Abstract

KIM, HYUNJUNG. Unit Root Tests in Panel Data: Weighted Symmetric Es-
timation and Maximum Likelihood Estimation. (Under the direction of David A.
Dickey.)

There has been much interest in testing nonstationarity of panel data in the econo-
metric literature. In the last decade, several tests based on the ordinary least squares
and Lagrange multiplier method have been developed. In contrast to a unit root test
in the univariate case, test statistics in panel data have Gaussian limiting distribu-
tions.

This dissertation considers weighted symmetric estimation and maximum likeli-
hood estimation in the autoregressive model with individual effects. The asymptotic
distributions have been derived as the number of individuals and time periods become
large. The power study from Monte Carlo experiments shows that the proposed test
statistics perform substantially better than those in previous studies even for small
samples. As an example, we consider the real Gross Domestic Product per Capita

for 12 countries.
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Chapter 1

Introduction

1.1 Statement of the problem

Time series across states, industries, or randomly sampled individuals can be easily
found in the macroeconomic and microeconomic literature. These kinds of data are
called panel data, cross-section data, or longitudinal data. Among econometricians,
there have been many studies about panel data with the autoregressive covariance
structure over time. If it is assumed that there is no correlation across individuals, an
autoregressive panel data model of order 1 with individual effects p; can be written

as

yit:pyit—1+(1_p)ﬂi+eit7 i:1727"'aN;t:1727"'aT7 (11)

where e;; follows a white noise process with mean zero and variance o2. Here, y;; can
be interpreted as an observation which is obtained from the ¢th individual at time t.
The individual effect p; can be assumed to be either a fixed or random effect which
is independent of the white noise process e;;.

If |p| <1, y; follows a stationary process which has stable mean and variance
even for large t. On the other hand, if p = 1, the variance of y;; increases as t becomes
large. For this reason, as in a univariate time series, that is, when N = 1, there has

been much interest in detecting a unit root in panel data. For testing Hy: p =1,



many econometricians have developed test statistics and the corresponding limiting
distributions. Unlike a univariate time series, we need to consider two dimensions of
indices, that is, (IV,T) for deriving a limiting distribution.

In this thesis, we will develop unit root test statistics based on weighted sym-
metric estimation and maximum likelihood estimation for model (1.1). For weighted
symmetric estimation, we also discuss higher order processes. For maximum likeli-
hood estimation, we will consider random individual effects as well as fixed individual
effects. Concerning white noise, we will assume the Gaussian distribution with mean
zero and variance o2. Also, we will derive the limiting distributions for the test statis-
ticsunder Hy : p=1 as N,T — oo. Through Monte Carlo simulation study, we will
compare the power of our test statistics with some of previous studies. As an example,

we will consider the real Gross Domestic Product per Capita for 12 countries.

1.2 Literature Review

Since the 1960’s, there has been much literature about panel data models [e.g.
Balestra and Nerlove (1966), Mundlak (1978), T.W. Anderson (1978), T.W. Anderson
and Hsiao (1982)]. Anderson and Hsiao (1982) present several estimation methods
for various regression models with the autoregressive order 1 covariance structure.
Specifically, they focus on maximum likelihood estimation for the following stationary

autoregressive panel data model.

yzt:pyzt—l+5,Zz+’y/l‘zt+az+e7,ta 22177N7t:177T7 (12)

where

lp| <1, E(e;) = E(ex) = 0,

Var(ey) = o, Var(a;) = Ao? for A > 0,



a; and e;; are independent of each other, z; is a vector of time-invariant exogenous
variables and x; is a vector of time-varying exogenous variables. For maximum
likelihood estimation, the underlying distributions are Gaussian. They assume that
the initial value y;0 may be fixed or random. For both cases, they allow that 3,0 may
be related to a; or independent of «;. They present consistency results for p and )
when N — oo for fixed T or T' — oo for fixed N.

Due to the fact that there exist nonstationary time series in many economic data
sets, Quah (1994) introduces a unit root test for panel data. He considers the simplest

panel data model,

Yit = PYit—1 T Eit, (1.3)

where ;0 is a given random variable with (2 + §)th finite moment and the e;’s are

independent identically distributed with mean zero, variance o2,

and have bounded
(4 + 6)th moment for § > 0. He assumes the cross-section dimension N and the time
dimension T" to be the same order of magnitude, that is, N = N(T') = O(T). For

model (1.3), he considers the ordinary least squares estimator pys of p. That is,

N(T) T N T
pAols = { Zyzt 1 } { Zyityit—l] (14)
i=1 t=1 i=1 t=1
Under Hy : p =1, he shows
N(T) w
T 03—1—2 ST =N (0,1 1.5
7 (Dot )==N(0,1) (1.5)
as T' — oo,
where
. ZT: €;
= Jim Elyo(=75)]

His result tells us that the unit root test statistic in panel data under Hy : p =1 has

a Gaussian limiting distribution unlike its behavior in a univariate time series.



Levin and Lin (1992) generalize model (1.3) to have individual-specific effects and
a time trend in their model. The model with individual-specific effects can be written

as

Yit = 1 + PYit—1 + Eit, (1.6)

where the e; are independent and identically distributed with mean 0 and variance
o?. Also, Eley|**° < oo, for § > 0.
They consider the ordinary least squares estimator of p and the corresponding t-

statistic in model (1.6). These are defined as

N T N T

Pols = {ZZ(% — §i)2rl {ZZ(% — Ui) (Yir—1 — gi)}, (1.7)

i=1t=1 i=1t=1

ty = [62233 it = 5] s — 1] (1.8)

i=1t=1

where

1
Yi = T;yitu

and

~2 1 NI _ ~ .12
Ools = m;;[%t — Yi — Pois(Yit—1 — yz):| .

Under Hy: p=1, t, has the following limiting distribution, based on the central
limit theorem for triangular arrays (Billingsley 1986).

V1.25t, - %T}%N(o, 1), (1.9)

as N and T — oo,



where

_ g ! 4 o111
mrT = [W;(yit—l - yi)eit} = —5 - o7

and

1 & o1 1 5
Hor = E[W;(yn—l - yz) } = 6 @

N
If \/Ti — 0, then

V1.25t, + V1.8T5N=2N(0, 1). (1.10)

In their 1993 paper, they allow the degree of persistence to vary across individu-
als. In other words, their individual-specific effects model (1.6) is generalized to the

following model.

Ayie = ni + 0iYi—1 + €ar. (1.11)

Here, €;; is distributed independently across individuals and is a stationary invertible
ARMA process as in Said and Dickey (1984). Also, this disturbance has finite fourth

moments and bounded variation at frequency zero, that is,

E(e;) 4+ 2 Elenen—;) < M, for M > 0.

Jj=1

In the model (1.11), testing for a unit root is equivalent to testing ¢; = 0 for all

1. To remove time-specific aggregate effects, they subtract the cross-section average

1
Nzi]\ilyit from the original data at time ¢. After this procedure, they perform the

augmented Dickey-Fuller regression (1981) for each individual i. In other words, they

consider the following regression model for each i.



Pi
Ay =1 + 0Yi—1 + Z 05 Ayie—; + € (1.12)
j=1
Let 4 be the residual from the regression of Ay, on 7; and Zﬁ-’;l 0;; Ayiy—;. Also let
Uit—1 be the residual from the regression of y;;_; on n; and Z?"zl 0;;Ay;—;. By using

these residuals, they consider the following regression model for each i.

i = 030j—1 + €. (1.13)

Dividing u;; and v;;_1 by the regression standard error in the model (1.13), they obtain
standardized residuals u;; and v;_1. They compute a combined estimator 5 and the

corresponding t-test statistic from these standardized residuals. The definitions are

N T ~ ~
i=1 Zt:2+pi Vit—1 U4t

5 — ~ ) (114)
Zi\il Z?:Q-i—pi U’L'thl
and
)
ts = —, (1.15)
SE())
where
P -\ AR
SE(6) zae{z > Uzt—l] ;
i=1t=2+p;
1 NoT . 1/2
a'e - ~ ('azt 5'l~}zt—1)2 )
{NT; t=2z+pi ]
and



Since t5 in (1.15) goes to —oo for the individual-specific effects model, they introduce

the following adjusted t-test statistic.

po fi NTS(};SE((?)M’{T, (1.16)
917
where the average standard deviation ratio S = %Zﬁléi and §; is the ratio of the
long-run standard deviation to the innovation standard deviation for each i. The mean
and variance adjustment factors, u} -, o7z can be found in Levin and Lin (1993). These
are presented in a table computed by Monte Carlo simulation for various (N, T).

N
If T 0 then,

= N(0,1). (1.17)

Im, Pesaran, and Shin (1997) propose the LM-bar test and ¢-bar test which are
based on the averages of the Lagrange multiplier statistics and t-statistics, respec-
tively. They consider the models (1.6) and (1.11) in Levin and Lin (1992 and 1993).
However, the alternative hypothesis in this paper is that the fraction of the individ-
ual processes that are stationary is non-zero, whereas the alternative hypothesis in
Levin and Lin (1993) is that all the individual processes are stationary. When errors
in regressions are serially uncorrelated, that is, under the model (1.6), the LM-bar

statistic is

- 1N
LMyt ==Y LM (1.18)
Ni:l
where
TAY'P; Ay,
LMy = === (1.19)
AYZ' MrAy;
/
]-T — [1717 ) }TX17



My = Ir — 1p(1h17) 11,

/ it
P, = MTYi,A(Yi,—lMTyiﬁl) 1yi:—1MT’

Yi—1 = {%0; Yi1, - - 7%‘T—1},;

and

Ay, = Ayir, AYio, - -+, Ayir| .-

Then their standardized LM-bar statistic is

VN[LNnr — BE(LMi7)|
Var(LM;r)

T = (1.20)

where E(LM;r) and Var(LM,;r) are the mean and the variance of LM;r under
Hy:p=1.

Their t-bar statistic is

1 N
Ty = —S tip, 1.21
NT szzl T ( )

where t;7 is the t-statistic which corresponds to the estimator of d; from the augmented
Dickey-Fuller regression model Ay;; = 1; + d;y;+—1 + e for each i. For testing §; = 0

for every i, they present the standardized ¢-bar statistic which is

VN|tyr — E(tr|d; = 0)]
JVar(tr|s;=0)

I; = (1.22)



They also construct the standardized LM-bar and t-bar statistics under the model
(1.11). Under the model assumption of (1.6), they prove that I't3; and I'; have
standard Gaussian limiting distributions as N — oo and T is fixed. Also, they show
that the standardized LM-bar and t-bar statistics which are constructed under the
model (1.11) have standard Gaussian limiting distributions as N and 7' become large
with a restriction of T~ k, a finite positive constant.

Karlsson and Léthgren (2000) compare power of Levin and Lin (1992)’s t- tests
(hereafter LL tests) in (1.9) and (1.10) with Im, Peseran, and Shin (1997)’s tests
(hereafter IPS tests) in (1.20) and (1.22). In their Monte Carlo experiments, they
allow the proportion of stationary series in the panel to vary. The results show that

IPS tests perform better than LL tests for large T. Also, the power increases as

e N increases,
e T increases,

e and the proportion of stationary series in the panel increases.

Especially, T" is a critical factor in determining power.

