
Abstract

KIM, HYUNJUNG. Unit Root Tests in Panel Data: Weighted Symmetric Es-

timation and Maximum Likelihood Estimation. (Under the direction of David A.

Dickey.)

There has been much interest in testing nonstationarity of panel data in the econo-

metric literature. In the last decade, several tests based on the ordinary least squares

and Lagrange multiplier method have been developed. In contrast to a unit root test

in the univariate case, test statistics in panel data have Gaussian limiting distribu-

tions.

This dissertation considers weighted symmetric estimation and maximum likeli-

hood estimation in the autoregressive model with individual effects. The asymptotic

distributions have been derived as the number of individuals and time periods become

large. The power study from Monte Carlo experiments shows that the proposed test

statistics perform substantially better than those in previous studies even for small

samples. As an example, we consider the real Gross Domestic Product per Capita

for 12 countries.
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Chapter 1

Introduction

1.1 Statement of the problem

Time series across states, industries, or randomly sampled individuals can be easily

found in the macroeconomic and microeconomic literature. These kinds of data are

called panel data, cross-section data, or longitudinal data. Among econometricians,

there have been many studies about panel data with the autoregressive covariance

structure over time. If it is assumed that there is no correlation across individuals, an

autoregressive panel data model of order 1 with individual effects µi can be written

as

yit = ρyit−1 + (1− ρ)µi + eit, i = 1, 2, · · · , N ; t = 1, 2, · · · , T, (1.1)

where eit follows a white noise process with mean zero and variance σ2. Here, yit can

be interpreted as an observation which is obtained from the ith individual at time t.

The individual effect µi can be assumed to be either a fixed or random effect which

is independent of the white noise process eit.

If |ρ| < 1, yit follows a stationary process which has stable mean and variance

even for large t. On the other hand, if ρ = 1, the variance of yit increases as t becomes

large. For this reason, as in a univariate time series, that is, when N = 1, there has

been much interest in detecting a unit root in panel data. For testing H0 : ρ = 1,
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many econometricians have developed test statistics and the corresponding limiting

distributions. Unlike a univariate time series, we need to consider two dimensions of

indices, that is, (N, T ) for deriving a limiting distribution.

In this thesis, we will develop unit root test statistics based on weighted sym-

metric estimation and maximum likelihood estimation for model (1.1). For weighted

symmetric estimation, we also discuss higher order processes. For maximum likeli-

hood estimation, we will consider random individual effects as well as fixed individual

effects. Concerning white noise, we will assume the Gaussian distribution with mean

zero and variance σ2. Also, we will derive the limiting distributions for the test statis-

tics under H0 : ρ = 1 as N, T →∞. Through Monte Carlo simulation study, we will

compare the power of our test statistics with some of previous studies. As an example,

we will consider the real Gross Domestic Product per Capita for 12 countries.

1.2 Literature Review

Since the 1960’s, there has been much literature about panel data models [e.g.

Balestra and Nerlove (1966), Mundlak (1978), T.W. Anderson (1978), T.W. Anderson

and Hsiao (1982)]. Anderson and Hsiao (1982) present several estimation methods

for various regression models with the autoregressive order 1 covariance structure.

Specifically, they focus on maximum likelihood estimation for the following stationary

autoregressive panel data model.

yit = ρyit−1 + δ′zi + γ′xit + αi + eit, i = 1, · · · , N ; t = 1, · · · , T, (1.2)

where

|ρ| < 1, E(αi) = E(eit) = 0,

V ar(eit) = σ2, V ar(αi) = λσ2 for λ > 0,
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αi and eit are independent of each other, zi is a vector of time-invariant exogenous

variables and xit is a vector of time-varying exogenous variables. For maximum

likelihood estimation, the underlying distributions are Gaussian. They assume that

the initial value yi0 may be fixed or random. For both cases, they allow that yi0 may

be related to αi or independent of αi. They present consistency results for ρ̂ and δ̂

when N →∞ for fixed T or T →∞ for fixed N .

Due to the fact that there exist nonstationary time series in many economic data

sets, Quah (1994) introduces a unit root test for panel data. He considers the simplest

panel data model,

yit = ρyit−1 + eit, (1.3)

where yi0 is a given random variable with (2 + δ)th finite moment and the eit’s are

independent identically distributed with mean zero, variance σ2, and have bounded

(4 + δ)th moment for δ > 0. He assumes the cross-section dimension N and the time

dimension T to be the same order of magnitude, that is, N = N(T ) = O(T ). For

model (1.3), he considers the ordinary least squares estimator ρ̂ols of ρ. That is,

ρ̂ols =
[ N(T )∑

i=1

T∑
t=1

yit−1
2
]−1[ N(T )∑

i=1

T∑
t=1

yityit−1

]
. (1.4)

Under H0 : ρ = 1, he shows

√
N(T )√

2
T (ρ̂ols − 1− 2

µ

σ2
T−3/2)

D
=⇒N(0, 1) (1.5)

as T →∞,

where

µ = lim
T→∞

E
[
yi0

(∑T
t=1 eit√

T

)]
.

His result tells us that the unit root test statistic in panel data under H0 : ρ = 1 has

a Gaussian limiting distribution unlike its behavior in a univariate time series.
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Levin and Lin (1992) generalize model (1.3) to have individual-specific effects and

a time trend in their model. The model with individual-specific effects can be written

as

yit = ηi + ρyit−1 + eit, (1.6)

where the eit are independent and identically distributed with mean 0 and variance

σ2. Also, E|eit|2+δ < ∞, for δ > 0.

They consider the ordinary least squares estimator of ρ and the corresponding t-

statistic in model (1.6). These are defined as

ρ̂ols =
[ N∑
i=1

T∑
t=1

(yit − ȳi)
2
]−1[ N∑

i=1

T∑
t=1

(yit − ȳi)(yit−1 − ȳi)
]
, (1.7)

tρ =
[
σ̂−2

ols

N∑
i=1

T∑
t=1

(yit − ȳi)
2
]1/2[

ρ̂ols − 1
]
, (1.8)

where

ȳi =
1

T

T∑
t=1

yit,

and

σ̂2
ols =

1

NT −N − 1

N∑
i=1

T∑
t=1

[
yit − ȳi − ρ̂ols(yit−1 − ȳi)

]2
.

Under H0 : ρ = 1, tρ has the following limiting distribution, based on the central

limit theorem for triangular arrays (Billingsley 1986).

√
1.25

[
tρ −

√
Nµ1T√
µ2T

]
D

=⇒N(0, 1), (1.9)

as N and T →∞,
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where

µ1T = E
[ 1

Tσ2

T∑
t=1

(yit−1 − ȳi)eit

]
= −1

2
− 1

2T
,

and

µ2T = E
[ 1

T 2σ2

T∑
t=1

(yit−1 − ȳi)
2
]

=
1

6
+

5

6T 2
.

If

√
N

T
→ 0, then

√
1.25tρ +

√
1.875N

D
=⇒N(0, 1). (1.10)

In their 1993 paper, they allow the degree of persistence to vary across individu-

als. In other words, their individual-specific effects model (1.6) is generalized to the

following model.

∆yit = ηi + δiyit−1 + εit. (1.11)

Here, εit is distributed independently across individuals and is a stationary invertible

ARMA process as in Said and Dickey (1984). Also, this disturbance has finite fourth

moments and bounded variation at frequency zero, that is,

E(ε2
it) + 2

∞∑
j=1

E(εitεit−j) < M, for M > 0.

In the model (1.11), testing for a unit root is equivalent to testing δi = 0 for all

i. To remove time-specific aggregate effects, they subtract the cross-section average
1

N

∑N
i=1yit from the original data at time t. After this procedure, they perform the

augmented Dickey-Fuller regression (1981) for each individual i. In other words, they

consider the following regression model for each i.
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∆yit = ηi + δiyit−1 +
pi∑

j=1

θij∆yit−j + eit (1.12)

Let ûit be the residual from the regression of ∆yit on ηi and
∑pi

j=1 θij∆yit−j. Also let

v̂it−1 be the residual from the regression of yit−1 on ηi and
∑pi

j=1 θij∆yit−j. By using

these residuals, they consider the following regression model for each i.

ûit = δiv̂it−1 + eit. (1.13)

Dividing ûit and v̂it−1 by the regression standard error in the model (1.13), they obtain

standardized residuals ũit and ṽit−1. They compute a combined estimator δ̂ and the

corresponding t-test statistic from these standardized residuals. The definitions are

δ̂ =

∑N
i=1

∑T
t=2+pi

ṽit−1ũit∑N
i=1

∑T
t=2+pi

ṽ2
it−1

, (1.14)

and

tδ =
δ̂

SE(δ̂)
, (1.15)

where

SE(δ̂) = σ̂e

[ N∑
i=1

T∑
t=2+pi

ṽ2
it−1

]−1/2
,

σ̂e =
[ 1

NT̃

N∑
i=1

T∑
t=2+pi

(ũit − δ̂ṽit−1)
2
]1/2

,

and

T̃ = T − 1

N

N∑
i=1

pi − 1.
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Since tδ in (1.15) goes to −∞ for the individual-specific effects model, they introduce

the following adjusted t-test statistic.

t∗δ =
tδ −NT̃ Ŝσ̂−2

e SE(δ̂)µ∗
1T̃

σ∗
1T̃

, (1.16)

where the average standard deviation ratio Ŝ =
1

N

∑N
i=1ŝi and ŝi is the ratio of the

long-run standard deviation to the innovation standard deviation for each i. The mean

and variance adjustment factors, µ∗
1T̃

, σ∗
1T̃

can be found in Levin and Lin (1993). These

are presented in a table computed by Monte Carlo simulation for various (N, T ).

If
N

T
→ 0 then,

t∗δ
D

=⇒ N(0, 1). (1.17)

Im, Pesaran, and Shin (1997) propose the LM -bar test and t-bar test which are

based on the averages of the Lagrange multiplier statistics and t-statistics, respec-

tively. They consider the models (1.6) and (1.11) in Levin and Lin (1992 and 1993).

However, the alternative hypothesis in this paper is that the fraction of the individ-

ual processes that are stationary is non-zero, whereas the alternative hypothesis in

Levin and Lin (1993) is that all the individual processes are stationary. When errors

in regressions are serially uncorrelated, that is, under the model (1.6), the LM -bar

statistic is

LMNT =
1

N

N∑
i=1

LMiT (1.18)

where

LMiT =
T∆y′iPi∆yi

∆y′iMT ∆yi

, (1.19)

1T =
[
1, 1, · · · , 1

]′
T×1

,
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MT = IT − 1T (1′T1T )−11′T ,

Pi = MTyi,−1(y
′
i,−1MTyi,−1)

−1y′i,−1MT ,

yi,−1 =
[
yi0, yi1, · · · , yiT−1

]′
,

and

∆yi =
[
∆yi1, ∆yi2, · · · , ∆yiT

]
.

Then their standardized LM -bar statistic is

ΓLM =

√
N

[
LMNT − E(LMiT )

]
√

V ar(LMiT )
, (1.20)

where E(LMiT ) and V ar(LMiT ) are the mean and the variance of LMiT under

H0 : ρ = 1.

Their t-bar statistic is

tNT =
1

N

N∑
i=1

tiT , (1.21)

where tiT is the t-statistic which corresponds to the estimator of δi from the augmented

Dickey-Fuller regression model ∆yit = ηi + δiyit−1 + eit for each i. For testing δi = 0

for every i, they present the standardized t-bar statistic which is

Γt =

√
N

[
tNT − E(tT |δi = 0)

]
√

V ar(tT |δi = 0)
. (1.22)
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They also construct the standardized LM -bar and t-bar statistics under the model

(1.11). Under the model assumption of (1.6), they prove that ΓLM and Γt have

standard Gaussian limiting distributions as N →∞ and T is fixed. Also, they show

that the standardized LM -bar and t-bar statistics which are constructed under the

model (1.11) have standard Gaussian limiting distributions as N and T become large

with a restriction of
N

T
→ k, a finite positive constant.

Karlsson and Löthgren (2000) compare power of Levin and Lin (1992)’s t- tests

(hereafter LL tests) in (1.9) and (1.10) with Im, Peseran, and Shin (1997)’s tests

(hereafter IPS tests) in (1.20) and (1.22). In their Monte Carlo experiments, they

allow the proportion of stationary series in the panel to vary. The results show that

IPS tests perform better than LL tests for large T . Also, the power increases as

• N increases,

• T increases,

• and the proportion of stationary series in the panel increases.

Especially, T is a critical factor in determining power.

Harris and Tzavalis (1999) also consider the unit root test statistics based on

the pooled ordinary least squares estimator. In their paper, they derive limiting

distributions for the normalized least squares estimators when N becomes large and

T is finite. Under the model (1.6) and H0 : ρ = 1,

√
N(ρ̂− 1− b)

D
=⇒N(0, C), (1.23)

as N →∞ with fixed T ,

where ρ̂ is an ordinary least squares estimator of ρ under the model (1.6),

b = − 3

T + 1
,

and
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C =
3(17T 2 − 20T + 17)

5(T − 1)(T + 1)3
.

Phillips and Moon (1999) provide regression limit theory for nonstationary panel

vector autoregressive models. They provide theorems which describe the relationship

between sequential limits, where T →∞ is followed by N →∞ and joint limits, where

both T and N become large simultaneously. Also, they develop the joint probability

limit and joint central limit theorems for deriving a limiting distribution as N, T →∞.

In their model, each subject has a vector of observations at each time and the goal

is to test these for cointegration. For their models, they consider no cointegration,

a heterogeneous cointegration relation, a homogeneous cointegration relation, and a

near-homogeneous relation. They show that for each model, the pooled estimator is

consistent and has a Gaussian limiting distribution when properly normalized.
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Chapter 2

Simple and Weighted Symmetric

Estimation

2.1 AR(1) process

In this chapter, we consider the simple symmetric and the weighted symmetric

estimator in testing for a unit root in the panel data model. Let yit be the first order

autoregressive time series with fixed individual effects.

yit = ηi + ρyit−1 + eit, i = 1, 2, · · · , N ; t = 1, 2, · · · , T, (2.1)

where the eit’s are independent and identically distributed as N(0, σ2) and yi0’s are

fixed. Under the stationarity condition, that is, |ρ| < 1, we can have a backward

representation of the autoregressive time series. That is,

yit = ηi + ρyit+1 + uit,

where eit and uit have same covariance structure for each i. The discussion follows the

logic of the univariate case as laid out by Dickey, Hasza, and Fuller (1984). In their

paper, the following univariate seasonal model with seasonal period d is considered.

yt =
d∑

i=1

θixit + αyt−d + et; t = 1, 2, · · · , n, (2.2)
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where

xit = 1 if t = i(mod d)

= 0 otherwise,

y−d+1,y−d+2, · · · , y0 are fixed initial values and the et’s are independent and identically

distributed with mean 0 and variance σ2.

The seasonal process in (2.2) can be partitioned into d component series such that

ydk+i = θi + αyd(k−1)+i + edk+i; i = 0, 1, · · · , d− 1,

and each component runs from k = 1 to m where the total number of observations

is n = dm. This partition into d component series establishes a useful link between

model (2.1) and (2.2). In other words, θi in the seasonal process corresponds to an

individual intercept ηi in the panel model whereas the seasonal period d corresponds

to the number of panels.

The weighted symmetric estimator of ρ in the model (2.1) is the estimator that

minimizes
N∑

i=1

T∑
t=1

wt [yit − ηi − ρyit−1]
2 +

N∑
i=1

T−1∑
t=0

(1− wt+1) [yit − ηi − ρyit+1]
2 .

If the weight wt ≡ 1, the estimator is the ordinary least squares estimator. The simple

symmetric estimator which is discussed by Dickey, Hasza, and Fuller (1984) can be

obtained by setting wt ≡ 0.5. In weighted symmetric estimation for the first order

autoregressive process, the weight is defined as follows.

wt = 0, t = 1
t− 1

T
, t = 2, 3, · · · , T.

The weighted symmetric estimator of ρ can be obtained from Table 2.1.

Let β′ = [η1, η2, · · · ηN , ρ].

Then the weighted symmetric estimator of β is
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Table 2.1: Regression table for weighted symmetric estimation in AR(1) process

Weight Dependent Parameter

Variable η1 η2 · · · ηN ρ

w1 y11 1 0 · · · 0 y10

w2 y12 1 0 · · · 0 y11
...

...
...

...
...

...
...

wT y1T 1 0 · · · 0 y1T−1

1− wT y1T−1 1 0 · · · 0 y1T

1− wT−1 y1T−2 1 0 · · · 0 y1T−1
...

...
...

...
...

...
...

1− w1 y10 1 0 · · · 0 y11

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...

w1 yN1 0 0 · · · 1 yN0

w2 yN2 0 0 · · · 1 yN1
...

...
...

...
...

...
...

wT yNT 0 0 · · · 1 yNT−1

1− wT yNT−1 0 0 · · · 1 yNT

1− wT−1 yNT−2 0 0 · · · 1 yNT−1
...

