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1. Introduction

Historically, balanced and partially balanced incomplete block designs
have been used primarily for statistical applications in the design of exper-
iments. Recently, incomplete block designs have been used by several authors
in constructing error-correcting codes. This approach has yielded useful and
efficient constructions of codes.

This paper presents an application of incomplete block designs to the
consﬁruction of error-correcting codes which may be decoded using a relatively
simple majority logic decoding procedure. An identity matrix, I, is adjoined
to the incidence matrix, N, of a balanced or partially balanced incomplete
block design. The resulting matrix is taken as the parity check matrix of a
linear code; a relatively simple majority logic decoding procedure for error
correction may be used for the code.

A brief introduction to incomplete block designs and to linear codes

is given in sections 2 and 3 for the reader unfamiliar with either area.



2, Incomplete Block Designs

2,1 Balanced Incomplete Block Designs

A balanced incomplete block (BIB) design is an arrangement of v objects,

usually referred to as treatments, into b sets, called blocks, such that the
following conditions are satisfied:

(i) each block contains k*l distinct treatments;

(ii) each treatment occurs in r*1 distinct blocks;

(iii) each pair of treatments occur together in exactly A different
blocks.

The variables v, b, r*, k*, A\ are referred to as the parameters of the
design. The existence and construction of BIB designs are treated in detail
by Bose (1939), Bose (1969), Hall (1967), and Ryser (1963), among others,
Ryser (1963) uses the term (v,b,r*,k*,\)- configuration for a BIB design with
parameters v,b,r* k¥ A,

The five parameters of a BIB design satisfy the following relations
(see Bose (1969), for example):

(2.1.1) vr¥* = bk¥*,
(2.1.2) A(v-1)= r*(k*-1).

Obviously, Ag r*. If O<A<r*, then Fisher's inequality, Bose (1969),
states that
(2.1.3) b2 v,

If b = v, then, from equation (2.1.1), r* = k*, In this case, the BIB

design is said to be symmetrical.

1Traditionally, k and r are used as parameters of a design. We shall use
k¥ and r* to avoid confusion with notation used in coding theory.



2,2 Partially Balanced Incomplete Block Designs

Before proceeding, we need the concept of an association scheme, Bose

and Shimamoto (1952),

An m-class association scheme is a relation between v treatments sat-

isfying the following conditions:

(a) any two treatments are either 1lst, 2nd, ..., or mrh associates, the
relation of association being symmetrical;

(b) each treatment has n, ith associates, the number n, being independent
of the treatment chosen.

(c) if ¢ and B are ith associates, then the number of treatments which
are jth associates of o and kth associates of B is p;k and is independent of
the pari of ith associates ¢ and B. (i,j,k=1,2,...,m)

The parameters v, ni, p1 are not all independent. For example,

jk
pjl = pé& Other relations among the parameters are given by Bose and Nair
(1939) .

Given an m-class association scheme of v treatments, a partially balanced

incomplete block (PBIB) design is an arrangement of the v treatments into b

blocks such that

(i) each block contains k* distinct treatments;

(idi) each treatment occurs in r* distinct treatments;

(iii ) each pair of treatments which are ith associates occur together
in exactly xi blocks (i=1,2,...,m).

For a PBIB design based on an m-class association scheme with parameters

v, n, p;L, it is shown by Bose and Nair (1939), for example, that

(2.2.1) vr¥ = bk¥*

and
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(2.2.2) nl)\1+n2)\2+ .. .+nm)\m r¥(k*~1) ,
In general, the number of blocks need not be as large as the number of treat-

ments,

A BIB design with parameters v,b,r*, ,k*,\ may be considered a PBIB design

based on an association scheme with one class.

2.3 Incidence Matrix of a Design

Let us arbitrarily label and order the treatments of a PBIB (or BIB)

design as -

Vl,Vz,...,VV

and the blocks, similarily, as

Bl’BZ""’Bb'
We shall say that Vj ig incident with Bi if the treatment Vj occurs in the
block B, . (i=1,2,...,b; j=1,2,...,v.)