Harris and Tzavalis (1999) also consider the unit root test statistics based on
the pooled ordinary least squares estimator. In their paper, they derive limiting
distributions for the normalized least squares estimators when N becomes large and

T is finite. Under the model (1.6) and Hy : p = 1,
VN(p—1-b)=2:N(0,0), (1.23)

as N — oo with fixed T,

where p is an ordinary least squares estimator of p under the model (1.6),

and
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3(1772 — 207 + 17)

= ST =TT P

Phillips and Moon (1999) provide regression limit theory for nonstationary panel
vector autoregressive models. They provide theorems which describe the relationship
between sequential limits, where T" — oo is followed by N — oo and joint limits, where
both T and N become large simultaneously. Also, they develop the joint probability
limit and joint central limit theorems for deriving a limiting distribution as N, T — oo.
In their model, each subject has a vector of observations at each time and the goal
is to test these for cointegration. For their models, they consider no cointegration,
a heterogeneous cointegration relation, a homogeneous cointegration relation, and a
near-homogeneous relation. They show that for each model, the pooled estimator is

consistent and has a Gaussian limiting distribution when properly normalized.
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Chapter 2

Simple and Weighted Symmetric

Estimation

2.1 AR(1) process

In this chapter, we consider the simple symmetric and the weighted symmetric
estimator in testing for a unit root in the panel data model. Let y;; be the first order

autoregressive time series with fixed individual effects.
yit:ni+Pyit—1+€it7 i:1727"'aN;t:1727"'aT7 (2]—)

where the e;’s are independent and identically distributed as N(0,0?) and y;’s are
fixed. Under the stationarity condition, that is, |p| < 1, we can have a backward

representation of the autoregressive time series. That is,

Yit = Ni + PYit+1 + Ui,

where e;; and u;; have same covariance structure for each i. The discussion follows the
logic of the univariate case as laid out by Dickey, Hasza, and Fuller (1984). In their

paper, the following univariate seasonal model with seasonal period d is considered.

d
Y= 0wy +oyqg+est=12---n, (2.2)
i=1
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where
ry = 1 if t=i(mod d)
= 0 otherwise,
Y_di1,Y—dr2, -, Yo are fixed initial values and the e,’s are independent and identically

distributed with mean 0 and variance o2.

The seasonal process in (2.2) can be partitioned into d component series such that

Yak+i = 0i + aYa—1)4i + €arri;t = 0,1, d —1,

and each component runs from k& = 1 to m where the total number of observations
is n = dm. This partition into d component series establishes a useful link between
model (2.1) and (2.2). In other words, #; in the seasonal process corresponds to an
individual intercept 7; in the panel model whereas the seasonal period d corresponds
to the number of panels.

The weighted symmetric estimator of p in the model (2.1) is the estimator that

minimizes
N T N T-1 ,
SN wi [yi — ni — pyiv-1] ’+ DX (A —wi) [yie — mi — pyies]” -
i—1t=1 i=1 t=0

If the weight w, = 1, the estimator is the ordinary least squares estimator. The simple
symmetric estimator which is discussed by Dickey, Hasza, and Fuller (1984) can be
obtained by setting w; = 0.5. In weighted symmetric estimation for the first order

autoregressive process, the weight is defined as follows.

Wy = O, t=1
t—1
T

The weighted symmetric estimator of p can be obtained from Table 2.1.

Let ﬁ/ [nl n2, - 77NaP]

Then the weighted symmetric estimator of 3 is
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Table 2.1: Regression table for weighted symmetric estimation in AR(1) process

Weight Dependent Parameter
Variable m M2 NN P
wq Y11 r 0 - 0 Y10
Wo Y12 r o --- 0 Y11
wr YT I 0 - 0 wyir
1 —wrp YiT-1 r o0 - 0 Nt
I —wp_y Y1T—2 I 0 - 0 wyir
1 —w Y10 r 0 - 0 Y11
wq YN1 o 0o - 1 YNO
W3 YN2 o 0o - 1 Yn1
wr YNT 0 0 - 1 ynra
1 —wp YNT-1 o 0 - 1 YNT
1 —wr YNT—2 0O 0 - 1 wynra
1 —w YNo o 0 - 1 YN1

3= X'wx)1(x'wy),

where X is the (2NT)x(N+1) matrix that consists of columns corresponding to pa-
rameters, Y is the vector of the dependent variables, and W is the (2NT)x(2NT)

diagonal matrix of weights. Then the simple symmetric estimator of p is

1N T

N T
ps = Q" [Zzyityitfl — TZ(Zyitfl + 0.5y + 0-5%0)2} (2.3)

i=1t=1 i=1 t=2

where
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N T | N
Qs =Y (O yi—1”> + 0.5yir” + 0.5y;0°) — fZ(Zyit—l + 0.5y, + 0.5y50).
i=1 i=1

=1 t=2 =1 t=2

The simple symmetric estimator of an individual intercept n; is

1 N T
Nis = TQ Zyzt 1+ 0.5y + 0.5y40) [Z Zy 4 +0. 5ij + 0. 5yjo)
s =2 j=1 t=2
- Z Zyjtyjtfl} .
j=11t=1

On the other hand, the weighted symmetric estimator of p is

) 1N1ﬂ—1T +7T-2Z
Pws = Qus [Zzyztyzt 1 TZ Z%t 1) = T( Yit—1)YiT

i=1t=1 i=1 t=2

T-1 T+1 < 1
2 *yiT?/z‘o)} (2.4)

+7T2 vir” + T yiogyit—l + T
where
T+1Z 1 1 X T+1& 1 12
Qus = ;[ T Zyzt 1”+ TszQ] — T;[ T Zy’t 1+ Tle

Also, the weighted symmetric estimator of an individual intercept 7; is

. T—1T 1 1 r?-18
Miws = Zyzt 1+ Yir) + ?JzO"‘W{ T3 221 tz;yat 1
j
T2+T—2 N T T—|—1 N
+TZ Zyﬁ 1 3/JT7L Z?JJT yjt 1)Yj0
Jj=1 t=2 j=1 t 2
T+ 1
T2 ZyJTyJO - Z Zy]tyjt 1} Zyzt 1+ Tsz

j=1t=1

Based on the estimators in (2.3) and (2.4), test statistics for Hy: p =1 can be

constructed. The normalized bias test statistics are
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1
\/—N ﬁil[zle(yzt Yit— l)yzt 1+ 3 (yzo yiTz) _bsti]/T
VNT(ps —1—b,) = : (2.5)
NZiJ\Llei/TQ
and
LS A b QT
T = lui=1 - ws wst
%NT@w—l—@@::%ﬁ : (2.6)
NZi]ilesi/TQ
where
T
b, = —6— = —i + 0(1/T2),

® 272 + 1 T

2T? +T + 2 2
bys ==z = — 1/T%),
T3 +1 T+O(/ )

T T

1
Qui = >_yin1” +05(yir® + i) — S _vie-1 + 05(uir + yio)]
t=2 t=2

T+1g 1 1T+1T
Qwsi = —Zyzt 17+ szQ ~ Zyzt 1+ sz )

and

~T?+T+4 & ™+T-2
T(t 2yit—1>yiT - T%T
T 1 T
+ Z Yit — Yit—1 yzt 1+ ?/Zo Zyzt 1 2?/10( T + 1 Zyzt 1+ sz)
t=1 t=2

T—|—1
Ai - Zyzt 1

Also, we consider the following studentized test statistics.
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As - ]- - bs
po= P 208 (2.7)
02051
and
Aws - 1 - bws
g = Pws Z 2 7 Dws (2.8)
s Qs
where
2o yIwy - Y WX(XW.X) X WY
s NT _ N _ 1 s s S K] )
and

. 1 _

52 = mw’ W..Y - YW, XX'W,.X) ' X'W,,Y]
Here, W, and W, are the diagonal matrices of weights for simple symmetric and
weighted symmetric estimations, respectively.

Now, we discuss the joint limiting distributions of the above test statistics as
N, T — oo. To derive the joint limiting distributions of test statistics under Hy : p = 1
as N,T — oo, we employ the following joint limit results from Phillips and Moon
(1999). In their paper, they present the following theorems for random vectors instead

of random variables.

Theorem 2.1: (Joint Probability Limits) Suppose the random variables Y;r are
N

independent across i for all T and integrable. Let Xy = which is square
integrable and p,=limy 7 _, oo E(Xn7)=limy 7 _, oo+ S~ E(Yir) be finite. If

limpy 7 o w2z Yy Var(Yyr) =0, then

XN,TL,uw as N, T — oc.



Proof:
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It is sufficient to show that limpy 7 _, oo P{|% 2L, (Yir — E(Yir))| > €} =0 Ve > 0.

By Chebyshev’s inequality,

1 N

N, T —

i=1

lim P> (Vir = E(Yir))| > ¢}

N

N
— 1 E|Y;r — E(Yip)|?
7 N 1, o e 2 BlYer = E(Yir)|
N

The first equality comes from the independence. If Y;r’s are independent and iden-

tically distributed across i for all 7', the condition for Theorem 2.1 reduces to the

finiteness of limy_,o, Var(Y;r). The following theorem gives us the condition for the

joint limit Central Limit Theorem.

Theorem 2.2: (Joint Limit CLT) Suppose that Y7 are independent and identically

distributed with mean 0 and variance o

conditions hold.
i) Y% are uniformly integrable in 7T'.

ii) imy_ .o 0% = 0% > 0.

across ¢ for all T. Assume the following

as N,T — oo.

Phillips and Moon (1999) show that Lindeberg’s theorem holds in panel data. In

Then,
1 N
=3 Vir 2 N
VNS
Proof:
Y;
other words, let Z; 7 = =
VL Var(Yir)

and Ve > 0 ,

N
lim ZE[Zi%N,Tl{|ZiaN:T| > 6}] = 0.

N, T — o0iz
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Then as N,T — oo,

N
SN Zinr=2N(0,1)

=1

Therefore we need to prove that Ve > 0,

YQ
I E| ZT1 Yir| > ey/No2}] = 0.
AT Z {IYir] > ey/Not}

Since Y;r are identically distributed across i for all T',

N

ZE[N’T [Yir| > ey/No2})

=1

= E[Uigl{h/lﬂ > €/ Noz}]. (2.9)

By the assumption of uniformly integrability of Y%, (2.9) goes to 0 as N, T — oc.

Since it satisfies the Lindeberg condition,

i]\;ﬁ/z‘T D
= N(0,1).
No2.
2
Since th T s oo UQT =1,
O-OO
N
—1Y
=L T2 N(0,1)

Now we apply these joint limit results to the test statistics in (2.5)-(2.8).

Theorem 2.3: Given model (2.1), under the null hypothesis Hy : p =1 and assum-
ing n; = y;0 = 0 for every i, then

i) VNT(p,—1—1b,) =2 N(0,7.2) as N,T — oo,



19

A ﬁs_l_bs

B~ = LN@0,1.2) as N, T — oo
[6_2@,1]0.5 ) ) )

ii1) VNT(ps — 1 — bus) == N(0,9) as N,T — oo,

Aws —-1- bws
V) Fps = p—]% L. N(0,1.5) as N,T — .

(05 Qus
Proof of i):
Under the assumptions, the normalized bias test statistic for Hy: p=1 is

1 N T 2
X i:1[zt:2(yz‘t - yit—l)yz‘t—l — 0.5yi1° — bsti]/T
VNT(ps —1—by) = Y — :

ﬁZi:lei/T

(2.10)

1
where 0y = Zf:QZ/it—ﬁ + 0.5y — T[Z?:Q%tﬂ + O~5yiT]2-

If we apply the joint probability limit result to the denominator and the joint limit
CLT result to the numerator in (2.10), we find that the normalized bias test statistic
has a Gaussian limiting distribution as N,T — oo. For convenience, the first and
the second finite sample moments of random variables in the test statistics under the
null hypothesis are shown in Appendix A.

Now,
272 +1 , 7 1
E ) T2 _ - = 2 1L —oo — 2.
(Qu/T7) = =572 6"
1 1
To prove that NZﬁlei/T2L6027 we need to show limy o Var(Qs/T?) < oo .

Since

8T + 2072+ 17 , oo 0
— < 00,

36074 0 15

Var(Qu/T?) =

from Theorem 2.1,
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1%@ /7 P 1,
~ sif 1" ——=0
N%= 6

as N, T — oo.
Now, we will prove the numerator in (2.10) satisfies the conditions for Theorem 2.2.

From the first and second moment results in Appendix A, we find that

E[Z:?F:Q(yit — Yit—1)Yit—1 — 0.5y0° — bsti} _ 0
T - Y
and
Var Yo (Wit — Yit—1)Yir—1 — 0.5yir® — bsQsi] o [8 5
T 10(272 + 1)2T

—207%(T* =T + 1)+ 17T — 5|.

Defining Zir as [S 5o (Yit — Yie1)Yir—1 — 0.5y — bsQ4] /T, we need to show that 72

is uniformly integrable in T. If we consider the T-limit distribution of Z%.,

Zh = | - % + 3(/01 B2(t)dt — (/01 Bi(lt)dlt)Q)fg4 “f g2

as T' — oo,
where B;(t) is a Wiener process (Phillips,1987).

