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SUMMARY. In this paper we propose a semiparamteric Bayesian approach to estimate
the mixing function in a mixture of two exponential distributions. Unlike, the traditional
mixture of two distributions in this paper we assume that the mixing parameter changes with
time. Such models arise naturally in many applications such as software reliability engineering
and other related fields. Our proposed models are different from the usual mixture of two
or more probability distributions in the sense that we consider mixing two or more hazard
rates instead of probability densities. This makes the underlying parameters of the model
more interpretable from an engineering application point of view as most engineers think in
terms of hazard rates instead of probability densities. The Bayesian posterior distributions
of the parameters are analytically intractable. We use Markov Chain Monte Carlo (MCMC)
methods to fit our proposed models to observed data. Another advantage of the simulation
based Bayesian methods for our models i1s that censoring can be handled routinely. We also
use a decision-theoretic model choice criteria to compare our proposed semiparametric model
with a corresponding fully parametric model. We illustrate our approach with an application

involving insulating fluid failure data.
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1 Introduction

In experiments with life testing, it has been found that the lifetime may often be
reasonably described by an exponential distribution. The exponential distribu-
tion has been used as a model, at least as a first approximation, in areas ranging
from studies on the lifetimes of manufactured items, the time interval between
failures of software systems to research involving survival or remission times in
chronic diseases. See Balakrishnan and Basu (1995) and Meeker and Escobar
(1998) for more applications of the Exponential distribution. However, in some
applications we may need to extend the exponential distributional assumption
to more general class of distribution that meets the specific need of the possibly
complicated structure of the data. For instance, consider two populations with
exponential distributions that have been mixed in unknown proportions. In this
article we develop a model which is a mixture of only two hazards, where the
mixing proportion varies over time. In our subsequent development we restrict
our models to only constant hazards. Similar methods can be extended for mix-
tures with more than two hazards and possibly for any other lifetime distributions
such as Weibull, Gamma etc. However when considering other probability dis-
tributions, one must be careful about the identifiability of the parameters when
allowing for time-variant mixing function. In Section 2 we find that even in the

case of mixing two exponential hazards with time-dependent mixing function,



our models are sufficiently flexible to model different shapes of hazard function.
In fact, we will show that our approach models any bounded hazard function,
where the bounds are itself unknown parameters.

Consider that two populations having exponential distributions with constant
hazard rate A\; and A, respectively, have been mixed in the unknown proportions
p(t) and 1 — p(t) respectively, where p(-) € [0, 1] and varies continually with time

t. The resulting hazard function of the process is given by

At) = Aap(t) + Ao (1 — p(1)) (1)

Notice that, this hazard rate mixture model in (1) is different from the usual
mixture models, which typically considers a mixture of two densities. The purpose
of this formulation is that in some experiments engineers usually think in terms
of failure rates as opposed to probability densities. We present couple of real life
examples at the later part of this section. It is clear that even when p(t) = p, V¢,
the model as described in (1) does not reduces to the usual mixture of two
exponential distributions. Moreover, for non-constant mixing function p(t), our
hazard rate mixture models can be significantly different from the usual density
mixture models.

The hazard rate mixture model is related to the usual mixture model in the

following way. Instead of mixing two constant hazard rates we now consider the



classical mixture of two distributions,

fO) =ph) + (1 =p)fat), 0<p <1,

where f1(t) and fy(t) are two densities on [0, 00). For this case the corresponding

hazard function is obtained by

Ar(t) = pM)M (1) + (1 = p(6))Aa(t) (2)

where p(t) = pS1(1)/S,(t), Si(t) = [ fi(s)ds, Ni(t) = fi(t)/S:(1), for e = 1,2 and
Sp(t) = pSi(t) + (1 — p)Sz(t). Notice that by choosing A;(t) = A, for ¢ = 1,2, we
obtain
p(t) = pexp(=Ait)/[pexp(=At) + (1 — p) exp(=Aqt)].

Thus, a particular choice of A;(-) and Az(+) leads to a special form of the “dynamic
mixing function”; p(-). In fact, from (1) it appears that the hazard rate mixture
model produces a general class of bounded hazard rate models, where the bounds
are unknown. Thus, even with exponential hazards our models are sufficiently
flexible to entertain different shapes for hazard rates. We take a Bayesian view-
point and develop techniques to obtain finite sample estimates of not only the
parameter of interest but also the finite sample measures of uncertainty of our
proposed estimates. Next we describe two real life situations where the proposed
hazard rate mixture models arise quite naturally.