...
...

...
...

...
...

1− w1 yN0 0 0 · · · 1 yN1

β̂ = (X′WX)−1(X′WY),

where X is the (2NT)×(N+1) matrix that consists of columns corresponding to pa-

rameters, Y is the vector of the dependent variables, and W is the (2NT)×(2NT)

diagonal matrix of weights. Then the simple symmetric estimator of ρ is

ρ̂s = Q−1
s

[ N∑
i=1

T∑
t=1

yityit−1 − 1

T

N∑
i=1

(
T∑

t=2

yit−1 + 0.5yiT + 0.5yi0)
2
]

(2.3)

where
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Qs =
N∑

i=1

(
T∑

t=2

yit−1
2 + 0.5yiT

2 + 0.5yi0
2)− 1

T

N∑
i=1

(
T∑

t=2

yit−1 + 0.5yiT + 0.5yi0)
2.

The simple symmetric estimator of an individual intercept ηi is

η̂is =
1

TQs

(
T∑

t=2

yit−1 + 0.5yiT + 0.5yi0)
[ N∑

j=1

(
T∑

t=2

y2
jt−1 + 0.5y2

jT + 0.5y2
j0)

−
N∑

j=1

T∑
t=1

yjtyjt−1

]
.

On the other hand, the weighted symmetric estimator of ρ is

ρ̂ws = Q−1
ws

[ N∑
i=1

T∑
t=1

yityit−1 − 1

T

N∑
i=1

(
T 2 − 1

T 2
(

T∑
t=2

yit−1)
2 +

T 2 + T − 2

T 2
(

T∑
t=2

yit−1)yiT

+
T − 1

T 2
yiT

2 +
T + 1

T
yi0

T∑
t=2

yit−1 +
1

T
yiT yi0)

]
(2.4)

where

Qws =
N∑

i=1

[T + 1

T

T∑
t=2

yit−1
2 +

1

T
yiT

2
]
− 1

T

N∑
i=1

[T + 1

T

T∑
t=2

yit−1 +
1

T
yiT

]2
.

Also, the weighted symmetric estimator of an individual intercept ηi is

η̂iws =
T − 1

T 2
(

T∑
t=2

yit−1 + yiT ) +
1

T
yi0 +

1

TQws

[T 2 − 1

T 3

N∑
j=1

(
T∑

t=2

yjt−1)
2

+
T 2 + T − 2

T 3

N∑
j=1

(
T∑

t=2

yjt−1)yjT +
T − 1

T 3

N∑
j=1

y2
jT +

T + 1

T 2

N∑
j=1

(
T∑

t=2

yjt−1)yj0

+
1

T 2

N∑
j=1

yjT yj0 −
N∑

j=1

T∑
t=1

yjtyjt−1

]
(
T + 1

T

T∑
t=2

yit−1 +
1

T
yiT ).

Based on the estimators in (2.3) and (2.4), test statistics for H0 : ρ = 1 can be

constructed. The normalized bias test statistics are
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√
NT (ρ̂s − 1− bs) =

1√
N

∑N
i=1[

∑T
t=1(yit − yit−1)yit−1 + 1

2
(y2

i0 − yiT
2)− bsQsi]/T

1

N

∑N
i=1Qsi/T 2

(2.5)

and

√
NT (ρ̂ws − 1− bws) =

1√
N

∑N
i=1[Ai − bwsQwsi]/T

1

N

∑N
i=1Qwsi/T 2

, (2.6)

where

bs = − 6T

2T 2 + 1
= − 3

T
+ O(1/T 2),

bws = −2T 2 + T + 2

T 3 + 1
= − 2

T
+ O(1/T 2),

Qsi =
T∑

t=2

yit−1
2 + 0.5(yiT

2 + y2
i0)−

1

T
[

T∑
t=2

yit−1 + 0.5(yiT + yi0)]
2,

Qwsi =
T + 1

T

T∑
t=2

yit−1
2 +

1

T
yiT

2 − 1

T
[
T + 1

T

T∑
t=2

yit−1 +
1

T
yiT ]2,

and

Ai =
2(T + 1)

T 3
(

T∑
t=2

yit−1)
2 +

−T 2 + T + 4

T 3
(

T∑
t=2

yit−1)yiT − T 2 + T − 2

T 3
yiT

2

+
T∑

t=1

(yit − yit−1)yit−1 + y2
i0 −

1

T

T∑
t=2

yit−1
2 − 1

T 2
yi0((T + 1)

T∑
t=2

yit−1 + yiT ).

Also, we consider the following studentized test statistics.



16

τ̂s =
ρ̂s − 1− bs√

σ̂2
sQ

−1
s

, (2.7)

and

τ̂ws =
ρ̂ws − 1− bws√

σ̂2
wsQ

−1
ws

(2.8)

where

σ̂2
s =

1

NT −N − 1
[Y′WsY −Y′WsX(X′WsX)−1X′WsY],

and

σ̂2
ws =

1

NT −N − 1
[Y′WwsY −Y′WwsX(X′WwsX)−1X′WwsY]

Here, Ws and Wws are the diagonal matrices of weights for simple symmetric and

weighted symmetric estimations, respectively.

Now, we discuss the joint limiting distributions of the above test statistics as

N, T →∞. To derive the joint limiting distributions of test statistics under H0 : ρ = 1

as N, T →∞, we employ the following joint limit results from Phillips and Moon

(1999). In their paper, they present the following theorems for random vectors instead

of random variables.

Theorem 2.1: (Joint Probability Limits) Suppose the random variables YiT are

independent across i for all T and integrable. Let XN,T =

∑N
i=1YiT

N
which is square

integrable and µx=limN, T →∞ E(XN,T )=limN, T →∞ 1
N

∑N
i=1E(YiT ) be finite. If

limN, T →∞ 1
N2

∑N
i=1 V ar(YiT ) = 0, then

XN,T
P−→µx as N, T →∞.
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Proof:

It is sufficient to show that limN, T →∞ P{| 1
N

∑N
i=1(YiT −E(YiT ))| > ε} = 0 ∀ε > 0.

By Chebyshev’s inequality,

lim
N, T →∞P{| 1

N

N∑
i=1

(YiT − E(YiT ))| > ε} ≤ 1

ε2
lim

N, T →∞E| 1

N

N∑
i=1

(YiT − E(YiT ))|2

=
1

ε2
lim

N, T →∞
1

N2

N∑
i=1

E|YiT − E(YiT )|2

=
1

ε2
lim

N, T →∞
1

N2

N∑
i=1

V ar(YiT )

= 0.

The first equality comes from the independence. If YiT ’s are independent and iden-

tically distributed across i for all T , the condition for Theorem 2.1 reduces to the

finiteness of limT→∞ V ar(YiT ). The following theorem gives us the condition for the

joint limit Central Limit Theorem.

Theorem 2.2: (Joint Limit CLT) Suppose that YiT are independent and identically

distributed with mean 0 and variance σ2
T across i for all T . Assume the following

conditions hold.

i) Y 2
iT are uniformly integrable in T .

ii) limT→∞ σ2
T = σ2

∞ > 0.

Then,

1√
N

N∑
i=1

YiT
D

=⇒N(0, σ2
∞) as N, T →∞.

Proof:

Phillips and Moon (1999) show that Lindeberg’s theorem holds in panel data. In

other words, let Zi,N,T =
YiT√∑N

j=1 V ar(YjT )
and ∀ε > 0 ,

lim
N, T →∞

N∑
i=1

E[Z2
i,N,T 1{|Zi,N,T | > ε}] = 0.
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Then as N, T →∞,

N∑
i=1

Zi,N,T
D

=⇒N(0, 1)

Therefore we need to prove that ∀ε > 0,

lim
N, T →∞

N∑
i=1

E[
Y 2

iT

Nσ2
T

1{|YiT | > ε
√

Nσ2
T}] = 0.

Since YiT are identically distributed across i for all T ,

N∑
i=1

E[
Y 2

iT

Nσ2
T

1{|YiT | > ε
√

Nσ2
T}]

= E[
Y 2

1T

σ2
T

1{|Y1T | > ε
√

Nσ2
T}]. (2.9)

By the assumption of uniformly integrability of Y 2
1T , (2.9) goes to 0 as N, T →∞.

Since it satisfies the Lindeberg condition,

∑N
i=1YiT√
Nσ2

T

D
=⇒N(0, 1).

Since limN, T →∞
σ2

T

σ2∞
= 1,

∑N
i=1YiT√
Nσ2∞

D
=⇒N(0, 1).

Now we apply these joint limit results to the test statistics in (2.5)-(2.8).

Theorem 2.3: Given model (2.1), under the null hypothesis H0 : ρ = 1 and assum-

ing ηi = yi0 = 0 for every i, then

i)
√

NT (ρ̂s − 1− bs)
D

=⇒ N(0, 7.2) as N, T →∞,
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ii) τ̂s =
ρ̂s − 1− bs

[σ̂2
sQ

−1
s ]0.5

D
=⇒ N(0, 1.2) as N, T →∞,

iii)
√

NT (ρ̂ws − 1− bws)
D

=⇒ N(0, 9) as N, T →∞,

iv) τ̂ws =
ρ̂ws − 1− bws

[σ̂2
wsQ

−1
ws ]

0.5
D

=⇒ N(0, 1.5) as N, T →∞.

Proof of i):

Under the assumptions, the normalized bias test statistic for H0 : ρ = 1 is

√
NT (ρ̂s − 1− bs) =

1√
N

∑N
i=1[

∑T
t=2(yit − yit−1)yit−1 − 0.5yiT

2 − bsQsi]/T

1
N

∑N
i=1Qsi/T 2

(2.10)

where Qsi =
∑T

t=2yit−1
2 + 0.5yiT

2 − 1

T
[
∑T

t=2yit−1 + 0.5yiT ]2.

If we apply the joint probability limit result to the denominator and the joint limit

CLT result to the numerator in (2.10), we find that the normalized bias test statistic

has a Gaussian limiting distribution as N, T → ∞. For convenience, the first and

the second finite sample moments of random variables in the test statistics under the

null hypothesis are shown in Appendix A.

Now,

E(Qsi/T
2) =

2T 2 + 1

12T 2
σ2 T→∞−→ 1

6
σ2.

To prove that
1

N

∑N
i=1Qsi/T

2 P−→1

6
σ2, we need to show limT→∞ V ar(Qsi/T

2) < ∞ .

Since

V ar(Qsi/T
2) =

8T 4 + 20T 2 + 17

360T 4
σ4 T→∞−→ σ4

45
< ∞,

from Theorem 2.1,
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1

N

N∑
i=1

Qsi/T
2 P−→1

6
σ2

as N, T →∞.

Now, we will prove the numerator in (2.10) satisfies the conditions for Theorem 2.2.

From the first and second moment results in Appendix A, we find that

E
[∑T

t=2(yit − yit−1)yit−1 − 0.5yiT
2 − bsQsi

T

]
= 0,

and

V ar

[∑T
t=2(yit − yit−1)yit−1 − 0.5yiT

2 − bsQsi

T

]
=

σ4

10(2T 2 + 1)2T

[
8T 5

−20T 2(T 2 − T + 1) + 17T − 5
]
.

Defining ZiT as [
∑T

t=2(yit− yit−1)yit−1− 0.5yiT
2− bsQsi]/T , we need to show that Z2

iT

is uniformly integrable in T. If we consider the T -limit distribution of Z2
iT ,

Z2
iT

D
=⇒

[
− 1

2
+ 3

( ∫ 1

0
B2

i (t)dt− (
∫ 1

0
Bi(t)dt)2

)]2
σ4 def

= Z2
i

as T →∞,

where Bi(t) is a Wiener process (Phillips,1987).

Since

lim
T→∞

E(Z2
iT ) = E(Z2

i ) =
σ4

5
,

Z2
iT are uniformly integrable in T .

Hence, by Theorem 2.2,

1√
N

N∑
i=1

[
T∑

t=2

(yit − yit−1)yit−1 − 0.5yiT
2 − bsQsi]/T

D
=⇒N(0,

σ4

5
).
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Therefore,

√
NT (ρ̂s − 1− bs)

D
=⇒N(0, 7.2)

as N, T →∞ by Slutsky’s Theorem.

Proof of ii):

The studentized test statistic from simple symmetric estimation is

τ̂s =

1√
N

∑N
i=1[

∑T
t=2(yit − yit−1)yit−1 − 0.5yiT

2 − bsQsi]/T√
σ̂2

s
1

N

∑N
i=1Qsi/T 2

Since σ̂2
s

P−→σ2 and
1

N

∑N
i=1Qsi/T

2 P−→1

6
σ2 as N, T → ∞, the denominator in the

studentized statistic converges to σ2
√

1
6

in probability. Since the numerator converges

to N(0, σ4

5
) in distribution from the Proof of i),

τ̂s
D

=⇒N(0, 1.2).

Proof of iii):

This proof is analogous to the proof of i). We apply joint limit results to the

normalized bias test statistic in (2.6). If we look at the moments of the denominator

in (2.6) first,

E(Qwsi/T
2) =

T 4 − T 3 + T − 1

6T 4
σ2 → σ2

6
,

and

V ar(Qwsi/T
2) =

2T 8 − 4T 7 + 11T 6 − 8T 5 − 17T 4 + 34T 3 − T 2 − 22T + 5

90T 8
σ4.
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Since limT→∞ V ar(Qwsi/T
2) =

σ4

45
< ∞,

1

N

N∑
i=1

Qwsi/T
2 P−→σ2

6
.

as N, T →∞.

The first and second moments of the numerator in (2.6) are

E([Ai − bwsQwsi]/T ) = 0,

and

V ar([Ai − bwsQwsi]/T ) =
σ4

[
15T 8 − 76T 7 + 167T 6 − 188T 5 + 84T 4 − 4T 3

]
60T 4(T 2 − T + 1)2

+
σ4

[
13T 2 − 2T − 9

]
60T 4(T 2 − T + 1)2

.

As in the proof of (i), let us define PiT = [Ai − bwsQwsi]/T . To prove that P 2
iT is

uniformly integrable in T, we consider the T-limit distribution of P 2
iT .

P 2
iT

D
=⇒

[1

2
(B2

i (1)− 1) +
∫ 1

0
B2

i (t)dt− (
∫ 1

0
Bi(t)dt)Bi(1)

]2
σ4 def

= P 2
i .

as T →∞.

Since

lim
T→∞

E(P 2
iT ) = E(P 2

i ) =
σ4

4
,

P 2
iT is uniformly integrable in T . Since it satisfies the condition of Theorem 2.2,

1√
N

N∑
i=1

[Ai − bwsQwsi]/T
D

=⇒N(0,
σ4

4
).
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Hence,

√
NT (ρ̂ws − 1− bws)

D
=⇒N(0, 9)

as N, T →∞.

Proof of iv):

By arguments similar to those in (ii), we can prove that

τ̂ws
D

=⇒N(0, 1.5)

as N, T →∞.

Now we present the empirical percentiles of the test statistics in (2.5)-(2.8) from

Monte Carlo simulations. We conduct simulations for the following combinations of

N and T .

(N, T ) = (10, 25), (10, 50), (10, 100), (25, 25), (25, 50), (25, 100),

(50, 25), (50, 50), and (50, 100).