Since

0.4

Jim EB(Z7) = BE(Z7) = =,

Z% are uniformly integrable in T'.

Hence, by Theorem 2.2,

T

1 N b o
— it — Ui i —051 —bsQg;|/T=N(0, —).
\/N;;yt ytlytl Yir Q]/ ( 5)
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Therefore,

VNT(ps — 1 — b)=2N(0,7.2)

as N,T — oo by Slutsky’s Theorem.

Proof of ii):

The studentized test statistic from simple symmetric estimation is

1
. _ VN

’ 1
\/0—25NX:ZJ'\Llc‘?si/I12

NS (i — yie-1)Vie—1 — 0.5y7% — bsQi] /T

1
]'\Llei/TQLEO'Q as N,T — oo, the denominator in the

. Y P 1
Since 02,——0? and NZ’_

studentized statistic converges to 02\/% in probability. Since the numerator converges

to N (0, %4) in distribution from the Proof of i),

7 =2N(0,1.2).

Proof of iii):
This proof is analogous to the proof of i). We apply joint limit results to the

normalized bias test statistic in (2.6). If we look at the moments of the denominator

in (2.6) first,

T —T3+T —1 o?
2\ 2
E(Qwsz/T ) — 6T4 g — 67
and
2T — AT 4+ 1176 — 8T° — 17T* + 3473 —T? — 22T +5
Var(Qus/T?) = il il o5

9078
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Since limy_o Var(Qusi/T?) = — < oo,

_ZQwsz/TQ r 02

as N, T — oo.

The first and second moments of the numerator in (2.6) are

E([Al - bstwsi]/T) = Oa

and

o4[15T% — 76T + 16770 — 18873 + 84T — 4T?]
60T4(T% — T + 1)2

ot [1372 — 2T — 9|

607T4(T2 — T + 1)

VCLT([ - stwsl]/T) =

_|_

As in the proof of (i), let us define Py = [A; — bpsQusi]/T. To prove that P is

uniformly integrable in T, we consider the T-limit distribution of PZ.

Py L B -1+ [ B ([ Boas)'s L p.

as T — oo.

Since

0.4

lim F(P%) = BE(P?) = —

T—o00 4 ’

PZ%. is uniformly integrable in T Since it satisfies the condition of Theorem 2.2,

D

%g - bstwsi]/T:>N<O7 O-Z)
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Hence,

VNT (Pus — 1 — bus)=2N(0,9)
as N, T — oo.

Proof of iv):

By arguments similar to those in (ii), we can prove that

Fus==N (0, 1.5)
as N, T — oo.

Now we present the empirical percentiles of the test statistics in (2.5)-(2.8) from
Monte Carlo simulations. We conduct simulations for the following combinations of

N and T.

(N,T) = (10,25),(10,50), (10,100), (25,25), (25,50, (25, 100),
(50,25), (50, 50), and (50, 100).

For each set, we generate y;; from the random walk model, that is, y;; = yir—1 +
e;r with 10,000 replicates, where the e;’s are generated from N(0,1) and y; = 0
for each ¢ . As a random number generator, we use the RANNOR function from
SAS. The empirical percentiles of the normalized bias test statistics for the simple
symmetric and the weighted symmetric estimators are shown in Table 2.2 and Table
2.3, respectively. Also, the empirical percentiles of the studentized test statistics
are shown in Table 2.4 and Table 2.5, respectively. The percentiles for the limiting
distribution in each table can be computed from the standard Gaussian distribution
table. Numbers in the tables are unsmoothed. However a smoothing surface describes
the 5 % critical values reasonably well. In order to smooth the 5 % critical values of the
studentized test statistics, we compute the deviations of the 5 % empirical percentiles

in finite samples from the limiting 5 % percentiles. Then we regress these deviations
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1 1
on —— and —=. For simple symmetric estimation, R? is 0.97 and the smoothed
VN VT pes 1 1
ercentiles are given by —1.81 — 0.4—= + 0.16—=. For the weighted symmetric
p g Yy JN JT g Y
regression, R? is 0.86 and the smoothing function for the empirical percentiles is

1 1
—-2.02 -0.34—= +0.22—.

VN VT



Table 2.2: Empirical cumulative distribution of v NT(p, — 1 — b,)

Probability of a Smaller Value

(N,T) 0.01 0.05 010 0.25 050 0.75 0.90 0.95 0.99

(10,25) -8.45 -5.74 -4.31 -222 -0.27 1.28 255 3.12 4.10
(10,50) -9.02 -583 -444 -230 -0.29 1.34 256 3.20 4.15
(10,100) -9.00 -6.01 -4.63 -2.39 -0.38 1.32 2.55 3.19 4.28

(25,25) -7.42 -5.18 -394 -2.10 -0.18 1.41 275 345 4.68
(25,50) -7.87 -530 -4.08 -2.10 -0.18 147 278 3.54 4.74
(25,100) -7.68 -5.36 -4.06 -2.12 -0.21 1.49 286 3.56 4.89

(50,25) -7.24 -491 -3.73 -197 -0.16 1.47 281 3.58 5.05
(50,50) -741 -497 -3.8 -199 -0.12 1.56 296 3.75 5.20
(50,100) -7.20 -494 -3.75 -199 -0.12 1.59 295 3.76 5.10

(00,00) -6.25 -443 -343 -1.80 0.00 1.80 343 443 6.25

(by = —6T/(2T* + 1).)



Table 2.3: Empirical cumulative distribution of v/ N T(pws — 1 — bys)
Probability of a Smaller Value

(N,T) 0.01 0.05 0.10 0.25 050 075 090 095 0.99
(10,25) -9.39 -6.35 -4.78 -2.45 -0.38 1.50 3.06 3.89 5.20
(10,50) -9.67 -6.39 -4.87 -259 -0.34 1.52 3.03 3.89 5.20
(10,100) -9.57 -6.50 -491 -2.69 -0.37 1.57 3.02 3.87 5.24
(25,25) -8.21 -5.76 -4.52 -238 -0.25 1.68 3.26 4.12 5.65
(25,50) -8.54 -593 -4.51 -237 -0.18 1.68 3.28 4.21 5.69
(25,100) -8.52 -5.79 -442 -231 -0.20 1.72 3.28 4.17 5.68
(50,25) -8.22 547 -426 -224 -0.17 1.73 3.34 4.31 5.89
(50,50) -7.87 -5.53 -4.26 -2.24. -0.12 1.80 3.44 4.39 597
(50,100) -8.03 -5.39 -4.15 -2.22 -0.12 1.84 3.46 4.37 6.04
(00,00) -6.99 -495 -3.84 -2.01 0.00 2.01 3.84 4.95 6.99

(bws = —(2T*+ T +2)/(T? 4+ 1).)
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Table 2.4: Empirical cumulative distribution of 7,

Probability of a Smaller Value

(N,T)
(10,25)
(10,50)
(10,100)
(25,25)
(25,50)
(25,100)
(50,25)
(50,50)
(50,100)

(00,00)

0.01

-2.61
-2.69
-2.66

-2.54
-2.64
-2.57

-2.61
-2.63
-2.55

-2.55

0.05

-1.90
-1.90
-1.93

-1.86
-1.88
-1.89

-1.84
-1.84
-1.83

-1.81

0.10

-1.49
-1.51
-1.56

-1.46
-1.49
-1.48

-1.43
-1.46
-1.42

-1.40

0.25

-0.83
-0.85
-0.88

-0.82
-0.81
-0.81

-0.78
-0.78
-0.78

-0.73

0.50

-0.11
-0.12
-0.15

-0.08
-0.07
-0.08

-0.07
-0.05
-0.05

0.00

0.75

0.56
0.59
0.58

0.61
0.63
0.64

0.63
0.66
0.68

0.73

0.90

1.22
1.22
1.22

1.25
1.26
1.30

1.24
1.30
1.30

1.40

0.95

1.55
1.60
1.60

1.61
1.66
1.66

1.61
1.69
1.69

1.81

0.99

2.22
2.25
2.36

2.30
2.34
2.43

2.37
2.45
2.39

2.55
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Table 2.5: Empirical cumulative distribution of 7,

Probability of a Smaller Value

(N,T)
(10,25)
(10,50)
(10,100)
(25,25)
(25,50)
(25,100)
(50,25)
(50,50)
(50,100)

(00, o0)

0.01

-2.89
-2.88
-2.87

-2.77
-2.87
-2.86

-2.90
-2.80
-2.88

-2.85

0.05

-2.10
-2.09
-2.11

-2.05
-2.08
-2.05

-2.01
-2.05
-2.00

-2.02

0.10

-1.65
-1.67
-1.68

-1.65
-1.63
-1.62

-1.60
-1.61
-1.56

-1.57

0.25

-0.91
-0.95
-0.99

-0.90
-0.91
-0.88

-0.86
-0.87
-0.87

-0.82

0.50

-0.15
-0.13
-0.15

-0.10
-0.07
-0.08

-0.07
-0.05
-0.05

0.00

0.75

0.64
0.66
0.69

0.70
0.71
0.73

0.71
0.75
0.77

0.82

0.90

1.39
1.39
1.40

1.40
1.45
1.46

1.42
1.48
1.49

1.57

0.95

1.80
1.85
1.85

1.83
1.90
1.90

1.86
1.93
1.92

2.02

0.99

2.57
2.62
2.74

2.60
2.68
2.76

2.63
2.72
2.74

2.85

28
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2.2 Higher Order Processes

In this section, we consider the limiting distributions of the simple symmetric and
the weighted symmetric estimators for the autoregressive higher order processes. If

we generalize model (2.1) to a pth order autoregressive process,

p
yit:ni_zakyit—k+eit7 7;:172)"'7N;t:1727"'7T7 (211)
k=1

where the e;;’s are independent and identically distributed as N (0,0?) and

Yi—p+1,Yi—pt2," " *»Yio are fixed. We consider the case when p — 1 roots of

p
mP + Z armP* =0
k=1

are less than one and there exists only one unit root. We can rewrite model (2.11) as

p
Yit = i + 01it—1 + D OuDYir—pr1 + €it (2.12)
k=2

where

p
91 = - Z Ak,
k=1

p
Hl:Zozk, [=2,3,---,p
k=l

and A signifies the first lag difference operator, that is, Ay;; = v — yiz—1. In model
(2.12), the null hypothesis for testing a unit root is Hy : ¢; = 1. In this section,
we derive the simple symmetric and weighted symmetric estimators when p = 2.
Extension to general p is straightforward. From (2.12), a second order autoregressive

model is
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Yit =i + 01Yir—1 + O2Ayir 1 + eiy. (2.13)

As in the first order autoregressive process, a backward representation can be valid

under the stationarity condition, that is,

Yit = N + 01Yirr1 — 02AYie 0 + Wi,

where e;; and u; have the same covariance structure for each ¢. For simple symmetric
estimation, the regression uses weights w; = 0.5. In weighted symmetric estimation

of a pth order process, the weight is defined as follows.

wy = 07 t:1727”'7p7
t—p
m, t=p+1,p+2.---T—p+1,
1, t=T—-p+2,T—p+3,---,T.

Fuller (1996) presents the regression table for weighted symmetric estimation in the
univariate case. We generalize his table to panel data with fixed individual effects
and obtain the weighted symmetric estimators from Table 2.6.

Let 5/ be a vector of parameters, that is, (71,79, --,nn,01,02|. Then the weighted

symmetric estimator for 3 is

~

5 =x'wx)(x'wy),

where X is the 2N (T — 2) x (N + 2) matrix that consists of columns corresponding
to (N + 2) parameters, Y is the vector of dependent variables, and W is the
2N(T — 2) x 2N (T — 2) diagonal matrix of weights.

