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ABSTRACT 

I n  t h e  f i e l d  o f  w a t e r  r e s o u r c e s ,  it becomes f r e q u e n t l y  
n e c e s s a r y  t o  c o n s i d e r  t h e  u n s t e a d y  a s p e c t s  of  t h e  f l o w  o f  
w a t e r ,  Such p r o b l e m  a r i s e  i n  t h e  p l a n n i n g ,  d e s i g n ,  and 
management of  w a t e r  r e s o u r c e s  when computa t ions  must be made 
on f l o o d  f l o w s ,  r e s e r v o i r  r e g u l a t i o n ,  s u r g e s  i n  c a n a l s ,  t i d a l  
f l o w s ,  e t c ,  A powerful  a n a l y t i c a l  t o o l  f o r  t h e  i n v e s t i g a t i o n  
o f  u n s t e a d y  f l o w s  is a v a i l a b l e  i n  t h e  e q u a t i o n s  o f  conse rva -  
t i o n  of mass and momentum. Although approx imate  s o l u t i o n s  o f  
t h e s e  e q u a t i o n s  have been and s t i l l  a r e  used  on a  l a r g e  scale, 
t h e  adven t  of t h e  d i g i t a l  computer h a s  made i t  feasible t o  
o b t a i n  comple te  s o l u t i o n s  of  t h e  e q u a t i o n s  by numepica1 
methods ,  I n  t h i s  study, t h r e e  methods o f  s o l u t i o n ,  namely,  
t h e  e x p l i c i t ,  c h a r a c t e r i s t i c ,  and i m p l i c i t  methods,  were i n -  
v e s t i g a t e d  in d e t a i l  and were a p p l i e d  t o  a r t i f i c i a l  and 
n a t u r a l  c h a n n e l s ,  The  n a t u r a l  c h a n n e l  s e l e c t e d  f o r  t h i s  pur-  
pose was a reach of t h e  Neuse R i v e r ,  Nor th  C a r o l i n a .  Even 
though the three methods p rov ided  a lmos t  i d e n t i c a l  s o l u t i o n s  , 
t h e r e  is much d i f f e r e n c e  among them s o  f a r  a s  s p e e d ,  r e l i -  
a b i l i t y ,  s i m p l i c i t y ,  and convenience  a r e  concerned .  The pro-  
c e d u r e  f o r  f i n d i n g  s o l u t i o n s  by t h e  i m p l i c i t  method,  a s  
developed from this s t u d y ,  proved t o  be f a s t ,  a c c u r a t e ,  and 
c o n v e n i e n t ,  and h i g h l y  s u i t a b l e  for problems i n v o l v i n g  f l o w  
i n  n a t u r a l  r i v e r  c h a n n e l s  o f  complex geometry .  T h i s  s t u d y  
is the first in which this t y p e  of a n a l y s i s  has  been u s e d .  
The a d v a n t a g e s  sf  t h e  i m p l i c i t  method make it f e a s i b l e  t o  
u s e  t h i s  s o p h i s t i c a t e d  t o o l  for the s o l u t i o n  s f  u n s t e a d y  f low 
p r o b l e m  in a m u t i w e  manner,  
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INTRODUCTION 

A f a s c i n a t i n g  b u t  a t  t h e  same t i m e  v e r y  c h a l l e n g i n g  c h a r a c -  
t e r i s t ic  of  problems i n  w a t e r  r e s o u r c e s  is t h e  u n s t e a d y  n a t u r e  
of t h e  phenomena i n v o l v e d ,  The u n s t e a d i n e s s  o r  t h e  change 
w i t h  time may b e  r e l a t i v e l y  s l o w ,  s u c h  a s  t h e  l o s s  due  t o  evap- 
o r a t  i o n  from a  s t a n d i n g  body of w a t e r  o r  t h e  g r a d u a l  contamin- 
a t i o n  o f  a l a k e  o v e r  a number of  y e a r s ,  The change a l s o  may be 
r a p i d ,  s u c h  a s  t h e  movement o f  a  w a t e r  wave h u r l i n g  down a 
c h a n n e l  a f t e r  t h e  f a i l u r e  o f  a  dam. Hardly  a problem e x i s t s  
i n  t h e  w a t e r  r e s o u r c e s  f i e l d  f o r  which c o n d i t i o n s  a r e  n o t  un- 
s t e a d y ,  even though f o r  t h e  s a k e  o f  s i m p l i f y i n g  t h e  a n a l y s i s  
s t e a d y  - s t a t e  assumpt ions  a r e  o f t e n  made, 

T h i s  r e p o r t  s u m a r i z e s  t h e  r e s u l t s  of  an  i n v e s t i g a t i o n  
on  t h e  u n s t e a d y  f l o w  i n  s t r eams ,which  is a  major  problem i n  
w a t e r  r e s o u r c e s .  The i n v e s t i g a t i o n  is based  on  t h e  a p p l i c a -  
t i o n s  o f  t h e  laws of  mechanics ,  which a r e  known t o  be t h e  
most s o p h i s t i c a t e d  and p o w e ~ f u l  a n a l y t i c a l  t o o l  f o r  t h i s  t y p e  
o f  s t u d y .  I t  is r e c o g n i z e d ,  however,  t h a t  t h i s  is n o t  t h e  
o n l y  approach t o  t h e  s t u d y  of t h i s  problem, and o t h e r  ap-  
p roaches  may have  many commendable f e a t u r e s ,  

Streamf low, t o g e t h e r  w i t h  o v e r  l a n d  f l o w ,  compr i ses  t h e  
s u r f  ace r u n o f f  component of t h e  h y d r o l o g i c a l  c y c l e ,  Over land 
f low is t h e  r u n o f f  from land  a r e a s  s u c h  t h a t  f low t a k e s  p l a c e  
a t  s h a l l o w  d e p t h s  and t h e  w a t e r  does  no t  t r a v e l  i n  w e l l -  
d e f i n e d  c h a n n e l s ,  The r a t e  of change of  r u n o f f  i n  t h e  d i r e c -  
t i o n  o f  t r a v e l ,  known a s  l a t e r a l  i n f l o w ,  is t h e  most i m p o r t a n t  
f e a t u r e  o f  o v e r l a n d  f l o w .  Streamf low is t h e  f low i n  w e l l -  
d e f i n e d  c h a n n e l s  and is composed of t h e  accumula t ion  o f  o v e r -  
l a n d  f l o w s ,  The changes  i n  f low r a t e s  due  t o  l a t e r a l  i n f l o w s  
p l a y  a  s e c o n d a r y  r o l e  i n  stresemf low, The pr imary  r o l e  is p l a y e d  
by t h e  f low i n  t h e  main c h a n n e l ,  and s i g n i f i c a n t  changes  i n  
f l o w  o c c u r  a t  conf l u e n e e s  w i t h  tr ibutar ies ,  

The p h y s i c a l  P a w s  govern ing  t h e  f Pow o f  w a t e r  i n  o v e r l a n d  
f low and i n  c h a n n e l  f low aye  t h e  same,  whe the r  t h e  f l o w  is from 
a  p a r k i n g  l o t ,  a  t r a c t  o f  l a n d ,  or a  l a r g e  r i v e r  b a s i n .  The 
same t e c h n i q u e s  can  b e  e f f e c t i v e ,  a t  l e a s t  i n  p r i n c i p l e ,  i n  
t h e  s t u d y  o f  b o t h  phenomena. However, t h e  development o f  s u r -  
f a c e  r u n o f f  hydrographs  f o r  complex w a t e r s h e d s  on t h e  b a s i s  
of  laws of  mechanics is beset w i t h  g r e a t  u n c e r t a i n t i e s ,  We 
c a n  hope t o  be f a r  more s u c c e s s f u l  where t h e  problem i n v o l v e s  
t h e  f low o v e r  a  s i m p l e  topography,  s u c h  a s  a  paved p a r k i n g  l o t .  
A p p l i c a t i o n  o f  t h e  laws o f  mechanics becomes a dub ious  e n t e r -  
p r i s e  i f  we have t o  f o l l o w  t h e  movement of w a t e r  t h ~ o u g h  t h e  
woods, f i e l d s ,  f a r m s ,  h i l l s ,  and v a l l e y s .  The development o f  
w a t e r s h e d  hydrographs  w i l l ,  t h e r e f  o r e ,  of n e e e s s i t  y r e q u i r e  
t h e  use  o f  much e m p i r i c i s m  i n  t h e  f o r e s e e a b l e  f u t u r e ,  



A p p l i c a t i o n  o f  t h e  Paws o f  mechanics t o  s t r eamf low is 
much more promis ing  because  t h e  f low is t a k i n g  p l a c e  i n  w e l l -  
d e f i n e d  c h a n n e l s .  Streamf low c o v e r s  a  wide  r a n g e  o f  magni- 
t u d e s ,  from t h e  f low i n  s m a l l  r o a d s i d e  d r a i n a g e  d i t c h e s  t o  
t h e  f low i n  mighty  r i v e r s .  Although t h e  p h y s i c a l  p r i n c i p l e s  
govern ing  f low i n  c h a n n e l s  a r e  t h e  same r e g a r d l e s s  of  t h e  
s i z e  of t h e  c h a n n e l  and t h e  magnitude o f  t h e  f low r a t e ,  
d i f f e r e n t  ma themat ica l  p rocedures  may be  r e q u i r e d  f o r  d i f -  
f  e r e n t  c a s e s .  

W e l l - e s t a b l i s h e d  p r o c e d u r e s ,  d e s i g n a t e d  a s  backwater  and 
drawdown computa t ions ,  f o r  t h e  d e t e r m i n a t i o n  o f  t h e  s t e a d y  
f l o w  p r o p e r t i e s  s u c h  a s  a v e r a g e  v e l o c i t y  and w a t e r  d e p t h  a r e  
known. However, methods f o r  d e t e r m i n i n g  t h e  same q u a n t i t i e s  
are f a r  from b e i n g  well e s t a b l i s h e d  f o r  u n s t e a d y  f l o w s ,  and 
t h e  d e t e r m i n a t i o n  of t h e  v e l o c i t i e s  and d e p t h s  under  u n s t e a d y  
c o n d i t i o n s  is a p ~ o b l e m  of  f a r  g r e a t e r  ccamplexity, I f  w e  
f o c u s  o u r  a t t e n t i o n  on t h e  movement of  a  f l o o d  wave advancing 
i n t o  a  long r i v e r  c h a n n e l ,  t h e  f l00d wave may change i n  fo rm,  
i t  may s u b s i d e ,  o r  i t  mag become peaked a t  t h e  cres t .  Under 
some c o n d i t i o n s ,  i t  may s t e e p e n  a t  t h e  f r o n t  and d e v e l o p  a  
b o r e .  Although a l l  f lows  in n a t u r e  e x h i b i t  v a r y i n g  d e g r e e s  of  
u n s t e a d i n e s s ,  t h e  movement of  f l o o d s  is a  prime example of  un- 
s t e a d y  f l o w .  Fur the rmore ,  i t  is of v i t a l  impor tance  t o  t h e  
l i f e  and works o f  man, It is i m p e r a t i v e  t o  know t o  what d e p t h s  
and how f r e q u e n t l y  t h e  f %ood p l a i n s  on which man h a s  b u i l t  
w i l l  be f l o o d e d ,  at what times, and t o  what h e i g h t s  w i l l  t h e  
f l o o d  waters rise s o  t h a t  a d e q u a t e  measures f o r  e v a c u a t i o n  
and s a l v a g i n g  o f  p r o p e r t y  e s u l d  b e  made, and t o  what c a p a c i -  
t ies r e s e r v o i r s  f o r  impounding f l o o d  w a t e r s  s h o u l d  be  con- 
s t r u c t e d  s o  t h a t  w a t e r  l e v e l s  a l o n g  t h e  r i v e r  a r e  m a i n t a i n e d  
below dangerous l e v e l s ,  We a l s o  may b e  i n t e r e s t e d  i n  e s t a b -  
l i s h i n g  p rocedures  f o r  r e g u l a t i o n  of r e s e r v o i r s .  The answers  
t o  t h e s e  and many o t h e r  q u e s t i o n s  c o u l d  be s u p p l i e d  by t h e  
techmiques  of  f l o w  r o u t  img, . These  t e c h n i q u e s  d e t e r m i n e  t h e  
w a t e r  d e p t h s  and v e l o e i t  ies i n  c h a n n e l s ,  rivers , and r e s e r v o i r s  
under  u n s t e a d y  c o n d i t i o n s .  The t e c h n i q u e s  a r e  e o m o n l y  ap- 
p l i e d  t o  f l s o d  mot ions  and a r e  c o n s e q u e n t l y  e o m o n l y  known as 
f l o o d  r o u t i n g  . 

The laws o f  mechanics on which f l o o d - r o u t i n g  t e c h n i q u e s  
a r e  based c o n s i s t  o f  the laws f o r  t h e  c o n s e r v a t i o n  of mass, 
momentum, and e n e r g y ,  S i n c e  i n  r i v e r  f lows  thermadyamic e f  - 
fects  c a n  o f t e n  be n e g l e c t e d ,  t h e  laws of c o n s e r v a t i o n  o f  
momentum and energy  become n e a r l y  i d e n t i c a l ,  The laws f o r  
t h e  c o n s e r v a t i o n  o f  momentum and mass a r e  e x p r e s s e d  i n  t h e  
form o f  ma themat ica l  e q u a t i o n s  known a s  t h e  e q u a t i o n s  o f  un- 
s t e a d y  f  l s w  . A p p l i c a t i o n  of f  lood-rout  i n g  t e c h n i q u e s  c o n s i s t s  
o f  f i n d i n g  s o l u t i o n s  t o  t h e s e  e q u a t i o n s ,  

Streamf low r o u t i n g  methods may b e  c l a s s i f i e d  i n t o  two 
methods --approximate and c o m p l e t e ,  I n  t h e  approx imate  methods ,  



t h e  e q u a t i o n s  o f  motion a r e  s i m p l i f i e d ;  i n  t h e  comple te  meth- 
o d s ,  no s i m p l i f  i c a t  i o n s  a r e  made. Although t h e  approximate  
methods p r o v i d e  c o r r e c t  s o l u t i o n s  t o  some problems,  t h e y  w i l l  
b e  found u n r e l i a b l e  i n  o t h e r  c a s e s .  A n a l y t i c a l  s o l u t i o n s  o f  
comple te  e q u a t i o n s  a r e  no t  f e a s i b l e ;  t h e r e f o r e ,  a l l  comple te  
methods f o r  t h e  s o l u t i o n s  of  t h e  e q u a t i o n s  o f  u n s t e a d y  f l o w  a r e  
n u m e r i c a l  . 

The advent  sf t h e  d i g i t a l  computer has  made i t  f e a s i b l e  
t o  o b t a i n  t h e  n u m e r i c a l  s o l u t i o n s  o f  t h e  comple te  e q u a t i o n s ,  
and much e f f o r t  h a s  gone i n t o  t h i s  i n  r e c e n t  y e a r s  . T h i s  re- 
p o r t  is a n  outcome o f  s u c h  an e f f o r t .  A m a j o r  o b j e c t i v e  of 
t h i s  i n v e s t i g a t i o n  is t o  make t h e  s o l u t i o n s  a c c e s s i b l e  t o  
most workers  i n  t h e  f i e l d  of  w a t e r  r e s o u r c e s ,  It is hoped 
t h a t  once  p r a c t i c a l  computer programs a r e  p r e p a r e d ,  t h e  u s e r  
c o u l d  f i n d  s o l u t i o n s  t o  p r o b l e ~ s  w i t h o u t  b e i n g  r e q u i r e d  t o  
p o s s e s s  a  knowledge of  t h e  m a t h e m a t i c a l  d e t a i l s  which have 
gone i n t o  t h e i r  p r e p a r a t i o n ,  

I n  t h i s  r e p o r t  , w e  t r e a t  t h e  a p p l i c a t i o n  o f  t h e  equa-  
t i o n s  o f  u n s t e a d y  f l o w  t o  f l o o d  r o u t i n g  o n l y ,  I t  s h o u l d  be 
r e c o g n i z e d  t h a t  most o f  t h e  methods and p r i n c i p l e s  a p p l i e d  
t o  f l o o d  r o u t i n g  a l s o  a m  a p p l i c a b l e ,  w i t h  s l i g h t  m o d i f i c a -  
t i o n s ,  t o  o t h e r  problems i n v o l v i n g  t h e  u n s t e a d y  mot ion  o f  
w a t e r ,  s u c h  a s  t h e  movement of s u r g e s  i n  c a n a l s ,  t i d a l  mo- 
t i o n ,  long  waves ,  e t c  , We b e l i e v e ,  however,  t h a t  f l o o d  r o u t  - 
i n g  is t h e  most c h a l l e n g i n g  of a l l  problems i n v o l v i n g  t h e  
e q u a t i o n s  o f  mot ion ,  I n  f l o o d  r o u t i n g ,  b o t h  t h e  f r i c t i o n  
f o r c e  and t h e  i n e r t i a  f o r c e  p l a y  impor tan t  r o l e s ,  and w e  can-  
n o t  i g n o r e  one w i t h  r e s p e c t  t o  t h e  o t h e r  a s  c o u l d  b e  done,  
f o r  i n s t a n c e ,  i n  t h e  c a s e  of a  c a n a l  s u r g e ,  Again, f l o o d  
f l o w s ,  u n l i k e  most o t h e r  u n s t e a d y  f l o w s ,  mag have long  dura -  
t i o n s ,  s a y  s f  s e v e r a l  d a y s ,  It becomes a  v e r y  c h a l l e n g i n g  
m a t t e r  t o  f 2nd r e a l i s t i c  s o P u t i o n s  t o  f l o o d  f l o w  problems i n  
a r e a s o n a b l e  time, Numerical  methods t h a t  mag b e  v e r y  prac-  
t i c a l  f o r  most unsteady flow problems w i l l  f a i l  when they are 
a p p l i e d  t o  f l o o d  r o u t i n g ,  because  it t a k e s  t o o  long  t o  d e l i v e r  
t h e  a n s w e r s ,  The s t u d y  of f l o o d  r o u t i n g  not o n l y  s h e d s  l i g h t  
on  a v e r y  impor tan t  phenomenon i n  w a t e r  r e s o u r c e s ,  i t  a l s o  
is aimed a t  a most c h a l l e n g i n g  a r e a  f o r  t h e  a p p l i c a t i o n  o f  
t h e  e q u a t i o n s  o f  wcsteady f l o w .  

T h i s  r e p o r t  c o n t a i n s  a  d e t a i l e d  t r e a t m e n t  of t h r e e  n w e r i -  
caB methods f o r  the s o l u t i o n  of t h e  e q u a t i o n s  o f  u n s t e a d y  f l o w  
and o f  t h e i r  a p p l i c a t i o n s ,  The t h r e e  methods r e p r e s e n t  u n i q u e  
approaches  to t h e  s o l u t i o n  of  t h e  e q u a t i o n s  of u n s t e a d y  f l o w .  
The methods a r e  a p p l i e d  t o  two t y p e s  of problems,  v i z . ,  f l o w  - 
th rough  a n  idealized channe1 and f low th rough  a  n a t u r a l  chan- 
n e l .  The o b ~ e c t i v e  of t h e  first a p p ~ i c a t i o n .  is t o  i l l u s t r a t e  
t h e  mathemat ica l  a s p e c t s  of t h e  methods and t o  e x p l o r e  b a s i c  
p r i n c i p l e s ,  The o b j e c t i v e  of t h e  second  t y p e  of a p p l i c a t i o n  
is t o  i n v e s t i g a t e  She f e a s i b i l i t g  o f  t r e a t i n g  r ea l  problems.  



This  r e p o r t  is not in tended  t o  c o n t a i n  t h e  f i n a l  word 
on numerical  f l o o d  r o u t i n g .  I ts  main concern is t h e  compari- 
s o n  of  va r ious  numerical  r o u t i n g  methods, t h e  s t u d y  o f  causes  
f o r  l ack  of  g e n e r a l  acceptance of some of t h e  methods, and 
t h e  s e a r c h  fop  methods t h a t  cou ld  be e f f i c i e n t  and workable.  
The r e p o r t  a l s o  is incomplete i n  t h e  s e n s e  t h a t  w e  d i d  not  
have t h e  t i m e  and r e sou rces  a v a i l a b l e  t o  t e s t  t h e  r e s u l t s  on 
a  v a r i e t y  of problems. Because of t h e  magnitude o f  t h e  e f  - 
f o r t  involved ,  we had t o  con f ine  o u r s e l v e s  t o  a  s i n g l e  n a t u r a l  
channel .  We b e l i e v e ,  however, t h a t  t h i s  work and t h e  work 
o f  o t h e r  i n v e s t i g a t o r s  deeply involved i n  t h i s  t y p e  of e f f o r t  
w i l l  have l a i d  t h e  groundwork f o r  t h e  a p p l i c a t i o n  of  numerical  
f l o o d  r o u t i n g  t o  wate r  r e sou rces  i n  a r o u t i n e  manner. 



11. THEORY 

The b a s i c  laws of  mechanics which s e r v e  as t h e  b a s i s  f o r  
t h e  i n v e s t i g a t i o n  o f  problems o f  s u r f a c e  r u n o f f  and o t h e r  
phenomena i n v o l v i n g  t h e  movement of w a t e r  a r e  t h e  laws f o r  
t h e  c o n s e r v a t i o n  of  mass and momentum. These laws are ex- 
p r e s s e d  i n  t h e  form o f  ma themat ica l  e q u a t i o n s  known as t h e  
e q u a t i o n s  o f  uns teady  f low.  They a l s o  a r e  r e f e r r e d  t o  as 
S t .  V e n a n t ' s  e q u a t i o n s ,  a f t e r  one  o f  t h e  p i o n e e r i n g  t h e o r e -  
t i c i a n s .  The d e r i v a t i o n  o f  t h e  e q u a t i o n s  o f  u n s t e a d y  f low is 
g i v e n  i n  s t a n d a r d  r e f  e r e n c e  works ( e  .g. , Chow, 1959; Gilcrest , 
1950;  Henderson,  1966 ;  stoke^, 19577. T h e i r  d e r i v a t i o n  w i l l  
be g i v e n  h e r e  w i t h  some minor d e v i a t i o n  from t h a t  i n  some o f  
t h e  c i t e d  r e f e r e n c e s ,  The argument f o r  o u r  approach  w i l l  be 
i n t r o d u c e d  i n  t h e  c o u r s e  of  t h e  p r e s e n t a t  i o n ,  

Cons ide r  a  s h o r t  r e a c h  o f  c h a n n e l  o f  l e n g t h  Ax w i t h  t h e  
f low t a k i n g  p l a c e  from s e c t i o n  1-1 t o  s e c t i o n  2-2 a s  shown i n  
F i g ,  1, Let  x be t h e  h o r i z o n t a l  d i s t a n c e ;  p ,  t h e  d e n s i t y  o f  
w a t e ~ ;  g ,  t h e  a c c e l e r a t i o n  due t o  g r a v i t y ;  and l e t  z d e n o t e  
t h e  c h a n n e l  bot tom e l e v a t i o n ;  y ,  t h e  w a t e r  d e p t h ,  A ,  t h e  c r o s s -  
s e c t i o n a l  a r e a ;  and v ,  t h e  a v e r a g e  v e l o c i t y .  L e t  $ b e  t h e  
volume f l o w  r a t e  e n t e r i n g  t h e  c h a n n e l  t h r o u g h  s e c t i o n  1-1;  
Q + (a$/ax) A X ,  t h e  volume o u t f l o w  Pate ; and le t  q  b e  t h e  
l a t e r a l  i n f  low p e r  u n i t  c h a n n e l  l e n g t h  p e r  unit t i m e .  The 
mass o f  w a t e r  e n t e r i n g  t h e  c h a n n e l  r e a c h  d u r i n g  a t i m e  i n t e r -  
v a l  A t  w i l l  b e  fsQbt + pqAxAt. 