The b X v incidence matrix, N, of the design is defined as the matrix

(2.3.1) N = (nij)h)‘v

where
(2,3.2) Ny = 1, if Vj is incidentwith (occurs in) Bi;
0, otherwise. (i=1,2,...,b; j=1,2,..., .)

Clearly, each row of N contains 'kfl's and column of N contains r* 1's,



3. Linear Error-Correcting Codes

3.1 Introduction

We state here a few basic concepts of linear error-correcting codes, The
reader is referred to Peterson (1963) or to Berlekamp (1968) for further de-
tails. Only binary codes will be considered here,

A number of messages are to be transmitted over a noisy channel from a
source to a destination, Each message corresponds to a sequence of n binary
symbols, say O and 1, called a codeword. The n symbols of a codeword 2'2 =

(tl,tz,...,tn) are transmitted consecutively over the channel., Random
"noise'" in the channel may cause a 0 to be received as a 1 or vice versa.
If this happens, we shall say that a transmission error has occurred. The
corresponding received sequence,‘z' = (rl,rz,...,rn) is not necessarily a
codeword. Suppose_z' = Ef +‘2', where_g' = (el,ez,...,en) is the unknown
error vector; each coordinate of_g' is alOoral and the addition is in
binary, i.e., over GF(2). The number of nonzero coordinates of Ef is the
number of errors which have occurred in transmitting_z'. We say that it is
possible to correct s errors if, assuming at most s errors have occurred in
transmitting a codeword, it is possible to determine correctly which coordi-
nates of the corresponding error vector are nonzero. The correct transmitted
codeword may then be obtained by complementing these coordinates of the
received vector., This procedure is called decoding.

A binary linear (n,k) code C is a k-dimensional subspace of the n-

k
dimensional vector space over GF(2). Each of the 2 -1 nonzero vectors of C

2The notation a' = (al,a .,an) denotes a row vector; a denotes a

column vector.

YRR



is a codeword; k is the number of information symbols of the code C. The

redundancy of C is r = n=k,.

A matrix whose rows span C is a generator matrix of the code. The

orthogonal complement of C, in the usual algebraic sense, is the dual code C',

A parity check matrix of C is a matrix whose rows span the dual code C', 1If

H is a parity check matrix of C, then the vector g' = (gl,gz,...,gn) is a
codeword of C if and only if
(3.1.1) HE =0

Each equation of (3.1.1), corresponding to the rows of H, is a parity check

equation.

Suppose t' is a transmitted codeword and r' is the corresponding received

vector. The error vector is e' =r' - t'. Since t' is a codeword of C, then
Ht = 0

and

(3.1.2) Hr = Ht+He = He = s, say .

The vector s = ﬁz is called the symdrome of the received vector.z'. Equation
(3.1.2) may be used for decoding. The syndrome of a received word is cal-
culated and the equation

He = 5

may be solved, in some instances, for the unknown error vector e', assuming

at most m, say, of the coordinates of e' are nonzero.

3.2 Systematic codes

If G is the generator matrix of a linear code C and G* is obtained from
G by column permutations, then G* generates a linear code C* defined to be
equivalent to C. Given a (n,k) linear code C, we can find an equivalent code

C* for which the generating matrix is



G = [Hirpj
where Ik is the k x k identity matrix and P is a k x (n-kK) matrix. Every

codeword of C* is a linear combination of the rows of G* and is of the form

(Clacz,---,Ck,clp11+02P21+...+ckpk1,...,clp1r+czp2r...+q(pkr),

, * = n=-k, Thus the first

where c .,Cy are arbitrary and P = (pij)

1'% Kxr

k coordinates of a codeword of C* may be arbitrarily chosen. The remaining
coordinates are linear combinations of these coordinates. The first k co-
ordinates are information places and the remaining r coordinates are redundant

places. Such a code is called a systematic code.