The simple symmetric estimator of 6; is
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Table 2.6: Regression table for weighted symmetric estimation in AR(2) process

Weight Dependent Parameter
Variable m M NN 0, 0y
w3 Y13 I 0 0 Y12 Ayiz
wy Y14 1 0 0 Y13 Ayis
wr T 10 0 wyvir—1 Ayira
1 —wr_y Y1T—2 10 0 yir —Ayr
1 —wr_s Y1T-3 10 0 wyir—2 —Ayir_
1 —ws Y11 1 0 0 Y12 —Ayi3
ws YN3 0 0 1 YN2 Ayno
wy YN4 0 0 1 YN3 Ayns
wr YNT 0 0 I ynr—1  Aynr—
1 —wr—y YNT—2 0 0 1 ynr—1  —Aynr
1 —wr_s YNT-3 0 0 1 ynr—2 —Aynr_1
1 —wy YN1 0 0 1 YN2 —Ayns
N 1 1 N T 1 T
01 s — { o7 25'222[(2 Yiro1)? + 5(2 Yit—1) (Ayir — Ayia)]
Cs - i=1 t=3 t=3
1 N T 1 )
5 it—1) (Ayio — Ayir) — = (Ayie — Ay;
2T —9) 12;[(§yt (A2 — Agir) = 5(Ayiz — Ayir)’]
N T 1
5222[2%1&%1‘,4 + 5(3/1'13/1‘2 — Yir¥ir—1)]
o1 1=3

N T
1
5125 [ E yz‘tAyz‘t—l + 5(%‘1%‘2 - yiTyz'T—l)”a
i=1 t=3

(2.14)
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where
N T N T
S = Zzyitfl T _ 22 Zyzt 1)
i=1t=3 i=1 t=3
N T
S = ZZ Yit1AYir—1 + Z YiaVir — YirYir—1)
=1 t=3 ’L 1
Loy
- O yir—1)(Ayiz — Ayir)
2(T 2) i=1 t=3
N T 1y
S = D> (Ayi1)’ - 52[(&%2) — (Ayir)?]
=1 t=3 i=1
1 N
— A A
4(T . 2);( Yio sz) 5
and

2
cs = 5115922 — S12”.

Also, the simple symmetric estimator of 5 is

. 1L
92,5 = - { 5122 Zyn 1 i(zyit—l)(AyiT_AyiQ)]
s i=1 1=3 =
1 N T
— (A A — —(Ay;p — A
2(T 2)51112; gyzt 1 Yi2 — sz) ( Yi2 sz>]
1
- SlQZ[Zyityitfl + 5(%1%‘2 — Yir¥ir—1)]
i=1 t=3
+ Snz ZyztAyzt 1+ 3 (yﬂym _yiTyiT—l)”- (2.15)
i=1 t=3

On the other hand, the weighted symmetric estimator of 6, is
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b = = W o )+ (s + )
lws — Cus (T 2 22 T 9 Yit— 1 tSyzt—l Yi1 Yir
2 I T—3 a

- —Wuz O yir—1) (Wi + yir) + Zyzt 1)
(T ) =1 t=3
T-1 T—3 L
7W Az Az 7 7 7
+ (T —2) 122 Yi2 — yT)(yl+yT+T QZytl
1 T —
+ T 2W12Z yzl+sz) +ﬁ Zyzt 1 yzl+sz)]

+ WQZZ[Z/il?/iQ + Z YitYit—1)

i=1 t=3
T —
+ Wl?z T-2+ Zyztyzt 2 — Zyltyzt 1= yuyzzﬂ (2.16)
t=3
where
T_ 1N T T 2 N T
Wll——zzyzt 1 - T 3 Zyzt 1)
2. 515 i=1 t=3
1 N T T
Wi = T QZ[TZyit—lAyz‘t—1 - Zyz‘t—12 — YirYir—1 + (T — 1) yinyi
T 4i=1 t=3 t=3
T-1 X% 2 <& T-1Z
+ [ O vir1)? = = wir—1) (Ayiz — Ayir)]
(T-Q)?ZZ1 —22 ! T—2t§ !
T-1 & &
- Yit— 1 yzl +sz)
GEPIDIDD
1 N T-1
Wor = T — 222[(Ayi2)2 + (Ayir)* + T ) (Aya)?]
=1 t=3
1 N T
- (T _ 2)32[4(2 y’it—l)Q + (T - 1)2(Ay12 - AyZT)Q]
i=1 t=3
1 Y , 4T-1)Z&
_ . 2 YAy — A
T — 2;[(%1 + sz) (T _ 2)2 (;’ Yit l)( Yi2 sz)]
1 N T
+ (T — 2)22[4(2 Yire1)(Wir + vir) — 2(T — 1)(Ayie — Avyir) (yi1 + vir)],
i=1 t=3
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and

- W11W22 le

Also, the weighted symmetric estimator of 6, is

1 T- al T 3 A
Oows = c {(T W12Z Zyitq) + (Z Yit—1) (Y1 + Yir)]
ws =3 t=3
2 L T T-3
+ WWHZ[(Z Yie—1) (Y + yir) Zyzt 1
i=1 t=3
T-1 T-3Z
- WWMZ (Ayio — Ayir) (Yir + vir + — Zyit—l)}
=1
Ly Z +yir)’ + i Z + yir)]
T_9 11 Yi1 Yir T _ Yit— 1 yzl Yir

=1

- W12Z Yi1Yi2 + Z YitYit—1]

=1
T

- an Zyztyzt 2 — 23 YitYit—1 — yilyiQH~ (2.17)

t
Based on simple symmetric estimators and weighted symmetric estimators in (2.14)-
(2.17), we construct the studentized test statistics for a unit root. In the univariate
case, it is known that the studentized test statistics in higher order processes have the
same limiting distribution as in the first order autoregressive process. The following
theorem shows that a similar invariance holds for the sequential limit distributions of

the studentized test statistics in panel data.

Theorem 2.4: Given model (2.13), under the null hypothesis Hy : 6, = 1 and

assuming that 7; = y;0 = y;, -1 = 0 for each i, then

s —1—0D(1 =6y p

i) T(01)s = 525m /e 2 N(0,1.2)

as T — oo is followed by N — oo,
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o él,ws —-1- bgg(l - éQ,ws)

[é-’l?l)SW22/Cws]0.5

i) 7(01)ws L N(0,1.5)

as T — oo is followed by N — oo,

where

p2 — _M
: AT —2)2+1'

and

e _ AT -2+ (T—2)+2
ws (T—2)3+1

Here, b§2) and bffs) can be obtained by plugging T'—2 instead of T" into b, and b, in the
AR(1) process. This idea comes from the fact that we use 2N (7 — 2) observations
in the AR(2) regression table. However, this does not affect our limiting distribu-

2 and 62, are mean squared errors in symmetric and weighted

tion results. Also, & s

symmetric estimations, respectively.

Proof:

Before we derive the sequential limit distributions of test statistics, we consider
the T-limit distributions of several random variables which are used in our test statis-
tics. Dickey (1976) presents the T-limit distribution results in higher order processes.
When 0; =1 and y;0 = y;—1 = 7; = 0 in model (2.13), we have the following equation.

t
(1 - 92)?/it = Z €ij — O Ay;y.

j=1
From the above equation and Dickey (1976)’s results, we can obtain the following

T-limit results for each i .

s Yir T—o0 a* Jy B?(t)dt7
T2 (1 —0,)?



Zthg Yit—1 T—o0 o fol Bz‘(t)dt
T3/2 1—0,

Yir T—oo UBi(l)
—

T1/2 1—06y’
T . . T )2 2
Zt:3 ythlAyzt1 _ Ztg(Ayz;%) + Yir—1 + Op(l/\/T)
oo O 1 B2(1
T_) O._{ . + 1( ) }’
2 =60 (1—062)
and
Zths Yit—1 AYit y'QT - Z?=2(Ayz‘t)2
=3 Jr— 1o ! o,(1/VT
e 22U+ 0,(1VT)
T—o00 O'2 Blz(l) 1
- _[ - 2]-
2 (1=65)2 1-—06,
Proof of i):

From the above T-limit results, we can assert that

2 N

512 T—o0
— 0,

T3/2
S12 T—oo No?
—_— Em— 7,
T 2(1 — 6,%)

and

So 7o No?
T 1—0,

36



Therefore,

-3
T °cg

72)0 U4NZ£\;1U01 Bf(t)dt - (fol Bz‘(t)dt)Q] .

(1 —65)2(1 — 657)

37

If we look at the studentized test statistic based on the symmetric estimator,

7:(91>s =

T, —1— b2 (1 = 0y,)]
[62(T—15) /(T —3¢,)*”

Let us consider the 7-limit distribution of T[0; , — 1 — @ (1 — 6,,)] first.

T[As —1 =02 (1 —6,)]

Since 0y 3 — 09 as T' — o0,

Tl —1—bP(1—by,)] =%

Also, the denominator part has the following T-limit distribution.

G2(T ™ 8) /(T 3¢,) =5

1

Sae SN (Cs yi1) (Ayir — Ayio)

T3¢, - 2T —2)
@ Zij\il(AyiQ - AyiT)2

T2 AT —2)

522 S S (AYi)Yie
T T

522 SN Wiz — Yiryir—1)
T 2T

@ Zi]\il Ethg Ay Ay
T T

T2
Cg ~
71— 0s.)]

(1= 05— 5+ 3 B0 — (3 B(t)dr)?)]

L1 (Jo BE(t)dt — (Jy Bi(t)dt)?)

(1 — 92)2

Therefore, the T-limit distribution of 7(6,)s is

S (o BE()dt — (Jo Bi(t)dt)?)
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T[01s — 1 -0 (1 — b)) 7o NTVPEL [ -5+ 3(Jo BE(t)dt — (Jy Bi(t)dt)*)]
[62(T155) /(T3¢ NSV (0 B2 (nyde — (f) Bityde)?)

From Appendix C, we know that

B[ - ; + 3(/01 B2(t)dt — (/01 By(t)dt)?)] =0,

Var[ 5 +3( [ Bwar— ([ Boan?)] = ¢,

and

E[/O1 B2(t)dt — (/01 By(t)dty’] = %

If we apply the Central Limit Theorem and Strong Law of Large Numbers to our

T-limit distribution, we find the same limit distribution as in the AR(1) case:

#(61)s == N(0,1.2)

as T — oo is followed by N — oo.

Proof of ii):

From the T-limit results in the previous pages, we find that

Wi 17— o? N /1 2 1 2

—_— — — B‘tdt—/Bitdt ,

o o pl )y BiOd = ([ Bty
W12 T—o0

T3/2 — 0,
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Wiz 7o No?
T 21— 67
0?2 (3B (1) — Jy Bi(t)dt +2(fy Bi(t)dt)* — (fy Bi(t)dt)Bi(1)]

+ (1= 0,)2 !

W 100 No?
—_— % 727
T 1-—0,

and

roe CNEY ) B0 — (3 Bult)dt?)

T 3¢,
¢ (1— 602)2(1 — 6,7)

Using similar arguments to those in the proof of i), we obtain the following result.

(1—6,) N 1,
S (o BAt)dE = (Jy Bi(t)dt)2>;{23i (1)

= / B2 (t)dt — ( / "Bty B,(1)],

Ty ws — 1 — b2 (1 —0y,,)] ==

and

(1 —0,)2
L1 (Jo BE(t)dt — (Jy Bi(t)dt)?)’

CH (T_1W22)/(T_3Cw8) gy

ws

Therefore, the T-limit of 7(6;)s is

(0 = N SN [5(BHL) — 1) + Jy BA(dt — (o Bi(t)d) Bi(D)]
VNTISN (f B2 (t)dt — (f; Bi(t)dt)?)

If we consider the moments of the numerator and denominator as in the proof of i),

E[(B:1) ~ 1)+ /01 B2(t)dt — (/01 Bi(t)dt) B(1)] =0,
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VaT[;(BiQ(l) ~1)+ /01 B2(t)dt - </01 B,(t)dt)B,(1)] = i

and

E[/Ol B2(t)dt — (/01 B,(t)dt)’] = (1),

By the Central Limit Theorem and Strong Law of Large Numbers, we again have the

same sequential limit distribution as in the AR(1) case:

#(61)ws == N(0,1.5)

as T'— oo is followed by N — oo.