The mass of w a t e r  l e a v i n g  t h e  c h a n n e l  d u r i n g  t h e  same 
time would be 

Assuming a&/ax t o  be positive, there is a  n e t  mass o u t f l o w  
from t h e  r e a c h ,  The law of c o n s e r v a t i o n  of mass would r e q u i r e  
t h a t  because  of t h e  n e t  mass o u t f l o w  d u r i n g  t i m e  A t  t h e  mass 
i n s i d e  t h e  r e a c h  be reduced  and c o n s e q u e n t l y  t h e  w a t e r  s u r -  
f a c e  s h o u l d  f a l l .  The mass of w a t e r  i n s i d e  t h e  r e a c h  of 
l e n g t h  Ax is 

p A  Ax. 

The r a t e  of d e c r e a s e  0% this mass c a n  b e  e x p r e s s e d  a s  

The r e d u c t i o n  i n  mass d u r i n g  time i n t e r v a l  A t  is 





F o r  t h e  c o n s e r v a t i o n  o f  mass w e  e q u a t e  t h e  n e t  mass o u t f l o w  
t o  t h e  r e d u c t i o n  i n  mass i n s i d e  t h e  r e a c h ,  s o  t h a t  

S i m p l i f y i n g ,  

E q u a t i o n  ( 1 )  is known a s  t h e  e q u a t i o n  of c o n t i n u i t y  a n d  
is t h e  m a t h e m a t i c a l  e x p r e s s i o n  f o r  t h e  law o f  c o n s e r v a t i o n  of 
mass .  S i n c e  Q = vA, t h e  e q u a t i o n  of  c o n t i n u i t y  may be w r i t t e n  
a s  

The c o n s e r v a t i o n  of momentum is g i v e n  by Newton ' s  s e c o n d  
law of mo t ion  which  s t a t e s  t h a t  t h e  r a t e  o f  change  of momentum 
is e q u a l  t o  t h e  a p p l i e d  f o r c e .  L e t  u s  c o n s i d e r  t h e  same ele- 
ment of volume shown i n  Fig. 1. The a p p l i e d  f o r c e  on  t h i s  
e l e m e n t  is t h e  r e s u l t a n t  o f  t h e  p r e s s u r e ,  g r a v i t y ,  a n d  f r i c -  
t i o n  f o r c e s  on t h e  e l e m e n t ,  The w a t e r  d e p t h  is y a t  s e c t i o n  
1-1 and i t  is y += ( a y / a x ) ~ x  a t  s e c t i o n  2-2, The c r o s s -  
s e c t i o n a l  a r e a  is A a t  1-1 and is A + (bA/ax)Ax a t  2-2. 

The p r e s s u r e  d i s t r i b u t i o n  is assumed t o  be h y d r o s t a t i c ,  
T h i s  a s s u m p t i o n  is v a l i d  i f  t h e  s u r f a c e  c u r v a t u r e  is s m a l l ,  
a n d  is t r u e  o f  most f l o w s  i n  open  c h a n n e l s ,  The p r e s s u r e  
force a t  s e c t i o n  1-1 a c t s  toward  the r i g h t ,  and  t h e  p r e s s u r e  
a t  s e c t i o n  2-2 ac ts  toward  t h e  l e f t ,  A s  it is assumed i n  t h e  
f i g u r e  t h a t  t h e  d e p t h  a t  s e c t i o n  2-2 is g r e a t e r  t h a n  a t  sec- 
t i o n  1-1, t h e r e  is a n  u n b a l a n c e d  p r e s s u r e  a t  s e c t i o n  2-2 
e q u a l  t o  pg(ayl i3x)hx,  The u n b a l a n c e d  p r e s s u r e  f o r c e  is, 
t h e r e f o r e ,  

a n d  is d i r e c t e d  toward  t h e  n e g a t i v e  x - a x i s .  

' The g r a v i t y  f o r c e  is e q u a l  t o  t h e  w e i g h t  o f  t h e  f l u i d  
i n s i d e  t h e  e l e m e n t ,  a n d  is 

The component of t h e  g r a v i t y  f o r c e  i n  t h e  d i r e c t i o n  o f  mo t ion  
is 



The channel  bottom s l o p e  hz/Ax is expressed  a s  So. Therefore ,  
t h e  g r a v i t y  f o r c e  i n  t h e  d i r e c t i o n  of mst ian is 

The f r i c t i o n  f o r c e  opposes t h e  motion and is d i r e c t e d  
t o  t h e  l e f t .  I f  t h e  s h e a r  stress is designated a s  7 ,  t h e  s h e a r  
f o r c e  becomes 

where P is t h e  wet ted p e r i ~ e t e r ,  

The s h e a r  f o r c e  can be expressed  i n  terms of t h e  head 
(or  energy) l o s s  by equa t ing  t h e  head l o s s  t o  t h e  work done by 
t h e  shea r  f o w e .  Thus, 

where hL is t h e  head l o s s  over  d i s t a n c e  Ax, The head l o s s  
i t s e l f  can be expressed  i n  terms of t h e  f r i c t i o n  s l o p e ,  S f ,  
s o  t h a t  

Therefore ,  t h e  f r i c t i o n  f o r c e  is equa l  t o  

The r e s u l t a n t  f o r c e  on t h e  element of volume i n  t h e  
d i r e c t i o n o f  motion is t h e  r e s u l t a n t  of t h e  g r a v i t a t i o n a l ,  
f r i c t i o n a l ,  and p r e s s u r e  f o r c e s :  

The p a t e  of change of momentum of t h e  f l u i d  through 
t h e  element is determined a s  f o l l o w s .  The change i n  momentum 
c o n s i s t s  of two p a r t s ,  The f i r s t  p a r t  is t h e  change wi th  
t ime i n  t h e  momentum i n s f d e  t h e  volume element .  Th i s  change 
is termed t h e  l o c a l  momentum change. The second p a r t  of t h e  
momentum change is due t o  t h e  d i f f e r e n c e  i n  t h e  momentum 
e n t e r i n g  and leavfng  t h e  volume e lements .  This  p a t e  of mo- 
mentum flow is termed t h e  convec t ive  change i n  momentum. The 
l o c a l  change is a temporal  change,  whi le  t h e  convec t ive  change 
is a s p a t i a l  change.  

The momentum of t h e  f l u i d  i n s i d e  t h e  volume element is 
(pAAx)v. Therefore ,  t h e  l o c a l  momentum change is 



The momentum inf low r a t e  i n t o  t h e  volume element is 

pvAov = a v 2 ~ .  

The convec t ive  ( s p a t i a l )  momentum change is, t h e r e f o r e ,  

a v  2ov - AAx 
ax 

The t o t a l  r a t e  of change of momentum 
and convec t ive  momentum changes;  - i ,g . ,  

is t h e  sum of t h e  l o c a l  

But, from t h e  e q u a t f ~ n  of c o n t i n u i t y  (11, 

S u b s t i t u t i n g  t h i s  r e l a t i o n s h i p  i n  t h e  exp res s ion  f o r  momentum, 
t h e  r a t e  ofPehange of momentum becomes 

F i n a l l y ,  t h e  a p p l i c a t i o n  of Newton's 
flow through t h e  element of volume becomes 

second law t o  t h e  

D i v i d i n g  a l l  t h e  t e r m s  by pABx,  the equation s i m p l i f i e s  t o  

Equation (2)  is  t h e  mathematical  exp res s ion  fop  t h e  conserva- 
t i o n  of momentum, 

A s imp le r  bu t  less r i g o r o u s  approach t o  t h e  a p p l i c a t i o n  
of Newton's second law is t o  exp res s  i t  a s  

Force = Mass x a c c e l e r a t i o n ,  



and apply i t  t o  t h e  flow through an element of volume. Re-  
f e r r i n g  aga in  t o  F i g .  1, t h e  mass of t h e  f l u i d  i n s i d e  t h e  
element would be p A a A x .  The a c c e l e r a t i o n  of each f l u i d  u n i t  
mass would be  

whepe t h e  f i r s t  term i n  this equa t ion  is t h e  l o c a l  ( temporal)  
a c c e l e r a t i o n  and t h e  second term is t h e  convec t ive  ( s p a t i a l )  
a c c e l e r a t i o n .  Therefore ,  t h e  product  of mass and a c c e l e r a t i o n  
becomes 

The a p p l i e d  f o r c e  is t h e  r e s u l t a n t  of t h e  p r e s s u r e ,  
g r a v i t y ,  and f r i c t i o n  f o r c e s  and has  been found a l r e a d y  t o  be  

pgASo Ax - pgASf 6x - ogA Ax. 
ax 

Equat ing t h e  a p p l i e d  f o r c e  t o  t h e  product  of mass and a c c e l e r a -  
t i o n ,  and d i v i d i n g  a l l  t h e  terms by pgAeAx, we aga in  end up 
wi th  equa t ion  (21 ,  

I t  should be noted t h a t  i n  equa t ion  (2)  t h e  l a t e r a l  
in f low on e n t e r i n g  t h e  channel  is  assumed t o  posses s  no 
momentum i n  t h e  d i r e c t i o n  of f low.  

Equations (1) and (2)  a r e  t h e  e q u a t i o n s  of unsteady f low.  
They s e r v e  a s  t h e  basis f o r  c o n s t r u c t i n g  mathematical  models 
f o r  t h e  i n v e s t i g a t i o n  of numerous problems,  App l i ca t ion  of 
t h e  equa t ions  t o  t h e  unsteady motion of wa te r ,  whether it be 
t h e  propagat ion of s u r g e s  i n  c a n a l s ,  over land  f low,  o r  t h e  
progress  of a f l o o d  i n  a  r i v e r  channe l ,  c o n s i s t s  of f i n d i n g  
t h e  solutions of t h e  equa t ions  i n  conformance wi th  t h e  boundary 
c o n d i t i o n s ,  The boundary c o n d i t i o n s  may c o n s i s t  of t h e  known 
changes i n  water  l e v e l s  a t  t w ~  ends of a  r each ,  i n  which c a s e  
t h e  s o l u t i o n s  determine t h e  v e l o c i t i e s  and wate r  dep ths  a t  
i n t e rmed ia t e  p o i n t s  a s  f u n c t i o n s  of t i m e ,  For most f l o o d  flow 
problems, t h e  boundary c o n d i t i o n s  a r e  g iven  a s  a  s t a g e  o r  
d i s cha rge  hydrograph a t  t h e  upstream end of a  reach  and t h e  
p r o p e r t i e s  of some c o n t r o l  s e c t i o n ,  such a s  a  dam a t  t h e  
downstream end,  The o b j e c t i v e  of f i n d i n g  t h e  s o l u t i o n s  is 
t o  determine t h e  wate r  dep ths  and v e l o c i t i e s  a t  a l l  p o i n t s  
i n  t h e  reach  a s  f u n c t i o n s  of t ime .  



111. METHODS OF SOLUTION 

From a  m a t h e m a t i c a l  p o i n t  o f  v iew,  t h e  e q u a t i o n s  o f  un- 
s t e a d y  f l o w  a r e  c l a s s i f i e d  a s  n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n s  o f  t h e  hype rboBic  t y p e ,  Two a p p r o a c h e s  t o  f i n d i n g  
s o l u t i o n s  o f  t h e  e q u a t i o n s  have  b e e n  u s e d .  These  a r e :  
a n a l y t i c a l  methods and  n u m e r i c a l  me thods .  I n  t h e  f o l l o w i n g  
p a r a g r a p h s ,  a  b r i e f  r e v i e w  a n d  d i s c u s s i o n  o f  t h e s e  methods  
a r e  p r e s e n t e d .  

Review o f  A n a l y t i c a l  Methods 

The e q u a t i o n s  o f  u n s t e a d y  f l o w  a r e  n o t  amenable  t o  
g e n e r a l  a n a l y t i c a l  s o l u t i o n s ,  Any a n a l y t i c a l  s o l u t i o n s  t h a t  
might  be a t t e m p t e d  must o f  n e c e s s i t y  be b a s e d  on f i r s t  r e d u c -  
i n g  t h e  e q u a t i o n s  t o  s i m p l e r  f o r m s o  I n  t h i s  p r o c e d u r e ,  some 
i m p o r t a n t  f e a t u r e s  o f  t h e  e q u a t i o n s  c o u l d  be l o s t ,  a n d  t h e  
r e s u l t i n g  s s E u t i o n s  might  l a c k  g e n e r a l i t y .  The r e s u l t s  ob- 
t a i n e d  i n  t h i s  manner must be u s e d  w i t h  g r e a t  c a r e ,  and  i t  
s h o u l d  be r e c o g n i z e d  t h a t  a l t h o u g h  t h e  s o l u t i o n s  migh t  be 
v a l i d  f o r  some a p p l i c a t i o n s  t h e y  migh t  f a i l  i n  o t h e r  c a s e s ,  

I t  is n o t  i n t e n d e d  h e r e  to p r e s e n t  a  comprehens ive  re- 
view o f  t h e  a v a i l a b l e  s o l u t i o n s  s f  t h e  e q u a t i o n s  o f  u n s t e a d y  
f l o w o  A b r i e f  r e v i e w  of r e p r e s e n t a t i v e  a n a l y t i c a l  s o l u t i o n s  
is g i v e n  t o  p r o v i d e  t h e  p r o p e r  background f o r  t h e  c e n t r a l  
theme o f  t h i s  r e p o r t ,  

A s i m p l e  c o n c e p t  f o r  t h e  f l o o d  wave is g i v e n  by what  is 
te rmed t h e  monocP%ni@al  p r o g r e s s i v e  wave. T h i s  wave, which  
may a c t u a l l y  occur i n  n a t u r e ,  is assumed t o  t r a v e l  w i t h  a  
c o n s t a n t  s h a p e  and  a  c o n s t a n t  s p e e d ,  These  two a s s u m p t i o n s  
make i t  f e a s i b l e  t o  s t u d y  t h e  movement 0% t h e  wave a s  a s t e a d y  
f low phenomenon by r e f e r r i n g  the motion to a moving c o o r d i n a t e  
s y s t e m .  An o b s e r v e r  t r a v e l i n g  a t  t h e  wave s p e e d  i n  t h e  same 
d i r e c t i o n  a s  t h e  wave would see a c o n s t a n t  p r o f i l e ,  A p p l i c a -  
t i o n  of t h e  e q u a t i o n  of c o n t i n u i t y  l e a d s  t o  t h e  f o l l o w i n g  
e q u a t i  on f o r  wave s p e e d  (Gilcrest ,  1950) : 

where Q is t h e  d i s c h a r g e  a n d  y  is t h e  d e p t h .  

More r e c e n t l y  L i g h t h i l l  a n d  Whi tham ( 1955)  i n t r o d u c e d  
t h e  c o n c e p t  o f  t h e  k i n e m a t i c  wave. The k i n e m a t i c  wave is de- 
f i n e d  a s  o n e  i n  which  t h e  d i s c h a r g e  is a  f u n c t i o n  of d e p t h  
o n l y .  I n  t h e  k i n e m a t i c  wave t h e o r y ,  t h e  e q u a t i o n  o f  c s n t i n u -  
i t y  is u s e d  by i t s e l f  and  t h e  momentum e q u a t i o n  is d r a s t i c a l l y  
s i m p l i  f i e d  . 



Anothe r  a p p r o a c h  t o  f i n d i n g  a n a l y t i c a l  s o l u t i o n s  of 
e q u a t i o n s  (1) and  ( 2 )  is t h e  u s e  o f  d i f f u s i o n  a n a l o g y .  The 
main c o n c e p t s  c a n  be be t te r  i l l u s t r a t e d  by  c o n f i n i n g  o u r  a t -  
t e n t i o n  t o  t h e  one -d imens iona l  c a s e .  F o r  t h i s  c a s e ,  equa-  
t i o n s  ( 1 )  and  ( 2 )  r e d u c e  t o  

I n  d i f f u s i o n  a n a l o g y ,  t h e  a c c e l e r a t i o n  terms a r e  n e g l e c t e d  
s o  t h a t  t h e  dynamic (momentum) e q u a t i o n  r e d u c e s  t o  

a g  2 = gs, - gs*  
ax or  sf = so -%.  

The f r i c t i o n  s l o p e  Sf may b e  g i v e n  by o n e  of  t h e  well-known 
r e s i s t a n c e  f o r m u l a s .  Us ing  C h e z y q s  f o r m u l a ,  

where C  is C h e z y v s  c o e f f i c i e n t  and  

S u b s t i t u t i n g  i n  t h e  e q u a t i o n  of  c o n t i n u i t y ,  we f i n d  

T h i s  e q u a t i o n  may b e  a p p r o x i m a t e d  t o  

and  h a s  t h e  same form a s  t h e  d i f f u s i o n  e q u a t i o n .  If t h e  c o e f -  
f i c i e n t s  o f  a y / a x  a n d  a2y/ax2  a r e  assumed t o  be c o n s t a n t ,  t h e  
e q u a t i o n  r e d u c e s  t o  t h e  c l a s s i c  l i n e a r  d i f f u s i o n  e q u a t i o n  
(Chow, l 9 5 9 ) ,  i . g . ,  - 

which h a s  b e e n  e x t e n s i v e l y  a p p l i e d  i n  h e a t  t r a n s f e r  and  o t h e r  
a r e a s ,  We o b s e r v e  t h a t  i n  o r d e r  t o  r e d u c e  t h e  e q u a t i o n s  o f  



u n s t e a d y  f l o w  t o  t h e  c l a s s i c  d i f f u s i o n  e q u a t i o n  c o n s i d e r a b l e  
a p p r o x i m a t i o n  is n e c e s s a r y .  The r e s u l t s  o b t a i n e d  f rom d i f -  
f u s i o n  a n a l o g y  would b e  v a l i d  f o r  a p p l i c a t i o n s  i n  which  t h e  
a s s u m p t i o n s  a r e  j u s t i f i e d .  

A l l  a t t e m p t s  a t  f i n d i n g  a n a l y t i c a l  s o l u t i o n s  of  t h e  equa-  
t i o n s  o f  u n s t e a d y  f l o w ,  a s  i n  t h e  p r i n c i p a l  methods  d e s c r i b e d  
above ,  a r e  b a s e d  on s i m p l i f y i n g  a s s u m p t i o n s .  A l though  t h e  
a t t e m p t s  may i n v o l v e  h i g h l y  s o p h i s t i c a t e d  a n a l y s e s ,  we c a n n o t  
depend on t h e s e  methods t o  d e t e r m i n e  a c t u a l  f l o o d  f l o w  move- 
ments  e x c e p t  i n  s p e c i a l  e a s e s .  

Numeri c a l  Methods 

Numer ica l  methods f o r  t h e  s o l u t i o n  of d i f f e r e n t i a l  equa-  
t i o n s  a r e  e s t a b l i s h e d  on t h e  b a s i s  of  r e p l a c i n g  t h e  d e r i v a t i v e s  
by f i n i t e  d i f f e r e n c e s ,  The d i f f e r e n t i a l  e q u a t i o n s  a r e  t h e n  
r e p r e s e n t e d  by c o r r e s p o n d i n g  a l g e b r a i c  e q u a t i o n s .  A l though  
n u m e r i c a l  methods d o  n o t  r e q u i r e  t h a t  any  d r a s t i c  s i m p l i f i c a -  
t i o n s  b e  i n t r o d u c e d  i n t o  t h e  e q u a t i o n s  o f  u n s t e a d y  f l o w ,  
t h e  p r o c e d u r e  f o r  r e p r e s e n t i n g  t h e  p a r t i a l  d i f f e r e n t i a l  equa -  
t i o n s  by a l g e b r a i c  e q u a t i o n s  is n o t  s t r a i g h t f o r w a r d .  Many 
f a c t o r s  i n v o l v i n g  c o n v e r g e n c e ,  s t a b i l i t y ,  a c c u r a c y , a n d  e f -  
f i c i e n c y  o f  t h e  n u m e r i c a l  p r o c e d u r e s  e n t e r  t h e  p i c t u r e .  A l -  
t hough  t h e  p r o c e d u r e  i n v o l v e d  may b e  r e d u c e d  t o  s i m p l e  
m a t h e m a t i c a l  o p e r a t i o n s ,  t h e  number of  t h o s e  o p e r a t f  o n s  may 
b e  e x t r e m e l y  l a r g e ,  and is p a r t i c u l a r l y  t r u e  f o r  a p p l i c a t i o n  
t o  most f l o o d - f l o w  prob'lems, T h e r e f o r e ,  u n t i l  r e c e n t l y ,  
n u m e r i c a l  methods f o r  t h e  s o l u t i o n  o f  t h e  e q u a t i o n s  ~ f  un- 
s t e a d y  %Pow have  c o n s i s t e d  m o s t l y  o f  a p p r o x i m a t e  methods ,  i n  
which t h e  e q u a t i o n s  were s i m p P P f i e d  t o  r e d u c e  t h e  number of  
c o m p u t a t i s n a %  s t e p s ,  The a d v e n t  of  t h e  d i g i t a l  compu te r  made 
i t  f e a s i b l e  t o  a t t e m p t  n u m e ~ f s a l  s o l u t i o n s  o f  t h e  c o m p l e t e  
( u n s i m p l i f i e d ]  e q u a t i o n s ,  Because  of  l o n g  c o m p u t a t i o n  times 
and  s t o r a g e  r e q u i r e m e n t s ,  e v e n  w i t h  d i g i t a l  c o m p u t e r s ,  much 
work h a s  gone i n t o  the development  o f  a p p r o x i m a t e  me thods .  
The r e v i e w  o f  n u m e r i c a l  methods ,  t h e r e f o r e ,  i n c l u d e s  b o t h  
a p p r o x i m a t e  and  c o m p l e t e  methods .  