For each set, we generate yit from the random walk model, that is, yit = yit−1 +

eit with 10,000 replicates, where the eit’s are generated from N(0,1) and yi0 = 0

for each i . As a random number generator, we use the RANNOR function from

SAS. The empirical percentiles of the normalized bias test statistics for the simple

symmetric and the weighted symmetric estimators are shown in Table 2.2 and Table

2.3, respectively. Also, the empirical percentiles of the studentized test statistics

are shown in Table 2.4 and Table 2.5, respectively. The percentiles for the limiting

distribution in each table can be computed from the standard Gaussian distribution

table. Numbers in the tables are unsmoothed. However a smoothing surface describes

the 5 % critical values reasonably well. In order to smooth the 5 % critical values of the

studentized test statistics, we compute the deviations of the 5 % empirical percentiles

in finite samples from the limiting 5 % percentiles. Then we regress these deviations



24

on
1√
N

and
1√
T

. For simple symmetric estimation, R2 is 0.97 and the smoothed

percentiles are given by −1.81 − 0.4
1√
N

+ 0.16
1√
T

. For the weighted symmetric

regression, R2 is 0.86 and the smoothing function for the empirical percentiles is

−2.02− 0.34
1√
N

+ 0.22
1√
T

.
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Table 2.2: Empirical cumulative distribution of
√

NT (ρ̂s − 1− bs)

Probability of a Smaller Value

(N,T) 0.01 0.05 0.10 0.25 0.50 0.75 0.90 0.95 0.99

(10,25) -8.45 -5.74 -4.31 -2.22 -0.27 1.28 2.55 3.12 4.10

(10,50) -9.02 -5.83 -4.44 -2.30 -0.29 1.34 2.56 3.20 4.15

(10,100) -9.00 -6.01 -4.63 -2.39 -0.38 1.32 2.55 3.19 4.28

(25,25) -7.42 -5.18 -3.94 -2.10 -0.18 1.41 2.75 3.45 4.68

(25,50) -7.87 -5.30 -4.08 -2.10 -0.18 1.47 2.78 3.54 4.74

(25,100) -7.68 -5.36 -4.06 -2.12 -0.21 1.49 2.86 3.56 4.89

(50,25) -7.24 -4.91 -3.73 -1.97 -0.16 1.47 2.81 3.58 5.05

(50,50) -7.41 -4.97 -3.85 -1.99 -0.12 1.56 2.96 3.75 5.20

(50,100) -7.20 -4.94 -3.75 -1.99 -0.12 1.59 2.95 3.76 5.10

(∞,∞) -6.25 -4.43 -3.43 -1.80 0.00 1.80 3.43 4.43 6.25

(bs = −6T/(2T 2 + 1).)
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Table 2.3: Empirical cumulative distribution of
√

NT (ρ̂ws − 1− bws)

Probability of a Smaller Value

(N,T) 0.01 0.05 0.10 0.25 0.50 0.75 0.90 0.95 0.99

(10,25) -9.39 -6.35 -4.78 -2.45 -0.38 1.50 3.06 3.89 5.20

(10,50) -9.67 -6.39 -4.87 -2.59 -0.34 1.52 3.03 3.89 5.20

(10,100) -9.57 -6.50 -4.91 -2.69 -0.37 1.57 3.02 3.87 5.24

(25,25) -8.21 -5.76 -4.52 -2.38 -0.25 1.68 3.26 4.12 5.65

(25,50) -8.54 -5.93 -4.51 -2.37 -0.18 1.68 3.28 4.21 5.69

(25,100) -8.52 -5.79 -4.42 -2.31 -0.20 1.72 3.28 4.17 5.68

(50,25) -8.22 -5.47 -4.26 -2.24 -0.17 1.73 3.34 4.31 5.89

(50,50) -7.87 -5.53 -4.26 -2.24. -0.12 1.80 3.44 4.39 5.97

(50,100) -8.03 -5.39 -4.15 -2.22 -0.12 1.84 3.46 4.37 6.04

(∞,∞) -6.99 -4.95 -3.84 -2.01 0.00 2.01 3.84 4.95 6.99

(bws = −(2T 2 + T + 2)/(T 3 + 1).)
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Table 2.4: Empirical cumulative distribution of τ̂s

Probability of a Smaller Value

(N,T) 0.01 0.05 0.10 0.25 0.50 0.75 0.90 0.95 0.99

(10,25) -2.61 -1.90 -1.49 -0.83 -0.11 0.56 1.22 1.55 2.22

(10,50) -2.69 -1.90 -1.51 -0.85 -0.12 0.59 1.22 1.60 2.25

(10,100) -2.66 -1.93 -1.56 -0.88 -0.15 0.58 1.22 1.60 2.36

(25,25) -2.54 -1.86 -1.46 -0.82 -0.08 0.61 1.25 1.61 2.30

(25,50) -2.64 -1.88 -1.49 -0.81 -0.07 0.63 1.26 1.66 2.34

(25,100) -2.57 -1.89 -1.48 -0.81 -0.08 0.64 1.30 1.66 2.43

(50,25) -2.61 -1.84 -1.43 -0.78 -0.07 0.63 1.24 1.61 2.37

(50,50) -2.63 -1.84 -1.46 -0.78 -0.05 0.66 1.30 1.69 2.45

(50,100) -2.55 -1.83 -1.42 -0.78 -0.05 0.68 1.30 1.69 2.39

(∞,∞) -2.55 -1.81 -1.40 -0.73 0.00 0.73 1.40 1.81 2.55
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Table 2.5: Empirical cumulative distribution of τ̂ws

Probability of a Smaller Value

(N,T) 0.01 0.05 0.10 0.25 0.50 0.75 0.90 0.95 0.99

(10,25) -2.89 -2.10 -1.65 -0.91 -0.15 0.64 1.39 1.80 2.57

(10,50) -2.88 -2.09 -1.67 -0.95 -0.13 0.66 1.39 1.85 2.62

(10,100) -2.87 -2.11 -1.68 -0.99 -0.15 0.69 1.40 1.85 2.74

(25,25) -2.77 -2.05 -1.65 -0.90 -0.10 0.70 1.40 1.83 2.60

(25,50) -2.87 -2.08 -1.63 -0.91 -0.07 0.71 1.45 1.90 2.68

(25,100) -2.86 -2.05 -1.62 -0.88 -0.08 0.73 1.46 1.90 2.76

(50,25) -2.90 -2.01 -1.60 -0.86 -0.07 0.71 1.42 1.86 2.63

(50,50) -2.80 -2.05 -1.61 -0.87 -0.05 0.75 1.48 1.93 2.72

(50,100) -2.88 -2.00 -1.56 -0.87 -0.05 0.77 1.49 1.92 2.74

(∞, ∞) -2.85 -2.02 -1.57 -0.82 0.00 0.82 1.57 2.02 2.85
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2.2 Higher Order Processes

In this section, we consider the limiting distributions of the simple symmetric and

the weighted symmetric estimators for the autoregressive higher order processes. If

we generalize model (2.1) to a pth order autoregressive process,

yit = ηi −
p∑

k=1

αkyit−k + eit, i = 1, 2, · · · , N ; t = 1, 2, · · · , T, (2.11)

where the eit’s are independent and identically distributed as N(0, σ2) and

yi,−p+1,yi,−p+2,· · ·,yi0 are fixed. We consider the case when p− 1 roots of

mp +
p∑

k=1

αkm
p−k = 0

are less than one and there exists only one unit root. We can rewrite model (2.11) as

yit = ηi + θ1yit−1 +
p∑

k=2

θk∆yit−k+1 + eit (2.12)

where

θ1 = −
p∑

k=1

αk,

θl =
p∑

k=l

αk, l = 2, 3, · · · , p

and ∆ signifies the first lag difference operator, that is, ∆yit = yit − yit−1. In model

(2.12), the null hypothesis for testing a unit root is H0 : θ1 = 1. In this section,

we derive the simple symmetric and weighted symmetric estimators when p = 2.

Extension to general p is straightforward. From (2.12), a second order autoregressive

model is
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yit = ηi + θ1yit−1 + θ2∆yit−1 + eit. (2.13)

As in the first order autoregressive process, a backward representation can be valid

under the stationarity condition, that is,

yit = ηi + θ1yit+1 − θ2∆yit+2 + uit,

where eit and uit have the same covariance structure for each i. For simple symmetric

estimation, the regression uses weights wt = 0.5. In weighted symmetric estimation

of a pth order process, the weight is defined as follows.

wt = 0, t = 1, 2, · · · , p,
t− p

T − 2p + 2
, t = p + 1, p + 2, · · · , T − p + 1,

1, t = T − p + 2, T − p + 3, · · · , T.

Fuller (1996) presents the regression table for weighted symmetric estimation in the

univariate case. We generalize his table to panel data with fixed individual effects

and obtain the weighted symmetric estimators from Table 2.6.

Let β′ be a vector of parameters, that is,
[
η1, η2, · · · , ηN , θ1, θ2

]
. Then the weighted

symmetric estimator for β is

β̂ = (X′WX)−1(X′WY),

where X is the 2N(T − 2)× (N + 2) matrix that consists of columns corresponding

to (N + 2) parameters, Y is the vector of dependent variables, and W is the

2N(T − 2)× 2N(T − 2) diagonal matrix of weights.

The simple symmetric estimator of θ1 is
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Table 2.6: Regression table for weighted symmetric estimation in AR(2) process

Weight Dependent Parameter

Variable η1 η2 · · · ηN θ1 θ2

w3 y13 1 0 · · · 0 y12 ∆y12

w4 y14 1 0 · · · 0 y13 ∆y13
...

...
...

...
...

...
...

...
wT y1T 1 0 · · · 0 y1T−1 ∆y1T−1

1− wT−1 y1T−2 1 0 · · · 0 y1T−1 −∆y1T

1− wT−2 y1T−3 1 0 · · · 0 y1T−2 −∆y1T−1
...

...
...

...
...

...
...

...
1− w2 y11 1 0 · · · 0 y12 −∆y13

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

w3 yN3 0 0 · · · 1 yN2 ∆yN2

w4 yN4 0 0 · · · 1 yN3 ∆yN3
...

...
...

...
...

...
...

...
wT yNT 0 0 · · · 1 yNT−1 ∆yNT−1

1− wT−1 yNT−2 0 0 · · · 1 yNT−1 −∆yNT

1− wT−2 yNT−3 0 0 · · · 1 yNT−2 −∆yNT−1
...

...
...

...
...

...
...

...
1− w2 yN1 0 0 · · · 1 yN2 −∆yN3

θ̂1,s =
1

cs

[
− 1

T − 2
S22

N∑
i=1

[(
T∑

t=3

yit−1)
2 +

1

2
(

T∑
t=3

yit−1)(∆yiT −∆yi2)]

+
1

2(T − 2)
S12

N∑
i=1

[(
T∑

t=3

yit−1)(∆yi2 −∆yiT )− 1

2
(∆yi2 −∆yiT )2]

+ S22

N∑
i=1

[
T∑

t=3

yityit−1 +
1

2
(yi1yi2 − yiT yiT−1)]

− S12

N∑
i=1

[
T∑

t=3

yit∆yit−1 +
1

2
(yi1yi2 − yiT yiT−1)]

]
, (2.14)
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where

S11 =
N∑

i=1

T∑
t=3

yit−1
2 − 1

T − 2

N∑
i=1

(
T∑

t=3

yit−1)
2,

S12 =
N∑

i=1

T∑
t=3

yit−1∆yit−1 +
1

2

N∑
i=1

(yi2yi1 − yiT yiT−1)

− 1

2(T − 2)

N∑
i=1

(
T∑

t=3

yit−1)(∆yi2 −∆yiT ),

S22 =
N∑

i=1

T∑
t=3

(∆yit−1)
2 − 1

2

N∑
i=1

[(∆yi2)
2 − (∆yiT )2]

− 1

4(T − 2)

N∑
i=1

(∆yi2 −∆yiT )2,

and

cs = S11S22 − S12
2.

Also, the simple symmetric estimator of θ2 is

θ̂2,s =
1

cs

[ 1

T − 2
S12

N∑
i=1

[(
T∑

t=3

yit−1)
2 +

1

2
(

T∑
t=3

yit−1)(∆yiT −∆yi2)]

− 1

2(T − 2)
S11

N∑
i=1

[(
T∑

t=3

yit−1)(∆yi2 −∆yiT )− 1

2
(∆yi2 −∆yiT )2]

− S12

N∑
i=1

[
T∑

t=3

yityit−1 +
1

2
(yi1yi2 − yiT yiT−1)]

+ S11

N∑
i=1

[
T∑

t=3

yit∆yit−1 +
1

2
(yi1yi2 − yiT yiT−1)]

]
. (2.15)

On the other hand, the weighted symmetric estimator of θ1 is
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θ̂1,ws =
1

cws

[
− T − 1

(T − 2)2
W22

N∑
i=1

[
T − 3

T − 2
(

T∑
t=3

yit−1)
2 + (

T∑
t=3

yit−1)(yi1 + yiT )]

− 2

(T − 2)2
W12

N∑
i=1

[(
T∑

t=3

yit−1)(yi1 + yiT ) +
T − 3

T − 2
(

T∑
t=3

yit−1)
2]

+
T − 1

(T − 2)2
W12

N∑
i=1

[(∆yi2 −∆yiT )(yi1 + yiT +
T − 3

T − 2

T∑
t=3

yit−1)]

+
1

T − 2
W12

N∑
i=1

[(yi1 + yiT )2 +
T − 3

T − 2
(

T∑
t=3

yit−1)(yi1 + yiT )]

+ W22

N∑
i=1

[yi1yi2 +
T∑

t=3

yityit−1]

+ W12

N∑
i=1

[
T − 1

T − 2

T∑
t=3

yityit−2 −
T∑

t=3

yityit−1 − yi1yi2]
]
, (2.16)

where

W11 =
T − 1

T − 2

N∑
i=1

T∑
t=3

yit−1
2 − (T − 1)2

(T − 2)3

N∑
i=1

(
T∑

t=3

yit−1)
2,

W12 =
1

T − 2

N∑
i=1

[T
T∑

t=3

yit−1∆yit−1 −
T∑

t=3

yit−1
2 − yiT yiT−1 + (T − 1)yi2yi1]

+
T − 1

(T − 2)2

N∑
i=1

[
2

T − 2
(

T∑
t=3

yit−1)
2 − T − 1

T − 2
(

T∑
t=3

yit−1)(∆yi2 −∆yiT )]

− T − 1

(T − 2)2

N∑
i=1

(
T∑

t=3

yit−1)(yi1 + yiT ),

W22 =
1

T − 2

N∑
i=1

[(∆yi2)
2 + (∆yiT )2 + T

T−1∑
t=3

(∆yit)
2]

− 1

(T − 2)3

N∑
i=1

[4(
T∑

t=3

yit−1)
2 + (T − 1)2(∆yi2 −∆yiT )2]

− 1

T − 2

N∑
i=1

[(yi1 + yiT )2 − 4(T − 1)

(T − 2)2
(

T∑
t=3

yit−1)(∆yi2 −∆yiT )]

+
1

(T − 2)2

N∑
i=1

[4(
T∑

t=3

yit−1)(yi1 + yiT )− 2(T − 1)(∆yi2 −∆yiT )(yi1 + yiT )],
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and

cws = W11W22 −W 2
12.

Also, the weighted symmetric estimator of θ2 is

θ̂2,ws =
1

cws

[ T − 1

(T − 2)2
W12

N∑
i=1

[
T − 3

T − 2
(

T∑
t=3

yit−1)
2 + (

T∑
t=3

yit−1)(yi1 + yiT )]

+
2

(T − 2)2
W11

N∑
i=1

[(
T∑

t=3

yit−1)(yi1 + yiT ) +
T − 3

T − 2
(

T∑
t=3

yit−1)
2]

− T − 1

(T − 2)2
W11

N∑
i=1

[(∆yi2 −∆yiT )(yi1 + yiT +
T − 3

T − 2

T∑
t=3

yit−1)]

− 1

T − 2
W11

N∑
i=1

[(yi1 + yiT )2 +
T − 3

T − 2
(

T∑
t=3

yit−1)(yi1 + yiT )]

− W12

N∑
i=1

[yi1yi2 +
T∑

t=3

yityit−1]

− W11

N∑
i=1

[
T − 1

T − 2

T∑
t=3

yityit−2 −
T∑

t=3

yityit−1 − yi1yi2]
]
. (2.17)

Based on simple symmetric estimators and weighted symmetric estimators in (2.14)-

(2.17), we construct the studentized test statistics for a unit root. In the univariate

case, it is known that the studentized test statistics in higher order processes have the

same limiting distribution as in the first order autoregressive process. The following

theorem shows that a similar invariance holds for the sequential limit distributions of

the studentized test statistics in panel data.

Theorem 2.4: Given model (2.13), under the null hypothesis H0 : θ1 = 1 and

assuming that ηi = yi0 = yi,−1 = 0 for each i, then

i) τ̂(θ1)s =
θ̂1,s − 1− b(2)

s (1− θ̂2,s)

[σ̂2
sS22/cs]

0.5
D

=⇒ N(0, 1.2)

as T →∞ is followed by N →∞,
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ii) τ̂(θ1)ws =
θ̂1,ws − 1− b(2)

ws(1− θ̂2,ws)

[σ̂2
wsW22/cws]

0.5
D

=⇒ N(0, 1.5)

as T →∞ is followed by N →∞,

where

b(2)
s = − 6(T − 2)

2(T − 2)2 + 1
,

and

b(2)
ws = −2(T − 2)2 + (T − 2) + 2

(T − 2)3 + 1
.

Here, b(2)
s and b(2)

ws can be obtained by plugging T−2 instead of T into bs and bws in the

AR(1) process. This idea comes from the fact that we use 2N(T − 2) observations

in the AR(2) regression table. However, this does not affect our limiting distribu-

tion results. Also, σ̂2
s and σ̂2

ws are mean squared errors in symmetric and weighted

symmetric estimations, respectively.

Proof:

Before we derive the sequential limit distributions of test statistics, we consider

the T -limit distributions of several random variables which are used in our test statis-

tics. Dickey (1976) presents the T -limit distribution results in higher order processes.

When θ1 = 1 and yi0 = yi,−1 = ηi = 0 in model (2.13), we have the following equation.

(1− θ2)yit =
t∑

j=1

eij − θ2∆yit.

From the above equation and Dickey (1976)’s results, we can obtain the following

T -limit results for each i .

