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SEQUENTIAL EVALUATION OF GRADED PREFERENCES FOR TWO TREATMENTS
by W. J. Hall

University of North Caroline et Chapel Hill

Suppose a sequence of subjects each in turn indicates a
graded preference for one of two treatments, A and B;

for example, a strong or weak preference may be registered
for either of the treatments, or no preference registered.
A sequential test of the hypothesis that, in each pre-
ference grade, A is just as likely to be preferred as

B, is presented. OC and ASN functions are derived. -
Allowance is made for certain subject=to-subject differ-
ences. The test is a conditional sequential prob-
ability ratio test and may be considered as a simple
extension of Wald's sequential test for double dichot-
omies, applicable in this context if only one preference
grade (and a no preference grade) were considered. Two-
sided alternative versions and analogous non-sequential
tests are also described. Possible applications include
various kinds of consumer testing, psychological testing,
and subjective aspects of clinical trials. The tests are
also suitable for testing certain hypotheses about 2x2,
or 2xk, tables.

1. THE PROBIEM

A sequence of subjects independently compare treatments A and B.

Each subject in turn expresses elther a strong preference (for A or

for B), a weak preference (for A or for B), or no preference. (The

extension to a larger number of preference categories will be obvious.)

We denote the datum x from a single subject as



"
il

B (strong preference for B)

A (strong preference for A) , x

xR
il

8 (weak preference for A) , x = b (weak preference for B)

x = 0 (no preference) .

A subscript n will designate the nth subject.

For example, hospitalized patients may be questioned on their preferences

for two alternative ways of carrying out certain hospital routines, or their
preferences for two alternative pain-relieving medications, or their prefer-;
ences for capsule or pill versions of the same m dication. Or, in consumer
testing of new designs for automobiles, preferences for alternative silhou~
ette drawings may be solicited.

The preference ratings may reflect qualitative judgments. Alter-
natively, a (single) measurement might be made reflecting the effect of each
treatment on each subject; letting y represent the difference between the
A-measurement (a large y-value indicating the superiority of A, say), the

y=-values may be categorized by writing

x(y) A if y >4, x(y) = B if y<-Ao,

a if 8<ys=sa, x(y)

x(y) b if «A Sy < -5,

x(y) = 0 if -5y s58
for specified A > 3 2 0, determining graded preference ratings as before.
Thus, the tests to be presented may be considered non-parametric tests for

measurement data.

We introduce a grade indicator t = t(x) which equals 2, 1, or O, respect -

ively, according as x is a strong, weak, or null preference.

The following probabilities are introduced, as parameters of the model:



pA.n’ Ppns Yn’ %, = probability that subject n registers a
strong preference for A (xn = A), for B (xn = B), a weak
preference for A (xrl = @a), for B (xn = b), respectively

P L Ty = probability that subject n registers a strong (1:.n =2) ,
weak (1;n = 1), null (tn = 0) preference, respectively

o, Tn = conditional probability of a preference for A, given that

‘n
subject n registers a strong (weak, respectively) preference.

Thus, Py, + Pp, = Pp» Qan * g =% » P+ v T, =1, 0, =P, /P,

and Tn = qAn/qn’ for each n. (To simplify the exposition, it will usually
be assumed that both pn and 9, are strictly positive, but such a restriction
is certainly not necessary.) For each n, the four parameters (pAn’PBn’ U,
an) , or equivalently (pn, 4 oy 'rn) , describe the model.

The hypotheses to be considered, for specified constants o' and T',

each between 1/2 and 1, are:

. T = = =
Hy: o n-l/2,a.].1n (orpAn—ananqun—an)

H,: o =0' and Tn

T - 1
L " , all n (or Pan A Ppn and n =u'an

where \' = o' /(1-0') and p'=TY(14'))

S - _' T _l =l =l
Hy: 0, =1-0' and T, lT,alln(oran A'p,, and ap qun)

H: the union of HA and HB .

HO is the mull hypothesis of no difference in treatments, HA is a hypothesis
of the superiority of treatment A, and HB of the superiority of treatment B,
and H is a (two-sided) negation of Ho. Typically, it would be reasonable to
choose o' > 7' > 1/2. For example, if the preferences are based on measure-

ments and the difference y between the A-measurement and the B-measurement



is normally distributed with positive mean, then the conditional probability

o that y > A given that |y|>AA exceeds the conditional probability T that

8 <y & A given that 8 < |y| = A (and both are greater than 1/2). It is to
be emphasized that all hypotheses are composite; the parameters pn and a
(and r,=1l-p - qn)are not specified by any of the hypotheses, and may
vary from subject to subject.

