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We argue that the usual action principle of general relativity, applied to spacetimes with closed
spatial geometries, should be regarded as analogous to Jacobi’s form of the principle of stationary
action, in which the energy rather than a physical time is fixed. Following the paradigm of quanti-
zation based on Jacobi’s action for a nonrelativistic particle, we show that the Wheeler-DeWitt
equation corresponds to a time-independent Schrddinger equation. The relationship between
Jacobi’s and Hamilton’s action principles then allows us to derive a time-dependent Wheeler-
DeWitt equation of the Schrédinger type. In this equation, the role of energy is played by the
cosmological constant and that of physical time by the four-volume of spacetime.

I. INTRODUCTION

One of the central features of general relativity is the
absence of any explicit reference to physical time. Given
initial and final three-geometries, their separation in
proper time along any curve is only determined after
solving the Einstein equations to obtain a spacetime that
has these initial and final data. If there is a finite number
of such solutions, one can say as a consequence that
“three geometry is the carrier of information about
time.” 2

The indirect manner in which time arises in general
relativity makes the process of quantization obscure, be-
cause the familiar prescription for quantization makes ex-
tensive use of time as a basic parameter entering into the
description of the system. For example, in the quantiza-
tion of a nonrelativistic particle, the usual starting point
is Hamilton’s principle

§[x]=ftf"dt L(x,dx /dt) , (1)

in which L is the Lagrangian and the configuration-space
paths are labeled by physical time ¢. Quantization can
then proceed with ¢ playing a central role in the formula-
tion. The canonical form of the theory is obtained,
defining the Hamiltonian and equal-time Poisson brack-
ets. The latter become equal-time commutators and
thereby determine the operator algebra. Also, a scalar
product for the state vectors is defined such that the uni-
tary evolution of the system implies that probabilities are
conserved. Physical time ¢ thus plays a primary role in
the description of the quantum mechanics of nonrelativis-
tic systems. In general relativity, however, physical time
is only a secondary concept determined “on shell” —that
is, by a classical solution for the spacetime metric.

But the key feature that time is not explicitly involved
in the dynamical description of general activity is not an
intrinsic property of general relativity. Rather, it is
merely a consequence of the way in which it is usually de-
scribed. Indeed, nonrelativistic mechanics can be de-
scribed in a similar fashion by using Jacobi’s formulation
of the principle of least action as the basic starting point,
rather than Hamilton’s action (1). In Jacobi’s formula-
tion,>* the physical time interval between initial and final
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configurations is not fixed, but instead the energy of the
system is fixed. The action is an integral over the
configuration-space path,

S[x1= [dxV2m[E—V(x)], )

with E the fixed value of energy and ¥V (x) the potential
energy. As we will show, the time interval between initial
and final positions is determined through a metric rela-
tion, and only after the classical equations of motion are
imposed. It is therefore Jacobi’s action (2), not
Hamilton’s action (1), that is the appropriate analogue of
general relativity, as it is usually described. For general
relativity, the cosmological constant turns out to be the
quantity that plays the role of the fixed energy in Jacobi’s
action. The relationship between nonrelativistic mechan-
ics based on Jacobi’s action and general relativity has also
been discussed by Hartle.’

In Sec. II we investigate Jacobi’s action in detail. A
supplementary (metric) relation, which is just the energy
equation on shell, is introduced to determine the motion
of the system in time. The classical equations of motion
that follow from extremizing Jacobi’s action, along with
the supplementary relation, are shown to be equivalent to
Newton’s equations with the energy fixed to the value E.
We then use Dirac’s procedure® for passing to the canoni-
cal form of a constrained theory to obtain the canonical
form of Jacobi’s action. In Sec. III Jacobi’s action is de-
rived from the parametrized form of Hamilton’s action,
by eliminating time as a kinosthenic (cyclic) variable. By
reversing this procedure, we then show how time and
Hamilton’s action can be recovered starting from Jacobi’s
action and the supplementary metric equation for time.