The model described in (1) arises in practice quite often. For example, com-

ponents may be manufactured over a period of time, using two different machines.
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Physical characteristics and thus reliability of components from the two different
machines may be different, but it may be impossible otherwise to distinguish be-
tween components made with the different machines. Given that the proportions
of units in a population manufactured by the first machine at time ¢ is p(¢), then
the population hazard function can be described by the model (1) The above
model is also applicable in software engineering, for example, in software relia-
bility engineering one can handle an operational profile, the environment or the
operational profile is established by combining the input states, that varies con-
tinually in time simply by expressing the operational profile as the weighted sum
of two component operational profiles. If p(t) is the weight for the first component
(the other weight being 1 —p(t)) and if the failure rates for the two different com-
ponent operational profiles are A\; and A3 respectively, then the overall failure rate
is given by the equation (1). For more details about operational profile see Musa
(1999). In these cases, often it is of interest to obtain estimates of the constant
hazard rates by treating the mixing function as a nuisance (infinite-dimensional)
parameter.

Our goal in this article is to make inference for Ay, Ay and p(-). To our knowl-
edge a fully semi-parametric approach (with p(-) being unspecified) to this prob-
lem has not been addressed in the literature. Classical methods based on like-
lihood theory is almost infeasible. However given a parametric specification of

the mixing function p(-) likelihood based approach (such mle’s etc.) can be ob-



tained. However even in such problems a measure of uncertainty of the parameter
estimates (e.g. mle’s) are typically obtained via asymptotic distribution of the
estimates. However for our application such asymptotic methods may not be
suitable due to scarcity of data and resources. In some applications, due to de-
structive nature of the experiment large samples can not be obtained. We adopt a
fully Bayesian semiparametric approach for this problem, avoiding asymptotics to
provide inference conditionally only upon the data actually observed. Bayesian
inference is in many ways a tempting approach to problems in reliability and
survival analysis. In particular, the direct probabilistic interpretation of the pos-
terior distribution is possible as well as problems formulated in terms of integrals
with respect to the posterior.

The outline of the paper is as follows. In Section 2, we formulate the Bayesian
model for a sample of lifetimes collected under (1). In Section 3, we discuss prior
specifications for the parameters Ay, A and p(-) and fitting using simulation-based
methods. In this section we also illustrate our method by an example based on

simulated data. We apply our technique to a real data set in section 4.

2 The hazard rate mixture model

Let T1,...,T, be a random sample from the probability distribution with hazard

rate as given in (1). We wish to estimate the hazard rate A(t). To keep the



method and notations simpler, we assume that there is no censoring and we
observe all the failure times. In the presence of censoring the likelihood becomes
product of some complicated terms depending on the type of censoring and might
involve integrals that can not be evaluated analytically. However from a Bayesian
point of view, such difficulties can be avoided by using sampling based methods,
which treats the censored data as missing observation. We discuss these issues
in Section 3. The log-likelihood function takes the form

10) =3 {loglz — 8p(t:)] + 8P(t:) — Aot )

i=1

where § = (A, Ag, p(+)) denotes the parameters of the model and 6 = Ay — Ay and
P(t) = i plu)du.

With p(-) being unspecified, the likelihood analysis based on the MLE is ex-
tremely complicated. To our knowledge, no one has attempted to obtain MLE
of # for the likelihood given in (3). A standard likelihood based methodology ap-
proximates the unspecified p(-) by using a step function approximation. However
the constraints that 0 < p(¢) < 1 and the dimensionality of the problem may
cause problem in maximizing the likelihood. Splines or wavelets based approach
may be used as an alternative. However, we have not explored such possibilities
in this article. From (3), it also appears that p(-) is not identifiable without fur-

ther restrictions. This is because when 6 = 0, the likelihood doesn’t depend on

p(+). So from now on, without loss of generality we assume that 6 > 0.



We take a Bayesian perspective and obtain the posterior distribution of
conditional on the data actually observed. In addition to being complicated the
classical method does not provide finite sample measures of uncertainty (e.g.
standard error) of the estimates. In most of the engineering data where data
are usually scarce and are expensive to obtain, such large-sample estimates are
often unreliable. The Bayesian methods are often the only alternative to make
statistical inference in real time and they are generally computationally expensive
as they depend on large simulation based methods. However with new generation
fast computers such problems are becoming increasingly minor ones. So we take
a Bayesian approach to obtain estimates of the hazard rates. This approach
allows us to obtain smooth posterior estimate of p(-) with a continuous credible
(confidence) band around it. For Bayesian inference, we complete the probability

specification by considering a prior distribution on 6.

