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Abstract: In nuclear structure, fluid sloshing is one of the key factors affecting the structural safety. At 

present, Housner formulation for rectangular tank is widely applied for the analysis. In this paper, based 

on the linear potential theory of a fluid and an analogical approach, a supplementary and exact solution of 

an equivalent model is developed for a sloshing fluid and is compared with the existing solutions given by 

Graham and Rodriguez, Housner and a semi-analytical/numerical method. The results indicate that 

Graham and Rodriguez did not provide the correct location expressions for the convective masses. The 

expressions for the impulsive mass and its position given by Housner are not completely satisfactory 

approximations of the exact solutions. The solution in this paper can be an exact formulation to supply the 

famous, traditional formulations given by Graham and Rodriguez as well as Housner.

INTRODUCTION 

As there are lots of tanks in nuclear island, it is essential to analyze the fluid sloshing such as the 

PCCAWST illustrated in Figure 1. At present, Housner solution is widely applied in engineering the 

analysis. Though Housner equation is an advanced method compared with Graham and Rodriguez, it is 

still an approximate solution. 

For the analysis of fluid sloshing, Graham and Rodriguez (1952) first derived the exact solution of the 

equivalent mechanical model in a rectangular tank based on the linear potential theory. The parameters of 

the equivalent model included the impulsive and convective masses along with their locations and the 

sloshing frequencies. Housner (1957) imagined that the fluid was constrained by thin, massless, vertical 

membranes that are free to move in the transverse direction. Based on this physical intuition, Housner

derived the impulsive and convective masses and their heights above the tank bottom. Housner thought 

this solution was a good estimate relative to the exact solution presented by Graham and Rodriguez.

These famous and traditional theories presented by Graham and Rodriguez as well as Housner have been 

widely used in engineering (Dodge, 2000; Faltinsen and Timokha, 2010; Ibrahim, 2005; Ibrahim et al., 

2001). Recently, Li et al. (2011) presented a fitting solution using a semi- analytical/numerical method. 

From the differences among these existing formulations, the traditional theories did not appear to be 

perfect. In this paper, a supplementary and exact solution of an equivalent model for a sloshing fluid in a 

rectangular tank is presented and compared with the formulations developed by Graham and Rodriguez,

Housner and the numerical fitting. The deficiencies in the traditional theories are pointed out and 

discussed. 
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Figure 1. PCCAWST in Nuclear Structure 

BASIC EQUATION

A two-dimensional sloshing problem is considered. A rectangular tank (with a unitary thickness) is shown 

in Figure 2 (a) where the co-ordinate system oxz is fixed to the tank, and H is the depth of the water, 2l is 

the width of the water, and the thickness of water is 1m. The tank is presumed to be rigid. 

Figure 2. Equivalence of a sloshing liquid in a rectangular tank 

(a) Original system; (b) Equivalent system 

When the tank is subjected to a horizontal acceleration, ! ", there will be a two-dimensional lateral slosh 

of the contained fluid. According to the linear potential theory, the fluid can be assumed to be inviscid, 

incompressible, irrotational and of small displacement on the free surface, then the fluid motion can be 

described using the following equations: 
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where t is the time, F(x,z,t) is the velocity potential function, h(x,z,t) is the small wave-height function on 

the free surface, P(x,z,t) is the hydrodynamic pressure, r is the mass density of the fluid, and g is the 

acceleration due to gravity. By solving Equations (1) to (6), the hydrodynamic pressure could be obtained. 
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Eq. (9) is simply the analytical expression of the nth sloshing frequency, which is the same as the formula 

given by Graham and Rodriguez (1952). For the original system in Figure 1(a) and considering Equation 

7, the horizontal force and moment acting on the tank can be written as: 
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Figure 1 (b) shows the equivalent system of the sloshing fluid in a rectangular tank. The equivalent 

system is composed of a fixed M0 and a set of mass-spring (Mn, Kn) (n=1, 2, 3,…) models, each of which 

corresponds to the nth sloshing mode of the contained fluid. The symbols (h0, h1,..., hn), as shown in 