Section IV spells out in detail the formal analogy be-
tween nonrelativistic mechanics and general relativity,
with particular attention given to the way in which time
is incorporated into each theory. We show that the fa-
miliar action principle for general relativity is analogous
to Jacobi’s action for nonrelativistic mechanics. An ac-
tion for general relativity that is analogous to Hamilton’s
principle is then obtained. A global time is fixed directly
in this action, and can be identified as the total spacetime
volume between initial and final surfaces. Remarkably,
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this Hamilton-type action is equivalent to that recently
obtained by Henneaux and Teitelboim.”

In Sec. V we spell out the formal analogy between non-
relativistic quantum mechanics and quantum gravity. It
is shown that quantization based on Jacobi’s action for
nonrelativistic mechanics leads to the time-independent
Schrodinger equation. Likewise, quantization of general
relativity using the (usual) Jacobi-type action gives the
(usual) time-independent Wheeler-DeWitt equation. On
the other hand, quantization of the Hamilton-type action
for general relativity yields a time-dependent Wheeler-
DeWitt equation, analogous to the time-dependent
Schrodinger equation. We also discuss the possibility of
introducing a positive-definite Schrodinger-type scalar
product for quantum gravity. The time-dependent
Wheeler-DeWitt equation, with the role of time played
by the spacetime volume, has also been discussed recently
in Refs. 7-10.

II. JACOBI'S ACTION FOR NONRELATIVISTIC
MECHANICS

In this section we will investigate Jacobi’s action for
nonrelativistic mechanics in detail. Consider a system
described by a D-dimensional configuration space with
coordinates x%, a=1,2,...,D. Jacobi’s action is

S[x]_f‘/mab

Mdx%dxV2[E—V(x)], (3)

where m,, is the Newtonian metric. (For example, for a
single point particle of mass m in flat-space Cartesian
coordinates, m,, =md,,.) Also, V(x) is the potential en-
ergy and E is a fixed constant. S[x] is extremized by
varying the configuration space path with fixed end
points. Now introduce a parameter o along the path,
that increases monotonically from ¢’ at one end point to

at the other end point. Denoting x°=dx?/dao, the
action can be written

S[x]=f AoV m ()X ZVAE—V(x)], @

where x(o')=x" and x(o"')=x"' are fixed. Jacobi’s ac-
tion is invariant under changes of the parametrization of
the configuration-space path that preserve the end-point
values of the parameter. That is, (4) is invariant under
the replacement x(o)—X[f(o)] with f(o')=0¢’ and
flo"”)=0". Because of this reparametrization invari-
ance, the number of degrees of freedom of the system
that enter Jacobi’s action is D — 1, one less than the di-
mension of the configuration space.

An extremum of the action (4) gives a classical path in
the configuration space of the system, but says nothing
about its motion in time. To determine the system’s evo-
lution in time requires the use of a supplementary condi-
tion?

1 dx? dxg

2 dt dt
(where dx, =m,,dx". This extra relation (5) is just the
energy condition and once the configuration path x(o) is

known, it can be integrated to give the physical time
t(o). Although it may appear disturbing that the time

+V(x)=E (5)
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evolution is determined by an extra condition, and does
not follow directly from the equations of motion, we will
see later that this extra equation is precisely analogous to
the metric of general relativity, which relates proper time
increments to the dynamical variables, the metric
coefficients.

Classically, the equations of motion following from
Jacobi’s action (4) and the supplementary condition (5)
are equivalent to Newton’s equations with the energy, a
first integral of Newton’s equations, fixed to the value E.
This is shown explicitly by varying (4), which yields the
equations of motion

%2 )4

+_______
Vete P SEZT) axe

1£=0. 6)

Here, V_ is a covariant derivative in the metric m,,, and
V.%x. is the (mass times) acceleration of the
configuration-space path with respect to the parameter o.
Also, 1§ =85 —x% %, /x* (with x*=x%,) is the projection
tensor onto the subspace of configuration space that is or-
thogonal to the configuration-space path. Using (5) to
identify physical time, Eq. (6) just becomes

—5 V. x
(t)2 a c

[ + ¥ e, 7)

where (V).CJEC)/(t')2 is the (mass times) acceleration in
physical time. Thus, (7) is the orthogonal projection of
Newton’s equations. The projection of Newton’s equa-
tions parallel to the configuration path follows from Eq.
(5) by differentiating with respect to t. Therefore, the
equations of motion (6) obtained from the Jacobi action,
supplemented by (5), are equivalent to Newton’s equa-
tions with fixed energy E.