2.1 A Bayesian Approach

In order to obtain a full probability model we specify a prior process for the
infinite-dimensional parameter . The prior distribution along with the sampling
distribution as in (3) provides the joint probability model for the data and the
parameters. We then use Bayes Theorem to obtain the posterior distribution of

the parameters conditional on the observed data.

We start with the problem on how to specity the prior for the infinite-dimensional



parameter p(-). We propose an independent increment process as prior for p(-).
Let 0 = ap < a1 < ... < @y < Gmq1 = 00 be a partition of [0,00). Assume
that p(t) = pi for t € (ak, ary1] for & = 0,...,m. It should be noted that if
supg(ars1 — agx) — 0, this step function can approximate any smooth function.
Notice that instead of the step function we could also consider some smooth
function (say linear or quadratic) within the interval [ak, ar41). As we don’t have
much information about the p;’s, we assume that ux = logit(pg) i.i.d.N(p,0?). In
other words, we assume that pq,...,p, are exchangeable. Alternatively, we may
also consider a correlated prior process for p(-). For instance, we may consider an
AR(1) process for the sequence fi1, 2, . ... Notice that using suitable transforma-
tion on p(-), we may consider a Dirichlet process prior or Gamma process priors.
However, in this article we limit our applications to only logit Gaussian inde-
pendent increment processes. We can control the prior information by making o
large or small. For instance, if not much prior information is available we would
make o large to express our high uncertainty about p(-). However, if we have
enough prior information, we would choose ¢ accordingly. For our data set, we
use a flat hyper-prior for ¢ and an Inverse Gamma for ¢? with a large variance,
to make the prior information rather vague.

Next we consider a semi-conjugate prior for (Ay, A2). In particular, we assume

that the joint distribution of (Ay, A3) is given by,

71'()\17 )\2) X )\Zil_l)\?_l exp{—cl)\l — 02)\2}]()\1 < )\2) (4)

10



where the requirement that Ay < As is needed for identifiability of the parameters.
In applications, we choose ¢;, b; in such a way that the prior information is rather
vague. For example, choosing ¢; = b; = 1072 produces almost flat priors. However
one must be careful in specifying the hyper-parameters as some specifications
(even with proper priors) may give rise to instability of the Gibbs sampler that
we plan to use to fit the model. We discuss the model fitting in the next section 3.
As always, the choice of the prior should reflect the honest understanding which
the analyst has about the problem at hand. If the choice of hyperparameters do
not offer enough room for this, then one should modity the prior specification.
Combining the sampling distribution as in (3), with the above prior distribu-
tion for pp = (g1,..., k) and (4) provides the complete Bayesian model and thus

the posterior distribution of 6 given the data t = (¢,...,%,), is proportional to
L(Ars Ags i ) (g, Ag)m (pe). (5)

The marginal posterior distributions #x(A;|t) and 7(Az|t) enable us to learn about
the hazards of sub-populations. The posterior 7(u|t) tells us about the mixing
function.

The expression in (5) is not analytically tractable so we turn to simulation
based approaches for fitting such a model. That is, we seek to draw samples from
the the posterior distribution in (5) and use a Monte-Carlo method in order to
learn about its features. Notice that, if some the observations are censored, the

Bayesian inference proceeds with a data augmentation approach. For instance, if
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T; is right censored, i.e., we observe Y; = min(T;, C;) and A; = I(T; < (), where
C; denotes the censored value, then we sample from the conditional distribution

of T; given (Y;,A;,0) and augment it to the observed data to form a complete
data likelihood.

3 Model Fitting using MCMC

Customary iterative approaches, using, e.g., rejection method or weighted boot-
strap, as presented in Smith and Gelfand (1992) are difficult to implement for our
models. However, the form in (5) is nicely suited for Markov Chain Monte Carlo
(MCMC) simulation using Gibbs sampler of Gelfand and Smith (1990). Using
the independent prior process formulation we express the sampling distribution
as usual mixture model. In order to see this, first we write the hazard function

as
)\(t) = Z Oék]Ak (t)
k=0
where o, = Ay —épy, and 14, (1) is the indicator function of the set Ay = [ak, art1).