Figure 1 (b), represent the heights of the masses above the tank bottom. For the equivalent system, the 

responses of the horizontal force and moment (FL,equivalent and ML,equivalent) to the horizontal acceleration 

! "can be derived as (Chopra, 2007) 
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SUPPLEMENTARY SOLUTION 

Due to the fact that the actual fluid and its equivalent mechanical model have the same force and moment 

acting on the tank, one has the following relations: 

#  (14) 

#  (15) 

The equivalent system, which represents the inherent dynamic characteristics of the sloshing fluid, is 

independent of external excitations, i.e., Equation 14 and 15 are always valid for an arbitrary acceleration 

excitation ! ". Substituting Equation 10 ~13 into Equation 14 and 15, it is noted that there are two time 

terms, ! "and ! " ! " 3343< ( , in both Equation 14 and 15. By comparing the coefficients of these 

time terms on the left-and right-hand sides of Equation 14 and 15, the parameters of the equivalent system 

could be finally derived. 
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Where M=2!lH is the total mass of the fluid (with a uniform thickness of 1m). 

Equation 16, 18 and 20 are identical to the formulae given by Graham and Rodriguez (1952). Although 

Equation 19 appears different from the equation given by Graham and Rodriguez, it is the same as the 

location expression of the impulsive mass given by Graham and Rodriguez. However, Equation 17 is 

very different from the equation given by Graham and Rodriguez; Equation 17 is the newly developed 

supplementary solution.

Figures 3 to 6, respectively, show the variations of M1/M, h1/H, M0/M and h0/H with H/l. It can be seen 

from Figures 3 and 4 that the 1st convective mass ratio M1/M and its position ratio h1/H given by Housner

(1957) agree with the ratios given in Equation 16 and 17 as well as the fitting solutions (Li etal., 2011). 
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From Figures 4 and Equation 17, it can be seen that Graham and Rodriguez did not give the correct 

location expression of the sloshing (convective) masses. From Figures 5 and 6, one can note that the 

impulsive mass ratio M0/M and its position ratio h0/H given by Housner are somewhat different from the 

ratios given by Equation 18 and 19 and the fitting values. The maximum errors of M0/M and h0/H relative 

to the exact solutions reach approximately 10.5% and 14.8%, respectively. 

DISCUSSION AND CONCLUSTION 

This paper discusses the four types of solutions of the equivalent model for a sloshing fluid in a 

rectangular tank. These solutions are, respectively, the formulations by Graham and Rodriguez (1952), 

Housner (1957), Li etal.(2011) and this paper. Based on the strict linear potential theory, Graham and 

Rodriguez derived the exact solution of the equivalent model with respect to horizontal sinusoidal 

excitation, but they did not give the correct location expression for the convective masses. A mistake 

might have been made during their derivation process of the formulas. The Housner’s theory was 

established based on physical intuition, which was not an accurate physical law. Therefore the Housner’s

solution was naturally approximate. Housner’s model can offer approximate and reasonable equivalent 

masses and their locations, but the expressions of the impulsive mass ratio M0/M and its position ratio 

h0/H are not completely satisfactory approximations of the exact solutions. Based on the linear potential 

theory, this paper derived the exact and complete solution of an equivalent model for a sloshing fluid in a 

rectangular tank. Except for Equation 17, the model expressions in this paper are basically identical to 

those given by Graham and Rodriguez. The new formulation (Equation 17) is very consistent with the 

numerical fitting (Li etal., 2011) and with Housner, which verifies the validity of this study. The solution 

in this paper, especially in the case of Equation 17, can be a supplementary and exact solution to the 

famous and traditional formulations given by Graham and Rodriguez, as well as Housner.
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Figure 3. Curve of M1/M and H/l

Figure 4. Curve of M1/M and H/l 
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Fitting (Li et al., 2011) 
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Equation (16) 

Fitting (Li et al., 2011)
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Figure 5. Curve of M0/M and H/l

Figure 6. Curve of h0/H and H/l 
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