We will now construct the canonical version of Jacobi’s
action. Because the Lagrangian in (4) is homogeneous of
degree one in the X’s, the canonical Hamiltonian
X 0L /0x“—L vanishes identically. This is of course a
well-known feature of reparametrization-invariant
theories. Furthermore, the momenta conjugate
to the configuration coordinates x°? namely, p,

=J'ca\/2(E — V) /%%, give rise to a constraint
H(x,p)=1m®x)p,p, +V(x)—E=O0 . (8)

Because the canonical Hamiltonian is zero, there are no
secondary constraints, and #f is then trivially first class.
The action in canonical form is just

Stx,p.N1= [ 7 dolp,x“~N#(x,p)], ©

where N is a Lagrange multiplier, whose variation en-
forces the constraint (8). As before, the action is to be
varied with x(o’)=x" and x(o'')=x"" held fixed. Equa-
tion (9), Jacobi’s action in canonical form, will be the
basis for our comparison of nonrelativistic mechanics
with general relativity.

The equations of motion following from the action (9)
are

x“=N[x°F]1=Np° (10a)
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1 am"_cJr v

pa=N[pa’-7{]:—N prpc 9x? 3x®

, (10b)

H=4pp,+V—E=0, (10c¢)
where [, ] denotes the Poisson brackets. Combining the
first and third of these equations, the Lagrange multiplier
N is given by

172

%2

2AE—V)

(11)

According to the supplementary equation (5) for time ¢,
the right-hand side of (11) is just dt /d o, so that classical-
ly ¢ is determined by

dt=Ndo . (12)

On the other hand, Eq. (12) may be thought of as funda-
mental, providing a physical interpretation for N: the
Lagrange multiplier NV gives the lapse in physical time as-
sociated with an increment in the coordinate o. So a
complete description of the system, including its motion
in time, is contained in the action principle (9) along with
the metric condition (12). The energy equation (5) is then
viewed as only holding true on shell, when the lapse N is
eliminated by the classical equations of motion in favor of
x. Equation (12) above plays a role analogous to the
spacetime metric of general relativity.

Observe that the action (9) is invariant under the gauge
transformation

Sx =¢[x,¥], (13a)
8p=¢€lp,#], (13b)
SN=¢, (13¢)

with e(o ) vanishing at the end points o', o'’. This trans-
formation is just the canonical statement of reparametri-
zation invariance.

Finally, note that the action (8), (9) can be put in La-
grangian form by integrating out the momenta, giving

pX "

. b
p mgp XX
S[xNI=["do | = +NIE-V(0)]|. (14

Going one step further, the lapse N can be integrated
away yielding the original Jacobi action (4). In this pro-
cess, the classical expression (11) for the lapse turns the
metric back into the energy condition (5). This last step
of eliminating the lapse cannot be done exactly in the
path integral, since N does not enter the action (14) qua-
dratically. Correspondingly, the action (9) or (14), and
not (4), is an appropriate starting point for developing a
quantum theory via the path integral.

III. JACOBI'S ACTION FROM HAMILTON’S
PRINCIPLE

An alternative derivation of the action (9) can be given,
based on Hamilton’s principle in parametrized form.
Start with the action in canonical form
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Stx.p1=[ar pa%_h(x,p,t) , (15)

with A (x,p,t) the usual Hamiltonian. Now introduce the
path parameter o and promote ¢ to the role of a dynami-
cal variable:

§[x,p,t]=f:”da[pafc“—t'h(x,p,t)] . (16)

Variation with respect to ¢ in this action just gives the
rate of change of the Hamiltonian, h =i3h /3t. Passing
to the canonical form of the action S with respect to the
variable ¢ leads once again to the expected results for a
reparametrization-invariant theory: the new canonical
Hamiltonian vanishes identically, and the definition of
momentum leads to a constraint 7+h(x,p,t)=0, where
o is the momentum conjugate to t. Thus the action be-
comes

§[x,p,t,7r,N]=fttuda{pa)'c“+77t'—-N[1r+h(x,p,t)]} ,
(17)

where N is a Lagrange multiplier. This action is to be
varied with x and ¢ fixed at the end points o’,0".