N e a r l y  a l l  a p p r o x i m a t e  n u m e r i c a l  methods a r e  b a s e d  p r i -  
m a r i l y  on t h e  e q u a t i o n  of c o n t i n u i t y .  The dynamic e q u a t i o n  
is e i t h e r  n e g l e c t e d  or is  d r a s t i c a l l y  s i m p l i f e d ,  I n  some 
c a s e s ,  e m p i r i c a l  t e c h n i q u e s  a r e  s u b s t i t u t e d  f o r  t h e  dynamic 
e q u a t i o n ,  

The b e s t  known a p p r o x i m a t e  methods f o r  t h e  i n t e g r a t i o n  
o f  t h e  e q u a t i o n s  of  u n s t e a d y  f l o w  a r e  t h e  s o - c a l l e d  s t o r a g e  
r o u t i n g  methods .  I n  a  t y p i c a l  method, t h e  e q u a t i o n  o f  



c o n t i n u i t y  ( n e g l e c t i n g  l a t e r a l  inf low) is r e p r e s e n t e d  i n  
f i n i t e  d i f f e r e n c e  form a s  

S ince  AAx is t h e  volume of water  i n  t h e  subreach t\x, NlM is 
t h e  change i n  t h e  volume o r  t h e  change i n  s t o r a g e  and can  be 
r ep re sen ted  a s  

AS = A A *  A x ,  

where S  is t h e  s t o r a g e .  The equa t ion  of c o n t i n u i t y  reduces ,  
t h e r e f o r e ,  t o  

But AQ = 0 - I ,  where 0 is t h e  outflow r a t e  and I is t h e  i n -  
flow r a t e ,  Thus t h e  equa t ion  of c o n t i n u i t y  can be r e p r e s e n t e d  
a s  

This  a l g e b r a i c  equa t ion  is used t o  r o u t e  f lows  through 
r e s e r v o i r s  or through subreaches  of r i v e r s .  

To c a r r y  ou t  computations i t  is necessary  t h a t  a r e l a -  
t i o n s h i p  between t h e  s t o r a g e  and outflow be known. FOP most 
r e s e r v o i r s ,  a  c o n s i s t e n t  r e l a t i o n s h i p  may be detepmined. For 
r i v e r  channe ls ,  t h e  s torage-outf low r e l a t i o n s h i p  may not  be 
s t a b l e .  Consequently,  va r ious  r e l a t i o n s h i p s ,  t h e  most common 
&which is one based on d e r i v i n g  s to rage -d i scha rge  r e l a t i o n -  
s h i p  assuming s t e a d y  flow, have been proposed,  Although t h i s  
s to rage - rou t ing  method provi  des  r e a l i s t i c  va lues  f o r  outf low 
from most ~ e s e r v o i r s ,  its succes s  i n  p r e d i c t i n g  unsteady f lows  
through r i v e r  channe ls  is a  s u b ~ e c t  of cons ide rab le  cont ro-  
ve r sy .  According t o  Thomas (1934) s o l u t i o n s  a r e  heav i ly  de- 
pendent on t h e  cho ice  of va lues  f o r  Ax and A t ,  and one could  
poss ib ly  a r r i v e  a t  any d e s i r e d  s o l u t i o n  by s e l e c t i n g  appro- 
p r f a t e  va lues  f o r  t h e s e  parameters .  Although t h e  r e l i a b i l i t y  
of t h e  s t o r a g e  r o u t i n g  methods can be ques t ioned ,  they a r e  
t r a d i t i o n a l l y  popular  i n  eng inee r ing  p r a c t i c e  because of t h e i r  
s i m p l i c i t y  and a l s o  because they a r e  manageable by desk 
c a l c u l a t o p s  , 

Another widely used s t o r a g e - r o u t i n g  method is t h e  Musk- 
ingum method, named a f t e r  t h e  Muskingum River ,  Ohio, t o  which 
i t  was f i r s t  a p p l i e d .  I n  t h i s  method t h e  s to rage -d i scha rge  
r e l a t i o n s h i p  is given by an empi r i ca l  equa t ion ,  t h e  coe f -  
f i c i e n t s  of which a r e  determined from h i s t o r i c a l  r e c o r d s .  
D e t a i l s  of t h e  s t o r a g e  r o u t i n g  methods mentioned here  and of 
o t h e r  s t o r a g e  r o u t i n g  methods a r e  g iven  i n  most s t a n d a r d  
r e f e r e n c e  works (e  - ,go, Lf ns l ey  e t  a 1  . , 1949 ; G i  l c r e s t ,  1959 ; -- 
Chow, 1960) . 



A somewhat d i f f e r e n t  a p p r o a c h  toward  t h e  e s t a b l i s h m e n t  
of a p p r o x i m a t e  n u m e r i c a l  methods  is i l l u s t r a t e d  by B r a k e n s i e k  
and  Comer ( 1 9 6 6 ) ,  where t h e  e q u a t i o n  of  c o n t i n u i t y  is r e t a i n e d  
b u t  t h e  momentum e q u a t i o n  is s i m p l i f i e d  t o  

by n e g l e c t i n g  t h e  a c c e l e r a t i o n  terms. The e q u a t i o n  of con-  
t i n u i t y  and  t h e  s i m p l i f i e d  momentum e q u a t i o n  c o n s t i t u t e  a 
s y s t e m  o f  two f i r s t - o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  
E x p r e s s i n g  t h e  f r i c t i o n  s l o p e  Sf a s  Sf = (Q/IQ2, where K is 
t h e  conveyance ,  t h i s  s y s t e m  c a n  b e  r e d u c e d  by d i f f e r e n t i a -  
t i o n  t o  t h e  f o l l o w i n g  s i n g l e ,  s e c o n d - o r d e r  d i f f e r e n t i a l  
e q u a t i o n :  

where B  is t h e  c h a n n e l  t o p  w i d t h .  T h i s  is a  n o n l i n e a r  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n  o f  t h e  p a r a b o l i c  t y p e  and  is a  d i f f u s i o n  
a n a l o g y .  The s i m p l i f i c a t i o n s  i n t r o d u c e d  i n  t h i s  a p p r o a c h  
make t h e  s o l u t i o n s  manageable  f o r  c o m p u t e r s  w i t h  s m a l l  s to r -  
a g e  c a p a c i t y .  

C o m ~ l e t e  Numer ica l  Methods 

Approximate  methods ,  w h e t h e r  a n a l y t i c a l  o r  n u m e r i c a l ,  
p r o v i d e  s o l u t i o n s  which a r e  u s e f u l ,  a c c u r a t e ,  and  r e l a t i v e l y  
e a s y  t o  o b t a i n  f o r  a  g r e a t  v a r i e t y  o f  p r o b l e m s ,  However, 
t h e  u s e r  is a l m o s t  a l w a y s  in d o u b t  a s  t o  t h e  e x t e n t  t o  which  
t h e  a c c u r a c y  of t h e  s o l u t i o n  is a f f e c t e d  by  t h e  approxima-  
t i o n s .  I n  some cases, t h e  a p p r o x i m a t i o n  might  b e  t h e  c a u s e  
o f  g l a r i n g  d i s c r e p a n c i e s  be tween  t h e  t r u e  and  a p p r o x i m a t e  
s o l u t i o n s ,  w h i l e  i n  o t h e r  eases s u c h  d i f f e r e n c e s  may n o t  b e  
n o t i c e a b l e ,  Development of methods POP t h e  s o l u t i o n  of  t h e  
c o m p l e t e  e q u a t i o n s  h a s  b e e n  t h e  c o n c e r n  of many i n v e s t i g a -  
t o r s ,  and  p r o c e d u r e s  for t h e i r  n u m e r i c a l  s o l u t i o n  h a v e  b e e n  
p roposed  f r o m  t i m e  t o  t i m e ,  But  t h e y  c o u l d  n o t  be v e r i f i e d  
b e c a u s e  o f  t h e  e x o r b i t a n t  amount o f  t e d i o u s  work r e q u i r e d  t o  
c a r r y  o u t  t h e  c o m p u t a t i o n s ,  S e r i o u s  a t t e m p t s  a t  f i n d i n g  
s o l u t i o n s  o f  the c o m p l e t e  e q u a t i o n s  c o u l d  b e  made w i t h  h i g h -  
s p e e d  c o m p u t e r s .  Accompanying t h e  a d v a n c e s  i n  compu t ing  
mach ine ry ,  g r e a t  s t r i d e s  have  a l s o  b e e n  t a k e n  i n  t h e  s c i e n c e  
o f  n u m e r i c a l  methods a n d  i n  t h e  t h e o r y  o f  p a r t i a l  d i f f e r e n -  
t i a l  e q u a t i o n s ,  s o  t h a t  n u m e r i c a l  p r o c e d u r e s  c a n  be e s t a b -  
l i s h e d  on sound  t h e o r e t i c a l  p r i n c i p l e s .  

For  t h e  p u r p o s e s  of t h i s  r e p o r t ,  methods  f o r  t h e  numer i -  
c a l  s o l u t i o n  o f  t h e  c o m p l e t e  e q u a t i o n s  o f  u n s t e a d y  f l o w  



based on finite difference techniques are classified as 
direct methods and characteristic methods. We define 
direct methods as those  in whlch the finite dikzerence repre- 
sentation is based directly on the primary equations, In the 
characteristic methods, the equations are first transformed 
into the characteristic form and the latter form is used in 
finite difference representation, A fixed mesh of points on 
the time-distance plane is c~rnmonly employed to identify 
points at which solutions are obtained by the direct methods. 
In the characteristic methods, solutions may be obtained at 
the intersection of characteristic curves on the time-distance 
plane or at fixed points of a rectangular mesh by interpola- 
tion between the intersection of characteristics. 

The finite difference schemes used in the direct and the 
characteristic methods are further classified into explicit 
and implicit methods. In the explicit methods, the finite 
difference equations are usually linear algebraic equations 
from which the unknowns can be evaluated explicitly a few 
at a time, The unknowns occur implicitly in the finite dif- 
ference equations of implicit methods, which are usually non- 
linear algebraic equations. 

On the basis of the above classification, the following 
methods for the solution of the equations of unsteady flow 
can be used: 

1, Explicit characteristic using characteristic network, 

2, Implicit characteristic using characteristic network, 

3 ,  Explicit characteristic using fixed mesh, 

4, Implicit characteristic using fixed mesh, 

5. Direct explicit using fixed mesh, and 

6. Direct implicit using fixed mesh. 

Each method cou ld  have many variations depending on what type 
of mesh is selected and what procedure for the solution of the 
finite equations is used. 

This report contains a detailed treatment of three numeri- 
cal methods for the solution of the equations of unsteady flow 
and of their applications. The three methods are: 

1, The implicit characteristic method using character- 
istic network, 

2. The explicit direct method, and 

3. The implicit direct method. 



The o t h e r  t h r e e  methods c i t e d  i n  t h e  preced ing  paragraph were 
not  i n v e s t i g a t e d  a s  p a r t  of t h i s  s tudy  because they  were 
found t o  be e i t h e r  u n s t a b l e  f o r  g e n e r a l  f l o o d  r o u t i n g  prob- 
lems (Amefn, 1966) o r  they were b a s i c a l l y  s i m i l a r  t o  one of 
t h e  methods i n v e s t i g a t e d ,  The t h r e e  methods presen ted  i n  
t h i s  r e p o r t  r e p r e s e n t  unique approaches t o  t h e  s o l u t i o n  of 
t h e  equa t ions  of unsteady f low,  Although t h e  e x p l i c i t  d i r e c t  
method has been thoroughly s t u d i e d  (S toker ,  1957),  and t h i s  
r e p o r t  c o n t a i n s  l i t t l e  innova t ion  on i ts a p p l i c a t i o n ,  it 
s e r v e s  a s  a  r e f e r e n c e  a g a i n s t  which t h e  e f f i c i e n c y  and use- 
f u l n e s s  of o t h e r  methods of s o l u t i o n  can be measured, 

POP t h e  s ake  of convenience i n  t h e  fo l lowing  pages of 
t h i s  r e p o r t ,  t h e  i m p l i c i t  c h a r a c t e r i s t i c  method u s i n g  t h e  
c h a r a c t e r i s t i c  network w i l l  be r e f e r r e d  t o  a s  t h e  charac-  
t e r i s t i c  method, The e x p l i c i t  d i r e c t  method and t h e  i m p l i c i t  
d i r e c t  method w i l l  be des igna ted  a s  t h e  e x p l i c i t  and i m p l i c i t  
methods, r e s p e c t i v e l y o  This  abb rev ia t ed  nomenclature f o c u s e s  
on t h e  most d i s t i n g u i s h i n g  f e a t u r e  of each method and iden-  
t i f i e s  i t ,  I n  t h i s  r e p o r t ,  t h e r e f o r e ,  t h e  c h a r a c t e r i s t i c  
method employs a  c u r v i l i n e a r  network of c h a r a c t e r i s t i c s ,  
whi le  t h e  e x p l i c i t  and i m p l i c i t  methods u t i l i z e  f i x e d  meshes. 
The t h r e e  methods a r e  a p p l i e d  t o  two types  of problems, - viz,, 
(1) flow through a n  i d e a l i z e d  channel  and (2)  f low through a 
n a t u r a l  channe l ,  The o b ~ e e t i v e  of t h e  f i r s t  a p p l i c a t i o n  is 
t o  i l l u s t r a t e  t h e  mathematical  a s p e c t s  of t h e  methods and t o  
exp lo re  b a s i c  p r i n c i p l e s ,  T h i s  r e p o r t  w i l l  touch on t h e s e  
a s p e c t s  rather b r i e f l y  because they have been d i scussed  i n  
d e t a i l  i n  s e v e r a l  r e c e n t  papers  (Amein, 1966, 1967, 1968) .  
The o b j e c t i v e  of t h e  second type  of a p p l i c a t i o n  is t o  i n v e s t i -  
g a t e  t he  f e a s i b i l i t y  of t r e a t i n g  r e a l  problems and, i f  prac-  
t i c a b l e ,  to provide  a u s e f u l  t o o l  f o r  workers in water  
B"eSQUa"CeS, 



IV. METHOD OF CHARACTERISTICS 

The equations of unsteady flow that were derived in 
Section I1 are reproduced below for convenience, 

A11 the term retain their definitions from Section 11. 

In the method of characteristics, these two partial dif- 
ferential equations are transformed into a system of four 
ordinary differential equations. The theory of the method of 
characteristics was given by Courant and Friedrichs (1948), 
Crandall (19571, and others, Recent applications of the 
method to gradually varied unsteady flows employing a charac- 
teristic network were reported by Amein (1966) , Liggett and 
Voolhiser (l967), and Fletcher and Hamilton (1967). Baltzer 
and Lai (1968) used a fixed-mesh characteristic method for 
the study of unsteady flows through tidal reaches and estu- 
aries * 

We derive the equations of characteristics following 
Courant and Friedrichs (1948). The geometry of the channel 
cross section is a function of depth; therefore, 

where A, B, and R are, respectively, the cross-sectional area, 
the top width, and the hydraulic radius. Since in unsteady 
f l o w  the depth may change with distance and time, we can write 

It should be noted that dA/dy is the channel width B(y) at the 
depth y , If the values of A (y) and B(y) are obtained by inde- 
pendent measurements, the measurement errors may cause B(y) to 
be different from the values obtained by differentiating the 
area A(y) with respect to depth. FOP numerical stability it is 
important that Agy) and B(y) should be compatible. Therefore, 
if either A (y) or B (y) is obtained by measurement, the other 
should be determined by calcuPus, The equations of unsteady 
flow may be written as 



The s l o p e s  of  t h e  c h a r a c t e r i s t i c s  are g i v e n  by (Courant  and 
F r i e d r i c h s ,  1948) : 

where c = /gA/(dA/dg), The p o s i t i v e  s i g n  appl ies  t o  t h e  ad- 
v a n c i n g  ( o r  f o r w a r d )  c h a r a c t e r i s t i c  w h i l e  t h e  n e g a t i v e  s i g n  
a p p l i e s  t o  t h e  r e c e d i n g  (backward) c h a r a c t e r i s t i c ,  F u r t h e r -  
more, t h e  e q u a t i o n ,  

h o l d s  on t h e  a d v a n c i n g  c h a r a c t e r i s t i c  and  t h e  e q u a t i o n ,  

h o l d s  on  t h e  r e c e d i n g  c h a r a c t e r i s t i c .  E q u a t i o n s  (3) t h r o u g h  
(6) are f o u r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  r e p l a c i n g  t h e  
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  (1)  and (21,  T h e s e  f o u r  equa- 
t i o n s  s e r v e  as t h e  b a s i s  f o r  n u m e r i c a l  s o l u t i o n  o f  e q u a t i o n s  
o f  u n s t e a d y  f low by t h e  method of c h a r a c t e r i s t i c s ,  

We may p r e s c r i b e  t h e  i n i t i a l  and boundary c o n d i t i o n s  
t h a t  would b e  n e c e s s a r y  f o r  t h e  comple te  s o l u t i o n  o f  t h e  equa-  
t i o n s  i n  s e v e r a l  ways .  L e t  u s  c o n s i d e r  a t y p i c a l  f l o o d  f l o w  

h a c h a n n e l  r e a c h ,  F o r  t h e  s a k e  o f  c o n v e n i e n c e ,  l e t  
x = 0 a t  t h e  u p s t r e a m  end and l e t  t to a t  t h e  s t a r t  o f  
c o m p u t a t i o n s .  The r e q u i r e d  i n i t i a l  v a l u e s  are t h e  v a l u e s  o f  
v  and y a t  t i m e  t = to a t  a l l  p o i n t s  i n  t h e  r e a c h ;  t h a t  is, 
f o r  a l l  x ,  The boundary c o n d i t i o n s  may b e  g i v e n  as 

B, The v a l u e s  of y o r  of $ a t  x = 8 as f u n c t i o n s  o f  

2 ,  A r e l a t i o n s h i p  between v and y  a t  t h e  downstream 
e n d .  

Boundary c o n d i t i o n s  p r e s c r i b e d  i n  t h i s  way are t y p i c a l  s f  most 
f lood-f low s i t u a t i o n s  i n  s u b c r i t i c a l  f l o w .  Thus t h e  u p s t r e a m  
boundary c o n d i t i o n s  may b e  g i v e n  by a stage o r  d i s c h a r g e  hydro-  

h  and t h e  downstream boundary c o n d i t i o n s  by a r a t i n g  c u r v e  
h e  p r o p e r t i e s  o f  t h e  c o n t r o l  s e c t i o n ,  I t  is a p p r o p r i a t e  

s u t i l i z e  a c o n t r o l  s e c t i o n  s u c h  as a dam o r  w e i r  as t h e  
downstream boundary f o r  a r e a c h .  O t h e r  t y p e s  of  problems may 
r e q u i r e  d i f f e r e n t  i n i t i a l  and  boundary c o n d i t i o n s ,  F o r  a 
t i d a l  i n l e t ,  f o r  example ,  t h e  s t a g e  v a r i a t i o n s  w i t h  t i m e  a t  
t h e  two e n d s  s f  t h e  i n l e t  c h a n n e l  may b e  known and it  might  
be d e s i r e d  t o  f i n d  t h e  changes  i n  water l e v e l s  a t  i n t e r m e d i a t e  
l o c a t i o n s  i n  t h e  i n l e t  and t h e  f low v e l o c i t i e s  a t  all p o i n t s  
o f  t h e  i n l e t  as f u n c t i o n s  s f  t i m e ,  



The fo l lowing  paragraphs  c o n t a i n  t h e  d e t a i l s  of t h e  nu- 
mer ica l  procedure  f o r  a  t y p i c a l  f l ood - rou t ing  problem. The 
o b j e c t i v e  of t h e  procedure  is t o  f i n d  t h e  s o l u t i o n s  of t h e  
equa t ions  of unsteady flow a s  t he  va lues  of flow v a r i a b l e s  
a t  a l l  p o i n t s  of i n t e r s e c t i o n  on a  c u r v i l i n e a r  network of 
c h a r a c t e r i s t i c s  on t h e  x , t  p l ane .  I n  t h i s  procedure ,  w e  f i r s t  
e s t a b l i s h  t h e  i n i t i a l  c h a r a c t e r i s t i c  t h a t  d e p i c t s  t h e  motion 
of t h e  wave f r o n t ,  The advancing cha rac t e r i s t i c s  a r e  i s sued  
from t h e  t - a x i s  (upstream boundary) and t h e  r eced ing  
c h a r a c t e r i s t i c s  a r e  i s sued  from t h e  i n i t i a l  c h a r a c t e r i s t i c ,  
The network is extended t o  cover  a s  much of t h e  x , t  p l ane  
a s  d e s i r e d .  The foPPowPng a r e  b r i e f  d e s c r i p t i o n s  of t h e  
va r ious  phases of t h e  procedure .  

Numerical Procedure 

I n i t i a l  C h a r a c t e r i s t i c  

From po in t  0 (x=O, t = t o )  i n  F ig .  2 ,  t h e  i n i t i a l  charac-  
t e r i s t i c  C is drawn f i r s t ,  Co is an advancing c h a r a c t e r i s t i c  
and t h e  vafues  of v  and y (or  c )  a r e  known upon i t  a s  func- 
t i o n s  of x  because Co r e p r e s e n t s  t imes a t  which t h e  d i s t u r b a n c e  
o r i g i n a t i n g  a t  x=O a t  t=to reaches  a l l  p o i n t s  i n  t h e  channe l .  
The coo rd ina t e s  of p o i n t s  on Co a r e  determined by s t e p w i s e  
i n t e g r a t i o n  of equa t ion  (3 ) .  Thus, 

From t h i s  equa t ion ,  x(P2) corresponding t o  a  s u i t a b l e  va lue  
of A t  = t(M2) - t ( M 1 )  can be computed. 

I n t e r i o r  C h a r a c t e r i s t i c s  

FOP t h e  purpose of i l l u s t r a t i o n ,  l e t  i t  be assumed t h a t  
computations have progressed t o  t h e  Pine MIJ1 ,  w i th  a l l  cha r -  
a c t e r i s t i c s  t o  t h e  l e f t  of t h i s  l i n e  being known. A t  each of 
t h e  node p o i n t s  Mp, PI, Q1, J19 t h e  s l o p e s  of t h e  ad- 
vancing c h a r a c t e r i s t i c s  can be c a l c u l a t e d  from t h e  f i n i t e  
d i f f e r e n c e  form of equa t ion  ( 3 ) .  By choos ing  an a p p r o p r i a t e  
t ime i n t e r v a l  A t  on t h e  c h a r a c t e r i s t i c  segment MlM2 s o  t h a t  
t(M2) = t(Ml) + A $ ,  and by s o l v i n g  f o r  x(MZ) from equa t ion  
(?), t h e  c o o r d i n a t e s  of M2 on t h e  x , t  p l ane  become determined.  
Thus M2 becomes t h e  s t a r t i n g  p o i n t  f o r  e s t a b l i s h i n g  a  r eced ing  
c h a r a c t e r i s t i c ,  The i n t e r s e c t i o n  of an  advancing c h a r a c t e r i s -  
t i c  drawn from P  and a  r eced ing  c h a r a c t e r i s t i c  from M2 
l o c a t e s  P2 and t A e va lues  of v a r i a b l e s  on P2. The computation 
is then  advanced t o  Q2, R2,  J2 and f i n a l l y  t o  K1, which 
l i e s  on t h e  t - a x i s  and is a  boundary p o i n t ,  



Advancing Receding  
(f orwasd) (backward) 

I c h a r a c t e r i s t i c s  c h a r a c t e r  is t ics 

F i g .  2 .  Network of  c h a r a c t e r i s t i c s  on t h e  
(x ,  t )  p l a n e  



The computa t ion  of t h e  v a r i a b l e s  a t  Q2 is t y p i c a l  o f  a l l  
i n t e r i o r  p o i n t s  and is o u t  l i n e d  below. S i n c e  Q2 lies on t h e  
advancing c h a r a c t e r i s t i c  i s s u e d  from (21, t h e  e q u a t i o n s  o f  the  
advancing c h a r a c t e r i s t i c  a r e  a p p l i e d  t o  Q1 and Q2. F u r t h e r ,  
s i n c e  Q2 l ies on t h e  r e c e d i n g  c h a r a c t e r i s t i c  i s s u e d  from P2, 
t h e  e q u a t i o n s  o f  t h e  r e c e d i n g  c h a r a c t e r i s t i c  a p p l y  t o  P2 and 
Q 2 .  Thus ,  w e  a p p l y  e q u a t i o n s  (3) and ( 5 )  i n  f i n i t e  d i f f e r e n c e  form 
t o  o b t a i n  t h e  f o l l o w i n g  s y s t e m  o f  e q u a t i o n s .  