∑T
t=3 yit−1

2

T 2

T→∞−→ σ2
∫ 1
0 B2

i (t)dt

(1− θ2)2
,
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∑T
t=3 yit−1

T 3/2

T→∞−→ σ
∫ 1
0 Bi(t)dt

1− θ2

,

yiT

T 1/2

T→∞−→ σBi(1)

1− θ2

,

∑T
t=3 yit−1∆yit−1

T
=

∑T
t=3(∆yit−1)

2 + y2
iT−1

2T
+ Op(1/

√
T )

T→∞−→ σ2

2

[ 1

1− θ2
2 +

B2
i (1)

(1− θ2)2

]
,

and

∑T
t=3 yit−1∆yit

T
=

y2
iT −

∑T
t=2(∆yit)

2

2T
+ Op(1/

√
T )

T→∞−→ σ2

2
[

B2
i (1)

(1− θ2)2
− 1

1− θ2
2 ].

Proof of i):

From the above T -limit results, we can assert that

S11

T 2

T→∞−→ σ2

(1− θ2)2

N∑
i=1

[ ∫ 1

0
B2

i (t)dt− (
∫ 1

0
Bi(t)dt)2

]
,

S12

T 3/2

T→∞−→ 0,

S12

T
T→∞−→ Nσ2

2(1− θ2
2)

,

and

S22

T
T→∞−→ Nσ2

1− θ2
2 .
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Therefore,

T−3cs
T→∞−→ σ4N

∑N
i=1[

∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2]

(1− θ2)2(1− θ2
2)

.

If we look at the studentized test statistic based on the symmetric estimator,

τ̂(θ1)s =
T [θ̂1,s − 1− b(2)

s (1− θ̂2,s)]

[σ̂2
s(T

−1S22)/(T−3cs)]
0.5 .

Let us consider the T -limit distribution of T [θ̂1,s − 1− b(2)
s (1− θ̂2,s)] first.

T [θ̂1,s − 1− b(2)
s (1− θ̂2,s)] =

1

T−3cs

[
− S22

2(T − 2)

∑N
i=1(

∑T
t=3 yit−1)(∆yiT −∆yi2)

T 2

− S12

T 2

∑N
i=1(∆yi2 −∆yiT )2

4(T − 2)

+
S22

T

∑N
i=1

∑T
t=3(∆yit)yit−1

T

+
S22

T

∑N
i=1(yi1yi2 − yiT yiT−1)

2T

− S12

T

∑N
i=1

∑T
t=3 ∆yit∆yit−1

T
− b(2)

s T
cs

T 3
(1− θ̂2,s)

]
.

Since θ̂2,s → θ2 as T →∞,

T [θ̂1,s − 1− b(2)
s (1− θ̂2,s)]

T→∞−→
(1− θ2)

∑N
i=1[−

1

2
+ 3(

∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2)]∑N

i=1(
∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2)

.

Also, the denominator part has the following T -limit distribution.

σ̂2
s(T

−1S22)/(T
−3cs)

T→∞−→ (1− θ2)
2∑N

i=1(
∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2)

.

Therefore, the T -limit distribution of τ̂(θ1)s is
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T [θ̂1,s − 1− b(2)
s (1− θ̂2,s)]

[σ̂2
s(T

−1S22)/(T−3cs)]
0.5

T→∞−→ N−1/2∑N
i=1[− 1

2
+ 3(

∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2)]√

N−1
∑N

i=1(
∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2)

.

From Appendix C, we know that

E
[
− 1

2
+ 3

( ∫ 1

0
B2

i (t)dt− (
∫ 1

0
Bi(t)dt)2

)]
= 0,

V ar
[
− 1

2
+ 3

( ∫ 1

0
B2

i (t)dt− (
∫ 1

0
Bi(t)dt)2

)]
=

1

5
,

and

E
[ ∫ 1

0
B2

i (t)dt− (
∫ 1

0
Bi(t)dt)2

]
=

1

6
.

If we apply the Central Limit Theorem and Strong Law of Large Numbers to our

T -limit distribution, we find the same limit distribution as in the AR(1) case:

τ̂(θ1)s
D

=⇒ N(0, 1.2)

as T →∞ is followed by N →∞.

Proof of ii):

From the T -limit results in the previous pages, we find that

W11

T 2

T→∞−→ σ2

(1− θ2)2

N∑
i=1

[ ∫ 1

0
B2

i (t)dt− (
∫ 1

0
Bi(t)dt)2

]
,

W12

T 3/2

T→∞−→ 0,
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W12

T
T→∞−→ Nσ2

2(1− θ2
2)

+
σ2∑N

i=1[
1
2
B2

i (1)− ∫ 1
0 B2

i (t)dt + 2(
∫ 1
0 Bi(t)dt)2 − (

∫ 1
0 Bi(t)dt)Bi(1)]

(1− θ2)2
,

W22

T
T→∞−→ Nσ2

1− θ2
2 ,

and

T−3cws
T→∞−→ σ4N

∑N
i=1[

∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2]

(1− θ2)2(1− θ2
2)

.

Using similar arguments to those in the proof of i), we obtain the following result.

T [θ̂1,ws − 1− b(2)
ws(1− θ̂2,ws)]

T→∞−→ (1− θ2)∑N
i=1(

∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2)

N∑
i=1

[1

2
B2

i (1)

−1

2
+

∫ 1

0
B2

i (t)dt− (
∫ 1

0
Bi(t)dt)Bi(1)

]
,

and

σ̂2
ws(T

−1W22)/(T
−3cws)

T→∞−→ (1− θ2)
2∑N

i=1(
∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2)

.

Therefore, the T -limit of τ̂(θ1)ws is

τ̂(θ1)ws
T→∞−→ N−1/2∑N

i=1[
1
2
(B2

i (1)− 1) +
∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)Bi(1)]√

N−1
∑N

i=1(
∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2)

.

If we consider the moments of the numerator and denominator as in the proof of i),

E
[1

2
(B2

i (1)− 1) +
∫ 1

0
B2

i (t)dt− (
∫ 1

0
Bi(t)dt)Bi(1)

]
= 0,
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V ar
[1

2
(B2

i (1)− 1) +
∫ 1

0
B2

i (t)dt− (
∫ 1

0
Bi(t)dt)Bi(1)

]
=

1

4
,

and

E
[ ∫ 1

0
B2

i (t)dt− (
∫ 1

0
Bi(t)dt)2

]
=

1

6
.

By the Central Limit Theorem and Strong Law of Large Numbers, we again have the

same sequential limit distribution as in the AR(1) case:

τ̂(θ1)ws
D

=⇒ N(0, 1.5)

as T →∞ is followed by N →∞.

We find that the studentized test statistics in higher order processes have the same

limiting distribution as in the first order autoregressive process. Even though we

have different bias adjust terms like b(2)
s (1 − θ̂2s) in the test statistics, those do not

affect the limiting distributions. Through Monte Carlo simulation, we compute the

empirical percentiles of τ̂(θ1)s and τ̂(θ1)ws under the model (2.13) and the unit root

null hypothesis. We consider the same sets of (N, T ) as in Table 2.2. Data are

generated from yit = yit−1 + θ2∆yit−1 + eit with 10,000 replicates where the eit’s are

generated from N(0,1) and we set the value of θ2 equal to 0.5. Table 2.7 and Table 2.8

show the empirical percentiles for τ̂(θ1)s and τ̂(θ1)ws, respectively. For small samples

like T = 25 and T = 50, there are discrepancies between the first order autoregressive

process and higher order processes. These discrepancies for small samples are due

in part to the fact that we apply the bias adjustment factors from the first order

autoregressive process to the test statistics in higher order processes. When T=100,

the empirical percentiles are close to each other.
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Table 2.7: Empirical cumulative distribution of τ̂(θ1)s

Probability of a Smaller Value

(N,T) 0.01 0.05 0.10 0.25 0.50 0.75 0.90 0.95 0.99

(10,25) -3.01 -2.26 -1.85 -1.23 -0.56 0.08 0.61 0.91 1.45

(10,50) -2.92 -2.10 -1.70 -1.06 -0.36 0.34 0.91 1.25 1.88

(10,100) -2.73 -2.02 -1.64 -1.00 -0.26 0.46 1.09 1.44 2.03

(25,25) -3.18 -2.42 -2.05 -1.43 -0.78 -0.15 0.40 0.74 1.33

(25,50) -2.89 -2.19 -1.82 -1.16 -0.45 0.24 0.84 1.17 1.87

(25,100) -2.72 -2.06 -1.64 -1.02 -0.26 0.44 1.07 1.42 2.13

(50,25) -3.31 -2.64 -2.30 -1.72 -1.06 -0.40 0.16 0.49 1.09

(50,50) -3.01 -2.31 -1.92 -1.28 -0.61 0.08 0.72 1.09 1.79

(50,100) -2.85 -2.10 -1.71 -1.03 -0.31 0.40 1.02 1.38 2.03

(∞,∞) -2.55 -1.81 -1.40 -0.73 0.00 0.73 1.40 1.81 2.55
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Table 2.8: Empirical cumulative distribution of τ̂(θ1)ws

Probability of a Smaller Value

(N,T) 0.01 0.05 0.10 0.25 0.50 0.75 0.90 0.95 0.99

(10,25) -3.00 -2.23 -1.79 -1.06 -0.31 0.44 1.10 1.45 2.12

(10,50) -2.97 -2.19 -1.72 -1.01 -0.21 0.59 1.27 1.67 2.42

(10,100) -2.96 -2.13 -1.73 -1.01 -0.21 0.62 1.34 1.75 2.55

(25,25) -3.07 -2.24 -1.83 -1.15 -0.39 0.34 1.01 1.41 2.10

(25,50) -2.96 -2.16 -1.77 -1.05 -0.24 0.56 1.27 1.66 2.46

(25,100) -2.85 -2.11 -1.68 -0.97 -0.16 0.66 1.37 1.82 2.64

(50,25) -3.10 -2.34 -1.91 -1.24 -0.49 0.25 0.92 1.32 2.02

(50,50) -3.01 -2.24 -1.79 -1.07 -0.29 0.52 1.26 1.68 2.49

(50,100) -2.93 -2.16 -1.72 -0.96 -0.15 0.65 1.34 1.77 2.60

(∞, ∞) -2.85 -2.02 -1.57 -0.82 0.00 0.82 1.57 2.02 2.85
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Chapter 3

Maximum Likelihood Estimation

with Fixed Individual Effects

3.1 Maximum Likelihood Estimator for the Fixed

Individual Effects Model

In this chapter, we consider the maximum likelihood estimation method in testing

for H0 : ρ = 1 in the panel data model with fixed individual effects. Let yit be a

univariate random variable for the ith individual unit at time t. The autoregressive

model of order 1 with fixed individual effects can be written as follows.

yit = µi + εit

εit = ρεit−1 + eit, i = 1, 2, · · · , N ; t = 1, 2, · · · , T, (3.1)

where the eit’s are independent identically distributed as N(0, σ2). We assume that

the first observation yi1 is distributed as N(µi,
σ2

1− ρ2
) for each i. Gonzalez and

Dickey (1999) present the likelihood function in a single time series, that is, for

N = 1.
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Under the model (3.1), the log-likelihood function is

lnL =
N

2
ln(1− ρ2)− NT

2
lnσ2 − NT

2
ln2π − 1− ρ2

2σ2

N∑
i=1

(yi1 − µi)
2

− 1

2σ2

N∑
i=1

T∑
t=2

[yit − µi − ρ(yit−1 − µi)]
2. (3.2)

For given |ρ| < 1, the individual mean estimator, µ̂i which maximizes the likelihood

function (3.2) is

yi1 + yiT + (1− ρ)
∑T−1

t=2 yit

2 + (T − 2)(1− ρ)
, (3.3)

This mean estimator is same as the one in a single time series (Gonzalez and Dickey,

1999). Let ρ̂ml,fix be the maximum likelihood estimator of ρ under the model (3.1).

To find the limiting distribution of T (ρ̂ml,fix−1), we reparametrize T (1−ρ) as ζ. The

individual mean estimator, µ̂i can be derived from the following regression table.

Dependent Parameter

Variable µ1 µ2 · · · µN

√
ζ

T
(2− ζ

T
)y11

√
ζ

T
(2− ζ

T
) 0 · · · 0

y12 − y11 +
ζ

T
y11

ζ

T
0 · · · 0

...
...

... · · · ...

y1T − y1T−1 +
ζ

T
y1T−1

ζ

T
0 · · · 0

...
...

...
...

...
...

...
...

...
...√

ζ

T
(2− ζ

T
)yN1 0 0 · · ·

√
ζ

T
(2− ζ

T
)

yN2 − yN1 +
ζ

T
yN1 0 0 · · · ζ

T
...

...
... · · · ...

yNT − yNT−1 +
ζ

T
yNT−1 0 0 · · · ζ

T
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To reduce the number of unknown parameters, we substitute µ̂i for µi in the log-

likelihood (3.2). The resulting profile log-likelihood is

lnL =
N

2
ln

( ζ

T
(2− ζ

T
)
)
− NT

2
lnσ2 − NT

2
ln2π − 1

2σ2
SS(ζ), (3.4)

where SS(ζ) is the sum of squares of errors from the previous regression table, that

is,

SS(ζ) = −(T − 1)ζ3 − 2T (T − 2)ζ2 − 3T 2ζ

T 2(2T − 2ζ + ζT )

N∑
i=1

y2
i1 +

N∑
i=1

T∑
t=2

(yit − yit−1)
2

+2
ζ

T

N∑
i=1

T∑
t=2

(yit − yit−1)yit−1 +
ζ2

T 2

N∑
i=1

T∑
t=2

yit−1
2

− 1

ζ(2− ζ

T
) +

T − 1

T
ζ2

[ζ2

T

N∑
i=1

yiT
2 +

ζ4

T 3

N∑
i=1

(
T∑

t=2

yit−1)
2

+2
ζ2

T
(1− ζ

T
)

N∑
i=1

yi1yiT + 2
ζ3

T 2
(1− ζ

T
)

N∑
i=1

yi1(
T∑

t=2

yit−1)

+2
ζ3

T 2

N∑
i=1

yiT (
T∑

t=2

yit−1)
]
.

From (3.4), we know that the maximum likelihood estimator of σ2 is
SS(ζ)

NT
. By plug-

ging this estimator into (3.4), we can concentrate on finding the maximum likelihood

estimator of ζ, that is, T (1− ρ). Since the maximum likelihood estimators of µi, σ2,

and ζ are linked to each other, iterative calculation is needed until the estimators

converge. The corresponding profile log-likelihood becomes

lnL =
N

2
ln

( ζ

T
(2− ζ

T
)
)
− NT

2
ln

SS(ζ)

NT
− NT

2
ln2π − NT

2
. (3.5)

Let fN(ζ) be
1

N

[∂(−2lnL)

∂ζ

]SS(ζ)

NT
.

Then
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fN(ζ) = −
2(1− ζ

T
)

ζ(2− ζ

T
)

SS(ζ)

NT
+

1

N

∂(SS(ζ))

∂ζ
.

Finding the value ζ̂ which makes fN(ζ̂) = 0 is equivalent to finding the maximum

likelihood estimator of ζ. Therefore we obtain the maximum likelihood estimator of

ζ by solving the equation fN(ζ) = 0, where fN(ζ) is a polynomial function of ζ.