The action S in (17) is the one used by Kuchaf and
Hartle!"!? as a simple example of a theory, like general
relativity, that is reparametrization invariant. However,
(17) fails in one way to be a close analogue of gravity (as
it is usually formulated) because time appears explicitly
in (17), and does not enter through an auxiliary (metric)
condition as in (12). But time can be eliminated from the
action and equations of motion whenever the original
Hamiltonian 4 is independent of ¢. In that case, ¢ is a ki-
nosthenic (cyclic) variable and its conjugate 7 is con-
served. We can apply the procedure due to Routh; in the
canonical formalism, this amounts first to passing to a
new action S in which 7 is fixed at the end points o’,0"
rather than ¢. S is obtained from S in (17) by an integra-
tion by parts 7wf = —4t+3(wt)/d0, and then discarding
the boundary term f do d(mt)/d0. Using the equation
of motion obtained by varying the action with respect to
t, m can then be set equal to a constant which we call
—E. The action becomes

Slx.p,N1= [ 7 do(pi*~Nlh(x,p)~El} , (18)

which is precisely (9) with #(x,p)=h(x,p)—E. Notice
that in eliminating the pair ¢, 7, one relationship has been
lost: namely, the equation of motion generated by varying
the action S with respect to 7. This equation is just the
metric dt =N do, which in the action (18) (as in general
relativity) must be treated as a supplementary relation-
ship that determines the evolution of the system in physi-
cal time.

Having derived Jacobi’s action from Hamilton’s ac-
tion, how can the reasoning be reversed and Hamilton’s
action be recovered from Jacobi’s action and the metric
dt=N do? To answer this question, consider the Jacobi
action (18) modified by fixing the lapse N(o) as a
prescribed function, not to be varied. With N fixed, the
total time interval f g:'N do, which is gauge invariant ac-
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cording to (13c), is fixed as in Hamilton’s principle. Also,
since N is not varied, the Hamiltonian constraint # =0 is
not imposed and the original Hamiltonian A(x,p) is not
fixed to the particular value E. Indeed, the supplementa-
ry metric condition (12) suggests that N be written as 7 in
(18). Then discarding the constant E(t''—t'), Jacobi’s
action is converted into Hamilton’s action (16), but with
t(o) now a prescribed function. Because #(o) is not a
dynamical variable, this version of Hamilton’s principle
is not reparametrization invariant, and is in fact
equivalent to (15).

Oof course, ? in (16) can be varied, since the resulting
equation 2 =0 (where h has no explicit ¢ dependence)
gives no new information. This is because the Hamiltoni-
an h(x,p) is already determined to be a constant of
motion by the equations of motion for x and p. The re-
sult is that Hamilton’s action in (16) with ¢ dynamical can
be obtained from Jacobi’s action (18) by simply letting 7
replace N and discarding the boundary term E(¢'' —¢’).
The fully canonical form (17) of Hamilton’s principle is
then found from (16) as before.

In the next section we will identify the usual canonical
action for general relativity as a Jacobi-type action, with
the cosmological constant A the fixed value of a constant
of motion. By following the above reasoning we will then
be able to write down a Hamilton-type action, in which a
cosmological time is fixed as a boundary condition,
whereas the constant of motion is not fixed.