It is a useful fact that the distribution of the grade indicator tn
depends on the nuisance parameters (pn,qn) while the conditional distrib-
ution of X given tn depends only on the parameters of interest (oh, Tn).
(This is a type of conditional sufficiency of t  introduced by Fraser (31,

which implies a separability of the parameters [4].)

In Section 2, we consider the problem of sequentially testing Ho vs.

H,, and present a sequential test of prescribed strength (®sB); in Section

A
3 we derive properties of this test. 1In Section 4 a non-sequential version
of this one-sided test is presented, together with an analogous alternative
sequential version. In Section 5 we consider the problem of testing HO
against the two-sided alternative H (or the three-~decision problem of
choosing among Hb, HA’ HE). A brief comment on accounting for effects due
to the order of treatment is in Section 6.

All tests are based on an appropriate composite likelihood ratio, made
up of conditional likelihood ratios for testing binomial hypotheses (about
ch and about Tn) within each preference grade. If o' = T the strong and
weak grades can be combined into one, or if T' = 1/2 the weak and no pre-
ference grades can be combined; in either of these cases, the tests reduce

to known ones (Wald [11], Chapter6 ).

Two extensions are easily made: one (already noted) is that of



including more than two preference grades in addition to the no preference
grade; and the other is that of replacing the testing of HO vs. l‘IA with the
testing of two hypotheses like HA (or one like HA and one like HB) but with
differing ¢'=- and T'-values-=-say (cro, 'ro) vs. (0‘1, 'rl)—-a.nd replacing the
testing of H) vs. H with the testing of two hypotheses like H (with
differing o'= and T' -values). Actually, the tests as given are valid for
somewhat more general hypotheses than those stated; explicitly, the one-
sided test is valid for testing

1{3 : 0 constant and & 1/2 and T constant and S 1/2

HZ 2 ooy constant and 2 o' and Tn constant and & T';

it is presumed (but not proved) that the tests would remain valid even if

o, and Tn were not constant but nevertheless satisfied the inequalities of

* *
Ho or HA.

The tests may also be considered as tests of certain hypotheses about
the parameters of 2x2 (or 2 x k) tables. Specifically, ignoring the no pre-
ference category data, and with preference categories 1, 2,..., k (the
columns of the table, A and B labelling the rows), one can test the hypothesis
that (1) = c(l)"«”" (k) = °'(k)' against %(1) = 6(1)"""’U(k) = O'(k)“

where 0'( 1) is the conditional probability of preference for A, given that

the preference is of type (strength) i.

2, THE ONE-SIDED SEQUENTIAL TEST

We now introduce a conditional sequential probability ratio test

(CSPRT) of H, vs. H, conditional on the sequence of grade indicators t,,

toseeast soees (A general exposition of such CSPRT's is given in [4], as



an extension of the method introduced by Wald [12] in the double dichotomy
problem.) At the nth stage, we consider the conditional likelihood ratio

of the two hypotheses (ﬂh in the numerator and H, in the denominator), given
tn' Each of these hypotheses becomes a simple hypothesis about the condit-
ional distribution (since tn may be shown to be sufficient for each of the
composite hypotheses H, and HA)’ Letting z represent the iogarithm (nat-
ural) of the stage n ratio, the logarithm z, of the joint conditional like-
lihood ratio of the data from the first n stages is the accumilated sum of
the stage=-wise log ratios: Zn = 22=1 zy -
the conditional log ratio Zn' Thus, at each successive stage n, the test is

The CSPRT is a SPRT based on

terminated in favor of 3A’ continued on to the next stage, or terminated in
favor of Ho according as Zn{Z a, b< Zn < a, or Zn % b, where a = log
[(1-f)/x] and b = log [B/(1=x)], and & and P are the prescribed error prob~
abilities.

According to the basic theory of SPRT's [11], the conditional error -
probabilities (still conditional on the sequence of indicators) will be
approximately o and B, the approximation being due solely to the possibility
of overshooting the stopping boundaries. Since these (approximate) condi-
tional error probabilities do not depend on the t-sequence, they are also
the unconditional error probabilities (still approximately). Thus, the
test has the prescribed strength (o, B).