We shall now consider a systematic (n,k) code C with generator matrix
G = [Ik,P]
for some P. Let
T
H = [P ’Ir]!

where PT denotes the transpose of P, Over GF(2),

HGT = [PT 1] [1

k
PT

Thus the vector space generated by the rows of H is orthogonal to that
generated by G, i.e., H is a parity check matrix for C.

Since the first k coordinates of a codeword in a systematic code com-
pletely specify the codeword, only these symbols in a received vector need be
decoded. The remaining r redundant symbols may be determined from the first

k symbols to form the decoded codeword if necessary.



3.3 Majority-logic decoding

The technique of majority-logic decoding of linear codes was developed
by Massey (1963) for particular linear codes. This procedure is based on
the concept of a set of parity check equations orthogonal on a given symbol,

Let C be an (n,k) linear code and suppose it is possible to find a set

of J vectors of the dual code C', say

(3.3.1) h' = (th, FPLRRRE hjn)' j=12,...,d
such that for fixed m, m =1,...,n
h, =1 for each j =1,2,...,d
jm
(3.3.2) hju = 0 for all but at most one j = 1,2,...,J and for any fixed
u £ m,

That is, each of the J vectors hj has mth coordinate 1 and at most one
of these J vectors has uth coordinate 1 for any u # m, Then the set of J
equations
.3.3 + = = .o
(3.3.3) thel th 2 hj,nen Sj’ u=1,2, )
are said to be orthogonal on the symbol e (Massey (1963)). If the set of

equations (3.3.3) corresponds to a set of parity check equations for a linear
code C, then a majority-logic procedure may be used to determine the error
symbol e and thus decode the received symbol r. into the corresponding
symbol tm from the following theorem.

Theorem 3,3.1 Suppose a set of J parity check equations (3,3.3) orthogonal

as the symbol e  may be found for a linear code C. Then, provided at most

i 3

lf/é] errors have occured, the symbol em is given correctly by the following
-

rule:

3The notation [x] denotes the greatest integer less than or equal to x.
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(1) e is that value of GF(2) which is assumed by the majority (greatest
fraction) of the {sj}, provided such a value exists;

(2) e, is zero if the {Sj} take on the values O and 1 with equal frequency.

This theorem is proved by Massey (1963). We shall omit the proof here
and prove a generalization of the theorem which does not assume the ortho-
gonality of the parity check equations on a particular symbol. This general-

ization appears in Rudolph (1967) and Smith (1967).

Theorem 3.3,2 Let C be a linear (n,h) code and let

(3.3.4) hjle1+hj2e2+...+hjnen = Sj , J=1,2,...,d
be a set of J parity check equations such that
(3.3.5) hjm =1 , j=1,2,...,J.
Assume that for any u # m,
(3.3.6) h., =1 for at most A subscripts j =1,2,,...,d.
Jju
Then, provided at most [?/zi] errors have occurred, the symbol e is given
correctly by the following rule:
(1) e is that value of GF(2) which is assumed by the greatest fraction of

the {Sj}’ if such a most frequent value exists.

(2) em is zero if the {sj} take on the values 0 and 1 with equal frequency.

Efggiz Suppose at most t = [J/zi] errors have occurred. Then at most t of
the symbols el,ez,...,en are nonzero. If all symbols other than e ~were
zero, then

(3.3.7 sj =e ji=1,2,...,d

and the decision rule of the theorem is correct. If one of the other symbols
is nonzero, then at most A of the Sj in equation (3.3.7) are different from

e - In general, if x other symbols are nonzero, at most x\ of the Sj in

equation (3.3,7) are different from em, since each of these symbols can



10

affect at most A of the Sj'

If e = 0, then if t or fewer of the error symbols are nonzero, at most
tA of the Sj are nonzero. Since J22tA, then the decision rule of the theorem
gives the correct value of em