IV. ANALOGY WITH GENERAL RELATIVITY

Consider general relativity as applied to closed cos-
mologies; that is, assume the spacetime‘manifold admits
closed spatial sections. Then let 0% o' denote the four
spacetime coordinates, and g;; the spatlal metric with
curvature R. Also let 77 denote the momentum conju-
gate to the metric. The action in canonical form is

Slg,mN,N'1= [ d*o(n'g;—NH—N'7,), (19)
ﬂz(zx)aijk,ﬂffwk’~51;\/§(R —2A), (19b)
ﬂiz~21rij|j , (19¢)

where 2k is 167 times Newton’s constant and the overdot
denotes differentation with respect to 0% In (19) the su-
perspace metric GY* and its inverse Gj (in four space-
time dimensions) are given by

Gkl = \/2g (gxkgjl+gilgjk_2gijgk1) , (20a)

Giju= 2‘/ ——— (881 T 8u8jx —8ij8ki) - (20b)
The spacetime metric, the supplementary condition

analogous to dt?>=N?d 0% in nonrelativistic mechanics, is
dP?=N*do®)*—(N'do®+do')g;(Nide®+do’) . (21)

Note that the analysis of this section is unchanged when
matter fields are included in the system.

We will now show that this action is analogous to the
Jacobi action (18) for nonrelativistic mechanics in that A,
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like E, is the fixed value of a constant of motion. First
note that in the usual Hamiltonian constraint #, which is
a density of weight 1, A appears multiplied by Vig. In
order to isolate A as an additive constant in the con-
straint write N% = N% where

N=NVyg , (22a)
7?__ 2K K G.. ij. ki 1

The “lapse density” N is just the square root of (minus)
the determinant of the four-metric, and the new Hamil-
tonian constraint ¥ has scalar weight. Furthermore,
recognize that for each o%=const surface, the constraint
H=~0 is an infinity of conditions, one for each space
point. The constant A occurs effectively in only one of
these, which we shall refer to as the spatially constant or
“zero-mode” part of %. The spatially constant part of
the Hamiltonian constraint #~0 is obtained as a classi-
cal equation by varying the action (19) with respect to
[ d?c N, which is the zero-mode part of N.

The analogue here of the original Hamiltonian A(x,p)
that occurs in Jacobi’s action (18) is the spatially constant
part of the quantity

1
_ ij __kl__
h(g,m)= ‘/— G,JkﬂTJ# 2KR (23)

This is demonstrated by showing that h(g,w) is a con-
stant of motion by virtue of the equations of motion,
without making use of the spatially constant part of the
Hamiltonian constraint #~0. Indeed, the evolution of

h(g,m) is generated through the Poisson brackets by
H= f d3c(NH+N i7£.), and explicit calculation shows
that (g, ) equals a sum of terms proportlonal to #; and
£ ;. These terms all vanish as long as the momentum
constraint and the spatially variable part of the Hamil-
tonian constraint hold. Then in the action (19), variation
of f d30 N just fixes the zero mode of this constant of
motion h(g,) to the particular value — A /k.

Having recognized the usual action for general relativi-
ty as analogous to the Jacobi action for nonrelativistic
mechanics, we now seek the analogue of Hamilton’s ac-
tion principle for gravity. Recalling the logic of Sec. III,
Hamilton’s action is obtained from Jacobi’s action either
by fixing the lapse N(o) as a prescribed function, or by
simply replacing N by 7. In both cases, the total time in-
terval t''—¢' becomes fixed in the resulting variational
principle, and the constant term E(¢''—¢’) is discarded.
Furthermore, the equations of motion following from the
new (Hamilton’s) action do not fix the constant of motion
h(x,p) to the particular value E, because the Hamiltoni-
an constraint is not imposed.

For gravity then, first consider the modified variational
principle obtained from the actlon (19) by fixing the zero
mode of the lapse density f d30 N as a prescribed func-
tion of ¢°. Thus, the integral [do® [d3oN) is fixed; by
the supplementary condition (21), this is just the total
spacetime volume between initial and final three-surfaces
and is therefore an invariant measure of the cosmological
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time interval. Further notice that the term in the action
— f d*c NA/k is just a constant [the analogue of
E(t"—1t')] and can be discarded. The resulting action
principle is indeed a Hamilton-type action, in that a glo-
bal, cosmological time is fixed and the constant of
motion—namely, the zero mode of h(g,7)—is not re-
stricted to a particular value.