So it follows that the cumulative hazard is given by

m

A(t) =D (ont + Bi) L, (1),

k=0
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where 3, = ¢ [pkak — Zf;é pilaj — aj)] . It now follows that the density of T
can now be expressed as
F) =2 wrfil), (6)
k=0

— _ _ ape kT, (¢ . . .
where wy, = e~ Pr[e7ok% — ¢=@k%+1] and fi(t) = W. It is easily verified

that 37" jwr = 1. Thus it appears that the failure time 7" has a truncated expo-
nential mixture distribution. However this mixture distribution is quite different
from the usual mixture distribution in the sense that the mixing weights w;’s and
the parameters of the component distributions (in this case, these are truncated
exponentials) are functionally related. We make use of the representation (6) to
implement the Markov Chain Monte Carlo (MCMC) method for our model. We
use the data augmentation approach to reduce the mixture model in (6) to sam-
pling from the components of the mixture model. Then we use a random walk
Metropolis method to sample from the full conditionals of § = (A1, A2, po, ...\ Pm)-
More precisely, following Bayesian hierarchical model is equivalent to fitting a

density of the form as given in (6).

Ti|\K:,0 ~ FExplag)(ak,,arx41), t=1,...,n,
K;|0 ~ categorical(wo,...,wn)
ie. Pr[K;, =k = wi, k=0,...,m.

where Fxp(a)l(a,b) denotes an Exponential distribution with mean 1/« trun-

cated at @ and b. We use the software WinBUGS (see Speigelhalter et al., 1996)
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Table 1: Breakdown inter-failure times of insulating fluid under two levels of

voltage stress.

0.19 059 0.18 035 1.47 038 099 052 018 1.65 0.85 0.66
0.26 4.33 19.15 0.77 1.39 28 36.18 0.35 0.24 037 0.03 0.7
028 0.1 052 0.12 019 077 01 1.58 842 11.73

to implement the MCMC method and then to obtain samples from the posterior

distribution.

4 Application to a real data set

We illustrate our methods by computing the the posterior distribution of Ay, As
and p(-). The data set presented in Table 1, are the times (in minutes) to break
down of an insulating fluid under two levels of voltage stress.

In figure 1, we plot the histogram and boxplot of the inter-failure times on
original and log scales respectively. It appears that the inter-failure times follow
a log-normal type distribution. However in our data analysis we would try to
model this data set using mixture of exponentials.

This is because, we know that the data set is coming from two populations
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Figure 1: Histogram and boxplot of the data presented in Table 1.
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(with different voltage stress), but we are not sure which observations are coming
from what populations. As the voltage stress might change randomly over time,
we assume that the mixing weight is a function of time. First, we fit an usual
mixture of two exponential distributions. We call this a mizture model-1. In

other words, we assume that failure times are coming from a density of the form
pAre™ M 4 (1 — p)hge™2,
We use locally flat priors, i.e. we assume that

A1~ Gamma(0.001,0.001)1(, As),
6 ~ Gamma(0.001,0.001)7(A,)

and p ~ Beta(0.5,0.5)

where I(,) denotes the fact that we used a truncated Gamma distributions to
ensure that 6 = Ay — Xy > 0. We used a WinBUGS code to obtain 5000 samples after
a rejection of initial 5000 samples with three dispersed starting values. Thus for
our final analysis we obtained 15000 samples from the joint posterior distribution
of (A1, A2, p). We used the trace plots and the autocorrelation functions plot to
detect visual convergence of the chains. In addition we used the Gelman-Rubin
diagnostic checks as a numerical support for the convergence of the chains. We
ran the chains several times with different starting values and obtained very
similar estimates, confirming no unusual behavior of the chains. The posterior

summary values of the parameters (A1, Az, p) are given in Table 2.
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Table 2: Posterior estimates for the mixture model-1.

mean sd 2.5% 50%  97.5%
Al 0.0985 0.0401 0.0356 0.0932 0.1894
Ao 1.8130 0.4413 1.0940 1.7610 2.8320
P 0.7840 0.0887 0.5829 0.7954 0.9244
D(9) | 98.52  5.248 91.22 97.81 110.8

SPE | 9547  27.19 5285 91.89  159.8

In Table 2 we present the posterior mean, sd, 2.5%, 50% and 97.5% percentiles
of the three parameters of interest. We also report the posterior summary of
the D(0) = —2I(0), where [(f) is as given in equation (3). In addition, we
computed the model choice criteria proposed in Gelfand and Ghosh (1998), to
see the predictive performance of our models. The Gelfand-Ghosh Criteria (GGC)
is computed as:

GGC = znj E[(log(T]® — log(T7"*)*|T**],
i=1
where T"P represents a predicted value of T', under a given model, in our case
the mixture model-1. The expectation is with respect to posterior predictive
distribution of 7" given the data T°%* = (T7¢%,...,T*). More details, on the
motivation of the use of GGC and its connection to other information based

criteria such as AIC and BIC can be found in Gelfand and Ghosh (1998). In
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general, according to this criteria a model with lower GGC is preferred. In Table
2, we report the posterior predictive summary of the sum of the predicted errors
(SPE),

SPE = zn:(log(T;“ep) — log(T7"))2.