We find that the studentized test statistics in higher order processes have the same
limiting distribution as in the first order autoregressive process. Even though we
have different bias adjust terms like b (1 — égs) in the test statistics, those do not
affect the limiting distributions. Through Monte Carlo simulation, we compute the
empirical percentiles of 7(6;)s and 7(60;),s under the model (2.13) and the unit root
null hypothesis. We consider the same sets of (N,T') as in Table 2.2. Data are
generated from y;; = yir—1 + 2 Ay;_1 + e;; with 10,000 replicates where the e;;’s are
generated from N(0,1) and we set the value of f3 equal to 0.5. Table 2.7 and Table 2.8
show the empirical percentiles for 7(0) and 7(6;).s, respectively. For small samples
like T = 25 and T' = 50, there are discrepancies between the first order autoregressive
process and higher order processes. These discrepancies for small samples are due
in part to the fact that we apply the bias adjustment factors from the first order
autoregressive process to the test statistics in higher order processes. When T'=100,

the empirical percentiles are close to each other.



Table 2.7: Empirical cumulative distribution of 7(6;)s

Probability of a Smaller Value

(N,T) 0.01 0.05 0.10 025 050 0.75 090 0.95 0.99

(10,25) -3.01 -226 -185 -1.23 -0.56 0.08 0.61 091 145
(10,50) -2.92 -210 -1.70 -1.06 -0.36 0.34 091 1.25 1.88
(10,100) -2.73 -2.02 -164 -1.00 -0.26 046 1.09 1.44 2.03

(25,25) -3.18 -242 -2.05 -143 -0.78 -0.15 0.40 0.74 1.33
(25,50) -2.89 -219 -1.82 -1.16 -045 0.24 0.84 1.17 1.87
(25,100) -2.72 -2.06 -1.64 -1.02 -0.26 044 1.07 1.42 213

(50,25) -3.31 -264 -230 -1.72 -1.06 -0.40 0.16 0.49 1.09
(50,50) -3.01 -231 -192 -1.28 -0.61 0.08 0.72 1.09 1.79
(50,100) -2.85 -2.10 -1.71 -1.03 -0.31 0.40 1.02 1.38 2.03

(00,00) -2.55 -1.81 -1.40 -0.73 0.00 0.73 1.40 1.81 2.55




Table 2.8: Empirical cumulative distribution of 7(6;).,s

Probability of a Smaller Value

(N,T)
(10,25)
(10,50)
(10,100)
(25,25)
(25,50)
(25,100)
(50,25)
(50,50)
(50,100)

(00, o0)

0.01

-3.00
-2.97
-2.96

-3.07
-2.96
-2.85

-3.10
-3.01
-2.93

-2.85

0.05

-2.23
-2.19
-2.13

-2.24
-2.16
-2.11

-2.34
-2.24
-2.16

-2.02

0.10

-1.79
-1.72
-1.73

-1.83
-1.77
-1.68

-1.91
-1.79
-1.72

-1.57

0.25

-1.06
-1.01
-1.01

-1.15
-1.05
-0.97

-1.24
-1.07
-0.96

-0.82

0.50

-0.31
-0.21
-0.21

-0.39
-0.24
-0.16

-0.49
-0.29
-0.15

0.00

0.75

0.44
0.59
0.62

0.34
0.56
0.66

0.25
0.52
0.65

0.82

0.90

1.10
1.27
1.34

1.01
1.27
1.37

0.92
1.26
1.34

1.57

0.95

1.45
1.67
1.75

1.41
1.66
1.82

1.32
1.68
1.77

2.02

0.99

2.12
2.42
2.55

2.10
2.46
2.64

2.02
2.49
2.60

2.85

42
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Chapter 3

Maximum Likelihood Estimation

with Fixed Individual Effects

3.1 Maximum Likelihood Estimator for the Fixed
Individual Effects Model

In this chapter, we consider the maximum likelihood estimation method in testing
for Hy: p =1 in the panel data model with fixed individual effects. Let y; be a
univariate random variable for the ¢th individual unit at time ¢. The autoregressive

model of order 1 with fixed individual effects can be written as follows.

Yit = i+ €t
€t = ﬂﬁit—1+eit> i:1727"'7N;t:1727"'7T7 (31)

where the e;;’s are independent identically distributed as N(0,0%). We assume that
2
the first observation y;; is distributed as N(u;, %) for each 7. Gonzalez and
—P
Dickey (1999) present the likelihood function in a single time series, that is, for
N =1.
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Under the model (3.1), the log-likelihood function is

NT NT 1-p?& 5
5 2 5 902 Z(yil — [4i)

=1

1 N T

- T‘QZZ[% — pti = p(Yir—1 — )] (3.2)

i=1t=2

For given |p| < 1, the individual mean estimator, ji; which maximizes the likelihood

function (3.2) is

vir +yir + (1 —p) 2?2_21 Yit
2+ (T-(1-p)

This mean estimator is same as the one in a single time series (Gonzalez and Dickey,

(3.3)

1999). Let Py, i be the maximum likelihood estimator of p under the model (3.1).
To find the limiting distribution of T'(py,, fiz — 1), we reparametrize 7'(1—p) as . The

individual mean estimator, i; can be derived from the following regression table.

Dependent Parameter
Variable L1 Lo .. [Lx
¢ ¢ ¢ ¢
T(2 T)C?Ju T(QC T) 0 0
Y12 — Y11 + Tyn T 0 e 0
Yir — Yir—1 + %y1T1 % 0 0
¢ q ¢ ¢
72 T)Cle 0 0 ~(2-2)
YNz —Yn1 + Tle 0 0 %
YNT — YNT-1 T %yNT—l 0 0 %
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To reduce the number of unknown parameters, we substitute f; for u; in the log-

likelihood (3.2). The resulting profile log-likelihood is

N ¢

(2 — %)) - Elna - ﬂanw - —SS(Q (3.4)

where SS(¢) is the sum of squares of errors from the previous regression table, that

is,

—1)¢3 —2T(T — 2)¢% — 312
SS(§> = _( );2(2T_(2<_'_2§v> CZ 11+ZZ Yit — Yit— 1 2

i=1t=2

2NT

+25 ZZ Yit — Yit—1)Yit—1 + TQZZy” 1

zlt2 i=1t=2
1 4 N T

- C [ Zsz + Z Zyzt 1)

C(2_T) gz i=1 t=2

2
g—‘ 1- £ Zyzlsz + 2 Zyzl Zyzt 1

+2_Zsz Zyzt 1 }

55(¢)
NT By plug-

ging this estimator into (3.4), we can concentrate on finding the maximum likelihood

From (3.4), we know that the maximum likelihood estimator of o2 is

estimator of ¢, that is, T(1 — p). Since the maximum likelihood estimators of u;, o2,
and ¢ are linked to each other, iterative calculation is needed until the estimators

converge. The corresponding profile log-likelihood becomes

N, /¢
Inl = 5171(?

NT S8 NT NT
%))— 23 n2m — . (3.5)

9 _
( 2 NT 2

1 (d(—2inL)7 SS(¢)
Let fy(C) beﬁ[ 5 | T

Then
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Finding the value QA” which makes fN(f ) = 0 is equivalent to finding the maximum
likelihood estimator of (. Therefore we obtain the maximum likelihood estimator of

¢ by solving the equation fy(¢) = 0, where fx({) is a polynomial function of (.

N 2 N T (0 o )2
Also, we can express fy(() as a linear function of Yim¥n LimiZi(Uie = Yie1)

N NT ’
S St (Uit = Vi Y1 Sy i 1” LY i (Ciai1)”
NT ’ NT?2 7 NT NT? ’
SiLyitir oY (S Y1) and S it yir (Ci—air-1) That is
N NT ’ NT? ' ’

Zfilygl ZiNzlthzz(yit - yitfl)Q

) = o NP > o (Yit — Yir—1) Y1

+c3

N NT NT
+ C4Z£1ZtT:2yit—12 +C5Z£1yiT2 T cq fL(ZtT:gyit_l)g
NT? NT NT3
4o SN yayir Lo SN v (S i) Le SN (S i)
TN 8 NT ) NT2 ’

where the coeflicients and their T-limits are

1 2 4
a = T3(—2T+C)(2T—2§+(T)2[_2(T_1) (T=2)¢

+2T(3T° — 1672 + 24T — 12)¢* — 2T*(2T? — 20T? + 39T — 24)(?

—2(8T° — 267" + 207*)¢ — 12T1(T — 1)

T—o00
— 0,
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2T —2)¢ —4T(T = 1) 1
T( —2T) _>

C3 = 27

2(T — 1)(* + (2T — 417)¢ Too

Cqy = T(C _ 2T> 2C7
AT =2 AT =2 +ATHT 1) 1y 2
’ (2T = 2¢ +¢T)*(¢ — 2T (2+¢)*

—2(T — 2)(T — 1)¢* + 4T (T? — 4T + 2)¢® + 4T3 (3T — 1)¢?
(2T —2¢ + CT)*(¢ — 2T)

Cg =

T—>_o>o _2C2(3 + C)
2+¢)?

2(T — 2)%¢3 —AT(T* — 6T 2 24THT -1 T3(T —1) 700
o AT = 2P~ AT(T? — 67 + 6)C = UTHT ~1)C + 8T ~1) 1o

T2(2T — 2¢ + CT)2(C — 2T)

LT —2)(T —1)¢* = 2T(5T? — 20T + 12)¢® + 4T*(T? — 11T + 6)(?
T2(2T — 2¢ + CT)*(¢ — 27)
8T°(2T — 1)¢ T
trer -2y e o)

cg —

and

—2(T —2)2C3 +4T(T — 4)(T — 1)? + 8T?*(2T — 1)¢ 7o 204+ 9)
(2T —2¢ + (T)*(¢ — 2T) 2+

Cog —

Since fx(() is a higher order polynomial of (, the Gauss Newton iteration method
is appropriate to find é . For this procedure, we need to compute the first derivative

of fx(¢) with respect to (. If we define this first derivative as f]/\,(C ),
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Zf\il Z;’rzz (yit - yit—l)yit—l

Zﬁ\;lygl +d Zi]ilth:Q(yit - yit—1)2

N = d N 2 NT +dy NT
4 od SN S oy L d SN yir? d S (S yi-1)? L4 SN YT
4 NT2 > NT 6 NT3 TN
X (Sae ) | S Sy )
+ dy i=1Yi1\ 2_i=2Vit—1 + do i=1YiT\ 2_1=2Yit—1
NT NT? ’

where the coefficients and their T-limits are

1 2 2 +5
= (2T—2§+CT)3(C—2T)2T3{_2<T_ AT =2)%

+4T(T — 1)*(2T — 7)(T — 2)¢*
—2T%(4T* — 48T? + 161T% — 194T + 80)¢*
—4T3(127% — 72T% + 11T — 56)¢? — 4T*(29T* — 57T + 38)¢

+8T°(2T% — 5T + 5)]

T—o0 0,
g 22— 2T +2T?) 70 1
TR —2r
4 T—o00
b=y

g _ AT =1 = ST(T = )¢ +4T*Q2T —1) 7
L T(( —27)? T
. —2(T — 2)2C3 4 4T(2T? — 7T + 6)¢?

-

(2T —2¢ + (T)*(¢ — 2T)?
—AT2(T — 2)(5T — 3)¢ 4 8T3(2T2 — 5T + 1)
(2T —2¢ + ¢T)3(¢ — 2T')?
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1 25
ds = (2T—2§+<T)3(g—2T)2[_2(T_1)<T_2>C

+4T(T — 1)(T — 2)(2T — 7)¢* — 4T?%(2T% — 21T% + 53T — 30)¢?

—327"(3T — 1)(]
7o 2(¢+6¢ +12)¢

2+¢?®
b ST =2+ 16T(T? — 3)¢? — 8T*(5T° — 3T — 6)¢ + 167°(21° — 1)
T T(2T — 2¢ + CT)3(¢ — 2T)2
T—o0
0,
ds = ! [4(T = 1)(T - 2)*¢°

T2(2T — 2¢ + CT)*(¢ — 2T)?
—8T(T — 1)(2T — 7)(T — 2)¢* + 4T?(4T? — 43T + 112T — 68)¢*
+8T3(1217% — 617 + 38)¢% + 16T (17T — 10)¢ — 327°(2T — 1)

T—o0
—_— 0’
and

S T <1T>3<< —opyr L~ 4T = (T - 2)¢ - 8T(TT - 12)¢7
+16T3(5T — 6)¢ — 327*(2T — 1)]
T—o00 16
TN

In the following section, we discuss the joint limit distribution of the test statistic

based on (A, i.e, T'(1 = i fiz) under Hy: p = 1.