Such conditional tests are conmon in non-sequential theory (e.g.,
Fisher's exact test for 2x2 tables, conditional on fixed marginal totals;
see Lehmann [8], Chapter 4, for this and other examples). A sequential

example was introduced by Wald for comparing two Bernoulli sequences when

sampling in pairs (see Wald [11], Chapter 6, and Armitage [2]; other
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sequential examples are described in [4]). Wald's test may be considered as
e test for ungraded preferences, the "tied pairs” (both successes or both
failures) being the no preference category and the united pairs being the
single preference category (which we have subdivided into strong and weak
preferences). The test described below is a simple extension to the case of
graded preferences, and it reduces to Wald's test if +the grades are merged

(it is sufficient to set o' = T' in HA) or if the weak preferences aretreated

as null preferences (set T' = 1/2). In both Wald's test and ours, the condi-
tional likelihood ratio for the no preference category (his tied pairs) is
unity so that observations in this category are effectively ignored. In
Wald's case, all that remains is a single Bernoulli sequence—the untied
pairs, each favoring either A or B. In our case, two interspersed Bernoulli
sequences remain--a strong preference sequence and a weak preference sequerrs,
occurring in a random order. We, in effect, run & test for each Bermoulli
sequence, but the stage-wise log likelihood ratios are accumlated in a
single sum Zn rather than keeping the two sums separate. We now develop a
formmla for Zn .

The conditional likelihoods for the datum from the nth subject are

given the following table:

condition: datum: conditional
t likelihood
E X =
n n
2 A,B PAn/pn = Ops an/Pn = 1-0,
=T = 1~
1 &,k /% = T Yn/% =
0 o] 1



All other combinations of conditions and data have a zero likelihood. The

conditional likelihood ratios (EA over Hb) for the nth subject and their

natural logarithms are thereby found and presented below:

datums conditional log ratio
X, = ratio z, =
A c'/ L log 20" =
- 12
B (1-0*)/ % log 2(1-0 ) =
1

T /= T =
a /5 log 2
b (1-7)/ 3 log 2(1-7') =

(o] 1/1 0

The joint log ratio, on which the test is based, is Zn = Zn=

be expressed as
Zp = %% " "m% Y YA - Ym %

where Spn’ Spn’ Yan’ and Vo, 8Te the accumilated numbers of

ences for A, strong preferences for B , weak preferences for A, and weak
preferences for B , respectively, at stage n. If weak preferences were

merged with the strong or with the no preference category, Zn would reduce to

the appropriate Zn for Wald's double dichotomy test.

The test may be carried out by plotting the cumulative sum Zn on a

chart and terminating as soon as Zn intersects one of the horizontal

rejection lines with ordinates a and b .

We now present an alternative derivation of this test which will be
useful in studying its properties. We shall show that the test is not only
a CSPRT, but a bona fide SPRT of two simple hypotheses Hé and HX about the

sequence of data, where H! and H! are included within the composite

0 A

strong prefer-



hypotheses H, and H,, respectively. (That this is possible is due to the
fact that the parameters of interest (O‘n, "'n) and the nuisance parameters
(pn, qn) are separable, as discussed in Method (1) in [4].) To this end, let
p' and q' be arbitrary positive numbers with p' + q' & 1, and make
both of the hypotheses HO and HA simple by affixing primes and adding the
restriction that p =p' and q = q' (we could let p' and q' vary withn
but have no need to). The model is then that each observation is class-
ified into one of five categories (the range of xn) with respective prob-
abilities pAn, an, A 9pp? and r, - Under HR these probabilities are
o'p'y (1-¢')p', 7'a’, (1-7')q', and 1-p'-q’, while under H, they are analo-
gous with g ' and T' replaced by 1/2. The likelihood ratio (Hﬁ over Hé) is
then seen to be identical with the conditional ratio given in the previous
table—as it mst since the marginal distribution of t (given by p', Q'
and 1-p'=q') is the same under both simple hypotheses. Thus, the CSFRT of
composite hypotheses is a SPRT of simple hypotheses—for arbitrary but fixed

values p' and q' of the nuisance parameters, common to the two hypotheses.