It has been known for some time in the context of the
Lagrangian action that by fixing the spatially constant
part of N, the cosmological constant enters the equations
of motion as an 1ntegrat10n constant. In the Lagrangian
case, however, N =V — g can be fixed, and not varied,
for all spacetime points as opposed to just the zero-mode
part.!> Then the equations of motion are the trace-free
part of the Einstein equations and allow for a A term that
is a spacetime function. But the contracted Bianchi iden-
tities then restrict this function to be a constant. In the
canonical case, the spatially variable part of N must be
varied, because the spatially variable part of the Hamil-
tonian constraint must hold in order for the momentum
constraint to remain zero under evolution by H (see Refs.
7 and 8). This is not surprising, because the first-class
property of the constraints, that is, the property that they
remain zero under evolution, is the canonical counterpart
of the Bianchi identities. Thus, in the canonical case, the
contracted Bianchi identities must effectively be imposed
in formulating the modified variational principle, whereas
in the Lagrangian case, there is no such restriction on the
variational principle.

In obtaining the form (16) of Hamilton’s action in
which ¢ is dynamical, the lapse N in Jacobi’s action (18)
was replaced by ¢ and the boundary term E(t"—t')
dropped. Variation of ¢ gives 4 =0, an equation that is
already true by virtue of the other equations of motion.
For gravity the analogue is to replace the lapse density by
the divergence of a spacetime vector density, N = T
The resulting action is

S[g,mN', 1= [d*o[ng; —N#,— 7" h(g,m],
(24)

where the term in the action (19) involving the cosmolog-
ical constant is now a complete divergence
—(A/k) f d'o 7, and has been discarded. Variation of
7 gives h , =0; the equations /4 ; =0 are equivalent to the
nonzero-mode part of the Hamiltonian constraint, while
the equation 4 =0 is already true by virtue of the other
equations of motion. The action (24) is the analogue of
Hamilton’s action (16) for nonrelativistic mechanics.

In the action (24) all the original constraints hold ex-
cept for the zero mode of the Hamiltonian constraint
FH=~0. Thus, the constant of motion h(g,) is not con-
strained to equal —A /k. Alternatively 7°, the zero com-
ponent of 7, must be fixed on the initial and final three-
surfaces in this action principle. The interpretation of
the field 7 is obtained from its definition N =7 . using
the supplementary metric condmon (21). Defining the
spatial average T= [ d’c 7°, the total spacetime volume
is [d*o N= [d*o ,=T"—T’, where T' and T" are
the values of 7(co°) on the initial and final three-surfaces.
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Thus, T is an invariant, global measure of cosmological
time. Notice that the action (24) is invariant under the
gauge transformation 7 — 7#+ € where €* is a spacetime
vector density obeying €* »=0. The only invariant parts
of 7 correspond to changes in the cosmological time T,
suchas 7" —T".

The Hamilton-type action (24) for general relativity
can be put in a canonical form with respect to the vari-
ables 7, in the same way that the action (17) for nonrela-
tivistic mechanics follows from (16). The resulting action
has been obtained previously by Henneaux and Teitel-
boim,’ and reads

g[g’ﬂ’To’A’,N’Ni’Tl]

=fd40

wig, + A —7A  J-NT—2m/);]

—N (25)

j—%aﬁk,ﬂ%k’ —5-R+A
Here, A is the momentum conjugate to 7°, and 7* are seen
to be Lagrange multipliers that enforce the spatial con-
stancy of A. The equation of motion for 7° implies that A
is a constant in ¢, and the equation of motion for A gives
back the relationship 7+ “N This action (25) can also
be put in Lagrangian form with respect to the varlables
g, by integrating out the momenta . The result is’

S['%g, T,A]=-—f d*o[V' =g (YR —2¢A)

+2KA T ]

1 —_
+=| dovgk, 26
K f am® 778 @9
where (‘“gw is the four-metric with scalar curvature ‘'R,

and K is the trace of the extrinsic curvature on the boun-
daries oM.

V. QUANTIZATION

In the previous sections we have developed nonrela-
tivistic mechanics and general relativity in such a way
that the two systems bear a close formal relationship. We
will now use the accepted quantum description of
mechanics to suggest the correct procedure for quantiz-
ing general relativity.