3.2 Limiting Distribution

Before we derive the joint limit distribution, let us discuss the sequential limit

distribution. From the previous section,
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o) =F otz T (8 B0~ (5 B
LERBM) =) G Bl fo Bit)dt = (o Bi(t)d)*)
N N
2 N2 fy Bt - Bi(l ))2]
(2+¢)? N :

We find that the 7-limit distribution of fy(¢) can be expressed as a function of

averages of T-limit random quantities. In other words,

2

—o0 1
In(€) =3 02{— E +2CANn + By — WCN}
where
A fil(fol Bf(t)dt - (fol Bz‘(t)dt)Q) N;o)o 1
N = N 5’
e - B 1) 3 (B Bt)dt = (1§ BAO?) v 1
N N 3’
and

Y2y Ba(t)dt — Bi(1)? s

1
Cy = -
N N 3

Let us define this T-limit of fx(() as M(An, By,Cn, (). If ((An, By,Cx) denotes
a solution of ¢ such that M(Ay, By,Cx,() = 0, then this would be the maximum
likelihood estimator of ¢ in the T-limit. We expand ((Ay, By, Cy) in a Taylor series

11
about ( on the surface defined by M(Ay, By,Cn, () = 0.
3’3

1 1 1
Since [AN — o By + 5, v - g} — 0,(1/VN),
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1 11 0 1 0 1
C(Aw Br.Cx) = (g —305) + 5a=(Av = )+ 5o (By+ )
a¢ 1
+E<CN = 3) T O(1/N)

1 1
= 2.37-8.991(Ay — ;) ~ 1.896(By + )

+0.199(Cy — %) +O,(1/N).

From the T-limit moment results in Appendix C and the Central Limit Theorem,

VN[T (b pia — 1) + 2.37) = N(0,6.719)

as T' — oo is followed by N — oo.

Now, we discuss the joint limit distribution of the test statistic based on é’ where
the order of N and T does not matter. From the previous section, we know that

fn(€) can be expressed as a linear function of random quantities which have the form

N 2
of averages across i, for example, M From the moment results in Appendix A

and Weak Law of Large Number theory,

o) 2 [ N T—1+ T—1+ N 273 —31?+T
—_—
N ATy AT T T e s

+c7 +cg T + c9 oT }0'2,

as N — oo.

Let us define this N-probability limit as f(¢). Then f({) does not have randomness
anymore. If (o(T") denotes the value which satisfies f((o(7)) = 0, we find that (o(7)
depends on T'. Because —1 < pp, iz < 1 and f = T(1 — Py, iz ), We restrict the range
of (o(7) such that it lies within {O, 2T } for T > 2. For several T’s, we display the

values of (o(7"). These values are rounded off to have 4 digits.
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T | Go(T)
25 | 2.505
50 | 2.436
100 | 2.402
oo | 2.37

From the sequential limit result, we know that ¢-Co(T') is Op(1/v/N). Therefore,

if we consider the Taylor series expansion of fy(() about (o(T),

~

(&) = IN(Go(T) + FAGT)E ~ GlT)) + 0y 5.

Since fy(¢) = 0 by definition of ¢,

SA(G(T))
Now we derive the joint limit distribution of \/N[T(,ﬁmhﬁx —1)+ CO(T)} by using
joint probability limit theory and the joint CLT from Chapter 2.

Theorem 3.1: Given model (3.1), let us assume that y;0 = 0 for every i. Then under

Ho:pzl,

V[T (bt i — 1) + Go(T)]| 2N (0,6.719),
as N, T — oo.

Proof:
Moment results used in this theorem are from Appendix A. From (3.6), we can obtain
the joint limit distribution of v N [T (Pt iz — 1) + CO(T)] by deriving the joint limit
distribution

VN fn(G(T))

of R e In other words, we apply joint probability theory to fJ,V(Co(T )) and
fn(G(T))

the joint CLT to v/N fx(¢o(T)).
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Now

where

T 2
Zt:Qyit—l

Zthz(yit - yit—l)2 1d ZtT:2(yit - yit—l)yit—l
3 T2

T T

(i oyit—1)? Yin (oY1)
T3 + dryinyir + ds T
d %’T(Zthgyit—l)

9 T2 .

fz-/(C) = dyj +do

+dy

y'T2
+ ds T + dg

_|_

If we take the expectation for fi/(Co(T)),

T | Elfl )]
25 0.445
50 0.485
100 0.506
00 0.527
In order to show that
FolGo(1)) 20527

as N,T — oo, we need to prove limyp_., Var [fi/(CO(T))} < 00. From the variance-

covariance calculation results in Appendix A, a few values of the variance are

T | Var[fl(G(1))]

25 0.073
20 0.082
100 0.087

00 0.092




o4

Therefore, from Theorem 2.1 (a joint probability limit theorem),

FLico(m) 250527 (3.7)

as N, T — oo.

Now, if we look at v/ N fx(¢),

VI n(0) = 2R,

where

ZT: Yit — Yit—1 2 ZT: Yit — Yit—1)Yit—1 ZT: 3/1'712
fi(¢) = Cly?1+02 = tT 1) +c3 i=2Yi Tt Jui téﬂzt

2 T 2 T T
Yir (Zt:ﬂ/itfl) yﬂ(Et:Qy@-tfl) yiT(thgyitfl)
+ ¢ T + ¢c¢ T3 + crynyir + 08# + cg T2 .

+ ¢4

By the definition of (4(T"), we know that E{fi(Co(T))} = 0. The variances of f;((o(T))

for several T’s are

T | Var|fi(6(T))]
25 1.355
50 1.595
100 1.727
00 1.866

Now, we need to prove the uniformly integrability of f2((o(T)) in T. If we consider
the T-limit distribution of fZ({y(T)),

PGT) L [— =+ 2o [ B0~ ([ Bian?) + (520) - 1)

Co(o0) 0
- Q(Bi(l)/ol Bi(t)dt — (/01 Bi(t)dt)*) — 5(2Jo ggi)jf;zi;;(l)) }2047
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as T'— oo, where, as previously stated, (o(00)=2.37.

From Appendix C, the expectation of the right hand side in the above equation
is 1.866. Since this value is equal to limy .o E|f2(Go(T))], f2(Go(T)) is uniformly
integrable in T'. If we apply Slutsky’s theorem to (3.6) using the result (3.7),

VN[T (bt iz — 1) + Go(T)] =N (0,6.719),

as N, T — oo.

We conduct Monte Carlo simulation to obtain the empirical percentiles of
\/N[T(ﬁmhﬁx -1+ CO(T)]. These percentiles are shown in Table 3.1. We use the
same sets of (N, T') as in Chapter 2. For each combination of (N, T'), we generate y;;
such that y;; = y;r—1 + e;:, where the e;;’s are generated using the RANNOR function
in SAS and y;0 = 0 for each i. We have 10,000 replicates. For the computation
of pmi, iz, we run PROC MIXED in SAS, since PROC MIXED has the likelihood
function for the autoregressive model of order 1. We use the same method as in
Chapter 2 for smoothing the 5 % empirical percentiles in Table 3.1. The coefficient
of determination is over 0.99 and the square root of the mean squared error is 0.08.

1
Therefore, we can approximate the 5 % critical values with a linear function of —

VN

1
and —=, namely

VT

1 1
critical value ~ —4.28 — 5.39—— + 0.37—.

VN VT



Table 3.1: Empirical cumulative distribution of v/N|T(pp iz — 1) + Co(T)]

Probability of a Smaller Value

(N,T) 0.01 0.05 010 0.25 050 0.75 0.90 0.95 0.99

(10,25)  -8.87 -5.99 -454 -236 -0.33 1.31 255 3.11 4.16
(10,50)  -9.22 -5.96 -4.54 -2.32 -0.36 1.28 248 3.09 4.03
(10,100)  -9.20 -5.97 -4.55 -2.36 -0.37 1.24 244 3.04 3.93
(25,25)  -7.78 -5.33 -4.08 -2.13 -0.18 1.41 272 352 4.77
(25,50)  -7.97 -5.27 -4.07 -2.12 -0.17 148 278 348 4.78
(25,100)  -7.79 -5.19 -3.99 -2.09 -0.24 141 266 3.41 4.61

(50,25) -7.32 -499 -385 -2.02 -0.18 1.59 3.00 3.71 5.13
(50,50) -7.24 -491 -3.78 -194 -0.17 1.52 294 3.72 5.06
(50,100) -7.34 -493 -3.773 -196 -0.19 1.50 292 3.69 5.04

(00,00) -6.04 -4.28 -3.32 -1.74 0.00 1.74 3.32 4.28 6.04
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Chapter 4

Maximum Likelihood Estimation

with Random Individual Effects

4.1 Maximum Likelihood Estimator for the Ran-
dom Individual Effects Model

In this chapter, we consider maximum likelihood estimation and resulting test for
a unit root in a panel data model with random individual effects. The stationary
autoregressive model of order 1 with random individual effects can be described as

follows.

Yie = M+ Qi+ €y,
€t = PE€it—1 T €, i:172a"'7N;t:1727"'7T> (41)

where the e;;’s are independent identically distributed as N(0,0?), the «;’s are inde-
pendent identically distributed as N (0, Ao?), and X is an arbitrary positive real num-

2
o
=
p

ber. We assume that the first observation y;; is distributed as N(u, A\o? +
Also, €; and «a; are assumed to be independent.
For |p| < 1, let the covariance matrix of the ith individual variables be o?V.

Then 02V is a (T x T) matrix which has the form o2 {R + )\J}, where Jis a (T'x T)



o8

matrix all of whose elements are one and R is a toeplitz matrix whose first row is

]

Then the exact likelihood function for the model (4.1) is

! -1
1 MY, VY,
NT % exp|: - z : = 20_2 )

L(X 0%, p) =
(2ma?) 2 | V]| i=1

where

/
Y, = [yil—ﬂaym—/%'“’yﬂ’_“} )

The maximum likelihood estimator of the overall mean parameter, fi,,. can be

obtained by the Generalized Least Squares(GLS) method. The GLS estimator for u

18

fi= [iﬂv-ll}_l [§:1’V—1Yi],

i=1 i=1

where 1 is a column vector of 1’s with dimension 7" and

Y; = [yibin; T ayiT}/-

- 1
The inverse covariance matrix, [02V] ! can be expressed as — {Rl — dLL’]

02
where
1 —p 0 0 0 ]
—p PP+l —p 0
Ri_| 0 P+1 —p
0 0 0 0
—p PP+l —p
0 0 —p I
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AL —p)®

d= (T —2A2 —2(T — DAp+ 1L+ TN’

and

L/:[171_p71_p771_p71]

For given |p| < 1, the maximum likelihood estimator of p is

N N
e = UV [V VY
=1 =1

S [yt + (- ) S5 vl (4.3)
Nerm-90-p] |

This has the form of the average of single subject mean estimators in Gonzalez (1999).
Let pmiran denote the maximum likelihood estimator(MLE) of p in the random
effects model. Since we are interested in finding the limit distribution of T'( i ran—1),

we write T'(1 — p) = ( as in Chapter 3. If we consider the determinant of V,
¢? ¢

T —2) A= +22=+1

( A =t )\T +

- 7)

V=

Inserting the mean estimator, fi,,. and |V|, the profile log likelihood is

NT N 2
InL(X.0% () = —=-ln2m — Eln[(T - 2))\% + 2)\% +1]
N, /¢ ¢ NT SS(A Q)

where

N ]\i 1/V_1YZ’ 2
SSLQ) = SYlvily, - o ; )
i=1 Zi:l]‘ V711
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_(1_ £)2A§2(T— ) +2XT+ T2,
T denl il

=1
2NT

- (1 - _)ZZ Yit — Yit—1)Yit—1 + TQZZ%& 1

i=1t=2 i=1t=2

AC(T = 3) +2XT +T? Y PYGIA Al

2 2
+ denl 2y T2de nlz 2 Y1)

i=1 =1 t=2

20T — ¢) T 20T — ¢)
- T2denl Zyzl Zyitfl) T T Tdenl Zyzlsz

=2

e
22¢ Ny‘ (ZT:y- ) — ( _ T) 72 (Ciyn)’
Tdenl = o = et den?2 N

¢t (ZE i) _ ¢ (Ziiyir)
T*den?2 N T2den2 N
N
2(1- 7) 75 (=X (SN i)
den?2 N
NS ¢
2(1 B T)ﬁ (Cya) (i) Qﬁ O i) (S S oyi—1)
den?2 N den?2 den?2 ’

denl = \(*(T — 2) + 2X(T + T7,

and

CQ +2AC +1H(T Q)C—2+2C}

den2 = [(T —2)A T

S5(A,9)
NT
this estimator into the log-likelihood function (4.4), then we have the following profile

Also, we see that is the maximum likelihood estimator of o2. If we plug

log-likelihood function which is a function of only ¢ and A.