I n  t h e s e  e q u a t i o n s ,  

. 

These  e q u a t i o n s  c o n t a i n  v  (Q2) , c (Q2) , A(Q2) B (Q ) , Sf (Q2) , 
t (Q2) and x (QZ)  a s  t h e  unknowns. But  s i n c e  A ( Q ~ ? ,  B(Q2) a r e  
f u n c t i o n s  o f  d e p t h  Y (Q2) and Sf (Q2) depends on v (Q2) and y(Q2) ,  
there  are  o n l y  f o u r  independent  unknowns, namely x (Q2) , 
t (Q2) ,  v  (Q2) , and Y (Q2) . We have f o u r  s i m u l t a n e o u s  n o n l i n e a r  
a l g e b r a i c  e q u a t i o n s  f o r  e v a l u a t i n g  t h e  unknowns. 

Upstream Boundary 

Although t h e  boundary c o n d i t i o n s  c o u l d  b e  p r e s c r i b e d  i n  
s e v e r a l  ways,  depending on t h e  t y p e  of  problem t o  b e  s o l v e d ,  
w e  assume f o r  purposes  o f  i l l u s t r a t i o n  t h a t  t h e  ups t ream 
boundary is g i v e n  by a s t a g e  hydrograph ,  Le t  u s  assume t h a t  
w e  want t o  comple te  t h e  computa t ions  on  t h e  node p o i n t s  o f  t h e  
c h a r a c t e r i s t i c  u s s e d  from M 2 .  Then,  t h e  v a l u e s  o f  t h e  v a r i -  
a b l e s  have been de te rmined  up  t o  and i n c l u d i n g  J2 from t h e  



c a l c u l a t i o n s  f o r  i n t e r i o r  p o i n t s .  From J2  a  r eced ing  charac-  
t e r i s t i c  can be drawn t o  meet t h e  t - a x i s  a t  K 1 .  A t  K1, y(K1) 
is known from t h e  s t a g e  hydrograph and x(K1) = xo. Two inde-  
pendent unknowns t(K1) and v(K1) a r e  computed from t h e  two 
equa t ions  of t h e  r eced ing  c h a r a c t e r i s t i c  a p p l i e d  t o  J2 and K1 
We have, t h e r e f o r e ,  

The va lues  of t(K1) and v(K1) a r e  determined from t h e  two 
non l inea r  a l g e b r a i c  equa t ions  (12)  and ( 1 3 ) .  

Downstream Boundary 

For t h e  t r ea tmen t  of t h e  downstream boundary c o n d i t i o n ,  
we cons ide r  a t y p i c a l  s i t u a t i o n  in s u b c r i t i c a l  f low where a  
c o n t r o l  s e c t i o n  is chosen a s  t h e  downstream end of a  r e a c h .  
A t  t h i s  boundary, t h e  r e l a t i o n s h i p  between t h e  v e l o c i t y  and 
t h e  dep th  is given by a  r a t i n g  curve  o r  a  c a l i b r a t i o n  curve  
of some s o r t ,  We may assume t h a t  a  r e l a t i o n s h i p  of t h e  type  

a t  po in t  N2 ( s e e  F i g .  2) is a v a i l a b l e .  Po in t  N2 l i e s  on an 
advancing c h a r a c t e r i s t i c  i s sued  from N l ,  a n  i n t e r i o r  p o i n t .  
We apply t h e  equa t ions  of t h e  advancing c h a r a c t e r i s t i c  i n  
f i n i t e  d i f f e r e n c e  form t o  t h e  p o i n t s  N1 and N2 t o  o b t a i n  



E q u a t i o n s  (14)  t h r o u g h  (16 )  c o n s t i t u t e  a  s y s t e m  o f  t h r e e  
s i m u l t a n e o u s  a l g e b r a i c  e q u a t i o n s  f r o m  which  unknowns v(N2) ,  
y (N2) ,  and  t (N2)  c a n  be d e t e r m i n e d ,  

S o l u t i o n  Techn ique  

We see t h a t  t h e  n u m e r i c a l  s o l u t i o n  o f  t h e  e q u a t i o n s  of  
u n s t e a d y  f l o w  by t h e  method o f  c h a r a c t e r i s t i c s  l e a d s  t o  t h e  
s o l u t i o n  o f  s y s t e m s  o f  n o n l i n e a r  a l g e b r a i c  e q u a t i o n s ,  The 
s y s t e m  c o n s i s t s  of  f o u r  e q u a t i o n s  a t  t h e  i n t e r i o r  p o i n t s  a n d  
may be r e d u c e d  t o  two e q u a t i o n s  a t  t h e  b o u n d a r i e s .  I n  t h e  
scheme p r e s e n t e d  h e r e ,  t h e  e q u a t i o n s  f o r  t h e  s l o p e s  o f  c h a r a c -  
t e r i s t i cs  a t  i n t e r i o r  p o i n t s  a r e  l i n e a r .  T h e r e f o r e ,  i f  we 
s o l v e  (8) and  (10) f o r  x ( Q ~ )  and  t ( Q 2 ) ,  w e  need  t o  s o l v e  o n l y  
two s i m u l t a n e o u s  n o n l i n e a r  e q u a t i o n s  f o r  t h e  two unknowns 
v(Q2) and  y ( Q 2 ) .  More a c c u r a t e  r e p r e s e n t a t i o n s  of t h e  s l o p e s  
of t h e  c h a ~ a c t e r i s t i c s  would i n v o l v e  i m p l i c i t  e q u a t i o n s ,  b u t  
w e  d o  n o t  b e l i e v e  t h a t  any  improvement i n  a c c u r a c y  would 
j u s t i f y  t h e  e x t r a  c o m p u t a t i o n s o  We c a n ,  i n  g e n e r a l ,  r e d u c e  
t h e  c o m p u t a t i o n  t o  t h e  s o l u t i o n  of  two s i m u l t a n e o u s  e q u a t i o n s  
a t  a l l  p o i n t s ,  I n  t h e  f o l l o w i n g ,  a  d i s c u s s i o n  o f  t h e  s o l u -  
t i o n s  a t  i n t e r i o r  p o i n t s  is p r e s e n t e d ,  The same a p p r o a c h  c a n  
be u s e d  a t  t h e  b o u n d a r i e s .  

N o n l i n e a r  a l g e b r a i c  e q u a t i o n s  of t h e  t y p e  e n c o u n t e r e d  i n  
t h e  method s f  c h a r a c t e r i s t i c s  c a n n o t  be s o l v e d  i n  a s t r a i g h t -  
f o r w a r d  manner ,  We have  found  Newton 's  i t e r a t i o n  t o  be t h e  
most s u i t a b l e  f o r  t h e  a n a l y s i s  o f  t y p i c a l  f l o o d - r o u t i n g  p r o b -  
lems. A b r i e f  d e s c r i p t i o n  of t h e  t e c h n i q u e  is p r e s e n t e d  a s  
f o l l o w s ,  

I n  e q u a t i o n s  ( 5 )  and  (11 )  t h e  unknowns consist  o f  A(Q2), 
B(Q2) v(Q2)  and  S f ( Q 2 ) 9  o n l y  two o f  which a r e  i n -  
d e p e n d e n t ,  We h a v e ,  t h e r e f o r e ,  two e q u a t i o n s  w i t h  two un- 
knowns. The i t e r a t i v e  s o ' l u t i o n  o f  t h e s e  e q u a t i o n s  by Newton 's  
method c o n s i s t s  i n  a s s i g n i n g  t r i d h v a l u e s  t o  t h e  unknowns a n d  
making c o r ~ e e t i o n s  t o  the t r i a l  v a l u e s  i n  one  o r  more i e r a -  t t i o n  c y c l e s .  F o r  t h e  s a k e  of i l l u s t r a t i o n ,  l e t  ~ ( ~ 1 ,  B k ) ,  
y ( k )  v ( k )  and  S  k, be t h e  v a l u e s  o f  t h e  v a r i a b l e s  a t  p o i n t  
Qz i n  t h e  k th  c y c  4 e of i t e r a t i o n .  Our o b j e c t i v e  is t o  c o r -  
rect t h e s e  v a l u e s  t h r o u g h  t h e  ( k s l )  t h  c y c l e .  When t h e  v a l u e s  
a t  t h e  kth c y c l e  a r e  s u b s t i t u t e d  i n  e q u a t i o n s  (9)  and  ( l l ) ,  
t h e  r i g h t  s i d e s  of  t h e  e q u a t i o n s  w i l l  n o t  v a n i s h .  The 
v a l u e s  a t  t h e  r i g h t  s i d e  a r e  own a s  t e r e s i d u a l s .  L e t  t h e  
r e s i d u a l s  be d e s i g n a t e d  a s  Rl  ('y and  RhkP. T h e i r  v a l u e s  a r e ,  
f rom e q u a t i o n s  (9 )  and  ( 1 1 ) :  



and  

where  b,  a ,  d ,  h ,  i, j, m, nv, p ,  and  q a r e  c o n s t a n t s  whose v a l u e s  
depend n  t h e  kn  wn v a l u e s  of t h e  v a r i a b l e s  a t  P1, Ql, and  9 2 .  
A l s o ,  R ?k) and  Rlk) a r e  d i f f e r e n t  f rom z e r o  b e c a u s e  t h e i r  
v a l u e s  i r e  n o t  b a s e d  on t h e  t r u e  v a l u e s  o f  t h e  v a r i a b l e s  b u t  
r a t h e r  on v a l u e s  a p p r o x i m a t e d  t h r o u g h  t h e  k t h  c y c l e  o f  i t e r a -  
t i o n .  By Newton 's  method ( C r a n d a l l ,  lLJ57), 

a n d  

a n d  

The v a l u e s  o f  t h e  v a r i a b l e s  c o r r e c t e d  t h r o u g h  t h e  ( k + l ) t h  
c y c l e  o f  i t e r a t i o n  a r e  f o u n d  f rom t h e  s i m u l t a n e o u s  s o l u t i o n  
of (19)  and  (20 ) .  The c o r r e c t i o n s  t o  t h e  v a l u e s  of y(Q2) 
a n d  v(Q2) become 

and  



I n  e q u a t i o n s  (22) and (23) , a l l  t h e  p a r t i a l  d e r i v a t i v e s  and 
r e s i d u a l s  a r e  e v a l u a t e d  a t  t h e  k t h  i t e r a t i o n  s t e p .  These 
e q u a t i o n s  p r o v i d e  t h e  v a l u e s  o f  t h e  unknown approximated  
th rough  t h e  ( k + l ) t h  i t e r a t i o n .  If i t  is d e s i r e d  t o  improve 
t h e  g i v e n  approximat  i o n s ,  t h e  p rocedure  will b e  r e p e a t e d  u n t i l  

are s a t i s f i e d ,  where t h e  e x p r e s s i o n s  on t h e  l e f t  a r e  t h e  d i f  - 
f e r e n c e s  between two s u c c e s s i v e  approximat  i o n s  o f  t h e  same 
v a r i a b l e ,  and c and 7 a r e  t o l e r a n c e  e r r o r s .  

The n u m e r i c a l  p rocedure  proved t o  be r a p i d l y  convergen t  
f o r  a p p l i c a t i o n s  t o  f lood-f low problems.  I n  s e v e r a l  examples 
t e s t e d ,  seldom was it n e c e s s a r y  t o  u s e  more t h a n  t h r e e  i t e r a -  
t i o n  c y c l e s  t o  comple te  t h e  c a l c u l a t i o n s  w i t h i n  s t r i n g e n t  
t o l e r a n c e  l i m i t s .  

The s o  Put i o n  of  t h e  e q u a t i o n s  of  u n s t e a d y  f l o w  by t h e  
method of c h a ~ a c t e r i s t i c s  h a s  been programmed i n  FORTRAN 4 
f o r  o p e r a t i o n  on a n  IBM System/36O. A p p l i c a t i o n s  o f  t h e  
method a r e  g i v e n  i n  a  subsequen t  s e c t i o n  o f  t h i s  r e p o r t .  
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V , EXPLICIT METHOD 

The f i n i t e  d i f f e r e n c e  e q u a t i o n s  o f  t h e  f i x e d  mesh d i r e c t  
e x p l i c i t  method are based  on  t h e  pr imary  d i f f e r e n t i a l  equa- 
t i o n s  of  uns teady  f low w i t h o u t  g o i n g  t h r o u g h  some i n t e r m e d i a t e  
t r a n s f o r m a t i o n  a s  i n  t h e  method o f  c h a r a c t e r i s t i c s .  The 
method is c a l l e d  e x p l i c i t  because  t h e  unknowns c a n  be  computed 
e x p l i c i t l y  from t h e  a l g e b r a i c  f i n i t e  d i f f e r e n c e  e q u a t i o n s ,  
A p p l i c a t i o n  o f  t h e  e x p l i c i t  method t o  f l o o d  f l o w s  is mos t ly  
t h e  outcome of  t h e  p i o n e e r i n g  work o f  J ,  J ,  S t o k e r  and h i s  
c o l l e a g u e s  a t  t h e  Courant  I n s t i t u t e  of Mew York U n i v e r s i t y .  
The method u s e s  a  f i x e d  mesh of p o i n t s  on t h e  ( x ,  t )  p l a n e  so 
t h a t  t h e  d a t a  a r e  g i v e n  and t h e  s o l u t i o n s  a r e  o b t a i n e d  a t  
f i x e d  , prede te rmined  l o c a t  i o n s  and times . D e t a i l e d  d e s c r  i p -  
t i o n s  o f  t h e  numer ica l  s o l u t i o n s  o f  t h e  e q u a t i o n s  of u n s t e a d y  
f low a r e  g i v e n  by I s a a c s o n  -- et  a l .  (1956) . The p r e s e n t  s t u d y  
is based d i r e c t l y  o n  t h e  approach g i v e n  i n  t h a t  r e p o r t  and 
d e v i a t e s  l i t t l e  from i t .  However, w e  had t o  p r e p a r e  com- 
p l e t e l y  new computer programs f o r  o u r  work.  Only a  b r i e f  
o u t l i n e  of  t h e  n u m e r i c a l  p rocedure  w i l l  be  p r e s e n t e d  h e r e .  
The i n t e r e s t e d  r e a d e r  is r e f e r r e d  t o  t h e  c i t e d  r e p o r t s  f o r  
d e t a i l s .  

Numerical P rocedure  

The n u m e r i c a l  p r o c e d u r e  f o r  t h e  s o l u t i o n  of  t h e  e q u a t i o n s  
o f  uns teady  f low by t h e  e x p l i c i t  method is e s s e n t i a l l y  based  
on f i n d i n g  t h e  v a l u e s  a t  a  f u t u r e  t i m e  s t e p  by e x t r a p o l a t i n g  
from a  p r e v i o u s  time s t e p  s u b j e c t  t o  t h e  laws o f  mechanics 
and t h e  boundary c o n d i t i o n s .  F o r  t h e  s a k e  o f  c o n v e n i e n c e ,  
t h e  d e s c r i p t i o n  of  t h e  p rocedure  w i l l  b e  s u b d i v i d e d  i n t o  
i n t e r i o r  p o i n t s  and boundary p o i n t s .  

Interior P o i n t s  

Let  i t  be assumed tha t  a l l  t h e  v a r i a b l e s  have  been com- 
p u t e d  th rough  t i m e  t ,  In Fig. 3 ,  a 1 1  q u a n t i t i e s  a r e  known o n  
row t .  I t  is r e q u i r e d  t o  e v a l u a t e  t h e  v a r i a b l e s  a t  t i m e  
t + h t .  The v a r i a b l e s  and t h e i r  p a r t i a l  d e ~ i v a t i v e s  a t  a  
p o i n t  M i n  row t can be e x p r e s s e d  i n  terms of  t h e  v a l u e s  of 
t h e  v a r i a b l e s  a t  t h e  n e i g h b o r i n g  p o i n t s  by t h e  f o l l o w i n g  
e q u a t i o n s .  



and 

F i g .  3.  Network of  p o i n t s  on t h e  ( x , t )  p l a n e  f o r  t h e  
e x p l i c i t  method 

The fundamenta l  p r i n c i p l e s  f o r  t h e  e s t a b l i s h m e n t  o f  t h e  nu- 
m e r i c a l  p rocedure  f o r  t h e  e x p l i c i t  method a r e :  

1. Applying t h e  d i f f e r e n t i a l  e q u a t i o n s  a t  a  p o i n t  
where a l l  t h e  v a r i a b l e s  a r e  known, 

2 .  Using a  c e n t e r e d  d i f f e r e n c e  scheme f o r  t h e  x- 
d e r i v a t i v e ,  and 

3 .  Using a  fo rward  d i f f e r e n c e  scheme f o r  t h e  t-  
d e r i v a t i v e .  



It  is s e e n  t h a t  i n  t h i s  method t h e  v a l u e s  o f  t h e  unknowns 
a t  a time s t e p  ( t + A t )  a r e  e x t r a p o l a t e d  from t h e  known v a l u e s  
a t  t i m e  t .  When t h e  f u n c t i o n s  and t h e  p a r t i a l  
d e r i v a t i v e s  i n  e q u a t i o n s  (1)  and (2) a r e  replacecr  by t h e i r  
f i n i t e  d i f fe rence  ana logues  from e q u a t i o n s  (24) , two e q u a t i o n s  
f o r  t h e  aezermiriat  i o n  of t h e  unknowns v  (P) and y(P) a r e  ob- 
t a i n e d .  They a r e :  

The r e l a t i v e  g r i d  s i z e  bt/Ax d e t e r m i n e s  t h e  s t a b i l i t y  
of t h e  computa t ions .  A n e c e s s a r y  b u t  i n s u f f i c i e n t  c o n d i t i o n  
f o r  s t a b i l i t y ,  g e n e r a l l y  known a s  t h e  Courant  s t a b i l i t y  con- 
d i t i o n ,  is 

T h i s  r e l a t i o n s h i p  i m p l i e s  t h a t  t h e  t i m e  s t e p  A t  must be 
s o  chosen t h a t  t h e  p o i n t  P  l ies  w i t h i n  t h e  a r e a  bounded by 
t h e  c h a r a c t e r i s t i c s  i s s u e d  from p o i n t s  L and R. 

A s t a g g e r e d  network of  p o i n t s  is u s e d  i n  t h e  scheme p r e -  
s e n t e d  h e r e .  The rows may be l a b e l l e d  odd and even .  I t  is 
no ted  t h a t  t h e  q u a n t i t i e s  a t  p o i n t  M do no t  e n t e r  t h e  compu- 
t a t i o n s ,  s o  t h a t  M s e r v e s  a s  a  dummy p o i n t  f o r  e s t a b l i s h i n g  
f i n i t e  d i f f e r e n c e  e q u a t i o n s .  

Upstream Boundary 

A t  a  p o i n t  L ( F i g .  4 ) ,  o n e  o f  t h e  dependent  v a r i a b l e s ,  
s a y  t h e  s t a g e ,  may b e  known, o r  a  r e l a t i o n s h i p  between t h e  
two dependent  v a r i a b l e s  may b e  g i v e n ,  s u c h  as t h e  v a l u e  o f  
t h e  d i s c h a r g e .  The comple te  d e t e r m i n a t i o n  o f  t h e  boundary 
v a l u e s  r e q u i r e s  a  second  r e l a t i o n s h i p  which c a n  be  o b t a i n e d  
f rom t h e  e q u a t i o n s  o f  uns teady  f l o w .  If i t  be  assumed t h a t  
t h e  f low is s u b c r i t  i c a l  and t h e  s t a g e  ( o r  d e p t h )  is known - - 

a t  a  p o i n t  L, t h e  second  r e l a t i o n s h i p  is g i v e n  a s  (Zsaacson 
et a l .  , 1956) -- 



where H is t h e  s t a g e  h e i g h t .  
Equa t ion  (28) is o b t a i n e d  by s u b t r a c t i n g  e q u a t i o n  (2) from - 
e q u a t i o n  (1) a f t e r  e q u a t i o n  (2) is m u l t i p l i e d  by JBK/g t o  
make b o t h  e q u a t i o n s  d i m e n s i o n a l l y  c o m p a t i b l e  . Through t h i s  
p r o c e d u r e  e q u a t i o n  (28) s i m u l a t e s  t h e  e q u a t i o n  o f  a  r e c e d i n g  
c h a r a c t e r i s t i c .  Equa t ion  (28) is a p p l i e d  t o  p o i n t  R ( F i g .  
4)  i n  f i n i t e  d i f f e r e n c e  form. The f o l l o w i n g  a l g e b r a i c  
e q u a t i o n  is found f o r  computing t h e  v a l u e  o f  v(L) . 

F i g .  4 .  Network o f  p o i n t s  on t h e  ( x , t )  p l a n e  f o r  computing 
on t h e  upstream boundary by t h e  e x p l i c i t  method 



Downstream Boundary 

F o r  t h e  s o l u t i o n  of  u n s t e a d y  s u b c r i t  i c a l  f l o w  problems,  
i t  is d e s i r a b l e  t h a t  a  c o n t r o l  s e c t i o n  s h o u l d  b e  chosen a s  
t h e  downstream boundary .  A t  a  c o n t r o l  s e c t i o n  a  w e l l - d e f i n e d  
r e l a t i o n s h i p  between t h e  v a r i a b l e s  is supposed t o  e x i s t ,  A 
r a t i n g  c u r v e ,  f o r  i n s t a n c e ,  g i v e s  t h e  d i s c h a r g e  a s  a f u n c t i o n  
o f  d e p t h ,  s a y ,  

S i n c e  t h e r e  a r e  two independent  unknowns t o  b e  de te rmined  
a t  t h e  downstream boundary ,  a  second  r e l a t i o n s h i p  t o  sup-  
plement e q u a t i o n  (30) is needed .  S i m i l a r  t o  t h e  ups t ream 
boundary c o n d i t i o n s ,  t h e  second  r e l a t i o n s h i p  can b e  g i v e n  as 
( ~ s a a c s o n  et a l ,  , 1956) -- 

Equa t ion  (31) is o b t a i n e d  by s u b t r a c t i n g  e q u a t i o n  (2) from - 
e q u a t i o n  (1) a f t e r  e q u a t i o n  (2) h a s  been  m u l t i p l i e d  by \/BA/g 
t o  make t h e  two e q u a t i o n s  c o m p a t i b l e .  