3. PROPERTIES (F THE ONE-SIDED SEQUENTIAL TEST
We shall now consider some elementary properties of the test under

the agsumption that none of the parameters vary from subject to subject;

that is, the subscript n may be deleted from all parameters. Since the
observations Xy Xyy eeey X5 oeo 8TE then independent and identically dis-
tributed, and since the test may be considered as a SPRT of two simple
hypotheses (see previous paragraph), Wald's methods [11] of studying the
certainty of termination, the ASN function, and the OC function are appli-

cable. Specifically, the test does terminate with certainty. (It is




easily seen that this occurs quite generally, so long as, for infinitely
many values of n, r < 1.)

We next consider the operating characteristic (0OC) function L(s),

the probability of accepting Hb as a function of the parameter ¢ = (pA,pB,
QA,qB) o p,q,0,T), a8 convenient. Let h(9) be implicitly defined as the
unique non-zero sclution of the equation E(eZh) = 1, (That such a solution
exists is well known [ll]=eexcept for parameter values for which E(z) = o,
and this case will be treated separately below.) The equation readily
reduces to the equation of a hyperplane through the origin in the para-
meter space:

h =h hd =h
(e Alp + (¢ ®Dpy + (e h1)g + (¢ P =o.

The OC-function is then approximately given by the formula L = (eah-l)/ »
(eah-ebh), for parameter values lying on this hyperplane. The OC-function
may be determined then by specifying a value for h, determining the corres-

ponding velue for L, and then describing the hyperplane of parameter points

where L has this value. (If dy and qp are taken to be zero, this reduces to

the known fact that Wald's double dichotomy test has a constant OC along
lines through the origin in the parameter space of (pA,pB)-that is, the OC
is a function only of the ratio pA/pB.) For fixed h (and hence fixed L),
and starting at any point on the corresponding hyperplane in the space of
(pA,pB,gA,qB), an increase of either Pp> q, or both must be accompanied by
an increase in Ppy dp OF both.

The approximate OC will be examined in more detail below. We first
note that the OC is approximately a/(a-b) when h = 0 [11], and this occurs

whenever E(z) = O, namely on the hyperplane

10



CAPy - cgPyp t dq - dg 9y = O.

We also note that Wald's upper and lower bounds on the OC are also appli-

cable (saction A.2 of [1) where his 89 (h) and g (h) are readily found to

be
h a.h
_ (c,-d,)h A A
ae= mx[eAA,e PA+e qA],
Pyt 9
~c.h -d_h
(a -c_)h °s dg
= e "
ng min[dBB,e pgp * © 95 J
Pgp + Oy

We now examine the OC as a function of the parameters of interest,
namely the true conditional probabilitiescand T (assumed free of n).
Also denote p = gq/p. Dividing the hyperplane equation through by p, we

readily obtain the equivalent equation:

he =he hd, «h
(e A_e B)o'~t- (e Ae d.B);:rr-p(l-e

-th) :1%)) =0.

- (1 -

Thus, h (and hence L) is completely determined by o, T and p. We now
hold o fixed and consider h and L as functions of (c,T) for fixed p. We
continue to use the approximate formula for L as a function of h, which
incidentally is & monotone increasing function. The parameter space of
(o,7) is the unit square,

Now the h=contours in the (o, T )=space=where L and h are constant—
are given by the above equation and are seen to be straight lines with
negative slopes, the slopes and intercepts being determined by o and h.
Several properties of the h-contours are readily derived: (1) veing

distinct, the intersection of any pair of them occurs outside the unit

11



square; (2) the point (1/2,1/2), consistent with Hy, lies on the h=1 line,

and the point (o', T'), consistent with H,, lies on the h= -1 line; (3)

A’
h=+c0 at the origin and h= - at (1,1); (4) the h=0 line is given by

(QA + cB) c + (dA + dB) PT = (cB + de) = 0 ;3

(5) the sides of the unit square along the axes correspond to cases in
which the test reduces to Wald's test (effectively a binomial test) which
has an OC-function and h-function decreasing in the parameter (¢ or t);
hence, as cne moves away from the origin along either axis, h (and L) is
strictly decreasing; and since for suitable choice of p each point on the
other two sides of the square is on the same h-contour as some point on the
axes sides.of the square, h must also decrease along these two sides as

one moves toward (1,1). Hence, the h-contours within the square, for any
fixed p , are ordered in decreasing order from (0,0) to (1,1). Hence, on
any vertical or horizontal cut through the square, h (and L) are decreasing