NT N 2
InL(A.¢) = ——-In2m— Eln{(T —2)A ;2 + 2)\; +1]
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+Ezn(£(2— Q)) _NT, SS(\.Q) _NT

o M\ " T 2 "TNT 9 (4.5)

To find the maximum likelihood estimators of ( and A\, we consider an iterative Gauss

Newton method. For this procedure, we look at a vector of first derivatives
d(—2InL) O(—2InlL)
/G o\

/
and Hessian matrix. For convenience, we set [ ] as our objective

function vector. Then

D(=2AnL)  ONC(T—2)+T) _2¢C—T) SSOC)7-19(SS(A,C))
ac VT e +N§(2T—§)+{ N ac

0(—2InL) NQ(Q(T —2)+27) N [SS()\, Q)]—l d(SS (A, Q))

on denl NT on

9*(=2InL) N—zA(AgQ(T —2)2 4+ 2X(T(T —2) — T*(T — 2) +2\T?)

a¢? denl1?
*(SS(A. Q) A(SS(\, €))12
L, oS XT T NTQ—@SS(M e
¢2(2T = ¢)? (SS(X, ()2 ,
(=2nL) _ \—C((T —2)+2T)°
oo denl?
P Do, - (250
e EHENS)E ’
and
*(=2nL) _  2(C(T—2)+T)T°
m—é’(’ B denl?
FPESA D) 6o ¢y ASSA ) ASS(A. )

(SS(A. 0))?
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A !
Let Y be the estimated values of [C(J), )\(7)} at the jth step of the Gauss Newton
algorithm. Then to find maximum likelihood estimators, we iterate the following

system for ¢ and A until convergence occurs.

4G — 40 _ H-g,

where
0?(=2InL) 0*(—2InL)
- PIE INIC
~ | 8*(=2InL) O*(—=2InL) |’
INOC o2
and
d(—2InL)
_ ¢
57 | o(-2inL)
O\

4.2 Sequential Limit Distribution

In this section, we discuss the sequential limit distribution of the test statistic
based on f, ie, T(1 — pmiyan) under Hy: p=1 as T — oo and then N — oco. A
difficulty arises in finding the joint limit distribution when we estimate A and ( at
the same time. The problem comes from the fact that the determinant of the Hessian
matrix is close to zero as T — oco. Therefore, we remove the effect of A\ by taking
the T-limit first. To derive the sequential limit distribution, we consider the T-limit
distribution for finite fixed N.

We can express SS(A, () as

N N N N
SS(A ) =S YIVY, - (VTS UV ) (TS V) (VTS U VYD),
=1 =1 =1

i=1
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We seek a limiting distribution for SS(A, ¢) + 25N ST o (Yir — Yir—1)Yir—1 — Son YT
Using the formula for SS(A, () following (4.4), we find

ZY \a 1Y + 222 Yit — Yit—1 yzt 1 Zsz

i=1t=2

T—o0
—

S+ Yl -0+ ¢ [ B

N
TS 1V N+ ),

=1

and

\/_21 vy, T*C’OZ[CQ/ (t)dt + CBi(1)] o,

where B;(t),i = 1,2,---, N are independent standard multivariate Wiener processes.
If we look at the 7T-limit distribution of SS(X,¢) + 25N ST (v — Yiem1)Vir—1 —

Zi]\ilyiT2> we have

)\ C + ZZZ Yit — Yit—1 yzt 1 Zszz o _Zyll -+ CO'2Z 132

i=1t=2

+<20—2;(/01 B2(t)dt) — 2+< g/ Bt + B()]". (16)

Note that
SS(A Q) YN wir® — 25 (Wit — Yie—1)yie— 1
st’al +0)(—~)
NT NT VNT
_ SN o (Vi — Yie1)? +0,( 1 )
NT VNT
P 2

— O .
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Then the T-limit distribution of W is

¢

o(=2lnL) 7.0 N i -
o — _f+2{(31(1)—1)+2</0 Bi(t)dt}

=1

sy [0 [ Bowy

HE+ O [ BB + (B @)

Thus we can see that the role of A disappears in the T-limit. Furthermore, this 7T-limit
distribution is same as in the fixed common mean effect model.
Now, based on this 7T-limit distribution, we consider a sequential limit distri-

bution by taking the N-limit. In deriving the sequential limit, we use the same

O(—2InL
technique as in Chapter 3. Let us define the T-limit distribution of N _1(8—;) as
9(Dn, En, Fn,Iy,(). Then

1 2¢%(3 +¢) 0
D 7E 7F 7I ) = __+D +2 E —7}7
9(Dn, En, Fiv, In, () ¢+ Dw CEy IR
2(4+ ) >
— 5 e ININ — s 4.8
e P G (9

where
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and

YL (Bi(1)

0.
N

Iy =

We are interested in the surface, g(Dy, En, Fy,In,() = 0 to find the maximum
likelihood estimator of ¢. If ((Dy, En, Fn, Ix) denotes a solution of

1
g(Dn, En, Fn,In,C¢) =0, then ¢(0, 5,0,0) = 1. Using Taylor’s series,

| ¢ ¢ 1
50,00+ EDN + E(EN —5)

oC oC
+_8FNFN + %]N + O,(1/N)

_ - ;DN —(Ex - ;) +0,(1/N), (4.9)

C(DNaENaFNajN) = C(O,

where each partial derivative of ((Dy, En, Fv, Iy) is evaluated at (( = 1,Dn =

0,Ey = 3 Fy = 0,Iy = 0). Then we have the following sequential limit result for
VN[¢-1].
Theorem 4.1: Given model (4.1), if we assume that y = €0 = 0 for each ¢, then

under Hy : p =1,

VN |T(pmiran — 1) + 1|=N(0, 1.5)

as T'— oo is followed by N — oo.

Proof:
From (4.9), we know that

[ - (B2 ~ 1) - (3 Byt — )

2
VN

If we look at the moment results of the T-limit random variables in Appendix C,

VN[¢-1] =% +0,(1/VN).
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and

Var| - ;(33(1) 1) (/1 B2(t)dt — ;)} —15.

0

Therefore, by the Central Limit Theorem,

VN[¢ = 1]=2N (0, 1.5)

as T — oo is followed by N — oo.

Table 4.1 shows the empirical percentiles of v N {T<,6ml,ran —1)+ 1} when A =1
under Hy : p = 1. For this Monte Carlo simulation, we generate y;; such that y;; =
Yit—1 + € where the e;’s are generated from the RANNOR function in SAS. The
initial observation y; is generated from N (0, 1) independently of e;. We have 10,000
replicates for each combination of (N,T). Since SAS PROC MIXED implements
the maximum likelihood algorithm for model (4.1), we can obtain py ra, from PROC
MIXED. We also present means of T'(py ran — 1) and variances of VN T(pmiran—1) for
each combination of (N,T') below the table of the empirical percentiles. As 7' — oo
is followed by N — oo, we find that means for T'(pmran — 1) become close to -1
and variances of VN [T (Pmiran — 1) + 1} converge to 1.5. This is consistent with our
sequential limit result in Theorem 4.1. As in the previous chapter, we smooth the 5 %
empirical percentiles in Table 4.1 by regressing on \/_N and ﬁ For this regression,
we use values after subtracting sequential limit 5 % percentiles, that is, -2.02 from
the empirical percentiles. Therefore we do not include an intercept in the regression
model. The adjusted R? is over 0.93 and the square root of mean squared error is

1
0.24. Hence the critical values can be explained well with a linear function of ——

VN

1 1 1
and —, that is, —2.02 — 8.45— 4+ 8.17—.
VT VN VT



Table 4.1: Empirical cumulative distribution of v/N|T(ppmiran — 1) + 1]

Probability of a Smaller Value

(N,T)
(10,25)
(10,50)
(10,100)
(25,25)
(25,50)
(25,100)
(50,25)
(50,50)
(50,100)

(00,00)

0.01

-6.29
-6.42
-6.10

-3.60
-3.85
-4.20

-2.47
-3.11
-3.39

-2.85

0.05 0.10
-3.54  -2.37
-3.67 -2.56
-3.64 -2.66
-2.05 -1.40
-2.45 -1.80
-2.70  -2.00
-1.48 -0.92
-1.98 -1.41
-2.19 -1.63
-2.02 -1.57

0.25

-1.01
-1.23
-1.36

-0.50
-0.85
-1.00

-0.14
-0.57
-0.78

-0.82

0.50 0.75

0.00 0.70
-0.22  0.57
-0.28 0.51

0.30 1.00
0.05 0.80
-0.05 0.70

0.64 1.27
0.21 0.99
0.07 0.8

0.00 0.82

0.90

1.17
1.08
1.04

1.55
1.35
1.25

1.84
1.56
1.41

1.57

0.95

1.42
1.36
1.30

1.80
1.65
1.55

2.12
1.91
1.77

2.02

0.99

1.77
1.71
1.71

2.25
2.10
2.05

2.62
2.40
2.33

2.85

Mean of T'(pmiran — 1)
(N,T) 25 50 100
10 | -1.12 -1.17 -1.19
25 1-0.97 -1.02 -1.05
50 | -0.93 -0.98 -1.01
Variance of vV N T(pmiran — 1) + 1
(N.T) 25 50 100
10 277 2.7 2.6
25 1.5 1.75 1.75
50 1 1.5 1.5

67
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Chapter 5
Power Study

In this chapter, we compare the powers of several unit root tests in panel data.

The observations are generated by

Yie = i(1 —p) + pyiu—1 +eq; i=1,--- Nt=1,---T

where p; and e;; are generated from the standard Gaussian distribution independently,
and ;0 = p; for each i. As a random number generator, we use the RANNOR function
in SAS. We consider 5 values for p, that is, 1.0, 0.98, 0.95, 0.90, and 0.85. Note that
when p =1, we obtain the size for each test statistic. For our power study, we consider

the following 8 sets of panel and time dimensions.

(N,T) = (10,25),(10,50), (10, 100), (25,25), (25, 50), (25, 100),
(50,25), and (50, 50).

For each set, 2,000 data sets are generated and we compute powers of the follwing

test statistics.

LL=Levin and Lin’s t-statistic in (1.8).
IPS=Im, Peseran, and Shin’s t-bar statistic in (1.21).

Ts=symmetric studentized test statistic in (2.7).
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Tws=weighted symmetric studentized test statistic in (2.8).
MLEf=V/N T (i iz — 1) + Go(T)| in chapter 3.
MLEr=v/N [T (pmiran — 1) + 1] in chapter 4.

As the 5 % critical values for our test statistics, we use the empirical percentiles in
chapter 2,3, and 4. For Levin and Lin’s (1992) t-statistic and Im, Peseran, and Shin’s
(1997) t-bar statistic, we use their 5 % empirical percentiles under Hy : p = 1.
Concerning size, most of the statistics have proper sizes which are close to the
nominal value, 0.05, whereas Levin and Lin’s t-statstic has a size distortion problem
as N becomes large. This is due to the fact that the critical values for Levin and
Lin’s t-statistic become much smaller for large N. As Karlsson and Léthgren (2000)
mention in their paper, powers increase dramatically when 7" becomes large rather
than when N becomes large. Especially, when p < 0.98, powers for test statistics
based on the weighted symmetric estimator and the maximum likelihood estimator
are much higher than LL and IPS test statistics even for small samples like T=25.
Also, when we compare the power of our panel test statistics with those in Gonzalez
(1999) that is, the single time series case, we find that panel test statistics are more
powerful. For all alternative values when T=100, by the time N reaches 25 our tests

have almost 100 % powers. So the T=100,N=50 case was not included.