The f i n i t e  d i f f e r e n c e  r e p r e s e n t a t  i o n  o f  e q u a t i o n  (31) is 
a p p l i e d  t o  t h e  boundary p o i n t  J ( F i g .  5)  , which r e s u l t s  i n  
t h e  f o l l o w i n g  n o n l i n e a r  a l g e b r a i c  e q u a t  i o n  : 

E q u a t i o n s  (30) and (32) c o n s t i t u t e  a  sys tem of  two s i m u l -  
t a n e o u s  a l g e b r a i c  e q u a t i o n s  %row which t h e  unknowns v  (N)  
and  y ( N )  c a n  be  e v a l u a t e d .  Equa t ion  (32)  s i m u l a t e s  t h e  equa-  
t i o n  o f  a n  advancing e h a r a e t e r i s t i c  r u n n i n g  from K t o  N .  



t 
Downstream 

: X 

Fig. 5 .  Network of p o i n t s  on t h e  ( x , t )  p l a n e  f o r  c o m p u t a t i o n s  
a t  the downstream boundary 



V I .  IMPLICIT METHOD 

The fundamenta l  p r i n c i p l e  o f  t h e  f i x e d  mesh i m p l i c i t  
method is t h e  n u m e r i c a l  s o l u t i o n  o f  t h e  e q u a t i o n s  o f  uns teady  
f low by e s t a b l i s h i n g  r e l a t i o n s h i p s  among t h e  v a r i a b l e s  s i m u l -  
t a n e o u s l y  a t  a l l  l o c a t i o n s  i n  t h e  c h a n n e l .  I n s t e a d  o f  d e t e r -  
mining t h e  v a l u e s  o f  t h e  v a r i a b l e s  a t  a  f u t u r e  time s t e p  by 
e x t r a p o l a t i n g  from known v a l u e s  from a  p r e v i o u s  t i m e  s t e p ,  
a s  is done i n  t h e  e x p l i c i t  method,  r e l a t i o n s h i p s  e x i s t i n g  
among t h e  v a r i a b l e s  a t  t h e  f u t u r e  time s t e p  a r e  u s e d  i n  t h e  
i m p l i c i t  method,  t h e  r e l a t i o n s h i p s  b e i n g  b a s e d  on t h e  equa- 
t i o n s  of u n s t e a d y  f l o w .  I n  t h e  scheme proposed i n  t h i s  re- 
p o r t ,  a  c e n t e r e d  d i f f e r e n c e  scheme is used  t o  r e p r e s e n t  a l l  
p a r t i a l  d e r i v a t i v e s  , and t h e  f i n i t e  d i f f e r e n c e  e q u a t i o n s  
a r e  found t o  c o n s t i t u t e  sys tems  o f  n o n l i n e a r  a l g e b r a i c  equa-  
t i o n s .  T h i s  approach a v o i d s  t h e  s t r i n g e n t  s t a b i l i t y  con- 
d i t i o n  of  t h e  e x p l i c i t  method and p e r m i t s  t h e  u s e  o f  l a r g e  
t i m e  s t e p s  f o r  t h e  s o l u t i o n  o f  t h e  e q u a t i o n s .  Although 
s e v e r a l  i n v e s t  i g a t  i o n s  o n  the development of  i m p l i c i t  methods 
have  been r e p o r t e d  i n  t h e  l i t e r a t u r e  ( L i g g e t t  and Woolh i se r ,  
1967 ; Abbott and Ioneseu ,  1967 ; B a l t z e r  and L a i ,  1968) , none 
o f  them e x h i b i t e d  a  r e a l  improvement o v e r  t h e  c o r r e s p o n d i n g  
e x p l i c i t  method,  T h i s  r e p o r t  p r e s e n t s  a  p r o c e d u r e  which is 
s u p e r i o r  t o  t h e  o t h e r  methods,  from t h e  s t a n d p o i n t  o f  b o t h  
accuracy  o f  r e s u l t s  and computer $ i m e ,  

Numerical  P rocedure  

The p rocedure  f o r  t h e  numer ica l  s o l u t i o n  o f  t h e  equa-  
t i o n s  of  uns teady  f  Pow is e s t a b l i s h e d  o v e r  a d i s c r e t e  
r e c t a n g u l a r  n e t  o f  p o i n t s  on  t h e  (x ,t) p l a n e .  The n e t  p o i n t s  
a r e  de te rmined  by t h e  i n t e r s e c t i o n  o f  s t r a i g h t  l i n e s  p a r a l l e l  
t o  t h e  x  and t - a x e s  , The l i n e s  drawn p a r a l l e l  t o  t h e  t - a x i s  
r e p r e s e n t  l o c a t  i o n s  a l o n g  t h e  c h a n n e l  w h i l e  t h o s e  drawn p a r a l -  
l e l  t o  t h e  x - a x i s  r e p r e s e n t  t i m e ,  The l o c a t  i o n  l i n e s  a r e  
drawn w i t h  s p a c i n g  Ax, which need no t  be  a c o n s t a n t .  I n  t h i s  
r e p o r t ,  however,  a f  Bxsd Ax is used  f o r  conven ience .  The 
t - a x i s  may be u s e d  a s  t h e  ups t ream c h a n n e l  boundary l o c a t i o n ,  
and t h e  l a s t  l i n e  drawn p a r a l l e l  t o  t h e  $ - a x i s ,  t o  b e  d e s i g -  
n a t e d  the ~ & h  l i n e ,  can  b e  used  t o  r e p r e s e n t  t h e  downstream 
c h a n n e l  boundary ,  The l i n e s  p a r a l l e l  t o  t h e  x - a x i s  a r e  drawn 
w i t h  s p a c i n g  A t ,  which need n o t  be c o n s t a n t ,  Each p o i n t  of 
t h e  network is i d e n t i f i e d  by two i n d i c e s ,  a  s u b s c r i p t  t o  
d e s i g n a t e  t h e  x - p o s i t i o n  o f  t h e  p o i n t  and a  s u p e r s c r i p t  t o  
d e s i g n a t e  its % - v a l u e .  F i g .  6  shows t h e  network o f  p o i n t s  
o n  t h e  ( x , t )  p l a n e  t o  be used  f o r  t h e  development o f  t h e  
n u m e r i c a l  p r o c e d u r e ,  

A s  i n  o t h e r  numer ica l  methods, t h e  n u m e r i c a l  s o l u t i o n  of  
t h e  e q u a t i o n s  o f  u n s t e a d y  f low by t h e  i m p l i c i t  method is 
e x e c u t e d  i n  two b a s i c  s t e p s .  The f irst s t e p  c o n s i s t s  of  



X 
D i s t a n c e  

F i g .  6 .  Network o f  p o i n t s  on t h e  ( x , t )  p l a n e  f o r  t h e  i m p l i c i t  
method 

r e p r e s e n t  i n g  t h e  d i f f e r e n t i a l  e q u a t i o n s  by a  c o r r e s p o n d i n g  set  
o f  f i n i t e  d i f f e r e n c e  e q u a t i o n s .  The second  s t e p  is t h e  s o l u -  
t i o n  of  t h e  sys tem o f  a l g e b r a i c  e q u a t i o n s  i n  conformance w i t h  
t h e  i n i t i a l  and boundary c o n d i t i o n s .  

The i n i t i a l  and boundary c o n d i t i o n s  n e c e s s a r y  and s u f -  
f i c i e n t  f o r  t h e  s o l u t i o n  o f  a  problem by t h e  i m p l i c i t  method 
a r e  no d i f f e r e n t  t h a n  f o r  any o t h e r  n u m e r i c a l  method. As i n  
t h e  o t h e r  methods d e s c r i b e d  i n  t h i s  r e p o r t ,  w e  assume t h a t  a  
s t a g e  o r  d i s c h a r g e  hydrograph is known a t  a p o i n t  x = xo a t  
t h e  ups t ream end of t h e  c h a n n e l .  We may a l s o  assume t h a t  w e  
know t h e  v a l u e s  o f  t h e  d e p t h  and v e l o c i t y  a t  a11 l o c a t i o n s  i n  
t h e  c h a n n e l  a t  a n  i n i t i a l  t i m e  t = to ,  The downstream boundary 
c o n d i t i o n  is assumed t o  be  g i v e n  by a  c o n t r o l  s e c t i o n  s o  t h a t  
a  s t a g e - d i s c h a r g e  o r  a  v e l o c i t y - d e p t h  r e l a t i o n s h i p  is a v a i l a b l e ,  

The f o l l o w i n g  p rocedure  f o r  t h e  s o l u t i o n  o f  t h e  e q u a t i o n s  
o f  u n s t e a d y  f low by t h e  i m p l i c i t  method is proposed.  Let  u s  
assume t h a t  a l l  t h e  y a r i a b l e s  a r e  known a t  a 1 1  p o i n t s  o f  t h e  
network on t h e  row t J ,  - i . ~ .  , t i m e  s t e p  t J ,  and t h a t  i t  is 



j+l  d e s i r e d  t o  f i n d  t h e  v a l u e s  o f  t h e  v a r i a b l e %  on row t ; i-*~.) 
w e  advance  t h e  c o m p u t a t i o n s  t o  t i m e  s tep  t ~ + l  = tJ + d t .  
Choos ing  a f o u r - p o i n t  g r i d  i d e n t i f i e d  by t h e  i n t e r s e c t i o n s  of  
t h e  v e r t i c a l  l i n e s  x i  and X i t l  w i t h  t h e  h o r i z o n t a l  l i n e s  t~ 
and t j+ l ,  w e  a p p l y  t h e  e q u a t i o n s  of u n s t e a d y  f l o w  i n  f i n i t e  
d i f f e r e n c e  form t o  a p o i n t  M c e n t e r e d  w i t h i n  t h e  f o u r - p o i n t  
g r i d ,  T h i s  is i n  s h a r p  c o n t r a s t  t o  t h e  e x p l i c i t  q e t h o d  where  
t h e  e q u a t i o n s  are a p p l i e d  t o  a p o i n t  on t h e  row tJ a t  which 
a l l  t h e  v a r i a b l e s  are known. A t  p o i n t  M, w e  r e p r e s e n t  t h e  
a v e r a g e  v a l u e s  and p a r t i a l  d e r i v a t i v e s  of  a f u n c t i o n  a ,  as 

&(,) = 
ax  

and 

I n  e q u a t i o n s  (33) t h r o u g h  ( 3 5 ) ,  a may r e p r e s e n t  v ,  y , A ,  S f ,  
B, s o  t h a t  v ,  y ,  A ,  S f ,  bv /8x ,  by /8x ,  B v / b t ,  b y / b t ,  B a t  
p o i n t  hi are r e p r e s e n t e d  i n  terms o f  t h e  v a l u e s  o f  t h e  v a r i a b l e s  
a t  t h e  f o u r  c o r n e r  g r i d  p o i n t s .  

I %  s h o u l d  b e  n o t e d  t h a t  a c e n t e r e d  f i n i t e  d i f f e r e n c e  
scheme is used  t o  r e p r e s e n t  b o t h  t h e  x - d e r i v a t i v e  and t h e  t- 
d e r i v a t i v e .  T h i s  approach  a l s o  d e p a r t s  f rom o t h e r  schemes 
where e o n b i n a t i o n s  o f  f o r w a r d ,  c e n t e r e d ,  and backward d i f f e r -  
e n c e s  are employed i n  t h e  same manner ,  The t e r m  dA/dy is t h e  
w i d t h  and may b e  r e p r e s e n t e d  by B, When y ,  v ,  a v / b x ,  b v / b t ,  

- ,  i n  t h e  e q u a t i o n s  of u n s t e a d y  f l o w  QB) and (2)  are r e p l a c e d  
by t h e i r  a n a l o g u e s  f rom e q u a t i o n s  (33) t h r o u g h  (35) , t h e  f o l -  
lowing two f i n i t e  d i f f e r e n c e  e q u a t i o n s  are o b t a i n e d :  

and 



and t h e  f r i c t i o n  s l o p e  a t  a p o i n t  ( i , ~ ) ,  u s i n g  Manning 's  
f s m u l a ,  can  be e x p r e s s e d  a s  

I n  e q u a t i o n s  (36)  and (3'71, a l l  t h e  v a r i a b l e s  w i t h  s u p e r -  
s c r i p t  ( 3 )  a r e  known and a l l  t h e  v a r i a b l e s  w i t h  s u p e r s c r i p t  
( j  +1) a r e  t h e  unknowns . However, a l l  t h e  unknowns are n o t  
i n d e p e n d e n t .  T h i s  is s o  b e c a u s e  t h e  a r e a  A and  t h e  t o p  
w i d t h  B are f u n c t i o n s  of d e p t h  y ,  and t h e  f r i c t i o n  
s l o p e  Sf is a f u n c t i o n  o f  d e p t h  y ,  v e l o c i t y  v ,  and f r i c t i o n  
f a c t o r  n .  These  e q u a t i o n s  c o n t a i n  o n l y  f o u r  independen t  un- 
knowns, t h e  unknowns b e i n g  t h e  v a l u e s  of v e l o c i t y  and  d e p t h  
a t  p o i n t s  ( i , j + l )  and ( i + l , j + l )  

E q u a t i o n s  (36) and (37) c o n s t i t u t e  a s y s t e m  o f  two non- 
l i n e a r  a l g e b r a i c  e q u a t i o n s  i n  f o u r  unknowns. By t h e m s e l v e s ,  
t h e y  are n o t  s u f f i c i e n t  t o  e v a l u a t e  t h e  unknown a t  p o i n t s  



( i ,  j 1 and 1 j 1 . However, two unknowns a r e  common t o  
any two n e i g h b o r i n g  r e c t a n g u l a r  g r i d s .  S i n c e  t h e r e  a r e  M 
p o i n t s  on t h e  row ( j + l )  , t h e r e  a r e  (N-1) r e c t a n g u l a r  g r i d s  
and (N-1) i n t e r i o r  p o i n t s .  The combina t ion  of. a l l  r e c t a n g u l a r  
g r i d s  p r o v i d e s  2(N-1) e q u a t i o n s  f o r  t h e  e v a l u a t i o n  o f  2N 
unknowns. Two a d d i t i o n a l  e q u a t i o n s  t h a t  a r e  needed f o r  de-  
t e r m i n i n g  a l l  t h e  unknowns a r e  s u p p l i e d  by t h e  boundary con- 
d i t i o n s .  I f  t h e  s t a g e  a t  t h e  ups t ream boundary is known as a 
f u n c t i o n  o f  t i m e ,  t h e n  

becomes a v a i l a b l e  a s  one supp lementa ry  e q u a t i o n .  If  t h e  
d i s c h a r g e  is known t h e r e  as a f u n c t i o n  o f  t i m e ,  t h e n  

becomes a v a i l a b l e  as an  a l t e r n a t e  supp lementa ry  e q u a t i o n  pro-  
v i d e d  by t h e  ups t ream boundary.  I f  a t  t h e  downstream boundary 
t h e  d i s c h a r g e - s t a g e  s e l a t  i o n s h i p  is known from t h e  p r o p e r t y  
o f  t h e  c o n t r o l  s e c t i o n  o r  from a r a t i n g  c u r v e ,  t h e n  

becomes a v a i l a b l e  a s  t h e  second  supp lementa ry  e q u a t  i o n  pro-  
v i d e d  by  t h e  downstream boundary.  T h e r e f o r e ,  t h e  s y s t e m  o f  
e q u a t i o n s  (26) t h r o u g h  (39)  p r o v i d e s  2N e q u a t i o n s  i n v o l v i n g  
2N unknowns, and t h e  s y s t e m  becomes d e t e r m i n a t e .  

I n  t h i s  s y s t e m  of e q u a t i o n s ,  t h e  v a l u e s  o f  t h e  v a r i a b l e s  
a t  time s t e p  tJ a r e  known, and may b e  t r e a t e d  a s  c o n s t a n t s .  
The unknowns c o n s i s t  of a l l  t h e  v a r i a b l e s  w i t h  s u p e r s c r i p t s  
j 1 E q u a t i o n s  C38a) and (38b)  may be rewritten as 

where X is c o n s t a n t ,  E q u a t i o n  (39)  may be  r e w r i t t e n  a s  

E q u a t i o n s  (36) and (37) may b e  r e w r i t t e n  a s  



and 

where  a ,  b ,  c ,  d ,  e ,  h ,  m, p ,  W, a ' ,  b ' ,  c ' ,  d ' ,  e l ,  h t ,  and  
are a l l  c o n s t a n t s  whose v a l u e s  depend on t h e  v a l u e s  o f  t h e  

v a r i a b l e s  on  row t~ . I n  e q u a t i o n s  (40) t h r o u g h  (43) ,  t h e  
s u p e r s c r i p t s  have  been dropped b e c a u s e  a l l  t h e  s u b s c r i p t e d  
v a r i a b l e s  now belong t o  POW tJ"l .  

We h a v e ,  by means o f  e q u a t i o n s  (40) t h r o u g h  (43) simu- 
l a t e d  t h e  e q u a t i o n s  o f  u n s t e a d y  f l o w ,  t o g e t h e r  w i t h  t h e  
boundary c o n d i t i o n s ,  by a s y s t e m  o f  f i n i t e  d i f f e r e n c e  e q u a t i o n s .  
The e q u a t i o n s  c o n s t  i t u t s  a s y s t e m  o f  2 N  n o n l i n e a r  a l g e b r a i c  
e q u a t i o n s  i n  2 N  unknowns. F o r  t h e  s a k e  of  c o n v e n i e n c e ,  w e  
a s s e m b l e  them below : 



R o u t i n e  methods f o r  t h e  s o l u t i o n  o f  n o n l i n e a r  s y s t e m s  
a r e  not  known. We propose  t o  a p p l y  t h e  g e n e r a l i z e d  Newton's 
i t e r a t i o n  method f o r  t h e  s o l u t i o n  o f  t h i s  s y s t e m .  I t  s h o u l d  
b e  n o t e d  t h a t  a l t h o u g h  t h e  e q u a t i o n s  o f  s y s t e m  (44) i n v o l v e  
2N unknowns, e a c h  e q u a t i o n  c o n t a i n s  a  maximum of f o u r  un- 
knowns. T h i s  f e a t u r e  can  be used  t o  g r e a t  advan tage  i n  t h e  
computat i o n a l  schemes.  

The sys tem o f  e q u a t i o n s  (44) is a s p e c i a l  c a s e  o f  t h e  
g e n e r a l  sys tem o f  e q u a t i o n s  : 



* where 61 ,C2, c3, - ,62N a r e  t h e  unknowns. F o r  t h e  s a k e  o f  
g e n e r a l i t y ,  a  b r i e f  r ev iew of a p p l y i n g  t h e  g e n e r a l i z e d  Newton 
i t e r a t i o n  method t o  t h e  sys tem o f  e q u a t i o n s  (45) w i l l  b e  p r e -  
s e n t e d  first . T h i s  w i l l  be f o l l o w e d  by a  more d e t a i l e d  

, a p p l i c a t i o n  o f  t h e  method t o  e q u a t i o n s  (44) . 

G e n e r a l i z e d  Newton I t e r a t i o n  Method 

The a p p l i c a t i o n  o f  t h e  g e n e r a l i z e d  Newton's i t e r a t i o n  
method ( R a l s t o n ,  1965) t o  t h e  s y s t e m  of  e q u a t i o n s  (45) is made 
by a s s i g n i n g  t r i a l  v a l u e s  t o  t h e  unknowns. When t h e s e  t r i a l  
v a l u e s  a r e  s u b s t i t u t e d  i n t o  ( 4 5 ) ,  t h e  r i g h t  s i d e s  of t h e  equa-  
t i o n s  may n o t  v a n i s h ,  b u t  a c q u i r e  v a l u e s  known a s  t h e  r e s i d u a l s .  
S o l u t i o n s  a r e  o b t a i n e d  b y  a d j u s t i n g  t h e  t r i a l  v a l u e s  u n t i l  
e a c h  r e s i d u a l  v a n i s h e s  o r  is reduced  Lo a  t o l e r a b l e  q u a n t i t y .  
The computa t ion  is o r g a n i z e d  i n  a ser ies  o f  i t e r a t i o n  s t e p s .  