With nonrelativistic mechanics described according to
Jacobi’s action (8), (9), the canonical Hamiltonian is zero
but the system is constrained, 1p“,+V—E ~0. Then
Dirac’s procedure® for quantizing a constrained Hamil-
tonian system is applicable. In this approach the classical
constraint is imposed as a quantum operator equation
acting on the wave function. So let the canonical vari-
ables become operators satisfying the usual commutator
algebra; in the coordinate representation, X=x,

=(#/i)3/0x, and the wave function ¥z depends on x.
The resulting operator-constraint equation is just the
time-independent Schrodinger equation

—ﬁ—v2+ V(x)—E |¢g(x)=0 27
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where V? is the Laplacian in the configuration-space
metric m,,. Notice that in (27) we have ignored the pos-
sible addition of a term proportional to #* times the
configuration-space scalar curvature.!® The time-
independent equation (27) is obviously obtained as a re-
sult of starting with Jacobi’s action, in which time no-
where appears but the energy is fixed.

The time-dependent Schrodinger equation can be
recovered by following the analysis of Sec. III to obtain
Hamilton’s action (17) from Jacobi’s action. In this case
the canonical variables include the pair ¢, 7 and, as quan-
tum operators in the coordinate representation, they be-
come T=t, #=(#/i)d/0t. The wave functions ¥ depend
on x and ¢, and the operator constraint equation is the
time-dependent Schrodinger equation

ﬁ2

——2—v2+V(x)+%i Wx,1)=0 . (28)

ot

Thus we see that the quantum theory (27) based on
Jacobi’s action is equivalent to the theory obtained by re-
stricting the states 1¥(x,?) to a particular energy eigenval-
ue. This is made explicit by writing the time-dependent
wave function in (28) as

W(x,t)=1g(x)e E/H (29)

giving (27).

In general relativity the analogue of Jacobi’s action (17)
is the action (19), in which time does not appear and A is
a fixed constant. Quantization of this theory makes the
dynamical variables become quantum operators; in the
coordinate representation, the coordinate operators cor-
respond to multiplication §;; =g;;, the momentum opera-
tors become functional derivatives, #Y=(%/i)8/ 8g,-j, and
the wave functional ¥, depends on g;. The quantum
constraints obtained from the action (19) become opera-
tor equations

/ ‘Sgij

where D; is a covariant derivative in the metric g;;.
Equation (30a) is the usual time-independent Wheeler-
DeWitt equation, the analogue of the time-independent
Schrodinger equation (27). Notice that we have made no
attempt to address the factor-ordering issue in writing
Egs. (30).

The time-dependent Wheeler-DeWitt equation is ob-
tained by quantizing general relativity based on the
Hamilton-type action (25). In that case the canonical
variables ir/l\clude 7 and A, which become quantum opera-
tors #=1, A=(#/i)8/6r. (We have dropped the index on
7%, which will be denoted 7 hereafter.) The wave func-
tional ¥ depends on g;; and 7, and satisfies the operator-
constraint equations

— (gL 6 & 1 p_ =0, "
(2k# )‘/E Giju 52, 08w 2K (R—2A) |W,[g]=0,
(30a)

) -
—2D,~2 |w,[g]=0, (30b)
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—20,-0 |y[g,r]=0 (31b)
jsgij g’ b
) _
D, V[g,7]=0. (31c)
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Equation (31a) is the time-dependent Wheeler-DeWitt
equation.” 1® Equations (31b) and (31c) constrain the -
wave functional to depend only on the gauge-invariant
parts of g;; and 7: namely, the three-geometry and the
global time T. Then the time-dependent Wheeler-DeWitt
equation (3la) actually represents a single equation
describing the evolution of ¥ in the spacetime-volume
time 7, along with an infinity of operator constraints.
These constraints are just the conditions that the wave
functional ¥ be annihilated by the spatially variable part
of the operator #. Thus, (31a) and (31c) imply

(D;%#)¥[g,7]=0 . (32)

On the other hand, the time-independent Wheeler-
DeWitt equation (30a) states that the full operator # an-
nihilates ¥,. The time-independent equations (30) are
obtained from the time-dependent ones (31) by choosing
the wave functional ¥ to be in a A eigenstate; that is, by
writing

Y[g,7]=Y,[glexp (33)

i 3
Zfd oTA/Kk

(The integral in the exponent above is well defined be-
cause 7 transforms as a spatial scalar density of weight 1.)