Also, we can express fN(ζ) as a linear function of

∑N
i=1y

2
i1

N
,

∑N
i=1

∑T
t=2(yit − yit−1)

2

NT
,

∑N
i=1

∑T
t=2(yit − yit−1)yit−1

NT
,

∑N
i=1

∑T
t=2yit−1

2

NT 2
,

∑N
i=1yiT

2

NT
,

∑N
i=1(

∑T
t=2yit−1)

2

NT 3
,

∑N
i=1yi1yiT

N
,

∑N
i=1yi1(

∑T
t=2yit−1)

NT
, and

∑N
i=1yiT (

∑T
t=2yit−1)

NT 2
. That is,

fN(ζ) = c1

∑N
i=1y

2
i1

N
+ c2

∑N
i=1

∑T
t=2(yit − yit−1)

2

NT
+ c3

∑N
i=1

∑T
t=2(yit − yit−1)yit−1

NT

+ c4

∑N
i=1

∑T
t=2yit−1

2

NT 2
+ c5

∑N
i=1yiT

2

NT
+ c6

∑N
i=1(

∑T
t=2yit−1)

2

NT 3

+ c7

∑N
i=1yi1yiT

N
+ c8

∑N
i=1yi1(

∑T
t=2yit−1)

NT
+ c9

∑N
i=1yiT (

∑T
t=2yit−1)

NT 2
,

where the coefficients and their T-limits are

c1 =
1

T 3(−2T + ζ)(2T − 2ζ + ζT )2

[
− 2(T − 1)2(T − 2)ζ4

+2T (3T 3 − 16T 2 + 24T − 12)ζ3 − 2T 2(2T 3 − 20T 2 + 39T − 24)ζ2

−2(8T 5 − 26T 4 + 20T 3)ζ − 12T 4(T − 1)
]

T→∞−→ 0,

c2 = −
2(1− ζ

T
)

ζ(2− ζ

T
)

T→∞−→ −1

ζ
,
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c3 =
2(T − 2)ζ − 4T (T − 1)

T (ζ − 2T )
T→∞−→ 2,

c4 =
2(T − 1)ζ2 + (2T − 4T 2)ζ

T (ζ − 2T )
T→∞−→ 2ζ,

c5 =
2(T − 2)ζ2 − 4T (T − 2)ζ + 4T 2(T − 1)

(2T − 2ζ + ζT )2(ζ − 2T )
T→∞−→ − 2

(2 + ζ)2
,

c6 =
−2(T − 2)(T − 1)ζ4 + 4T (T 2 − 4T + 2)ζ3 + 4T 2(3T − 1)ζ2

(2T − 2ζ + ζT )2(ζ − 2T )

T→∞−→ −2ζ2(3 + ζ)

(2 + ζ)2
,

c7 =
2(T − 2)2ζ3 − 4T (T 2 − 6T + 6)ζ2 − 24T 2(T − 1)ζ + 8T 3(T − 1)

T 2(2T − 2ζ + ζT )2(ζ − 2T )
T→∞−→ 0,

c8 =
4(T − 2)(T − 1)ζ4 − 2T (5T 2 − 20T + 12)ζ3 + 4T 2(T 2 − 11T + 6)ζ2

T 2(2T − 2ζ + ζT )2(ζ − 2T )

+
8T 3(2T − 1)ζ

T 2(2T − 2ζ + ζT )2(ζ − 2T )
T→∞−→ 0,

and

c9 =
−2(T − 2)2ζ3 + 4T (T − 4)(T − 1)ζ2 + 8T 2(2T − 1)ζ

(2T − 2ζ + ζT )2(ζ − 2T )
T→∞−→ −2ζ(4 + ζ)

(2 + ζ)2
.

Since fN(ζ) is a higher order polynomial of ζ, the Gauss Newton iteration method

is appropriate to find ζ̂. For this procedure, we need to compute the first derivative

of fN(ζ) with respect to ζ. If we define this first derivative as f ′N(ζ),
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f ′N(ζ) = d1

∑N
i=1y

2
i1

N
+ d2

∑N
i=1

∑T
t=2(yit − yit−1)

2

NT
+ d3

∑N
i=1

∑T
t=2(yit − yit−1)yit−1

NT

+ d4

∑N
i=1

∑T
t=2yit−1

2

NT 2
+ d5

∑N
i=1yiT

2

NT
+ d6

∑N
i=1(

∑T
t=2yit−1)

2

NT 3
+ d7

∑N
i=1yi1yiT

N

+ d8

∑N
i=1yi1(

∑T
t=2yit−1)

NT
+ d9

∑N
i=1yiT (

∑T
t=2yit−1)

NT 2
,

where the coefficients and their T-limits are

d1 =
1

(2T − 2ζ + ζT )3(ζ − 2T )2T 3

[
− 2(T − 1)2(T − 2)2ζ5

+4T (T − 1)2(2T − 7)(T − 2)ζ4

−2T 2(4T 4 − 48T 3 + 161T 2 − 194T + 80)ζ3

−4T 3(12T 3 − 72T 2 + 111T − 56)ζ2 − 4T 4(29T 2 − 57T + 38)ζ

+8T 5(2T 2 − 5T + 5)
]

T→∞−→ 0,

d2 =
2(ζ2 − 2ζT + 2T 2)

ζ2(ζ − 2T )2

T→∞−→ 1

ζ2
,

d3 =
4

(ζ − 2T )2

T→∞−→ 0,

d4 =
2(T − 1)ζ2 − 8T (T − 1)ζ + 4T 2(2T − 1)

T (ζ − 2T )2

T→∞−→ 2,

d5 =
−2(T − 2)2ζ3 + 4T (2T 2 − 7T + 6)ζ2

(2T − 2ζ + ζT )3(ζ − 2T )2

+
−4T 2(T − 2)(5T − 3)ζ + 8T 3(2T 2 − 5T + 1)

(2T − 2ζ + ζT )3(ζ − 2T )2

T→∞−→ 4

(2 + ζ)3
,
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d6 =
1

(2T − 2ζ + ζT )3(ζ − 2T )2

[
− 2(T − 1)(T − 2)2ζ5

+4T (T − 1)(T − 2)(2T − 7)ζ4 − 4T 2(2T 3 − 21T 2 + 53T − 30)ζ3

−32T 4(3T − 1)ζ
]

T→∞−→ −2(ζ2 + 6ζ + 12)ζ

(2 + ζ)3
,

d7 =
−8(T − 2)ζ3 + 16T (T 2 − 3)ζ2 − 8T 2(5T 2 − 3T − 6)ζ + 16T 3(2T 2 − 1)

T (2T − 2ζ + ζT )3(ζ − 2T )2

T→∞−→ 0,

d8 =
1

T 2(2T − 2ζ + ζT )3(ζ − 2T )2

[
4(T − 1)(T − 2)2ζ5

−8T (T − 1)(2T − 7)(T − 2)ζ4 + 4T 2(4T 3 − 43T 2 + 112T − 68)ζ3

+8T 3(12T 2 − 61T + 38)ζ2 + 16T 4(17T − 10)ζ − 32T 5(2T − 1)
]

T→∞−→ 0,

and

d9 =
1

(2T − 2ζ + ζT )3(ζ − 2T )2

[
− 4T (T − 4)(T − 2)ζ3 − 8T 2(7T − 12)ζ2

+16T 3(5T − 6)ζ − 32T 4(2T − 1)
]

T→∞−→ − 16

(2 + ζ)3
.

In the following section, we discuss the joint limit distribution of the test statistic

based on ζ̂, i.e, T (1− ρ̂ml,fix) under H0 : ρ = 1.

3.2 Limiting Distribution

Before we derive the joint limit distribution, let us discuss the sequential limit

distribution. From the previous section,
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fN(ζ)
T→∞−→ σ2

[
− 1

ζ
+ 2ζ

∑N
i=1(

∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2)

N

+

∑N
i=1(B

2
i (1)− 1)

N
− 2

∑N
i=1(Bi(1)

∫ 1
0 Bi(t)dt− (

∫ 1
0 Bi(t)dt)2)

N

− 2

(2 + ζ)2

∑N
i=1(2

∫ 1
0 Bi(t)dt−Bi(1))2

N

]
.

We find that the T -limit distribution of fN(ζ) can be expressed as a function of

averages of T -limit random quantities. In other words,

fN(ζ)
T→∞−→ σ2

[
− 1

ζ
+ 2ζAN + BN − 2

(2 + ζ)2
CN

]

where

AN =

∑N
i=1(

∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2)

N
N→∞−→ 1

6
,

BN =

∑N
i=1(B

2
i (1)− 1)

N
− 2

∑N
i=1(Bi(1)

∫ 1
0 Bi(t)dt− (

∫ 1
0 Bi(t)dt)2)

N
N→∞−→ −1

3
,

and

CN =

∑N
i=1(2

∫ 1
0 Bi(t)dt−Bi(1))2

N
N→∞−→ 1

3
.

Let us define this T -limit of fN(ζ) as M(AN , BN , CN , ζ). If ζ(AN , BN , CN) denotes

a solution of ζ such that M(AN , BN , CN , ζ) = 0, then this would be the maximum

likelihood estimator of ζ in the T -limit. We expand ζ(AN , BN , CN) in a Taylor series

about ζ(
1

6
,−1

3
,
1

3
) on the surface defined by M(AN , BN , CN , ζ) = 0.

Since
[
AN − 1

6
, BN +

1

3
, CN − 1

3

]
= Op(1/

√
N),
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ζ(AN , BN , CN) = ζ(
1

6
,−1

3
,
1

3
) +

∂ζ

∂AN

(AN − 1

6
) +

∂ζ

∂BN

(BN +
1

3
)

+
∂ζ

∂CN

(CN − 1

3
) + Op(1/N)

= 2.37− 8.991(AN − 1

6
)− 1.896(BN +

1

3
)

+0.199(CN − 1

3
) + Op(1/N).

From the T -limit moment results in Appendix C and the Central Limit Theorem,

√
N

[
T (ρ̂ml,fix − 1) + 2.37

]
D

=⇒ N(0, 6.719)

as T →∞ is followed by N →∞.

Now, we discuss the joint limit distribution of the test statistic based on ζ̂ where

the order of N and T does not matter. From the previous section, we know that

fN(ζ) can be expressed as a linear function of random quantities which have the form

of averages across i, for example,

∑N
i=1y

2
i1

N
. From the moment results in Appendix A

and Weak Law of Large Number theory,

fN(ζ)
P−→

[
c1 + c2

T − 1

T
+ c4

T − 1

2T
+ c5 + c6

2T 3 − 3T 2 + T

6T 3

+c7 + c8
T − 1

T
+ c9

T − 1

2T

]
σ2,

as N →∞.

Let us define this N-probability limit as f(ζ). Then f(ζ) does not have randomness

anymore. If ζ0(T ) denotes the value which satisfies f(ζ0(T )) = 0, we find that ζ0(T )

depends on T . Because −1 < ρ̂ml,fix < 1 and ζ̂ = T (1− ρ̂ml,fix), we restrict the range

of ζ0(T ) such that it lies within
[
0, 2T

]
for T > 2. For several T’s, we display the

values of ζ0(T ). These values are rounded off to have 4 digits.
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T ζ0(T )

25 2.505

50 2.436

100 2.402

∞ 2.37

From the sequential limit result, we know that ζ̂-ζ0(T ) is Op(1/
√

N). Therefore,

if we consider the Taylor series expansion of fN(ζ) about ζ0(T ),

fN(ζ̂) = fN(ζ0(T )) + f ′N(ζ0(T ))(ζ̂ − ζ0(T )) + Op(
1

N
).

Since fN(ζ̂) = 0 by definition of ζ̂,

√
N

[
ζ̂ − ζ0(T )

]
≈ −

√
NfN(ζ0(T ))

f ′N(ζ0(T ))
. (3.6)

Now we derive the joint limit distribution of
√

N
[
T (ρ̂ml,fix− 1) + ζ0(T )

]
by using

joint probability limit theory and the joint CLT from Chapter 2.

Theorem 3.1: Given model (3.1), let us assume that yi0 = 0 for every i. Then under

H0 : ρ = 1,

√
N

[
T (ρ̂ml,fix − 1) + ζ0(T )

]
D

=⇒N(0, 6.719),

as N, T →∞.

Proof:

Moment results used in this theorem are from Appendix A. From (3.6), we can obtain

the joint limit distribution of
√

N
[
T (ρ̂ml,fix − 1) + ζ0(T )

]
by deriving the joint limit

distribution

of

√
NfN(ζ0(T ))

f ′N(ζ0(T ))
. In other words, we apply joint probability theory to f ′N(ζ0(T )) and

the joint CLT to
√

NfN(ζ0(T )).
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Now

f ′N(ζ) =

∑N
i=1f

′
i (ζ)

N
,

where

f ′i (ζ) = d1y
2
i1 + d2

∑T
t=2(yit − yit−1)

2

T
+ d3

∑T
t=2(yit − yit−1)yit−1

T
+ d4

∑T
t=2yit−1

2

T 2

+ d5
yiT

2

T
+ d6

(
∑T

t=2yit−1)
2

T 3
+ d7yi1yiT + d8

yi1(
∑T

t=2yit−1)

T

+ d9
yiT (

∑T
t=2yit−1)

T 2
.

If we take the expectation for f ′i (ζ0(T )),

T E
[
f ′i (ζ0(T ))

]
25 0.445

50 0.485

100 0.506

∞ 0.527

In order to show that

f ′N(ζ0(T ))
P−→0.527

as N, T →∞, we need to prove limT→∞ V ar
[
f ′i (ζ0(T ))

]
< ∞. From the variance-

covariance calculation results in Appendix A, a few values of the variance are

T V ar
[
f ′i (ζ0(T ))

]
25 0.073

50 0.082

100 0.087

∞ 0.092
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Therefore, from Theorem 2.1 (a joint probability limit theorem),

f ′N(ζ0(T ))
P−→0.527 (3.7)

as N, T →∞.

Now, if we look at
√

NfN(ζ),

√
NfN(ζ) =

∑N
i=1fi(ζ)√

N
,

where

fi(ζ) = c1y
2
i1 + c2

∑T
t=2(yit − yit−1)

2

T
+ c3

∑T
t=2(yit − yit−1)yit−1

T
+ c4

∑T
t=2yit−1

2

T 2

+ c5
yiT

2

T
+ c6

(
∑T

t=2yit−1)
2

T 3
+ c7yi1yiT + c8

yi1(
∑T

t=2yit−1)

T
+ c9

yiT (
∑T

t=2yit−1)

T 2
.

By the definition of ζ0(T ), we know that E
[
fi(ζ0(T ))

]
= 0. The variances of fi(ζ0(T ))

for several T ’s are

T V ar
[
fi(ζ0(T ))

]
25 1.355

50 1.595

100 1.727

∞ 1.866

Now, we need to prove the uniformly integrability of f 2
i (ζ0(T )) in T . If we consider

the T-limit distribution of f 2
i (ζ0(T )),

f2
i (ζ0(T ))

D
=⇒

[
− 1

ζ0(∞)
+ 2ζ0(∞)

( ∫ 1

0
B2

i (t)dt− (
∫ 1

0
Bi(t)dt)2

)
+ (B2

i (1)− 1)

− 2
(
Bi(1)

∫ 1

0
Bi(t)dt− (

∫ 1

0
Bi(t)dt)2

)
− 2

(2
∫ 1
0 Bi(t)dt−Bi(1))2

(ζ0(∞) + 2)2

]2
σ4,
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as T →∞, where, as previously stated, ζ0(∞)=2.37.

From Appendix C, the expectation of the right hand side in the above equation

is 1.866. Since this value is equal to limT→∞E
[
f 2

i (ζ0(T ))
]
, f 2

i (ζ0(T )) is uniformly

integrable in T . If we apply Slutsky’s theorem to (3.6) using the result (3.7),

√
N

[
T (ρ̂ml,fix − 1) + ζ0(T )

]
D

=⇒N(0, 6.719),

as N, T →∞.

We conduct Monte Carlo simulation to obtain the empirical percentiles of√
N

[
T (ρ̂ml,fix − 1) + ζ0(T )

]
. These percentiles are shown in Table 3.1. We use the

same sets of (N, T ) as in Chapter 2. For each combination of (N, T ), we generate yit

such that yit = yit−1 + eit, where the eit’s are generated using the RANNOR function

in SAS and yi0 = 0 for each i. We have 10,000 replicates. For the computation

of ρ̂ml,fix, we run PROC MIXED in SAS, since PROC MIXED has the likelihood

function for the autoregressive model of order 1. We use the same method as in

Chapter 2 for smoothing the 5 % empirical percentiles in Table 3.1. The coefficient

of determination is over 0.99 and the square root of the mean squared error is 0.08.

Therefore, we can approximate the 5 % critical values with a linear function of
1√
N

and
1√
T

, namely

critical value ≈ −4.28− 5.39
1√
N

+ 0.37
1√
T

.
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Table 3.1: Empirical cumulative distribution of
√

N
[
T (ρ̂ml,fix − 1) + ζ0(T )

]
Probability of a Smaller Value

(N,T) 0.01 0.05 0.10 0.25 0.50 0.75 0.90 0.95 0.99

(10,25) -8.87 -5.99 -4.54 -2.36 -0.33 1.31 2.55 3.11 4.16

(10,50) -9.22 -5.96 -4.54 -2.32 -0.36 1.28 2.48 3.09 4.03

(10,100) -9.29 -5.97 -4.55 -2.36 -0.37 1.24 2.44 3.04 3.93

(25,25) -7.78 -5.33 -4.08 -2.13 -0.18 1.41 2.72 3.52 4.77

(25,50) -7.97 -5.27 -4.07 -2.12 -0.17 1.48 2.78 3.48 4.78

(25,100) -7.79 -5.19 -3.99 -2.09 -0.24 1.41 2.66 3.41 4.61

(50,25) -7.32 -4.99 -3.85 -2.02 -0.18 1.59 3.00 3.71 5.13

(50,50) -7.24 -4.91 -3.78 -1.94 -0.17 1.52 2.94 3.72 5.06

(50,100) -7.34 -4.93 -3.73 -1.96 -0.19 1.50 2.92 3.69 5.04

(∞,∞) -6.04 -4.28 -3.32 -1.74 0.00 1.74 3.32 4.28 6.04
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Chapter 4

Maximum Likelihood Estimation

with Random Individual Effects

4.1 Maximum Likelihood Estimator for the Ran-

dom Individual Effects Model

In this chapter, we consider maximum likelihood estimation and resulting test for

a unit root in a panel data model with random individual effects. The stationary

autoregressive model of order 1 with random individual effects can be described as

follows.

yit = µ + αi + εit,

εit = ρεit−1 + eit, i = 1, 2, · · · , N ; t = 1, 2, · · · , T, (4.1)

where the eit’s are independent identically distributed as N(0, σ2), the αi’s are inde-

pendent identically distributed as N(0, λσ2), and λ is an arbitrary positive real num-

ber. We assume that the first observation yi1 is distributed as N(µ, λσ2 +
σ2

1− ρ2
).