To i l l u s t r a t e  t h i s  p r o c e d u r e ,  l e t  u s  assume t h a t  t h e  
computa t ions  have been c a r r i e d  t h r o u g h  t h e  k t h  i t e r a t i o n  c y c l e ,  
s o  t h a t  t h e  v a l u e s  o f  t h e  unknown have been approximated  
t h r o u g h  t h e  k t h  c c l e .  Let t h e  v a l u e s  o f  t h e  v a r i a b l e s  a t  
t h e  end o f  t h e  k t 8  c y c l e  be  deno ted  by t h e  s u p e r s c r i p t  k  s o  
t h a t  t h e  v a l u e s  of  t e v a r i a b l  s a t  t h e  end o f  t h e  k t h  c y c l e  R 1, a r e  r e p r e s e n t e d  by 6 * *,&. I t  is d e s i r e d  t o  a p p r o x i -  
mate  t h e  v a l u e s  of t i e  v a r i a b l e s  t h r o u g h  t h e  ( k + l ) t h  c y c l e .  
When t h e  v a l u e s  o f  t h e  v a r i a b l e s  approximated  t h r o u g h  t h e  k t h  
c y c l e  a r e  s u b s t i t u t e d  i n t o  e q u a t i o n s  (45 ) ,  t h e  r i g h t  s i d e s  be- 
come t h e  r e s i d u a l s .  L e t  t h e  r e s i d u a l s  be r e p r e s e n t e d  by t h e  
v e c t o r  R$. Then, 

According t o  t h e  g e n e r a l i z e d  Newton i t e r a t i o n  method, 
t h e  r e s i d u a l s  and t h e  v a l u e s  of  t h e  v a r i a b l e s  a t  two con- 
s e c u t i v e  i t e r a t i o n  c y c l e s ,  (k) and ( k + l ) ,  a r e  r e l a t e d  by 
t h e  f o l l o w i n g  e u q a t i o n s :  



where  a11 t h e  p a r t i a l  d e s i v a t  i v e s  a r e  e v a l u a t e d  a t  t h e  k t h  
c y c l e  and  

E q u a t i o n s  (47) c o n s t i t u t e  a s y s t e m  o f  2 N  l i n e a r  e q u a t i o n s  i n  
2 N  unknowns. The c o e f f i c i e n t s  o f  t h e  s y s t e m  are t h e  v a l u e s  
o f  t h e  p a r t i a l  d e r i v a t i v e s  o f  t h e  
t h e  k t h  c y c l e .  The unknowns are . The  
s o l u t i o n  of t h e  l i n e a r  s y s t e m  
v a r i a b l e s  a p p r o x i m a t e d  t h r o u g h  t h e  6 k + l )  t h  i t e r a t i o n  c y c l e ,  

S i n c e  t h e  s y s t e m  of  e q u a t i o n s  (48) is l i n e a r ,  any  o f  t h e  
well-known t e c h n i q u e s  f o r  t h e  s o  kut i o n  of l i n e a r  s y s t e m s ,  
s u c h  a s  t h e  G a u s s i a n  e l i m i n a t i o n  method o r  m a t r i x  i n v e r s i o n  
method ,  c a n  b e  employed f o r  its s o l a r t i o n ,  Qnce  t h e  v a l u e s  
of t h e  v a r i a b l e s  a t  t h e  i t e r a t i o n  c y c l e  have  been  
d e t e r m i n e d ,  t h e  p r o c e d u r e  can b e  r e p e a t e d  t o  a p p r o x i m a t e  t h e  
v a p i a b  les t h r o u g h  s u c c e e d i n g  i t e r a t  i o n s  . The compu ta t  i o n s  
c a n  b e  t e r m i n a t e d  whenever  t h e  d i f f e r e n c e  be tween  t h e  v a l u e s  
o f  any v a r i a b l e  i n  two c o n s e c u t i v e  i t e r a t i o n  c y c l e s  f a l l s  
t o  below a t o l e r a n c e  l i m i t .  The v a l u e s  o f  t h e  v a r i a b l e s  de-  
t e r m i n e d  a t  t h e  end  o f  t h e  t e r m i n a l  i t e r a t i o n  c y c l e  w i l l  b e  
t a k e n  as t h e  v a l u e s  f o r  t h e  t i m e  s t e p  ( j + l ) ,  f o l l o w i n g  wh ich  
t h e  c o m p u t a t i o n s  w i l l  b e  advanced  t o  t h e  row (j+2), i+e . ,  - 
t o  time s t e p  ( ~ 4 ) .  



The p r e c e d i n g  d i s c u s s i o n  shows t h a t  i n  t h e  g e n e r a l i z e d  
Newton i t e r a t i o n  method t h e  s o l u t i o n  o f  a  s y s t e m  o f  n o n l i n e a r  
e q u a t i o n s  is reduced  t o  t h e  s u c c e s s i v e  s o l u t i o n s  o f  s y s t e m s  o f  
l i n e a r  e q u a t i o n s .  The convergence  of t h e  p r o c e d u r e  depends 
t o  a  g r e a t  e x t e n t  on t h e  c h o i c e  of  t h e  i n i t i a l  t r i a l  values .  
The c k ~ s e r  t h e  t r i a l  v a l u e s  happen t o  be  t o  t h e  true v a l u e s ,  
t h e  f a s t e r  is t h e  convergence .  I f  t h e  t r i a l  v a l u c s  a r e  chosen 
i n  a comple te ly  a r b i t r a r y  manner, t h e  s y s t e n  may f a i l  t o  con- 
v e r g e .  I n  s t r e a m f  low problems,  f o r t u n a t e l y ,  e x c e l l e n t  guides 
f o r  t h e  s e l e c t i o n  of  t r i a l  v a l u e s  a r e  a v a i l a b l e .  We can 
choose  t h e  v a l u e s  from a  p r e c e d i n g  time s t e p  a s  t h e  t r i a l  v a l u e s ,  
o r  b e t t e r  s t i l l ,  w e  c a n  e x t r a p o l a t e  from a preceding s t e p .  

S o l u t i o n  o f  the F i n i t e  D i f f e r e n c e  E q u a t i o n s  

The f i n i t e  d i f  f  e r e n c c  e q u a t i o n s  based  on the e q u a t i o n s  
o f  uns teady  f low a s  g i v e n  by t h e  sys tem of e q u a t i o n s  (44) 
c o n s t i t u t e  a  s y s t e m  o f  2 N  n o n l i n e a r  a l g e b r a i c  e q u a t i o n s  i n  2M 
unknowns. These e q u a t i o n s  form a  s p e c i a l  c a s e  of  t h e  g e n e r a l  
sys tem of  n o n l i n e a r  a l g e b r a x  e q u a t i o n s  (45) . The g e n e r a l i z e d  
Newton i t e r a t i o n  method a p p l i c a b l e  t o  s y s t e m  (45) c a n  be modi- 
f i e d  and s t r e a m l i n e d  f o r  a p p l i c a t i o n  t o  s y s t e m  (441,  

A s  can  be s e e n  from e q u a t i o n s  (42) and (43) , e q u a t i o n s  
(44) f a l l  i n t o  two main t y p e s ,  d e s i g n a t e d  by t h e  f u n c t i o n s  
F i  and G i .  The f u n c t i o n s  F i  a r e  d e r i v e d  from t h e  e q u a t i o n s  
o f  c o n s e r v a t i o n  o f  mass and t h e  f u n c t i o n s  Gi  a r e  based  on t h e  
c o n s e r v a t i o n  o f  momentum, L e t  t h e  r e s i d u a l s  o f  s y s t e m  (44) 

. e v a l u  t e d  a t  t h e  k t h  i t e r a t i o n  c y c l e  b e  r e p r e s e n t e d  by Rk E and R2 where R~ is a s s o c i a t e d  w i t h  f u n c t i o n  F  and R k l , i  
is a s s b c i a t e d  w i d  f u n c t i o n  G. The v a l u e s  of  t h e  r e s i 3 u a l s  
a t  t h e  k t h  i t e r a t i o n  c y c l e  a r e :  



The r e s i d u a l s  and t h e  p a r t i a l  d e r i v a t i v e s  of  t h e  s y s t e m  
of equat ions  (44)  a r e  r e l a t e d  according to  t h e  g e n e r a l i z e d  
Newton i t e r a t i o n  method by 

where 



and a l l  t h e  p a r t i a l  d e r i v a t i v e s  are e v a l u a t e d  a t  t h e  kt 
a t i o n  c y c l e .  The sys tem of  e q u a t i o n s  (50) is a s y s t e m  of 2 N  

a r  e q u a t i o n s  i n  2 N  unknowns. Any o f  t h e  s t a n d a r d  methods,  
a s  t h e  Gauss ian  e l i m i n a t i o n  m e  rix i n v e r -  

s i o n  method, c a n  be used  f o r  its s o  
1 p r o v i d e  v a l u e s  o f  y  
e v a l u e s  o f  t h e  v a r i a  
h e  p r o c e d u r e  w i l l  be r e p e a t e d  a s  many times as 

d e s i r e d  u n t i l  t h e  d i f f e r e n c e  between t e v a l u e s  o f  any v a r i a b l e  
in two c o n s e c u t i v e  i t e r a t i o n  c y c  es f a l l 5  below a t o l e r a n c e  
v a l u e .  The v a l u e s  of t h e  v a r i a b  es found i n  t h e  t e r m i n a l  

c le  w i l l  b e  t a k e n  a s  t h  v a l u e s  o f  t h e  v a r i a b l e s  
s t e p  (,-j +1) , and t h e  c o  p u t a t i o n s  w i l l  be ad- 

i f i c a n t  f e a t u r e  o f  t h e  s y s t e m  o f  e q u a t i o n s  (50) is 
t r i x  o f  c o e f f i c i e n t s  h a s  a maximum of  4 nonzero  ele- 
y  row, because  each  e q u a t i o n  i n v o l v e s  a t  most o n l y  

unknowns. The m a t r i x  is s p a r s e  and t h e  nonzero  
e banded around t h e  main d i a g o n a l .  T h i s  p ro  
a s  sys tem c a n  b e  used  t o  great a d v a n t a g e  i n  

of s o l u t i o n .  

p l i c a t  i o n s  t o  soblems , it becomes n e c e s s a r y  t o  
e v a l u a t e  t h e  eoeff i c i e n t s  of t h e  l i n e a r  s y s t e m .  The c o e f -  

B c i e n t s  a r e  t h e  v a l u e s  o f  t h e  p a r t i a l  d e r i v a t i v e s  o f  t h e  
u n c t i o n s  F and 6 a t  ea@ c y c l e  o f  i t e r  t i o n .  The e x p r e s -  

e p a r t i a l  d e r i v a t i v e s  , whic c a n  b e  o b t a i n e d  by 
u a t i o n s  (42) and (43) w i t h  r e s p e c t  t o  t h e  

v a r i a b l e s  , a r e  g i v e n  below. 





VII. APPLICATIONS 

Numerical  f l o o d  r o u t i n g s  of one  form o r  a n o t h e r  a m  
e x t e n s i v e l y  used  i n  t h e  p l a n n i n g ,  d e s i g n ,  and management p f  

w a t e r  r e s o u r c e s ,  The advent  of  t h e  d i g i t a l  ~ o m p u t e r  has made 
it f e a s i b l e  t o  o b t a i n  nuner icra l  i n t e g r a k i ~ c -  02 t h e  equa t  1 . 3 w  

o f  u n s t e a d y  f low f o r  t h e  study o f  f  l o ~ d  rnoveam~~ts and O X -  +v 

u n s t e a d y  f l o w s .  A t  p r e s e n t  , none o f  t h e  ncthoeis based oj " " h e  
comple te  e q u a t i o n s  has  become p a r t  o f  g e n e r a l  p r a c t i c e .  The 
e x p l i c i t  method h a s  f a i l e d  t o  a c h i e v c  g e n e r a 1  a c c e p t a n c e ,  .. n most ly  b e c a u s e  o f  its i n e f  f i c i e n c y  . Ttie accnvpa~y o f  resx- i-i-' 

o b t a i n e d  by it has  aEso been s u b j e c t  t o  doubt  In s p i t e  d f  
t h e  f a c t  t h a t  t h e  use o f  n u m e r i c a l  mpi-bocks f o r  urnstear". :;. low 
i n v e s t i g a t i o n s  has  i n c r e a s e d  tremendc-s2y i n  :*ecent ycark  , 
most of  t h e  i n v e s t i g a t i o n s  a r e  s t i l l  explorato:-y , and ~ e r  ; o w  
a t t e m p t s  a t  making them a c c e s s i b l e  t o  t h e  average  worker  i i i  

t h e  f i e l d  have  n o t  y e t  been made. 

A azaa~os t a s k  c o n f r o n t i n g  t h e  r e s e a r c h e r  is t h a t  of  making 
t h e  n u m e r i c a l  methods a c c e s s i b l e  t o  t h e  a v e r a g e  u s e r .  These  
methods are based  i n  the most p a r t  on rather s o p h i s t i c a t e d  
mathemat ica l  a n a l y s i s  f o r  which t h e  a v e r a g e  u s e r  u s u a l l y  does 
n o t  have adequa te  p r e p a r a t i o n  t o  f o l l o w  t h e  d e t a i l s  and t o  
make m o d i f i c a t i o n s  t o  t h e  a n a l y s i s  f ~r h i s  own problem n e e d s ,  
T h e r e f o r e ,  t h e  r e s e a r c h e r s  have not  o n l y  t o  conv ince  t h e  u s e r  
o f  t h e  advan tages  o r  even of t h e  need f o r  u s i n g  t h e  comple te  
e q u a t i o n s ,  b u t  a l s o  t h e y  s h o u l d  make t h e  methods e a s i l y  a c -  
c e s s i b l e  t o  him, The p r e p a r a t i o n  o f  computer programs r e q u i r -  
i n g  minimum o r  no n o d i f  i c a t i o n  excep t  t h e  i n s e r t i o n  o f  i n p u t  
d a t a  would encourage  t h e  u s e  of t h e  newer methods .  Most of 
t h e  programs for u n s t e a d y  f low t h a t  a r e  c u r r e n t l y  a v a i l a b l e  
are r e s e a r c h  t o o l s ,  and must be s t r e a m l i n e d  t o  f i t  t h e  needs  
o f  d i f f e r e n t  u s e r  e a t e g s ~ i e s ,  I t  is hoped t h a t  t h e  programs 
p repared  i n  c o n ~ u a c t i o n  with t h i s  s t u d y  w i l l  bs p r e s e n t e d  i n  a  
handy form,  P r i o r  to  his, however,  f u r t h e r  t e s t i n g  s f  t h e  
progrs~laas w i t h  d i f f e r e n t  t y p e s  of  problems and w i t h  a v a r i e t y  
o f  boundary c o n d i t  ions is d e s i r a b l e ,  

In  t h i s  r e p o r t  w e  coneern  o u r s e l v e s  w i t h  t h e  a p p l i c a t i o n  
of  t h e  t h r e e  methods p r e s e n t e d  i n  t h e  p r e c e d i n g  s e c t i o n s ,  
There  is g r e a t  interesqL i n  a p p l i c a t i o n s  $0 n a t u r a l  c h a n n e l s  
and i n  f i n d i n g  how a c c u r a t e l y  computed r e s u P t s  a g r e e  w i t h  
t h e  observed v a l u e s ,  We c o u l d  select c h a n n e l s  and p r o v i d e  t h i s  
t y p e  o f  i n f o r m a t i ~ n ,  However, a  s t u d y  o f  t h a t  t y p e  is incon-  
c l u s i v e  f o r  t h e  f o l l o w i n g  r e a s o n .  Should t h e r e  b e  a  g r e a t  
d i s c r e p a n c y  between t h e  computed and t h e  obse rved  r e s u l t s ,  t h e  
d i s c r e p a n c y  c o u l d  mot be  a l l  blamed on t h e  mathemat ica l  model ,  
The d i s c r e p a n c y  c o u l d  have been caused  by e r r o r s  i n  f i e l d  
measurement of t h e  flowsp by s u r v e y  e r r o r s  i n  the measurement 
o f  c h a n n e l  sect i o n s ,  by e r r o r s  i n  est i m a t i a g  r e s i s t a n c e  coef  - 
f i c i e n t s ,  and most i m p o r t a n t l y  by changes  i n  t h e  c h a n n e l  



p r o p e r t i e s  b e f o r e  and d u r i n g  t h e  u n s t e a d y  f low e v e n t .  To 
minimize t h e s e  d i f f i c u l t i e s ,  t h e  a p p l i c a t i o n s  a r e  conducted  
i n  two p a r t s .  

In  t h e  f i r s t  p a r t  of  t h e  a p p l i c a t i o n s ,  t h e  methods are 
a p p l i e d  t o  f low th rough  a n  i d e a l i z e d  c h a n n e l ,  I n  d o i n g  t h i s ,  
w e  e l i m i n a t e  measurenent  e r r o r s ,  c a n  c o n c e n t r a t e  on t h e  
n u m e r i c a l  methods,  compare t h e  r e s u l t s  o f  t h e  d i f f e r e n t  methods,  
and c a n  r e a c h  u s e f u l  d e c i s i o n s  r e g a r d i n g  t h e i r  merits. I n  t h e  
second  p a r t ,  t h e  methods a r e  a p p l i e d  t o  a  n a t u r a l  c h a n n e l ,  
The Neuse R i v e r ,  North C a r o l i n a ,  was chosen f o r  t h i s  purpose  
because  i t  is a  major  s t r e a m  i n  North C a r o l i n a  and many of 
its f e a t u r e s  a r e  r e p r e s e n t a t i v e  of  t h e  North C a r o l i n a  r i v e r s .  
F u r t h e r m o r e ,  its h i g h l y  i r r e g u l a r  f e a t u r e s  and its complex 
geometry p r o v i d e  a  c h a l l e n g e  t o  a p p l i c a t i o n  o f  n u m e r i c a l  
methods ,  Unf o r t u n a t e l g  , comple te  and a e c u r a t  e d a t a  f o r  t h e  
Meuse R i v e r ,  o r  f o r  any 0 8 b . e ~  major North C a r o l i n a  r i v e r ,  
were n o t  a v a i l a b l e ,  T h i s  p a r t  of  t h e  s t u d y ,  t h e r e f o r e ,  is 
e s s e n t i a l l y  a  s t u d y  of  the f e a s i b i l i t y  o f  a p p l y i n g  t h e  numeri-  
c a l  methods t o  i r r e g u l a r  n a t u r a l  c h a n n e l s ,  and is n o t  a  f i e l d  
v e r i f i c a t i o n  o f  t h e  mathemat ica l  models .  

Computer Programs 

Computer programs f o r  t h e  i n t e g r a t i o n  o f  t h e  e q u a t i o n s  
o f  uns teady  f low f o r  a p p l i c a t i o n  t o  i d e a l i z e d  and n a t u r a l  
c h a n n e l s  have  been w r i t t e n  i n  FORTRAN 4 f o r  an  XBM/System 
360 Model 75, The programs a r e  i n c l u d e d  i n  t h e  Appendix t o  
t h i s  r e p o r t .  

Unsteady Flow Through a n  I d e a l i z e d  Channel  

The a p p l i c a t i o n  o f  t h r e e  n u m e r i c a l  methods w i l l  b e  made 
t o  an i d e a l i z e d  c h a n n e l  i n  o r d e r  to compare t h e  a c c u r a c y ,  t h e  
e f f i c i e n c y ,  and t h e  convenience sf t h e  methods .  The use of 
the i d e a l i z e d  c h a n n e l  e l i m i n a t e s  e r r o r s  i n  f l o w  measurement ,  
i n  c r a s s - s e c t i o n a l  d a t a ,  and i n  t h e  e s t i m a t e s  o f  c h a n n e l  
r e s i s t a n c e .  The example s e l e c t e d  f o r  t h i s  purpose  is a  prob- 
l e m  f i r s t  posed by Haro ld  Thomas (1934) f o r  t e s t i n g  t h e  
v a l i d i t y  o f  n u m e r i c a l  methods, 

The example i n v e n t e d  by  Thomas is t h e  p r o p a g a t i o n  o f  a  
f l o o d  i n  a un i fo rm c h a n n e l  of  i n f i n i t e  w i d t h  w i t h  a  bot tom 
s l o p e  of  1 f t / m i ,  The c h a n n e l  is assumed t o  be 500 m i  l o n g ,  
t h e  ups t ream boundary c o n d i t i o n  is g i v e n  by a  d i s c h a r g e  hydro-  
g r a p h  of  s i n u s o i d a l  s h a p e  hav ing  a  d u r a t i o n  o f  4 days  and a 
peak f low p e r  u n i t  c h a n n e l  w i d t h  of 200 ft3/sec.  The down- 
s t r e a m  c o n d i t i o n  is g i v e n  by a s t a g e - d i s c h a r g e  r e l a t i o n s h i p  
based on un i fo rm f l o w ,  The i n i t i a l  c o n d i t i o n s  a r e  g i v e n  by a 
u n i f o r m  f low p e r  u n i t  c h a n n e l  w i d t h  of  50  ft3/sec a t  a  dep th  . 

of 13.086 f t  . The v a l u e  o f  "n" i n  Manning 's fo rmula  t u r n s  o ~ t  



t o  b e  s l i g h t  l y  < 0 , 0 3 ,  In  t h e  f o l l o w i n g  p a r a g r a p h s ,  s o l u t i o n s  
of t h i s  problem by t h e  f o l l o w i n g  methods w i l l  b e  d i s c u s s e d :  
(1) approx imate ,  (2) e x p l i c i t ,  (3) c h a r a c t e r i s t  i c  , and (4)  i m -  
p l i c i t  methods,  

Approximate Method 

Thomas used  two approximate  methods, o n e  o f  which was 
t h e  s t o r a g e - r o u t i n g  method, f o r  t h e  s o l u t i o n  o f  t h e  problem. - 
The g r i d  s izes  used  were combinat ions  o f  Ax = 25 m i ,  50 m i  
and A t  = 12 h r ,  24 h r  ,, and 48 h r ,  I t  was found t h a t  peak 
f l o o d  f l o w s  and % h e i r  t i n e s  o f  a r r i v a l  a t  downstream s t a -  
t i o n s  depended on t he v a l u e s  of  Ax and A t  , Thus ,  u s i n g  
Ax = 25 m i  and A t  = 48 hr, t h e  f l o o d  peak a r r i v e d  a t  t h e  
200 m i  s t a t i o n  i n  48  h r  and was reduced  by 25%, w h i l e  u s i n g  
Ax = 25 m i  and A t  12 h r ,  t h e  f l o o d  peak a r r i v e d  a t  t h e  same 
l o c a t i o n  i n  29 h r  and was reduced  by o n l y  4%, S i m i l a r  re- 
s u l t s  were o b t a i n e d  r e c e n t  l y  by Brakens iek  and Comer (1966) 
when t h e  example was worked o u t  on an IBM 1620 computer u s i n g  
t h e  same g r i d  d imens ions ,  

I t  is obv ious  t h a t  n u m e r i c a l  methods u t i l i z i n g  l a r g e  
g r i d  s i zes  are n o t  r e l i a b l e ,  Perhaps  t h e  b a s i c  concep t  of  
r e p r e s e n t a t i o n  by f i n i t e  d i f f e r e n c e s  is v i o l a t e d ,  I t  s h o u l d  
b e  p o i n t e d  o u t  t h a t  when s u c h  methods a r e  used  i n  c o n ~ u n c t i o n  
w i t h  f i e l d  s b s e r v a t  i o n s ,  f a l s e  c o n c l u s i ~ n s  a s  t o  t h e  " v e r i f  i- 
c a t i o n "  o f  t h e  methods mag b e  r e a c h e d ,  What may a p p e a r  a s  
f i e l d  v e r i f i c a t i o n  mag a c t u a l l y  be  t h e  s e l e c t i o n  of  t h o s e  
v a l u e s  of  Ax and If\t s u p p l y i n g  a f i c t i t i o u s  hydrograph t h a t  
happens t o  a g r e e  w i t h  t h e  r e c o r d e d  v a l u e s ,  

E x p l i c i t  Method 

I n  t h e  a p p l i c a t i o n  of  t h e  e x p l i c i t  method t o  t h e  g i v e n  
problem, t h e  numer ica l  scheme proposed by S t o B w  -- et a l ,  (1953) 
was c l o s e l y  adhered  t o ,  excep t  t h a t  t h e  boundary c o n d i t i o n s  
are d i f f e r e n t  i n  this problem t h a n  i n  t h e  problems s o l v e d  by 
them, F o r  t h e  g i v e n  problem, e o m p u t a t i s n s  were made u s i n g  
combinat i o n s  of Ax - 5 m i ,  10  mi and A t  - 0 , 0 5  h r  , 0 , 1 0  h r  , 
and 0 , X  h r ,  Stage hydrographs  a t  PO0 mi and 300 m i  s t a t i o n s  
a r e  p l o t t e d  i n  F i g .  7 ,  The s t a b i l i t y  c o n d i t i o n  r e q u i r e s  t h a t  
At S. 0 . 1 0  h r  f o r  Ax = 5 mi and A t  0 , 2 0  hsp f o r  AX = 10 m i .  
Thus ,  computa t ions  become u n s t a b l e  when A% - 0 - 1 5  h r  and 
Ax - 5 m i  a r e  u s e d .  I t  is s e e n  t h a t  a s  t h e  g r i d  s i z e  i n c r e a s e s ,  
t h e  accuracy  d r o p s  o f f .  However, a lmos t  i d e n t i c a l  t i m e s  of  
peak f low a r e  g i v e n  by a l l  Bx,At r e l a t i o n s h i p s ,  I t  is c l e a r  
t h a t  t h e  a c c u r a c y  o f  t h e  cornputat i o n s  is improved by u s i n g  
s m a l l  v a l u e s  o f  8% and A t  ; however,  t h i s  r e e u B t s  i n  long com- 
p u t a t i o n  times. When t h i s  problem was computed on a n  IBM 
1410 s y s t e m ,  many hours  were needed f o r  comple t ing  t h e  work.  
T h i s  method d i d  not a p p e a r  t o  be f e a s i b l e  f o r  r o u t i n e  
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a p p l i c a t i o n s ,  s i n c e  t h e  u se  of time s t e p s  of a few minutes 
f o r  f lows w i t h  d u r a t i o n s  of days is not  r e a l i s t i c ,  The 
s i t u a t i o n  has changed cons ide rab ly  i n  f a v o r  of t h e  method 
with t h e  i n t r o d u c t i o n  s f  t h e  IBM/360 system.  