away from the axes,

The figure shows some h-contours—contours of approximate OC—for the

case of testing H, against H,: (e,7T) = (.8, .6). Then
o= - (12" - (.8 o + g- (B 1. ()P
(1.6)" - (.1)B (1.6)F - (Lu)P

and L(, T,p) ~ (AP

- 1)/(Ah - Bh) when h # 0. (When h=0, the special
case considered above applies,)
From the facts listed above we can conclude that, whatever the value

of p -in fact, whatever the value of the nuisance parameters p and q —

the OC is monotone (decreasing) in both o and T separately. Hence, any



Figure: Contours of constant h (and approximate oc)

when (o', ') = (.8,.6) and p (= a/p) = 2.

(For small @ and B, the OC = 1 - ('I?'é)

-h
forh >1 amd = (&) forh<-1.)
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point to the lower left of the point (1/2,1/2) in the @ ,T)-space has OC

at least 1-a (h at least unity) and any point to the upper right of the
point (o' , T') has OC at mostB (h at most -1). We thus conclude that,
when all parameters are assumed constant from subject to subject, the test
has strength (¢ 8 ) for testing H% vs. HE.

It is conjectured that the OC is decreasing in each(rn and Tn when
there is subject to subject variation in the parameters; if so, the test
is valid for testingo = 1/2 and T 1/2 against c &#0¢'andT T,
but this has not been proved. The conjecture seems apparent (when p and
q are fixed) from the fact that the expected value of the stage n contri-
bbbn to the cumlative sum Zn is an increasing function of bothtrn and
Tn’ so that an increase in either of these parameters would decrease the
probability of crossing the upper boundary. The effect of a change in
1 at the expense of q, orr is not so clear-cut, however, since an
incregse in pn would increase both the chance of a positive contribution
(of cA) to the log likelihood ratio and the chance of a negative contri-
bution (of -cB). However, the direction of the effect on the OC is pre-
sumably determined by the direction of the effect on the expected contri-
bution to the log likelihood, and this is easily evaluated.

We now turn to the average sample number (ASN) function, which,

except when E(z) vanishes » is approximately related to the OC through
Wald's equation: E(ZN) = E(N) ¢ E(z), together with the approximation
E(ZN) = a(l - L(g)) + bL(p), where N is the sample size required by the
test and E(z) = CpPp - CgPg *+ 4,4 - dgas. When E(z) vanishes, E(N)

may be approximated (see [11]) by -ab/E(za) where E(zz) = ¢2

A Pa *
2 2 2
cgPp * 4y q + dpgye

1k



Specifically, when H.O is true, the ASN is approximately

2v + 2(a-d)x

p log [ko'(1-0')] + q [log 47'(1-7")]

and when HA is true the ASN is approximately

a - (a-b)B
p [O' log 20' + (1L-0') log 2(1-0')] 4+ q [T' log 27' + (1L-T') log 2(1-7%].

Now if we had ignored the weak preferences (by setting T' = 1/2), the
second term in each denominator above would vanish, thereby increasing the
ASN; we thus may obtain some measure of the value of utilizing weak prefer-
ences. Specifically, the ratio of ASN's when Hb is true, ignoring wesk pre-~
ferences (numerator) compared with using weak preferences (denominator), is
1+ p log [br'(1-7'))/logllc'(1-0"')] which is approximately 1 + pe2/62
vhen € = T'- % and & = ¢' -% and both 3 and € are small. When 3A is true,
the corresponding ratio is also found to be approximately 1 +p 62/ 52.
Finally, we note that the test has Wald's optimal property, uniformly
in the nuisance parameters; that is, among all tests of Ho VS. HA with the
same strength, this test has the smallest ASN, whatever the values of the

muisance parameters p and q .

L. A ONE-SIDED NON-SEQUENTIAL TEST

We now presume that the number of observations is & fixed number n,

and present the analogous most powerful conditional test of HO Vs, EA’

conditional on tl, t2,

structure [8]. The conditional likelihood ratio Z has already been

..,tn; such tests have been called tests of Neyman

15



derived in Section 2. The critical region is of the form Zn & ¢ vwhere

¢ may depend on t ,...,tn and is determined so that the test has (approx-

1
imate) conditional significance level @ —and hence unconditional signifi-

cance level C. (We shall not describe a randomized version which would
enable the dropping of the qualification "approximate".) Equivalently, the

. . . A
critical region is of the form San log \' + Van
determined as follows: Under Hb, San and Yan have, conditionally, indepemi-

ent binomial distributions with parameters (1/2,s) and (1/2,w) where s =

log u' = k and k is

San + an = number of strong preferences and w = number of weak preferences;
thus, k is determined (as a function of s and w) so that the following sum
is approximately «:

5 (s)(w) (i)s*w (the sum being extended over i and j
‘Y3’ ‘2 for which i log A' + j log u' 2 k).