Table 5.1: Size of unit root tests in panel data when p =1

(N,T) T=25 T=50 T=100

N=10 LL  0.050 0.060 0.055
IPS  0.040 0.046 0.046
Ts 0.046 0.054 0.048
Tws  0.046 0.056  0.050
MLEf 0.046 0.054 0.048
MLEr 0.053 0.046  0.057

N=25 LL  0.044 0.039 0.045
IPS  0.049 0.049 0.050
Ts 0.052  0.040 0.044
Tws  0.046 0.051  0.048
MLEf 0.049 0.049 0.045
MLEr 0.054 0.050 0.048

N=50 LL  0.032 0.034 0.042
IPS  0.051 0.046 0.046
Ts 0.046 0.053  0.050
Tws  0.048 0.047  0.045
MLEf 0.046 0.058 0.045
MLEr 0.044 0.054 0.049




Table 5.2: Power of unit root tests in panel data when p = 0.98

(N,T) T=25 T=50 T=100

N=10 LL 102 136 266
IPS 86 114 222
7 151 319  68.6
Fos 171 400  86.8
MLEf 164 362  81.5
MLEr 174 426  90.3

N=25 LL 13.4 239 51.2
IPS 112 214 42.2
Ts 26.8  65.3 97.8
Tws 34.0 828 100
MLEf 27.0 76.8 99.9
MLEr 36.1  84.8 100

N=50 LL 167 416
IPS 165 334
7 462 926
Fus 626 98.7
MLEf 553 978
MLEr 612  98.8




Table 5.3: Power of unit root tests in panel data when p = 0.95

(N,T) T=25 T=50 T=100

N=10 LL 174 34.6 83.1
IPS 13.0 259 72.2
Ts 39.8  &83.0 100
Tws 53.1 954 100
MLEf 43,5  91.0 100
MLEr 534  96.6 100

N=25 LL 30.8  68.3 99.9
IPS 245  56.2 99.9
Ts 79.9  99.7 100
Tws 93.5 100 100
MLEf 87.8 100 100
MLEr 93.7 100 100

N=50 LL 49.9 938
IPS 42.3  83.6
Ts 98.0 100
Tws 100 100
MLEf  99.4 100
MLEr 99.9 100




Table 5.4: Power of unit root tests in panel data when p = 0.9

(N,T) T=25 T=50 T=100

N=10 LL 38.0 848 100
IPS 259 727 100
Ts 81.9  99.9 100
Tws 94.7 100 100
MLEf  86.7 100 100
MLEr 93.9 100 100

N=25 LL 67.9  99.8 100
IPS 52.4  98.7 100
Ts 99.7 100 100
Tws 100 100 100
MLEf 100 100 100
MLEr 100 100 100

N=50 LL 93.4 100
IPS 84.9 100
Ts 100 100
Tws 100 100
MLEf 100 100
MLEr 100 100




Table 5.5: Power of unit root tests in panel data when p = 0.85

(N,T) T=25 T=50 T=100

N=10 LL 62.2  99.7 100
IPS 46.6  98.3 100
Ts 97.4 100 100
Tws 99.8 100 100
MLEf  99.0 100 100
MLEr 99.8 100 100

N=25 LL 95.3 100 100
IPS 86.0 100 100
Ts 100 100 100
Tws 100 100 100
MLEf 100 100 100
MLEr 100 100 100

N=50 LL 98.9 100
IPS 99.0 100
Ts 100 100
Tws 100 100
MLEf 100 100
MLEr 100 100
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Chapter 6
Example

As an example, we consider the Real Gross Domestic Product (real GDP) per
Capita for 12 countries from 1970 to 1998. These historical data are available from
the website of the United States Department of Labor (http://stats.bls.gov). The
real GDP data are constructed using Elteto-Kéves-Szule (EKS) Purchasing Power
Parities (PPPs) method. Since the price levels of the United States are set as 100,
we do not include the USA data. The real GDP data are shown in Figure 6.1. We
fit our data to the first order autoregressive model with individual fixed effects. The
test statistics based on several estimation methods are shown in the below table. We
use the same notations for the test statistics as in Chapter 5. Also, we present the 5

% critical value for each test statistic when N=10 and T=25.

Method | Test Statistic Critical Value
LL —4.76 —5.42
IPS —1.64 —1.99

7, 0.02 ~1.9
P 0.15 21
MLEf —0.39 —5.99

If we consider the one sided test at the 5 % level, we do not reject Hy: p=1 for
all tests. Therefore, we fail to conclude that the real GDP per Capita follow the

stationary processes for 12 countries.



Figure 6.1: Real GDP per Capita using EKS PPPs (United States=100)
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Chapter 7
Summary

In this thesis, we have developed unit root test statistics based on weighted sym-
metric estimation and maximum likelihood estimation for the first order autoregres-
sive panel model with individual effects. For the weighted symmetric estimation
method, we have extended our model to the 2nd order autoregressive model. We
have discussed the random individual effects case as well as the fixed individual ef-
fects case for the maximum likelihood estimation method.

For our test criteria, we have derived the limiting distribution. Unlike the results
in the univariate case, we have Gaussian limiting distributions for unit root tests in
panel data. A summary table of the T-limit and the joint limit distribution (the

sequential limit in the random individual effects case) is given below.

Test T-limit Limiting
representation distribution
N 1 2 1 2
| —0. B (t)dt — B;(t)dt
7A_S ZZI[ 0 5+3( f() Z( ) (fO 'L( ) ) )] N(0712)

i Jo BE(t)dt — (Jo Bi(t)dt)?]
S [0.5(BF(1) — 1) + fy B (t)dt

— (Jy Bi(t)dt)B;(1
7/\_ws N . T ( 0 ( ) ) ( )] N(0,15)
Zi:l[fo Bf(t)dt - (fo Bi(t dt)Q]
MLEf no closed form N(0,6.719)
MLEr no closed form N(0,1.5)

Through Monte Carlo experiments, we have computed the empirical percentiles
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of our test statistics and obtained the smoothing functions for the 5 % critical values.

The following table shows the smoothing functions and unsmoothed 5 % critical values

when N=25 and T=50.

Test 5 % critical c.v. at
value (c.v.) N=25, T=50
T 1.81-0.4 L +0.16 ! 1.88
7y -1.81-04 —+40.16 — -1.
v N T
1 1
Tws -2.02-0.34 —+0.22 — -2.08
vIN T
1 1
MLEf | -4.28-5.39 —— + 0.37 — -5.27
v N T
1 1
MLEr | -2.02-8.45 ——+ 8.17 — -2.45
VN VT

From our power study, we have found that our test statistics are quite a bit more

powerful than those based on the ordinary least squares estimator. As has been

pointed out in previous studies, a power improvement results from using panel data

rather than a single time series. In the following table, we present the power of our

test criteria for N=25 and T" = 50 when p=0.95. To compare powers of unit root tests

in panel data with those in a single time series, we consider the test statistics based on

simple symmetric estimation in Dickey, Hasza and Fuller (1984), weighted symmetric

estimation in Park and Fuller (1995) and maximum likelihood estimation in Gonzalez

and Dickey (1999). For the computation of powers, we use 2,000 replicates.

Test | Power at N=25, T'=50 | Power at N=1, T=50
p=0.95 p=0.95
Ts 99.7 12.3
Tws 100 13.7
MLEf 100 13.0
LL 68.3
IPS 56.2
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Appendix A

Finite Sample Moments in Fixed

Effects Case

In this section, we compute the finite sample moments of random variables with
fixed effects under Hy : p = 1. Harris and Tzavalis (1999) figure out the finite sample
moments by expressing random variables as functions of white noise. We employ
their method in computing the first and the second moments. First of all, the random
variables in weighted symmetric estimation and maximum likelihood estimation with
fixed effects can be expressed as functions of the following random variables under

Hy: p=1. Let e; be distributed as N (0, 0?).
o Yoy =2 (T — the.
o (i — yi1)® = Toel
o S o (Yit — Yir1)Yit1 = ot Soe i1 CitCis-
b ZtTZQyz‘t 1 Et (T )ezt + 2 Z Zs t+1(T — 8)€itCis-
® yir’ = Zt lezt +2 Z Zs t+1 €itCis-

b (Z?:Qyit—l)yiT = Zthl(T - t)ezzt + ZtT:_ll s= t+1(2T —t)eitis.

Based on previous results, we can find expectations,variances and covariances of those

random variables.
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Appendix B

Finite Sample Moments in

Random Effects Case

Now we consider the finite sample moments of random variables in maximum
likelihood estimation with random effects. In this case, each random variable has
additional components due to the individual random effects unlike the usual random
walk model. Let us assume that a; has a Gaussian distribution with mean 0 and
variance Ao? and the e;’s are independent of a; and have the same distiribution as
in Appendix A. Then, under Hy: p = 1, the random variables of interest have the

following expressions.

o S oY1 = (T — Doy + X (T — t)es.
o S (Uit — Yit—1)VYit—1 = QiX4_oCit + St ZST:tH €it€is-
¢ ZtT:2yz‘t—12 = (T - 1)o7 + 204i2tT:1(T — e + Zthl(T —t)eq
+ 2550 Y (T — s)eies.
o yir® =al + 20,3 _jeq + ek + 2305 Y, eneis.
o (Cioyir—1)yir = (T = 1)af + a3 (2T —t — D)ey + 3/, (T — t)ej,

+ Z;[:_ll §=t+1<2T — 8= t)eiteis-
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We can find the finite sample moments of these random variables from the previous

expressions.
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Appendix C

The Moments of the T-limit

Random Variables

In this section, we derive the moments of the T-limit random quantities which are
functions of standard Wiener processes B(t). Dickey (1976) expresses these random

quantites as infinite sums of standard Gaussian random variables. He defines

0 = [w,w,r],
where
V=3 v2yZ = B(1),
=1
o 1
W =S V2927 = / B(t)dt,
i=1 0
and

00 1
D=3 4222 = /0 B2(t)dt.
=1
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2(_1)i+1
(2i — )7’
and B(t) is a Brownian motion. Based on these results from Dickey (1976), we can

where ~; = the Z;’s are independent standard Gaussian random variables,

derive the expectation and covariance matrix of the vector {F, W2, w2, \IJW}

Results
11 1
E|IT, W2 92 ¥ == -1 =
W W] = [ 01 0],
and
r'1 4 2 5 7
3 15 3 12
4 2 1 1
Cov[r,waqﬂ,\yw}: 125 ? 2.3
A |
3 2
s 1,7
L 12 3 12
Proof:

From Jolley(1961), we can find the values of >3°, ¥, for p = 1...8. Then

1
o B(I) =2 wE(Z}) = X

1
EW?)=Var(W) =2, 2vWVar(Z;) = 3

E(0?) = Var(¥) =32, 2v*Var(Z;) =1,
1

)

E(OW) = Cov(¥,W) =32, 2v3Var(Z;) =

1
E(W4) =i 4%8E(Zz4) + 1235 ’Y;l’Y;‘lE(Z?Zgg) = 3’

5
E(VPW?) = 52 W E(Z}) + 452 iV E(ZZ3) + 8 X iV E(ZY Z3) = 5

1
o Var(l) = X2, v'Var(Z?) = 3



Var(W?) = B — (BW))? = =

Var(9?) =2, 4 Var(Z2) + X 8 E(Z2Y Z3) = 2,

7

Var(WW) = E(W?W?) — (E(W))* = .,

4
Cov(T,W?) =232 ~Var(Z?) = 5

2
Cov(T,0?) =22 ~*Var(Z?) = 3

Con(, WW) = 2532, 7 Var(Z7) = 15,

1
Cov(W? W?) =432 v Var(Z}) + 8, viviVar(Z:iZ;) = 5

1
Cov(W?, UW) =452, %" Var(Z}) + 8% .7y Var(Z:Z;) = 3

Cov(W?, WW) =432, v°Var(Z7) + 83,4 v Var(Z:Z;) = 1.