C h a r a c t e r i s t i c  Method 

In t h e  a p p l i c a t i o n  of t h e  c h a r a c t e r i s t i c  method t o  t h e  
given problem, va lues  o f  0 , 2  h r ,  0.8 h r ,  1 . 6  hr, 2 . 4 3  k ~ ,  
and 3 .%I h r  were used f o r  Bf , T h i s  method is s t a b l e  f o r  
f a i r l y  l a r g e  grid s i z e ,  a l though  t h e  accuracy drops  o f f  a s  
t h e  g r i d  s i ze  i n c r e a s e s ,  This  is c l e a r l y  shown i n  F i g .  8 ,  
i n  which s t a g e  hydrographs a t  100 m i  and 300 m i  s t a t i o n s  
a r e  d i sp l ayed .  The main d i sadvantage  of this method is 
t h a t  cons ide rab le  i n t e r p o l a t i o n  becomes wecessar when pre-  
s e n t i n g  t h e  r e s u l t s .  I t  becomes ve ry  awkward f o  X n a t u r a l  
channels  where t h e  geometry changes from s e c t i o n  t o  sec- 
t i o n ,  Using A t  v a lues  of 4 0 . 8  hr will not  s i g n i f i c a n t l y  
improve t h e  accuracy but w i l l  r e s u l t  i n  e x c e s s i v e  compu- 
t a t  ion  t imes . 



F i g .  8 .  S t a g e  hydrographs  by t h e  method o f  c h a r a c t e r i s t i c s  

I m p l i c i t  Method 

I n  t h e  a p p l i c a t i o n  o f  t h e  i m p l i c i t  f i x e d  mesh method t o  
t h e  g i v e n  problem, v a l u e s  o f  5 m i  and 10 m i  f o r  Ax and 
0.5 h r ,  1 . 0  h r ,  and 2 . 0  h r  were used  f o r  A t .  Using A x = 5  mi, 
it becomes n e c e s s a r y  t o  s o l v e  202 n o n l i n e a r  a l g e b r a i c  equa-  
t i o n s  s i m u l t a n e o u s l y .  When Ax is d o u b l e d ,  t h e  number o f  
e q u a t i o n s  is reduced  by 5 % .  F o r  A t  = 0 0 .  h r ,  computa t ions  
c a n  b e  completed w i t h  a  single c y c l e  o f  i t e r a t i o n .  With 
A t  = 1 . 0  h r ,  s e v e r a l  c y c l e s  o f  i t e r a t i o n  become n e c e s s a r y  
t o  comple te  t h e  computa t ions  w i t h i n  t h e  t o l e r a n c e  l i m i t .  
T h i s  l i m i t  w a s  set  t o  keep t h e  d i f f e r e n c e  i n  t h e  v e l o c i t y  
between two i t e r a t i o n  c y c l e s  t o  ~ 0 ~ 0 2  f t i s e c .  The r e s u l t s  
o f  t h e  computa t ions  a r e  d i s p l a y e d  i n  F ig .  9 a s  s t a g e  hydro-  
g r a p h s  a t  100 m i  and 300 m i  s t a t i o n s .  I t  is n o t e d  t h a t  a l -  
most i d e n t i c a l  ( t o  the second  dec imal  p l a c e )  r e s u l t s  a r e  
o b t a i n e d  f o r  b t  = 0 . 5  h r  and 1 . 0  hr, w i t h  Cx k e p t  a t  
5 . 0  m i .  



Time, h r  

F i g ,  9 .  S t age  hydrographs by t h e  i m p l i c i t  method 

Comparison of R e s u l t s  and Csnclus  ions  

Although the numerical  methods f o r  f l o o d  r o u t i n g  d i s -  
cussed i n  t h i s  paper a r e  a l l  based on t h e  same b a s i c  d i f -  
f  e r e n t  i a l  equa t ions  o f  unsteady f low,  y e t  t h e  a l g e b r a i c  
r e p r e s e n t a t  ion used i n  each method is d i f f e r e n t .  The ques- 
t i o n  a r i s e s ,  t h e r e f o p e ,  t h a t  s i n c e  w e  a r e  d e a l i n g  w i t h  
d i f f e r e n t  a l g e b r a i c  sys tems ,  d i f f e r e n t  s o l u t i o n s  o f  t h e  
primary equa t ions  mag be o b t a i n e d .  The a l g e b r a i c  s imula-  
t i o n s  are no t  u s e f u l  u n l e s s  t hey  converge t o  t h e  same 
s o l u t i o n ,  The r e s u l t s  of  t h e  computations by t h e  v a r i o u s  
methods can  be  used t o  provide t h e  answer t o  t h i s  q u e s t i o n .  

The s t a g e  hydrographs by t h e  three complete methods 
a t  100 m i  and 300 m i  s t a t i o n s ,  u s ing  t h e  s m a l l e s t  g r i d  s i z e  
i n  each  c a s e ,  a r e  compared i n  Fig. 10. I t  is s e e n  t h a t  
times of  a r r i v a l  of f l o o d  peaks a s  g iven  by a l l  t h r e e  
methods a r e  almost  t h e  same, and t h e  dep th  v a l u e s  a r e  no t  
app rec i ab ly  d i f f e r e n t ,  



F i g .  10. Comparison o f  hydrographs  by t h r e e  comple te  methods 

The i m p l i c i t  and t h e  c h a r a c t e r i s t i c  methods a r e  p robab ly  
more a c c u r a t e  t h a n  t h e  e x p l i c i t  method, and t h e  re- 
s u l t s  o b t a i n e d  by t h e  e x p l i c i t  method w i l l  b e  c l o s e r  t o  t h e  
o t h e r  two when s m a l l e r  g r i d  s i z e s  a r e  u s e d .  I t  a l s o  is c l e a r  
t h a t  t o  o b t a i n  r e l i a b l e  r e s u l t s ,  smal l  v a l u e s  o f  Ax and A t ,  i n  
t h e  o r d e r  of a  f e w  miles and p r e f e r a b l y  ~ 1 . 0  h r ,  must b e  u s e d .  
Such v a l u e s ,  o f  c o u r s e ,  will change from one  problem t o  
a n o t h e r .  The u s e  o f  large values o f  Ax and A t ,  s a y  5 0  m i  and 
24 hr f o r  t h e  given example ,  w i l l  l e a d  t o  e r r o n e o u s  r e s u l t s  
by any method. The high-speed d i g i t a l  computer  w i t h  a  l a r g e  
memory is an i n d i s p e n s i b l e  t o o l  f o r  n u m e r i c a l  f l o o d  r o u t i n g .  

Of t h e  t h r e e  comple te  methods ,  t h e  e x p l i c i t  method is t h e  
l e a s t  e f f i c i e n t  but is t h e  s i m p l e s t .  The c h a r a c t e r i s t i c  
and i m p l i c i t  methods a r e  bo th  e f f i c i e n t ;  h o r e v e r ,  t h e  c h a r a c t e r i s -  
t i c  method is t h e  least c o n v e n i e n t .  The i m p l i c i t  method is b o t h  
e f f i c i e n t  and c o n v e n i e n t .  The s t u d y  h a s  shown t h a t  n u m e r i c a l  
methods r e q u i r e  t h a t  s m a l l  g r i d  s i z e s ,  t h e  s i z e  governed by t h e  
magnitudes o f  t h e  v a r i a b l e s  i n v o l v e d ,  must b e  used  t o  o b t a i n  
a c c u r a t e  and r e l i a b l e  s o l u t i o n s .  If a  h igh-speed computer  of 
l a r g e  memory must be u s e d ,  t h e r e  is l i t t l e  t o  b e  g a i n e d  by u s i n g  
t h e  approx imate  methods.  These l a t t e r  methods w i l l ,  o f  c o u r s e ,  
p r o v i d e  good r e s u l t s  i n  some c a s e s ,  w h i l e  t h e y  may f a i l  i n  
o t h e r s .  Once t h e  l i m i t a t i o n s  and d i f f i c u l t i e s  o f  t h e  n u m e r i c a l  



methods a r e  known, it becomes mean ingfu l  t o  seek f o r  v e r i f i -  
c a t  i o n  o f  t h e  methods i n  t h e  f i e l d .  

Unsteady Flow Through a  N a t u r a l  Channel  . -- 

To test t h e  f e a s i b i l i t y  of a p p l y i n g  t h e  n u m e r i c a l  i n t e -  
g r a t i o n  of t h e  comple te  e q u a t i o n s  o f  u n s t e a d y  f low t o  rea l  
problems and t o  i n v e s t i g a t e  t h e  f l e x i b i l i t y ,  e f f i c i e n c y ,  and 
accuracy  of  d i f f e r e n t  met h o d s ,  f low t h r o u g h  a  n a t u r a l ,  i r r e g u -  
l a r  r i v e r  c h a n n e l  was a n a l y z e d ,  A c h a n n e l  r e a c h  was chosen 
f o r  which a d e q u a t e  f i e l d  hydrograph ic  d a t a  were a v a i l a b l e .  
These  d a t a  i n c l u d e d  a  f l o o d  s t a g e  hydrograph ,  t o p o g r a p h i c  
maps, and o t h e r  n e c e s s a r y  gaug ing  and c h a n n e l  i n f o r m a t i o n .  
The Neuse R i v e r ,  between Go l d s b o r o  , North C a r o l i n a ,  and Mins ton,  
North C a r o l i n a ,  was found t o  be  ve ry  s u i t a b l e  f o r  t h i s  p u r p o s e .  
The f l o o d  d a t a  o f  September ,  1945,  and O c t o b e r ,  1964, c o l l e c t e d  
by t h e  U . S .  G e o l o g i c a l  S u r v e y ,  were used  i n  s o l v i n g  t h e  un- 
s t e a d y  f l o w  e q u a t i o n s .  Measurements had been made d u r i n g  a  15- 
day p e r i o d  i n  1945 and a  20-day p e r i o d  i n  1964 a l o n g  a  45 m i  
r e a c h  of  t h e  Neuse from Goldsboro  t o  K i n s t o n ,  F i g .  11 is a  
s k e t c h  of t h a t  p a r t  of  t h e  Neuse R i v e r  under  s t u d y ,  t o g e t h e r  

A w i t h  t h e  r e a c h e s  and gauging s t a t i o n s ,  The hydrographs  a t  
Goldsboro  a r e  shown i n  F i g .  1 2 .  

S c a l e  i n  miles 
5 0 5 10 1 5  20 

F i g .  11, Neuse R i v e r  between Goldsboro  
and K i n s t o n ,  Nor th  C a r o l i n a  





I n  a p p l i c a t i o n  t o  n a t u r a l  c h a n n e l s ,  t h e  c h a n n e l  geometry 
is s i m u l a t e d  by two d i f f e r e n t  models ,  b o t h  o f  which a r e  based  
on a c t u a l  t o p o g r a p h i c  d a t a .  I n  t h e  f i r s t  model ,  t o  be r e f e r -  
r e d  t o  a s  t h e  compos i t e  c h a n n e l  s e c t i o n ,  t h e  c h a n n e l  s e c t i o n s  
o v e r  t h e  e n t i r e  r e a c h  a r e  r e p r e s e n t e d  by a  s i n g l e  s e c t i o n  
d e r i v e d  by a v e r a g i n g  c h a n n e l  p r o p e p t i e s  o v e r  t h e  r e a c h .  An 
a v e r a g e  bottom s l o p e  based on t h e  e l e v a t i o n s  of  t h e  c h a n n e l  
bot tom a t  t h e  two ends  o f  t h e  r e a c h  is u s e d  i n  t h e  c o m p u t a t i o n s .  

I n  t h e  second  model,  t o  be  r e f e r r e d  t o  a s  t h e  d i s c r e t e  
c h a n n e l  s e c t i o n ,  t h e  a c t u a l  v a l u e s  o f  t h e  c h a n n e l  geometry 
a r e  used  i n  t h e  computa t ions .  Thus t h e  c h a n n e l  s l o p e  v a r i e s  
from s e c t i o n  t o  s e c t i o n  o v e r  t h e  r e a c h  l e n g t h ,  

The need f o r  t h e  compos i t e  sect i o n  model a r i s e s  because  
t h e  e x p l i c i t  and t h e  c h a r a c t e r i s t i c  methods f a i l  t o  work 
u n l e s s  t h e  changes  i n  t h e  c h a n n e l  geometry from s e c t i o n  t o  
s e c t i o n  a r e  g r a d u a l ,  Thus it is no t  f e a s i b l e  t o  i n t r o d u c e  
a waterway i n  which t h e  bot tom e l e v a t i o n  changes s i g n i f  i- 
c a n t l y  from s e c t i o n  t o  s e c t i o n .  Of t h e  t h r e e  methods s t u d i e d ,  
o n l y  t h e  i m p l i c i t  method c a n  hand le  c h a n n e l  g e o m e t r i e s  w i t h  
s i g n i f i c a n t  changes  i n  a r e a ,  w i d t h ,  and bottom e l e v a t i o n  from 
o n e  sect i o n  t o  t h e  o t h e r  , 

I n i t i a l  and Boundary Da ta  

I n i t i a l  d e p t h s  were s u p p l i e d  by backwater  c a l c u l a t i o n  
s t a r t i n g  from a  downstream d e p t h ,  A l i n e a r  i n t e r p o l a t  i o n  
was a p p l i e d  t o  t h e  two i n i t i a l  d i s c h a r g e s  a t  t h e  boundary 
p o i n t s  t o  c a l c u l a t e  t h e  i n i t i a l  d i s c h a r g e s  a t  a l l  i n t e r -  
med ia te  n e t  p o i n t s .  The d i s c h a r g e  v a l u e s  a t  t h e  i n t e r m e d i -  
a t e  n e t  p o i n t s  d i v i d e d  by t h e  l o c a l  c r o s s  s e c t i o n s  gave  t h e  
i n i t i a l  v e l o c i t i e s  . A t  t h e  downstream boundary ,  a  r a t i n g  
c u r v e  was used  ( F i g ,  13) . A t  t h e  ups t ream e n d ,  t h e  s t a g e  
h e i g h t  was p r e s c r i b e d  a s  a f u n c t i o n  o f  t i m e ,  

F o r  t h e  1945 f l o o d ,  t h e  i n i t i a l  v a l u e s  a r e  g i v e n  by a n  
u n s t e a d y  nonuniform f l o w  w i t h  a d e p t h  o f  5 . 1 7  f t  a t  Golds-  
b o r o  and 6 . 8 5  f t  a t  Kins ton a t  t i m e  t = 0  ( f l o o d  d a t a  s t a r t -  
i n g  a t  3 :00 am, September 1 8 ,  1945) . F o r  t h e  1964 f l o o d ,  t h e  
i n i t i a l  v a l u e s  a r e  g i v e n  by a n  u n s t e a d y  nonuniform f low w i t h  
a d e p t h  of  8 . 9  f t  a t  Goldsboro  and 5 . 9  f t  a t  K i n s t o n  a t  t i m e  
t = 0  ( f l o o d  d a t a  s t a r t i n g  a t  3:00 am, Oc tober  2 ,  1964) .  I n  
t h e  1945 f l o o d ,  t h e  d e p t h  s f  t h e  w a t e r  a t  p o i n t  x  = 0  (ups t ream 
boundary)  a s  g i v e n  by t h e  hydrograph i n c r e a s e d  f rom 5 . 1 7  f t  
t o  26 .72 f t  and t h e n  d e c r e a s e d  t o  19 .8  f t  w i t h i n  360 h r .  I n  
t h e  1964 f l o o d ,  t h e  d e p t h  o f  t h e  w a t e r  i n c r e a s e d  from 8 . 9  f t  
t o  2 6 . 0  f t  and t h e n  d e c r e a s e d  t o  9 .25  f t  w i t h i n  450 h r .  
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F i g .  13. Rat ing  curves  a t  Goldsboro and Kinston,  
Worth C a r o l i n a ,  i n  1945 



Computations f o r  the Composite Sec t  ion Channel 

Determinat ion of  Channel S e c t i o n  Parameters .  I n  t h e  com- 
p o s i t e  n a t u r a l  channe l  model, only  one t v ~ i c a l  channe l  c r o s s  
s e c t i o n  A and one t y p i c a l  t o p  width B w e &  used t o  r e p r e s e n t  
t h e  whole r e a c h .  The t y p i c a l  c r o s s - s e c t i o n a l  a r e a s  a s  w e l l  
as t o p  widths  were t aken  from t h e  average of s i x t e e n  i n d i v i -  
d u a l  channe l  s e c t i o n s  (F ig ,  14) which were c a l c u l a t e d  from 
t h e  U.S. Geologica l  Survey topographic  maps (1902, 1942, l957a , b ,  
1958b), The width  B was c a l c u l a t e d  from t h e  r e l a t i o n ,  
B = dA/dy, 

/ .-, Area, f t "  
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F i g .  14 ,  Composite s e c t i o n  a r e a  and t o p  width  

Channel Bottom S lope .  The channel  bottom s l o p e  S  was 
assumed c o n s t a n t  and was c a l c u l a t e d  from t h e  formula ,  

Gauging s t a t  ion datum - Gauging s t a t  ion datum 

S  = he igh t  a t  Goldsboro h e i g h t  a t  Kinston 
T o t a l  r i v e r  l eng th  from Goldsboro t o  Kinston 



Manning vs  Roughness C o e f f i c i e n t s  , Two polynomial  equa- 
t i o n s  i n  terms o f  d e p t h  y r e p r e s e n t i n g  Manning's roughness  
c o e f f i c i e n t s  were de te rmined  a t  b o t h  t h e  ups t ream and down- 
s t r e a m  e n d s .  A t  i n t e r m e d i a t e  n e t  p o i n t s  a  l i n e a r  i n t e r p o l a -  
t i o n  w i t h  r e s p e c t  t o  t h e  changes  i n  x - d i s t a n c e  was used  t o  
d e t e r m i n e  a 1 1  t h e  Manning's roughness  c o e f f i c i e n t s  . Manning's 
roughness  c o e f f i c i e n t s  n  were c a l c u l a t e d  by u s i n g  Manning's 
e q u a t i o n ,  

I n  e v a l u a t i n g  n ,  two f a c t o r s  were t a k e n  i n t o  c o n s i d e r a -  
t i o n :  (1)  t h e  v a r i a t i o n  of  n  w i t h  d e p t h  a t  a g i v e n  s e c t i o n  
and (2)  t h e  v a r i a t i o n  o f  n  from s e c t i o n  t o  s e c t i o n .  Poly-  
nomial  e q u a t i o n s  g i v i n g  t h e  v a r i a t i o n  o f  n  w i t h  d e p t h  a t  t h e  
downstream and ups t ream b o u n d a r i e s  were de te rmined  from r a t -  
i n g  c u r v e s  and p a s t  r e c o r d s ,  A t  i n t e r m e d i a t e  p o i n t s  t h e  
v a l u e  o f  n  was assumed t o  v a r y  l i n e a r l y  between t h e  two ends  
f o r  t h e  same d e p t h .  Manning's roughness  c o e f f i c i e n t  n  v a r i e s  
fpom 0 , 0 4  t o  0 , l P ,  i n c r e a s i n g  with r e s p e c t  t o  d e p t h  a s  t h e  
d e p t h  changes  from 5,PT f %  t o  27 f t  a t  t h e  ups t ream e n d ,  A t  
t h e  downstream e n d ,  it v a r i e d  from 0 . 0 3 9  t o  O.O72, co r respond-  
i ng  t o  d e p t h s  o f  from 6 f t  t o  24 f t  , r e s p e c t i v e l y ,  I n  F i g .  
1 5 ,  Manningqs roughness  c o e f f i c i e n t  n  is p l o t t e d  v e r s u s  t h e  
d e p t h  a t  Goldsboso and K i n s t o n ,  r e s p e c t i v e l y  , 

L a t e r a l  In f low q, L a t e r a l  i n f l o w  q is a f u n c t i o n  o f  
l o c a t  ion  x and t i m e  t , b u t  it is d i f f i c u l t  t o  measure .  I n  
t h e  p r e s e n t  s t u d y ,  l a t e r a l  i n f l o w  q was assumed t o  b e  a  
c o n s t a n t  a 1  ng t h e  t r i b u t a r i e s .  The v a l u e  $1 = 0,005 t o  9 q = 0 . 0 2  f t  /sec/%t was s u g g e s t e d  by U , S ,  G e o l o g i c a l  Survey 
h y d r o l o g i s t s  on t h e  b a s i s  of t h e i r  knowledge of  t h e  Neuse 
R i v e r ,  

R e s u l t s  o f  Computa t ions ,  Cornputat i o n s  f o r  p r e d i c t i n g  
t h e  1945 f l o o d  hydrograph a t  Minston f rom t h e  i n p u t  d a t a  a t  
Goldsboro were made by t h r e e  methods .  I n  t h e  e x p l i c i t  
method,  a n e t  w i t h  inc rements  bx = 1.5  and 3 . 0  m i  i n  t h e  x- 
d i r e c t i o n  a l o n g  the c h a n n e l  and A% = 0 .025  and 0 , 0 3  h r  i n  t h e  
t - d i r e c t  i o n  were u s e d ,  Larger  A t  's c a n  b e  u s e d  i n i t i a l l y  , 
b u t  when t h e  w a t e r  d e p t h  i n c r e a s e s  t o  20  f t , s m a l l e r  v a l u e s  o f  
A t  (a ,  025 h r )  s h o u l d  be  u s e d  or  t h e  computa t ion  becomes 
u n s t a b  le .  