If em = 1, then if (t-1) or fewer of the other error symbols are nonzero,
at most (t-1)\A of the Sj are different from e Since J >2(t-1)A, then the
greatest fraction of the Sj are equal to 1 and the decision rule of the

theorem gives the correct value of em

3.4 Majority Decodable Codes

A number of linear codes have been shown to be decodable using majority
logic techniques., Among these are the Reed-Muller codes and their general-
izations discussed by Kasami et al (1968) and Weldon (1968), as well as the
codes termed ''geometric codes' by Goethals and Delsarte (1967), Rudolph (1967)
and Smith (1967). Townsend and Weldon (1967) have investigated a class of
codes called quasi-cyclic self-orthogonal codes, to which a majority logic
decoding algorithm may be applied. With the exception of the latter codes
and some special cases of the other codes mentioned above, the problem of
determining a general expression for the number of information symbols in
these codes is difficult and has not yet been completely solved.

To avoid this difficulty, we shall present in section 4 a class of
linear codes which may be majority logic decodable and for which the number
of information symbols is immediately determined, Special cases of these
codes are equivalent to the quasi-cyclic self orthogonal codes diécussed by

Townsend and Weldon (1967).
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4, Systematic Block Design Codes

4.1 Definition

We define a large class of linear codes, which we shall call systematic
block design codes, as follows,

Let N be the b x v incidence matrix, defined in section 2.3, of a

balanced or partially balanced incomplete block design D with parameters

v,b,r*, k¥ A_,...,A_. Let I be an identity matrix of order b. The systematic
1 m b

block design code (associated with the design D) is the (binary) linear code

orthogonal to the row space of the matrix
(4.1.1) H=[N1],
that is, the linear code for which H is a parity check matrix,
The systematic block design code associated with the matrix H has the
following immediate properties.
(1) The length of the code is n = v+b
(2) The redundancy is r = b.
(3) The number of information symbols is k = n-r=v,
(4) The code is systematic but not necessarily cyclic.
(5) The generator matrix of the code is
(4.1.2) G = [IV,NT]
(6) The information rate R = k/, is

v 1

(4.1.3) R= 55 = b/, °

Clearly, Rg3 if and only if b>v. For a BIB design b;v. Thus we may state

Lemma 4.1.1 The information rate of a systematic block design code associated

with a BIB design is at most 3.

In searching for a high rate (R>3, say) systematic block design code, we
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must therefore restrict our attention to codes associated with PBIB designs

for which b<v., Some examples of such codes will be given in section 4.4,

4,2 Encoding and Decoding

Since the codes are systematic, the encoding or construction of codewords
is relatively simple., The first k = v symbols may be chosen arbitrarily; the
remaining r = b redundant symbols are linear combinations, determined by the
generator matrix in equation (4.1.2), of the k information symbols.

A relatively simple majority logic decoding procedure may be used for

the systematic block design codes. We state this as a theorem.

Theorem 4.2.1, Let C be a systematic block design code associated with a

(partially) balanced incomplete block design D with parameters v,b,r*, k¥,

A ,A_. Let

17 m

(4.2.1) A = max A,
lgi¢m 1

Up to [f*/zg] errors may be corrected using a one-step majority logic decoding

procedure.

Proof: It is necessary to correct only the information symbols, for the

redundant symbols may then be determined from the encoding procedure. Each
row of the parity check matrix of the code determines a parity check equation.
If N is the incidence matrix of the associated design, then the parity check
matrix for the code is

H = [N,I].
Each of the first k = v information symbols corresponds to a treatment in the
design. Each row of H corresponds to a block. The first k entries in a row
are 1 or 0, according to whether the appropriate treatment occurs or does not

occur in the corresponding block. Each treatment occurs in r* blocks.
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Consider'any one of the v treatments, say Va and the r* rows of H cor-
responding to the blocks in which Va occurs. Each of the r* parity check
equations determined by these rows, say

(4.2,2) h e, +h e _+ ... +h, e =s,.
j11 j22 jn'n J

Let us relabel the rows such that these are the first r* rows of H., Then
for j =1,2,...,r¥%,
h, =1.
ja

If treatment Vﬁ and Va are ith associates, then

hju = 1 for at most hi subscripts j = 1,2,...,r*
and for any fixed u # a, lgusv.
Moreover,
ja = 1 for at most one j = 1,2,...,r¥ if wv+l<asn,
Thus, if A\ = max X_,, then
lgigm

hja =1 for j =1,2,...,r*
(4.2.3) . .

hju = 1 for at most A subscripts j =1,2,...,r* and for any

fixed u # a.