Also, εit and αi are assumed to be independent.

For |ρ| < 1, let the covariance matrix of the ith individual variables be σ2V.

Then σ2V is a (T × T ) matrix which has the form σ2
[
R + λJ

]
, where J is a (T × T )
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matrix all of whose elements are one and R is a toeplitz matrix whose first row is
1

1− ρ2

[
1, ρ, ρ2, · · · , ρT−1

]
.

Then the exact likelihood function for the model (4.1) is

L(λ, σ2, µ, ρ) =
1

(2πσ2)
NT
2 |V|N

2

exp
[
−

N∑
i=1

Y′i,µV−1Yi,µ

2σ2

]
, (4.2)

where

Yi,µ =
[
yi1 − µ, yi2 − µ, · · · , yiT − µ

]′
.

The maximum likelihood estimator of the overall mean parameter, µ̂mle can be

obtained by the Generalized Least Squares(GLS) method. The GLS estimator for µ

is

µ̂ =
[ N∑
i=1

1′V−11
]−1[ N∑

i=1

1′V−1Yi

]
,

where 1 is a column vector of 1’s with dimension T and

Yi =
[
yi1, yi2, · · · , yiT

]′
.

The inverse covariance matrix, [σ2V]
−1

can be expressed as
1

σ2

[
R−1 − dLL′

]
where

R−1 =




1 −ρ 0 0 · · · · · · 0

−ρ ρ2 + 1 −ρ 0
... · · · ...

0 −ρ ρ2 + 1 −ρ
... · · · ...

0 0
. . . . . . 0 · · · 0

...
... · · · · · · −ρ ρ2 + 1 −ρ

0 · · · · · · · · · 0 −ρ 1




,
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d =
λ(1− ρ)2

[(T − 2)λρ2 − 2(T − 1)λρ + 1 + Tλ]
,

and

L′ = [1, 1− ρ, 1− ρ, · · · , 1− ρ, 1] .

For given |ρ| < 1, the maximum likelihood estimator of µ is

µ̂mle =
[ N∑
i=1

1′V−11
]−1[ N∑

i=1

1′V−1Yi

]

=

∑N
i=1

[
yi1 + yiT + (1− ρ)

∑T−1
t=2 yit

]
N

[
2 + (T − 2)(1− ρ)

] . (4.3)

This has the form of the average of single subject mean estimators in Gonzalez (1999).

Let ρ̂ml,ran denote the maximum likelihood estimator(MLE) of ρ in the random

effects model. Since we are interested in finding the limit distribution of T (ρ̂ml,ran−1),

we write T (1− ρ) = ζ as in Chapter 3. If we consider the determinant of V,

|V| =
(T − 2)λ

ζ2

T 2
+ 2λ

ζ

T
+ 1

ζ

T

(
2− ζ

T

) .

Inserting the mean estimator, µ̂mle and |V|, the profile log likelihood is

lnL(λ, σ2, ζ) = −NT

2
ln2π − N

2
ln

[
(T − 2)λ

ζ2

T 2
+ 2λ

ζ

T
+ 1

]

+
N

2
ln

( ζ

T

(
2− ζ

T

))
− NT

2
lnσ2 − SS(λ, ζ)

2σ2
, (4.4)

where

SS(λ, ζ) =
N∑

i=1

Y′i V−1Yi − (
∑N

i=11
′V−1Yi)

2∑N
i=11

′V−11
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= −
(
1− ζ

T

)2λζ2(T − 1) + 2λζT + T 2

den1

N∑
i=1

y2
i1

− 2
(
1− ζ

T

) N∑
i=1

T∑
t=2

(yit − yit−1)yit−1 +
ζ2

T 2

N∑
i=1

T∑
t=2

yit−1
2

+
λζ2(T − 3) + 2λζT + T 2

den1

N∑
i=1

yiT
2 − λζ4

T 2den1

N∑
i=1

(
T∑

t=2

yit−1)
2

− 2λ(T − ζ)ζ3

T 2den1

N∑
i=1

yi1(
T∑

t=2

yit−1)− 2λ(T − ζ)ζ2

Tden1

N∑
i=1

yi1yiT

− 2λζ3

Tden1

N∑
i=1

yiT (
T∑

t=2

yit−1)−
(
1− ζ

T

)2 ζ2

T 2

den2

(
∑N

i=1yi1)
2

N

− ζ4

T 4den2

(
∑N

i=1

∑T
t=2yit−1)

2

N
− ζ2

T 2den2

(
∑N

i=1yiT )2

N

−
2
(
1− ζ

T

) ζ3

T 3

den2

(
∑N

i=1yi1)(
∑N

i=1

∑T
t=2yit−1)

N

−
2
(
1− ζ

T

) ζ2

T 2

den2

(
∑N

i=1yi1)(
∑N

i=1yiT )

N
−

2
ζ3

T 3

den2

(
∑N

i=1yiT )(
∑N

i=1

∑T
t=2yit−1)

den2
,

den1 = λζ2(T − 2) + 2λζT + T 2,

and

den2 =
[
(T − 2)λ

ζ2

T 2
+ 2λ

ζ

T
+ 1

][
(T − 2)

ζ2

T 2
+ 2

ζ

T

]
.

Also, we see that
SS(λ, ζ)

NT
is the maximum likelihood estimator of σ2. If we plug

this estimator into the log-likelihood function (4.4), then we have the following profile

log-likelihood function which is a function of only ζ and λ.

lnL(λ, ζ) = −NT

2
ln2π − N

2
ln

[
(T − 2)λ

ζ2

T 2
+ 2λ

ζ

T
+ 1

]
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+
N

2
ln

( ζ

T

(
2− ζ

T

))
− NT

2
ln

SS(λ, ζ)

NT
− NT

2
. (4.5)

To find the maximum likelihood estimators of ζ and λ, we consider an iterative Gauss

Newton method. For this procedure, we look at a vector of first derivatives

and Hessian matrix. For convenience, we set
[∂(−2lnL)

∂ζ
,
∂(−2lnL)

∂λ

]′
as our objective

function vector. Then

∂(−2lnL)

∂ζ
= N

2λ(ζ(T − 2) + T )

den1
+ N

2(ζ − T )

ζ(2T − ζ)
+

[SS(λ, ζ)

NT

]−1∂(SS(λ, ζ))

∂ζ
,

∂(−2lnL)

∂λ
= N

ζ(ζ(T − 2) + 2T )

den1
+

[SS(λ, ζ)

NT

]−1∂(SS(λ, ζ))

∂λ
,

∂2(−2lnL)

∂ζ2
= N

−2λ(λζ2(T − 2)2 + 2λζT (T − 2)− T 2(T − 2) + 2λT 2)

den12

+ 2N
ζ2 − 2ζT + 2T 2

ζ2(2T − ζ)2
+ NT

∂2(SS(λ, ζ))

∂ζ2
SS(λ, ζ)−

[∂(SS(λ, ζ))

∂ζ

]2

(SS(λ, ζ))2
,

∂2(−2lnL)

∂λ2
= N

−ζ2(ζ(T − 2) + 2T )2

den12

+ NT

∂2(SS(λ, ζ))

∂λ2
SS(λ, ζ)−

[∂(SS(λ, ζ))

∂λ

]2

(SS(λ, ζ))2
,

and

∂2(−2lnL)

∂λ∂ζ
= N

2(ζ(T − 2) + T )T 2

den12

+ NT

∂2(SS(λ, ζ))

∂λ∂ζ
SS(λ, ζ)− ∂(SS(λ, ζ))

∂ζ

∂(SS(λ, ζ))

∂λ
(SS(λ, ζ))2

.



62

Let θ̂(j) be the estimated values of
[
ζ(j), λ(j)

]′
at the jth step of the Gauss Newton

algorithm. Then to find maximum likelihood estimators, we iterate the following

system for ζ and λ until convergence occurs.

θ̂(j+1) = θ̂(j) −H−1g,

where

H=




∂2(−2lnL)

∂ζ2

∂2(−2lnL)

∂λ∂ζ
∂2(−2lnL)

∂λ∂ζ

∂2(−2lnL)

∂λ2


,

and

g=




∂(−2lnL)

∂ζ
∂(−2lnL)

∂λ


.

4.2 Sequential Limit Distribution

In this section, we discuss the sequential limit distribution of the test statistic

based on ζ̂, i.e, T (1 − ρ̂ml,ran) under H0 : ρ = 1 as T → ∞ and then N → ∞. A

difficulty arises in finding the joint limit distribution when we estimate λ and ζ at

the same time. The problem comes from the fact that the determinant of the Hessian

matrix is close to zero as T → ∞. Therefore, we remove the effect of λ by taking

the T -limit first. To derive the sequential limit distribution, we consider the T -limit

distribution for finite fixed N .

We can express SS(λ, ζ) as

SS(λ, ζ) =
N∑

i=1

Y′i V−1Yi − (
√

T
N∑

i=1

1′V−1Yi)(T
N∑

i=1

1′V−11)−1(
√

T
N∑

i=1

1′V−1Yi).
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We seek a limiting distribution for SS(λ, ζ) + 2
∑N

i=1

∑T
t=2(yit− yit−1)yit−1−∑N

i=1yiT
2.

Using the formula for SS(λ, ζ) following (4.4), we find

N∑
i=1

Y′i V−1Yi + 2
N∑

i=1

T∑
t=2

(yit − yit−1)yit−1 −
N∑

i=1

yiT
2

T→∞−→

−
N∑

i=1

y2
i1 +

N∑
i=1

[
ζ(B2

i (1)− 1) + ζ2
∫ 1

0
B2

i (t)dt
]
σ2,

T
N∑

i=1

1′V−11
T→∞−→ N(2ζ + ζ2),

and

√
T

N∑
i=1

1′V−1Yi
T→∞−→

N∑
i=1

[
ζ2

∫ 1

0
Bi(t)dt + ζBi(1)

]
σ,

where Bi(t), i = 1, 2, · · · , N are independent standard multivariate Wiener processes.

If we look at the T -limit distribution of SS(λ, ζ) + 2
∑N

i=1

∑T
t=2(yit − yit−1)yit−1 −∑N

i=1yiT
2, we have

SS(λ, ζ) + 2
N∑

i=1

T∑
t=2

(yit − yit−1)yit−1 −
N∑

i=1

yiT
2 T→∞−→ −

N∑
i=1

y2
i1 + ζσ2

N∑
i=1

(B2
i (1)− 1)

+ζ2σ2
N∑

i=1

(
∫ 1

0
B2

i (t)dt)− σ2ζ

N(2 + ζ)

[ N∑
i=1

(ζ
∫ 1

0
Bi(t)dt + Bi(1))

]2
. (4.6)

Note that

SS(λ, ζ)

NT
=

∑N
i=1yiT

2 − 2
∑T

t=2(yit − yit−1)yit−1

NT
+ Op(

1√
NT

)

=

∑N
i=1

∑T
t=2(yit − yit−1)

2

NT
+ Op(

1√
NT

)

p−→ σ2.
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Then the T -limit distribution of
∂(−2lnL)

∂ζ
is

∂(−2lnL)

∂ζ
T→∞−→ −N

ζ
+

N∑
i=1

[
(B2

i (1)− 1) + 2ζ
∫ 1

0
B2

i (t)dt
]

− 2

(2 + ζ)2N

[
ζ2(3 + ζ)(

N∑
i=1

∫ 1

0
Bi(t)dt)2

+ζ(4 + ζ)(
N∑

i=1

∫ 1

0
Bi(t)dt)(

N∑
i=1

Bi(1)) + (
N∑

i=1

Bi(1))2
]
. (4.7)

Thus we can see that the role of λ disappears in the T -limit. Furthermore, this T -limit

distribution is same as in the fixed common mean effect model.

Now, based on this T -limit distribution, we consider a sequential limit distri-

bution by taking the N -limit. In deriving the sequential limit, we use the same

technique as in Chapter 3. Let us define the T -limit distribution of N−1∂(−2lnL)

∂ζ
as

g(DN , EN , FN , IN , ζ). Then

g(DN , EN , FN , IN , ζ) = −1

ζ
+ DN + 2ζEN − 2ζ2(3 + ζ)

(2 + ζ)2
F 2

N

−2ζ(4 + ζ)

(2 + ζ)2
FNIN − 2

(2 + ζ)2
I2
N , (4.8)

where

DN =

∑N
i=1(B

2
i (1)− 1)

N
N→∞−→ 0,

EN =

∑N
i=1(

∫ 1
0 B2

i (t)dt)

N
N→∞−→ 1

2
,

FN =

∑N
i=1(

∫ 1
0 Bi(t)dt)

N
N→∞−→ 0,
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and

IN =

∑N
i=1(Bi(1))

N
N→∞−→ 0.

We are interested in the surface, g(DN , EN , FN , IN , ζ) = 0 to find the maximum

likelihood estimator of ζ. If ζ(DN , EN , FN , IN) denotes a solution of

g(DN , EN , FN , IN , ζ) = 0, then ζ(0,
1

2
, 0, 0) = 1. Using Taylor’s series,

ζ(DN , EN , FN , IN) = ζ(0,
1

2
, 0, 0) +

∂ζ

∂DN

DN +
∂ζ

∂EN

(EN − 1

2
)

+
∂ζ

∂FN

FN +
∂ζ

∂IN

IN + Op(1/N)

= 1− 1

2
DN − (EN − 1

2
) + Op(1/N), (4.9)

where each partial derivative of ζ(DN , EN , FN , IN) is evaluated at (ζ = 1, DN =

0, EN =
1

2
, FN = 0, IN = 0). Then we have the following sequential limit result for

√
N

[
ζ̂ − 1

]
.

Theorem 4.1: Given model (4.1), if we assume that µ = εi0 = 0 for each i, then

under H0 : ρ = 1,

√
N

[
T (ρ̂ml,ran − 1) + 1

]
D

=⇒N(0, 1.5)

as T →∞ is followed by N →∞.

Proof:

From (4.9), we know that

√
N

[
ζ̂ − 1

]
T→∞−→

∑N
i=1

[
− 1

2
(B2

i (1)− 1)− (
∫ 1
0 B2

i (t)dt− 1

2
)
]

√
N

+ Op(1/
√

N).

If we look at the moment results of the T -limit random variables in Appendix C,
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E
[
− 1

2
(B2

i (1)− 1)− (
∫ 1

0
B2

i (t)dt− 1

2
)
]

= 0,

and

V ar
[
− 1

2
(B2

i (1)− 1)− (
∫ 1

0
B2

i (t)dt− 1

2
)
]

= 1.5.

Therefore, by the Central Limit Theorem,

√
N

[
ζ̂ − 1

]
D

=⇒N(0, 1.5)

as T →∞ is followed by N →∞.

Table 4.1 shows the empirical percentiles of
√

N
[
T (ρ̂ml,ran − 1) + 1

]
when λ = 1

under H0 : ρ = 1. For this Monte Carlo simulation, we generate yit such that yit =

yit−1 + eit where the eit’s are generated from the RANNOR function in SAS. The

initial observation yi0 is generated from N(0, 1) independently of eit. We have 10,000

replicates for each combination of (N, T ). Since SAS PROC MIXED implements

the maximum likelihood algorithm for model (4.1), we can obtain ρ̂ml,ran from PROC

MIXED. We also present means of T (ρ̂ml,ran−1) and variances of
√

NT (ρ̂ml,ran−1) for

each combination of (N, T ) below the table of the empirical percentiles. As T → ∞
is followed by N → ∞, we find that means for T (ρ̂ml,ran − 1) become close to -1

and variances of
√

N
[
T (ρ̂ml,ran − 1) + 1

]
converge to 1.5. This is consistent with our

sequential limit result in Theorem 4.1. As in the previous chapter, we smooth the 5 %

empirical percentiles in Table 4.1 by regressing on
1√
N

and
1√
T

. For this regression,

we use values after subtracting sequential limit 5 % percentiles, that is, -2.02 from

the empirical percentiles. Therefore we do not include an intercept in the regression

model. The adjusted R2 is over 0.93 and the square root of mean squared error is

0.24. Hence the critical values can be explained well with a linear function of
1√
N

and
1√
T

, that is, −2.02− 8.45
1√
N

+ 8.17
1√
T

.
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Table 4.1: Empirical cumulative distribution of
√

N
[
T (ρ̂ml,ran − 1) + 1

]
Probability of a Smaller Value

(N,T) 0.01 0.05 0.10 0.25 0.50 0.75 0.90 0.95 0.99

(10,25) -6.29 -3.54 -2.37 -1.01 0.00 0.70 1.17 1.42 1.77

(10,50) -6.42 -3.67 -2.56 -1.23 -0.22 0.57 1.08 1.36 1.71

(10,100) -6.10 -3.64 -2.66 -1.36 -0.28 0.51 1.04 1.30 1.71

(25,25) -3.60 -2.05 -1.40 -0.50 0.30 1.00 1.55 1.80 2.25

(25,50) -3.85 -2.45 -1.80 -0.85 0.05 0.80 1.35 1.65 2.10

(25,100) -4.20 -2.70 -2.00 -1.00 -0.05 0.70 1.25 1.55 2.05

(50,25) -2.47 -1.48 -0.92 -0.14 0.64 1.27 1.84 2.12 2.62

(50,50) -3.11 -1.98 -1.41 -0.57 0.21 0.99 1.56 1.91 2.40

(50,100) -3.39 -2.19 -1.63 -0.78 0.07 0.85 1.41 1.77 2.33

(∞,∞) -2.85 -2.02 -1.57 -0.82 0.00 0.82 1.57 2.02 2.85

Mean of T (ρ̂ml,ran − 1)
(N,T) 25 50 100

10 -1.12 -1.17 -1.19
25 -0.97 -1.02 -1.05
50 -0.93 -0.98 -1.01

Variance of
√

N
[
T (ρ̂ml,ran − 1) + 1

]
(N,T) 25 50 100

10 2.7 2.7 2.6
25 1.5 1.75 1.75
50 1 1.5 1.5
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Chapter 5

Power Study

In this chapter, we compare the powers of several unit root tests in panel data.