It should be noted that the test does depend on the specification of
HA-that is, on A' and p' or on ¢' and T'. The critical region is defined
by a linear combination of the numbers of strong and weak preferences for

A, weighted by log A' and log u', respectively.

Alternatively, the critical region can be expressed as
(sAn - an) log A"+ (wAn - Bn) log p' > C(s,w) .

The left side has (under Hb) conditional mean zero and conditional variance
V'2 = s logzk' + W logau'. Then C(s,w) may be determined approximately from
standard normal tables as equal to Zy vV where 2y is exceeded with proba-
bility @ according to the standard normal law.

The power of the test can be approximated from the approximate normal-

16



-1 -1
ity of v (sAn - an) log \' 4+ v (whn - wbn) log u' ; since v is also a

random variable in this expression, the unconditional mean and variance
forrmlas are cumbersome and omitted. Of course, the conditional power of the
test is readily determinable since SAn and whn are conditionally independent
and binomially distributed (under any alternative of the form of 3A); this
conditional power will clearly vary with s and w, however, in contrast to the
sequential test, and therefore one cannot conclude that the power against HA
is a determinable constant. The test is, however, most powerful against EA
anmong conditional tests.

As already noted, the conditional power for any fixed (s,w) may be de-
termined. One could readily prepare a list of (s,w) pairs which would permit
a conditional test of level ¢ and conditional power at least 1-B. An alter-
native sequential test procedure is then to continue sampling until an (s,w)
pair on the list is first obtained, and then perform the corresponding non-
sequential conditional test. This procedure would have unconditional strength
(2,B), just as the sequential test of the previous section. This test will
not be pursued further here, but its ASN properties would be inferior to the
previous sequential test, the comparison being conceptually analogous to the
comparison of a non-sequential test with a sequential probability ratio test.
Here, both tests are conditional, and the "non-sequential''one is in fact

sequential since sampling is continued until a satisfactory "condition" is

achieved. Tests of this type have been proposed by Lehmann ([8], pg. 140).

5. TESTING AGATNST A TWO-SIDED ALTERNATIVE

Sequential tests against two-sided alternatives of the form H — the

alternative being that either A is superior to B or that B is superior to A—

17



may be developed in one of two ways, either by the intersection method of

Armitage [1) whereby two one-sided tests are rum simultaneously, or by the

invariance method [6d. (A general exposition and comperison of these two

methods in other contexts is planned elsewhere [5].) We describe the first
somevwhat briefly (the mothod was also used by Sobel and Wald [10] and exten-

sively by Armitage (2] ana Hogan [7]), and the second in a little more detail

since it requires a combination of both the conditional and invariance methods

of constructing sequential tests. A non-sequential analog of the latter test

will also be given.

In the intersection method, one runs a test as given in Section 2 (denote

it TA) of H, vs. H, with specified @, B, o' and T'. Simultaneously, using

the same data, one runs a test (denote it TB) of H, vs, Hé with the same values

0

(for simplicity) of Qa, B, o' and T' , This test is identical with ?A except

that the roles of A and B are reversed. It is based on the cumulative sum

The two cumulaetive sums may be plotted on the same chart. The combined test,
say T, is terminated only after both tests TA and TB have terminated. If
both tests accept Hb, then T accepts Hb; if either test rejects Hb, then T

re jects HO. (The tests considered in Armitage' s book [2] are described
slightly differently since in all of his examples it is possible to plot a
single cumulative sum on a chart with two sets of boundary lines, rather than
plotting two sums on a chart with a single set of boundary lines)

We shall now derive a sufficient condition on Q, B, o' and T' to assure

the impossiblity of both tests ?A and TB leading to rejection of Hb. When

18



this condition is satisfied, the type I error probabilities of the two tests
are additive so that the probability of rejecting Bb when it is true using

test T is approximately 2q. Also, if H, is true, test TB may be shown to

A
lead to acceptance of Ho with virtuel certainty (when a and B are fairly
small) so that test T will lead to acceptance of H, vhen H, is true with

approximate probability p' and likewise if Hh is true. Hence, we may conclude

that test T has approximate strength (2a, B).