=1

Notice that GGC = E[SPE|T°"], which is the predictive mean (2nd column in
Table 2) of the SPE.

From Table 2, it appears that the data is indeed coming from a mixture
distribution as the 95% central posterior interval of p is not concentrated near to 0
or 1. Notice that the above models suggests a specific form of the mixing function
for the hazard rate mixture model, viz., p(t) = pe=*1!/[pe="1! + (1 — p)e=*2]. To
obtain the posterior distribution of the mixing function, we use the samples of
(A1, Ag, p) to obtain posterior mean and pointwise 95% posterior interval of the
above function for each given value of . We plot this functions at selected values
of ¢t in Figure 2. We notice that at initial period this function takes relatively
lower value but approaches 1 as time increases. This function can serve as the
baseline function of the semiparametric model that we fit next.

In order to fit the semi-parametric model we use m = 5,10,15 and 20 parti-
tions of the interval [0,00). We used the D(8) and GGC as described above to
choose m = 15 for our final analysis. We present the posterior summary of D(9)
and predictive summary of SPFE in Table 3. In practice, one should try differ-

ent partitions to see when the estimates of Ay, Ay stabilizes. For our model, we
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Figure 2: Posterior mean and 95% interval of the mixing function under model-1.
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didn’t find significant changes in the estimates for m beyond 20. We present the
posterior estimates of A1, Ay for m = 15, in Table 3. Since for p(-) we have about
17 parameters, we present instead a plot of the smoothed version of the posterior
mean of p(-) in Figure 3. Although posterior mean of the mixing function seems
to be constant, but the lower and upper pointwise 95% posterior interval suggests
that the mixing function is possibly time dependent at small inter-failure times
but is essentially comes from of the first component as the inter-failure time in-
creases. Also comparing the GGC of the model 1 and 2, we find that the gain
in fitting the semiparameteric model to this data over the parametric model is
not substantial. However the semiparametric model serves as an alternative to a
class of parametric models and the GGC can be used to compare such non-nested
models. In summary we find a strong evidence that the sampling distribution of
the data is mixture of exponentials and the mixing function can be characterized
by either by a parametric function as given in model 1 or by the step function as

obtained in model 2.
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Table 3: Posterior summary estimates for mixture model-2.

mean
m="5 | D) | 98.31
SPE | 95.17
m =10 | D(6) | 98.28
SPE | 95.47
m =15 | D(6) | 98.06
SPE | 95.07

Ay | 1.643
m =120 |D(0) | 98.4
SPE | 95.77

sd
5.184
27.25
5.064
27.19
4.954
27.74

0.385
5.226
27.74

2.5%
91.15
52.84
91.26
52.85
91.2

52.47

1.002
91.21
52.95

50%
97.61
91.3
97.68
91.89
97.48
91.44

1.601
97.72
92.16

97.5%
110.7
159.6
110.3
159.8
110.2
160.3

A 0.0759 0.0347 0.0230 0.0708 0.1582

2.499
110.9
159.5
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Figure 3: Posterior mean and 95% interval of the mixing function under model-2.
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5 Discussion

In this article we have developed a Bayesian semiparamteric approach to esti-
mating the mixing function of two constant hazard rate functions. It would be
interesting to develop similar estimation method based on likelihood theory and
derive the associated asymptotic distribution of the parameter estimates. To our
knowledge such estimation methods have not been attempted for this problem.
Another extension would be to see the sensitivity of the posterior distribution
to the prior process of the mixing function. For instance we can assume that
p(t) =37, pela, (1), where both the bounds of the partitioning intervals Ay and
the constant value of the function py in that partition are assumed unknown. For
such prior processes, choosing the number of partitions m would be tricky! How-
ever we suspect the GGC may be still be used to select. In summary we think
that the proposed class of models in (1) is very interesting for many engineering
applications, in particular in the field of the software reliability. Further studies

are required to understand the full flexibility of the proposed class of models.
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