The observations are generated by

yit = µi(1− ρ) + ρyit−1 + eit; i = 1, · · · , N, t = 1, · · · , T

where µi and eit are generated from the standard Gaussian distribution independently,

and yi0 = µi for each i. As a random number generator, we use the RANNOR function

in SAS. We consider 5 values for ρ, that is, 1.0, 0.98, 0.95, 0.90, and 0.85. Note that

when ρ =1, we obtain the size for each test statistic. For our power study, we consider

the following 8 sets of panel and time dimensions.

(N, T ) = (10, 25), (10, 50), (10, 100), (25, 25), (25, 50), (25, 100),

(50, 25), and (50, 50).

For each set, 2,000 data sets are generated and we compute powers of the follwing

test statistics.

LL=Levin and Lin’s t-statistic in (1.8).

IPS=Im, Peseran, and Shin’s t-bar statistic in (1.21).

τ̂s=symmetric studentized test statistic in (2.7).
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τ̂ws=weighted symmetric studentized test statistic in (2.8).

MLEf=
√

N
[
T (ρ̂ml,fix − 1) + ζ0(T )

]
in chapter 3.

MLEr=
√

N
[
T (ρ̂ml,ran − 1) + 1

]
in chapter 4.

As the 5 % critical values for our test statistics, we use the empirical percentiles in

chapter 2,3, and 4. For Levin and Lin’s (1992) t-statistic and Im, Peseran, and Shin’s

(1997) t-bar statistic, we use their 5 % empirical percentiles under H0 : ρ = 1.

Concerning size, most of the statistics have proper sizes which are close to the

nominal value, 0.05, whereas Levin and Lin’s t-statstic has a size distortion problem

as N becomes large. This is due to the fact that the critical values for Levin and

Lin’s t-statistic become much smaller for large N . As Karlsson and Löthgren (2000)

mention in their paper, powers increase dramatically when T becomes large rather

than when N becomes large. Especially, when ρ < 0.98, powers for test statistics

based on the weighted symmetric estimator and the maximum likelihood estimator

are much higher than LL and IPS test statistics even for small samples like T=25.

Also, when we compare the power of our panel test statistics with those in Gonzalez

(1999) that is, the single time series case, we find that panel test statistics are more

powerful. For all alternative values when T=100, by the time N reaches 25 our tests

have almost 100 % powers. So the T=100,N=50 case was not included.
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Table 5.1: Size of unit root tests in panel data when ρ = 1

(N,T) T=25 T=50 T=100

N=10 LL 0.050 0.060 0.055

IPS 0.040 0.046 0.046

τ̂s 0.046 0.054 0.048

τ̂ws 0.046 0.056 0.050

MLEf 0.046 0.054 0.048

MLEr 0.053 0.046 0.057

N=25 LL 0.044 0.039 0.045

IPS 0.049 0.049 0.050

τ̂s 0.052 0.040 0.044

τ̂ws 0.046 0.051 0.048

MLEf 0.049 0.049 0.045

MLEr 0.054 0.050 0.048

N=50 LL 0.032 0.034 0.042

IPS 0.051 0.046 0.046

τ̂s 0.046 0.053 0.050

τ̂ws 0.048 0.047 0.045

MLEf 0.046 0.058 0.045

MLEr 0.044 0.054 0.049
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Table 5.2: Power of unit root tests in panel data when ρ = 0.98

(N,T) T=25 T=50 T=100

N=10 LL 10.2 13.6 26.6

IPS 8.6 11.4 22.2

τ̂s 15.1 31.9 68.6

τ̂ws 17.1 40.0 86.8

MLEf 16.4 36.2 81.5

MLEr 17.4 42.6 90.3

N=25 LL 13.4 23.9 51.2

IPS 11.2 21.4 42.2

τ̂s 26.8 65.3 97.8

τ̂ws 34.0 82.8 100

MLEf 27.0 76.8 99.9

MLEr 36.1 84.8 100

N=50 LL 16.7 41.6

IPS 16.5 33.4

τ̂s 46.2 92.6

τ̂ws 62.6 98.7

MLEf 55.3 97.8

MLEr 61.2 98.8
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Table 5.3: Power of unit root tests in panel data when ρ = 0.95

(N,T) T=25 T=50 T=100

N=10 LL 17.4 34.6 83.1

IPS 13.0 25.9 72.2

τ̂s 39.8 83.0 100

τ̂ws 53.1 95.4 100

MLEf 43.5 91.0 100

MLEr 53.4 96.6 100

N=25 LL 30.8 68.3 99.9

IPS 24.5 56.2 99.9

τ̂s 79.9 99.7 100

τ̂ws 93.5 100 100

MLEf 87.8 100 100

MLEr 93.7 100 100

N=50 LL 49.9 93.8

IPS 42.3 83.6

τ̂s 98.0 100

τ̂ws 100 100

MLEf 99.4 100

MLEr 99.9 100
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Table 5.4: Power of unit root tests in panel data when ρ = 0.9

(N,T) T=25 T=50 T=100

N=10 LL 38.0 84.8 100

IPS 25.9 72.7 100

τ̂s 81.9 99.9 100

τ̂ws 94.7 100 100

MLEf 86.7 100 100

MLEr 93.9 100 100

N=25 LL 67.9 99.8 100

IPS 52.4 98.7 100

τ̂s 99.7 100 100

τ̂ws 100 100 100

MLEf 100 100 100

MLEr 100 100 100

N=50 LL 93.4 100

IPS 84.9 100

τ̂s 100 100

τ̂ws 100 100

MLEf 100 100

MLEr 100 100
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Table 5.5: Power of unit root tests in panel data when ρ = 0.85

(N,T) T=25 T=50 T=100

N=10 LL 62.2 99.7 100

IPS 46.6 98.3 100

τ̂s 97.4 100 100

τ̂ws 99.8 100 100

MLEf 99.0 100 100

MLEr 99.8 100 100

N=25 LL 95.3 100 100

IPS 86.0 100 100

τ̂s 100 100 100

τ̂ws 100 100 100

MLEf 100 100 100

MLEr 100 100 100

N=50 LL 98.9 100

IPS 99.0 100

τ̂s 100 100

τ̂ws 100 100

MLEf 100 100

MLEr 100 100
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Chapter 6

Example

As an example, we consider the Real Gross Domestic Product (real GDP) per

Capita for 12 countries from 1970 to 1998. These historical data are available from

the website of the United States Department of Labor (http://stats.bls.gov). The

real GDP data are constructed using Elteto-Köves-Szulc (EKS) Purchasing Power

Parities (PPPs) method. Since the price levels of the United States are set as 100,

we do not include the USA data. The real GDP data are shown in Figure 6.1. We

fit our data to the first order autoregressive model with individual fixed effects. The

test statistics based on several estimation methods are shown in the below table. We

use the same notations for the test statistics as in Chapter 5. Also, we present the 5

% critical value for each test statistic when N=10 and T=25.

Method Test Statistic Critical Value

LL −4.76 −5.42

IPS −1.64 −1.99

τ̂s 0.02 −1.9

τ̂ws 0.15 −2.1

MLEf −0.39 −5.99

If we consider the one sided test at the 5 % level, we do not reject H0 : ρ = 1 for

all tests. Therefore, we fail to conclude that the real GDP per Capita follow the

stationary processes for 12 countries.
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Figure 6.1: Real GDP per Capita using EKS PPPs (United States=100)
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Chapter 7

Summary

In this thesis, we have developed unit root test statistics based on weighted sym-

metric estimation and maximum likelihood estimation for the first order autoregres-

sive panel model with individual effects. For the weighted symmetric estimation

method, we have extended our model to the 2nd order autoregressive model. We

have discussed the random individual effects case as well as the fixed individual ef-

fects case for the maximum likelihood estimation method.

For our test criteria, we have derived the limiting distribution. Unlike the results

in the univariate case, we have Gaussian limiting distributions for unit root tests in

panel data. A summary table of the T -limit and the joint limit distribution (the

sequential limit in the random individual effects case) is given below.

Test T -limit Limiting
representation distribution

τ̂s

∑N
i=1[− 0.5 + 3(

∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2)]∑N

i=1[
∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2]

N(0,1.2)

τ̂ws

∑N
i=1[0.5(B2

i (1)− 1) +
∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)Bi(1)]∑N

i=1[
∫ 1
0 B2

i (t)dt− (
∫ 1
0 Bi(t)dt)2]

N(0,1.5)

MLEf no closed form N(0,6.719)

MLEr no closed form N(0,1.5)

Through Monte Carlo experiments, we have computed the empirical percentiles
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of our test statistics and obtained the smoothing functions for the 5 % critical values.

The following table shows the smoothing functions and unsmoothed 5 % critical values

when N=25 and T=50.

Test 5 % critical c.v. at
value (c.v.) N=25, T=50

τ̂s -1.81-0.4
1√
N

+0.16
1√
T

-1.88

τ̂ws -2.02-0.34
1√
N

+0.22
1√
T

-2.08

MLEf -4.28-5.39
1√
N

+ 0.37
1√
T

-5.27

MLEr -2.02-8.45
1√
N

+ 8.17
1√
T

-2.45

From our power study, we have found that our test statistics are quite a bit more

powerful than those based on the ordinary least squares estimator. As has been

pointed out in previous studies, a power improvement results from using panel data

rather than a single time series. In the following table, we present the power of our

test criteria for N=25 and T = 50 when ρ=0.95. To compare powers of unit root tests

in panel data with those in a single time series, we consider the test statistics based on

simple symmetric estimation in Dickey, Hasza and Fuller (1984), weighted symmetric

estimation in Park and Fuller (1995) and maximum likelihood estimation in Gonzalez

and Dickey (1999). For the computation of powers, we use 2,000 replicates.

Test Power at N=25, T=50 Power at N=1, T=50
ρ=0.95 ρ=0.95

τ̂s 99.7 12.3

τ̂ws 100 13.7

MLEf 100 13.0

LL 68.3

IPS 56.2
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Appendix A

Finite Sample Moments in Fixed

Effects Case

In this section, we compute the finite sample moments of random variables with

fixed effects under H0 : ρ = 1. Harris and Tzavalis (1999) figure out the finite sample

moments by expressing random variables as functions of white noise. We employ

their method in computing the first and the second moments. First of all, the random

variables in weighted symmetric estimation and maximum likelihood estimation with

fixed effects can be expressed as functions of the following random variables under

H0 : ρ = 1. Let eit be distributed as N(0, σ2).

• ∑T
t=2yit−1 =

∑T
t=1(T − t)eit.

• ∑T
t=2(yit − yit−1)

2 =
∑T

t=2e
2
it.

• ∑T
t=2(yit − yit−1)yit−1 =

∑T−1
t=1

∑T
s=t+1 eiteis.

• ∑T
t=2yit−1

2 =
∑T

t=1(T − t)e2
it + 2

∑T−1
t=1

∑T
s=t+1(T − s)eiteis.

• yiT
2 =

∑T
t=1e

2
it + 2

∑T−1
t=1

∑T
s=t+1 eiteis.

• (
∑T

t=2yit−1)yiT =
∑T

t=1(T − t)e2
it +

∑T−1
t=1

∑T
s=t+1(2T − s− t)eiteis.

Based on previous results, we can find expectations,variances and covariances of those

random variables.
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• E
[
y2

i1

]
= E

[
yi1yiT

]
= σ2.

• E
[∑T

t=2(yit − yit−1)
2

T

]
=

T − 1

T
σ2.

• E
[∑T

t=2(yit − yit−1)yit−1

T

]
= 0.

• E
[∑T

t=2yit−1
2

T 2

]
=

T − 1

2T
σ2.

• E
[yiT

2

T

]
= σ2.

• E
[(

∑T
t=2yit−1)

2

T 3

]
=

2T 3 − 3T 2 + T

6T 3
σ2.

• E
[yi1(

∑T
t=2yit−1)

T

]
=

T − 1

T
σ2.

• E
[(

∑T
t=2yit−1)yiT

T 2

]
=

T − 1

2T
σ2.

• V ar
[
y2

i1

]
= 2σ4.

• V ar
[∑T

t=2(yit − yit−1)
2

T

]
=

2(T − 1)

T 2
σ4.

• V ar
[∑T

t=2(yit − yit−1)yit−1

T

]
=

T − 1

2T
σ4.

• V ar
[∑T

t=2yit−1
2

T 2

]
=

(T − 1)(T 2 − T + 1)

3T 3
σ4.

• V ar
[yiT

2

T

]
= 2σ4.

• V ar
[(

∑T
t=2yit−1)

2

T 3

]
=

1

T 4

[2T 4

9
− 2T 3

3
+

13T 2

18
− T

3
+

1

18

]
σ4.

• V ar
[
yi1yiT

]
= (T + 1)σ4.

• V ar
[yi1(

∑T
t=2yit−1)

T

]
=

1

T 2

[T 3

3
+

T 2

2
− 11T

6
+ 1

]
σ4.

• V ar
[(

∑T
t=2yit−1)yiT

T 2

]
=

1

T 2

[7T 2

12
− T +

5

12

]
σ4.
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• Cov
[
y2

i1,

∑T
t=2(yit − yit−1)

2

T

]
= 0.

• Cov
[
y2

i1,

∑T
t=2(yit − yit−1)yit−1

T

]
= 0.

• Cov
[
y2

i1,

∑T
t=2yit−1

2

T 2

]
=

2(T − 1)

T 2
σ4.

• Cov
[
y2

i1,
yiT

2

T

]
=

2

T
σ4.

• Cov
[
y2

i1,
(
∑T

t=2yit−1)
2

T 3

]
=

2(T − 1)2

T 3
σ4.

• Cov
[
y2

i1, yi1yiT

]
= 2σ4.

• Cov
[
y2

i1,
yi1(

∑T
t=2yit−1)

T

]
=

2(T − 1)

T
σ4.

• Cov
[
y2

i1,
(
∑T

t=2yit−1)yiT

T 2

]
=

2(T − 1)

T 2
σ4.

• Cov
[∑T

t=2(yit − yit−1)
2

T
,

∑T
t=2(yit − yit−1)yit−1

T

]
= 0.

• Cov
[∑T

t=2(yit − yit−1)
2

T
,

∑T
t=2yit−1

2

T 2

]
=

1

T 3

[
T 2 − 3T + 2

]
σ4.

• Cov
[∑T

t=2(yit − yit−1)
2

T
,
yiT

2

T

]
=

2(T − 1)

T 2
σ4.

• Cov
[∑T

t=2(yit − yit−1)
2

T
,
(
∑T

t=2yit−1)
2

T 3

]
=

2T 3 − 9T 2 + 13T − 6

3T 4
σ4.

• Cov
[∑T

t=2(yit − yit−1)
2

T
, yi1yiT

]
= 0.

• Cov
[∑T

t=2(yit − yit−1)
2

T
,
yi1(

∑T
t=2yit−1)

T

]
= 0.

• Cov
[∑T

t=2(yit − yit−1)
2

T
,
(
∑T

t=2yit−1)yiT

T 2

]
=

T 2 − 3T + 2

T 3
σ4.

• Cov
[∑T

t=2(yit − yit−1)yit−1

T
,

∑T
t=2yit−1

2

T 2

]
=

1

T 2

[T 2

3
+

2

3
− T

]
σ4.

• Cov
[∑T

t=2(yit − yit−1)yit−1

T
,
yiT

2

T

]
=

T − 1

T
σ4.
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• Cov
[∑T

t=2(yit − yit−1)yit−1

T
,
(
∑T

t=2yit−1)
2

T 3

]
=

1

T 3

[T 3

4
− 5T 2

6
+

3T

4
− 1

6

]
σ4.