I n  t h e  method o f  c h a r a c t e r i s t i c s ,  c o n s t a n t  A t ' s  were 
assumed and t h e  Axes were de te rmined  by t h e  c o r r e s p o n d i n g  
A t h a  Cons tan t  time inc rements  A t  = 0 . 1 ,  0 . 5 ,  0 . 7 5 ,  and 1 . 0  
h r  gave a lmos t  i d e n t i c a l  r e s u l t s .  When l a r g e r  A t  ? s  were 
t e s t e d ,  some i r r e g u l a r  oscillations showed u p ,  

I n  t h e  i m p l i c i t  method, AX - 3 m i  and t i m e  i nc rements  
A t  = 0 . 1 5 ,  1, 2 ,  5 ,  1 0 ,  and 20 h r  were t e s t e d .  
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Manning's roughness  c o e f f i c i e n t  

F i g .  1 5 .  Manning's roughness  c o e f f i c i e n t  a t  Goldsboro  
and K i n s t o n ,  North C a r o l i n a ,  f o r  the f l o o d  i n  
1945 

F i g .  16 shows t h e  d e p t h s  computed by t h e  e x p l i c i t ,  i m -  
p l i c i t ,  and c h a r a c t e r i s t i c  methods f o p  t h e  1945 f l o o d .  Time 
increment  A t  i n  t h e  method o f  c h a r a c t e r i s t i c s  is 0 . 2 5  h r ;  
i n  t h e  e x p l i c i t  method, 0 . 0 2 5  h r ;  and i n  t h e  i m p l i c i t  method, 
5 h r .  

F i g .  17  shows t h e  r e s u l t s  f o r  d i f f e r e n t  methods of  
c a l c u l a t i o n  f o r  t h e  1964 f l o o d .  The ~ a l c u l a t e d  r e s u l t s  
were o b t a i n e d  by u s i n g  t h e  same c o e f f i c i e n t s  a s  were used  
t o  c a l c u l a t e  t h e  1945 f l o o d .  

The e f f e c t s  o f  d i f f e r e n t  t i m e  i n c r e m e n t s ,  l a t e r a l  i n f l o w s ,  
roughness  c o e f f i c i e n t s  , and i n i t i a l  and boundary c o n d i t i o n s  o n  
t h e  o u t f l o w  hydrographs  were i n v e s t i g a t e d  f o r  t h e  1964 f l o o d ,  
and t h e y  showed s i m i l a r  e f f e c t s  a s  f o r  t h e  1945 f l o o d .  



o-~ I m p l i c i t  method (N-R) 

. .  C h a r a c t e r i s t i c s  m e t  hod 

%----% E x p l i c i t  method 

q = 0 . 0 1 5  

- - -  
Time, h r  

F i g .  16. Calcu la ted  1945 flood hydrograph near  K i m  t o n ,  North Caro l ina  
(composite  s e c t i o n )  





Computat ions f o r  Discrete S e c t i o n  Channel  Model 

D e t e r m i n a t i o n  of  Flow P a r m e t e r s .  Both Goldsboro  and 
Kins ton  are main gauging s t a t i o n s  on t h e  Neuse R i v e r .  One 
might t h i n k  i t  r e a s o n a b l e  t o  t a k e  t h e  c r o s s - s e c t i o n a l  a r e a s  
a t  t h e  measur ing  s t a t i o n s  as r e p r e s e n t a t i v e  of  t h e  channe l .  
U n f o r t u n a t e l y ,  t h e s e  gaug ing  s t a t i o n s  are g e n e r a l l y  l o c a t e d  
where t h e  r i v e r  h a s  r e l a t i v e l y  narrow c r o s s  s e c t i o n s ,  s o  
t h a t  t h e s e  a r e a s  d o  n o t  r e p r e s e n t  a mean c r o s s  s e c t i o n  o v e r  
t h e  e n t i r e  r e a c h .  

A n e t  p o i n t  s p a c i n g  of  3 m i  on t h e  x -ax i s  was chosen ,  
and a v e r a g e  c r o s s - s e c t i o n a l  areas and a v e r a g e  w i d t h s  as 
f u n c t i o n s  of e l e v a t i o n  f o r  e v e r y  3 m i  s u b r e a c h  were d e t e r -  
mined from t h e  U , S o  e o l o g i c a l  Survey 15  min series topo- 
g r a p h i c  mags ( l 9 8 2 ,  l % Z ,  l%Ta ,  b ,  B958b) , 

A l e a s t  s q u a r e s  f i t t i n g  program was used t o  f i t  each  
i n d i v i d u a l  a r e a  and t o p  w i d t h  t o  polynomial  e q u a t i o n s  of 
o r d e r s  2 t h r o u g h  7 ,  A f o u r t h - o r d e r  po lynomia l  e q u a t i o n  was 
found t o  p r o v i d e  t h e  b e s t  f i t  f o r  a l l  16  a r e a s ,  The w i d t h s  
B were t h e n  e a s i l y  c a l c u l a t e d  from t h e  e q u a t i o n  B = dA/dy, 
The e q u a t i o n  f o r  a l l  16  c r o s s - s e c t i o n a l  areas is g i v e n  i n  

lowing form: 

where B is a n  index  r e f e r r i n g  t o  t h e  c h a n n e l  l o c a t i o n .  The 
c o e f f i c i e n t s  of t h i s  e q u a t i o n  are t a b u l a t e d  i n  T a b l e  1. 
T y p i c a l  c r o s s  s e c t i o n s  a r e  shown i n  F i g ,  18. 

bot tom s l o p e  S was cal- 
cul lat  p o i n t s  by t h e  f o r m u l a ,  

Datum h e i g h t  is d e f i n e d  as t h e  v e r t i c a l  d i s t a n c e  i n  f e e t  from 
mean sea Bevel t o  t h e  c h a n n e l  bot tom,  These  datum h e i g h t s  
were measured from t h e  t o p o g r a p h i c  maps based on t h e  c o n t o u r  
l i n e s  and t h e  two known gauging s t a t i o n s P  datum h e i g h t s ,  

The r e s u l t s  of  t h e  computa t ions  f o r  p r e d i c t i n g  t h e  hydro- 
g r a p h s  a t  K i n s t o n  f o r  t h e  1945 and 1964 f l o o d s  by t h e  i m p l i c i t  



Table  1. Polynomial  c o e f f i c i e n t s  of  e q u a t i o n s  f o r  i n d i v i d u a l  
c r o s s - s e c t  i a n a l  a r e a s  



Scale : 
Vert. 1" = 10' 
Hor. 1" = 1000' 

Section 10 

Scale : 
Vert . 1" = 10' 
H O P .  1" = 1000' 

Section 2 

Fig .  18. Typical channel sections taken from small-scale 
topographic maps 



method a r e  p resen ted  i n  F i g s .  19 and 20, I n  t h e s e  f i g u r e s ,  
t h e  observed s t reamf low hydrograph a t  Kinston is i n d i c a t e d  
by a  s o l i d  l i n e  and t h e  computed hydrograph by t h e  dashed 
l i n e s  . 

Computat i on  Times 

T o t a l  computer t imes r e q u i r e d  t o  perform t h e  c a l c u l a t i o n s  
f o r  t h e  major f l ood  of 1945 on t h e  Neuse R i v e r ,  North C a r o l i n a ,  
between Goldsboro and Kinston,  on an  IBW-System 360/75 com- 
p u t e r  a r e  shown i n  Table  2 ,  Only 10% more t ime  was r e q u i r e d  
t o  complete t h e  c a l c u l a t i o n s  f o r  p r e d i c t i n g  t h e  19-day f l o o d  
of 1964. Computer times f o r  c a l c u l a t i n g  f lows through an 
i d e a l i z e d  channel  a r e  not  l i s t e d .  

Table  2. Computer times on an  IBM-System 360/75 f o r  c a l c u l a t -  
i ng  f l o o d  flows 

Method Channel A t  Ax Computer 
s e c t  ion h r  m i  t ime 

E x p l i c i t  Composite 0.025 1 . 5  7 min 49 sec 
E x p l i c i t  Cornpos i t e  0.025 3 .0  3 min 59 sec 

C h a r a c t e r i s t i c  
C h a r a c t e r i s t i c  
C h a r a c t e r i s t i c  

I m p l i c i t  
I m p l i c i t  
I m p l i c i t  
I m p l i c i t  

I m p l i c i t  
I m p l i c i t  
I m p l i c i t  

Composite 
Compos i t e  
Composite 

Compos i t e  
Compos f t e  
Compos i t  e  
Compos i t  e 

Discrete 
Discrete 
D i s c r e t e  

2 rnin 10 sec 
1 rnin 28 sec 
0  rnin 39 sec 

1 min 29 sec 
0  min 55 sec 
0  min 29 sec 
0  rnin 17 sec 

1 rnin 5 1  sec 
1 rnin 27 sec 
0  rnin 58 sec 

The computer t imes pevea l  t h e  e f f i c i e n c y  o f  t h e  i m p l i c i t  
method over t h e  o t h e r  methods, p a r t i c u l a r l y  ove r  t h e  e x p l i c i t  
method. I t  is a l s o  seen  t h a t  r e s u l t s  can  be o b t a i n e d  by t h e  
i m p l i c i t  method even when such va lues  a s  bt  = 20 h r  a r e  used 
f o r  t h e  t i m e  s t e p ,  However, l a r g e  b t  va lues  may no t  produce 
a c c u r a t e  r e s u l t s  i n  many c a s e s  because s i g n i f i c a n t  f low 
changes may t a k e  p l ace  over  such  an i n t e r v a l .  







D i s c u s s  i o n  o f  R e s u l t s  

The r e s u l t s  o b t a i n e d  f o r  t h e  f l o o d  hydrographs  f o r  t h e  
1945 and 1964 f  l o a d s  by t h e  numer ica l  s o l u t i o n  o f  t h e  equa-  
t i o n s  o f  u n s t e a d y  f l o w  a r e  i n  r e a s o n a b l e  agreement  w i t h  t h e  
obse rved  v a l u e s .  The maxinum d e v i a t i o n s  between t h e  c a l c u -  
l a t e d  and obse rved  va lues  of t h e  s t a g e  a r e  less t h a n  2 f t  
and o n l y  less than 1 ft a t  t h e  f l o o d  c r e s t s .  The f low 
paramete r s  c o c s i s t  iwg of  c r o s s - s e c t i o n a l  a r e a  A ,  t o p  w i d t h  
B ,  l a t e r a l  f low q ,  c h a n n e l  bot tom s l o p e  S, and Manning's 
c o e f f i c i e n t  of f r i c t i o n  n  a r e  d e c i s i v e  f a c t o r s  d e t e r m i n i n g  
t h e  s o l u t i o n s  of t h e  e q u a t i o n s  of u n s t e a d y  f l o w .  The c h a n n e l  
pa ramete r s  were det[;rwined from s m a l l - s c a l e  Q 1 : 62,500) photo-  
g r a p h i c  maps, and no r e l i a b l e  g u i d e  f o r  e s t i m a t i n g  l a t e r a l  
i n f l o w  was a v a i l a b l e ,  We b e l i e v e  t h a t  under  t h e  c i r c u m s t a n c e s  
no b e t t e r  agreement  between t h e  obse rved  and computed v a l u e s  
c o u l d  be e x p e c t e d ,  The same c h a n n e l  s e c t i o n s  were used  f o r  
t h e  1964 f l o o d  a s  for the f l o o d  o f  1945.  The g r e a t e r  d i s -  
c repancy  between t h e  computed and obse rved  v a l u e s  f o r  t h e  
1964 f l o o d ,  i n  o u r  v i e w ,  r e f l e c t s  t h e  changes  i n  t h e  c h a n n e l  
f e a t u r e s  d u r i n g  the i n t e r v e n i n g  y e a r s ,  We b e l i e v e  t h a t  a n  
a c c u r a t e  h y d r o l o g i c a l  s u r v e y  w i l l  p r o v i d e  much b e t t e r  a g r e e -  
ment between t h e  obse rved  and computed v a l u e s .  

The computed v a l u e s  u s i n g  t h e  composi te  c h a n n e l  sect i o n  
and t h e  d i s c r e t e  s e c t i o n  models a r e  n o t  i d e n t i c a l .  Again,  
due t o  i n a d e q u a t e  t o p o g r a p h i c a l  i n f o r m a t i o n ,  meaningful. con- 
c l u s i o n s  canno t  be d e r i v e d  because  t h e  r e s u l t s  a r e  i n f l u e n c e d  
by e r r o r s  i n  s u r v e y  d a t a ,  The s o l u t i o n  o f  problems u s i n g  a  
composi te  s e c t  i o n  a r e  cons  i d e r a b  l y  s i m p l i f  i e d  p rov ided  t h e  
v a r i a t i o n s  from s e c t i o n  t o  s e c t i o n  a r e  s m a l l  and a  
s i n g l e  sect i o n  c a n  r e a l i s t i c a l l y  r e p r e s e n t  t h e  c h a n n e l  
r e a c h ,  The d i s c r e t e  s e c t i o n  model ,  however,  is f a r  more 
v e r s a t i l e  acd  has  g s e a t  p o t e n t i a l i t i e s ,  I t  can  b e  a d a p t e d  
t o  a c c e p t  f i e l d  s u r v e y  d a t a  d i r e c t l y  w i t h  l i t t l e  r e d u c t i o n .  



V H T I .  SUMMARY AND CONCLUSIONS 

The n u m e r i c a l  s o l u t i o n  o f  t h e  e q u a t i o n s  o f  u n s t e a d y  f l o w  
h a s  been made f e a s i b l e  by t h e  advent  o f  t h e  d i g i t a l  computer .  
There  is l i t t l e  reason t o  u s e  approxirrlate methods o f  dub ious  
v a l i d i t y .  The  c o ~ p l e t e  equations c a n  b e  i n t e g r a t e d  f o r  a p p l i -  
e a t  i o n  t o  a v a r  het  y of problems.  

Three  n u m e r i c a l  methods--the c h a r a c t e r i s t i c ,  t h e  e x p l i c i t ,  
and t h e  i m p l i c i t - - w e r e  a p p l i e d  t o  a n  i d e a l i z e d  c h a n n e l  o f  
s i m p l e  geometry and a l s o  t o  an i r r e g u l a r  n a t u r a l  c h a n n e l .  
The f i r s t  a p p l i c a t i o x  showed t h a t  aB1 t h r e e  methorjs would 
g i v e  the sal?iYe r e s u l t s  p rov ided  s m a l l  t i m e  s t e p s  ar-d d i s t a n c e  
s t e p s  a r e  u s a d ,  T-,I ';;he n e t h o d  of  c h m z e t e r i s t  ics and i n  t h e  
i m p l i c i t  maetbocb t h e  e5e o f  largce step-;  c a u s e s  e r r o r s  i n  t h e  
r e s u l t s ,  t h e  m g n i ? u d e  s f  t h e  e r r o r  i n c r e a s i n g  w i t h  t h e  s i z e  
o f  t h e  s t e p ,  Howrevex , i n  b o t h  methods t h e  u s e  o f  s m a l l e r  
time s t e p s  t h a n  n e c e s s a r y  does n o t  improve t h e  a c c u r a c y  o f  
t h e  r e s u l t s  ; it only e x t e n d s  computing times. I n  t h e  ex-  
p l i c i t  method, n o t  o n l y  does t h e  a c c u r a c y  of t h e  r e s u l t s  s u f  - 
f e r  from t h e  u s e  of l a r g e  t i m e  s t e p s ,  b u t  t h e  p rocedure  be- 
comes unstab 'be and mean ingfu l  r e s u l t s  cannot  be o b t a i n e d .  

The f i n i t e  d i f ference  e q u a t i o n s  f o r  t h e  e x p l i c i t  method 
a r e  t h e  s i m p l e s t  O X  a 1 1  t h r e e ,  e x c e p t  f o r  t h e  boundary e q u a t i o n s  
where a d i f f e r e n t  approach s i m i l a r  t o  t h e  method o f  c h a r a c -  
ter is t ics  has  t o  be u s e d ,  The e x p l i c i t  method is conven ien t  
i n  t h a t  r e s u l t s  a r e  g i v e n  a t  f i x e d  l o c a t i o n s  and times. The 
method c a n  t r e a t  c a s e s  i n  which  t h e  c h a n n e l  geometry c a n  v a r y  
from sect i o n  t o  s e c t i o n ,  However, t h i s  v a r i a t i o n  must be  
s m a l l  and &bere s h o u l d  be v e r y  s m a l l  changes  i n  t h e  bot tom 
s l o p e ,  o t h e r w i s e  t h e  method f a i l s ,  I n s t a n c e s  o f  f a i l u r e  of 
t h e  method, probably  due t o  t h i s ,  have been r e p o r t e d  i n  t h e  
l i $ e r a t u r e ,  This method is a l s o  the least  e f f i c i e n t  , and 
because  o f  this is n o t  s u i t a b l e  f o r  r o u t i n e  f l o o d  r o u t i n g  
where f lows  e x t e n d i n g  over many days have t o  be i n v e s t i g a t e d .  

The method o f  c h m a e t e r i s t  Pcs i n v o l v e s  more s o p h i s t  i- 
c a t e d  ma&hema&ieal a n a l y s i s  t h a n  the e x p l i c i t  metqod. I t  
is mot s u i t a b l e  % o r  a p p l i c a t i o n  t o  n a t u r a l  channe l& because  
the times and Pscat-ions a t  which r e s u l t s  a r e  g i v e n  are  n o t  
f i x e d  ahead o f  time. The method can h a n d l e  v a r y i n g  c h a n n e l  
geometry p rov ided  t h e  changes  a r e  g r a d u a l  from s e c t i o n  t o  
s e c t i o n ,  Time s t e p s  s e v e r a l  m u l t i p l e s  of t h o s e  f o r  t h e  ex-  
p l i c i t  method c a n  b e  used  and s t i l l  a c c u r a t e  and s t a b l e  re- 
s u l t s  c a n  b e  o b t a i n e d .  However, i f  t h e  method is modi f i ed  
s o  t h a t  th rough  i n t e r p o l a t i o n  t h e  r e s u l t s  a r e  g i v e n  a t  f i x e d  
times and l o c a t i o n s ,  t h e  e f f i c i e n c y  o f  t h e  method w i l l  b e  
r educed  t o  a  c o n s i d e r a b l e  e x t e n t ,  and it may be no better 
t h a n  t h e  e x p l i c i t  method. Although t h i s  method is a n  e x c e l -  
l e n t  t o o l  f o r  t h e  s t u d y  of  numerous u n s t e a d y  f l o w  problems,  
its u s e  i n  r o u t i n e  f a s h i o n  f o r  the t r e a t m e n t  of  u n s t e a d y  f l o w s  
i n  n a t u r a l  c h a n n e l s  is q u e s t i o n a b l e .  



Mathemat ica l ly ,  t h e  i m p l i c i t  method is t h e  most compli-  
c a t e d  o f  a l l  t h r e e .  R e s u l t s  a r e  o b t a i n e d  by t h e  s o l u t i o n  o f  
sys tems  o f  n o n l i n e a r  e q u a t i o n s  , and would o r d i n a r i l y  r e q u i r e  
a  g r e a t  d e a l  o f  computat i o n .  Two f a c t o r s ,  however,  work i n  
its f a v o r .  F i r s t ,  t h e  method is s t a b l e  f o r  l a r g e  s t e p s ;  t h u s ,  
t i m e  s t e p s  many times l a r g e r  t h a n  t h e  e x p l i c i t  method, w i t h  
no accompanying l o s s  o f  a c c u r a c y ,  can  b e  u s e d .  Second,  a l -  
though t h e  s y s t e m  of e q u a t i o n s  may c o n t a i n  a  l a r g e  number o f  
unknowns, each e q u a t i o n  by i t s e l f  c o n t a i n s  a t  most o n l y  f o u r  
unknowns. By t a k i n g  advan tage  of t h e s e  two f a c t o r s ,  a n  e f  - 
f i c i e n t  computing p rocedure  was d e v i s e d ,  and t h e  method was 
found t o  be  much f a s t e r  t h a n  t h e  o t h e r  two.  The i m p l i c i t  
method a l s o  can  hand le  v a r y i n g  c h a n n e l  geometry even where 
t h e  changes  from s e c t i o n  t o  s e c t i o n  i n  t h e  bot tom s l o p e  are 
s i g n i f i c a n t .  On t h e  b a s i s  of t h e  p r e s e n t  s t u d y ,  t h e  i m p l i c i t  
method s h o u l d  p l a y  a n  impor tan t  r o l e  i n  f l o o d  r o u t i n g .  

I t  is recommended t h a t  g r e a t  e f f o r t  s h o u l d  b e  e x e r t e d  i n  
a p p l y i n g  n u m e r i c a l  i n t e g r a t i o n  o f  t h e  e q u a t i o n s  t o  r i v e r s ,  
e s t u a r i e s ,  and r e s e r v o i r s  f o r  which  a d e q u a t e  f low and topo-  
g r a p h i c a l  d a t a  a r e  a v a i l a b l e .  Then, a  v a r i e t y  o f  boundary 
c o n d i t i o n s  and f low s i t u a t i o n s  can  be hand led .  I n  conjunc-  
t i o n  w i t h  t h i s  e f f o r t ,  computer programs r e q u i r i n g  a  minimum 
amount o f  t h e o r e t i c a l  knowledge s h o u l d  be w r i t t e n  and made 
a v a i l a b l e  t o  t h e  a v e r a g e  u s e r ,  I t  is hoped t h a t  i n  t h e  n e a r  
f u t u r e  s u c h  programs can  b e  used  i n  a  r o u t i n e  manner by 
workers  i n  t h e  f i e l d  o f  w a t e r  r e s o u r c e s .  
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APPENDIX 



The computer programs p r e p a r e d  as p a r t  of t h i s  s t u d y  a r e  e s s e n t i a l l y  

r e s e a r c h  t o o l s  and do n o t  have t h e  advan tage  of t h e  s o p h i s t i c a t e d  t e c h n i q u e  

employed by p r o f e s s i o n a l  programmers. The prime o b j e c t i v e  of t h e  work was t o  

i n v e s t i g a t e  t h e  f e a s i b i l i t y  of t h e  v a r i o u s  numer ica l  methods. No a t t e m p t  a t  

p r e p a r i n g  l i b r a r y  programs f o r  g e n e r a l  o f f i c e  work was made. 

It shou ld  be  emphasized t h a t  a l t h o u g h  t h e  same b a s i c  p r i n c i p l e s  and 

methodology a r e  used  i n  n e a r l y  a l l  s t u d i e s  of uns teady  f lows,  each 

p a r t i c u l a r  problem h a s  i t s  own s p e c i a l  r equ i rements  s o  f a r  as hand l ing  i n p u t  

d a t a  and boundary and i n i t i a l  c o n d i t i o n s  are concerned.  I f  t h e  boundary 

c o n d i t i o n s  are d i f f e r e n t  from t h e  t y p e  of problems s t u d i e d  i n  t h i s  r e p o r t ,  

c o n s i d e r a b l e  m o d i f i c a t i o n s  t o  t h e  programs might  be  n e c e s s a r y .  
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