels to soil test measurements might be a
promising line of endeavor. Perhaps the predictive power
of soil test results could_be improved thereby.

We have seen thus far that the postulated 6i/ and
their mode of entering the response function seem to have
passed the test of biological interpretability and reason-
ableness. The final step in the example is the calculation
of the structural equation. To do this we add the estimated

611 to the X.. for each location separately and then cal-

i
culate, the usuil regression coefficients. which will be
those of the total nutrient model formulation using all
locations. For our example we get the estimated equation
to be:
§ = - 105.22 + 21.61N + 4L1.97P + 28.68K
- 1.607N% - L.OL6P? - 2.669K? =

- JL99NP - 1.265NK - 1.442PK .
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The linear coefficients are positive and of about the
expected size while the quadratics are small and negative.
The constant term is estimated as negative and all in all
as far as can be judged the function looks biologically
reasonable. Thus the multiple factor variable nutrient
model gives the economist a way of combining data from
several locations reasonably and the agronomist a diagnos-
tic tool to investigate initial nutrient levels solely from
yield data which possibly will throw new light on the cali-
bration of soil test information. The units of the pre-
dicted initial levels are in the units of his corrective

measures, i.e., applied fertilizer applications.
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CONCLUSIONS AND SUMMARY

In this paper we have considered alterations to the
usual response surface techniques so that this useful formu-
lation can have a wider and more proper application in the
field of quantitative fertilizer factor experiments. We
have succeeded in formulating an alteration in the usual
model which will give the agronomist direct biological
assay of levels of inherent nutritive material in the soil.
This should prove very useful. With this altered formula-
tion we have also provided statistical techniques to
estimate these new parameters and assess their reliabili-
ties, in the single nutrient case as well as perform certain
significance tests. Finally, a reexamination of the prob-
abilistic structure suggests many new lines of statistical
research into more realistic introductions of probability

into biological problems.
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