The close relationship between general relativity and
nonrelativistic mechanics suggests that a scalar product
for quantum gravity might be chosen in analogy with the
scalar product for ordinary quantum mechanics. That is,
define the positive-definite expression

dP=|¥[g,711*dulg] , (34)

and. interpret dP as the probability for the three-geometry
at the global time 7 to be found in the region of super-
space with volume element duf[g]. This definition for
probability can only make sense if there exist wave func-
tionals satisfying (31) that can be normalized. But in fact,
because the time-dependent Wheeler-DeWitt equation
still imposes an infinity of constraints, it seems likely that
there are no normalizable wave functionals. Whether or
not this is the case ultimately depends also on the mea-
sure du[g] on superspace. Note however, that if wave
functionals do exist for which the total probability (34) is
finite, then the probability could be shown to be con-
served in time 7, by using arguments similar to those
used in nonrelativistic quantum mechanics to show that
probability is conserved. (In the case of quantum gravi-
ty, such an argument would also rely on the existence of
an ordering of the operators in (31) that renders them
self-adjoint, in a functional sense, with respect to the
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measure du[g].) Finally, notice that the definition (34) is
essentially the same as that in Refs. 17 and 18, with the
exception that there, the wave functionals only depend on
the metric g; j» and are therefore A eigenstates. Of course,
besides the issue of the correct formal expression for
probability, there is the fundamental question of the
meaning of probability when applied to the Universe as a
whole, which we will not address here.

An alternative definition of probability that is often ad-
vocated!®?? arises from interpreting the time-independent
Wheeler-DeWitt equation (30a) as analogous to the
Klein-Gordon equation, rather than the time-
independent Schrodinger equation. This approach is
plausible, because the superspace metric G, is not posi-
tive definite—the ‘“conformal mode-conformal mode
component” of Gy, is negative, suggesting that the con-
formally variable part of the three-metric should play the
role of time. This leads to the definition of a Klein-
Gordon-type probability current, and the familiar prob-
lem that the probability is not positive definite. It would
then appear necessary to second (or, as is sometimes said,
third) quantize the theory to obtain a valid probabalistic
interpretation.

However, it is worth noting that the appearance of a
negative component in G, does not by itself demand
that the scalar product must be of the Klein-Gordon
type. In fact, even the relativistic particle itself can be
quantized using a Schrédinger-type scalar product.?! ™23
Such a quantization scheme is suggested by treating the
usual canonical action for the relativistic particle as a
Jacobi-type action, with the mass squared, m?, the fixed
value of a constant of motion. Following the analysis of
Sec. III, a Hamilton-type action is obtained in which
“time” is related to the proper time of the particle and is
conjugate to m2. Quantization based on the Jacobi-type
action yields the usual “time-independent” Klein-Gordon
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equation, whereas quantization based on the Hamilton-
type action yields a ‘“time-dependent” Klein-Gordon
equation, analogous to the time-dependent Schrodinger
equation. A positive-definite Schrodinger-type scalar
product can then be introduced, resulting in a consistent
first-quantized theory of the relativistic particle.?* Also
note that for nonrelativistic quantum mechanics, Kan-
drup?* has explored the possibility of treating the time-
independent Schrodinger equation as a Klein-Gordon
equation, by selecting one of the coordinates to play the
role of time. In the case of gravity, the question of inter-
pretation is still open.

Finally, let us mention that the path integral based on
the Jacobi action (8) and (9) is just the retarded Green
function for the time-independent Schrodinger equation
(27), assuming the histories integrated are those with a
positive time interval, t"'—t'= f Z:'daN >0. The path
integral based on Hamilton’s action is of course just the
transition amplitude. The two functional integrals differ
in that the one for Jacobi’s action includes an integral
over the total time interval, and also contains a term
fg:'da NE=E(t"—t') in the exponent. As expected
then, the Green function and amplitude are related by an
integral transform. The path-integral quantization of
nonrelativistic mechanics based on Jacobi’s action will be
developed more carefully elsewhere.?
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