• Cov
[∑T

t=2(yit − yit−1)yit−1

T
, yi1yiT

]
=

T − 1

T
σ4.

• Cov
[∑T

t=2(yit − yit−1)yit−1

T
,
yi1(

∑T
t=2yit−1)

T

]
=

T 2 − 3T + 2

2T 2
σ4.

• Cov
[∑T

t=2(yit − yit−1)yit−1

T
,
(
∑T

t=2yit−1)yiT

T 2

]
=

T 2 − 2T + 1

2T 2
σ4.

• Cov
[∑T

t=2yit−1
2

T 2
,
yiT

2

T

]
=

1

T 2

[2T 2

3
− T +

1

3

]
σ4.

• Cov
[∑T

t=2yit−1
2

T 2
,
(
∑T

t=2yit−1)
2

T 3

]
=

1

T 4

[4T 4

15
− 2T 3

3
+

2T 2

3
− T

3
+

1

15

]
σ4.

• Cov
[∑T

t=2yit−1
2

T 2
, yi1yiT

]
=

T − 1

T
σ4.

• Cov
[∑T

t=2yit−1
2

T 2
,
yi1(

∑T
t=2yit−1)

T

]
=

2T 2 − 3T + 1

3T 2
σ4.

• Cov
[∑T

t=2yit−1
2

T 2
,
(
∑T

t=2yit−1)yiT

T 2

]
=

5T 4 − 10T 3 + 7T 2 − 2T

12T 4
σ4.

• Cov
[yiT

2

T
,
(
∑T

t=2yit−1)
2

T 3

]
=

1

T 2

[T 2

2
− T +

1

2

]
σ4.

• Cov
[yiT

2

T
, yi1yiT

]
= 2σ4.

• Cov
[yiT

2

T
,
yi1(

∑T
t=2yit−1)

T

]
=

T − 1

T
σ4.

• Cov
[yiT

2

T
,
(
∑T

t=2yit−1)yiT

T 2

]
=

T − 1

T
σ4.

• Cov
[(

∑T
t=2yit−1)

2

T 3
, yi1yiT

]
=

T 3 − 2T 2 + T

T 3
σ4.

• Cov
[(

∑T
t=2yit−1)

2

T 3
,
yi1(

∑T
t=2yit−1)

T

]
=

1

T 4

[2T 4

3
− 5T 3

3
+

4T 2

3
− T

3

]
σ4.

• Cov
[(

∑T
t=2yit−1)

2

T 3
,
(
∑T

t=2yit−1)yiT

T 2

]
=

2T 3 − 5T 2 + 4T − 1

6T 3
σ4.
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• Cov
[
yi1yiT ,

yi1(
∑T

t=2yit−1)

T

]
=

T 2 + T − 2

2T
σ4.

• Cov
[
yi1yiT ,

(
∑T

t=2yit−1)yiT

T 2

]
=

3(T − 1)

2T
σ4.

• Cov
[yi1(

∑T
t=2yit−1)

T
,
(
∑T

t=2yit−1)yiT

T 2

]
=

5T 2 − 9T + 4

6T 2
σ4.
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Appendix B

Finite Sample Moments in

Random Effects Case

Now we consider the finite sample moments of random variables in maximum

likelihood estimation with random effects. In this case, each random variable has

additional components due to the individual random effects unlike the usual random

walk model. Let us assume that αi has a Gaussian distribution with mean 0 and

variance λσ2 and the eit’s are independent of αi and have the same distiribution as

in Appendix A. Then, under H0 : ρ = 1, the random variables of interest have the

following expressions.

• ∑T
t=2yit−1 = (T − 1)αi +

∑T
t=1(T − t)eit.

• ∑T
t=2(yit − yit−1)yit−1 = αi

∑T
t=2eit +

∑T−1
t=1

∑T
s=t+1 eiteis.

• ∑T
t=2yit−1

2 = (T − 1)α2
i + 2αi

∑T
t=1(T − t)eit +

∑T
t=1(T − t)e2

it

+ 2
∑T−1

t=1

∑T
s=t+1(T − s)eiteis.

• yiT
2 = α2

i + 2αi
∑T

t=1eit +
∑T

t=1e
2
it + 2

∑T−1
t=1

∑T
s=t+1 eiteis.

• (
∑T

t=2yit−1)yiT = (T − 1)α2
i + αi

∑T
t=1(2T − t− 1)eit +

∑T
t=1(T − t)e2

it

+
∑T−1

t=1

∑T
s=t+1(2T − s− t)eiteis.
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We can find the finite sample moments of these random variables from the previous

expressions.

• E
[
y2

i1

]
= E

[
yi1yiT

]
= (λ + 1)σ2.

• E
[∑T

t=2(yit − yit−1)yit−1

T

]
= 0.

• E
[∑T

t=2yit−1
2

T 2

]
=

2(T − 1)λ + T 2 − T

2T 2
σ2.

• E
[yiT

2

T

]
=

λ + T

T
σ2.

• E
[(

∑T
t=2yit−1)

2

T 3

]
=

6(T − 1)2λ + 2T 3 − 3T 2 + T

6T 3
σ2.

• E
[yi1(

∑T
t=2yit−1)

T

]
=

(T − 1)(λ + 1)

T
σ2.

• E
[(

∑T
t=2yit−1)yiT

T 2

]
=

2(T − 1)λ + T 2 − T

2T 2
σ2.

• V ar
[
y2

i1

]
= 2(λ + 1)2σ4.

• V ar
[∑T

t=2(yit − yit−1)yit−1

T

]
=

2λ(T − 1) + T 2 − T

2T 2
σ4.

• V ar
[∑T

t=2yit−1
2

T 2

]
=

1

3T 4

[
6(T − 1)2λ2 + (4T 3 − 6T 2 + 2T )λ + T 4 − 2T 3

+ 2T 2 − T
]
σ4.

• V ar
[yiT

2

T

]
=

2λ2 + 4Tλ + 2T 2

T 2
σ4.

• V ar
[(

∑T
t=2yit−1)

2

T 3

]
=

1

T 6

[
2(T − 1)4λ2 + (

4T 5

3
− 14T 4

3
+ 6T 3 − 10T 2

3
+

2T

3
)λ

+
2T 6

9
− 2T 5

3
+

13T 4

18
− T 3

3
+

T 2

18

]
σ4.

• V ar
[
yi1yiT

]
=

[
2λ2 + (T + 3)λ + (T + 1)

]
σ4.

• V ar
[yi1(

∑T
t=2yit−1)

T

]
=

1

T 2

[
2(T − 1)2λ2 + (

T 3

3
+

5T 2

2
− 35T

6
+ 3)λ +

T 3

3
+

T 2

2
− 11T

6
+ 1

]
σ4.
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• V ar
[(

∑T
t=2yit−1)yiT

T 2

]
=

1

T 4

[
2(T − 1)2λ2 + (

7T 3

3
− 9T 2

2
+

13T

6
)λ +

7T 4

12
− T 3 +

5T 2

12

]
σ4.

• Cov
[
y2

i1,

∑T
t=2(yit − yit−1)yit−1

T

]
= 0.

• Cov
[
y2

i1,

∑T
t=2yit−1

2

T 2

]
=

2(T − 1)(λ + 1)2

T 2
σ4.

• Cov
[
y2

i1,
yiT

2

T

]
=

2(λ + 1)2

T
σ4.

• Cov
[
y2

i1,
(
∑T

t=2yit−1)
2

T 3

]
=

2(T − 1)2(λ + 1)2

T 3
σ4.

• Cov
[
y2

i1, yi1yiT

]
= 2(λ + 1)2σ4.

• Cov
[
y2

i1,
yi1(

∑T
t=2yit−1)

T

]
=

2(T − 1)(λ + 1)2

T
σ4.

• Cov
[
y2

i1,
(
∑T

t=2yit−1)yiT

T 2

]
=

2(T − 1)(λ + 1)2

T 2
σ4.

• Cov
[∑T

t=2(yit − yit−1)yit−1

T
,

∑T
t=2yit−1

2

T 2

]
=

1

T 3

[
(T 2−3T +2)λ+

T 3

3
+

2T

3
−T 2

]
σ4.

• Cov
[∑T

t=2(yit − yit−1)yit−1

T
,
yiT

2

T

]
=

2(T − 1)λ + (T 2 − T )

T 2
σ4.

• Cov
[∑T

t=2(yit − yit−1)yit−1

T
,
(
∑T

t=2yit−1)
2

T 3

]
=

1

T 4

[
(T 3 − 4T 2 + 5T − 2)λ +

T 4

4
− 5T 3

6
+

3T 2

4
− T

6

]
σ4.

• Cov
[∑T

t=2(yit − yit−1)yit−1

T
, yi1yiT

]
=

(T − 1)(λ + 1)

T
σ4.

• Cov
[∑T

t=2(yit − yit−1)yit−1

T
,
yi1(

∑T
t=2yit−1)

T

]
=

(T 2 − 3T + 2)(λ + 1)

2T 2
σ4.

• Cov
[∑T

t=2(yit − yit−1)yit−1

T
,
(
∑T

t=2yit−1)yiT

T 2

]
=

1

2T 3

[
(3T 2 − 7T + 4)λ + T 3

− 2T 2 + T
]
σ4.
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• Cov
[∑T

t=2yit−1
2

T 2
,
yiT

2

T

]
=

1

T 3

[
2(T − 1)λ2 + (2T 2 − 2T )λ +

2T 3

3
− T 2 +

T

3

]
σ4.

• Cov
[∑T

t=2yit−1
2

T 2
,
(
∑T

t=2yit−1)
2

T 3

]
=

1

T 5

[
2(T −1)3λ2 +(

4T 4

3
− 10T 3

3
+

8T 2

3
− 2T

3
)λ

+
4T 5

15
− 2T 4

3
+

2T 3

3
− T 2

3
+

T

15

]
σ4.

• Cov
[∑T

t=2yit−1
2

T 2
, yi1yiT

]
=

2(T − 1)λ2 + (T 2 + T − 2)λ + T 2 − T

T 2
σ4.

• Cov
[∑T

t=2yit−1
2

T 2
,
yi1(

∑T
t=2yit−1)

T

]
=

[6(T − 1)2λ2 + (2T 3 + 3T 2 − 11T + 6)λ

3T 3

+
2T 3 − 3T 2 + T

3T 3

]
σ4.

• Cov
[∑T

t=2yit−1
2

T 2
,
(
∑T

t=2yit−1)yiT

T 2

]
=

[24(T − 1)λ2 + (20T 3 − 36T 2 + 16T )λ

12T 4

+
5T 4 − 10T 3 + 7T 2 − 2T

12T 4

]
σ4.

• Cov
[yiT

2

T
,
(
∑T

t=2yit−1)
2

T 3

]
=

1

T 4

[
2(T−1)2λ2+(2T 3−4T 2+2T )λ+

T 4

2
−T 3+

T 2

2

]
σ4.

• Cov
[yiT

2

T
, yi1yiT

]
=

2λ2 + (2T + 2)λ + 2T

T
σ4.

• Cov
[yiT

2

T
,
yi1(

∑T
t=2yit−1)

T

]
=

2(T − 1)λ2 + (T 2 + T − 2)λ + T 2 − T

T 2
σ4.

• Cov
[yiT

2

T
,
(
∑T

t=2yit−1)yiT

T 2

]
=

2(T − 1)λ2 + (3T 2 − 3T )λ + T 3 − T 2

T 3
σ4.

• Cov
[(

∑T
t=2yit−1)

2

T 3
, yi1yiT

]
=

2(T − 1)2λ2 + (T 3 − 3T + 2) + T 3 − 2T 2 + T

T 3
σ4.

• Cov
[(

∑T
t=2yit−1)

2

T 3
,
yi1(

∑T
t=2yit−1)

T

]
=

1

T 4

[
2(T − 1)3λ2 + (

2T 4

3
+

T 3

3
− 14T 2

3

+
17T

3
− 4)λ +

2T 4

3
− 5T 3

3
+

4T 2

3
− T

3

]
σ4.

• Cov
[(

∑T
t=2yit−1)

2

T 3
,
(
∑T

t=2yit−1)yiT

T 2

]
=

1

6T 5

[
12(T − 1)3λ2

+ (10T 4 − 28T 3 + 26T 2 − 8T )λ + 2T 5 + 5T 4 + 4T 3 − T 2
]
σ4.
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• Cov
[
yi1yiT ,

yi1(
∑T

t=2yit−1)

T

]
=

4(T − 1)λ2 + (5T − 6 + T 2)λ + T 2 + T − 2

2T
σ4.

• Cov
[
yi1yiT ,

(
∑T

t=2yit−1)yiT

T 2

]
=

2(T − 1)2λ2 + (
3T 2

2
− 2 +

T

2
)λ +

3

2
(T 2 − T )

T 2
σ4.

• Cov
[yi1(

∑T
t=2yit−1)

T
,
(
∑T

t=2yit−1)yiT

T 2

]
=

1

6T 3

[
12(T − 1)2λ2

+ (5T 3 + 3T 2 − 20T + 12)λ + 5T 3 − 9T 2 + 4T
]
σ4.
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Appendix C

The Moments of the T-limit

Random Variables

In this section, we derive the moments of the T-limit random quantities which are

functions of standard Wiener processes B(t). Dickey (1976) expresses these random

quantites as infinite sums of standard Gaussian random variables. He defines

η′ =
[
Ψ,W, Γ

]
,

where

Ψ =
∞∑
i=1

√
2γiZi = B(1),

W =
∞∑
i=1

√
2γ2

i Zi =
∫ 1

0
B(t)dt,

and

Γ =
∞∑
i=1

γ2
i Z

2
i =

∫ 1

0
B2(t)dt.
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where γi =
2(−1)i+1

(2i− 1)π
, the Zi’s are independent standard Gaussian random variables,

and B(t) is a Brownian motion. Based on these results from Dickey (1976), we can

derive the expectation and covariance matrix of the vector
[
Γ,W 2, Ψ2, ΨW

]
.

Results

E
[
Γ,W 2, Ψ2, ΨW

]
=

[1

2
,
1

3
, 1,

1

2

]
,

and

Cov
[
Γ,W 2, Ψ2, ΨW

]
=




1

3

4

15

2

3

5

12

4

15

2

9

1

2

1

3

2

3

1

2
2 1

5

12

1

3
1

7

12




.

Proof:

From Jolley(1961), we can find the values of
∑∞

i=1 γp
i , for p = 1...8. Then

• E(Γ) =
∑∞

i=1 γi
2E(Z2

i ) =
1

2
,

• E(W 2) = V ar(W ) =
∑∞

i=1 2γi
4V ar(Zi) =

1

3
,

• E(Ψ2) = V ar(Ψ) =
∑∞

i=1 2γi
2V ar(Zi) = 1,

• E(ΨW ) = Cov(Ψ,W ) =
∑∞

i=1 2γi
3V ar(Zi) =

1

2
,

• E(W 4) =
∑∞

i=1 4γ8
i E(Z4

i ) + 12
∑

i6=j γ4
i γ

4
j E(Z2

i Z
2
j ) =

1

3
,

• E(Ψ2W 2) =
∑∞

i=1 4γ6
i E(Z4

i ) + 4
∑

i6=j γ2
i γ

4
j E(Z2

i Z
2
j ) + 8

∑
i6=j γ3

i γ
3
j E(Z2

i Z
2
j ) =

5

6
,

• V ar(Γ) =
∑∞

i=1 γi
4V ar(Z2

i ) =
1

3
,
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• V ar(W 2) = E(W 4)− (E(W 2))2 =
2

9
,

• V ar(Ψ2) =
∑∞

i=1 4γi
4V ar(Z2

i ) +
∑

i6=j 8γ2
i γ

2
j E(Z2

i Z
2
j ) = 2,

• V ar(ΨW ) = E(Ψ2W 2)− (E(ΨW ))2 =
7

12
,

• Cov(Γ,W 2) = 2
∑∞

i=1 γi
6V ar(Z2

i ) =
4

15
,

• Cov(Γ, Ψ2) = 2
∑∞

i=1 γi
4V ar(Z2

i ) =
2

3
,

• Cov(Γ, ΨW ) = 2
∑∞

i=1 γi
5V ar(Z2

i ) =
5

12
,

• Cov(W 2, Ψ2) = 4
∑∞

i=1 γi
6V ar(Z2

i ) + 8
∑

i6=j γ3
i γ

3
j V ar(ZiZj) =

1

2
,

• Cov(W 2, ΨW ) = 4
∑∞

i=1 γi
7V ar(Z2

i ) + 8
∑

i6=j γ3
i γ

4
j V ar(ZiZj) =

1

3
,

• Cov(Ψ2, ΨW ) = 4
∑∞

i=1 γi
5V ar(Z2

i ) + 8
∑

i6=j γ2
i γ

3
j V ar(ZiZj) = 1.