Designate as Condition 1: o' > 7' and (cA +dp - dA)/cA > -b/a (or

o' < 7' and (dA +cp - cA)/dA > -b/a). We consider the first case, assuming

o' > t'. The left side of the associated inequality depends on ¢' and T°',

and is easily seen to be greater than unity, while the right side (namely -b/a)
depends on & and B. Condition 1 is certainly satisfied when a < B (< 1/2),
since then a > -b, and commonly ¢ is chosen to be no greater than B.

We now proceed to show that, under Condition 1 (with o' > T'), if the
cumulative sum for test T, (denote it ZAn) is > a (rejection of Ho) then the
cumlative sum ZBn for test TB is <b (acceptance of HO), and similarly with
A and B interchanged; hence, :A and TB cannot both reject Ho. (It is also
assumed that both o and B are smaller than 1/2 so that b < 0 < a.)

Now Zp < sp ¢y + Wy dy < (sn + wh) cy» wheres =5, +sp and

, since 4, < c

L A’ Hence, if a < Z

then a/c, <5 + w - Also,

n = "an ¥ ¥mn Bn

Zpo * Zpn = 54 (cA - cB) +w (g, - dB) < (sn + wh) (qA - dB) since

cy - cg < dy - 4y <O. Hence, if a < Zp), thenZAn+a_§-(sn+wn) (dp - 4,)

19



< -a (dB - dA)/c , that is, Z, < -a (cA +dp - dA)/cA < b, by Condition 1.

That 2

‘An > & implies ZBn < b may be shown analogously.

We now turn to the invariance method. The problem treated here—the

model and the hypotheseslHO and H—eare completely symmetric in the roles of

the two treatments A and B. Thus, if we transform the sequence of observations
X5 X2’ .o+, by replacing all A-preferences with B-preferences and vice versa,
the model will be the same except that the A and B subscripts on the parameters
Pan’ Ppn’ Yan’ 9pn will be interchanged; HO will remain invariant but HA and

Hﬁ will be interchanged s> that H also remains invariant-that is, if HO were
true about the original data, it is true about the transformed deta, and if

H

A
data and conversely. Such a transformation, together with the identity

were true about the original data, then Hé is true about the transformed

transformation (since the transformation is its own inverse) form a group |
leaving the problem invariant in the sense described in [6].

We shall in fact apply the invariance method to the conditional models
given the t-sequence. Then, the data consist of three sequences of trials,

in the order prescribed by the t-sequence. When tn = 0, xn = O with certainty;

[1}

when t =1, x =g or b with (conditional) probabilities 7, and 1-7 , and

n
wvhen t =2, x =4 or B with (conditional) probabilities o, and 1-0 . The
transformation interchanges (a,A) and (b,B) and leaves O invariant, and
thereby yields the same conditional model with (oh, Tn) and (l-oh, l-Tn)
interchanged; P, and 9, remain invariant. Under Hb, (oh, Tn) and (l—oh, l—Tn)
equls (1/2,1/2) while under H one or the other equals (o', T').

Under HO or H, a sufficient statistic after n observations (still condi-
tional on the t-sequence) is the accumulated numbers, San and Van’ of A-pre-

ferences in the strong and weak preference trials. Of course, S, and w, are

20



given constants (functions of the t-sequence). A maximal invariant function
of the sufficient statistic is v = ([sAn, an}’[wAn’ an}) where the curly
brackets indicate lack of order—that is, the two numbers San and Bpn aTe
specified by v but the "1abels are lost”, it is not recorded which is the
number of A preferences and which is the number of B preferences. The condi-
tions for the Stein Theorem [6] are satisfied, and we can conclude that vy

is an invariantly sufficient statistic—sufficient for the (conditional) dis-

tribution of any invariant function of the first n observations in the sense
that the conditional distribution of an invariant function of Xysee oKy

given t ..,tn and A~ is parameter-free. In particular, the conditional

17
distribution of (vl,...vn_l) given vn and the t's is parameter-free; conse-
quently the conditional likelihood ratio of (vl,...,vn) coincides with the
conditional likelihood ratio of Vo

A CSPRT can then be based on the sequence of v's. We only need evalu-
ate the log, say Zn’ of the conditionael likelihood retio of v given the t's
and determine at each stage whether it lies between b' and a', or whether it
is z a' or SDb' where a' = logl(1-B)/2a¢ ] and b' = 1og[B/(1-2¢ )]. The test
will then have prescribed strength (2¢,B). (We have represented the
strength this way to conform with that of the intersection test given
earlier.)