Hence, from Theorem 3.3.2, a majority logic decoding procedure may be
used to determine ea. This will give e, correctly if at most [r*/zx] errors
have occurred. The procedure is to consider the set of r* parity check
equations corresponding to the blocks in which treatment Va occurs, The
symbol e, is given as that value of GF(2) which is assumed by the greatest
fraction of the corresponding Sj in the syndrome vector. If no such greatest
fraction exists, then ea is zero.

This procedure is repeated for each of the remaining v-1 information
symbols and yields the information symbols of the codeword corresponding to a

received word correctly, provided at most [;T] errors have occurred,
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4.3 Systematic Block Design Codes Associated With BIB Designs

A systematic block design code associated with a BIB design with para-
meters v,b,r¥ k¥ \ is a (n,k) linear code with n = v+b and k = v. The
majority-logic decoding procedure described in section 4.2 will correct up to
[%*/zg] errors. In this section, we give a few examples of these codes
associated with particular BIB designs.

The literature on BIB designs is extensive and includes many constructions
for a wide range of design parameters. The reader is referred to Bose (1969)
for a comprehensive treatment of such designs and to methods of constructing
the designs mentioned below.

BIB designswith k* = 3 and A = 1 are called Steiner triple systems. It

may be shown that these conditions imply that r* must be of the form 3t+l

or 3t for some positive integer t. In the case r* = 3t+l, the parameters are
v = 6t+3, b = (3t+1)(2t+1), r*x = 3t+1, k* = 3, A =1,

This series of designs is referred to as the T1 series and exists for all

values of t. The systematic block codes associated with the T1 designs have

n = vb = (2t+1) (3t+4)
k =v = 6t+3

3
R=¥%rn =3t

and the majority decoding procedure described earlier will correct up to

[r*/zx:l ) [3;+

with some of the T1 series of designs.

f} errors. Table 4.3.1 lists these parameters of the codes
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TABLE 4.3.1

Systematic Block Design Codes Associated With T1 Series

v = 6t+3, b = (3t+1)(2t+1), r* = 3t+l, k* = 3, A =1

& ‘ Code Information Rate Errors
‘ Length | Symbols Corrected
1 21 9 .43 2
2 50 15 .30 3
3 91 ! 21 .23 5
4 144 27 .19 6
5 209 33 .16 8
6 286 39 .13 9

These codes have low rates and only a relatively small number of errors
are guaranteed correctable by the majority decoding procedure.

A different series of BIB designs with A = 1 are the BIB designs con-
structed from finite projective planes. These designs are often called the

orthogonal series 2 or 0S2 series, The parameters are

2
v=>b=g+s+tl, rk = k¥ = s+1, A = 1.
Such designs are known to exist when s is a prime power. The associated
systematic block design codes have

2
n = vib = 2(s +s+1),

k=v = 2(sz+s+1),

R=k/n=%;
and up to [%*/zil =[F%;ﬂ errors may be corrected by our decoding procedure.

These parameters of some codes are exhibited in Table 4.3.2.
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TABLE 4.3.2

Systematic Block Design Codes Associated With 0S2 Series

v=>b-= sz+s+1, r¥ = k¥ = s+1, A\ =1

s Code Information Rate Errors
Length Symbols Corrected
2 14 7 .5 1
3 26 13 ;) 2
4 42 21 ..5 2
5 62 31 .5 3
7 114 57 .5 4
8 ‘146 73 .5 4