Now the conditional likelihood of Vn under H is

(R Lo (-01) 1Y (1o)™Y 4 8 * (10t ) Fr Y (1))

(substituting (s,w) for (sn,wn) and (x,y) for (sAn,wAn)); the conditional
likelihood under HO is the same with o' = T' = 1/2. Setting X =| % - x|=

w .
|s | and Y = IE - y|=| wAn-an|’ Zn ?s then found to be:

An"®Bn
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(]
B

i
nln

logllo ' (1-0*)] + g logllht (1-1)] + 1og[3\'xl~l'Y + X"XL"Y]
L 2

log cosh [|sAn-an|(CA+CB) + hAn'anl(dA + dB)].

The test is performed by plotting Zn and terminating in favor of Hb whenever
the horizontal line with ordinate b' is crossed and terminating in favor of

H whenever the horizontal line with ordinate a' is crossed. Since Zn is not

8 cunulative sum, the mechanics of carrying out the test are less convenient!

however, Zn is easily bounded between two easily computed functions Zn' and
Zn+, defined below, and Z need not be computed until one of the boumndaries
is approached. Since l k L e +e + e™* s e kl, X - log 2 < 1log cosh x =

| xl. Hence, Z is defined as Z with the log cosh term replaced by its
argument (which is non-negative) and Zn = Zn - log 2.

The certainty is readily estaeblished by approximating the distributidn
of Zn. Other properties of the test are largely unknown, but some crude
approximations are possible by replacing an by cumulative sums (removing the
absolute Value signs).

Finally, we describe a two-sided non-sequential test—the most powerful
invariant conditional test of H. vs. H. The test has critical region

0
z 2 c(tl,...,tn) where ¢ is so chosen that the conditional probability of

the critical region is approximetely a when H, is true (Zn is the conditional

likelihood ratio of v given above). Altematively, the critical region
may be expressed as:

| s anl log M + |w

An ~ An
the complement of a diamond-shaped region in the space of the differences

- an| log k' 2 C(s,w),
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8pn ~ Smn and Van = “BEn° Since, under HO’ these differences have symmetric
distributions, the probability of the critical region is bounded by four
times the probability of the region defined by the same inequality but with
the sbsolute value signs removed. The left side of the latter inequality
has, conditionally, an approximate normal distribution with zero mean and
conditional variance vo as noted in Section k4. Alternatively, the critical
region lies between inscribed and circumscribed ellipses, with conditional
probabilities that are found to be (asymptotically) F(Ce/ve) and F(202/v2)
where F is the distribution function ofy 2 with two degrees of freedom.
There is surely little difference between the intersection and invari-
ance tests, though no formel comperison is presented here. The intersection

test does not require complete symmetry in EA and HB’ meking up H, however,

whereas the invariance test does,

6. COMMENT ON ORDER EFFECTS

No attention has so far been given to the possibility of order effects—
that is, effects due to treatment A being applied before treatment B or vice
versa., If some prior estimate of their likely magnitude is available, then
the hypotheses may be modified slightly as noted below to account for such
effects. But the simple models treated in this paper are not designed to
explore elaborate hypotheses or to estimate various extraneous effects. Mae
elaborate linear effects models have been considered by Scheffé [9].

If it is known that subJects ha&e s slight preference for the first of
two similar treatments, say, then one might test the hypothesis that
(cn,Tn) = (% + 8, %.i €) where the + sign is used whenever treatment A is

applied first and the - sign whenever treatment B is applied firsi3
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8 and € are specified positive numbers. Likewise, the alternative hypothe-
sis HA would be modified in & suitaeble way. For a two-sided intersection
test, positive constants would be added to the hypothesized values under

Ho, HA and HB whenever traatment A was applied first, and negetive constants
added otherwise. It does not seem possible to make sultable modifications
and yet preserve the symmetry required for the invariance test, so it cannot

be recommended when order effects are known to be of consequence,
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