While these codes have rate .5, the number of errors corrected is still

relatively small,

4,4 Systematic Block Design Codes Associated with PBIB Designs

A systematic block design code associated with a PBIB design with para-

meters v,b,r*,k*,ll,...,hm has n = v¢b and k = v, If A\ = max A., then up to
: lgigm

[r*/zi] errors may be corrected using the majority~logic decoding procedure

described in Section 4.2,

Of particular interest are the PBIB designs with b<v, for the rates of
the associated codes are greater than 3. We shall consider here codes as-
sociated with some PBIB designs based on partial geometries, Bose (1963), for
which b<v,

If the roles of treatments and blocks of a BIB design with A = 1 are

interchanged, then the resulting design, called the dual design, is a PBIB



17
design with parameters b,v,k*,r*,1,0, This notation implies that the number

of treatments is b, etc.

Consider the T1 series of BIB designs, discussed in section 4.3, The

dual designs are PBIB designs with parameters

v = (3t+1)(2t+1), b = 6t+3, r* = 3, k¥ = 3t+1, \ =1, A, =0,

The resulting systematic block design codes have

n = (2t+1) (3t+4)

k = (3t+1) (2t+1)
_ 3t+l
3t+4

and the majority decoding procedure will correct up to [3/%] = 1 error,
Table 4.4.1 exhibits these properties of some such codes.
TABLE 4.4.1
Systematic Block Design Codes Associated With Duals of T1 Designs

v = (3t+1)(2t+1), b = 6t+l, r* = 3, k¥ = 3t+l, A, =1, A, =0

¢ .Code Information Rate Errors
Length Symbols Corrected
1 21 12 .97 1
2 50 35 .70 1
3 91 70 77 1
4 144 117 .81 1
5 209 176 .84 1
6 286 247 .86 1

These codes have high rates, although only a single error is guaranteed
correctable by the majority decoding procedure. The latter property is not

necessarily a disadvantage, however,.
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A more interesting PBIB design is that obtained from the configuration
of points and generators on an elliptic non-degenerate quadric Q5 in the
finite projective space PG(5,s). Taking treatments as generators and blocks
as points, we obtain a PBIB design with parameters.

2 3 3
v = (s3H1)(s%41), b = (s+1)(s5+1) , 1k = s+l, k¥ = s241, Ay = 1, A,=0.

This design is discussed by Ray-Chaudhuri (1962) and Bose (1963) . Table 4.4.2
gives the parameters of the associated symmetric block design code for a few

values of s, s being a prime power.

TABLE 4.4.2
Systematic Block Design Codes Associated With The PBIB Design

2 3
v =(s+1)(s +1), b = (s+1)(ss+1), r* = gs+l, k¥ = s2+1, h1=1, x2=0

s Code Information Rate Errors
Length Symbols Corrected

2 72 45 .63 1

3 392 280 .71 2

4 1430 1105 77 2

5 4032 3276 .81 3

4,5 Discussion

A systematic block design code associated with an incomplete block design

with v treatments and b blocks has rate R =-;¥E . If bpv, then R <} .,

If the associated design is a (P)BIB design with parameters v,b,r*¥, k¥,

A ..,hm, then, from equation (2.1.1),

1’
_ Vvr*

k*
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and

k* 1
kKk+rx 1+r*/k*

Since the more interesting codes are those whose rates are bounded away from
zero, designs for which r*/k* is bounded will be more useful,

The number of errors corrected by the majority logic decoding procedure
is [r*/zi] . Thus, designs with relatively large values of r* and relatively
small values of A = max A, will also be of interest.

lgigm

Designs with r* relatively large have not yet been investigated as
thoroughly as those with r* <20, Until the advent of computers, designs with
large values of r* and k* have been impractical for statistical application.
However, further research on these designs may yield important results in
such areas as the constructions of error-correcting codes,

The number of errors guaranteed correctable by a majority decoding
procedure of the systematic block design codes is relatively small, However,
a more important property of a code is the average probability of incorrect
decoding. An upper bound on the probability of a decoding error may be

calculated for the systematic block design codes for which A = 1. This will

be the subject of a separate report.
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